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Abstract. We develop a new method for establishing extremality in the closed cone of effec-
tive curves on the moduli space of curves, and determine the extremality of many boundary
1-strata. Using this result, together with a general criterion for non-semiampleness that extends
Keel’s argument, we show that a substantial portion of the cone of nef divisors of Mg,n is not
semiample. As an application, we construct the first explicit example of a non-contractible ex-
tremal ray of the closed cone of effective curves on M3,n, which becomes contractible in positive
characteristic. This highlights the dependence of the geometry of Mg,n on the characteristic
of the base field. Our method relies on two main ingredients: (1) the construction of a new

collection of nef divisors on Mg,n, and (2) the identification of a tractable inductive structure

on the Picard group, arising from Knudsen’s construction of Mg,n.

1. Introduction

In this paper, we investigate the birational geometry of Mg,n, the moduli space of stable,
n-pointed genus g curves, by introducing a new method to establish extremality in the cone of
effective curves. This approach provides new insights into the dual cone of nef divisors and, in
particular, illuminates the subtle nature of semiample divisors on Mg,n.

By Stein factorization, the investigation of morphisms from Mg,n to projective varieties can

be reduced to the study of projective contractions of Mg,n. Here, a projective contraction
means a morphism to a projective variety f : X → Y such that f∗OX = OY . Mori theory
offers a framework for such analysis by associating to each contraction f : X → Y of projective
varieties the relative cone of curves NE1(f), which corresponds to a face of the closed cone of
curves NE1(X). The cone NE1(f) always determines the morphism f , and in certain favorable
situations—such as when X is a log Fano variety over a field of characteristic zero—this theory
yields a well-behaved bijection between contractions and faces.

Two fundamental issues can obstruct a correspondence between faces of the effective cone of
curves and projective contractions. First, NE1(X) may be non-polyhedral, with infinitely many
faces, some of which consist only of limits of curve classes. Second, it may happen that not
every face of NE1(X) corresponds to a contraction, since the cone of nef divisors may contain
divisors that are not semiample. While conjecturally the first issue will not arise on Mg,n

(cf. Conjecture 2.1), our first main theorem shows that the second phenomenon is especially
pronounced for Mg,n: a large portion of the nef cone consists of non-semiample divisors.

Theorem 1.1. Assume that the characteristic of the base field is 0, and that either g = 2,
n ≥ 2, or g ≥ 3, n ≥ 1. Then there is a codimension ⌊g2⌋ face F of the nef cone of Mg,n such
that its general element is not semiample. More precisely, there is a codimension one linear
subspace E of F such that any nef divisor in F \ E is not semiample.

If g = 2 or 3, then F has codimension one, and for all g, the codimension is constant as
n→ ∞. This indicates that the non-semiample region of the nef cone occupies a non-negligible
portion of it. Theorem 1.1 implies the following, more directly related to the second issue:
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Corollary 1.2. Assume that the characteristic of the base field is 0 and g ≥ 3, n ≥ 1. Then
there exists a dimension ⌊g2⌋ face C of NE1(Mg,n) which is not contractible, i.e. there is no

projective contraction of Mg,n whose relative cone of curves is C.

Hence, in particular, there exists a noncontractible extremal ray of NE1(M3,n). However, by

Theorem 11.1, this extremal ray of NE1(M3,n) is contractible in positive characteristic, and the
contraction admits a very simple description. This highlights the dependence of the geometry
of Mg,n on the characteristic of the base field. We will return to this point at the end of the
introduction and in Section 12.

The construction of nef but non-semiample line bundles on Mg,n dates back at least to Keel
[32], who proved that in characteristic 0, ψ-classes are not semiample in general. In addition, we
prove in Theorem 4.1 that ψ-classes are semiample on M1,n, and thus we completely determine
the cases in which ψ-classes are semiample (Corollary 4.2). Moreover, in Section 6, we explain
that they play a significant role in contracting F-curves on M1,n (cf. Remark 6.7).

To prove Theorem 1.1, we utilize a non-semiampleness criterion, Theorem 3.1. The proof of
Theorem 3.1 follows Keel’s method, employing arguments similar to those of [9]. One major
difficulty in the proof of Theorem 1.1 lies in computing the dimension of the space of nef divisors
satisfying the criterion of Theorem 3.1. Surprisingly, this difficulty is intimately related to the
first issue of Mori theory discussed above.

The irreducible components of 1-dimensional boundary strata on Mg,n, so-called F-curves,

are classified into six types in [26]. The F-conjecture asserts that NE1(Mg,n) is generated by
F-curves, and hence is polyhedral. There has been extensive work on the F-conjecture (e.g.,
[19–21, 24, 26, 33, 36, 38]), but still it remains wide open. We will recall the relevant background
in Section 2, including the notation for F-curves.

We define an extremal ray of a cone to be a regular extremal if the corresponding face of
the dual cone has codimension 1. Note that if the cone is polyhedral, then every extremal ray
is regular, but this is not true in general (cf. Remark 6.2). This notion was implicitly used in
[41] to prove that the cone of moving curves of Mg,n, for g, n ≥ 2, is non-polyhedral (and hence
the cone of pseudo-effective divisors is also non-polyhedral). This was done by constructing a
non-regular extremal ray [41, Theorem 1.1].

The following result shows that many extremal F-curves are indeed regular, providing further
evidence for the F-conjecture. Since the exact statements use notation from Section 2, we
provide here only abbreviated versions of the theorems. For the full statements, we refer to
Theorem 10.1 and Theorem 10.2.

Theorem 1.3. Assume that the characteristic of the base field is not equal to 2. Then:

(1) Type 1 and type 4 F-curves on Mg,n span regular extremal rays of NE1(Mg,n), whereas
type 2 F-curves do not.

(2) Apart from three exceptional families, each of which spans a regular extremal ray, no
type 3 F-curve spans an extremal ray of NE1(Mg,n).

(3) Knudsen-type F-curves (cf. Definition 10.11) are regular extremal. In particular, every
F-curve on M0,n and M1,n is regular extremal.

(4) There exist three additional families of type 6 F-curves, each of which spans a regular
extremal ray.

In characteristic 2, the statements concerning Type 3 curves remain valid. Moreover, if [26,
Theorem 0.3] holds in characteristic 2, then all of the statements follow.

In the same vein, our method can be applied to study the regular extremality of F-curves
for small genus.

Theorem 1.4. Assume that the characteristic of the base field is not equal to 2. Then:

(1) Every type 5 or type 6 F-curve on M2,n is regular extremal.
(2) Apart from one exceptional family (resp. two exceptional families), every type 5 and

type 6 F-curve on M3,n (resp. M4,n) is regular extremal.
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Moreover, if [26, Theorem 0.3] holds in characteristic 2, then all of the statements follow.

The dependence on the assumption that the characteristic is not equal to 2 arises from the
fact that [26], and consequently many results on the F-conjecture, rely on this assumption. As
stated above, if one can establish the relevant results on the F-conjecture in characteristic 2,
then our results can be extended to characteristic 2 as well. Moreover, by Corollary 6.6, every
F-curve on M0,n and M1,n is regular extremal, regardless of the characteristic.

As suggested by the statements, F-curves of type 5 and 6 are more subtle than the others.
For type 5 curves, we have an explicit conjecture (Conjecture 10.10) describing which of them
are regular extremal. In contrast, for type 6 curves, no conjectural description is currently
available. We refer to the beginning of Section 10.3 for a detailed discussion.

These theorems can be understood in the context of the general problem of understanding
extremal effective cycles. The study of extremal effective cycles on Mg,n is a well-developed
area, with many important results as in [4, 7, 8, 40, 43, 49]. We refer to [6] for a survey of these
results. However, many findings focus on relatively low-codimension cases. In contrast, this
paper investigates the situation for extremal curves. In this setting, since many boundary strata
are known to be non-extremal, distinguishing extremal from non-extremal curves is already a
nontrivial task.

Theorem 1.3 and Theorem 1.4 require a construction of sufficiently many nef divisors on
Mg,n that contract a fixed curve and span a codimension one subspace. In some simpler cases,
such as g = 0 or g = 1 (see Section 6), ψ-classes and their pullbacks do the job. However,
this approach fails for higher genus. One needs other nef divisors, and even with enough nef
divisors, computing the dimension of their span becomes challenging.

The two main advances of this paper are the construction of new nef divisors on Mg,n (see
Section 7), and the development of a new induction scheme to verify the dimension of the span
of these divisors (see Section 9).

The new nef divisors introduced in Section 7, referred to here as semigroup kappa divisors,
are certain sums of the κ class and boundary classes (cf. Definition 7.1). By examining their
intersection with F-curves [26, Theorem 2.1] and boundary restriction, we prove that they are
nef in Theorem 7.5. These divisors are particularly useful for contracting certain F-curves, as
the intersection number of the kappa class with any F-curve is 1.

To verify that the set of nef divisors we construct spans a codimension-1 subspace, we employ
a new two-step induction argument based on Knudsen’s construction of Mg,n, which we describe
in detail in Section 9. In [10, 12], the author observed a particularly tractable inductive structure
on the Picard group of Mg,n for g ≤ 1, using Knudsen’s construction. In this paper, we extend
this observation to arbitrary genus in Theorem 8.1. A crucial point is that the relative cone
arising from Knudsen’s construction is a simplicial cone generated by F-curves. This enables
explicit computation of the dimension of the span of certain nef divisors.

Finally, we note that Theorem 1.3 and Theorem 1.4 hold in almost arbitrary characteristic,
whereas Theorem 1.1 and Corollary 1.2 hold only over fields of characteristic zero. Moreover,
as shown in [32] and also in Corollary 1.2, there exist divisors that are semiample, as well
as morphisms that occur only over fields of positive characteristic. This demonstrates that the
geometry of Mg,n depends strongly on the characteristic of the base field, and raises the question
of providing a modular description of such morphisms in positive characteristic (cf. Section 12.3).

One may compare this with the complete subvariety problem for the moduli space of abelian
varieties Ag [27, 34], where the maximal-dimensional complete subvariety of Ag is described in
terms of the p-rank, a structure that exists only in positive characteristic. Just as this problem
highlights the role of the p-rank, we expect that the answer to the question raised in Section 12.3
will likewise shed further light on the essential differences between Mg,n in positive and in
zero characteristic. In particular, since Theorem 11.1 provides an example of a contraction of
M3,n with a remarkably simple description that exists only in positive characteristic, it is an
interesting problem to find a modular interpretation of this morphism. Such a description could
potentially reveal new structural features of curves in positive characteristic.
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1.1. Structure of the paper. In Section 2, we review the basics of divisors and curves on Mg,n.
After this, the paper is divided into two parts: semiampleness and extremality. We first explain
the semiampleness part. In Section 3, we present a non-semiampleness criterion (Theorem 3.1),
which reduces Theorem 1.1 to extremality of certain F-curves. After establishing the extremality
of these in Section 10, Theorem 1.1 and Corollary 1.2 are proved in Section 11. We further
discuss the (non-)semiampleness of certain divisors on Mg,n in Section 4 and Section 5. We

hope that these sections contribute to the literature on semiample divisors on Mg,n.
The remainder of the paper is devoted to the extremality of F-curves. In Section 6, we provide

an explicit solution to this problem for M0,n and M1,n, together with a discussion of some basic
convex geometry. This proof serves as a model argument that we generalize in later sections.
Section 7 and Section 8 are devoted to describing two main tools for proving extremality: a
new family of nef line bundles (Theorem 7.5) and an exact sequence (Theorem 8.1). Using
these tools, we develop a new method for proving regular extremality of curves in Section 9.
This method allows us to establish the extremality of certain F-curves in Section 10. Using
this result, we prove Theorem 1.1 and Corollary 1.2 in Section 11. Further discussion and open
problems are given in Section 12.

1.2. Notations and Conventions. Throughout, any Picard group Pic(X), the cone of nef
divisors Nef(X), Chow group Ad(X), curve class [C], and divisors/line bundles will be considered
over Q. Thus, unless otherwise stated, these terms will refer to their Q-versions, such as the
Q-Picard group, Q-divisors, and so on. For a variety X, ρ(X) denotes the Picard number of X.
Mg,n will denote the moduli stack of stable curves, while Mg,n will refer to its coarse moduli

space. We denote by [n] the set {1, 2, . . . , n}, and by πS the projection map Mg,n → Mg,Sc that
forgets the marked points indexed by S ⊆ [n]. For any cone N ⊆ Rn, we define N ⊗ R to be
the subspace of Rn spanned by N .
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2. Preliminaries

In this section, we review background on curves and divisors on Mg,n. Recall that Mg,n

denotes the moduli space, while Mg,n denotes the moduli stack. The base field is an arbitrary
algebraically closed field.

Let ∂rMg,n denote the locus of stable curves with at least r nodes. Then ∂rMg,n is a pure

codimension r subvariety of Mg,n, and its irreducible components are called codimension r

boundary strata. In particular, if r = 3g − 4 + n, then ∂rMg,n is pure of dimension 1, and

its irreducible components are called F-curves. A divisor on Mg,n is F-nef if it intersects all
F-curves non-negatively.

Conjecture 2.1. [F-conjecture, [26, 33]] F-curves generate NE1(Mg,n). Equivalently, a divisor

on Mg,n is nef if and only if it is F-nef.

By a sequence of papers, including [19–21, 24, 26, 33, 36, 38], the F-conjecture is known to
hold for g+n ≤ 8 or for g ≤ 44 with n = 0, when the characteristic of the base field is not equal
to 2. In characteristic 2, the methods of [21, 36] (resp. [16]) prove the conjecture for g = 0,
n ≤ 8 (resp. n = 0, g = 2, 3). For later use, in Proposition 7.16, we verify the F-conjecture in
arbitrary characteristic for M1,2, M2,1, M2,2, and M3,1.
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One significant advantage of Conjecture 2.1 is that, as we will explain in Theorem 2.2, the
cone of F-nef divisors admits a very explicit description. To this end, we will provide a more
detailed description of F-curves and divisors on Mg,n, following [26].

From now on, we identify F-curves with their classes in A1(Mg,n), i.e. up to numerical
equivalence. There are six types of F-curves (cf. [26, Theorem 2.2]), which can be described
as images of certain gluing maps. Note that, with our definition, the following description
gives only the numerical class of an F-curve, since there is some freedom in choosing the fixed
stable curves. If we choose these stable curves to be maximally degenerate, then we recover the
F-curves themselves.

Type 1: Let i : M1,1 → Mg,n be the map that attaches a fixed semistable curve C of genus
g − 1 with n + 1 marked points and then stabilizes. The image F1 of i is the F-curve
of type 1.

Type 2: Let i : M0,4 → Mg,n be the map that attaches a fixed semistable curve C of genus
g − 3 with n + 4 marked points to the four marked points on curves parametrized by
M0,4, and then stabilizes. The image F2 of i is the F-curve of type 2.

Type 3: Choose natural numbers g1 + g2 = g − 2 and a decomposition I1 ⊔ I2 = [n]. Fix
semistable curves C1 (resp. C2) of genus g1 (resp. g2) with |I1| + 1 (resp. |I2| + 3)
marked points. Let i : M0,4 → Mg,n be the map that attaches C1 to the first point
and C2 to the remaining three points, and then stabilizes. The image F g1

3 (I1) of i is an
F-curve of type 3. Note that g2 and I2 are determined by g1 and I1.

Type 4: Choose natural numbers g1 + g2 = g − 2 and a decomposition I1 ⊔ I2 = [n]. Fix
semistable curves Ci of genus gi with |Ii|+ 2 marked points for i = 1, 2. Let i : M0,4 →
Mg,n be the map that attaches C1 and C2 to two of the four points and then stabilizes.
The image F g1

4 (I1) of i is an F-curve of type 4.
Type 5: Choose natural numbers g1 + g2 + g3 = g − 1 and a decomposition I1 ⊔ I2 ⊔ I3 = [n].

Fix semistable curves Ci of genus gi with |Ii|+ 1 marked points for i = 1, 2, and C3 of
genus g3 with |I3|+ 2 marked points. Let i : M0,4 → Mg,n be the map that attaches C1

and C2 to one point each, and C3 to the remaining two points, and then stabilizes. The
image F g1,g2

5 (I1, I2) of i is an F-curve of type 5.
Type 6: Choose natural numbers g1+g2+g3+g4 = g and a decomposition I1⊔I2⊔I3⊔I4 = [n].

Fix semistable curves Ci of genus gi with |Ii|+1 marked points. Let i : M0,4 → Mg,n be
the map that attaches each Ci to one of the four points and then stabilizes. The image
F g1,g2,g3,g4
6 (I1, I2, I3, I4) of i is an F-curve of type 6.

While the actual curve on Mg,n depends on the choice of semistable curves, its numerical
class remains independent. For a pictorial description of these curves, we refer to [26, Figure
(2.3)]. Note that if g = 0, then only type 6 curves exist; if g = 1, then types 1, 5, and 6 exist;
if g = 2, then all types except type 2 exist; and if g ≥ 3, then F-curves of all types exist.

Note that the λ-class λ, the ψ-classes ψi, and the boundary classes δi,I generate the Q-Picard

group of Mg,n. Furthermore, if g ≥ 3, they form a basis of the Q-Picard group. For relations
among these classes, we refer to [3, Theorem 4]. Following [26], we express a divisor D as a
linear combination:

D = aλ− birrδirr +

n∑
i=1

b0,iψi −
∑

bi,Iδi,I .

Theorem 2.2. [26, Theorem 2.1] The intersections of F-curves with the divisorD are as follows:

(1) D · F1 = a− 12birr + b1,∅.
(2) D · F2 = birr.
(3) D · F i

3(I) = bi,I .
(4) D · F i

4(I) = 2birr − bi,I .

(5) D · F i,j
5 (I, J) = bi,I + bj,J − bi+j,I∪J .

(6) D · F i,j,k,l
6 (I, J,K,L) = bi,I + bj,J + bk,K + bl,L − bi+j,I∪J − bi+k,I∪K − bi+l,I∪L.
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3. Non-semiampleness Criterion

Theorem 3.1. (char k = 0) Let g, n ≥ 2 and L be a line bundle on Mg,n such that

L = aλ− birrδirr +
∑
i

b0,iψi −
∑
i,I

bi,Iδi,I .

Assume that there exist i, j ∈ [n] such that

(1) b0,{i,j} = 0,
(2) b0,i ̸= b0,j , and
(3) b0,k = 0 for every k ̸= i, j.

Then L is not semiample.

The proof is almost identical to that of [9, Theorem 4.6]. However, we will reproduce the
proof here since a more specific circumstance is considered and a different language is used
there. The proof is based on Keel’s counterexample [31, Section 3].

Proof. First, we will consider the case of n = 2. In this case, condition (3) is vacuous. Since
Pic(Mg,n) ≃ Pic(Mg,n), we will consider L as a line bundle on Mg,n. Let C be a projective
smooth curve of genus g. Then, the projection π1 : C × C → C with the diagonal embedding
∆ : C → C × C can be considered as a family of genus g curves with a marked point. Hence,
there exists a corresponding morphism

C × C Mg,2

C Mg,1

u

π1 π1

Consider u∗L. Note that the image of u does not intersect any boundary divisors except δ0,{1,2}.
Since b0,{1,2} = 0, the boundary divisors do not contribute to u∗L. Moreover, since the image

of the composition map C ×C → Mg,2 → Mg is a point corresponding to C, we have u∗λ = 0.
Hence, u∗L = b0,1u

∗ψ1 + b0,2u
∗ψ2. Since the image of u ◦ ∆ is contained in ∆0,{1,2}, we have

∆∗u∗L = 0.
Now assume that L is a semiample line bundle. Then u∗L is also a semiample line bundle.

Let f : C × C → Pn be a morphism such that f∗O(1) = u∗L⊗m. Since ∆∗u∗L = 0, the map f
contracts the image of ∆. Hence, there exists an effective divisor T on C×C such that ∆∩T = ∅
and u∗L⊗m = [T ]. In particular, the restriction of u∗L⊗m to any infinitesimal neighborhood of
∆ is trivial. Let ∆2 be the second-order infinitesimal neighborhood of ∆.

By the definition of ψ classes (cf. [9, Proposition 3.9]), we have u∗ψi = π∗iΩ
1
C(∆) for i = 1, 2.

By [32, Lemma 3.5], we have u∗ψ1|∆2 = −u∗ψ2|∆2 . Hence,

u∗L⊗m|∆2 = m(b0,1 − b0,2)u
∗ψ1|∆2 = m(b0,1 − b0,2)π

∗
1Ω

1
C(∆)|∆2 .

Since b0,1 ̸= b0,2, this is not a trivial line bundle by [32, Lemma 3.4]. This leads to a contradic-
tion. Hence, L is not a semiample line bundle.

Now consider the general case. We may assume that i = 1 and j = n. Then there ex-
ist a projective smooth curve C of genus g, a projective smooth curve D, and morphisms
s1, · · · , sn−1 : D → C such that the trivial family of curves π1 : D × C → D with sections
s1, · · · , sn−1 forms a nontrivial family of genus g curves with n − 1 marked points. The con-
struction uses elliptic curves. See [50] or [9, proof of Corollary 4.8].

As in the case of n = 2, we have an induced morphism u : D × C → Mg,n,

u∗L = b0,1u
∗ψ1 + b0,nu

∗ψn −
n−1∑
i=2

b0,{i,n}u
∗δ0,{i,n}

= b0,1π
∗
1s

∗
1Ω

1
C(s1) + b0,nπ

∗
2Ω

1
C(s1)−

n−1∑
i=2

b0,{i,n}[si]
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where we identify si : D → D×C with its image, and s∗1u
∗L = 0. Assume that L is a semiample

line bundle. Then, by the same argument as above, there exists an effective divisor T on D×C
such that u∗L⊗m = [T ] for some m > 0 and T ∩ s1 = ∅.

Consider f = (s1, id) : D × C → C × C. Let R be the effective divisor T +
∑n

i=2[si], and
define R′ := f∗R, U := C × C \ R′, and V := f−1(U). Since f−1(∆) = s1 and s1 ∩ R = ∅, we
have ∆ ⊆ U . Since R ∩ V = ∅, we obtain

u∗L|V = b0,1π
∗
1s

∗
1Ω

1
C(s1)|V + b0,nπ

∗
2Ω

1
C(s1)|V = (f |V )∗(b0,1π∗1Ω1

C(∆) + b0,nπ
∗
2Ω

1
C(∆)).

On the other hand, since u∗L⊗m = [T ] and T ∩V = ∅, we conclude that u∗L⊗m|V is trivial. By
a standard push-pull argument (e.g., [9, Lemma 4.7]), there exists d > 0 such that

db0,1π
∗
1Ω

1
C(∆) + db0,nπ

∗
2Ω

1
C(∆) = 0 on U.

Since ∆ ⊆ U , its second-order infinitesimal neighborhood ∆2 is also contained in U , so its
restriction to ∆2 is also zero. However, by [31, Lemma 3.5], we have

(db0,1π
∗
1Ω

1
C(∆) + db0,nπ

∗
2Ω

1
C(∆))|∆2 = d(b0,1 − b0,n)π

∗
1Ω

1
C(∆)|∆2 ,

which is nonzero by [31, Lemma 3.4] and condition (2). This leads to a contradiction. Hence,
L is not semiample.

□

The condition b0,i ̸= b0,j is essential: see Proposition 5.13.

4. Semiampleness of ψ classes on M1,n

Theorem 4.1. ψi’s are semiample on M1,n.

Proof. We will use induction on n. If n = 1, then M1,1 = P1 and ψ1 is nef, so ψ1 is semiample. If

n = 2, there are several ways to prove this. There exists a surjective map f : M0,5 → M1,2, which

sends (C, {Pi}5i=1) to (D,Q1, Q2), where D is a double cover of C ramified at P2, P3, P4, P5, Q2

is the inverse image of P2, and Q1 is an inverse image of P1. See, for example, [42, Section
4.1]. Since M1,2 is normal, a line bundle L on M1,2 is semiample if and only if f∗L is. Since

M0,5 is a Fano variety, any nef line bundle is semiample. Therefore, any nef line bundle on M1,2

is semiample. Alternatively, by [42, Proposition 4.1.5], for the natural map α : M1,2 → M2

corresponding to ∆irr, ψ1 = α∗(12λ−δirr). By [25, Corollary 4.3], 12λ−δirr is semiample, hence
ψ1 is also semiample.

Now assume ψi’s are semiample on M1,n−1 and n ≥ 3. It is enough to prove that ψ1 is

semiample on M1,n. Let πn−1 and πn : M1,n → M1,n−1 be the projection maps forgetting the
(n− 1)th and nth points, respectively. Then

ψ1 = π∗n−1ψ1 + δ0,{1,n−1} = π∗nψ1 + δ0,{1,n}.

By the induction hypothesis, π∗n−1ψ1 and π∗nψ1 are semiample. Hence, the stable base locus
B(ψ1) is contained in ∆0,{1,n−1} and ∆0,{1,n}. However, their intersection is trivial, hence
B(ψ1) = ∅. Therefore, ψ1 is semiample.

□

Corollary 4.2. The ψ-classes are semiample on Mg,n if and only if one of the following holds:

(1) The characteristic of the base field is positive.
(2) g ≤ 1.
(3) (g, n) = (2, 1).

Proof. Case (1) is proved in [32, Theorem 0.4]; see also [9, Proposition 3.9]. The g = 0 case of
(2) follows from the existence of Kapranov’s construction [29, 30], especially [30, Proposition
2.8]. We have just proved the g = 1 case. (3) follows from [42, Corollary 4.6.2], where Rulla
proved that any nef line bundle on M2,1 is semiample. Now consider the characteristic zero
case, excluding (2) and (3). If g ≥ 2 and n ≥ 2, then Theorem 3.1 (or the original argument
in [32]) implies that the ψi’s are not semiample. For g ≥ 3, let f : Mg−1,3 → Mg,1 be the map
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corresponding to ∆irr. Then f
∗ψ1 = ψ1, and this is not semiample. Hence, ψ1 is not semiample

if g ≥ 3. □

Question 4.3. What is the contraction of M1,n corresponding to ψi?

Regarding Question 4.3, there are many other modular compactifications of M1,n, for ex-
ample [22, 46–48]. One needs to identify the correct compactification corresponding to ψi,
construct a map from M1,n and prove the projectivity of its coarse moduli space.

5. Examples

In this section, we present examples of semiample and non-semiample nef divisors. Through-
out this section, we assume that the characteristic of the base field is zero.

Example 5.1. On M2,2, the following divisors are the set of extremal rays of the nef cone:

λ, 12λ− δirr, ψ1, ψ2, π
∗
1ψ, π

∗
2ψ,

ψ1 + ψ2 + δ1,{1}, ψ1 + ψ2 − 2δ0,{1,2} + δ1,{1}

δirr + 10ψ1 + 10ψ2 + 12δ1,∅ + 2δ1,{1} = 10(λ+ ψ1 + ψ2 + δ1,∅)

Note that on M2,n, 10λ = δirr + 2δ1. Since the F-conjecture is verified in this case, the nef
cone coincides with the cone of divisors that intersect all F-curves nonnegatively. This cone is
computed using the Sage code available in [11, fnefcone].

Theorem 5.2. There exists a 5-dimensional subcone of the nef cone of M2,2 whose generic
element is not semiample.

Proof. Consider the following divisors:

λ, 12λ− δirr, ψ1, ψ2, ψ1 + ψ2 + δ1,{1}, λ+ ψ1 + ψ2 + δ1,∅.

A generic element of the cone generated by these elements satisfies the condition of Theorem 3.1,
and hence is not semiample. It is straightforward to see that these elements generate a 5-
dimensional space, spanned by ψ1, ψ2, δirr, δ1,∅, δ1,{1}. □

Since the Picard number of M2,2 is 6, this represents the largest possible such cone. Hence,

this provides an instance of the cone described in Theorem 1.1 within M2,2.

Proposition 5.3. If D is a divisor on M3,1 of the form

aλ− birrδirr + b0,1ψ1 − b1,∅δ1,∅

for some b0,1 ̸= b1,∅, then D is not semiample.

Proof. Let f : M2,2 → M3,1 be the morphism obtained by attaching a genus one curve at
a marked point. By assumption, the pullback f∗D satisfies the condition of Theorem 3.1.
Therefore, f∗D is not semiample, and it follows that D is also not semiample. □

Using Proposition 5.3, we can directly verify Theorem 1.1 and Corollary 1.2 for M3,1.

Example 5.4. There exists no contraction of M3,1 whose relative cone of curves is the extremal
ray spanned by F 1

3 (1). Suppose, for contradiction, that such a contraction exists and let D be
the corresponding semiample divisor on M3,1. Since D contracts F 1

3 (1), it must be of the form
described in Proposition 5.3. Then, by Theorem 3.1, it must satisfy b0,1 = b1,∅. Under the

additional assumption that D · F 1
3 (1) = 0, this is precisely equivalent to D · F 2,0

5 (∅, 1) = 0.

Thus, D must also contract F 2,0
5 (∅, 1).

Example 5.5. On M3,1, the following divisors are the set of extremal rays of the F-nef cone:

ψ1, λ, 12λ−δirr, 10λ−δirr−2δ1,∅−2δ1,{1}, 10λ−δirr+2ψ1−2δ1,∅, 11λ−δirr+3ψ1−δ1,∅−2δ1,{1}.

They generate the nef cone by Proposition 7.16. This is computed by the same method as in
Example 5.1.
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Theorem 5.6. There exists a 4-dimensional subcone of the nef cone of M3,1 whose generic
element is not semiample.

Proof. Consider the following divisors:

ψ1, λ, 12λ− δirr, 10λ− δirr + 2ψ1 − 2δ1,∅.

A generic element of the cone generated by these elements satisfies the condition of Proposi-
tion 5.3, and hence is not semiample. It is straightforward to see that these elements generate
a 4-dimensional space, spanned by λ, ψ1, δirr, δ1,∅. □

Again, this is the largest possible such cone, since the Picard number of M3,1 is 5. This
naturally leads to the following question, which is partially answered by Theorem 1.1.

Question 5.7. Let ρ denote the Picard number of Mg,n, with g ≥ 3 and n ≥ 1, or g = 2 and
n ≥ 2. Does there exist a (ρ − 1)-dimensional subcone of the nef cone, whose general element
is not semiample?

By the following observation, this is related to the extremality of F-curves.

Proposition 5.8. Let C be a pointed n-dimensional polyhedral cone in Rn, and let C∗ be its
dual. Then v ∈ C spans an extremal ray if and only if the dimension of C∗∩v⊥ is exactly n−1.

One important caveat is that, since it is not known whether the cone of curves on Mg,n is
polyhedral, extremality alone is generally insufficient to draw definitive conclusions. To address
this, we introduce the notion of a regular extremal ray in Definition 6.1.

From the perspective of Proposition 5.8, Theorem 5.2 corresponds to the fact that F 0
3 ([2])

spans an extremal ray in M2,2, while Theorem 5.6 reflects the extremality of F 1
3 (1) in M3,1. The

connection between non-semiampleness and F-curves arises from Theorem 3.1: assumptions
(1) and (3) in that theorem are equivalent to the condition that the divisor contracts certain
F-curves. In particular, assumption (1) corresponds to the condition L · F 0

3 ({i, j}) = 0, and
(3) is an empty condition when n = 2. This naturally raises the question of whether these
F-curves are extremal. Even when n > 2, we follow a similar strategy as in Proposition 5.3, by
pulling back the divisor to the case n = 2. Therefore, in what follows, we focus on analyzing
the extremality of F-curves. Indeed, in [4], the author raised the following conjecture:

Conjecture 5.9. [4, Conjecture 1.3] All boundary strata in Mg,n are extremal.

However, this conjecture is not true for F-curves, i.e. one-dimensional boundary strata. The
easiest example is the type 2 F-curve. If g ≥ 3, then by the explicit formula Theorem 2.2,

[F2] =
1

2
([F3(i, I)] + [F4(i, I)])

for any 1 ≤ i ≤ g − 2. Moreover, by Theorem 10.6, all type 3 curves except those listed in
Theorem 1.3 are not extremal. This provides further examples of non-extremal F-curves.

As an illustrative example, we examine the extremality of F-curves in M4, M3,1, and M2,2

using the computer program [11, extray]. This program determines which F-curves are extremal
in the cone of F-curves. The program runs in a few seconds on the author’s laptop. By the
discussion in Section 2, we know that for these spaces, this cone coincides with the cone of
curves, so extremality in the cone of F-curves is equivalent to extremality in the cone of curves.
Note that, for the sake of time complexity, we exclude type 2 and type 3 F-curves not listed in
Theorem 1.3 from the program, since they are already known to be non-extremal.

Example 5.10. On M4, the following divisors are the set of extremal rays of the nef cone:

λ, 12λ− δirr, 10λ− δirr − 2δ1, 10λ− δirr − 2δ1 − 2δ2, 21λ− 2δirr − 3δ1 − 4δ2

Note that 21λ− 2δirr − 3δ1 − 4δ2 contracts the type 6 F-curve. This is computed by the same
method as in Example 5.1.

Here is a summary of the extremality of F-curves:



10 DAEBEOM CHOI

extremal? Relation
F1 Y -

F2 N 1
2

(
[F 1

3 (∅)] + [F 1
4 (∅)]

)
F 1
3 (∅) N 1

2

(
[F 1,1

5 (∅, ∅)] + [F 2
3 (∅)]

)
F 2
3 (∅) = F 1,2

5 (∅, ∅) Y -
F 1
4 (∅) Y -
F 2
4 (∅) Y -

F 1,1
5 (∅, ∅) N 1

2

(
[F 1,1,1,1

6 (∅, ∅, ∅, ∅)] + [F 2
3 (∅)]

)
F 1,1,1,1
6 (∅, ∅, ∅, ∅) Y -

Table 1: F-curves on M4.

We have a similar table for M3,1 and M2,2.

extremal? Relation
F1 Y -

F2 N 1
2

(
[F 1

3 (∅)] + [F 1
4 (∅)]

)
F 0
3 ({1}) N 1

2

(
[F 0,1

5 ({1} , ∅)] + [F 0,2
5 ({1} , ∅)]

)
F 1
3 (∅) N 1

2

(
[F 1

3 ({1})] + [F 1,1
5 (∅, ∅)]

)
F 1
3 ({1}) = F 1,1

5 ({1} , ∅) Y -
F 1
4 (∅) = F 2

4 ({1}) Y -
F 1
4 ({1}) = F 2

4 (∅) Y -

F 0,1
5 ({1} , ∅) N 1

3

(
[F 1,1,1,0

6 (∅, ∅, ∅, {1})] + 2[F 0
3 ({1})]

)
F 0,2
5 ({1} , ∅) Y -

F 1,1
5 (∅, ∅) Y -

F 1,1,1,0
6 (∅, ∅, ∅, {1}) Y -

Table 2: F-curves on M3,1.

extremal? Relation
F1 Y -

F 0
3 ({1}) N 1

2

(
[F 0,1

5 ({1} , ∅)] + [F 0,1
5 ({1} , {2})]

)
F 0
3 ({2}) N 1

2

(
[F 0,1

5 ({2} , ∅)] + [F 0,1
5 ({2} , {1})]

)
F 0
3 ({1, 2}) = F 0,1

5 ({1, 2} , ∅) Y -
F 1
4 (∅) Y -

F 1
4 ({1}) Y -

F 0,0
5 ({1} , {2}) Y -

F 0,1
5 ({1} , ∅) Y -

F 0,1
5 ({1} , {2}) Y -

F 0,1
5 ({2} , ∅) Y -

F 0,1
5 ({2} , {1}) Y -

F 1,1,0,0
6 (∅, ∅, {1} , {2}) Y -

Table 3: F-curves on M2,2.

Remark 5.11. The previous tables, together with a result [4, Theorem 1.1], might suggest the
conjecture that all type 6 F-curves are extremal. However, this is an illusion. On M7,

[F 1,1,2,3
6 (∅, ∅, ∅, ∅)] = 1

2

(
[F 1,1,1,4

6 (∅, ∅, ∅, ∅)] + [F 1,2,2,2
6 (∅, ∅, ∅, ∅)]

)
.
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This counterexample arises from the observation in [37, Table 1], which is also mentioned in
[8, Remark 6.3] and [4, Remark 4.6]. The key point is that not every extremal ray of M0,g+n

remains extremal in the quotient M0,g+n/Sg.

From now on, we will prove the semiampleness of certain line bundles on M2,2. The following
lemma will be useful for this purpose.

Lemma 5.12. Let f : X → Y be a contraction of projective varieties. Let L be a semiample Q-
line bundle onX. If L intersects trivially with NE1(f), then L descends to Y , i.e., L ∈ f∗Pic(Y ).

Proof. Let f ′ : X → Y ′ be the contraction corresponding to L. Then, by [15, Proposition
1.14(b)], f ′ factors through f . Since L ∈ f ′∗Pic(Y ′), it follows that L ∈ f∗Pic(Y ). □

Proposition 5.13. For any ϵ > 0, Dϵ = ϵ(12λ− δirr) + ψ1 + ψ2 is semiample on M2,2.

Proof. First, we will prove D1 is semiample. By [25, Corollary 4.3], 12λ− δirr is semiample for
g ≤ 11. Since ψ1 + ψ2 − 2δ0,{1,2} and 12λ− δirr are semiample by Corollary 4.2, the stable base

locus of D1 is contained in ∆0,{1,2}. Moreover, for ξ : M2,2 → M3,

D1 = ξ∗ (12λ− δirr) + δ1,1

Hence, the stable base locus is contained in ∆1,1. However, this does not intersect with ∆0,{1,2}.
Hence, D1 is semiample.

Let f : M2,2 → X be the contraction corresponding toD1. Among the F-curves, D1 contracts
only F1 and F 0

3 ([2]), by Theorem 2.2. Hence, D1 lies in the interior of the face of the nef cone
that intersects F1 and F 0

3 ([2]) trivially, i.e., the cone generated by

12λ− δirr, ψ1, ψ2, ψ1 + ψ2 + δ1,{1}, δirr + 10ψ1 + 10ψ2 + 12δ1,∅ + 2δ1,{1}.

Let F = f∗Nef(X) be the pullback of the nef cone of X, which is a subcone of the described
cone. Since D1 is semiample, Dϵ is also semiample for ϵ ≥ 1. As Dϵ contracts only F1 and
F 0
3 ([2]), it intersects trivially with NE1(f). Thus, by Lemma 5.12, Dϵ descends to X. Therefore,
Dϵ descends to X for any ϵ > 0. Moreover, for ϵ > 0, Dϵ is a nef line bundle that contracts
only F1 and F 0

3 ([2]), and is thus ample on X, hence semiample on M2,2. □

Proposition 5.14. For any ϵ > 0 and 0 < a < 1, Da,ϵ = ϵ(12λ − δirr) + ψ1 + ψ2 + aδ1,{1} is

semiample on M2,2.

Proof. By Proposition 5.13, the stable base locus of Da,ϵ is contained in ∆1,{1}. Let ξ : M2,2 →
M3 be the clutching map. Note that, by [42, Proposition 3.3.6], any nef line bundle on M3 is
semiample. In particular, the divisor 10λ− δirr − 2δ1 is semiample on M3, and thus

ξ∗ (10λ− δirr − 2δ1) = 10λ− δirr + ψ1 + ψ2 − δ1,{1} − 2δ1,∅ − 2δ0,{1,2}

= ψ1 + ψ2 + δ1,{1} − 2δ0,{1,2}

is semiample. Here, we used the relation 10λ−δirr−2δ1 = 0 on M2,n (cf. [3, Theorem 4]). Then,

Da,ϵ = (ϵ(12λ− δirr) + (1− a)(ψ1 + ψ2)) + a
(
ψ1 + ψ2 + δ1,{1} − 2δ0,{1,2}

)
+ 2aδ0,{1,2},

so the stable base locus of Da,ϵ is contained in ∆0,{1,2}. Since ∆0,{1,2} and ∆1,{1} are disjoint,
the stable base locus of Da,ϵ is empty, and thus Da,ϵ is semiample. □

Proposition 5.15. On M2,2, any line bundle contained in the interior of the cone generated by

12λ− δirr, ψ1 + ψ2, ψ1 + ψ2 + δ1,{1}, δirr + 10ψ1 + 10ψ2 + 12δ1,∅ + 2δ1,{1}

is semiample.

Proof. Let f : M2,2 → X be the contraction described in the proof of Proposition 5.13, i.e.,
the contraction corresponding to F1 and F 0

3 ([2]). Since ϵ(12λ− δirr) + ψ1 + ψ2, ϵ(12λ− δirr) +
ψ1 + ψ2 + aδ1,{1}, and 12λ− δirr are semiample line bundles that contract F1 and F 0

3 ([2]), they
descend to X by Lemma 5.12. In particular, the Picard rank of X is at least 3.
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By Theorem 3.1, f∗Pic(X) is strictly smaller than the face of the nef cone contracting F1

and F 0
3 ([2]) (cf. proof of Proposition 5.13). Hence, the Picard rank of X is exactly 3. Therefore,

f∗Pic(X) is the intersection of the nef cone with the subspace spanned by 12λ− δirr, ψ1 + ψ2,
and δ1,{1}, which is precisely the cone described in the proposition. Its interior corresponds to
pullback of ample line bundles on X, hence these are semiample. □

Proposition 5.16. On M2,2, any line bundle contained in the interior of the cone generated by

λ, 12λ− δirr, ψ1 + ψ2, ψ1 + ψ2 + δ1,{1}, δirr + 10ψ1 + 10ψ2 + 12δ1,∅ + 2δ1,{1}

is semiample.

Proof. The proof is similar to the proof of Proposition 5.15, but uses the contraction corre-
sponding to (12 + ϵ)λ− δirr + ψ1 + ψ2, which only contracts F 0

3 ([2]). □

Remark 5.17. (1) The contraction associated with F1 is studied in [13, 14] and is known
to have good properties, as F1 is KX -negative.

(2) Unlike the case of g = 3 stated in Corollary 1.2, there exists a contraction that contracts
only the F-curve F 0

3 ([2]). The key difference is that, in the case g ≥ 3, the codimension-
one linear subspace spanning the face in Theorem 1.1 is itself a face. However, in the
case of g = 2, this is not true—the linear subspace lies in the interior of the cone.

(3) The contractions appearing in Proposition 5.15 and Proposition 5.16 have an interesting
property: if we denote the contraction by f : M2,2 → X, then

f∗Pic(X) ⊊ NE1(f)
⊥.

In particular, these contractions differ in nature from those considered in [12], [10,
Section 4], or Section 8, where the equality NE1(f)

⊥ = f∗Pic(X) holds. This serves
as an explicit example illustrating why the condition NE1(f)

⊥ = f∗Pic(X) is closely
related to the semiampleness of divisors, as discussed in [12].

6. The case of M0,n and M1,n

Here, we analyze the extremality of F-curves for genus 0 and 1, which is easier to prove and
more explicit than the general genus case. We begin with some definitions and a lemma.

Definition 6.1. Let C be a proper cone (i.e., a cone that does not contain a full straight line
and has nonempty interior) in an n-dimensional Euclidean space. For any subset S ⊆ C, the
index of extremality is defined as

I(S) = n− dimS⊥,

where S⊥ is the face of the dual cone C∗ orthogonal to S. A face F ⊆ C is said to be regular
if dimF = I(F ). Moreover, if F is a ray then it is said to be regular extremal.

Remark 6.2. For any face F , I(F ) ≥ dimF . If C is a polyhedral cone, it is straightforward
to verify that every face is regular. However, this property does not hold in general. Consider
the region

D =
{
x2 + (|y|+ 1)2 ≤ 4

}
and let C be the 3-dimensional cone over D. In this setting, every ray on the boundary of C is
extremal, but only the rays corresponding to (±

√
3, 0) are regular extremal.

Note that some previous papers have already implicitly utilized similar notions. For example,
[41] proved that the closed cone of moving curves of Mg,n for g, n ≥ 2 is not polyhedral (or
equivalently, that the closed cone of pseudoeffective divisors is not polyhedral) by constructing
an extremal ray F of the moving cone with 2 ≤ I(F ) ≤ n.

Lemma 6.3. Let X and Y be projective, normal, Q-factorial varieties, and let f : X → Y be
a morphism. Assume the following conditions hold:

(1) ker f∗ is spanned by nef line bundles.
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(2) Any nef line bundle on X is the pullback of a nef line bundle on Y .

Then f∗ maps any (regular) face of NE1(X) to a (regular) face of NE1(Y ). In particular, for
any face F of NE1(X), I(F ) = I(f∗F ).

Proof. Note that (2) implies that the induced map f∗ : Pic(Y ) → Pic(X) is surjective, or,
equivalently, that f∗ : NE1(X) → NE1(Y ) is injective. This establishes that I(F ) ≤ I(f∗F ) for
any face F . Moreover, (1) implies that f∗A1(X)R ∩ NE1(Y ) forms a face of NE1(Y ). By (2),
we have

f∗(A1(X)R) ∩NE1(Y ) = f∗NE1(X).

Thus, f∗ maps faces to faces. It remains to verify the second assertion.
Condition (1) ensures that there exist ρ(Y )−ρ(X) linearly independent nef line bundles on Y

that vanish on X. Furthermore, for any face F , there are ρ(X)− I(F ) linearly independent nef
line bundles on X that intersect F trivially. By (2), we can extend these to nef line bundles on
Y . Consequently, we obtain ρ(Y )− I(F ) independent line bundles that intersect f∗F trivially.
In particular, this yields the inequality I(f∗F ) ≤ I(F ). Since we previously established that
I(F ) ≤ I(f∗F ), it follows that I(F ) = I(f∗F ), completing the proof of the second assertion.

□

Remark 6.4. Lemma 6.3 is a straightforward variant of [8, Proposition 2.5] and [4, Lemma 2.7].
However, since it considers both the effective cone and its dual, Lemma 6.3 has the advantage of
establishing extremality within the closed cone of pseudoeffective cycles, not only the (possibly
non-closed) cone of effective cycles.

Let f1 : M0,n → M0,n+1 and f2 : M1,n → M1,n+1 be the maps attaching a 3-pointed, genus

0 stable curve to a marked point, and let f3 : M0,n → M1,n−1 be the map attaching an elliptic

curve to a marked point. Note that f3 is a special case of the flag map, F : M0,g+n/Sg → Mg,n,
defined and studied in [26].

Theorem 6.5. The maps f1 and f2 satisfy the conditions of Lemma 6.3. If the characteristic
of the base field is not equal to 2, then the same holds for f3 and F .

Proof. Note that f3 is a special case of F , so it suffices to prove the claim for f1, f2, and F .
(1) First, consider f1. It is well known that ρ(M0,n) = 2n−1 −

(
n
2

)
− 1 (e.g., [3]). Hence, it is

enough to produce

ρ(M0,n+1)− ρ(M0,n) = 2n−1 − n

linearly independent nef divisors on M0,n+1 which intersect ∆0,[n−1] trivially. Let

P = {S ⊆ [n− 1] | |Sc| ≥ 2} ,

and for S ∈ P , define ψS := π∗Sψn+1. These divisors are nef and intersect ∆0,[n−1] trivially. It
remains to prove that they are linearly independent.

Assume

D =
∑
S∈P

aSψS = 0.

We will prove that aS = 0 for all S by induction on |Sc|. If |Sc| = 2, i.e., Sc = {p, q}, then

F 0,0,0,0
6 (p, q, n, {p, q, n}c) ·D = aS = 0.

Assume that aS = 0 for every |Sc| ≤ m. Then for any S such that |Sc| = m+ 1,

F 0,0,0,0
6 (Sc ∪ {n+ 1} , S1, S2, S3) ·D = aS = 0

for any nonempty S1, S2, and S3. Therefore, the ψS are linearly independent, and f1 satisfies
condition (1).

The proof for f2 is similar. We have

ρ(M1,n+1)− ρ(M1,n) = 2n − 1.
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Define P as above, and for S ⊊ [n − 1], let ψ1
S = π∗Sψn and ψ2

S = π∗Sψn+1. Then, it suffices to
show that the divisors ψ1

S , ψ
2
S for S ̸= [n− 1], together with π∗[n−1]ψ, are linearly independent.

Note that on M1,n, we have ψ1 = ψ2. The proof is similar to the case of f1, so we omit it.
Now consider F . By [26, Theorem 4.7], if the characteristic of the base field is not 2, there

exists a nef divisor DGKM on Mg,n such that F ∗DGKM = 0 and DGKM intersects F-curves of
type 1–5 positively. Hence, DGKM ∈ kerF ∗, and for any divisor D ∈ kerF ∗ and sufficiently
large r, the divisor D + rDGKM is nef by [26, Theorem 0.3]. Therefore, (1) holds.

(2) The maps f1 and f2 are sections of the projection map; hence, condition (2) is automatic
for them. For F , this condition is proved in [26, Theorem 0.7] if the characteristic of the base
field is not equal to 2. □

Corollary 6.6. Any F-curve on M0,n or M1,n spans a regular extremal ray of the closed cone

of curves. Moreover, for each such F-curve, there exists a contraction of M0,n or M1,n whose
relative cone of curves is precisely the ray spanned by the F-curve.

Proof. On M0,n, every F-curve arises as the image of the fundamental class of M0,4 under a com-

position of maps f1 : M0,n → M0,n+1 for various values of n. By Lemma 6.3 and Theorem 6.5,
each such class spans an extremal ray.

We now consider M1,n for general characteristic. Here, we can only use the maps f2. Note

that the type 1 F-curve is the pushforward of a curve on M1,1 via a sequence of f2’s, and hence
is regular extremal. Any type 5 or type 6 F-curve is the pushforward, along a sequence of f2’s,
of one of the following:

(1) F 0,0
5 ({1}, {2}) on M1,2,

(2) F 0,0
5 ({1}, {2}) on M1,3,

(3) F 0,0,0,1
6 ({1}, {2}, {3}, ∅) on M1,3,

(4) F 0,0,0,1
6 ({1}, {2}, {3}, {4}) on M1,4.

Hence, it is enough to prove that these curves are regular extremal. For (1) and (3), note
that they are contracted by all projections. Hence,

n∑
i=1

π∗i Pic(M1,n−1)

contracts them. By [10, Lemma 4.3], this is a codimension 1 subspace. Therefore, they are
regular extremal.

For (2) and (4), these curves are contracted by divisors in

n−1∑
i=1

π∗i Pic(M1,n−1).

This space has codimension 2, which can be shown using [10, Theorem 4.1] or via direct com-
putation, at least for n = 3, 4. Moreover, they are also contracted by ψn, which is not contained
in the above space by [10, Lemma 4.3]. Therefore, they are also regular extremal.

For the second assertion, we proceed by induction on n. The base cases are well known. As
shown in the proof of Theorem 6.5, the kernels of f∗1 and f∗2 are generated by ψ classes and their
pullbacks. Hence, by Theorem 4.1, they are generated by semiample divisors. Moreover, by the
same reasoning as in Theorem 6.5, any semiample divisor on M0,n or M1,n is the pullback of a
semiample divisor via f∗1 or f∗2 . Consequently, by the same argument used in Lemma 6.3, the
orthogonal complement F⊥ is spanned by semiample divisors. Therefore, the product of the
corresponding morphisms yields the desired contraction. □

We will provide another proof of Corollary 6.6 in Section 10.3.

Remark 6.7. By the proof of Corollary 6.6, for any F-curve on M0,n or M1,n, its orthogonal
complement is spanned by either pullbacks of ψ-classes or ample line bundles along projection
maps. Therefore, on M0,n, the corresponding morphism can be constructed as the product of all
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contractions of the form fKap ◦πS that contract F , where fKap denotes Kapranov’s construction
[29, 30] associated with the class ψi. An analogous argument reduces the construction of
corresponding morphisms in genus one to Question 4.3.

7. New families of nef divisors on Mg,n

Here, we introduce variants of the κ class, which form a new family of nef divisors on Mg,n.
We refer to the beginning of Section 9 for a motivation for constructing such divisors.

Note that κ is an ample divisor on Mg,n and satisfies

κ = 12λ− δ + ψ

by Mumford’s formula. Define

Bg,n = {δi,I | 0 ≤ i ≤ g, I ⊆ [n], |I| ≥ 1 if i = 0 and I ̸= [n] if i = g} ,

i.e., the set of all boundary classes except δirr, including δ0,i = −ψi. Note that we identify δi,I
and δg−i,Ic .

Definition 7.1. A subset D ⊆ Bg,n is called a semigroup of boundary divisors (semigroup
for short, if there is no confusion) if it satisfies the condition:

δi,I , δj,J ∈ D, i+ j ≤ g, I ∩ J = ∅ ⇒ δi+j,I∪J ∈ D.

when it makes sense, i.e. if (i+ j, I ∪ J) ̸= (0, ∅), (g, [n]).
The corresponding semigroup kappa divisor is defined as

κg,n(D) := κ+
∑

δi,I∈D
δi,I .

Remark 7.2. We identify δi,I with δg−i,Ic , so the condition for a semigroup must also hold
under this identification. For example, since δ3,∅ = δg−3,[n], the inclusion δ2,∅, δ3,∅ ∈ D implies
not only δ5,∅ ∈ D but also that δg−1,[n] = δ1,∅ ∈ D.

Due to this symmetry, it is sometimes cumbersome to check whether a set of boundary
divisors forms a semigroup. The following lemma is helpful for this purpose.

Lemma 7.3. Let D ⊆ Bg,n and p ∈ [n]. Then D is a semigroup if and only if the following
holds: for any δi,I , δj,J ∈ D such that p ̸∈ I, J ,

(1) If I ∩ J = ∅ and i+ j ≤ g, then δi+j,I∪J ∈ D.
(2) If I ⊆ J , i ≤ j, and (i, I) ̸= (j, J), then δj−i,J\I ∈ D.

Proof. First, assume that D is a semigroup. Since p ̸∈ I ∪J , condition (1) follows directly from
the semigroup property. For (2), note that under the given assumptions, we have δg−j,Jc =
δj,J ∈ D, so by the semigroup condition, it follows that δj−i,J\I ∈ D.

Conversely, assume that δi,I , δj,J ∈ D with i + j ≤ g, I ∩ J = ∅, and (i + j, I ∪ J) ̸=
(0, ∅), (g, [n]). If p ̸∈ I ⊔ J , then δi+j,I∪J ∈ D by (1). If p ∈ I ⊔ J , we may assume without loss
of generality that p ∈ J and p ̸∈ I. Then δg−j,Jc = δj,J ∈ D, and since i ≤ g − j and I ⊊ Jc,
condition (2) implies δg−j−i,Jc\I = δi+j,I∪J ∈ D. Hence D is a semigroup. □

Now we will prove that semigroup kappa divisors are nef. The following well-known lemma
is useful in general.

Lemma 7.4. For the boundary divisor

∆i,I ≃ Mi,I+1 ×Mg−i,Ic+1,

choose the attaching maps θ1 : Mi,I+1 → Mg,n and θ2 : Mg−i,Ic+1 → Mg,n. A divisor D on Mg,n

is nef (resp. semiample, ample) on ∆i,I if and only if θ∗1D and θ∗2D are nef (resp. semiample,
ample).
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Proof. First, we show that

Pic(Mi,I+1)× Pic(Mg−i,Ic+1) ≃ Pic(Mi,I+1 ×Mg−i,Ic+1).

Choose a prime l different from the characteristic of the base field. It suffices to prove this after
tensoring with Ql. By [39, Theorem 0.1], we have

H1
ét(Mg,n,Ql) = 0 and H2

ét(Mg,n,Ql) ≃ Pic(Mg,n)⊗Q Ql

for any g, n. Therefore, the statement follows from the Künneth formula. Hence, on ∆i,I we
have

D = π∗1θ
∗
1D + π∗2θ

∗
2D.

The desired equivalence is then immediate.
□

Theorem 7.5. κg,n(D)’s are nef. Moreover, in positive characteristic, they are semiample.

Proof. Step 1. LetD be a semigroup on Mg,n such that δ0,j ∈ D. Then there exists a semigroup

D′ on Mg,n−1 such that κg,n(D) = π∗jκg,n−1(D
′).

Note that the assumption that δ0,j exists implies n > 0. We may assume that j = n. Define

a set of (boundary) divisors on Mg,n−1:

D′ := {δi,I | I ⊆ [n− 1], δi,I ∈ D} .
First, we will prove that this is a well-defined semigroup. We need to show that if δi,I ∈ D′,

so I ⊆ [n − 1] and δi,I ∈ D as a divisor on Mg,n, then δg−i,[n−1]\I ∈ D′, i.e., δg−i,[n−1]\I ∈ D

as a divisor on Mg,n. Since δi,I ∈ D, we have δg−i,[n]\I ∈ D. Also, by δ0,n ∈ D, it follows from
the semigroup condition that δg−i,[n−1]\I ∈ D. Therefore, D′ is well-defined. The semigroup
condition for D′ then follows directly from the condition for D.

Now let

D̃ =
{
(i, I) | 0 ≤ i ≤ g, I ⊆ [n− 1], (i, I) ̸= (0, ∅), (g, [n− 1]) and δi,I ∈ D′} .

Note that (i, I) 7→ δi,I is a two-to-one map from D̃ to D′, and

D =
{
δi,I | (i, I) ∈ D̃

}
⊔ {δ0,n} =

{
δi,I∪{n} | (i, I) ∈ D̃

}
⊔ {δ0,n} .

This is straightforward, since if δi,I ∈ D and (i, I) ̸= (0, n), (g, [n−1]), then exactly one of (i, I)

or (g − i, Ic) lies in D̃, depending on whether I contains n or not. Therefore,

π∗nκg,n−1(D
′) = π∗nκ+

1

2

∑
(i,I)∈D̃

π∗nδi,I = κ− ψn +
1

2

∑
(i,I)∈D̃

(
δi,I + δi,I∪{n}

)

= κ+
1

2

 ∑
(i,I)∈D̃

δi,I − ψn

+
1

2

 ∑
(i,I)∈D̃

δi,I∪{n} − ψn

 = κg,n(D)

so the conclusion follows. We have used [3, Lemma 1(i)] in the computation.
Step 2. Let D be a semigroup on Mg,n and let θ : Mg′,n′+1 → Mg,n be a map attaching a

fixed stable curve. Then θ∗κg,n(D) is also a semigroup kappa divisor.
The map θ is a composition of attaching maps that either increase the number of marked

points (i.e., n′ < n) or attach an elliptic tail. Hence, it suffices to prove the statement for such
attaching maps.

First, assume n′ < n. Then, by [3, Lemma 1],

θ∗κg,n(D) = κ+
∑

i≤g′, I⊆[n′]

δi,I .

Thus, it is enough to show that D′ = {δi,I | i ≤ g′, I ⊆ [n′]} is a semigroup on Mg′,n′+1. It is
straightforward to verify that D′ satisfies the two conditions of Lemma 7.3 with p = n′ + 1,
using the corresponding conditions for D.
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Second, let θ : Mg−1,n+1 → Mg,n be the map attaching an elliptic curve to the (n + 1)-th
point. Then, by [3, Lemma 1],

θ∗δi,I =


δi,I + δi−1,I∪{n+1} if 1 ≤ i ≤ g − 1,

δi,I if i = 0,

δi−1,I∪{n+1} if i = g.

We choose the representative of D as

D̃ := {(i, I) | n ̸∈ I, δi,I ∈ D} ,

so for any element x ∈ D, there exists a unique (i, I) ∈ D̃ such that x = δi,I . Then it suffices
to show that

D′ =
{
δi,I | i ≤ g − 1, (i, I) ∈ D̃

}
⊔
{
δi−1,I∪{n+1} | 1 ≤ i, (i, I) ∈ D̃

}
=
{
δi,I | i ≤ g − 1, (i, I) ∈ D̃

}
⊔
{
δg−i,[n]\I | 1 ≤ i, (i, I) ∈ D̃

}
is a semigroup on Mg−1,n+1. Note that, as a divisor on Mg,n, we have δg−i,[n]\I = δi,I ∈ D.
Hence, the two conditions of Lemma 7.3 for D′ with p = n + 1 follow from the corresponding
conditions for D.

Step 3. Proof of the theorem
Consider the first assertion. We will use induction on 3g− 3+n, i.e., the dimension of Mg,n.

The base cases are (g, n) = (0, 4) and (1, 1). For (g, n) = (1, 1), any semigroup kappa divisor is
either κ or κ − ψ1, both of which are nef. For (g, n) = (0, 4), we prove a stronger result: any
semigroup kappa divisor intersects type 6 F-curves nonnegatively.

By the formula Theorem 2.2, the intersection of κ with any F-curve is 1. Choose a type 6
F-curve F g1,g2,g3,g4

6 (I1, I2, I3, I4) on Mg,n. If 0 (resp. 1, 2, 3, 4) among the δgi,Ii are contained in
D, then at least 0 (resp. 0, 1, 3, 3) among δ0,I1∪I2 , δ0,I1∪I3 , δ0,I1∪I4 are contained in D by the
definition of a semigroup. Hence, the intersection of

∑
δi,I∈D δi,I with the F -curve is at least

−1. Therefore, the intersection of κg,n(D) with any type 6 F-curve is nonnegative.
Now we proceed with the induction step. If D contains δ0,i for some i, then by Step 1, it

is the pullback of a semigroup kappa divisor along the projection map πi. Hence, κg,n(D) is
nef by the induction hypothesis. Now assume that D contains no δ0,i’s. Then κ is ample and∑

δi,I∈D δi,I is effective. Thus, it is enough to prove that κg,n(D)|∆i,I
is nef for every boundary

divisor of form ∆i,I .
To prove that κg,n(D) is nef on this divisor, by Lemma 7.4, it is enough to show that

θ∗κg,n(D) is nef for any attaching map θ : Mg′,n′+1 → Mg,n. By Step 2, this pullback is also a
semigroup kappa divisor. By the induction hypothesis, it is nef. This completes the proof of
the first assertion.

Now consider the second assertion. Again, we use induction. Since any nef line bundle on
M0,4 and M1,1 is semiample, the base cases follow from the first assertion. Now consider the
induction step. If D contains δ0,i for some i, then the same argument applies and shows the
semiampleness. If D contains no δ0,i’s, then κg,n(D) is the sum of an ample and an effective
divisor, so it is big. Since it is big and nef, we can apply [32]. The exceptional locus of κg,n(D)
is contained in the union of boundary divisors of the form ∆i,I . Hence, it suffices to prove that
κg,n(D)|∆i,I

is semiample. The proof is exactly the same as in the nef case.
□

Note that the role of kappa divisors in this proof is threefold: (1) they provide a nef divisor
that is stable under pullback by clutching maps, (2) they ensure that the divisors κg,n(D) are
F-nef, and (3) the formula [3, Lemma 1(i)]. This naturally raises the question of whether one
can replace κ with other divisors. The second property is not essential, as one may instead
restrict attention to those divisors that are already F-nef. This leads to the following.
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Theorem 7.6. Let (Lg,n)2g−2+n>0 be a family of nef line bundles such that (1) for any clutching

map θ : Mg′,n′+1 → Mg,n, we have θ∗Lg,n = Lg′,n′+1, and (2) π∗i Lg,n = Lg,n+1 − ψi. Then

Lg,n(D) := Lg,n +
∑

δi,I∈D
δi,I

is nef whenever it is F-nef. Moreover, if Lg,n is big and nef for every g, n satisfying 2g−2+n > 0,
then Lg,n(D) is semiample in positive characteristic whenever it is F-nef.

For example, one may take any nef divisor that is the sum of the κ-class and a linear
combination of λ and 12λ − δirr. In particular, the log canonical divisor with respect to the
boundary

KMg,n
+ δ = 13λ− δ + ψ = κ+ λ

(see, for example, [22]) satisfies this condition. We omit the proof, as it proceeds identically to
that of Theorem 7.5.

Example 7.7. (1) If I ̸= ∅, [n], or I = ∅ and 2i > g, or I = [n] and 2i < g, then κ+ δi,I is

a nef divisor on Mg,n.
(2) If (δi,I , δj,J , δk,K) is a triple such that each divisor satisfies the condition of (1), i+j+k =

g and I ⊔ J ⊔K = [n], then κ+ δi,I + δj,J + δk,K is nef.
(3) κ +

∑
δi,∅ is nef. Moreover, κ +

∑
i even δi,∅ is also nef. However, κ +

∑
i odd δi,∅ is not

nef in general. Similarly, for any d ∈ Z>0, κ+
∑

d|i δi,∅ is nef.

(4) Let I, J ⊆ [n] be such that I \ J , J \ I and I ∩ J are nonempty. Then, for any i, j ≤ g,
the pair (δi,I , δj,J) is a semigroup if I ∪ J ̸= [n] or i+ j < g. Hence, κ+ δi,I + δj,J is nef
in this case.

Remark 7.8. Any symmetric semigroup kappa divisor on M0,n is of the following form: for a
positive integer d | n,

Dd,n := κ+
∑
d||I|

δ0,I .

For d = 2, 3, this is related to other divisors that have already been studied: type A, level 1
affine coinvariant divisors [17] and type A parafermion divisors [5].

Let F1,1,i be an F-curve of the form F 0,0,0,0
6 (I1, I2, I3, I4) where |I1| = |I2| = 1 and |I3| = i,

viewed as a class in A1(M0,n/Sn). Since we are considering the symmetrized situation, the class
does not depend on the exact choice of the Ij ’s. Note that, by [1, Corollary 2.2], these classes

form a basis of A1(M0,n/Sn). Hence, to compare symmetric divisors, it is enough to compute
their intersections with the F1,1,i’s. Using Theorem 2.2, we obtain

D2,n · F1,1,i =

{
0 if 2 | i,
4 if 2 ∤ i,

and

D3,n · F1,1,i =

{
3 if i ≡ 2 (mod 3),

0 otherwise.

By comparing these with [17, Proposition 5.2] and [5, Propositions 4.41, 4.42, 4.48, 4.49], we
find that D2,n (resp. D3,n) coincides, up to a positive constant, with the sl2 (resp. sl3) level 1
affine coinvariant divisor, and with the slr level 2 (resp. level 3) parafermion coinvariant divisor.
Hence, by [17, Lemma 2.5], they are also semiample in characteristic zero.

The notion underlying this is that of divisors arising from symmetric functions, as defined
in [20]. Symmetric semigroup kappa divisors on M0,n, level 1 affine coinvariant divisors, and
certain parafermion coinvariant divisors are all examples of divisors from symmetric functions.
They lie in the same abelian group but arise from different symmetric functions, and in some
simple cases, they coincide up to a positive constant.
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As we will see in Section 10, semigroup kappa divisors are useful for constructing nef divisors
that contract certain F-curves. In view of Corollary 6.6, Remark 7.8, and the semiampleness of
semigroup kappa divisors in characteristic p, the following questions naturally arise:

Question 7.9. (1) In characteristic zero, which semigroup kappa divisors are semiample?
(2) In positive characteristic, is there a modular interpretation of the morphism defined by

semigroup kappa divisors?

From now on, we will list some sporadic new nef divisors, which will be used in Section 10.

Proposition 7.10 (char k ̸= 2). For any 0 ≤ ϵi,I ≤ 1
4 ,

κ+
∑
i,I

ϵi,Iδi,I

is nef, where δi,I ’s include δ0,i’s.

Proof. First, we will prove that this divisor is F-nef. The intersection of κ with any F-curve is
1. By Theorem 2.2, the intersection of

∑
i,I ϵi,Iδi,I with an F-curve is at least the sum of four

terms of the form −ϵi,I , hence at least −1. Therefore, the total intersection is nonnegative, and
the divisor is F-nef.

We will first prove that κ− 1
4

∑
i∈I ψi is nef, where I ⊆ [n]. Note that this is a special case

of the divisor in the statement. Let F : M0,g+n → Mg,n be the flag map. Then, by [3, Lemma
1], the pullback of the divisor along F is a divisor of the same form. Since this divisor is F-nef,
by [26, Theorem 0.3], it is enough to check the genus 0 case.

Since the ψi are nef, it is enough to show that κ− 1
4ψ is nef on M0,g. Let F : M0,g → Mg be

the flag map, and consider the divisor κ+ 1
4δ1. By [3, Lemma 1], we have F ∗(κ+ 1

4δ1) = κ− 1
4ψ,

so it suffices to show that κ + 1
4δ1 is nef. Since this is a special case of the divisor in the

statement, it is F-nef. Using κ = 12λ− δ on Mg, this follows from [24, Corollary 5.4].
Now we prove the general assertion. As in the proof of Theorem 7.5, we use induction on

3g − 3 + n. The base case follows from the F-nefness.
Consider the induction step. Since κ − 1

4

∑
i∈I ψi is nef, the divisor in the statement is a

sum of a nef divisor and an effective sum of boundary divisors of the form ∆i,I . Hence, it is
enough to show that the restriction to ∆i,I is nef. This follows from Lemma 7.4: by [3, Lemma
1], the pullback of the divisor along an attaching map θ is of the same form, and the induction
hypothesis applies. □

Now, let δk,K be a boundary divisor satisfying the condition of Example 7.7 (1) and

B0
k,K := {δj,J | J ⊆ Kc, j ≤ g − k, J = ∅ ⇒ k < j, J = Kc ⇒ g − 2k > j} .

This set has a natural involution given by δj,J 7→ δg−k−j, [n]\(K∪J). Let Bk,K be the quotient of

B0
k,K by this involution, and let π : B0

k,K → Bk,K be the quotient map.

Proposition 7.11 (char k ̸= 2). For any subset B ⊆ Bk,K ,

DB := κ+ δk,K +
1

4

∑
π(δi,I)∈B

δi,I

is nef.

Proof. By Proposition 7.10, DB is a sum of a nef line bundle and δk,K . Hence, it is enough to
show that DB|∆k,K

is nef. Let

θ1 : Mk,K∪{p} → Mg,n and θ2 : Mg−k,Kc∪{p} → Mg,n

be the relevant attaching maps. By Lemma 7.4, it is enough to show that θ∗1DB and θ∗2DB are
nef. We have

θ∗1DB = κ− ψp = π∗pκ,
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which is nef. Also,

θ∗2DB = κ− ψp +
1

4

∑
π(δi,I)∈B

δi,I = π∗p

κ+
1

4

∑
δi,I∈B

δi,I

 ,

and by Proposition 7.10, this is also nef. Therefore, DB is nef. □

Proposition 7.12 (char k ̸= 2). On Mg,1 with g ≥ 3,

D := κ+ δ1,{1} +
1

4

(
δ1,∅ + δg−2,∅

)
is nef.

Proof. Most of the proof is the same as in Proposition 7.11. The difference is that θ∗1D is not
simply κ− ψp. In this case,

θ∗1D = κ− ψp +
1

4
δ1,∅

which is nef on M1,2. Hence, D is also nef. □

Proposition 7.13.

D := κ+
2

3
δ1,∅ +

1

3
δ2,∅

is a nef divisor on M3,n.

Proof. First, we will prove that this is F-nef. Since the intersection of κ with any F-curve is
1, by the explicit intersection formula in Theorem 2.2, it is straightforward to see that the
intersection of D with any F-curve of types 1–4 is nonnegative. By a similar argument, we
can show that the intersection with a type 5 F-curve is also nonnegative, except in the case
F 1,1
5 (∅, ∅). Since the coefficient of δ2,∅ is 1

3 , a direct computation gives D · F 1,1
5 (∅, ∅) = 0.

Now consider the type 6 case. The main factor is, among the δgi,Ii ’s, how many of them are
δ1,∅ or δ2,∅. The problematic case occurs when 2 or 3 among them are δ1,∅. In these cases, we
can explicitly compute the intersection number using Theorem 2.2, and the result is 0 in both
cases. Hence, D is F-nef.

Since κ is ample, it is enough to show that D|∆1,∅ and D|∆2,∅ are nef. Let

θ1 : M1,1 → M3,n, θ2 : M2,n+1 → M3,n, θ3 : M2,1 → M3,n, θ4 : M1,n+1 → M3,n

be the relevant attaching maps. By Lemma 7.4, it suffices to prove that θ∗iD is nef for i =
1, 2, 3, 4. Since D is F-nef, each θ∗iD is also F-nef. In particular, θ∗1D and θ∗3D are nef by the
known cases of the F-conjecture.

We have

θ∗2D = κ− 2

3
ψn+1 +

1

3
δ2,∅ +

1

3
δ1,{n+1}

on M2,n+1, by [3, Lemma 1]. Since κ − ψn+1 = π∗n+1κ is nef, it is enough to show that the
restriction of θ∗2D to ∆2,∅ and ∆1,{n+1} is nef. As in the previous paragraph, there are four
pullbacks to consider, but two of them are trivially nef by the known cases of the F-conjecture.
The two other nontrivial cases are

α1 : M0,n+2 → M2,n+1, α2 : M1,n+1 → M2,n+1.

Then we have

α∗
1θ

∗
2D = κ− 2

3
ψn+1 −

1

3
ψn+2, α∗

2θ
∗
2D = κ− 1

3
ψn+1.

Since the divisors κ− ψi are nef, both of these are nef. Hence, θ∗2D is nef.
Next, we have

θ∗4D = κ− 2

3
ψn+1 +

1

3
δ1,∅
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on M1,n+1. By the same argument as above, it is enough to show that β∗θ∗4D is nef for

β : M0,n+2 → M1,n+1.

Since

β∗θ∗4D = κ− 2

3
ψn+1 −

1

3
ψn+2,

this is also nef. Hence, θ∗4D is nef, and therefore D is nef.
□

Proposition 7.14 (char k ̸= 2).

D := κ+
1

2
δ1,∅ +

1

2
δ2,∅

is a nef divisor on M4,n.

Proof. Step 1. On M0,n with n ≥ 4,

D0 := κ− 1

2

4∑
i=1

ψi +
1

2

∑
{i,j}⊂[4]

δ0,{i,j}

is nef.
Since the case n = 4 is straightforward, we may assume n ≥ 5. For any {i, j} ⊂ [4],

κ− ψi − ψj + δ0,{i,j} = π∗i π
∗
jκ

is nef. By averaging these divisors, we find that

κ− 1

2

4∑
i=1

ψi +
1

6

∑
{i,j}⊂[4]

δ0,{i,j}

is nef. Hence, for any ∆0,{i,j} ≃ M0,([n]\{i,j})∪p, it suffices to prove thatD0|∆0,{i,j} is nef. Without

loss of generality, we may assume (i, j) = (3, 4). On M0,([n]\{3,4})∪p, D0|∆0,{3,4} is

κ− 1

2
(ψ1 + ψ2 + ψp) + δ0,{1,2} =

1

2
π∗1π

∗
2κ+

1

2
π∗pκ,

which is nef.
Step 2. D is F-nef.
Since the intersection of κ with any F-curve is 1, and the coefficients of the boundary divisors

are 1
2 , it is straightforward to verify that they intersect F-curves of types 1 to 5 non-negatively

by Theorem 2.2. For a type 6 F-curve F g1,g2,g3,g4
6 (I1, I2, I3, I4), the result depends on the number

of δ1,∅ and δ2,∅ among the δgi,Ii ’s. If there are at most two such divisors, then the intersection is

trivially non-negative. The remaining cases are F 1,1,1,1
6 (∅, ∅, ∅, ∅) and F 0,1,1,2

6 ([n], ∅, ∅, ∅), where
a direct computation shows that the intersection is non-negative.

Step 3. D is nef.
By Step 2 and [26, Theorem 0.3], it is enough to prove that F ∗D is nef. By [3, Lemma 1],

F ∗D = κ− 1

2

4∑
i=1

ψi +
1

2

∑
{i,j}⊂[4]

δ0,{i,j},

which is nef by Step 1. □

Proposition 7.15.

D := κ− 1

2
ψ1 +

1

2
δ2,∅ +

1

2
δ4,∅ +

1

2
δ1,{1}

is nef on M4,n for n ≥ 2.
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Proof. Since

κ− 1

2
ψ1 +

1

2
δ2,∅ +

1

2
δ4,∅ =

1

2
π∗1κ+

1

2

(
κ+ δ2,∅ + δ4,∅

)
,

which is nef by Example 7.7 (3), it suffices to show that D|∆1,{1} is nef. Let

θ1 : M1,{1,p} → M4,n, θ2 : M3,{1}c∪p → M4,n

be the relevant attaching maps. By Lemma 7.4, it is enough to prove that θ∗iD is nef for i = 1, 2.
We have

θ∗1D = κ− 1

2
ψ1 −

1

2
ψp =

1

2

(
π∗1κ+ π∗pκ

)
and

θ∗2D = κ+
1

2
δ2,∅ −

1

2
ψp =

1

2

(
π∗pκ+ κ+ δ2,∅

)
,

since n ≥ 2. Both are nef by Example 7.7. □

For future reference, we record the following.

Proposition 7.16. The F-conjecture holds for M1,2, M2,1, M2,2 and M3,1. Moreover, if the

base field has positive characteristic, then any nef line bundle on M1,2 and M2,1 is semiample.

Note that the first part follows from [26] if the base field has characteristic not equal to 2.

Proof. On M1,2 (resp. M2,1), the cone of F-nef divisors is generated by λ, 12λ − δirr (resp.
λ, 12λ− δirr, ψ1). These are nef regardless of the characteristic.

Consider M2,2. The extremal rays of the cone of F-nef divisors are given in Example 5.1.
The divisors in the first line are nef by the same argument as above. Since

ψ1 + ψ2 − 2δ0,{1,2} = π∗1ψ + π∗2ψ,

the second line is a sum of nef divisors and δ1,{1}. Hence it is enough to prove this is nef on

∆1,{1}. Since the F-conjecture holds for M1,2, F-nefness implies nefness on ∆1,{1} by Lemma 7.4.
For

D = λ+ ψ1 + ψ2 + δ1,∅,

it is again enough, by Lemma 7.4, to show that θ∗D is nef, where θ : M1,3 → M2,2. We compute

θ∗D = λ+ ψ1 + ψ2 − ψ3 + δ1,∅.

Note that ψ1 = ψ2 on M1,2. Therefore,

ψ2 − δ0,{1,2} = π∗1ψ2 = π∗1ψ3 = ψ3 − δ0,{1,3},

so
θ∗D = λ+ ψ1 + δ0,{1,2} − δ0,{1,3} + δ1,∅ = λ+ π∗3ψ1 + δ0,{1,2} + δ1,∅.

Since λ+ π∗3ψ1 is nef and the F-conjecture holds for M1,2, this divisor is nef by Lemma 7.4.

Now consider M3,1. Note that [16] proves the F-conjecture for M3. In particular,

10λ− δirr − 2δ1,∅ − 2δ1,{1} = π∗(10λ− δirr − 2δ1)

is nef. Hence, the first four divisors in Example 5.5 are nef, and it remains to show that the
following two divisors are also nef:

10λ− δirr + 2ψ1 − 2δ1,∅, 11λ− δirr + 3ψ1 − δ1,∅ − 2δ1,{1}.

We compute:

10λ− δirr + 2ψ1 − 2δ1,∅ = (10λ− δirr − 2δ1,∅ − 2δ1,{1}) + 2ψ1 + 2δ1,{1},

so it suffices to prove that its restriction to ∆1,{1} is nef. This follows from Lemma 7.4 and the

F-conjecture for M1,2 and M2,1.
Moreover, we have:

11λ− δirr + 3ψ1 − δ1,∅ − 2δ1,{1} = λ+ (10λ− δirr − 2δ1,∅ − 2δ1,{1}) + 3ψ1 + δ1,∅.
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Again, this follows from Lemma 7.4 and the F-conjecture for M1,1 and M2,2.
We now consider the second assertion. Since λ corresponds to the Satake compactification,

it is always semiample on Mg for g ≥ 2 and on M1,1. Also, by [44], the divisor 12λ − δirr is

semiample on Mg for g ≥ 2. Note that λ is zero on genus 0, and 12λ − δirr is zero on genus 0

and 1. Since λ and 12λ− δirr on Mg,n are pullbacks of those on Mg or M1,1, they are semiample
in general. Therefore, the second assertion follows from this and [32]. □

8. Divisors on Knudsen’s construction

The main purpose of this section is to prove the exact sequence in Theorem 8.1, which will
be used in Section 9. As before, we refer to the beginning of Section 9 for the motivation behind
this exact sequence.

The Knudsen construction is the map

fKnu
g,n : Mg,n → Mg,n−1 ×Mg,n−2

Mg,n−1,

induced by the two forgetful maps πn−1 and πn. This map was originally defined in [35]. For
any g ≥ 0 and n ≥ 2 such that 2g − 2 + n > 0, we define FKnu

g,n to be{
F 0,0,g1,g2
6 ({n− 1} , {n} , I1, I2) | g1 + g2 = g, Ii ̸= ∅ if gi = 0

}
∪
{
F 0,0
5 ({n− 1} , {n})

}
.

This is exactly the set of F-curves contracted by fKnu
g,n .

The following theorem, which is the main theorem of this section, will play a crucial role in
developing a method for proving regular extremality of curves in Section 9.

Theorem 8.1. The sequence

0 → Pic(Mg,n−2)
(π∗

n,−π∗
n−1)−−−−−−−→ Pic(Mg,n−1)× Pic(Mg,n−1)

π∗
n+π∗

n−1−−−−−−→ Pic(Mg,n) → QFKnu
g,n → 0.

is exact, where the last map is given by the intersection pairing. Moreover, the image of π∗n+π
∗
n−1

is the same as the image of fKnu∗
g,n .

Remark 8.2. In general, fKnu
g,n is not a contraction and admits a Stein factorization

Mg,n → XKnu
g,n → Mg,n−1 ×Mg,n−2

Mg,n−1,

where XKnu
g,n is the coarse moduli space of Mg,n−1 ×Mg,n−2

Mg,n−1, as in [10, Theorem 4.5]. As

in [12], Theorem 8.1 characterizes the Picard group of XKnu
g,n as the image of π∗n + π∗n−1.

The following theorem is the key step of Theorem 8.1. Indeed, a much weaker version of this
theorem would suffice, but we will prove a stronger version in order to establish Corollary 8.6.

Theorem 8.3. (char k ̸= 2) For any C ∈ FKnu
g,n , there exists a nef divisor DC such that

DC · C > 0 and DC · C ′ = 0 for every C ′ ∈ FKnu
g,n \ {C}.

Proof. If g = 0, then this is proved in [12, Corollary 3.15]. Assume g ≥ 1. If C is the type 5
curve in FKnu

g,n , then

D = π∗{n−1,n}

κ+
∑

1≤i≤g

δi,∅


works, where π{n−1,n} : Mg,n → Mg,2. Note that D is nef by Example 7.7, and DC · C = 2.

Now assume that C is type 6. Then C is the image of a curve C0 in FKnu
0,g+n under the flag

map F : M0,g+n → Mg,n. By [12, Corollary 3.15], there exists a nef divisor on M0,g+n which
intersects C0 nontrivially and contracts all other curves in FKnu

0,g+n. By symmetrizing this with

the Sg-action and using [26, Theorem 0.7], there exists a nef divisor D0 on Mg,n such that
D0 · C ̸= 0 and contracts all other type 6 curves in FKnu

g,n .
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Let DGKM be a divisor from [26, Section 4]. This is a nef line bundle on Mg,n such that
F ∗DGKM = 0 and it intersects nontrivially with all F-curves of types 1–5. Choose a constant c
such that D0 − cDGKM contracts the type 5 curve in FKnu

g,n .

Now, choose a sufficiently ample divisor A on Mg,n−1 and let

D := D0 − cDGKM + π∗n−1A+ π∗nA.

Note that D satisfies all the conditions of the statement except possibly nefness. Since F-curves
not in FKnu

g,n are not contracted by both πn−1 and πn, this is F-nef for a sufficiently ample divisor
A. Moreover, since F ∗DGKM = 0, we have F ∗D nef. Therefore, by [26, Theorem 0.7], D is
nef. □

Corollary 8.4. FKnu
g,n is linearly independent.

Proof. If char k ̸= 2, then this follows from Theorem 8.3. This also implies the characteristic 2
case, since the Picard group of the moduli space of curves does not depend on the characteristic.

□

The following lemma is well known. See, for example, [3].

Lemma 8.5. (1) ρ(M0,n) = 2n−1 −
(
n
2

)
− 1.

(2) ρ(M1,n) = 2n − n.

(3) ρ(M2) = 2 and ρ(M2,n) = 3 · 2n−1 for n ≥ 1.

(4) If g ≥ 3, then ρ(Mg) = ⌊g2⌋+ 2 and ρ(Mg,n) = (g + 1) · 2n−1 + 1 for n ≥ 1.

Proof of Theorem 8.1. The case of g = 0 (resp. g = 1) is proved in [12, Theorem 3.17] (resp.
[10, Corollary 4.9]). Hence, we will assume that g ≥ 2. The surjectivity of the last map follows
from Corollary 8.4.

Now, we will prove that the sequence

Pic(Mg,n−1)× Pic(Mg,n−1)
π∗
n+π∗

n−1−−−−−−→ Pic(Mg,n) → QFKnu
g,n

is exact. Since the last map is surjective, it suffices to prove that there exists a set T consisting
of |FKnu

g,n | divisors such that T ∪ Im π∗n−1 ∪ Im π∗n spans Pic(Mg,n). Note that, by [3, Lemma
1 (i), (ii), (iii)], it is enough to show that every boundary divisor is contained in the span of
T ∪ Im π∗n−1 ∪ Im π∗n. Let VT be the span of T ∪ Im π∗n−1 ∪ Im π∗n.

First, consider the case of n = 2. In this case, |FKnu
g,n | = ⌊g2⌋+ 1. Define

T :=
{
δi,{1,2} | 0 ≤ i ≤ ⌊g

2
⌋
}
.

Then, by [3, Lemma 1 (iv)], it is straightforward to see that VT contains all of the boundary
divisors, so VT = Pic(Mg,n).

Next, assume n ≥ 3. In this case, |FKnu
g,n | = (g + 1) · 2n−3. Define

T := {δi,I | I ⊆ [n− 1], n− 1, n− 2 ∈ I} ∪ {ψn}

Then, it is straightforward to see that |T | = (g + 1) · 2n−3. First, consider δi,I for I ⊆ [n], such
that n − 1, n ∈ I. If (i, I) = (0, {n− 1, n}), then δi,I = ψn − π∗n−1ψn, so δi,I ∈ VT . Assume
(i, I) ̸= (0, {n− 1, n}). If n− 2 ̸∈ I, then δi,I\{n−1} ∈ T , so

δi,I = π∗n−1δi,I\{n−1} − δi,I\{n−1} ∈ VT

and if n− 2 ∈ I, then δi,I\{n} ∈ T , so

δi,I = π∗nδi,I\{n} − δi,I\{n} ∈ VT .

Hence, δi,I ∈ VT for all such I. Now, again by [3, Lemma 1 (iv)], it is straightforward that this

implies δi,I ∈ VT for any (i, I). Therefore, VT = Pic(Mg,n). This completes the proof of the

exactness of Pic(Mg,n−1)× Pic(Mg,n−1)
π∗
n+π∗

n−1−−−−−−→ Pic(Mg,n) → QFKnu
g,n
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Now consider the exactness of the full sequence. Since πi is a contraction, the pullback map

π∗i is injective. Therefore, Pic(Mg,n−2)
(π∗

n,−π∗
n−1)−−−−−−−→ Pic(Mg,n−1) × Pic(Mg,n−1) is also injective.

Hence, the theorem follows from the following elementary computation:

|FKnu
g,n | = ρ(Mg,n−2)− 1 = ρ(Mg,n)− ρ(Mg,n−1)− ρ(Mg,n−1) + ρ(Mg,n−2)

for g ≥ 3, and

|FKnu
2,n | = ρ(M2,n−2) = ρ(M2,n)− ρ(M2,n−1)− ρ(M2,n−1) + ρ(M2,n−2)

which follows directly from Lemma 8.5. □

We observe that this establishes the extremality of F-curves in FKnu
g,n . The following result

follows directly from Theorem 8.1 and Theorem 8.3.

Corollary 8.6 (char k ̸= 2). NE1(f
Knu
g,n ) is a simplicial cone generated by FKnu

g,n . Moreover, any

element of FKnu
g,n is a regular extremal ray.

9. Method for proving regular extremality

Here, we describe the method for proving the regular extremality of F-curves, using Section 7
and Section 8. Let F be a curve whose regular extremality we wish to prove. Our goal is to
construct a set of nef divisors T that contract F and span a codimension 1 subspace of the
Picard group. This is precisely what was done in the proof of Corollary 6.6. What we proved
there is essentially the following: if we let

T := {π∗Sψi | π∗Sψi · F = 0},
then T spans a codimension 1 subspace. We aim to apply the same strategy for curves on Mg,n

in general. However, there are two main obstacles to this method:

(1) We do not have enough nef divisors. Pullbacks of ψ-classes alone are insufficient.
(2) Even with enough nef divisors, it is difficult to compute the dimension of their span.

Section 7 addresses issue (1); we will soon see that the divisors constructed there are well-
suited for contracting F-curves. Issue (2) will be resolved by an inductive argument using
Theorem 8.1. Instead of proving the regular extremality of a single curve F , we prove the
regular extremality of a family of curves on Mg,n—with fixed g and varying n—that is stable
under the projection maps, to use the induction. Then, the regular extremality of π∗F and
Theorem 8.1 reduce the problem to computing the intersection of divisors contracting F with
FKnu
g,n . This is formalized by the following lemma.

Lemma 9.1. Fix g, n ∈ N. Let Cn+2 ⊆ NE1(Mg,n+2) be a subset, Ci
n+1 := πn+i,∗Cn+2 for

i = 1, 2, and Cn := πn+2,∗C
1
n+1 = πn+1,∗C

2
n+1. Let Nn+2, N

1
n+1, N

2
n+1, Nn denote the set of nef

divisors that intersect Cn+2, C
1
n+1, C

2
n+1, Cn trivially. Assume the following conditions hold:

(1) I(Cn), I(C
1
n+1) and I(C2

n+1) coincide with the dimension of the subspace spanned by

Cn, C
1
n+1, and C

2
n+1.

(2) The image of the intersection pairing Nn+2 → RFKnu
g,n+2 spans RFKnu

g,n+2 .

Then I(Cn+2) ≤ I(C1
n+1) + I(C2

n+1) − I(Cn). If, moreover, I(C2
n+1) = I(Cn), then I(Cn+2) =

I(C1
n+1) and this coincides with the dimension of the subspace spanned by Cn+2.

Here and in Lemma 9.2, we use R-coefficients instead of Q-coefficients. This is because these
results can be applied to prove the extremality of limits of curve classes in NE1(Mg,n), not only
of curve classes themselves, although in this paper we use only curve classes.

Proof. This is a direct consequence of Theorem 8.1. We have an exact sequence

0 → Pic(Mg,n)R → Pic(Mg,n+1)R × Pic(Mg,n+1)R → Pic(Mg,n+2)R → RFKnu
g,n+2 → 0.

We first compute the dimension of the image of

(N1
n+1 ⊗ R)× (N2

n+1 ⊗ R) → Nn+2 ⊗ R ⊆ Pic(Mg,n+2)R.
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By the condition of (1), Nn ⊗ R coincides with the subspace of R-divisors that intersect Cn

trivially. Therefore, by the exact sequence above, the kernel of this map is Nn ⊗R. Hence, the
dimension of the image is

dimN1
n+1 + dimN2

n+1 − dimNn = 2ρ(Mg,n+1)− ρ(Mg,n)− (I(C1
n+1) + I(C2

n+1)− I(Cn)).

By (2), there exists a |FKnu
g,n+2|-dimensional subspace of Nn+2 ⊗ R that is independent from the

image of (N1
n+1 ⊗ R)× (N2

n+1 ⊗ R). Hence, the dimension of Nn+2 ⊗ R is at least

2ρ(Mg,n+1)− ρ(Mg,n) + |FKnu
g,n+2| − (I(C1

n+1) + I(C2
n+1)− I(Cn))

= ρ(Mg,n+2)− (I(C1
n+1) + I(C2

n+1)− I(Cn)).

Hence I(Cn+2) ≤ I(C1
n+1) + I(C2

n+1) − I(Cn). Moreover, since πi∗ on A1 is surjective, by (1),

the dimension of the subspace spanned by Cn+2 is at least I(C1
n+1). Hence, the codimension

of Nn+2 is at least I(C1
n+1). Therefore, I(C

2
n+1) = I(Cn) implies I(Cn+2) = I(C1

n+1). The last
assertion is straightforward since the dimension of such a subspace is ≤ I(Cn+2).

□

Hence, while using the induction, the main part of the proof is to check the second condition.
However, this remains a nontrivial task, since FKnu

g,n has roughly g · 2n−3 elements, which is still
a large number when n is large. Nevertheless, we have not yet fully exploited the inductive
structure. In Lemma 9.1, we only used the projections πn+1 and πn+2, while ignoring the other
n projections. The second condition of Lemma 9.1 can be made easier to verify by taking these
into account. To facilitate this, we now introduce some notation.

For n ≥ 2, we will denote

Vg,n =


RFKnu

g,n if n = 2,⊕
0≤j≤⌊ g

2
⌋Rej if g is odd or n is even ̸= 2,⊕

0≤j<⌊ g
2
⌋Rej otherwise.

Also, we define E : RFKnu
g,n → Vg,n by the identity map when n = 2 and

E(h) =
∑
j

∑
F 0,0,j,g−j
6 ({n−1},{n},I,Ic)

(−1)|I|h(F 0,0,j,g−j
6 ({n− 1} , {n} , I, Ic))ej ,

where we consider h as a function from FKnu
g,n to R, if n ̸= 2. Note that E is defined as a direct

sum of linear functions, each corresponding to j. The definition of E may appear technical, but
the underlying idea is simple: the kernel of the map

E : RFKnu
g,n+2 → Vg,n+2

is precisely the image of ⊕
1≤i≤n

π∗i :
⊕

1≤i≤n

RFKnu
g,n+1 → RFKnu

g,n+2

where π∗i is the dual of the pushforward πi,∗ : F
Knu
g,n+2 → FKnu

g,n+1 ∪ {0}. More precisely,

π∗i (h)(F ) =

{
h(πi,∗(F )) if πi,∗(F ) ̸= 0

0 otherwise
.

Thus, the inductive strategy allows us to verify the statement after composing with E. This
can be formalized as follows.

Lemma 9.2. Let Cn+2 ⊆ NE1(Mg,n+2) be a subset, and define Ci
n+1 := πi∗Cn+2 for 1 ≤ i ≤ n.

Let Nn+2, N
i
n+1 be defined as before. If

(1) For each 1 ≤ i ≤ n, the image of the intersection pairing N i
n+1 → RFKnu

g,n+1 spans RFKnu
g,n+1 .
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(2) The image of the composition of the intersection pairing with E,

f : Nn+2 → RFKnu
g,n+2 → Vg,n+2,

spans Vg,n+2,

then the image of the intersection pairing Nn+2 → RFKnu
g,n+2 spans RFKnu

g,n+2 .

Proof. Note that πi for 1 ≤ i ≤ n maps RFKnu
g,n+2 to RFKnu

g,n+1 . By (1), the span of the image of

Nn+2 → RFKnu
g,n+2 contains the image of π∗i : RFKnu

g,n+1 → RFKnu
g,n+2 for 1 ≤ i ≤ n. Therefore, it is

enough to prove that

Nn+2 → RFKnu
g,n+2 → RFKnu

g,n+2/
(
⊕n

i=1π
∗
iR

FKnu
g,n+1

)
is surjective, which reduces to (2) once we show that the kernel of E is the image of ⊕1≤i≤nπ

∗
i .

If n = 0, there is nothing to prove. Assume n > 0. Note that in the definition of Vg,n, as
well as in the maps E and π∗i , every morphism respects the decomposition indexed by j, which
parametrizes the genus occurring in type 6 curves, and the type 5 curve. Hence, it is enough to
prove the statement within each component of the decomposition of FKnu

g,n+1, F
Knu
g,n+2, and Vg,n.

If j ̸= g
2 , then the statement follows from

π−1
i∗

(
F 0,0,j,g−j
6 ({n+ 1} , {n+ 2} , I, J)

)
={

F 0,0,j,g−j
6 ({n+ 1} , {n+ 2} , I ∪ {i} , J), F 0,0,j,g−j

6 ({n+ 1} , {n+ 2} , I, J ∪ {i})
}

where πi∗ : F
Knu
g,n+2 → FKnu

g,n+1. The statement for the type 5 curve is automatic

π−1
i∗

(
F 0,0
5 ({n+ 1} , {n+ 2})

)
=
{
F 0,0
5 ({n+ 1} , {n+ 2})

}
.

Now assume g = 2j. Then, there is one additional relation:

F 0,0,j,j
6 ({n+ 1} , {n+ 2} , I, J) = F 0,0,j,j

6 ({n+ 1} , {n+ 2} , J, I).

If n is even, then this relation, together with the formula for

π−1
i∗

(
F 0,0,j,g−j
6 ({n+ 1} , {n+ 2} , I, J)

)
,

shows that the image of
⊕

1≤i≤n π
∗
i is surjective in this component, which completes the proof.

If n is odd, then this new relation lies in the image of
⊕

1≤i≤n π
∗
i , so the situation is the same

as in the case g ̸= 2j. Hence, the statement also holds by the same argument.
□

Note that the dimension of Vg,n is ⌊g2⌋+ 1, regardless of the value of n. This illustrates how
significantly Lemma 9.2 simplifies the entire inductive process.

We will implicitly apply the following useful computation while proving theorems.

Lemma 9.3. Let f : Pic(Mg,n) → Vg,n be the natural extension of the map f in Lemma 9.2,

i.e., the composition of the pairing map Pic(Mg,n) → RFKnu
g,n and E : RFKnu

g,n+2 → Vg,n. Then

f(κ) = f(ψi) = −e0, and f(δi,I) = (−1)|I|+1ei for 0 ≤ i ≤
⌊g
2

⌋
.

Proof. If i ̸= 1, then the coefficient of ei in f(κ) is 0, since the intersection of any F-curve with
κ is 1 and ∑

I⊆[n]

(−1)|I| = 0.

The coefficient is −1 for e0 because there is no F 0,0,0,g
6 (n − 1, n, ∅, [n − 2]). The case of ψi is

handled in the same way as that of κ. The last assertion follows directly from Theorem 2.2 by
a case-by-case analysis with respect to |I ∩ {n− 1, n}|. □
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Note that if g is even and n is odd, then there is no e⌊ g
2
⌋. However, for convenience, we

will extend the notation by including e⌊ g
2
⌋ with the convention e⌊ g

2
⌋ = 0. Lemma 9.3 still holds

under this convention.

10. Extremality of F-curves

In this section, we assume that the characteristic of the base field is not equal to 2, unless
stated otherwise. This section is devoted to proving Theorem 1.3 and Theorem 1.4 using
Section 7 to Section 9. Before we begin, as promised, we provide a detailed statement of
Theorem 1.3 and Theorem 1.4.

Theorem 10.1. (1) Types 1 and 4 F-curves on Mg,n span regular extremal rays of NE1(Mg,n),
while type 2 F-curves do not.

(2) Apart from the following three exceptional cases, no type 3 F -curve spans an extremal
ray of NE1(Mg,n).

(a) F 0
3 ([n]) on M2,n for n ≥ 1,

(b) F 1
3 ([n]) on M3,n for n ≥ 0,

(c) F 2
3 (∅) on M4.

In the three exceptional cases, the corresponding curve spans a regular extremal ray.
(3) Knudsen-type F-curves (cf. Definition 10.11) are regular extremal. Consequently, every

F-curve on M0,n and M1,n is regular extremal.
(4) The following type 6 F-curves are regular extremal:

(a) F 1,1,1,g−3
6 (∅, ∅, ∅, [n]),

(b) F 1,1,2,g−4
6 (∅, ∅, ∅, [n]) for n ̸= 0,

(c) F 0,1,1,g−2
6 (i, ∅, ∅, [n] \ i) for all i ∈ [n].

Theorem 10.2. (1) Any type 5 or type 6 F-curve on M2,n is regular extremal.

(2) Except F 0,1
5 (I, ∅), every type 5 or type 6 F-curve on M3,n is regular extremal.

(3) Except for the following cases, every type 5 or type 6 F-curve on M4,n is regular extremal:

(a) F i,1
5 (I, ∅), i = 0, 1.

(b) F 2,1
5 ([n], ∅) and F 0,2

5 ([n], ∅).

10.1. Type 1,2 and 4. In this case, the proof of (non-)extremality is relatively straightforward
and follows as a direct application of [26].

Theorem 10.3. The type 1 F-curve on Mg,n, g ≥ 1, is regular extremal.

Proof. Let L1, . . . , Lρ be a basis of Pic(Mg,n) consisting of nef line bundles. Consider the set of
line bundles

T =

{
Li −

Li · [F1]

12
λ

∣∣∣∣ 1 ≤ i ≤ ρ

}
.

Since λ · F1 = 12, each line bundle Li − Li·[F1]
12 λ intersects F1 trivially. Moreover, since λ

intersects all other F -curves trivially, it follows that Li − Li·[F1]
12 λ is F -nef. For the flag map

F : M0,g+n → Mg,n, the pullback of Li − Li·[F1]
12 λ along F coincides with F ∗Li, as λ = 0 on

M0,g+n. In particular, this implies nefness. Hence, by [26, Theorem 0.3], each Li − Li·[F1]
12 λ is

nef. Thus, the set T consists of line bundles that intersect [F1] trivially. Since T together with
λ spans the Picard group, T generates a codimension-1 subspace. Consequently, I([F1]) = 1,
implying that [F1] is regular extremal. □

Theorem 10.4. The type 2 F -curve on Mg,n, for g ≥ 3, is not extremal.

Proof. By [26, Theorem 2.1],

[F2] =
1

2

(
[F 1

3 (∅)] + [F 1
4 (∅)]

)
.
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Since [F2] is expressed as a positive linear combination of other effective curve classes, it is not
extremal. □

Theorem 10.5. Any type 4 F-curve on Mg,n, g ≥ 2, is regular extremal.

Proof. Let S be the set of all type 4 F -curves on Mg,n. Choose any curve F ∈ S. Since κ is an
ample divisor whose intersection with any F -curve is 1, it follows from [26, Theorem 2.1] that
there exist perturbations of κ, denoted L1, . . . , Lρ, such that:

(1) L1, . . . , Lρ form a basis of Pic(Mg,n) consisting of nef line bundles.
(2) For any 1 ≤ i ≤ ρ, we have Li · F = minF ′∈S Li · F ′.

Consider the set of line bundles

T =

{
Li −

Li · F
2

(12λ− δirr)

∣∣∣∣ 1 ≤ i ≤ ρ

}
.

By the same reasoning as in Theorem 10.3, the elements of T are nef divisors that intersect
F trivially and span a codimension-1 subspace of the Picard group. Consequently, I(F ) = 1,
which implies that F is regular extremal.

□

This completes the proof of Theorem 1.3 (1).

10.2. Type 3. Here, we prove Theorem 10.1 (2).

Theorem 10.6. Except for the three cases described in Theorem 10.1 (2), any type 3 F-curve
does not form an extremal ray.

Proof. If F i
3(I) ̸= F g−2

3 ([n]), then by Theorem 2.2,

[F i
3(I)] =

1

2

(
[F 1,i

5 (∅, I)] + [F 1,g−i−1
5 (∅, Ic)]

)
,

and since [F 1,i
5 (∅, I)] ̸= [F 1,g−i−1

5 (∅, Ic)], it follows that [F i
3(I)] is not an extremal ray.

If F i
3(I) = F g−2

3 ([n]) with g ≥ 4 and (g, n) ̸= (4, 0), then

[F g−2
3 ([n])] =

1

2

(
[F 1,2

5 (∅, ∅)] + [F g−3,2
5 ([n], ∅)]

)
,

and since [F 1,2
5 (∅, ∅)] ̸= [F g−3,2

5 ([n], ∅)], it follows that [F g−2
3 ([n])] is not extremal. □

Now, we need to establish the regular extremality of type 3 F-curves for the three cases in
Theorem 10.1 (2). The last case follows from Example 5.10, provided that the characteristic
is not equal to 2. In general characteristic, this can be seen explicitly, since λ, 12λ − δirr, and
κ+ δ2,∅ all contract the curve F 2

3 (∅) and are nef by Theorem 7.5.

Theorem 10.7 (All characteristics). F 0
3 ([n]) is a regular extremal on NE1(M2,n) for n ≥ 1

Proof. We will prove that I(F 0
3 ([n])) = 1, which is equivalent to the given statement. For n = 1,

this holds since both λ and 12λ−δirr contract F 0
3 ([1]). The case n = 2 follows from Example 5.1

and Proposition 7.16.
We will first verify that F 0

3 ([n]) satisfies the conditions of Lemma 9.2. Let Nn be the set of
nef divisors that intersect F 0

3 ([n]) trivially. Note that the image of F 0
3 ([n]) under any projection

is F 0
3 ([n− 1]). Hence, it suffices to show that the image of f : Nn → V2,n spans V2,n for each n.
Define the divisor

Dn = κ+ δ1,∅ + δ2,∅

on M2,n for n ≥ 2. This divisor is nef by Theorem 7.5, see also Example 7.7 (3). Furthermore,
by [26, Theorem 2.1], we have Dn · F 0

3 ([n]) = 0. For n = 2, we compute

f(D2) = 2 · F5, f(ψ1) = F5 + F6.

Thus, f satisfies the assertion. For n > 2 and n odd,

f(ψ1) = −e0.
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For n > 2 and n even,

f(Dn) = −2e0 − e1, f(ψ1) = −e0.
Hence, in all cases, f satisfies the assertion. Therefore, by Lemma 9.2, for any n ≥ 2, the image

of Nn → RFKnu
g,n generates RFKnu

g,n .
Now, we apply Lemma 9.1 with Cn = [F 0

3 ([n])]. We have already verified condition (1) for
n = 1, 2. Moreover, condition (2) holds for every n by the preceding paragraph. Hence, by
induction using Lemma 9.1, we conclude that I(F 0

3 ([n])) = 1 for every n ≥ 1. □

Theorem 10.8 (All characteristics). F 1
3 ([n]) is regular extremal on NE1(M3,n) for n ≥ 0

Proof. The proof is almost identical to Theorem 10.7, except that we are using a different divisor
here. We will prove that I(F 1

3 ([n])) = 1. For n = 0, this holds since λ, 12λ−δirr contract F 1
3 (∅).

The case of n = 1 follows from Example 5.5 and Proposition 7.16.
We will first verify that F 1

3 ([n]) satisfies the conditions of Lemma 9.2. Let Nn be the set of
nef divisors that intersect F 1

3 ([n]) trivially. Since the image of F 1
3 ([n]) under any projection is

F 1
3 ([n]), it suffices to show that the image of f : Nn → V3,n spans V3,n for each n.
Define the divisor

Dn = κ+ δ2,∅

on M3,n for n ≥ 2. This divisor is nef by Theorem 7.5, see also Example 7.7 (1). Furthermore,
by [26, Theorem 2.1], we have Dn · F 1

3 ([n]) = 0. For n = 2, we compute

f(D2) = F5, f(ψ1) = F5 + F6.

Thus, f satisfies the assertion. For n > 2,

f(Dn) = −e0 + (−1)n+1e1, f(ψ1) = −e0.

Hence, in all cases, f satisfies the assertion. Therefore, by Lemma 9.2, for any n ≥ 2, the image

of Nn → RFKnu
g,n generates RFKnu

g,n .
Now, we apply Lemma 9.1 with Cn = [F 1

3 ([n])]. We have already verified condition (1)
for n = 0. Moreover, condition (2) holds for every n by the preceding paragraph. Hence, by
induction using Lemma 9.1, we conclude that I(F 1

3 ([n])) = 1 for every n ≥ 1. □

This completes the proof of Theorem 1.3 (2). To prove Theorem 1.1, we need the following
theorem:

Theorem 10.9. For g ≥ 3 and n ≥ 1, I(F 1
3 ([n])) = ⌊g2⌋ on Mg,n.

Proof. Define

Cn :=
{
F 1
3 ([n]), F

1,i
5 ([n], ∅)

∣∣∣ 1 ≤ i ≤ g − 2
}
.

Step 1. If a nef divisor intersects F 1
3 ([n]) trivially, then it also intersects any element of Cn

trivially. Let

D = aλ− birrδirr −
∑

bi,Iδi,I

be such a nef divisor, where we use the convention δ0,{i} = −ψi. Then

D · [F 1
3 ([n])] = b1,[n] = 0.

Since D is nef, we obtain the following inequalities:

D · F 1,i
5 ([n], ∅) = bi,∅ + b1,[n] − bi+1,[n] = bi,∅ − bg−i−1,∅ ≥ 0,

D · F 1,g−i−1
5 ([n], ∅) = bg−i−1,∅ + b1,[n] − bg−i,[n] = bg−i−1,∅ − bi,∅ ≥ 0.

Thus, D · F 1,i
5 ([n], ∅) = D · F 1,g−i−1

5 ([n], ∅) = 0, so D satisfies the assertion.
Therefore, it suffices to prove that I(Cn) = ⌊g2⌋.
Step 2. The dimension of the subspace generated by Cn is ⌊g2⌋.
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By the explicit intersection formula shown in Step 1, identifying A1 as the dual space of Pic,
the mappings

D 7→ b1,[n],

D 7→ bi,∅ − bg−i−1,∅ for 1 ≤ i ≤ ⌊g
2
⌋ − 1

form a basis of the subspace. Hence, the dimension is ⌊g2⌋.
Therefore, I(F 1

3 ([n])) = ⌊g2⌋ implies the last condition of Lemma 9.1 (1).

Step 3. I(F 1
3 ([n])) = ⌊g2⌋ for n = 0, 1.

Let Nn be the set of nef divisors that intersect each element of Cn trivially. To prove the
case of n = 0, by Lemma 8.5, it is enough to show that N0 contains two linearly independent
divisors. Since λ, 12λ− δirr ∈ N0, this holds.

Consider the case of n = 1. Again, by Lemma 8.5, we need to produce g − ⌊g2⌋+ 2 linearly
independent divisors in N1. The divisors

λ, 12λ− δirr, κ+ δg−1,∅, κ+ δ1,{1} +
1

4
(δi,∅ + δg−1−i,∅) for 1 ≤ i ≤ ⌊g − 1

2
⌋

are nef by Theorem 7.5, Proposition 7.11 and Proposition 7.12, and they intersect F 1
3 ([n])

trivially by Theorem 2.2. This forms a linearly independent set of

3 + ⌊g − 1

2
⌋ = g − ⌊g

2
⌋+ 2

divisors in N1. This establishes the case of n = 1.
Step 4. Using Lemma 9.2.
Note that πi∗Cn+1 = Cn for any 1 ≤ i ≤ n+ 1. Let f : Nn → Vg,n be the composition of E

and the intersection pairing. We need to show that the image of f spans Vg,n. Define

D1 := κ+ δ1,[n], and Di := κ+ δ1,[n] + δi,{1} for 2 ≤ i ≤ ⌊g
2
⌋.

These are nef by Theorem 7.5, and they intersect trivially with F 1
3 ([n]), hence with any element

of Cn. If n = 2,

f(ψ1) =

⌊ g
2
⌋∑

j=1

F 0,0,j,g−j
6 , f(D1) =

⌊ g
2
⌋∑

j=2

F 0,0,j,g−j
6 ,

f(Di) =

⌊ g
2
⌋∑

j=2

F 0,0,j,g−j
6 − F 0,0,i,g−i

6 for 2 ≤ i ≤ ⌊g
2
⌋.

Hence, the image of f spans Vg,n. Here, F
0,0,j,g−j
6 is an abbreviation for F 0,0,j,g−j

6 ({1} , {2} , ∅, ∅).
If n > 2 and g is odd or n is even,

f(ψ1) = −e0, f(D1) = −e0 + (−1)n+1e1, f(Di) = −e0 + (−1)n+1e1 + ei for 2 ≤ i ≤ ⌊g
2
⌋.

A similar result holds when g is even and n is odd. Hence, in all cases, f satisfies the assertion.

By Lemma 9.2, the image of Nn → RFKnu
g,n spans RFKnu

g,n .
By Steps 3 and 4, we can apply Lemma 9.1, and we obtain I(F 1

3 ([n])) = ⌊g2⌋ for every n.
□

10.3. Type 5 and 6. In this subsection, we prove Theorem 10.1 (3) and (4). The situation of
type 5 and 6 F-curves is more subtle. Based on an explicit computation using [11], we propose
the following conjecture:

Conjecture 10.10. Any type 5 F-curve on Mg,n spans a regular extremal ray, except for the
following cases:

(1) F i,j
5 (I, ∅), where i+ 2j < g and j ̸= 0.

(2) F i,j
5 ([n], ∅), where i+ 2j = g, j ̸= 0, and (g, n, i) ̸= (2, n, 0), (3, n, 1), (4, 0, 2).
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As reported in Theorem 1.4, we have verified Conjecture 10.10 for g ≤ 4. This will be proved
in Section 10.4. Note that the two exceptions in Conjecture 10.10 are clearly not extremal, since

[F i,j
5 (I, ∅)] = 1

2

(
[F j,j,i,g−i−2j

6 (∅, ∅, I, Ic)] + [F i,2j
5 (I, ∅)]

)
in the first case, and

[F i,j
5 ([n], ∅)] = [F i

3([n])]

in the second case (cf. Theorem 1.3).
Type 6 F-curves appear to be more complicated. For instance, Remark 5.11 presents an

example of a non-extremal type 6 F-curve on M7. However, this is not the minimal genus
example. On M6,1, we have

[F 0,1,2,3
6 ({1} , ∅, ∅, ∅)] = 1

2

(
[F 0,2,2,2

6 ({1} , ∅, ∅, ∅)] + [F 0,1,1,4
6 ({1} , ∅, ∅, ∅)]

)
.

At present, the author does not have a clear conjecture regarding which type 6 F-curves are
(regular) extremal.

Now, rather than attempting to classify all (regular) extremal rays, we instead focus on the
following collection of type 5 and 6 curves.

Definition 10.11. An F-curve C on Mg,n is said to be of Knudsen type if there exists a

projection map π : Mg,n → Mg,m such that π∗[C] ∈ FKnu
g,m . Equivalently, such a curve is of the

form F 0,0
5 (I, J) or F 0,0,i,g−i

6 (I, J,K,L).

The motivation behind this definition is as follows. Our method relies on establishing the
regular extremality of certain curves for small values of n as a base case. However, in contrast
to the situation for larger n, the space of semigroup κ divisors for small n is significantly more
constrained, making it difficult to prove the base case directly. For F-curves of Knudsen type,
however, we can invoke Corollary 8.6 as the base step.

The first main result of this section is the following:

Theorem 10.12. Any F-curve of Knudsen type forms a regular extremal ray.

The idea of the proof is similar to that of Section 10.2, but the argument is more involved
due to two main reasons: (1) They are not stable under permutation of the marked points, and
(2) a curve may become an element of FKnu

g,n after forgetting a marked point. Hence, extra care

is needed when applying Lemma 9.1 and Lemma 9.2. Note that FKnu
g,n implicitly depends on

the choice of two marked points i and j. We will use the original slightly ambiguous notation
for simplicity.

Roughly speaking, the proof breaks into two steps. First, we consider the case of F 0,0
5 (p, {q, r})

or F 0,0,i,g−i
6 (p, {q, r}, I, J) as in Proposition 10.15, which corresponds to the situation where

there exists a point x such that πx,∗C ∈ FKnu
g,n−1 for some choice of x and FKnu

g,n−1. This part is
more ad hoc, but manageable, since the setting is restricted. We will use induction on n, where
Proposition 10.14 serves as the base step. After this, we may then assume that πx,∗C /∈ FKnu

g,n−1

for any x and FKnu
g,n−1. This is the more general and simpler case.

We introduce the following notation. For any subset S ⊆ NE1(Mg,n), define NS to be the
Q-linear span of the set of nef divisors that intersect every element of S trivially.

Proposition 10.13. If C is a curve on Mg,n whose curve class is not contained in the linear
span of FKnu

g,n and spans a regular extremal ray, then C satisfies the conclusion of Lemma 9.2,
i.e.,

NC ↠ QFKnu
g,n .

Proof. Since C is a regular extremal ray, NC is a codimension 1 subspace of the Q-Picard group

consisting of divisors that intersect trivially with C. If the map NC ↠ QFKnu
g,n is not surjective,

then there exists a class C ′ in A1(Mg,n), contained in the linear span of FKnu
g,n , such that every
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divisor in NC intersects trivially with C ′. However, this contradicts the codimension of NC ,
since C and C ′ are linearly independent. □

Proposition 10.14. If C is F 0,0
5 (p, {q, r}) or F 0,0,i,g−i

6 (p, {q, r} , ∅, ∅) on Mg,3 , then

(1) NC ↠ QFKnu
g,n for any choice of FKnu

g,n , and
(2) C spans a regular extremal ray.

Proof. Case 1. FKnu
g,n corresponds to {q, r}.

The space NC contains π∗pPic
(
Mg,2

)
, so we apply Lemma 9.2. By Theorem 7.5, and in

particular Example 7.7 (2), we have

Dj = κ+ δ0,{q,r} + δj,p + δg−j,∅

which are nef for 0 < j < g
2 , and contract both F 0,0

5 (p, {q, r}) and F 0,0,i,g−i
6 (p, {q, r}, ∅, ∅).

For the map f : N3 → Vg,3 in Lemma 9.2, we have

f(ψr) = −e0 f(Dj) = −2e0 − 2ej

Hence, we obtain a surjection NC ↠ QFKnu
g,n .

Case 2. FKnu
g,n corresponds to {p, q} or {p, r}, and C = F 0,0

5 (p, {q, r}).
Without loss of generality, assume that FKnu

g,n corresponds to {p, q}. We have π∗rNF 0,0
5 (p,q)

⊆
NC . Although we have Theorem 8.1, this is not enough, since (1) they cannot distinguish

between F 0,0,j,g−j
6 (p, q, r, ∅) and F 0,0,j,g−j

6 (p, q, ∅, r), and (2) they always vanish on F 0,0
5 (p, q).

Issue (1) is resolved by using exactly the same divisor as in Case 1. Issue (2) is resolved because

κ+δ0,{q,r} is a nef divisor that contracts C = F 0,0
5 (p, {q, r}) but does not contract C = F 0,0

5 (p, q).

Case 3. FKnu
g,n corresponds to {p, q} or {p, r}, and C = F 0,0,i,g−i

6 (p, {q, r}, ∅, ∅).
We follow the approach in Case 2. We also have π∗rNF 0,0,i,g−i

6 (p,q,∅,∅) ⊆ NC . This set of divi-

sors (1) cannot distinguish between F 0,0,j,g−j
6 (p, q, r, ∅) and F 0,0,j,g−j

6 (p, q, ∅, r), and (2) always

vanishes on F 0,0,i,g−i
6 (p, q, r, ∅) and F 0,0,i,g−i

6 (p, q, ∅, r). This issue is resolved because κ + δi,r,
κ+ δg−i,r, and the divisors in Step 1 are all contained in NC .

(2) This follows from (1), Corollary 8.6, and Lemma 9.1 for {p, q}.
□

Proposition 10.15. If C is F 0,0
5 (p, {q, r}) or F 0,0,i,g−i

6 (p, {q, r} , I, J) on Mg,n, then

(1) C spans a regular extremal ray, and

(2) NC ↠ QFKnu
g,n for any choice of FKnu

g,n does not contain [C].

Proof. We may exclude the cases |I| = 1, i = 0 and |J | = 1, i = g, since these cases follow from
Corollary 8.6 and Proposition 10.13.

We will use induction on n and prove (1) and (2) at once. The n = 3 case is proved in
Proposition 10.14. Consider the case n ≥ 4. Fix a marked point s ̸∈ {p, q, r}.

First, we will prove that NC ↠ QFKnu
g,n , where this FKnu

g,n corresponds to {r, s}. By Corol-
lary 8.6, Proposition 10.13, and the induction hypothesis for (2), (1) of Lemma 9.2 holds. Hence,
it is enough to verify (2) of Lemma 9.2. Let f : NC → Vg,n be the map in Lemma 9.2 (2). Note
that

D0 = κ+ δ0,{q,r}, Dj = κ+ δ0,{q,r} + δj,p + δg−j,{p,q,r}c

are nef line bundles by Theorem 7.5, and contained in NC for 1 ≤ j ≤ g
2 . Then by Lemma 9.3,

f(D0) = −2e0, f(Dj) = −2e0 + 2ej .

Thus, (2) of Lemma 9.2 is satisfied, so NC ↠ QFKnu
g,n .

Now, (1) follows from Lemma 9.1 with {r, s} and the induction hypothesis for (1). (2) follows
from (1) and Proposition 10.13.

□
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Proof of Theorem 10.12. We will use induction on n to prove the following statement: If C is

of Knudsen type, i.e., of the form F 0,0
5 (I, J) or F 0,0,i,g−i

6 (I, J,K,L), then

(1) C spans a regular extremal ray, and

(2) NC ↠ QFKnu
g,n for any choice of FKnu

g,n such that [C] ̸∈ FKnu
g,n .

For simplicity of the argument, assume that if C = F 0,0,i,g−i
6 (I, J,K,L) and i = 0 (resp. i = g),

then |I|, |J | ≤ |K| (resp. |I|, |J | ≤ |L|), and |I| ≤ |J |.
The case n ≤ 3 is covered by Corollary 8.6 and Proposition 10.15. Hence, we may assume

that n ≥ 4. Since (2) follows from (1) and Proposition 10.13, it suffices to prove (1). If
|I| + |J | ≤ 3, then this is again proved in Corollary 8.6 and Proposition 10.15. Therefore, we
may assume that |I|+ |J | ≥ 4.

Note that this condition implies πx,∗C ̸∈ FKnu
g,n−1 for any choice of FKnu

g,n−1 and x. Hence, by

the induction hypothesis for (2), condition (1) of Lemma 9.2 is satisfied. Choose p ∈ I and
q, r ∈ J (this is possible since |I| + |J | ≥ 3 and |I| ≤ |J |), and let FKnu

g,n be the set of curves
corresponding to {p, q}. Define

D0 = ψr, Dj = κ+ δ0,J + δj,{p,r}

for 1 ≤ j ≤ g
2 , which are nef line bundles contracting C by Theorem 7.5. Then by Lemma 9.3,

f(D0) = −e0, f(Dj) = ((−1)|J |+1 − 1)e0 − ej ,

Thus, condition (2) of Lemma 9.2 is satisfied. Therefore, NC ↠ QFKnu
g,n

Note that condition (1) of Lemma 9.1 for {p, q} also holds by the induction hypothesis. If
I = {p}, then I(πp,∗C) = I(πp,∗πq,∗C) = 0. Otherwise, by the induction hypothesis, we have

I(πp,∗C) = I(πq,∗C) = I(πp,∗πq,∗C) = 1.

Hence, I(C) = 1, so C spans a regular extremal ray. This also implies condition (2).
□

Next, we prove the regular extremality of certain type 6 F-curves presented in Theorem 1.3 (4).
The method used here is entirely different from that of Section 9. Instead of that approach,
we employ Theorem 6.5 together with Hassett’s moduli spaces of weighted pointed stable
curves [28]. By Theorem 6.5, the pushforward of any regular extremal ray under the mor-
phism F : M0,g+n/Sg → Mg,n remains a regular extremal ray. By analyzing the F-curves
contracted by a specific Hassett space, we deduce the regular extremality of certain F-curves
on M0,g+n/Sg. To address the quotient by Sg, we require the following lemma.

Lemma 10.16. Let V,W be finite-dimensional Q-vector spaces with an action of a finite group
G, and f : V → W be a G-equivariant map. Let V G (resp. VG) be the set of G-invariants
(resp. G-coinvariants), and note that (V ∗)G can be naturally identified with V ∗

G. Under this
identification, the orthogonal complement of the image of f∗ : (W ∗)G → (V ∗)G is (ker f)G ⊆ VG.

Proof. By restriction, we have a natural map (V ∗)G → V ∗
G. It is straightforward to see that

this is an isomorphism by breaking V into simple G-representations, since the base field is of
characteristic 0.

Now we will consider the second assertion. We have an exact sequence

0 → ker f → V →W.

By taking dual and G-invariants, we have

(W ∗)G → (V ∗)G → (ker f∗)G → 0.

By the identification above, the last map is equal to (VG)
∗ → (ker f)∗G induced from the inclusion

(ker f)G → VG. Hence the statement follows from taking duals. □

Theorem 10.17. The following type 6 F-curves are regular extremal:

(1) F 1,1,1,g−3
6 (∅, ∅, ∅, [n]),
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(2) F 1,1,2,g−4
6 (∅, ∅, ∅, [n]) for n ̸= 0,

(3) F 0,1,1,g−2
6 (i, ∅, ∅, [n] \ i) for all i ∈ [n].

Proof. We will denote the index set for points on M0,g+n by [g] ∪ [n], where [g] is the set of
symmetric points, i.e. the points on which Sg acts, and [n] is the set of asymmetric points.
Moreover, the ith symmetric (resp. asymmetric) point will be denoted by is (resp. ia).

Define a sequence A1 := (aj)j∈[g]∪[n] by

aj =

{
1
3 if j ∈ [g],

1 if j ∈ [n].

Consider the natural contraction f : M0,g+n → M0,A1 . By [28, Proposition 4.5], the exceptional

locus of f is the union of M0,I+1 ×M0,Ic+1 where I ⊆ [g] and |I| = 3. Moreover, f contracts

this boundary divisor into M0,Ic+1. Therefore, the set of F-curves contracted by f is exactly

F 0,0,0,0
6 (ps, qs, rs, I

c) for I = {ps, qs, rs}. Since f is a smooth blowdown corresponding to images

of F-curves (see also [17, Lemma 4.6, Proposition 4.7]), if we let U be the subspace of A1(M0,g+n)
generated by these F -curves, then we have a natural exact sequence

0 → Pic(M0,A1) → Pic(M0,g+n) → U∗

and hence, by taking duals, we have

ker f∗ = Im U := image of U in A1(M0,g+n)

where f∗ : A1(M0,g+n) → A1(M0,A1). Since A1 is Sg-invariant, f∗ is also Sg-equivariant, so we
can apply Lemma 10.16, which gives

(f∗Pic(M0,A1)
Sg)⊥ = Im U/Sg ⊆ A1(M0,g+n)/Sg = A1(M0,g+n/Sg).

Note that f∗Pic(M0,A1)
Sg is generated by nef divisors, and Im U/Sg is 1-dimensional since the

set of F 0,0,0,0
6 (p, q, r, Ic) is transitive under the Sg-action. Hence, the image of F 0,0,0,0

6 (ps, qs, rs, I
c)

in A1(M0,g+n/Sg) is a regular extremal ray of NE1(M0,g+n/Sg). By Theorem 6.5, applying the

flag map yields that F 1,1,1,g−3
6 (∅, ∅, ∅, [n]) is a regular extremal ray.

For F 0,1,1,g−2
6 (i, ∅, ∅, [n] \ i), we use essentially the same argument, with A2 := (aj)j∈[g]∪[n]

defined by

aj =


1
2 − ϵ if j ∈ [g],

ϵ if j = ia,

1 otherwise.

for a sufficiently small positive number ϵ. Then the F-curves contracted by f : M0,g+n → M0,A2

are F 0,0,0,0
6 (ia, ps, qs, {ps, qs, ia}c) where ps, qs ∈ [g]. The proof is identical, so we omit the

details.
For the last case, F 1,1,2,g−4

6 (∅, ∅, ∅, [n]), we use A3 := (aj)j∈[g]∪[n] defined by

aj =

{
1
4 if j ∈ [g],

1 if j ∈ [n].

By [28, Proposition 4.5], the exceptional locus of f : M0,g+n → M0,A3 is the union of M0,I+1 ×
M0,Ic+1 where I ⊆ [g] and |I| = 3 or 4, and f contracts this divisor to M0,Ic+1. Therefore,

the set of F -curves contracted by f is F 0,0,0,0
6 (ps, qs, rs, I

c) and F 0,0,0,0
6 (ps, qs, {rs, r′s}, Ic), where

I = {ps, qs, rs} and I = {ps, qs, rs, r′s}, respectively. Note that the set of such F -curves has two
Sg-orbits, corresponding to |I| = 3 and |I| = 4. We already know that the |I| = 3 case is regular

extremal in NE1(M0,g+n/Sg), and we will prove that the |I| = 4 case is also regular extremal.
By applying the flag map and Theorem 6.5, this finishes the proof.

By the same argument as in the first case, we have

(f∗Pic(M0,A3)
Sg)⊥ = Im U/Sg ⊆ A1(M0,g+n)/Sg = A1(M0,g+n/Sg).
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However, in this case, U/Sg is 2-dimensional, generated by the images of F 0,0,0,0
6 (ps, qs, rs, I

c)

and F 0,0,0,0
6 (ps, qs, {rs, r′s}, Ic). Hence, it is enough to construct an Sg-invariant nef line bundle

which contracts F 0,0,0,0
6 (ps, qs, {rs, r′s}, Ic) and does not contract F 0,0,0,0

6 (ps, qs, rs, I
c).

For this, we use nef divisors on M0,g+n coming from GIT quotients [2, 23]. We follow the
notation of [23, Section 2]. Define a sequence (xi)i∈[g]∪[n] with xi =

1
2 for i ∈ [g] and xi = 0 or

1
2 for i ∈ [n] so that the sum of all xi’s is an integer d + 1 for d ≥ 1. Then, by [23, Theorem
2.1], we have a nef divisor D := φ∗

d,x⃗O(1) satisfying

D · F 0,0,0,0
6 (ps, qs, rs, I

c) ̸= 0, D · F 0,0,0,0
6 (ps, qs, {rs, r′s}, Ic) = 0.

This proves the |I| = 4 case, and hence the theorem. □

Note that, by Remark 5.11, the conclusion of Theorem 10.17 (2) does not hold when n = 0.

10.4. Small genus. In this subsection, we prove Theorem 1.4, which amounts to classifying
regular extremal F-curves of types 5 and 6. Note that dealing with type 5 F-curves amounts to
proving Conjecture 10.10 in this case. The non-extremal type 5 F-curves in Theorem 1.4 are
exactly the exceptions listed in Conjecture 10.10, so it suffices to show the extremality of the
remaining type 5 F-curves.

We begin with the case of M2,n. By Theorem 10.12, it suffices to show that the curves

F 0,1
5 (I, J) are regular extremal.

Theorem 10.18. F 0,1
5 (I, J) are regular extremal on M2,n.

Proof. We proceed by induction on n. For n ≤ 5, the F-conjecture is known to hold, so the F-
cone coincides with the nef cone and is polyhedral. In this range, we can verify the extremality
of these F-curves directly by brute-force computation. This verification is carried out using a
Python script available at [11].

Now assume n ≥ 6 and let F = F 0,1
5 (I, J) (in fact, n ≥ 4 suffices). Choose three indices

p, q, r ∈ [n] such that I ̸= {r} and I ̸⊆ {p, q}. Then πp,∗F , πq,∗F , and πq,∗πp,∗F are F-curves
of the same type. By the induction hypothesis, Lemma 9.1 (1) holds with index of extremality
1. Therefore, to apply Lemma 9.1, it remains to verify that the conditions in Lemma 9.2 hold.
Since each πi,∗F is either an F-curve of the same type or zero, Lemma 9.2 (1) follows from the
induction hypothesis and Proposition 10.13. Thus, it suffices to check Lemma 9.2 (2).

Case 1. J ̸= ∅
By Theorem 7.5, the divisor D = κ + δ1,J is nef and contracts F . Moreover, for the map

f : Nn → V2,n, by Lemma 9.3, we have

f(ψr) = −e0, f(D) = −e0 + (−1)|J |+1e1.

Hence, the condition in Lemma 9.2 (2) is satisfied.
Case 2. J = ∅
By Theorem 7.5, the divisor D = κ + δ1,∅ + δ2,∅ is nef and contracts F . Moreover, for the

map f : Nn → V2,n, by Lemma 9.3, we have

f(ψr) = −e0, f(D) = −2e0 − e1.

Therefore, the condition in Lemma 9.2 (2) is satisfied. □

Now consider the case of M3,n. Apart from the cases covered by Theorem 10.12, we need to
consider the following four cases:

• F 0,1
5 (I, J) with J ̸= ∅,

• F 1,1
5 (I, J),

• F 0,2
5 (I, J),

• F 0,1,1,1
6 (I, J,K,L).

Theorem 10.19. All of the above four types of F-curves are regular extremal on M3,n.
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Proof. The proof follows the strategy of Theorem 10.18. As before, we proceed by induction
and verify the statement directly for n ≤ 4, using [11]. Now assume n ≥ 4. For each F-curve F
of the above types, choose different indices p, q, r so that πp,∗πq,∗F is nonzero and ψr · F = 0.
This is always possible since n ≥ 4. Again, following the same reasoning as in Theorem 10.18,
it suffices to check that the condition in Lemma 9.2 (2) holds with respect to p, q.

Case 1. F = F 0,1
5 (I, J) with J ̸= ∅

By Theorem 7.5, the divisor D = κ + δ1,J is nef and contracts F . Moreover, for the map
f : Nn → V3,n, we have

f(ψr) = −e0, f(D) = −e0 + (−1)|J |+1e1.

Hence, the condition in Lemma 9.2 (2) is satisfied.

Case 2. F = F 1,1
5 (I, J)

Assume that not both I and J are empty. Without loss of generality, we may assume J ̸= ∅.
Then we can take D = κ+ δ1,J , and the proof proceeds as in Case 1.

If I = J = ∅, let
D = κ+

2

3
δ1,∅ +

1

3
δ2,∅.

Then D is nef by Proposition 7.13 and contracts F . Moreover, for the map f : Nn → V3,n, we
have

f(ψ1) = −e0, f(D) = −e0 +
(
−1

3
+ (−1)n−1 2

3

)
e1.

Hence, the condition in Lemma 9.2 (2) is satisfied.

Case 3. F = F 0,2
5 (I, J)

By Theorem 7.5, the divisor D = κ + δ2,J is nef and contracts F . Moreover, for the map
f : Nn → V3,n, we have

f(ψr) = −e0, f(D) = −e0 + (−1)|J
c|+1e1.

Hence, the condition in Lemma 9.2 (2) is satisfied.

Case 4. F = F 0,1,1,1
6 (I, J,K,L)

This is a special case of Theorem 10.17 (1).
□

Now we consider the case of M4,n. Except for the exceptions in Theorem 10.2 (3) and the
cases covered by Theorem 10.12, we need to prove the regular extremality of the following
F-curves:

• F 0,1,1,2
6 (I, J,K,L), F 1,1,1,1

6 (I, J,K,L), and F 0,3
5 (I, J).

• F 0,1
5 (I, J) for J ̸= ∅.

• F 1,1
5 (I, J) for I, J ̸= ∅.

• F 0,2
5 (I, J) and F 2,1

5 (I, J) for (I, J) ̸= ([n], ∅).

Theorem 10.20. All of the above F-curves are regular extremal on M4,n.

Proof. The overall strategy is the same. As before, if n ≤ 3, the claim follows from the known
cases of the F-conjecture and [11], so we assume n ≥ 4. The following computation will be used
multiple times (cf. Lemma 9.3):

f(ψr) = −e0, f(κ+ δ1,J) = −e0 + (−1)|J |+1e1, f(κ+ δ2,J) = −e0 + (−1)|J |+1e2,

f

(
κ+

4∑
i=1

δi,∅

)
=
(
(−1)n+1 − 1

)
e0 +

(
(−1)n+1 − 1

)
e1 − e2,

f(κ+ δ2,∅ + δ4,∅) =
(
(−1)n+1 − 1

)
e0 − e2.

Note that all of these divisors are nef by Theorem 7.5 and Example 7.7. Moreover, in the proof,
we need to verify that the listed divisors contract certain F-curves; however, we omit this step
since the computation is evident from Theorem 2.2.
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Case 1. F 0,1,1,2
6 (I, J,K,L).

Choose p, q, r so that I ̸⊆ {p, q} and I ̸= {r}, which is possible since n ≥ 4. Then πp,∗F ,
πq,∗F , and πq,∗πp,∗F are all F-curves of the same type. Hence, to apply Lemma 9.1, it remains
to check that the condition in Lemma 9.2 holds, which reduces to verifying Lemma 9.2 (2) with
respect to p and q.

Note that

f(κ+ δ0,I + δ1,L∪i) =
(
(−1)|I|+1 − 1

)
e0 + (−1)|L|e1,

f(κ+ δ2,J + δ1,I∪j) = −e0 + (−1)|I|e1 + (−1)|J |+1e2.

These divisors are nef under certain condition, by Example 7.7 (4).
To conclude, we select in each situation three of the above divisors whose f -images gen-

erate V4,n (and, if n is odd, we may ignore e2). When J = K = L = ∅, this is covered by
Theorem 10.17 (2). If L = ∅ then at least one of J or K is nonempty (say J), so we can take

ψr, κ+ δ1,J , κ+

4∑
i=1

δi,∅.

If L ̸= ∅ and at least one of J or K is nonempty (again say J), we may choose

ψr, κ+ δ1,J , κ+ δ2,L.

When J = K = ∅ and L ̸= ∅, either |I| > 1 or |L| > 1, since n ≥ 4. In the first case, for any
i ∈ I we can use

ψr, κ+ δ0,I + δ1,L∪i, κ+ δ2,L.

In the second, for any l ∈ L we can take

ψr, κ+ δ2,L + δ1,I∪l, κ+ δ2,L.

In all subcases, these choices generate V4,n, and thus F 0,1,1,2
6 (I, J,K,L) is extremal.

Case 2. F 1,1,1,1
6 (I, J,K,L)

We proceed as in Case 1: choose any p, q, r and verify Lemma 9.2 (2) for p and q.
If at least three of I, J,K,L are empty, then the situation falls under Theorem 10.17 (1).

When exactly two sets are nonempty, say I and J , a suitable choice is

ψr, κ+ δ1,I , κ+
4∑

i=1

δi,∅.

If at least three sets are nonempty, say I, J , and K, we may take

ψr, κ+ δ1,I , κ+ δ1,I + δ1,J + δ2,I∪J .

In each case, the images of these divisors generate the required space, completing the argument.
Case 3. F 0,3

5 (I, J).
Choose p, q, r so that I ̸⊆ {p, q} and I ̸= {r}. We will check Lemma 9.2 (2) for p, q. Note

that

f(ψr) = −e0, f(κ+ δ3,J) = −e0 + (−1)|J
c|+1e1

and that ψr and κ + δ3,J are nef divisors. Since I ̸= ∅, we can apply Example 7.7 (1). Hence,

it suffices to find a nef divisor D2 that contracts F 0,3
5 (I, J) and whose e2 coefficient in f(D2) is

nonzero when n is even.
If J = ∅, we can use D2 = κ+

∑4
i=1 δi,∅, for which

f(D2) = −2e0 − 2e1 − e2

when n is even.
If |J | ≥ 2, choose j ∈ J and use

D2 = κ+ δ1,j + δ2,J\j + δ3,J ,
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where
f(D2) = −e0 +

(
1 + (−1)|J

c|+1
)
e1 + (−1)|J |e2.

Hence, from now on, assume J = {j}. If |I| ≥ 2, choose i ∈ I and use D2 = κ+δ0,I +δ2,{i,j},
where

f(D2) =
(
(−1)|I|+1 − 1

)
e0 − e2.

Thus, we may assume I = {i}. Finally, let D2 = κ+ δ1,Jc + δ2,Ic , where

f(D2) = −e0 + (−1)|J
c|+1e1 + (−1)|I|+1e2.

Note that, since n ≥ 4, this is a semigroup kappa divisor by Example 7.7 (4).

Case 4. F 0,1
5 (I, J) for J ̸= ∅.

Choose p, q, r so that I, J ̸⊆ {p, q} and I ̸= {r}; this is possible since n ≥ 4. Using ψr and
κ+ δ1,J , we can generate the space spanned by e0 and e1, so it remains to find a nef divisor D

contracting F 0,1
5 (I, J) whose e2-coefficient in f(D) is nonzero. If |J | ≥ 2, choose j ∈ J ; then

κ+ δ1,J + δ2,j∪I

works by Example 7.7 (4). If |I| ≥ 2, choose i ∈ I and

κ+ δ0,I + δ2,i∪J

suffices. If I = {i} and J = {j}, then
κ+ δ1,i + δ1,j + δ2,i∪j

is the desired divisor. Therefore, F 0,1
5 (I, J) is regular extremal.

Case 5. F 1,1
5 (I, J) for I, J ̸= ∅.

Choose p, q, r so that I, J ̸⊆ {p, q}. This is possible since n ≥ 4. Using ψr and κ + δ1,I , we
can generate the space spanned by e0 and e1, so it remains to find a nef divisor D contracting
F 1,1
5 (I, J) whose e2-coefficient in f(D) is nonzero. If I ∪ J ̸= [n], then

κ+ δ1,I + δ1,J + δ2,I∪J

works. If I ∪ J = [n], then |I| > 1 or |J | > 1. Without loss of generality, assume |J | > 1 and
choose j ∈ J . Then

κ+ δ1,J + δ2,I∪j

suffices by Example 7.7 (4). Therefore, F 1,1
5 (I, J) is regular extremal.

Case 6. F 0,2
5 (I, J) for (I, J) ̸= ([n], ∅).

Choose p, q, r so that I ̸= {r} and the image of F 0,2
5 (I, J) under πp, πq, π{p,q} is an F-curve

of the same type. If |I| ≥ 3, choose p, q, and r from I. If |I| = 2, choose p, r ∈ I and q from the
complement. If |I| = 1, choose all of the elements from Ic. This is possible since n ≥ 4.

We divide this case into subcases, and for each subcase, we choose three divisors whose
images under f generate V4,n, spanned by e0, e1, and e2. We can always take ψr for e0. If
J ̸= ∅, we may take κ+ δ2,J for e2, and we then need one more divisor for e1. If |J | ≥ 2, choose
j ∈ J and take

κ+ δ2,J + δ1,j∪I .

This is nef by Example 7.7 (4), contracts F 0,2
5 (I, J), and

f (κ+ δ2,J + δ1,j∪I) = −e0 + (−1)|I|e1 + (−1)|J |+1e2,

so it works. If |I| ≥ 2, choose i ∈ I and let

κ+ δ0,I + δ1,i∪J .

This is sufficient for the same reasoning. If I = {i} and J = {j}, then, since n ≥ 3, (δ2,j , δ3,i)
forms a semigroup. Hence,

κ+ δ2,j + δ3,i

is nef, contracts F 0,2
5 (I, J), and

f (κ+ δ2,j + δ3,i) = −e0 + (−1)ne1 + e2.
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Therefore, the case J ̸= ∅ is settled.
Now consider the case J = ∅. In this case, κ+δ2,∅+δ4,∅ accounts for the e2 term, so together

with ψr, we still need one more divisor for the e1 term. If |I| ≥ 2, choose i ∈ I and k ∈ Ic.
Since (I, J) ̸= ([n], ∅), such k exists. Then

κ+ δ0,I + δ1,{i,k}

works by a similar argument. If I = {i}, then by Proposition 7.15,

D := κ− 1

2
ψi +

1

2
δ2,∅ +

1

2
δ4,∅ +

1

2
δ1,{i}

is nef, contracts F 0,2
5 (I, J), and

f(D) =

(
1

2
(−1)n+1 − 1

2

)
e0 +

1

2
e1 −

1

2
e2.

This completes the argument.
Case 7. F 2,1

5 (I, J) for (I, J) ̸= ([n], ∅).
Choose p, q, r such that the image under πp, πq, π{p,q} is an F-curve of the same type. The

process is similar to Case 6, so we omit it.
Note that

f

(
κ+

1

2
δ1,∅ +

1

2
δ2,∅

)
= −e0 −

1

2
e1 −

1

2
e2.

This divisor is nef by Proposition 7.14.
To conclude, we select in each situation three of the above divisors whose f -images generate

V4,n. If I, J ̸= ∅, we can take
ψr, κ+ δ1,J , κ+ δ2,I .

If J ̸= ∅ and I = ∅, then
ψr, κ+ δ1,J , κ+ δ2,∅ + δ4,∅

works. If I = J = ∅, then
ψr, κ+ 1

2δ1,∅ +
1
2δ2,∅, κ+ δ2,∅ + δ4,∅

suffices. Finally, if J = ∅ and I ̸= ∅, since we already have ψr and κ + δ2,I , it remains to find
one more nef divisor D contracting our F-curve whose e1-coefficient in f(D) is nonzero. In this
case, I ̸= ∅ and Ic ̸= ∅, so choose i ∈ I and j ∈ Ic. Then (δ2,I , δ1,{i,j}) is a semigroup. Hence

D := κ+ δ2,I + δ1,{i,j}

is nef, contracts F 2,1
5 (I, J), and

f(D) = −e0 − e1 + (−1)|I|+1e2,

so this divisor works. All in all, F 2,1
5 (I, J) with (I, J) ̸= ([n], ∅) spans a regular extremal ray.

□

11. Proof of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. We begin with the case g = 2. The case n = 2 is already covered in
Section 5, so assume n ≥ 3. Define

F =
{
D ∈ Nef(M2,n)

∣∣ D · F 0
3 ([n]) = 0

}
,

and let E be the linear subspace of F in which the coefficient of −δ0,[n−1] is equal to the

coefficient of ψn. By Theorem 10.7, F is a face of Nef(M2,n) of codimension 1. Since ψn ∈ F ,

E is a proper subspace of F . Let f : M2,2 → M2,n be the map attaching a rational stable curve
with n marked points. Then, for any D ∈ F \ E, the divisor f∗D has the property that the
coefficient of ψ1 is not equal to the coefficient of ψ2. Moreover, since D · F 0

3 ([n]) = 0, we have
f∗D · F 0

3 ([2]) = b0,{1,2} = 0, so f∗D satisfies the condition of Theorem 3.1. Hence, f∗D is not
semiample, and therefore D is also not semiample.
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Now consider the case g ≥ 3. The proof is almost the same as above. Define

F =
{
D ∈ Nef(Mg,n)

∣∣ D · F 1
3 ([n]) = 0

}
,

which is a face of codimension ⌊g2⌋ by Theorem 10.9, and let E be the linear subspace in which
the coefficient of −δ1,[n−1] is equal to the coefficient of ψn. Since ψn ∈ F , E is a proper subspace

of F . Let f : Mg−1,2 → Mg,n be the map attaching a genus 1 stable curve with n marked points.
Then, by a similar argument, we can verify that if D ∈ F \ E, we may apply Theorem 3.1 to
f∗D and deduce that D is not semiample. □

Proof of Corollary 1.2. As above, let

F =
{
D ∈ Nef(Mg,n)

∣∣ D · F 1
3 ([n]) = 0

}
,

and let E be the linear subspace in which the coefficient of −δ1,[n−1] is equal to the coefficient
of ψn. Moreover, define

Cn :=
{
F 1
3 ([n]), F

1,i
5 ([n], ∅)

∣∣∣ 1 ≤ i ≤ g − 2
}
,

as in the proof of Theorem 10.9. Let C be the intersection of NE1(Mg,n) with the subspace
generated by Cn. By the proof of Theorem 10.9, since Cn generates a ⌊g2⌋-dimensional subspace

and I(Cn) = ⌊g2⌋, C is a ⌊g2⌋-dimensional face of NE1(Mg,n).

Assume there exists a projective contraction f : Mg,n → X whose relative closed cone
of curves is C. Let D = f∗OX(1). Then D ∈ F and D is semiample, so by the proof of
Theorem 1.1, D ∈ E. Write

D = aλ− birrδirr +
n∑

i=1

b0,iψi −
∑

bi,Iδi,I .

Since D ∈ E,

b1,[n] = 0, b0,n = b1,[n−1],

hence

D · F g−1,0
5 (∅, n) = bg−1,∅ + b0,n − bg−1,n = b1,[n] + b0,n − b1,[n−1] = 0.

Therefore, f also contracts F g−1,0
5 (∅, n). It is straightforward to see that F g−1,0

5 (∅, n) ̸∈ C, so
such f does not exist. □

Now we will prove that, in positive characteristic, F 1
3 ([n]) on M3,n is contractible, i.e., there

exists a projective contraction f : M3,n → X whose relative closed cone of curves is exactly the
extremal ray spanned by F 1

3 ([n]).

Theorem 11.1. Assume that the base field has positive characteristic. Then there exists a
divisorial contraction f : M3,n → X of relative Picard number 1, whose relative closed cone of
curves is precisely the extremal ray spanned by F 1

3 ([n]). More precisely, f is an isomorphism
outside ∆2,∅ and restricts to the projection

∆2,∅ ≃ M2,1 ×M1,n+1 → M2 ×M1,n+1

on ∆2,∅.

Proof. First, we prove all assertions except the last. We proceed by induction. Consider first
the case n = 1. By the proof of Theorem 5.6, the face of the nef cone contracting F 1

3 ([n]) is
generated by

λ, 12λ− δirr, ψ1, 10λ− δirr + 2ψ1 − 2δ1,∅.

The first three divisors are semiample by the proof of Proposition 7.16. Hence, to prove the
existence of such a contraction, it is enough to show that there is another divisor in this cone
that is also semiample. Let D be any divisor in the interior of the cone. Then D intersects
positively with every F-curve except F 1

3 ([1]), so by a known case of the F-conjecture, D− ϵ δ1,[1]
is ample for sufficiently small ϵ > 0. In particular, the exceptional locus of D is contained in
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∆1,[1], so by [32], it is enough to prove that D|∆1,[1]
is semiample. This follows from Lemma 7.4

and Proposition 7.16.
Now consider the induction step. We need to produce a codimension-1 subcone of the nef

cone, intersecting trivially with F 1
3 ([n]), consisting entirely of semiample divisors. The proof

is exactly the same as the proof of Theorem 10.8, using the fact that ψi and semigroup kappa
classes are semiample (cf. Theorem 7.5).

Now we prove the last assertion, which implies that f is divisorial. It suffices to show that
an integral subcurve C ⊆ M3,n is contained in a fiber of

M2,1 ×M1,n+1 −→ M2 ×M1,n+1

if and only if its class in A1(M3,n) is proportional to F
1
3 ([n]).

Let C be an integral curve contained in a fiber. Then C = C0 × {p} for some integral
subcurve C0 ⊆ M2,1 contracted by π : M2,1 → M2. Since the Picard rank of M2,1 (resp. M2) is
3 (resp. 2), the classes of such curves are proportional. Noting that F 0

3 ({1}) is contracted by π,
we see that [C0] is proportional to [F 0

3 ({1})]. As C is the image of C0 under the clutching map
attaching the curve corresponding to p, it follows that [C] is proportional to [F 1

3 ([n])].
Conversely, let C be an integral curve on M3,n whose class is proportional to [F 1

3 ([n])]. Since

δ2,∅ · F 1
3 ([n]) = −1,

we have

δ2,∅ · C < 0,

so C is contained in ∆2,∅ ≃ M2,1 ×M1,n+1.

Let π1, π2 be the projections from M2,1 ×M1,n+1. We claim that π2(C) is a point, hence C
is of the form C0 × {p}. This follows from

D · π2(C) = π∗2D · C = 0

for every D ∈ Pic(M1,n+1).

Let i : M2,1 ×M1,n+1 → M3,n be the clutching map. Define

S = {δ0,I | |I| ≥ 2, I ⊆ [n]} ∪ {δ1,I | I ⊊ [n], I ̸= ∅} ∪ {ψi | 1 ≤ i ≤ n} ∪ {λ}.

Note that each D ∈ S can be regarded both as a divisor on M3,n and on M1,n+1. To avoid

confusion, view S as divisors on M3,n and let S′ be the corresponding set on M1,n+1; for D ∈ S
denote by D′ ∈ S′ the corresponding divisor. For D ∈ S, we have D · F 1

3 ([n]) = 0, hence
D · C = 0. Moreover, for D ∈ S \ {λ},

i∗D = π∗2D
′

on M2,1 ×M1,n+1. Therefore

D′ · π2(C) = π∗2D
′ · C = i∗D · C = D · C = 0.

For λ,

0 = λ · C = i∗λ · C = (π∗1λ+ π∗2λ) · C.
Since both π∗1λ and π∗2λ are nef, we obtain

λ · π2(C) = π∗2λ · C = 0.

Hence, for every D′ ∈ S′,

π∗2D
′ · C = 0.

To finish the claim, it remains to show that S′ spans Pic(M1,n+1). By [3, Theorem 4(c)], the

boundary divisors span Pic(M1,n+1). Among the boundary divisors, all except δ0,[n+1] lie in S′

since 12λ = δirr. Moreover, ψ1 ∈ S′, so [3, Theorem 4(c)] yields

δirr + 12 δ0,[n+1] ∈ SpanS′.

Thus S′ spans Pic(M1,n+1), proving the claim.
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Consequently, C = C0 × {p} for some integral curve C0 ⊆ M2,1. Since λ and 12λ − δirr
intersect trivially with F 1

3 ([n]), their pullbacks to M2,1 intersect trivially with C0. But these

two classes span π∗Pic(M2) ⊆ Pic(M2,1). Therefore, C0 is contained in a fiber of π : M2,1 → M2.
□

12. Further Questions

In this section, we revisit some questions previously presented in the body of the paper,
along with several new ones introduced here. They are organized into four themes.

12.1. Non-semiample nef divisors on Mg,n. In this subsection, we assume that the charac-
teristic of the base field is 0.

Theorem 1.1 shows that a large portion of the nef cone of Mg,n is non-semiample, and that if
g = 2 or 3, the subset of non-semiample nef divisors attains the smallest possible codimension.
Hence, a natural question arising from Theorem 1.1 is Question 5.7, which asks whether the
same is also true for higher genus. Unfortunately, the non-semiampleness criterion Theorem 3.1
does not appear to be sufficient for answering the question when g ≥ 4, since it requires the
divisor to contract a type 3 F-curve. Therefore, to address this question, one would need to
find other examples of non-semiample nef divisors that can be utilized in this context, such as
the divisor on C × C used in the proof of Theorem 3.1.

The following question about semiample divisors on Mg,n is natural, as the answer is known
in other cases.

Question 12.1. Is every nef divisor on M0,n, M1,n, and Mg semiample?

Question 12.1 for M0,n is considered in [20, 38], and it is known to hold for n ≤ 6, since

M0,n is log Fano for this range, as well as for symmetric divisors when n ≤ 19 by [38]. The

case of Question 12.1 for Mg was posed in [18]. The author is not aware of other sources that

have posed Question 12.1 for M1,n. The motivation for this question is to find a non-semiample
divisor that is unrelated to ψ-classes. Note that Theorem 3.1 originated from the proof of the
non-semiampleness of ψ-classes for higher genus in [32], whereas ψ-classes are semiample in
genus 1 by Theorem 4.1.

12.2. Semiample divisors in positive characteristic. Thanks to [32], it is easier to prove
the semiampleness of certain divisors in positive characteristic, and indeed, there are more
semiample divisors in positive characteristic. This naturally leads to the following question.

Conjecture 12.2. Over a field of positive characteristic, every nef divisor on Mg,n is semiample.

If true, this conjecture would reveal a drastic difference in the nature of Mg,n between
characteristic 0 and positive characteristic. We note the following fact regarding Conjecture 12.2.

Proposition 12.3 (char k ̸= 2). Conjecture 12.2 for genus 0 implies Conjecture 12.2.

Proof. We proceed by induction on dimMg,n. Let D be a nef divisor on Mg,n. Since the
conjecture is known for g = 0, we may assume g ≥ 1. If g ≥ 2, then by [26, Theorem 0.9], either
D = π∗iD

′ for some projection map πi, or D is big and the exceptional divisor is contained in

the boundary of Mg,n. In the first case, since D′ is also nef, the induction hypothesis implies
that D is semiample. In the second case, by [32, Theorem 0.2], it suffices to prove that the
restrictions of D to boundary divisors are semiample. By Lemma 7.4, it is enough to show that
the pullbacks of D along the attaching maps θ : Mg′,n′ → Mg,n and ξ : Mg−1,n+2 → Mg,n are
semiample. This also follows from the induction hypothesis.

The case g = 1 is almost the same, except that in the first case we have D = π∗1D1 + π∗2D2,
where π1 : M1,n → M1,S and π2 : M1,n → M1,Sc , and D1 (resp. D2) is a nef divisor on M1,S

(resp. M1,Sc). □
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12.3. Modular interpretation of morphisms defined by semiample divisors. In Re-
mark 6.7, we motivated Question 4.3 by relating it to contracting an F-curve on M1,n. There
is another motivation for seeking a modular interpretation of other morphisms associated to
semiample divisors. As mentioned, many divisors are semiample only in positive characteris-
tic; for example, ψi is such a case by [32]. However, to the author’s knowledge, the modular
interpretation of morphisms corresponding to ψi is not known, except in genus 0, where the
corresponding map is given by Kapranov’s construction [29, 30]. If we could obtain a modular
interpretation of such morphisms defined only in positive characteristic, we might uncover the
origin of this difference.

A good analogue in the moduli of abelian varieties is the complete subvariety problem [27].
In that setting, there are more complete subvarieties of Ag in positive characteristic, given by
the locus of abelian varieties with p-rank 0. Here, the difference arises from the p-rank, which
is meaningful only in positive characteristic.

Regarding this, we ask for the modular interpretation of the morphism corresponding to
semigroup kappa divisors (cf. Question 7.9). Moreover, it would be interesting to find a modular
interpretation of the morphism on M3,n that contracts only F 1

3 ([n]).
Finally, we note that in [45], the authors observed that the effectiveness of a divisor class

depends on the characteristic of the base field.

12.4. Extremality of boundary strata of higher codimension. There is a body of litera-
ture devoted to extremal cycles of Mg,n. However, relatively little is known in the case of higher
codimension (see, e.g., [4, 40]). One of the obstacles is that, unlike in low codimension, there
are many relations between higher-dimensional boundary strata, which makes the investigation
significantly more complicated.

In this paper, we focus on the special case of 1-dimensional boundary strata, namely, F-
curves. We study this case using the dual cone of nef divisors of Mg,n. However, even in this
setting, the case of type 5 F-curves (cf. Conjecture 10.10) remains unresolved, and for the type 6
case, we do not even have a conjectural description of the extremal curves. Hence, the following
question is worth investigating.

Question 12.4. Which of the boundary strata of Mg,n are extremal?
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