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Abstract. Using a geometric construction, we solve Plateau’s Problem in the Heisenberg group
H1 for intrinsic graphs defined on a convex domain D, under a smallness condition either on
the boundary ∂D or on the boundary datum φ ∈ Lip(∂D). The proof relies on a calibration
argument. We then apply these techniques to establish a new regularity result for H-perimeter
minimizers.

1. Introduction

The classical Plateau’s Problem—minimizing the area of a surface spanning a given
boundary curve—can be formulated in several different ways: for graphs, parametric
surfaces, Caccioppoli sets, currents, and others. The precise formulation and its solution
depend on the chosen notion of surface and area, as well as on how the boundary condition
is imposed. A nice overview can be found in [11,19].

In this paper, we study the Plateau’s Problem in the first Heisenberg group H1, where
the notion of area is defined via the horizontal perimeter of a set in the sense of De
Giorgi, along with the associated area formulas. In this context, the existence of solutions
to the problem was first investigated by Garofalo and Nhieu in [16] for sets with finite
perimeter. For the case of t-graphs in Hn, the existence was first studied by S. D. Pauls
in [21], adapting techniques related to the Bounded Slope Condition, which are indeed
applicable to general area-type functionals, and later by other authors in [7,10,17,23,24].

Our focus is on intrinsic graphs—that is, graphs defined along the integral curves of a
left-invariant vector field. This notion of graph appears to be the most appropriate, as
the boundary of sets with finite H-perimeter is rectifiable precisely in this sense: up to
a negligible set, it can be covered by a countable union of C1

H-regular intrinsic graphs,
see [13, Theorem 7.1]. In fact, our construction yields solutions to the Plateau’s Problem
that are intrinsic graphs.

In this setting, the question of the existence of solutions becomes more challenging.
On the one hand, when passing from t-graphs to intrinsic graphs, the area functional is
strongly non-linear and non-convex. As a consequence, stationary points of the area may
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be unstable [9]. On the other hand, there is, so far, no satisfactory regularity theory for
H-minimal surfaces (i.e., stationary points of the horizontal perimeter). Indeed, several
examples of H-minimal surfaces with low regularity are known [22, Theorem C].

However, when n = 1, the situation is more favorable: smooth 2-dimensionalH-minimal
surfaces in H1 without characteristic points are ruled (i.e., foliated by horizontal segments)
and therefore exhibit a certain rigidity (see for instance [6, 15, 18]). This observation is
the starting point of our study.

The first Heisenberg group H1 is the 3-dimensional Euclidean space R3 equipped with
the group operation:

(x, y, t) · (ξ, η, τ) =
(
x+ ξ, y + η, t+ τ + 2(yξ − xη)

)
, (x, y, t), (ξ, η, τ) ∈ H1.

The Lie algebra of left-invariant vector fields is spanned by the three vector fields defined,
at each point p = (x, y, t) ∈ H1, as:

X(p) :=
∂

∂x
+ 2y

∂

∂t
, Y (p) :=

∂

∂y
− 2x

∂

∂t
, T :=

∂

∂t
.

We denote by H the horizontal sub-bundle of H1, that is,

Hp := span{X(p), Y (p)}, for p ∈ H1.

A C1 vector field V defined in an open set Ω ⊂ H1 is said to be horizontal if V (p) ∈ Hp

for every p ∈ Ω. In this case, we write V ∈ C1(Ω;H). If V ∈ C1
c (Ω;H), i.e., V = v1X+v2Y

with v1, v2 ∈ C1
c (Ω), we let ∥V ∥∞ = maxp∈Ω(v1(p)

2 + v2(p)
2)1/2. Notice that

div V := Xv1 + Y v2

is the standard divergence of V .
The Haar measure of H1 is the Lebesgue measure L 3. We say that a L 3-measurable

set E ⊂ H1 has finite H-perimeter in Ω if

PH(E; Ω) := sup

{∫
E

div V dL 3 : V ∈ C1
c (Ω;H), ∥V ∥∞ ≤ 1

}
<∞.

The quantity PH(E; Ω) is called the H-perimeter of E in Ω, see [13]. When ∂E ∩ Ω is
the graph of a function with suitable regularity, the H-perimeter can be represented by
area-type formulas. We are interested in the case of intrinsic graphs, and, without loss of
generality, we focus on graphs defined along the vector field X.

Let Φ : R × H1 → H1 be the flow of X, and define Φs : H1 → H1 by Φs(p) = Φ(s, p),
for s ∈ R and p ∈ H1. We denote by W := {p = (x, y, t) ∈ H1 : x = 0} the vertical plane
(subgroup) “orthogonal to X”, and we fix a domain D ⊂ W. The intrinsic graph (along
X) of a function u : D → R is defined as

Su =
{
Φs(y, t) = (s, y, t+ 2ys) ∈ H1 : (y, t) ∈ D, s = u(y, t)

}
.

Similarly, the intrinsic epigraph of u is

Eu =
{
Φs(y, t) ∈ H1 : (y, t) ∈ D, s > u(y, t)

}
.
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The (left) cylinder over D is denoted by

D · V =
{
Φs(y, t) ∈ H1 : (y, t) ∈ D, s ∈ R

}
,

where V =
{
(x, 0, 0) ∈ H1 : x ∈ R

}
is the complementary subgroup of W.

If D ⊂ W is bounded and u ∈ Lip(D), then PH(Eu;D · V) < ∞ and there holds the
area formula, see [14],

AD(u) := PH(Eu;D · V) =
∫
D

√
1 + Bu(y, t)2 dydt <∞, (1.1)

where

Bu =
( ∂

∂y
− 4u

∂

∂t

)
u =

∂u

∂y
− 2

∂

∂t
u2.

Notice that the area functional u 7→ AD(u) is not convex.
The Burgers’ operator u 7→ Bu is well-defined also in distributional sense, and formula

(1.1) remains valid under the weaker assumption that u is a continuous function such that
Bu ∈ C(D), see [1, Proposition 2.22], or even in the weaker situation of Bu ∈ L∞(D),
see [8, Theorem 1.6]. We say that u ∈ C(D) is intrinsic Lipschitz if Bu ∈ L∞(D), and
that u ∈ C1,h

H (D) (resp. u ∈ C1,h
H,loc(D)) if Bu ∈ C0,h(D) (resp. Bu ∈ C0,h

loc (D)).
In this paper, we address the following question:

Given a bounded open set D ⊂ W and a function φ : ∂D → R, can
one find a function u ∈ C(D̄) such that u|∂D = φ and AD(u) is mini-
mal among a suitable class of competitors satisfying the same boundary
condition as u?

(PP)

We will provide an affirmative answer to this version of the Plateau’s Problem for a large
class of convex domains D and for Lipschitz boundary data φ : ∂D → R, also proving
some regularity for the minimizer. The issue about the “suitable class of competitors”
is delicate and will be clarified later. We are able to prove existence under a smallness
condition that jointly involves ∂D and the boundary datum φ.

Let us fix the interval I = (0, t̄) ⊂ R, for some t̄ > 0. We consider domains D ⊂ W of
the form

D = Dγ1,γ2 := {(y, t) ∈ W : t ∈ I, γ1(t) < y < γ2(t)}, (1.2)

where γ1, γ2 ∈ Lip(I) are such that

γ1(t) < 0 < γ2(t) for all t ∈ I and γ1(0) = γ1(t̄) = γ2(0) = γ2(t̄) = 0. (1.3)

The domain D = Dγ1,γ2 is convex if and only if γ1 is convex and γ2 is concave in I. Notice
that D is not allowed to be a disk, because in this case γ1, γ2 /∈ Lip(I).

Given a continuous function φ : ∂D → R, we define the compositions

φ1(s) := φ(γ1(s), s) and φ2(s) := φ(γ2(s), s), s ∈ I. (1.4)
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We also consider the mappings

Ī ∋ s 7→ p1(s) := Φφ1(s)(γ1(s), s) =
(
φ1(s), γ1(s), s+ 2γ1(s)φ1(s)

)
, (1.5)

Ī ∋ s 7→ p2(s) := Φφ2(s)(γ2(s), s) =
(
φ2(s), γ2(s), s+ 2γ2(s)φ2(s)

)
. (1.6)

The images of p1 and p2 form the intrinsic graph of φ, i.e., p1(Ī) ∪ p2(Ī) = Sφ. With a
slight abuse of notation, we adopt the following conventions:

∥γ∥∞ := max{∥γ1∥∞, ∥γ2∥∞}, Lip(γ) := max{Lip(γ1),Lip(γ2)},
∥φ∥∞ := max{∥φ1∥∞, ∥φ2∥∞}, Lip(φ) := max{Lip(φ1),Lip(φ2)},

and we denote by ζ = ζγ1,γ2,φ1,φ2 the following parameter, which will accompany us
throughout this work:

ζ := 4
(
∥γ∥∞ + Lip(γ)

)(
∥φ∥∞ + Lip(φ)

)
. (1.7)

The first step in the construction of the solution to the Plateau Problem (PP) is the
following result:

Theorem 1.1. Let γ1, γ2 ∈ Lip(I) be as in (1.3), D = Dγ1,γ2 ⊂ W as in (1.2), φ ∈ C(∂D)
be with φ1, φ2 ∈ Lip(I) as in (1.4), and let ζ be the parameter in (1.7). Then we have:

(i) If ζ < 1, there exists ϱ ∈ Lip(Q;R3), Q := I × (0, 1), such that:

ϱ(∂Q) = p1(Ī) ∪ p2(Ī) = Sφ; (1.8)
ϱ(h, s) = (1− h)ϱ(0, s) + hϱ(1, s), for (h, s) ∈ Q; (1.9)

∂

∂h
ϱ(h, s) = ϱ(1, s)− ϱ(0, s) ∈ Hϱ(h,s), for (h, s) ∈ Q. (1.10)

In particular, the parametric surface Rφ := ϱ(Q) is foliated by straight horizontal
segments spanning Sφ.

(ii) If ζ < (
√
129 − 11)/4 and D is convex, there exists u ∈ Lip(D) ∩ C1,1

H (D) such
that:

u = φ on ∂D and Su = Rφ. (1.11)

In addition, if γ1, γ2, φ1, φ2 ∈ Ck(I), for some k ≥ 1, then u ∈ Ck(D).

The surface Rφ—the horizontally ruled surface spanning Sφ—is the candidate solution
to the Plateau’s Problem (PP). The fact that it is a minimizer of the area functional AD

in a suitable class of competitors will be proved by a calibration argument.
While Rφ = Su is a left intrinsic graph, the calibration is constructed using the right-

invariant structure of H1. We consider the flow Φr : R × H1 → H1 of the right-invariant
vector field Xr defined, at each point p = (x, y, t) ∈ H1, as:

Xr(p) =
∂

∂x
− 2y

∂

∂t
.
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We let Φr
s(p) = Φr(s, p) for s ∈ R and p ∈ H1, and we consider the right cylinder over a

domain Dr ⊂ W,

V ·Dr := {Φr
s(y, t) = (s, y, t− 2ys) ∈ H1 : (y, t) ∈ Dr, s ∈ R}.

The right graph and epigraph of a function v : Dr → R are defined as:
Sr
v =

{
Φr

s(y, t) ∈ H1 : (y, t) ∈ Dr, s = v(y, t)
}
,

Er
v =

{
Φr

s(y, t) ∈ H1 : (y, t) ∈ Dr, s > v(y, t)
}
.

The calibration can be constructed in the cylinder V ·Dr thanks to the following:

Proposition 1.2. Let u ∈ Lip(D) and Su = Rφ be given by (i) and (ii) in Theorem 1.1
for a convex domain D = Dγ1,γ2 ⊂ W. If ζ < (

√
721− 25)/48, then there exists an open

set Dr ⊂ W and ur ∈ Liploc(D
r) such that Su = Sr

ur .

Namely, for small ζ the left intrinsic graph Su is also a right intrinsic graph over a suitable
domain Dr ⊂ W.

Now consider the measure theoretic inner normal νEu = ω1X + ω2Y : this is the unit
horizontal vector field, defined for H 2-a.e. p ∈ Rφ = Su, such that for all V = v1X+v2Y ∈
C1

c (D · V;H) there holds∫
D·V

div V dL 3 = −
∫
Su

(ω1v1 + ω2v2)dµEu , (1.12)

where µEu is the H-perimeter measure associated with the epigraph Eu (see [12]). The
existence of νEu is given by Riesz’ representation theorem and its regularity follows from
the regularity of Su.

The 0-homogeneous extension of νEu along the integral lines of Xr defines a unit hori-
zontal vector field ω = ω1X + ω2Y in the right cylinder V ·Dr such that ω = νEu on Su

and
divω(p) = Xω1(p) + Y ω2(p) = 0, for L 3-a.e. p ∈ V ·Dr. (1.13)

This follows from the fact that the diffeomorphisms Φr
s : H1 → H1, s ∈ R, are contact

and isometric, and from the ruled property of Su.
The vector field ω calibrates Su in V ·Dr in the sense of Barone Adesi-Serra Cassano-

Vittone [2], and u solves Plateau’s Problem (PP) in the following sense:

Theorem 1.3. Let γ1, γ2 ∈ Lip(I) be as in (1.3), and let D = Dγ1,γ2 ⊂ W be convex, let
φ ∈ C(∂D) with φ1, φ2 ∈ Lip(I) as in (1.4), and let the parameter ζ in (1.7) be such that:

ζ <

√
721− 25

48
.

Finally, let Dr ⊂ W and ur be as in Proposition 1.2. Then the function u ∈ Lip(D)
constructed in Theorem 1.1 satisfies the minimality property:

AD(u) = PH(Eu;D · V) = PH(E
r
ur ;V ·Dr) ≤ PH(F ;V ·Dr),

for any L 3-measurable set F ⊂ H1 such that Er
ur∆F ⊂⊂ V ·Dr.



6 ROBERTO MONTI AND GIACOMO VIANELLO

It is natural to ask which conditions must be satisfied by an intrinsic Lipschitz map
v : D → R in order to have AD(u) ≤ AD(v). In Lemma 4.4, we provide a sufficient
condition on v ensuring this property, namely that v|∂D = φ and that Sv is the right
intrinsic graph of some vr : Dr → R. Despite this restriction on competitors, u minimizes
AD in a sufficiently large class that includes compact variations of u. This ensures that
u is stationary for AD (see Remark 4.5).

In the final section, we show how the theory developed in this work can be used to obtain
regularity results for minimizers of AD. In Theorem 5.1, we prove that a minimizer is
horizontally ruled and belongs to Lip(D) ∩ C1,1

H (D), starting from an initial regularity
lower than Lipschitz. This result improves upon Theorem 3.7 in [18] by Giovannardi
and Ritoré, which concerns the broader setting of stationary points of AD (see also [15]).
More generally, most regularity results in the literature deal with Lipschitz stationary
points of AD, see [4, 5]. The motivation is, again, related to the non-regularity of H-
minimal surfaces, which prevents the hope of proving more general regularity results for
stationary points of AD. An exception is [26], where the author addresses the problem
of approximating the H-area of intrinsic Lipschitz graphs with small intrinsic gradient by
means of a suitable intrinsic Dirichlet energy, with the ultimate goal of reproducing the
Euclidean approach to studying regularity.

We conclude by highlighting an interesting consequence for the Bernstein problem in
H1, which follows from our regularity Theorem 5.1 in combination with [25, Theorem 1.3].
Assume that u : W → R is a function such that its epigraph Eu is H-perimeter-minimizing
in H1 with respect to compact perturbations, that is,

PH(Eu; Ω
′) ≤ PH(F ; Ω

′) whenever Eu∆F ⊂⊂ Ω′ ⊂⊂ H1.

The Bernstein problem asks whether Eu must be a vertical plane. Theorem 1.3 in [25]
states that this is the case when Eu is foliated by horizontally straight segments. This
allows us to conclude that Eu is a vertical plane whenever u satisfies the assumptions
of Theorem 5.1, thereby improving the current results in the literature concerning the
Bernstein problem in H1, which require Lipschitzianity as minimal assumption.

1.1. Organization of the paper. The paper is organized as follows. In Section 2, and in
particular in Theorem 2.1, we construct a horizontally ruled parametric surface spanning
a given boundary datum. In Section 3, we show that this parametric surface is both a
left intrinsic graph (Theorem 3.1) and a right intrinsic graph (Theorem 3.4). Section 4
contains the calibration argument, which allows us to demonstrate that this surface is
area-minimizing with respect to a suitable class of competitors, see Theorem 4.3. Finally,
Section 5 is devoted to the proof of Theorem 5.1, in which we establish a new regularity
result for minimizers of AD.

2. Horizontal interpolation of a boundary datum

In this section, we construct a horizontally ruled parametric surface spanning a Lipschitz
continuous boundary datum defined on the boundary ∂D of an open domain D ⊂ W of
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the form
D = Dγ1,γ2 := {(y, t) ∈ W : t ∈ I, γ1(t) < y < γ2(t)}.

The notations are those given in the Introduction.

Theorem 2.1. Let D = Dγ1,γ2 ⊂ W and φ : ∂D → R be such that:

ζ < 1. (2.1)

Then there exists a bi-Lipschitz, increasing function λ : Ī → Ī such that:

(i) p2(λ(s))− p1(s) ∈ Hp1(s), for all s ∈ Ī,

(ii) p2(λ
′)− p1(s) ∈ Hp1(s) implies λ′ = λ(s), for all s, λ′ ∈ Ī,

(iii) λ(0) = 0 and λ(t̄) = t̄, (2.2)

(iv)
1− ζ

1 + ζ
≤ Lip(λ) ≤ 1 + ζ

1− ζ
and

1− ζ

1 + ζ
≤ Lip(λ−1) ≤ 1 + ζ

1− ζ
.

Proof. We claim that, for any s ∈ Ī, there exists λ ∈ Ī such that:

p2(λ)− p1(s) ∈ Hp1(s). (2.3)

Recall that, for s ∈ Ī, Hp1(s) expresses the horizontal distribution at p1(s), that is, the
linear space spanned by

X(p1(s)) = (1, 0, 2γ1(s)) and Y (p1(s)) = (0, 1, −2φ1(s)).

Then Hp1(s) is uniquely determined by the Cartesian equation

2γ1(s)x− 2φ1(s)y − t = 0, (2.4)

and, by the definition of p1 and p2, we have

p2(λ)− p1(s) = (φ2(λ)− φ1(s), γ2(λ)− γ1(s), λ+ 2γ2(λ)φ2(λ)− s− 2γ1(s)φ1(s)).

Thus, by (2.4), condition (2.3) holds if and only if λ ∈ Ī is a solution to the equation:

Qφ(s, λ) := λ− s+ 2(γ2(λ)− γ1(s))(φ2(λ) + φ1(s)) = 0. (2.5)

If s = 0 or s = t̄, the solution is λ = 0 or λ = t̄, respectively. When s ∈ I, we argue by
continuity. Note that:

Qφ(s, 0) = −s− 2γ1(s)(φ(0, 0) + φ1(s)), (2.6)
Qφ(s, t̄) = t̄− s− 2γ1(s)(φ(0, t̄) + φ1(s)). (2.7)

Since γ1(0) = γ1(t̄) = 0, we deduce that

|2γ1(s)(φ(0, 0) + φ1(s))| ≤ 4Lip(γ)∥φ∥∞|s| ≤ ζ|s|, (2.8)
|2γ1(s)(φ(0, t̄) + φ1(s))| ≤ 4Lip(γ)∥φ∥∞|s− t̄| ≤ ζ|s− t̄|,

and therefore (2.1), (2.6), (2.8) guarantee that Qφ(s, 0) < 0 and Qφ(s, t̄) > 0. By the
continuity of λ 7→ Qφ(s, λ), there exists at least one λ ∈ I solving (2.5), and consequently
also (2.3). This concludes the proof of Claim (i).
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We prove Claim (ii). Let s ∈ Ī, λ, λ′ ∈ Ī be such that:

Qφ(s, λ) = 0, Qφ(s, λ
′) = 0.

By the definition of Qφ in (2.5), we deduce that:

λ− λ′ = 2γ1(s)(φ2(λ)− φ2(λ
′))− 2(γ2(λ)− γ2(λ

′))φ1(s)− 2(γ2(λ)φ2(λ)− γ2(λ
′)φ2(λ

′))

= 2γ1(s)(φ2(λ)− φ2(λ
′))− 2(γ2(λ)− γ2(λ

′))φ1(s)− (2.9)
− 2γ2(λ)(φ2(λ)− φ2(λ

′))− 2(γ2(λ)− γ2(λ
′))φ2(λ

′).

The summands in the identity above can be estimated as follows:

2|γ1(s)||φ2(λ)− φ2(λ
′)|| ≤ 2 ∥γ∥∞Lip(φ) |λ− λ′|,

2|γ2(λ)− γ2(λ
′)||φ1(s)| ≤ 2 Lip(γ)∥φ∥∞|λ− λ′|, (2.10)

2|γ2(λ)||φ2(λ)− φ2(λ
′)| ≤ 2∥γ∥∞Lip(φ) |λ− λ′|,

2|γ2(λ)− γ2(λ
′)||φ2(λ

′)| ≤ 2 Lip(γ)∥φ∥∞|λ− λ′|.

Hence, by assumption (2.1), (2.9) and (2.10) ensure that λ = λ′. This concludes the proof
of Claims (ii) and (iii).

We are left with the proof of (iv). Let s, s′ ∈ I and λ := λ(s), λ′ := λ(s′). To estimate
|λ− λ′|, we start from the identity

0 = Qφ(s, λ)−Qφ(s
′, λ′)

= λ− λ′ + s− s′ − 2γ1(s)(φ2(λ) + φ1(s)) + 2γ1(s
′)(φ2(λ

′) + φ1(s
′))+

+ 2γ2(λ)(φ1(s) + φ2(λ))− 2γ2(λ
′)(φ1(s

′) + φ2(λ
′))

= λ− λ′ + s− s′ − 2(γ1(s)φ2(λ)− γ1(s
′)φ2(λ

′))− 2(γ1(s)φ1(s)− (2.11)
− γ1(s

′)φ1(s
′)) + 2(γ2(λ)φ1(s)− γ2(λ

′)φ1(s
′)) + 2(γ2(λ)φ2(λ)− γ2(λ

′)φ2(λ
′)).

By the estimates:

2|γ1(s)φ2(λ)− γ1(s
′)φ2(λ

′)| ≤ 2 Lip(γ)∥φ∥∞|s− s′|+
+ 2∥γ∥∞Lip(φ) |λ− λ′|,

2|γ1(s)φ1(s)− γ1(s
′)φ1(s

′)| ≤ 2 Lip(γ)∥φ∥∞|s− s′|+
+ 2∥γ∥∞Lip(φ) |s− s′|, (2.12)

2|γ2(λ)φ1(s)− γ2(λ
′)φ1(s

′)| ≤ 2 Lip(γ)∥φ∥∞|λ− λ′|+
+ 2∥γ∥∞Lip(φ) |s− s′|,

2|γ2(λ)φ2(λ)− γ2(λ
′)φ2(λ

′)| ≤ 2 Lip(γ)∥φ∥∞|λ− λ′|+
+ 2∥γ∥∞Lip(φ) |λ− λ′|,

from (2.11) and (2.12) we deduce that

(1− ζ)|λ− λ′| ≤ (1 + ζ)|s− s′| and (1 + ζ)|λ− λ′| ≥ (1− ζ)|s− s′|.
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In particular, we have

Lip(λ) ≤ 1 + ζ

1− ζ
and Lip(λ) ≥ 1− ζ

1 + ζ
.

This concludes the proof.
□

Remark 2.2. The function λ introduced in Theorem 2.1 has the same regularity of φ and
γ1, γ2. Namely, if φ1, φ2, γ1, γ2 ∈ Ck(I) then λ ∈ Ck(I), k ∈ N. This is an immediate
consequence of the Implicit Function Theorem applied to Qφ(s, λ). In fact, for ζ < 1 we
have

∂

∂λ
Qφ(s, λ) = 1 + 2γ′2(λ)(φ2(λ) + φ1(s)) + 2(γ2(λ)− γ1(s))φ

′
2(λ) ≥ 1− ζ

2
> 0.

Remark 2.3. For all j ∈ N, let φj : ∂D → R be continuous functions such that, denoting
by φj

1(s) := φj(γ1(s), s) and φj
2(s) := φj(γ2(s), s), φj

1 and φj
2 are Lipschitz in I, and

φj
1, φ

j
2 ∈ C1(I) and ∥φj

1 − φ1∥∞, ∥φj
2 − φ2∥∞ → 0, (2.13)

Also assume that γ1, γ2 ∈ C1(I).
By Remark 2.2, the function λj solving Qφj(s, λj(s)) = 0, s ∈ Ī, satisfies λj ∈

C1(I), for all j ∈ N. Moreover, λj → λ uniformly on I. Indeed, using Qφ(λ(s), s) −
Qφj(λj(s), s) = 0, for s ∈ I, and reasoning as in the proof of Theorem 2.1, we obtain the
estimates:

(1− ζ)|λj(s)− λ(s)| ≤ 4∥γ∥∞(∥φj
1 − φ1∥∞ + ∥φj

2 − φ2∥∞).

Provided ζ < 1, this implies that ∥λj − λ∥∞ → 0.

Under the assumption ζ < 1, let λ : Ī → Ī be the function given by Theorem 2.1. On
the domain Q := (0, 1)× I, consider the function ϱ : Q→ H1:

ϱ(h, s) = (1− h) p1(s) + h p2(λ(s)),

where p1 and p2 are as in (1.5) and (1.6), respectively. The components of ϱ = (ϱ1, ϱ2, ϱ3)
have the following form, for (h, s) ∈ Q̄:

ϱ1(h, s) := (1− h)φ1(s) + hφ2(λ(s)),

ϱ2(h, s) := (1− h)γ1(s) + hγ2(λ(s)), (2.14)
ϱ3(h, s) := (1− h)s+ hλ(s) + 2(1− h)γ1(s)φ1(s) + 2hγ2(λ(s))φ2(λ(s)).

The set Rφ := ϱ(Q) ⊂ H1 is a (the) horizontally ruled, parametric surface that spans the
intrinsic graph of φ.
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3. Intrinsic graph structure of the horizontally ruled surface Rφ

Let D ⊂ W and φ : ∂D → R be as in the previous section. We prove that for small
ζ < 1 the parametric surface Rφ introduced via (2.14) is the the left intrinsic graph of a
function u : D → R such that u = φ on ∂D. We will show that it is also a right intrinsic
graph on a suitable domain in W.

In this section, D = Dγ1,γ2 ⊂ W is a convex domain, i.e., γ1 is convex and γ2 is concave.
We call such a domain a lenticular domain.

3.1. Left intrinsic graph. We start by analyzing the left intrinsic graph structure of
Rφ. The set Rφ = ϱ(Q) is introduced via (2.14).

Theorem 3.1. Let D = Dγ1,γ2 ⊂ W be a lenticular domain and let φ : ∂D → R be such
that

ζ <

√
129− 11

4
. (3.1)

Then there exists a function u : D̄ → R with the following properties:
(i) u represents Rφ as a left intrinsic graph on D, i.e.,

Rφ = Su = {(u(y, t), y, t+ 2yu(y, t)) ∈ H1 : (y, t) ∈ D}; (3.2)

(ii) u is Lipschitz continuous in D̄;
(iii) u = φ on ∂D.

Proof. Finding a function u realizing (3.2) is equivalent to proving that the projection
onto W along the integral lines of X establishes a 1 : 1 correspondence of Rφ and D. Let
π : H1 = R3 → W = R2 be this projection, i.e.,

π(x, y, t) = (y, t− 2xy), for all (x, y, t) ∈ H1. (3.3)

and let F = (F1, F2) : Q → R2 be the composition F = π ◦ ϱ, where ϱ is the parameteri-
zation of Rφ introduced in (2.14):

F1(h, s) := ϱ2(h, s) = (1− h)γ1(s) + hγ2(λ(s)) (3.4)
F2(h, s) := ϱ3(h, s)− 2ϱ1(h, s)ϱ2(h, s) (3.5)

= (1− h)s+ hλ(s) + 2h(1− h)E(s).

Here and hereafter, we use the short notation

E(s) = [γ2(λ(s))− γ1(s)][φ2(λ(s))− φ1(s)]. (3.6)

Step 1. We claim that F (Q) = D. Let us first prove the inclusion D ⊂ F (Q). Given
(y, t) ∈ D, we look for (h, s) ∈ Q satisfying

F1(h, s) = y and F2(h, s) = t. (3.7)
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By the first equation in (3.7), the solution h = hy(s) is given by

hy(s) :=
y − γ1(s)

γ2(λ(s))− γ1(s)
. (3.8)

In order to have (h, s) ∈ Q, we need to impose that 0 < hy(s) < 1, which is equivalent to
s ∈ Jy, where

Jy := {s ∈ I : γ1(s) < y < γ2(λ(s))}.
As γ1 < 0 and γ2 > 0 in I, the interval Jy is

Jy := {s ∈ I : γ1(s) < y} when y ≤ 0,,
Jy := {s ∈ I : γ2(λ(s)) > y}, when y > 0.

(3.9)

Notice that Jy ̸= ∅ because (y, t) ∈ D. By the convexity of γ1, the concavity of γ2 and
the monotonicity of λ, Jy is an open interval, i.e., there exist s−y , s+y ∈ Ī, with s−y < s+y ,
such that Jy = (s−y , s

+
y ). From (3.9), it follows that

γ1(s
−
y ) = y = γ1(s

+
y ), when y ≤ 0,

γ2(λ(s
−
y )) = y = γ2(λ(s

+
y )), when y > 0.

We look for a solution s = st ∈ Jy to the equation τy(s) = t, where

τy(s) := F2(hy(s), s)) = (1− hy(s)) s + hy(s)λ(s) + 2hy(s) (1− hy(s)) E(s). (3.10)

We claim that
τy(s

−
y ) < t < τy(s

+
y ). (3.11)

If this holds, the existence of a solution follows by a continuity argument. There are two
possibilities, depending on the sign of y:

(1) We have y ≤ 0. Then (3.10) yields γ1(s−y ) = y = γ1(s
+
y ) and hy(s

−
y ) = 0 = h(s+y ).

Hence, there holds

τy(s
−
y ) = s−y and τy(s

+
y ) = s+y . (3.12)

Since γ1 is convex and γ1(s±y ) = y > γ1(t), we have s−y < t < s+y , and (3.11) follows.
(2) We have y > 0. In this case, (3.10) gives γ2(λ(s−y )) = y = γ2(λ(s

+
y )), and thus

hy(s
−
y ) = 1 = h(s+y ). It follows that

τy(s
−
y ) = λ(s−y ) and τy(s

+
y ) = λ(s+y ). (3.13)

As in the previous case, we have λ(s−y ) < t < λ(s+y ), because γ2 is concave and
γ2(λ(s

±
y )) = y < γ2(t). This implies (3.11).

This concludes the proof of the inclusion D ⊂ F (Q).
We next show that F (Q) ⊂ D. Let (y, t) ∈ F (Q), and assume for instance that y ≤ 0.

We claim that γ1(t) < y (i.e., (y, t) ∈ D).
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There exists (h, s) ∈ Q such that (y, t) = F (h, s). In particular, s ∈ Jy is a solution to
t = τy(s) = F2(h, s) (see (3.10)) and, by the definition of F1 we have y = (1 − h)γ1(s) +
hγ2(λ(s)). Therefore, the condition γ1(t) < y is equivalent to:

γ1(F2(h, s)) < (1− h)γ1(s) + hγ2(λ(s)), for 0 < h < 1, s ∈ I, (3.14)

where F2(h, s) = (1− h)s+ hλ(s) + 2h(1− h)E(s).
We check (3.14). By the convexity of γ1, there holds:

γ1(F2(h, s)) ≤ γ1((1− h)s+ hλ(s)) + 2h(1− h)Lip(γ1)|E(s)|
≤ (1− h)γ1(s) + hγ1(λ(s)) + 2h(1− h)Lip(γ1)|E(s)|.

Let us define

α(h) := (1− h)γ1(s) + hγ1(λ(s)) + 2h(1− h)Lip(γ1)|E(s)|
β(h) := (1− h)γ1(s) + hγ2(λ(s)).

Proving (3.14) reduces to proving that α(h) < β(h) for all h ∈ (0, 1). By the definition of
E in (3.6), this inequality is equivalent to:

2(1− h)Lip(γ1)(γ2(λ(s))− γ1(s))|φ2(λ(s))− φ1(s)| < γ2(λ(s))− γ1(λ(s)). (3.15)

This is in turn implied by the inequality:

Lip(γ1)
γ2(λ)− γ1

γ2(λ)− γ1(λ)
|φ2(λ)− φ1| ≤

1

2
. (3.16)

The ratio appearing on the left hand side is estimated as follows:

γ2(λ)− γ1
γ2(λ)− γ1(λ)

≤ 1 +
|γ1(λ)− γ1|
γ2(λ)− γ1(λ)

≤ 1 +
|γ1(λ)− γ1|

|γ1(λ)|
(3.17)

≤ 2 +
|γ1|

|γ1(λ)|
.

Now we claim that:
|γ1|

|γ1(λ)|
≤ Lip(λ−1). (3.18)

There are two possibilities:
(1) If λ(s) ≤ s there exists 0 ≤ h ≤ 1 such that λ(s) = hs. The concavity of |γ1| yields

|γ1(λ(s))| ≥ h|γ1(s)|. Moreover, by λ(0) = 0 we have:

hs = λ(s) ≥ s

Lip(λ−1)
,

i.e., h ≥ Lip(λ−1)−1.
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(2) If λ(s) > s there exists 0 < h < 1 such that λ(s) = hs + (1 − h)t̄. Since |γ1| is
concave and γ1(t̄) = 0, we obtain |γ1(λ(s))| ≥ h|γ1(s)| and thus, by λ(0) = 0, we
have:

h(t̄− s) = t̄− λ(s) ≥ t̄− s

Lip(λ−1)
,

i.e., h ≥ Lip(λ−1)−1.
In both cases (3.18) follows:

|γ1|
|γ1(λ)|

≤ 1

h
≤ Lip(λ−1).

By (3.17), (3.18), and the estimate for Lip(λ−1) in (2.2), we get the following upper-
bound for the left hand side of (3.16):

Lip(γ1)
γ2(λ)− γ1

γ2(λ)− γ1(λ)
|φ2(λ)− φ1| ≤ 2Lip(γ1)∥φ∥∞

(
2 + Lip(λ−1)

)
≤ 2Lip(γ1)∥φ∥∞

(
2 +

1 + ζ

1− ζ

)
≤ ζ

2

(
2 +

1 + ζ

1− ζ

)
. (3.19)

Assumption (3.1) and (3.19) imply (3.16), and then also the claim γ1(t) < y. This
concludes the proof of F (Q) ⊂ D when y ≤ 0. The argument when y > 0 is completely
similar and can be omitted.

Step 2. We claim that F : Q → D is injective. Assume that F (h1, s1) = (y, t) =
F (h2, s2) for some (h1, s1), (h2, s2) ∈ Q. Using the notation in the previous step, this
implies that

s1, s2 ∈ Jy, h1 = hy(s1) and h2 = hy(s2), τy(s1) = t = τy(s2). (3.20)

We claim that the function τy is monotonically increasing in Jy. If this is true, τy(s1) =
τy(s2) implies s1 = s2 and hence also h1 = h2.

Since λ is bi-Lipschitz and φ1, φ2, γ1, γ2 are Lipschitz, for almost every s ∈ Jy the
functions λ, γ1, γ2 ◦ λ, φ1, φ2 ◦ λ are simultaneously differentiable at s. At these points,
we can compute the derivative of τy, see (3.10):

τ ′y(s) = 1− hy − s h′y + λ′ hy + λh′y

+ 2h′y(1− 2hy) E + 2hy(1− hy)E ′

= (1− hy)(1 + 2hy E ′) + hyλ
′

+ h′y(λ− s+ 2(1− 2hy)E).

(3.21)
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Since λ solves the equation Qφ(s, λ) = 0, recalling the definition of hy in (3.8) and of
ϱ(h, s) in (2.14), we infer that

λ− s+2(1− 2hy) E = −2(γ2(λ)− γ1)
[
φ2(λ) + φ1 − (1− 2hy) (φ2(λ)− φ1)

]
= −2(γ2(λ)− γ1) [ 2φ1 + 2hy(φ2(λ)− φ1)]

= −4(γ2(λ)− γ1)ϱ1(hy, s).

(3.22)

Now a computation yields

h′y(s) = − γ′1
γ2(λ)− γ1

(1− hy)− γ′2(λ)λ
′ hy
γ2(λ)− γ1

, (3.23)

and then, by (3.22) and (3.23), we get

h′y(λ− s+ 2(1− 2hy) E) = 4ϱ1(hy, s)[γ
′
1(1− hy) + γ′2(λ)λ

′hy]. (3.24)

Inserting (3.24) inside (3.21), we obtain the following identity:

τ ′y(s) = (1− hy)
(
1 + 2hyE ′ + 4ϱ1(hy, s)γ

′
1

)
+ hy λ

′(1 + 4ϱ1(hy, s)γ
′
2(λ)

)
. (3.25)

The derivative of E is estimated in the following way:

|E ′(s)| ≤ 2∥φ∥∞
(
Lip(γ2)Lip(λ) + Lip(γ1)

)
+

+ 2∥γ∥∞
(
Lip(φ2)Lip(λ) + Lip(φ1)

)
≤ 2 (1 + Lip(λ))

(
Lip(γ)∥φ∥∞ + ∥γ∥∞Lip(φ)

)
≤ ζ

2

(
1 +

1 + ζ

1− ζ

)
,

(3.26)

and we also have
|ϱ1(hy(s))| ≤ ∥φ∥∞. (3.27)

We deduce that

|2hy E ′+4ϱ1(hy, s)γ
′
1| ≤ ζ

(
2 +

1 + ζ

1− ζ

)
, |4ϱ1(hy, s)γ′2(λ)| ≤ ζ ≤ ζ

(
2 +

1 + ζ

1− ζ

)
. (3.28)

By (3.28), (3.25), and the bounds for Lip(λ) in (2.2), we get the following lower-bound
for τ ′y(s):

τ ′y(s) ≥
[
1− ζ

(
2 +

1 + ζ

1− ζ

)]
1− ζ

1 + ζ
. (3.29)

By assumption (3.1), τ ′y is uniformly positive in Jy, and thus τy is strictly increasing.

Step 3. By the previous step, F = π ◦ ϱ : Q → D is invertible and, in particular, the
projection π : Rφ → D is bijective. This proves that Rφ = ϱ(F−1(D)) = π−1(D) is a left
intrinsic graph and the graph-function of Theorem 3.1 is u : D → R given by

u(y, t) = (ϱ1 ◦ F−1)(y, t), for (y, t) ∈ D. (3.30)
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Step 4. We claim that u : D → R is Lipschitz continuous. The argument is long
but natural: in order to use the Inverse Function Theorem we approximate F with C1

diffeomorphisms with uniformly Lipschitz inverse. Let φj : ∂D → R, j ∈ N, be a sequence
of functions such that φj

1(s) = φj(γ1(s), s), φ
j
2(s) = φj(γ2(s), s) ∈ C1(I) satisfy(2.13) and

Lip(φj
1) ≤ Lip(φ1) and Lip(φj

2) ≤ Lip(φ2), for all j ≥ 1.

Without loss of generality, we can also assume that γ1, γ2 ∈ C1(Ī) (otherwise we regularize
also γ1 and γ2). In particular, denoting by

ζj := 4(∥γ∥∞ + Lip(γ))(∥φj∥∞ + Lip(φj)), (3.31)

we have ζj ≤ ζ for all j ≥ 1.
Let F j : Q→ R2 be the function whose components F j

1 , F j
2 are defined respectively by

(3.4) and (3.5) with φj
1, φ

j
2, λj in place of φ1, φ2, λ in (2.14). Remark 2.2 guarantees that

F j ∈ C1(Q), for any j ≥ 1. The partial derivatives of F j
1 , F j

2 are:

∂hF
j
1 (h, s) = ∆j(s),

∂sF
j
1 (h, s) = γ′1(s) + h∆′

j(s),

∂hF
j
2 (h, s) = −4∆j(s)ϱ

j
1(h, s),

∂sF
j
2 (h, s) = 1 + h(λ′j(s)− 1) + 2h(1− h)E ′

j(s),

(3.32)

where we let
∆j(s) := γ2(λj(s))− γ1(s),

Ej(s) := [γ2(λj(s))− γ1(s)][φ
j
2(λj(s))− φj

1(s)],

ϱj1(h, s) := (1− h)φj
1(s) + hφj

2(λj(s)).

(3.33)

The third line in (3.32) is obtained using the identity Qφj(s, λj(s)) = 0, see (2.5).
We claim that the sequence (F j)j∈N satisfy the following properties:
(i) sup

j∈N
Lip(F j, Q) <∞;

(ii) F j : Q→ D is invertible;
(iii) ∥F j − F∥∞ → 0;
(iv) F j, F can be extended to Q̄ with F j(∂Q) ⊂ ∂D, for j ∈ N.
Claim (i) follows from the formulas in (3.32) and from ζj ≤ ζ. Claim (ii) is proved by

the same argument as in Step 2. Claim (iii) is a consequence of Remark 2.3. Finally, (iv)
is immediate.

By Lemma 3.2 proved below, we deduce that, denoting by F̃ j : D → Q the inverse of
F j, we have F̃ j → F−1 pointwise. We claim that the functions uj : D → R,

uj(y, t) = (ϱj1 ◦ F̃ j)(y, t), (y, t) ∈ D, (3.34)

satisfy:
sup
j∈N

Lip(uj) <∞. (3.35)
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Since uj → u pointwise in D, it will follow that Lip(u) <∞, concluding the proof.
The determinant of the Jacobian matrix of F j at (h, s) ∈ Q has the following expression:

δj(h, s) := det JF j(h, s) = ∆j(s)(1 + kj(h, s)), (3.36)

where, by (3.32),

kj(h, s) := h(λ′j(s)− 1) + 2h(1− h)E ′
j(s) + 4ϱj1(s)(γ

′
1(s) + h∆′

j(s)). (3.37)

Using the estimate (iv) in (2.2) for λj and arguing as in (3.26), recalling that ζj ≤ ζ, we
obtain:

h|λ′j(s)− 1| ≤ 2ζ

1− ζ
, (3.38)

|E ′(s)| ≤ ζ

(
1 +

1 + ζ

1− ζ

)
, (3.39)

4ϱj1(s)(γ
′
1(s) + h∆′

j(s)) ≤ 4∥φj∥∞Lip(γ)Lip(λj) ≤ ζ
1 + ζ

1− ζ
. (3.40)

By (3.38)-(3.40) and assumption (3.1), we deduce that

|kj(h, s)| ≤ ζ

[
2

1− ζ
+

(
1 + 2

1 + ζ

1− ζ

)]
<

1

2
, (3.41)

and this implies that, for (h, s) ∈ Q, we have

δj(h, s) ≥
1

2
∆j(h, s) > 0. (3.42)

By the Inverse Function Theorem, we have F̃ j ∈ C1(D;Q) and JF̃ j(y, t) = (JF j(h, s))−1,
(y, t) = F j(h, s). The partial derivatives of F̃ j can be therefore computed starting from
(3.32):

∂yF̃
j
1 (y, t) =

1

δj(h, s)

{
1 + h(λ′j(s)− 1) + 2h(1− h)E ′

j(s)
}
,

∂tF̃
j
1 (y, t) =

−1

δj(h, s)
(γ′1(s) + h∆′

j(s)),

∂yF̃
j
2 (y, t) =

4

δj(h, s)
∆j(s)ϱ

j
1(h, s), (3.43)

∂tF̃
j
2 (y, t) =

1

δj(h, s)
∆j(s). (3.44)

By the chain rule, the partial derivatives of uj at (y, t) = F j(h, s) are:

∂yuj(y, t) = ∂hϱ
j
1(h, s)∂yF̃

j
1 (y, t) + ∂sϱ

j
1(h, s)∂yF̃

j
2 (y, t), (3.45)

∂tuj(y, t) = ∂hϱ
j
1(h, s)∂tF̃

j
1 (y, t) + ∂sϱ

j
1(h, s)∂tF̃

j
2 (y, t), (3.46)

where ∂hϱj1(h, s) = φj
2(λj(s))− φj

1(s) := ψj(s) and ∂sϱj1(h, s) = [∂sφ
j
1(s) + hψ′

j(s)].
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By (3.42), we obtain:

|∂yF̃ j
2 (y, t)| =

4∆j(y, t)

δj(y, t)
|ϱj1(h, s)| ≤ 8∥φj∥∞ ≤ 4ζj ≤ 4,

|∂tF̃ j
2 (y, t)| =

∆j(y, t)

δj(y, t)
≤ 2.

(3.47)

We claim that ψj(s)∂yF̃
j
1 (y, t) and ψj(s)∂tF̃

j
1 (y, t) are uniformly bounded, too. Using

φj
1(0) = φj

2(0), φ
j
1(t̄) = φj

2(t̄), and Lip(φj) ≤ Lip(φ) we obtain:

|ψj(s)| ≤ |φj
2(λ

j(s))− φj
2(0)|+ |φj

1(0)− φj
1(s)| ≤ Lip(φ)(s+ λj(s)),

|ψj(s)| ≤ |φj
2(λ

j(s))− φj
2(t̄)|+ |φj

1(t̄)− φj
1(s)| ≤ Lip(φ)(2t̄− (s+ λj(s))),

that is
|ψj(s)| ≤ Lip(φ)min{s+ λj(s), 2t̄− (s+ λj(s))}. (3.48)

We claim that
∆j(s) ≥ Cmin{s+ λj(s), 2t̄− (s+ λj(s))}, (3.49)

for some C > 0 depending only on γ1 and γ2. Let us assume that s+λj(s) ≤ 2t̄−(s+λj(s)),
i.e., s+ λj(s) ≤ t̄. In this case, setting

t1 :=

(
1 +

1− ζj
1 + ζj

)−1

t̄, (3.50)

we have t1 < t̄ and s ≤ t1. The latter estimate follows from (3.50), (iv) in (2.2) for λ−1
j ,

and from:
λj(s)

s
≥ Lip(λ−1

j ) ≥ 1− ζj
1 + ζj

.

By the convexity of γ1 and the concavity of γ2, we have

∆j(s) =
γ2(λj(s))

λj(s)
λj(s) +

|γ1(s)|
s

s

≥ γ2(t1)

t1
λj(s) +

|γ1(t1)|
t1

s

≥ min

{
|γ1(t1)|
t1

,
γ2(t1)

t1

}
· (s+ λj(s)).

This is (3.49) with

C = min

{
|γ1(t1)|
t1

,
γ2(t1)

t1

}
.

where, notice, C is stable under approximation of γ1 and γ2. The proof of (3.49) in the
case s+ λj(s) ≥ t̄ is similar.

By (3.48), (3.49), and (3.42), we obtain:
|ψj(s)|
δj(h, s)

≤ C−1Lip(φ)
∆j(h, s)

δj(h, s)
≤ 2C−1Lip(φ).
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Now, proving a uniform bound for ψj(s)∂yF̃
j
1 (y, t) and ψj(s)∂tF̃

j
1 (y, t) is easy and, accord-

ingly, our claim (3.35) follows. This concludes the proof that u ∈ Lip(D).

Step 5. Since u is Lipschitz continuous in D, it admits an extension to D̄, that we
denote again by u. We are left to show that u = φ on ∂D.

Let (y, t) ∈ ∂D and (h, s) ∈ ∂Q be such that F (h, s) = (y, t). By selecting a sequence
(hj, sj) ∈ Q converging to (h, s), we obtain:

u(y, t) = lim
j→∞

u(F (hj, sj))

= lim
j→∞

ϱ1(hj, sj) (3.51)

= ϱ1(h, s)

= (1− h)φ(γ1(s), s) + hφ(γ2(λ(s)), λ(s)).

Because (h, s) ∈ ∂Q, we have h ∈ {0, 1} or s ∈ {0, t̄}. A routine check shows that in
any case we have (1 − h)φ(γ1(s), s) + hφ(γ2(λ(s)), λ(s)) = φ(y, t). This concludes the
proof. □

Lemma 3.2. Let Ω1,Ω2 ⊂ Rn be two open bounded sets and Fj, F : Ω1 → Ω2, j ≥ 1, be
such that:

(i) supj≥1 Lip(Fj,Ω1) <∞;
(ii) F |Ω1, Fj|Ω1 are invertible, j ≥ 1;
(iii) Fj → F pointwise in Ω1;
(iv) Fj(∂Ω1) ⊂ ∂Ω2, Fj(Ω1) = Ω2, j ≥ 1, and F (Ω1) = Ω2.

Then F−1
j → F−1 pointwise in Ω2.

Proof. Given y ∈ Ω2, let xj := F−1
j (y). Up to subsequences, xj → x, for some x ∈ Ω1. If

x ∈ ∂Ω1, then we would have

y = Fj(xj) = Fj(xj)− Fj(x) + Fj(x), (3.52)

where, by (iv), Fj(x) ∈ ∂Ω2, and |Fj(xj) − Fj(x)| ≤ supj≥1 Lip(Fj,Ω1)|x − xj| → 0. It
would follow that Fj(x) → y ∈ ∂Ω2, contradicting y ∈ Ω2. Hence, x ∈ Ω1, and by (iii)
|Fj(x)− F (x)| → 0. Then we have

|Fj(xj)− F (x)| ≤ |Fj(xj)− Fj(x)|+ |Fj(x)− F (x)|
≤ sup

j≥1
Lip(Fj,Ω1)|x− xj|+ |Fj(x)− F (x)| → 0.

Consequently, y = F (x), i.e., x = F−1(y). This proves that the sequence F−1
j (y) converges

to F−1(y) for any y ∈ Ω2. □

Remark 3.3. If Rφ is the left intrinsic graph of u ∈ Lip(D)—as in Theorem 3.1—
then Rφ has finite standard area and finite Heisenberg area. This is a straightforward
consequence of (1.1).
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3.2. Right intrinsic graph. For small ζ, the surface Rφ = ϱ(Q) is also a right intrinsic
graph.

Theorem 3.4. Let D = Dγ1,γ2 ⊂ W be a lenticular domain and let φ : ∂D → R be such
that:

ζ <

√
721− 25

48
. (3.53)

Then there exist a domain Dr ⊂ W and a function ur : Dr → R with the following
properties:

(i) ur represents Rφ as a right intrinsic graph on Dr, i.e.,

Rφ = Sr
ur =

{
(ur(y, t), y, t− 2yur(y, t)) ∈ H1 : (y, t) ∈ Dr

}
; (3.54)

(ii) ur is locally Lipschitz continuous in Dr.

Proof. Let πr : H1 = R3 → W = R2 be the projection onto W along the integral lines of
Xr, i.e.,

πr(x, y, t) = (y, t+ 2xy), for all (x, y, t) ∈ H1. (3.55)
We define Dr = πr(Rφ) and let G = (G1, G2) : Q → R2 be the composition G = πr ◦ ϱ,
where ϱ : Q→ H1 is the parameterization of Rφ introduced in (2.14):

G1(h, s) := ϱ2(h, s) = (1− h)γ1(s) + hγ2(λ(s)) = F1(h, s) (3.56)
G2(h, s) := ϱ3(h, s) + 2ϱ1(h, s)ϱ2(h, s) = F2(h, s) +H2(h, s), (3.57)

where
H2(h, s) := 4ϱ1(h, s)ϱ2(h, s) = 4[(1− h)φ1(s) + hφ2(λ(s))][(1− h)γ1(s) + hγ2(λ(s))].

We claim that G : Q → Dr is injective, thus proving that πr : Rφ → Dr is injective. In
this case we can define ur(y, t) = ϱ1(G

−1(y, t)) for (y, t) ∈ Dr.
As in the proof of Theorem 3.1, the injectivity of G follows from the monotonicity of

s 7→ τ̃y(s) := G2(hy(s), s) = τy(s) +H2(hy(s), s), where τy is defined in (3.10).
We first estimate the derivative of s 7→ H2(hy(s), s). By the definition of hy = hy(s) in

(3.8), the function s 7→ ϱ2(hy, s) = y is constant, for fixed y, and it follows that:

[H2(hy, s)]
′ = 4ϱ2(hy, s)∂s

(
ϱ1(hy, s)

)
= 4ϱ2(hy, s)

(
∂hϱ1(hy, s)h

′
y + ∂sϱ1(hy, s)

)
.

(3.58)

Now, by the formula for h′y in (3.23), we obtain,∣∣∂hϱ1(hy, s)h′y∣∣ = ∣∣∣(φ2(λ)− φ1

)(1− hy)γ
′
1 + hyγ

′
2(λ)λ

′

γ2(λ)− γ1

∣∣∣
≤ 2∥φ∥∞
γ2(λ)− γ1

Lip(γ)max{1,Lip(λ)},

and we notice that
|ϱ2(hy, s)|
γ2(λ)− γ1

=
|γ1 + hy(γ2(λ)− γ1)|

γ2(λ)− γ1
≤ 1 + hy ≤ 2,



20 ROBERTO MONTI AND GIACOMO VIANELLO

so that ∣∣ϱ2(hy, s)∂hϱ1(hy, s)h′y∣∣ ≤ 4∥φ∥∞Lip(γ)max{1,Lip(λ)}. (3.59)

On the other hand, we have:
|ϱ2(hy, s)∂sϱ1(hy, s)| = |ϱ2(hy, s)||(1− hy)φ

′
1 + hyφ

′
2λ

′|
≤ ∥γ∥∞Lip(φ)max{1,Lip(λ)}.

(3.60)

From (3.59), (3.60), and (iv) in (2.2) we conclude that:

|[H2(hy, s)]
′| ≤ 5ζ

1 + ζ

1− ζ
. (3.61)

By the estimate (3.29) for τ ′y and (3.61), we obtain:

τ̃ ′y(s) = τ ′y(s) + [H2(hy(s), s)]
′ ≥

[
1− ζ

(
2 +

1 + ζ

1− ζ

)]
1− ζ

1 + ζ
− 5ζ

1 + ζ

1− ζ
.

So, by (3.53), the derivative of τ̃y is uniformly positive. This demonstrates the injectivity
of G.

By construction, the function ur := ϱ1 ◦ G−1 realizes (i). Let us now show that ur is
locally Lipschitz continuous in Dr. As in Theorem 3.1, we argue by approximation. Let
φj : ∂D → R, j ∈ N, be functions such that φj

1, φ
j
2 are of class C1(I), satisfy (2.13) and

ζj ≤ ζ, where ζj is as in (3.31). Without loss of generality, up to a further approximation,
we assume that γ1, γ2 ∈ C1(I).

Let F j = (F j
1 , F

j
2 ) be defined as in (3.4)-(3.5) and let Gj = (Gj

1, G
j
2) : Q → R2 be

defined as in (3.56)-(3.57) with φj
1, φ

j
2, λ

j replacing φ1, φ2, λ. We also let Hj
2 := Gj

2 − F j
2 .

We have F j, Gj ∈ C1(Q), for j ≥ 1.
Since Gj

1 = F j
1 and Gj

2 = F j
2 +H

j
2 , the partial derivatives of Gj

1, G
j
2 can be derived from

those of F j
1 , F j

2 in (3.32), and of Hj
2 :

∂hG
j
1(h, s) = ∆j(s)

∂sG
j
1(h, s) = γ′1(s) + h∆′

j(s)

∂hG
j
2(h, s) = −4∆j(s) ϱ

j
1(h, s) + ∂hH

j
2(h, s)

∂sG
j
2(h, s) = 1 + h(λ′j(s)− 1) + 2h(1− h)E ′(s) + ∂sH

j
2(h, s).

As in (3.36), the determinant of the Jacobian of G has the form

δ̃j(h, s) = ∆j(s)(1 + k̃j(h, s)), (3.62)

where
k̃j(h, s) := kj(h, s) + ∂sH

j
2(h, s)− ∂sG

j
1(h, s)∂hH

j
2(h, s)/∆j(s),

and kj(s) is as in (3.37). Now, recalling that ζj ≤ ζ, elementary estimates show that:

|∂sHj
2(h, s)| = 4|ϱ1(h, s)∂sϱ2(h, s) + ϱ2(h, s)∂sϱ1(h, s)| ≤ ζ

1 + ζ

1− ζ
, (3.63)
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and
|∂sGj

1(h, s)||∂hH
j
2(h, s)|

|∆j(s)|
≤ Lip(γ)

1 + ζ

1− ζ
[8(φ2(λ)− φ1) + 4(φ1 + h(φ2(λ)− φ1))]

≤ 5ζ
1 + ζ

1− ζ
.

(3.64)

Now, under (3.53),

6ζ
1 + ζ

1− ζ
<

1

4
,

and so we infer that (3.63) and (3.64) combined with (3.41) yield

|k̃j(h, s)| <
1

2
+ 6ζ

1 + ζ

1− ζ
<

3

4
.

Hence δ̃j(h, s) > ∆j(h, s)/4 > 0 in Q, and, by the Inversion Function Theorem, Gj ∈
C1(Q;Dr) is a diffeomorphism. Moreover, the Jacobian of the inverse function G̃j is
bounded on compact sets ofDr uniformly in j ∈ N. Thus G̃j is locally Lipschitz continuous
in Dr. Since G̃j → G−1 pointwise in Dr by Lemma 3.2, we conclude that G−1 and thus
ur are also locally Lipschitz continuous in Dr. □

4. Minimality properties of the horizontally ruled surface Rφ

Let D = Dγ1,γ2 ⊂ W be convex and φ ∈ Lip(∂D). We denote by νEu = ω1X + ω2Y ∈
Lip(Su;H) the measure theoretic inner normal to Su = Rφ, as in (1.12). Let Dr ⊂ W be
the open set constructed in Theorem 3.53. Using an idea introduced by Barone Adesi,
Serra Cassano and Vittone in [2], in this section we prove that the left graph Su can be
calibrated in the right cylinder V ·Dr.

We recall that by Eu, Er
ur we denote respectively the left intrinsic epigraph of u : D → R

and the right intrinsic epigraph of ur : Dr → R.

Lemma 4.1. Assume that ζ satisfies (3.53). Then there exists a locally Lipschitz contin-
uous horizontal section ω = ω1X + ω2Y ∈ Liploc(V ·Dr;H) such that:

(i) ω2
1 + ω2

2 = 1 in V ·Dr;
(ii) divω = 0, L 3-a.e. in V ·Dr;
(iii) ω = νEu on Su.

Proof. The surface Rφ = ∂Eu ∩D · V is parametrized by

ϱ(h, s) = p1(s) + h(p2(λ(s))− p1(s)), (h, s) ∈ Q = (0, 1)× I,

and, by (ii) of Theorem 2.1, p2(λ(s)) − p1(s) ∈ Hϱ(h,s) for any h ∈ (0, 1), and thus
0 ̸= p2(λ(s)) − p1(s) = ᾱ(s)X(ϱ(h, s)) + β̄(s)Y (ϱ(h, s)), for functions ᾱ, β̄ : I → R
independent of h. We define α, β : I → R

α =
ᾱ√

ᾱ2 + β̄2
and β =

β̄√
ᾱ2 + β̄2

.
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Since Rφ = Su is an intrinsic graph along X, we have β(s) ̸= 0 for any s, and without
loss of generality we can assume that β > 0. The inner normal νEu is therefore given by
the formula

νEu(p) = β(s)X(p)− α(s)Y (p), for p = ϱ(h, s) ∈ Rφ. (4.1)

Step 1. We construct ω satisfying (i) and (iii). By (3.53) and Theorem 3.4, Su = Rφ =
Sr
ur is the right intrinsic graph of a function ur ∈ Liploc(D

r), σ(y, t) = (ur(y, t), y, t −
2yur(y, t)) for (y, t) ∈ Dr, and we can define the functions λ̄, µ̄ : Dr → R via the identity

νEu(σ) = λ̄X(σ) + µ̄Y (σ).

Finally, we define λ, µ ∈ Liploc(V ·Dr) letting λ(p) = λ̄(πr(p)) and µ(p) = µ̄(πr(p)), where
πr : H1 → W is the projection onto W along the integral lines of Xr. We can finally
define ω ∈ Liploc(V ·Dr;H) letting, for p = (x, y, t) ∈ V ·Dr,

ω(p) : = λ(p)X(p) + µ(p)Y (p)

= λ̄(y, t+ 2yx)X(p) + µ̄(y, t+ 2yx)Y (p).

By construction, we have ω = νEu on Rφ = Su. The vector field ω is locally Lipschitz
continuous in V ·Dr, because so are λ and µ.

Step 2. Let Φs : H1 → H1, s ∈ R, be the flow of Xr. We claim that, for a.e. p =
(x, y, t) ∈ V ·Dr,

divω(Φr
s(p)) = divω(p), for any s ∈ R. (4.2)

Indeed, using the coordinates (η, τ) = πr(p) = (y, t+ 2yx), we have:

divω(p) = X(p)(λ(p)) + Y (p)(µ(p))

=
∂

∂x
[λ̄(y, t+ 2yx)] + 2y

∂

∂t
[λ̄(y, t+ 2yx)]+

+
∂

∂y
[µ̄(y, t+ 2yx)]− 2x

∂

∂t
[µ̄(y, t+ 2yx)]

=
∂µ̄

∂η
(y, t+ 2yx) + 4y

∂λ̄

∂τ
(y, t+ 2yx)

=
∂µ̄

∂η
(η, τ) + 4η

∂λ̄

∂τ
(η, τ).

(4.3)

This gives (4.2), because πr(Φr
s(p)) = πr(p) for any s ∈ R.

Step 3. We claim that

divω(p) = 0, for H 2-a.e. p ∈ Rφ. (4.4)

Along with Step 2, this will conclude the proof of (ii).
Let Z be the horizontal vector field in V ·Dr defined by

Z := µX − λY.
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From (ii) in Theorem 2.1, the functions α and β and thus also the functions λ and µ
are constant along the integral lines of Z foliating Rφ:

0 = Zλ = µXλ− λY λ, on Rφ (4.5)
0 = Zµ = µXµ− λY µ, on Rφ. (4.6)

On the other hand, from λ2 + µ2 = 1 we deduce that:

0 =
1

2
X(λ2 + µ2) = λXλ+ µXµ, a.e. in V ·Dr, (4.7)

0 =
1

2
Y (λ2 + µ2) = λY λ+ µY µ, a.e. in V ·Dr. (4.8)

Recalling that λ2 + µ2 ≡ 1, a direct computation yields
divω = Xλ+ Y µ

= µ(µXλ− λY λ) + λ(λXλ+ µXµ)− λ(µXµ− λY µ) + µ(λY λ+ µY µ) .

Therefore, applying (4.5), (4.6), (4.7), and (4.8), we obtain

divω = 0, H 2-a.e. on Rφ.
□

Remark 4.2. Note that, by (iii) of Lemma 4.1 above, νEu is Lipschitz continuous on the
intrinsic graph Su. This implies that u ∈ C1,1

H (D).

By Lemma 4.1, Eur is a minimizer of the H-perimeter in the right cylinder V ·Dr:

Theorem 4.3. Let φ ∈ Lip(∂D) satisfy (3.53) and let ur be as in Theorem 3.4. Then
for any L 3-measurable set F ⊂ V ·Dr such that Er

ur∆F ⊂⊂ V ·Dr we have:

PH(E
r
ur ;V ·Dr) ≤ PH(F ;V ·Dr). (4.9)

Proof. It follows from Lemma 4.1 and Theorem 2.1 in [2]. □

We have the set-theoretical identities:
∂Eu ∩D · V = Su = Rφ = Sr

ur = ∂Er
ur ∩ V ·Dr,

where ur ∈ Liploc(Dr) represents Rφ as an intrinsic graph along Xr. Let nR be the
Euclidean unit normal to Rφ and define NE := (⟨nR, X⟩, ⟨nR, Y ⟩) ∈ R2, where ⟨·, ·⟩ is the
standard scalar product in R3. Then we have the following identities:

PH(Eu;D · V) =
∫
Su

|NEu | dH 2 =

∫
Sr
ur

|NEu| dH 2 = PH(E
r
ur ;V ·Dr). (4.10)

Thus, if for some competitor v ∈ Lip(D) with v = φ on ∂D we have Sv = ∂F ∩V ·Dr for
some F ⊂ V ·Dr, then inequality (4.9) reads:

AD(u) ≤ AD(v). (4.11)
In the next Lemma we provide a condition guaranteeing that the left graph Sv of a

competitor v is also a right graph over the domain Dr.
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Let us fix some notation. Given y ∈ R, we denote by Dy the set

Dy := {t ∈ I : (y, t) ∈ D} = (t−y , t
+
y ),

and we define the interval YD := {y ∈ R : Dy ̸= ∅}. Given a continuous function
v : D → R, we let

βv
y (t) := t+ 4yv(y, t), t ∈ Dy. (4.12)

Theorem 4.4. Let φ ∈ Lip(∂D) satisfy (3.53) and let v ∈ C(D̄) be such that v = φ on
∂D and Bv ∈ L∞

loc(D). Assume that for every y ∈ YD we have:

Dy ∋ t 7→ βv
y (t) is increasing. (4.13)

Then AD(u) ≤ AD(v) with equality if and only if u = v.

Proof. Let Sv be the intrinsic graph of v. Using (4.13) and the fact that v = u on ∂D we
obtain:

πr(Sv) =
{
(y, βv

y (t)) ∈ W : (y, t) ∈ D
}

=
⋃

y∈YD

{y} ×
(
βv
y (t

−
y ), β

v
y (t

+
y )
)

=
⋃

y∈YD

{y} ×
(
βu
y (t

−
y ), β

u
y (t

+
y )
)

= πr(Su) = Dr.

Since the map D ∋ (y, t) → (y, βv
y (t)) is injective, there exists a function vr ∈ C(Dr) such

that Sr
vr = Sv and vr = ur on ∂Dr.

Now, by applying the Divergence Theorem proved in [13], we have:

0 =

∫
Er

ur∆Er
vr

divω dL 3 =

∫
Sv

⟨ω, νEv⟩dµEv −
∫
Su

⟨ω, νEu⟩dµEu .

Using ⟨ω, νEu⟩ = 1 on Su and ⟨ω, νEv⟩ ≤ 1, and the area formula (1.1) we conclude that
AD(u) ≤ AD(v).

In the case of equality AD(u) = AD(v), we deduce that νEv = ω, µEv -a.e. on Sv.
Namely, at the point p =

(
v(y, t), y, t+ 2yv(v, t)

)
∈ Svwe have

1√
1 + Bv(y, t)2

X(p)− Bv(y, t)√
1 + Bv(y, t)2

Y (p) = νEv(p) = ω(p). (4.14)

Theorem 1.2 in [20] implies that v ∈ C1
H(D), and in particular it is locally intrinsic

Lipschitz, i.e., Bv ∈ L∞
loc(D). Let κ : (−δ, δ) → D, for some δ > 0 be an integral curve of

the vector field Z = ∂y − 4v(y, t)∂t, κ̇ = Z(κ) = (1,−4v(κ)). By Theorem 1.2 in [3], the
function s 7→ ϑ(s) := v(κ(s)) is differentiable for a.e. s and

ϑ̇(s) = Bv(κ(s)), s ∈ (−δ, δ), (4.15)
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and thus, in fact, ϑ ∈ C1(−δ, δ). Let γ ∈ C1
(
(−δ, δ);Sv)

)
be the lift of κ on the graph of

v, namely,
γ(s) =

(
ϑ(s), κ1(s), κ2(s) + 2κ1(s)ϑ(s)

)
.

The derivative of γ is

γ̇(s) = ϑ̇(s)
(
1, 0, 2κ1(s)

)
+
(
0, 1,−2ϑ(s)

)
= Bv(κ(s))X(γ(s)) + Y (γ(s)).

(4.16)

Letting Jω = J(ω1X + ω2Y ) = −ω2X + ω1Y and denoting by γ̄ the arc length parame-
terization of γ, from (4.14) and (4.16) we deduce that

˙̄γ = Jω(γ̄).

A direct check shows that the integral curves of Jω are horizontal lines. This follows from
the fact the Su is foliated by horizontal lines and from the construction of ω.

The previous argument proves that the graph Sv is foliated by horizontal lines and since
v = u on ∂D we conclude that v = u also in D. □

Remark 4.5. We observe that u is stationary for AD. To prove this, we apply Theorem
4.4. First, note that the transformation D ∋ (y, t) 7→ A(y, t) := (y, βu

y (t)), where βu
y is

given by (4.12), coincides with G ◦ F−1, where F and G are defined in (3.4), (3.5) and
(3.56), (3.57), respectively. Hence, A−1 = F ◦ G−1 and, by the properties of F and G,
A−1 is locally Lipschitz continuous in Dr. In particular, given K ⊂⊂ Dr, there exists a
constant CK > 0 such that

|∂τA−1(η, τ)| ≤ CK , for all (η, τ) ∈ K,

and consequently, by the definition of A,
d

dt
βu
y (t) ≥ C−1

K , for all (y, t) ∈ A−1(K). (4.17)

Let v ∈ C∞
c (D). When (y, t) /∈ spt(v), we have

d

dt
βu+εv
y (t) =

d

dt
βu
y (t) > 0.

If (y, t) ∈ spt(v), then by (4.17) it follows that

d

dt
βu+εv
y (t) =

d

dt
βu
y (t) + ε∂tv(y, t) ≥ C−1

A(spt(v)) + ε∂tv(y, t).

Provided that ε > 0 is small enough, we then infer that, for all y ∈ YD, the derivative of
βu+εv
y is positive on Dy. This allows us to apply Lemma 4.4 to u + εv, from which we

deduce that AD(u) ≤ AD(u+ εv), and in particular,

d

dε

∣∣∣
ε=0

AD(u+ εv) = 0.

Hence, u is a stationary point for AD, as desired.



26 ROBERTO MONTI AND GIACOMO VIANELLO

5. A regularity result for H-perimeter minimizers

We use the results obtained in the previous sections to prove a regularity theorem for
minimizers of the H-area.

For 0 < ϱ < r, let γr,ϱ : I → R, I := (0, 2r), be the function

γr,ϱ(s) :=
ϱ

r2
s(2r − s) for s ∈ I,

and consider the domainDr,ϱ = (0,−r)+Dγ1,γ2 , whereDγ1,γ2 is as in (1.2) with γ1 = −γr,ϱ,
γ2 = γr,ϱ, i.e.,

Dr,ϱ := {(y, t− r) ∈ W : t ∈ I, |y| < γr,ϱ(t)}.
Moreover, for w0 = (y0, t0), we set

Dr,ϱ(w0) := w0 +Dr,ϱ and Br(w0) =
{
w ∈ W : |w − w0| < r

}
,

where | · | is the standard norm on the plane. Notice that, for ϱ < r, Dr,ϱ(w0) ⊂ Br(w0).
Finally, consider the half-balls:

B+
r (w0) := {(y, t) ∈ Br(w0) : y > y0} and B−

r (w0) := {(y, t) ∈ Br(w0) : y < y0},
and, for a function v : Br(w0) → R, define ℓvr : (0, r) → [0,∞] by

ℓvr(ϱ;w0) = max{Lip(v,B+
r (w0) \Dr,ϱ(w0)),Lip(v,B

−
r (w0) \Dr,ϱ(w0))}. (5.1)

Theorem 5.1. Let Ω ⊂ W be an open set and let v ∈ C(Ω) be a function such that
Bv ∈ L∞

loc(Ω). Assume that:
(i) The function v is a minimizer of the H-area for compact perturbations. Namely,

for any ṽ ∈ C(Ω) such that spt(v − ṽ) ⊂⊂ Ω′ ⊂⊂ Ω we have:

AΩ′(v) ≤ AΩ′(ṽ). (5.2)

(ii) For all w0 = (y0, t0) ∈ Ω there exists r > 0 such that Br(w0) ⊂ Ω and

lim
ϱ→0+

ϱ ℓvr(ϱ;w0) = 0. (5.3)

Then v ∈ Liploc(Ω) ∩ C1,1
H,loc(Ω) and its left intrinsic graph Sv is foliated by horizontal

straight lines.

Proof. We claim that for every w0 ∈ Ω there exists a neighborhood U ⊂ W of w0 such
that the Sv ∩ U · V is foliated by horizontal straight line segments.

Up to a translation, we can without loss of generality assume that w0 = (0, r), where
r > 0 is a radius for which (5.3) holds. We estimate the parameter ζ in (1.7) for the
domain Dr,ϱ(w0) = D−γr,ϱ,γr,ϱ and boundary datum φ = v|∂Dr,ϱ(w0):

ζ = 4
(
∥γr,ϱ∥∞ + Lip(γr,ϱ)

)(
∥φ∥∞ + Lip(φ ◦ (s, γr,ϱ(s))

)
≤ 4 (1 + 2r) Lip(γr,ϱ)

(
∥v∥L∞(Br(w0)) + ℓvr(ϱ;w0)(1 + Lip(γr,ϱ))

)
.

We used (5.1) to get the inequalities:

Lip(φ ◦ (s, γr,ϱ(s)) ≤ Lip(φ)(1 + Lip(γr,ϱ)) ≤ ℓvr(ϱ;w0)(1 + Lip(γr,ϱ)).
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Using now Lip(γr,ϱ) = 2ϱ/r we obtain the final estimate:

ζ ≤ 8

r
(1 + 2r)

[
ϱ∥v∥L∞(Br(w0)) +

(
1 + 2

ϱ

r

)
ϱ ℓvr(ϱ;w0)

]
.

By (5.3), for ϱ sufficiently small, ζ satisfies condition (3.53). By Theorems 2.1 and
3.1, and by Remark 4.2, the ruled surface Rφ is the left graph Su of a function u ∈
Lip(Dr,ϱ(w0))∩C1,1

H (Dr,ϱ(w0)). Moreover, by Theorem 3.4 Su is also a right graph and by
the calibration argument of Section 4 it is a minimizer for the area with boundary datum
φ in a suitable class of competitors.

The function v belongs to this class of competitors if the function βv
y satisfies condition

4.13. We check this condition. Consider y ∈ YDr,ϱ(w0) = (−ϱ, ϱ), y ̸= 0. Notice that if
(y, t) ∈ Dr,ϱ(w0) then (y, t) ∈ Dr,ϱ(w0) \Dr,|y|/2(w0). Thus, by (5.1) we have:

d

dt
βv
y (t) = 1 + 4y∂tv(y, t) ≥ 1− 4|y|ℓvr(|y|/2;w0).

Because |y| < ϱ, selecting ϱ > 0 small enough, by (5.3), we obtain
d

dt
βv
y (t) ≥

1

2
> 0,

thus proving the monotonicity of t 7→ βv
y (t), for every y ∈ YD.

By Lemma 4.4, the function v is an admissible competitor for u and therefore

ADr,ϱ(w0)(u) ≤ ADr,ϱ(w0)(v).

On the other hand, by assumption (i) we also have ADr,ϱ(w0)(v) ≤ ADr,ϱ(w0)(u), and thus
ADr,ϱ(w0)(v) = ADr,ϱ(w0)(u). By the equality characterization in Lemma 4.4, we infer that
v = u, and we conclude. □
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