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Abstract. Let Mn+1 be a closed manifold of dimension 3 ≤ n+1 ≤ 7 equipped with a generic
Riemannian metric g. Let c be a positive number. We show that, either there exist infinitely
many distinct closed hypersurfaces with constant mean curvature equal to c, or there exist
infinitely many distinct hypersurfaces with constant mean curvature less than c but enclosing
half the volume of M .

1. Introduction

Let (M, g) be a closed Riemmanian manifold. Let M denote the moduli space of all smooth,
closed, almost-embedded constant mean curvature hypersurfaces in M . Note that we do not
fix the topology of elements in M, and that the value of the mean curvature is allowed to vary
between different hypersurfaces in M. In this short note, we contribute to the study of M by
proving the following alternative for constant mean curvature hypersurfaces.

Theorem 1.1. Let Mn+1 be a closed manifold of dimension 3 ≤ n+ 1 ≤ 7. Let g be a generic
Riemannian metric on M . Then, for every constant c > 0, at least one of the following two
statements is true:

(i) There exist infinitely many distinct smooth, closed, almost-embedded hypersurfaces in M
with constant mean curvature equal to c;

(ii) There exist infinitely many distinct smooth, closed, almost-embedded hypersurfaces in M
with constant mean curvature less than c but enclosing half the volume of M .

Remark 1.2. Since Theorem 1.1 already requires the metric to be generic, we can actually
require that the hypersurfaces in the theorem are genuinely embedded. This uses White’s
generic transversality theorem [19] for alternative (i) and the authors’ generic metric theorem
[10, Proposition B.5] for alternative (ii).

The proof of Theorem 1.1 is based on the authors’ recently developed min-max theory [10]
for finding critical points of functionals of the form Ω 7→ Area(∂Ω)+ f(Vol(Ω)). Here Ω ⊂ M is
an open set with sufficiently nice boundary, and f is an arbitrary smooth function.

1.1. Background and Motivation. In this subsection, we briefly survey some of the known
results and open problems concerning the space M. It is known that for a generic metric
g on M , the moduli space M of constant mean curvature hypersurfaces has the structure of
a 1-dimensional manifold; see for example [12]. This manifold may have both compact and
non-compact components.

The finer structure of M is best understood in the very small mean curvature and very large
mean curvature regimes. Regarding surfaces with large mean curvature, Ye [20] proved that
there exist foliations by CMC spheres in small neighborhoods of non-degenerate critical points
of the scalar curvature. If the scalar curvature function R is Morse, this implies that M contains
at least µ(M) spheres with constant mean curvature c when c is large enough. Here µ(M) is
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the Morse number of M , i.e., the minimum number of critical points of a Morse function on
M . Later, Pacard and Xu [14] proved that even when R is not Morse, M still contains at least
cat(M) spheres with constant mean curvature c when c is large enough. Here cat(M) is the
Lusternik-Schnirelmann category of M .

In general, these CMC spheres do not exhaust the high mean curvature portion of M. For
example, Mazzeo and Pacard [12] have constructed CMCs with large mean curvature by per-
turbing small tubes around geodesics. We still do not have a complete understanding of the
space of all CMC hypersurfaces with large mean curvature. In fact, even if one restricts the
topology, there is not yet a complete description of the space of CMC spheres with large mean
curvature. For instance, Pacard claims in joint work with Malchiodi [13] to be able to construct
CMCs which look like a connected sum of two small spheres joined by a Delaunay tube.

In the small mean curvature regime, constant mean curvature surfaces can be found by per-
turbing minimal surfaces. CMCs with small mean curvature can also be constructed by doubling
minimal surfaces; see [9] for a min-max construction of such doublings. Dey [4] proved that the
number of CMC hypersurfaces with mean curvature c goes to infinity at a quantitative rate
as c → 0. Again a complete description of the space of CMC hypersurfaces with small mean
curvature still seems out of reach.

For general values of c > 0, the second named author and J. Zhu [23] proved that M always
contains at least one almost-embedded hypersurface with constant mean curvature c. It is
conjectured that there should always be a second almost-embedded hypersurfaces with constant
mean curvature c.

Conjecture 1.3 (Twin Bubble Conjecture [22]). Let (Mn+1, g) be a closed Riemannian manifold
of dimension 3 ≤ n + 1 ≤ 7. Then, for every constant c > 0, there are at least two distinct
closed, almost-embedded hypersurfaces with constant mean curvature c in M .

This conjecture is motivated in part by a famous conjecture of Arnold on the existence of
closed magnetic geodesics in Riemannian 2-spheres [3]. Arnold’s conjecture states that every
Riemannian 2-sphere (S2, g) should contain at least two closed curves with constant geodesic
curvature κ for every constant κ > 0. Schneider [16] has proved Arnold’s conjecture when the
metric satisfies certain positive curvature conditions, but the full conjecture remains open.

Remark 1.4. It is not entirely clear that the number two is optimal in the twin bubble conjecture.
In fact, to the authors’ knowledge, it is not known whether there exist a closed manifold M and
a constant c > 0 such that M contains only finitely many closed hypersurfaces with constant
mean curvature c.

The present work grew out of the authors’ efforts to understand the Twin Bubble Conjecture.
Theorem 1.1 shows that, at least for generic metrics, if the Twin Bubble Conjecture fails for a
particular constant c > 0, then M must contain infinitely many constant mean curvature hyper-
surfaces with mean curvature less than c, each enclosing half the volume of M . In particular,
this suggests that a thorough understanding of the space of half-volume constant mean curva-
ture hypersurfaces in M may be helpful for constructing hypersurfaces with prescribed constant
mean curvature. The work of the authors [10, 11] shows that a closed manifold Mn+1 of di-
mension 3 ≤ n + 1 ≤ 5 equipped with a generic metric g always contains a sequence of closed,
almost-embedded half-volume constant mean curvature hypersurfaces Σp with Area(Σp) → ∞
as p → ∞. In view of Theorem 1.1, it would be very interesting to determine whether the mean
curvature of these hypersurfaces goes to 0 as p → ∞.

1.2. Outline of Paper. In Section 2, we first discuss some preliminary material from geometric
measure theory. We then recall the authors’ min-max theory for functionals of the form Ω 7→
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Area(∂Ω) + f(Vol(Ω)). Finally, we briefly review the idea of the suspension of a topological
space.

In Section 3, we give the proof of Theorem 1.1. The proof is divided into three steps. In
the first step, we apply Dey’s lifting construction [4] to find infinitely many relative homotopy
classes suitable for applying min-max theory to the functional

Ω 7→ Area(∂Ω) + c

∣∣∣∣Vol(Ω)− 1

2
Vol(M)

∣∣∣∣ .
In the second step, we regularize this functional to

Fε,δ(Ω) = Area(∂Ω)− δ

∫
Ω
h+ c

√(
Vol(Ω)− 1

2
Vol(M)

)2

+ ε2,

where h : M → R is a suitable Morse function and ε and δ are small positive constants. We
then apply min-max theory to find smooth critical points Ωε,δ of Fε,δ. Finally, in the third
step we let δ → 0 and then let ε → 0 and obtain convergence Ωε,δ → Ω. We then show that
Σ = ∂Ω is either an almost-embedded hypersurface with constant mean curvature c, or an
almost-embedded hypersurface with constant mean curvature less than c but enclosing half the
volume of M .

1.3. Acknowledgements. L.M. acknowledges the support of an AMS Simons Travel Grant.
X.Z. acknowledges the support by NSF grant DMS-1945178, and a grant from the Simons
Foundation (1026523, XZ).

2. Preliminaries

In this section we introduce some background material that will be needed for the proof of
the main theorem.

2.1. Geometric Measure Theory. In this section, we recall some background from geometric
measure theory. For more details we refer to [2], [15, Chapter 2], and [17]. Let Mn+1 be a closed
manifold.

• Let V(M) denote the space of n-dimensional varifolds in M .
• Given V ∈ V(M), let ∥V ∥ denote the weight measure associated to V .
• Let Zn(M,Z2) be the space of n-dimensional flat chains mod 2 in M .
• Given T ∈ Zn(M,Z2), let |T | ∈ V(M) denote the varifold induced by T .
• Let C(M) be the space of Caccioppoli sets in M .
• Given Ω ∈ C(M), let ∂Ω ∈ Zn(M,Z2) be the flat chain induced by the boundary of Ω.
• Let B(M,Z2) be the set of all T ∈ Zn(M,Z2) such that T = ∂Ω for some Ω ∈ C(M).
This is the connected component of the zero cycle in Zn(M,Z2).

• Let F , F, and M denote the flat topology, the F topology, and the mass topology,
respectively. By definition, the F topology on C(M) is given by

F(Ω1,Ω2) = F(Ω1,Ω2) + F(|∂Ω1|, |∂Ω2|).

• Let VZ(M,Z2) and VC(M) denote the VZ and VC spaces. The VZ space was first
introduced by Almgren [2], and the related VC space first appeared in [18].

We will describe the VZ and VC spaces in slightly more detail, since these spaces are less
well-known. For more a more thorough introduction to these spaces and their applications in
min-max theory see [10] and [18].
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Definition 2.1. The space VZ(M,Z2) consists of all pairs (V, T ) ∈ V(M)×B(M,Z2) such that
there exists a sequence Ti ∈ B(M,Z2) with |Ti| → V as varifolds and Ti → T in the flat topology
on B(M,Z2).

Given (V, T ) ∈ VZ(M,Z2) it is not necessarily true that V = |T |. However, it is always true
that ∥ |T | ∥ ≤ ∥V ∥ as measures. We equip VZ(M,Z2) with the F topology given by

F ((V1, T1), (V2, T2)) = F(V1, V2) + F(T1, T2).

The VC space is defined similarly but using C(M) in place of B(M,Z2).

Definition 2.2. The space VC(M) consists of all pairs (V,Ω) ∈ V(M)× C(M) such that there
exists a sequence Ωi ∈ C(M) with |∂Ωi| → V as varifolds and Ωi → Ω as Caccioppoli sets. The
F topology on VC(M) is given by F ((V1,Ω1), (V2,Ω2)) = F(V1, V2) + F(Ω1,Ω2).

2.2. Min-Max Notions. In this subsection, we describe the min-max constructions for the E
and F functionals developed in [10]. Let M be a closed Riemannian manifold.

First we describe the relevant parameter spaces and homotopy classes. Let I(1, k) de-
note the cubical complex structure on [0, 1] with vertices [0], [3−k], [2 · 3−k], . . . , [1] and edges
[0, 3−k], [3−k, 2 · 3−k], . . . , [1− 3−k, 1]. Then let

I(m, k) = I(1, k)⊗ · · · ⊗ I(1, k)︸ ︷︷ ︸
m times

be the cubical complex structure subdividing Im into 3mk congruent subcubes.
Let X be a cubical subcomplex of I(m, k) for some m, k ∈ N. Fix an F-continuous map

Φ: X → (B(M,Z2),F).

Definition 2.3. The X-homotopy class of the map Φ is the set of all sequences of maps
{Φi : X → (B(M,Z2),F)} such that there exist F continuous homotopies Hi : X × [0, 1] →
(B(M,Z2),F) satisfying Hi(x, 0) = Φ(x) and Hi(x, 1) = Φi(x).

Now assume that Z is a cubical subcomplex of X. Consider an F-continuous map Ψ: X →
(C(M),F).

Definition 2.4. The (X,Z)-relative homotopy class of the map Ψ is the set of all sequences of
maps {Ψi : X → (C(M),F)} such that there exist F-continuous homotopy maps Hi : X×[0, 1] →
(C(M),F) satisfying Hi(x, 0) = Ψ(x) and Hi(x, 1) = Ψi(x) and

lim sup
i→∞

[
sup

(z,t)∈Z×[0,1]
F(Hi(z, t),Ψ(z))

]
= 0.

Remark 2.5. In [10], the min-max theory was developed only requiring the homotopies Hi in
Definitions 2.3 and 2.4 to be F continuous. However, inspecting the proofs reveals that it is
actually possible to require that Hi is F continuous. Indeed, Propositions 1.14 and 1.15 in [21]
can be used to ensure all relevant homotopies are F-continuous. See the remark above Definition
3.4 in [4], where the same observation was used.

Next, we describe the relevant functionals. Fix a smooth function f : [0,Vol(M)] → R. Let
h = 1

2 Vol(M) and assume f is even in the sense that f(h+ t) = f(h− t) for all t ∈ [0, h]. Further
assume that f(0) > 0.

Definition 2.6. Define E : B(M,Z2) → R by

E(T ) = M(T ) + f(Vol(Ω))
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where Ω ∈ C(M) is any set satisfying ∂Ω = T . Note that E is well-defined since f is assumed to
be even. The E functional can also be extended to VZ(M,Z2) by setting E(V, T ) = ∥V ∥(M) +
f(Vol(Ω)) where ∂Ω = T .

Definition 2.7. Let Π be the X-homotopy class of a map Φ: X → (B(M,Z2),F). We define
the min-max value

LE(Π) = inf
{Φi}∈Π

[
lim sup
i→∞

sup
x∈X

E(Φi(x))

]
.

The authors proved the following min-max theorem for the E functional; see [10, Theorem
1.10].

Theorem 2.8. Let Mn+1 be a closed manifold of dimension 3 ≤ n + 1 ≤ 7. Let Π be the
X-homotopy class of a map Φ: X → (B(M,Z2),F). Assume that LE(Π) > 0. Then there
exists (V, T ) ∈ VZ(M,Z2) with E(V, T ) = LE(Π). Moreover, (V, T ) has the following regularity.
Choose Ω ∈ C(M) with ∂Ω = T and then let H = −f ′(Vol(Ω)).

(i) If H ̸= 0 then there exists a smooth, closed, almost-embedded hypersurface Λ with con-
stant mean curvature H such that ∂Ω = Λ. Moreover, there is a (possibly empty) col-
lection of minimal hypersurfaces Σ1, . . . ,Σk together with multiplicities m1, . . . ,mk ∈ N
such that

V = |Λ|+
ℓ∑

j=k

mj |Σj |.

The hypersurfaces Λ,Σ1, . . . ,Σk are all disjoint.
(ii) If H = 0 then there exists a collection of minimal hypersurfaces Λ1, . . . ,Λq such that

∂Ω = Λ1 ∪ . . . ∪ Λq. Moreover, there is a (possibly empty) collection of minimal hyper-
surfaces Σ1, . . . ,Σk and multiplicites ℓ1, . . . , ℓq,m1, . . . ,mk ∈ N such that

V =

q∑
i=1

ℓi|Λi|+
k∑

j=1

mj |Σj |.

The hypersurfaces Λ1, . . . ,Λq,Σ1, . . . ,Σk are all disjoint.

Finally, fix a smooth Morse function h : M → R. We assume that h satisfies property (T);
see [10, Definition 2.10]. The set of Morse functions satisfying property (T) is dense in C∞(M)
by [10, Proposition A.3].

Definition 2.9. Define F : C(M) → R by

F (Ω) = M(∂Ω)−
∫
Ω
h+ f(Vol(Ω)).

The F functional can also be extended to VC(M) by setting F (V,Ω) = ∥V ∥(M) −
∫
Ω h +

f(Vol(Ω)).

Definition 2.10. Let Π be the (X,Z)-homotopy class of a map Ψ: X → (C(M),F). We define
the min-max value

LF (Π) = inf
{Ψi}∈Π

[
lim sup
i→∞

sup
x∈X

F (Ψi(x))

]
.

The authors proved the following min-max theorem for the F functional; see [10, Theorem
1.11].
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Theorem 2.11. Let Mn+1 be a closed manifold of dimension 3 ≤ n + 1 ≤ 7. Let Π be the
(X,Z)-homotopy class of a map Ψ: X → (C(M),F). Assume that

LF (Π) > sup
z∈Z

F (Ψ(z)).

Then there exists (V,Ω) ∈ VC(M) satisfying F (V,Ω) = LF (Π). Moreover, there exists a smooth,
almost-embedded hypersurface Λ with mean curvature H = h|Λ − f ′(Vol(Ω)) such that ∂Ω = Λ
and V = |Λ|.

Finally, we give the definition of p-sweepouts and the volume spectrum. It is known that
the cohomology ring of B(M,Z2) with Z2 coefficients is isomorphic to Z2[λ] with generator λ in
degree one. This follows from a more general result of Almgren [1]; also see Marques-Neves [8]
for a simpler proof in this special case.

Definition 2.12. Let X be a cubical subcomplex of some I(m, k). A flat continuous map
Φ: X → B(M,Z2) is called a p-sweepout provided Φ∗λp ̸= 0 in Hp(X,Z2).

Definition 2.13. Following [7], we say that a p-sweepout Φ: X → B(M,Z2) has no concentra-
tion of mass provided

lim
r→0

[
sup{M(Φ(x)⌞B(q, r)) : x ∈ X, q ∈ M}

]
= 0.

Let Pp denote the set of all p-sweepouts with no concentration of mass.

Definition 2.14. The volume spectrum {ωp}p∈N is defined by

ωp = inf
Φ∈Pp

[
sup

x∈dom(Φ)
M(Φ(x))

]
;

see [5] and [6].

2.3. The Suspension of a Topological Space. In this short subsection, we briefly recall the
idea of the suspension of a topological space. Later we will use suspensions to construct suitable
parameter spaces on which to apply min-max theory.

Definition 2.15. Let Y be a topological space. The suspension of Y is the topological space

SY = Y × [−1, 1]/ ∼

where (y1, 1) ∼ (y2, 1) and (y1,−1) ∼ (y2,−1) for all y1, y2 ∈ Y .

Note that Y is naturally identified with the subspace Y × {0} ⊂ SY . The suspension SY
can also be viewed as the union of two cones on Y , glued along a common copy of Y . More
precisely, let C+ = Y × [0, 1]/ ∼ where (y1, 1) ∼ (y2, 1), and let C− = Y × [−1, 0]/ ∼ where
(y1,−1) ∼ (y2,−1). Then C+ and C− are both cones on Y , and SY is obtained by gluing C+

to C− along Y × {0}. Note that if Y is a cubical complex, then SY also has the structure of a
cubical complex.

Finally, consider the case where Y admits a free Z2 action y 7→ −y. Then this free Z2 action
extends to a free Z2 action on SY given by (y, t) 7→ (−y,−t). Let Y = Y/Z2 and SY = SY/Z2

denote the quotient spaces. Then Y is naturally identified with the subset (Y ×{0})/Z2 ⊂ SY .
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3. Proof of the Alternative

The goal of this section is to prove Theorem 1.1. Let Mn+1 be a closed Riemannian manifold
of dimension 3 ≤ n + 1 ≤ 7. Let g be a Riemannian metric on M such that no collection of
minimal hypersurfaces encloses half the volume of M . Such metrics are generic in the sense of
Baire category by [10, Proposition B.1]. Fix a constant c > 0.

Definition 3.1. Given ϵ > 0, let fε(t) =
√
t2 + ε2.

Observe that |f ′
ε(t)| ≤ 1 for all t ∈ R. Moreover, the functions fε converge uniformly to the

absolute value function as ε → 0.

Definition 3.2. Let h = 1
2 Vol(M).

Next we define the functionals to which we will apply mix-max theory.

Definition 3.3. For each ε > 0, define Eε : B(M,Z2) → R by

Eε(T ) = M(T )− c · fε
(
Vol(Ω)− h

)
,

where Ω ∈ C(M) satisfies ∂Ω = T . Also define

E0(T ) = M(T )− c|Vol(Ω)− h|,
where again Ω ∈ C(M) satisfies ∂Ω = T .

Recall that {ωp}p∈N denotes the volume spectrum of M and that Pp is the set of all p-
sweepouts with no concentration of mass. In our case, we our interested in the following alter-
native min-max values where the area functional is replaced by E0.

Definition 3.4. Define the min-max values

αp = inf
Φ∈Pp

[
sup

x∈dom(Φ)
E0(Φ(x))

]
.

Observe that ωp − ch ≤ αp ≤ ωp for all p ∈ N. In particular, we have αp → ∞ as p → ∞
and so there are infinitely many p’s for which there is a gap αp < αp+1. Therefore, the following
Theorem 3.5 implies Theorem 1.1 as an immediate corollary. The remainder of this section will
be devoted to the proof of Theorem 3.5.

Theorem 3.5. Fix p ∈ N for which there is a gap αp < αp+1. Then there exists a closed,
almost-embedded hypersurface Λ in M with Area(Λ) ≥ αp+1 such that either

(i) Λ has constant mean curvature c, or
(ii) Λ has constant mean curvature less than c and encloses half the volume of M .

Proof. Fix some p ∈ N for which αp < αp+1.

Step 1: We will construct a suitable relative homotopy class. For this step, we will closely
follow the arguments of Dey [4]. Choose a p-sweepout Φ: Y → B(M,Z2) with no concentration
of mass for which

sup
ȳ∈Y

E0(Φ(ȳ)) < αp+1.

Now let Y be the double cover of Y corresponding to the cohomology class Φ
∗
λ, where λ is the

non-zero element in H1(B(M,Z2),Z2). Let y 7→ −y denote the deck transformation of Y . Let
Φ: Y → C(M) be the lift of Φ. Let X = SY be the suspension of Y . Note that Y is naturally
identified with the subspace Y × {0} in X. Moreover, X carries a free Z2 action x 7→ −x
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extending the deck transformation on Y . Let Z = Y × [−2−1, 2−1] ⊂ X. Also let X be the
quotient of X by the Z2 action, and let Z ⊂ X be the quotient of Z by the Z2 action.

Next, as in [4, Section 4, Part 2], choose a map Λ: [0, 1] → (C(M),F) with no concentration
of mass satisfying Λ(0) = M and Λ(1) = ∅. Then define Ψ′ : X → (C(M),F) by

Ψ′(y, t) =


Φ(y), if |t| ≤ 2−1

Φ(y) ∩ Λ(2t− 1) if t ≥ 2−1,

M \ (Φ(−y) ∩ Λ(−1− 2t)), if t ≤ −2−1.

The map Ψ′ is flat continuous by [4, Claim 4.2]. Moreover, Ψ′ satisfies

Ψ′(x) = M \Ψ′(−x)

by construction, and therefore Ψ′ induces a map Ψ
′
: X → (B(M,Z2),F). The map Ψ

′
has

no concentration of mass by [4, Claim 4.3]. Hence, by applying discretization followed by

interpolation [21, Section 1.3], we can replace Ψ
′
by an F-continuous map Ψ: X → (B(M,Z2),F)

with the property that

(1) sup
z̄∈Z

E0(Ψ(z̄)) < αp+1.

The map Ψ is a (p + 1)-sweepout by [4, Section 4, Part 3]. Finally let Ψ: X → (C(M),F) be
the lift of Ψ. Let Π be the (X,Z) relative homotopy class of the map Ψ.

Step 2: The next step is to apply min-max theory in the homotopy class Π. Fix a smooth
Morse function h : M → R satisfying property (T). For each δ > 0, define Fε,δ : C(M) → R by

Fε,δ(Ω) = M(∂Ω)− δ

∫
Ω
h− c · fε(Vol(Ω)− h).

Also define Ẽ0 : C(M) → R by Ẽ0(Ω) = M(∂Ω)− c|Vol(Ω)− h|.

Proposition 3.6. For any sequence {Ψi : X → (C(M),F)}i∈N ∈ Π, we have

lim sup
i→∞

[
sup
x∈X

Ẽ0(Ψi(x))

]
≥ αp+1.

Proof. The proof is essentially the same as [4, Section 4, Part 4]. Recall that

lim sup
i→∞

[
sup
z∈Z

F(Ψi(z),Ψ(z))

]
= 0.

Moreover, by definition there are F-continuous homotopies Hi : Z× [0, 1] → (C(M),F) satisfying
Hi(z, 0) = Ψ(z) and Hi(z, 1) = Ψi(z) and

(2) lim sup
i→∞

[
sup

(z,t)∈Z×[0,1]
F(Hi(z, t),Ψ(z))

]
= 0.

Let C+ be the subset of X consisting of all pairs (y, t) with t ≥ 0. Now define Ξi : C+ → C(M)
by

Ξi(y, t) =

{
Ψi(y, t), if 2−1 ≤ t ≤ 1

Hi((y, t), 2t), if 0 ≤ t ≤ 2−1.

Observe that Ξi is F-continuous and that Ξi(y, 0) = Ψ(y, 0) for all y ∈ Y . Since Ψ(y, 0) = M \
Ψ(−y, 0) for all y ∈ Y , it follows that Ξi induces an F-continuous map Ξi : X → (B(M,Z2),F).
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Note that Ξi is homotopic to Ψ and therefore that Ξi is a (p + 1)-sweepout. Moreover, Ξi is
F-continuous and hence has no concentration of mass. Therefore, it follows that

sup
x̄∈X

E0(Ξi(x̄)) ≥ αp+1.

Next, observe that (1) and (2) imply that

sup
(z,t)∈Z×[0,1]

Ẽ0(Hi(z, t)) < αp+1

provided i is sufficiently large. Together with the previous inequality, this implies that

sup
x∈X

Ẽ0(Ψi(x)) ≥ αp+1

for all sufficiently large i. This proves the proposition. □

Consider any sequence {Ψi : X → (C(M),F)} ∈ Π. It follows from Proposition 3.6 that

LFε,δ({Ψi}) ≥ αp+1 − δVol(M) · sup
M

|h| − c · sup
t∈R

∣∣fε(t)− |t|
∣∣.

Likewise, for all z ∈ Z we have

Fε,δ(Ψ(z)) < sup
z̄∈Z

E0(Ψ(z̄)) + δVol(M) · sup
M

|h|+ c · sup
t∈R

∣∣fε(t)− |t|
∣∣.

Since fε converges uniformly to the absolute value function as ε → 0, it therefore follows that

LFε,δ(Π) > sup
z∈Z

Fε,δ(Ψ(z))

provided ε and δ are small enough.
Consequently, if ε and δ are sufficiently small, we can apply min-max theory for Fε,δ in the

homotopy class Π; see Theorem 2.11. It follows that there exists (Vε,δ,Ωε,δ) ∈ VC(M) which is

stationary for Fε,δ and satisfies Fε,δ(Vε,δ,Ωε,δ) = LFε,δ(Π). Moreover, there is a smooth, almost-
embedded hypersurface Σε,δ with ∂Ωε,δ = Σε,δ and Vε,δ = |Σε,δ|. The mean curvature of Σε,δ

is equal to δh|Σϵ,δ
+ hε,δ where hε,δ = −c · f ′

ε(Vol(Ωε,δ) − h) is a constant satisfying |hε,δ| ≤ c.

Finally, (Vε,δ,Ωε,δ) satisfies property (R)1 for Fε,δ.

Step 3: In the final step, we will pass to the limit δ → 0 and then the limit ε → 0 to
construct the desired hypersurfaces. First, fix a small ε > 0 and consider a sequence δj → 0.
For notational convenience, let Vε,j = Vε,δj and let Ωε,j = Ωε,δj . Passing to a limit along a
subsequence, we can obtain convergence Vεj → Vε as varifolds and Ωεj → Ωε as Caccioppoli
sets. The pair (Vε, ∂Ωε) is stationary for Eε. Since the first variation of (Vε,j ,Ωε,j) is uniformly
bounded, we can apply the compactness theorem [10, Proposition 5.5] to deduce that one of the
following alternatives holds:

(i) There is a smooth, closed, almost-embedded hypersurface Λε with non-zero constant
mean curvature such that ∂Ωε = Λε and Vε = |Λε|.

(ii) The varifold Vε is induced by a collection of disjoint, closed minimal hypersurfaces with
integer multiplicities. Moreover, some subcollection of the minimal hypersurfaces bounds
the region Ωε.

1Property (R) asserts that there is a uniform number N such that (Vε,δ,Ωε,δ) must be almost minimizing for
Fε,δ in at least one annulus in any collection of N concentric annuli; c.f. [10, Proposition 3.15]. This property is
needed to apply the compactness theory developed in [10, Section 5].
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We further note that the fact that (Vε, ∂Ωε) is stationary for Eε implies that the mean curvature
of supp ∥Vε∥ satisfies |Hε| = c|f ′

ε(Vol(Ωε) − h)|. Finally, (Vε, ∂Ωε) satisfies Property (R’) from
[10, Proposition 5.5].

Next, we aim to take a limit of (Vε,Ωε) as ε → 0. Select a sequence εk → 0. For notational
convenience, let Vk = Vεk and let Ωk = Ωεk . Passing to a limit along a subsequence, we can
obtain convergence Vk → V as varifolds and Ωk → Ω as Caccioppoli sets. Let Hk be the mean
curvature of supp ∥Vk∥. Passing to a further subsequence if necessary, we may assume that
Hk → H as k → ∞. Note that |H| ≤ c. Since Hk is uniformly bounded and (Vk, ∂Ωk) satisfies
property (R’), we can appeal to the compactness theorem [10, Proposition 5.9] to deduce that
one of the following two alternatives holds:

(i) There is a smooth, closed, almost-embedded hypersurface Λ with non-zero constant mean
curvature such that ∂Ω = Λ and V = |Λ|.

(ii) The varifold V is induced by a collection of disjoint, closed minimal hypersurfaces with
integer multiplicities. Moreover, some subcollection of the minimal hypersurfaces bounds
the region Ω.

Moreover, the first alternative holds whenH ̸= 0, and in this case Λ has constant mean curvature
H. The second alternative holds when H = 0. Here we note that although [10, Proposition 5.9]
is stated using property (R) as a hypothesis, this can be replaced by property (R’) since this
also implies the curvature estimates needed to obtain compactness.

We claim that in case (ii) one has Vol(Ω) = h. Indeed, this follows from the relation |Hk| =
c|f ′

εk
(Vol(Ωk)− h)| and the fact that Hk → 0 when alternative (ii) holds. Since the metric g is

assumed to be generic, no collection of minimal hypersurfaces in M encloses half the volume of
M . Therefore, case (ii) cannot occur.

Next, let us analyze case (i) in more detail. Observe that if Vol(Ω) ̸= h, then the relation
|Hk| = c|f ′

εk
(Vol(Ωk) − h)| implies that |H| = c. Therefore, if Vol(Ω) ̸= h, the hypersurface Λ

has constant mean curvature c. The other possibility is that Vol(Ω) = h, in which case Λ is a
hypersurface with constant mean curvature less than c which encloses half the volume of M .
Finally, note that

Ek(Vk, ∂Ωk) ≥ αp+1 − c · sup
t∈R

∣∣fεk(t)− |t|
∣∣

and consequently

∥Vk∥(M) ≥ αp+1 − c · sup
t∈R

∣∣fεk(t)− |t|
∣∣.

Letting k → ∞, we obtain ∥V ∥(M) ≥ αp+1.
To summarize, we have now shown that for every p ∈ N for which αp < αp+1, there exists a

closed, almost-embedded hypersurface Λ in M with Area(Λ) ≥ αp+1 such that either

(i) Λ has constant mean curvature c, or
(ii) Λ has constant mean curvature less than c and encloses half the volume of M .

This completes the proof of Theorem 3.5. □
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