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ABSTRACT. We study a problem modelling segregation of an arbitrary
number of competing species in planar domains. The solutions give rise
to a well known free boundary problem with the domain partitioning
itself into subdomains occupied by different species. Several subdomains
can coexist in a neighborhood of any point. However, we show that
generically (in the sense of Baire category) only triple junctions appear,
meaning that at most three subdomains meet at their common free
boundary. Our main tools are the use of the formalism of harmonic
maps into singular spaces and the introduction of a complex structure
via the Hopf differential.
MSC classification: 35Bxx, 35J47, 35R35.

1. INTRODUCTION

For any positive natural number N > 2, we consider the metric space
Sy={te;:i=1,...,N, t >0} CRY,

endowed with the induced geodesic distance (e; running over the standard
basis). Let Q C C be a bounded simply connected domain. In the spirit of
the pioneering work of Gromov and Schoen [I4], we consider the harmonic
maps U € H'(€; £V), which are the stationary points of the Dirichlet energy

(1.1) EU) = ;/Q]VUFd:r.

In this paper we study the geometry of the generic (in the sense of Baire
category) harmonic maps with values into X . To this aim, for given N we
introduce the set Uy (Q) C H'(2; X y) of all the stationary points of (T.1))
and we set

(1.2) uw) = {m ety (un,- e un) euN(Q)}
N>2
and
U(Q) := H'-closure of U(Q).

It is well-known (see Corollary that for every U = (u1,...,un) €
Un(§2) each component u; is locally Lipschitz continuous and, by the very
definition, it is harmonic in its domains of positivity

—Au; =0 in wj:={u; >0} Vj=1,..,N.
1
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The multiplicity at a point z € € is defined as the positive integer

(1.3) my(z) = 74]_1}1(1)5r #{j : |w; ND.(2)] > 0},

where D, (z) denotes the open disk centered in z and radius r and # the
cardinality. When my(z) = m we call z an m-point. The interesting points
in our analysis are those with multiplicity at least 3. The 1-points are the
interiors of the positivity regions w;, whereas the 2-points are the locally
smooth interfaces between exactly two such regions (see :

m(z) =2 = z€0w;NOow; 1i#j.

The set of m-points with m > 3 in €) is discrete and can be regarded as the
singular set of the harmonic maps U : Q — Y.

The aim of this paper is to classify the structures of the singular set of
the generic harmonic maps U(2). Leaving apart the cases N = 2,3 which
are not relevant to the present study, a classification has been completed for
N =4 in [16], where the authors prove that two configurations are possible,
namely the case of a single 4-point, or configurations with two 3-points (see

Figure .

FIGURE 1. Four species: configurations with one 4-point (on
the left) and two 3-points (on the right).

As explained in [16], when N = 4 the existence of 4-points requires an
additional condition and, therefore, it is not a stable configuration. This
suggests that the solutions with 4-points lie on a Banach manifold with
finite co-dimension, and therefore are not generic in the space of solutions.

In this paper we show that the result obtained for N = 4 is paradig-
matic of the general case N > 3. We prove that the configurations where
the subdomains meet exclusively on 2-points or 3-points are residual in the
sense of Baire category. A direct consequence is that the points with higher
multiplicity are unstable and can be perturbed away by small variations.
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To state our main result we introduce the set of functions in U(€2) corre-
sponding to harmonic maps U € Uy (€2) with at most triple junctions:

(14)  ULQ) = {U = (u1,...,uy) € Un(Q), my(z) <3,V z € Q}
and

(L5) U @)= {u1—|—~-+uN . (ut, ... un) eUK,(Q)} CUQ).
N>2

Our main result is the following.

Theorem 1.1. For Q C C a bounded simply connected domain, U (Q) C
U(Q) is residual in the sense of Baire category.

1.1. A model for competing species. Problem (|I.1)) is linked to the
following competition-diffusion system of IV differential equations

—Au; = —pu; Zuk in Q,
k#j -
(1.6) >0 in Q. j=1,...,N,
uj = gj on 0f),

This system can be viewed as a simplified model for the study of the
segregation phenomena, when one interpretes u; in as the density of
the j-th specie. From the PDEs point of view, this is an obstacle problem
with unilateral constraints u; > 0 and Dirichlet boundary values

9;>0, gigr=0, G:=g+--+gv#0 Hae

The assumption g; > 0 not identically zero is motivated by the model. The
parameter p > 0 quantifies the interaction strength among the populations.

In [10, 21] the existence and uniqueness of the solutions of are shown.
Problem is the limiting case of when the parameter p tends to
+00, see [10]. In the last decade the qualitative properties of the solutions
have been the object of an intensive study, see [2} 3], 4. 6l 5] [7, [8, ©) 10, 11,
12] [13], 16, 17, 19 21] and the references therein.

The connection between and arises because, as it has been
proved in [I0], the one parameter solutions to the reaction-diffusion system
converge, as i1 — +00, to the unique solution of the variational problem
with the same boundary conditions.

1.2. Geometry of nodal set. In this paper, we depart from the well-
studied approach of fixing the boundary values. We introduce a novel
method to analyze the nodal set of a typical map within the space of all
solutions, regardless of the possible traces of H'(£2; ¥ y)-maps.

Our starting point is the work [I6], where for N = 4 the possible 4-
point configurations are characterized by means of the solution of a Dirichlet
problem for the Laplace equation. The necessary and sufficient conditions
on the datum which generates a 4-point suggest that in the most common
configurations only 3-points appear. The geometry of the solutions U(€2)
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for any N was already studied in [I7]. In particular, when the multiplicity
of each singular point is even, it is proved that the solution is the absolute
value of the harmonic function which assumes the value Z;VZI(—l)j gj on
o9.

The connection to the harmonic functions envisaged in [16] [17] suggests
to introduce a global approach based on complex analytic functions. We
consider the whole set U(€2) of harmonic maps for varying boundary values
and varying N. Following a well-known idea long exploited in harmonic
map theory (see, e.g., [I8]), we associate to each solution U € U its Hopf
differential

fo=U2=3%U2 -U2, —2iU,,Uy,),  z=a1+iz.

It follows from the inner variations of the Dirichlet energy that fy is holo-
mophic for every U € U (see Proposition . Moreover, the points z with
multiplicity my(z) > 3 are zeros of the holomorphic function fi; and, specif-
ically, the multiplicity 3-points are in one to one correspondence with the
simple zeros of fy:

my(z) =3 = ord(fy; z) = 1.

The problem of the genericity of multiplicity at most 3-points is therefore
translated to the genericity of Hopf differentials with simple zeros. Although
holomorphic functions with zeros with order 1 are clearly residual (actually
an open dense set), the set of Hopf differentials is itself very non-generic. It
is therefore necessary to study in detail the range of the map I : U4 — H
associating to each map U € U(Q) its Hopf differential I(U) := U2. The
heuristic idea is to consider an appropriate primitive

U:z/}”?

This procedure may end up with functions which are not in U(2). Actually,
any f belonging to the image of the Hopf differential I is characterized by a
system of equations (cf. in Proposition and, hence, the residuality
needs to be proven for holomorphic functions solving suitable differential
constraints. The example discussed in shows the high degree of rigidity
of such conditions, suggesting that there are only finitely many directions
for perturbing a Hopf differential with higher order zeros into one with
simple roots. However, a careful and detailed analysis shows that this can
be achieved through an iterative argument.

We think that our approach is prototypical of a variety of other con-
texts where generically singularities with reduced complexity (such as triple
junctions in the plane) are expected.

1.3. Structure of the paper. The paper is so organized. In Section
after recalling some basic facts and known results of the set U(f2), we give
a characterization of the functions belonging to the Bergman space of inte-
grable holomorphic functions which are Hopf differentials of stationary maps
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FIGURE 2. Five species: configuration with one 5-point (on
the left); configuration with three 3-points (on the right).

U:Q — Xy for any N. Section [3| is then entirely devoted to the proofs
of the results stated in Section Pl Next Section Ml contains some results on
the structure of the free boundary of the functions in ¢/(€2) and a general-
ization of the index formula proved in [17] on the number of critical points
counted with multiplicity. Section [5| deals with the main analytical step of
the genericity result, namely the desingularizing procedure of a higher or-
der zero point. We need to take into account the linear algebra constraints
coming from the above hinted rigidity, in addition to the global structure of
holomorphic functions. By reducing the order of the zeros one by one, after
a finite iteration, one can prove that Hopf differentials with simple zeros are
dense, thus providing the principal ingredient for the main theorem (Figure
schematically shows the desingularization of a 5-point).

Finally, in Section [6] we prove the main genericity result for harmonic
maps U(§2) with points of multiplicity at most 3.

2. HOLOMORPHIC FUNCTIONS AND SEGREGATED STATES

We recall some basic facts about solutions to (1.1). For N > 2 the set
of nontrivial stationary maps U : Q — Xy which are stationary for (1.1)) is
characterized (see [10} 11} 2I]) by the following analytical conditions:

UZ(ul,...,uN) DUy EHl(Q),
Un(Q) = Au; >0, A(uj_2k7éjuk) <0,
uj >0, u; Z0, uj-up =0ae., j#k

The set U;(Q2) is made of positive harmonic functions and plays no role in
our analysis.

Remark 2.1. For U € Un(QY) defined in , it may happen that the
nodal region w; = {u; > 0} (which will be shown to be an open set) has
an arbitrary number of connected components. In the case the number of
connected components of {U > 0} is finite, we assume that

wj ={u; >0} s connected Vj=1,...,N.
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Such condition is not restrictive, and can be achieved by a suitable relabeling.
Let H(Q2) be the set of the holomorphic functions and
AN Q) == H(Q) N LY(Q)

its Bergman space. For f € H() we set Z; := {z € Q: f(z) = 0}. We use
the Wirtinger derivatives

U. =3 (U, —iUs,), Usz:= 3% (Us +iUs,) € L*(%0).

2.1. The map I. A crucial role will be played by the Hopf differential. The
main result is contained in the following proposition.

Proposition 2.2. Let Q C C be an open set. IfU € U(Q) then U2 € A(Q).

We denote I : U(Q) — A'(Q) the map associating to each U € U(R) its
Hopf differential I(U) = U2. The proof is postponed to A straightfor-
ward consequence of Proposition is that every U € U(S?) is a locally Lip-
schitz continuous in €2, because its Wirtinger derivative is locally bounded
(see Corollary [3.1).

The map I is not surjective, its range is actually a very small set of
holomorphic functions. Characterizing I(U(f2)) as a subset of A!(€2) is one
of the main points of our analysis. To this aim we recall some elementary
facts about holomorphic functions. Since the problem is invariant under
conformal change of variables, if €2 is a bounded simply connected domain,
then we can assume, without loss of generality, that

N=D={zeC: |z <1}

Therefore, we omit the dependence on the domain in Uy, U, H, A'. The
zero set of a non-constant holomorphic function f : D — C is discrete.
Therefore, the set Z]‘?dd of the zeros of f with odd order is at most countable.
We write

(21) Z})dd: {21,22,...}.

We fix a family of non-intersecting closed segments L; with an endpoint in
zj and the other on OD. Let P € NU{+o00} be the number of such segments.
We set

P
(2.2) O =D\ (JL;.
j=1

with the convention that if P =0 then Q= =D.
Since f has no odd zeros in the simply connected domain 27, hence
there exist exactly two holomorphic functions +f1/2 : Q= — C such that

(122 =1

We fix a point zg € 2~ and we set

(2.3) P%wazzjﬁﬂ”@ﬁx

0
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D

FiGURE 3. The set 2~

Remark 2.3. Both fY/? and F,,  are holomorphic in  and extend con-
tinuously to Q= U 2299, In particular, we may choose zo € 294 in ([2.3).
f f

The characterization of the map I : i/ — A' is given in terms of F 2o0.f -

Proposition 2.4. For f € A the following are equivalent:

i. there exists U € U such that I(U) = f;
ii. there exists zg € 2~ U Z}’dd such that F,, ; satisfies

(2.4) RF,, () =0 Vze 234
Moreover, if ii. holds, then |RF., ¢| € U and I(|RF, f|) = f.

The proof is postponed to the t If Z]‘?dd is empty, then ii. is always
verified for every zp and |RF}, | € U. In particular, the function U such
that f = I(U) is not unique. Uniqueness, on the contrary, holds in the case
Zodd ?é @

7 .
Proposition 2.5. Let f € I(U).

i. If 2994 £ (), then there exists a unique function U € U such that
f

I(U) = f.
i, If 299 = 0, then {|RF.,s|: 20 € D} = I"}(f).

The proof of the proposition is postponed to the

Remark 2.6. Propositions and imply the commutativity of the fol-
lowing diagram:

fueA
(2.5) II /
Ueu

with fy = I(U), Fy = Fy, 5, with 2z € Q™ U Z?dd such that U(zp) = 0 and
7w H(Q™) — U the nonlinear projection

m(F)(2) = [R(F(2))]-

Fy e H(Q_)
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3. PROOFS OF PROPOSITIONS [2.2], AND [2.5

3.1. Proof of Proposition The result is a direct consequence of the
fact that Uy are the stationary points of the Dirichlet energy F in (see
[21]). Fix any U € U and compute inner variations of E at U: namely, for
every smooth vector field A : 2 — C with compact support in §2, we consider
the diffeomorphism (for |e| sufficiently small)

d.:Q—Q, Q. (2) ==z +eX(2),

and set U® := U o ®.. By construction supp(U¢ — U) CC § for every e
sufficiently small and by stationarity

d
de
The fact that fy is holomorphic is a direct consequence of (3.1). In order

to compute the inner variations, we write the Dirichlet energy in terms of
the Wirtinger operators:

(3.1) E{Us) =0 VYxeclQ).

e=0

E(UF) :;/Q (jU2? + U2 dz .

Using the chain rule for V € H!(C,R) and ® : C — C smooth
(Vod) :=(V.o®)P.+ (Vz0®)d.,
(Vod), :=(V.0®)®:+ (Vzo @) s,
and the formulas ®, = ®; and ®; = &, we can compute that
[(Vod) |*:=[V.0d (0.8, + &:8;) + (V.0 ®)? &,
+(V.00)? 8, &,
(Vo (I))g|2 = |Vz 0 @ (®.P. 4 ©:P5) + (Vzo®) 0.9,
+ (Vo @) @, &,

and summing up the two identities

(Vod) P+|(Vod) = [|v; 0B+ [Vio @\2] (9.3, + .3;)

+2(V, 0 ®)? &8, +2(Vz0 D)2 &, O
We use the previous identity with V = U and ®(z) = ®.(2) = z + eA(2),
b, =1+¢el,, O: =ce)s,
which implies
US4+ UEP o= Uz 0 @ + U= 0 @.2] (14 (s +X2) + O(e?))
+2e (U, 0 ®:)* (As + O(e?)) + 2¢ (Uz 0 @)* (Xs + O(?)).
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We can then write
BE(UF) = ;/ (1022 + [U2P?) dz 1 dz
Q
i

2
+ si/ (U.0®.)% (s + O(e?)) de A dZ
Q

/ [[Uz o ® > 4 |U; o qkﬂ (T+e(\:+ X)) +0(?))dz A dz
Q

+ €i / (Us 0 ®.)* (Az + O(c?))dz A dz.
Q
We now make the change of variables z = ®-1(¢), which in turn implies
dz Adz = (@) dC + (@7 1)z dl] A [(@2 1) d¢ + (@:1)¢d(]
= [(@)¢ (@) — (B¢ (@2 )¢] d¢ A dl.
In particular, since ®-1(¢) = ¢ — eA(¢) + O(g?), we get
dz Adz = (1—eXc +0(e?) (1 —eXg + O(e%)) d¢ A dC
— (—eXs + O(%)) (A + O(%)) d¢ A dC
= [1—c(Ac+ A7) + O(*)]dC A dC.
We can then rewrite the Dirichlet energy with respect to the variable (:
E(U®) = ;/ [\U<|2 + |U5|2] (I+e(Aco® ! +Aco® 1) +0(?)) -
Q
[T=e(Ac+Ag) +O(?)]dC AdC
+ 82’/9 (Ue)? (Ago @M+ 0(%) [1—e(Ac+ A7) + O(?)]dC Ad

+ez’/ﬂ(Ug)2 (rgocpgl +O(52)) [1 _5()‘4+5\<‘) +O(€2)]d§/\d§,

Taking the derivative in e = 0 of the energy FE(U¢) is now straightforward
to infer that

d o — _
Ty B0 =5 [ (0P +10e] O + R ag g
—;/Q ([0 +10¢%] (A + %) d¢ g
+i/QU<2)\Cd</\dC+i/QU<2/\<dC/\dC
(3.2) :22'/9%(U<2 M) dCAdC=0  VAeCX(00).
Q

Recalling that A takes values in C, by its arbitrariness we conclude that
(U2); = 0, i.e. U2 satisfies the Cauchy-Riemann equations in a weak sense
and therefore is holomorphic in €, since U2 € LY(Q). O
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A simple corollary is the Lipschitz continuity of the functions in U.

Corollary 3.1. Let U e U, with U =uy + -+ un € Un for some N > 2.
Then, the functions U and w; are locally Lipschitz continuous and the open
sets wj = {u; > 0} C Q have no connected component compactly contained
in €.

Proof. The Lipschitz continuity of U follows from the fact that (U,)? = fis
is holomorphic and, hence, locally bounded in 2. As a consequence, also the
functions u; are locally Lipschitz (because they are the zero extension of the
Lipschitz functions U|y;, which in turns satisfy Ulg.;nq = 0). Moreover, by
the very definition of ¢/ it follows that w; are harmonic in w;. Therefore,
there cannot exist connected components C' C w; with C'NON = 0, because
otherwise u;|c would be a positive harmonic function with u; = 0onoC. 0O

3.2. Definition and properties of I, ;. Given any holomorphic function
f € H, we use the notation introduced in

The main step of the proof of Propositions [2.4] and [2.5]is contained in the
following lemma.
Lemma 3.2. Let f € A! and F. r defined in (2.3) with 29 € Q™ U Z]?dd.
If RE, ¢(2) = 0 for all z € Z]?dd, then |RE,, ¢| extends by continuity to a
function U € U.
Remark 3.3. In the case Z}’dd = (0, the hypotheses are automatically sat-
isfied and the lemma asserts that |RF;, ;| € U (see also [IT, Proposition

3.9], where the case of solutions with singular points with even multiplicity
is explicitly considered).

Proof. Assume Z})dd # (). Fix an index j and any point on a cut £ € L; ND,
§ # zj. We consider the limits of F, ; as z tends to { from the two sides of
the cut L;, i.e.

z =&,
+ (Arg(z — zj) — Arg(€ — z5)) > 0,

for any local determination of the argument of (§ — z;) (see Figure {4)).
Namely, we consider

o e [ f1/2
Faog6): =2 Jim_ [ 20

2 = {

(3.3 — Fag(z) +2 lm [ YAQC.

€T 2
Observe that f1/2 changes sign across Lj, ie.

lim f12(z) = — lim fY2(z),

z—€t 2—E—

because z; is assumed to be a zero with odd order. Therefore, (3.3)) reads as
Fry p(€7) = Fuo p(2) = —Foo 1 (€7) + Fa 1 (25).
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FIGURE 4. z — £ along the dotted path, and z — £ along
the dashed path

Using the hypothesis RF, ¢(z;) = 0, we infer that
RE. 1(€7) = —RE (€7,

and, hence, the following limit is well-defined
[REL(€)]i= lm [RF (2]

We then conclude that there exists a continuous extension V' of |RF,; f| to
the whole D.

The extension V' is indipendent from the choice of the cuts L;. Indeed,
consider a different simply connected domain Q) obtained by taking away a
set of non-intersecting segments L with L; = L for every j except one index
Jjo (see Figurel|5)). Then, we can choose the determlnatlons of the square root

FIGURE 5. The domains Q~ and Q.

in such a way that f F/2 = = f1/2 in one of the two connected components of
Q- NQ, and f/2 = —fY/2 in the other. In computing F., 1(2), we can
consider paths v : [0,1] — D with v(0) = 20, 7(1/2) = 2j, and y(1) = 2,
with 7((0,1/2)) and ~y((1/2,1)) contained inside a connected component
of O~ N Q. Therefore, it follows from ) that RE,, s = :I:%FzO t, thus
concluding that N
|§Ron,f| = |§Ron,f )
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from which the uniqueness of the extension V' follows.
We denote by {wj}; the connected components of {V' > 0} and set

e V(z) if z € wj,
770 elsewhere.

Note that v; is subharmonic, because v; is a continuous nonnegative function
which is harmonic where it is positive. We remark that V is locally the
modulus of a harmonic function in ]D)\Z]‘?dd; therefore, the level set {V = 0}
is made by analytic curves with endpoints on Zy U dD. This implies that
for every jo and for every z € dwj, NID\ Z¢ there exists exactly one ig such
that 2z € Owj, N Ow;,. Therefore,

Vi=wvj, — Z vj
J#jo
equals the harmonic function v;, — v;, = £RF,, ; in a neighborhood of
z. Moreover, V is superharmonic away from wj;, because it is the sum
of superharmonic functions —v;, j # jo. This implies that globally V is
superharmonic in D\ (£, N {V = 0}).

To complete the proof, we need to verify that the Euler-Lagrange equa-
tions are satisfied also in a neighborhood of the isolated points Z,N{V = 0}.
Consider any test function ¢ € C¢(D) with supp(¢) N Z, N{V = 0} = {z;}
and consider a smooth cut-off function x such that xs(z) = 1if |z —z;| > 2s
and xs(z) =0 if |z — z;| < s, with

5 [10:Xslloc + 5% 10225l 0 < C.

A simple computation yields

/ Vjo 9%.¢ = lim Vj, 9% (xs¢) V jo with zj, € Z;N{V =0},
D s—0t Jp

taking into account that vj;,(z;) = 0. This implies that vj, if subharmonic
in the whole of D, as well as vj, — >, v; superharmonic in D.

Finally, we verify that V' belongs to U. To this aim, we notice that for
every r < 1 there exists an integer N, such that Vip. € Uy, (D,) with
VI, < Iflle (). By a simple rescaling we deduce that V' (r-) € U and
V(r) =V in HY(D), thus V € U.

U

3.3. Commutativity of the diagram ([2.5). Next we show that for every
U € U the function fy := I(U) satisfies (2.4) of Proposition

We need the following lemma.

Lemma 3.4. Let h(z) be holomorphic, u = Rh ev = Sh. Then, 4(cf9z|u|)2 =
(W2 for a.e. z.
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Proof. We have,
! . .
R(2) = hyy, = Uy, + 0z, = Uy, — Uz, = 2Uy,
where we used the Cauchy-Riemann conditions ug,, = vg,, Uz, = —Vg,.

Next, for every z such that u(z) # 0 (recall that {u = 0} is a negligible set
because of the harmonicity of u), we can compute as follows

4luf? = {% (86:1:1 — zj@)ur = 4u? = (W (2))2.

We can then show the following.

Proposition 3.5. Let U € U, fy := I(U) and F, 5, be as in (2.3)) with
2o € {U = 0} any fized point. Then, REF,, ¢,(z) = 0 for all z € Z}’Sd and
U=|RF..5

Proof. Let Q= C ID be the domain in ([2.2)) for the holomorphic function fi;.
We set V(2) := |RF,, ,(2)]. Then, by Lemma (3.4 we have that

(3.4) VZ=fur=U? and V(z)=U(z)=0.

We claim that implies that U = V. Condition implies that
U, = £V, a.e. By the regularity of U, the sign is constant in any connected
component of {U >0} N{V >0}. f U, = —V,, then U +V = C > 0 with
CeR IfU, =V, then U—-V = C with C € R. In particular, for any
connected component A C {U > 0} N{V > 0} it holds that

QAC{U=0,V=Cyu{U=0C, V =0}

Since {V = C} are locally the level sets of a harmonic function, there
cannot be accumulation of the level sets {V = C} N {U = 0} towards
zo. This implies that zg is on the boundary of some connected components
of {U > 0} Nn{V > 0}, and since U(zp) = V(20) = 0 actually U = V in a
neighborhood of zy. By unique continuation, it then follows that U = V is
an open subset and, by connectedness, in the whole of 2~. Therefore, we
conclude that V' can be extended by continuity in D as U = V. To conclude
the proof we need only to notice that

Z¢ld c {U =0},

because in a neighborhood of any point of Z¢, N{U > 0} the function U is
harmonic and U2 in such neighborhood can only have zeros of even order.
This implies that RF;, 5, (2) = 0 for all z € Z§. O

3.4. Proof of Proposition We start showing that i. implies ii. in
Proposition i.e., we show that if f = I(U) for some U € U, then there
exists zp such that

RF.p(2) =0 VzeZ¥ and |RE, | €U.
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In fact, this is a direct consequence of Proposition [3.5] if 2o is any point such
that U(zp) = 0.
Viceversa, ii. implies i.: indeed, by Lemma if

RF. () =0 Vze Zp,
then [RF,, ;| € U and by Lemma 3.4 I(|RF., ¢|) = f. O

3.5. Proof of Proposition i. Assume that f = I(U) with U € U.
Then, () # Zj?dd C {U = 0} implies that there exists zg € Z;?dd such that
U = |RF,, ¢| by Proposition In particular, U depends uniquely on f
and it is the only function with I(U) = f.

For ii. we notice that by Lemma [3.4 we have that any function of the
form V = |RF,, s| with zp € D is defined in the whole D, belongs to ¢/ and
satisfies I(V)) = f. Viceversa, any V such that I(V) = f can be recovered
by Proposition as V = |RF, f|, where zg is any point in {V = 0}, thus
showing that

{IRF.of| : 20 €D} =I71(f).

4. NODAL SET OF THE FUNCTIONS IN U

The main result of this section (Proposition is the proof of a Euler-
type formula relating the number of vertices, edges and faces of a planar
graph (see [15, Theorem 1.5.2]), applied to the study of the nodal set of
U € U. In order to do so, we need to show that the nodal set of U can be
viewed as a graph with some very special properties.

Therefore we need to introduce the definition of nodal and critical set
of U € U and to relate to the order of the zeros of fr;. This is done in
Proposition [£.1}

We start by reviewing results which are already known in the literature
I8, [11].

4.1. Structure of U € U. We give direct proofs of several regularity prop-
erties of the functions U € U. Recall the definition of my(z) in (L.3). If
my(z0) = 1, then in a neighborhood of zy there exists only one function,
say uj,, not identically zero. By Harnack inequality, u;, > 0 in that neigh-
borhood and zp € wj, C {U > 0}. Therefore, the set of positivity of U is
equivalently characterized as the set of multiplicity one points:

{U>0}={zeD:my(z) =1}.

Moreover, there are no points with m(z9) = 0, because otherwise U = 0
in a neighborhood of zy with the consequence that both VU and fy are
identically zero. The 2-points characterize the interfaces between the regions
w;. We denote Ny, Cy the nodal and critical set of U, respectively:

Ny:={2€D:U(2)=0} and Cy:={2€D:U(z)= fu(z) =0}

The next result links my(z9) with the order of the zero zy of fy.
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Proposition 4.1. Let U € U. Then,
(4.1) my(20) = 2 + ord(fu; 20) V 20 € My,

and the following holds:

i. Cu ={z€D:my(z) >3}

ii. Ny is the union of non-intersecting analytic arcs with endpoints on
Cy U 0D, which meets in Cy at equal angles.

iwi. If U =uy---un, then ug — uj is harmonic in Int(, Uw;).

iv. For every zog € D such that my(z9) = 2 there exist £ # j such that
20 € Wy Nw; and

(4.2) lim Vuy(z) = — lim Vu,(z) # 0.

zsz zew(;'
v. If z9 € D with my(z0) = h > 3, then there exists 0y € (—m, 7] such that
(4.3) Ul(zo 4 re) = /2 ’cos (%(0 + 90))’ +o(r"?) asr —0.

In particular, [[VU|| oo (D, (z)) — 0 as 7 — 0.

Proof. Let zg € Ny. If fy(z0) # 0, then we know that U = |RF, 5| is the
absolute value of a harmonic function in a neighborhood of zy and therefore

{U = 0} is locally an analytic arc separating two connected components of
{U > 0}. In this case, (4.1) is verified because

my(z0) = 2 and ord(fu; z0) = 0.

Viceversa let zg € Ny N Zy, be a zero of fiy of order n > 1. Without loss of
generality, assume that zg = 0 and in a neighborhood we can write

fU(Z) = Zn(an + apt12 + ), an # 0.

If n is odd, in a sufficiently small neighborhood of zyp = 0 we can select a
single valued branch of the square root of the term inside the parentheses,
say

(an + ant12z + ...)1/2 =by+ b1z + b2+

We then get for fé/ 2, locally outside z = 0,
fll/Q(z) = 2"2(bg + brz + baz? 4 -+ ).

If n is a zero of even order, putting n = 2s we get

(1/2(2) = 2%(bg + b1z 4+ bo2? +..)).
In both cases, integrating term by term leads to

z
Fofy(2) = 2/ F2Q)d¢ = 20D (g + 1z + 2z + L),

0
for suitable coefficients ¢; with ¢o # 0. We use Proposition [3.5] to infer that
(4.4)  U(2) = [RFp g, (2)] = [co| [2|"F2)/2] cos(Arg 57| + o |2|"F2)/2),

The nodal set of U around 0 consists of n + 2 analytic curves having a
common endpoint in the origin with the angle between two adjacent rays is
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equal to 2w /(n+2). Hence we infer that the origin is a point of multiplicity
n + 2 for U and order n for fy:

my(0) =n+2 and ord(fy;0)=n.

In particular, we get all the conclusions of the proposition. Indeed, i. is a
direct consequence of , because in any zero of fyy the order is greater or
equal 1 and, therefore, the multiplicity is bigger or equal 3. The structure
of Ny in ii. and v. are a consequence of . Finally, the properties iii.
and iv. follows from the fact that U = |RF,, 5| is locally the modulus of a
harmonic function away from the critical set, so that changing sign across
the regular part of Ny gives back a harmonic function for which ii. and iii.
trivially hold. O

4.2. Index formula. We are now ready to state and prove the main result
of the present section.

We consider functions U € U such that U extends continuously on oD
(with an abuse of notation denoted by U itself) and the number of connected
components of {z € D : U(z) > 0} is an integer M € N:

(4.5) M := #{connected components of {z € D : U(z) > 0}}.
Set, moreover,

(4.6) T := #{connected components of Ny },

with Ay denoting the closure of the nodal set:
Ny ={2€D:U(z) =0}

Recalling Remark from now on we assume that any function U sat-
isfying (4.5)) is written as U = (uq,...,un) € Un with the condition

(4.7) w; = {u; >0} is connected for j € {1,...,N}.
Set, moreover, for all /,j € {1,..., N} with ¢ # j,
Lyj := Owe N Ow; N {z eD:my(z) = 2},

and let {7;};=1,. a be the connected components of {U > 0} N ID.
There is a simple connection between the integers N, M and T

Lemma 4.2. Let N > 2 and U € Uy satisfying (4.5)-(4.7)). Then,
(4.8) M=N+T-1.

Proof. The proof is easily done by induction. The case Ny connected, i.e.
T = 1, follows from the observation that Ay is connected if and only if
w; N OD is connected, i.e. M = N.

If the formula is proven for any 77 < T, then it follows for T'. Indeed, if
Ny is not connected, there exists jo € {1,..., N} such that w;, N OD is not
connected. One can then consider a curve v joining two of the connected
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components of Wj, N ID (see Figure @ and create two domains 21 and {29
homeomorphic to D with

#{connected components Ny N Q} =T, < T {=1,2.
We can than use the inductive hypothesis and deduce that
My=Ny+T,—1 (£=1,2,

with My, and N, the number of connected components of {U > 0} N9, and
the number of species in 2y, respectively. We have that M = M; + M», while
N = N1 + N3 — 1, because the set wj, intersect both 21 and €23. Summing
the two equations

M:M1+M2:N1+N2+T1+T2—2:N+1+T—2:N—|—T—1.
O

FIGURE 6. M = 7,N =6,T =2, My = 4, N, = 4, T = 1,
My=3No=3T,=1.

We consider the planar graph (V, ) where the set of vertices V are the
points in Cy (the critical points belonging to the nodal set) and the zeros
of U on 9D, the edges & are the arcs I';; and ¥, with i,5 € {1,..., N}. For
every z € V we define the index

i(2) = my(z) — 2.

Note that for every z € Cy we have that i(z) = ord(fy;z). The following
result is a generalization of the index formula proved in [I7].

Proposition 4.3. Let N > 2 and U € Uy satisfying (4.5)) and (4.7). Then,
the following index formula holds

(4.9) D i(z) =N -T -1,
z€V

where T is the number of connected components of Ni;.
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Proof. For any z € Cy the number my(a) = i(a) + 2 corresponds to the
number of the arcs I';; such that p € Ej, whereas for the others vertices
z € 0D it holds that my(z) + 1 is the number of the arcs I';; such that
S fzg Then,

Si) = o) -2+ 3 [mu(z) -2

z€Y z€Cy z€VYNOD
= [#lectizee} -2+ Y [#lecE:zee} -3
z€Cy z€VYNOD
:Z[#{eES:ZEe}—Q]—M
peV

= QHE —2HV — M =2#F —4— M
:2(N+1)—4—M2N—2—N—T+1:N—T—1,

where we used the Euler formula #& — #V = #F — 2, with F the number
of faces which equals N + 1 (the nodal regions plus the complement of D),
and we used that each edge is counted twice in the last sum (once for each
endpoint). O

Remark 4.4. A consequence of Proposition [[.3 is that for every U € Uy
satisfying (4.5) and (4.7) one has my(z) < N for all z € Cy.

5. UNTIE SINGULAR POINTS

In this section we provide the main step of the proof of genericity in U
of functions with only triple junctions. Here we consider functions U € U
satisfying the following conditions:

(H1) The associate holomorphic function fiy := I(U) extends to a holo-
morphic function in a neighborhood of the unit disk ID and therefore
its zero set is finite in D:

CU:ZfUﬂNUZ{Zo,zl,...,zM}, M e N.
(H2) The order of 2y is bigger than 1:
ord(fr;z0) =mo+1  mg >0,

(H3) The zeros z; are in general position with respect to zp, meaning that
i. the distances |z; — 2¢| are all different,
ii. the half lines I'; = {z;+t(2; —20) : t > 0} does not intersect Zy,, .

Under assumptions (H1)-(H3) we show how to perturbe fyy in such a way
to find a new segregated state V close to U and a point wqy close to z
satisfying

Cv = {wo,20,...,2Mm},
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and

ord(fy;wo) =1, ord(fv;zo) = mo,
ord(fv;zj) = ord(fu;z;) Vi=1,...,M.

Before entering the details of the proof of the main result of the present
section, we give, in subsection [5.1, an example which shows the kind of
“desingularization” one can observe in Figure [2| although possible, can only
happen by choosing the directions connecting the newly generated critical
points in a very rigid way.

5.1. An example of rigidity. The set of holomorphic functions with sim-
ple zeros is trivially generic. However, the subset of holomorphic functions
belonging to I(U) is highly non-generic. This fact can be appriciated by
a simple example. Consider the harmonic function U and its holomorphic
Hopf differential

U(z) = ‘é}%(%f’/?)‘, IU)=U2=f=13

In order to untangle the critical point z = 0, we have to consider the holo-
morphic function f,,, depending on a complex parameter written in polar
for as w = ee’® € C,

fuw(z) = iz(z — w)2.
Clearly, Zf, = {0,w}. Consider the square root of f,, defined in the simply
connected open set Q™ :={z=pe? € C:0<p< 1,0 € (—m,m)}

12 (2) = 5212 (2 —w),

where z!/2 = \/,Beig for every z = pe'® with 6 € (—m, 7). The primitive of

&/ ? which vanishes in 0 is given by

Fue) =2 [ (V3¢ = wyi¢ = 3252 = 35w
0
_ %p5/2€i50/2 _ %5p3/2ei(36/2+¢)‘
The trace of F,, on the boundary of D is
Gy(0) = 2 cos (50) — 2ecos (30 + ¢) .

It is easy to verify that, for ¢ > 0 sufficiently small, G4 vanishes exactly in
five points on 9D. For € = 0, Go(#) = 0 if and only if § = 7/5 + 2kn /5 for
kE=0,...,4.

Set now Uy (2) = |RFy(2)|. If w =0, then Uy € Us and it is the solution

with boundary value Gy (see Figure |7} left). However, for ¢ > 0 this is
almost never the case. Notice that

Uy(0) =0 and Uy (w) = f5fw]*’? [cos (30)|.

Hence, Uy(w) = 0 if and only if ¢ = T + %TW for k =0,...,4. In this five
instances, Proposition implies that U, € Us and fy, = fuw (see Figure
right, to help intuition). In all the other cases, i.e. ¢ # £ + %Tﬂ’ we have
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that w € Zy, but w ¢ My, and hence Cy,, = Z5, NNy, = {0}. From
the index formula (4.9)) we infer that, if U,, € Us, then the origin should be
a point with multiplicity 5. This is however impossible because

Ual2) = [RFu(2)] = |20°/2 cos(360) = 3™ 2ecos(30 + 6u)| = O(5*'2)

contradicts (4.3)) in Proposition

FIGURE 7. Five species: configuration with one 5-point (on
the left); configuration with one 3-point and one 4-point (on
the right).

As we will see in the next result, the desingularization is a global process

which involves simultaneously all critical points.

5.2. The main lemma. The Main Theorem on the multiplicity of points
z € )~ for the generic solutions U to stated in the Introduction requires
the following lemma, which proves, roughly speaking, that there exists a
suitable small perturbation of the function U, which decrease the order of
one zero of fy, leaving all the other unchanged.

For the readers’ convenience, we illustrate the main steps of the proof:
e Step 1: given U € U, we consider the corresponding Hopf differential

fu and propose a modification of it which consists in multiplying
by a polynomial of several complex variables w, with coefficients
holomorphic functions hy(z).

The main idea of Step 1 is the introduction of new complex param-
eters wy which will be chosen in such a way to satisfy the necessary
algebraic conditions in order to produce a new Hopf differential.
Step 2: we study the linear system in the new variables introduced in
Step 1 corresponding to the solutions of . A convenient choice
for the holomorphic coefficients hy(z) is a sequence of carefully chosen
powers z*¢ with k;, := ¢R for a large constant R.

Step 3 shows that the choices in the previous step allow to prove
the invertibility of the linear system guaranteeing in all points
except one (corresponding to the new zero of the holomorphic per-
turbation). The solution of Step 3 depends on the single parameter
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corresponding to the position of the new zero of the holomorphic
perturbation.

e Step 4 contains the implicit function argument which ensures that
the algebraic equation (2.4 can be satisfied also in the new zero,
while preserving all the other solutions. This step takes care of the
rigidity presented in showing that only finitely many directions
are admissible for this final perturbation.

e The final Step 5 shows that the perturbation we make is arbitrarily
small in H*(D) and L>(D).

Lemma 5.1. Let U € U with fy satisfying (H1)-(H3). Then, for every
e > 0 there exists U, € U such that

”U - US||L°°(]D)) + HU - Ug||W1,2(]D)) < €,
and
Cu. = {wo, 20,---,2M},
ord(fy.;wo) =1, ord(fu.; z0) = mo,
ord(fu.;2z;) = ord(fusz;)  Vi=1,...,M.

Proof. We consider the simply connected domain
M
O =D\ Ty,
j=0

where I'; = {z; + t(z; — 20) : t > 0} for j =1,..., M and
Lo:={20+tyw:t>0}, 1€C, |n=1

is any half-line not intersecting Uj]\/ilfj. We translate our domain by —zp:

Qo = {z ceC:z+2€ Q_}.

The functions
Uo(z) :=U(z—20), fo(2):= fulz—20)

are defined in Dy := {z + 20 : [2| < 1} and satisfy

Cu, = {O,wl,...,wM} with w;j:i=2z;—20 Vj=1,...,M.
The set €y is star-shaped and we have that

M
Qo =Dy \ U{twj:tZI}U{t'yg:tZO}
j=1
Note that by assumption (H3) we have that
(5.1) 0<|wi| <- < |wnml,
and wj we wj .
— F# — —= # Y Vi#£Le{l,...,M}.
jwjl * o] |l

For the sake of readability we split the proof into different steps.
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Step 1: modified holomorphic function. By (H1) - (H2) the function
fo can be written in the form

(5.2) fo(z) = 2™ p2(2 (z —wj)¥, g eEN, j=1,...,M,

H::]z

with h : Dg — C a holomorphic function with h(w;) # 0 for all j. We fix
M holomorphic functions hq, ..., hps in Dy to be specified later and for every
vector W = (w1, ..., wpr) € CM we set

M
(5.3) q(z,W) =1+ wihy(z) = €Dy,
/=1

Let wg € C with 0 < |wp| < |w1| and consider the function
(5.4) Foow (2) := 2™ (2 — wo) h2(2) (2, W) H z — wj)?

We consider a simply connected domain g, = Qo \ Ly,, with L,, =
{wo + 1ty : t > 0}. On the simply connected domain €, we consider a

determination of the square root fié 2W : Qy, — C written in the following
form:

F2 () = 202 (2 — wo) V2 H 2) gz, W)

wo,

= zm0/2 (Z —WQ)1/2 H(Z) +Zm0/2 (Z 1/2 ng he

with

H(z):= [[(z — w)%/?h(z),

—

Il
—

J

mo /2 1/2

where we fixed suitable determinations of the square roots z , (z—wp)

and (2 — w;)%/2 in Q. We set

Foow(z) = z/z ¢™/2(¢ — wo)2H(¢)dC

0 . .
23w [ haOCmRC - wn) 2 HO L,
=1 0

where the integration is taken along curves in €2,,,. By construction, we have
that F,, w(0) = 0. Define the matrix A = A(wp) = {A;¢(wo)} € CM*M a5
follows

Ajo=Ajy(wo) == 2/0 j he(O)C™02(¢C —wo) Y2 H(O)dC  je=1,..., M,
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and the vector B = B(wg) € CM with components

by = bj(o) =2 /0 TemR(¢ —wg) 2HQ)AC j =1, M.

With these notations

M
(5.5) Fwij(w]') :bj+ZAj,£’LU£: (AW—I—B)j ij=1,..,M.
(=1

Step 2: invertibility of A. We show that one can choose hq, ..., hy € H(C)
such that the matrix A(0) is non-singular and, hence, by continuity the same
holds for A(wyp) if |wp| is sufficiently small.

Consider the case

he(z) = 2, with ki <ko <..<ky, kjeN.
We integrate along the path ¢ = tw; with ¢ € [0, 1],

M

Ao =2 [ ¢F (¢ - ) h0) g
0 s=1
m 3 L 1 M
— 2(wj)70+§+ke / t70+§+kl H(tw] _ Ws)qs/2h(tw])dt
0 s=1
() 2@k [0t ﬁ y qS/Qh( )d
=2(w;)2 T2 l/tzz ¢ (t——s> tw;)dt,
J 0 ot Wj J
with @ = (q1 + ...+ qu)/2. Set
1 M qs/2
mo | 1 w
o t—+7+ke (t— 5) h(tw:)dt
R (e T
s=1
1 m qs/2
:i%'/ t’ff(l—t)%/%T”%H(t—ﬁ) h(tw;)dt
0 i

1
:/ the(1 — )%/, (t) dt,
0

with

Then,
A;j(0) = Q(Wj)%JF%JrQJrkl aj.e, jil=1 .., M.
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The matrix A is non singular if and only if the following matrix is non-
singular:

k k k
witar  witarz ... wiMaing
k k k
A= Wy'lagr Wy a ... wyMagyr
wﬁ}[aMl wﬁjaMg wﬁ”aMM
We assume ky = ¢/ R with R > 0 and claim that:
2 MR
w{zan wlRalg AP w1 aip
R 2R MR
det A = Wy a1 O ) PN as 7& 0
R 2R MR
wprapm1 Wyrape ... War GMM

for R sufficiently large.
To this aim, we start looking at the functions

mje(t) =t (1 — £)0/2,
By an explicit computation we have that

o TA+(R)T(1+q;/2)
Mjg.—/mjft) = I‘(2—|—€R+Qj/;) ’

where I is Euler’s Gamma function. In particular, by the well-known rela-
tions I'(1 + z) = 2T'(z) and T'(2)T'(z + §) = 272 /w ['(2z), we infer that

Mje = ((R)™7%/2(1 + 0(1)) as R — +oo.

Moreover, we have that

m'é(t) *
5.6 = It 8.
( ) Hje Mje 1

Indeed, pj, are probability measures such that for every 7 < 1 we have
pill0.7) = a3 [ — o ar < 2t [

— 0 as R — 400

(ER +1) (6R)1+qj/2(1 +0(1))
This implies that any weak* limit p of puj, is zero in [0, 7] for every 7 < 1.
Since the space of probability measures on a compact set is weak* closed,
we infer (| @ In particular, we have that

1+q;/2
RgglOO(ER) aje= lim My ase

(5.7) = RLITOOM i tke(l - t)th/Zgj(t) dt = g;(1).
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We can now conclude the proof of the invertibility of .A(0). We use the
Leibnitz formula for the determinants

M
det A = Z sgn(o) H w;(])Rajg(j)
o 7=1

R 2R MR

= Wy Wy ce s Wiy ail---aprpM
M 1 2 M
w‘f( )ng( )me?\/} )R
+ Z sgn(o) H Gjo(4) wR2R . MR )
0#(1,2,..,M) =1 12 M

where as usual 0 = (0(1), ...,0(M)) is a permutation of (1, ..., M) and sgn(o)
denotes its sign. Using ((5.7) in the form

aje = (LR)™'74/2g;(1)(1 + o(1)),
we get (recall that Q = q1/2+ ... 4+ qu/2)

M M
det.A:w{%w%R---wf\\/[/[RR_M_Qng(l) I_Ij_l_qi/2
Jj=1 Jj=1
M wa(l)RwU(Q)R o OJU(M)R
+ Y sen(o) [Jol) P —— M +o(1)|.
o£(1,2,...,M) j=1 wpwy Wy

By the assumption (H3) on the zeros of fyy in general position (i.e. (5.1))),
we deduce that

wa(l)RwU(Q)R B _wcr(M)R
li 1 2 M =0 V. 1,2,...,M).
Rl—{go w{zw%R'-‘w%R ) 0—7&( ) Ly ey )

Then, taking into account that g;(1) # 0, it follows that det A # 0 for
sufficiently large R (depending only on the exponents ¢;’s), thus concluding
the proof of the claim.

Step 3: RF, w(w;) =0 for j=1,..., M. We prove that it is possible to
find a column vector

W = W(wo) = (wl(wo), ...,wM(wo)),

such that the conditions (2.4)) are satisfied. Keeping in mind ([5.5)), conditions
(2.4) can be written in the single equation

(58) A(OJO)W(W()) + B(WO) = iA(wo),

with an arbitrary A(wg) € RM. Note that, since for wy = 0 we have that
fo,0 = fo, then Fy o satisfies (2.4), i.e.,

(Foﬁo(wj))j:h__?m =: B(0) € iR.
Since the matrix A is non-singular, the system (5.8)) is then solved by
(5.9) W (wo) = (A(wo)) ™ (B(0) — B(w)).
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In particular, the function wy — W(wp) is continuous and

wl(}glOW(wo) =W(0) =0.

Step 4: NI, w(w)(wo) = 0. We show that it is possible to choose wp
such that also the real part of F,, v () (wo) is zero.

In order to compute Fi, y(,,) We integrate along the path ¢ = twg, 0 <
t <1 and we get

1
Fo W (wo)(wo) = /0 (two)™/2((t — 1)wo)/* H (two)q(two, W (wo))wodt.

We consider wy = e’ and
G(e,z?) = %Fsew’w(eeiﬂ)(éew)
=€ 02+3§R (ie 02+3 . / tmo/QmZ(té‘em)dt> )
0
with
Z(tee™) := H(tee™)q(tee”, W (tee™)).
Set

__mg+3 . i(mg+3)9 1 m /2 X
K(e,0):=¢ "2 G(e,9)=R|ie 2 t"MreN1 — tZ (tee') dt | .
0

We show that the equation K (0,79) = 0 has a finite number of roots. Indeed,
we write Z(0) = [Z(0)|e™" and

1 mo
_ [N mere gy VEL(LH )
Come /Ot PVT—tdt = % ()

Then

( (3+mg)v —QO) >

K(0,9) = | Z(0)]em, R <iez 2

Since H(0) # 0, we infer that

K(0,9) =0 < sin<3+2m029—<p> =

3+ myg
2

V—p=kr, keZ,

that is the zeros of K (0,1) are

2¢ + 2km
Vp=——"-— k=0,..,2 .
k 3+ my +mo

Let us fix an index k € {0, ...,2 + mp}. We have
8K(O,19) 3 + my

3
— | H
09 1(0,9%) 9 ¢ ol (0)|COS<

+m0

191@—50)750,
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because H(0) # 0. Given the regularity of K (e,), for the implicit function
theorem there exists a function Jx(e), € € (—ep,&0) with sufficiently small
gg > 0, such that

ﬁk(o) - 19]67 K(Ea ﬁk(€)> =0.
It follows that there exist a finite number of directions 9 (e) such that, if
we set wo(e) = ee?*() | condition
§RF’L{J(),VV(L{JO)(("}0) =0
is satisfied.

Step 5: conclusion of the proof. For ¢ > 0 sufficiently small, we
consider a solution wy(e). Then, fo(2) = fo @) we)(z +20) € H. By
construction we have that {zo, 20 + wo, 21, ..., 2ar} € Zy. and

ord(fe; 25) = ord(fuiz5) Viji=1,...M,

and ord(fz; z9) = mo and ord(fe; z0+wp) = 1. Since W (wp(e)) — W(0) = 0,
we have also that

5.10 lim — o) = 0.
(5.10) E_>0+Hfa full Lo )
Moreover, from Z]‘?gd C Zj5, NCy, we have Z}’Edd C {wo,20,-..,20m}. Set

Fe = Fo(e),w(wo(e))- By Steps 3 and 4 RF.(2) = 0 for all z € Z}’Edd. By
Proposition to infer that there exists a function U, = |RF;| € U such
that f. = I(Us).

Notice that, since Uz(z9) = 0 and (5.10)) holds, we have U, — U uniformly.
Furtheromore, |VU.|? — |[VU|? in L', which follows from f. — fy in L'.
In particular, VU. — VU in L? and the Dirichlet energies converge, thus
implying U. — U in H'(D).

O

6. GENERIC SEGREGATED STATES

In this section we prove Theorem on the genericity of functions U € U
with only triple junctions. By , we need to prove that the subset of
functions U € U such that I(U) has only simple zeros is the intersection of
open dense subsets.

6.1. Finite number of critical points. First of all we show that the
functions with only finitely many critical points constitute a dense set of U.

Lemma 6.1. The set of U € U such that the corresponding holomorphic
functions fy have finitely many zeros is dense in U.

Proof. Given any function U € U, it is enough to consider the functions

U:(2) ::U<1is) z € D.
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Then, clearly U, € U and its squared Wirtinger derivative satisfies
2 _ z
= 00 = (o2 ()

Therefore, since the set of its zeros of the holomorphic function fi; is locally
finite on compact subsets of D, we deduce in particular that

#Zp, =#(Z5, N Dlﬁ) < 4o00.

Moreover, by the very definition we also have that
U = Ullgimy = 0 as € —0.
O

Remark 6.2. Considering that Cy. C Zy, , we conclude that the set of
functions with finitely many critical points is dense in U.

6.2. Points in general position. In the perspective of proving a density
result, we can then assume that the number of critical points of U € U is
finite, say
Cy = {zo,zl,...,zM}, M e N.

We show in the next lemma that there exists a conformal diffeomorphism ¢
of the unit disk such that the image of the critical set is in general position
with respect to ¢(z9) as defined in (H3) in Section [

We recall that the conformal diffeomorphisms of the unit disk are char-
acterized in terms of two parameters

T 2+«
¢OL,0(Z) € az+1

When 6 = 0 we write ¢ in place of ¢q .

acD, 6eR.

Lemma 6.3. Let {po,...,pm} CD. Then, there exists « € D such that
{¢a(p0)> SRR d)a(pM)}

are in general position with respect to ¢ (po).

Proof. First of all we consider the conformal diffeomorphism ¢_,, and notice
that ¢_p,(po) = 0. Therefore, we can consider without loss of generality
points

{90, .- am} qj = ¢—py(Pj), qo=0.
We will show that the points {¢,(g;)} are in general position with respect
to a = ¢o(0), provided « is small enough and

Arg(a) £ Arg(g)) ;Arg(qe)

We now verify the claim. By continuity, we have ¢,(z) — z for a — 0.
Hence, there exists dp > 0 such that for |a| < g any triple of non-aligned
points in {qo, ..., gy} remains non-aligned and, similarly,

|2 — @0l # lae — @l = |0a(qj) — Yalq0)| # |Palqe) — dalqo)|-

Lk, Vi l=1,.,M, VkecZ.
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Furthermore, if there were two points aligned with 0, i.e. there exists a line
r such that ¢;, qe, 0 € r, then since Arg(a) # Arg(g;) + k7 it follows ¢q(r) is
a circle and therefore the points ¢4 (g;) and ¢.(q¢) are not any more aligned
with ¢q/(0).

Finally, recall that the circles with center the origin are sent by ¢, to
circles with the center on the open segment between 0 and «. Therefore, if
two points g;, ¢¢ belong to the same circle around the origin (i.e., have the
same distance from 0), their images are on an other circle whose center is
not «. The only possibility in order to have the same distance form « is
that ¢; and g, are symmetric with respect to the line r = {ta: t € R}. But
this instance is excluded by the fact that

Arg(q;) + Arg(qe
Arg(q;) # (%) 5 (@)
The claim is then proven and we find a conformal diffeomorphism of the
disk ¢_py+a = Pa © ¢—p, Which sends {po,...,pam} in general position with
respect to ¢_pota(po) = o O

+ kw, keZ.

6.3. Proof of Theorem We are now ready to give the proof of the
main theorem. We show that the sets

Z/ITY::{UEZ/{:mU(z):Zi VzeCUﬂﬁr}, r e (0,1),

are open dense set in I{. Therefore, the set O of functions U with only triple

junctions
u = () ur
re(0,1)

is residual in U.

Openness of U,". Let U € U," be fixed and assume that U has M critical
points in I, which are triple points:

CUQETZ{Zl,...,ZM}, my(zi)) =3 Vi=1,...,M.

We show that there exists ¢ > 0 such that for every V € U with ||U —

V() < € we have that V' € O,, i.e. V has only triple points in D,. We
start observing that

Ifo = fvllp = 102 = V2w < CIU = Vimm) < Ce,

for a dimensional constant C' > 0. On the other hand, since the functions
fu, fv are holomorphic in D, from the Cauchy formula we deduce that for
every s < 1 there exists a constant C(s) > 0 such that

(6.1) 1o = fvllerp,y < Cllfv = fvllipim < Clse.

We consider a radius r < s < 1 such that C;y NDy C Cy ND,.. We show that,
if € > 0 is sufficiently small, then Cyy N D+ is all made of triple junctions
2

too. Indeed, we can consider disjoint circles Cj = 9Ds; (z;) C Dris (oriented
2
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counterclockwise) around every z; for j = 1,..., M, for a suitable s; > 0.
Then, by the argument principle we have that

1 /
2mi Jo, fu(z)
By (6.1)), if € > 0 is small enough, then

2mi Jo, fv(2) 27” c fv(Z)

where the constant C' depends on s < 1 and on fy (through the choice of

the circles Cj and the norm of || fy|lc1(p,)). Since = fc }c“jg dz € N, we

dz

<Ce,

conclude that

fy(@) L
it e i

i.e., by the argument principle, fy has a simple zero in Ds,(2;). Moreover,
since [U| > ¢ > 0 in Drys \U]]Vi1 Ds,(25) and ||U = V|[zeoy = o(1) for
2

e — 0%, we also infer that there are no other critical points of V in D4,
2

M

) )

thus concluding the proof.

Density of U. By definition &/ C U is dense. By Lemma the set
of functions U € U with finitely many critical points is dense. Therefore, it
is enough to show the density of U, in such set. We fix then U € U with
finitely many critical point and we define the index

ay = Z (mu(z) —3).
zeCy

Note that U has only triple junctions if and only if agy = 0. We show that,
given any U € U with finitely many critical points and ay > 0, for every
€ > 0 there exists U, € Y with

(6.2) ay. =ay — 1 and U= Uellmmy < e

Iterating the argument oy times, we find a segregated state V € U with
ay = 0, i.e. with only triple junctions, and [|U — V| g1py < ape. By the
arbitraryness of €, we hence conclude.

In order to prove (6.2)), let

CU = {207’ . 'aZOtU—l})

and assume that ord(fy;z0) = mo + 1, with mg > 0 <. By Lemma
we can consider a conformal map ¢ : D — I such that ¢(Cy) is in general
position with respect to ¢(z9). Then, we can apply Lemmato Uo¢ and,
for every eg > 0, we find V € U with [|U o ¢ — V|| g1 (p) < €0 and

Cv = {wo, ¢(20), - - s B(2ar—-1) }»
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with
ord(fv;wo) =1, ord(fv;¢(z0)) =mo
and
ord(fv; ¢(z)) = ord(fu; ¢(2:)) Vi=1,...,ay — L.
Then, we conclude that U, :=V o ¢~! € U with

U= Uellmwy £ CIU ¢ = Vg < Ceo,

for a constant C' > 0 depending on conformal diffeomorphism ¢, and hence
on U. By the arbitrariness of ¢g, the proof is concluded. ([l

Remark 6.4. The setU" is not open inU. IfU € U" extends to a holomor-
phic function in a neighborhood of D and has a critical point with multiplicity
higher than 3 on the boundary of D, then every neighborhood of U inU can-
not be contained in U : e.g., any traslation moving the critical point from
the boundary to the interior produces a function V. € U".
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