STRONG KATO LIMITS CAN BE BRANCHING

GILLES CARRON, ILARIA MONDELLO, AND DAVID TEWODROSE

Abstract. We provide an example of a non-collapsed strong Kato limit that is branching,
essentially branching, and satisfies neither the CD(K, c0) nor the MCP(K, N) conditions
for any K € R and N € [1,+00). In particular, this space is not a Ricci limit space. We
also construct a compact non-collapsed strong Kato limit that cannot be obtained as
Gromov-Hausdorff limit of closed Riemannian surfaces satisfying a uniform small LP
bound a la Petersen-Wei.

MSC Numbers. 53C21, 30F45, 563C45.

1. Introduction

This paper aims to construct metric spaces arising as Gromov-Hausdorff limits of
surfaces satisfying a strong Kato bound. In particular, we give two explicit exam-
ples which show substantial differences from the Gromov-Hausdorff limits and singular
spaces with curvature-dimension bounds previously studied in the literature.

We briefly recall some notation and the framework in which a structure theory for
Kato limits has been developed. For a complete smooth Riemannian manifold (M", g),
we let Ric_: M — [0,+00) be the negative part of the smallest eigenvalue of the Ricci
tensor, so that Ricci > —Ric_ g. The Kato constant of (M, g) at time T > 0 is defined as

T
kr(M,g) = sup/ [e’tAgRic_] (x)dt
xeMJ0

where (eimg )t>0 is the heat semigroup generated by the Laplace-Beltrami operator A,.
Since this semigroup preserves L bounds, any uniform Ricci curvature lower bound
implies a linear control on the Kato constant:

Ricci>-Kg =  VT>0: kp(M,g)<KT. (1)

By analogy with the study of Schrédinger operators in the Euclidean space, we say
that a sequence of complete smooth Riemannian manifolds {(M/, g¢)}, satisfies a uni-
form Kato bound if there exist T > 0 and f: (0, T] — R, non-decreasing such that

f(t)>0ast]l0, and k(Mg g)<f(¢)forall £and te(0,T)]

The bound is called strong if in addition
T
/ Md t < oo.
o ¢t

A strong Kato bound is weaker than previous curvature assumptions considered in
the study of Gromov-Hausdorff limits. Indeed, by (f), it is implied by a uniform Ricci
curvature lower bound. It also follows from a uniform smallness assumption on the LP
norm of Ric_ for some p > n/2, as introduced by P. Petersen and G. Wei; see |28} [6] or
Lemma However, Kato potentials that do not lie in any such L? exist in IR” [32].

In [3} 15, 4], we described analytic and geometric properties of Gromov-Hausdorft
limits of sequences of Riemannian manifolds with a uniform Kato bound. The rich-
est structure theory applies to the class of non-collapsed strong Kato limits, namely
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pointed metric spaces (X,d,o0) that arise as pointed Gromov-Hausdorff limits of se-
quences {(M/, gz, 0¢)}¢ satisfying a uniform strong Kato bound and a non-collapsing
hypothesis, that is, there exists v > 0 such that for all £,

\'7 (Bg(Og, ﬁ)) > vT3.

Our structure results recovered those of J. Cheeger and T.H. Colding for Ricci limits
19} 10], i.e. limits of pointed Riemannian manifolds satisfying a uniform Ricci curvature
lower bound. They also extended those obtained by P. Petersen and G. Wei |25} [26],
which apply to sequences with a uniform LP smallness assumption on the negative part
of the Ricci curvature. In particular we proved that for any non-collapsed strong Kato
limit (X,d) the volume measures v, converge to the n-dimensional Hausdorff measure
H". In [4], we additionally established that the resulting metric measure space (X,d, H")
is bi-Lipschitz to an RCD(K, N) space for finite N.

This naturally lead to the following questions. First, which are the geometric differ-
ences between Kato limits and either Ricci limits or finite dimensional RCD spaces?
Secondly, in analogy with the existence of Kato potentials that do not belong to LP for p
larger than half of the dimension: are there non-collapsed strong Kato limits that cannot
arise as limits of manifolds with an L? bound?

In this article, we exhibit examples of Kato limits which show that the class of non-
collapsed strong Kato limits is strictly larger than both the one of finite-dimensional
RCD spaces and the one covered by Petersen and Wei’s theory.

Our first example is a non-collapsed strong Kato limit which is branching, unlike
finite dimensional RCD spaces. Q, Deng established in [14] that these spaces are
non-branching, building upon the work of T.H. Colding and A. Naber [11, 12| for limit
geodesics in Ricci limits. The example we construct below is even essentially branching
and degenerate in the sense of [21], and therefore satisfies neither any CD(K, co) nor any
finite-dimensional MCP(K, N) condition.

Consider two Euclidean copies of R?\ D? glued along their boundaries, where D? ¢
IR? is the open unit disk. This produces the cylinder

C=Rx(R/(2rZ))
endowed with the singular warped Riemannian metric
T=(dt)?+(1+]t)*(d6)>.

Let d and H2 be the associated distance and Hausdorff measure. The following holds.

Theorem A. The surface (C,d) is a branching non-collapsed strong Kato limit. Moreover,
the metric measure space (C,d, H?) satisfies neither the CD(K,co) nor the MCP(K,N) con-
ditions for any K € R and finite N > 1.

Note that g is bi-Lipschitz equivalent to a smooth Riemannian metric with bounded
curvature. More generally, by |4], any Gromov-Hausdorff limit of Riemannian surfaces
with uniformly bounded Kato constant at a fixed time T is bi-Lipschitz to an Alexandrov
space with curvature bounded below, and such spaces are non-branching.

The key ingredient to establish that (C,d/\) is a non-collapsed strong Kato limit
is a general criterion for Riemannian surfaces with low regularity (Theorem for
being such a limit space. Specifically, if (M, gy) is a complete Riemannian surface
with bounded Gauss curvature and g; = e*/ gy is a conformal deformation where f
is bounded, Lipschitz, and has distributional Laplacian given by a Radon measure
bounded from above, then (M,gs) is a non-collapsed strong Kato limit. Such sur-
faces are locally BIC (for Bounded Integral Curvature), see [16} 135]. This gives a broad
class of low-regularity surfaces that are non-collapsed strong Kato limits, opening the
way to a wide range of new examples.
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Our second example answers positively the previous question concerning L? bounds:
there exist non-collapsed strong Kato limits which cannot be obtained as limits of man-
ifolds satisfying a uniform LP smallness condition a la Petersen-Wei. We construct such
an example by performing an analogue of the previous gluing construction in a compact
setting. Let two copies of $2\ID,, be glued together along their boundaries, where ID,,
is a geodesic disk of radius a € (0,7/2) for the round metric. This yields a singular
Riemannian metric g on $2. We show the following result, where €(2,p) and V, , are
defined in Section [f] For any function f we let f- = —min(0, f) be its negative part.

Theorem B. The surface (S°,3) is a non-collapsed strong Kato limit. Moreover, it cannot
arise as Gromov-Hausdor[f limit of closed surfaces {(My, g¢)} of diameters at most D > 0 such
that, for somep >1 and x > 0,

5 5 1/p D2 1/p
D K/+ Izd S 21 Xr /) :
P (]fﬁ( ) ng) e ’”(%AD))

The paper is structured as follows. Section |2| establishes Theorem the general
criterion yielding a large class of two-dimensional non-collapsed strong Kato limits,
including (C,(?) and ($2,5). Section [3| analyses the first example in detail, proving in
particular its branching and non-CD/non-MCP properties. Section |4| proves Theorem
by means, among others, of the pre-compactness result of [13] for compact surfaces:
an analogous result in the complete case would similarly imply that (C,;l\) cannot be a
limit of surfaces satisfying a uniform smallness LP bound.
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2. Conformal metric with low regularity and strong Kato limits

In this section, c(ay,a,,...) denotes a generic positive constant depending on param-
eters dy,4;,... only. The value of this constant may change from line to line.

2.1. The Kato constant of a smooth conformal metric. The next key statement shows
that, on a smooth surface with lower bounded curvature, the Kato constant of a confor-
mal metric is controlled upon mild assumptions on the conformal factor.

Proposition 2.1. Let (X,g)) be a complete Riemannian surface whose Gaussian curvature
is uniformly bounded from below: there exists « > 0 such that

2
Kgo > —K°.

Assume that f € €°(X) is a bounded function uniformly Lipschitz with respect to g, i.e.
there exist L, A > 0 such that

IfllL~ <L, )

Vx,p € X: |f (x) = f(p)l < Adg, (x,9), (3)

and that the Gaussian curvature of ¢ = e*f go is uniformly bounded from above: there exists
K € R such that

8f —
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Then for any T < k2, the Kato constant of the metric gy satisfies
kr(Z,g5) < c(x, L, A, K, )VT.

To prove this result, we need some estimates on the heat kernels of gy and gy. Firstly,
since the metric gy has lower bounded curvature, the Li-Yau estimates provide (|22]):
dg (xy)
Vx,yeX,Vte (0, 152) : Hgo(t,x,y) < Le’ e . (4)
Veo (Bgo(x’ \/?))

Moreover, the function f is bounded (2) so ¢ and g, are bi-Lipschitz, hence similar
estimates hold for the heat kernel of (3, g¢) (17,30} 29]):

c(x, L) Tl
— = e Em . (5)
Var (Bgf (2, ‘ﬁ))

We also know (see [19, Lemma 3.6]) that for any x € ¥ and any ¢ R > 0 such that
0<t<x2and R>rt

H, (t,x,v)dv,. (v) <c(x,L) e €
/Z\B (wr) v

Vx,yeX,Vte (O,K‘Z): Hgf(t,x,y) <

R
t

(6)

where ¢ depends only on x and L. Lastly, according to the Li-Yau gradient estimate [22],
since f is uniformly Lipschitz (3), then e s f is also uniformly Lipschitz:
[de 2 f]|, ., < <. 7)

We are now in a position to prove Proposition [2.1]

Proof. The transformation rule for the Gaussian curvature under a conformal change is

_ 2 -2 _ 2
Ko, = ¢ Ky + e Ay f = e Ky + Ay, f. (8)

The hypothesis Kgf < K implies that (K < K, so that

w),

(K, ) = (Kg ), ~Kg <K, —Kg, =K, —¢?

2

gf) gO gff

Hence for x € ¥ and T < «x™7, one gets

/[ Hgf(t,x,y)(Kgf)_ (y)dvgf(y)dt ST(K++K2e2L)

0,T]xX
- H, (t,x,v y)dt.
/[O,T]XZ &f gff

But

_/[O,T]XZI_If(t 0 9)Ag f(9)dvg, () dt:/oT;t( gff) x)dt
= (e f) - )

As the surface (X, gf) is stochastically complete [19, Theorem 2.1], we have that

/ (T,x,v (y) =1,

so that

)

By assumption
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and we are left with the estimate of

/ (T,x,p)dg, (x,y)dvg, (v).

We have

/ (T,xp gf(x,y)dvgf(y)s/Bgf(mmHgf(T,x,y)dgf(x,y)dvgf(y)
- Hy (T, %, 9)dg, (x,9)dvg, ()
/Z\B (xNT) 8&f 8f 8f

T+/ H, (T,x,v)d,, (x,v)dv, ().
D\By, (5NT) & &
Let us introduce the Stieltjes measure associated to the non-decreasing function

I(r :—/ H, (T,x,v)dv .
( ) \B (x,r) gf( ;U) gf(V)

2
Using (6), we get that —I(r) < c(x,L)e T for any r > VT, hence we can justify the
integration by part formula and the following estimates:

/Z\Bgf(xrﬁ)Hgf(T’x’y)dgf(xf?)dng(y) = /ﬁrdl(r)
:“m(‘ﬁ)—/ﬁ I(r)dr

+00 rz
T+ C(K,L)/ e °T dr
\T

+00
< \/T(l +c(1<,L)/ ecp’ dp),
0

so that we obtain
/ (T,x,p)dg, (x,y)dvg, (v) < c(x, L)VT. 9)
We eventually get the estimate

kr(2,gf) < (i, L)AVT + (K, + %) T.
O

2.2. Conformal metric with low regularity. Building upon Proposition we prove
the following.

Theorem 2.2. Let (X,80) be a complete smooth Riemannian surface whose Gaussian cur-
vature is uniformly bounded: there exists k¥ > 0 such that

)K80| = KZ‘

Assume that f € €°(X) is a bounded function uniformly Lipschitz with respect to gy, i.e. there
exist L, A > 0 such that (2) and (3) hold, and assume that the distributional Laplacian Ay f
is a Radon measure uniformly bounded from above: there exists M € R such that

Ag f <M weakly. (10)

Then (X,gy) is a non-collapsed strong Kato limit.
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Remark 2.3. Since the Gaussian curvature of gy is uniformly bounded, the hypothesis on
the Laplacian of f is equivalent to demanding that the Gaussian curvature Ky isa Radon
measure — so that the metric g¢ is locally BIC (|16} 135]) — and that

Ko <M weakly.
Let us prove Theorem

Proof. We are going to find {f.} C ¥*(X) such that

i) fe — f uniformly as € | 0,
ii) f¢ is uniformly bounded and Lipschitz, i.e. there is P > 0 independent of € such that

Il < P and ||df.||pe < P;

iii) the Gaussian curvature of g. = e*fegy is uniformly bounded from above: there is
some constant C independent of €, such that

ng <C.
The first property implies that for any o € X:

pGH (

(Z,dge,o)—> ¥y, d 0) as € — 0.

y g’

The second one also implies that we have a non-collapsing hypothesis on all the metrics
ge and the second and the third properties yield a uniform control of the Kato constant
of (X, g¢) thanks to Proposition

We define f. to be the heat regularization of f at time e:

fe=ehaf.
Since ™20 preserves L bounds, we get from (2) that
| fellp < L.
Moreover, thanks to @, we have
ldfellis < €A,
Thus ii) holds. For any x € ¥,

i) =101 < [ Hleox ) [F0)=F00]dv () <4 | Ho (e 91 (5,9)dvg (),
and the proof of Proposition [2.1| (see (9)) shows that when € < %2 then

/):Hgo(e’x’y)dgg(xly)dVgo(}}) < c(x,L)Ve.

Therefore, when € tends to 0, the sequence (f,) converges to f uniformly, so i) is checked.
We need to ensure now that iii) holds, that is to say, that the curvature of g, = e?f g is
uniformly bounded from above. Recall that

—2f.
Kgs =e f (Kg0+Ag0f€)
But (10) yields that
Mg fe=ePahg f<M
so that
K, <l (K+M). O

Remark 2.4. In Theorem[2.3, it is easy to verify that the same argument applies when f is
assumed to be uniformly Hilder rather than uniformly Lipschitz.
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3. Proof of Theorem [Al

This section addresses Theorem [A] that provides a branching non-collapsed strong
Kato limit. We recall that for any function f we denote by f = —min(0, f) its negative
part and in the remainder of the paper we write f, = max(0, f) for its positive part.

3.1. The example is a non-collapsed strong Kato limit.

Proposition 3.1. The space (C,g) is a a non-collapsed strong Kato limit.

Proof. The Gaussian curvature of a Riemannian metric on C of the form
g=(dr)>+J%(r)(d6)?

is given by:

J"(r)

J(r)

The latter has to be intended in the weak sense when | € I/Vlic 1(IR). Endow C with the

smooth Riemannian metric

Kg(r, 0)=-

V(r,0) €. (11)

g0 = (dr)>+(1+7?)(d6)>%
Then (TI) yields that for any (r,0) € C,
1

(r,0) = ————— <0.

K
(1+r2)2 =

8o

Moreover, it is easy to check that, up to reparametrization t = r — 1 + sgn(r)V1 +r?
where sgn is the sign function, the metric g is conformal to g, with conformal factor

f(r,0) = argsinh(|r|) —log(\/l + rz) - log(l n 1|:| rz )

The function f is clearly bounded and uniformly Lipschitz. Letting 8o denote the Dirac
measure on R centered at 0, we have
dZ
22 (1+1rD)
£ _
- =-26 kly.
L+1r] 0 WeREy

Then (TI) yields that for any ¢ € C.(C),
// @(r,0)dKg(r,0) = —2/ ¢(0,0)do,
Rx(R/27tZ) R/2nZ

ng —2dH'LS

hence

where dH! is the Euclidean one-dimensional Hausdorff measure on C, L means mea-
sure restriction, and S = {0} x (R/27tZ) C C. In particular, the distributional Gaussian
curvature of g is a bounded non-positive Radon measure. Using Remark we can

apply Theorem to conclude that (C,g) is a non-collapsed strong Kato limit. g

3.2. The example is branching. If (X, d) is a complete and separable metric space, a
geodesic is a map y: [0,1] — X such that :

Vs,s"€[0,1]: d(y(s),y(s) =1Is = s'ld(v(0),y(1)). (12)

A geodesic y is called branching if there exist another geodesic 3:[0,1] - X and a
number ¢ € (0,1) such that y(1) = 3(1) but y(¢t) = B(¢) for any t € [0,c]. We say that
(X, d) is branching if it admits a branching geodesic.

Proposition 3.2. The space (C,d) is branching.
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BANE

H
e

Figure 1. Branching geodesics.

Proof- Set Q, ={(t,0) €C: £t > 0}. Note that the maps

w, : C — Q,
(t,0) — (£t,,0)

are 1-Lipschitz projections. Moreover, if y: [0,1] — @ is a continuous rectifiable
curve, then the length of 7, (y) is shorter that the length of ¥ with equality if and only
if ¥([0,1]) C {t = 0}. As a consequence, a geodesic joining two points p,q € (), stays in
Q). Moreover, the maps

o, : Q, — R»\D?
(t,8) +— (1xt)(cosB,sinb)

satisfy @} g, =g, where g, is the Euclidean Riemannian metric. Therefore, the geodesic
joining p,q € Q, is given by the pre-image by @, of the segment [®, (p), D, (q)] C R?,
provided this segment does not intersect with ID2. From the 1-Lipschitz projection

(t,0)eC+— (0,0) € 0Q),,

we also get that if a geodesic y: [0,1] — (), joining two points p,q € QQ, touches JQ,
at two distinct points

y(a),y(b)edQ,, 0<a<b<s<l,
then it remains in dQ), between the two points :
y([a,b]) C 9Q,.

This implies that the unique geodesic joining (0,0) to (0,7) is ¥(s) = (0,s), s € [0, 7]
and that p branches off at any interior point when one chooses to follow the half-line in
(), tangent to JQ,, see Figure L. O

Remark 3.3. This surface has an isometric symmetry p = (t,0) v S(p) = (—t,0). Hence the
minimizing geodesic y can also branch off from any of its interior points through a tangent
half-line in Q) _.

3.3. The example is essentially branching and not CD. Let (X,d) be a complete
and separable metric space. Denote by Geo(X) the set of geodesics in X endowed with
the uniform metric inherited from C([0,1],X). We say that X is geodesic if any pair
of points x,y € X can be linked by a geodesic, that is to say, there exists y € Geo(X)
such that ¥(0) = x and (1) = y. A set I' C Geo(X) is called non-branching if for any
v, B €T, if there exists t € (0,1) such that y(s) = p(s) for any s € (0,¢), then y = f. We
assume from now on that (X, d) is geodesic.

Denote by P(X) the set of all probability measures on X, and by P,(X) the sub-
set of those probability measures having a finite second moment. Recall that the L?
Wasserstein distance between pg, y; € P>(X) is defined as

1/2

Wa(po, py) = _inf d*(x,y)do(x,y) (13)

o€ll(pg,p1) ( XxX
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Q| Q_

ANQ, ‘ A nQ_ \

A, N 4,

Figure 2. Branching set of geodesics between Ay and A;.

where IT(pg, p1) is the set of probability measures on X x X with first and second
marginals equal to yy and p; respectively. The so-called Wasserstein space (P,(X), W)
is a complete, separable and geodesic metric space. More precisely, for any t € [0, 1],
let e; : Geo(X) — X be mapping y to p(t). Any element 7 € P(C([0,1]), X) induces a
curve (py)sefo,1] in P2(X) defined by p1; = (e;)4 7. This curve is a geodesic in (P (X), W)
if and only if 7(Geo(X)) = 1, in which case we say that 7t is an optimal geodesic plan
between iy and p;. We write OptGeo(p, p1) for the set of such plans.

Assume that (X,d) supports a Radon measure m which is finite on bounded sets.
Write P5¢(X, m) for the subset of P,(X) whose elements are absolutely continuous with
respect to m. Then (X, d, m) is called essentially non-branching if for any couple yg, pi; €
P3¢(X, m), any 1t € OptGeo(py, p41) is concentrated in a set of non-branching geodesics.
This property was introduced in |27] as a weaker measure-theoretical version of the
non-branching property. Note that there exist branching spaces which are essentially
non-branching, see e.g. [24]. For brevity, we say that (X, d,m) is essentially branching if
it is not essentially non-branching.

Proposition 3.4. The space (C,g, H?) is essentially branching.

Proof- For ¢ = 0.1, consider 0y = (¢,0) € Q, and o] = (+¢,1/2) € Q. Set Ay =
B.(0g) CQ, and A} = Bg(of) UBS(O{). For any 7 € {0,1}, let y; be the restriction of
H? to A; divided by T2(A;). Then pg, py € Pi(C, H?). Set Y = {(t,0) € C: —1/4 <
0 < 37m/4} and note that for any x,y € Y there exists a unique geodesic y,, such
that 7,,(0) = x and yy,(1) = 9, and y,,([0,1]) C Y in addition. Consider the map
F:YxY — Geo(C) defined by F(x,y) = yx,. Let o be an optimal plan between
Mo, 1, that is to say, a minimizer of (I3). Then the dynamic plan 7= = F40 belongs to
OptGeo(pg, p#1) and is concentrated in I' = {y € Geo(C) : ¥(0) € Ag and y(1) € Ay}.
But any y €I is branching. Indeed, set x = (0), y = (1), and § = S(y) where S is
the isometric symmetry from Remark Let ¥ €I be the geodesic from x to §. Then
there exists f,, € (0,1) such that y(t) = 7(¢) for any t € [0, £, ], see Figure 2. O

According to |33, Definition 4.5], a complete separable geodesic metric measure space
(X,d, m) satisfies the CD(K, c0) condition, where K € R, if for any pg, #; € Py°(X,m)
there exists a Wasserstein geodesic (p;);e[o,1] between them such that

Ent(p;) < (1 - H)Ent(po) + tEnt(py) = Kt(1 = ) W5 (ug, p11)/2 (14)
for any t € [0, 1], where the relative entropy Ent is defined on P(X) by

+00 otherwise.

Ent(p) = {fx Inpdp if p=pm e P3¢(X,m),

Proposition 3.5. The space (C,g, 7’{2) satisfies no CD(K, o0) condition, whatever K € R.
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x

T\

Figure 3. Negligible set of t-intermediary points y(t) for ¢ close to 1.

Proof: If pg, pu; are as in the proof of the previous proposition, they both have finite
relative entropy. Moreover, any Wasserstein geodesic p = (pi1);¢[o,1] between them is
such that for any t € [f,, 1 —t.] the interpolating measure y; is supported in I} = {y(t):
¥ € Geo(X) with (0) € Ap and p(1) € A;} which is 7’-[\2—neg1igible. As a consequence,
for any such a ¢, the measure y; has infinite relative entropy, hence (I4) cannot hold. [

3.4. The example is degenerate and not finite-dimensional MCP. Let (X,d) be a
complete separable geodesic metric space endowed with a Radon measure m which is
finite on bounded sets. We say that (X, d,m) is non-degenerate if for any Borel set A C X
such that m(A) > 0, it holds that m(A, ;) > 0 for any x € X and t € [0, 1], where

Ay =1{y(t): y € Geo(X) with y(0) € A and y(1) = x}.

The non-degeneracy condition was proposed in |21, Definition 4.1] after [8, Definition
3.1). For brevity, we say that (X,d, m) is degenerate if it is not non-degenerate.

Proposition 3.6. The space (C, g, H?) is degenerate.

Proof Set x = (0,7t/2). For € € (0,0.1), consider 0 = (¢,0) € QQ, and the set A =
B.(0) c Q.. Then there exists t, € (0,1) such that for any y € Geo(X) with ¥(0) € A
and (1) = x, the point y(¢) belongs to dQ, for any f € (f,,1]. As a consequence,
ﬁz(Axrt) =0 for any such a f, see Figure 3. O

Introduced independently in [34] and [23], the measure contraction property MCP(K, N),
where K € R and N € [1,+00), is a weak version of the finite-dimensional CD(K, N)
condition. For the sake of brevity, we do not provide the definitions of these two con-
ditions, but we refer the reader to |7, Section 6.2], for instance, for a nice account on
them.

Corollary 3.7. The space (C,:g\,ﬁz) satisfies no mesure contraction condition MCP(K, N),
whatever K € R and N € [1,+00).

Proof- For A, ; as in the proof of the previous proposition, we get from [23} Lemma 2.3]
that any finite dimensional MCP condition implies a positive lower bound on ﬁz(Ax't)
that would contradict 7/'£\2(Ax,t) =0 for any t € (¢, 1]. U

4. Proof of Theorem [B

This section is devoted to proving Theorem [B] which exhibits a compact example
of a strong Kato limit which cannot be obtained as Gromov-Hausdorff limit of non-
collapsing manifolds with a small LP bound on the Ricci curvature.

Let gy be the round metric on the sphere $2. In Fermi coordinates (t,0) € (—7t/2, 71/2)x
$! around an equator € = {t = 0}, the round metric writes as

o =dt? +cos’t d62. 15
8
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Figure 4. The space ($2,3).

For a € (0,7/2), set

cos(a)
1 —sin(a)sin(|t]) )’
See Figure 4. The following is a direct consequence of Theorem

g:=eg, with %(t,0) = log

Proposition 4.1. The space ($°,5) is a non-collapsed strong Kato limit.

Proof. Observe that u is continuous, bounded and gy-Lipschitz. Moreover, in Fermi
coordinates, the Laplacian Ag f of a function f only depending on # writes as

Ag, f = —0%f +tan(t)d, f.
A direct computation for f = gives that, in the sense of distributions,
B —sin?(a) + 2sin(a) sin(|t]) — sin?(a) sin?(|#]) dv
[1 —sin(a) sin(]t])]? 8o

where dHlo is the one-dimensional Hausdorff measure of gg. As a consequence, Ag
is a bounded Radon measure. Therefore, we can apply Theorem @ to conclude. U

A

= —2sin(a) dHy LE (16)

80

In the remainder of this section we show that ($2,) cannot be obtained as the limit
of a sequence of non-collapsing surfaces {(M, g/)} satisfying a uniform smallness L?
bound in the sense of Petersen-Wei. For this, we start by recalling some notations, the
relation between an LP and a strong Kato bound, and some results about surfaces with
bounded integral curvature.

4.1. Strong Kato and L? bounds. Let us briefly recall some notions from |25} [26] with
the point of view adopted in |2]. For any n € IN, ¥ > 0 and r > 0, set

r . n-1 n
V() := / (M) dt for x >0, V,,,0(7) := r.
0 K n

Note that V, () is a multiple of the Riemannian volume of a ball of radius r in the

n-dimensional space form IM?K2 of constant sectional curvature equal to —x2.

On a closed smooth Riemannian manifold (M", g) of diameter at most D, for fixed
K > 0 define the non-negative function

P = (Ricci+(n - 1)1<2g),

which represents the amount of Ricci curvature below —(1n — 1)x2. For fixed p > 3, a
smallness L bound means that p, is uniformly controlled in L? by a small constant, i.e.

where €(n, p) is related to the constant B(n, p) appearing in |2} Théoréme 4.6] by

( ! )zp_1 4B(p, )27
= ,n Pt
€(n,p) P
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We know from |2, Theoréme 4.8 and Lemme 4.10] that implies

Ve(Bg(x,7)) < C(1, p)Vy, (1) (17)
for some C(n,p) > 0 depending only on # and p, and
1 1 1
P 2(V, (D)\? P
2 p P r n,K 2 p
r pdv) 32(—)( ) D(][pdv) 18
(]f?(x,r) s D VH,K(r) M s ( )
for any x € M and r € (0, D). Applying further to the previous yields
1 1
1 ) 0 L
2 p p r D P
r P dv ) <2e(n, (—) (—) . 19
(]{S(x,r) e ( p) D Wn,x(r) ( )

It follows from [6] that the assumption implies a strong Kato bound (see also
[28] for a related statement). For the sake of completness, we provide a proof.

Lemma 4.2. Let (M",g) be a closed manifold of diameter at most D. Under , there
exist T > 0 depending only on n,p,x,D and Cy(n,p) > 0 depending only on n,p, such that

1
kT(M,g) < m (20)
and forany t € (0, T),
t\1=2
ki(M,g) < Co(n,p)(f) v (SK)

Proof. In this proof, Cy(n,p) denotes a positive constant depending on 7, p only whose
value may change from line to line. From (I9), for any x € M and r € (0, D),

1
P
r2][ Ric_dv, < r2(n—1)x% +1r? ][ pidvg
Bg(er) Bg(xrr)

2 pr AL
Srz(n—l)K2+2€(n’p)(5) (wn,,{(r)) ]

and since V,, ,.(r) > r""/n we get
2 . 2 2 r\h
r Ric_dvy <r“(n—1)x"+ Co(n,p)(ﬁ) . (21)
By(xr)

Theorem 4.3 in [6] states that there exists §,, > 0 only depending on # such that if

b2
/ e RZy ][ Ric_dv, |dr<3§,
0 Bg(x,1)

for some R € (0, D], then kg2(M, g) < ﬁ Because of (2I) we have

D 2 R 2—%
/ ¢ TRy ][ Ric_dv, drg25(n—1)1<2R2+c0(n,p)(—) (22
0 By(xr) D

Set 8(n,p) = (L)l/(Z—n/P)

3Co(np) . Then by choosing

o Vo,
Ry = mm{K\/m,é(n,p)D},

and T = R} we obtain (20). Moreover, Corollary 4.1 of [6] ensures that there exists A
only depending on # and p such that for any R < D

D
kr2(M, ) S?\/ e Ry ][ Ric_dv, [dr.
0 Bg(x,1)
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Therefore, inequality (22) also implies that (SK) holds for any t < T. O

4.2. Convergence of surfaces with Bounded Integral Curvature. We shall use con-
vergence results for closed surfaces due to C. Debin and A. D. Alexandrov. We very
briefly recall some notation to give the statement that we need. We refer to [13, 35| for
the precise definition of metrics with Bounded Integral Curvature, BIC for short. On a
closed surface M, a metric d with BIC is associated to a curvature measure w which,
in the case of a smooth Riemannian metric ¢ on M, coincides with wg = Kg dvg. The
contractibility radius is the largest r > 0 such that all closed balls of radius s < r are
homeomorphic to a closed disc: see [13} Section 2] for a description of its properties. In
the next statement, we combine the main theorem of [13] and a result of Alexandrov |[l],
see also |39, Theorem 2.6]), for the convergence of the curvature measures.

Theorem 4.3. Let M be a closed surface and {d;}ecN be a sequence of metrics with BIC.
Let A,c,R, 0 be positive constants. Assume that for any € :
(1) for any x € M, the positive part of the curvature measure wy associated to d, satisfies
w; (Bg,(x,R)) < 21— 6;
(2) the contractibility radius of A is bounded below by c;
(3) the 2-dimensional Hausdorff measure of d; satisfies H?(M) <A

Then there exists a metric d with BIC such that, up to passing to a subsequence, there are
diffeomorphisms g : M — M such that ¢, d, converges uniformly to d on M.

If moreover there exists C > 0 such that |we|(M) < C for all € € N, then the curvature
measure w of d is the weak limit of wg, that is for any f € CO(M) we have

lim/fdwg:/fda).
{—o0 /M M

In the case of ($2,g), the conformal transformation rule for the Gauss curvature ((S))
and the expression of Ay % given in ensure that the curvature measure of g writes
as

— : 1
wg = —2811’1(0()H§L(€+V§, (23)
where Hyg is the one-dimensional Hausdorff measure of g. In particular, the negative
part of wg is singular and concentrated in the equator:

(wg)” = 2sin(a)Hg LE.

4.3. Proof of Theorem B We need the following lemma, which mainly relies on the
volume bound and on a formula, first given in the work of F. Fiala, for the variation
of the length of a geodesic disk on a surface.

Lemma 4.4. Let (M?,g) be a closed surface of diameter at most D such that 4L?_ ,) holds

for some p > 1 and x > 0. Consider the measures a)é—r := (Kg)+Vg. Then there exists Ry > 0

depending on p,x, D only such that for any x e M and r € (0,Ry),

Vg(Bg(xrr)) + L .
7r? 100

Proof. Consider x € M and R € (0, D). Using |15, Theorem 3, Theorem 5], see also [18}

Theorem 6.1] and [31], with Gauss-Bonnet’s formula, we get

wg (Bg(x,7/2)) < 8n(1 -

R R
vg(Bg(x,R))S2T(/0 )((Bg(x,r))(R—r)dr—/0 (R—r)[/B Kgdvg |dr, (24)

o (x,7)

where x(Bg(x,7)) is the Euler characteristic of the ball By(x, ). This implies

R
vg(Bg(x,R)) < R* - /0 (R—r)[ /B g(x’r)Kgdvg]dr (25)
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because x(Bg(x,7)) < 1. Since
2

R R
/0 (R—r)(/Bg(x’r)(Kg)_dvg]drSa)g(Bg(x,R))/o (R-r)dr = Rng(Bg(x,R))

and
R . R R2 .
(R=r1) / (Ky)ydv, |dr > wl (B (x,R/Z))/ (R-r)dr = —wi(B,(x,R/2))
/R/z Bq(x,r) gs §s R/2 g &E
the previous yields that
R? | 2 R> _
?a)g(Bg(x, R/2)) <mR —Vg(Bg(x,R)) + 7a)g(Bg(x,R)).

Now we use Hélder’s inequality, and (17), then V, ,(R) < RTZ cosh(xR), to obtain:

wg (Bg(x,R)) S/B (Kg+1<2),dvg+1<2v (B

(x,R))
4 JR) g

8

SVg(Bg(x,R))[]i( R)(Kg+1<2)pdvg]p +Kk%vg(B(x,R))
g\

<2C(2,p)€(2,p)Vac(R) P D72+ C(2,p)k> Vi o (R)

2-2 2p2
1 _1 2,
< 25C(2,p)e(2,p)(g) * cosh(xR)! i+mcosh(w).

Therefore we get
2

2 2-2
C(2,p)e(2,p)R? (g) ! cosh(KR)l_l%

%wg(Bg(x,R/z)) < (nR* = vg(B,(x,R))) + 2

2

c(2 2p4

L C@p)x’R
4

By choosing R; small enough depending on p, x, D we obtain the desired inequality. [

cosh(xR).

Remark 4.5. The previous proof also implies the following result. Consider a closed surface
(M?,g) of diameter at most D satisfying Jfor some p > 1 and « > 0. Then there exists
A(p,x,D) > 0 depending only on p,«, D such that for any x € M and r € (0, D),

2
wg (Bg(x,7)) < Ap, &, D)r” 77 (26)
We are now in position to prove Theorem

Proof of Theorem[B Assume by contradiction that there exists a non-collapsing sequence
{(M¢, g¢)}¢ of closed surfaces with diameters at most D > 0, satisfying for uniform
p > 1 and x > 0, such that {(M, g)}, converges to ($2,g) in the Gromov-Hausdorff
topology. Througout the proof, we will use that Lemma implies that this sequence
also satisfies the uniform strong Kato bound

Step 1. We start by proving topological stability for the sequence, i.e. M, is homeo-
morphic to $? for any large enough .

From [4], there exist a conformal metric g, on each M, such that the Gauss curvature
of g, is uniformly bounded from below by some negative constant C depending only
on p,k,D. As a consequence, there exists a distance d on $? such that ($?,d) is
an Alexandrov space to which {(My, §,)} converges in Gromov-Hausdorff topology, up
to extraction of a subsequence. Then Perelman’s topological stability for Alexandrov
spaces (see [20]) implies that My is a topological sphere for ¢ large enough.

From now on, we only consider ¢ such that M, = S2.
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Step 2. We show that there is C > 0 only depending on p, x, D such that for large £,
/ |Kg,|dvg, < (27)

The Gauss-Bonnet theorem, Hélder’s inequality, and ([9), successively imply that

/SZ(KgC)ervgzz/S( Kg,)_dvg, + 47

Svg€(52);(/( Kg,)Pdv, ) + 47 with g =p/(p—-1)
32

SVg[(SZ)(fSZ(Kgf+K2)}_7dvg€)p + K7V, (8°) + 41

< €(2,p)C(2,p)D? Vs (D)7 + C(2, p)k?Vy (D) + 4.
We eventually get existence of C > 0 depending on p, k, D such that holds.
Step 3. We show that the assumptions of Theorem |4.3| are satisfied.
By the previous step, we already know that the curvature measures wy = Kg, dvy,
are uniformly bounded. By continuity of the conformal factor e?” in the definition of g,
there exists R, > 0 such that for any r € (0,R,) and x € $2,

TC
vg(Bg(x, 7)) > nr? — %1‘2
Let Ry be as in Lemma and R € (0,min{Ry, R,}). By volume continuity |3} Section
7] there exists £, depending on R such that whenever € > €, for any x € $2,
2_ T 2
o (%, R)) = R” - mR . (28)
Then Lemma [4.4| implies that for any £ > € and x € My,

Vgg(B

87 T T

+
< — R R
wgf(B (xR)) < 100 - 100 ~ 10’

thus the first assumption of Theorem [4.3| holds.

As for the second assumption, we aim to prove that there exists a uniform positive
lower bound on the contractibility radius of ($2,g,). In the following, we omit the
dependence on p,x,D of A appearing in equality (26). Choose R > 0 small enough to
ensure that

o (29)

. 99  p?A _,2 1
R< Ry,R d —nm——R" P>—-
min{R;,R,} an 10071 -

Using inequalities (24) and (26) we obtain that for any £ > £,

R R
Vg, (Bg, (x,R)) < 271/O )((Bg€(x,r))(R—r)dr+/ (R—r)(/B

0

N

(Kg,) dvgg]dr

50 (07)

R
< 2”/ X(Bg,(x,7))(R~r)dr + pzAR4_7)
0

Since R < min{R;,R,} we use (28) to get that for any £ > ¢,

R
%RRZ < 271/0 X(Bg, (x,7))(R=r)dr + pzAR47
Set r7(x) :=sup{r > 0: x(Bg,(x,s)) = 1 for a.e. s € (0,r)}. Observe that, by definition of
r¢(x), there is a set of null measure of radii r € (0,7,(x)) for which Bg, (x,r) might not
be homeomorphic to a Euclidean disk. For any such radius 7, there exists rg € (1, r¢(x))
so that B, (x,79) has Euler characteristic equal to 1, thus it is homeomorphic to a disk.
This together with inequality (29) ensures that we can apply [I3, Lemma 2.3] to get
that for any s € (0, min{ro, R}] the ball By, (x,s) is homeomorphic to a disk. Then for
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all r € (0,min{r¢(x),R}) the ball B, (x,r) is homeomorphic to a disk. Therefore, a
lower bound on rp(x) will give a lower bound on the contractibility radius. Moreoever,
X (Bg,(x,7)) < 0 for a.e. r > rg(x). If ro(x) <R, we get

99 re(x) 2 2
mTZRZ < 27(/ (R- r)dr+p2AR4 P < 27mRre(x) +pzAR4 P
0

so that

99  p?A 2\ R
> — T - — Pl>—-
Tg(x)—R(1007T 7 2

Otherwise r7(x) > R > R/2. In the end, we get that the contractibility radius of ($2, ;)
is uniformly bounded from below by R/2.
Lastly, it follows from that for any £,

vg, (M) < C(n,p,x, D).

As a consequence, Theorem ensures the existence of a BIC metric d on $? and of
diffeomorphisms ¢ : $2 — $2 such that, up to a subsequence, (¢¢)* dg, — d uniformly
on $? and () dg, = @d- Since the Gromov-Hausdorff limit of a sequence is unique
up to isometry, there exists a homeomorphism f such that f*d = dg. Therefore, the
distances dg = f*d(p,)g, satisfy

dp — dg uniformly on $2, wgj, = wg.

Step 4. We obtain a contradiction by using weak convergence of the curvature

measures and the fact that wg is singular with respect to the Riemannian volume. For

€ € (0,7/2), consider tubular neighbourhoods U¢ = {|t| < €} and U?¢ = {|t| < 2¢} of the
equator £ = {t = 0}. Let f, : $> —[0,1] be a continuous function equal to 1 on U¢ and
vanishing outside U?¢. Thanks to the explicit expression for wg, the dominated
convergence theorem implies that

e—0

lim (—/ fe da)g) = 47te‘a sin(ar) =: Cy > 0.
g2

Let us consider € > 0 small enough to ensure that

Co
- o fedor> 3

By weak convergence wj, — wg there exists {y such that for any £ > ¢,

Co _ _
Qs [ fdog < [ fedlag ] slog (0% (30)
By triangle inequality there exist N(€) points {x;} on £ such that

U2 ¢ UBgO(xi,3e)
i

and N(e) <I/e for some I' > 0 independent of €. Since gy and g are bi-Lipschitz
equivalent, and d; — dg uniformly on $2, there exists C > 3 such that for any € > ¢,

U2 ¢ U Bd}(xi, Ce).
i

By Remark we get that for any € > £,

[wg,1"(U%) < Y g (Bg,(xi,Ce)) < N(e)Clp,)e* (1 + 6> 7)< Clpx)e (3]

1

for some C(p,«) > 0. We get a contradiction between and by choosing a
possibly smaller € such that C(p, x)e < Cy/4. O
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