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ABSTRACT. We study infinitesimal deformations of Lie algebroid pairs in the category of smooth
manifolds enriched with a local Artinian K-algebra. Given a Lie algebroid pair (L, A), i.e. a Lie
algebroid L together with a Lie subalgebroid A, we investigate isomorphism classes of infinitesimal
deformations of (L, A) modulo automorphisms from exponentials of derivations of L and those
from the exponentials of inner derivations of L, respectively. For the associated two deformation
functors, we find the associated governing L.-algebras in the sense of extended deformation theory.
Furthermore, when (L, A) is a matched Lie pair, i.e. the quotient L/A is also a Lie subalgebroid
of L, we investigate isomorphism classes of infinitesimal deformations modulo automorphisms from
exponentials of derivations along the normal direction L/A. The extended deformation theory of
the associated deformation functor recovers the formal deformation theory of complex structures
and that of transversely holomorphic foliations.
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INTRODUCTION

The motivation.

The “Deligne principle” in deformation theory posits a fundamental correspondence: every formal
deformation problem is governed by a differential graded (dg) Lie algebra (or, more generally, an
Lo-algebra). Specifically, the dg Lie algebra controls the deformations via solutions of the Maurer-
Cartan equation modulo gauge actions [11,23,24].

This paper aims to initiate the study of such a formal deformation theory for Lie algebroid
pairs, which we refer to as Lie pairs for brevity. To contextualize this, recall that a Lie algebroid
over K (where K represents either the field of real numbers, R, or complex numbers, C) is a K-vector
bundle L over a base manifold M. This bundle is endowed with a Lie bracket [—, —] defined on its
sections, along with a bundle map p: L — Ths ®r K, called the anchor. The anchor map p must
satisfy two conditions: it acts as a morphism of Lie algebras on the section spaces, and it adheres
to the Leibniz identity:

(X, Y] = fIX, Y]+ (p(X) )Y,

forall X, Y € I'(L) and f € C>°(M,K). A Lie (algebroid) pair is then defined as an inclusion A — L
of Lie algebroids sharing a common base space, denoted by (L, A). These Lie pairs arise naturally
in diverse mathematical domains, including Lie theory, complex geometry, foliation theory, and
Poisson geometry. For instance, a complex manifold X gives rise to the Lie pair (Tx ® C,T%l)
over C. Similarly, a regular foliation F on M defines a Lie pair (T, F') over R, where F' C Ty
represents the integrable distribution tangent to the foliation F. The Molino class of a foliation
F C M and the Atiyah class of a complex manifold X can be interpreted as the Atiyah classes of
their corresponding Lie pairs [4]. Furthermore, the Atiyah class of any Lie pair (L, A) induces an
Loo-algebra structure on the shifted tangent complex T'(A*A* @ L/A[1]) [22]. In the specific case
where the Lie pair originates from a compact Kahler manifold, this induced Lo-algebra structure
recovers the fundamental construction in Kapranov’s formulation of Rozansky-Witten theory [19].
Inspired by the success of formal deformation theory for complex structures [23] and regular
foliations [7, 15,25] in differential geometry, we initiate a study of infinitesimal deformations of
Lie pairs. Specifically, our aim is to classify infinitesimal deformations of a Lie pair (L, A) up to
a suitably defined notion of isomorphism. We anticipate that this classification is equivalent to
identifying gauge relations between Maurer-Cartan elements within certain Lo.-algebras.

The main results.

We outline the contents and main results of this paper. First in Section 1, we introduce the
concept of infinitesimal thickenings of Lie algebroids, a tool specifically designed to describe infin-
itesimal deformations of Lie pairs. The notion of an «/-ringed manifold M, refers to a smooth
manifold M enriched with a local Artinian K-algebra /. More precisely, it is a locally ringed space
over M whose structure sheaf is the sheaf of smooth functions thickened by 7 (see Definition 1.1).
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Within the category of &7-ringed manifolds, we identify vector bundle objects, which we call
</ -ringed vector bundles (see Definition 1.6). An &7-ringed vector bundle can be interpreted as an
infinitesimal thickening of a conventional vector bundle, achieved through the application of the
local Artinian K-algebra o7. Analogously, we define «7-ringed Lie algebroids (see Definition 1.12)
as Lie algebroid objects within the category of &/-ringed manifolds, representing infinitesimal thick-
enings of standard Lie algebroids. Given an 7-ringed Lie algebroid L, evaluating it at the unique
maximal ideal of &7 yields a Lie algebroid L, which we designate as the center Lie algebroid of L.

Second, in Section 2, we define an infinitesimal deformation of a Lie pair (L, A) as a Lie pair
(L%, A./) within the category of «/-ringed manifolds, centered around the original Lie pair (L, A).
Here, Lg{ denotes the o/-linear extension of the Lie algebroid L, specifically what we term the
o/ -Cartesian extension of L (refer to Definition 2.1). The fundamental concept underlying this
definition is that the Lie subalgebroid A, is subject to variation, parameterized by <7, while the
extended Lie algebroid L%{ remains stable with respect to <.

We also need to define isomorphisms between infinitesimal deformations. To this end, we intro-
duce a specific type of automorphism of o/-ringed Lie algebroids called a “small automorphism.”
It is characterized by inducing the identity map on the associated center Lie algebroid, obtained
via evaluation at the maximal ideal of /. An interesting fact is that any small automorphism
of the &/-Cartesian extension Lg{ can be represented as the exponential exp(d) of a nilpotent
derivation & of L?, (see Proposition 1.19). Consequently, the small automorphism group sAut(L?,)
possesses a subgroup, denoted sIAut(L?y), comprising exponential elements derived from nilpotent
inner derivations of ng. Using these concepts, we define weak and semistrict isomorphisms. Two
infinitesimal deformations, (L?J,Ad) and (Lf) JAL,), of (L, A) are defined as weak (respectively,
semistrict) isomorphic if there exists a small morphism II4: A;{ — A,y of o/-ringed Lie algebroids
and a small automorphism exp(d), belonging to sAut(L%,) (respectively, sIAut(L?)), that relates
the two deformations in a proper manner. For a rigorous definition, refer to Definition 2.17.

Given a Lie pair (L, A), assigning its weak or semistrict isomorphic infinitesimal deformations
to each local Artinian K-algebra determines two infinitesimal deformation functors, denoted by
wDef 7, 4y and sDef 1, 4), respectively, from the category of local Artinian K-algebras to the category
of sets. Consequently, it is pertinent to inquire about the L..-algebras, denoted as b and bg, that
govern these deformation functors. Specifically, we seek h and hg such that the associated algebraic
deformation functors Defy and Defy, are isomorphic to wDef (7, 4) and sDef 7, 4), respectively. Here,
Defyy (resp. Defy,) maps each local Artinian K-algebra .o to the set of gauge equivalent classes
of Maurer-Cartan elements of the nilpotent L.-algebra h ® m, (resp. ho ® m,/) in the sense of
Getzler [9] (see also [14]).

In fact, associated with a Lie pair (L, A), there exists a cubic Ly.-algebra

¢:=T(A*A* © L/A),

as demonstrated in [1]. This Lo-algebra, which we call the basic cubic Loo-algebra of (L, A), differs
from the construction presented in [22]. A concrete illustration of this arises when considering the
Lie pair (Tx ® C,T)O(’l) derived from a compact complex manifold X. In this specific case, the

corresponding basic cubic Ly,-algebra ¢ is isomorphic to the Kodaira-Spencer algebra Qg(’-'(T )1(’0),
which governs the infinitesimal deformations of complex structures on X.

The significance of ¢ lies in the fact that the set of Maurer-Cartan elements within the cubic
(and nilpotent) Loo-algebra ¢ ® m,, is isomorphic to the set of standard deformations of (L, A) (see
Proposition 2.28), which indeed controls deformations of the Dirac structure D = A @ A+ of the
Courant algebroid L & L* [1,13,20,32,33]. However, when considering infinitesimal deformations
modulo small automorphisms, the degree 0 component of ¢, specifically I'(L/A), is insufficient
to generate the small automorphism group sAut(L(j/) via the L., exponential map. Furthermore,
there are numerous examples involving general Lie algebra pairs that show the algebraic deformation
functor associated with ¢ is neither isomorphic to the infinitesimal deformation functor wDef 7, 4)
nor to sDef(z, ).
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To address this problem, we couple the Lie algebra of derivations of the Lie algebroid L, denoted
by Der(L), with the cubic Ly-algebra c¢. As demonstrated in [27], there exists a natural action of
Der(L) on ¢. Consequently, the direct sum

h := Der(L) @ c,

inherits a cubic L..-algebra structure that extends the canonical structure on ¢. We call b the
extended cubic L-algebra of the Lie pair (L, A). Furthermore, b contains an Ls-subalgebra given
by

ho = IDer(L) & ¢,
where IDer(L) C Der(L) represents the Lie subalgebra of inner derivations of L. These two cubic
Loo-algebras, h and by, are central to our investigation. Our main result, detailed in Theorems 2.30
and 2.36, can be summarized as follows:

Theorem A. The infinitesimal deformation functor wDef 1, 4y of weak isomorphisms classes is
controlled by the extended cubic Loo-algebra b, while sDef y, 4y of semistrict isomorphism classes is
controlled by the Loo-subalgebra b of b.

To illustrate the application of this theorem, let us consider deformations of a Lie algebra pair
a C . In this specific case, the base manifold M reduces to a single point. Consequently, the
tangent space of the functor sDef () is isomorphic to the deformation space of the Lie subalgebra
a within [, as defined by Crainic, Schétz, and Struchiner in [6].

In the third part of this paper, Section 3, we investigate the specific scenario where L = A pq
(L/A) constitutes a matched Lie pair, implying that L/A can be embedded into L as a Lie subal-
gebroid. Consequently, the set {L | b € T'(L/A)} of inner derivations along the “normal direction”
L/A forms a Lie subalgebra within the inner derivations of L. The exponential of these derivations,
defined as

hAut(L%) = {exp(Ly) | b € T(L/A) @ m},
forms a subgroup of the small automorphism group sAut(Lgf). In this context, we employ hAut(Lgf)
to define isomorphism classes of infinitesimal deformations, as detailed in Definition 3.1. The func-
tor corresponding to this relation is denoted by hDef 4qp. Furthermore, the basic cubic Ly-algebra
¢ associated with the matched Lie pair simplifies to a dg Lie algebra. This dg Lie algebra governs the
aforementioned isomorphism classes of infinitesimal deformations, as formalized by the following
statement (see Theorem 3.2 for more details):

Theorem B. For a matched Lie pair L = A > (L/A), the infinitesimal deformation functor
hDef gqp is isomorphic to the algebraic deformation functor associated with the dg Lie algebra c.

As an application, we consider the matched Lie pair T)O(’1 D T)lgo on a complex manifold X. The
associated infinitesimal deformation functor hDefT)%lMT;(,o is isomorphic to the infinitesimal defor-
mation functor of complex structures on X. Furthermore, the basic dg Lie algebra ¢ corresponds
to the Kodaira-Spencer algebra of X. Consequently, this recovers the established result regarding
the isomorphism between the functor of infinitesimal deformations of complex structures and the
algebraic deformation functor associated with the Kodaira-Spencer algebra.

We also extend our investigation to transversely holomorphic foliations F on compact smooth
manifolds M. Let F' denote the tangent bundle of F, and let B = T);/F represent the normal
bundle. This normal bundle B possesses a natural complex structure, inducing a splitting B¢ =
B10@ B%! of its complexified bundle B€. We then construct a matched Lie pair (F€@ B%!) > B0,
The deformation functor associated with this matched Lie pair is isomorphic to the deformation
functor of the transversely holomorphic foliation F itself [8,12,34,35].

Related works.

Several works in the literature relate to the deformation theory presented in this paper. The
study of Lie algebra deformations originates with the work of Nijenhuis and Richardson [29,31].
For a more recent overview of Lie algebra pair deformations, see Crainic [6]. Ji [17] investigated the
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simultaneous deformations of Lie algebroids and their Lie subalgebroids, deriving an L..-algebra via
higher derived brackets. However, this approach differs significantly from the Lie pair deformation
framework presented here. Specifically, our Lie pair setting (L, A) considers a Lie algebroid L and its
Lie subalgebroid A defined over the “same” base manifold. This choice is motivated by examples
arising from foliations and complex manifolds. In contrast, Ji’s framework typically involves a
Lie algebroid E over a smooth manifold M, where the base manifold of its Lie subalgebroid is a
submanifold of M. This is motivated by examples from Poisson geometry involving coisotropic
submanifolds of Poisson manifolds. In subsequent work, Ji [18] further explored the relationship
between deformations of Lie subalgebroids and deformations of coisotropic submanifolds (see also [2,
30] on deformations of coisotropic submanifolds).

Acknowledgment.
We would like to thank Ping Xu for fruitful discussions.

List of commonly used notations.

) m, — the maximal ideal of a local Artinian K-algebra <7

) My = (M,Op,,) — an &/-ringed manifold centered on a smooth manifold M;
) Mfld,, — the category of «7-ringed manifolds;

) sAut(M,) — the group of small automorphisms of an .o/-ringed manifold M;
) T(T5) — the space of K-valued vector fields on M, i.e., K ®g I'(Tn);

) Ty = (TX).s — the </-ringed vector bundle with center T3 — M;

) I'(Ty) :==T'(Th) ®r &/ — the space of global sections of T.y;

) Ks[t] — the K-algebra of dual numbers ;

) (B, =, =B, PE,,) — an &/-ringed Lie algebroid,

) EY, — the o/-Cartesian extension of a Lie algebroid E;

)

)

)

)

)

)

)

)

w0

sAut(E,Q{) — the group of small automorphisms of an &7-ringed Lie algebroid E;
Der(E) — the space of derivations of a Lie algebroid E;

IDer(E) — the space of inner derivations of a Lie algebroid F;

sIAut(EY) — the group of small inner automorphisms of E?, (see (11));

Sd(L, A, o) — the set of solutions ¢ € T'(A* ® B) ® m, to Equation (2.8);

MC(g) — the set of Maurer-Cartan elements of a nilpotent L..-algebra g;

Q% (B) =T(A*A* ® B) — the basic cubic L-algebra arising from the Lie pair (L, A);

b = (Der(L) & T(B)) @ (B>, V4(B)) — the extended cubic Lo-algebra arising from the
Lie pair (L, A);

0) Defy — the algebraic deformation functor associated to an L.-algebra g;

1) wDef(r, 4y — the weak infinitesimal deformation functor of the Lie pair (L, A);

2) Art — the category of local Artinian K-algebras;

3) Set — the category of sets;

4) sDef (1, 4y — the semistrict infinitesimal deformation functor of the Lie pair (L, A);

5) hDef g.qp — the deformation functor of the matched Lie pair L = A <1 B;

6) H'(g,[~]1) — the i-th cohomology of an L..-algebra g with respect to the first bracket [—];.

1. LIE ALGEBROIDS ENRICHED WITH LOCAL ARTINIAN ALGEBRAS

We begin by defining smooth manifolds enriched with a local Artinian K-algebra <.

1.1. Local Artinian ringed manifolds and vector bundles. Given a smooth manifold M, we
denote by O the sheaf of K-valued smooth functions on M and by C*°(M,K) the K-algebra of
smooth functions on M.
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Definition 1.1. Let M be a smooth manifold, and </ a local Artinian K-algebra. Define a sheaf
Owm,, of o/ -algebras over M by assigning to every open subset U C M the </ -algebra

Owm,, (U) :=C*U,K)or .
We call M := (M,Op,,) the o7 -ringed manifold (centered on M ). The space of global sections

of Oum,, is denoted by C®(My)(= C*(M,K) @k «); its elements are called smooth functions on
M,y

Let & be a sheaf of K-modules over M. The evaluation map ev: &/ — </ /m, = K at the maximal
ideal m,, of o/ induces a map £ Qg .o/ — &, also denoted by ev, sending £ ®a to £-ev(a) for all local
sections ¢ and all a € «/. In particular, when & is the structural sheaf Oy, the evaluation map
induces an embedding from the K-ringed manifold (M, Oys) to the o/-ringed manifold (M, Oy, ).

Definition 1.2. A morphism of < -ringed manifolds M, — N, consists of a pair (@, \}) where

(1) ¢p: M — N is a smooth map of smooth manifolds;

(2) N On,, = ©+Oun,, is a morphism of sheaves of <7 -algebras over N extending the pullback
map ¢*: On — pOn in the following sense — for each local section f @ a of Oy, (U) =
C*®(U,K)®ge, where U C N is open, one has

evo N(f @ a) = evo (NH(f) @ a) = 9*(f) - ev(a).

Since the restriction map to each stalk at x € M, )\i: On,, (@) = Om,, z 18 local, the morphism
(0, \F) of @7-ringed manifolds is indeed a morphism of locally ringed spaces. Meanwhile, the
morphism A : Oy » — ©«Onr, of sheaves is completely determined by the corresponding morphism
on the level of global sections,

A" COO(NW) — COO(MM/)
So we can regard a morphism of «7-ringed manifolds from M, to N, as a morphism of &7-algebras
A*: C®°(Ny) — C*° (M) covering a smooth map ¢: M — N in the sense that

evo\' =" C*(N,K) —» C*(M,K).

In this situation, we say that \* is a lifting of ¢* and that ¢* is the center of \*.
It is clear that the collection of &/-ringed manifolds and their morphisms forms a category,
denoted by Mfld,,. We need a particular type of automorphisms of .o/-ringed manifolds.

Definition 1.3. A small automorphism of an <7 -ringed manifold M, is a lifting of the identity
map Id on C*°(M,K), i.e., a morphism \*: C*°(M,) — C*° (M) satisfying ev o \* = Id.

We denote by sAut(M,,) the group of small automorphisms of M,,.

Example 1.4. Let & = Kyt] := K[t]/(#?)(= K @ Kt) be the algebra of dual numbers. Then for
any X € D(T5) := K®g I'(Tw), the exponential map

exp(X ®t) =Id+ X ®@t: C°(M,K) @k Ka[t] = C(M,K) @k Kalt],

which sends f € C*(M,K) to f+ X(f) ®t, is an element in sAut(Mg,(,)). It is clear that the
inverse of exp(X ®1) is exp(—X ®1).

Remark 1.5. In fact, any small automorphism of an <f -ringed manifold M, is of the form exp(D)
for some D € F(TJE) ®k M. Here exp denotes the exponential map:

exp: D(TE) @x my — sAut(My), D — exp(D),

where exp(D) is defined by
1

exp(D)(f) = Z E<Dn7 f>a
n>0
for all f € C°(M). The bracket (D™, f) means the <f -linear action of the differential operator
D" on f € C®(My). The above sum is indeed finite as D € T'(Ty) @k m is nilpotent. (See
Proposition 1.19.)
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We now turn to vector bundle objects in the category of &7-ringed manifolds.

Definition 1.6. An </ -ringed vector bundle over an <7 -ringed manifold M., is an <7 -ringed
manifold E. together with a morphism E — M/, which covers a smooth K-vector bundle n: E —
M.
The underlying vector bundle E — M is called the center of E.; — M,,. The space of global
sections of E is defined by
['(Ey) :=T(E)®x ,
which is a C*° (Mg )-module.

Definition 1.7. A morphism of <7 -ringed vector bundles from Fo to E.; (over the same base M)
is specified by an <f -linear map 11: T'(F,) — ['(Ey) satisfying the following two conditions:

(1) The map II covers a small automorphism X\* of My in the sense that
(fv) = A (/)T(v),
forall f € C*(My),v € I'(Fy).
(2) The center of I1:
[y :=evoll: T'(F) - I'(E)
defines a morphism of vector bundles over M.

Such a morphism will be denoted by (II, \*). In particular, when the small automorphism \* of
C>®(My) is the identity 1d, we call (IL,Id) a strict morphism and denote it by I for simplicity.

Compositions of morphisms of .7-ringed vector bundles are naturally defined.

Remark 1.8. In general, morphisms between <7 -ringed vector bundles over distinct o -ringed base
manifolds are more complicated than what we have discussed here.

Proposition 1.9. Suppose that (II,\*): F,y — E. is a morphism of < -ringed vector bundles
over My . Then the map 11: T'(Fy) — T'(E.) is injective (resp. surjective) if and only if the
center ly: T'(F) — T(E) of II is injective (resp. surjective). Consequently, 11 is an isomorphism
of & -modules if and only if its center Iy is an isomorphism of vector bundles.

Proof. Assume that m?, # 0 while ijl

and only if Iy: I'(F') — I'(E) is injective.

Assume first that II is injective. If IIp(e) = 0 for some e € I'(F'), it then follows from ev(Il(e)) =
Ip(e) = 0 that II(e) € I'(E) ®k mg. Thus, for any nonzero element a € m”,, we have Il(e ® a) =
II(e)a = 0, which implies that e ® a = 0 since II is injective. Hence, we have e = 0, and thus IIj is
injective.

Conversely, assume that IIp: I'(F') — I'(E) is injective. We next show that II is injective as well.
Consider the following family of .@7-linear maps induced by II,

= 0 for some n > 1. We now show that II is injective if

I F(de/m];;l) — F(Eﬁ/m];jl)’

for all 0 < k < n, where II,, = II. By an induction argument on k, it suffices to prove that Il is
injective provided that Il;_; is injective for all k.
By choosing a splitting of the short exact sequence of vector spaces

O%mf;/m];jl —>y<zi/mfj1 — o /mk, =0,
we may decompose the map
11 : F(E;zf/mijl) = I‘(Fﬁ/m?&) ® F(Fm@/myl) — F(E’Q{/mf;l) = F(Ed/mﬁf) ©® F(Em{;/mgl)

as the sum
II, = H,(:) + H,(f) := pry oll + pry olly,
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where pr; : F(Eﬂ/mgl) — F(Equ/m’;,) and pry: F(E%/m;;;l) — F(Emz/mgl) are projections. Note

that the restriction of H,(Cl) onto the subspace I’(ka /mk+1) vanishes. It follows that Hg) coincides
o o
with IIx_;1 up to an extension by zero. For any

Z 8 ® a; + th ®b; € T(Fy i ) @ F(Fmg/mgl) = F(ng/mlgl),
i J

where s;,t; € I'(F) and a; € o/ /m*,,b; € mf;i/m’;rl, we have

11, Zsi®ai+ztj®bj :Hk<25i®ai>+ﬂk th@)bj
=1Ip_4 (Z S; ®a¢> +Hl(<;2) (Z S; ®a¢) + ZHO(tj) ®bj.

If the above expression vanishes, then both II_; (3, s; ® a;) € I'(Fy /) and ng?)(zi si ® ai) +
> Mo(tj) @ bj = 0 € I'(Fiyk mr+1) vanishes. Note that II_; is injective by inductive assumption.
It follows that >, s; ® a; = 0, which implies that ) it ® b; = 0 since Il is also injective. Hence,
I is injective.

To prove that II is surjective if and only if Il is surjective, it suffices to adopt an analogous
approach, which we omit. O

Example 1.10 (Tangent bundle of an o/-ringed manifold). Consider the associated < -ringed
tangent bundle Ty = (TE)% over the f -ringed manifold M., . Fach small automorphism A\* of
My induces an automorphism (Ilx«, \*) of Toy by conjugation, i.e.,

I\~ (D) = A* o Do (A\*) 7L,

for all D € F(Tﬂ) = F(TM) Qr A .

In particular, when o/ = Kalt] is the algebra of dual numbers, by Example 1.4, each vector field
Dy € F(Tﬁ) induces a small automorphism exp (Do ®t) = Id 4+ Do ® t of M. In this case, the
associated morphism is

Hexp(D()@t)(D) = exp (Do X t) oDo exp (—Do X t) = (Id +Dy® t) oDo (Id —Dy® t)
=D+ [Dy, D] ®t, (1.11)
for all D €e I'(Ty).

1.2. Local Artinian ringed Lie algebroids. We now study Lie algebroid objects in the category
of &/-ringed manifolds.

Definition 1.12. An «/-ringed Lie algebroid consists of a triple (Ey,[—, —|E,, . pE,,), where
(1) Eo is an <7 -ringed vector bundle over M ;
(2) pE,,, called the anchor, is a morphism of </ -ringed vector bundles from E. to the tangent
bundle Ty of My, covering the identity Id: M, — My ;
(3) [= =g, : T(Ey) X I'(Ey) = I'(Ey) is an o -bilinear Lie bracket on the space T'(Ey) of
global sections, satisfying the Leibniz rule

[u, folg, = (P, (W), o+ flu,v]5,,
forall f € C°(My) and u,v € T'(Ey).

It follows from the above Leibniz rule that the anchor map pg,, is indeed a morphism of Lie
algebras on the section spaces.

Given an «7-ringed Lie algebroid (E., [—, —]g,,,pE,, ), the evaluation map ev: E,; — E deter-
mines a Lie algebroid (E,[—, —|g, pr). Conversely, given a Lie algebroid (E,[—, —]g,pg) over a
smooth manifold M, there exists an «-ringed Lie algebroid, denote by ng, whose anchor p B, and



INFINITESIMAL DEFORMATIONS OF LIE ALGEBROID PAIRS 9

bracket [—, —] O, are o/ -linear extensions of the anchor pp and the bracket [—, —]g, respectively.
We call ES{ the o/-Cartesian extension of the Lie algebroid FE.

Definition 1.13. Let (E., [—,—]E,,,pE,,) and (Fo,[—, —|F,,, pF,,) be two of -ringed Lie algebroids
over M. A morphism of of -ringed Lie algebroids from Fos to E. is a morphism (II,\*): Foy —
E. of the underlying < -ringed vector bundles satisfying the following two conditions:

(1) The < -linear map 11: I'(F/) — T'(E.,) preserves the brackets, i.e.,

I([s1, s2]F,, ) = [T1(s1), 1(s2)] £, »

for all s1,s0 € T'(Fy).
(2) The pair (I1, \*) is compatible with the two anchors pg_, and pr,, in the following sense:

Npry (8), f) = (pE,, (1L(s)), A f), (1.14)
forall f € C*(My) and s € I'(Foy).

It is straightforward to verify that the center Ilp: F — E of a morphism II of «/-ringed Lie
algebroids is itself a morphism of Lie algebroids over M. In particular, when A* is the identity Id
of C*°(M,), the morphism (II,Id) will be denoted by II for simplicity and will be referred to as a
strict morphism.

Remark 1.15. Given two Lie algebroids over different base manifolds, Liu and Chen have studied
various characterizations of morphisms and comorphisms between them in [3]. The definition of
morphisms and comorphisms of ordinary Lie algebroids can be generalized to the setting of </ -ringed
Lie algebroids. In fact, our definition of morphisms of </ -ringed Lie algebroids over the same <f -
ringed manifold can be viewed as a special case of comorphisms of <7 -ringed Lie algebroids in the
spirit of [3].

In what follows, we focus on a special kind of automorphisms of an o/-ringed Lie algebroid.

Definition 1.16. A small automorphism of an < -ringed Lie algebroid (E,[—, =g, PE,,)
over My is a morphism (11, \*) of < -ringed Lie algebroids from E. to itself whose center Iy is
the identity of the center Lie algebroid E over M.

Denote by sAut(E.,) the group of small automorphisms of the <f -ringed Lie algebroid E.;.

For any «/-Cartesian extension E?, of a Lie algebroid F, we now establish that every element of
sAut(ng) can be expressed as the exponential of a nilpotent derivation of ng.

Definition 1.17. A derivation of the Lie algebroid (E,[—,—|g, pEr) over M is a linear operator
§: T(E) — T(E) equipped with a vector field o(5) € T'(T5), called the symbol of 8, satisfying

6(fu) = a(0)(flu+ fo(u),
[0(0), pr(u)] = pr(d(u)),
Olu, vl = [0(u), v]E + [u, 6(v)]E,
for all f € C*(M,K),u,v e I'(E).

For a Lie algebroid E, the space Der(F) of derivations together with the standard commutator
is a Lie algebra. The subspace IDer(F) := {ad,, |u € I'(E)} of inner derivations is a Lie subalgebra
of Der(FE).

Note that the «o/-linear extension of derivations of a Lie algebroid F yields derivations of the
o/-Cartesian extension E, of E. In particular, for any element § € Der(E) ®x m,, the operator
0 is a nilpotent derivation of ng. Its exponential

2 3

R
exp(9) ::Id+6+§+§+'”

defines a small automorphism of ng. Indeed, every small automorphism of ng arises in this
manner. To illustrate this fact, consider the special case where o7 = Ks|t] is the algebra of dual
numbers over K.
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Example 1.18. Consider the Ks[t]-Cartesian extension Eﬂ%z[t} of a Lie algebroid (E,[-, g, pE)-
Suppose that 11 € sAut(EKQ[t]) is a small automorphism covering a small automorphism exp(D ®
t)=Id+ D ®t of My for some D € T(TY) (see Ezample 1./). Then

M=1d+1; ®t: T'(E) = I'(EF) ®k Kalt],
where Iy : T'(E) — T'(E) is K-linear, satisfying

L (fe) = D(f)e + fTi(e).
Since I([u,v|g) = [II(u),II(v)]g for all u,v € T'(E), it follows that
I [u, v] g = [ (u),v]g + [u, 11 (v)]g.

By Equations (1.11) and (1.14), one obtains

pe(li(e)) = [D, pr(e)],
and 11 is a derivation of E with symbol D. Hence, we have I1 = exp(Il; ® t).

Proposition 1.19. Any small automorphism of the of -Cartesian extension ng can be uniquely
expressed as exp(8) for some § € Der(E) ®x my of EY. Moreover, exp(d) covers the small au-
tomorphism exp(o(8)) of the <7 -ringed manifold M. generated by the symbol o(§) € I'(Ty) of
J.

Proof. We prove by induction on the dimension dimg @7 := n > 2 of the local Artinian K-algebra
/. When n = 2, we have &/ = Ky[t]. By Example 1.18, any small automorphism II: E,, — E,/ is
of the form IT = Id + II} ® ¢ = exp(Il; ® t) for some II; € Der(F).

Suppose that the proposition holds for all local Artinian K-algebras &/ with dimg &/ < n —1
for some integer n > 3 . Given an n-dimensional local Artinian K-algebra 7, for each nonzero
element ¢t € m, such that tm, = 0, one has a short exact sequence of K-vector spaces

0Kt - o 25 o' = of /Kt — 0,

where &7 is a local Artinian K-algebra of dimension (n — 1), and pr is a morphism of Artinian
algebras.
Given any II € sAut(E?)), the composition

II=(Id®pr)oll: (E) = ['(E)® "

determines an element IT' := Il ® Id € sAut(ng,). By the induction assumption, there exists an
element ¢’ € Der(F) ®g m, such that II' = exp(d”).

Now we choose an element &y € Der(E) ®g m,, satisfying (Id @ pr) o 69 = ¢’. Consider the small
automorphism IT o exp(—dg) of E,,, which is subject to the relation

(1 pr) o (T exp(—o)) = (14 © pr) o T) o ((Id @ pr) o exp(~bo))
= exp(d’) exp(—4’) = 1d.
It follows that IT o exp(—dy) sends I'(E) ®k o to I'(E) @k (K @ Kt). Since K @ Kt = Kylt], by
Example 1.18, we can find an element §; € Der(E) ®@x Kt such that IToexp(—dy) = exp(d1). Hence,
we have
IT = exp(d1) o exp(dp) = exp(d1 + dp)-
To see the uniqueness of d, we observe that if exp(d) = Id ® Id,/, then we have

1 1
5+§62+653+---:0: ['(E) - T'(E) @k m,.

Since 0™(I'(E)) C I'(E) @k m?, for all n > 0, solving the above equation degreewisely, we obtain
that §(I'(E)) C T'(E) @k m?, for all n > 0, which implies that ¢ = 0. O

A small automorphism ¢ of EY, is called inner if it is of the form exp(§), where § € IDer(E)®@gm,y
is an inner derivation. The set sIAut(EY,) consisting of all small inner automorphisms forms a
subgroup of sAut(EY)).
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2. INFINITESIMAL DEFORMATIONS OF LIE PAIRS

Let (L, A) denote an inclusion i: A < L of Lie algebroids over a common base manifold M. This
section examines infinitesimal deformations of such Lie pairs. The definition of these deformations
necessarily involves a local Artinian K-algebra, denoted by 7, which serves as the parameter space
for the deformation.

2.1. Infinitesimal deformations and their standard realizations.

Definition 2.1. An infinitesimal deformation of a Lie pair (L, A) parameterized by a local
Artinian K-algebra o/ consists of the following data:

(1) an </ -ringed Lie algebroid (Ay, [—,—)a,,,pA, ) whose center Lie algebroid is the given Lie
subalgebroid A of L;
(2) a morphism of 7 -ringed Lie algebroids from (Ay,[—,—]a,.pa,) to the o -Cartesian ex-

tension L?Q{ of L,
(Ia )‘*): (A<Q77 [*, 7]14,;2{’[)14.;2{) — Lg{v
whose center Iy coincides with the given inclusion i: A — L of Lie algebroids.
Conceptually, an infinitesimal deformation of (L, A) depicts an o-parameterized family of Lie
algebroid structures (A, [—, —]a,,,p4a,,) on the vector bundle A, while the ‘bigger’ Lie algebroid
L (which contains A,/) remains unchanged with respect to «7. We shall denote an infinitesimal
deformation of (L, A) by the quadruple ([—, —]a_,pa,; I, \*) or by (I,\*) for simplicity.
Definition 2.2. Let ([—, —]a,,,pa,, I, A") and (=, _,pl_ 1", \*) be infinitesimal deforma-
tions of a Lie pair (L, A). They are said to be strictly isomorphic if there exists an <f -ringed
Lie algebroid morphism
(HA7 )‘Z) : (AQf) /314%: [_7 _]24%) — (AQfa pAgga [_) _]Aﬂ)

such that the following diagram of morphisms of < -ringed Lie algebroids

1d
Ly, Ly,
1] T
(HAv)‘Z) / /
(A<%7pAd7[_a_]Ad) — (AﬂapAda[_7_]Ad)

commutes.

In this definition, the center (I14)g of 114 is necessarily the identity map on the given vector
bundle A.

Given a Lie pair (L, A), the /-linear extension of i defines a strict morphism I: Agf — Lg{
between the o/-Cartesian extensions of L and A. This is indeed the trivial infinitesimal deformation
of (L, A). Next, we present a class of ‘nontrivial’ infinitesimal deformations. Note that, each Lie
pair (L, A) determines a short exact sequence of vector bundles over M:

05>A5L 28 B=L/A—0. (2.3)

Choose a splitting of the exact sequence above, given by an injective vector bundle map j: B — L
and a surjective vector bundle map Pr4: L — A, which induces an isomorphism L = A & B. For
each element ¢ € I'(A* ® B) ® m,,, consider the following strict morphism of .o7-ringed vector
bundles

Ie: T(Ay) - T(Ly) 2T(Ay) & T'(By),
a > I¢(a) :==i(a) + j(&(a)), (2.4)
which in fact determines a strict bundle map

p%, T(Ay) = T(Ty),  (see Example 1.10)
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a = py, (@) = pro (Ie(a)), (2.5)
and a bracket

[)%,,  T(Aw) x T(Ay) = T(Ay)

(ar, a2) = [a1, 0], = Pra([Ie(a1), Te(az)] o) (2.6)

Lemma 2.7. Suppose that the map I¢ satisfies
I¢ (Pra([Le(n), Te(a2)go, ) ) = He(an), Te(az)] s, (2.8)
for all a1,ae € T'(A). Then the anchor map pid (2.5) and the bracket [—,—]gAM (2.6) together

define an o -ringed Lie algebroid structure on Az . Moreover, the strict morphism I¢ in (2.4) is an
infinitesimal deformation of (L, A).

Proof. We first check that (A, [—, —]id,pid) is an «/-ringed Lie algebroid. It suffices to verify
the Leibniz rule and the Jacobi identity. In fact, for all a;,as € I'(A) and f € C*°(M,K), we have

a1, faslfy, = Pra([Te(a), Ie(faz)]1o,) = Pra([Ie(ar), fIe(az)]po,)

= Pra(pro, (Ie(a1))(f) - Ie(az) + flle(a1), Ie(az)]ro )

= py,, (@) fas + flar,al’y .

Meanwhile, for all aj,as, a3 € I'(Ay), using Equation (2.8), we have

lar, [az, asy 1%, = Pralle(ar), Ie(Pra([le(az), Te(as)] o )] o)
= Pra[le(a1), [I¢(a2), Ie(a3)] 1o 1o -

Thus, the Jacobi identity for [—, —] 1o, implies the Jacobi identity for [—, —]id. Now using Equa-

tion (2.8) again, we see that I¢: A, — Lgf is an inclusion of @7-ringed Lie algebroids whose center
is the given inclusion i: A — L. This proves that I is an infinitesimal deformation of (L, A). O

We also need the converse fact of Lemma 2.7 which is easily seen.

Lemma 2.9. If A/ is endowed with an < -ringed Lie algebroid structure such that (I¢,1d): Ay —
L?a, is a morphism of o/ -ringed Lie algebroids, then
(1) The <f -ringed Lie algebroid structure on Ay is the one determined by Equations (2.5)
and (2.6);
(2) The strict morphism I¢ is an infinitesimal deformation of (L, A);
(3) The map I¢ is subject to Equation (2.8).

Infinitesimal deformations of the form I (subject to Equation (2.8)) will be referred to as stan-
dard deformations.

Indeed, any infinitesimal deformation of Lie pairs is strictly isomorphic to a standard one: Given
any infinitesimal deformation (I, \*) of (L, A), we can use the chosen splitting j: B — L of the
short exact sequence (2.3) and the associated decomposition L = A @ B to express I explicitly.
When restricted onto I'(A), the inclusion I decomposes as follows:

I:T(A) -5 T(Ly) =T(Ay) & T(By),
a— I(a) =Ta(a) + j(Zp(a)), (2.10)

where Zp: I'(A) —» I'(By) and Z4: I'(A) — I'(Ay) are both K-linear. Moreover, they satisfy the
following conditions.

Lemma 2.11. (1) The pair (Z4, X*) defines a small automorphism of the <7 -ringed vector bun-
dle Ay ;
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(2) The map
IpoZ,':T(A) = T(B)®@my
is C°(M,K)-linear.
(3) The corresponding element & := T oL, in T(A* ® B) @ my, satisfies Equation (2.8), thus
the associated map I¢: Ai{ — Lg{ defines a standard deformation of (L, A).
Proof. (1) Since I: A,y — L,/ is an o/-ringed vector bundle morphism covering a small automor-
phism \* of M, it follows that I(fa) = A\*(f)I(a) for all a € T'(A,/) and f € C*°(M,,). Thus, we
have
Za(fa) = X*(f)Za(a), (2.12)
and
Ip(fa) = X*(f)Ip(a). (2.13)
The center of Z4 is the identity Id of A. This (according to Proposition 1.9) implies that Z4 is an
automorphism of A,. Thus, by Equation (2.12), Z4 covers the small automorphism \* of M, .
This proves Statement (1).
(2) Note that, the inverse Z;' of Z, is a small automorphism of A, covering (\*)71, i.e.,

Iy (fa) = (\)HNHIL (a).
Combining this equation with Equation (2.13), we see that Zp 0 Z," is C°°(M, K)-linear.
(3) Obviously, Zp o Igl determines an element £ € I'(A* ® B) ® m,, satisfying

I(a) = a+j(£(a)) = a+ §(Tp(T, ' (a)) = I(T4'(a)).
Since I =74 + j o Zp is an infinitesimal deformation, we have
I([a, a2]a,,) = [I(a1),1(a2)] 10 , (2.14)
for all a1,a9 € F(AQQ{

= Le(ar), Ie(a2)l o, -
0

In the sequel, ([—, —]id,pid;lg,ld), induced from (I, \*) and the splitting j: B — L, will be
called the standard realization of (1, \*).

Proposition 2.15. The standard realization ([—, —]gAd , pid; I¢,1d) is strictly isomorphic to (I, X*).

Proof. The goal is to establish the following commutative diagram of morphisms of «/-ringed Lie
algebroids:

1d
LY, LY,
(Isyld)T T(I,A*)
(Za,\*)
(Ag{vpidv [_7 _]gAQ{) <L (Agczfa PA > [_7 _]AQ{)-

This diagram naturally commutes by definitions of these arrows. It suffices to show that Z, is a
morphism of @7-ringed Lie algebroids covering A*. In fact, since the map I = Z4 +joZp is a
morphism of o/-ringed Lie algebroids, we have

Ta([a1,a2)a,,) = Pra([I(ar), I(az)] 0 ) = [Za(ar), Ta(a2)]s .
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and
o, (Ta(0) = pro (Ta(a) + J(E(Ta(0))) = ppo (I(a)),
for all a,a1,as € T'(A). Thus, Z,4 intertwines the relative «7-ringed Lie algebroid structures. ([l

Example 2.16. Consider a codimension k foliation F in an n-dimensional real smooth manifold
M. Let F C Ty be the involutive subbundle tangent to the leaves of F. Then (T, F) is a Lie
pair with B = Ty /F the normal bundle of F. It follows that the set of infinitesimal deformations
of (T, F) parameterized by the algebra Ra[t] of dual numbers coincides with that of infinitesimal
deformations of the foliation F [15], the latter of which is defined by a smooth family of involutive
distributions {Fi }ier in Tar such that Fy = F'.

More precisely, given an infinitesimal deformation F; of F, each Riemannian metric on Ty
determines a family of splittings prg,: Ty — Fy of the short exact sequences of vector bundles
(over M)

0= F, — Thy —25 B, = Ty /Fy — 0.
According to [15], there ezists an element o € I'(F* @ B) defined for all X € I'(F') by

o(X) =prg <jt lt=0 PTF, (X)> :

Let
E=o0-te F(F* ®B) ®mR2[t].
Then the associated map I¢: Fryp — (Thr)rypy satisfies Equation (2.8). This condition is indeed

equivalent to the vanishing of the integrability tensor A, of the deformation Fy (see [15, Proposition
2.10]). Thus, I¢ defines a standard deformation of (T, F).

To obtain a local moduli space for the smooth foliation JF, it is necessary to consider infinites-
imal deformations of the foliation F up to certain diffeomorphisms of M [25], whose infinitesimal
counterparts indeed corresponds to infinitesimal deformations of the associated Lie pair (F,Tys)
up to certain automorphisms of the tangent Lie algebroid T} instead of the identity of Ths. It is
thus reasonable to classify such infinitesimal deformations up to small automorphisms of the Lie
algebroid ng, instead of the identity as in Definition 2.2 of strict isomorphisms.

2.2. Weak deformation functors and their standard realizations. We now introduce isomor-
phism classes of infinitesimal deformations of a Lie pair (L, A) defined up to small automorphisms
of the Cartesian extension Lg/ of L.

Definition 2.17. Two infinitesimal deformations of a Lie pair (L, A),
([_’_]Ad’pAW;I’)\*) and ([_J_];vap%d;lla)\/*)a

are said to be weak isomorphic (resp. semistrict isomorphic) if there exist
(1) an element (exp(A), exp(a(A))) in the small automorphism group sAut(L°,) (resp. small
mner automorphism group sIAut(L?Q{)) of the &7 -Cartesian extension Lg{ of L, and
(2) an o -ringed Lie algebroid morphism
(HA7 )‘Z) : (A»’fv [_7 _]/Adap;ld) — (Angu [_a _]Ada PAM),
such that the following diagram

(exp(A),exp(a(A)))

LY LY
(LA*)T T(I',X*)
(Ta,2%) , /
(Apfa PA > [_7 _]Ag{) — (Aé?/7 IOAQW [_7 _]Ad%
commutes.

Note that analogous to the definition of strict isomorphisms, the center (I14)g of I14 in the above
definition is necessarily the identity map on the vector bundle A as well.
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Definition 2.18. The weak deformation functor wDef 1, 4y, associated with the Lie pair (L, A), is a
functor from the category Art of local Artinian K-algebras to the category Set of sets. Specifically,
for each o € Art, the resulting set wDef (1, 4)(</) is defined as:

weak isomorphism classes of
WDef(L A)(g{) = { infinitesimal deformations of }
(L, A) parameterized by <f

For a morphism ¥ in the category Art, the resulting map of sets wDef f, 4) (1) is naturally defined.
This convention is adopted for all types of deformation functors throughout the paper.
Similarly, we denote by sDef , 4) the semistrict deformation functor, which sends each & to
the set of semistrict isomorphism classes of 7-parameterized infinitesimal deformations of (L, A).
Next, we represent the weak and the semistrict infinitesimal deformation functors by standard
realizations. Let us fix a splitting j of the short exact sequence (2.3) and denote by Sd(L, A, &)
the set of solutions ¢ € I'(A* ® B) ® m,, to Equation (2.8), which can be identified (via the chosen
splitting j) with the set of standard deformations of (L, A).
The small automorphism group sAut(L?,) of the «/-Cartesian Lie algebroid L%, acts on the set
of infinitesimal deformations, and on the set Sd(L, A, o7) accordingly. Let us explain this fact.
(1) Given II € sAut(LY)) and ¢ € T'(A* ® B) @m,y, we first establish the following commutative
diagram in the category of &/-ringed vector bundles:

Lo, o,
IHDJ\ TIE (219)

I
AJZ{ — AM.
In this diagram, we define
IIe :==Pryollols: Ay — Ay,

as a morphism of .&7-ringed vector bundles. Note that, the center of Il is the identity map
Id: A — A. By Proposition 1.9, 1l is a small automorphism of the .o7-ringed vector bundle
Ag/. So we can consider the map

PrBoHolgngl: A, — By.

It can be easily seen that it corresponds to an element II>¢ € T'(A* ® B) ® m,,. Moreover,
the morphism frppe = Id 4+ jollvé: Ay — Ay @ By = Ly (of @/-ringed vector bundles)
satisfies

Inpg(Hg(a)) = Mg(a) + j(IT>£(Ilg(a)))
= Pra(ll(g(a))) + (j o Prp)(I1(Ig(a)))
~ 1(I(a). (2.20)
for all a € I'(A). Therefore, we see that Diagram (2.19) is indeed commutative.
(2) If £ is in the smaller subset Sd(L, A, o )(C I'(A* ® B) ® m,), then I¢ is an infinitesimal
deformation of the Lie pair (L, A). In this situation, we can equip A, with a new <7-
ringed Lie algebroid structure ([, ]4 ,p’s ) by pulling back the original one ([, -]id , piﬂ)

through the small automorphism II¢. In doing so, we obtain the following commutative
diagram in the category of o/-ringed Lie algebroids:

11
L L

In>4\ Tlﬁ

1I
(Agf: ['a ']iqﬂap{Ad) <;€ (A<d7 ['7 ']iﬂapig{)'
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(3) According to Lemma 2.9, the «/-ringed Lie algebroid (A, [ ]y . pl ) is exactly (Ay,

[, ~]£{Z§, pgf), and the element I1> ¢ belongs to Sd(L, A, 7).
As a summary of the above construction, we have the desired action

— > —: sAut(L%) x Sd(L, A, &) — Sd(L, A, <),
(IL,¢) = T> € := Prgollo g o I, . (2.21)

In a similar fashion, the group sIAut(ng) of small inner automorphisms of L?Q{ also acts on the set
Sd(L, A, o). So the following proposition is now obvious.

Proposition 2.22. For any &,n € Sd(L, A, ), the standard deformations I¢ and I, are weak
isomorphic (resp. semistrict isomorphic) if and only if & and n are in the same orbit, i.e., n = II>&
for some 11 € sAut(L%) (resp. sTAut(L?))).

As a consequence, there exists a one-to-one correspondence between the set wDef (1, 4)(%7) of weak
isomorphism classes of infinitesimal deformations (resp. sDefp 4)(</) of semistrict isomorphism
classes) and the orbit space SA(L, A, o7)/sAut(L%,) (resp. SA(L, A, o7)/sIAut(L?))).

Determining whether two elements, £ and 7, in Sd(L, A, /) belong to the same orbit under the
action of either sAut(L%,) or sIAut(L?)) is a significant challenge. The primary obstacle lies in the
need to explicitly compute the inverse II; ! within the group action map defined in Equation (2.21), a
task that is often analytically difficult. To circumvent this difficulty, we will introduce an alternative
approach in the subsequent section.

2.3. Gauge equivalence of Maurer-Cartan elements. In deformation theory, every formal
deformation problem should be governed by an L..-algebra. Specifically, isomorphic deformations
correspond to gauge-equivalent Maurer-Cartan elements within this L..-algebra. In this section, we
investigate the weak (resp. semistrict) deformation functor of Lie pairs by means of the associated
Loo-algebras. To begin, we recall some fundamental concepts related to Lo.-algebras, as presented
in [9]. Note that our sign convention differs slightly from that used in [21].

Definition 2.23. An L. -algebra is a graded vector space g equipped with a collection of skew-

symmetric maps [---|r: A\¥g — g of degree (2—k) for all k > 1, called the k-bracket, satisfying the
n-Jacobi identity

Z(il)z Z X(U)[[aja(l)a e ’xa(i)]iv Lo(itl)s " 7x0(n)]n*i+1 =0,

=1 o€Sh(i,n—1)

for allm > 1 and all homogeneous elements x1,--- ,x, € g. Here Sh(i,n —1) is the set of (i,n —1i)-
shuffles, and x(o) is the Koszul sign of the (i,n — i)-shuffle o of the n-input (x1, - ,xy).

In particular, the 1-bracket [—]1: g — g is of degree 1 and square zero, thus defines a cochain
complex. We denote by H'(g, [—]1) the i-th cohomology of g with respect to [—];.

An L-algebra with [-- -], = 0 for all k > 3 is a dg Lie algebra. An L..-algebra with [---]; =0
for all k > 4 is called a cubic Le-algebra [13] (also known as an L¢s-algebra).

The lower center filtration F'g on an Ls.-algebra g is the decreasing filtration defined by F'lg = g
and, for ¢ > 2, is defined inductively by

Fig= Y [F"g,--, Fgl.
i tip=i

An L..-algebra g is called nilpotent if the lower center series terminates, that is, Fig = 0 for
> 0.

Example 2.24. If g is an Loy-algebra and <7 is a local Artinian K-algebra with maximal ideal my,
then the o -extensions of all k-brackets on g ® my, i.e.,

[5131®’Ul,'-- 7xk®7)k]k:[l‘1,”' 7$k]k®vl""l}k,

for all x; € g,v; € my,, together make g @ m into a nilpotent Lo,-algebra.
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A Maurer-Cartan element of a nilpotent L..-algebra g is a degree 1 element ¢ € g' satisfying
the following Maurer-Cartan equation

1

k=1
Denote by MC(g) the set of Maurer-Cartan elements of a nilpotent Lo,-algebra g. Any Maurer-
Cartan element £ € MC(g) determines a new sequence of brackets

1
k
w1, @lf = Zy[ﬁA S T1 s Tkt
k=0
where [¢"F,z1, -+ 2;]p4i is an abbreviation for [¢,--- &, 21, -+, %;]pas, in which € occurs k times.

We call |- ]f the i-th ¢-bracket. These ¢-brackets {[- - }f}z;l defines a new nilpotent L..-algebra
structure on g (see [9, Proposition 4.4]).

Two Maurer-Cartan elements £,n € MC(g) are said to be gauge equivalent if they are con-
nected by the L..-exponential of an element b € g° in the following sense:

— 1
n=c'xi=E= oef(b) €',
k=1

where e%(b) = [b]ﬁ, and the components ef“(b) € g! for k > 1 are inductively determined by
k o~ 1 k! k o (1
1 : n
e (b) = Zﬁ Z kl!...kn![b’ e’ (b), s eg" (D)l

Remark 2.25. The definition of Leo-exponentials arises from Getzler’s formula for the generalized
Campbell-Hausdorff series, which is expressed as a sum of terms indexed by rooted trees. Specifically,
Proposition 5.9 in Getzler’s work provides a detailed exposition of this formula. Notably, when
applied to a dg Lie algebra g, the Loo-exponential map reduces to the classical exponential map for
dg Lie algebras.

Definition 2.26. The algebraic deformation functor (associated to an Loo-algebra g)
Defy: Art — Set,

sends each local Artinian K-algebra o/ € Art to the set Defy(o/) of gauge equivalent classes in
MC(g ® my), and each morphism ¢: of — </ to the map

Defy(¥9): Defy(a?) — Defy('),
which maps the gauge equivalent class of £ € MC(g ® my) to that of (Idg ® ¥)§.
Example 2.27. Consider the algebra o/ = Ka[t] = K[t]/(t?) of dual numbers. Note that,
MC(g © mg,p) = {€ @ 1| € g, [€]: = 0},

and that b € g° ®@my, [ acts on § by e+ & = E—[bly. Therefore, the set Defy(Ka[t]) is isomorphic to
the first cohomology H'(g,[~]1) of the Loo-algebra g, thus a K-vector space, known as the tangent
space of the functor Def,.

We now describe the governing L..-algebra of infinitesimal deformations of (L, A). In fact,
according to [1, Proposition 4.1], each splitting j: B — L of the short exact sequence (2.3) of
vector bundles induces a cubic Loo-algebra structure {[---]x}3_, on the graded vector space

Q% (B) :=T(A*A*® B),
whose unary bracket [—|; is the Chevalley-Eilenberg differential
dep: Q% (B) — Q4 (B)
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of the A-module structure on B from the flat Bott A-connection V on B defined by
Vab =prp([a,j(b)]L), Va€T(A),bel(B).

For each local Artinian K-algebra ./ with maximal ideal m,, by Example 2.24, the «/-linear
extension Q% (B)®m, of Q% (B), when equipped with the &7-linear extension of the structure maps
{[---1k}3_,, is a nilpotent cubic Le-algebra. By abuse of notations, we also denote these extended
structure maps on Q% (B) @ my by {[---|x}i_;.

Proposition 2.28. Given a splitting j: B — L of the short exact sequence (2.3), for each & €
QL (B) ® mgy, the map I¢: Ay — Ly defined in (2.4) is a standard deformation of (L, A) if and
only if £ € MC(Q%(B) @ my).

Proof. For each ¢ € QY4(B) ® m, according to the formulas in [1, Proposition 4.3], the elements
[€]1, 6, €2, [€,&,€]3 € Q4(B) ® my are defined by for all a1, as € T'(A),

[€]1(a1; az) = Prp([a1, j(€(a2))]po,) — Pra([az, j(€(a1))]L ) — &([a1, az]a),

116 Ea(ar,a2) = Pra([j(€(an)), 5(€(02)]10,) — EPra(li(E(@)), aslys))
~ &(Pra(lar, j(&(@2))] o)),

6.6 8la(er,2) = ~E(Prali(€(e)), j(E(az))]zs, )

Thus, we have

(dot + 316 €12 + 516.6 €ls) a1, @)
= Prp([a1,5(§(a2)]0,) — Pra(laz, j(§(a1))lr0))
— &(Pralle(ar), Ie(az)] o ) + Prp([j(§(ar)), j(§(a2))] o))
= [lg(a1), Ie(az)]po, — Ie(Pralle(a1), Ie(a2)] Lo, )-

By Lemma 2.7, Equation (2.8) in particular, the inclusion /¢ defines a standard deformation of
(L, A) if and only if £ solves the Maurer-Cartan equation of the cubic Loo-algebra Q% (B)®@m,. O

It is natural to expect that the basic cubic Lo-algebra Q% (B) controls the infinitesimal deforma-
tions of (L, A). That is, the associated algebraic deformation functor is isomorphic to the weak (or
semistrict) deformation functor. However, the degree 0 component I'(B) of Q% (B) cannot generate
(by the Lo exponentials) the weak symmetry group Aut(L) of the Lie algebroid L that acts on
infinitesimal deformations of the Lie pair (L, A). To remedy this issue, we introduce another L-
algebra b, which is the extension of the basic cubic L..-algebra Q% (B) by the Lie algebra Der(L)
of derivations of the Lie algebroid L.

Proposition 2.29 ([27]). The graded vector space

b := (Der(L) & I'(B)) P (@ QZ(B)>

n>1

is a cubic Loo-algebra extending the structure maps of the basic Lo-algebra Q% (B) as follows:
(1) The 1-bracket [—]1: Der(L) — QY (B) is given by

[0]1(a) = =Prp(d(a)),
for all 6 € Der(L), a € T'(A).

(2) The extended 2-bracket [—|2 is determined by the canonical commutator

[01,02]2 := 0102 — 0201,
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for all 61,92 € Der(L), and the Lie algebra Der(L) action on Q% (B) defined by
k
[55 X]Q(ala et 7a/€) = (PI‘B o 5 Oj)(X(CLl, e 7ak)) - ZX(alv o ,PI‘A(;(CL]'), e )ak)v
j=1

for all 6 € Der(L), X € Q%(B), and all ay,--- ,a; € T(A).
(8) The 3-bracket is the operation
[~]3: Der(L) ® Q%(B) ® Q% (B) — Q47 1(B)
defined by
[57 X, Y]3(a17 T 7a’p+q—1)

= (_1)p+1 Z Sgn(U)Y((PrA odo j)X(aJ(l)7 T >aa(p))7 Ao (p+1)s """ 7aa(p+q—1))
o€sh(p,g—1)

+ Z SgIl(T)X((PrA odo j)Y(aT(p+1)a Tt aT(p+q—1))7 Ar1)s " aT(p))a
Tesh(p—1,q)

for all 6 € Der(L), X € Q5 (B),Y € Q%(B) and a1, -+ ,ai1j-1 € T'(A).

We call h the extended cubic L-algebra of (L, A). Denote by Defy the algebraic deformation
functor associated to the Lo.-algebra b.

Our first main theorem of this paper states that the cubic L.-algebra h controls weak deforma-
tions of the Lie pair (L, A).

Theorem 2.30. The algebraic deformation functor Defy associated to the extended cubic Lo-
algebra b of (L, A) is naturally isomorphic to the weak infinitesimal deformation functor wDef r, 4.

In order to prove Theorem 2.30, we need to build a natural transformation of functors
7v: Dety = wDef (1, 4).
Let us first define, for any local Artinian K-algebra @7, a map of sets
Yer : Defy(o/) — wDef (1 4) ().

For every gauge equivalent class [{] € Defy(o/), where & € MC(h ® my), we define . ([{])
to be the equivalence class of the standard deformation ([—, —]iw, pidglg,ld), or the orbit in

Sd(L, A, o)/ sAut(L?%,) passing through ¢ by Proposition 2.22. To see that v, is well-defined, we
prove the following proposition.

Proposition 2.31. Two Maurer-Cartan elements £, € MC(h ® mg/) are gauge equivalent if and
only if the associated standard deformations I¢ and I, of the Lie pair (L, A) are weak isomorphic.

We note that the two Maurer-Cartan elements £ and 7 are gauge equivalent means that there
exists a nilpotent derivation ¢ € Der(L) ® m, of LY, such that

— 1
n=e x&:=— He?(&),
k=0

where elg((s) € QL (B) @ my, k > 0 are inductively defined by 62(5) = =&,

H(6) = da(9) — 16,82 + 16,6, €l (2.32)
and
) = O~ BE @ty Y OOl (239)
kitha=k 120

k1>21,k2>1
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Then we introduce two family of maps
¥ T(A,) = T(Ay), z¥(a) := (Pra 06" o I)(a),
y": T(Ay) = T(By), y*(a) := (Prp 06" o I¢)(a),
for all £ > 0 and all @ € I'(A,/). These maps satisfy the following key lemma, whose proof will be
given in Appendix A.

Lemma 2.34. The above maps x* and y* (for all k > 0) are related by the following relation

k
V== (GelB)o a7, as amap T(Ay) (B
p=0

With the help of this lemma, we now prove Proposition 2.31.

Proof of Proposition 2.31. To see the necessity, assume that two Maurer-Cartan elements £ and 7
are gauge equivalent and let ¢, 2¥, and y* be as earlier. Then we define a small automorphism of
the &7-Cartesian extension L_?Z{ of the Lie algebroid L by

IT:=exp(d) = E L° — LY,
k=0
and a small automorphism of the vector bundle A, by
114 := g: A{Q{ — A{d.
k=0

We claim that (II,114) gives an isomorphism from /¢ to Iy, i.e., the following commutative diagram

I
Lo, L,
,ﬁ ng (2.35)
(Ad7[7]zd7p2d) T (A%’[7]§4W’p§4g¢)

commutes in the category of o/-ringed Lie algebroids. In fact, using Lemma 2.34, we have

HoI§:Z%xk+3 Zgyk
k=0 k=0
00 1 k
:HA_jOZE<Z(S)€g(6)Oxk Q>
k=0 " ¢=0
1 =1
=i —jo (3 k) e (X o)
p=0 k=0

=1y +jonolly=1I,0lly,

which implies that Diagram (2.35) commutes in the category of «7-ringed vector bundles. Mean-
while, since we have

Ma([a1,a2)%) = (Pra oo I¢)([a1, az))
= Pra ([(Io I)(a), (1o L) (a2)]0, )
= Pra([(y o Ia)(@), (£ © Ta)(a2)]o, )
= (Pra o Iy) ([a(ar), Ta(aa)]})
= [Ma(a1), Ma(a2)]},
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and

(p%y o Ia)(a) = (pro, © I o Ta)(a) = (ppo, o Mo I)(a) = (pro, © Ie)(a) = p(a),

for any aq,a2,a € T'(Ay), it follows that Diagram (2.35) indeed commutes in the category of
«/-ringed Lie algebroids. Hence, I¢ and I, are isomorphic.

Conwversely, to prove sufficiency, assume that the standard deformations I¢ and I, are isomorphic.
By Proposition 2.22, there exists a small automorphism IT € sAut(L?)) of the &/-Cartesian extension
Lg{ of L such that

nzHszPrBoHofgoﬂzll,
where H;l is the inverse of II4 := Pry oIl o I¢.

By Proposition 1.19, we may assume that II = exp(d) for some 6 € Der(L) ® m,. Using
Lemma 2.34, we have

oo o
1 1
nolly =Prgollols =Prpoexp(d) ol :ZHPrBoékofg = Zgyk
k=0 k=0
k k— k
=2 (X Q@ oat=) = (3 @) o (X 15e")
k=0 q=0 p=0 k=0
1
= (Z —ep(5)) olIly
1€
p=o "
Since I14 is a small automorphism of the vector bundle A/, we obtain
oo
1
n= Zﬁe’gw) =’ % ¢,
p=0
which implies that n and £ are gauge equivalent. [l

We are now in a position to prove the main theorem.
Proof of Theorem 2.30. By Proposition 2.31, the assignment
Yeof - Defh (%) — WDef(L’A) (%)

is well-defined. Given any morphism 9: &/ — &/’ of local Artinian K-algebras, it is easy to see that
the following diagram

Defy (o) —Z— wDef(;,_4)(/)
lDefh ) erDef(L’ A)(®)
Defy (') —Z"> wDef (1, 4)(")
commutes. Therefore, v is indeed a natural transformation. By Proposition 2.31, the natural
transformation v, is injective for any Artinian algebra 7. It follows from Proposition 2.15 that any

infinitesimal deformation is realized by some Maurer-Cartan element. So the natural isomorphism
v is also surjective. (I

Note that, the extension of the basic Loo-algebra Q% (B) by the Lie algebra IDer(L) of inner
derivations of L, denoted by

ho := (IDex(L) & T(B)) @) (@ QZ(B)>

n=1
is an Lyo-subalgebra of . By a similar argument as in the proof of Theorem 2.30, we obtain the
following

Theorem 2.36. The algebraic deformation functor Defy, associated to the cubic Loo-algebra bo is
naturally isomorphic to the semistrict deformation functor sDef (y, 4y of the Lie pair (L, A).
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As a consequence, we have the following corollary:

Corollary 2.37. The tangent space wDef(;, 4)(Ka[t]) (resp. sDef(, 4)(Kz[t])) is isomorphic to the
tangent cohomology H*(h,[~]1) (resp. H*(bo,[~]1)).

Remark 2.38. A natural relation between infinitesimal deformations of a Lie pair (L, A) and
infinitesimal deformations of the Lie algebroid A studied in [5] can be inferred. In fact, there exists
a morphism ¢ = {¢1, p2} of Leo-algebras from the cubic Loo-algebra by (or its Loo-subalgebra bo) to
the dg Lie algebra C3.(A), called the deformation complex of A, which controls the infinitesimal
deformations of A.

2.4. Examples.

2.4.1. Lie algebra pairs. Here we compare two types of deformations of a Lie algebra pair — the
one defined in the present paper and the one introduced by Crainic-Schétz-Struchiner in [6].

Let [ be a Lie algebra and a C [ a Lie subalgebra. Suppose that a is of dimension k. Denote by
Grg(l) the Grassmannian manifold of k-dimensional subspaces of [. Following [6], a deformation of
the Lie subalgebra a inside [ is a smooth curve a; € C*°([0, 1], Grg(I)) such that ag = a and a; are Lie
subalgebras of [ for all ¢ € [0, 1]. Two deformations a; and a; of a are said to be isomorphic if there
exists a smooth curve g;, ¢t € [0, 1] in the connected and simply connected Lie group G integrating
[, such that go is the identity of G and a; = Adg,a;. It can be verified that the set of isomorphism
classes of deformations of a is isomorphic to the tangent space sDef ) (Kz[t]) of the semistrict
deformation functor of the Lie pair ([,a), and also isomorphic to the first Chevalley-Eilenberg
cohomology H(a,[/a) of the a-module [/a.

On the other hand, by Theorem 2.30, weak isomorphism classes of infinitesimal deformations of
the Lie pair ([, a) is controlled by the cubic L.o-algebra h = Der(l) ® Hom(A®a,[/a)). In particular,
by Corollary 2.37, we have the following identifications

WDef(La) (KQ [ﬂ) = Defh (KQ [t]) = Hl(b, [—]1).

In general, the two cohomology spaces Hi (a,/a) and H'(h, [~];) are different. For example, let
[ = b(3,K) be the 6-dimensional Lie algebra consisting of 3 x 3 upper triangular matrices. Consider
a 3-dimensional Lie subalgebra a of [ generated by e11,e12 and ej3. Here e;; represents the 3 x 3
matrix with 1 in the (¢, j)-entry and zeros elsewhere. We have

le11, €12] = €12, [e11,e13] = e13, [e12,e13] = 0.
By direct computations, one obtains Hig(a, [/a) = K3 and H (b, [-]1) = K2.

However, if [ is semisimple, then all derivations of [ are inner. In this case, the two deformation
functors wDef (; q) and sDef ;) are isomorphic.

2.4.2. Extensions of Lie algebroids. We now consider a particular example from a construction of
extensions of Lie algebroids in [26].

Let (M, ) be a Poisson manifold. Then the cotangent bundle 7% M is a Lie algebroid with the
anchor #: T*M — TM and the Lie bracket [—, —]p+s defined by

[, Blrem = Lrs(a)B — Largyer — dm(ev, B),

for all a, B € Q' (M). Given a Poisson vector field V (i.e. Lym = 0), there is an extension of Lie
algebroids on T*M @ (M x R), where the anchor map is defined by py (a + f) = 7#(a) + fV for all
a€Q*(M) and f € C*°(M,R), and the Lie bracket is defined by

o+ £, 8+ glv := [a, Blrens + 7 (@)g — 7 (B)f + fLvB — gLva+ fV(9) — gV (f),
for all a, B € QY(M) and f,g € C>°(M). It follows that (L = T*M @ (M x R), A= T*M) is a Lie
pair with B=L/A= M x R.
Suppose that V is the Hamiltonian vector field of a smooth function ¢ € C°(M),i.e. V = nf(do).
Let us analyze the tangent space wDef 1 4)(Ka[t]) = H'(h, []1) of the weak deformation functor
wDef (7, 4) of this Lie pair. First of all, note that the set MC(h) of Maurer-Cartan element of the
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associated cubic Lyo-algebra b is indeed the set of Poisson vector fields on M. In fact, any Poisson
vector field Y induces a derivation §¥ € Der(T*M @ (M x R)) with zero symbol defined by

8 (a4 f) == —(Y,a)do + (Y,a) — fY($)do,

for all a+ f € T(T*M @ (M x R)). One can directly examine that [§¥]; = —Y, which implies that
H'(h, [~]1) = 0. Hence, every infinitesimal deformation (parameterized by Ky[t]) of this particular
Lie pair (T*M & (M x R),T*M) arising from a Hamiltonian vector field is trivial.

3. INFINITESIMAL DEFORMATIONS OF MATCHED LIE PAIRS

Let (L, A) be a matched Lie pair, i.e., the short exact sequence (2.3) admits a canonical splitting
such that B is also Lie subalgebroid of L. We denote such a matched Lie pair by A <t B. In this
section, we study infinitesimal deformations of this particular type of Lie pairs.

3.1. The deformation functor. Consider the subgroup hAut(LY,) of the group sAut(L?%) of
small automorphisms of L{Od defined by

hAut(L%) := {exp(Ly) | b € (B ® m,)}.
We elect the notation “hAut” because it arises from ‘half’ of the collection of inner derivations
Lj:=[l,-]pforleN(L)y@my =T(A® B) @mgy.
Definition 3.1. Two infinitesimal deformations of a matched Lie pair L = A< B
(= —Jagpay s ILAT) and ([= =14, P, 1 A7)
are said to be isomorphic if there exists an element exp(Ly) € hAut(L%) and an o/ -ringed Lie

algebroid morphism (114, \}y) from (Ae,[— —a_+Pa,,) to (Aw,[—,—]a,,pa,,) whose center is
the identity of A such that the following diagram

exp(Lyp)

LE{ LOV
(LA*)T T(I',X*)
(HA)‘Z) / /
(Ay/7pAd7[_7_]Ad> — (AJZ{?pAW’[_?_]AQg)

commautes.

The assignment for each local Artinian K-algebra of the set hDef gpqp(27) of isomorphism classes
of infinitesimal deformations of the matched Lie pair L = A > B parameterized by <f determines
a functor

hDef goqp: Art — Set,

called the deformation functor of the matched Lie pair L = A B.

Note that, the basic L.-algebra Q% (B) of the matched Lie pair L = A pa B degenerates to a
canonical dg Lie algebra, since its third bracket [—, —, —]3 vanishes in this case. Here is the main
theorem.

Theorem 3.2. The deformation functor hDef snup of the matched Lie pair L = A > B is isomor-
phic to the algebraic deformation functor associated to the dg Lie algebra Q% (DB).

Proof. Since B C L is also a Lie subalgebroid in this case, by Proposition 2.15, each infinitesimal
deformation I admits a canonical standard realization I¢ for some { € I'(A ® B*) ® m,, satisfy-
ing (2.8). On the other hand, by Proposition 2.22, the restriction of the map (2.21) defines an action
of hAut(L?%) on the set Sd(L, A, &) of standard realizations, such that the standard deformations
I¢ and I, are isomorphic if and only if n = II > ¢ for some II € hAut(LY). As a consequence, the
set wDef(, 4)(&7) of weak isomorphism classes of infinitesimal deformations is isomorphic to the
set of orbits Sd(L, A, &)/ hAut(L?%,) of this subgroup action.

On the other hand, by Proposition 2.28, the set Sd(L, A, </) of standard deformations can be
identified with the set MC(Q% (B) ®m,,) of Maurer-Cartan elements of the dg Lie algebra Q% (B)®
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m,. Meanwhile, by Proposition 2.31, two Maurer-Cartan elements £ and 7 are gauge equivalent
via an inner derivation Lj of Lg{ for some b € I'(B) ® m, if and only if standard deformations ¢
and I,, are isomorphic via exp(L;) € hAut(L?,). The conclusion is thus immediate. O

3.2. Examples.

3.2.1. Deformation of complex structures. Recall from [23] that an infinitesimal deformation of
a complex manifold X over Spec(/) is a morphism of sheaves of C-algebras F — Ox over X.
It is required that F is flat over & and F ®, C — Ox is an isomorphism. Two infinitesimal
deformations F; and F5 are said to be isomorphic if there exists an isomorphism ¢: F; — Fa of
o/ -algebras such that the following diagram is commutative

Fi id Fo
Ox.

The assignment for each local Artinian C-algebra o7 the set Defx (o) of isomorphism classes of
infinitesimal deformations of X over Spec(«7) defines a functor

Defx: Art — Set.

Note that, the complexified tangent bundle T§ = T)O(’1 > T)l(’0 is a matched Lie pair. We claim that
the deformation functor Def x of complex structures on X is isomorphic to the deformation functor
hDef 1,0 of the matched Lie pair (T%, T)O(’l).

T Ty
In fact, the dg Lie algebra Q% (B) under this circumstance is exactly the Kodaira-Spencer algebra

KSy := Q3 (1) = D(A(TR")* @ T¢).

Any infinitesimal deformation of the matched Lie pair (T, T;)(’l) is realized by some Maurer-Cartan
element £ € Qg&l (T)lc’o) ®c my such that it is of the form:

=i+& Ty od > T{ed.
Consider the composition
I{ od: Qg&o@uzf—)flgél@%
of the de Rham differential d and the linear dual 1 g‘ of the bundle map I.. Here Qg&o coincides with

the space of smooth C-valued functions on X. It can be seen that I, g‘ od =0+ £.0, and hence we
define a sheaf as the kernel

Fe = ker(0% ¢ o 2% 0%l @ ).

It is clear that F¢, together with the evaluation map ev: &/ — C, defines an infinitesimal deforma-
tion .7"5 — Ox of X.

On the other hand, if two Maurer-Cartan elements £ and 7n are gauge equivalent via some b €
F(T)lg’o) ® My, i.e., n = € x £ Then by Proposition 2.31, the standard deformations Iz and I,
are isomorphic via the small automorphism exp(Ly), i.e., I, = exp(Ly) o I¢. Here Ly: Q%’ ® A —

Qg{ ® & is the inner Lie derivative of T}g ® & along b. It follows that the following diagram is
commutative:

IFod
Ve — %o

I}od
Voo "= 0% e
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Further, it can be verified that F; and J,, are isomorphic via the following diagram:

00— F 0% @ 2% 00 g o

[ I

0 > Fn >Qg;0®4z% MQ%@@%

So in this setting, what Theorem 3.2 states is exactly the well-known fact of isomorphism of
functors
v: Defks, = Defx .
The reader may wish to see [11,16,23] for more in-depth discussions on this subject.

3.2.2. Transversely holomorphic foliations. Assume that F is a transversely holomorphic foliation
defined on a compact manifold M, with real dimension p and complex codimension q. Such a
foliation structure leads to a connection between the geometry of the said manifold and the algebraic
properties of the associated bundles [8].

Let F' denote the tangent bundle of the foliation F. A key feature of a transversely holomorphic
foliation is that its transverse complex structure induces a well-defined complex structure on the
normal bundle B := Tj;/F. This normal bundle captures the behavior of the manifold M in
directions transverse to the leaves of F. Upon complexifying the normal bundle, we obtain a
decomposition

B(C _ Bl,O @ BO,l,
where B9 and B%! are the holomorphic and anti-holomorphic components respectively.
Let FC be the complexified tangent bundle of the foliation F. Then the direct sum

A:=FCq B%

is a Lie subalgebroid of the complexified tangent bundle Tj\% of M. Thus, (Tj\%, A) is a Lie pair.
Moreover, the quotient bundle Tj\% /A is naturally identified with B1?. Hence, we obtain a matched
Lie pair
TS = Ava BY,

which plays a crucial role in the deformation theory of the initial foliation F. In fact, the set of
isomorphism classes of infinitesimal deformations of this matched Lie pair A >1 B is isomorphic to
the set of infinitesimal deformations of the transversely holomorphic foliation F [8,10,12,28,34,35].
This correspondence provides a useful tool for studying the deformation theory of F from the
perspective of Lie algebroids and their deformations. Thus, by Theorem 3.2, we recover the following
fundamental result:

Theorem 3.3 ([8,12]). The infinitesimal deformations of the transversely holomorphic foliation F
are controlled by the dg Lie algebra F( A (FC o BY)* ® BLO).

To the best of our knowledge, comprehensive results on the existence of local moduli spaces
for smooth foliations are currently lacking (see [25]). Consequently, this problem warrants further
investigation and is a direction for future research.

APPENDIX A. PROOF OF LEMMA 2.34

We proceed by induction on k. When k = 0, since 2°(a) = a,3°(a) = £(a), Lemma 2.34 holds
trivially, as

y°(a) = €(a) = —ef(8)(a) = —e£(0) 0 2%(a),
for all a € I'(A).
Suppose that Lemma 2.34 holds for k£ < n for some n > 1. For the inductive step k =n + 1, we

note that
" (a) = (Prao 8" o I¢)(a) = Praodo (0"(I(a)))
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= Pry 0 8(2"(a) + j(5"()), (A1)
and that
y" " (a) = (Prp o d)(z"(a) + (j o y")(a)). (A.2)
for all @ € T'(A). We also need to compute egﬂ_m(é) ox™ for all 0 < m < n. We divide the
computation into the following three cases:
(1) For m = 0, by Equation (2.33), one has

n " n 1 n!
@) =02~ 0.6 (O +5 D i e (0),¢£(0)]3
p+ag=n
p=1,g>1
= (Prgodoj)oeg(d) —ef(6)oPraod —eg(d)o(Praodoj)o&—Eo(Praodoyj)oef(d)
n—1
+37 (el P(6) 0 (Praobo ) o (o)
p=1
= (Prpodoj)oef(d) —6?(5)OPTAO(SO(IEO—|—j0yO)—|—Z( )e? p(&)o(PrAO(Soj)oeg((;)
p=1
:(PrBoéoj)oe?w)—eg o +Z PI'AOdO']) 5(5)
(2) Forallm=1,---,n—1, by Equatlon (2.33) and the inductive assumption, we have
e?_mH(&) og™ = (Prgodoj)oe ™(5)oa™ —ef ™ (0) o (Praod)oa™

+eg () o(Praodoj)o 6’2(5) ox™
+ Z (";m)eg_m_p(é) o(Prgyodoj)o 675’(5) oz™

= (Prpodoj)oes "(6)oa™ — e ™(§)oPraodo(z™ + joy™)

+ Z (" ™)eg T P(8) o (Praodoj)oel(d) oa™,
=1

where we have used Equatlon (A.1) in the last step.
(3) For m = n, using Equation (2.32) and the inductive assumption for k = n, we have

eé(é)ox”
— —Prgodoa” — (Prpodoj)ofoa” +&o(Praod)oa"+Eo(Praodoj)ogoa’
= —Prgpodoa"™ — (Prgodoj)ofoa” —65(5) Prgodo(z" 4+ joy")

—ed(8) o (Pracdoj)o (Z (")€L() o xn—i)

i=1
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= —Prgodoa” — (PrBoéoj)o§O$"762(5)ox”+1

_eg5)0ﬂ%AO50j)o(53(?ﬁ%w)oxni)

i=1

Summing up the above three equalities, we obtain

n n—1
Z (Z)G?Jrlim(é) ox™ = €?+1(5) + Z (Z)ngrl*m((S) ox™ + e%((S) ox"
m=0 m=1
= (Prpodoj)o (3 (e (@) oa™) = 3 (e (@) oa™ ! ~Prposoa”
m=0 m=0

n m

(m)

—

)i (8) o (Pra 0 8.0 j) o €l(6) 0 2™

- )
m=1 1=

=1
n—1 n—m
0D (e 6) 0 (Prac g o ) o ef(8) oa™
m=0 p=1
=—Prpodojoy” - Z (Z)eg_m@) ox™ —Prgodoz™ by Equation (A.2)
m=0
= _yn+1 Z (Tz)eg—m(é) o wm-i—l
m=0
Thus, we have
S =3 (et @) 0a” = Y (e @) 0am !
m=0 m=0
n n+1
== 3T (Mepttm)oa™ — ST ()bt (8) 0 a™
m=0 m=1
n+1

== (W)e @)™,
m=0

which proves the case for k = n + 1 as desired. The proof of Lemma 2.34 is complete.
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