PLATEAU’S PROBLEM FOR INTRINSIC GRAPHS IN THE HEISENBERG
GROUP

ROBERTO MONTI AND GIACOMO VIANELLO

ABsTRACT. Using a geometric construction, we solve Plateau’s Problem in the Heisenberg group
H' for intrinsic graphs defined on a convex domain D, under a smallness condition either on
the boundary D or on the boundary datum ¢ € Lip(dD). The proof relies on a calibration
argument. We then apply these techniques to establish a new regularity result for H-perimeter
minimizers.

1. INTRODUCTION

The classical Plateau’s Problem—minimizing the area of a surface spanning a given
boundary curve—can be formulated in several different ways: for graphs, parametric
surfaces, Caccioppoli sets, currents, and others. The precise formulation and its solution
depend on the chosen notion of surface and area, as well as on how the boundary condition
is imposed. A nice overview can be found in |11}|19].

In this paper, we study the Plateau’s Problem in the first Heisenberg group H', where
the notion of area is defined via the horizontal perimeter of a set in the sense of De
Giorgi, along with the associated area formulas. In this context, the existence of solutions
to the problem was first investigated by Garofalo and Nhieu in [16] for sets with finite
perimeter. For the case of t-graphs in H", the existence was first studied by S. D. Pauls
in |21], adapting techniques related to the Bounded Slope Condition, which are indeed
applicable to general area-type functionals, and later by other authors in |7,[10|17,[23}24].

Our focus is on intrinsic graphs—that is, graphs defined along the integral curves of a
left-invariant vector field. This notion of graph appears to be the most appropriate, as
the boundary of sets with finite H-perimeter is rectifiable precisely in this sense: up to
a negligible set, it can be covered by a countable union of C}-regular intrinsic graphs,
see |13, Theorem 7.1]. In fact, our construction yields solutions to the Plateau’s Problem
that are intrinsic graphs.

In this setting, the question of the existence of solutions becomes more challenging.
On the one hand, when passing from t-graphs to intrinsic graphs, the area functional is
strongly non-linear and non-convex. As a consequence, stationary points of the area may

2020 Mathematics Subject Classification. 53C17, 49Q10, 53A10.

Key words and phrases. Plateau, regularity, Heisenberg Group, sub-Riemannian Geometry.

Roberto Monti has been supported by PRIN 2022F4F2LH “Regularity problems in sub Riemannian struc-
tures”. Giacomo Vianello has been supported by: PRIN 2022F4F2LH “Regularity problems in sub Riemannian
structures”;, GNAMPA (INdAM) Project 2025 “Structure of sub-Riemannian hypersurfaces in Heisenberg groups”,
CUP ES324001950001.

1



2 ROBERTO MONTI AND GIACOMO VIANELLO

be unstable [9]. On the other hand, there is, so far, no satisfactory regularity theory for
H-minimal surfaces (i.e., stationary points of the horizontal perimeter). Indeed, several
examples of H-minimal surfaces with low regularity are known |22, Theorem C].

However, when n = 1, the situation is more favorable: smooth 2-dimensional H-minimal
surfaces in H' without characteristic points are ruled (i.e., foliated by horizontal segments)
and therefore exhibit a certain rigidity (see for instance [6}/15,|18]). This observation is
the starting point of our study.

The first Heisenberg group H' is the 3-dimensional Euclidean space R? equipped with
the group operation:

(@,y,0) - (Em7) = (2 +& y+n, t+7 42y —an),  (z,9,1),(&n,7) € HY
The Lie algebra of left-invariant vector fields is spanned by the three vector fields defined,
at each point p = (z,y,t) € H', as:

0 0 0 0 0

X(p) = O + 2?45’ Y(p) == 3_y — 2$§, T .= g

We denote by H the horizontal sub-bundle of H*, that is,
H, :=span{X(p),Y (p)}, for p € H'.
A C* vector field V' defined in an open set Q C H' is said to be horizontal if V(p) € H,

for every p € Q. In this case, we write V€ C1(Q; H). If V € CH(Q; H), ie., V = 0 X+
with vy, vy € CL(Q), we let ||V ]| = max,ecq(vi(p)? + va(p)?)/2. Notice that

divV = Xv; + Yy

is the standard divergence of V.
The Haar measure of H' is the Lebesgue measure .£3. We say that a .#3-measurable
set £ C H! has finite H-perimeter in Q if

Py (E;Q) :=sup {/ divVds? .V e CHQ H), |V oo < 1} < 00.
E

The quantity Py (E;(2) is called the H-perimeter of E in €2, see [13]. When 0F N is
the graph of a function with suitable regularity, the H-perimeter can be represented by
area-type formulas. We are interested in the case of intrinsic graphs, and, without loss of
generality, we focus on graphs defined along the vector field X.

Let ® : R x H' — H! be the flow of X, and define ®, : H! — H! by ®,(p) = @(s,p),
for s € R and p € H!. We denote by W := {p = (z,y,t) € H' : 2 = 0} the vertical plane
(subgroup) “orthogonal to X”, and we fix a domain D C W. The intrinsic graph (along
X) of a function u : D — R is defined as

Sy = {@s(y,t) = (s,y,t+2ys) €H' : (y,t) €D, s= u(y,t)}.
Similarly, the intrinsic epigraph of u is

E,={®(y,t) e H' : (y,t) € D, s > u(y,t)}.
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The (left) cylinder over D is denoted by
D-V={d,(y,t) eH" : (y,t) € D, s € R},

where V = {(m, 0,0) e H! : x € ]R} is the complementary subgroup of W.
If D ¢ W is bounded and u € Lip(D), then Py(E,; D -V) < oo and there holds the

area formula, see [14],

p(u) == Py(E,;D-V) = / V14 Bu(y,t)? dydt < oo, (1.1)

where
0 0 ou 0
% :(-—4 —) L
oy o) Ty T ot
Notice that the area functional u — </p(u) is not convex.

The Burgers’ operator u — Hu is well-defined also in distributional sense, and formula
(1.1)) remains valid under the weaker assumption that u is a continuous function such that
PBu € C(D), see |1, Proposition 2.22|, or even in the weaker situation of Zu € L*(D),
see |8, Theorem 1.6]. We say that u € C(D) is intrinsic Lipschitz if Bu € L*(D), and
that u € C5"(D) (vesp. u € C}J’SOC(D)) if Bu e C¥M(D) (resp. Bu € C2M(D)).

loc
In this paper, we address the following question:

Given a bounded open set D C W and a function ¢ : 0D — R, can

one find a function u € C(D) such that ulgp = ¢ and p(u) is mini- (PP)
mal among a suitable class of competitors satisfying the same boundary

condition as u?

We will provide an affirmative answer to this version of the Plateau’s Problem for a large
class of convex domains D and for Lipschitz boundary data ¢ : 0D — R, also proving
some regularity for the minimizer. The issue about the “suitable class of competitors”
is delicate and will be clarified later. We are able to prove existence under a smallness
condition that jointly involves 0D and the boundary datum ¢.

Let us fix the interval I = (0,¢) C R, for some ¢ > 0. We consider domains D C W of
the form

D=D, ., :={(y,t) e W :tel 1) <y<(t)} (1.2)
where 71,7, € Lip([) are such that
Ti(t) <0 <p(t) foralltel and  7(0) =mn(t) =72(0) =) =0. (1.3)

The domain D = D, ,, is convex if and only if 7; is convex and ~, is concave in /. Notice
that D is not allowed to be a disk, because in this case 1,7, ¢ Lip(I).
Given a continuous function ¢ : 0D — R, we define the compositions

p1(s) == p(ni(s),s)  and  po(s) := p(r2(s),s), se€l. (1.4)
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We also consider the mappings

I5 50 pi(s) = Doy ((),8) = (@1().n(s).5 + 2n()enls), (1)
I3 505 pals) = i (12(5). ) = (al5).7e(5).5 + 2ls)ea(s). (L6)

The images of p; and py form the intrinsic graph of ¢, i.e., pi(I) U ps(I) = S,. With a
slight abuse of notation, we adopt the following conventions:

[V]loo := max{|[V1]loo, [|72]loc } Lip(v) := max{Lip(1), Lip(72)},
[plloe := max{[|e1 oo, [|P2]lo0 } Lip(y) := max{Lip(¢1), Lip(¢2)},

and we denote by ¢ = (4,010, the following parameter, which will accompany us
throughout this work:

¢ :=4(I7lls + Lip(7)) (llellso + Lip(e)). (1.7)

The first step in the construction of the solution to the Plateau Problem (PP)) is the
following result:

Theorem 1.1. Let vy, € Lip(I) be as in (1.3), D = D., ,, C W asin (1.2), ¢ € C(0D)
be with @1, o € Lip(I) as in (L.4), and let ¢ be the parameter in (1.7). Then we have:
(i) If ¢ < 1, there exists o € Lip(Q; R?), Q := I x (0,1), such that:

0(0Q) = pi(I) Upa(I) = Sy :
o(h,s) = (1 = h)o(0, s) + ho(1, s), for (h,s) € Q; (1.9)

aah (h5) = o(1,5) = (0, 5) € Ho(r), for (h,s) € Q. (1.10)

In particular, the parametric surface R, = o(Q) is foliated by straight horizontal
segments spanning S, .

(ii) If ¢ < (V129 — 11)/4 and D is convez, there exists u € Lip(D) N Cy' (D) such
that:

u=¢ ondD and S, =R,. (1.11)
In addition, if v1,%s, @1, 02 € C¥(I), for some k > 1, then u € C*(D).

The surface R,—the horizontally ruled surface spanning S,—is the candidate solution
to the Plateau’s Problem . The fact that it is a minimizer of the area functional </
in a suitable class of competitors will be proved by a calibration argument.

While R, = S, is a left intrinsic graph, the calibration is constructed using the right-
invariant structure of H'. We consider the flow ®" : R x H! — H! of the right-invariant
vector field X" defined, at each point p = (z,y,t) € H', as:

0 0

X"(p) = 9 Yo
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We let @7 (p) = ®"(s,p) for s € R and p € H', and we consider the right cylinder over a
domain D" C W,

V.-D":={®(y,t) = (s,y,t —2ys) € H' : (y,t) € D", s € R}.
The right graph and epigraph of a function v : D" — R are defined as:
Sy ={ Py, t) € H' : (y,t) € D', s = w(y, 1)},
E) ={®(y,t) e H' : (y,t) € D", s > v(y,1)}.
The calibration can be constructed in the cylinder V - D" thanks to the following:

Proposition 1.2. Let u € Lip(D) and S, = R, be given by (i) and (ii) in Theorem[1.1]
for a convex domain D = D, ,, C W. If ( < (v/721 — 25)/48, then there exists an open
set D" C W and u" € Lip,,.(D") such that S, = SI,.

Namely, for small ¢ the left intrinsic graph S, is also a right intrinsic graph over a suitable
domain D" C W.

Now consider the measure theoretic inner normal vg, = w; X + wyY: this is the unit
horizontal vector field, defined for /#%-a.e. p € R, = S,, such that for all V' = v; X+, €
CH(D - V; H) there holds

/ div Vd$3 = —/ (wwl + CUQUQ)d/LEu, (112)
D-V Su

where pp, is the H-perimeter measure associated with the epigraph E, (see [12]). The
existence of vg, is given by Riesz’ representation theorem and its regularity follows from
the regularity of .9,,.

The 0-homogeneous extension of vg, along the integral lines of X" defines a unit hori-
zontal vector field w = w; X + woY in the right cylinder V- D" such that w = vg, on S,
and

divw(p) = Xwi(p) + Ywa(p) = 0, for #3-ae.peV-D" (1.13)
This follows from the fact that the diffeomorphisms ®7 : H! — H!, s € R, are contact
and isometric, and from the ruled property of S,,.

The vector field w calibrates S, in V - D" in the sense of Barone Adesi-Serra Cassano-

Vittone [2], and u solves Plateau’s Problem in the following sense:

Theorem 1.3. Let v;,7v2 € Lip(I) be as in (L.3), and let D = D.,, ,, C W be convez, let
p € C(OD) with ¢y, € Lip(I) as in (1.4]), and let the parameter ¢ in (1.7) be such that:

V721 — 25
(< ———.

48
Finally, let D" C W and u" be as in Proposition . Then the function u € Lip(D)
constructed in Theorem satisfies the minimality property:

Ap(u) = Py(Ey; D -V) = Py(El:V-D") < Py(F;V-D"),

u”

for any £3-measurable set F C H' such that E',AF cC V- D".
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It is natural to ask which conditions must be satisfied by an intrinsic Lipschitz map
v: D — R in order to have @/p(u) < @p(v). In Lemma 4.4 we provide a sufficient
condition on v ensuring this property, namely that v|sp = ¢ and that S, is the right
intrinsic graph of some v" : D" — R. Despite this restriction on competitors, u minimizes
4/p in a sufficiently large class that includes compact variations of u. This ensures that
u is stationary for &7 (see Remark [4.5)).

In the final section, we show how the theory developed in this work can be used to obtain
regularity results for minimizers of 7. In Theorem [5.I, we prove that a minimizer is
horizontally ruled and belongs to Lip(D) N C}q’l(D), starting from an initial regularity
lower than Lipschitz. This result improves upon Theorem 3.7 in [18] by Giovannardi
and Ritoré, which concerns the broader setting of stationary points of <7 (see also [15]).
More generally, most regularity results in the literature deal with Lipschitz stationary
points of «p, see |4,5]. The motivation is, again, related to the non-regularity of H-
minimal surfaces, which prevents the hope of proving more general regularity results for
stationary points of @/p. An exception is [26|, where the author addresses the problem
of approximating the H-area of intrinsic Lipschitz graphs with small intrinsic gradient by
means of a suitable intrinsic Dirichlet energy, with the ultimate goal of reproducing the
Euclidean approach to studying regularity.

We conclude by highlighting an interesting consequence for the Bernstein problem in
H!, which follows from our regularity Theorem [5.1]in combination with |25, Theorem 1.3].
Assume that v : W — R is a function such that its epigraph F, is H-perimeter-minimizing
in H! with respect to compact perturbations, that is,

Pu(Ey; Q) < Py(F;Q)  whenever  E,AF cC Q¥ cc H".

The Bernstein problem asks whether E, must be a vertical plane. Theorem 1.3 in [25]
states that this is the case when F), is foliated by horizontally straight segments. This
allows us to conclude that F, is a vertical plane whenever u satisfies the assumptions
of Theorem [5.1], thereby improving the current results in the literature concerning the
Bernstein problem in H!, which require Lipschitzianity as minimal assumption.

1.1. Organization of the paper. The paper is organized as follows. In Section 2] and in
particular in Theorem we construct a horizontally ruled parametric surface spanning
a given boundary datum. In Section [3| we show that this parametric surface is both a
left intrinsic graph (Theorem and a right intrinsic graph (Theorem . Section
contains the calibration argument, which allows us to demonstrate that this surface is
area-minimizing with respect to a suitable class of competitors, see Theorem [4.3] Finally,
Section [] is devoted to the proof of Theorem [5.1] in which we establish a new regularity
result for minimizers of &/p.

2. HORIZONTAL INTERPOLATION OF A BOUNDARY DATUM

In this section, we construct a horizontally ruled parametric surface spanning a Lipschitz
continuous boundary datum defined on the boundary 0D of an open domain D C W of
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the form
D=D, ., :={(y,t) e W :tel 1) <y<()}
The notations are those given in the Introduction.

Theorem 2.1. Let D = D., ,, CW and ¢ : 0D — R be such that:
¢ <1 (2.1)
Then there exists a bi-Lipschitz, increasing function X : I — I such that:
(i) p2(A(s) = pr(s) € Hm(s), for all s €T,

(il) p2(N) —pi(s) € Hyp,(s) implies N = X(s), for all s, \ €1,
(iii) ( )=0 and )\(f) =1, (2.2)
—C . 1+¢ 1-¢ 1+¢
— A) < —— d —— <LipA™"H) <——.
() e SLib) € s and 15¢ <L) <
Proof. We claim that, for any s € I, there exists A € I such that:
p2(/\) _p1<5) € le(s)- (23)

Recall that, for s € I, H,,(s) expresses the horizontal distribution at p;(s), that is, the
linear space spanned by

X(pu(s) = (1,0, 2(s)  and  Y(pi(s) = (0, 1, =2¢1(s)).
Then Hy, (s) is uniquely determined by the Cartesian equation
2mi(s)z = 2p1(s)y —t =0, (2.4)
and, by the definition of p; and py, we have
p2(A) = pi(s) = (p2(A) — @1(s), 72(A) = 71(8), A+ 27%2(AN)p2(A) — s = 271(5)pa(s)).
Thus, by (2.4), condition (2.3 holds if and only if A € I is a solution to the equation:
Qp(5,A) := A =5 +2(72(A) = n(s))(p2(A) + ¢1(s)) = 0. (2.5)

If s =0 or s =t, the solution is A = 0 or A = #, respectively. When s € I, we argue by
continuity. Note that:

Qp(s,0) = —s = 291(5)((0,0) + ¢a(s)),
Qp(s,1) =1 — s —2m(s)((0,%) + ¢1(s)).
Since 1 (0) = y1(t) = 0, we deduce that
1271.(8)(0(0,0) + 1(s))| < 4Lip(7)[|@lloo|s] < Cls], (2.8)
1271(5)(2(0, ) + 1(s))| < 4Lip(7)[|@lleo]s — ] < Cls — 2],

and therefore (2.1), (2.6)), (2.8) guarantee that Q,(s,0) < 0 and Q,(s,t) > 0. By the
continuity of A — Q. (s, A), there exists at least one A € I solving (2.5)), and consequently

also (2.3). This concludes the proof of Claim (i).
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We prove Claim (ii). Let s € I, A, \' € I be such that:
Qu(s,A) =0, Q,(s,\) = 0.
By the definition of Q. in , we deduce that:

A =X = 271(5)(02(A) = w2(X)) = 2(72(A) = 72(N))@1(s) = 2(72(AN)p2(A) = 72(N)p2(N))
= 271(5)(2(A) — @2(N)) = 2(72(A) = 72(N))p1(s)— (2.9)
= 272(A)(p2(A) = wa(N)) = 2(72(A) = 72(N))p2(N).

The summands in the identity above can be estimated as follows:

207()[lp2(A) = w2 (M) < 2[17llocLip(e0) [A = X',
2072(A) = 92 (N)e1(s)] < 2Lip(y)llellee|A = N, (2.10)
2[72(N)[02(A) = @2(N)] < 2[|7[lscLip(0) [A = N,
2[72(A) = 12 (M)[le2(A)] < 2Lip(v)[|@lloo] A — A'.
Hence, by assumption , and ensure that A = \'. This concludes the proof
of Claims (ii) and (iii).
We are left with the proof of (iv). Let s,s" € I and A := A(s), A := A(s'). To estimate
A — N|, we start from the identity
0= Qu(s,A) = Qu(s", X)
= A= XN +5 =5 = 29(5)(02(N) + 91(5)) + 271(s") (w2 (N) + (")) +
+ 292(A)(p1(s) + 92(A)) = 272(N)(@1(5)) + 2(X))
= A= N+s5—5 =2(n(s)p2(A) = 11(8)p2(N)) = 2(11(s)r(s)— (2.11)
= 71(8)e1(s) + 2(12(N)1(s) = 12(N)p1(s) + 2(72(A)p2(A) = 22(X)@2(X)).

By the estimates:

2[71(8)p2(A) = 71(5") 2 ()] < 2Lip(7) |l o] s — 8"+

+ 2[7llooLip(e) [A = X,
2|71(s)e1(s) = (s)e1(s)] < 2Lip(0)[l¢llocls — 8'[+

+ 2|7l Lip() |5 — &', (2.12)
2[12(A)p1(s) = 12(N)er(s)] < 2Lip(V) ¢l A = X |+

+ 2[7 ]l Lip(p) |s — &',
2[72(AN)p2(A) = 72(N)p2(N)] < 2Lip(7) [l o] A — N[+

+ 2||17[l Lip(¢) [A = X[,

from (2.11]) and (2.12) we deduce that
L-OA-X<U+0ls—s and  (1+ON-N2(1-s—s]
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In particular, we have

1—
1+

1+
1—

Iy
I

Lip(A) <

and Lip(A) >

I
I

This concludes the proof.
O

Remark 2.2. The function A introduced in Theorem[2.1) has the same regularity of ¢ and
Y1,%2. Namely, if o1, 02, 71,72 € CH(I) then X € C*¥(I), k € N. This is an immediate
consequence of the Implicit Function Theorem applied to Q,(s, ). In fact, for ¢ <1 we
have

;A Qu(5,A) = 14 295 (M) (02(A) + 91(5)) + 2(72(A) — 711(s))h(A) > 1 — .

2
Remark 2.3. Forallj € N, let @ 0D — R be continuous functzons such that, denoting
by ¢ (s) := ©/(71(8), 8) and ©5(s) := W (12(s),5), @] and ¢y are Lipschitz in I, and

el b e CHI)  and ¢l — @1lles ¥ — @2lle — 0, (2.13)

Also assume that 1,72 € C*(I). )

By Remark the function N solving Qui(s,N(s)) = 0, s € I, satisfies N €
CY(I), for all j € N. Moreover, N — X uniformly on I. Indeed, using Q,(\(s),s) —
Q.i(N(s),s) =0, fors € I, and reasoning as in the proof of Theorem we obtain the
estimates:

(1= QIN(5) = M) < dllylloolled = @rlloe + [l = @2lloc).
Provided ¢ < 1, this implies that ||[N — \||oo — 0.

Under the assumption ¢ < 1, let A : I — I be the function given by Theorem . On
the domain @ := (0,1) x I, consider the function ¢ : Q — H*:

o(h,s) = (1 — h) pi(s) + hpa(A(s)),

where p; and ps are as in ((1.5)) and ([1.6]), respectively. The components of ¢ = (91, 02, 03)
have the following form, for (h,s) € Q:

01(h, s) == (1 = h)p1(s) + hp2(A(s)),
02(h, 8) == (1 = h)71(s) + hy2(A(s)), (2.14)
03(h, ) == (1 = h)s + hA(s) + 2(1 — h)71(s)p1(s) + 2h72(A(s))pa(A(s))-

The set R, := o(Q) C H' is a (the) horizontally ruled, parametric surface that spans the
intrinsic graph of .
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3. INTRINSIC GRAPH STRUCTURE OF THE HORIZONTALLY RULED SURFACE RAO

Let D C W and ¢ : 9D — R be as in the previous section. We prove that for small
¢ < 1 the parametric surface R, introduced via is the the left intrinsic graph of a
function v : D — R such that u = ¢ on 0D. We will show that it is also a right intrinsic
graph on a suitable domain in W.

In this section, D = D,, ,, C W is a convex domain, i.e., 7, is convex and 7, is concave.
We call such a domain a lenticular domain.

3.1. Left intrinsic graph. We start by analyzing the left intrinsic graph structure of
R,. The set R, = o(Q) is introduced via (2.14)).

Theorem 3.1. Let D = D, ,, C W be a lenticular domain and let ¢ : 0D — R be such

that
V129 — 11
(< —

Then there exists a function u : D — R with the following properties:

(3.1)

(i) u represents R, as a left intrinsic graph on D, i.e.,
R, =S, ={(u(y.t), y t +2yu(y,t)) € H' : (y,t) € D}; (3.2)

(ii) w is Lipschitz continuous in D;
(iii) u = ¢ on ID.

Proof. Finding a function u realizing (3.2) is equivalent to proving that the projection
onto W along the integral lines of X establishes a 1 : 1 correspondence of R, and D. Let
7 H' = R? — W = R? be this projection, i.e.,

m(x,y,t) = (y,t — 2xy), for all (z,y,t) € H'. (3.3)

and let F' = (Fy, F,) : Q — R? be the composition F' = 7 o g, where o is the parameteri-
zation of R, introduced in (2.14):

Fi(h, s) := 02(h, s) = (1 = h)ni(s) + hya(A(s)) (3.4)
Fy(h,s) == o3(h,s) — 201(h, s)o2(h, s) (3.5)
= (1 —h)s+ hA(s) + 2h(1 — h)E(s).

Here and hereafter, we use the short notation

E(s) = [12(A(s)) = 11 (s)llp2(A(5)) — pa(s)]- (3.6)

Step 1. We claim that F(Q) = D. Let us first prove the inclusion D C F(Q). Given
(y,t) € D, we look for (h,s) € @ satisfying

Fi(h,s)=y and Fy(h,s) =t. (3.7)
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By the first equation in (3.7)), the solution h = hy(s) is given by
y—7(s)
hy(s) == . 3.8
) Y2(A(s)) — n(s) (38)

In order to have (h,s) € @), we need to impose that 0 < h,(s) < 1, which is equivalent to
s € Jy, where

Jy:={s €l : n(s) <y <1(As)}
As v, < 0 and 72 > 0 in I, the interval J,, is
Jyi={sel:n(s) <y} when y <0,

Jy={s el : yn(As)) >y}, when y > 0. (3.9)

Notice that J, # 0 because (y,t) € D. By the convexity of 7y, the concavity of v, and
the monotonicity of A, J, is an open interval, i.e., there exist s, s;j € [, with s, < S;_,
such that J, = (s, ,s}). From (3.9), it follows that

m(s,) =y =mn(s)), when y <0,
Y(A(s,)) =y = 72()\(3;;)), when y > 0.
We look for a solution s = s; € J, to the equation 7,(s) = t, where
Ty(s) 1= Fa(hy(s),5)) = (1 = hy(s)) s + hy(s)A(s) + 2hy(s) (1 — hy(s)) E(s).  (3.10)
We claim that
Ty(s,) <t <Ty(s;). (3.11)
If this holds, the existence of a solution follows by a continuity argument. There are two
possibilities, depending on the sign of y:
(1) We have y < 0. Then (3.10) yields 71(s; ) =y = 7(s;) and hy(s,) = 0 = h(s}).
Hence, there holds
m(s,)=s, and  7,(s;) =s. (3.12)

Since 71 is convex and y1(s}) = y > 71(t), we have s,” <t < s, and (3.11]) follows,
(2) We have y > 0. In this case, (3.10) gives 12(A(s;)) = y = 12(A(s;)), and thus
hy(s,) = 1= h(s]). It follows that

Ty

(s,) = Als,) and  7,(s)) = A(s)). (3.13)

As in the previous case, we have \(s;) <t < A(s;), because 7, is concave and
15(\(55)) = y < 7(t). This implies (B11).
This concludes the proof of the inclusion D C F(Q).
We next show that F(Q) C D. Let (y,t) € F(Q), and assume for instance that y < 0.
We claim that v, (t) <y (i.e., (y,t) € D).
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There exists (h,s) € @ such that (y,t) = F(h,s). In particular, s € J, is a solution to
t = 1y(s) = Fy(h,s) (see (3.10)) and, by the definition of F; we have y = (1 — h)y1(s) +
h2(A(s)). Therefore, the condition 74 (t) < y is equivalent to:

Y (Fy(h, s)) < (1 = h)y(s) + hya(A(s)), forO<h<l1,s€el, (3.14)

where Fy(h,s) = (1 — h)s + hA(s) + 2h(1 — h)E(s).
We check (3.14]). By the convexity of ~;, there holds:

Y1(F2(h, 5)) < 1i((1 = h)s + hA(s)) + 2h(1 — h)Lip(71)[E(s)|
< (1 =nm)y(s) + hyi(A(s) + 2h(1 = h)Lip(1)[E(s)].
Let us define
a(h) = (1 = h)n(s) + hyi(A(s)) + 2h(1 — h)Lip(m)[E(s)|
B(h) == (1 = h)yi(s) + hya(A(s)).

Proving ([3.14) reduces to proving that a(h) < S(h) for all h € (0,1). By the definition of
€ in (3.6, this inequality is equivalent to:

2(1 = h)Lip(71) (72(A(s)) = 71(s))|p2(Als)) = @r(s)] < 12(Als)) = 1 (A(s)).  (3.15)

This is in turn implied by the inequality:

: 72(A) —n 1
Li _— < —. 3.16
p(’71)72()\)_71( )| 2( ) 301’—2 ( )
The ratio appearing on the left hand side is estimated as follows:
Y2(A) — M <1+ (A =l
72(A) =11 (A) 72(A) =1 ()
71 (A) =7l
<l4—" (3.17)
71 (M)
7]
<2+ :
71 (A)]
Now we claim that:
i 1
< Lip(A™7). (3.18)
7 (V)]

There are two possibilities:

(1) If A(s) < s there exists 0 < h < 1 such that A\(s) = hs. The concavity of || yields
171 (A(s))] > h|y1(s)|. Moreover, by A(0) = 0 we have:

s

hs =\(8) > ————

B=Ae) 2 Lip(A~1)’
i.e., h > Lip(A™1)~L.
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(2) If A(s) > s there exists 0 < h < 1 such that A(s) = hs + (1 — h)t. Since || is
concave and v, () = 0, we obtain |y1(\(s))| > hly(s)| and thus, by A(0) = 0, we

have:
_ _ t—s
h(it—s)=t— A\ > —
ie., h > Lip(A™1)~L.
In both cases (3.18) follows:
7l 1 oy —1
< — < Lip(A™).
] =0 =M

=

By (8.17), (3.18), and the estimate for Lip(A~!) in (2.2), we get the following upper-
bound for the left hand side of (3.16):

Y2(A) —m

ERAtR e y——y

|02(A) = 1] < 2Lip(m)[[@llos (2 + Lip(AT))

< 2Lip(7)|¢ploe (2 + %g)
¢ 14+¢
35(2+Ti2)' e

Assumption (3.1)) and (3.19) imply (3.16)), and then also the claim ~(¢) < y. This
concludes the proof of F(Q)) C D when y < 0. The argument when y > 0 is completely

similar and can be omitted.

Step 2. We claim that F' : () — D is injective. Assume that F'(hy,s1) = (y,t) =
F(hg, s9) for some (hy,s1), (ha,s2) € Q. Using the notation in the previous step, this
implies that

1,82 € Jy, hy = hy(s1) and he = hy(s2), Ty(s1) =t = T,(S2). (3.20)

We claim that the function 7, is monotonically increasing in J,. If this is true, 7,(s1) =
T,(s2) implies s; = s3 and hence also hy = ho.

Since A is bi-Lipschitz and i, 2, 71, 72 are Lipschitz, for almost every s € J, the
functions A, 71, 72 0 A, @1, w9 0 A are simultaneously differentiable at s. At these points,
we can compute the derivative of 7, see (3.10)):

7(8) =1—hy —sh, +Xh,+\h,
+ 2Ry, (1 — 2hy) € 4 2Dy (1 — hy)E’
= (1—hy)(14+2h, E") + hyN
+ R, (A — s +2(1 = 2h,)E).

(3.21)
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Since A solves the equation Q,(s,A\) = 0, recalling the definition of h, in (3.8) and of
o(h,s) in (2.14)), we infer that

A—5+2(1—2hy) € = =2(72(A) — 1) [p2(A) + o1 — (1 — 2hy) (2(N) — ¢1)]
= —2(72(A ) Y1) [2¢1 + 2Dy (p2(N) — 1)) (3.22)
= —4(72(A) = n)oi(hy, s).
Now a computation yields
/ ’Yi / / hy
h(s) = —————(1—hy) — HANN——"7, 3.23
y( ) Y2(A) = ’Yl( v =2 Y2(A) = m ( )
and then, by (3.22)) and (3.23)), we get
h;()\ — s+ 2(1—=2hy) &) = 401(hy, $)[71 (1 = hy) + 5 (A) A hy]. (3.24)
Inserting (3.24)) inside (3.21)), we obtain the following identity:
70(s) = (1 = hy) (1 + 20y E" + 401(hy, 5)71) + hy X' (1 + 4o1(hy, $)75(N))- (3.25)
The derivative of £ is estimated in the following way:
1€(s)] < 2|0 (Lip(y2)Lip(A) + Lip(71))+
+ 2|7/l (Lip(4p2) Lip(A) + Lip(¢1))
< 2(1+Lip(\)) (Lip(1)[ ¢l + [VllLin(¥)) (3.26)
¢ 1+¢
<2145
=9\t )
and we also have
[01(hy(35))| < [l ]loo- (3.27)
We deduce that
, , 1+¢ 1+¢
12hy E'+401(hy, s)71| <2+ T—¢) 1401 (hy, 8) (M) < C < ¢ 2+ 1—¢) (3.28)
By (3.28), (3.25)), and the bounds for Lip(A) in (2.2)), we get the following lower-bound
for 7/ (s):
/ 1 + C 1 - C
> [1 - 2 . 2
Aoz [1-¢ (2 20| 15 329

By assumption (3.1)), 7, is uniformly positive in J,, and thus 7, is strictly increasing.

Step 3. By the previous step, F' = mop: @ — D is invertible and, in particular, the
projection 7 : R, — D is bijective. This proves that R, = o(F (D)) = 7 1(D) is a left
intrinsic graph and the graph-function of Theorem isu: D — R given by

u(y,t) = (010 F~ ) (y, 1), for (y,t) € D. (3.30)
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Step 4. We claim that v : D — R is Lipschitz continuous. The argument is long
but natural: in order to use the Inverse Function Theorem we approximate F with C*
diffeomorphisms with uniformly Lipschitz inverse. Let ¢/ : 9D — R, j E N, be a sequence

of functions such that ¢J(s) = ¢/ (71(s), s), ©3(s) = ¥/ (72(s), s) € C’1 I) satisfy(2.13)) and
Lip(¢]) < Lip(1) and Lip(¢}) < Lip(p2), for all 7 > 1.

Without loss of generality, we can also assume that v;, v, € C1(I) (otherwise we regularize
also v; and ~,). In particular, denoting by

G = A7 llse + Lin(0)) ([ lloo + Lin(¢)), (3.31)
we have ¢; < ( for all j > 1. o
Let F7 : Q — R? be the function whose components F}, Fj are defined respectively by

(3.4) and (3.5 with gp{, gog, A, in place of ¢, @2, A in 1} ‘Remark guarantees that
Fi € CY(Q), for any j > 1. The partial derivatives of F}, Fy are:

8hF1j(h s) = A,(s),

OsFY (h, s) = 1 (s) + hA)(s),

OnFy(h,s) = —40,(s)ai(h, s),

0, F3 (h,s) = 1+ h(Ny(s) — 1) + 2h(1 — h)E}(s),

,S

(3.32)

where we let
Aj(s) = 2(A;(s)) = n(s),
E(s) = [12(Ai(5)) = n(s)][eh(Ni()) — 1 (s)]; (3.33)
01(h,s) = (1= h)pl(s) + hpp(As(s)).

The third line in is obtained using the identity Qi(s, A;(s)) = 0, see (2.5).

We claim that the sequence (F7);cy satisfy the following properties:

(i) sup Lip(FY, Q) < oo;
jEN
(i) FY : Q — D is invertible;

(iii) ||F] Fllo — 0;

(iv) F7, F can be extended to Q with F7(0Q) C 0D, for j € N.

Claim (i) follows from the formulas in and from ¢; < ¢. Claim (ii) is proved by
the same argument as in Step 2. Claim (iii) is a consequence of Remark 2.3 Finally, (iv)
is immediate. _

By Lemma proved below, we deduce that, denoting by F7 : D — () the inverse of
Fi we have FV — F~! pointwise. We claim that the functions u; : D — R,

uj(y.t) = (¢ o F9)(y,1),  (y,1) € D, (3.34)
satisfy:
sup Lip(u;) < oo. (3.35)

jeN
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Since u; — u pointwise in D, it will follow that Lip(u) < oo, concluding the proof.
The determinant of the Jacobian matrix of F7 at (h, s) € @ has the following expression:
§;(h,s) :=det JF7(h,s) = Aj(s)(1 + k;(h, s)), (3.36)
where, by ,
kj(h, s) := h(Xj(s) — 1) +2h(1 — h)Ei(s) + 400(s)(Yh(s) + hA;(s)) (3.37)

Using the estimate (iv) in (2.2) for A; and arguing as in (3.26]), recalling that (; < ¢, we
obtain:

/ 2¢
hIA(s) — 1] < 1—¢ (3.38)
/ 1+
€'(s)] SC(H 1_2), (3.39)
J / / j . . 1 ‘I—C
401(s)(71(s) + hA}(s)) < 4]l || Lip(7)Lip(A;) < Cng- (3.40)
By (3.38)-(3.40) and assumption (3.1]), we deduce that
p 1+¢ 1
. <= i} - '
|k;](h,s)|_CL_g+(1+21_<>}<2, (3.41)
and this implies that, for (h,s) € Q, we have
1
(Sj(h, S) > §A](h, S) > 0. (342)

By the Inverse Function Theorem, we have F7 € C'(D; Q) and JFi(y,t) = (JFi(h,s))™!,
(y,t) = F7(h,s). The partial derivatives of F’ can be therefore computed starting from
(13.32):

. 1
0,F} (y,t) = {1+ h(Nj(s) — 1) 4+ 2h(1 — h)E(s) },
5j(h, S)
.y -1
o = —((v A
at 1(y7t) 5j(h,$) (71(8) +h ](S))7
.y 4 .
0,3 (y,t) = WAJ‘(S)Q{(}% s), (3.43)
] _ )
O Fy (y,t) = 5j(h,s)A](S)' (3.44)
By the chain rule, the partial derivatives of u; at (y,t) = F/(h, s) are:
Oy (y,t) = Ongl(h, )0, F{ (y,t) + Ds0] (h, )0, F3 (y, 1), (3.45)
Ayu;(y,t) = Ondl (h, $)O,FY (y,t) + 050 (h, 8)0, F3 (y, 1), (3.46)

where 9,01 (h, s) = ¢3(\i(5)) — @1 (s) = v;(s) and 9} (h. 5) = [Dspi(5) + hf(s)].
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By (3.42)), we obtain:

_ AN (y, 1) .
9,Fi(y,6)] = 229U D, i 91 < 810 e < 4 < 4,
v 1) (3.47)
_ A, (. 1) '

We claim that 1;(s)d, Fi(y

/\

,t) and (s )0, Fi(y,t) are uniformly bounded, too. Using

A(0) = 2(0), (D) — (D), and Lip() < Lip(s) we obtain
15,5)] < |GV () — GO)] + 161 (0) — ()] < Lin(e)(s + A(s)),
16,(5)] < |GV () — D]+ 120 — ()] < Lin(@)(2F (5 + Ay (5))),
that is
145,()] < Lip(e) min{s + Ay(s),27 — (s + Ay(s))}. (3.48)
We claim that
Aj(s) > Cmin{s + Ay (s), 2F — (s + A;(s))}, (3.49)

for some C' > 0 depending only on 7; and 5. Let us assume that s+\;(s) < 2t—(s+X;(s)),
Le., s+ Aj(s) <t. In this case, setting

1—¢\ "
ty=|1+ J
1 ( 1+ Cj)
we have t; < t and s < ¢;. The latter estimate follows from ({3.50)), (iv) in (2.2]) for )\j_l,

and from: As) ¢
i\8 -1 — S
> Lip(A; ") > ——=.
S = lp( 7 ) =1 + C]
By the convexity of 4; and the concavity of v, we have
72(A;(s)) [71(s)]
Ai(s) = 227320y
J(S) )\j(s) ](S)+ g S
t t
> ’72( 1)/\]'(3) + I’ylt( 1)|8
1

> min { |’Vl§t1)| , QEIG)) } (s + X(s)).

1 131

I, (3.50)

This is (3.49) with

i h
where, notice, C' is stable under approximation of 77 and 2. The proof of (3.49)) in the
case s+ Aj(s) >t is similar.

By (849), (8.49), and (3:42), we obtain:

: A:(h
Sl < i) ) < 20 Linle)

C' — min { [71(t1)] 72(?51)} _
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Now, proving a uniform bound for zbj(s)&yﬁf (y,t) and wj(s)(?tﬁlj(y, t) is easy and, accord-
ingly, our claim ([3.35]) follows. This concludes the proof that u € Lip(D).

Step 5. Since w is Lipschitz continuous in D, it admits an extension to D, that we
denote again by u. We are left to show that u = ¢ on 9D.

Let (y,t) € 9D and (h,s) € 0Q be such that F'(h,s) = (y,t). By selecting a sequence
(hj,s;) € Q converging to (h,s), we obtain:

uly,t) = lim u(F(h;, s;))
= lim g,(h;, s;) (3.51)

j—ro0
= o01(h,s)
= (1 =h)en(s),s) + he(ra(As)), Als)).

Because (h,s) € 0Q, we have h € {0,1} or s € {0,t}. A routine check shows that in

any case we have (1 — h)p(71(s),s) + hp(12(A(s)), A(s)) = ¢(y,t). This concludes the
proof. O

Lemma 3.2. Let Qy,Qy C R" be two open bounded sets and Fj, F : Q= Oy, j>1, be
such that:

(i) sup;»; Lip(£}, ) <
(ii) Flo,, Fjla, are mvertzble j>1;
(iii) F; — F pointwise in 2y ;
( ) ( ) C 892, (Q ) QQ, j Z 1, and F(Ql) = QQ.

Then F;' — F~1 pointwise in Q.

Proof. Given y € €y, let x; 1= Fj_l(y). Up to subsequences, z; — x, for some = € Q. If
x € 001, then we would have

y = Fj(x;) = Fj(x;) — Fj(z) + F(2), (3.52)

where, by (iv), Fj(x) € 0, and |Fj(z;) — Fj(z)| < sup;s; Lip(Fj, Q1)|z — 2] — 0. It
would follow that Fj(x) — y € 0y, contradicting y € Qy. Hence, z € €, and by (iii)
|F;(z) — F(x)] = 0. Then we have

|Fj () = F()| < |Fj(a;) — Fj(2)] + | Fj(z) — F(x)]
<sg;1)L1p( M)|x — x| + |Fj(z) — F(z)| = 0.
J=Z
Consequently, y = F(z), i.e., 2 = F~'(y). This proves that the sequence F; ' (y) converges
to F~1(y) for any y € Q. O

Remark 3.3. If R, is the left intrinsic graph of u € Lip(D)—as in Theorem —
then R, has finite standard area and finite Heisenberg area. This is a straightforward

consequence of (1.1).
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3.2. Right intrinsic graph. For small ¢, the surface R, = o((Q)) is also a right intrinsic
graph.

Theorem 3.4. Let D = D
that:

C W be a lenticular domain and let ¢ : 0D — R be such

V721 —2
¢ < % (3.53)

Then there exist a domain D™ C W and a function u” : D" — R with the following
properties:

V1,72

(i) u" represents R, as a right intrinsic graph on D", i.e.,
Ry = Sp = {(u(y, 1), y,t —2yu’(y, 1)) € H' = (y,1) € D"} (3.54)
(i) u" is locally Lipschitz continuous in D".
Proof. Let 7" : H' = R* —+ W = R? be the projection onto W along the integral lines of
X7 ie.,
7 (z,y,t) = (y,t + 2zy), for all (z,y,t) € H'. (3.55)
We define D" = 7"(R,) and let G = (G1,Gs) : Q@ — R? be the composition G = 7" o p,
where ¢ : Q — H' is the parameterization of R, introduced in (2.14)):
Gi(h, s) == 0a2(h,s) = (1 = h)y1(s) + hya(A(s)) = Fi(h,s) (3.56)
Go(h,s) := o3(h,s) +201(h, s)oa(h,s) = Fy(h,s) + Ha(h, s), (3.57)

where

Hy(h, s) = 401(h, s)oz(h, s) = 4[(1 = h)p1(s) + hpa(A(s))][(1 = h)7i(s) 4+ hy2(A(s))]-
We claim that G : () — D" is injective, thus proving that 7" : R, — D" is injective. In
this case we can define u"(y,t) = 01(G(y,t)) for (y,t) € D".

As in the proof of Theorem [3.1], the injectivity of G follows from the monotonicity of
s = Ty(s) == Ga(hy(s),s) = 7,(s) + Ha(hy(s), s), where 7, is defined in (3.10).

We first estimate the derivative of s — Hy(h,(s), s). By the definition of h, = h,(s) in
(3.8), the function s +— pa(hy, s) =y is constant, for fixed y, and it follows that:

[H2(hy7 S)]/ - 492(hy7 S)aS(Ql(hw S))
= 405(hy, 5)(On01(hy, s)hi, + Os01(hy, 5)).
Now, by the formula for h; in (3.23), we obtain,

|ah91(hya S)h;| = ‘(@2()\) - 901)

(3.58)

(1= hy)7i + by 7 (M N

12(A) —m
2elloo . -
< ————Lip(y) max{1, Lip(\)},
72()\) -MN ( ) { ( )}
and we notice that
loa(hy, 9 _ A hy(eN) =l g g

PN —m Y2(A) —m
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so that

|02(y.5)0he1 (hy )| < 40l Lip(3) mas{1, Lip(\)}. (3.50)
On the other hand, we have:

|02(hy, 5)0s01(hy, 5)| = |02(hy, $)||(1 = hy) @y + by X'|

. 3.60

< 3l Liple) mas{1. Lip()}. S0
From (33.59)), (3.60), and (iv) in we conclude that:
1+¢

[[Ha(hy, 8)]'] < 5C = — (3.61)

By the estimate (3.29) for 7 and (3.61), we obtain:

(s) = 7.(s) + [Ha(hy(s), )] > {1_§(2+ 1+<)} 1=¢ . 14¢

1-¢/|1+4+¢C 1-¢
So, by , the derivative of 7, is uniformly positive. This demonstrates the injectivity
of G.

By construction, the function u” := g; o G~ realizes (i). Let us now show that u” is

locally Lipschitz continuous in D,. As in Theorem [3.1 we argue by approximation Let

: 0D — R, j € N, be functions such that ¢}, ¢} are of class C'(I), satisfy (2.13) and
CJ < ¢, where ¢/ is as in (| - Without loss of generality, up to a further approximation,
we assume that 1,7, € C*([).

Let FI = (Ff,FJ) be defined as in and let G7 = (G4,G)) 1 Q — R? be
defined as in 3.57) with ¢, ¢J, )\J replacmg ot 2, X, We also let H) := G —
We have Fj,Gj € Cl(Q), for j > 1.

Since G} = FJ and G = FJ + H}, the partial derivatives of G/, G can be derived from
those of FY, FJ in (3-32), and of HJ:

OnG1(h,s) = Ay(s)

0,G(h, s) = () + hAj(s)

WGh(h,s) = —40,(s) 0 (h, s) + OnHj(h, 5)

0,Gy(h,s) = 1+ h(N;(s) — 1) + 2h(1 — h)E'(s) + O H}(h, s).
As in , the determinant of the Jacobian of GG has the form

5;(h,s) = A;(s)(1 + E;(h, s)), (3.62)

where B . . .

kj(h,s) = kj(h, s) + OsH3(h, 5) — 0,Gi(h, s)OnHy(h, s)/ Aj(s),
and k;(s) is as in (3.37). Now, recalling that (; < ¢, elementary estimates show that:
1+¢

|05 H (R, 5)| = 4]01(h, $)9502(h, 5) + 02(h, 5)0s01(h, 5)| < C s

(3.63)
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and
.G (h, 8)||OnH2(h, s , 1+
0GR SO I < i) 1S [8(a(0) — 1) + Alips + hlald) — 1))
1
<pcifC
1 —
Now, under (3.53),
1+¢ 1
“Tetw
and so we infer that (3.63]) and (3.64) combined with (3.41)) yield
- 1 1+¢ 3

Hence gj(h,s) > Aj(h,s)/4 > 0 in Q, and, by the Inversion Function Theorem, G’ €
CY(Q; D7) is a diffeomorphism. Moreover, the Jacobian of the inverse function G’ is
bounded on compact sets of D, uniformly in j € N. Thus G” is locally Lipschitz continuous

in D". Since G — G~ pointwise in D" by Lemma , we conclude that G~! and thus
u” are also locally Lipschitz continuous in D". O

4. MINIMALITY PROPERTIES OF THE HORIZONTALLY RULED SURFACE Rso

Let D = D,, ,, C W be convex and ¢ € Lip(0D). We denote by vg, = w1 X +wY €
Lip(Sy; H) the measure theoretic inner normal to S, = R, as in . Let D" C W be
the open set constructed in Theorem Using an idea introduced by Barone Adesi,
Serra Cassano and Vittone in [2], in this section we prove that the left graph S, can be
calibrated in the right cylinder V. D".

We recall that by F,, E;. we denote respectively the left intrinsic epigraph of u : D — R
and the right intrinsic epigraph of " : D" — R.

Lemma 4.1. Assume that ( satisfies (3.53)). Then there exists a locally Lipschitz contin-
uous horizontal section w = w1 X + woY € Lip,, (V- D"; H) such that:
(i) w+wi=1mV-D";
(i) divw =0, Z3-a.e. in V- D";
(i) w =vg, on S,.

Proof. The surface R, = 0, N D -V is parametrized by
o(h, s) = pr(s) + h(p2(A(s)) = pu(s),  (hys) € @=(0,1) x I,
and, by (ii) of Theorem 2.1} pa(A(s)) — pi(s) € Hyps for any h € (0,1), and thus

0 # pa(A(s)) — pi(s) = a(s)X(e(h,s)) + B(s)Y (o(h,s)), for functions a,B : I — R
independent of h. We define o, 5 : I — R
a B
a=—— and f[=
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Since R, = S, is an intrinsic graph along X, we have ((s) # 0 for any s, and without
loss of generality we can assume that 5 > 0. The inner normal vg, is therefore given by
the formula

vi,(p) = B(s)X(p) —a(s)Y(p),  for p=o(h,s) € Ry (4.1)

Step 1. We construct w satisfying (i) and (iii). By (3.53) and Theorem .4} S, = R, =
Sy is the right intrinsic graph of a function u" € Lip,,.(D"), o(y,t) = (v"(y,1),y,t
2yu”(y,t)) for (y,t) € D", and we can define the functions A, i : D" — R via the identity

vp,(0) = X (0) + pY (o).

Finally, we define \, 1 € Lip,,.(V-D") letting A(p) = AM(7"(p)) and u(p) = (7" (p)), where
7"« H' — W is the projection onto W along the integral lines of X”. We can finally
define w € Lip,,.(V - D"; H) letting, for p = (z,y,t) € V- D",

w(p) : = Ap)X(p) + pu(p)Y (p)
= My, t +2yz) X (p) + fiy, t + 2yx)Y (p).

By construction, we have w = vp, on R, = S,. The vector field w is locally Lipschitz
continuous in V - D", because so are A and pu.

Step 2. Let ®, : H' — H', s € R, be the flow of X". We claim that, for a.e. p =
(x,y,t) € V. D"
divw(PL(p)) = divw(p), for any s € R. (4.2)

Indeed, using the coordinates (n,7) = 7" (p) = (y,t + 2yx), we have:

divw(p) = X(p)(A(p)) + Y (p)(1(p))

_ aa Ay, t + 2yz)] —|—2y§[ (y,t + 2yx)]+

0 0.
+ a—y[u(y,t + 2yx)] — 2xa[u(y,t + 2yx)]

of o\
= —(y,t+2 dy —(y,t + 2
oy W21 2ym) + Ay 5o (y,t - 2yx)
ofi o\
— 4n — .
oy 1)+ A0 5 (0.7)
This gives (4.2)), because " (®%(p)) = 7" (p) for any s € R.
Step 3. We claim that
divw(p) =0, for #*-a.e. p € R,. (4.4)

Along with Step 2, this will conclude the proof of (ii).
Let Z be the horizontal vector field in V- D" defined by

Z = puX — \Y.
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From (i) in Theorem [2.1] the functions « and 3 and thus also the functions A and p
are constant along the integral lines of Z foliating R.:
0=2\=puXA—AY) on R, (4.5)
0=Zp=puXp—AYpu, on R,.
On the other hand, from A\? 4 42 = 1 we deduce that:

1

0= §X()\2 +p?) = AXN + puXp, a.e. in V. D", (4.7)
1

0=3 Y (A2 4+ p?) = A\Y A+ uYp, a.e.in V-D". (4.8)

Recalling that A\? + p? = 1, a direct computation yields
divw=X\+Ypu
= w(pXA =AY A) + MAXA+ puXp) — MuXp — AY u) + p(AY N+ pYpu) .
Therefore, applying , , , and , we obtain
divw =0, H*-a.e. on R,
OJ

Remark 4.2. Note that, by (iii) of Lemma above, vy, is Lipschitz continuous on the
intrinsic graph S,. This implies that u € Cy;' (D).

By Lemma 4.1 F,- is a minimizer of the H-perimeter in the right cylinder V- D":

Theorem 4.3. Let ¢ € Lip(0D) satisfy (3.53) and let u” be as in Theorem . Then
for any £3-measurable set F C V- D" such that E",AF cC V- D" we have:

Py(E",;V-D") < Py(F;V-D"). (4.9)
Proof. Tt follows from Lemma 4.1l and Theorem 2.1 in [2]. O

We have the set-theoretical identities:
OE,ND-V=8,=R,=S5,,=0L,NV-D",

where u" € Lip,,.(D,) represents R, as an intrinsic graph along X". Let ng be the
Euclidean unit normal to R, and define Ng := ({ng, X), (ng,Y)) € R? where (-,-) is the
standard scalar product in R3. Then we have the following identities:

Pu(Bw:D-V) = [ |Np.|do? :/ Np | dA” = Py(EL:V- D). (4.10)
S, s,

Thus, if for some competitor v € Lip(D) with v = ¢ on 0D we have S, = 0F NV - D" for
some F' C V- D", then inequality (4.9) reads:

In the next Lemma we provide a condition guaranteeing that the left graph S, of a
competitor v is also a right graph over the domain D".
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Let us fix some notation. Given y € R, we denote by D, the set

D,:={tel: (y,t)e D} = (t, ,t}),

vy
and we define the interval Yp := {y € R : D, # 0}. Given a continuous function
v:D — R, we let
B, (t) =t + 4yv(y,t), teD,. (4.12)

Theorem 4.4. Let ¢ € Lip(9D) satisfy (3.53) and let v € C(D) be such that v = @ on
0D and HBv € L. (D). Assume that for every y € Yp we have:

Dy >t B,(t) is increasing. (4.13)
Then <p(u) < /p(v) with equality if and only if u = v.

Proof. Let S, be the intrinsic graph of v. Using (4.13]) and the fact that v = u on 9D we
obtain:

" (S,) = {(y,5,(t)) € W: (y,t) € D}
= U} x (8t Bo(t))

= J {y} x (Bu(t,), BL(t)
(S = D"

Since the map D > (y,t) — (y, 8, (t)) is injective, there exists a function v" € C(D") such
that S/, =S, and v" = u" on 9D".
Now, by applying the Divergence Theorem proved in 13|, we have:

O:/ divwd.,iﬂ?’:/ <w,VEU>d,uEv—/ (w,vp,)dug, .
BT, AT, g :

Using (w,vg,) = 1 on S, and (w,vg,) < 1, and the area formula (1.1)) we conclude that
WD(U) S JZ%D(’U).

In the case of equality @p(u) = @p(v), we deduce that v, = w, pug,-a.e. on S,.
Namely, at the point p = (v(y, t),y,t + 2yv(v, t)) € S,we have

1 X(p) — PBu(y,t)

11 Bu(y,1)? T t)QY(p) = vp,(p) = w(p). (4.14)

Theorem 1.2 in [20] implies that v € C%(D), and in particular it is locally intrinsic
Lipschitz, i.e., Bv € LiS.(D). Let k : (—=0,0) — D, for some § > 0 be an integral curve of
the vector field Z = 0, — 4v(y, )0, k = Z(r) = (1, —4v(k)). By Theorem 1.2 in [3], the
function s — 9(s) := v(k(s)) is differentiable for a.e. s and

U(s) = Bu(k(s)), se€(—0,9), (4.15)
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and thus, in fact, ¥ € C*(=4,4). Let v € C*((—6,6); S,)) be the lift of  on the graph of
v, namely,

1(s) = (9(s), ra(s), mals) + 2 (8)0()).
The derivative of ~ is

A(s) = 19(3)(1, 0,2r1(s)) + (0,1, —29(s))

= Bu(k(s)) X (v(s)) + Y (7(s)).
Letting Jw = J(w X 4+ weY) = —wo X + wqY and denoting by 7 the arc length parame-
terization of 7, from (4.14]) and (4.16)) we deduce that
v = Jw(y).
A direct check shows that the integral curves of Jw are horizontal lines. This follows from
the fact the S, is foliated by horizontal lines and from the construction of w.
The previous argument proves that the graph 9, is foliated by horizontal lines and since

v =wu on 0D we conclude that v = u also in D. O

(4.16)

Remark 4.5. We observe that u is stationary for o/p. To prove this, we apply Theorem
. First, note that the transformation D > (y,t) — A(y,t) = (y, 8, (t)), where B, is
giwen by (4.12)), coincides with G o F~1, where F and G are defined in (3.4)), (3.5) and

(3.56), (3.57), respectively. Hence, A= = F o G=* and, by the properties of F' and G,
A=Y is locally Lipschitz continuous in D". In particular, given K CC DT, there exists a
constant Cx > 0 such that

0-A7 (n, 1) < Ck,  forall (n,7) €K,
and consequently, by the definition of A,

%ﬁ;j(t) > O, for all (y,t) € A7H(K). (4.17)

Letv € CX(D). When (y,t) ¢ spt(v), we have

d u+ev _ i u
%@f (t) = dtﬁy (t) > 0.

If (y,t) € spt(v), then by (4.17)) it follows that

d d
%B;JFFEU(t) = %B;(t) + 200y, 1) > Oy T E00(y, ).

spt(v

Provided that € > 0 is small enough, we then infer that, for all y € Yp, the derivative of
Bytev is positive on D,. This allows us to apply Lemma to u + v, from which we
deduce that </p(u) < &/p(u+ €v), and in particular,

d

I E:O;zf,;)(u +ev) = 0.

Hence, u is a stationary point for o/p, as desired.
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5. A REGULARITY RESULT FOR H-PERIMETER MINIMIZERS

We use the results obtained in the previous sections to prove a regularity theorem for
minimizers of the H-area.
For 0 <p<r, letv.,: 1 =R, I:=(0,2r), be the function

Vro(S) == ¢ s(2r —s) for s € I,
r

2
and consider the domain D, , = (0, —r)+D,, ~,, where D., ., is as in (1.2)) with v, = —v,,,

Y2 = 77’,@7 i‘e'v
DTHQ = {(yat - T) EW :te Ia |y| < ’77",.9(75)}'

Moreover, for wy = (yo, to), we set
D, ,(wo) :=wy + D, and  B(wy) ={weW : |w—wo| <r},

where | - | is the standard norm on the plane. Notice that, for o < r, D, ,(wo) C B, (wp).
Finally, consider the half-balls:

B (wo) :={(y.t) € By(wo) : y>wyo} and B (wo):={(y,t) € Br(wo) : y < %o},
and, for a function v : B,(wy) — R, define £¥ : (0,7) — [0, 00 by
£;(0; wo) = max{Lip(v, B, (wo) \ Dre(wo)), Lip(v, B, (wo) \ Dy.e(wo))}- (5.1)
Theorem 5.1. Let Q@ C W be an open set and let v € C(Q) be a function such that
PBv € L2 (). Assume that:

loc
(i) The function v is a minimizer of the H-area for compact perturbations. Namely,
for any v € C(Q) such that spt(v —v) CC Q' CC Q we have:

(i) For all wy = (Yo, to) € §2 there exists r > 0 such that B,(wy) C Q and
lim o0 (0;wy) = 0. (5.3)
0—07F

Then v € Lip,,.(2) N Cb}loc(ﬁ) and ts left intrinsic graph S, s foliated by horizontal
straight lines.

Proof. We claim that for every wy € 2 there exists a neighborhood U C W of wy such
that the S, N U -V is foliated by horizontal straight line segments.
Up to a translation, we can without loss of generality assume that wy = (0,r), where
r > 0 is a radius for which (5.3) holds. We estimate the parameter ¢ in (1.7 for the
domain D, ,(wy) = D_,,,,, and boundary datum ¢ = v|sp, ,(w):
¢= 4(”%39”@ + Lip(%ﬁ@)) (H‘PHOO + Lip(@ © (57 '77",@(3)))
<4(1+2r) Lip(%,g) (“U”L"O(Br(wo)) + £;(0; wo) (1 + Lip(%,g)))-
We used (5.1)) to get the inequalities:

Lip(p o (8, 7r,0(5)) < Lip()(1 4 Lip(yr,)) < £7(0;wo)(1 + Lip(7s,))-
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Using now Lip(y,,) = 2¢/r we obtain the final estimate:

¢ <2 (10420 [ollollimuny + (1422) 06i(oun)].

By (5.3]), for g sufficiently small, ( satisfies condition (3.53). By Theorems and
and by Remark the ruled surface R, is the left graph S, of a function u €
Lip(D,. ,(w)) N C' (D, (ws)). Moreover, by Theorem [3.4] S, is also a right graph and by
the calibration argument of Section {4]it is a minimizer for the area with boundary datum
© in a suitable class of competitors.

The function v belongs to this class of competitors if the function 3; satisfies condition
4.13, We check this condition. Comnsider y € Yp, ,(w,) = (—0,0), y # 0. Notice that if

y,t) € Dy o(wo) then (y,t) € D, ,(wo) \ Dy jyj/2(wo). Thus, by (5.1)) we have:

d
2 Pu() =1+ 4yd(y. t) 2 1 — Ayl 6 (Jyl/2; wo).
Because |y| < p, selecting o > 0 small enough, by (5.3]), we obtain
d 1
—pB%(t) > =>0

thus proving the monotonicity of ¢ — 3;(t), for every y € Yp.
By Lemma [4.4] the function v is an admissible competitor for u and therefore

’Q{DT,Q(’WO) (u) S LQ{DT‘,Q(WO) (U) .

On the other hand, by assumption (i) we also have .@p, ,(uw)(v) < @b, ,(wy) (), and thus
D, ,(wo)(V) = @p, ,(w)(1). By the equality characterization in Lemma 4.4, we infer that
v = u, and we conclude. O]
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