ON POINTS OF SMALL HEIGHT IN INFINITE EXTENSIONS

ANUP B. DIXIT AND SUSHANT KALA

ABSTRACT. In this paper, we introduce the notion of asymptotically positive infinite extensions
of Q, in the spirit of the Tsfasman-V1adut theory of asymptotically exact families of number fields.
For asymptotically positive extensions, we obtain lower bounds on the logarithmic Weil height,
establishing the Bogomolov property for a wide range of infinite non-Galois extensions. Our result
is in the spirit of the famous theorem of E. Bombieri and U. Zannier on Bogomolov property
for totally p-adic extensions of type (e, f). Additionally, our theorem can be interpreted as a p-
adic equidistribution result on conjugates of «, resonating with the archimedean equidistribution
theorem & la F. Amoroso—M. Mignotte and Y. Bilu. In the parallel setting of elliptic curves, we
derive lower bounds on the canonical height for points on an elliptic curve over asymptotically
positive extensions, without any restriction on its reduction type. In particular, this extends a
result of M. Baker and C. Petsche in the context of totally v-adic extensions.

1. Introduction

The logarithmic Weil height A : Q ~ {0} - R* u {0} plays a central role in understanding
the arithmetic complexity of algebraic numbers and also induces a partial ordering on algebraic
numbers with bounded degree. A well-known theorem of Kronecker characterizes the algebraic
numbers a with h(a) = 0 as precisely the roots of unity. For o € Q \ {0} not a root of unity,
Lehmer famously conjectured that

h(a) > L
deg(a)
for an absolute constant ¢ > 0. This remains an important open problem in number theory. The
fact that h(2'/™) = (log2)/n shows that this expected lower bound of order 1/deg(«) for h(a)
is sharp. Consequently, a crucial avenue of inquiry is to determine interesting subsets of Q, on
which the height is uniformly bounded below.

A subset S ¢ Q is said to have the Northcott property (N) if for any ¢ > 0, the set
{aeS|a#0and h(a) <c}

is finite. Closely related is the Bogomolov property (B). We say that a set S c Q satisfies the
property (B) if there exists a constant ¢ > 0 such that

{a € S|a+0,anot aroot of unity and h(«a) < c}
is empty. Clearly, if S satisfies (N), it also satisfies (B).

In [2], F. Amoroso and R. Dvornicich proved that Q%, the maximal abelian extension of Q,
satisfies property (B). They showed that for non-zero « € Q?, not a root of unity,

1
h(a) > 085
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This was generalized to K by F. Amoroso and U. Zannier [4] for any number field K. Earlier,
in 1973, A. Schinzel [34] obtained property (B) for the set Q" of totally real numbers. More
precisely, for a € Q" \ {1}, he proved that

h(a)zélog(lJr\/g).

2

Another family of infinite extensions of Q for which we know property (B) are totally p-adic
fields of type (e, f), i.e., infinite Galois extensions of Q with finite local degree over a prime p.
This is the famous theorem of E. Bombieri and U. Zannier [10].

Theorem A (Bombieri-Zannier). Let £ over Q be an infinite Galois extension. Define

S(L) = {p prime|[L, : Q] < 0o for some v above p}.

Then

liminf h(«) 21 Z lofi’ (1)
ael 2peS(L) €p (pp+1)

where ey, is the ramification index and fy is the residual degree of L,]Q,.

Thus, if S(£) is non-empty, then £ satisfies property (B). Furthermore, if the right-hand side
in diverges, then L satisfies property (N). An explicit example where the RHS diverges can
be found in S. Checcoli and A. Fehm [I1]. Note that if p € S(L£), then for any « € £, all the
conjugates of « lie in a finite extension L, of @,. This can be considered as a non-archimedean
analog of Schinzel’s result on Q. There have been refinements of Theorem [A|in recent times.
In 2015, P. Fili and C. Petsche [16] used methods of potential theory to obtain lower bounds on
the height of algebraic numbers, all whose conjugates lie in certain local fields. This was later
extended by P. Fili and I. Pritsker [17] to obtain new lower bounds for height of algebraic numbers
all of whose conjugates lie in real intervals and p-adic discs.

All the above results give property (B) for infinite Galois extensions of Q. In this paper, we
establish property (B) for certain infinite extensions of Q, which are not necessarily Galois. This
is a rare instance where property (B) is proved for infinite non-Galois extensions. One of the
main challenges in non-Galois extensions is the absence of natural invariants such as e, and f,
which were crucial in . To overcome this, we introduce the theory of asymptotically positive
extensions, inspired by the study of asymptotically exact families by M. A. Tsfasman and S. G.
Vladut, [42].

For a number field K/Q and a rational prime power ¢ = pf, define
Ny(K) := the number of prime ideals of K with norm g¢.
An infinite extension £/Q can be written as a tower of number fields
L22Lm2Ln122L1=Q,
where L;/Q are finite extensions. Define
N, q(Li)
[Li: Q]
This limit exists and is well-defined, i.e., independent of the tower {L;} (as shown in Proposition

4.2) and 0 < 1), < 1. For instance, if a prime p splits completely in £, then ¢, =1 and 9,y =0
forall f > 1. If ¢, > 0 for some prime power ¢, we call the extension £ to be asymptotically positive.

Yg(L) =g = }Ego
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Inspired by Theorem [A] the authors proposed the following conjecture in [I3, Conjecture 2.2].
Conjecture 1.1. Let L/Q be an infinite extension of Q. Then,

o 1 logg
hro?ellcnfh(a) 25 Zq:wq PR (2)

where q runs over all prime powers. Hence, if L is asymptotically positive, then L has property

(B).

For infinite Galois extensions, the RHS in is same as the RHS in . Indeed, let £/Q be
an infinite Galois extension and p € S(£), then

logp B 10gpfp B logpr
ey + 1) epfy(plr+1) P \pha 1)’

with e, and f, as before. The advantage of this formulation in terms of ,’s enables us to
conjecture the analog of Theorem [A] for infinite non-Galois extensions. For totally p-adic fields,
Bombieri and Zannier [10, Example 3] demonstrated that is close to being optimal. More
precisely, let S be a finite set of primes and £ be the field of all totally p-adic algebraic numbers
for p € S. Then, they showed that

1 1 1
> 28D, liminf h(a) > = " 98D
pESp ]. ael 2pesp+1

Therefore, we also expect the lower bound in Conjecture to be close to optimal.

In this paper, we partially resolve this conjecture as follows.

Theorem 1.2. Let L/Q be an infinite extension of Q, and let O be the ring of algebraic integers
of L.
(a) The following inequality holds:

o 1 logq
lggégfh(a)2§ijwq =

where q runs over all prime powers.

(b) If Yq(L) >0 for q = pl, there exists a \, depending on p and L, such that

o loggq

1 fh(a) > ——.

SB M 2 R
Therefore, if L is asymptotically positive, then L has property (B). Moreover, if the sum in (a)
diverges, then Or has property (N).

Although Conjecture still remains open, the bound in Theorem [1.2| (a) establishes it for
algebraic integers. For algebraic non-integers, we obtain a weaker lower bound in Theorem 1.2
(b). Nevertheless, this proves property (B) for asymptotically positive extensions.

Remark. It is important to note that asymptotically positive extensions contain finitely many
roots of unity. This follows immediately from Theorem (a). Alternatively, one can see this as
follows. Let L be an asymptotically positive extension with s (L) > 0. Suppose there exists an
infinite tower of cyclotomic subfields of L, say K = Uj2) K; with K; = Q(Cp,). Clearly, 1,7 (K) > 0.
For sufficiently large i, the inertia degree of p in K; must equal f. This implies that p! = 1 mod n;
for all large enough i, which is a contradiction.
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We emphasize that Theorem (a) is not a straightforward generalization of Theorem
When £/Q is Galois, the condition [£, : Qp] < oo is equivalent to the existence of a finite Galois
extension L/Q with L c £ such that all the prime ideals above p in L split completely in L.
However, if £/Q is not Galois, one may not have such eventual complete splitting, yet it is still
possible to have 1,(L) > 0 for some prime power ¢. In this case, applying Theorem [A|to the Ga-
lois closure of £/Q would lead to poor bounds on h(a). We illustrate this with an example below.

Example. Fix a rational prime p. We construct an infinite extension £/Q such that ¢, > 0, but
p ¢ S(L), where £ is the Galois closure of £ over Q. Thus, Theorem [A|is not applicable to L,
where as Theorem [1.2| gives property (B) for Of.

Let K/Q be a number field with distinct prime ideals Py, Ps,..., Ps and Q1,Q2,...,Q¢. For any
integer n > 2, there exists a degree n extension L of K such that Pj, P, ..., Ps split completely
and @1, @2, ..., Q; totally ramify over L. It is clear that such an L exists, for instance, by solving
the congruence system

f@)=(z-1)(x-2)(x-n) (mod Pj") for j=1,2,...,s,
flx)=a"-b; (mod Q?) for i=1,2,...,t

where m is sufficiently large and b; € Q; ~ Q. As an application of the Chinese Remainder
Theorem, we obtain a polynomial f(x) € Ox[x] satisfying the above system of congruences. The
congruence conditions and the choices of b; ensure that f(x) is an Eisenstein polynomial at each
Q;. Hence, f(x) is irreducible, and each @Q; totally ramifies in the number field L obtained by
adjoining a root of f(z). In order to show that P; splits completely in L, it suffices to prove
that f(z) splits into distinct linear factors over Kp,, the completion of K at P;. It follows from
Hensel’s lemma or the Newton approximation scheme [10, Lemma 1] that each integer 1 <i<n
can be lifted to a unique root of f(z) in Kp, when m is sufficiently large. Thus, f(x) splits into
linear factors over Kp;.

With the above observation, we now illustrate an example. Let L;/Q be a degree 4 exten-
sion where p splits completely into p1, pa, ps,ps. Construct Lo/L; a degree 9 extension such that
P1, P2, p3 split completely and p4 ramifies, but not totally in Lo. This is achieved by first con-
structing L5/Ly of degree 3 such that pi, pa,ps3 split completely and py4 ramifies completely. Then,
we construct Lo/LY where all primes in L} above py,ps and ps split completely and the prime
above py also splits completely. Inductively construct L;.1/L;, an extension of degree pgﬂ, where

pi is the i-th prime number, such that N,(L;) - % of the prime ideals of L; with norm p
split completely in L;;1 and the remaining prime ideals with norm p ramify in L;,1, but not
completely. For this tower £ = {L;}, note that

e Np(La) Sy b
wp—z‘lir?o [Li: Q] le—i[( pi2)_<(2)’

where the product above runs over all rational primes p;. Thus, we have v, > 0. However, since
the ramification degree of p is unbounded, p ¢ S(L).

The maximal totally v-adic extensions of number fields are extreme examples of asymptotically
positive extensions. For a random infinite extension K with 1), > 0, it is highly unlikely to expect
K to be Galois or a maximal totally v-adic extension of a number field. The asymptotically
positive condition is much weaker, as it is a density condition rather than a structural one. In
particular, it does not require complete splitting, bounded local degrees at all places above a
prime, or uniform Frobenius distribution.
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In special cases, where there is minimal ramification of a prime in the infinite extension, it is
feasible to obtain finer lower bounds, which could potentially surpass Theorem [1.2| (a). In this
context, we define an infinite extension £/Q to be almost totally split at a prime p if ¢, =1 and
almost unramified asymptotically positive at a prime p if

Zf%f:l-

£>1

For such extensions, we obtain the following.

Proposition 1.3. Let S denote a set of rational primes. Let L/Q be an infinite extension which
s almost totally split at all primes pe S. Then

liminf h(a) > ! > loﬁ.

In other words, for the almost totally split case, we obtain Theorem (a) over all algebraic
numbers and not just algebraic integers. In the special case of the totally p-adic extension £/Q,
which is the maximal extension of QQ where p splits completely, Proposition [1.3| gives a slightly
weaker result than the best known result obtained by L. Pottmeyer in [33]. He showed that if «
is totally p-adic and not a (p — 1)-th root of unity, then

1 2
h(a) > log(p/2) (3)
p+1
However, if more than one prime split completely in £, then Pottmeyer’s method may yield

weaker bounds than Proposition [T.3]

We also establish a refined lower bound for almost unramified asymptotically positive extensions.

Theorem 1.4. Let L]/Q be an infinite extension which is almost unramified asymptotically posi-
tive at a prime p. Then

o 1 2 logp
1 fhia)> - 3 o2,
iminf i(a) > 5 le:f (¥r) o

Remark. Using the same method, Proposition[1.3 and Theorem[I.4) can be extended to the infinite
extensions L]K, where K has class number one. In this case, let S be the set of prime ideals p
in Ok which almost totally splits in L. Then

1
liminf A > —
mipfh(e)25 2

log Norm(p)
Norm(p) +1

Equivalently, let p be a prime ideal in K which is almost unramified in L, a similar statement as
Theorem can be deduced.

It is worth highlighting that the proof of Theorem [A] by Bombieri-Zannier involves obtaining
lower bounds on the discriminant of the minimal polynomial of o and using Mahler’s inequality
(see Theorem . Applying the same method directly fails to give any meaningful result in
the non-Galois setting. The novelty in our proof is building the theory of relative heights and
establishing a relative Mahler’s inequality, which helps in circumventing the obstructions that are
encountered otherwise.

Another family of algebraic numbers satisfying property (B) can be obtained from the angular
equidistribution theorem by Amoroso-Mignotte [3] (also see M. Mignotte [29] and Y. Bilu [9]).
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Theorem B ([27], Theorem 15.2). For a € Q, let d = [Q(a) : Q]. For any 0 with 0 < 0 < 27 the
number n of conjugates of o in any fized sector, based at the origin, of angle 6 satisfies

‘n _ g <o (d2/3 (log 2d)"/* + dh(a)1/3) .

27
In other words, the set of all @ whose conjugates do not have angular equidistribution satisfies
property (B). If £ is asymptotically positive, for all but finitely many « € £, a positive proportion
of their conjugates lie in a finite local extension L,/Q,. Hence, Theorem can be regarded as
a p-adic equidistribution result in the spirit of Theorem

1.1. Lower bound for canonical height of points on elliptic curves. Let E be an elliptic
curve defined over a number field K given by the Weierstrass equation y? = 2% + Az + B, where
A, B € K. For any extension L/K, denote by E(L) the set of points P ¢ E(K) such that
z(P), y(P) € L. Define the logarithmic Weil height of P as

h(P) := h(z(P)).

Although the logarithmic Weil height is easy to define, it is not compatible with respect to the
group operation on elliptic curves. With this in mind, Néron and Tate introduced a height
function, namely the canonical height, defined as

R(P) = lim M(2"1-P)

n—00 4”
The canonical height 7 is a quadratic form on E(K).

In the case of elliptic curves, torsion points can be thought of as analogs of roots of unity. Fur-
thermore, E(P) =0 if and only if P is a torsion point. Thus the analog of Kronecker’s theorem
holds for canonical height. It is then natural to consider lower bounds on 7 for non-torsion points
on elliptic curves. In this aspect, Lehmer’s conjecture has been formulated in [5].

A set S of points in E(K) is said to have the Bogomolov property (B) if there exists a constant
¢ > 0 such that for all non-torsion points P € S

h(P) > c.

Let £/Q be an asymptotically positive infinite extension. By Theorem we know that L
satisfies property (B). It is natural to ask whether the same holds in the case of E(L£) when
K c L. We answer this in the affirmative below.

Theorem 1.5. Let E/K be an elliptic curve. Let L|Q be an asymptotically positive extension
containing K. Then E(L) satisfies property (B).

For a totally p-adic extension L of type (e, f), M. Baker and C. Petsche [7] established property
(B) for E(L) under the condition that E has semi-stable reduction at the prime p. We establish
property (B) for E(L) over asymptotically positive extensions independent of the reduction type
of E at p.

This theme of lower bounds on canonical height of elliptic curves is discussed in Section [7] and
an explicit lower bound for h(P) is obtained in Theorem
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Organization. This paper is organized as follows. In Section [2| we recall basic definition and
some necessary results towards the proof of our main theorems. We develop the theory of relative
height and deduce a relative Mahler’s inequality in Section [3] Basic properties of asymptotically
positive extensions are obtained in Section [] and we prove Theorem [I.2]in Section [5] In Section
[6] we prove Proposition [I.3] and Theorem [T.4] We describe the analog of this problem for elliptic
curves in Section Developing the necessary tools for local heights in Section 8] we prove
Theorem [7.2] and hence Theorem [1.5l in Section [9l
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icantly improved the earlier version of this manuscript. We are grateful to Prof. Sinnou David
for several insightful comments, which simplified our proof of Theorem avoiding the theory
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Michel Waldschmidt for fruitful discussions and encouragement. We thank Prof. Sara Checcoli
and Prof. Arno Fehm for their comments on an earlier version of this paper. We thank Prof. V.
Kumar Murty, Prof. M. Ram Murty, Prof. Arnaud Plessis, Prof. Ananth Shankar, Prof. Siddhi
Pathak and Jenvrin Jonathan for several helpful suggestions.

2. Preliminaries

Let K/Q be a number field. For o € K*, the absolute logarithmic height or logarithmic Weil
height is defined as

h(a) = Z log™ |aly,

’UEMK

where Mk is the set of all places of K, log" z = max(0,logx) and |/, is the normalized valuation
on « defined as:

_ordp(a)
lal, = (Np) =@ | if v is non-archimedean corresponding to the prime ideal p,
v [Ky:R]
lo(o)| 2T, if v is archimedean corresponding to the embedding o of K.

One can also define the logarithmic Weil height through the Mahler measure. Let f(z) =
anx™ + -+ a1x + ag € Z[x] be the minimal polynomial of . Then, its Mahler measure is defined
as

M(a) = [an| [T max(L ),

where «;’s denote the Galois conjugates of . Mahler measure is connected to the height of a by
the relation

log M(a) = h(a) [Q(a) : Q].

Thus, Lehmer’s conjecture can be stated as
log M(a) > ¢
for all non-zero « € Q that are not roots of unity, where ¢ > 0 is an absolute constant.
While this conjecture remains unresolved, there has been significant progress in recent times.
The interested reader may refer to the excellent survey articles [41], [43] and the book by D.

Masser [27] for a comprehensive account of this problem.

We now recall the classical Mahler’s inequality [26].
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Theorem 2.1 (Mahler). Let f(z) = apa™ + - + a1z + ag € C[z] be a polynomial with roots
1,09, Qp. Let

D = ain_2 H(Oél - Oéj)2
i>]
be its discriminant. Then,
D] <n"M(f)*72,
where M(f) denotes the Mahler measure of f, given by M(f) := |ay| T, max(1, |a|).

We also recall the following well known lemma from algebraic number theory (see [31], Prop.
II. 8.2])

Lemma 2.2. Let K be a number field. Suppose L = K(«) and fx(x) € Og[z] be the minimal
polynomial of o over K. For a prime ideal p € K, if

pOL = a7 05> -qy’
and fx(z) factors in K,, the local field corresponding to p, as
fr(z) = fi(z) fa(2) fa (2),

then g = G and up to ordering, deg f;j(x) = e;f;, where e; and f; are the ramification index and
the residue class degree of q; respectively.

In particular, let L = Q(«) and f(z) € Z[z] be the minimal polynomial of .. If pOy, = p§*p5?---py’
and f(x) factors in Q, as f(x) = fi(x)fa(x)-fa(x), then g = G and up to ordering deg f;(z) =
ejfj.

We also need the following acceleration lemma as in [I, Lemma 2.1].

Lemma 2.3. Let L be a number field, v be a finite place of K over a rational prime p and let
p>0. Let v1,7v2 € O such that |y1 — 72|, < p™”. Then for any non-negative integer A we have

|’y’fA —’V§A| < p~re ) with Spp(A) = +00 for X - +oo. More precisely, let us define an integer
kE=kp, byk=01if (p-1)p>1 and by

P -Dp<1<pt(p-1)p
otherwise. Then we can take

Sp,p(A) = p"p +max(0,\ - k).

3. Relative Weil height and Mahler’s inequality

In this section, we develop the theory of relative Weil height and prove an analog of Mahler’s
inequality (Theorem , which shall play a crucial role in the proof of Theorems and

Let K be a number field and a € Q ~ K be an algebraic integer of degree n = [Q(«) : Q]. Let
flz)=2"+ an12" V4. +ag

be the minimal polynomial of a over Q and a1, as,...,a, be the distinct complex roots of f. Let
fr(x) = 2™ +by_12™ 1 +. . .+bg be the minimal polynomial of a over O of degree m = [K () : K|
and o;’s be its roots in the algebraic closure of K. We define the relative Mahler measure of a
with respect to an embedding o : K — C as
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MO’(K)(a) = Qmax{l, |O‘;f|}’

where {a? 11<j< m} are the complex roots of o(fx(z)). Counting all the roots with multi-
plicity, one obtains

Fie (@)@ - T o fre(w)), (4)
where o runs over all the embeddings of K. 0
K(a)
m
Q) K
n
Q

Thus, a natural way to define the relative height of a with respect to an embedding o : K — C is

log M,y () log My(xcy ()

heu () = Ty K] T m

Using the multiplicativity of Mahler measure, from we have

1
h(a) = m; hoxy (). (5)

In other words, the logarithmic Weil height is the average of relative heights with respect to all
the embeddings.

3.1. Mahler’s inequality for relative height. Let o and fx be as above. The discriminant
of fx is given as
2
D(fx)= ] (i-aj)”.
i<j<m
Thus for an embedding ¢ : K — C, we have
o(D(fxN = [T lo(as) —a(ay).
i<j<m
We now proceed as in the proof of Mahler’s inequality [26]. The product in the last equality is
square of absolute value of a Vandermonde determinant. Thus applying Hadamard’s inequality,
we obtain

m m—1 .
o (D(fr ) <[] ( > Ia(ai)jl2)

i=1 \ j=0
m
<[] m max{1, o ()™ %Y
i=1
= mmMg(K) (Oé)
Taking the logarithm, we deduce Mahler’s inequality for relative height as below.
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Lemma 3.1. Let o€ Q\ K be an algebraic number, with minimal polynomial fr(x) over K of
degree m. Then, for any embedding o : K — C, we have

loglo(D(fx)| < mlogm + (2m - 2) log M, (x)(v).

In other words, for relative height

h > —
O’(K)(a) 9 m2 m

1 (1og (DUl logm)'

Summing over all embeddings of K and using , we deduce that

ha)> 5 ” (6)

[K:Q]

m

1 (mg(\NK/@ (D(/x)) |)) _logm

It is sometimes advantageous to work with the norm of the discriminant over a number field
K, as opposed to considering the discriminant over Q. This is mainly because of the identity

D(f) =|disc(K[Q)] Nk o(D(fx)),

where f and fx are the minimal polynomials of an algebraic number « over Q and K respectively,
and disc(K/Q) is the discriminant of K/Q. Thus [Ngo(D(fx))| is smaller than [D(f)| and
hence, it is more feasible to obtain upper bounds for this norm.

The lower bound in @ can be compared with a related result due to Silverman [37, Theorem
2], which states that
1
2m -2
where Ag )/ denotes the discriminant ideal. Notably, when K = Q and « is an algebraic

integer, the relation |Dy| = [Og(a) :Z[oz]]2|AQ(a)| demonstrates that (6]) provides a sharper lower
bound.

h(a) >

1
(= 108 N0 (A (ayyse) | - [K : @ logm)

Remark. The natural obstruction to extending the theory of relative Weil height to algebraic
numbers is that the ring of integers of a general number field is not necessarily a principal ideal
domain (PID). Consequently, there is no canonical choice for the minimal polynomial of an
element a € LN K over Og. One can still extend the theory to the case when the number field K
has class number one.

4. Asymptotically positive extensions

In this section, we state and prove some basic properties of asymptotically positive extensions
and the invariant v,.

Lemma 4.1. Let L/K be an extension of number fields and p be a rational prime. Then,

Ny (K) log p* Ny (L) log p*
D TR R Vi v I

pk <z p’c <z
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Proof. If a prime ideal q in L has norm < z, then the prime ideal below, p = qn K also has norm
< x. Suppose a prime ideal p in K splits into {q1,q2, ", q,} in L. Then,

[N () = N,

Taking log on both sides

> Ny (L) logp™ < [L: K1Y Ny (K) log p™.
m=1 m=1
Dividing by [L : Q], we obtain the lemma.
[l

Throughout this paper, for a number field L/Q, denote by ny := [L: Q]. From Lemma we
deduce that for any tower £ = {L;} and any x > 1, the limit

Nk (L;) log p*

i—00 nr,.
pkﬁx Lz

exists. Therefore, inductively, we can conclude that the limit

Ny (L
Yg = lim (L)
71— 00 nLi
exists for all prime powers ¢ and takes value between 0 and 1. We now show that this invariant
is independent of the choice of tower and hence, is well-defined.

Proposition 4.2. Let £L/Q be an infinite extension and q be a rational prime power. Suppose
{L;} and {K;} are two towers of number fields such that L =U; K; =U; L;. Then,

o ONG(Li) L NG (KG)
lim = lim .
71— 00 nL»L 71— 00 ’]’LK’L
Proof. Let 14 = lim;_eo A% and ng == im0 % for a prime power g = p". Suppose

K; = Q(«). Since K; c L = ij L;, there exists L; such that a e L;. Hence, K; c L; for some j.
Similarly, every L; ¢ K for some [. Therefore, applying Lemma for every 4, there exists j
and [ such that using

ZNpk(Ki) log p* § ZNpk(Lj) log p* § ZNpk(Kl) logpk.

pk <z pk <z p’c <z

Since 1), and w(’J exist for all prime powers, taking i to infinity, we conclude that for all > 1,

> glogq > nglong > glogg.

g<z qsx qsx

Hence, v, = ¢, for all prime powers ¢. O

For an infinite extension £ = U; L; over QQ, we say that a prime ideal p € L; almost totally splits
in £ if the number of prime ideals above p in L; is [L;: L]+ o(ng,) for t > j as t » oo. If 1y >0
for some prime power ¢, then over any tower £ = U; L;, there exists an L; such that all the primes
above p in L; with norm ¢ almost totally split in £. More precisely, we have the following.

Proposition 4.3. Let £ = {L;} be an infinite extension of Q and p be a fixed rational prime.
Suppose Ppm > 0. Then there exists an integer N such that all prime ideals p € L with norm p™
almost totally split in L. Furthermore, for any € > 0, there exists an M such that except at most
eng,,, oll prime ideals above p in Lyr almost totally split in L.
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Proof. To begin with, 1= is well-defined. Therefore, there exists an Ny such that for all i > Ny,
and j > 1,

Npm(LJ) _ Npm(Lz) _ 0(1)’
n, nr,
as j — co. Thus,
Npm(Lj) = [Lj : Li]Npm (Li) + o(nr,). (7)

Let m be the smallest positive integer such that ¢,m > 0. Since ,: = 0 for all £ <m, the number
of prime ideals in L; with norm < p™ is o(nr,). Thus, almost all the prime ideals in L; with
norm p"™ lie above the prime ideals in L; with norm p™. By equation @, we deduce that above
every p in L; with norm p™, there are [L; : L;] + o(nr;) prime ideals in L;, which implies that p
almost totally splits in L.

Now suppose m; > m is the smallest positive integer with ¢,m:1 > 0. As ,m; is well-defined, we
get that there exists an N7 such that for all ¢ > max(Ng, N1) and j > i,

Npmi (Ly) = [Lj : Li]Npmi (Li) + o(nr;)

as j - oo. Note that all prime ideals with norm p™ almost totally split in £. Also, since 1, = 0 for
all prime ideals with norm € (p"*, p""), the number of prime ideals in L; with norm € (p™,p™") is
o(ng,;). Therefore, we deduce that [L; : L;]JNpmi (L;) + o(nr,) prime ideals in L; with norm p™
lie above Npm1 (L;) prime ideals in L; with norm p™'. Hence, every prime p in L; with norm p"™
almost totally split in £. Inductively, for any X > 1, there exists a N such that all prime ideals
with norm p™ < X in Ly almost totally split in £ if ¢,m > 0.

To prove the second statement, taking K = Q in Lemma [4.1] gives

> 1hq log g < logp,
q

where ¢ runs over all the powers of p. Thus, Y7>_; ¥pm is bounded. Therefore, Y, ¥,m is bounded
and for every € > 0, there exists X > 1 such that

€
Z ’lb m < —.
pm>X ? 2
Using Lemma one can find an M uniformly such that for all i > M,

Z Ny (Ls) log p* .

nr.

k3

€.

p’“zX
In other words, the number of prime ideals in L; with norm p™ > X is at most eny, for i > M.
This proves the proposition. O

Lemma 4.4. Let L be an asymptotically positive extension and F be a number field. Then the
compositum LF is also an asymptotically positive extension.

Proof. Let £ = {L;}i>o0 be a tower of number fields. Since £ is asymptotically positive, there
exists a prime power ¢ = p/ such that 1q(L) > 0. Let F' be a number field of degree d, and define
the tower LF = {L;F};>o.

By definition, we have
NQ(Li) = wQ(ﬁ) nr, + O(nLi)'
It follows that

d
Z qu (LZF) > d}q(ﬁ) nr, + O(nLi).
k=1
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Dividing both sides by nr,r and taking the limit as ¢ - oo, we obtain

zd: qu ([,F) 2 %
k=1

Therefore, there exists some k € {1,2,...,d} such that for ¢’ = ¢¥,
Yq(L)
a2
Hence LF' is asymptotically positive. O

Yy (LF) > > 0.

5. Proof of Theorem [1.2]

The outline of the proof of Theorems (a) is inspired by the argument of Bombieri-Zannier
in [10]. The new idea is to incorporate relative Mahler’s inequality as developed in Section[3] The
proof of Theorem (b) involves the use of metric property of height and acceleration lemma.

Proof of Theorem[1.9 (a). Let £/Q be an infinite extension. For any number field L c L,
by Northcott’s theorem, there are finitely many a € £ with degree < ny such that h(a) <

g ¥q(L) lgflq , provided this sum converges.

For any X > 1, by Proposition there exists a number field L c £ such that for all prime
powers ¢ < X with 9,(L£) > 0, all prime ideals of norm ¢ in any finite extension of L almost totally
split in L.

For any a€ Oz N\ L, let fr.(x) = 2" + ap_12™ ! +--- + ag be its minimal polynomial over Or. Let
q < X be such that 14(L£) >0 with ¢ = p™. Let p c Of, be a prime ideal with norm ¢. Since p is

almost totally split in L(«), by Lemma we can write
fo(@)=(z-a)(z-a)...(z - ) g(z),

where t = n +o(n). If L, is the completion of L with respect to v, corresponding to the prime
ideal p, then we have aq, s, -, oy € L,,. Hence, the valuation v can be applied to all «;’s for ¢ < t.

Let P, be the splitting field of f1(x) over L, with the unique valuation w extending v. Write
fr(z) = (x = p1)(x = Ba2)-(z - Bn).

The discriminant of fr, is given by
D(f) =T1(Bi - B))*.
i<j
Therefore,
w(D(fr)) 22 ) w(Bj-Bi)
i<j<n
Restricting to 3;’s which lie in L, gives
v(D(fr)) 22 Y w(Bj-Bi)
i<j<n
Bi,Bi€Ly

The number of §; € L, is n+o(n). Let F, := Or/p be the residue field at p. For each = € Fy, let
N, denote the number of roots §; of fr, in L, which lie in the residue class  mod p. Then, we
have the lower bound

o(D(fL) > > Ny(N,-1).

el
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Since ¥ yep, Nz = n +o(n), applying Cauchy-Schwarz inequality, we obtain
U(D(fL)) 2 Z Nm(N:Jc - 1)

el
n2 2
> — +o(n?). (8)
q

Here n = [L(«) : L] and error term is o(n?) as n - co. Taking the sum in equation over all
places v € M with norm < X, we obtain

log Npo(D(fL)) = % v(D(f1))log(Norm(v))

> > v(D(fr)) log(Norm(v))
NOE;JE{SSX

= ZNq(L) log g n? +o(n?),

g<X q

where ¢ runs over all prime powers < X. Using this in the relative Mahler’s inequality @, we
deduce that

1 log q
h(e) > 5o o Y N (L) +o(1).

q<X q
Hence,

1 Ny(L) 1o
Z (L) 89

liminf h(a) > =
acOr 2 e [L:Q] ¢
Since L c L; for all large enough i and every extension of L has the property that all the ideal of
norm ¢ almost totally split in £, thus
1 Z Ny(L;) loggq

liminf h(a) > =
aeOp 2 g<X [L,L : Q] q

for all but finitely many L;. Taking the limit as i - oo followed by X — oo, we obtain Theorem

(a). O

Towards the proof of Theorem [1.2| (b) we use metric inequalities as in Amoroso—David—Zannier
[1]. This consequently proves the property (B) for asymptotically positive extensions. Unfortu-
nately, this method yields a significantly weaker lower bound as compared to Theorem [1.2] (a).

Let L/Q be a number field and « € L™ not a root of unity. For a non-archimedean place v of
L above p, denote by e, and f, the ramification index and inertia degree of v respectively. Since
the residue field corresponding to v has order ¢ = pfv, if « is v-integral, we have

|aq - a|v < p—l/eU.

On the other hand, if « fails to be v-integral, then its reciprocal a~! must be v-integral, and
consequently

-1/ey q+1
v

@™ (a? =)l = laly [a™ =y <p7* Jafy = |a?=al, <p7* o

Therefore, for non-archimedean places v | p of norm ¢, we get

lad -, < ¢(v) max (1,]af, ), (9)
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where ¢(v) = p~/¢. For all other places w € M,

la? =, < e(w) max (1, o))"
where

e(w) = {1, if w4 oo, N(w) #g;

2, ifw]oo.

Since « is not a root of unity, a? — a # 0. Hence, the product formula gives

= [Lw: Qu] ogla? -«
O-wg\jh 0] log|a? - al,
< Z (Lo - Qu] (log c(w) + (g + 1) logmax {1, |a|y })

weMr, [L . Q]

()2, ) e

No(L)
[L:Q]

So, we immediately deduce that

=log2 - logg+ (q¢+1)h(a).

1 [ Ng(L)
h(a >— logq—logZ)
@2 (7
Suppose £ = U; L;. Taking liminf, we get
liminf h(a) > — (wq(ﬁ) logq —log?2). (10)
€L\ oo q+
This bound is meaningful only if
Yq(L) > 1qu

which may not hold, as v, can take arbitrarily small positive values. To overcome this limitation,
we use the Lemma with p = 1/e,. Proceeding similarly to @D, we obtain

( )
07" — 0’| < ¢/ (v) max (1, Jaf, )" (11)
v

where ¢ (v) = p~orr(),

Proof of Theorem (b). Suppose L£/Q is an asymptotically positive extension with ¢,(L£) > 0
for g = pf. Write £ = U2, L; as a tower of number fields.

In order to apply , note that sp ,(\) depends on both A and the place v. For our application,
we first show that we can choose A depending only on p such that the s, ,(\) is bounded below
uniformly, for a positive proportion of places above p. Indeed

No(Li) < Y ev<[Li: Q]

vlp,
N(v)=¢

and hence,
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For sufficiently large 4, let ¢; be such that the number of v | p, with N(v) = ¢ and e, < ﬁ is
given by (1 - ei)¢q(£)[ ;- Q]. Clearly, ¢; » 0 as i > oo. For all such places with e, < ﬁ, the

value of p = = is umformly bounded below. Therefore, for all such places, A can be chosen so
that sp () 1s " bounded below uniformly.

Using metric estimates for ‘aphq - osz‘ obtained in (11]), we deduce that
v

[(Li)v: Qp]
o, z;wﬁq [Li: Q]
euﬁﬁ

> 8pp(A) (1 =€) Yg(L) log g —log 2,

Since ¢; - 0 as 7 — oo, we conclude that

p)‘(q+1) h(a) > Sp.p(A)logp —log2

liminf A(«a) >

AN m (sp,p(A) 1g(L)log g —log2).

Now choosing A large enough so that s, ,(\) > 2/1,(L), we deduce that

logq
ClyleIB\lll;lf h(O[) > m

This proves the theorem. (Il

6. Proof of Proposition [1.3] and Theorem [1.4]

The central ideas in the proof of Proposition [I.3] and Theorem [I.4] are similar to those used in
Theorem (a), though a more careful analysis is required. For almost totally split extensions,
unlike in the proof of Theorem (a), we do not restrict ourselves to algebraic integers, as over
the base field Q the relative Mahler measure coincides with the usual Mahler measure.

Proof of Proposition[I.3 Let £ be an infinite extension and S be a set of rational primes such
that £ is almost totally split at each pe S.

For any ac € £, let L = Q(«) and f(z) € Z[x] be its minimal polynomial of degree n. By Lemma
the minimal polynomial f factorizes over Q, as

f(2) = an(z - 1) (z - az)-(z - ar)g(x),

where t = n+o(n) and deg (g(x)) = o(n) as n goes to infinity. Thus the p-adic valuation v on Q,
can be applied to oy, -, as. Let Ly, be the splitting field of f(xz) over Q, with valuation w. Write

f(I‘) = an($ - 61)(x - /62)(33 - /Bn)’
where (3; € L,, satisfying
w(Br) 2 2 w(B,) 2 0> w(Brer) 2+ 2 w(B).

Note that except for o(n) many f;’s, the rest are same as «;’s up to ordering. Consider the
discriminant

D(f)=aX*T1(Bi - B;)*

i<j
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The contribution in the product where at least one w(/3;) <0 can be bounded by

n J-1 n
w( I ”m—@-))z S G- Dus).

j=r+1li=1 j=r+1

Hence, we obtain

w(D(f)) 2 (2n-2w(an) +2 Y w(Bi-5) +2 Y, (i-Dw(B)

O<i<j<r j=r+1
>2 Y w(B-B) -2 ). (n—j)w(B;). (12)
1<j<r j=r+1

Recall that f(z) has n+o(n) roots in Q. Let e,, be the ramification index of L,,/Q,. For 3 € Qy,
we have w(3) = v() €. Since all terms in the RHS of are positive, we can write

o) =P 2 Sy - 2 e pyuisy)
w Woi<g<r W oj=r+l
>2 Z v(B; - Bi) - 2 Z (n-5)v(B;). (13)
ﬁfﬁjg‘g@p gg@f

Let N, denote the number of v-integral roots 3; of the polynomial f in Q,, which lie in the
residue class z mod p. If §;, 3; € Q, lie in the same residue class modulo p, then v(53; - 8;) > 1.

Hence,
N (N, -1
ORI SR )
i<j<r el
Bi,Bi€Qp

Therefore, by , we have the lower bound
o(D(f)) 2 Y No(Ny 1)+ (n=r)(n-7-1).
zeFp

Since the number of roots of f(z) in Q@ is n =7+ ¥,er, No =n+0(n), applying Cauchy-Schwarz
inequality, we obtain

n? + o(n?)
v(D(f)) 2 el

Summing over all primes p € S with p < X, we obtain

logD(f)Z( > 1ng)(7z2+0(n2)).

peS, p<X +1

Now, applying Theorem [2.1] we deduce

log M -1)logM log D 1
ey - PEM(@) | (1= D)IogM(f) | logD(f) _logn
n n? 2n?2 n
1 logp logn
> ¥ (1+0(1)) - .
2 peS peX p+1 n
As n — oo, we have
1 1
liminfh(a)>= Y —oF
ael peS,ngp+1

Finally, taking X — oo proves Proposition
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O

Remark. Let L be an extension which is almost totally split at a rational prime p. Then, for
any « € L that is not a root of unity, it follows from (L0f) that

ha )_lg(p/ ) +o(1),

where o(1) tends to zero as deg(a) — oo. In the totally p-adic case, this error term vanishes,
yielding Pottmeyer’s bound in exactly.

We now establish lower bounds for logarithmic Weil heights of elements in an almost unram-
ified asymptotically positive extension. Recall that an infinite extension £/Q is said be almost
unramified asymptotically positive at a prime p if

Zf?l)pf=1-

f>1
In other words, if £=J; L

N F N (L) = g, +o(nr,).
f=1

Proof of Theorem 1.4, We first note that for L c £, the number of prime ideals in L with ram-
ification index > 2 is o(nz). Indeed, suppose pOp = p‘il---ng. Because L is almost unramified
asymptotically positive, we have

ny = Z fNpr (L) +o(nr) =), fj+o(nw),
f=1 Jsg
where f; is the residue class index of p;. As ng = ¥; e;fj, we deduce that e; > 2 for at most o(nr)

prime ideals above p.

Since £ is almost unramified asymptotically positive at p, for a given € > 0, there exists an integer
N such that

N
1-€< Zfl/pr <1.
-1

Thus for a€ £ and L = Q(«) with [L : Q] large enough,

N
(L-e)np <Y N (L) <ny.
=1

Let f(x) = an, ™" +ap, 2" +---+ag be the minimal polynomial of o over Q and L., be the
splitting field of f(z) over Q,. Suppose the conjugates of a given by a1, g, -, o, be ordered
such that

wlon) 2w(az) > ... 2w(ay) 20> w(ar) > ... 2w(ay, ).

Let S1,Ss, ..., Sy denote the set of unramified prime ideals in L above p, with norm p,p?,...,p"
respectively. Thus, for each place v, in Sy, L,, is an unramified extension of Q, of degree k. By
the uniqueness of the unramified extensions of Q, of a given degree and the fact that L., is the
splitting field of f(z), it follows that L,, < Ly, for 1 <k < N. Moreover, each L,, has exaclty



ON POINTS OF SMALL HEIGHT IN INFINITE EXTENSIONS 19

|Sy.| many roots of f(z) that generate L,,. Hence, the roots of f(z) € L, that generate L,, are
in one to one correspondence with Sy.

For 1 <k < N,let ay i, ag k-, a|g,|k be the roots of f(x) that generate L,,. Grouping these
roots together, we can write

f(@)=an, (x-ai1)(z-0a21) ... (z-g,1)

(z—01,2)(x—as)2) ...(:c—oz|52|72)

(x—ai,n)(x-az N) ... (z -y, ~) 9(x)

where g(x) has degree o(ny). The roots are ordered such that for a fixed k,

wlar k) 2w(ag k) > ... 2w(ap,, k) 20> w(om1,k) 2 w(a|5k|’k).

Let D(f) be the discriminant of f(z). Then, we have

2 Y wlaima)-2 > (nr-f)wlay) (14)

1<i<y<r g=r+l

N |Skl
22( > wlaig—agr) = Y, (nL—tik) W(aj,k))a
k=1 \i<j<ry j=rral

w(D(f))

v

I\

where ;1 is the integer such that ay;, = ;. The last inequality follows from the fact that each
term on the RHS of is non-negative and we are considering only those roots that generate
L, for1<k<N.

Let v denote the usual p—adic valuation on Q,. Since w and v are the unique extensions of v
to L, and L,, respectively, we have

w(D(f)) = v(D(f)) e(Lu|Qp),
w(ai - ;) = vp(aig — ;) e(Ly|Ly,) and
w(ay) = vi(ai) e(Lu|Ly,).

Furthermore, L,, /Q, is unramified and hence, e(Ly|Ly, ) = ¢(L,|Q,). Thus,

N |Sk|

v(D(f)2 23| 2 welaip—age) = 30 (o —tik) vi(age) |-
k=1 \i<j<rg j=re+1

The roots aq k, a2 g, -, @k lie in Ly, . Since the residue field of Ly, is Fx, for each x € Fx,

let IV, j, denote the number of v-integral a; ;’s that lie in the residue class * mod p*. Also, note

that the numbers (nr, —t;) appearing in are distinct elements from the set {ny—j : rg+1<
j <nr} and hence, form a set of distinct non-negative integers. Thus, we have the trivial bound

S| |Sk|-ri-1 Sil—re = 1) (1Se] =
S (-t o) 2 S g (ISk] = 7x 2)(\ Kl=T)

J=rp+l J=0
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Therefore
N
v(D(f)) 2 ), ( %j Nx,k(Nx,k1)+(Skrk1)(5kTk))
k=1 \®el k
N
= Z ( > Nx,k2+(|5k!—m)2)+0(nL).

Since (|Sk| = k) + Xyer , Nak = |[Sk|, by Cauchy-Schwarz inequality, we obtain
3

(15
w9 = 3 (17450

As |Sy| = kN (L) +o(nr), we deduce that

N (KN (L) R (N(L))
v(D(f)) > kz:; (ka)‘i‘O(nL) > np? 2. pk+1( - ) +o(nL2).

Therefore,

Yk (N (L
logD<f>2nL2Zp,f+1( p(0)

2
) logq + o(ny?).
k=1

nr
Now, using Theorem [2.1] and taking N — oo, we conclude that

. 2 logp
liminf h(a) > > E* (Y0) ————.
ael ; ( p ) 2 (pk + 1)

7. Canonical height on elliptic curves

Let E be an elliptic curve defined over a number field K. Recall that the canonical height of
a point P € E(K) is given by

h(P) := lim M,

n— oo qn

where h is the Weil height. The canonical height 7 is a quadratic form on F (K) and satisfies the
following properties (see [30] or [22, Chapter IV, §3 ]) :

(a) h(P) >0 for all P e E(K), and h(P) =0 iff P is a torsion point.
(b) h([n]- P) = n?h(P) for all n e Z.
(¢) R(Py + Py) + h(P) - Py) = 2h(P1) + 2h(P,).

Lehmer’s conjecture for elliptic curves, as formulated in [5] can be stated as follows.
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Conjecture 7.1. Let E be an elliptic curve over a number field K. For any P € E(K), let K(P)
denote the field obtained by adjoining the coordinates of P to K. Then, there exists a constant
C(E,K) depending only on E and K such that

C(E,K)

h(P)> [K(P): K]

for all non-torsion points P € E(K).

This remains open but weaker lower bounds have been obtained in special cases. For a fixed
number field K and a non-torsion point P € E(K), denote by D = [K(P) : K]. Some classical
results are listed below.

h(P) > Restriction on E | Reference
cD9(log D)% | none Anderson-Masser (1980) [5]
3
cD™ (%) CM Laurent (1983) [24]
cD3(log D)2 none Masser (1989) [28]
cD™%(log D)2 Jj non-integral Hindry-Silverman (1990) [19]

TABLE 1. Bounds on % for E(K)

Analogous to the case of algebraic numbers, for an elliptic curve E over K and S ¢ K, E(S)
is said to have Bogomolov property (B) if there exists a constant C'(E, K) > 0, such that h(P) >
C(E,K), for all non-torsion points P € E(S).

Let £/Q be an infinite extension satisfying property (B) with respect to the Weil height. Our
objective is to understand if E(L) satisfies property (B) with respect to the canonical height.
The first result of this kind is due to S. Zhang [44], who showed that for an elliptic curve E/Q,
the set of totally real points E(Q!") satisfies property (B). This can be thought of as the analog
of Schinzel’s result [34] for Q. In 2002, M. Baker proved property (B) for E(K) when E is CM
or has non-integral j-invariant. This is the analog of the theorem of Amoroso-Zannier [4] for K ab,
Moreover, Baker’s bound only depends on the j—invariant of E and is effectively computable.
Later, Silverman [40] proved property (B) for E(K%) when E is non-CM with the constant being
ineffective. Some known bounds on 7 over infinite extensions are summarized in the table below.

h(P) > Restriction on E Reference
cD™2 none Silverman (1981) [36]
cD (log D)2 none Masser (1989) [28]
cD™23 J non-integral Hindry-Silverman (1990) [19]
c j non-integral or CM Baker (2003) [6]
c none Silverman (2003) [40]

TABLE 2. Bounds on & for E(K®)

Recall that a subfield £ of Q is said to be totally p-adic of type (e, f) if for any place v in
L above p, £,/Q), is a finite extension with ramification index and residue class degree bounded
above by e and f respectively. Let E/K be an elliptic curve with semistable reduction at all
places above p # 2. In 2005, M. Baker and C. Petsche [7] showed that if £/K is a totally p-adic
field of type (e, f) for a prime p, then E(L) has property (B). This can be regarded as the elliptic
analog of Bombieri-Zannier’s result Theorem [A] In this case, they also gave an effective upper
bound for the number of torsion points in E(L). Let E/Q be an elliptic curve and Q(FEior)
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denote the field generated by all torsion points of E in Q. In 2013, Habegger [I8] showed that
both Q(E}ter) and E(Q(Eter)) have property (B) with respect to the Weil and the canonical
height respectively. Note that the Kronecker-Weber theorem implies that Q is generated by all
the roots of unity in Q. Therefore, the field Q(Ejo,) can be thought of as the elliptic analog of Q.

Let £/Q be an asymptotically positive infinite extension. By Theorem we know that £
satisfies property (B). Our goal is to prove that E(L) satisfies property (B) for any elliptic curve
FE. Towards this, we introduce some notation.

Consider an elliptic curve E/K and a tower £ = {L;};>0 containing K. For any rational prime
power ¢ = p¥, denote by Gq¢(L;) and By(L;) the number of prime ideals in L; of norm ¢ with good
reduction and split multiplicative reduction at E/L; respectively. Define

o Go(Li) e Be(Li)
&(£):=Im 7o) @0 Xe(£):= m =72
Since every prime of bad reduction attains split multiplicative reduction after a finite base
change, there exists a number field L/K such that F/L has semistable reduction i.e. either good
or split multiplicative reduction at every non-archimedean place in L. Suppose £ = ;2 L; be an
asymptotically positive extension and L c £, then clearly

q(L) = &(L) +xq(L).
On the other hand, if L ¢ £, then note that £L®x L = U?; L; ® L is also an asymptotically

positive extension. Since F/L has semistable reduction over all non-archimedean primes, we have,
for all primes powers gq,

¢q(£ R L) = fq(ﬁ R L) +Xq(£ R L).

Example. Note that, in the above paragraph, the desired reduction property of the elliptic
curve E holds for £ := L ® ¢ L, but not necessarily for £. For instance, let E/Q be the elliptic
curve given by y? = 23 + 7z and let £ := Q¥ the maximal totally 7-adic extension of Q. Then,
L is asymptotically positive with ¢7(£) =1 and for any L; c £, E/L; has additive reduction at
all the places of L; above 7. However, in L = Q(v/~1), the prime 7 remains inert and E has
split multiplicative reduction over the unique prime above 7 in L. Now, considering the infinite
extension £ = £ ®g L, we note that £’ is asymptotically positive with 149(L") > 0 and E has
semistable reduction over all the primes above 7 in £’.

Our main theorem is as follows.

Theorem 7.2. Let E/K be an elliptic curve and L = U; L; be an infinite extension over K.
Then,

e 1 qg+1 logq
1 f h(P)>— — 1
it 52 5206 (415 7) 0+ (st 5L

where the sum runs over all prime powers q and cg s a positive constant depending on E and

K.

This answers a question raised by P. Fili and Z. Miner [15] about obtaining a quantitative
lower bound for canonical height of points on elliptic curves over totally p-adic extensions. This
question appears in the pre-print version of the paper (see page 4 of https://math.okstate.
edu/people/fili/equi-splitting.pdf).

As an immediate corollary to Theorem [7.2] and Lemma [£.4] we deduce Theorem [I.5] as stated
in the introduction.
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Corollary 7.3. Let E/K be an elliptic curve. Let L]/Q be an asymptotically positive extension
containing K. Then E(L) satisfies property (B).

Proof. Let L/K be a finite extension such that E/L has good reduction or split multiplicative
reduction over all non-archimedean places in L. Since £/Q is asymptotically positive, Lemma
implies that £ ® g L is also an asymptotically positive extension and

Yo(L®K L) =§(L®K L) +xq(L®K L) >0

for some prime power q. Now, Theorem implies that F(L ®x L) satisfies property (B) and
hence, E(L) satisfies property (B). O

Let E/Q be an elliptic curve with good reduction at p. For ¢ = p™ and any infinite extension
L/Q, by definition 14(L) = £,(L). Hence, we have the following corollary.

Corollary 7.4. Let E/Q be an elliptic curve and L be an infinite extension of Q. Then,

-~ 1 v log q
1 fh(P) > = L) ——————
B h(P) 2 g2 D) o

where zl runs over all prime powers q =p™ such that E has good reduction at p. In particular,
if Ypm >0 and E has good reduction at p, then E(L) satisfies property (B).

The condition in the corollary above can be relaxed from primes of good reduction to primes
of potentially good reduction for E. This is because if E/Q has potentially good reduction at p,
then there exists a finite extension K/Q such that E/K has good reduction at all places of K
lying above p.

Note that the lower bound in the above corollary is independent of the elliptic curve. By
Corollary one may vary over all elliptic curves F/Q with good reduction at p and still obtain
a uniform lower bound on . It is worthwhile comparing this to Lang’s conjecture [22], p. 92],
which states that for a fixed number field K/Q, there exist constants C7 and Cs depending only
on K such that for any elliptic curve E/K

h(P)>Cy log N g A - Cs,

where A is the discriminant of F over K.

8. A lower bound on local height

Let K be a number field. Denote by Mg and M’ the set of all places and the set of archimedean
places of K respectively. Suppose that v € Mg \ My be a non-archimedean place corresponding
to a prime ideal p in K above p. Denote by ||, the unique absolute value on K, which extends
the usual p-adic absolute value on Q,,.

Let E/K be an elliptic curve with point of infinity O. Similar to Weil height, the canonical
height h on E has a decomposition into local height functions A, : E(K,) - R (called Néron local
heights) for each place v in Mk (see [38, Chapter VI, Theorem 1.1]). For any P € E(K) \ {O},

we have (K, :Q,]
h(P) = D #

'UGMK [K ° @]
Unlike the canonical height h, the local height A\, can take negative values, but such places are

only finitely many. We start by discussing explicit formula for A, and some lower bounds on A,
for both archimedean and non-archimedean places.

Ay (P). (15)
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8.1. Archimedean place. Let v be an Archimedean place of K. Then, the v—adic completion
of K, K, is either R or C. Thus, we can assume E to be defined over C. By uniformization
theorem for elliptic curves over C, we get the following isomorphism

E(C) C/A, - C*/dZ,

Zsu=e2miz

112

where A, is the lattice Z + 7Z in C for some 7 in the upper half plane and ¢, = ¢*™7. Then, the
local height function
At E(C)N{O} >R

is given by

1 Im(z) -1
\(P) = —=B log |g-] - log[1 - u| - 3" log|(1 - ¢ u)(1 - ¢,"
(F)= 3 2(Irn(r))og|q| elt os| o[- ) (1o

where Bo(T) = T2 - T + % is the second Bernoulli polynomial for 0 < 7" < 1, extended to R
periodically and z (resp. u) is the image of P in C/A; (resp. C* / q%). The periodicity of Bo(T)
ensures that the definition of A, (P) is independent of the representative z in C/A,. Further, the
convergence of the series is guaranteed by the fact that Im(7) > 0.

: (16)

Proposition 8.1. Let P, Py, ..., Py € E(C)N{O} be N distinct points. Then, there is a constant
b(E) >0 depending on E such that

S AP~ P) > ~:Nlog N - b(E) N. (17)
1<i, j<N 2
1#)
This proposition follows from a result of Elkies, slightly different proof of which is given in
[20, pp. 218] and [23, Chapter VI, Theorem 5.1]. An explicit version using results from Fourier
analysis can be found in [7, Proposition 4].

8.2. Non-archimedean place. For a non-archimedean place v, let K, be the completion of
K. Thus, E/K can be seen as an elliptic curve over K,. Denote by A the discriminant of a
Weierstrass equation of F. Consider, the minimal Weierstrass equation

v+ arzy + asy = 2° + asz? + agx + a® (18)

of E corresponding to v, i.e., v(A) is minimal, subject to the condition that the coefficients are
v-integral. Let E be the curve obtained by reduction of Weierstrass equation of £ at v. Define,

Ey(K,)={P ¢ E(K,)|E is smooth at P},

where P is the reduction of P at v. Thus, Ey(K,) consists of all the points of E(K,) that reduce
to a non-singular point after reducing modulo v. An explicit formula for A, at these points is
given as follows [38, Chap. VI, Theorem 4.1].

Proposition 8.2. Let E/K, be an elliptic curve and v be non-archimedean place of K. Let A
be the discriminant of a Weierstrass equation of E with v—integral coefficients. Then the local
height function

Ao (P) = %max{v(x(P)_l),O} . %U(A) (19)
for all P e Ey(K,)\{O}.

The above formula for local height does not depend on the choice of the Weierstrass equation.
However, it only holds for points in Ey( K, ), which depends on the choice of Weierstrass equation,
and hence, for two different Weierstrass equation, the formula coincides on the intersection.

Moreover, equation is valid only for points that are non-singular modulo v. The explicit
description of A\, on E(K,)\ Ey(K,) depends on the nature of reduction type of F(K,) and is



ON POINTS OF SMALL HEIGHT IN INFINITE EXTENSIONS 25

discussed below case by case. For the minimal Weierstrass equation , following [39, pp. 42],
define
bQ = a12 + 4(14, b4 = 2(14 +ajas, bG = a32 + 4a6 and Cy = b22 - 24b4.

8.2.1. Additive reduction (v(A) >0, v(cq) >0) :
Let f(z) € K,[x] be a polynomial. For P € E(K,) ~ {O}, denote f(z(P)) by f(P).
Consider the polynomials :
F(x):= 423 + box® + 2byx + be,
G(z) := (32 + box® + 3bgx® + 3bgx + bg ).
Then, for P € E(K,)\ Ey(K,), we have
—t(F(P)) + 5v(A) if v(G(P)) > 3u(F(P)),

Ao(P) = { 1 1
-1V (G(P)) + 13-

8.2.2. Multiplicative reduction (v(A) >0,v(cy) =0) =
Let

. u(@y+arz+a3)P) 1
a(P)—mln{ N ,5}

Then, for P € E(K,)\ Eo(K,), the local height is given by
1
Ao(P) = 5 B2(a(P))u(A). (20)

8.2.3. Good reduction (v(A)=0) :
In this case, we have Ey(K,) = F(K,) and v(A) = 0. Therefore, by (19), we get

1
A(P) = 5 max {v(m(P)_l),O}
for all P e E(K,)\{O}. Further, the integrality of coefficients of implies that
v(z(P) ™) <0 < v(z(P)/y(P)) <0.
Using this along with the fact that min{3v(x(P)),0} = min{2v(y(P)),0}, we obtain

%max{v(x(P)_l),O} =v(z(P)/y(P)).

Therefore, in the good reduction case

Ao(P) = max{v(;cgg) ,0}. (21)

8.3. Explicit formula for local height and Tate map. Similar to the uniformization theorem
for complex elliptic curves, the Tate parametrization offers a way to parametrize elliptic curves
over non-archimedean complete fields (|38, See V.5]). Therefore, for an elliptic curve E/K,, which
has multiplicative reduction at v, there exists ¢p € K,/ such that |gg|, <1 and the corresponding
parametrization (Tate map) is given by the isomorphism

¢ K} [qh — B(K,).

The Tate parametrization provides an analog of explicit formula for the local height function
in the non-archimedean case as follows (see [38, Chapter V, Theorem 4.2]).

Theorem C (Tate). Let K, /Q, be a finite extension and E/K, be an elliptic curve with multi-
plicative reduction at v. Let ¢ be the Tate map of E|K, discussed above. Then,
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(i) the Néron local height function
Avo: E(Ky)\{O} — R

s given by the formula

M0(0) = 38 (Y otar) o1+ T (- a0 (1- ).

U(QE) nx1
(ii) If we choose u (by periodicity) to satisfy
0 <v(u) <v(gr),

then

132( v(u) )U(qE), if 0 <v(u) <v(qe),
Ay (d(u)) =1 2 v(qE)
(o(u)) {v(l—u)“‘l_lg”(QE)v if v(u) =0.

Remark. Suppose that E has multiplicative reduction. If P € E' (K,), we write u(P) for the im-
age of P in K/ / q% under the Tate map F(K,) ~ K / ¢%. Consider, the retraction homomorphism
r: E(K,) — R/Z defined as
1 P
T(P) — Og|u( )|U
10g |QE|U

Since {|z|, | z € K} € p@, the image of r is actually contained in the subgroup Q/Z of R/Z.
We end this section with the following non-archimedean analog of Proposition (8.1

Proposition 8.3. Let Py, Ps,...,Py € E(C,) ~ {O} be N distinct points, where v is a non-
archimedean place. Then,

N
3 M(B-P)z—u(A). (22)
1<i, j<N 12
P
Above proposition holds trivially in the good reduction case, so it is enough to consider ad-
ditive and multiplicative reduction case. Since the local height is invariant under base change
to a higher extension, there always exists a finite extension of K, such that E has either good
reduction or multiplicative reduction at v. Therefore, it is enough to prove Proposition for

the multiplicative reduction case. We need the following result from Fourier analysis for the proof
of Proposition (see [8] or [38, Excercise 6.11(b)]).

Lemma 8.4. Let tq,...,ty € R and Bo(t) = (t - [t])? - (t - [t]) + % be the periodic extension of
second Bernoulli polynomial on the interval [0,1]. Then,

N
>, Ba(ti-tj)> e
1<4,5<N
i%j

Proof. The Fourier expansion of Bs(t) is given by

eant

Ba(t) = # >

2
neZ,n+0 n

Therefore,
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Z B2(ti_tj):2—12 Z % Z p2min(ti=t;)

1<i,j<N T nezZn+0 T 1<ij<N
%] %]
1 1 ?
2mint;
T o
22 e fmeo M ( 1<i,j<N )
N
>-—.
12
O
Proof of Proposition[8.3 Since E/K, has multiplicative reduction, by (20),
v(A
S ap-p) =22 S piar-p).
1<i, j<N 1<i, j<N
1#] 1#]
Applying Lemma [8.4] we have the proposition. O

9. Proof of Theorem [7T.2]

Let E/K be an elliptic curve over a number field K and £ = U; L; be an asymptotically positive
tower over K. Let L ¢ L be a finite extension of K. For a finite set Z = { Py, P»,...,Px} € E(L),
define )

— > h(P)

|Z] PZE:Z

to be the average of canonical heights. Using the parallelogram property of canonical height, we
obtain

hWZ)=

WZ)2 ——— (P - P;)
4N(N -1) m.%N !

1#]

1 [Lv : Qv]
) 4N(N - 1)1;;L [L:Q] 1si,zy‘:sN Mol Fp). (23)

Now we begin the proof of Theorem Throughout the proof, we assume that E/L has
either good or split multiplicative reduction at any non-archimedean place v € M. If not, this
can be ensured by a finite base change. The proof consists of three parts: obtaining lower bound
of the contribution in due to archimedean places, places of good reduction, and places of
split multiplicative reduction. The lower bound for the split multiplicative case is inspired by [7,
Theorem 20].

Proof of Theorem [7.2l For an archimedean place v € M;°, from we know that

1
> A(P;-Pj)>-=NlogN -b(E)N.
1<i, j<N 2

I

Since Yyepree [Ly: Qu]/[L:Q] =1, we can write
> w S (P - P)) 2—%NlogN—b(E)N. (24)

veMs® [L : Q] 1<, 5<N
i%]
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Suppose F has good reduction at v € My, \ M;°, a non-archimedean place lying above the rational
prime p. By , we have

1 P, - P;
Y M(Pi-P)>2= > max{v(x( )) 0}
1<i, j<N 214 <N y(P; - Pj)
i+j i%j
Let F, be the residue field of L,/Q, and E be the reduction of F at v. Suppose
E(F,) = {Ty,Ts,..., T)}.

For 1 <1 <m, define

Ay=[{P;eZ|P;=T;(modv)}|.
Clearly, >i%; A; = N. Note that if P, = P; mod v, then

U(w(Pz'—Pj)) , logp
y(Pi-F;))

)

where p is the rational prime dividing v and e, is ramification index of v. Therefore,

>, M(Pi-Fp)2 Mc;gp(zAz(Az 1))

1<, j<N v
1%]
11 N?
> -~ 08P (— - N) :
2 ey m

where the last step follows from the Cauchy-Schwartz inequality. By Hasse’s inequality,

m<qg+1+2./q.

Hence,
1 N?
Mo (P - Pj) > ( —N)logq.
mzjw b oL, @) g+ 142
%]
Therefore,

ey Gy(L) 1 1
B, ]l Py Zq:[L Q](Q+1+2\/" N) g, (25)

Z¢]

where Z’ runs over all non-archimedean v € My, at which F has good reduction.

Finally, suppose E has split multiplicative reduction at v € My, \ M;°, a non-archimedean place
with norm ¢q. Let k, = —ord, (jg) > 1. Recall that the retraction homomorphism r : E (K,) - R/Z
factors as

E(K,) — K|dg — R/Z,

where ¢p € Ky with |gg|, = |1/jg|,. Here the first map is the Tate parametrization and the second

map is given by u llgi ||Z|‘;J. Note that Im(r) = (1/k,) € R/Z, and therefore e>™"(F3) = 1 whenever
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k, | n. Since P; # P; for ¢ # j, using Theorem |C]| (ii), we obtain
(U(U(Pi)) —v(u(Fy)) )

> X(Pi- P)>—v(qE) > B

1<%, j<N 1<%, j<N U(QE)
Z?#j Z?#j
1 1 1 2mn(v(u(PiZ)*v(u(Pj)))
5 U(CJE) 2 Z — Z e (ag)
us nezZ, n#0 1V 1<i j<N
1#]

1 1 v(u(Pi))*v(u(Pj)))

1 2min
e EXL R ST SR s
nekoZ, n#0 1V neZ<k,zZ T 1<ij<N
Z#]
2
_N)

v(u(P;)) )

Z 6271'171( )

Zﬁv(qE) NN-1) T =+ % iz(

nekyZ, n#On neZak,Z V7 \l1<icNV
log |jgl,
>N(N -1 E — +O
( o Am? z\{0} " ()

As ((2) = Y51 % = %2, we deduce that

lo
Z Ao(P; = P;) > N(N - 1)&E|
1<i, j<N v
1]

+O(N)

> N(N-1) i‘;gkp + O(N).

Since jg is fixed, there exists a constant cg > 0 only dependent on E such that
ke < 22,
CE

where e, is the ramification index of L,/Q,. Therefore,

i [Ly 2 Qp] " Qp] (logp
'U;WL [L5Q] 1<ZZJ:<N)\ (P £ ) i,gz]\;[L [ Q] (12]{,‘@

Z#:]

N(N—1)+O(N))

n Ly Q logp
N(N-1)+O(N
E% 2N - o)
By(L) logq
L:Q] 12

where Z" runs over all non-archimedean v € M L at Which E/L has split multiplicative reduction
and ¢ runs over all prime powers. Combining ([24] and @ in , we obtain

> e N(N - 1)2 +O(N), (26)

—~ 1 Gq4(L) 1 1
h(Z)zm( LN 1og N -b(E)N + 2 > Zq: T Q](q+1+2\/_ N)l 0gq
FN(N-1) ) [BLQ:(%)] 101g2q+0(N)). (27)

For any N, the above inequality holds for all possible N-points { Py, P+, Py} ¢ E(L). Con-
sidering an infinite sequence {P,}n>1 in E(L) such that limh(P,) = liminfp.pz) h(P). Thus
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lim A(Zy) = liminf pe () 2(P), where Zy = {P}, Ps, ..., Py}. Taking N large, implies that

log g
liminf A(P) > = 1
ﬁﬁ%}%)h ) 2 qu( )Q+1+2\/_ 48qu(ﬁ) 0gq

as required. O

10. Concluding remarks

The notion of relative height as discussed in Section |3| leads to several interesting questions.
For instance, one can formulate a stronger Schinzel-Zassenhaus conjecture in this context. In
[35], A. Schinzel and H. Zassenhaus proposed a weaker version of Lehmer’s conjecture, which was
recently resolved by V. Dimitrov [12]. Let @ denote the house of a € Q defined as

o] = mac{jal},

where a;’s are the conjugates of a. Then Dimitrov’s theorem states that for any non-zero o € Q
not a root of unity,

logle]> foay @]

for ¢ = (log2)/4. In the context of relative heights, it is possible to formulate a generalization of
this conjecture in the following way. Let m be a fixed positive integer. For any algebraic integer
a € Q define
ol = 83, Mo ()
o:K->C
When m =1, it is clear that @1 = @. Thus, it is reasonable to make the following conjecture, in
the spirit of Dimitrov’s theorem.

Conjecture 10.1. Let m be a fized positive integer. For all non-zero algebraic integer o € Q,
which are not roots of unity,

loglol, > oy ar

for an absolute constant ¢ > 0.
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