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Abstract. We study infinitesimal deformations of Lie algebroid pairs in the category of smooth
manifolds enriched with a local Artinian K-algebra. Given a Lie algebroid pair (L,A), i.e. a Lie
algebroid L together with a Lie subalgebroid A, we investigate isomorphism classes of infinitesimal
deformations of (L,A) modulo automorphisms from exponentials of derivations of L and those
from the exponentials of inner derivations of L, respectively. For the associated two deformation
functors, we find the associated governing L∞-algebras in the sense of extended deformation theory.
Furthermore, when (L,A) is a matched Lie pair, i.e. the quotient L/A is also a Lie subalgebroid
of L, we investigate isomorphism classes of infinitesimal deformations modulo automorphisms from
exponentials of derivations along the normal direction L/A. The extended deformation theory of
the associated deformation functor recovers the formal deformation theory of complex structures
and that of transversely holomorphic foliations.
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Introduction

The motivation.
The “Deligne principle” in deformation theory posits a fundamental correspondence: every formal

deformation problem is governed by a differential graded (dg) Lie algebra (or, more generally, an
L∞-algebra). Specifically, the dg Lie algebra controls the deformations via solutions of the Maurer-
Cartan equation modulo gauge actions [11,23,24].

This paper aims to initiate the study of such a formal deformation theory for Lie algebroid
pairs, which we refer to as Lie pairs for brevity. To contextualize this, recall that a Lie algebroid
over K (where K represents either the field of real numbers, R, or complex numbers, C) is a K-vector
bundle L over a base manifold M . This bundle is endowed with a Lie bracket [−,−] defined on its
sections, along with a bundle map ρ : L → TM ⊗R K, called the anchor. The anchor map ρ must
satisfy two conditions: it acts as a morphism of Lie algebras on the section spaces, and it adheres
to the Leibniz identity:

[X, fY ] = f [X,Y ] + (ρ(X)f)Y,

for allX,Y ∈ Γ(L) and f ∈ C∞(M,K). A Lie (algebroid) pair is then defined as an inclusion A ↪→ L
of Lie algebroids sharing a common base space, denoted by (L,A). These Lie pairs arise naturally
in diverse mathematical domains, including Lie theory, complex geometry, foliation theory, and
Poisson geometry. For instance, a complex manifold X gives rise to the Lie pair (TX ⊗ C, T 0,1

X )
over C. Similarly, a regular foliation F on M defines a Lie pair (TM , F ) over R, where F ⊂ TM
represents the integrable distribution tangent to the foliation F . The Molino class of a foliation
F ⊂ M and the Atiyah class of a complex manifold X can be interpreted as the Atiyah classes of
their corresponding Lie pairs [4]. Furthermore, the Atiyah class of any Lie pair (L,A) induces an
L∞-algebra structure on the shifted tangent complex Γ(Λ•A∗ ⊗ L/A[1]) [22]. In the specific case
where the Lie pair originates from a compact Kähler manifold, this induced L∞-algebra structure
recovers the fundamental construction in Kapranov’s formulation of Rozansky-Witten theory [19].

Inspired by the success of formal deformation theory for complex structures [23] and regular
foliations [7, 15, 25] in differential geometry, we initiate a study of infinitesimal deformations of
Lie pairs. Specifically, our aim is to classify infinitesimal deformations of a Lie pair (L,A) up to
a suitably defined notion of isomorphism. We anticipate that this classification is equivalent to
identifying gauge relations between Maurer-Cartan elements within certain L∞-algebras.

The main results.
We outline the contents and main results of this paper. First in Section 1, we introduce the

concept of infinitesimal thickenings of Lie algebroids, a tool specifically designed to describe infin-
itesimal deformations of Lie pairs. The notion of an A -ringed manifold MA refers to a smooth
manifold M enriched with a local Artinian K-algebra A . More precisely, it is a locally ringed space
over M whose structure sheaf is the sheaf of smooth functions thickened by A (see Definition 1.1).
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Within the category of A -ringed manifolds, we identify vector bundle objects, which we call
A -ringed vector bundles (see Definition 1.6). An A -ringed vector bundle can be interpreted as an
infinitesimal thickening of a conventional vector bundle, achieved through the application of the
local Artinian K-algebra A . Analogously, we define A -ringed Lie algebroids (see Definition 1.12)
as Lie algebroid objects within the category of A -ringed manifolds, representing infinitesimal thick-
enings of standard Lie algebroids. Given an A -ringed Lie algebroid LA , evaluating it at the unique
maximal ideal of A yields a Lie algebroid L, which we designate as the center Lie algebroid of LA .

Second, in Section 2, we define an infinitesimal deformation of a Lie pair (L,A) as a Lie pair
(L0

A , AA ) within the category of A -ringed manifolds, centered around the original Lie pair (L,A).
Here, L0

A denotes the A -linear extension of the Lie algebroid L, specifically what we term the
A -Cartesian extension of L (refer to Definition 2.1). The fundamental concept underlying this
definition is that the Lie subalgebroid AA is subject to variation, parameterized by A , while the
extended Lie algebroid L0

A remains stable with respect to A .
We also need to define isomorphisms between infinitesimal deformations. To this end, we intro-

duce a specific type of automorphism of A -ringed Lie algebroids called a “small automorphism.”
It is characterized by inducing the identity map on the associated center Lie algebroid, obtained
via evaluation at the maximal ideal of A . An interesting fact is that any small automorphism
of the A -Cartesian extension L0

A can be represented as the exponential exp(δ) of a nilpotent
derivation δ of L0

A (see Proposition 1.19). Consequently, the small automorphism group sAut(L0
A )

possesses a subgroup, denoted sIAut(L0
A ), comprising exponential elements derived from nilpotent

inner derivations of L0
A . Using these concepts, we define weak and semistrict isomorphisms. Two

infinitesimal deformations, (L0
A , AA ) and (L0

A , A
′
A ), of (L,A) are defined as weak (respectively,

semistrict) isomorphic if there exists a small morphism ΠA : A′A → AA of A -ringed Lie algebroids
and a small automorphism exp(δ), belonging to sAut(L0

A ) (respectively, sIAut(L0
A )), that relates

the two deformations in a proper manner. For a rigorous definition, refer to Definition 2.17.
Given a Lie pair (L,A), assigning its weak or semistrict isomorphic infinitesimal deformations

to each local Artinian K-algebra determines two infinitesimal deformation functors, denoted by
wDef(L,A) and sDef(L,A), respectively, from the category of local Artinian K-algebras to the category
of sets. Consequently, it is pertinent to inquire about the L∞-algebras, denoted as h and h0, that
govern these deformation functors. Specifically, we seek h and h0 such that the associated algebraic
deformation functors Defh and Defh0 are isomorphic to wDef(L,A) and sDef(L,A), respectively. Here,
Defh (resp. Defh0) maps each local Artinian K-algebra A to the set of gauge equivalent classes
of Maurer-Cartan elements of the nilpotent L∞-algebra h ⊗ mA (resp. h0 ⊗ mA ) in the sense of
Getzler [9] (see also [14]).

In fact, associated with a Lie pair (L,A), there exists a cubic L∞-algebra

c := Γ(Λ•A∗ ⊗ L/A),

as demonstrated in [1]. This L∞-algebra, which we call the basic cubic L∞-algebra of (L,A), differs
from the construction presented in [22]. A concrete illustration of this arises when considering the

Lie pair (TX ⊗ C, T 0,1
X ) derived from a compact complex manifold X. In this specific case, the

corresponding basic cubic L∞-algebra c is isomorphic to the Kodaira-Spencer algebra Ω0,•
X (T 1,0

X ),
which governs the infinitesimal deformations of complex structures on X.

The significance of c lies in the fact that the set of Maurer-Cartan elements within the cubic
(and nilpotent) L∞-algebra c⊗mA is isomorphic to the set of standard deformations of (L,A) (see
Proposition 2.28), which indeed controls deformations of the Dirac structure D = A ⊕ A⊥ of the
Courant algebroid L ⊕ L∗ [1, 13, 20, 32, 33]. However, when considering infinitesimal deformations
modulo small automorphisms, the degree 0 component of c, specifically Γ(L/A), is insufficient
to generate the small automorphism group sAut(L0

A ) via the L∞ exponential map. Furthermore,
there are numerous examples involving general Lie algebra pairs that show the algebraic deformation
functor associated with c is neither isomorphic to the infinitesimal deformation functor wDef(L,A)

nor to sDef(L,A).
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To address this problem, we couple the Lie algebra of derivations of the Lie algebroid L, denoted
by Der(L), with the cubic L∞-algebra c. As demonstrated in [27], there exists a natural action of
Der(L) on c. Consequently, the direct sum

h := Der(L)⊕ c,

inherits a cubic L∞-algebra structure that extends the canonical structure on c. We call h the
extended cubic L∞-algebra of the Lie pair (L,A). Furthermore, h contains an L∞-subalgebra given
by

h0 = IDer(L)⊕ c,

where IDer(L) ⊂ Der(L) represents the Lie subalgebra of inner derivations of L. These two cubic
L∞-algebras, h and h0, are central to our investigation. Our main result, detailed in Theorems 2.30
and 2.36, can be summarized as follows:

Theorem A. The infinitesimal deformation functor wDef(L,A) of weak isomorphisms classes is
controlled by the extended cubic L∞-algebra h, while sDef(L,A) of semistrict isomorphism classes is
controlled by the L∞-subalgebra h0 of h.

To illustrate the application of this theorem, let us consider deformations of a Lie algebra pair
a ⊂ l. In this specific case, the base manifold M reduces to a single point. Consequently, the
tangent space of the functor sDef(l,a) is isomorphic to the deformation space of the Lie subalgebra
a within l, as defined by Crainic, Schätz, and Struchiner in [6].

In the third part of this paper, Section 3, we investigate the specific scenario where L = A ./
(L/A) constitutes a matched Lie pair, implying that L/A can be embedded into L as a Lie subal-
gebroid. Consequently, the set {Lb | b ∈ Γ(L/A)} of inner derivations along the “normal direction”
L/A forms a Lie subalgebra within the inner derivations of L. The exponential of these derivations,
defined as

hAut(L0
A ) = {exp(Lb) | b ∈ Γ(L/A)⊗mA },

forms a subgroup of the small automorphism group sAut(L0
A ). In this context, we employ hAut(L0

A )
to define isomorphism classes of infinitesimal deformations, as detailed in Definition 3.1. The func-
tor corresponding to this relation is denoted by hDefA./B. Furthermore, the basic cubic L∞-algebra
c associated with the matched Lie pair simplifies to a dg Lie algebra. This dg Lie algebra governs the
aforementioned isomorphism classes of infinitesimal deformations, as formalized by the following
statement (see Theorem 3.2 for more details):

Theorem B. For a matched Lie pair L = A ./ (L/A), the infinitesimal deformation functor
hDefA./B is isomorphic to the algebraic deformation functor associated with the dg Lie algebra c.

As an application, we consider the matched Lie pair T 0,1
X ./ T 1,0

X on a complex manifold X. The
associated infinitesimal deformation functor hDef

T 0,1
X ./T 1,0

X
is isomorphic to the infinitesimal defor-

mation functor of complex structures on X. Furthermore, the basic dg Lie algebra c corresponds
to the Kodaira-Spencer algebra of X. Consequently, this recovers the established result regarding
the isomorphism between the functor of infinitesimal deformations of complex structures and the
algebraic deformation functor associated with the Kodaira-Spencer algebra.

We also extend our investigation to transversely holomorphic foliations F on compact smooth
manifolds M . Let F denote the tangent bundle of F , and let B = TM/F represent the normal
bundle. This normal bundle B possesses a natural complex structure, inducing a splitting BC =
B1,0⊕B0,1 of its complexified bundle BC. We then construct a matched Lie pair (FC⊕B0,1) ./ B1,0.
The deformation functor associated with this matched Lie pair is isomorphic to the deformation
functor of the transversely holomorphic foliation F itself [8, 12,34,35].

Related works.
Several works in the literature relate to the deformation theory presented in this paper. The

study of Lie algebra deformations originates with the work of Nijenhuis and Richardson [29, 31].
For a more recent overview of Lie algebra pair deformations, see Crainic [6]. Ji [17] investigated the
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simultaneous deformations of Lie algebroids and their Lie subalgebroids, deriving an L∞-algebra via
higher derived brackets. However, this approach differs significantly from the Lie pair deformation
framework presented here. Specifically, our Lie pair setting (L,A) considers a Lie algebroid L and its
Lie subalgebroid A defined over the “same” base manifold. This choice is motivated by examples
arising from foliations and complex manifolds. In contrast, Ji’s framework typically involves a
Lie algebroid E over a smooth manifold M , where the base manifold of its Lie subalgebroid is a
submanifold of M . This is motivated by examples from Poisson geometry involving coisotropic
submanifolds of Poisson manifolds. In subsequent work, Ji [18] further explored the relationship
between deformations of Lie subalgebroids and deformations of coisotropic submanifolds (see also [2,
30] on deformations of coisotropic submanifolds).

Acknowledgment.
We would like to thank Ping Xu for fruitful discussions.

List of commonly used notations.

(1) K — the field R of real numbers, or the field C of complex numbers;
(2) mA — the maximal ideal of a local Artinian K-algebra A ;
(3) MA = (M,OMA

) — an A -ringed manifold centered on a smooth manifold M ;
(4) MfldA — the category of A -ringed manifolds;
(5) sAut(MA ) — the group of small automorphisms of an A -ringed manifold MA ;
(6) Γ(TK

M ) — the space of K-valued vector fields on M , i.e., K⊗R Γ(TM );

(7) TA := (TK
M )A — the A -ringed vector bundle with center TK

M →M ;
(8) Γ(TA ) := Γ(TM )⊗R A — the space of global sections of TA ;
(9) K2[t] — the K-algebra of dual numbers ;

(10) (EA , [−,−]EA
, ρEA

) — an A -ringed Lie algebroid;
(11) E0

A — the A -Cartesian extension of a Lie algebroid E;
(12) sAut(EA ) — the group of small automorphisms of an A -ringed Lie algebroid EA ;
(13) Der(E) — the space of derivations of a Lie algebroid E;
(14) IDer(E) — the space of inner derivations of a Lie algebroid E;
(15) sIAut(E0

A ) — the group of small inner automorphisms of E0
A (see (11));

(16) Sd(L,A,A ) — the set of solutions ξ ∈ Γ(A∗ ⊗B)⊗mA to Equation (2.8);
(17) MC(g) — the set of Maurer-Cartan elements of a nilpotent L∞-algebra g;
(18) Ω•A(B) = Γ(Λ•A∗ ⊗B) — the basic cubic L∞-algebra arising from the Lie pair (L,A);
(19) h = (Der(L)⊕ Γ(B))

⊕(⊕
n>1 Ωn

A(B)
)

— the extended cubic L∞-algebra arising from the
Lie pair (L,A);

(20) Defg — the algebraic deformation functor associated to an L∞-algebra g;
(21) wDef(L,A) — the weak infinitesimal deformation functor of the Lie pair (L,A);
(22) Art — the category of local Artinian K-algebras;
(23) Set — the category of sets;
(24) sDef(L,A) — the semistrict infinitesimal deformation functor of the Lie pair (L,A);
(25) hDefA./B — the deformation functor of the matched Lie pair L = A ./ B;
(26) Hi(g, [−]1) — the i-th cohomology of an L∞-algebra g with respect to the first bracket [−]1.

1. Lie algebroids enriched with local Artinian algebras

We begin by defining smooth manifolds enriched with a local Artinian K-algebra A .

1.1. Local Artinian ringed manifolds and vector bundles. Given a smooth manifold M , we
denote by OM the sheaf of K-valued smooth functions on M and by C∞(M,K) the K-algebra of
smooth functions on M .
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Definition 1.1. Let M be a smooth manifold, and A a local Artinian K-algebra. Define a sheaf
OMA

of A -algebras over M by assigning to every open subset U ⊂M the A -algebra

OMA
(U) := C∞(U,K)⊗KA .

We call MA := (M,OMA
) the A -ringed manifold (centered on M). The space of global sections

of OMA
is denoted by C∞(MA )(= C∞(M,K)⊗K A ); its elements are called smooth functions on

MA .

Let E be a sheaf of K-modules over M . The evaluation map ev : A → A /mA = K at the maximal
ideal mA of A induces a map E⊗KA → E , also denoted by ev, sending ξ⊗a to ξ ·ev(a) for all local
sections ξ and all a ∈ A . In particular, when E is the structural sheaf OMA

, the evaluation map
induces an embedding from the K-ringed manifold (M,OM ) to the A -ringed manifold (M,OMA

).

Definition 1.2. A morphism of A -ringed manifolds MA → NA consists of a pair (ϕ, λ]) where

(1) ϕ : M → N is a smooth map of smooth manifolds;
(2) λ] : ONA

→ ϕ∗OMA
is a morphism of sheaves of A -algebras over N extending the pullback

map ϕ∗ : ON → ϕ∗OM in the following sense — for each local section f ⊗ a of ONA
(U) =

C∞(U,K)⊗KA , where U ⊂ N is open, one has

ev ◦ λ](f ⊗ a) = ev ◦ (λ](f)⊗ a) = ϕ∗(f) · ev(a).

Since the restriction map to each stalk at x ∈M , λ]x : ONA ,ϕ(x) → OMA ,x is local, the morphism

(ϕ, λ]) of A -ringed manifolds is indeed a morphism of locally ringed spaces. Meanwhile, the
morphism λ] : ONA

→ ϕ∗OMA
of sheaves is completely determined by the corresponding morphism

on the level of global sections,
λ∗ : C∞(NA )→ C∞(MA ).

So we can regard a morphism of A -ringed manifolds from MA to NA as a morphism of A -algebras
λ∗ : C∞(NA )→ C∞(MA ) covering a smooth map ϕ : M → N in the sense that

ev ◦ λ∗ = ϕ∗ : C∞(N,K)→ C∞(M,K).

In this situation, we say that λ∗ is a lifting of ϕ∗ and that ϕ∗ is the center of λ∗.
It is clear that the collection of A -ringed manifolds and their morphisms forms a category,

denoted by MfldA . We need a particular type of automorphisms of A -ringed manifolds.

Definition 1.3. A small automorphism of an A -ringed manifold MA is a lifting of the identity
map Id on C∞(M,K), i.e., a morphism λ∗ : C∞(MA )→ C∞(MA ) satisfying ev ◦ λ∗ = Id.

We denote by sAut(MA ) the group of small automorphisms of MA .

Example 1.4. Let A = K2[t] := K[t]/(t2)(∼= K ⊕ Kt) be the algebra of dual numbers. Then for
any X ∈ Γ(TK

M ) := K⊗R Γ(TM ), the exponential map

exp (X ⊗ t) = Id +X ⊗ t : C∞(M,K)⊗K K2[t]→ C∞(M,K)⊗K K2[t],

which sends f ∈ C∞(M,K) to f + X(f) ⊗ t, is an element in sAut(MK2[t]). It is clear that the
inverse of exp(X ⊗ t) is exp(−X ⊗ t).

Remark 1.5. In fact, any small automorphism of an A -ringed manifold MA is of the form exp(D)
for some D ∈ Γ(TK

M )⊗K mA . Here exp denotes the exponential map:

exp: Γ(TK
M )⊗K mA → sAut(MA ), D 7→ exp(D),

where exp(D) is defined by

exp(D)(f) :=
∑
n≥0

1

n!
〈Dn, f〉,

for all f ∈ C∞(MA ). The bracket 〈Dn, f〉 means the A -linear action of the differential operator
Dn on f ∈ C∞(MA ). The above sum is indeed finite as D ∈ Γ(TK

M ) ⊗K mA is nilpotent. (See
Proposition 1.19.)
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We now turn to vector bundle objects in the category of A -ringed manifolds.

Definition 1.6. An A -ringed vector bundle over an A -ringed manifold MA is an A -ringed
manifold EA together with a morphism EA →MA , which covers a smooth K-vector bundle π : E →
M .

The underlying vector bundle E → M is called the center of EA → MA . The space of global
sections of EA is defined by

Γ(EA ) := Γ(E)⊗K A ,

which is a C∞(MA )-module.

Definition 1.7. A morphism of A -ringed vector bundles from FA to EA (over the same base MA )
is specified by an A -linear map Π: Γ(FA )→ Γ(EA ) satisfying the following two conditions:

(1) The map Π covers a small automorphism λ∗ of MA in the sense that

Π(fν) = λ∗(f)Π(ν),

for all f ∈ C∞(MA ), ν ∈ Γ(FA ).
(2) The center of Π:

Π0 := ev ◦Π: Γ(F )→ Γ(E)

defines a morphism of vector bundles over M .

Such a morphism will be denoted by (Π, λ∗). In particular, when the small automorphism λ∗ of
C∞(MA ) is the identity Id, we call (Π, Id) a strict morphism and denote it by Π for simplicity.

Compositions of morphisms of A -ringed vector bundles are naturally defined.

Remark 1.8. In general, morphisms between A -ringed vector bundles over distinct A -ringed base
manifolds are more complicated than what we have discussed here.

Proposition 1.9. Suppose that (Π, λ∗) : FA → EA is a morphism of A -ringed vector bundles
over MA . Then the map Π: Γ(FA ) → Γ(EA ) is injective (resp. surjective) if and only if the
center Π0 : Γ(F ) → Γ(E) of Π is injective (resp. surjective). Consequently, Π is an isomorphism
of A -modules if and only if its center Π0 is an isomorphism of vector bundles.

Proof. Assume that mn
A 6= 0 while mn+1

A = 0 for some n > 1. We now show that Π is injective if
and only if Π0 : Γ(F )→ Γ(E) is injective.

Assume first that Π is injective. If Π0(e) = 0 for some e ∈ Γ(F ), it then follows from ev(Π(e)) =
Π0(e) = 0 that Π(e) ∈ Γ(E)⊗K mA . Thus, for any nonzero element a ∈ mn

A , we have Π(e⊗ a) =
Π(e)a = 0, which implies that e⊗ a = 0 since Π is injective. Hence, we have e = 0, and thus Π0 is
injective.

Conversely, assume that Π0 : Γ(F )→ Γ(E) is injective. We next show that Π is injective as well.
Consider the following family of A -linear maps induced by Π,

Πk : Γ(FA /mk+1
A

)→ Γ(EA /mk+1
A

),

for all 0 6 k 6 n, where Πn = Π. By an induction argument on k, it suffices to prove that Πk is
injective provided that Πk−1 is injective for all k.

By choosing a splitting of the short exact sequence of vector spaces

0→ mk
A /m

k+1
A → A /mk+1

A → A /mk
A → 0,

we may decompose the map

Πk : Γ(FA /mk+1
A

) ∼= Γ(FA /mkA
)⊕ Γ(FmkA /mk+1

A
)→ Γ(EA /mk+1

A
) ∼= Γ(EA /mkA

)⊕ Γ(EmkA /mk+1
A

)

as the sum

Πk = Π
(1)
k + Π

(2)
k := pr1 ◦Πk + pr2 ◦Πk,
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where pr1 : Γ(EA /mk+1
A

)→ Γ(EA /mkA
) and pr2 : Γ(EA /mk+1

A
)→ Γ(EmkA /mk+1

A
) are projections. Note

that the restriction of Π
(1)
k onto the subspace Γ(FmkA /mk+1

A
) vanishes. It follows that Π

(1)
k coincides

with Πk−1 up to an extension by zero. For any∑
i

si ⊗ ai +
∑
j

tj ⊗ bj ∈ Γ(FA /mkA
)⊕ Γ(FmkA /mk+1

A
) ∼= Γ(FA /mk+1

A
),

where si, tj ∈ Γ(F ) and ai ∈ A /mk
A , bj ∈ mk

A /m
k+1
A , we have

Πk

∑
i

si ⊗ ai +
∑
j

tj ⊗ bj

 = Πk

(∑
i

si ⊗ ai

)
+ Πk

∑
j

tj ⊗ bj


= Πk−1

(∑
i

si ⊗ ai

)
+ Π

(2)
k

(∑
i

si ⊗ ai

)
+
∑
j

Π0(tj)⊗ bj .

If the above expression vanishes, then both Πk−1 (
∑

i si ⊗ ai) ∈ Γ(FA /mk) and Π
(2)
k (
∑

i si ⊗ ai) +∑
j Π0(tj) ⊗ bj = 0 ∈ Γ(Fmk/mk+1) vanishes. Note that Πk−1 is injective by inductive assumption.

It follows that
∑

i si ⊗ ai = 0, which implies that
∑

j tj ⊗ bj = 0 since Π0 is also injective. Hence,
Πk is injective.

To prove that Π is surjective if and only if Π0 is surjective, it suffices to adopt an analogous
approach, which we omit. �

Example 1.10 (Tangent bundle of an A -ringed manifold). Consider the associated A -ringed
tangent bundle TA := (TK

M )A over the A -ringed manifold MA . Each small automorphism λ∗ of
MA induces an automorphism (Πλ∗ , λ

∗) of TA by conjugation, i.e.,

Πλ∗(D) = λ∗ ◦D ◦ (λ∗)−1,

for all D ∈ Γ(TA ) = Γ(TM )⊗R A .
In particular, when A = K2[t] is the algebra of dual numbers, by Example 1.4, each vector field

D0 ∈ Γ(TK
M ) induces a small automorphism exp (D0 ⊗ t) = Id + D0 ⊗ t of MA . In this case, the

associated morphism is

Πexp (D0⊗t)(D) = exp (D0 ⊗ t) ◦D ◦ exp (−D0 ⊗ t) = (Id +D0 ⊗ t) ◦D ◦ (Id−D0 ⊗ t)
= D + [D0, D]⊗ t, (1.11)

for all D ∈ Γ(TA ).

1.2. Local Artinian ringed Lie algebroids. We now study Lie algebroid objects in the category
of A -ringed manifolds.

Definition 1.12. An A -ringed Lie algebroid consists of a triple (EA , [−,−]EA
, ρEA

), where
(1) EA is an A -ringed vector bundle over MA ;
(2) ρEA

, called the anchor, is a morphism of A -ringed vector bundles from EA to the tangent
bundle TA of MA , covering the identity Id : MA →MA ;

(3) [−,−]EA
: Γ(EA ) × Γ(EA ) → Γ(EA ) is an A -bilinear Lie bracket on the space Γ(EA ) of

global sections, satisfying the Leibniz rule

[u, fv]EA
= 〈ρEA

(u), f〉v + f [u, v]EA
,

for all f ∈ C∞(MA ) and u, v ∈ Γ(EA ).

It follows from the above Leibniz rule that the anchor map ρEA
is indeed a morphism of Lie

algebras on the section spaces.
Given an A -ringed Lie algebroid (EA , [−,−]EA

, ρEA
), the evaluation map ev : EA → E deter-

mines a Lie algebroid (E, [−,−]E , ρE). Conversely, given a Lie algebroid (E, [−,−]E , ρE) over a
smooth manifold M , there exists an A -ringed Lie algebroid, denote by E0

A , whose anchor ρE0
A

and
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bracket [−,−]E0
A

are A -linear extensions of the anchor ρE and the bracket [−,−]E , respectively.

We call E0
A the A -Cartesian extension of the Lie algebroid E.

Definition 1.13. Let (EA , [−,−]EA
, ρEA

) and (FA , [−,−]FA
, ρFA

) be two A -ringed Lie algebroids
over MA . A morphism of A -ringed Lie algebroids from FA to EA is a morphism (Π, λ∗) : FA →
EA of the underlying A -ringed vector bundles satisfying the following two conditions:

(1) The A -linear map Π: Γ(FA )→ Γ(EA ) preserves the brackets, i.e.,

Π([s1, s2]FA
) = [Π(s1),Π(s2)]EA

,

for all s1, s2 ∈ Γ(FA ).
(2) The pair (Π, λ∗) is compatible with the two anchors ρEA

and ρFA
in the following sense:

λ∗〈ρFA
(s), f〉 = 〈ρEA

(Π(s)), λ∗f〉, (1.14)

for all f ∈ C∞(MA ) and s ∈ Γ(FA ).

It is straightforward to verify that the center Π0 : F → E of a morphism Π of A -ringed Lie
algebroids is itself a morphism of Lie algebroids over M . In particular, when λ∗ is the identity Id
of C∞(MA ), the morphism (Π, Id) will be denoted by Π for simplicity and will be referred to as a
strict morphism.

Remark 1.15. Given two Lie algebroids over different base manifolds, Liu and Chen have studied
various characterizations of morphisms and comorphisms between them in [3]. The definition of
morphisms and comorphisms of ordinary Lie algebroids can be generalized to the setting of A -ringed
Lie algebroids. In fact, our definition of morphisms of A -ringed Lie algebroids over the same A -
ringed manifold can be viewed as a special case of comorphisms of A -ringed Lie algebroids in the
spirit of [3].

In what follows, we focus on a special kind of automorphisms of an A -ringed Lie algebroid.

Definition 1.16. A small automorphism of an A -ringed Lie algebroid (EA , [−,−]EA
, ρEA

)
over MA is a morphism (Π, λ∗) of A -ringed Lie algebroids from EA to itself whose center Π0 is
the identity of the center Lie algebroid E over M .

Denote by sAut(EA ) the group of small automorphisms of the A -ringed Lie algebroid EA .

For any A -Cartesian extension E0
A of a Lie algebroid E, we now establish that every element of

sAut(E0
A ) can be expressed as the exponential of a nilpotent derivation of E0

A .

Definition 1.17. A derivation of the Lie algebroid (E, [−,−]E , ρE) over M is a linear operator
δ : Γ(E)→ Γ(E) equipped with a vector field σ(δ) ∈ Γ(TK

M ), called the symbol of δ, satisfying

δ(fu) = σ(δ)(f)u+ fδ(u),

[σ(δ), ρE(u)] = ρE(δ(u)),

δ[u, v]E = [δ(u), v]E + [u, δ(v)]E ,

for all f ∈ C∞(M,K), u, v ∈ Γ(E).

For a Lie algebroid E, the space Der(E) of derivations together with the standard commutator
is a Lie algebra. The subspace IDer(E) := {adu |u ∈ Γ(E)} of inner derivations is a Lie subalgebra
of Der(E).

Note that the A -linear extension of derivations of a Lie algebroid E yields derivations of the
A -Cartesian extension E0

A of E. In particular, for any element δ ∈ Der(E) ⊗K mA , the operator
δ is a nilpotent derivation of E0

A . Its exponential

exp(δ) := Id + δ +
δ2

2!
+
δ3

3!
+ · · ·

defines a small automorphism of E0
A . Indeed, every small automorphism of E0

A arises in this
manner. To illustrate this fact, consider the special case where A = K2[t] is the algebra of dual
numbers over K.
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Example 1.18. Consider the K2[t]-Cartesian extension E0
K2[t] of a Lie algebroid (E, [·, ·]E , ρE).

Suppose that Π ∈ sAut(EK2[t]) is a small automorphism covering a small automorphism exp(D ⊗
t) = Id +D ⊗ t of MA for some D ∈ Γ(TK

M ) (see Example 1.4). Then

Π = Id + Π1 ⊗ t : Γ(E)→ Γ(E)⊗K K2[t],

where Π1 : Γ(E)→ Γ(E) is K-linear, satisfying

Π1(fe) = D(f)e+ fΠ1(e).

Since Π([u, v]E) = [Π(u),Π(v)]E for all u, v ∈ Γ(E), it follows that

Π1[u, v]E = [Π1(u), v]E + [u,Π1(v)]E .

By Equations (1.11) and (1.14), one obtains

ρE(Π1(e)) = [D, ρE(e)],

and Π1 is a derivation of E with symbol D. Hence, we have Π = exp(Π1 ⊗ t).

Proposition 1.19. Any small automorphism of the A -Cartesian extension E0
A can be uniquely

expressed as exp(δ) for some δ ∈ Der(E) ⊗K mA of E0
A . Moreover, exp(δ) covers the small au-

tomorphism exp(σ(δ)) of the A -ringed manifold MA generated by the symbol σ(δ) ∈ Γ(TA ) of
δ.

Proof. We prove by induction on the dimension dimK A := n > 2 of the local Artinian K-algebra
A . When n = 2, we have A ∼= K2[t]. By Example 1.18, any small automorphism Π: EA → EA is
of the form Π = Id + Π1 ⊗ t = exp(Π1 ⊗ t) for some Π1 ∈ Der(E).

Suppose that the proposition holds for all local Artinian K-algebras A ′ with dimK A ′ 6 n − 1
for some integer n > 3 . Given an n-dimensional local Artinian K-algebra A , for each nonzero
element t ∈ mA such that tmA = 0, one has a short exact sequence of K-vector spaces

0→ Kt→ A
pr−→ A ′ := A /Kt→ 0,

where A ′ is a local Artinian K-algebra of dimension (n − 1), and pr is a morphism of Artinian
algebras.

Given any Π ∈ sAut(E0
A ), the composition

Π̃ = (Id⊗ pr) ◦Π: Γ(E)→ Γ(E)⊗A ′

determines an element Π′ := Π̃ ⊗ Id ∈ sAut(E0
A ′). By the induction assumption, there exists an

element δ′ ∈ Der(E)⊗K mA ′ such that Π′ = exp(δ′).
Now we choose an element δ0 ∈ Der(E)⊗K mA satisfying (Id⊗ pr) ◦ δ0 = δ′. Consider the small

automorphism Π ◦ exp(−δ0) of EA , which is subject to the relation

(Id⊗ pr) ◦ (Π ◦ exp(−δ0)) =
(
(Id⊗ pr) ◦Π

)
◦
(
(Id⊗ pr) ◦ exp(−δ0)

)
= exp(δ′) exp(−δ′) = Id.

It follows that Π ◦ exp(−δ0) sends Γ(E) ⊗K A to Γ(E) ⊗K (K ⊕ Kt). Since K ⊕ Kt ∼= K2[t], by
Example 1.18, we can find an element δ1 ∈ Der(E)⊗KKt such that Π◦exp(−δ0) = exp(δ1). Hence,
we have

Π = exp(δ1) ◦ exp(δ0) = exp(δ1 + δ0).

To see the uniqueness of δ, we observe that if exp(δ) = Id⊗ IdA , then we have

δ +
1

2
δ2 +

1

6
δ3 + · · · = 0: Γ(E)→ Γ(E)⊗K mA .

Since δn(Γ(E)) ⊂ Γ(E) ⊗K mn
A for all n > 0, solving the above equation degreewisely, we obtain

that δ(Γ(E)) ⊂ Γ(E)⊗K mn
A for all n > 0, which implies that δ = 0. �

A small automorphism ϕ of E0
A is called inner if it is of the form exp(δ), where δ ∈ IDer(E)⊗KmA

is an inner derivation. The set sIAut(E0
A ) consisting of all small inner automorphisms forms a

subgroup of sAut(E0
A ).
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2. Infinitesimal deformations of Lie pairs

Let (L,A) denote an inclusion i : A ↪→ L of Lie algebroids over a common base manifold M . This
section examines infinitesimal deformations of such Lie pairs. The definition of these deformations
necessarily involves a local Artinian K-algebra, denoted by A , which serves as the parameter space
for the deformation.

2.1. Infinitesimal deformations and their standard realizations.

Definition 2.1. An infinitesimal deformation of a Lie pair (L,A) parameterized by a local
Artinian K-algebra A consists of the following data:

(1) an A -ringed Lie algebroid (AA , [−,−]AA
, ρAA

) whose center Lie algebroid is the given Lie
subalgebroid A of L;

(2) a morphism of A -ringed Lie algebroids from (AA , [−,−]AA
, ρAA

) to the A -Cartesian ex-
tension L0

A of L,

(I, λ∗) : (AA , [−,−]AA
, ρAA

)→ L0
A ,

whose center I0 coincides with the given inclusion i : A ↪→ L of Lie algebroids.

Conceptually, an infinitesimal deformation of (L,A) depicts an A -parameterized family of Lie
algebroid structures (AA , [−,−]AA

, ρAA
) on the vector bundle A, while the ‘bigger’ Lie algebroid

L (which contains AA ) remains unchanged with respect to A . We shall denote an infinitesimal
deformation of (L,A) by the quadruple ([−,−]AA

, ρAA
; I, λ∗) or by (I, λ∗) for simplicity.

Definition 2.2. Let ([−,−]AA
, ρAA

, I, λ∗) and ([−,−]′AA
, ρ′AA

, I ′, λ′∗) be infinitesimal deforma-

tions of a Lie pair (L,A). They are said to be strictly isomorphic if there exists an A -ringed
Lie algebroid morphism

(ΠA, λ
∗
A) : (AA , ρ

′
AA

, [−,−]′AA
)→ (AA , ρAA

, [−,−]AA
)

such that the following diagram of morphisms of A -ringed Lie algebroids

L0
A L0

A

(AA , ρAA
, [−,−]AA

) (AA , ρ
′
AA

, [−,−]′AA
)

Id

(I,λ∗)

(ΠA,λ
∗
A)

(I′,λ′∗)

commutes.

In this definition, the center (ΠA)0 of ΠA is necessarily the identity map on the given vector
bundle A.

Given a Lie pair (L,A), the A -linear extension of i defines a strict morphism I : A0
A → L0

A
between the A -Cartesian extensions of L and A. This is indeed the trivial infinitesimal deformation
of (L,A). Next, we present a class of ‘nontrivial’ infinitesimal deformations. Note that, each Lie
pair (L,A) determines a short exact sequence of vector bundles over M :

0→ A
i−→ L

PrB−−→ B := L/A→ 0. (2.3)

Choose a splitting of the exact sequence above, given by an injective vector bundle map j : B → L
and a surjective vector bundle map PrA : L → A, which induces an isomorphism L ∼= A ⊕ B. For
each element ξ ∈ Γ(A∗ ⊗ B) ⊗ mA , consider the following strict morphism of A -ringed vector
bundles

Iξ : Γ(AA )→ Γ(LA ) ∼= Γ(AA )⊕ Γ(BA ),

a 7→ Iξ(a) := i(a) + j(ξ(a)), (2.4)

which in fact determines a strict bundle map

ρξAA
: Γ(AA )→ Γ(TA ), (see Example 1.10)
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a 7→ ρξAA
(a) := ρL0

A
(Iξ(a)), (2.5)

and a bracket

[·, ·]ξAA
: Γ(AA )× Γ(AA )→ Γ(AA )

(a1, a2) 7→ [a1, a2]ξAA
:= PrA

(
[Iξ(a1), Iξ(a2)]L0

A

)
. (2.6)

Lemma 2.7. Suppose that the map Iξ satisfies

Iξ

(
PrA

(
[Iξ(a1), Iξ(a2)]L0

A

))
= [Iξ(a1), Iξ(a2)]L0

A
, (2.8)

for all a1, a2 ∈ Γ(A). Then the anchor map ρξAA
(2.5) and the bracket [−,−]ξAA

(2.6) together

define an A -ringed Lie algebroid structure on AA . Moreover, the strict morphism Iξ in (2.4) is an
infinitesimal deformation of (L,A).

Proof. We first check that (AA , [−,−]ξAA
, ρξAA

) is an A -ringed Lie algebroid. It suffices to verify

the Leibniz rule and the Jacobi identity. In fact, for all a1, a2 ∈ Γ(A) and f ∈ C∞(M,K), we have

[a1, fa2]ξAA
= PrA([Iξ(a1), Iξ(fa2)]L0

A
) = PrA([Iξ(a1), fIξ(a2)]L0

A
)

= PrA(ρL0
A

(Iξ(a1))(f) · Iξ(a2) + f [Iξ(a1), Iξ(a2)]L0
A

)

= ρξAA
(a1)fa2 + f [a1, a2]ξAA

.

Meanwhile, for all a1, a2, a3 ∈ Γ(AA ), using Equation (2.8), we have

[a1, [a2, a3]ξAA
]ξAA

= PrA[Iξ(a1), Iξ(PrA([Iξ(a2), Iξ(a3)]L0
A

))]L0
A

= PrA[Iξ(a1), [Iξ(a2), Iξ(a3)]L0
A

]L0
A
.

Thus, the Jacobi identity for [−,−]L0
A

implies the Jacobi identity for [−,−]ξAA
. Now using Equa-

tion (2.8) again, we see that Iξ : AA → L0
A is an inclusion of A -ringed Lie algebroids whose center

is the given inclusion i : A→ L. This proves that Iξ is an infinitesimal deformation of (L,A). �

We also need the converse fact of Lemma 2.7 which is easily seen.

Lemma 2.9. If AA is endowed with an A -ringed Lie algebroid structure such that (Iξ, Id) : AA →
L0

A is a morphism of A -ringed Lie algebroids, then
(1) The A -ringed Lie algebroid structure on AA is the one determined by Equations (2.5)

and (2.6);
(2) The strict morphism Iξ is an infinitesimal deformation of (L,A);
(3) The map Iξ is subject to Equation (2.8).

Infinitesimal deformations of the form Iξ (subject to Equation (2.8)) will be referred to as stan-
dard deformations.

Indeed, any infinitesimal deformation of Lie pairs is strictly isomorphic to a standard one: Given
any infinitesimal deformation (I, λ∗) of (L,A), we can use the chosen splitting j : B → L of the
short exact sequence (2.3) and the associated decomposition L = A ⊕ B to express I explicitly.
When restricted onto Γ(A), the inclusion I decomposes as follows:

I : Γ(A)→ Γ(LA ) = Γ(AA )⊕ Γ(BA ),

a 7→ I(a) = IA(a) + j(IB(a)), (2.10)

where IB : Γ(A) → Γ(BA ) and IA : Γ(A) → Γ(AA ) are both K-linear. Moreover, they satisfy the
following conditions.

Lemma 2.11. (1) The pair (IA, λ∗) defines a small automorphism of the A -ringed vector bun-
dle AA ;
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(2) The map
IB ◦ I−1

A : Γ(A)→ Γ(B)⊗mA

is C∞(M,K)-linear.
(3) The corresponding element ξ := IB ◦ I−1

A in Γ(A∗ ⊗B)⊗mA satisfies Equation (2.8), thus

the associated map Iξ : AξA → L0
A defines a standard deformation of (L,A).

Proof. (1) Since I : AA → LA is an A -ringed vector bundle morphism covering a small automor-
phism λ∗ of MA , it follows that I(fa) = λ∗(f)I(a) for all a ∈ Γ(AA ) and f ∈ C∞(MA ). Thus, we
have

IA(fa) = λ∗(f)IA(a), (2.12)

and
IB(fa) = λ∗(f)IB(a). (2.13)

The center of IA is the identity Id of A. This (according to Proposition 1.9) implies that IA is an
automorphism of AA . Thus, by Equation (2.12), IA covers the small automorphism λ∗ of MA .
This proves Statement (1).

(2) Note that, the inverse I−1
A of IA is a small automorphism of AA covering (λ∗)−1, i.e.,

I−1
A (fa) = (λ∗)−1(f)I−1

A (a).

Combining this equation with Equation (2.13), we see that IB ◦ I−1
A is C∞(M,K)-linear.

(3) Obviously, IB ◦ I−1
A determines an element ξ ∈ Γ(A∗ ⊗B)⊗mA satisfying

Iξ(a) = a+ j(ξ(a)) = a+ j(IB(I−1
A (a))) = I(I−1

A (a)).

Since I = IA + j ◦ IB is an infinitesimal deformation, we have

I([a1, a2]AA
) = [I(a1), I(a2)]L0

A
, (2.14)

for all a1, a2 ∈ Γ(AA ). Thus,

(Iξ ◦ PrA)
(
[Iξ(a1), Iξ(a2)]L0

A

)
= (Iξ ◦ PrA)

(
[I(I−1

A (a1)), I(I−1
A (a2))]L0

A

)
by Equation (2.14)

= (Iξ ◦ IA)
(
[I−1
A (a1), I−1

A (a2)]AA

)
= I

(
[I−1
A (a1), I−1

A (a2)]AA

)
by Equation (2.14)

= [I ◦ I−1
A (a1), I ◦ I−1

A (a2)]L0
A

= [Iξ(a1), Iξ(a2)]L0
A
.

�

In the sequel, ([−,−]ξAA
, ρξAA

; Iξ, Id), induced from (I, λ∗) and the splitting j : B → L, will be

called the standard realization of (I, λ∗).

Proposition 2.15. The standard realization ([−,−]ξAA
, ρξAA

; Iξ, Id) is strictly isomorphic to (I, λ∗).

Proof. The goal is to establish the following commutative diagram of morphisms of A -ringed Lie
algebroids:

L0
A L0

A

(AA , ρ
ξ
AA

, [−,−]ξAA
) (AA , ρAA

, [−,−]AA
).

Id

(Iξ,Id)

(IA,λ∗)

(I,λ∗)

This diagram naturally commutes by definitions of these arrows. It suffices to show that IA is a
morphism of A -ringed Lie algebroids covering λ∗. In fact, since the map I = IA + j ◦ IB is a
morphism of A -ringed Lie algebroids, we have

IA([a1, a2]AA
) = PrA

(
[I(a1), I(a2)]L0

A
) = [IA(a1), IA(a2)]ξAA

,
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and
ρξAA

(IA(a)) = ρL0
A

(IA(a) + j(ξ(IA(a)))) = ρL0
A

(I(a)),

for all a, a1, a2 ∈ Γ(A). Thus, IA intertwines the relative A -ringed Lie algebroid structures. �

Example 2.16. Consider a codimension k foliation F in an n-dimensional real smooth manifold
M . Let F ⊂ TM be the involutive subbundle tangent to the leaves of F . Then (TM , F ) is a Lie
pair with B = TM/F the normal bundle of F . It follows that the set of infinitesimal deformations
of (TM , F ) parameterized by the algebra R2[t] of dual numbers coincides with that of infinitesimal
deformations of the foliation F [15], the latter of which is defined by a smooth family of involutive
distributions {Ft}t∈R in TM such that F0 = F .

More precisely, given an infinitesimal deformation Ft of F , each Riemannian metric on TM
determines a family of splittings prFt : TM → Ft of the short exact sequences of vector bundles
(over M)

0→ Ft → TM
prBt−−−→ Bt = TM/Ft → 0.

According to [15], there exists an element σ ∈ Γ(F ∗ ⊗B) defined for all X ∈ Γ(F ) by

σ(X) = prB

(
d

dt
|t=0 prFt(X)

)
.

Let
ξ = σ · t ∈ Γ(F ∗ ⊗B)⊗mR2[t].

Then the associated map Iξ : FR2[t] → (TM )R2[t] satisfies Equation (2.8). This condition is indeed
equivalent to the vanishing of the integrability tensor Λt of the deformation Ft (see [15, Proposition
2.10]). Thus, Iξ defines a standard deformation of (TM , F ).

To obtain a local moduli space for the smooth foliation F , it is necessary to consider infinites-
imal deformations of the foliation F up to certain diffeomorphisms of M [25], whose infinitesimal
counterparts indeed corresponds to infinitesimal deformations of the associated Lie pair (F, TM )
up to certain automorphisms of the tangent Lie algebroid TM instead of the identity of TM . It is
thus reasonable to classify such infinitesimal deformations up to small automorphisms of the Lie
algebroid L0

A , instead of the identity as in Definition 2.2 of strict isomorphisms.

2.2. Weak deformation functors and their standard realizations. We now introduce isomor-
phism classes of infinitesimal deformations of a Lie pair (L,A) defined up to small automorphisms
of the Cartesian extension L0

A of L.

Definition 2.17. Two infinitesimal deformations of a Lie pair (L,A),

([−,−]AA
, ρAA

; I, λ∗) and ([−,−]′AA
, ρ′AA

; I ′, λ′
∗
),

are said to be weak isomorphic (resp. semistrict isomorphic) if there exist
(1) an element (exp(∆), exp(σ(∆))) in the small automorphism group sAut(L0

A ) (resp. small
inner automorphism group sIAut(L0

A )) of the A -Cartesian extension L0
A of L, and

(2) an A -ringed Lie algebroid morphism

(ΠA, λ
∗
A) : (AA , [−,−]′AA

, ρ′AA
)→ (AA , [−,−]AA

, ρAA
),

such that the following diagram

L0
A L0

A

(AA , ρAA
, [−,−]AA

) (AA , ρ
′
AA

, [−,−]′AA
),

(exp(∆),exp(σ(∆)))

(I,λ∗)

(ΠA,λ
∗
A)

(I′,λ′∗)

commutes.

Note that analogous to the definition of strict isomorphisms, the center (ΠA)0 of ΠA in the above
definition is necessarily the identity map on the vector bundle A as well.
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Definition 2.18. The weak deformation functor wDef(L,A), associated with the Lie pair (L,A), is a
functor from the category Art of local Artinian K-algebras to the category Set of sets. Specifically,
for each A ∈ Art, the resulting set wDef(L,A)(A ) is defined as:

wDef(L,A)(A ) :=

{ weak isomorphism classes of

infinitesimal deformations of

(L,A) parameterized by A

}
.

For a morphism ϑ in the category Art, the resulting map of sets wDef(L,A)(ϑ) is naturally defined.
This convention is adopted for all types of deformation functors throughout the paper.

Similarly, we denote by sDef(L,A) the semistrict deformation functor, which sends each A to
the set of semistrict isomorphism classes of A -parameterized infinitesimal deformations of (L,A).

Next, we represent the weak and the semistrict infinitesimal deformation functors by standard
realizations. Let us fix a splitting j of the short exact sequence (2.3) and denote by Sd(L,A,A )
the set of solutions ξ ∈ Γ(A∗⊗B)⊗mA to Equation (2.8), which can be identified (via the chosen
splitting j) with the set of standard deformations of (L,A).

The small automorphism group sAut(L0
A ) of the A -Cartesian Lie algebroid L0

A acts on the set
of infinitesimal deformations, and on the set Sd(L,A,A ) accordingly. Let us explain this fact.

(1) Given Π ∈ sAut(L0
A ) and ξ ∈ Γ(A∗⊗B)⊗mA , we first establish the following commutative

diagram in the category of A -ringed vector bundles:

L0
A L0

A

AA AA .

Π

IΠ.ξ

Πξ

Iξ
(2.19)

In this diagram, we define

Πξ := PrA ◦Π ◦ Iξ : AA → AA ,

as a morphism of A -ringed vector bundles. Note that, the center of Πξ is the identity map
Id: A→ A. By Proposition 1.9, Πξ is a small automorphism of the A -ringed vector bundle
AA . So we can consider the map

PrB ◦Π ◦ Iξ ◦Π−1
ξ : AA → BA .

It can be easily seen that it corresponds to an element Π . ξ ∈ Γ(A∗⊗B)⊗mA . Moreover,
the morphism IΠ.ξ = Id + j ◦ Π . ξ : AA → AA ⊕ BA = LA (of A -ringed vector bundles)
satisfies

IΠ.ξ(Πξ(a)) = Πξ(a) + j(Π . ξ(Πξ(a)))

= PrA(Π(Iξ(a))) + (j ◦ PrB)(Π(Iξ(a)))

= Π(Iξ(a)), (2.20)

for all a ∈ Γ(A). Therefore, we see that Diagram (2.19) is indeed commutative.
(2) If ξ is in the smaller subset Sd(L,A,A )(⊂ Γ(A∗ ⊗ B) ⊗ mA ), then Iξ is an infinitesimal

deformation of the Lie pair (L,A). In this situation, we can equip AA with a new A -

ringed Lie algebroid structure ([·, ·]′AA
, ρ′AA

) by pulling back the original one ([·, ·]ξAA
, ρξAA

)
through the small automorphism Πξ. In doing so, we obtain the following commutative
diagram in the category of A -ringed Lie algebroids:

L0
A L0

A

(AA , [·, ·]′AA
, ρ′AA

) (AA , [·, ·]ξAA
, ρξAA

).

Π

IΠ.ξ

Πξ

Iξ
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(3) According to Lemma 2.9, the A -ringed Lie algebroid (AA , [·, ·]′AA
, ρ′AA

) is exactly (AA ,

[·, ·]Π.ξAA
, ρΠ.ξ

AA
), and the element Π . ξ belongs to Sd(L,A,A ).

As a summary of the above construction, we have the desired action

− .− : sAut(L0
A )× Sd(L,A,A )→ Sd(L,A,A ),

(Π, ξ) 7→ Π . ξ := PrB ◦Π ◦ Iξ ◦Π−1
ξ . (2.21)

In a similar fashion, the group sIAut(L0
A ) of small inner automorphisms of L0

A also acts on the set
Sd(L,A,A ). So the following proposition is now obvious.

Proposition 2.22. For any ξ, η ∈ Sd(L,A,A ), the standard deformations Iξ and Iη are weak
isomorphic (resp. semistrict isomorphic) if and only if ξ and η are in the same orbit, i.e., η = Π.ξ
for some Π ∈ sAut(L0

A ) (resp. sIAut(L0
A )).

As a consequence, there exists a one-to-one correspondence between the set wDef(L,A)(A ) of weak
isomorphism classes of infinitesimal deformations (resp. sDef(L,A)(A ) of semistrict isomorphism

classes) and the orbit space Sd(L,A,A )/ sAut(L0
A ) (resp. Sd(L,A,A )/ sIAut(L0

A )).

Determining whether two elements, ξ and η, in Sd(L,A,A ) belong to the same orbit under the
action of either sAut(L0

A ) or sIAut(L0
A ) is a significant challenge. The primary obstacle lies in the

need to explicitly compute the inverse Π−1
ξ within the group action map defined in Equation (2.21), a

task that is often analytically difficult. To circumvent this difficulty, we will introduce an alternative
approach in the subsequent section.

2.3. Gauge equivalence of Maurer-Cartan elements. In deformation theory, every formal
deformation problem should be governed by an L∞-algebra. Specifically, isomorphic deformations
correspond to gauge-equivalent Maurer-Cartan elements within this L∞-algebra. In this section, we
investigate the weak (resp. semistrict) deformation functor of Lie pairs by means of the associated
L∞-algebras. To begin, we recall some fundamental concepts related to L∞-algebras, as presented
in [9]. Note that our sign convention differs slightly from that used in [21].

Definition 2.23. An L∞-algebra is a graded vector space g equipped with a collection of skew-
symmetric maps [· · · ]k : ∧k g→ g of degree (2− k) for all k > 1, called the k-bracket, satisfying the
n-Jacobi identity

n∑
i=1

(−1)i
∑

σ∈Sh(i,n−i)

χ(σ)[[xσ(1), · · · , xσ(i)]i, xσ(i+1), · · · , xσ(n)]n−i+1 = 0,

for all n > 1 and all homogeneous elements x1, · · · , xn ∈ g. Here Sh(i, n− i) is the set of (i, n− i)-
shuffles, and χ(σ) is the Koszul sign of the (i, n− i)-shuffle σ of the n-input (x1, · · · , xn).

In particular, the 1-bracket [−]1 : g → g is of degree 1 and square zero, thus defines a cochain
complex. We denote by Hi(g, [−]1) the i-th cohomology of g with respect to [−]1.

An L∞-algebra with [· · · ]k = 0 for all k > 3 is a dg Lie algebra. An L∞-algebra with [· · · ]k = 0
for all k > 4 is called a cubic L∞-algebra [13] (also known as an L63-algebra).

The lower center filtration F ig on an L∞-algebra g is the decreasing filtration defined by F 1g = g
and, for i > 2, is defined inductively by

F ig =
∑

i1+···+ik=i

[F i1g, · · · , F ikg]k.

An L∞-algebra g is called nilpotent if the lower center series terminates, that is, F ig = 0 for
i� 0.

Example 2.24. If g is an L∞-algebra and A is a local Artinian K-algebra with maximal ideal mA ,
then the A -extensions of all k-brackets on g⊗mA , i.e.,

[x1 ⊗ v1, · · · , xk ⊗ vk]k = [x1, · · · , xk]k ⊗ v1 · · · vk,
for all xi ∈ g, vi ∈ mA , together make g⊗mA into a nilpotent L∞-algebra.
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A Maurer-Cartan element of a nilpotent L∞-algebra g is a degree 1 element ξ ∈ g1 satisfying
the following Maurer-Cartan equation

∞∑
k=1

1

k!
[ξ, · · · , ξ]k = 0.

Denote by MC(g) the set of Maurer-Cartan elements of a nilpotent L∞-algebra g. Any Maurer-
Cartan element ξ ∈ MC(g) determines a new sequence of brackets

[x1, · · · , xi]ξi =
∞∑
k=0

1

k!
[ξ∧k, x1, · · · , xi]k+i,

where [ξ∧k, x1, · · · , xi]k+i is an abbreviation for [ξ, · · · , ξ, x1, · · · , xi]k+i, in which ξ occurs k times.

We call [· · · ]ξi the i-th ξ-bracket. These ξ-brackets {[· · · ]ξi }i>1 defines a new nilpotent L∞-algebra
structure on g (see [9, Proposition 4.4]).

Two Maurer-Cartan elements ξ, η ∈ MC(g) are said to be gauge equivalent if they are con-
nected by the L∞-exponential of an element b ∈ g0 in the following sense:

η = eb ∗ ξ := ξ −
∞∑
k=1

1

k!
ekξ (b) ∈ g1,

where e1
ξ(b) = [b]ξ1, and the components ek+1

ξ (b) ∈ g1 for k > 1 are inductively determined by

ek+1
ξ (b) =

∞∑
n=0

1

n!

∑
k1+···+kn=k

ki>1

k!

k1! · · · kn!
[b, ek1

ξ (b), · · · , eknξ (b)]ξn+1.

Remark 2.25. The definition of L∞-exponentials arises from Getzler’s formula for the generalized
Campbell-Hausdorff series, which is expressed as a sum of terms indexed by rooted trees. Specifically,
Proposition 5.9 in Getzler’s work provides a detailed exposition of this formula. Notably, when
applied to a dg Lie algebra g, the L∞-exponential map reduces to the classical exponential map for
dg Lie algebras.

Definition 2.26. The algebraic deformation functor (associated to an L∞-algebra g)

Defg : Art→ Set,

sends each local Artinian K-algebra A ∈ Art to the set Defg(A ) of gauge equivalent classes in
MC(g⊗mA ), and each morphism ϑ : A → A ′ to the map

Defg(ϑ) : Defg(A )→ Defg(A
′),

which maps the gauge equivalent class of ξ ∈ MC(g⊗mA ) to that of (Idg ⊗ ϑ)ξ.

Example 2.27. Consider the algebra A = K2[t] = K[t]/(t2) of dual numbers. Note that,

MC(g⊗mK2[t]) ∼= {ξ ⊗ t|ξ ∈ g1, [ξ]1 = 0},

and that b ∈ g0⊗mK2[t] acts on ξ by eb ∗ξ = ξ− [b]1. Therefore, the set Defg(K2[t]) is isomorphic to

the first cohomology H1(g, [−]1) of the L∞-algebra g, thus a K-vector space, known as the tangent
space of the functor Defg.

We now describe the governing L∞-algebra of infinitesimal deformations of (L,A). In fact,
according to [1, Proposition 4.1], each splitting j : B → L of the short exact sequence (2.3) of
vector bundles induces a cubic L∞-algebra structure {[· · · ]k}3k=1 on the graded vector space

Ω•A(B) := Γ(∧•A∗ ⊗B),

whose unary bracket [−]1 is the Chevalley-Eilenberg differential

dCE : Ω•A(B)→ Ω•+1
A (B)



18 DADI NI, ZHUO CHEN, CHUANGQIANG HU, AND MAOSONG XIANG

of the A-module structure on B from the flat Bott A-connection ∇ on B defined by

∇ab = prB([a, j(b)]L), ∀a ∈ Γ(A), b ∈ Γ(B).

For each local Artinian K-algebra A with maximal ideal mA , by Example 2.24, the A -linear
extension Ω•A(B)⊗mA of Ω•A(B), when equipped with the A -linear extension of the structure maps
{[· · · ]k}3k=1, is a nilpotent cubic L∞-algebra. By abuse of notations, we also denote these extended
structure maps on Ω•A(B)⊗mA by {[· · · ]k}3k=1.

Proposition 2.28. Given a splitting j : B → L of the short exact sequence (2.3), for each ξ ∈
Ω1
A(B) ⊗ mA , the map Iξ : AA → LA defined in (2.4) is a standard deformation of (L,A) if and

only if ξ ∈ MC(Ω•A(B)⊗mA ).

Proof. For each ξ ∈ Ω1
A(B) ⊗ mA , according to the formulas in [1, Proposition 4.3], the elements

[ξ]1, [ξ, ξ]2, [ξ, ξ, ξ]3 ∈ Ω2
A(B)⊗mA are defined by for all a1, a2 ∈ Γ(A),

[ξ]1(a1, a2) = PrB([a1, j(ξ(a2))]L0
A

)− PrB([a2, j(ξ(a1))]LA 0 )− ξ([a1, a2]A),

1

2!
[ξ, ξ]2(a1, a2) = PrB([j(ξ(a1)), j(ξ(a2))]L0

A
)− ξ(PrA([j(ξ(a1)), a2]L0

A
))

− ξ(PrA([a1, j(ξ(a2))]L0
A

)),

1

3!
[ξ, ξ, ξ]3(a1, a2) = −ξ(PrA[j(ξ(a1)), j(ξ(a2))]L0

A
).

Thus, we have

(dCEξ +
1

2
[ξ, ξ]2 +

1

6
[ξ, ξ, ξ]3)(a1, a2)

= PrB([a1, j(ξ(a2))]L0
A

)− PrB([a2, j(ξ(a1))]L0
A

)

− ξ(PrA[Iξ(a1), Iξ(a2)]L0
A

) + PrB([j(ξ(a1)), j(ξ(a2))]L0
A

)

= [Iξ(a1), Iξ(a2)]L0
A
− Iξ(PrA[Iξ(a1), Iξ(a2)]L0

A
).

By Lemma 2.7, Equation (2.8) in particular, the inclusion Iξ defines a standard deformation of
(L,A) if and only if ξ solves the Maurer-Cartan equation of the cubic L∞-algebra Ω•A(B)⊗mA . �

It is natural to expect that the basic cubic L∞-algebra Ω•A(B) controls the infinitesimal deforma-
tions of (L,A). That is, the associated algebraic deformation functor is isomorphic to the weak (or
semistrict) deformation functor. However, the degree 0 component Γ(B) of Ω•A(B) cannot generate
(by the L∞ exponentials) the weak symmetry group Aut(L) of the Lie algebroid L that acts on
infinitesimal deformations of the Lie pair (L,A). To remedy this issue, we introduce another L∞-
algebra h, which is the extension of the basic cubic L∞-algebra Ω•A(B) by the Lie algebra Der(L)
of derivations of the Lie algebroid L.

Proposition 2.29 ([27]). The graded vector space

h := (Der(L)⊕ Γ(B))
⊕(⊕

n>1

Ωn
A(B)

)
is a cubic L∞-algebra extending the structure maps of the basic L∞-algebra Ω•A(B) as follows:

(1) The 1-bracket [−]1 : Der(L)→ Ω1
A(B) is given by

[δ]1(a) = −PrB(δ(a)),

for all δ ∈ Der(L), a ∈ Γ(A).
(2) The extended 2-bracket [−]2 is determined by the canonical commutator

[δ1, δ2]2 := δ1δ2 − δ2δ1,
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for all δ1, δ2 ∈ Der(L), and the Lie algebra Der(L) action on Ω•A(B) defined by

[δ,X]2(a1, · · · , ak) := (PrB ◦ δ ◦ j)(X(a1, · · · , ak))−
k∑
j=1

X(a1, · · · ,PrAδ(aj), · · · , ak),

for all δ ∈ Der(L), X ∈ Ωk
A(B), and all a1, · · · , ak ∈ Γ(A).

(3) The 3-bracket is the operation

[−]3 : Der(L)⊗ Ωp
A(B)⊗ Ωq

A(B)→ Ωp+q−1
A (B)

defined by

[δ,X, Y ]3(a1, · · · , ap+q−1)

= (−1)p+1
∑

σ∈sh(p,q−1)

sgn(σ)Y ((PrA ◦ δ ◦ j)X(aσ(1), · · · , aσ(p)), aσ(p+1), · · · , aσ(p+q−1))

+
∑

τ∈sh(p−1,q)

sgn(τ)X((PrA ◦ δ ◦ j)Y (aτ(p+1), · · · , aτ(p+q−1)), aτ(1), · · · , aτ(p)),

for all δ ∈ Der(L), X ∈ Ωp
A(B), Y ∈ Ωq

A(B) and a1, · · · , ai+j−1 ∈ Γ(A).

We call h the extended cubic L∞-algebra of (L,A). Denote by Defh the algebraic deformation
functor associated to the L∞-algebra h.

Our first main theorem of this paper states that the cubic L∞-algebra h controls weak deforma-
tions of the Lie pair (L,A).

Theorem 2.30. The algebraic deformation functor Defh associated to the extended cubic L∞-
algebra h of (L,A) is naturally isomorphic to the weak infinitesimal deformation functor wDef(L,A).

In order to prove Theorem 2.30, we need to build a natural transformation of functors

γ : Defh ⇒ wDef(L,A).

Let us first define, for any local Artinian K-algebra A , a map of sets

γA : Defh(A )→ wDef(L,A)(A ).

For every gauge equivalent class [ξ] ∈ Defh(A ), where ξ ∈ MC(h ⊗ mA ), we define γA ([ξ])

to be the equivalence class of the standard deformation ([−,−]ξAA
, ρξAA

; Iξ, Id), or the orbit in

Sd(L,A,A )/ sAut(L0
A ) passing through ξ by Proposition 2.22. To see that γA is well-defined, we

prove the following proposition.

Proposition 2.31. Two Maurer-Cartan elements ξ, η ∈ MC(h⊗mA ) are gauge equivalent if and
only if the associated standard deformations Iξ and Iη of the Lie pair (L,A) are weak isomorphic.

We note that the two Maurer-Cartan elements ξ and η are gauge equivalent means that there
exists a nilpotent derivation δ ∈ Der(L)⊗mA of L0

A such that

η = eδ ∗ ξ := −
∞∑
k=0

1

k!
ekξ (δ),

where ekξ (δ) ∈ Ω1
A(B)⊗mA , k > 0 are inductively defined by e0

ξ(δ) = −ξ,

e1
ξ(δ) = d1(δ)− [δ, ξ]2 +

1

2
[δ, ξ, ξ]3 (2.32)

and

ek+1
ξ (δ) = [δ, ekξ (δ)]2 − [δ, ξ, ekξ (δ)]3 +

1

2

∑
k1+k2=k
k1>1,k2>1

k!

k1!k2!
[δ, ek1

ξ (δ), ek2
ξ (δ)]3. (2.33)
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Then we introduce two family of maps

xk : Γ(AA )→ Γ(AA ), xk(a) := (PrA ◦ δk ◦ Iξ)(a),

yk : Γ(AA )→ Γ(BA ), yk(a) := (PrB ◦ δk ◦ Iξ)(a),

for all k > 0 and all a ∈ Γ(AA ). These maps satisfy the following key lemma, whose proof will be
given in Appendix A.

Lemma 2.34. The above maps xk and yk (for all k > 0) are related by the following relation

yk = −
k∑
p=0

(
k
p

)
epξ(δ) ◦ x

k−p, as a map Γ(AA )→ Γ(BA ).

With the help of this lemma, we now prove Proposition 2.31.

Proof of Proposition 2.31. To see the necessity, assume that two Maurer-Cartan elements ξ and η
are gauge equivalent and let δ, xk, and yk be as earlier. Then we define a small automorphism of
the A -Cartesian extension L0

A of the Lie algebroid L by

Π := exp(δ) =
∞∑
k=0

δk

k!
: L0

A → L0
A ,

and a small automorphism of the vector bundle AA by

ΠA :=
∞∑
k=0

xk

k!
: AA → AA .

We claim that (Π,ΠA) gives an isomorphism from Iξ to Iη, i.e., the following commutative diagram

L0
A L0

A

(AA , [·, ·]ηAA
, ρηAA

) (AA , [·, ·]ξAA
, ρξAA

)

Π

Iη

ΠA

Iξ (2.35)

commutes in the category of A -ringed Lie algebroids. In fact, using Lemma 2.34, we have

Π ◦ Iξ =

∞∑
k=0

1

k!
xk + j ◦

∞∑
k=0

1

k!
yk

= ΠA − j ◦
∞∑
k=0

1

k!

( k∑
q=0

(
k
q

)
eqξ(δ) ◦ x

k−q
)

= ΠA − j ◦
( ∞∑
p=0

1

p!
epξ(δ)

)
◦
( ∞∑
k=0

1

k!
xk
)

= ΠA + j ◦ η ◦ΠA = Iη ◦ΠA,

which implies that Diagram (2.35) commutes in the category of A -ringed vector bundles. Mean-
while, since we have

ΠA([a1, a2]ξA) = (PrA ◦Π ◦ Iξ)([a1, a2]ξA)

= PrA

(
[(Π ◦ Iξ)(a1), (Π ◦ Iξ)(a2)]L0

A

)
= PrA

(
[(Iη ◦ΠA)(a1), (Iη ◦ΠA)(a2)]L0

A

)
= (PrA ◦ Iη)

(
[ΠA(a1),ΠA(a2)]ηA

)
= [ΠA(a1),ΠA(a2)]ηA,
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and
(ρηA ◦ΠA)(a) = (ρL0

A
◦ Iη ◦ΠA)(a) = (ρL0

A
◦Π ◦ Iξ)(a) = (ρL0

A
◦ Iξ)(a) = ρξA(a),

for any a1, a2, a ∈ Γ(AA ), it follows that Diagram (2.35) indeed commutes in the category of
A -ringed Lie algebroids. Hence, Iξ and Iη are isomorphic.

Conversely, to prove sufficiency, assume that the standard deformations Iξ and Iη are isomorphic.
By Proposition 2.22, there exists a small automorphism Π ∈ sAut(L0

A ) of the A -Cartesian extension
L0

A of L such that

η = Π . ξ = PrB ◦Π ◦ Iξ ◦Π−1
A ,

where Π−1
A is the inverse of ΠA := PrA ◦Π ◦ Iξ.

By Proposition 1.19, we may assume that Π = exp(δ) for some δ ∈ Der(L) ⊗ mA . Using
Lemma 2.34, we have

η ◦ΠA = PrB ◦Π ◦ Iξ = PrB ◦ exp(δ) ◦ Iξ =
∞∑
k=0

1

k!
PrB ◦ δk ◦ Iξ =

∞∑
k=0

1

k!
yk

= −
∞∑
k=0

1

k!

( k∑
q=0

(
k
q

)
eqξ(δ) ◦ x

k−q
)

= −
( ∞∑
p=0

1

p!
epξ(δ)

)
◦
( ∞∑
k=0

1

k!
xk
)

= −
( ∞∑
p=0

1

p!
epξ(δ)

)
◦ΠA.

Since ΠA is a small automorphism of the vector bundle AA , we obtain

η = −
∞∑
p=0

1

p!
epξ(δ) = eδ ∗ ξ,

which implies that η and ξ are gauge equivalent. �

We are now in a position to prove the main theorem.

Proof of Theorem 2.30. By Proposition 2.31, the assignment

γA : Defh(A )→ wDef(L,A)(A )

is well-defined. Given any morphism ϑ : A → A ′ of local Artinian K-algebras, it is easy to see that
the following diagram

Defh(A ) wDef(L,A)(A )

Defh(A
′) wDef(L,A)(A

′)

γA

Defh(ϑ) wDef(L,A)(ϑ)

γA ′

commutes. Therefore, γ is indeed a natural transformation. By Proposition 2.31, the natural
transformation γA is injective for any Artinian algebra A . It follows from Proposition 2.15 that any
infinitesimal deformation is realized by some Maurer-Cartan element. So the natural isomorphism
γA is also surjective. �

Note that, the extension of the basic L∞-algebra Ω•A(B) by the Lie algebra IDer(L) of inner
derivations of L, denoted by

h0 := (IDer(L)⊕ Γ(B))
⊕(⊕

n>1

Ωn
A(B)

)
is an L∞-subalgebra of h. By a similar argument as in the proof of Theorem 2.30, we obtain the
following

Theorem 2.36. The algebraic deformation functor Defh0 associated to the cubic L∞-algebra h0 is
naturally isomorphic to the semistrict deformation functor sDef(L,A) of the Lie pair (L,A).
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As a consequence, we have the following corollary:

Corollary 2.37. The tangent space wDef(L,A)(K2[t]) (resp. sDef(L,A)(K2[t])) is isomorphic to the

tangent cohomology H1(h, [−]1) (resp. H1(h0, [−]1)).

Remark 2.38. A natural relation between infinitesimal deformations of a Lie pair (L,A) and
infinitesimal deformations of the Lie algebroid A studied in [5] can be inferred. In fact, there exists
a morphism φ = {φ1, φ2} of L∞-algebras from the cubic L∞-algebra h (or its L∞-subalgebra h0) to
the dg Lie algebra C•def(A), called the deformation complex of A, which controls the infinitesimal
deformations of A.

2.4. Examples.

2.4.1. Lie algebra pairs. Here we compare two types of deformations of a Lie algebra pair — the
one defined in the present paper and the one introduced by Crainic-Schätz-Struchiner in [6].

Let l be a Lie algebra and a ⊂ l a Lie subalgebra. Suppose that a is of dimension k. Denote by
Grk(l) the Grassmannian manifold of k-dimensional subspaces of l. Following [6], a deformation of
the Lie subalgebra a inside l is a smooth curve at ∈ C∞([0, 1],Grk(l)) such that a0 = a and at are Lie
subalgebras of l for all t ∈ [0, 1]. Two deformations at and ãt of a are said to be isomorphic if there
exists a smooth curve gt, t ∈ [0, 1] in the connected and simply connected Lie group G integrating
l, such that g0 is the identity of G and ãt = Adgtat. It can be verified that the set of isomorphism
classes of deformations of a is isomorphic to the tangent space sDef(l,a)(K2[t]) of the semistrict
deformation functor of the Lie pair (l, a), and also isomorphic to the first Chevalley-Eilenberg
cohomology H1

CE(a, l/a) of the a-module l/a.
On the other hand, by Theorem 2.30, weak isomorphism classes of infinitesimal deformations of

the Lie pair (l, a) is controlled by the cubic L∞-algebra h = Der(l)⊕Hom(Λ•a, l/a)). In particular,
by Corollary 2.37, we have the following identifications

wDef(l,a)(K2[t]) ∼= Defh(K2[t]) ∼= H1(h, [−]1).

In general, the two cohomology spaces H1
CE(a, l/a) and H1(h, [−]1) are different. For example, let

l = b(3,K) be the 6-dimensional Lie algebra consisting of 3×3 upper triangular matrices. Consider
a 3-dimensional Lie subalgebra a of l generated by e11, e12 and e13. Here eij represents the 3 × 3
matrix with 1 in the (i, j)-entry and zeros elsewhere. We have

[e11, e12] = e12, [e11, e13] = e13, [e12, e13] = 0.

By direct computations, one obtains H1
CE(a, l/a) ∼= K3 and H1(h, [−]1) ∼= K2.

However, if l is semisimple, then all derivations of l are inner. In this case, the two deformation
functors wDef(l,a) and sDef(l,a) are isomorphic.

2.4.2. Extensions of Lie algebroids. We now consider a particular example from a construction of
extensions of Lie algebroids in [26].

Let (M,π) be a Poisson manifold. Then the cotangent bundle T ∗M is a Lie algebroid with the
anchor π] : T ∗M → TM and the Lie bracket [−,−]T ∗M defined by

[α, β]T ∗M = Lπ](α)β − Lπ](β)α− dπ(α, β),

for all α, β ∈ Ω1(M). Given a Poisson vector field V (i.e. LV π = 0), there is an extension of Lie
algebroids on T ∗M ⊕ (M ×R), where the anchor map is defined by ρV (α+ f) = π](α) + fV for all
α ∈ Ω•(M) and f ∈ C∞(M,R), and the Lie bracket is defined by

[α+ f, β + g]V := [α, β]T ∗M + π](α)g − π](β)f + fLV β − gLV α+ fV (g)− gV (f),

for all α, β ∈ Ω1(M) and f, g ∈ C∞(M). It follows that (L = T ∗M ⊕ (M × R), A = T ∗M) is a Lie
pair with B = L/A ∼= M × R.

Suppose that V is the Hamiltonian vector field of a smooth function φ ∈ C∞(M), i.e. V = π](dφ).
Let us analyze the tangent space wDef(L,A)(K2[t]) = H1(h, [−]1) of the weak deformation functor
wDef(L,A) of this Lie pair. First of all, note that the set MC(h) of Maurer-Cartan element of the
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associated cubic L∞-algebra h is indeed the set of Poisson vector fields on M . In fact, any Poisson
vector field Y induces a derivation δY ∈ Der(T ∗M ⊕ (M × R)) with zero symbol defined by

δY (α+ f) := −〈Y, α〉dφ+ 〈Y, α〉 − fY (φ)dφ,

for all α+ f ∈ Γ(T ∗M ⊕ (M ×R)). One can directly examine that [δY ]1 = −Y , which implies that
H1(h, [−]1) = 0. Hence, every infinitesimal deformation (parameterized by K2[t]) of this particular
Lie pair (T ∗M ⊕ (M × R), T ∗M) arising from a Hamiltonian vector field is trivial.

3. Infinitesimal deformations of matched Lie pairs

Let (L,A) be a matched Lie pair, i.e., the short exact sequence (2.3) admits a canonical splitting
such that B is also Lie subalgebroid of L. We denote such a matched Lie pair by A ./ B. In this
section, we study infinitesimal deformations of this particular type of Lie pairs.

3.1. The deformation functor. Consider the subgroup hAut(L0
A ) of the group sAut(L0

A ) of
small automorphisms of L0

A defined by

hAut(L0
A ) := {exp(Lb) | b ∈ Γ(B ⊗mA )}.

We elect the notation “hAut” because it arises from ‘half’ of the collection of inner derivations
Ll := [l,−]L for l ∈ Γ(L)⊗mA = Γ(A⊕B)⊗mA .

Definition 3.1. Two infinitesimal deformations of a matched Lie pair L = A ./ B

([−,−]AA
, ρAA

; I, λ∗) and ([−,−]′AA
, ρ′AA

; I ′, λ′∗)

are said to be isomorphic if there exists an element exp(Lb) ∈ hAut(L0
A ) and an A -ringed Lie

algebroid morphism (ΠA, λ
∗
A) from (AA , [−,−]′AA

, ρ′AA
) to (AA , [−,−]AA

, ρAA
) whose center is

the identity of A such that the following diagram

L0
A L0

A

(AA , ρAA
, [−,−]AA

) (AA , ρ
′
AA

, [−,−]′AA
)

exp(Lb)

(I,λ∗)

(ΠA,λ
∗
A)

(I′,λ′∗)

commutes.
The assignment for each local Artinian K-algebra A the set hDefA./B(A ) of isomorphism classes

of infinitesimal deformations of the matched Lie pair L = A ./ B parameterized by A determines
a functor

hDefA./B : Art→ Set,

called the deformation functor of the matched Lie pair L = A ./ B.

Note that, the basic L∞-algebra Ω•A(B) of the matched Lie pair L = A ./ B degenerates to a
canonical dg Lie algebra, since its third bracket [−,−,−]3 vanishes in this case. Here is the main
theorem.

Theorem 3.2. The deformation functor hDefA./B of the matched Lie pair L = A ./ B is isomor-
phic to the algebraic deformation functor associated to the dg Lie algebra Ω•A(B).

Proof. Since B ⊂ L is also a Lie subalgebroid in this case, by Proposition 2.15, each infinitesimal
deformation I admits a canonical standard realization Iξ for some ξ ∈ Γ(A ⊗ B∗) ⊗ mA satisfy-
ing (2.8). On the other hand, by Proposition 2.22, the restriction of the map (2.21) defines an action
of hAut(L0

A ) on the set Sd(L,A,A ) of standard realizations, such that the standard deformations
Iξ and Iη are isomorphic if and only if η = Π . ξ for some Π ∈ hAut(L0

A ). As a consequence, the
set wDef(L,A)(A ) of weak isomorphism classes of infinitesimal deformations is isomorphic to the

set of orbits Sd(L,A,A )/ hAut(L0
A ) of this subgroup action.

On the other hand, by Proposition 2.28, the set Sd(L,A,A ) of standard deformations can be
identified with the set MC(Ω•A(B)⊗mA ) of Maurer-Cartan elements of the dg Lie algebra Ω•A(B)⊗
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mA . Meanwhile, by Proposition 2.31, two Maurer-Cartan elements ξ and η are gauge equivalent
via an inner derivation Lb of L0

A for some b ∈ Γ(B)⊗mA , if and only if standard deformations Iξ
and Iη are isomorphic via exp(Lb) ∈ hAut(L0

A ). The conclusion is thus immediate. �

3.2. Examples.

3.2.1. Deformation of complex structures. Recall from [23] that an infinitesimal deformation of
a complex manifold X over Spec(A ) is a morphism of sheaves of C-algebras F → OX over X.
It is required that F is flat over A and F ⊗A C → OX is an isomorphism. Two infinitesimal
deformations F1 and F2 are said to be isomorphic if there exists an isomorphism φ : F1 → F2 of
A -algebras such that the following diagram is commutative

F1 F2

OX .

φ

The assignment for each local Artinian C-algebra A the set DefX(A ) of isomorphism classes of
infinitesimal deformations of X over Spec(A ) defines a functor

DefX : Art→ Set.

Note that, the complexified tangent bundle TC
X = T 0,1

X ./ T 1,0
X is a matched Lie pair. We claim that

the deformation functor DefX of complex structures on X is isomorphic to the deformation functor
hDef

T 0,1
X ./T 1,0

X
of the matched Lie pair (TC

X , T
0,1
X ).

In fact, the dg Lie algebra Ω•A(B) under this circumstance is exactly the Kodaira-Spencer algebra

KSX := Ω0,•
X (T 1,0

X ) = Γ(Λ•(T 0,1
X )∗ ⊗ T 1,0

X ).

Any infinitesimal deformation of the matched Lie pair (TC
X , T

0,1
X ) is realized by some Maurer-Cartan

element ξ ∈ Ω0,1
X (T 1,0

X )⊗C mA such that it is of the form:

Iξ = i+ ξ : T 0,1
X ⊗A ↪→ TC

X ⊗A .

Consider the composition

I∗ξ ◦ d : Ω0,0
X ⊗A → Ω0,1

X ⊗A

of the de Rham differential d and the linear dual I∗ξ of the bundle map Iξ. Here Ω0,0
X coincides with

the space of smooth C-valued functions on X. It can be seen that I∗ξ ◦ d = ∂̄ + ξy∂, and hence we
define a sheaf as the kernel

Fξ := ker(Ω0,0
X ⊗C A

∂̄+ξy∂−−−−→ Ω0,1
X ⊗A ).

It is clear that Fξ, together with the evaluation map ev : A → C, defines an infinitesimal deforma-
tion Fξ → OX of X.

On the other hand, if two Maurer-Cartan elements ξ and η are gauge equivalent via some b ∈
Γ(T 1,0

X ) ⊗ mA , i.e., η = eb ∗ ξ. Then by Proposition 2.31, the standard deformations Iξ and Iη
are isomorphic via the small automorphism exp(Lb), i.e., Iη = exp(Lb) ◦ Iξ. Here Lb : Ω0,•

X ⊗A →
Ω0,•
X ⊗ A is the inner Lie derivative of TC

X ⊗ A along b. It follows that the following diagram is
commutative:

Ω0,0
X ⊗A Ω0,1

X ⊗A

Ω0,0
X ⊗A Ω0,1

X ⊗A .

eb

I∗ξ ◦d

eb

I∗η◦d
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Further, it can be verified that Fξ and Fη are isomorphic via the following diagram:

0 Fξ Ω0,0
X ⊗A Ω0,1

X ⊗A

0 Fη Ω0,0
X ⊗A Ω0,1

X ⊗A .

∼= eb

∂̄+ξy∂

eb

∂̄+ηy∂

So in this setting, what Theorem 3.2 states is exactly the well-known fact of isomorphism of
functors

γ : DefKSX
∼= DefX .

The reader may wish to see [11,16,23] for more in-depth discussions on this subject.

3.2.2. Transversely holomorphic foliations. Assume that F is a transversely holomorphic foliation
defined on a compact manifold M , with real dimension p and complex codimension q. Such a
foliation structure leads to a connection between the geometry of the said manifold and the algebraic
properties of the associated bundles [8].

Let F denote the tangent bundle of the foliation F . A key feature of a transversely holomorphic
foliation is that its transverse complex structure induces a well-defined complex structure on the
normal bundle B := TM/F . This normal bundle captures the behavior of the manifold M in
directions transverse to the leaves of F . Upon complexifying the normal bundle, we obtain a
decomposition

BC = B1,0 ⊕B0,1,

where B1,0 and B0,1 are the holomorphic and anti-holomorphic components respectively.
Let FC be the complexified tangent bundle of the foliation F . Then the direct sum

A := FC ⊕B0,1

is a Lie subalgebroid of the complexified tangent bundle TC
M of M . Thus, (TC

M , A) is a Lie pair.

Moreover, the quotient bundle TC
M/A is naturally identified with B1,0. Hence, we obtain a matched

Lie pair

TC
M = A ./ B1,0,

which plays a crucial role in the deformation theory of the initial foliation F . In fact, the set of
isomorphism classes of infinitesimal deformations of this matched Lie pair A ./ B1,0 is isomorphic to
the set of infinitesimal deformations of the transversely holomorphic foliation F [8,10,12,28,34,35].
This correspondence provides a useful tool for studying the deformation theory of F from the
perspective of Lie algebroids and their deformations. Thus, by Theorem 3.2, we recover the following
fundamental result:

Theorem 3.3 ([8,12]). The infinitesimal deformations of the transversely holomorphic foliation F
are controlled by the dg Lie algebra Γ

(
∧• (FC ⊕B0,1)∗ ⊗B1,0

)
.

To the best of our knowledge, comprehensive results on the existence of local moduli spaces
for smooth foliations are currently lacking (see [25]). Consequently, this problem warrants further
investigation and is a direction for future research.

Appendix A. Proof of Lemma 2.34

We proceed by induction on k. When k = 0, since x0(a) = a, y0(a) = ξ(a), Lemma 2.34 holds
trivially, as

y0(a) = ξ(a) = −e0
ξ(δ)(a) = −e0

ξ(δ) ◦ x0(a),

for all a ∈ Γ(A).
Suppose that Lemma 2.34 holds for k 6 n for some n > 1. For the inductive step k = n+ 1, we

note that

xn+1(a) = (PrA ◦ δn+1 ◦ Iξ)(a) = PrA ◦ δ ◦
(
δn(Iξ(a))

)
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= PrA ◦ δ
(
xn(a) + j(yn(a))

)
, (A.1)

and that

yn+1(a) = (PrB ◦ δ)(xn(a) + (j ◦ yn)(a)). (A.2)

for all a ∈ Γ(A). We also need to compute en+1−m
ξ (δ) ◦ xm for all 0 6 m 6 n. We divide the

computation into the following three cases:

(1) For m = 0, by Equation (2.33), one has

en+1
ξ (δ) = [δ, enξ (δ)]2 − [δ, ξ, enξ (δ)]3 +

1

2

∑
p+q=n
p>1,q>1

n!

p!q!
[δ, epξ(δ), e

q
ξ(δ)]3

= (PrB ◦ δ ◦ j) ◦ enξ (δ)− enξ (δ) ◦ PrA ◦ δ − enξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ ξ − ξ ◦ (PrA ◦ δ ◦ j) ◦ enξ (δ)

+
n−1∑
p=1

(
n
p

)
en−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ)

= (PrB ◦ δ ◦ j) ◦ enξ (δ)− enξ (δ) ◦ PrA ◦ δ ◦ (x0 + j ◦ y0) +

n∑
p=1

(
n
p

)
en−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ)

= (PrB ◦ δ ◦ j) ◦ enξ (δ)− enξ (δ) ◦ x1 +

n∑
p=1

(
n
p

)
en−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ).

(2) For all m = 1, · · · , n− 1, by Equation (2.33) and the inductive assumption, we have

en−m+1
ξ (δ) ◦ xm = (PrB ◦ δ ◦ j) ◦ en−mξ (δ) ◦ xm − en−mξ (δ) ◦ (PrA ◦ δ) ◦ xm

+ en−mξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ e0
ξ(δ) ◦ xm

+

n−m∑
p=1

(
n−m
p

)
en−m−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ) ◦ x

m

= (PrB ◦ δ ◦ j) ◦ en−mξ (δ) ◦ xm − en−mξ (δ) ◦ PrA ◦ δ ◦ (xm + j ◦ ym)

− en−mξ (δ) ◦ (PrA ◦ δ ◦ j) ◦
( m∑
i=1

(
m
i

)
eiξ(δ) ◦ xm−i

)
+
n−m∑
p=1

(
n−m
p

)
en−m−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ) ◦ x

m

= (PrB ◦ δ ◦ j) ◦ en−mξ (δ) ◦ xm − en−mξ (δ) ◦ xm+1

− en−mξ (δ) ◦ (PrA ◦ δ ◦ j) ◦
( m∑
i=1

(
m
i

)
eiξ(δ) ◦ xm−i

)
+

n−m∑
p=1

(
n−m
p

)
en−m−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ) ◦ x

m,

where we have used Equation (A.1) in the last step.
(3) For m = n, using Equation (2.32) and the inductive assumption for k = n, we have

e1
ξ(δ) ◦ xn

= −PrB ◦ δ ◦ xn − (PrB ◦ δ ◦ j) ◦ ξ ◦ xn + ξ ◦ (PrA ◦ δ) ◦ xn + ξ ◦ (PrA ◦ δ ◦ j) ◦ ξ ◦ xn

= −PrB ◦ δ ◦ xn − (PrB ◦ δ ◦ j) ◦ ξ ◦ xn − e0
ξ(δ) ◦ PrA ◦ δ ◦ (xn + j ◦ yn)

− e0
ξ(δ) ◦ (PrA ◦ δ ◦ j) ◦

( n∑
i=1

(
n
i

)
eiξ(δ) ◦ xn−i

)
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= −PrB ◦ δ ◦ xn − (PrB ◦ δ ◦ j) ◦ ξ ◦ xn − e0
ξ(δ) ◦ xn+1

− e0
ξ(δ) ◦ (PrA ◦ δ ◦ j) ◦

( n∑
i=1

(
n
i

)
eiξ(δ) ◦ xn−i

)
.

Summing up the above three equalities, we obtain

n∑
m=0

(
n
m

)
en+1−m
ξ (δ) ◦ xm = en+1

ξ (δ) +
n−1∑
m=1

(
n
m

)
en+1−m
ξ (δ) ◦ xm + e1

ξ(δ) ◦ xn

= (PrB ◦ δ ◦ j) ◦
( n∑
m=0

(
n
m

)
en−mξ (δ) ◦ xm

)
−

n∑
m=0

(
n
m

)
en−mξ (δ) ◦ xm+1 − PrB ◦ δ ◦ xn

−
n∑

m=1

m∑
i=1

(
n
m

)(
m
i

)
en−mξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ eiξ(δ) ◦ xm−i

+
n−1∑
m=0

n−m∑
p=1

(
n
m

)(
n−m
p

)
en−m−pξ (δ) ◦ (PrA ◦ δ ◦ j) ◦ epξ(δ) ◦ x

m

= −PrB ◦ δ ◦ j ◦ yn −
n∑

m=0

(
n
m

)
en−mξ (δ) ◦ xm+1 − PrB ◦ δ ◦ xn by Equation (A.2)

= −yn+1 −
n∑

m=0

(
n
m

)
en−mξ (δ) ◦ xm+1.

Thus, we have

yn+1 = −
n∑

m=0

(
n
m

)
en+1−m
ξ (δ) ◦ xm −

n∑
m=0

(
n
m

)
en−mξ (δ) ◦ xm+1

= −
n∑

m=0

(
n
m

)
en+1−m
ξ (δ) ◦ xm −

n+1∑
m=1

(
n

m−1

)
en+1−m
ξ (δ) ◦ xm

= −
n+1∑
m=0

(
n+1
m

)
en+1−m
ξ (δ) ◦ xm,

which proves the case for k = n+ 1 as desired. The proof of Lemma 2.34 is complete.
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