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Abstract. We prove a quantitative version of a sharp integral inequality by Hang, Wang,

and Yan for both the Poisson operator and its adjoint. Our result has the strongest possible

norm and the optimal stability exponent. This stability exponent is not necessarily equal to 2,

displaying the same phenomenon that Figalli and Zhang observed for the p-Sobolev inequality.

1. Introduction and main results

The objective of this paper is twofold. Our first goal is to turn certain sharp functional

inequalities for the Poisson operator and its dual into a quantitative form by adding a term

that involves the distance to the set of optimizers. Our second goal is to shed some light on a

phenomenon discovered by Figalli and Zhang [FZ22] in the context of the p-Sobolev inequality

in quantitative form. Namely, they showed that the stability exponent (that is, the exponent

with which the distance to the set of optimizers enters the inequality) changes depending on

whether p is smaller or larger than 2. We demonstrate that the same change in behavior occurs

in our setting of the Poisson operator, thus supporting the idea that the phenomenon discovered

by Figalli and Zhang has some universal features. While there have been previous instances

where the Figalli–Zhang stability exponent was found for p > 2 [GLZ25, FP24b], our work and

the concurrent work [WZ25] seem to be the first ones where it is found in the (more intricate)

regime of p < 2. In contrast to all these previous instances, including [WZ25], our setting

involves a non-local (and therefore not a differential) operator.

1.1. The HWY-inequality and its stability. Let d ≥ 3 be the dimension. We study the

harmonic extension operators from the Euclidean hyperplane Rd−1 to the upper half-space

Rd
+ := Rd−1 × R+ = Rd−1 × (0,∞).

Harmonic extension to the upper half-space. The Poisson kernel of the upper half-space Rd
+ is

given by

P (x, ξ) :=
2

|Sd−1|
xd

(|x′ − ξ|2 + x2d)
d
2

, (x, ξ) ∈ Rd
+ × Rd−1 ,

where |Sd−1| denotes the measure of the (d − 1)-dimensional unit sphere Sd−1. The kernel P

acts on suitably integrable functions f : Rd−1 → R via

(Pf)(x) :=

ˆ
Rd−1

P (x, ξ)f(ξ) dξ , x ∈ Rd
+ .
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The sharp Hang–Wang–Yan (HWY) inequality [HWY09, HWY08] has the form

Cd∥Pf∥
2(d−1)
d−2

L
2d
d−2 (Rd

+)
≤ ∥f∥

2(d−1)
d−2

L
2(d−1)
d−2 (Rd−1)

(HWY)

with Cd := (dd−1|Sd−1|)1/d. Moreover, equality holds if and only if f = fa,b,ξ0 for some a ∈ R,
b ∈ R+, and ξ0 ∈ Rd−1, where

fa,b,ξ0(ξ) := ab
d−2
2 f0(b(ξ − ξ0)) with f0(ξ) :=

(
1 + |ξ|2

)− d−2
2 , ξ ∈ Rd−1 . (1.1)

In this article we bring the HWY-inequality into quantitative form by adding a term that

measures the distance to the set of optimizers (1.1). More specifically, our first main result

states the following.

Theorem 1.1. Let d ≥ 3. There is a cd > 0 such that for all f ∈ L
2(d−1)
d−2 (Rd−1) we have

∥f∥
2(d−1)
d−2

L
2(d−1)
d−2 (Rd−1)

− Cd∥Pf∥
2(d−1)
d−2

L
2d
d−2 (Rd

+)

≥ cd inf
a,b,ξ0

(ˆ
Rd−1

|f − fa,b,ξ0|
2(d−1)
d−2 dξ +

ˆ
Rd−1

(f − fa,b,ξ0)2|fa,b,ξ0|
2

d−2 dξ

)
,

where the infimum is taken over all a ∈ R, b ∈ R+, and ξ0 ∈ Rd−1.

This stability result enjoys a number of interesting optimality and invariance properties,

which we will discuss in detail below. Already at this point we want to emphasize that the

stability exponents 2(d−1)
d−2

for the L
2(d−1)
d−2 -norm and 2 for the weighted L2-norm are optimal.

Dual operator on the upper half-space. The HWY-inequality states that C
− d−2

2(d−1)

d is the norm

of the operator P : L
2(d−1)
d−2 (Rd−1) → L

2d
d−2 (Rd

+). Since the norm of an operator coincides with

the norm of its adjoint, which in the case of P is given by

(Tg)(ξ) :=

ˆ
Rd
+

P (x, ξ)g(x) dx , ξ ∈ Rd−1 ,

for suitably integrable functions g : Rd
+ → R, we arrive at the sharp dual HWY-inequality

C ′
d ∥Tg∥

2d
d+2

L
2(d−1)

d (Rd−1)
≤ ∥g∥

2d
d+2

L
2d
d+2 (Rd

+)
(HWYd)

with C ′
d := (Cd)

d(d−2)
(d+2)(d−1) . From the characterization of the optimizers in (HWY), we find that

equality holds in (HWYd) if and only if g = ga,b,ξ0 for some a ∈ R, b ∈ R+, ξ0 ∈ Rd−1, where

ga,b,ξ0(x) := ab
d+2
2 g0(b(x− ξ0)) with g0(x) := |x+ ed|−d−2, x ∈ Rd

+ ,

and with the unit vector ed = (0, . . . , 1) ∈ Rd.

We bring the dual HWY-inequality into quantitative form as well, by including a term that

measures the distance to the optimizers. Our second main result states the following.
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Theorem 1.2. Let d ≥ 3. There is a cd > 0 such that for all g ∈ L
2d
d+2 (Rd

+) we have

∥g∥
2d
d+2

L
2d
d+2 (Rd

+)
− C ′

d ∥Tg∥
2d
d+2

L
2(d−1)

d (Rd−1)
≥ cd inf

a,b,ξ0

(ˆ
Rd
+

|g − ga,b,ξ0 |
2d
d+2 dx

) d+2
d

,

where the infimum is taken over all a ∈ R, b ∈ R+, and ξ0 ∈ Rd−1.

As in Theorem 1.2, the stability exponent 2 for the L
2d
d+2 -norm is optimal.

Discussion of the main results. Let us make the following remarks.

(a) Theorems 1.1 and 1.2 are stability results for the primal and dual HWY-inequalities,

respectively, with right sides that vanish if and only if the left sides vanish. In the

setting of the dual inequality in Theorem 1.2, the right side vanishes quadratically, as

one would naively expect. In contrast, in Theorem 1.1, the order of vanishing depends

on the norm that is used. Vanishing in the stronger norm, namely the L
2(d−1)
d−2 -norm,

comes with a weaker power, namely 2(d−1)
d−2

, while vanishing in the weaker norm, namely

the weighted L2-norm, comes with the stronger power 2. In Section 4 we will prove that

all these exponents are optimal for the respective notion of convergence.

(b) As discussed in (a), the stability exponent (or vanishing order) is max{2, r}, where

r = 2(d−1)
d−2

and r = 2d
d+2

in the primal and dual setting, respectively. (We ignore for

the moment the weighted L2-norm in Theorem 1.1 and return to it in (c) below.) Note

that the Lr-norm is the ‘strong’ norm in the respective inequalities. The stability

exponent max{2, r} was first found by Figalli and Zhang [FZ22] in the setting of the

p-Sobolev inequality. There r = p and again the Lr-norm is the ‘strong’ norm in their

inequality. We find it remarkable that this Figalli–Zhang phenomenon persists in our

non-local framework. So far, to our knowledge, other instances where this phenomenon

was observed were restricted to the realm of (local) differential operators; see [GLZ25,

FP24b, WZ25], for instance.

(c) As mentioned in (a), in the case r > 2, our remainder term involves two different

norms, and each one comes with its own stability exponent. This was first noted in

[FP24b] in the context of the p-Sobolev inequality and a certain inequality in conformal

geometry; see also [IZ25], where the importance of the weighted L2-norm in applications

is highlighted. Again, the present paper hints towards a certain universality of such two-

term remainders.

(d) The HWY-inequality and its dual are invariant under Möbius transformations; see Ap-

pendix A. The distances to the set of optimizers that we use share this invariance.

(e) We emphasize that the integrability exponents in the primal inequality (HWY) are both

larger than 2 (as 2 < 2(d−1)
d−2

< 2d
d−2

< ∞), while those in the dual inequality (HWYd)

are both smaller than 2 (as 1 < 2d
d+2

< 2(d−1)
d

< 2). The proof of the stability results

is different in the two different parameter ranges and somewhat more involved in the

latter range than in the former. Intuitively, this can be understood from the need in

Theorem 1.2 to expand Lr-norms with r < 2, instead of r ≥ 2, to second order. More
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specifically, the differences can be observed in the derivation of the non-linear spectral

gap inequality and in the different versions of orthogonality relations.

(f) The sharp inequalities (HWY) and (HWYd) are equivalent to each other by duality. We

doubt that this is the case for their quantitative forms given in Theorems 1.1 and 1.2.

In this respect, we mention a duality theory for quantitative inequalities developed by

Carlen [Car17], but, as far as we can see, this abstract theory does not allow one to re-

cover the optimal stability exponents. This purported non-equivalence of Theorems 1.1

and 1.2 is reflected in the difference in the difficulty of the proofs mentioned in (e).

1.2. Passing to the ball. The HWY-inequality is not only invariant under translations, di-

lations, and rotations, but under the full group of Möbius transformations of Rd−1 ∪ {∞}.
By duality, the corresponding invariance is true for its dual. This is discussed further in Ap-

pendix A. Via stereographic projection, the (extended) boundary Rd−1 ∪ {∞} is conformally

equivalent to the sphere Sd−1, and the half-space Rd
+ to Bd = {x ∈ Rd : |x| < 1}, the unit ball.

As a consequence, (HWY) and (HWYd) have equivalent versions on Sd−1 and Bd. We found it

convenient to prove Theorems 1.1 and 1.2 in this equivalent setting.

Harmonic extension to the ball. The Poisson kernel of the unit ball Bd is given by

Q(y, ω) :=
1− |y|2

|y − ω|d
, (y, ω) ∈ Bd × Sd−1 . (1.2)

The kernel Q acts on suitably integrable functions u : Sd−1 → R via

(Qu)(y) :=

ˆ
Sd−1

Q(y, ω)u(ω) dµ(ω) , y ∈ Bd . (1.3)

Here dµ is the uniform probability measure on Sd−1. Note that the Poisson kernel (1.2) would

have an additional factor |Sd−1|−1 if dµ was not normalized; compare [SW90, p. 145].

If we endow the integrals on Bd with a uniform probability measure, denoted by dν :=

drd−1drdµ, the HWY-inequality takes the form

∥Qu∥
L

2d
d−2 (Bd)

≤ ∥u∥
L

2(d−1)
d−2 (Sd−1)

(HWY◦)

with equality if and only if u is constant up to symmetries of the inequality. These, given by

the Möbius transformations of Sd−1, act on functions u : Sd−1 → R via

(u)Ψ := J
d−2

2(d−1)

Ψ u ◦Ψ ,

where Ψ: Sd−1 → Sd−1 is a Möbius transformation of Sd−1 and JΨ is the corresponding Jacobian.

The conformal invariance of (HWY◦) means that, for any u ∈ L
2(d−1)
d−2 (Sd−1),

∥(u)Ψ∥
L

2(d−1)
d−2 (Sd−1)

= ∥u∥
L

2(d−1)
d−2 (Sd−1)

and ∥Q(u)Ψ∥
L

2d
d−2 (Bd)

= ∥Qu∥
L

2d
d−2 (Bd)

.

We discuss this in Appendix A.

Now we can rephrase Theorem 1.1 on the sphere.
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Theorem 1.3. Let d ≥ 3. There is a cd > 0 such that for all 0 ̸= u ∈ L
2(d−1)
d−2 (Sd−1) we have

1−
∥Qu∥

2(d−1)
d−2

L
2d
d−2 (Bd)

∥u∥
2(d−1)
d−2

L
2(d−1)
d−2 (Sd−1)

≥ cd inf
λ,Ψ

(
∥1− λ(u)Ψ∥

2(d−1)
d−2

L
2(d−1)
d−2 (Sd−1)

+ ∥1− λ(u)Ψ∥2L2(Sd−1)

)
, (1.4)

where the infimum is taken over all λ ∈ R and over all Möbius transformations Ψ of Sd−1.

Dual operator on the unit ball. On the ball Bd, the dual HWY-inequality has the form

∥Sv∥
L

2(d−1)
d (Sd−1)

≤ ∥v∥
L

2d
d+2 (Bd)

(HWYd◦)

with

(Sv)(ω) :=

ˆ
Bd

Q(y, ω)v(y) dν(y) , ω ∈ Sd−1 ,

for suitably integrable functions v : Bd → R. Recall that Q(y, ω) is given by (1.3) and dν is

the uniform probability measure on Bd. Equality holds in (HWYd◦) if and only if v is constant

up to Möbius transformations. In particular, the Möbius transformations Φ: Bd → Bd act on

functions v via

[v]Φ := J
d+2
2d

Φ v ◦ Φ ,
where Φ : Bd → Bd is a Möbius transformation and JΦ is the corresponding Jacobian.

We can then restate Theorem 1.2 in this setting on the ball.

Theorem 1.4. Let d ≥ 3. There is a cd > 0 such that for all 0 ̸= v ∈ L
2d
d+2 (Bd) we have

1−
∥Sv∥

2d
d+2

L
2(d−1)

d (Sd−1)

∥v∥
2d
d+2

L
2d
d+2 (Bd)

≥ cd inf
λ,Φ
∥1− λ [v]Φ∥2

L
2d
d+2 (Bd)

,

where the infimum is taken over all λ ∈ R and over all Möbius transformations Φ of Bd.

1.3. Some background. The inequality (HWY◦) is the higher-dimensional analogue of an

inequality used in the proof of the isoperimetric inequality in the plane by Carleman [Car21].

Part of the motivation for Hang, Wang, and Yan [HWY09] was the problem in conformal

geometry of finding a metric with vanishing scalar curvature that minimizes the isoperimetric

ratio and is conformal to a given metric on a compact manifold with boundary.

The HWY-inequality can also be regarded as an integrated version of Beckner’s hypercon-

tractivity estimates [Bec92]; though, the latter do not hold on the full domain of integration.

Indeed, the operator Qρ from Lp(Sd−1) to Lq(Sd−1), 1 ≤ p ≤ q ≤ ∞, with integral kernel

Qρ(ω̃, ω) := Q(ρω̃, ω) , ω, ω̃ ∈ Sd−1 ,

is only a contraction for ρ2 ≤ p−1
q−1

, which is strictly smaller than 1 for p = 2(d−1)
d−2

and q = 2d
d−2

.

Hence, the HWY-inequality gives additional control over Qρ on
p−1
q−1

< ρ2 ≤ 1.
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Stability of functional and geometric inequalities. Our main motivation comes from the cur-

rently very active field of study concerned with quantitative stability properties of functional

and geometric inequalities. While qualitative stability refers to the fact that optimizing se-

quences for the corresponding inequalities are relatively compact up to the symmetries of the

problem, by quantitative stability we mean that the inequalities themselves are strengthened

by the addition of a term that measures, in some sense, the distance of a given configuration

to the ‘closest’ optimal configuration.

An important impetus for this question came from the study of the isoperimetric inequality

[FMP08], but these ideas have been further developed in the last two decades in many other

settings, including geometric inequalities [FMP10, CL12, FJ17, Chr17, FMM18, FL21, HST22,

HST24], geometric eigenvalue inequalities [BPV15, FZ17, AKN23], functional eigenvalue in-

equalities [CFL14, MRB22], inequalities in harmonic analysis [Chr14, Chr21, GGRT24, FNT25],

as well as Sobolev inequalities, to which we turn next. We emphasize that these references con-

stitute by no means a complete bibliography and are only intended to give the reader some

selected pointers to the large literature.

Stability for Sobolev-type inequalities. In the 80’s, Brezis and Lieb [BL85] raised the question

whether the non-negative difference between both sides of the Sobolev inequality can be con-

trolled from below by a notion of distance to the set of optimizers. An affirmative answer was

given by Bianchi and Egnell [BE91], who proved that the difference is bounded from below by

the square of the distance in terms of the Ẇ 1,2(Rd)-norm. Both the choice of the norm and the

stability exponent 2 are best possible. The strategy developed by Bianchi and Egnell is very

robust and has become the main tool in investigating stability of functional inequalities; see, for

example, [CFW13] as well as the lecture notes [Fra24]. In passing we mention some recent de-

velopments that bypass the compactness step that is inherent in the Bianchi–Egnell method and

lead to explicit constants; see [BDNS23, DEF+25, DEF+25a, Car25, CLT24, CLT25a, CLT25b].

Already Bianchi and Egnell asked for an extension of their result to the p-Sobolev inequality

with 1 < p < d. In the absence of a Hilbert space structure, proving stability with the optimal

norm and the optimal exponent turned out to be rather difficult. After several partial results

(including [CFMP09, FN19, Neu19]), this problem was finally settled by Figalli and Zhang

[FZ22]. As we have already mentioned, when using the Ẇ 1,p(Rd)-norm to measure the distance

to the set of optimizers, they showed that the sharp stability exponent is max{2, p}. The

stability exponent p > 2 for p-Sobolev-like inequalities was also found in the context of Möbius

transformations [GLZ25] or of an inequality for the total σ2-curvature on the sphere [FP24b]; see

also [KP25]. The paper [FP24b] introduced the idea of using two different notions of distance

to the set of minimizers with different stability exponents. The same conclusion appeared

independently later in [IZ25], where its usefulness for finite element methods is demonstrated.

In general, quantitative stability inequalities with stability exponents larger than two cor-

respond to some sort of degenerate stability. While in the setting of the p-Sobolev inequality

with p > 2 (and in our setting) this degenerate stability is mainly due to the behavior of Lp-

norms in a two-bubble regime, there is a different mechanism leading to degenerate stability,

which is based on a zero mode of the Hessian that is not due to symmetries. This appeared
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in [ENS22] and is expected to lead to the sharp stability exponent 4, as was demonstrated

in several examples in [Fra22]. Further works where this mechanism was explored include

[FP24a, BDS24, AKRW24, NP25].

1.4. Overview and notation. It is well understood that the Bianchi–Egnell strategy is a

robust way of proving quantitative stability, with optimal stability exponent, for functional

inequalities in the presence of a Hilbert space structure. We consider our work here as a step

towards understanding to which extent the Figalli–Zhang strategy serves a similar purpose in

the absence of a Hilbert space structure. In particular, we show that the ingredients in their

strategy are not tied to the local nature of the gradient operator that appears in their work but

have analogues for the nonlocal Poisson operator as well. Verifying these individual ingredients

requires rather different ad hoc arguments, most notably in the proof of the non-linear spectral

gap inequality in Proposition 3.7. Specific to our setting is the conformal invariance, which is

explained in Appendix A and which plays a crucial role in our proofs.

The remainder of this paper is divided into three sections. We establish stability of the

HWY-inequality in Section 2 and for its dual in Section 3. Finally, Section 4 deals with the

sharpness of the stability exponents. Henceforth, all proofs are carried out on the ball and then

transferred to the half-space by stereographic projection.

Throughout, we write ∥ · ∥r := ∥ · ∥Lr(Sd−1) and ∥ · ∥r := ∥ · ∥Lr(Bd) for 1 ≤ r ≤ ∞. It should

always be clear from the context whether the functions are defined on the sphere or on the ball.

The same applies to orthogonality with respect to L2(Sd−1) and L2(Bd). Moreover, we set

p :=
2(d− 1)

d− 2
, q :=

2d

d− 2

with Hölder conjugates

p′ :=
2(d− 1)

d
, q′ :=

2d

d+ 2
.

We emphasize that 2 < p, q < ∞ and 1 < p′, q′ < 2, a distinction that will be important in

what follows. Lastly, for ≤ valid up to a multiplicative constant, possibly depending on the

dimension, we will write ≲ and ≳ for the reverse.

2. Stability for the HWY-inequality

Our goal in this section is to provide a proof of Theorems 1.1 and 1.3.

2.1. Strategy of the proof. Our proof of stability for the HWY-inequality, like many other

stability proofs since the work of Bianchi and Egnell [BE91], follows a two-part argument

consisting of a global-to-local reduction and a local bound. In this subsection we describe

what these steps mean in the present set-up and explain how they lead to the main result,

Theorem 1.3.

The first part, namely the global-to-local reduction, consists of a concentration compactness

principle. For the HWY-inequality on the half-space (HWY) this was shown by Hang, Wang,

and Yan [HWY08, Theorem 3.1]. Translating this to the sphere via stereographic projection

already establishes this step.
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Proposition 2.1 (Global-to-local reduction, [HWY08]). Let (un) ⊂ Lp(Sd−1) be a sequence of

functions with

∥un∥p → 1 and ∥Qun∥q → 1

as n→∞. Then

inf
Ψ,λ∈{±1}

∥λ(un)Ψ − 1∥p → 0 as n→∞ .

Most of the work in this section concerns the second part of the strategy, namely proving a

local bound. We summarize the outcome as follows.

Proposition 2.2 (Local bound). There exists a constant cd > 0 such that, for any sequence

(un) ⊂ Lp(Sd−1) satisfying ∥un∥p = 1 for all n and infΨ ∥(un)Ψ − 1∥p → 0 as n→∞, we have

lim inf
n→∞

1− ∥Qun∥pq
infΨ (∥(un)Ψ − 1∥pp + ∥(un)Ψ − 1∥22)

≥ cd .

Combining both propositions yields our main stability result, Theorem 1.3, via a standard

contradiction argument. We include it for the sake of completeness.

Proof of Theorem 1.3. By contradiction, assume that there is a sequence (un) ⊂ Lp(Sd−1) with

1− ∥Qun∥pq/∥un∥pp
infλ,Ψ

(
∥λ (un)Ψ − 1∥pp + ∥λ (un)Ψ − 1∥22

) → 0 (2.1)

as n→∞. As the quotient is 0-homogeneous, we may normalize the sequence (un) by ∥un∥p = 1

for all n. Since

inf
λ,Ψ

(
∥λ (un)Ψ − 1∥pp + ∥λ (un)Ψ − 1∥22

)
≤ ∥1∥pp + ∥1∥22 ,

we deduce from (2.1) that ∥Qun∥q → 1 as n → ∞. Hence, Proposition 2.1 implies that

infΨ,λ∈{±1} ∥λ(un)Ψ − 1∥p → 0 as n → ∞. Passing to a subsequence and replacing un by −un
if necessary, we may assume that infΨ ∥(un)Ψ − 1∥p → 0 as n→∞. As

inf
λ,Ψ

(
∥λ (un)Ψ − 1∥pp + ∥λ (un)Ψ − 1∥22

)
≤ inf

Ψ

(
∥(un)Ψ − 1∥pp + ∥(un)Ψ − 1∥22

)
,

an application of Proposition 2.2 leads to a contradiction with (2.1). □

Remark 2.3. For later purposes, we record the following strengthening of Theorem 1.3: For

u ̸= 0 the lower bound (1.4) holds, where on the right side we set λ = ±∥u∥−1
p and minimize

over the choice of sign rather than over all λ ∈ R. Indeed, for ∥u∥p = 1 this was shown in the

previous proof, and for general u ̸= 0 this follows by homogeneity.

Theorem 1.1 now follows by stereographic projection. The details are as follows.

Proof of Theorem 1.1. Let S : Rd−1 ∪ {∞} → Sd−1 and Σ : Rd
+ → Bd denote the inverse

stereographic projection and its conformal extension; see Appendix A. Let further f ∈ Lp(Rd−1)

with ∥f∥Lp(Rd−1) = 1 and

u := |Sd−1|
1
p J

1
p

S−1 f ◦ S−1 .
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We will use (A.1) and recall the explicit value Cd = (dd−1|Sd−1|)1/d. Applying Theorem 1.3 (or

rather Remark 2.3), we obtain

∥f∥p
Lp(Rd−1)

− Cd∥Qf∥pLq(Rd
+)

= ∥u∥pp − ∥Qu∥pq ≥ cd inf
Ψ,λ∈{±1}

(
∥λ(u)Ψ − 1∥pp + ∥λ(u)Ψ − 1∥22

)
We set

fΨ−1 := |Sd−1|−
1
pJ

1
p

S (1)Ψ−1 ◦ S .

This is the function on Rd−1 that corresponds under the above mapping f 7→ u to the function

(1)Ψ−1 on Sd−1. Note that for λ ∈ {±1}, by a change of variables,

∥λ(u)Ψ − 1∥pp =
ˆ
Sd−1

|u− λ(1)Ψ−1|p dµ =

ˆ
Rd−1

|f − λfΨ−1|p dξ

and

∥λ(u)Ψ − 1∥22 =
ˆ
Sd−1

(u− λ(1)Ψ−1)2(1)2−pΨ−1 dµ =

ˆ
Rd−1

(f − λfΨ−1)pf 2−p
Ψ−1 dξ .

The claimed bound follows from the fact that the functions fΨ−1 , with Ψ ranging through

Möbius transformations of Sd−1, coincide with the functions fa∗,b,ξ0 , with (b, ξ0) ranging through

R+ × Rd−1. Here a∗ := 2
d−2
2 |Sd−1|−

1
p is fixed. □

2.2. Preliminaries on the expansion. For the proof of the local bound, Bianchi–Egnell

[BE91] and many subsequent works made use of the fact that the ‘strong’ norm in their in-

equalities is induced by a Hilbert space structure. This is not the case in our setting, where

the strong norm is the one in Lp. The breakthrough in the non-Hilbertian setting came in the

work of Figalli and Zhang [FZ22]. They promoted the use of ‘elementary inequalities’, which,

when specialized to our setting, read as follows; see [FZ22, Lemmas 2.1 and 2.4] and also [FN19,

Lemma 3.2].

Lemma 2.4 (Elementary inequalities, [FZ22]). Let κ > 0.

(a) There is a constant cκ > 0 such that for any a ∈ R we have the lower bound

|1 + a|p ≥ 1 + pa+ p
1− κ
2

(
a2 + (p− 2)ζ(a)(1− |1 + a|)2

)
+ cκ|a|p ,

where

ζ(a) :=

{
1 if a ∈ [−2, 0]c ,

|1 + a|p−1 if a ∈ [−2, 0] .

(b) There is a constant Cκ > 0 such that for any a ∈ R we have the upper bound

|1 + a|q ≤ 1 + qa+

(
q(q − 1)

2
+ κ

)
a2 + Cκ|a|q .

Besides mimicking an expansion around a = 0 up to second order, the positive term cκ|a|p is
the key term in (a). From this term the Lp-distance can be eventually retrieved.
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2.3. Spectral gaps. The goal of this subsection is to prove a ‘non-linear spectral gap’ inequal-

ity. We recall that the quantity ζ was introduced in Lemma 2.4. We further denote by Hl the

space spanned by spherical harmonics of degree 0 and 1, or equivalently the space of restrictions

of affine linear functions on Rd to Sd−1.

Proposition 2.5 (Non-linear spectral gap inequality for Q). Let d ≥ 3 and λ ∈ (0, 2). There

is a δ = δ(d, λ) > 0 such that for any φ ∈ Lp(Sd−1) ∩ (Hl)⊥ with ∥φ∥p < δ we have

∥φ∥22 + (p− 2)

ˆ
Sd−1

ζ(φ)(1− |1 + φ|)2 dµ ≥ (p− 1)
d+ 2 + λ

d
∥Qφ∥22 .

Our proof of this proposition uses a compactness property of Q from [HWY09, Corollary 2.1].

Lemma 2.6 (Compactness properties of Q, [HWY09]). Let 1 ≤ r <∞ and 1 ≤ s < dr
d−1

. The

operator

Q : Lr(Sd−1)→ Ls(Bd)

is compact. In particular, the operator Q : L2(Sd−1)→ L2(Bd) is compact.

Next, we prove a linear spectral gap inequality for the operator Q.

Lemma 2.7 (Spectral gap inequality for Q). Let d ≥ 3. For any φ ∈ L2(Sd−1) ∩ (Hl)⊥, we

have

∥φ∥22 ≥
d+ 4

d
∥Qφ∥22 . (2.2)

Proof. For each ℓ ∈ N0 let (Yℓ,m) be an orthonormal basis of spherical harmonics of degree ℓ,

normalized with respect to the uniform probability measure µ. We shall use the fact that

(QYℓ,m)(y) = |y|ℓYℓ,m
(
y

|y|

)
, y ∈ Bd .

This follows directly from the definition of spherical harmonics as restrictions to the sphere of

homogeneous harmonic polynomials on Rd; see also [SW90].

To prove (2.2), we decompose φ into spherical harmonics, writing φ =
∑

ℓ,m φℓ,mYℓ,m. Then

∥Qφ∥22 =
ˆ
Bd

(ˆ
Sd−1

Q(y, ω)
∑
ℓ,m

φℓ,mYℓ,m(ω) dµ(ω)

)2

dν(y)

= d

ˆ 1

0

|y|d−1

ˆ
Sd−1

∑
ℓ,m,ℓ′,m′

φℓ,mφℓ′,m′ |y|ℓYℓ,m
(
y

|y|

)
|y|ℓ′Yℓ′,m′

(
y

|y|

)
dµ

(
y

|y|

)
d|y|

= d
∑
ℓ,m

ˆ 1

0

|y|d−1+2ℓ d|y|φ2
ℓ,m =

∑
ℓ,m

d

2ℓ+ d
φ2
ℓ,m ≤

d

d+ 4

∑
ℓ,m

φ2
ℓ,m =

d

d+ 4
∥φ∥22 .

The penultimate step follows from φ0,m = φ1,m = 0. □

We are now in position to prove the non-linear spectral gap inequality in Proposition 2.5.
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Proof of Proposition 2.5. By contradiction, assume that there is a non-trivial sequence (φn) ⊂
Lp(Sd−1) ∩ (Hl)⊥ with φn → 0 in Lp(Sd−1) as n→∞ and

1 + (p− 2)

ˆ
Sd−1

ζ(φn)

(
1− |1 + φn|
∥φn∥2

)2

dµ < (p− 1)
d+ 2 + λ

d

∥∥∥∥Q φn
∥φn∥2

∥∥∥∥2
2

. (2.3)

Then, we deduce φn → 0 in L2(Sd−1) from the convergence in Lp(Sd−1) by Hölder’s inequality.

Note that (up to a subsequence) φn → 0 pointwise almost everywhere, and hence ζ(φn) → 1

almost everywhere. We are going to use further that (up to a subsequence) φ̂n := φn/∥φn∥2 ⇀ φ̂

weakly in L2(Sd−1) for some φ̂ ∈ L2(Sd−1). If we write ψn := φ̂n − φ̂, we can bound

lim inf
n→∞

ˆ
Sd−1

ζ(φn)

(
1− |1 + φn|
∥φn∥2

)2

dµ ≥ lim inf
n→∞

ˆ
{|φn|≤1}

ζ(φn)φ̂
2
n dµ

≥ lim inf
n→∞

ˆ
{|φn|≤1}

ζ(φn)(2ψnφ̂+ φ̂2) dµ ≥ ∥φ̂∥22 . (2.4)

Let us provide some details concerning the proof of the last inequality in (2.4). To the term

involving φ̂2, we applied Fatou’s lemma to obtain the lower bound ∥φ̂∥22. To dismiss the term

involving 2ψnφ̂, we exploited that ψn ⇀ 0 weakly and ζ(φn)1{|φn|≤1}φ̂→ φ̂ strongly in L2(Sd−1).

The latter follows by dominated convergence as ζ(φn)1{|φn|≤1} ≤ 1 pointwise almost everywhere.

Since Q : L2(Sd−1) → L2(Bd) is compact by Lemma 2.6, we have Qφ̂n → Qφ̂ in L2(Bd).

Inserting this and the lower bound in (2.4) into (2.3), we obtain in the limit n→∞ that

1 + (p− 2)∥φ̂∥22 ≤ (p− 1)
d+ 2 + λ

d
∥Qφ̂∥22 .

Note that this implies, in particular, that Qφ̂ ̸= 0. Moreover, ∥φ̂n∥2 = 1 implies ∥φ̂∥2 ≤ 1.

Inserting this into the previous inequality we arrive at

∥φ̂∥22 ≤
d+ 2 + λ

d
∥Qφ̂∥22 .

The orthogonality condition φ̂n⊥Hl implies φ̂⊥Hl. Therefore, recalling also λ < 2 and Qφ̂ ̸= 0,

the previous inequality contradicts the spectral gap inequality in Lemma 2.7, which concludes

the proof. □

2.4. Comparable distances and almost orthogonality. In this subsection we show that

functions that are sufficiently close to the set of optimizers can be Möbius transformed in a way

that preserves the closeness but ensures in addition some almost orthogonality conditions. Here,

‘almost’ means up to terms of lower order compared to the Lp(Sd−1)- and the L2(Sd−1)-distance.

Proposition 2.8 (Approximate orthogonality). Let (un) ⊂ Lp(Sd−1) be a sequence of functions

with

∥un∥p = 1 and inf
Ψ
∥(un)Ψ − 1∥p → 0

for n→∞. Then there exists a sequence of Möbius transformations Ψn such that

rn := (un)Ψn − 1
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satisfies, for all n large enough,

∥rn∥2 = inf
Ψ
∥(un)Ψ − 1∥2 , ∥rn∥p ≲ inf

Ψ
∥(un)Ψ − 1∥p , (2.5)

and ∣∣∣∣ˆ
Sd−1

rn dµ

∣∣∣∣+ d∑
i=1

∣∣∣∣ˆ
Sd−1

ωirn dµ

∣∣∣∣ ≲ ∥rn∥22 + ∥rn∥pp , (2.6)

where ωi, i = 1, . . . , d, are the coordinate functions on the sphere.

Proof of Proposition 2.8. Step 1. We recall the explicit family Ψη, η ∈ Bd, of Möbius transfor-

mations of Sd−1 given in (A.5). For u ∈ Lp(Sd−1) we consider the functional

Bd ∋ η 7→ ∥(u)Ψη − 1∥22 . (2.7)

We are interested in minimizing this functional, and we claim that if infΨ ∥(u)Ψ−1∥2 < 1, then

the functional attains its minimum in Bd.

To prove this, we first note that the functional in (2.7) is continuous. Indeed, we can ap-

proximate u by smooth functions in the L2(Sd−1)-norm, uniformly in η on a small ball that is

compactly contained in Bd. By a standard ε/3-argument, the continuity of (2.7) for given u

follows from the one for smooth functions.

As a step towards proving that the infimum of (2.7) is attained, we note that, if η → ω ∈ Sd−1,

the Jacobian JΨη vanishes on Sd−1\{ω}. As a consequence of Fatou’s lemma, we then obtain

lim inf
|η|→1

∥(u)Ψη − 1∥22 ≥ ∥1∥22 = 1 . (2.8)

Next, we note that

inf
Ψ
∥(u)Ψ − 1∥2 = inf

η
∥(u)Ψη − 1∥2 . (2.9)

To show this, we recall that for any Möbius transformation Ψ of Sd−1, there are η ∈ Bd and

A ∈ O(d) such that Ψ = AΨη; see Corollary A.4. It will be slightly more convenient for us to

write this as Ψ = ΨAη(A · ). Then a change of variables ω 7→ A−1ω shows that for any r > 0

(r = 2 is relevant for us) ˆ
Sd−1

|(u)Ψ − 1|r dµ =

ˆ
Sd−1

|(u)ΨAη
− 1|r dµ .

This proves (2.9).

We can now prove the claim made at the beginning of this step. As a consequence of

(2.8), (2.9), and the assumption infΨ ∥(u)Ψ − 1∥2 < 1, we have lim inf |η|→1 ∥(u)Ψη − 1∥22 >

infΨ ∥(u)Ψ − 1∥2. By continuity of (2.7) and local compactness of Bd, the infimum is attained,

as claimed.

Step 2. Consider now a sequence (un) ⊂ Lp(Sd−1) with ∥un∥p = 1 and infΨ ∥(un)Ψ−1∥p → 0.

We consider n so large that the latter infimum is smaller than 1. We apply Step 1 with u

replaced by un and obtain a sequence (ηn) ⊂ Bd such that η 7→ ∥(un)Ψη − 1∥22 attains its

minumum at ηn. We set Ψn := Ψηn .

By construction, rn := (un)Ψηn
− 1 satisfies the equality in (2.5). The inequality in (2.5)

follows by the same argument as in [FP24b, Lemma 9]. Just replace the W 1,2-norm by the
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L2-norm, W 1,4 by Lp, and [FP24b, Lemma 6] by the invariance of the Lp-norm under Möbius

transformations. Moreover, [FP24b, Lemma 7] can be used as well, but with dimension d̃ = d−1
and q = 4 d̃−1

d̃−4
< 4d̃

d̃−4
instead of p = 2.

We turn to the proof of the almost orthogonality conditions in (2.6). To bound the first

summand in (2.6), we use the elementary inequality

||1 + σ|p − 1− pσ| ≲ σ2 + |σ|p

for σ ∈ R. Integrating this expression with σ = rn(ω) yields that

p

∣∣∣∣ˆ
Sd−1

rn dµ

∣∣∣∣ = ∣∣∣∣ ˆ
Sd−1

(
|(un)Ψηn

|p − 1− prn
)
dµ

∣∣∣∣ ≲ ∥rn∥22 + ∥rn∥pp .
For the remaining terms in (2.6), we employ that the L2(Sd−1)-distance is attained. Assume

without loss of generality that the map (2.7) has a minimum at η = 0. Then differentiating

with respect to η at 0 we have

∇η

∣∣∣
η=0

ˆ
Sd−1

rn(un)Ψη dµ = 0 .

First, assume rn to be differentiable. Then, from the calculations in [FP24b, Lemma 10],

∂ηi(un)Ψη |η=0 = (d− 2)ωi(1 + rn)− 2(ei − ωiω) · ∇rn , i = 1, . . . , d .

Since

2

ˆ
Sd−1

rn(ei − ωiω) · ∇rn dµ(ω) =
ˆ
Sd−1

(ei − ωiω) · ∇(r2n) dµ(ω) = (d− 1)

ˆ
Sd−1

ωir
2
n dµ(ω) ,

we obtain ∣∣∣∣ˆ
Sd−1

rnωi dµ

∣∣∣∣ = 1

d− 2

∣∣∣∣ˆ
Sd−1

ωir
2
n dµ

∣∣∣∣ ≲ ∥rn∥22 .
By approximation, this holds for general rn. □

2.5. Local analysis. In this subsection we combine the ingredients of the two previous sub-

sections and finish the proof of the local bound, Proposition 2.2.

Before doing this, we show that, for all quantities that are of interest for us, the almost

orthogonality conditions in Proposition 2.8 can be replaced by genuine orthogonality conditions

up to an acceptable error. To this end, we denote the orthogonal projection onto Hl by Πl.

Recall also that ζ was defined in Lemma 2.4.

Lemma 2.9 (Negligible spherical harmonics of lower degree). For rn as in Proposition 2.8, we

split rn = rln + rhn with rln := Πlrn. Then, as n→∞,

∥rn∥22 = ∥rhn∥22 + o
(
∥rn∥22 + ∥rn∥pp

)
,

∥rn∥pp = ∥rhn∥pp + o
(
∥rn∥22 + ∥rn∥pp

)
, (2.10)

∥Qrn∥22 = ∥Qrhn∥22 + o
(
∥rn∥22 + ∥rn∥pp

)
,
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and
ˆ
Sd−1

ζ(rn)(1− |1 + rn|)2 dµ =

ˆ
Sd−1

ζ(rhn)(1− |1 + rhn|)2 dµ

+o
(
∥rn∥22 + ∥rn∥pp

)
.

Proof. We first note that for f ∈ L1(Sd−1) we have

(Πlf)(ω) =

ˆ
Sd−1

f(ω′) dµ(ω′) + d
d∑
i=1

ˆ
Sd−1

ω′
if(ω

′) dµ(ω′)ωi .

To see the first statement in (2.10), we use ∥rn∥22 = ∥rln∥22 + ∥rhn∥22 together with the almost-

orthogonality conditions (2.6) and obtain

∥rln∥22 =
( ˆ

Sd−1

rn dµ

)2

+ d

d∑
i=1

( ˆ
Sd−1

rnωi dµ

)2

≲
(
∥rn∥22 + ∥rn∥pp

)2
.

Similarly, recalling the action of the harmonic extension operator Q on spherical harmonics in

the proof of Lemma 2.7, we obtain again from (2.6) that

∥Qrln∥22 =
( ˆ

Sd−1

rn dµ

)2

+
d2

d+ 2

d∑
i=1

( ˆ
Sd−1

rnωi dµ

)2

≲
(
∥rn∥22 + ∥rn∥pp

)2
.

To prove the remaining statements, we use the fact, which follows immediately from the

above formulas for Πlf , that

sup
ω∈Sd−1

∣∣Πlf(ω)
∣∣ ≤ ∣∣∣∣ˆ

Sd−1

f(ω′) dµ(ω′)

∣∣∣∣+ d

(
d∑
i=1

( ˆ
Sd−1

f(ω′)ω′
i dµ(ω

′)

)2
)1/2

.

As a consequence of this and the almost orthogonality conditions (2.6), we have

∥rln∥p̃ ≲ ∥rn∥22 + ∥rn∥pp for any p̃ > 1 . (2.11)

The second statement in (2.10) now follows from

ˆ
Sd−1

||rn|p − |rhn|p| dµ ≤ p

ˆ
Sd−1

max{|rn|, |rhn|}p−1|rln| dµ

≲ ∥rln∥p(∥rn∥p + ∥rln∥p)p−1

together with (2.11).
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Finally, we deal with the term involving ζ by estimating∣∣∣∣ˆ
Sd−1

(
ζ(rn)(1− |1 + rn|)2 − ζ(rhn)(1− |1 + rhn|)2

)
dµ

∣∣∣∣
≤
∣∣∣∣ˆ

Sd−1

ζ(rn)
(
(1− |1 + rn|)2 − (1− |1 + rhn|)2

)
dµ

∣∣∣∣
+

∣∣∣∣ˆ
Sd−1

(
ζ(rn)− ζ(rhn)

)
(1− |1 + rhn|)2 dµ

∣∣∣∣ =: (1) + (2) .

Note that ζ(v) = 1|1+v|>1+1|1+v|≤1|1+ v|p−1 ≤ 1 and recall that p ≥ 2. Thus, using the Hölder

and the triangle inequality, the first term gives

(1) ≤
ˆ
Sd−1

|(1− |1 + rn|)2 − (1− |1 + rhn|)2| dµ

≤
(
∥1− |1 + rn|∥p + ∥1− |1 + rhn|∥p

)
∥|1 + rn| − |1 + rhn|∥ p

p−1
≤ (∥rn∥p + ∥rhn∥p)∥rln∥ p

p−1
.

Via the bound (2.11) with p̃ = p and p̃ = p/(p− 1), it follows that

(1) ≲
(
∥rn∥p + ∥rn∥22 + ∥rn∥pp

) (
∥rn∥22 + ∥rn∥pp

)
.

For the second term, we split Sd−1 =
⋃4
i=1E

(i)
n with

E(1)
n := {|1 + rn| > 1 , |1 + rhn| > 1} , E(2)

n := {|1 + rn| > 1 ≥ |1 + rhn|} ,

E(3)
n := {|1 + rhn| > 1 ≥ |1 + rn|} , E(4)

n := {|1 + rn| ≤ 1 , |1 + rhn| ≤ 1} ,

and correspondingly

(2) ≤
4∑
i=1

(2)i with (2)i :=

∣∣∣∣ˆ
E

(i)
n

(
ζ(rn)− ζ(rhn)

)
(1− |1 + rhn|)2dµ

∣∣∣∣ .
First, we note that, by the definition of ζ, we have (2)1 = 0. Second, in E

(2)
n we have |rln| ≥

|1 + rn| − |1 + rhn| > 1− |1 + rhn| and therefore

(2)2 ≤
ˆ
E

(2)
n

(1− |1 + rhn|p−1)(1− |1 + rhn|)2 dµ

≤ ∥(1− |1 + rhn|)1E(2)
n
∥22 ≤ ∥rln∥22 ≲

(
∥rn∥22 + ∥rn∥pp

)2
.

Third, since (1− |1 + rn|p−1)/(1− |1 + rn|) ≤ p− 1 in E
(3)
n , we have

(2)3 ≤
ˆ
E

(3)
n

(1− |1 + rn|p−1)(|1 + rhn| − 1)2 dµ ≤ (p− 1)

ˆ
E

(3)
n

(1− |1 + rn|)(|1 + rhn| − 1)2 dµ .

In E
(3)
n we have |rln| ≥ |1 + rhn| − |1 + rn| > 1− |1 + rn| and therefore

(2)3 ≤ (p− 1)

ˆ
E

(3)
n

|rln|(|1 + rhn| − 1)2 dµ ≤ (p− 1)

ˆ
Sd−1

|rln||rhn|2 dµ

≤ (p− 1)∥rln∥∞∥rhn∥22 ≲ ∥rn∥22
(
∥rn∥22 + ∥rn∥pp

)
.
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Finally, in E
(4)
n we use

||1 + rn|p−1 − |1 + rhn|p−1| ≤ (p− 1)max{|1 + rn|, |1 + rhn|}p−2|rln| ≤ (p− 1)|rln|

to find

(2)4 ≤
ˆ
E

(4)
n

∣∣|1 + rn|p−1 − |1 + rhn|p−1
∣∣ (1− |1 + rhn|)2 dµ

≤ (p− 1)∥rln∥∞∥rhn∥22 ≲ ∥rn∥22
(
∥rn∥22 + ∥rn∥pp

)
.

This concludes the proof. □

Finally, we present the proof of Proposition 2.2 by combining the elementary estimates from

Lemma 2.4 and the spectral gap-type inequality from Proposition 2.5.

Proof of Proposition 2.2. We start with a sequence (un) ⊂ Lp(Sd−1) satisfying ∥un∥p = 1 for all

n and infΨ ∥(un)Ψ − 1∥p → 0 as n → ∞. Proposition 2.8 gives us a sequence (Ψn) of Möbius

transformations such that rn := (un)Ψn − 1 satisfies the almost orthogonality conditions (2.6).

We note that the second item in (2.5) gives that ∥rn∥p → 0.

By conformal invariance, we have

1− ∥Qun∥pq = ∥1 + rn∥pp − ∥Q(1 + rn)∥pq ,

and our task is to find a lower bound on the right side.

Applying Lemma 2.4, for any κ > 0 there are Cκ, cκ > 0 such that for r ∈ Lp(Sd−1) we have

∥Q(1 + r)∥qq ≤ 1 + q

ˆ
Bd

Qr dν +

(
q(q − 1)

2
+ κ

)
∥Qr∥22 + Cκ∥Qr∥qq

and

∥1 + r∥pp ≥ 1 + p

ˆ
Sd−1

r dµ+
1− κ
2

p

ˆ
Sd−1

(
r2 + (p− 2)ζ(r)(1− |1 + r|)2

)
dµ

+ cκ∥r∥pp . (2.12)

Moreover, using the elementary bound (1 + a)p/q ≤ 1 + ap/q for a ≥ −1, it follows that

∥Q(1 + r)∥pq ≤ 1 + p

ˆ
Bd

Qr dν +

(
p(q − 1)

2
+
p

q
κ

)
∥Qr∥22 +

p

q
Cκ∥Qr∥qq . (2.13)

Applying (2.12) and (2.13) to r = rn and noting that
´
Bd Qrn dν =

´
Sd−1 rn dµ, we obtain

∥1 + rn∥pp − ∥Q(1 + rn)∥pq ≥
p

2
(1− κ)

ˆ
Sd−1

(
r2n + (p− 2)ζ(rn)(1− |1 + rn|)2

)
dµ

−
(
p(q − 1)

2
+
p

q
κ

)
∥Qrn∥22 + cκ∥rn∥pp −

d− 1

d
Cκ∥Qrn∥qq .

Turning the almost orthogonality conditions into genuine orthogonality conditions through

Lemma 2.9 and applying the non-linear spectral gap inequality from Proposition 2.5, we obtain
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for any fixed λ < 2 that

∥Qrn∥22 = ∥Qrhn∥22 + o(∥rn∥22 + ∥rn∥pp)

≤ 1

p− 1

d

d+ 2 + λ

ˆ
Sd−1

(
(rhn)

2 + (p− 2)ζ(rhn)(1− |1 + rhn|)2
)
dµ

+ o(∥rn∥22 + ∥rn∥pp)

=
1

p− 1

d

d+ 2 + λ

ˆ
Sd−1

(
r2n + (p− 2)ζ(rn)(1− |1 + rn|)2

)
dµ

+ o(∥rn∥22 + ∥rn∥pp) .

In addition, we bound

∥Qrn∥qq ≲ ∥rn∥qp = o(∥rn∥pp) ,

and then we use the positive term (cκ/2)∥rn∥pp to absorb all the errors o(∥rn∥pp). In this way,

we arrive at the lower bound

∥1 + rn∥pp − ∥Q(1 + rn)∥pq ≥
p

2

(
(1− κ)−

(
q − 1 +

2

q
κ

)
1

p− 1

d

d+ 2 + λ

)
×
ˆ
Sd−1

(
r2n + (p− 2)ζ(rn)(1− |1 + rn|)2

)
dµ

+ (cκ/2)∥rn∥pp + o(∥rn∥22) .

Noting that q−1
p−1

= d+2
d
, we see that for any λ < 2, we can choose κ = κ(d, λ) > 0 small enough

such that

(1− κ)−
(
q − 1 +

2

q
κ

)
1

p− 1

d

d+ 2 + λ
= 1− d+ 2

d+ 2 + λ
− κ

(
1 +

(d− 2)2

d(d+ 2 + λ)

)
> 0 .

(Half of) this positive quantity can be used to absorb the error o(∥rn∥22). Hence, we finally

arrive at the lower bound

∥1 + rn∥pp − ∥Q(1 + rn)∥pq ≳ ∥rn∥22 + ∥rn∥pp .

Since

∥rn∥22 + ∥rn∥pp ≥ inf
Ψ

(
∥(un)Ψ − 1∥22 + ∥(un)Ψ − 1∥pp

)
,

we obtain the assertion of Proposition 2.2. □

3. Stability for the dual HWY-inequality

Now we turn to the dual setting. Our goal in this section is to prove Theorems 1.2 and 1.4,

and therefore a quantitative dual HWY-inequality with the sharp power 2 of the distance to

the set of optimizers.



18 RUPERT L. FRANK, JONAS W. PETERANDERL, AND LARRY READ

3.1. Strategy of the proof. As in the previous section, to prove stability for the dual HWY-

inequality, we follow the two-step strategy that consists of a global-to-local reduction and a

local bound. Those two steps are the content of the following two propositions.

Proposition 3.1 (Global-to-local reduction). Let (vn) ⊂ Lq
′
(Bd) be a sequence of functions

with

∥vn∥q′ → 1 and ∥Svn∥p′ → 1

as n→∞. Then

inf
Φ,λ∈{±1}

∥λ[vn]Φ − 1∥q′ → 0 as n→∞ .

Proposition 3.2 (Local bound). There exists a constant cd > 0 such that, for any sequence

(vn) ⊂ Lq
′
(Bd) satisfying ∥vn∥q′ = 1 and infΦ ∥[vn]Φ − 1∥q′ → 0 as n→∞, we have

lim inf
n→∞

1− ∥Svn∥q
′

p′

infΦ ∥[vn]Φ − 1∥2q′
≥ cd .

Given these two propositions, Theorem 1.4 follows in the same way as Theorem 1.3.

Proof of Theorem 1.4. By contradiction, assume that there is a sequence (vn) ⊂ Lq
′
(Bd) with

1− ∥Svn∥q
′

p′/∥vn∥
q′

q′

infλ,Φ ∥λ [vn]Φ − 1∥2q′
→ 0 (3.1)

as n→∞. As the quotient is 0-homogeneous, we may normalize the sequence (vn) by ∥vn∥q′ = 1

for all n. Since

inf
λ,Φ
∥λ [vn]Φ − 1∥2q′ ≤ ∥1∥2q′ ,

we deduce from (3.1) that ∥Svn∥p′ → 1 as n → ∞. Hence, Proposition 3.1 implies that

infΦ,λ∈{±1} ∥λ[vn]Φ − 1∥q′ → 0 as n→∞. Passing to a subsequence and replacing vn by −vn if

necessary, we may assume that infΦ ∥[vn]Φ − 1∥q′ → 0 as n→∞. As

inf
λ,Φ
∥λ [vn]Φ − 1∥2q′ ≤ inf

Φ
∥[vn]Φ − 1∥2q′ ,

an application of Proposition 3.2 leads to a contradiction with (3.1). □

Theorem 1.2 can be deduced from Theorem 1.4 in the same way as Theorem 1.1 was deduced

from Theorem 1.3. We omit the details. The remainder of this section is devoted to the proof

of Propositions 3.1 and 3.2.

3.2. Global-to-local reduction via duality. In this subsection we prove Proposition 3.1.

Our strategy is to deduce the statement from Proposition 2.1 via duality.

Proof of Proposition 3.1. Let (vn) ⊂ Lq
′
(Bd) satisfy, as n→∞,

∥vn∥q′ → 1 and ∥Svn∥p′ → 1 .

We claim that the sequence (un) ⊂ Lp(Sd−1) defined by

un :=
|Svn|p

′−2Svn

∥Svn∥p
′−2
p′
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satisfies, as n→∞,

∥un∥p = ∥Svn∥p′ → 1 and ∥Qun∥q → 1 . (3.2)

The first relation is clear. To prove the second relation, we note that, on the one hand,ˆ
Sd−1

un(Svn) dµ = ∥Svn∥2p′ → 1 ,

while on the other hand, using Hölder’s inequality and the HWY-inequality,∣∣∣∣ˆ
Sd−1

un(Svn) dµ

∣∣∣∣ = ∣∣∣∣ˆ
Bd

(Qun)vn dν

∣∣∣∣ ≤ ∥Qun∥q∥vn∥q′ ≤ ∥un∥p∥vn∥q′ → 1 .

Thus, we find ∥Qun∥q → 1, as claimed.

It follows from (3.2) via Proposition 2.1 that

inf
Ψ,λ∈{±1}

∥λ(un)Ψ − 1∥p → 0 .

Consequently, there is a sequence (Ψn) of Möbius transformations of Sd−1 and a sequence

(λn) ⊂ {±1} of signs such that ũn := (un)Ψn satisfies

∥ũn∥p → 1 , ∥Qũn∥q → 1 , and ∥λnũn − 1∥p → 0 . (3.3)

Indeed, the first two relations follow from (3.2) and conformal equivalence.

Let Φn := Ψ̃n be the Poincaré extension of Ψn as discussed in Appendix A. Then, by

Lemma A.2, we have for all u ∈ Lp(Sd−1),ˆ
Sd−1

J
1
p′

Ψn
((Svn)◦Ψn)u dµ =

ˆ
Bd

vnQ(u)Ψ−1
n

dν =

ˆ
Bd

vnJ
1
q

Φ−1
n

(Qu)◦Φ−1
n dν =

ˆ
Sd−1

(S[vn]Φn)u dµ ,

and therefore

J
1
p′

Ψn
(Svn) ◦Ψn = S[vn]Φn . (3.4)

We define

ṽn := [vn]Φn

and note that, by conformal invariance and the corresponding properties of vn,

∥ṽn∥q′ = ∥vn∥q′ → 1 and ∥Sṽn∥p′ = ∥Svn∥p′ → 1 .

Moreover, by conformal invariance, the definition of un, and (3.4), we have

ũn =

(
|Svn|p

′−2Svn

∥Svn∥p
′−2
p′

)
Ψn

=
|Sṽn|p

′−2Sṽn

∥Svn∥p
′−2
p′

=
|Sṽn|p

′−2Sṽn

∥Sṽn∥p
′−2
p′

.

Using ∥ũn∥p = ∥un∥p = ∥Svn∥p′ = ∥Sṽn∥p′ , this relation can be inverted to yield

Sṽn =
|ũn|p−2ũn

∥ũn∥p−2
p

.

We now claim that

λnSṽn → 1 in Lp
′
(Sd−1) . (3.5)
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To prove this, we first note that, since ∥Sṽn∥p′ → 1, we have, along a subsequence λnSṽn ⇀ z

weakly in Lp
′
(Sd−1) for some z ∈ Lp′(Sd−1). The first and third relation in (3.3) imply thatˆ

Sd−1

z dµ←
ˆ
Sd−1

(λnũn)(λnSṽn) dµ = ∥λnũn∥2p = ∥ũn∥2p → 1 ,

so
´
Sd−1 z dµ = 1. This, together with∣∣∣∣ˆ

Sd−1

z dµ

∣∣∣∣ ≤ ∥1∥p∥z∥p′ ≤ 1

and the characterization of cases of equality in Hölder’s inequality implies that z = 1. By

uniqueness of the limit, we deduce that the whole sequence (λnSṽn), and not only a subsequence,

converges weakly to 1. Since ∥Sṽn∥p′ → 1 = ∥1∥p′ , it follows from [Bre11, Proposition 3.32]

that the convergence is, in fact, strong, as claimed in (3.5).

It is now easy to finish the proof of the proposition. Since ∥ṽn∥q′ → 1, we have, along a

subsequence, λnṽn ⇀ w weakly in Lq
′
(Bd) for some w ∈ Lq′(Bd). By (HWYd◦), it follows that

λnSṽn ⇀ Sw weakly in Lp
′
(Sd−1) and therefore, by (3.5), that Sw = 1. In particular, w ̸≡ 0.

Meanwhile, ∥ṽn∥q′ → 1 implies that ∥w∥q′ ≤ 1. Thus,

∥Sw∥p′
∥w∥q′

=
1

∥w∥q′
≥ 1 .

Since the left side is ≤ 1 by the dual HWY-inequality, we deduce that ∥w∥q′ = 1 and that w

is an optimizer for the dual HWY-inequality. By the explicit characterization of its optimizers

(which, by duality, follows from the explicit characterization of the optimizers of the primal

HWY-inequality) and the fact that Sw = 1, we deduce that w = 1. By uniqueness of the limit,

we deduce that the whole sequence (λnṽn), and not only a subsequence, converges weakly to 1

in Lq
′
(Bd). Since ∥ṽn∥Lq′ (Bd) → 1 = ∥1∥Lq′ (Bd), it follows again from [Bre11, Proposition 3.32]

that the convergence is, in fact, strong. Thus, we have shown that

inf
Φ,λ∈{±1}

∥λ[vn]Φ − 1∥Lq′ (Bd) ≤ ∥λnṽn − 1∥Lq′ (Bd) → 0 ,

as claimed. □

We emphasize that the preceding argument is of abstract nature and applicable to general

operators Q : X → Y and their duals S = Q′ : Y ′ → X ′ between Banach spaces. The crucial

assumption is uniform convexity of the spaces and their duals. In this setting un ∈ X ′′ = X

is defined as the duality mapping applied to Svn ∈ X ′. We recall that the duality map from

X ′ to X ′′ = X is well defined when X uniformly convex (and consequently reflexive); see, for

instance, [Bre11, Problem 13]. Uniform convexity also ensures that if a sequence converges

weakly with converging norms, then it converges strongly; see [Bre11, Proposition 3.32].

3.3. Preliminaries on the expansion. The remainder of this section is devoted to the proof

of the local bound in Proposition 3.2. In the dual setting, just like in the primal setting, we

rely on the use of the elementary inequalities from [FZ22], which tailored to our needs can be

stated as follows; see [FZ22, Lemmas 2.1 and 2.4].
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Lemma 3.3 (Elementary inequalities, [FZ22]). Let κ > 0.

(a) There is a constant cκ > 0 such that for any a ∈ R we have the lower bound

|1 + a|q′ ≥ 1 + q′a+ q′
1− κ
2

(
a2 + (q′ − 2)ζ(a)(1− |1 + a|)2

)
+ cκmin{|a|q′ , a2} ,

where

ζ(a) :=

{
|1+a|

(2−q′)|1+a|+(q′−1)
if a ∈ [−2, 0]c ,

1 if a ∈ [−2, 0] .
(b) There is a constant Cκ > 0 such that for any a ∈ R we have the upper bound

|1 + a|p′ ≤ 1 + p′a+

(
p′(p′ − 1)

2
+ κ

)
(1 + Cκ|a|)p

′−2

1 + a2
a2 .

Owing to the exponent q′ being smaller than 2, the key distinction from the previous section

lies in the structure of the second-order term. This complicates both the compactness argument

and the derivation of spectral gap inequalities; see Subsection 3.5. Remarkably, however, we

are able to adapt the approach of [FZ22] – despite its explicit reliance on local operators – to

our setting involving the non-local dual Poisson operator S.

3.4. Compactness of Orlicz type. To prove a non-linear spectral gap estimate that is com-

patible with the expansions from Lemma 3.3 we require a rather intricate compactness result.

Lemma 3.4 (A compactness result for non-linear L2-spaces). Let (φn) be a sequence in Lq
′
(Bd)

and let (εn) ⊂ R+ with εn → 0. Ifˆ
Bd

φ2
n

(1 + εn|φn|)2−q′
dν ≤ 1 , (3.6)

then, along a subsequence, φn converges weakly in Lq
′
(Bd) to a function φ ∈ Lq

′
(Bd) with

Sφ ∈ L2(Sd−1), and for any constant C > 0 it holds that

lim
n→∞

ˆ
Sd−1

(1 + Cεn|Sφn|)p
′

1 + ε2n(Sφn)
2

(Sφn)
2 dµ =

ˆ
Sd−1

(Sφ)2 dµ .

This is a higher integrability result in the sense that the trivial inclusion Sφ ∈ Lp
′
(Sd−1),

which follows from φ ∈ Lq′(Bd), is improved to Sφ ∈ L2(Sd−1). (Recall that 2 > q′.)

Lemma 3.4 is the analogue of [FZ22, Lemma 3.4]. The use there of a Hardy–Poincaré

inequality is replaced here by an application of Jensen’s inequality.

The following variant of Lebesgue’s dominated convergence will be of use in the next proof

and can be found in [EG15, Theorem 1.20], for instance.

Lemma 3.5 (Variant of dominated convergence). Let (X,A, σ) be a measure space. If (fn),

(gn) are sequences of measurable functions on X with |fn| ≤ gn for all n ∈ N, fn → f and

gn → g pointwise almost everywhere, and
´
X
gn dσ →

´
X
g dσ as n → ∞, where the integrals

involved are finite, then

lim
n→∞

ˆ
X

|fn − f | dσ = 0 .
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Proof of Lemma 3.4. By Hölder’s inequality, we have

ˆ
Bd

|φn|q
′
dν ≤

(ˆ
Bd

(1 + εn|φn|)q
′−2φ2

n dν

) q′
2
(ˆ

Bd

(1 + εn|φn|)q
′
dν

)1− q′
2

.

Since the first factor is bounded by assumption (3.6) and (1 + εn|φn|)q
′
≲ 1 + |φn|q

′
, we find

∥φn∥q
′

q′ ≲
(
1 + ∥φn∥q

′

q′

)1− q′
2
.

This forces the sequence (φn) to be bounded in Lq
′
(Bd), which implies weak convergence along

a subsequence to a φ ∈ Lq′(Bd).

Since S : Lq
′
(Bd) → Lp

′
(Sd−1) is bounded, we have Sφn ⇀ Sφ weakly in Lp

′
(Sd−1).

By Schauder’s theorem, since the operator Q : Lr(Sd−1) → Lq(Bd), r > p, is compact by

Lemma 2.6, its dual S : Lq
′
(Bd) → L

r
r−1 (Sd−1) is also compact. Therefore, (Sφn) converges

strongly in L
r

r−1 (Sd−1) for any r > p. It is easy to see that the limit is equal to Sφ. Thus, after

passing to a subsequence, we can ensure that Sφn → Sφ pointwise almost everywhere.

To prove the second part of the lemma, we divide Sd−1 into

An := {εn|Sφn| ≤ 2} and Acn = {εn|Sφn| > 2} .

We are going to prove, for any fixed C > 0,

lim
n→∞

ˆ
An

(1 + Cεn|Sφn|)p
′

1 + ε2n(Sφn)
2

(Sφn)
2 dµ =

ˆ
Sd−1

(Sφ)2 dµ <∞ , (3.7)

lim
n→∞

ˆ
Ac

n

(1 + Cεn|Sφn|)p
′

1 + ε2n(Sφn)
2

(Sφn)
2 dµ = 0 , (3.8)

which will clearly imply the assertion of the lemma.

Proof of (3.7): As a preliminary, we prove the boundˆ
An

|Sφn|
2p′
q′ dµ ≲ 1 . (3.9)

To do so, we note that, for any ε > 0, the function defined by

t 7→ |t|
2
q′ (1 + ε|t|)

q′−2
q′

is convex on R, since its second derivative is (1 + εt)
q′−2
q′ −2

t
2
q′−2

2(2 − q′)q′−2 > 0 on (0,∞),

and it is differentiable at the origin. Therefore, by applying Jensen’s inequality to the integral

defining the action of the operator S and recalling that S1 = 1, we deduce that

(1 + εn|Sφn|)
q′−2
q′ |Sφn|

2
q′ ≤ S

(
(1 + εn|φn|)

q′−2
q′ |φn|

2
q′

)
.

Since

1 ≤ 3
2−q′
q′ (1 + εn|Sφn|)

q′−2
q′ on An ,
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we deduce from the dual HWY-inequality that

ˆ
An

|Sφn|2
p′
q′ dµ ≲

ˆ
An

(
(1 + εn|Sφn|)

q′−2
q′ |Sφn|

2
q′

)p′
dµ ≤

ˆ
An

(
S

(
(1 + εn|φn|)

q′−2
q′ |φn|

2
q′

))p′
dµ

≲

(ˆ
Bd

(
(1 + εn|φn|)

q′−2
q′ |φn|

2
q′

)q′
dν

) p′
q′

=

(ˆ
Bd

(1 + εn|φn|)q
′−2φ2

n dν

) p′
q′

≤ 1 ,

where we used assumption (3.6) in the last step. This completes the proof of the bound (3.9).

As a consequence of (3.9), we deduce the higher integrability result

Sφ ∈ L2 p′
q′ (Sd−1) . (3.10)

Indeed, since |Sφn|2
p′
q′ 1An → |Sφ|

2 p′
q′ almost everywhere, this is a consequence of (3.9) and

Fatou’s lemma.

Next, we deduce that

Sφn1An → Sφ in Ls(Sd−1) for all s < 2
p′

q′
. (3.11)

Indeed, by Hölder’s inequality, there is a θ ∈ (0, 1) such that

∥Sφn1An − Sφ∥s ≤ ∥Sφn1An − Sφ∥θ2p′/q′∥Sφn1An − Sφ∥1−θ1 ,

where the first factor on the right remains bounded by (3.9) and (3.10), while the second factor

tends to zero. (Here we use µ(Acn) → 0 by εnSφn → 0 almost everywhere and dominated

convergence.)

After these preliminaries, we now fix C > 0 and turn to the proof of (3.7). We apply the

variant of the dominated convergence theorem in Lemma 3.5 with

fn :=
(1 + Cεn|Sφn|)p

′

1 + ε2n(Sφn)
2

(Sφn)
2
1An ,

which converges almost everywhere to f := (Sφ)2. Denoting m := supt∈[0,2](1 + Ct)p
′
/(1 + t2),

we see that |fn| ≤ m(Sφn)
2
1An =: gn, which converges almost everywhere to m(Sφ)2 =: g.

The fact that
´
Sd−1 gn dµ →

´
Sd−1 g dµ follows from (3.11) with s = 2. (Note that 2p′/q′ > 2.)

Thus, Lemma 3.5 implies that
´
Sd−1 fn dµ→

´
Sd−1 f dµ, which is what is claimed in (3.7).

Proof of (3.8): First, we estimate
ˆ
Ac

n

(1 + Cεn|Sφn|)p
′

1 + ε2n(Sφn)
2

(Sφn)
2 dµ ≲

ˆ
Ac

n

(1 + εn|Sφn|)p
′−2(Sφn)

2 dµ ≤ εp
′−2
n

ˆ
Ac

n

|Sφn|p
′
dµ .

(3.12)

We define

φn,1 := φn1{εn|φn|≤1} and φn,2 := φn1{εn|φn|>1} .

Since ∥Q( · , ω)∥1 = 1, ω ∈ Sd−1, we obtain

εn∥Sφn,1∥∞ ≤ εn∥φn,1∥∞ ≤ 1 ,
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which implies ε|Sφn,2| > 1 on Acn by triangle inequality. Applying the dual HWY-inequality,

we find

εp
′−2
n

ˆ
Ac

n

|Sφn,2|p
′
dµ ≲ εp

′−2
n

(ˆ
{εn|φn|>1}

|φn|q
′
dν

) p′
q′

≲ ε
2 p′−q′

q′
n

(ˆ
Bd

(1 + εn|φn|)q
′−2φ2

n dν

) p′
q′

≲ ε
2 p′−q′

q′
n , (3.13)

which tends to 0 as n → ∞. In the last step, we used assumption (3.6). Since ε|Sφn| ≤
1 + ε|Sφn,2| < 2ε|Sφn,2| on Acn, combining the estimates (3.12) and (3.13) implies (3.8). □

Remark 3.6 (A bound of Orlicz type). Note that a similar but simpler proof than that of

Lemma 3.4 yields the following assertion: For any ε0 > 0 there is a C = C(d, ε0) > 0 such that

for all ε ∈ (0, ε0] and φ ∈ Lq
′
(Bd) satisfyingˆ

Bd

φ2

(1 + ε|φ|)2−q′
dν ≤ 1 ,

we have ˆ
Sd−1

(Sφ)2

(1 + ε|Sφ|)2−p′
dµ ≤ C

ˆ
Bd

φ2

(1 + ε|φ|)2−q′
dν .

This Orlicz-type bound for the dual of the harmonic extension operator might be of independent

interest. In [FZ22, Corollary 3.5] an analogous bound is proved for the p-Sobolev inequality. In

our proof of Proposition 3.2 such an inequality is not needed though.

3.5. Spectral gaps. As in Subsection 2.3, the goal of this subsection is to prove a ‘non-linear

spectral gap’ inequality – this time for the dual HWY-inequality (HWYd◦). We recall that the

quantity ζ was introduced in Lemma 3.3 and that the space spanned by spherical harmonics of

degree 0 and 1 is denoted by Hl.

Proposition 3.7 (Non-linear spectral gap inequality for S). Let d ≥ 3 and λ ∈ (0, 2). For any

γ0 > 0 and C > 0, there is a δ = δ(d, λ, γ0, C) > 0 such that for any φ ∈ Lq′(Bd) ∩ (QHl)⊥

with ∥φ∥q′ ≤ δ we haveˆ
Bd

(φ2+(q′ − 2)ζ(φ)(1− |1 + φ|)2) dν + γ0

ˆ
Bd

min{|φ|q′ , φ2} dν

≥ (q′ − 1)
d+ 2 + λ

d

ˆ
Sd−1

(1 + C|Sφ|)p′

1 + (Sφ)2
(Sφ)2 dµ .

The proof of Proposition 3.7 proceeds by a compactness argument (namely, Lemma 3.4) to

reduce matters to a linear spectral inequality for the operator S. The latter can be deduced

via duality from the corresponding linear spectral gap inequality for Q in Lemma 2.7.

Lemma 3.8 (Spectral gap inequality for S). Let d ≥ 3. For any function φ ∈ L2(Bd)∩(QHl)⊥,

we have

∥φ∥22 ≥
d+ 4

d
∥Sφ∥22 .
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Proof. Let ψ ∈ L2(Sd−1) and let Πhψ be the projection of ψ onto the orthogonal complement

of Hl. Then for φ⊥QHl,

⟨ψ, Sφ⟩ = ⟨Πhψ, Sφ⟩ = ⟨QΠhψ, φ⟩ .
Thus, by Lemma 2.7,

|⟨ψ, Sφ⟩| ≤ ∥QΠhψ∥2∥φ∥2 ≤
√

d

d+ 4
∥Πhψ∥2∥φ∥2 ≤

√
d

d+ 4
∥ψ∥2∥φ∥2 .

Choosing ψ = Sφ, we obtain the claimed inequality. □

Proof of Proposition 3.7. By contradiction, assume that there is a non-trivial sequence (φn) ⊂
Lq

′
(Bd) ∩ (QHl)⊥ with φn → 0 in Lq

′
(Bd) as n→∞ andˆ

Bd

(φ2
n+(q′ − 2)ζ(φn)(1− |1 + φn|)2) dν + γ0

ˆ
Bd

min{|φn|q
′
, φ2

n} dν

< (q′ − 1)
d+ 2 + λ

d

ˆ
Sd−1

(1 + C|Sφn|)p
′

1 + (Sφn)2
(Sφn)

2 dµ .

(3.14)

For

εn :=

(ˆ
Bd

(1 + |φn|)q
′−2φ2

n dν

)1/2

we set φ̂n := ε−1
n φn. As q

′ − 2 < 0, it follows that

ε2n ≤ ∥φn∥
q′

q′ → 0 .

We note that the integrand of the first integral on the left side of (3.14) is pointwise nonneg-

ative. Hence, to obtain a lower bound, we can restrict the domain of integration.

Fix ε̃ > 0. We choose δ̃ ∈ (0, 1) sufficiently small so that ζ(φn) ≤ 1+ q′−1
2−q′ ε̃ on In := {|φn| ≤ δ̃}.

On In we also have 1 + φn ≥ 0, and so it follows that

φ2
n + (q′ − 2)ζ(φn) (1− |φn + 1|)2 ≥ (q′ − 1)(1− ε̃)φ2

n .

For the second term on the left side of (3.14), we restrict to Icn = {|φn| > δ̃}. In this way, we

obtain from (3.14) that

(1− ε̃)
ˆ
In

φ̂2
n dν +

γ0
q′ − 1

εq
′−2
n δ̃2−q

′
ˆ
Icn

|φ̂n|q
′
dν <

d+ 2 + λ

d

ˆ
Sd−1

(1 + C|Sφn|)p
′

1 + (Sφn)2
(Sφ̂n)

2 dµ .

(3.15)

By definition, we have
´
Bd(1 + εn|φ̂n|)q

′−2φ̂2
n dν = 1, and therefore, by Lemma 3.4, after

passing to a subsequence, we have that φ̂n ⇀ φ̂ in Lq
′
(Bd) for some φ̂ ∈ Lq′(Bd) with Sφ̂ ∈

L2(Sd−1), and ˆ
Sd−1

(1 + C|Sφn|)p
′

1 + (Sφn)2
(Sφ̂n)

2 dµ→
ˆ
Sd−1

(Sφ̂)2 dµ .

Combining this with (3.15), we infer

lim sup
n→∞

(
(1− ε̃)

ˆ
In

φ̂2
n dν +

γ0
q′ − 1

δ̃2−q
′
εq

′−2
n

ˆ
Icn

|φ̂n|q
′
dν

)
≤ d+ 2 + λ

d

ˆ
Sd−1

(Sφ̂)2 dµ . (3.16)
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A first consequence of (3.16) is that Sφ̂ ̸= 0. Indeed, we have

1 =

ˆ
Bd

(1 + |φn|)q
′−2φ̂2

n dν ≤
ˆ
In

|φ̂n|2 dν +
ˆ
Icn

εq
′−2
n |φ̂n|q

′
dν ,

and, according to (3.16), the limsup of the right side is bounded by a constant times ∥Sφ̂∥22,
so the latter quantity is non-zero, as claimed. We mention in passing that this part of the

argument is the only part where γ0 > 0 is used.

Another consequence of (3.16) is that the sequence (φ̂n1In) is bounded in L2(Bd) and there-

fore has a weak limit point. We claim that

φ̂n1In ⇀ φ̂ weakly in L2(Bd) . (3.17)

To prove this, let φ̃ ∈ L2(Bd) be a weak limit point of (φ̂n1In) in L2(Bd). Thus, along a

subsequence, we obtain for all f ∈ L2(Bd) that
ˆ
In

fφ̂n dν →
ˆ
Bd

fφ̃ dν .

Under the stronger assumption f ∈ Lq(Bd), we can decompose the left side as
ˆ
In

fφ̂n dν =

ˆ
Bd

fφ̂n dν −
ˆ
Icn

fφ̂n dν ,

where the first term converges to
´
Bd fφ̂ dν. The second term is bounded by∣∣∣∣ˆ
Icn

fφ̂n dν

∣∣∣∣ ≤ ∥f1Icn∥q∥φ̂n∥q′ .
This upper bound tends to zero since ∥φ̂n∥q′ is bounded and since

ν(Icn) ≤ δ̃−q
′
ˆ
Icn

|φn|q
′
dν ≤ δ̃−q

′∥φn∥q
′

q′ → 0 ,

so ∥f1Icn∥q → 0. Thus, we obtain

ˆ
Bd

fφ̃ dν =

ˆ
Bd

fφ̂ dν for all f ∈ Lq(Bd) .

Since Lq(Bd) is dense in L2(Bd), this implies φ̃ = φ̂, as claimed in (3.17).

In view of weak lower semicontinuity, (3.16) and (3.17) imply

(1− ε̃)∥φ̂∥22 ≤
d+ 2 + λ

d
∥Sφ̂∥22 .

Since this holds for any ε̃ > 0, we can take ε̃ = 0. The orthogonality condition φ̂n⊥QHl implies

φ̂⊥QHl. Therefore, recalling also λ < 2 and Sφ̂ ̸= 0, the previous inequality contradicts the

spectral gap inequality in Lemma 3.8, which concludes the proof. □
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3.6. Close optimizer with orthogonality conditions. In this subsection we show that func-

tions close to the set of optimizers can be Möbius transformed in order to achieve orthogonality

conditions while, at the same time, maintaining some closeness to the set of optimizers. While

we proved a similar result for the primal HWY-inequality in Proposition 2.8, the details in the

dual setting are rather different.

Proposition 3.9 (Orthogonal approximate optimizer). Let (vn) ⊂ Lq
′
(Bd) be a sequence of

functions with

∥vn∥q′ = 1 and inf
Φ
∥[vn]Φ − 1∥q′ → 0

for n→∞. Then there is a sequence of Möbius transformations Φn such that

rn := [vn]Φn − 1

satisfies, as n→∞,

∥rn∥q′ → 0

and, for all sufficiently large n,ˆ
Bd

yirn(y) dν(y) = 0 for all i = 1, . . . , d .

There are two differences compared to Proposition 2.8. First, instead of almost orthogonality

conditions as used in the latter, here we achieve genuine orthogonality conditions. Second,

instead of d+1 (almost) orthogonality conditions in the primal setting, here we only receive d.

(The remaining orthogonality condition will be achieved in the proof of Proposition 3.2.)

The argument we give is based on [FZ22, Lemma 4.1].

Proof of Proposition 3.9. Step 1. We recall the explicit family Φη, η ∈ Bd, of Möbius transfor-

mations of Bd given in (A.2). For v ∈ Lq′(Bd) we define the functional Fv : B
d → R,

Fv(η) :=

ˆ
Bd

[v]Φη dν .

Note that, by Hölder’s inequality and conformal invariance,

|Fv(η)| ≤ ∥[v]Φη∥q′ = ∥v∥q′ . (3.18)

We will be interested in maximizing Fv. We first note that if v = 1, then η = 0 is the unique

maximizer. Indeed, for v = 1 the Hölder inequality in (3.18) is saturated if and only if [1]Φη is

constant. According to (A.4), this is equivalent to η = 0.

If more generally ∥v − 1∥q′ < 1, we will argue that Fv attains its maximum in Bd. Indeed,

on the one hand, we have

sup
η∈Bd

Fv(η) ≥ Fv(0) = F1(0)− (F1(0)− Fv(0)) ≥ 1− ∥v − 1∥q′ ,

and the lower bound on the right side is, by assumption, a positive number. On the other hand,

Fv(η) ≤ ∥[v]Φη∥1 → 0 as |η| → 1 ; (3.19)

see [FP24b, Lemma 7], for instance. By continuity of the function Fv and by compactness,

supBd Fv is attained in Bd.
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Step 2. Consider now a sequence (vn) ⊂ Lq
′
(Bd) with ∥vn∥q′ = 1 and infΦ ∥[vn]Φ − 1∥q′ → 0.

We consider n so large that the latter infimum is smaller than 1. We apply Step 1 with v

replaced by ṽn := [vn]Φ′
n
, where Φ′

n is a Möbius transformation such that ∥[vn]Φ′
n
− 1∥q′ < 1 and

such that ∥[vn]Φ′
n
− 1∥q′ → 0 as n→∞. We obtain a sequence (ηn) ⊂ Bd such that supBd Fṽn

is attained at ηn. Set Φn := Φ′
n ◦ Φηn and rn := [vn]Φn − 1.

Let us show that ηn → 0. On the one hand, we have, by optimality,

F1(ηn) ≤ F1(0) .

On the other hand, we have, by Hölder’s inequality, conformal invariance, and optimality,

F1(ηn) ≥ Fṽn(ηn)− ∥ṽn − 1∥q′ ≥ Fṽn(0)− ∥ṽn − 1∥q′ ≥ F1(0)− 2∥ṽn − 1∥q′ .

It follows that F1(ηn)→ F1(0) as n→∞. To prove that ηn → 0, let η∞ denote any limit point

of (ηn). Thus, along an appropriate subsequence, we have F1(ηn) → c, where c := F1(η∞) if

|η∞| < 1 and c := 0 if |η∞| = 1 by (3.19). Now F1(ηn)→ F1(0) = 1 implies c = 1, and therefore,

since η = 0 uniquely maximizes F1, we have η∞ = 0, as claimed.

Since ηn → 0, we conclude that, as n→∞,

∥rn∥q′ = ∥ṽn − [1]Φ−1
ηn
∥q′ ≤ ∥ṽn − 1∥q′ + ∥[1]Φ−1

ηn
− 1∥q′ → 0 .

Finally, we prove the orthogonality conditions. Since ηn is the maximizer of Fṽn , we haveˆ
Bd

(1 + rn) dν ≥
ˆ
Bd

[1 + rn]Φη dν for all η ∈ Bd .

Thus, the gradient of η 7→
´
Bd [1 + rn]Φη dν vanishes at η = 0. Using

´
Bd [1 + rn]Φη dν =´

Bd [1]
q′−1

Φ−1
η
(1 + rn) dν and the explicit expression for [1]Φ−1

η
in (A.4) (note Φ−1

η = Φ−η), we easily

find that

∇η

∣∣∣
η=0

ˆ
Bd

[1 + rn]Φη dν = −(d− 2)

ˆ
Bd

y rn(y) dν(y) .

This implies the claimed orthogonality conditions. □

3.7. Local analysis. In this subsection we combine the ingredients of the previous two sub-

sections and finish the proof of the local bound, Proposition 3.2.

Proof of Proposition 3.2. We start with a sequence (vn) ⊂ Lq
′
(Bd) satisfying ∥vn∥q′ = 1 for all

n and infΦ ∥[vn]Φ − 1∥q′ → 0 as n → ∞. Proposition 3.9 gives us a sequence (Φn) of Möbius

transformations such that ∥[vn]Φn − 1∥q′ → 0 and such that [vn]Φn − 1 is L2(Bd)-orthogonal to

span{y1, . . . , yd}.
Set αn :=

´
Bd [vn]Φndν and note that, by Hölder’s inequality,

|αn − 1| =
∣∣∣∣ˆ
Bd

([vn]Φn − 1) dν

∣∣∣∣ ≤ ∥[vn]Φn − 1∥q′ .

Since the right side tends to zero, we infer, in particular, that αn ≥ 0 for all sufficiently large

n and, consequently, by the normalization ∥[vn]Φn∥q′ = ∥vn∥q′ = 1,

|αn − 1| = ||αn| − ∥[vn]Φn∥q′| ≤ ∥[vn]Φn − αn∥q′ .
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Thus, we have shown, for all sufficiently large n,

|αn − 1| ≤ min
{
∥[vn]Φn − 1∥q′ , ∥[vn]Φn − αn∥q′

}
,

which, in turn, implies

1

2
∥[vn]Φn − 1∥q′ ≤ ∥[vn]Φn − αn∥q′ ≤ 2∥[vn]Φn − 1∥q′ . (3.20)

We set r̃n := α−1
n [vn]Φn − 1. According to Proposition 3.9 and (3.20), we have ∥r̃n∥q′ → 0

and r̃n is L2(Bd)-orthogonal to span{1, y1, . . . , yd} = QHl. Moreover, by conformal invariance,

we have

1− ∥Svn∥q
′

p′ = αq
′

n

(
∥1 + r̃n∥q

′

q′ − ∥S(1 + r̃n)∥q
′

p′

)
,

and our task is to find a lower bound on the right side.

We use the elementary estimates from Lemma 3.3. More specifically, for any κ > 0 there are

Cκ, cκ > 0 such that for all r ∈ Lq′(Bd) we have, with ζ(r) from Lemma 3.3,

∥1 + r∥q
′

q′ ≥ 1 + q′
ˆ
Bd

r dν + q′
1− κ
2

ˆ
Bd

(
r2 + (q′ − 2)ζ(r)(|r + 1| − 1)2

)
dν

+ cκ

ˆ
Bd

min{|r|q′ , r2} dν (3.21)

and

∥S(1 + r)∥p
′

p′ ≤ 1 + p′
ˆ
Sd−1

Sr dµ+

(
p′(p′ − 1)

2
+ κ

) ˆ
Sd−1

(1 + Cκ|Sr|)p
′

1 + (Sr)2
(Sr)2 dµ .

Moreover, using the elementary inequality (1 + a)q
′/p′ ≤ 1 + aq′/p′ for a ≥ −1, it follows that

∥S(1 + r)∥q
′

p′ ≤ 1 + q′
ˆ
Sd−1

Sr dµ+

(
q′(p′ − 1)

2
+
q′κ

p′

) ˆ
Sd−1

(1 + Cκ|Sr|)p
′

1 + (Sr)2
(Sr)2 dµ . (3.22)

Applying (3.21) and (3.22) to r = r̃n and noting that
´
Bd r̃n dν =

´
Sd−1 Sr̃n dµ, we obtain

∥1 + r̃n∥q
′

q′ − ∥S(1 + r̃n)∥q
′

p′ ≥
q′

2
(1− κ)

ˆ
Bd

(
r̃2n + (q′ − 2)ζ(r̃n)(|r̃n + 1| − 1)2

)
dν

−
(
q′(p′ − 1)

2
+
q′κ

p′

) ˆ
Sd−1

(1 + Cκ|Sr̃n|)p
′

1 + (Sr̃n)2
(Sr̃n)

2 dµ

+ cκ

ˆ
Bd

min{|r̃n|q
′
, r̃2n} dν .

The right side can be bounded from below via the non-linear spectral gap inequality, Proposi-

tion 3.7. Given any λ < 2, γ0 > 0, and Cκ > 0, we find that for all sufficiently large n (recall
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that ∥r̃n∥q′ → 0 and r̃n ∈ (QHl)⊥), we have

∥1 + r̃n∥q
′

q′ − ∥S(1 + r̃n)∥q
′

p′

≥ q′

2

(
(1− κ)− p′ − 1

q′ − 1

d

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

))
×
ˆ
Bd

(
r̃2n + (q′ − 2)ζ(r̃n)(|r̃n + 1| − 1)2

)
dν

+

(
cκ − γ0

q′

2

p′ − 1

q′ − 1

d

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

))ˆ
Bd

min{|r̃n|q
′
, r̃2n} dν .

Noting that p′−1
q′−1

= d+2
d
, we see that for any λ ∈ (0, 2) we can choose κ = κ(d, λ) > 0 small

enough such that

(1− κ)− p′ − 1

q′ − 1

d

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

)
= (1− κ)− d+ 2

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

)
> 0 .

Having fixed κ, and therefore also cκ, we can choose γ0 > 0 small enough such that

cκ − γ0
q′

2

p′ − 1

q′ − 1

d

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

)
= cκ − γ0

d

d+ 2 + λ

(
1 +

2κ

p′(p′ − 1)

)
> 0 .

Since r̃2n + (q′ − 2)ζ(r̃n)(|r̃n + 1| − 1)2 ≥ 0, it follows that

∥1 + r̃n∥q
′

q′ − ∥S(1 + r̃n)∥q
′

p′ ≳
ˆ
Bd

min{|r̃n|q
′
, r̃2n} dν . (3.23)

Now, using ∥r̃n∥q′ ≤ 1 for sufficiently large n, we haveˆ
Bd

min{|r̃n|q
′
, r̃2n} dν =

ˆ
{|r̃n|≤1}

r̃2n dν +

ˆ
{|r̃n|>1}

|r̃n|q
′
dν

≥ ν(Bd)
1− 2

q′

(ˆ
{|r̃n|≤1}

|r̃n|q
′
dν

) 2
q′

+

ˆ
{|r̃n|>1}

|r̃n|q
′
dν ≳

(ˆ
Bd

|r̃n|q
′
dν

) 2
q′

. (3.24)

To summarize, we have shown that

1− ∥Svn∥q
′

p′ = αq
′

n

(
∥1 + r̃n∥q

′

q′ − ∥S(1 + r̃n)∥q
′

p′

)
≳ αq

′

n ∥r̃n∥2q′ .

Since αn → 1, it follows from (3.20) that the right side is comparable to ∥[vn]Φn − 1∥2q′ , which,
in turn, is ≥ infΦ ∥[vn]Φ − 1∥2q′ . This concludes the proof of Proposition 3.2. □

4. Optimality of the results

Our goal in this section is to show that the stability exponents in our main theorems are best

possible.

The result in Proposition 2.2, and thus in Theorems 1.3 and 1.1, is optimal in the sense that

the exponents 2 of the L2-distance and p of the Lp-distance cannot be decreased. To be more

specific, for given r ∈ {p, 2}, we can find a sequence (uj) ⊂ Lp(Sd−1) with ∥uj∥p = 1 such that

lim inf
j→∞

inf
Ψ
∥(uj)Ψ − 1∥p = 0 and lim sup

j→∞

∥uj∥pp − ∥Quj∥pq
infΨ ∥(uj)Ψ − 1∥rr

<∞ . (4.1)
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This will be shown in Subsections 4.1 (for r = 2) and 4.2 (for r = p).

Turning to the dual HWY-inequality (HWYd◦), the result in Proposition 3.2, and thus in

Theorems 1.4 and 1.2, is optimal in the sense that the exponent 2 of the Lq
′
-distance cannot

be decreased. To be more specific, we can find a sequence (vj) ⊂ Lq
′
(Bd) with ∥vj∥q′ = 1 such

that

lim inf
j→∞

inf
Φ
∥[vj]Φ − 1∥q′ = 0 and lim sup

j→∞

∥vj∥q
′

q′ − ∥Svj∥
q′

p′

infΦ ∥[vj]Φ − 1∥2q′
<∞ . (4.2)

This will be shown in Subsection 4.3.

4.1. Optimality of the quadratic power for the L2(Sd−1)-distance. To prove (4.1) in case

r = 2, we fix a function 0 ̸≡ φ ∈ C∞(Sd−1) ⊆ Lp(Sd−1) with
´
Sd−1 φ dµ =

´
Sd−1 φωi dµ(ω) = 0,

i = 1, . . . , d, and pick (uj) to be a subsequence of

uε := λε(1 + εφ)

with ε→ 0 and λε > 0 chosen such that ∥uε∥p = 1. Note that λε = 1 + o(1). As 2 < p < q, we

can expand the HWY-deficit to second order, which gives

∥uε∥pp − ∥Quε∥pq = ε2
p(p− 1)

2

(
∥φ∥22 −

q − 1

p− 1
∥Qφ∥22

)
+ o(ε2) .

This is clearly bounded from above by a constant times ε2∥φ∥22. Thus, we can conclude (4.1)

in case r = 2, once

inf
Ψ
∥(uε)Ψ − 1∥22 = ε2∥φ∥22 + o(ε2)

is verified. The latter follows mutatis mutandis from the proof of [FP24b, Eq. (5.2)]. Indeed,

the L2- and Lp-norms replace the W 1,2- and W 1,4-norms, and instead of the conformal bounds

for W 1,4, we can directly use conformal invariance of the Lp-norm.

4.2. Optimality of the power p for the Lp(Sd−1)-distance. To prove (4.1) in case r = p,

we consider (uj) as a subsequence of the two-parameter family of functions

uδ,η := λδ,η(1 + δ(1)Ψη)

with η → η∗ ∈ Sd−1 and δ → 0. Here λδ,η is chosen such that ∥uδ,η∥p = 1, and Ψη denotes the

Möbius transformation associated with η ∈ Bd from (A.5).

As η → η∗ ∈ Sd−1, (1)Ψη(ω) → 0 and Q(1)Ψη(ω) = (1)
p/q
Ψη

(ω) → 0 for all ω ∈ Sd−1 \ {η∗}.
Applying the Brezis–Lieb lemma and conformal invariance, we obtain the expansions

∥1 + δ(1)Ψη∥pp = ∥1∥pp (1 + δp) + o|η|→1(1) , (4.3)

∥Q(1 + δ(1)Ψη)∥qq = ∥Q1∥qq (1 + δq) + o|η|→1(1) ,

uniformly in δ ∈ (0, 1). As a consequence of (4.3), we have

λη,δ = (1 + δp)−
1
p + o|η|→1(1)
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for fixed δ. We now choose η as a function of δ (but for simplicity we do not reflect this in

the notation). Choosing η → η∗ sufficiently faster than δ → 0, we can ensure that the error in

o|η|→1(1) is controlled by δp+ε for some fixed ε > 0. This implies

λη,δ = 1− 1

p
δp(1 + o(1)) (4.4)

and

∥uδ,η∥pp − ∥Quδ,η∥pq = |λη,δ|p
(
1 + δp − (1 + δq)

d−1
d + o|η|→1(1)

)
= δp(1 + o(1)) .

Therefore, if we can prove

inf
Ψ
∥(uδ,η)Ψ − 1∥pp = δp∥1∥pp + o(δp) , (4.5)

we can conclude (4.1) for r = p. Note that we can dismiss the prefactor λδ,η in the definition

of uδ,η due to (4.4). If we take the identity as competitor in the infimum and use conformal

invariance of the Lp-norm, we obtain the upper bound

inf
Ψ
∥(1 + δ(1)Ψη)Ψ − 1∥p ≤ δ∥1∥p .

Let η′ ∈ Bd (depending on δ and η) be such that

∥(1 + δ(1)Ψη)Ψη′
− 1∥pp ≤ inf

Ψ
∥(1 + δ(1)Ψη)Ψ − 1∥pp + o(δp) .

(Here we use the same argument as below (2.9) to reduce the infimum over Ψ to an infimum

over elements of Bd.) Thus, by the triangle inequality, we obtain the lower bound

inf
Ψ
∥(1 + δ(1)Ψη)Ψ − 1∥p ≥ ∥(1)Ψη′

− 1∥p − ∥δ(1)Ψη◦Ψη′
∥p + o(δp) .

Again as a consequence of conformal invariance, by comparison with the upper bound we deduce

∥(1)Ψη′
− 1∥pp ≲ δp . (4.6)

This implies η′ → 0. (Indeed, otherwise it would have a limit point in Bd \ {0}, and the

Brezis–Lieb lemma would imply that along the corresponding subsequence the left side of (4.6)

remained positive, contradicting the bound.) Since η′ → 0, we can use the uniform expansion

(1)Ψη′
− 1 = const η′(1 + o(1)) . (4.7)

Together with (4.6), this gives |η′| ≲ δ. Meanwhile, an application of Young’s elementary

inequality tells us that

∥(1 + δ(1)Ψη)Ψη′
− 1∥pp ≥ ∥δ(1)Ψη◦Ψη′

∥pp − p
ˆ
Sd−1

|(1)Ψη′
− 1|p−1δ|(1)Ψη◦Ψη′

| dµ . (4.8)

We claim that

∥(1)Ψη◦Ψη′
∥1 → 0 . (4.9)

Indeed, by Corollary A.4, there are η′′ ∈ Bd and A ∈ O(d) such that Ψη ◦ Ψη′ = A ◦ Ψη′′ .

If η′′ stayed away from the boundary of Bd, it would have a subsequence that converges to a

limit in Bd. By compactness of O(d) and the fact that η′ stays away from the boundary of
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Bd, a subsequence of Ψη = A ◦Ψη′′ ◦Ψ−1
η′ would converge to a Möbius transformation of Sd−1,

contradicting |η| → 1. This shows that |η′′| → 1. Since 1 < p it follows as in [FP24b, Lemma 7]

that ∥(1)Ψη◦Ψη′
∥1 = ∥(1)Ψη′′

∥1 → 0, as claimed in (4.9).

Combining the pointwise bound (4.7), the estimate |η′| ≲ δ, and (4.9) yields
ˆ
Sd−1

|(1)Ψη′
− 1|p−1δ|(1)Ψη′′

| dµ ≲ δp∥(1)Ψη′′
∥1 = o(δp) .

In conclusion, (4.8) yields

∥(1 + δ(1)Ψη)Ψη′
− 1∥pp ≥ δp∥1∥pp + o(δp) .

This implies the lower bound in (4.5) and thereby completes the proof.

4.3. Optimality of the quadratic power for the Lq
′
(Bd)-distance. To prove (4.2), we

consider (vj) as a subsequence of the two-parameter family of functions

vδ,η := λδ,η(1 + δ[1]Φη)

with η → η∗ ∈ Sd−1, δ → 0, and λδ,η chosen such that ∥vδ,η∥q′ = 1. As in the previous

subsection, by applying the Brezis–Lieb Lemma and conformal invariance, we expand

∥vδ,η∥q
′

q′ − ∥Svδ,η∥
q′

p′ = 1 + δq
′ −
(
1 + δp

′
) q′

p′
+ o|η|→1(1)

and

λη,δ =
(
1 + δq

′
)− 1

q′
+ o|η|→1(1)

uniformly in δ ∈ (0, 1). If we choose η → η∗ sufficiently faster than δ → 0, we obtain

∥vδ,η∥q
′

q′ − ∥Svδ,η∥
q′

p′ = δq
′
(1 + oδ→0(1))

and

λη,δ = 1− 1

q′
δq

′
(1 + oδ→0(1)) .

Once again, we are left to determine the asymptotic behavior of the distance. It suffices to

prove

inf
Φ
∥[vδ,η]Φ − 1∥q

′

q′ = δq
′∥1∥q

′

q′ + oδ→0(δ
q′)

to conclude (4.2). This follows identically as the proof of (4.5) with exponent q′ instead of p;

we omit the details.

Appendix A. Conformal invariance

Our goal in this appendix is to prove the invariance under Möbius transformations of the

HWY-inequality and its dual. For background on Möbius transformations, we refer to [Rat19].
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The inequality on the upper half-space. By definition, a Möbius transformation of Rd ∪ {∞}
is a finite composition of reflections in generalized spheres. (A generalized sphere is either a

sphere or an affine hyperplane.) Also by definition, a Möbius transformation of Rd
+ is a Möbius

transformation of Rd ∪ {∞} that leaves Rd
+ invariant.

It is easy to see [Rat19, Theorem 4.4.1] that by restriction to the boundary ∂Rd
+, identified

with Rd−1, a Möbius transformation of Rd
+ gives rise to a Möbius transformation of Rd−1∪{∞}.

Conversely, any Möbius transformation of Rd−1 ∪ {∞} has a unique extension to a Möbius

transformation of Rd ∪{∞}, the so-called Poincaré extension [Rat19, Section 4.4]. It is defined

as follows: If ψ is a reflection in a plane {x′ ∈ Rd−1 : a′ · x′ = t} (respectively in a sphere {x′ ∈
Rd−1 : |x′ − a′| = r}), then ψ̃ is defined to be the reflection in the plane {x ∈ Rd : a′ · x′ = t}
(respectively in the sphere {x ∈ Rd : |x − (a′, 0)| = r}), where x = (x′, xd). Clearly, in both

cases ψ̃ is an extension of ψ in the sense that ψ̃(x′, 0) = (ψ(x′), 0) for x′ ∈ Rd−1. Moreover,

in both cases ψ̃ leaves Rd
+ invariant. For a general Möbius transformation ψ of Rd−1 ∪ {∞},

the Poincaré extension ψ̃ is defined by writing ψ as a composition of reflections in generalized

spheres and extending each reflection. The fact that this definition is independent of the chosen

representation as composition follows from the fact that if ψ̃1 and ψ̃2 are two such extensions

of ψ, then ψ̃1 ◦ ψ̃−1
2 is a Möbius transformation of Rd ∪{∞} that fixes each point of Rd−1×{0}

and is therefore the identity by a well-known theorem as given in [Rat19, Theorem 4.3.6], for

instance.

The Poincaré extension is relevant in our context because of the following formula.

Lemma A.1. For any f ∈ L
2(d−1)
d−2 (Rd−1) and any Möbius transformation ψ of Rd−1 ∪ {∞},

P

(
J

d−2
2(d−1)

ψ f ◦ ψ
)

= J
d−2
2d

ψ̃
(Pf) ◦ ψ̃ .

Proof. The Poincaré extension of ψ(ξ) = ξ − ξ0 (with ξ0 ∈ Rd−1) is ψ̃(x) = (x′ − ξ0, xd), and
the Poincaré extension of ψ(ξ) = bξ (with b ∈ R+) is ψ̃(x) = bx. For both transformations the

assertion of the proposition is clear. Momentarily, we will show the assertion for ψ(ξ) = ξ/|ξ|2,
for which we have ψ̃(x) = x/|x|2. The assertion for general ψ then follows from the fact that

the Poincaré extension of a composition is the composition of the Poincaré extensions, which

is a consequence of the uniqueness of the Poincaré extension.

It remains to prove the formula for the inversion; see also [HWY08, Proof of Theorem 4.1].

For given f ∈ L
2(d−1)
d−2 (Rd−1) let f̃(ξ) := |ξ|−(d−2)f(ξ/|ξ|2). We compute

(P f̃)(x) =
2

|Sd−1|

ˆ
Rd−1

xd

(|x′ − |ξ̃|−2ξ̃|2 + x2d)
d/2

1

|ξ̃|d
f(ξ̃) dξ̃

= |x|−d+2 2

|Sd−1|

ˆ
Rd−1

|x|−2xd

(||x|−2x′ − ξ̃|2 + (|x|−2xd)2)d/2
f(ξ̃) dξ̃ = |x|−d+2 (Pf)(x/|x|2) .

This is the claimed formula. □
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Passing from the half-space to the ball. Let S : Rd−1∪{∞} → Sd−1 be the inverse stereographic

projection, given by

S(ξ) :=
(

2ξ

1 + |ξ|2
,
1− |ξ|2

1 + |ξ|2

)
, ξ ∈ Rd−1 ,

and recall that JS(ξ) = (2/(1 + |ξ|2))d−1 is its Jacobian. Moreover, let Σ : Rd
+ → Bd be given

by

Σ(x) :=

(
2x′

(1 + xd)2 + |x′|2
,

1− |x|2

(1 + xd)2 + |x′|2

)
, x ∈ Rd

+ .

Note that Σ, or rather its extension to the closure of Rd
+, coincides with S on ∂Rd

+, identified

with Rd−1.

Then a similar computation as in the proof of Lemma A.1 shows that

Q

(
J

d−2
2(d−1)

S−1 f ◦ S−1

)
= J

d−2
2d

Σ−1 (Pf) ◦ Σ−1 .

Thus, if a function f on Rd−1 and a function u on Sd−1 are related by

u = |Sd−1|
d−2

2(d−1) J
d−2

2(d−1)

S−1 f ◦ S−1 ,

then, recalling that we use probability measures on Sd−1 and Bd,

∥u∥
L

2(d−1)
d−2 (Sd−1)

= ∥f∥
L

2(d−1)
d−2 (Rd−1)

and ∥Qu∥
L

2d
d−2 (Bd)

= d
d−2
2d |Sd−1|

d−2
2d(d−1)∥Pf∥

L
2d
d−2 (Rd

+)
. (A.1)

The inequality on the ball. By definition, a Möbius transformation of Sd−1 is a map Ψ : Sd−1 →
Sd−1 such that S−1 ◦ Ψ ◦ S is a Möbius transformation of Rd−1 ∪ {∞}. Also by definition, a

Möbius transformation of Bd is a Möbius transformation of Rd∪{∞} that leaves Bd invariant.

The Poincaré extension of a Möbius transformation Ψ of Sd−1 is, by definition, the Möbius

transformation Ψ̃ := Σ ◦ ψ̃ ◦Σ−1 of Bd where ψ := S−1 ◦Ψ ◦ S. Just like for the half-space, this
defines a bijection between Möbius transformations on Sd−1 and on Bd.

In view of these definitions, we can state Lemma A.1 equivalently as follows.

Lemma A.2. For any u ∈ L
2(d−1)
d−2 (Sd−1) and any Möbius transformation Ψ of Sd−1,

Q(J
d−2

2(d−1)

Ψ u ◦Ψ) = J
d−2
2d

Ψ̃
(Qu) ◦ Ψ̃ .

We note that by taking u = 1, so that Qu = 1, we find the identity

QJ
d−2

2(d−1)

Ψ = J
d−2
2d

Ψ̃
.

Möbius transformations of Bd. Sometimes it is convenient to have an explicit form of Möbius

parametrizations. This is well known to experts, but we include the details for the sake of

completeness. We let, for η ∈ Bd,

Φη(y) :=
(1− |η|2)(y − η)− |y − η|2η

1− 2η · y + |η|2|y|2
for all y ∈ Bd . (A.2)

As usual, O(d) denotes the set of orthogonal transformations of Rd.
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Lemma A.3. Möbius transformations of Bd are precisely those maps Φ given by

Φ(y) = AΦη(y) , y ∈ Bd ,

with A ∈ O(d) and η ∈ Bd.

Proof. Denoting y∗ := y/|y|2, we find

Φη(y) = −η + (1− |η|2)(y∗ − η)∗ . (A.3)

Thus, Φη is a Möbius transformation of Rd∪{∞}. A tedious but elementary computation shows

that |Φη(y)| < 1 when |y| < 1, so Φη leaves B
d invariant. Hence, Φη is a Möbius transformation

of Bd, and this remains true after composing it with an orthogonal transformation.

Conversely, assume that Φ is a Möbius transformation of Bd, and set η = Φ−1(0). Then

Φη ◦ Φ−1 is a Möbius transformation of Bd that fixes the point 0 and, therefore, by [Rat19,

Theorem 4.4.8], it is an orthogonal transformation. It is instructive to review the proof in some

more detail: With J(y) := y∗ = y/|y|2, we consider φ := J ◦ Φη ◦ Φ−1 ◦ J . This is a Möbius

transformation of Rd∪{∞} that fixes∞. According to [Rat19, Theorem 4.3.2], φ is a Euclidean

similarity, that is, there are A ∈ O(d), k > 0, and z ∈ Rd such that φ(x) = kAx+ z. Each one

of the four maps making up φ leaves Sd−1 invariant. Meanwhile, x 7→ kAx + z maps Sd−1 to

the sphere of radius k centered at z. It follows that k = 1 and z = 0. Thus,

Φη ◦ Φ−1(y) = J(φ(Jy)) = J(A(Jy)) =
AJy

|AJy|2
= Ay , y ∈ Bd ,

as claimed. □

A tedious but straightforward computation shows that the Jacobian of Φη is given by

(JΦη(y))
1
d =

1− |η|2

1− 2η · y + |η|2|y|2
for all y ∈ Bd . (A.4)

(The expression (A.3) is useful when performing this computation.)

Möbius transformations of Sd−1. For η ∈ Bd, let

Ψη(ω) :=
(1− |η|2)(ω − η)− (1− 2η · ω + |η|2)η

1− 2η · ω + |η|2
for all ω ∈ Sd−1 . (A.5)

Corollary A.4. Möbius transformations of Sd−1 are precisely those maps Ψ given by

Ψ(ω) = AΨη(ω) , ω ∈ Sd−1 ,

with A ∈ O(d) and η ∈ Bd.

Proof. This follows from the fact that Φη is the Poincaré extension of Ψη and that the Poincaré

extension provides a bijection between Möbius transformations of Sd−1 and Bd. □

The Jacobian of Ψη is given by

(JΨη(ω))
1

d−1 =
1− |η|2

1− 2η · ω + |η|2
for all ω ∈ Sd−1 .
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Indeed, this follows, for example, from (A.4) together with the formula

JΨ(ω)
1

d−1 = JΨ̃(ω)
1
d , ω ∈ Sd−1 , (A.6)

relating the Jacobian of a Möbius transformation Ψ of Sd−1 and its Poincaré extension.

To prove the latter, we recall that for any Möbius transformation ψ of Rd ∪ {∞} we have

|ψ(x)− ψ(x′)|2 = Jψ(x)
1
d |x− x′|2 Jψ(x′)

1
d , x, x′ ∈ Rd . (A.7)

Applying this formula in Rd−1 and using a similar formula for the inverse stereographic projec-

tion, we find for any Möbius transformation Ψ of Sd−1 that

|Ψ(ω)−Ψ(ω′)|2 = JΨ(ω)
1

d−1 |ω − ω′|2 JΨ(ω′)
1

d−1 , ω, ω′ ∈ Sd−1 . (A.8)

Taking ψ = Ψ̃, x = ω, and x′ = ω′ in (A.7) and comparing with (A.8), we arrive at (A.6).

Appendix B. A unified notion of distance

In this appendix we propose a way of measuring the distance to the set of optimizers that

captures a quadratic behavior close-by and a p-homogeneous behavior far away.

For 1 ≤ r <∞ and functions f, f ∗ ∈ Lr(X) on a measure space (X,A, σ), we set

Πr(f, f
∗) :=

1

∥f ∗∥rLr(X)

(
∥f − f ∗∥rLr({|f−f∗|>|f∗|}) +

∥∥(f − f ∗)|f ∗|r/2−1
∥∥2
L2({|f−f∗|≤|f∗|})

)
.

Clearly, we have

∥f ∗∥rLr(X) Πr(f, f
∗) ≃

{´
X
max{|f ∗|r/2−1(f − f ∗)2, |f − f ∗|r} dσ if r ≥ 2 ,´

X
min{|f ∗|r/2−1(f − f ∗)2, |f − f ∗|r} dσ if r ≤ 2 ,

where ≃ mean ≲ and ≳ with constants depending only on r. When r ≥ 2, it is easy to see that

∥f ∗∥rLr(X) Πr(f, f
∗) ≃ ∥f − f ∗∥rLr(X) + ∥f − f ∗∥2L2(X, |f∗|r−2dσ) ,

while for r < 2 the argument in (3.24) shows that

∥f ∗∥rLr(X) Πr(f, f
∗) ≳ ∥f − f ∗∥2Lr(X)∥f ∗∥r−2

Lr(X) if ∥f − f ∗∥Lr(X) ≤ ∥f ∗∥Lr(X) .

Here is a variant of Theorems 1.3 and 1.4 in terms of this quantity.

Corollary B.1. Let d ≥ 3. There is a cd > 0 such that for all 0 ̸= u ∈ Lp(Sd−1) and

0 ̸= v ∈ Lq′(Bd) we have

1− ∥Qu∥q
∥u∥p

≥ cd inf
u∗

Πp(u, u
∗) and 1− ∥Sv∥p

′

∥v∥q′
≥ cd inf

v∗
Πq′(v, v

∗) ,

where the infima are taken over all optimizers of (HWY◦) and (HWYd◦), respectively.

A similar stability result holds for the HWY-inequality for the upper half-space and its dual,

for the σ2-curvature inequality on the sphere [FP24b], and for the p-Sobolev inequality on

Euclidean space [FZ22].



38 RUPERT L. FRANK, JONAS W. PETERANDERL, AND LARRY READ

Proof of Corollary B.1. While the proof for the HWY-inequality is direct (just up to reposi-

tioning λ), for the dual version we have to make more changes to the proof as it uses a new

notion of distance. By contradiction, assume that there is a sequence (vn) ⊂ Lq
′
(Bd) with

1− ∥Svn∥p′/∥vn∥q′
infλ,Φ

´
Bd min{|vn − λ [1]Φ|q′ , |vn − λ [1]Φ|2} dν

→ 0 (B.1)

as n→∞. We may normalize the sequence (vn) by ∥vn∥q′ = 1. Since

inf
λ,Φ

ˆ
Bd

min{|vn − λ [1]Φ|q
′
, |vn − λ [1]Φ|2} dν ≤ ∥vn∥q

′

q′ = 1 ,

we deduce from (B.1) that ∥Svn∥p′ → 1 as n→∞. Hence, by Proposition 3.1, infΦ,λ∈{±1} ∥vn−
λ [1]Φ∥q′ → 0 as n → ∞. An application of Proposition 3.2 in the form given by (3.23) then

gives a positive lower bound that contradicts (B.1). □
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[GGRT24] J. Gómez, A. Guerra, J. P. G. Ramos, and P. Tilli, Stability of the Faber-Krahn inequality for the

short-time Fourier transform, Invent. Math. 236 (2024), no. 2, 779–836.

[GLZ25] A. Guerra, X. Lamy, and K. Zemas, Sharp quantitative stability of the Möbius group among sphere-
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