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Abstract

We study the minimization, under a volume constraint, of the first eigenvalue of the Lamé
system in RY. We first prove the existence of an optimal domain in the class of quasi-open
sets and show that, in the physically relevant dimensions N = 2 and N = 3, every optimal
domain is open. We then derive first and second-order optimality conditions. In dimension
two, these conditions imply that the disk is not optimal when the Poisson ratio is below a
certain threshold, whereas it is a local minimizer above this threshold. We further prove
that the disk is not optimal for all Poisson ratios v satisfying v < 0.4.
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1 Introduction

The Faber—Krahn inequality is one of the most fundamental results in spectral geometry. It
states that, among all sets of a given volume (in any dimension), the ball uniquely minimizes
the first eigenvalue of the Dirichlet-Laplacian, see [24], [34]. Similar results are known for other
boundary conditions. For instance:

e the ball maximizes the first non-trivial eigenvalue of the Neumann—Laplacian, by the
Szegd—Weinberger inequality [43] 44];

e the ball minimizes the first eigenvalue of the Robin—Laplacian when the boundary param-
eter is positive, by the Bossel-Daners inequality [2], [17];

e the ball maximizes the first non-trivial eigenvalue of the Steklov—Laplacian, by Brock’s
inequality [5].

In all of these problems, a volume constraint is imposed. For further discussion on eigenvalue
optimization problems, see [29], [30].

For systems, the corresponding minimization and maximization problems are much less
understood. In contrast with the scalar cases recalled above, the ball need not be an extremal
domain. This issue has recently been studied for the Stokes operator. In three dimensions,
the ball is known not to minimize the first eigenvalue among sets of prescribed volume. In two
dimensions, however, the disk is a local minimizer and is conjectured to be a global minimizer.
A numerical investigation of this problem is given in [38].

Another operator that has received considerable attention is the curl operator; see [12| 13|
20, 23 22]. These works study several properties of possible optimal domains and show, in
particular, that the ball does not minimize the first eigenvalue. In [23], the authors prove, under
suitable regularity assumptions, that an optimal domain cannot be axially symmetric. It is
conjectured in [I2] that the optimal domain is a spheromak, namely a torus in R? whose central
hole is shrunk to form an almost spherical shape, often compared to a cored apple.

In the recent paper [35], the authors investigate the Maxwell operator (or vectorial Laplacian)
with the boundary condition v x ¥ = 0. They demonstrate that, in three dimensions, the
ball is neither a minimizer nor a maximizer for the first eigenvalue under volume or perimeter
constraints. Specifically, the authors show that the infimum of the first eigenvalue is zero, while
the supremum is 400 under both constraints.

In this article, we focus on the Lamé system with Dirichlet boundary conditions, a funda-
mental model in linear elasticity. Let {2 be a bounded open set in RY. We denote by H}(Q)V
the space of vector fields u = (uy,...,un) such that each component u; belongs to the Sobolev
space H}(9).



The first eigenvalue of §2 for the Lamé system is defined by

AQ) =  min  PalVePdrt O fo(diviw))? de

, 1.1
weH} (Q)N\{0} Jo lul?* dz 1)

where A, i are the Lamé coefficients that satisfy p > 0, A\ + p > 0. In the previous expression,
|Vu|? denotes |[Vui|? + ... |Vuy|? and |u|? denotes u? + ... u%,. The associated PDE solved by
the minimizer v is

{ —pAu — (A + p)V(div(u)) = Au in Q, (1.2)

u=0~0 on Of).

We will explain below that a natural motivation for introducing the first eigenvalue A arises
from the famous Korn inequality. In that context, let us mention the paper [37] where optimal
constants for the Korn inequality are also computed but under tangential boundary conditions.
It is convenient to introduce the Poisson ratio v, which is related to the Lamé parameters
by
Ev E
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where F is the Young modulus and v € (—1,0.5) (for many materials v € [0.2,0.4]). Dividing
A by u leads to the ratio

(1.3)

Atp 1
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so that the minimization problem essentially depends on the Poisson ratio v. In some works,
such as [33], the eigenvalue is written as

AQ,a):=  min [ IVul? da + a [, (div(u))? da

, 1.4
weH (2)N\{0} Jo lul? dz (14

where a stands for 1/(1 —2v). To make the underlying physics more apparent, we will explicitly
retain the Lamé parameters and the Poisson coefficient in our paper.
Thus, this paper is dedicated to the study of the following shape optimization problem:

inf{A(Q),Q c RY bounded , || = Vp} (1.5)

or equivalently (since A(tQ2) = A(Q)/t?) to the unconstrained optimization problem
inf{|Q¥VA(Q),Q c RV (1.6)

Here |Q| denotes the Lebesgue measure of the open set (or quasi-open set) 2. The precise
definition of quasi-open set will be given at the beginning of Section

In Section[3] we first prove an existence result in the class of quasi-open sets, in any dimension.
The proof follows a concentration-compactness strategy, classical in that context, adapted here
to the vectorial setting. We then obtain a regularity result: in dimensions 2 and 3, every optimal
domain is open. This is proved by relating the constrained minimization problem to a penalized
one and by introducing Lamé quasi-minimizers, for which we establish global Holder continuity.
Note that this regularity result has been recently generalized by R. Frank, see Remark Our
first main result is therefore the following.



Theorem 1.1. There exists a quasi-open set Q* solution of (1.5) or (1.6). Moreover in dimen-
sion N = 2 and N = 3 this set is open and any eigenfunction associated with the eigenvalue
A(Q*) belongs to €O(RN) for all a <1 if N =2, and for all « < 3 if N = 3.

In Section [4, we derive first and second order optimality conditions by calculating the first
and second shape derivatives of the eigenvalue. These computations prove to be particularly
useful in the subsequent Section |5, where we examine the potential optimality of the disk in two
dimensions. In this context, we are able to prove:

Theorem 1.2. If the Poisson coefficient v is less than 0.4, the disk is not the minimizer of A
(among sets of given area).

The proof involves several steps. First, we explicitly compute the first eigenvalue of the disk,
which is a non-trivial task, and show that if v < 0.349..., the first eigenvalue is double. This
finding allows us, through a straightforward variational argument, to conclude that the disk
cannot be optimal in this case. It is worth noting that the value 0.349... is explicitly related to
the first zero of the Bessel function J; and its derivative.

Next, in Section we identify explicit rthombi that yield a better first eigenvalue than the
disk for the range 0.349... < v < 0.3878.... We further extend our analysis by considering
suitable rectangles in Section [6.2}

For these rectangles, the first eigenvalue cannot be computed explicitly, but suitable test
functions provide sharp enough upper bounds to rule out the disk as a minimizer for v < 0.4. For
0.4 < v < 0.5, our analytical arguments do not settle the question of global minimality. However,
in Section [5.3] we prove that, once the first eigenvalue is simple, namely for v > 0.349..., the
disk is a local minimizer. This follows from the non-negativity of the second shape derivative,
together with an estimate of the associated quadratic form in terms of the H'-norm of the
perturbation.

Finally, we present heuristic arguments suggesting that there exists a threshold v* such that
the disk could be a minimizer when v* < v < 0.5. This conclusion is based on the property that
the Lamé eigenvalue I'-converges to the Stokes eigenvalue as v — 1/2, in conjunction with the
previously established local minimality of the disk.
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2 DMotivation and elementary comparisons

2.1 Reminders on the Korn inequalities

Let Q denote any bounded open set in RY. For u : @ ¢ RY — RY we denote by e(u) the

symmetric gradient defined by
Vu + Vul

e(u) := 5

Let us recall two standard Korn inequalities.

Theorem 2.1. For all u € H}(Q)V, one has
|Vl 20y < 2[le(u)llr2(q), (Korn)

and
lullz2(0) < C(Q)[le(w)]| 2 (q)- (Poincaré-Korn)

Moreover we can take C(Q) = 2/A\P(Q), where AP () is the usual scalar first eigenvalue for the
Dirichlet Laplacian.

Proof. A straightforward integration by parts gives, for every u € C°(2,RV),

/Q|e(u)|2dx _ % </Q Yl + (div(u))2) . (2.1)

Inequality (Korn)) follows immediately. Notice that here the constant does not depend on €.

To prove (Poincaré-Korn)), we combine (Korn|) with the Poincaré inequality, applied to a

scalar function v € H}(€Q):
)\1(9)/ v? dr < / \Vo|? da.
Q Q

We deduce that, for u = (uy,ug,...uy):

N[

JoleW)P s 3 (gl VUl + (div()?) (o ﬁnww)
[ u? dx Jo 2o zlul I Y Zlul
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=
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Therefore, looking at the best constant in the (Poincaré-Korn|) leads us to compute the
eigenvalue A defined in ([1.1)) for the particular choice p =1/2 and A = 0.



2.2 Link with other eigenvalues
2.2.1 Link with the eigenvalues of the Stokes operator

For ©, a bounded open set, let us introduce the so-called Dirichlet Stokes first eigenvalue

)\%tokes (Q) by

\V/ 2
AStokes()) .= inf Miui
we(H @)} Jq lul
div(u)=0 in Q
We immediately deduce:
paStekes () > A (Q). (2.2)

Aftokes(Q) is performed over a subspace of HE(Q)" on which

Indeed, the minimization defining
the divergence term vanishes.

In some sense, the divergence term may appear as a penalization term, in particular when
the Poisson coefficient goes to 1/2 (or equivalently when the Lamé coefficients are such that
(A+p)/p — +00). We will make this more precise in Section[7]by proving the strong convergence
of the Lamé operator to the Stokes operator when v — 1/2. This will be done by means of

I'-convergence.

2.2.2 Comparison with Dirichlet Eigenvalues

We recall here some results already obtained, for instance, in [33]. Throughout this subsection,
AP (Q) denotes the first eigenvalue of the Dirichlet-Laplacian.

Proposition 2.1. For any bounded domain ), one has

A+ (V+1Dp)

pAP (Q) < A(Q) < ¥

2. (2.3)

Moreover,

L AQ)
f =
o AP

and is achieved by a sequence of thin cuboids shrinking to a line.

Remark 2.1. From the left inequality in (2.3) and the famous Faber-Krahn inequality, we
observe that
QPNAQ) > pQPVAP(Q) > 1R 14

where jn/a—1,1 1S the first zero of the Bessel function Jy/o_1. Thus we see that the infimum in

(1.6]) is strictly positive.

Proof. The inequality
IAP(Q) < AQ)

follows the chain of inequalities that appear in the proof of Theorem (multiplied by u instead
of 1/2).

Now we demonstrate that the inequality must be strict. Indeed, assuming that puAP(Q) =
A(€Q) and applying the previously established chain of inequalities, we observe that each u; must
be a Dirichlet eigenfunction associated with A\P(2). Since div(u) = 0 as well, Lemma [2.1| below
gives a contradiction. This proves the strict inequality.



We now prove the upper bound. For that purpose we consider u; being the (normal-
ized) Dirichlet eigenfunction associated to A1(€2) and we consider the vector test functions
(0,0,...,u1,0,...) composed of null functions except u; in i-th position. Then
_ ol Vurl® do + (A + ) o (Orn)? da
a Jout dx '

Summing these N inequalities yields

A(Q)

NA(Q)gN,u/ |V |? d:v+()\+,u)/ IVur|? dz = (A + (N + Dp)AP,
Q Q

which finishes the proof of ({2.3)).
Let us now prove the last assertion. For that purpose, we consider the cuboid Q7 = (0, L) x
Hf\i 5(0,1) and take a first Dirichlet eigenfunction of Q, namely

u1(X) = sin (w%) | sin(7mx;).

N
=2
We will use the fact that

1
M) =m*(N -1+ 73)-

Now, we plug in the Rayleigh quotient defining A(Q7) the vector u = (uq,0,...,0). Since

L
Q 2

Lr? 1 L
2 _ 2 _ _ D
/QLWu da:/QLWul dx = SN (N_1+7L2>*72N)‘1 (Qr)

2
. 9 oo L
/QL(CIIV(U)) d.fL' = §27N

we deduce that

2

P AP (L) + (A + 1) 55 T
L

A(Qp) <
oN

or 2

A(L) < AP (@) + A+ p) e o
and finally letting L. — 400 we conclude that

A(Q
W 3P

as claimed in the proposition. O

Lemma 2.1. Let u = (uy,us,...,uy) be a N-uple of functions in H}(). Then, if div(u) =0
and for all i, u; = azuy for some a; € R, it follows that uy and then all the u; are identically
zero. In particular, if Q is connected and all the u; are eigenfunctions associated to the first
eigenvalue AP (Q), it is not possible that div(u) = 0.



Proof. From the assumptions div(u) = 0 and u; = a;u; we deduce that u; satisfies

6U1 6u1
— + a,— =0
83:1 - ! 8901
which means that u; must be constant on all affine lines directed by (1, ag,...,ay). Since all

those lines touch the boundary of 2, from the Dirichlet condition on u; we deduce that u; must
be identically 0.

The last assertion comes from the fact that the first Dirichlet eigenvalue (for the Laplacian) of
a connected domain is simple. O

3 Existence and regularity

3.1 Existence of an optimal quasi-open set

In this section, we fix the Lamé coefficients to be p = 1/2 and A = 0, which corresponds to
Korn’s inequality. This choice does not affect the existence proof, since the general case only
changes the energy by positive multiplicative constants, but it simplifies the notation.

We prove the existence of an optimal shape in the class of quasi-open sets, using a concentration-
compactness strategy introduced by Lions [39]. This method has been used for shape optimiza-
tion problems involving the Laplace operator, first by Bucur and later by several other authors
(see [0, [8 7, 20]). Recently, this strategy has also been applied to the Stokes operator [31]. We
denote by Cap(A) the H'-capacity of A (for instance the Bessel capacity Cap; 5). A set A C RN
is said to be quasi-open if, for every £ > 0 there exists an open set ). such that A C €. and
Cap(2: \ A) <e. We first introduce the class

O := {Q c RN quasi-open such that 0 < Q| < +o0}.

In the sequel the term capacity will always refer to the Cap, o-capacity. Moreover, a property
that holds outside a set of zero Capacity will be said to hold quasi-everywhere, or g.e. in short.

The space H} () is defined as functions v € H'(RY) such that u = 0 quasi-everywhere on
Q°. Notice that a domain Q € O is not necessarily bounded. However, the space Hi(Q) is
known to be a closed subspace of H!(R") which is compactly embedded into L?(RY), when
|©2] < oo (because by definition of being quasi-open there exists an open set E with |E| < +o0
such that Q C E thus HZ(Q) C H}(E) and the standard compact embedding of HJ (E) into L?
applies).

Notice also that thanks to Proposition below, the space of all u € LQ(Q)N such that
e(u) € L?(2) and u = 0 q.e. in Q° coincides with the space HE(Q)V.

Then we can relax the definition of A(Q2) for Q € O by considering

2

d

A(Q):= min IRNLU)J:E.
ueH ()N fRN |u|? dx

Notice here that 2 is merely quasi-open and not necessarily open, but the definition coincides
with the standard one when 2 is open.

Also, it is easy to check that the minimum in the definition of A(Q2) is achieved by an
HE () function, thanks to the compact embedding of H(£2) into L2(RY) and the semicontinuity
behavior of the convex functional u — [pn |e(u)[? dz for the weak topology of H'.



In the sequel we will need the famous Korn inequality but now in the whole R, in particular
valid for u € H}(Q)Y with Q € O quasi-open, as stated in the following proposition.

Proposition 3.1 (Korn inequality in RY). Ifu € L2(R™)Y is such that e(u) € L?(RY RV*N),
then u € HY(RN)N and

2 = 2 iv(u))? dx. .
géNkwﬂ<m—iéNWm|+ﬁi())d (3.1)

Proof. Let R > 0 be given and let pr € [0, 1] be a cut-off function such that ¢r = 1 on B(0, R),
vr =0 on B(0,2R)¢ and

1
<C=.
|Vog| < CR

Then the function ug := ¢ru clearly belongs to H}(B(0,2R))Y and applying ([2-1) we deduce
that the equality in (3.1)) holds true for the function @ ru. For simplicity we will by now denote
by ¢ the function ¢r. Notice that for a smooth function,

uiajgo + ujf)igo

T+ pe(w)ig,

e(pu)ij =
so pointwisely in RY it holds the following estimate

le(up)| < [ul[ Vel + |plle(u)] < S lul + [e(u)],

ZU\Q

. C .
|div(up)| < 5 lul +|div(u)],

C
V(up)| < Flul +[V(u)].
The above remains true in H' by approximation by smooth functions. Recall also that up = u

in B(0,R). Now applying (2.1) in B(0,2R) to the function pu we obtain in particular the
inequality

/ WWWms/ HWWM<Q/ ()’ + mlul dr,
B(0,2R) B(0,2R)

which leads to

/ Nm%m<c/ e(w)? + o ful? de. (3.2)
B(0,R) B0, R) R

Thus passing (3.2) to the limit, and using that e(u) € L*(RY) we can use Fatou lemma
to get first Vu € L2(RY), thus u € H'(RV)N. Once this is known, we compute again more
precisely to derive identity on RY. Indeed, we know that

2/ le(u)]? do = / |Vu|? + (div(u))? dez + E(R), (3.3)
RNNB(0,R) RNNB(0,R)



with

BR)| < S uf? da+C [
R* J(0,2r)\B(0,R) B(0,2R)\ B(

We now let R — 400 which yields,

|Dul|? da.
0,R)

E(R)] — 0,
R—+o00

because we know that u and Vu € L?(RY™). The monotone convergence theorem allows to
conclude that

2/ le(u)[? dz — / Vul? + (div(w)? da,
RN RN
and the proposition follows. ]

The purpose of this section is to prove the following result.

Theorem 3.1. For all V > 0 there exists a solution for the problem

min A(Q).
QeO such that |QI<V
Proof. The proof follows the same approach as in [31] reasoning on the scalar function |u| and
using the concentration-compactness strategy of Lions [39]. More precisely, we let Q be a
minimizing sequence with [Qx| <V and we consider wy, := |uy| where wuy, is a chosen normalized
eigenvector for A(€2). In other words, [|w|[z2@~) =1 and by Proposition

/ Vuw? dz < / Vugl? do < 2/ le(ug) 2 dz = 2A(Q%) < Co, (3.4)
RN RN RN

so that wy, is uniformly bounded in H'(R™). Let Qj, : R — R* be the sequence of concentration
functionsﬂ defined by

Qr(R) := sup / lug|? dz.
yERN J B(y,R)

Then Qf is a sequence of nondecreasing functions on R which are uniformly bounded by 1. By
Dini’s theorem, up to extract a subsequence (not relabelled), (Qr)r admits a pointwize limit
function which is nondecreasing, bounded by 1, and that we denote @ : Rt — R*. Then we let

o= RETOOQ(R) € [0,1].

The value of « is usually referred to the “maximal concentration”. Depending on the value of «,
we know that one of the following occurs by the concentration-compactness principle of Lions
[39, Lemma I.1].

e If o = 1: Compactness: There exists a sequence (y)ren such that |wg|?(- —y) is tight:

Ve > 0,3R < +o0,Vk / w? dr>1—e.

! According to Lions [39] this notion was first introduced by Lévy.

10



e If o € (0,1): Dichotomy: There exist (yx)ren and two sequences of positive radii (Rg)g,
(R},)k satisfying
R}, — Ry — +oo and Ry, Rj, — +o0,

and such that

/ wi — a, / wi — 1 — o (3.5)
B(yk,Ry) B(yx,R})°

e If o = 0: Vanishing. For every R > 0,

lim sup / w,% =0.
h=rteo yerN J B(y,R)

As usual, our aim is to prove that only the compactness case can occur, by ruling out the
two other cases. Let us first prove that the compactness situation implies the desired existence.

Step 1. Compactness implies existence. We consider the sequence of translated functions
up(- — yi) that we still denote by ux. We know by assumption that this sequence is uniformly
bounded in H'(R™)Y thus admits a weakly converging subsequence. Since H!'(R™)¥ is com-
pactly embedded in LIQOC(RN )N using a diagonal argument we can extract a subsequence (not
relabelled) and a function u € L} (RY)Y such that uy — u strongly in L2 _(RM)N and weakly
in HY(RV)N. Now we use that (wy); is in the situation of compactness, and in particular for

every € > 0 there exists R > 0 such that
vk, / lup|? de > 1 —«.
Br

Passing to the limit and using the convergence of uy in L?(Bg) we deduce that [ Br lul|? do >
1 — &, which means in particular that

/ lul? de > 1 — ¢,
RN

and since ¢ is arbitrary, we finally get f]RN |u|?> dz > 1. But of course the reverse is also true so
in conclusion ||ul 2gny = 1. But we already knew that uy, was converging weakly in L*(RM) to
u. We just have proved that the sequence of norms are also converging so finally uy converges
strongly in L%(RY) to u. Passing to the limit in the Rayleigh quotient, strongly in L? for wy
and weakly in L? for e(uy,) we deduce that

Q) _ fRN ‘C(U)P dx

in = 3.6
Q€O such that |Q|<V f]RN ’U,P dx ( )

Let us denote 2 = {|u| > 0}, which is a quasi-open set, and from the equality in we know
that u must be an eigenfunction associated to A(€2). Furthermore, since [py |u[* dz = 1 we
know that |©2] > 0. We can also assume that |uy| converges a.e. in RY to |u|. This implies, for
a.e. x € RV,

Lfju>oy (z) < liminf L, 503 (2),

11



and since [{|ug| > 0} <V, we deduce by Fatou Lemma that |Q2| < V and finally 2 is a solution.

Step 2. Vanishing does not occur. This case is easy to exclude by standard arguments. Indeed,
Lemma 3.3 in [I0] says that up to a subsequence, wy(- — yx) does not weakly converge in
HYRN)N. But this is a contradiction with the uniform bound in (3.4). Indeed, together with
the fact that |Jwg||2 = 1, we obtain that that wy, is uniformly bounded in H'(R™)¥ thus would
admit a weakly converging subsequence, which is not possible.

Step 3. Dichotomy cannot occur. Assume that (wg)rey is in the dichotomy situation. Then
the idea is to split the minimizing sequence in two disjoint pieces. For that purpose we define
n = (R}, — Ri)/4 and then we construct two cut-off functions: the first one ¢y 1 supported
in B(yk, Ry + 2n;) is such that ¢, ; = 1 in B(yg, Ri), and the second one ¢y equal to 1 in
B(y, Rj, — )¢ and 0 on B(yx, R}, — 2n;) satisfying

Vo1l + [Vora| < C/n — 0.

Next, we define
Vg1 = Qriur  and Vg2 = Qf 2U.

We want to prove that the sum vy 1 +vi 2 has almost the same L? norm as the original function
uy, because wy, is in a dichotomy situation. Let us define the annulus Ay := B(yg, R},)\ B(yk, Rk)-
Because of (3.5 and the fact that ||wg|2 = 1 for all k, we directly get

/ lwg|* dz — 0,
Ak

and since |ug| = |wg| we also have for i = 1,2,

/ |uspri|* da < / lup|? do = / lwg|* dz — 0.

/ v |* do = / lwi.|? da +/ lukpra|> — (3.7)

/ |vg2|? do = / lw.|? da —i—/ lurpral® = 1 — . (3.8)

Then we want to estimate the difference of the symmetrized gradients. Recall that, as already
used before, pointwisely in RY it holds the following estimate

We deduce that

1
le(upr,)l < [ul|Veora| + |eralle(ur)] < %W + le(ur)|
and the same holds true for vy o,
1
le(urpr2)] < —|ul 4 |e(ur)].
Nk
Taking the square we get, for i = 1,2,
2 1 2 1 2
le(vg,)|” < ?!uk! + 2%|w|16(uk)l + Jeur)|”. (3.9)

k

12



Now remember that vy 1 and vy 2 have disjoint support, and that their sum coincide with wuy,
outside A, in which we can use (3.9) to estimate

/ ]e(uk)\Q dx—/ \e(vkyl)\Q de — / |e(vk’2)|2 dx
RN RN RN

1 1
> _2/'2mui+2mgwwwyMa (3.10)

Since ik — 0 and both uy, and e(uy,) are uniformly bounded in L?, we deduce that the term on
the right-hand side converges to zero thus

lim inf/ le(ug)|? dz — / le(vg1)|* do — / le(vg2)|* dz > 0. (3.11)
RN RN RN

k——+o00

This allows to compare the Rayleigh quotient of u; with the one of vy 1 + vi 2. More precisely,
using (3.11]), the standard inequality on real nonnegative numbers a, b and positive numbers ¢,

d,
a+b . [a b
> zZ
c+d _mm{c’d}’

and also (3.7) and (3.8]), we obtain

*i= inf A(Q) = 1 2
NS A= S e e

2lmm/|mMWm+/|mme
k—+oco JRN RN
e le(ur )P de + fon le(vg o) da
= liminf 5 .
k—too  [on [vk1]? do + [pn [vg2]? do

2 2
Jen le(vp)[? da limin Jew le(vg2)? da
2dr 7 kotoo [ |vkel? dx

(3.12)

> min {lim inf
k—+o00 IRN |vk,1

} . (3.13)

Notice that applying the concentration principle on the sequence v;, we obtain that v,i is in the
compactness situation, with concentration value a.. In particular, arguing as in the compactness
case, we can assume that v,i converges strongly in L? (and weakly in H') to a function v €
H I(RN ). Then, if the minimum above is achieved for vy 1, we deduce that the quasi-open set
" = {|v| > 0} is an optimal domain, and the proof is concluded from the compactness situation.
So we have to consider that it is not the case.

But then it means that v, being the L? limit of v,i, satisfies

fIRN ]e(v)\Q dx

>\,
Jon [v]? da

or differently,
/ le(v)|? dz > aX*
RN

We also know that 2
lim inf fRN |e(vk’2)| *

k—too  [pn |Uk2|? dx 7

13



because by assumption the minimum in (3.13) is achieved with the sequence vy 2, and since

lim |vk72\2 dr =1 — a we deduce that
k—+oo JrN

liminf/ le(vp)|* dz = (1 — a)A*.
RN

k——+oo

Now returning back to (3.12]), we have obtained

2 s 2
. o f N !6(%,1)!2 dr + f N |€(Uk’2)’2 dr f]RN ’6(’0)’ dx +1;£>1££/N |€(Uk,2)| dx .
A* > lim inf 28 R = R D
k—too  [fon |k |? de + [pn Uk 2|? d a+(1-a)
a contradiction. This achieves the proof of the Theorem. O

3.2 Regularity

The purpose of this section is to prove that any quasi-open solution of our shape optimization
problem is in fact open. We obtain this conclusion for N = 2 and N = 3. The restriction comes
from the need for an a priori L? bound on an eigenfunction, which, to the best of our knowledge,
is not available in arbitrary dimension; see also Remark below.

Remark 3.1. After completing the first version of this paper, Rupert Frank pointed out that the
restriction N = 2,3 can be removed. His approach differs from ours in two key respects. First, he
incorporates the right-hand side f directly into the energy functional defining quasi-minimality,
whereas in the present paper we treat f as an error term. Second, exploiting this quasi-minimality
framework, he applies an elegant bootstrap argument, allowing f to be incorporated into the
estimates and iterated to obtain higher reqularity. A detailed proof for systems has recently
appeared in [25].

Remark 3.2. From this section and the next ones, in order to lighten the notation, the su-
perscript N on the functional spaces such as H'(RM)N  CO(RN)N  L2(RN)N | etc., could be
omitted for vector valued functions.

Here is a general regularity result valid in any dimension.

Theorem 3.2. Let Q* C RY be a quasi-open solution to the problem

min A(Q).
QeO such that |QI<V

Assume moreover that an associated eigenfunction u belongs to LP(RN) with p > N. Then
u € €O(RN), foralla < 1—% and QY* is the positivity set of the modulus |u|. As a consequence,
O* is an open set.

In particular in dimension N = 2 and N = 3 we obtain the following.

Corollary 3.1. Assume that N =2 or N = 3. Then for all V > 0 there exists an open solution
Q* for the problem

min {A(2) , Q C RY open set such that |Q] < V.

Moreover, any eigenfunction associated with A(Q*) belongs to €%*(RN) for all « < 1 if N = 2
and for all a < % if N =3.

14



Proof. Let u be an eigenfunction associated with A(Q*). Since u € H'(RY), by the Sobolev
embedding we know that u € LP(RY) with p arbitrary large for N = 2 or p = 2* = % for
N > 2. Then by Proposition [3.3]|below we know that u is a Lamé quasi-minimizer with exponent
vy=N — %. To conclude that u € €% we would need that p > N. This is true for N = 2 or
N = 3. For N = 2 we deduce from Proposition that u € €% for all « < 1. If N = 3 we

deduce, from Proposition that u € €% for all o < % O

Remark 3.3. Let us stress that the conclusion of Theorem does not imply that u € L=(RY).
In other words by u € €% (RN) we mean, that for a representative of u it holds |u(z) — u(y)| <
Clz — y|* which is enough to prove that u is continuous. Since * may not be a bounded set,
we do not conclude that u is bounded. Let us mention that in the scalar case it is well known
that any eigenfunction associated to the first eigenvalue of the Dirichlet Laplacian belongs to
L®(RN) together with the following nice bound, for which one usually refers to [19, Example
2.1.8]:
1D N
[ul| Lo < €57 A7 ()7 [Jul]2.

It would be very interesting to know whether a similar bound is true for the Lamé eigenfunctions.
This would directly imply the existence of an open solution in any dimension.

The proof of Theorem is inspired by the seminal paper of Briancon, Hayouni and Pierre
[3], and by later developments in related directions, see, for instance, [4,09]. The general strategy
is to show that a solution of the original problem also solves a penalized problem, and then to
use regularity theory for free-boundary-type problems to obtain global Hélder continuity of the
eigenfunction. In the present vectorial setting, this strategy requires a non-trivial adaptation
because the energy involves the symmetrized gradient.

For instance, in [3], the first step relies on a truncated test function and the co-area formula.
These tools are not available for the symmetric gradient, and we therefore need a different
argument. As a result, we obtain Holder continuity rather than Lipschitz regularity, which is
nevertheless sufficient to prove that the optimal set is open.

3.2.1 Equivalence with a penalized problem

Proposition 3.2. Let V > 0 be given and u be a solution for the problem

Ay = min{/ le(u)2dz  st. ueHl(RN),/ w2 =1, and |{|u|>0}§V}. (3.14)
RN RN

Then for all /\2’\7‘/, and all v € HY(RN) we have

/RN le(u)|? de < /RN le(v)[2da + Ay <1 - /RN Iv\2>+ + Aol > 0} - V)+. (3.15)

Proof. For v e HY(R") and A > 0 we introduce

Fy(v) == /RN\e(v)|2dx+)\v (1_/RN ]’U|2>+—|—)\(\{|v| >0}y—v)+.
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Let u be a solution of the constrained problem (3.14]), which exists thanks to Theorem Since
[{|ul >0} <V and [pn [u[* =1, we have

) = [P = .
We will prove that, for A > Ay /V, one has
Fy(u) < Fy(v)  for all v € HY(RY),
which yields .

Step 1: the case [{|v]| > 0} < V. Let a := [pn [v|?. If @ = 0 then F)(v) = Ay. Otherwise,
setting ¥ := v/y/a, we have [ [0]* =1 and |{|5| > 0}] <V, hence © is admissible for (3.14) and

5 1
ws [ @l =y [ kP
RN a JrRN
Therefore [pn |e(v)]* > Ava. If @ > 1 this implies Fj(v) > Ay, while if a < 1,
Fy(v) > / ()24 Av(1—a) > Ava+ Ay (1—a) = Ay

RN

Step 2: the case [{|v] > 0}| > V. Set Q:= {|v| > 0} and m :=|Q| > V. Let
m\ /N
t:= (V) >1 and v(x) :=v(tr).

Since v € H}(Q), it follows that v, € H}(+9). Moreover,

1 1
[{lwl > 0} = 19| = s 12] = V.

/ g2 = N / of?, / ew)? = 2N / e(v) 2.
RN RN RN RN

Let w :=v/||ve]|z2. Then [pn [w[* =1 and |[{|w| > 0}| =V, so w is admissible in (3.14) and

2 _ f]RN fe(Ut)P 2 fRN |€(U)|2

)\VS/ e(w)|” = =t :
o 1= T [ASLE

Denoting again a := [px |v]2, we obtain

We also have,

a

2>\ .
G

Hence a
F\(v) > )\Vt—Q +Av(l—a)r +A(m —V).
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Since A > Ay /V, we have

Am—V) > %V(m—x/) :)\V(%—l)

Setting z := m/V > 1, we note that t? = 22/N and, since N > 2, we know that 22/ > 1.
Therefore z + z=2/N > z + % Moreover,

1
e - —2=-"""1 >y,
xr

hence x + % > 2 and consequently z + z=2/N > 2. This implies

x—lZl—z‘fQ/N:l—l,
$2
and thus 1
Am =) = v (1= 5).
Combining the above inequalities and using that
1

a
G- =

2
we conclude that Fy(v) > Ay.
The proof is complete. ]

3.2.2 Lamé quasi-minimizers

To study the regularity of optimal domains, we introduce the following notion.

Definition 3.1 (Quasi-minimizer). We say that v € HY(RM)N is a quasi-minimizer for the
Lamé energy with exponent v > 0 if and only if u satisfies the following minimality property:
there exists C > 0 such that for all ball B, C RN of radius v € (0,1) and for all v € H'(RN)N
such that u = v on RN \ B, we have

/ |Vul? + (div(u))? dz < / IVo|? + (div(v))?dz 4+ Cr7. (3.16)

T T

The definition is motivated by the following observation.

Proposition 3.3. Let u be a solution for the problem
min {/ e(u)2dz st ue H (RN, / w2 =1, and |{Ju] > 0}| < v}. (3.17)
RN RN

Assume moreover that u € LP(RNiN with p > 2. Then u is a quasi-minimizer for the Lamé

energy in the sense of Definition |3.1| with v = N — % .

17



Proof. By Proposition we already know that u satisfies the following minimality property:
for all v € HY(RY)YN we have

/RN le(u)]? da < /RN le(v)[2dz + Ay (1 - /RN |U\2>+ + )\(|{\v] >0} — v)+, (3.18)

or equivalently, using (3.1)),

1/ Vul? + (div(w)? dz < 1/ Vo2 + (div(v))? da
2 ]RN 2 ]RN

v <1 - /RN W)+ + )\(|{|v| >0} - v)f (3.19)

Then let v be equal to u outside B, so that the volume |{|v| > 0}| has at most increased by
wnr, and since Jen |u|? dz = 1, we can compute

1—/ |v|2=1—/ |u|2+/ |u|2—/ |v|2=/ |u\2—/ ]2,
RN RN RN RN B, B,

In other words from the minimality of v we obtain

/7‘ [Vl + (div(w))* do < / |Vv|2—|—(div(v))2d:v+0</r|u|2_/r ,v|2>++CTN.

If moreover u € LP(RY)Y with p > 2, then denoting by ¢ the exponent satisfying 2¢ = p we can
estimate

+ 1
2 2 2 % 20\ ? _ e — o
|u ™) < ful” < Byl |ul = Crd|ully = Cr
r r B, B

with v = g =N — %. Since v < N and r < 1, it follows that CrY < CrY and finally v is a

quasi-minimizer for the Lamé energy in the sense of Definition with v = N — %. O

Theorem follows by combining Proposition with the next result, and by observing
that the condition v > N — 2, with vy =N — %, is equivalent to p > N.

Proposition 3.4. Let u € H' (RV)N be a quasi-minimizer for the Lamé energy with exponent
v € (N —2,N]. Then u e CORMN for all a < w

Proof. The proof is based on standard arguments from free boundary theory, as in [I8, Theorem
2.1]. The main difference is that the Lamé energy replaces the standard Dirichlet energy. Since
the Lamé system is elliptic in the sense of systems, namely it satisfies the strong Legendre—
Hadamard ellipticity condition, similar arguments from the regularity theory of elliptic systems
apply.

In this proof we will keep denoting by C' > 0 a universal constant that could change from
line to line. Let B, C RN be a given ball of radius € (0,1) and let v be the solution for the
problem

min {/ V()] + (div(v))? dﬂ:}.

U€U+H01 (Br)

T
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In other words v is the replacement of u in B,, by a function satisfying v = v on 0B, and
solution for the homogeneous Lamé system

—Av — V(divo) =0 in B,. (3.20)

Since the Lamé system satisfies the strong Legendre-Hadamard ellipticity condition, then v
enjoys some nice decaying properties. Indeed by applying standard regularity theory for elliptic
systems (see for instance [27, Theorem 4.11]) we know that

1
sup |[Vu|? < C

|Vo|? da. (3.21)
B,,/Q |Br| Br

Let now Q4(v) be the quadratic form defined by

Qs(v) = / |Vo|? + (div(v))? da.

s

Then for s < r/2, using (3.21)) we get

Qs(v) :/ \VUIQ + (div(v))2 dr < (14 N)sup |Vv|2\Bs|

B2
< c(i)N/B Vol da,
< () @), (3.22)

where C' depends only on dimension V.
Moreover, the weak formulation of (3.20)) says that for all ¢ € HJ(B,)",

Vv : Vo + (dive)(dive) dz = 0.
Br
In other words, if A,(u,v) denotes the bilinear form associated with @, and defined by

Ay (u,v) == Vu : Vo 4 div(u)div(v) dz,
By

we have A, (v, p) = 0 for all ¢ € H}(B,)N. This applies in particular to p = u — v € H}(B,)N

and we deduce from Pythagoras equality that Q,(u — v) + Q,(v) = Q,(u) or differently,

Qr(u—v) = Qr(u) — Qr(v). (3.23)

We will use this property later.
Notice also that Qs is a nonnegative quadratic form for any s > 0 and using that Qs(b—a) > 0
and Qs(b+ a) > 0 we obtain, for arbitrary a, b,

2|As(a,b)| < Qs(a) + Qs(b),

so that, for all s < r/2,

Qs(u) = Qs(u — v +v) <2Qs(u —v) + 2Qs(v).
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Then using (3.22]) we arrive at

Qs(u)

IN

S\ N
C(2) Q) +2Q,u—v)
s\ N
C(2) Qilu) +2Qu(w—v),

IN

where for the last line we have used that v is a minimizer of @, and w is a competitor. Now we
recall (3.23) and we use that u is a quasi-minimizer with exponent ~, so that

Qr(u—v) = Qr(u) — Qr(v) < Cr7.

All in all, we have proved that for all s < r/2 we have

Q) < (2) @ulw) +0r7. (3.24)

Of course we can assume C > 2. The decaying in looks promising but we would prefer
s7 on the last term instead of 7. We can obtain this up to decrease a bit the power v and use
a technical dyadic argument. This is standard (see for e.g. [4I, Lemma 5.6.]) but let us write
the full details for the reader’s convenience.

Indeed, to lighten the notation we denote by f(s) the non-decreasing function f : s — Qs(u).
Let 79 € (0,1) be fixed and a € (0,1/2) that will be chosen later, and let rj, := a*rq. Let us
prove by induction that for all £ € N it holds

ck—1

flaFro) < CRaNk f(rg) + Cab=D7pd o1

(3.25)
For k£ = 0 the inequality is obvious. Now let us assume that it holds true for some k. Then from
the decaying property (3.24) we infer that (using in particular that v < N and that a < 1 in
B20)),

fa*rg) < Ca® f(aFro) + C(aFro)?
N ( ~k NE (k—1) ,CF -1 k
< Ca <C a f(r()) + Ca ’YTO ﬁ) + C(CL rO)'Y
k+1 C
< CFHIGNGERD £(r0) 4 Ca”krgﬁ + C(ary)? (3.26)
k+1_N(k+1 k cH—1
= (CFtlg (k+ )f(ro)+0a7 Tg (C—1>7

which proves ([3.25)). To simplify a bit we can write it differently, taking into account that C' > 2,

N
flry) < C* (:’;) fro) + C* a0 (3.27)

The nice thing with 13.27: is that we have now TZ on the last term (compare with (3.24))), but
the price to pay is the C” in factor. We will beat this factor by choosing well the constant a,
and decreasing a bit the powers N and ~.
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Indeed, let o € (0,1) be given and let us fix

so that
Then from (3.27)) we deduce that

N—a a
f(ry) < C* <Tk) <:k> f(r0)+0k+1a_7rzfarg
0

To

IN

r N—«
(’f) F(ro) + C'r) (3.28)

To

where
C'=Ca r§.

Now let s € (0,1/2) be given. There exists k such that 711 < s < rj. In particular, ry < 1s.
Moreover, s +— f(s) is non-decreasing so

N—«
F() < fm) < (’“) F(ro) + €'
N—«
< a-V-) (S> F(ro) + a-O-Crs-,
To

In conclusion we have proved that there exists a constant C' > 0 (depending on N, «, 7, 79)
such that for all s < 1/2 we have

f(s) < CsN 7 f(rg) + Cs7% < Cs™ f(rg) + O,

where for the last inequality we have used N > «. Returning back to wu, and estimating f(ro)
by [en le(uw)|? dz, we conclude, using also the Poincaré inequality, that for all r < 1/2,

/ lu —my|* dz < Cr? / (Vul? dz < Cr2t—e = opN+@Hy-N=a),
B, B,

where m,, denotes the (vectorial) average of u. Remember that here « is arbitrary close to 0.
Then by standard results about Campanato spaces (see for e.g. [41, Theorem 5.4]), provided
that

24y7y—N—-a>0,
then u € €Y (RY) with 3 = w Since « is arbitrarily, this means that u belongs to
€OP(RN) for all g < w, as soon as v > N — 2, and the Proposition follows. O
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4 Characterization of minimizers

4.1 Optimality conditions: first and second orders

We first give general formulae for the first and second order shape derivative of the Lamé eigen-
value. We will then apply them to get optimality conditions (assuming that the minimizer is
smooth enough to justify our computations). As kindly mentioned by D. Buoso, these compu-
tations (and the criticality of the ball) already appeared in the review paper [I1]. Moreover,
they use weaker regularity assumptions on the domain €2 than those made in this paper. For
completeness, we recall the main results that will be used in Section Let © be a bounded
domain with €3 boundary. This regularity assumption ensures that all boundary quantities
appearing below belong to L2(9Q). Let V € W4>(RN RY) and introduce, for any t € (—1,1)
small enough,
Quy = (Id + tV)Q.

In this section, shape functionals are considered on the class

0% .= {Q c RY bounded open, 9Q € €3}.
Since WH®(RY) «— @>1(RYN), for any t small enough the map T; := Id + tV is a €>1-
diffeomorphism, hence Q1 = T3(Q) € O3.

First order optimality conditions. Let F': O3 — R be a shape functional and let 2 € ©03.
We say that F' is differentiable at Q if, for any V € W4*(RN RY) compactly supported, the
limit

o F(Quw) = F(Q)
(dF(Q),V) = lim v .

exists and if it is a linear form in V. In this case, this limit is called the first-order shape
derivative of F' at () in the direction V.
We consider the case of the general eigenvalue

AR = inf 1 fy |Vul? da + (A +2u) Jodiv(w)? dz
ue(Hy (@) Jo [ul? dax

Assume moreover that A(2) is simple. Then any minimizer realizing A({2) is unique up to
multiplication by £1, once the L?(2)-normalization is fixed. We denote by uq such a minimizer,
normalized by |uq||z2(q) = 1. The associated Euler-Lagrange equations read:

{ —pAug — (A + p)V(div(ug)) = A(Q)ug  in Q (4.1)

ug =0 on 0f).

It is standard that the material state t — ug,,, o Ty € [H*(Q)]" is Fréchet differentiable at
t = 0; see, e.g., [11), B2]. We denote its derivative by the material derivative

p d

uy = (ug,, oTy) € ER(DIRS

t=0

The associated Eulerian shape derivative of the state is defined on the fixed domain €2 by

uQ,, € D/(Q)N,

Tt t=0
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and the two notions are related by the usual identity
wy =uy — VuqV in Q,

whenever the terms are well-defined. In what follows we work with the Eulerian derivative
on the fixed domain 2. Let us also define

Ay = —|  AQu).
v dttzo(tv)

Differentiating at ¢ = 0 the weak formulation of the eigenvalue problem on 2y after pull-
back to € yields the bulk equation in . The boundary condition follows from the Dirichlet
constraint on the moving boundary: for x € 09, ug,, (Ti(z)) = 0 for all small ¢, hence uy +
VuqV =0 on 09, i.e.

ty = —(Vuagn) (V -n) on 0€).

Finally, the condition [, uq - @y dz = 0 is obtained by differentiating the L?(£2)-normalization
after pull-back. Equivalently, since A(Q2) is simple, it is the Fredholm compatibility condition
for solvability of the linearized equation, the kernel being span{uq}. We refer to 29, Chapter 5]
(see also [I1]) for these standard facts. Finally, 4y solves the system:

—pAdy — (A + p)Vdivay = Aug + A(Q)ay  in

ty = —Vugn(V -n) on 0f), (4.2)

fQ uq - uy = 0.
Remark 4.1. The [H*(Q)|N -valued differentiability of the material state is a first-order property
and only requires that Ty is bi-Lipschitz for [t| small (hence V. € W1 would be sufficient for
this point). We impose the stronger assumption V € W4 in order to keep Qs in the class O3

and to justify the second-order shape calculus used later. In particular, the second-order formula
(4.6) involves boundary quantities such as the mean curvature and second normal derivatives.

Let us multiply the main equation by uq and then integrate by parts. We get

,u/VUQ:ViLV+()\+,u)/divuvdiqu:A(Q)/uQ-uv—l—A/ luq|?.
Q Q Q Q

Similarly, let us multiply by 4y the main equation (4.1) solved by ug and then integrate by
parts. Using the boundary conditions, we get

,u/ Vug : Vﬂv—i-()\—l—u)/ divay divuy = A(Q)/UQ'Z:LV—,UJ/ |(Vua)n|>(V - n)
Q Q Q o0
—()\+M)/(diVUQ)2V‘n,
Q

by using that Vugn - n = divug on 0). Finally, combining the two identities above yields

A — uo)nl2(V -n) — ivug)?V - n.
Q= u/mwg)r(v ) (A+u)/ﬂ(d 0)2V

We have then obtained the following result.

23



Proposition 4.1. Let Q denote a €2 domain such that A(SY) is simple. Let uq be its associated
(normalized) first eigenfunction. For any V € W (RN, RY), the mapping WH> (RN RY) >
V = A(Qy) is differentiable. Denoting by A its differential, the first order derivative of A is

A= (dA(Q),V) = —p /69 [(Vua)n|*(V -n) — (A4 p) /aﬂ(diqu)ZV “n. (4.3)

Remark 4.2 (Shape gradient). Observe that Vuqr-n = divug on 9Q and denote by [Vu; gl :=

Vu;o— ag;lﬂn the tangential part of the gradient Vu; . According to the result above, the shape

gradient VA(Q) reads

VA(Q) = —u|(Vug)n|* — (A + p)(divug)? (4.4)

and can be decomposed as:

VA(Q) = _“Z [V a)r |2 — (X + 2p) (divug)?.

Corollary 4.1. Let Q* be a solution, with €2 boundary, of the extremal eigenvalue problem

min A(Q)
1Q2=Vo

and assume that A(QY*) is simple. Then, denoting by uq~ any associated eigenfunction,
pl(Vug)nf? + (A + p)(div ug)
is constant on O€Y*.

Proof. This is a consequence of Proposition Indeed, since we work with a volume constraint,
there exists a Lagrange multiplier such that the shape gradient of the eigenvalue is proportional
to the derivative of the volume, namely |, sq+ V - m whence the result. In particular, when p > 0
and A\ = 0, we obtain that |e(ugq~)| is constant on the boundary. O

Second order optimality conditions. We rely on the standard pull-back/material-derivative
approach in shape calculus (differentiation of weak formulations on a fixed reference domain).
Although some references are stated for scalar problems, the same arguments apply to linear
strongly elliptic systems such as the Lamé operator with Dirichlet boundary conditions; see, e.g.,
[29, Ch. 5],[11, B2] and the general monographs on shape calculus cited therein, for instance [21]
or the older [40]. Hence, for any > domain € such that A(f2) is simple, the mapping Q — A(Q)
is twice shape differentiable at € in the following sense: for any compactly supported vector
field V. € W4 (RN RY), the map f : t — A ((Id + t®)Q) is twice differentiable at ¢t = 0. We
will use the notations

(dA(Q), V) = f(0),  (d*A(Q)V,V) = f"(0).
Similarly, the mapping 2 — ugq is twice shape-differentiable at €2, where uq is the first normalized

eigenfunction of System (4.1)) on €2, in the sense that there exists ¢ > 0 such that

g:(—€,6) 3t Uapv)n € [H> ()Y
is twice differentiable at ¢ = 0. Moreover, under the standing assumption 9Q € %3 (and
V € W4), elliptic regularity ensures that ug is regular enough so that the boundary quantities
appearing in the second-order shape derivative are well-defined.

We let 1y be its first order derivative at ¢ = 0.
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Proposition 4.2. For any €3 domain 2 such that A(Q) is simple, let ug be its associated first
eigenfunction. For any V€ W4 (RN RY) compactly supported, the shape derivative iy, solves
the PDE
—pAty — (A + p)Vdivay = AQ)ay + (dA(Q),V)ug  in Q
wy = —Vugn(V - n) on 0N, (4.5)
fQ uqQ - le = 0.
If, in addition, the vector field V' is normal to 0, meaning that V.= (V - n)n on 0N, the
second-order shape derivative of A at Q is given by

(PAQV,V) = — / g |2l | ,0%un dug (V - n)?2
’ . 50 on on?  On
: 2
~(A+p) / <H(divug)2 + M) (V- n)>
Kle) 8n
—QA/ yuv|2+2u/ |Vuv|2+2()\+u)/(divuv)2 (4.6)
Q Q Q
where H is the mean curvature of Of2.
Furthermore, when N = 2, one has
I(div ug)? 21 Oug 0%uq
—_ = H——. . Q.
o )\+MleUQ n n + 2 n on 0

Remark 4.3. The assumptions 92 € €2 and V€ WH(RN;RY) ensure that the boundary
quantities appearing in (4.6, in particular the mean curvature H and second normal derivatives
are well-defined and that the perturbed domains Qu remain of class €3.

Proof. Let us denote by ug = (u1,...,uy)’ the solution of . General formulae for the
shape differentiation of Dirichlet boundary value problem yield that uy solves , we refer to
[32, Chapter 5, §5.6, 5.7, 5.9] for the detailed computations.

Let us apply the Hadamard formula for integrals on variable boundaries [32, Proposition
5.4.18] to (4.3)). This yields

ug)n|?
(PAQV, V) = —2u /aQ(Vle)n - (Vug)n(V -n) — ,u/aQ <H|(VUQ)n2 - W) (V-n)?

—2(A+p) / divuq divay (V - n)
Q
o(di 2
o [ (v + 20D
o0 on
where H denotes the mean curvature of 9€) and
R o= =2 [ {@ua)n @)V ) < [ @l (V)
o0 o0
—O+ ) / (divug)2(V - n)’
0N
where 7/ is the Eulerian derivative of n. The expression of d?A(S2) is independent of the specific

extension chosen for n, which allows us to consider a regular extension of n, that is unitary in a
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neighborhood of 99, without loss of generality. As a consequence, n’ = —Vp(V -n), the notation
Vr standing for the tangential gradient. First, note that (V - n)’ = 0 since we are dealing with
vector fields V' that are normal to 9. Furthermore, because ug = 0 on 92 and n’ is orthogonal
to n, it follows that Vu; -n’ =0 for i € {1,2,... N}, which implies (Vug)n’ = 0. From this, we
deduce that R = 0.

Let us multiply the main equation of by uy and then integrate by parts. We obtain

/L/Q|Vuv|2+,u/89(vav)n-(VUQ)n(V-n)+()\+,u)/ﬂ(divav)2

+(/\+u)/

divay (Vug)n -n(V -n) = A/ Uy - uq + A/ |y |2
oN Q Q

Using that fQ uy - ug = 0 and that

n; =
17] l?] 1

Ou; Ou; u; Ou; .
(Vug)n-n = —unmj = —unm2~ = Z Y Z Y div uQ
J i

on 0, the equality above simplifies into

u /m(vuv)n - (Vuq)n(V -n) + (A + p) /asz div ay divug(V - n)

A [JavP—p [ ViR - O [ @i
Q Q Q

As a result, the second order derivative of A rewrites

uQ )n 2
@a@vy) = <[ (i A

—2A/ yuvy2+2u/ ]Viav]2+2()\+u)/(divuv)2
Q Q Q

O+ ) /m (H(diqu>2 + W) (V).

Let us simplify the term
e 8‘(VUQ)H|2.
on

By expanding |(Vug)n|?, we get

(Vao)n? =3 (%7;)

2

Now since u; = 0 on 052, one has

9 (Oui\* _ o (Oui %u;
on\on) “\on In2
and therefore A = 2942 . Pug

on on? -
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Now we look at the term
I(div ug)?

on
To simplify this term, we will use the main equation in (4.1). We have

B :=

0 d1v ddivug Z odivug
oz; -

According to (4.1)) and the decomposition of the Laplacian

Au; = Aru; + H%ul + g:; on 01,
we get
o div uq Ouq 0%ugq
A =—ul|lH Q
A+n—5 “< on gz ") ono%
and thus o(d )2 5 o2
ivug 2n . uQ (y)
—_ = d H——. . Q
on A p v < an " + on? n) on 4,
whence the last claim of the theorem. ]

4.2 Multiplicity of minimal eigenvalues

Lemma 4.1. Assume that N =2 and let Q* be a minimizing domain with €° boundary for the
problem

min A(Q).

12]=Vo

Then, A(2*) is at most of multiplicity 2.

Proof. In what follows, let us denote by [y(z)], the tangential part of a vector field y €
L2(09,R?) at z € 99, in other words

(@)l = y(z) = (y(z) - n(z))n(z).

Let us assume that A(£2) has multiplicity m > 3. According to classical results for the derivative
of multiple eigenvalues (see e.g. [29], [11], [15]), the first order optimality conditions read: let
V' denote a smooth vector field, then the directional derivative of |Q[A(£2) exists and it is the
smallest eigenvalue of the m x m matrix M whose entries are

VoM —A [ (V-n)l, where M, ; = _/ [u[Vu' = Vul] + (A + p) div’ dive ] V -,
o0 o0

where (u',...,u™) is an orthonormal basis of associated eigenfunctions. By minimality, this

directional derivative has to be nonnegative. Since we can take both V and —V, this shows that
M= % J50(V - n)I5. In particular,

p[Vul : Vul] + (A4 p)divu' dive’ =0 on 09, for i # j,

which rewrites o B
i j
uau ai%—(/\-i-u)dlvu divu’ =0 on 0Q for i # j,
n
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by using the Dirichlet boundary condition. Observe moreover that du’/On-n =, Oul /Onny =
divu' and therefore, the condition above rewrites

i J ) .
u Ou . ai + (A +2p)divu'dive! =0 on 09 for i # j,
on|_  [0On|._

or equivalently

<\/ﬁ BﬂT + Mdiv(ui)n)> : <\/ﬁ [%ﬁ‘jk + Mdiv(uﬂ')n)> =0 on dQ fori#j.

We have obtained a family of (at least) three orthogonal vectors in R?, and thus a contradiction.
O

5 The case of the disk

Our first aim is to compute the first eigenvalue of the unit disk in R%. We recall that the Lamé
coeflicients A, p are such that > 0, A+ p > 0. The first eigenvalue is then defined by

1 (fo IVur? da + [ [Vug|? dz) + (A + p) [ (div(w))? dz

A= min 5.1
u=(u1,uz) € HL ()2 Jo(u1)? dz + [ (ug)? da (5.1)
and the PDE solved by the minimizer u = (u1, ug) is
—pAu— (A + p)V(div(u)) =Au  in Q (5.2)
u=20 on 0f. '

5.1 Eigenvalues and eigenvectors of the unit disk

We follow the strategy proposed in Capoferri et al, [I4]. We will need some Helmholtz decom-
position of the vector u. Let us state a more general Lemma that will be also useful for the
derivative later.

Convention. For a scalar function ¢ we set curly := (99, —0,7), and for a vector field
w = (w1, ws) we set curlw := O,wy — Oyw;. In particular, curl curly) = —Aq.

Lemma 5.1. Let v = (v1,v2) be a smooth function satisfying the equation
—pAv — (A 4+ p)V(div(v)) = Av + f (5.3)

in a smooth domain Q2 with a given function f. There exist two functions 1 and e in C°°(£2)
such that

1
v+ A f =V +curlypy in Q. (5.4)
Furthermore 11 and o respectively satisfy the PDE

A+2
—(OA 4 2u) Ay = Apy — K

div f in €,

and
APy = Aty — %curlf in Q.
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Proof. The following argument was suggested by M. Levitin. Let us first set

A+2
P = — —Rudiv v and quz—ﬁcurlv:—%(&cvz—ayvl).

A
According to ([5.3)), one has

v+£

1 (—pAv — (A + p)Vdiv(v))

==l e

(—p (Av — Vdiv(v)) — (A + 2p)V div(v)) .

Note that
. - 8yy V1 — axy’Uz o —8y
Av —Vdiv(v) = (amw — )~ \ s (Orv2 — Oyv1).
Combining the identities above, we thus infer that v satisfies ([5.4]).
Now, observe that we can write the equation (j5.3)) as
peurl curl(v) — (A 4 2p) grad div(v) = Av + f

Now, passing to the divergence in this equation and using div curl = 0 and div grad div = A div

yields
—(A+2u)A(dive) = A dive+div f in Q.
Recalling the definition ¢ := —% div v, we obtain
A+2
— (0 + 20) Al = Ay — J;X P divf in Q.
In the same way, taking the curl in this equation and using curl grad = 0 and curl curl = —A
yields

—puAtpy = Aipg — %Curl f, in Q.

The conclusion follows. O

Now, to compute the eigenvalues and eigenvectors of the unit disk, we use the decomposition
provided by Lemma (with v =w and f = 0),

dun 4 Oy
w=Vip +eurlpy = [ S Sy (5.5)
Oy Oz

and we use the fact that the scalar potentials 1;, ¢ = 1, 2, satisfy the Helmholtz equation

— A = whp; in Q (5.6)
where
I N
A+ 2u 7
We introduce
w:\ﬂ7a1:71 ag—i
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therefore, wy = a1w, we = asw.
In polar coordinates, the general solution of (5.6 is given, for ¢ = 1,2 by

o
Yi(r,0) = a; 0Jo(wir) + Z Ji(wir)|a; , cos k€ + b; i, sin k6. (5.7)
k=1
It remains to express the Dirichlet boundary conditions u; = ug = 0 for r = 1. Using the
expression of the derivatives in polar coordinates, this leads to the system

cos G[Eﬁ1 + 6@] - sinﬂ[% - %] =0
sin@[aw1 + a%] + cos 0[3%1 — %] =0

for which we infer

O L 92 Oy O O

=0, 1_-Z2_) 5.8

or 00 ' a0 or (58)

these equalities being true for 7 = 1. Using the expression of 11,1y given in (5.7]), we get by
identification for the constant term (and using the fact that Jj = —J;):

CL170J1 (alw) = 0, CL270J1 (agw) = 0

This provides the sequence of eigenvalues (A + 2u) j% . and ,uj% i Where jq; is the sequence of
zeros of the Bessel function J;. Among all these values, the smallest one is ,ujil since A\+2u > p
by assumption. Therefore,

a candidate to be the first eigenvalue A is ujil. (5.9)
We now consider the coefficients of cos kf and sin k6 in (5.8]). This gives the two systems

{ wiJf(wi)ak,1 + kJg(w2)brz2 =0 (5.10)
kJg(wi)ak + w2 Jy (w2)br2 = 0 '
and
{ w1 (w1)bg1 — kJg(w2)ag s =0 (5.11)
kJy(w1)bg,1 — w2 Jj (w2)ag2 = 0. '

The determinant of these two systems is the same and it must vanish if we look for a non-trivial
solution. This leads to the following transcendental equation, which determines the remaining

eigenvalues:
a1 aw’ J}(a1w) Jp (asw) — k2 Jy(a1w) Ji (asw) = 0. (5.12)
Using the classical relations for the derivative of Bessel functions, we can rewrite (5.12))
k k
—Jk(alw)Jk,l(agw) + —Jk,l(alw)Jk(agw) — Jk,l(alw)Jk,l(azw) =0 (5.13)
a1w asw
or ) L
m—ka(alw)JkH(agw) + az—kaH(alw)Jk(agw) — Ji11(a1w) Jg1(agw) = 0. (5.14)

Now to determine the first eigenvalue of the elasticity operator, we need to know whether the
smallest solution of the previous transcendental equations can be smaller than the value ,ujil
already obtained. In that case, the first eigenvalue would be double, systems (5.10) and ([5.11))
providing two independent solutions associated to the same eigenvalue.

Let us state the following characterization where we see that the first eigenvalue actually
depends on the Poisson coefficient v:
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Theorem 5.1. Let v* be the number

e~ 2014
fi= el (.349895 (5.15)
2]1,1 - 2]1,1

where j1,1 1s the first zero of the Bessel function Ji and jil is the first zero of its derivative Jj.
Assume that the Poisson coefficient v satisfies

v< vk, (5.16)

then the first eigenvalue is given as a solution of the transcendental equation (5.13)) for some k
and then it is at least double. Assume that the Poisson coefficient v satisfies

v>v (5.17)
then the first eigenvalue is A = ,ujil. Moreover, it is a simple eigenvalue as soon as v > v*.

Remark 5.1. Note that when v = v* the first eigenvalue is (at least) triple and equal to Nj12,1'

Proof. Let us introduce the function Fj defined by

k k
Fr(w) = —Jk(a1w) Ji—1(a2w) + — Jk—1(a1w) Ji(asw) — Jp—1(a1w)Jg—1(agw).
ajw asw

When w is small, using the Taylor expansion of the Bessel function near 0, we obtain

ai~ta5 " (af + a3)
[(k — 1)1222%+ e (k + 1)

Fi(w) = w? + o(w?)

that shows in particular that Fi(w) > 0 for w > 0 small.
Now let us look at F; and evaluate it at w* = ,/ujil = jlyl/ag. Since Jj(agw*) = 0 we get

*
Fi(w") = M (J1(a1w*) — ayw* Jo(arw™)) .
ajw

If we can prove that Fj(w*) < 0, then F} changes its sign between 0 and w* that implies the
fact that the first eigenvalue is a zero of the transcendental equation.

Now Ji(x) — zJo(x) = —2Ji(z) and this is negative between 0 and jj ; and positive between
ji1 and jj 5. On the other hand, the term Jo(aow*) = Jo(j1,1) < O therefore, we want to find
the case where x = ajw* belongs to the interval [j; 1, j] 5]. Now

[ W 7 12 1-2v _J1 22
a w* — . 6 -/ -/ <:> .a < < .»
1 )\_1_2“]1,1 [J1,1,J1,2] ]il =5 _9, = J%,l

where we use the expression of p/(A + 2u) in term of v. Solving the previous inequality in v
provides the desired result from the left inequality. The right inequality is automatically satisfied
since —1 < v < 0.5.

Now, it remains to prove that, when v > v* the first eigenvalue is ujil (and is simple when
v > v*). Let us introduce ¢y () := xJi()/Ji(x). It is known that the function vy, is decreasing
on all interval in R4 where it is defined, and in particular on [0, ji 1). We refer to [42] or [36] for
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that assertion. Moreover ¢,(0) = k. This implies that ¢ (z) < k for = € (0, ji,1) and for any
k. Now, let us assume that w is such that w < 4 /,ujil. Since A + 2u > p, we have a; < ag and

therefore
aw < agw < a4 /uj%l =j11 < jr1 forall k> 1.

Therefore Ji(aijw) > 0 and Jg(agw) > 0 for all w < ,/ujil. Now, let us rewrite the transcen-
dental equation (5.12) as (we can divide by Ji(a1w)Ji(a2w) that is positive)

Ui (a1w) vy (asw) — k2 = 0. (5.18)

Now, the properties we recalled on 13, and the fact that a;w < ji 1 show that the first member
of (5.18) is strictly negative when w < ujil. This proves the claim. O

5.2 Optimality of the disk: first order arguments

We investigate whether a Faber—Krahn type inequality holds for the elasticity operator. The
answer depends on the Poisson ratio. Roughly speaking, when the first eigenvalue A is double,
the disk is not a minimizer, whereas when A is simple, the disk is at least a local minimizer. We
begin with the first case.

Theorem 5.2. Assume that the Poisson coefficient v satisfies (5.16)) with a strict inequality.
Then the disk does not minimize A among open sets of given volume.

Proof. We will use a first order optimality argument for which we need the expression of the
eigenvectors. As we have seen in Theorem when v satisfies , the eigenvalue is (at least)
double and the two eigenvectors can be obtained through the systems and with w
defined as the smallest solution of all the equations (5.12)) (or (5.13)), (5.14))). The value of the
integer k will not be really important here.

Let us choose for example

ary = kJp(w2), boj = —wiJp(w1)
that satisfy system . (we recall that w; = ajw and wy = asw). Then
YP1(r,0) = ay g Ji(wir) cos k6, a(r, ) = b Ji(war) sin k6.
Using (5.5), we obtain u = (u1,us) with

ksin @

U = aq <w1 cos 0 cos kOJ;,(w1r) + sin k@Jk(w1T)> +

r

k 0
ba i (wg sin 6 sin k0.J;, (war) + O8Y cos kOJ;, (wgr))
T
kcosf
Uy = ay g <w1 sin 0 cos k6J;, (w1 r) — C:S sin k@.]k(wlr)> +
ksinf

ba (—wz cos 0 sin kO.J;, (war) + cos k@Jk(wzr)> .
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In principle, we must multiply the previous expressions by a normalization factor in order to
satisfy fQ u? 4+ u3 = 1, but it turns out that this factor has no importance in the computation
we present now.

The shape derivative of a multiple eigenvalue is now a classical topic: in the case of the
elasticity operator, we refer for example to the recent paper [I5]. To sum up, let us assume that
the eigenvalue has multiplicity m and denote by u',u?,...u™ a set of orthonormal eigenvectors.
Then if we perturb the boundary of 2 by a vector field V, the first eigenvalue has a semi-
derivative (or directional derivative) that is given as the smallest eigenvalue of the m x m matrix
M whose entries are

M; ;= —/ (u[Vu' s Vul] + (A + p) dive' dive! | V- n
oN

(where n is here the exterior normal vector). It is therefore enough to prove that this matrix
has a negative eigenvalue for a vector field preserving the area, i.e. a vector field V' such that
/. sV -m = 0. For that purpose, it is sufficient to look at the first term Mj; and prove that
it can be chosen negative (that will imply that the symmetric matrix M is not positive and
therefore has a negative eigenvalue). This term being given by

)

Mg =-— /au) [1(IVur* + [Vual?) + (A + p)(dive)?] V- n

we have to compute on the unit circle |Vui|?, [Vug|? and (divu)?.

From the Helmholtz decomposition (5.5)), it comes
divu = Ay = —wi) = —ay gwiJy(wir) cos ko

so, on the unit circle
(divu)?® = af ywiJy(w1)? cos® k0. (5.19)

2
Now, u; and up being constant on the unit circle, we have |Vu;|? = (%) with » = 1. Using

the formula of uq, us, we can write

% = A cosf cos kf + By sin 0 sin k6 (5.20)

with
Ay = ay iy (w1) — kb g Ji(wa) + bo kkwa gy (w2)
By = —k‘alkak(wl) + akale,’c(wl) + bQ’kW%Jk//(WQ).

Using the Bessel differential equation to replace Ji"(w;),7 = 1,2 by a combination of Jj (w;) and
Ji(wi), together with the choice we have done for a; j and by ; and the transcendental equation
(5.12), we can simplify the previous expressions as

Al = —kw%Jk(wl)Jk(wQ), Bl = wlwgJIQ(wl)Jk(wg). (5.21)

In the same way, we obtain

aaw = Ay sinf cos kf + By cos 0 sin k6 (5.22)
.
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with
Ay = —kwiTp(w1)Jh(we) = A1, By = —wiwaJj(w1)Jp(ws) = —By. (5.23)

Therefore
|Vup |2 + |Vug|> = A2 cos? k0 + B? sin® kf =
wiJP (w) (wfk2J,§(w1) cos® k6 + w%J,f(wl) sin’ k:@) :

With (divu)? given by (5.19) we finally get
2m
My = wiJP(ws) / (()\ + 20) k%w? T2 (wy) cos® k6 + ,uw%J,f(wl) sin? k‘@) Vn. (5.24)
0

As explained before, in order to conclude the proof, it suffices to find a deformation field V' such
that fozw V.-n=0and M;; <0. Let us choose V such that V(1,0) = a cos(2kf). Plugging this
value in My ; yields

T 2

Mg =T (w) 5 (O 2)k%d T () = puid 2 (1) ) (5.25)
The quantity M 1 being linear in «, in order to conclude we just need to prove that the right-
hand side of (5.25) cannot be zero. According to Theorem we know that the eigenvalue
satisfies A < ,ujfl, therefore wy = \/% < ji,1 and then Ji(w2) > 0 (for k£ > 1, the first zero of
Ji, is always greater or equal to ji,1). It remains to consider the quantity (A + 2u)k*w? J3 (w1) —
uw%J,’CQ(wl). Using the expression of w1, ws and up to the factor w?, it is equal to

2 72 w? 2
Q =k Ji(aw) — L (a1w).

Since a1 < a2, we know that Ji(ajw) > 0. Therefore, Q = 0 means
kJi(aiw) — aswJi(aiw) =0 or  kJg(aiw) + asw i (aijw) = 0. (5.26)
Let us analyze the first case. From the transcendental equation, we see that
kJi(aiw) = aswJi(a1w) = kJi(asw) = ayw i, (asw).
Rewriting this in term of the function v, already introduced, this means
Yr(agw) = kay
aq

but since kas/a; > k and ¢ (z) < k in this range we see that it is impossible.
Now in the other case, in the same way thanks to the transcendental equation, we get

Vi (agw) = “a (5.27)

When k > 3 this is impossible since then Jj(asw) and Jj (asw) are both positive (we recall that
we are in the case where w < \/uj1,1 = asw < J1,1)- It remains the case k = 2. In that case, due
to the fact that v is decreasing, we infer 12(agw) > 12(j1,1). But since ji1J5(j1,1) = —2J2(j1.1)
this would imply with

2a
2 > —2=a<a
ai

a contradiction since we know that as > a;.
This finishes the proof of non optimality of the disk in that case. O
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5.3 Optimality of the disk: second order arguments

Let us assume that Q is the unit disk {2 = By and assume that A is simple. We know, according
to Theorem |5.1| that it is the case as soon as v > v* and moreover A(§2) = ujil. We also know,
from the proof of Theorem that the associated eigenspace is spanned by the normalized
vector U = [ug,us] ", reading in polar coordinates (r, ) as

up = —asin@Ji(j117) and wup = acos0Jy(j1,17)

- 1 . . . . .
where @ = TG Our aim is to prove that in that case, the first order shape derivative

of the functional F(Q) := |Q|A(f) is zero (for any vector field V') while the second order shape
derivative is a positive quadratic form.

A consequence of the general formulae for the second shape derivative given in Proposition[4.2]
is:

Proposition 5.1. Assume that Q = By is the unit disk in R%2. Assume that the Poisson
coefficient v satisfies v > v*. Then, the second order derivative of A at Q = By reads

_, [ Zua Ouo
a o0 On?2  0On

—2A/ \uv\2+2ﬂ/ \Vuv\2+2(>\+u)/(divuv)2. (5.28)
Q Q Q

Proof. This follows by observing that, in such a case,

(BPAQV, V) = (V- n)?

e one has divug =01in Q ;

e furthermore, using the standard decomposition of the Laplacian on 02 yields

2
0=—-AQuqg — AN+ p)Vdivug = pAug = 86::29 + Haaur? + Agquq,

where Agq stands for the Laplace-Beltrami tangential operator on 0€2. It follows that
Agouo = 0 on 09, and thus,

2 A?uq  Oug B 0*uq  Ouq 0 90
o2 on  onz on ° '

ougq
on

4

O

Our first task is to compute explicitly the second derivative of A. According to Proposi-
tion 5.1} one has

@A@V.V) = s =22 [ i+ s+ 200+ 1) 4a,
Q
where
82u9 aUQ

— . — . 2
Al - a0 8712 on (V n)

Ay = 2u/\wv\2
Q

As = /(divuv)Q.
Q
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Let us compute each term separately. To this aim, it is convenient to denote by ¢ the function
V - n, defined on the boundary of By, expanding in the #-coordinate as

“+oo
p(0) = ay cos(kO) + By sin(ko). (5.29)
k=0

A simplified expression of (d?A(Q)V,V). According to the Green formula and Proposi-
tion one has

B
Ay = zu/ uv-“‘/—w/uv-mv
o9 on Q
Py
_ 2u/ uv-w+2A(Q)/ av]2+2()\+y)/uv-Vdivuv.
o9 on Q Q

Let us now use the equation satisfied by 4. We obtain

.
Ay = 2 [ iy T a@) [ JavP 20k [ @ivie? s 2000w [ diviyGin).
o0 on Q Q

o0
Note that
wy -n = —pVuon-n = — Z%n'n‘—— Zauﬂ’in‘—— divug =0 on 092
1% = PvuQ —@ijarjjz—@i an i= — Q= .
We get
Ay = 2 AL |2 )2
9 = 2u uv-a——i—ZA(Q) [ay e —2(A 4+ p) [ (divay)”. (5.30)
a0 n Q 9)

As a consequence,
.
(PA(Q)V, V) = —pA; + 2#/ ay - SV
o0 an

Let us now expand this expression into a sum of squares.

Computation of A;. One has

Puq  Oug 9.3
- . = . J/ . J// . _ _ 2 .92 J . 2
o2 on 1 1(J1.1)J7 (41.1) a”ji1Jo(j1,1)%,

by noting that Ji(j1,1) = Jo(j1,1) and jilJ{’(le) = —j11J1(j1,1). It follows that

Ay = UQQj%,IJO(le)z/
20

“+oo
(V-n)2=A (2&3 + Z(ai + ﬁ%)) :
k=1
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Computation of I := fan uy - ag"—ry. Recall that 1y satisfies
ty = aji1Jo(j1.1)e(0)[sind, —cosf] " on 9. (5.31)

To compute uy inside the domain €2, we will use Lemma With v="ay and f = dA(Q,V)ugq.
According to formulae (4.1)) and since divug = 0, we finally obtain for the unit disk

dA(Q,V) = —2u57 100 = —2A(Q)a. (5.32)

Since the first derivative of the area is dA(Q,V) = [,o V - n = 2mag, we recover the fact that
the first derivative of the functional F is zero at the disk (in other terms, the disk is a critical
point).

We now use the decomposition of Lemma on the unit circle taking profit that ug vanishes
on the boundary. Recall that 4y denotes the Eulerian (shape) derivative and satisfies the
boundary condition on ). Therefore, by writing 11 and 9 in the polar coordinates
(r,0), one has on the boundary

{ Qy,1 = Oztp1 + Oytha = cos b (ar¢1 + l86¢2) —sin6 (%8977[)1 - 81”77[)2) )
Uy = Oty — Optby = sin 0 (Oph1 + +0p1b2) + cos 0 (L9gtr — Oriha) .

By using (5.31)), we infer that

Oiby + gty =0 and Bty — Dpaby = —j\;%go(@) at = 1. (5.33)

For the sake of notational clarity, let us introduce

W= M
A+2u

According to Lemma the functions 1; and v solve the PDEs

Ay =T and = Ady =7 ¢ in Q.

We infer that 11 and 9 expand as

+oo
Y = arodo(wiiar) + Z (a1 i cos(k@) + by sin(k0)) Ji(wjr7)
k=1
+oo
Py = a270J0(j1,17”) + Z (612,].C COS(kQ) + bg7k Sin(k‘e)) Jk(j1,17“).
k=1

Plugging these expressions into ([5.33)) allows us to compute the Fourier coefficients characterizing
Y1 and y:
a0 =0, by is arbitrary
a1 kjiawdy(J1,1w) — jJ1(j1,1)bee =0,  k>1
—kay ki (j1,1w) + G117 (J1,1)ba g = f%ﬁk
J11

kb1 kJ;(1aw) + g1y (J1)ag, = — \/,%Oék
bikjriwJg(J1aw) + EJg(j1,1)ag, =0
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which, after easy computations, reduces into

B kji1dk(51,1) 5,
V(53w (wina) T (1) — k2 Tk (G11) Je(winn)

_ kjiaJdy(j1,1)
a2 = D) T TV 5 - ; Qg
V(T w i (win ) J (1) — k2 Jk (1) Je(win)

b wj%,l‘]k‘(jl 1w) o
= - : : : : : k
b V(53w (wina) T () — k2 Tk (G11) Je(winn)

!/

b _ Wj12 IJk(]l 1W) 3
2k Va(iE wlp(win ) ThG) — k2 Ga) Je(@ing)

ark =

We know the explicit expression of 11 and 1. We are now in position to compute I. One has

2m Oy Oty
I = W iy 2 ) df
[ (et 52

: 27 2m
= B [T (O (S ) )i+ oo [ un e an

VT lo \ 00 orof ' or? 0 or
Note that
o0 = wjl,lkzlkjk(wjl,l)(bljkcos(k:G)—alyksm(ke))
82w2 +oo
5z = 511> () (ak cos(kO) + bo g sin(k6)) + 53 1a2,077 (j1,1)
k=1

on 0f). Now, using
FLa Tk () = =g () + (B2 = 510 (i),
it follows from easy, but lengthly computations that

. 2T 2 2
Ji1 0“1 | 0%1o
- 0)dd = -—
NZ (37"(99 + or? > #(0) w‘h ! Z ]1 W

k2 (j1,1) T (win 1) (o + BR)
(wit,1) I} (J1,1) — k2T, (d1,1) Tk(winn)

(k% = 33 )Tk (G1,0)) Ty (wira) (o + B7)

}

—J1 1Jk Ji1) +
+w - -
i Z Jtawdp(win 1)y (1) = 2Tk (j1,0) Je(winn)
X () + i de(n) T (wia) (ed + B2)

= jtwdp (Wit ) Ji (G1,1) — k2 Tk (1) Je(wii)

= _lel

Similarly, since

+oo
881/;1 = Z kJi(wgi1) (b1k cos(kO) — ay g sin(k8)) on 0},
k=1
it follows that
j].,]. ad}l d9 _ ] Z k Jk- (,t)]l 1)‘]]6(]1 1)(0% + Bk;)
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Conclusion. Finally, we obtain the following expression of (d>A(2)V, V) by combining all the
results above:

+o0
(@PAQV, V) = ity <6a3 +) " elof + 6%)) :
k=1

where

k2 T (win, )Tk (1,1) — wit 1 Jg (G1,0) T (wing) = 2kwit y T (G1,0) Ty (win, 1)
It 1w g (win ) Iy, (G1,1) — k2 Tk (g1,1) Tk (winn)

C —

These computations allow us to state:

Theorem 5.3. Let F be the shape functional defined by F(Q2) = |Q|A(Q), and let 2 be the unit
disk. Then dF(2,V) =0 and

(PF(2),V,V) = AoV 31 90 (5.34)

where V denotes the projection of V - n onto the orthogonal complement of span{1, cos @,sin 6}.
Therefore the unit disk is a local minimum in a weak sense.

Proof. The fact that the first derivative of F vanishes at the disk has already been proved. Let
us compute the second shape derivative. Denoting by A the area, we have

d*F = Ad* A + 2dAdA + Ad?A.

Using dA = [, ¢, d*A = [, Hp? where the mean curvature H equals 1 and dA = —2A [, ¢,
we finally get with the above expression of d2A the following expansion for the second derivative

+oo
(@FEQ)V,V) =7A> Cr(of + 5})
k=1

where oy and Sy are the coefficients in the expansion (5.29)) of ¢ and

kJy (Wi 1)k (j1,1)
k2T (wir1) Tk (j11) — JEiw Ty (winn)J;,(j11)

Cr = 257w

with w = \/u/(A+2u) < 1. We remark that no terms come from k£ =0 and &k =1 (C; = 0).
This is due to the invariance of the functional F under dilation and rotation. We claim that
each CY is positive for k£ > 2. Indeed, we have already seen in the proof of Theorem that the
denominator of C is positive. The first term in the numerator is also positive since, for k > 2,
Jk(j1,1) > 0. For the second term we need to be more precise. Since we are in the case where
the first eigenvalue of the disk is ujil we know that v > v*. Now,

1—2v \/1—21/* J11<1
)\+2u 2 — 2 2— 2t g1 2

Therefore wji,1 < j1,1/2 < jj. 4 for any k > 2 and J} (wji,1) > 0.
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To conclude the proof, we look at the asymptotic behaviour of Cj for k large. When x is
fixed, we have for k large

mk $k+2 :Ek—l (k + 2)$k+1

!/
@~ g~ gy @ O~ wgT T g o

Then the numerator N, of C}, satisfies

N jik;rlwk
R k(R — 1)1
while the denominator D;, of C}, satisfies
k42, k 2.2
Jig W 9 wJi1
Dy, ~ : 2(1 - : k— .
B 9%m2 ()~ 1)I(k + 1) ( (14w’ —— ) as k= oo

Finally sk(k + 1)
_|_

2,2
Ji1 (2(1 +w?) — wzjcll>

The conclusion follows since the H' norm of the projection of ¢ on the orthogonal space to
span{1, cosf,sin 6} is

Cy ~

>k(k+1) ask— 4oc.

“+o0

lllF = D0 + 1)(af + 57)-
k+2

6 Some particular domains

The aim of this section is to exhibit (simple) domains whose first eigenvalue is smaller than that
of the disk, at least for some values v > v*. We first give explicit examples for which the value
of A can be computed exactly. These examples are closely related to those found by Kawohl
and Sweers in [33]. We then consider rectangles, for which we cannot compute A explicitly but
can obtain sufficiently accurate upper bounds.

6.1 Rhombi

In this section, we ask whether there are planar domains for which an eigenvector has the form

U(z,y) = (u(z,y),u(x,y)). We show that this is indeed possible and, in this case, construct both

an explicit eigenvector and an explicit eigenvalue. More precisely, we identify parallelograms,

in fact rhombi depending on the Lamé coefficients A, u, for which this condition holds. The

associated eigenvalue has a simple expression depending only on the area of the parallelogram.
We proceed by analysis and synthesis.
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Analysis. Let us assume that the domain Q C R? has the property that its eigenvector is
given by U = (u(z,y),u(x,y)). Thus div(U) = g—; + ‘g—’yL. We replace in the eigenvector equation
(4.1) and we make the difference of the two equations to obtain

J .. g .
%dIVU - 8—yd1VU =0. (6.1)

Therefore (locally, but then globally by analyticity), we have

diVU:%‘F@

et G = fa ) (6.2)

for some analytic function f. Solving this transport equation (6.2]) provides the existence of two
analytic functions ¢ and % such that finally

u(z,y) = p(r —y) + ¥z +y). (6.3)

Now we come back to the system (4.1): we have Au = 2(¢"(z — y) + ¢"(x + y)) and divU =
2¢'(x + y). Therefore, using the change of variable v = z — y,w = x + y we see that ¢ and ¢
must satisfy

=2p(¢" (v) + " (w)) — 2(A + )" (w) = Alp(v) + P(w)).
In this equation, we can separate variables to get the existence of some constant C' such that

—2(A +20)¢" (w) — Arp(w) = C = 2u(¢" (v) + Agp(v)).

Solving this equation separately in ¢ and ¢ yields

C A
Y(w) = Ay coswiw + By sinwjw — X with w? = e (6.4)
and
. C . 2 A
o(v) = —Aycoswav — Bysinwav + —  with wy = —. (6.5)
A 2u
Adding (6.5 and (6.4)), we get by (6.3))
u(z,y) = u(v,w) = Ay coswiw + Bj sinwjw — Ag coswov — Bg sinwav
that can also be rewritten as
u(v,w) = Crsin(wiw — 61) — Coy sin(wav — 03). (6.6)

With this expression of u we have completely taken into account the eigen-equation. It just
remain to express the Dirichlet boundary condition. In other words, domains €2 that will satisfy
the property (that the eigenvector is of the kind (u,u)) are those domains on which a function
u(v,w) given by vanishes on the boundary of €.
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Synthesis. We will prove below that necessarily C; = C5 in the expression . So let us
assume that C1 = Cs and let us investigate the set of points where u vanishes. In that case we
have to solve sin(wjw — #1) = sin(wev — 62), therefore, coming back to the variables x, y:

PUN wi(zt+y) —we(x—y)=0, —0s+2km, k€ Z
N wi@+y +twe(r—y)=01+60+ 2K + 1)1, kK €Z

or, it can also be written using the definition of wi,ws and introducing the real numbers a1 =
91—92 and a2:91+02

(a1 +2km), k€ Z
2(az ++(2K + V)7), K € Z.

(cstzs )=+ (st ) =
(vatzs +3) 7+ (s~ )=

-4

=%

(6.7)

This corresponds to equations of line segments with two specific normal vectors. Therefore, the
domain €2 should be a parallelogram delimited by such parallel line segments. But we have to
make more precise what line segments. To simplify the notations, let us introduce

1 1 1 1

o e TR ) = TRV

a=(3) (1)

Let us assume that the parallelogram is defined by the four equations

{el-X:§1 {ez'X=§2
e1- X =¢ ez X =¢&.

and the normal vectors

According to (6.7)), we must have

§1= \/i(m +2kn) & = \/z(al + 2kn)

therefore él —-& = \/%Qmw for some integer m that cannot be zero. Let us take the smallest

possible value m =1 (or m = —1). This shows that

& —& = \/3271 (6.8)
. 2
§— &= \fAzw. (6.9)

In particular we see that the parallelogram must satisfy él —& = 52 — & and therefore, it is
a thombus. We are going to give a simple relation between the area of the parallelogram and
the eigenvalue A. Assume that the parallelogram has vertices A, B,C, D with B = A + pje;+
and D = A+ pgezL where e; 1 and ep® are the vectors respectively orthogonal to e; and es
with the same norm. The line (AB) corresponds to & and the line (AD) to &5 in the previous

Exactly in the same way, we get
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notations. Then the length of the basis AB is AB = pi|ler*|. On the other hand, the height
h of the parallelogram is given by the distance between B and its orthogonal projection By on
the line (CD). In other words the height is given by

1
h = BB1 er.
el

Now BBi-e1 = ABy -e; = 51 — & by definition of the two lines. Finally the area of the
parallelogram §2, that is AB X h is given by

2

It remains to express p; taken into account the relation . Let By be the orthogonal projection
of B on the line (AD). By definition we have BBy - e2 = —&2 + &. Now

pie; -es = AB-e3 = BoB-eg = £y — Lo

Thus

(62— &) \/> VI >\+2,u

1=
p J_e2

Therefore we have proved that the area of the parallelogram is given by

A+2
] = u+ 2p) (6.10)
A
Let us rephrase this formula in stating the following theorem:
Theorem 6.1. Let §2 be a parallelogram defined by the four lines
{el-X:§:1 {ez‘X:§2
e1- X =& ex- X =8
where
=) =)
and
S S SRR S
VA+2u i VAT 2u \f
Assume that fl — &= ég — &y. Then an eigenvalue of the parallelogram is given by
212/ (A + 2
A= T/ (A + 2p) (6.11)
€
with an eigenvector U of the form U = (u,u) where
u(z,y) = sin(w(x + y) — 01) — sin(wa(z — y) — 02) (6.12)
with
w2 = A w2 = A
V7 o+ 2T 2
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Remark 6.1. In the above synthesis, we have studied the case C1 = Co. We claim that in the
case Cy # Cy there are no (bounded) domain § in the plane such that

u(v,w) = Cysin(wiw — 01) — Casin(wav — 02) =0  on the boundary OS2.

Indeed if we would have two level lines of the function u(v,w) crossing at some point A, neces-
sarily the gradient of u must vanish at A. That would provide the three relations

Cl sin(wlw — (91) - 02 sin(wgv — 92) =0
Cy cos(wiw —01) =0
Cy cos(wav — 02) =0

that are clearly incompatible since we can assume Cq # 0 and Co # 0 for a bounded domain.

Remark 6.2. If we look for domains for which the eigenvector is U = (u(z,y), Au(z,y)) for
some real number A, following the same approach we get other parallelograms but their eigenvalue

is still given by the formula (6.11)).

Let us come back to the possible minimality of the disk. We have seen in Theorem that
the disk cannot be a minimizer if the Poisson coefficient is less than v* ~ 0.349... but we were
not able to conclude for larger values of the Poisson coefficient (between v* and 0.5) since we
know that in this case the first eigenvalue of the disk is simple and the disk is a local minimizer
(at least in a weak sense). Now our previous analysis allows us to increase the interval of values
of the Poisson coefficient for which the disk is not optimal:

Corollary 6.1. Assume that the Poisson coefficient v satisfies

4 2

Jig — 87

< —F——— ~0.3879
2(]%,1 — 4m?)

then the disk is not a minimizer of A (among sets of given volume).

Proof. According to Theorem|[5.2] it suffices to compare our previous parallelogram of area 7 with
the first eigenvalue of the disk that is ,uj%l. Thus we get the thesis as soon as 27/ (A + 2u) <
4
ujil. This is equivalent to % +2 < 117’;. Now using the relation between the Lamé coefficents
and the Poisson coefficient, we know that A/u = 2v/(1 — 2v). Therefore

A ]ill 2 .4 3%1 — 82
—+2< - & 811 - 1-2v) v —F——
0
6.2 Rectangles
We now consider the range 3 < v < 2, which corresponds to a = 1/(1 — 2v) € [4,5], and

use suitable rectangles as competitors. Since 3/8 < 0.38, this will allow us, together with the
previous arguments, to cover the whole range v € (—1,0.4] and prove that the disk is not optimal
there.
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We consider a rectangle Q0 = (0, L) x (0,¢) of area 7. It will be useful to write the length
and the width of the rectangle as

L:ﬁ and ¢ = t~, t € (0,1].

Let us denote by ¢ the first (normalized) eigenfunction for the Dirichlet-Laplacian of €y,

defined by
v1(x,y) = \37? sin (T)sm (Zy) ,

2 . 2rx\ . 21y
wg(x,y):ﬁsm - )sin{ = )

This other eigenfunction could be the fourth one (for a rectangle not too far from the square),
but can also have a larger index. We will explain below why we do this particular choice.
Now the idea is to plug in the variational formulation defining A(€2;) a family of vectors, for

X = (Oél,OéQ,ﬁl,ﬁQ):
Uy = ( U1 > _ < 11 + a2 )
U Bre1 + oo )

Since the eigenfunctions of the Laplace operator define an orthonormal basis, we have

and another eigenfunction

2 2
™ om
Qr

and

| i —atsade s

Qr,

It remains to compute fQL (div(Ux))?. We obtain

2

2
/QL (Av(Ux)) = T (od +403) + 75 (87 +483) - % (1fh+asfBy).  (6.13)

Using a = 1/(1 — 2v), this implies using this admissible test function, that

AQD) . QX)

< (6.14)
[ af + a3 + A7 + 33

where @ is the quadratic form defined by

Q(X)—a1<(1+a)7T2+£22>+a§<4(1+a)+ > ﬁ< (1+a)7;>+

T 128a
ﬁ2< +4(1 + a) 2) (12 + azfh) .
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Now we have to choose X = (a1, ag, 1, f2) that give the lowest possible value for the ratio in
(6.14). This lowest value exactly corresponds to the smallest eigenvalue of the 4 x 4 matrix of
the quadratic form ). This matrix M has the simple structure

al 0 0 b

o 0 a9 b 0
M= 0 b as 0
b 0 0 ag

Its characteristic polynomial factorizes as P(x) = [(ag — x)(az — z) — b*][(a1 — x)(ay — ) — b?]
with b = —64a/97 and

ar =m(l+a)t+ 7

as = 4n(l +a)t + ¢
(14a)w

4(14a)m
t

a3:7rt+
aq4 = 4nt +

We observe that asas = ajas and a1 + a4 > ag + ag because ¢ < 1. Therefore the trinome
(a1 — z)(as — x) — b? is always less than (ay — x)(agz — ) — b? and the smallest root of P(z) is
the smallest root of ¢1(a,t,x) := (a1 — x)(as — ) — b%. More precisely, the question is to know
whether the smallest root of g; is smaller than jil because our aim is to compare the rectangle
Q, with the unit disk. Since q1(a,t,0) = ajas — b?, we see that

1 a 1024a?
ql(a,t,O)qu(a,§,0)247r <a +4a+4—w > 0.
Therefore, we get the thesis as soon as we can find some ¢* € (0,1] such that q(a,t*,77,) < 0
for all a € [4,5]. It turns out that the particular choice t* = 2/5 = 0.4 achieves this aim. This
is an elementary analysis to prove that the polynomial expression

2 ) ) 29  52a 169 4096a2
q(a, g:ﬂil) = Jf1 - 7f.712,1 (2 + 5) Ar? <a2 + 36 (a+ 1)) TR

remains negative for all a € [4,5]. Thus we have proved

Theorem 6.2. Let Qf, be the rectangle of length L = /57 /2 and width { = \/27/5. Then its

first eigenvalue satisfies
A(Q) < pjts

for all values of the Poisson coefficient v € [%, %] Therefore the disk is not a minimizer in this
range of values of v.

Remark 6.3. Let us explain why we use the pair p1, 2 as test functions. The goal is to obtain
a cross term from the divergence contribution that is strong enough to lower the first eigenvalue
of the matrix M. The first two eigenfunctions of the rectangle do not provide such a term, and
a direct comparison shows that the above choice is more effective.
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6.3 The case of ellipses

When € is an ellipse, we do not have explicit formulae for the eigenvalues and eigenfunctions,
nor a sufficiently sharp upper bound, as in Sections and We therefore complement the
previous analysis with numerical simulations. We compute an approximation of A(£2,), where
Q, denotes the ellipse with semi-axes a and 1/a. For a = 1, this gives the disk, whose first
eigenvalue is ujil for v > 0.35, according to Theorem The numerical results, obtained with
Matlab and summarized in Figure [1, suggest that the disk is not optimal for v < v, while it
appears to be optimal among ellipses of area 7 for v > v, where v is close to 0.41.

(a) Case v =0.39 (b) Case v =0.40 (c) Case v = 0.405

v=041 . v=0.42 ® »=045

(d) Case v =0.41 (e) Case v =0.42 (f) Case v =0.45

Figure 1: Graph of A(€2,) with respect to a. The dotted line corresponds to the first eigenvalue
of the disk.

7 Conclusion

7.1 A conjecture

Our numerical simulations do not produce a competitor with a first eigenvalue lower than that
of the disk when v > 0.41. For instance, the best rectangles improve on the disk only below a
value close to 0.41, and the same behavior is observed for ellipses. This suggests the existence
of a threshold 7 such that the disk is a minimizer whenever v > 0. The following heuristic
argument supports this conjecture.

1. First we prove in Section [7.2] below that the eigenvalues of the Lamé system converge to
the eigenvalues of the Stokes system when v — 1/2.
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2. If we assume that the disk minimizes the first Stokes eigenvalue in the plane (this is another
conjecture as explained in [31]),

3. if we could then use the local minimality of the disk for our problem in a strong sense (for
example for the Hausdorff convergence),

then the conjecture would follow. Indeed, the I'-convergence result stated below implies that
minimizers of the Lamé problem converge to minimizers of the Stokes problem. Hence, for v
close enough to 1/2, a minimizer of the Lamé problem should lie in a neighborhood of the disk
where the disk is locally minimizing.

7.2 TI'-convergence as v — 1/2

As explained just above, it is interesting to prove that when v — 1/2, the eigenvalues of the
Lamé system converge to those of the Stokes system.

For that purpose we will renormalize the eigenvalue A(€2) and work with the parameter
a = iﬂ“ = 1J2V that we consider satisfying a — +o00. In other words the right quantity to

study becomes

M) = @) = min oV deta fp(divw) do
Z ueH3 ()N\{0} Jo lul? dz
In this section we would like to investigate the limiting behavior as a — 400 (or equivalently
v — 1/2) of A%(€2). In particular we will show that for Q fixed, A%(€2) converges to the Stokes
eigenvalue, and moreover under some standard geometrical restrictions on the admissible sets €2,
the shape functional Q + A%(Q) I'-converges to  — AJ*kes(Q). Here, AJ*k$(Q) is the Stokes
eigenvalue already defined in Section [2.2.1] as

Vul? d
Ajtokes(Q) .= min 7fﬂ| u2] T
weHE QN {0} Jq [uf? dx

s.t. div(u)=0

We first establish the convergence of A*(Q2) for Q, fixed. For this purpose we define the
following two quadratic forms on Hg(Q)V :

Qa(u) == /Q \Vu|? dx + a/g(div(u))2 dx.

JoIVul? dz if div(u) =0
400 otherwise.

@l = {

Proposition 7.1. Let Q be a bounded open set. Then Qq I'-converges to Qs for the L? topology
when a — +00. As a consequence, the associated Lamé operator converges in the strong resolvent
sense to the Stokes operator and in particular

lim A%(Q) = Atk (Q).

a—o0

Proof. The proof is standard, but we include the details for completeness.
Step 1. T-limsup. Let u € H}(Q)N be such that Quo(u) < +0o (otherwise there is nothing to
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prove). Then we take as a recovery sequence the constant sequence uy = u and we use that
div(u) = 0, together with Korn inequality (see (3.1)) to deduce that Qq(u) = Qoo(u) and a
fortiori,

lim sup Qq(u) = Qoo(u),

a——+00

which directly proves the limsup inequality.

Step 2. T-liminf. Assume that u, — v in L?(Q2). We can assume that
sup Qa(ua) < C,
a

otherwise there is nothing to prove. But this means thanks to Korn inequality, that u, is
uniformly bounded in H(Q)" thus converges weakly in (H')" and strongly in (L?)", up to a
subsequence, to some function u € Hg(Q)" and

/ |Vu|* < liminf/ Vg |* de.
Q a—+o0o Jo

Passing to the liminf in the inequality

we deduce that div(u) = 0 thus
Q) = | [VuPda
Q

which finishes the liminf inequality, and the proof of I'-convergence.

Then the end of the statement of the Proposition follows from the standard theory of I'-
convergence that asserts that I'-convergence of quadratic forms implies the convergence in the
strong resolvent sense of the associated operators (see [16, Chapter 12]). A review of these
properties can also be found in [I Section 1.1]. In particular, the convergence of the eigenvalues
follows from the fact that the associated operators have compact resolvent. More precisely, we
first notice that the quadratic forms @, and Q. are equi-coercive thanks to Poincaré-Korn
inequality. They are also semi-continuous with respect to the (L?)" topology. The associated
operators are thus self-adjoint, invertible and thanks to the compact embedding of H&(Q)N
into L2(Q)", their inverse are compact operators. We then apply Proposition 7 in [I] with
X = HYQ)YN and H = L?(Q)" which establishes the convergence of the spectrum for the
inverse operators, from the I'-convergence of @, to Q. The spectrum of the operators itself
then follows immediately. O

We now consider the I'-convergence of A*(€2) with respect to the domain variable Q. For
simplicity, we restrict ourselves to a class of uniformly Lipschitz domains, more precisely domains
satisfying a uniform e-cone property; see [32] Definition 2.4.1]. This class is endowed with the
complementary Hausdorff distance; see [32] Definition 2.2.8]. We shall also use the stability of
the Dirichlet problem along convergent sequences in this class; see [32, Theorem 3.2.13].

Proposition 7.2. Let D C RY, ¢y > 0 and V > 0 be fized, and let Ay be the class of domains
Q C D satisfying the £9-cone property and the volume constraint |2 = V. Then, as a — +0o0,
the family of functionals A* : Ay — R T'-converges to A%t"kes with respect to the complementary
Hausdorff distance.
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Proof. Step 1. I'-limsup. For Q) € A being given we take the constant sequence €2, = 2 as a
recovery sequence. Thanks to Proposition [7.1] we know that
lim A%(Q) = AJtokes(Q),

a——+00

which proves the I'-limsup property.

Step 2. T'-liminf. Let ), converging to () for the complementary Hausdorff distance. Since
A is closed for the complementary Hausdorff convergence (see [32, Theorem 2.4.10]), it follows
that Q € A, and it is easily seen that |Q] = V.

Let u, be a sequence of normalized eigenfunctions, associated to A%(€),). In particular,
ug € HE(Qq)Y and

AY(Q,) = / Vue|? dz + a/a(div(ua))2 dz.

We may assume without loss of generality that (A*(€,)), is a bounded sequence. Therefore,
the sequence u, is uniformly bounded in H}(D)Y and converges up to a subsequence (not
relabelled) to a function v € H}(D)Y, weakly in H'(D)" and strongly in L?(D)". In particular
|ull2(py~ = 1. Moreover by the Mosco convergence of €2, (see [28, Theorem 4]) we know that
u € H(Q)N. Finally, the bound on A%(Q,) tells us that
. 2 C
(div(ug))” doe < — —— 0,
" a a—+oo
and we deduce from the weak convergence of u, to u in H'(D)N that div(u) = 0 thus v is an

admissible competitor for the Rayleigh quotient that defines A?tOkes(Q).
Therefore, the following sequence of inequalities holds:

A%tokeS(Q) < / |VU|2 dx < liminf/ |Vua|2 dx
Q D

IN

liminf/ |V | dac—i—a/ (div(ug))? dz
D D
= liminf A%(Q,),

which finishes the proof of the liminf inequality, and so follows the proof of I'-convergence. [
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