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ABSTRACT. Motivated by the duality theory between Hermitian symmetric spaces of noncompact
and compact types, we introduce and examine the concept of Kähler duality between exact domains
of Cn (cf. Definitions 2 and 3).

Specifically, we address the following question (cf. Definition 1).
Question. Let (U, g) be an exact domain admitting a Kähler dual (U∗, g∗). Assume that there exists
α > 0 such that the following conditions hold:

(a) (U,αg) has a Fubini-Study completion;
(b) (U∗, αg∗) has a Fubini-Study compactification.

Is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain?
In Theorem 1.1, we affirmatively answer this question for a Cartan-Hartogs domainMΩ,µ equipped

with an appropriate metric gΩ,µ. In Theorem 1.2, we provide a counterexample by introducing
another Kähler metric ĝΩ,µ on MΩ,µ, that satisfies both conditions (a) and (b). Furthermore, in
Theorem 1.3, we characterize Hermitian symmetric spaces of compact type among classical flag
manifolds based solely on Kähler duality. We also propose and thoroughly investigate a conjecture
that our question has a positive answer if the metric g is Kähler-Einstein.
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1. INTRODUCTION

A Hermitian symmetric space of noncompact type is a Kähler manifold (M, g) characterized by
the property that, for all p ∈M , the geodesic symmetry

sp : expp(v) 7→ expp(−v),∀v ∈ TpM

is a globally defined holomorphic isometry of (M, g).
Up to homotheties, (M, g) is biholomorphically isometric to a bounded symmetric domain Ω ⊂

Cn centred at the origin 0 ∈ Cn equipped with the Kähler metric gΩ whose associated Kähler form
is

(1) ωΩ = − i

2π
∂∂̄ logNΩ

where

(2) NΩ(z, z) = (V (Ω)KΩ(z, z))−
1
γ

is the generic norm, V (Ω) is the Euclidean volume of Ω, γ the genus of Ω and KΩ its Bergman
kernel.

Thus

(3) gΩ =
1

γ
gB

where gB is the Bergman metric on Ω.
Notice that the genus γ of Ω is nothing but the Einstein constant of the Kähler-Einstein (KE in

the sequel) metric gΩ.
Every Hermitian symmetric space of noncompact type is a homogenous Kähler manifold and

there exists a complete classification of the irreducible ones, known as Cartan domains, which
include four classical series and two exceptional cases of complex dimensions 16 and 27, respec-
tively.

A Cartan domain Ω is uniquely determined by a triple of integers (r, a, b), where r represents
the rank of Ω, namely the maximal dimension of a complex totally geodesic submanifold of Ω, and
a and b are positive integers such that

(4) γ = (r − 1)a+ b+ 2

and

n = r +
r(r − 1)

2
a+ rb,

where n is the dimension of Ω . The Wallach set W (Ω) ⊂ R of a Cartan domain Ω ⊂ Cn is a
subset of R which depends on a and r. More precisely we have

(5) W (Ω) =
{

0,
a

2
, 2
a

2
, . . . , (r − 1)

a

2

}
∪
(

(r − 1)
a

2
, +∞

)
.

The importance of the Wallach set for our aim is due to the following fact (see the beginning of
Section 2 for the definition of infinitely projectively induced Kähler metric).

Theorem A.[34, Th.2] Let (Ω, gΩ) be a Cartan domain. The Kähler metric αgΩ is infinitely pro-
jectively induced iff α ∈ W (Ω) \ {0}. Consequently, if (Ω, gΩ) is a bounded symmetric domain,
αgΩ is infinitely projectively induced for all sufficiently large α.
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One of the remarkable aspects of the theory of Hermitian symmetric spaces is the concept of
duality, which provides a way to transition from a Hermitian symmetric space of noncompact type
(Ω, gΩ) to a Hermitian symmetric space of compact type (Ωc, gΩc), known as the compact dual of
(Ω, gΩ) (see, e.g. [12] and references therein).

An interesting feature of this duality is reflected in the following chain of holomorphic embed-
dings, which hold for any bounded symmetric domain Ω:

(6) 0 ∈ Ω ⊂ Cn J→ Ωc
BW→ CP d,

where J is a holomorphic embedding with dense image andBW is the Borel-Weil embedding satis-
fying BW ∗(gFS) = gΩc (see [39] for more details on the value of d). Moreover, Ωc = J(Cn)tH ,
where H = BW−1({Z0 = 0}), and where [Z0, . . . , Zd] denotes the homogeneous coordinates
on CP d. The embeddings (6) have been extensively used to study the symplectic geometry of
bounded symmetric domains and theirs duals in [12], [13], [28] (see also [10] for interesting rigid-
ity properties of holomorphic isometries of the complex hyperbolic space into bounded symmetric
domains).

If ωΩc is the Kähler form associated to gΩc it turns out that

J∗ωΩc =
i

2π
∂∂̄ logN∗Ω,

where we define

(7) N∗Ω(z, z̄) := NΩ(z,−z̄)

and where NΩ(z, z̄) is the generic norm of Ω given by (2).

Example 1. The prototypical example of Hermitian symmetric space of noncompact type is the
unit ball CHn = {z ∈ Cn | |z|2 < 1} equipped with the hyperbolic metric gCHn = ghyp such that

ωhyp = − i

2π
∂∂̄ logNCHn = − i

2π
∂∂̄ log(1− |z|2)

In this case a = 2, b = n − 1, r = 1 and γ = n + 1. The compact dual of (CHn, ghyp) is
(CP n, gFS) the complex projective space with the Fubini-Study metric gFS . In the affine chart
U0 = {Z0 6= 0} ⊂ CP n, the Fubini-Study form, with respect the affine coordinates zj =

Zj
Z0

, is
given by ωFS = i

2π
∂∂̄ log (1 + |z|2). Notice that in this case the BW embedding is the identity

map of CP n.

Using the fact that gΩc is projectively induced by the Borel-Weil embedding and ωΩc is such
that ωΩc(B) = ±π, where B is a generator of H2(M,Z) (see e.g. [31]) we derive the following
compact version of Theorem A.

Theorem B. Let (Ωc, αgΩc) be a Hermitian symmetric space of compact type, with α > 0. Then
αgΩc is projectively induced iff α is a positive integer.

Theorems A and B prompt the question of whether the concept of duality is specific to Hermitian
symmetric spaces and, in particular, whether it characterizes them. To rigorously address this
question (see Question A below), it is natural to begin by introducing some definitions.

Definition 1. A compact (resp. complete) Kähler manifold (M̃, g̃) is a Fubini-Study compacti-
fication (resp. completion) of a Kähler manifold (M, g) if there exists a holomorphic isometric
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embedding J : (M, g) → (M̃, g̃) such that J(M) is an open and dense subset of M̃ and g̃ is
finitely (resp. infinitely) projectively induced.

Remark 1. Although a compact manifold is (of course) complete, Calabi’s rigidity theorem [8,
Th.9] implies that a Kähler manifold admitting a Fubini-Study compactification does not admit a
Fubini-Study completion, and viceversa.

Example 2. Being gΩ complete it follows from Theorem A that a bounded symmetric domain
(Ω, αgΩ) admits a Fubini-Study completion iff α ∈ W (Ω) \ {0}, by trivially setting (Ω̃, αg̃Ω) =
(Ω, αgΩ) and J = idΩ. On the other hand, by Theorem B, (Cn, J∗αgΩc) with α ∈ Z+ admits a
Fubini-Study compactification where J : Cn → Ωc is the embedding in (6).

It is not hard to see that the Kähler potentials − logNΩ and logN∗Ω (see (7)) are the Calabi’s
diastasis functions DgΩ

0 and D
J∗gΩc
0 at the origin 0 ∈ Ω ⊂ Cn for the metrics gΩ and J∗gΩc ,

respectively (see [8] or Section 4 below).
Taking inspiration from this fact and by the duality theory between hermitian symmetric spaces,

we propose the following definitions (cf. also [14]).

Definition 2. A pair (U, g) is called an exact domain if U is a connected complex domain of Cn

containing the origin and g is a real analytic Kähler metric whose associated Kähler form is given
by ω = i

2π
∂∂̄Dg

0 , where Dg
0 is Calabi’s diastasis function for g at 0 ∈ Cn and Dg

0 cannot be
extended to an open subset V strictly containing U .

Remark 2. The exploration of the maximal extension domain of Calabi’s diastasis function is a
complex and profound issue (see [8] and also the recent preprint [36]). All examples at our disposal
of exact domains (U, g) with g infinitely projectively induced are complete. Thus, such domains
admit a Fubini-Study completion by simply setting (Ũ , g̃) = (U, g) and J = idU .

Definition 3. Let (U, g) and (U∗, g∗) be two exact domains of Cn. We say that (U∗, g∗) is the
Kähler dual of (U, g) and g∗ is a Kähler metric dual to g if

(8) Dg∗

0 (z, z̄) = −Dg
0(z,−z̄),∀z ∈ U ∩ U∗.

One can easily construct explicit examples of exact domains not admitting a Kähler dual (cf.
Section 4).

Example 3. Any bounded symmetric domain (Ω, gΩ) is an exact domain and its Kähler dual is
the exact domain given by (Ω∗, g∗Ω) = (Cn, J∗gΩc), where gΩc is the Kähler metric on the compact
dual Ωc of Ω and J : Cn → Ωc is the embedding in (6).

Inspired by Theorems A and Theorem B, Definitions 1, 2, 3 and Example 3 we address the
following

Question A. Let (U, g) be an exact domain admitting a Kähler dual (U∗, g∗). Suppose that there
exists α > 0 for which the following properties hold true:

(a) (U, αg) has a Fubini-Study completion;
(b) (U∗, αg∗) has a Fubini-Study compactification.

Is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain (Ω, λgΩ), for
some λ ∈ R+ (and hence λα ∈ W (Ω) ∩ Z+)?
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In this paper we consider Question A in the context where U is a Cartan-Hartogs domain (CH
domain in the sequel) equipped with two natural Kähler metrics gΩ,µ and ĝΩ,µ (see below). CH
domains are a 1-parameter family of noncompact domains of Cn+1, given by:

MΩ,µ :=
{

(z, w) ∈ Ω× C | |w|2 < Nµ
Ω(z, z̄)

}
where Ω ⊂ Cn is a Cartan domain, known as the base of MΩ,µ, NΩ(z, z̄) is its generic norm, and
µ > 0 is a positive real parameter.

The first metric on MΩ,µ that we consider is the Kähler metric gΩ,µ, introduced and studied by
G. Roos, A. Wang, W. Yin, L. Zhang, W. Zhang in [44] and [45]. The associated Kähler form is
given by

(9) ωΩ,µ = − i

2π
∂∂̄ log

(
Nµ

Ω(z, z̄)− |w|2
)
.

One of the important features of this metric is the following result which shows that for suitable
values of the parameter µ it is KE.

Theorem C.([44] and [45]) Let MΩ,µ be a CH domain. The metric gΩ,µ is KE iff µ = γ
n+1

, where
n is the complex dimension of Ω and γ its genus.

The following theorem represents the first result of this paper. It provides a positive answer to
Question A for a CH domain (MΩ,µ, gΩ,µ) and also characterizes the complex hyperbolic space
among CH domains.

Theorem 1.1. The CH domain (MΩ,µ, gΩ,µ) is an exact domain that admits a Kähler dual (M∗
Ω,µ =

Cn+1, g∗Ω,µ). Moreover, (MΩ,µ, αgΩ,µ) admits a Fubini-Study completion for all sufficiently large
α. Additionally, (Cn+1, αg∗Ω,µ) admits a Fubini-Study compactification for some α iff MΩ,µ is
homogeneous, i.e. (MΩ,µ, αgΩ,µ) = (CHn+1, ghyp).

Remark 3. It is worth pointing out that the Kähler dual (Cn+1, αg∗Ω,µ) of (MΩ,µ, gΩ,µ) has also
been examined in [38] from a symplectic perspective, with the aim to extend the symplectic duality
given in [12] for symmetric spaces to CH domains.

The second metric ĝΩ,µ on a CH domain MΩ,µ that we consider in this paper is the Kähler metric
whose associated Kähler form is given by (see Section 3 for details):

(10) ω̂Ω,µ = − i

2π
∂∂̄ log(Nµ

Ω(z, z̄)− |w|2)− i

2π
∂∂̄ logNµ

Ω(z, z̄)

In the following theorem, which represents our second main result, we show that the CH domain
(MΩ,µ, ĝΩ,µ) satisfies the assumptions (a) and (b) of Question A, for suitable values of α and µ.
Therefore, Question A has a negative answer for these values.

Theorem 1.2. The CH domain (MΩ,µ, ĝΩ,µ) is an exact domain that admits a Kähler dual (M∗
Ω,µ =

Cn+1, ĝ∗Ω,µ). For µ ∈ Z+ and sufficiently large integer α, (MΩ,µ, αĝΩ,µ) has a Fubini-Study com-
pletion and (Cn+1, αĝ∗Ω,µ) has a Fubini-Study compactification.

This theorem draws us with a strong analogy with the duality theory between Hermitian symmet-
ric spaces. Moreover, the existence of such a compactification offers a bridge between the complex
geometry of a given CH domain and the algebraic geometry of the Fubini-Study compactification
of its Kähler dual.
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Remark 4. One natural metric to consider on a CH domain is, of course, the Bergman one (see
[46]). We can prove that although the Bergman metric on CH domains admits a Kähler dual, the
latter is not finitely projectively induced. This and other properties of the Bergman metric on CH
domains and its Kähler dual will be explored in a forthcoming paper.

A natural extension of the concept of Hermitian symmetric space of compact type is that of
a flag manifold (F, gF ), i.e., compact and simply-connected homogeneous complex manifold F
equipped with a homogeneous Kähler metric gF . Note that if the Kähler form ωF associated to gF
is integral then gF is finitely projectively induced (cf. [43] and [15]).

Moreover, by restricting to the case of a flag manifold of classical type, for each p ∈ F there
exists a holomorphic embedding with dense image JF : Cn → F , JF (0) = p. This embedding is
analogous to the embedding J given by (6) for a Hermitian symmetric space of compact type (see
Section 4 below for the definition of JF and more details).

Thus a flag manifold of classical type (F, gF ) of complex dimension n and integral ωF is a
Fubini-Study compactification of (Cn, J∗FgF ). Consequently, it is natural to investigate whether
the latter admits a Kähler dual. In the following theorem, which represents our final main result,
we prove that this is the case only when the flag is indeed a Hermitian symmetric space of compact
type.

Theorem 1.3. Let (F, gF ) be a flag manifold of classical type. If (Cn, J∗FgF ) admits a Kähler dual,
then (F, gF ) is biholomorphically isometric to a Hermitian symmetric space of compact type.

It is worth pointing out that in Theorem 1.3 we are not assuming any of the conditions (a) and (b)
of Question A. Therefore, this theorem provide a characterization of Hermitian symmetric spaces
of compact type among classical flag manifolds solely in terms of Kähler duality.

The paper is organized as follows. In Sections 2 and 3, we describe the values of α and µ for
which the metrics αg∗Ω,µ, αĝΩ,µ and αĝ∗Ω,µ are projectively induced (see Propositions 2.1, 3.1 and
3.2, respectively). We also prove Theorems 1.1 and 1.2. In the final part of Section 3 we show that
the homogeneity assumption in Theorem 1.3 cannot be weakened to cohomogeneity 1 by showing
that the Fubini-Study compactification of (Cn+1, ĝ∗Ω,µ) given in Theorem 1.2, is a cohomogeneity
1 G-space.

In Section 4, after recalling the construction of the embedding JF : Cn → F for a flag manifold
of classical type and the definition of Alekseevsky-Peremolov coordinates, we prove Theorem 1.3.
In Section 5 we introduce a conjecture (Conjecture A) asserting that Question A has a positive an-
swer if the metric g is Kähler-Einstein. We also analyze the necessity of conditions (a), (b) and the
KE assumption in Conjecture A. Specifically, we show the necessity of assumption (b) in Example
4, examine the role of assumption (a) by comparing it with other long-standing conjectures within
the context of flag manifolds, and show the necessity of the KE assumption by proving that the
metric ĝΩ,µ is never KE for any value of µ. In the last section (Section 6) we show how our results
on CH domains could be extended to generalized CH domains.

The authors extend their gratitude to Ishi Hideyuki for his valuable insights and thought-provoking
discussions, which greatly contributed to the development of the concepts presented in this paper.

6



2. THE KÄHLER DUAL OF (MΩ,µ, gΩ,µ) AND THE PROOF OF THEOREM 1.1

Consider the Kähler dual of a CH domain (MΩ,µ, gΩ,µ) namely the Kähler manifold (M∗
Ω,µ, g

∗
Ω,µ),

with associated Kähler form given by

(11) ω∗Ω,µ =
i

2π
∂∂̄ log

(
Nµ

Ω(z,−z̄) + |w|2
)
.

These domains were introduced in [38] where symplectic aspects were studied in analogy with
those of [12]. In particular, one can prove (see [38, Section 3]) that M∗

Ω,µ = Cn+1 and it can be
easily verified that (M∗

Ω,µ, g
∗
Ω,µ) is indeed the Kähler dual since Nµ

Ω(z,−z̄) is real valued.
In the proof of Theorem 1.1 we need the following Propositions 2.1 and 2.3 and Lemma 2.2.
First we recall some basic facts. Throughout this paper we say that a Kähler metric g on a

complex manifold M is projectively induced if there exists a holomorphic map f : M → CPN ,
N ∈ N ∪ {∞}, such that f ∗gFS = g, where gFS is the Fubini-Study metric on CPN . Such a map
is called a holomorphic isometry. Notice that we are not assuming either M compact or complete.
A Kähler metric g is said to be finitely projectively induced if N can be chosen finite, and infinitely
projectively induced if N = ∞ and the immersion is full, meaning its image is not contained
within any finite dimensional complex projective space. For more on projectively induced Kähler
metrics, refer to [8] and [35].

Proposition 2.1. The Kähler metric αg∗Ω,µ on Cn+1 is finitely projectively induced if and only if
α, µ ∈ Z+.

Proof. Let (Ωc, gΩc) be the compact dual of the Cartan domain (Ω, gΩ). We know that the Kähler
metric gΩc is finitely projectively induced via the Borel–Weil embeddingBW : Ωc → CP d, BW (p) =
[s0(p), · · · , sd(p)], i.e. BW ∗gFS = gΩc for a suitable d = dimH0(L) − 1 depending on Ωc (cf.
(6)). Here s0, . . . , sd are global holomorphic sections of the holomorphic line bundle L over Ωc

such that c1(L) = [ωΩc ]. If µ ∈ Z+ then µgΩc is finitely projectively induced, i.e. there exists a
holomorphic embedding

(12) Fµ : Ωc → CP dµ , Fµ(p) =
[
s

(µ)
0 (p), · · · , s(µ)

dµ
(p)
]
,

such that F ∗µgFS = µgΩc , where s(µ)
0 , . . . , s

(µ)
dµ

is a basis of global holomorphic sections of L⊗µ and

dµ + 1 = dimH0(L⊗µ). Moreover, we can also assume s(µ)
0 (J(z)) 6= 0, for all z ∈ Cn where

J : Cn → Ωc is given by (6). The existence of Fµ with these properties follows by the fact that
L⊗µ defines a regular quantization of the homogeneous Kähler manifold (Ωc, gΩc) (the reader is
referred to [5, Th. 5.1] for details).

One then easily deduces that the map

(13) F̃µ : Cn+1 → CP dµ+1, (z, w) 7→
[
s

(µ)
0 (J(z)), . . . , s

(µ)
dµ

(J(z)), ws
(µ)
0 (J(z))

]
,

is a holomorphic isometric embedding of
(
Cn+1, g∗Ω,µ

)
into

(
CP dµ+1, gFS

)
. If also α is a positive

integer we get that αg∗Ω,µ is finitely projectively induced by the holomorphic map Vα ◦ F̃µ, where

Vα : CP dµ+1 → CP
(
dµ+1+α
dµ+1

)
is Calabi’s map (see [8, Th.13]), namely a suitable normalization of

the Veronese map.
Conversely, assume that αg∗Ω,µ is projectively induced. Then the same will be true for the met-

ric αg∗CH1,µ on C2. Indeed, by the hereditary property of the Calabi’s diastasis function (see [8,
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Prop.6]), we get that

D
g∗Ω,µ
0 = log

(
Nµ

Ω(z,−z̄) + |w|2
)

on Cn+1 restricts to D
g∗
CP1,µ

0 = log
(
(1 + |ξ|2)

µ
+ |w|2

)
on C2, where we choose a (CP 1, µgFS)

complex and totally geodesic embedded into Ωc.
Take now {(ξ, w) ∈ C2 | ξ = 0} and {(ξ, w) ∈ C2 | w = 0}, equipped with the Kähler metrics

induced by αg∗CH1,µ. It is immediate to see that they are nothing but (C, αgFS) and (C, αµgFS)

respectively, where gFS is the Fubini-Study metric of CP 1 restricted to C = {Z0 6= 0} ⊂ CP 1.
Thus, the assumption that αg∗Ω,µ (and hence αg∗CH1,µ) is projectively induced implies that both
αgFS and αµgFS are projectively induced. This forces α ∈ Z+ and αµ ∈ Z+ and we can then
write

µ =
a

b
and α = bk,

for some a, b, k ∈ Z+ and a, b coprime. Consider now {(ξ, w) ∈ C2 | w = 1} equipped with
the Kähler metric g induced by αg∗CH1,µ. The proof will be completed if we show that g is not
projectively induced if a

b
6∈ Z+. Notice that the Kähler form ω associated to g is

ω =
i

2π
∂∂̄Φ, Φ(ξ) = bk log

((
1 + |ξ|2

)a
b + 1

)
.

It is immediate to verify that D(ξ) = Φ(ξ) − bk log 2, is the diastasis function for the metric g
centred at the origin. Moreover, by using the radiality of D and Calabi’s criterium (see [8] or
[35]), in order to show that g is not projectively induced one needs to show that at least one the
coefficients of the Taylor expansion in ξ and ξ̄ around the origin of eD − 1 is negative. We can see

that this is equivalent to show that the Taylor expansion of Ψ(|ξ|2) =
(

(1 + |ξ|2)
a
b + 1

)bk
in |ξ|2,

around the origin, has negative coefficients when a
b
6∈ Z+.

This expansion reads as

Ψ(|ξ|2) =
kb∑
p=0

(
kb

p

)(
1 + |ξ|2

) pa
b

=
kb∑
p=0

(
kb

p

)[
1 +

pa

b
|ξ|2 +

pa

2b

(pa
b
− 1
)
|ξ|4 +

pa

6b

(pa
b
− 1
)(pa

b
− 2
)
|ξ|6

+ · · ·+ pa

h!b

(pa
b
− 1
)
· · ·
(pa
b
− (h− 1)

)
|ξ|2h + . . .

]
=
∞∑
h=0

Ah
h!
|ξ|2h,

(14)

where A0 =
∑kb

p=0

(
kb
p

)
and

(15) Ah =
kb∑
p=0

Bh,p, Bh,p =

(
kb

p

)
pa

b

(pa
b
− 1
)
· · ·
(pa
b
− (h− 1)

)
, h > 0.

Hence we have
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B`,p

B`,1

=

(
kb

p

)
p

bk

`−1∏
s=1

bs− ap
bs− a

=

(
kb

p

)
p

bk

`−1∏
s=1

(
1− a (p− 1)

bs− a

)
,∀`.

Since
∑∞

s=1
a(p−1)
bs−a = +∞, we conclude that (see e.g. [24, Section 3.7])

lim
`→∞

B`,p

B`,1

= 0, p = 2, 3, . . . , kb

and therefore that

(16) lim
h→∞

Ah
Bh,1

= 1.

Since we are assuming that a
b
6∈ Z+, from (15) we get

Bh+1,1 = ka
(a
b
− 1
)
. . .
(a
b
− h
)
6= 0, ∀h ∈ Z+.

Clearly a
b
− h < 0, for any h > a

b
. Hence, if h0 is sufficiently large, from (16), we see that

{Ah}h>h0
is an alternate sequence. We have proved that the Taylor expansion (14) has infinite

negative coefficients when a
b
6∈ Z, as desired. The proof is complete. �

Remark 5. Theorem 1.1 and Proposition 2.1 show that condition (b) in Question A cannot be
weakened to the condition that the metric αg∗ is finitely projectively induced.

Lemma 2.2. Let (M, g) be a Kähler manifold such that g is projectively induced. Assume that
there exists α ∈ Z+ such that (M,αg) admits a Fubini-Study compactification (M̃, αg̃). Then
(M̃, g̃) is a Fubini-Study compactification of (M, g).

Proof. By assumption there exist holomorphic isometric embeddingsϕ : M → CPN , J : (M,αg)→
(M̃, αg̃) and ϕα : M̃ → CP sα for some positive integers N and sα. Let Vα : CPN → CPNα be
the Calabi’s map (see (cf. [8, Th.13])), i.e. V ∗α gFS = αgFS . Since without loss of generality we can
assume ϕα to be full we can also assume sα ≤ Nα. Then if i : CP sα → CPNα denotes the natural
totally geodesic inclusion of CP sα into CPNα it follows that the maps Vα ◦ ϕ : M → CPNα and
i ◦ ϕα|M ◦ J : M → CPNα are two holomorphic isometric immersions inducing the same Kähler
metric αg. By Calabi’s rigidity theorem [8, Th.9 ] there exists a unitary transformation U of CPNα

such that Vα ◦ ϕ = U ◦ i ◦ ϕα|M ◦ J . Then the holomorphic map

ϕ̃ := (Vα|Vα(CPN ))
−1 ◦ U ◦ i ◦ ϕα : M̃ → CPN

satisfies ϕ̃∗gFS = g̃ and hence (M̃, g̃) turns out to be a Fubini-Study compactification of (M, g).
�

The following proposition describes the projective inducibility of multiples of the metric gΩ,µ.

Proposition 2.3. ([34, Th.2]) Let MΩ,µ be a CH domain. For a real number α > 0, the Kähler
metric αgΩ,µ is infinitely projectively induced iff (α + s)µ belongs to W (Ω) \ {0} for all integer
s ≥ 0.

Proof of Theorem 1.1. By combining Proposition 2.1, Proposition 2.3 and the fact that the metric
gΩ,µ is complete we deduce that the assumptions that µ ∈ Z+, and α is an integer sufficiently large
are necessary and sufficient conditions for (MΩ,µ, αgΩ,µ) to admit a Fubini-Study completion (cf.
Remark 1), and the dual Kähler metric αg∗Ω,µ to be finitely projectively induced.
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Notice that if MΩ,µ is homogeneous then Ω = CHn, µ = 1 and hence (MΩ,µ = CHn+1, gΩ,µ =
ghyp) which admits a Fubini-Study compactification given by (CP n+1, gFS). Hence, it remains to
prove that if one assumes that (MΩ,µ, αg

∗
Ω,µ) admits a Fubini-Study compactification then MΩ,µ is

homogeneous, i.e. Ωc = CP n. By Lemma 2.2 we can assume α = 1 and hence there exists a
holomorphic isometry Ψ from Cn+1 into a finite dimensional complex projective space inducing
g∗Ω,µ. Assume by contradiction that Ωc 6= CP n. By Calabi’s rigidity, up to a unitary transformations
of the ambient projective space we can assume that Ψ = F̃µ ◦ J : Cn+1 → CP dµ+1 is given by the
embedding (13). Let now

(17) Pj(X0, . . . , Xdµ) = 0, j = 1, . . . , k, degPj ≥ 2,

be the homogeneous polynomial equations which define the image Fµ(Ωc) of the embedding Fµ :
Ωc → CP dµ given by (12) (the condition degPj ≥ 2 for all j = 1, . . . , k comes from the fact that
Fµ is a full embedding and Ωc 6= CP n).

We claim that

(18) (F̃µ ◦ J)(Cn+1) = K,

where
K := {[X0, . . . , Xdµ , Xdµ+1] | Pj(X0, . . . , Xdµ) = 0, j = 1, . . . , k }.

The inclusion (F̃µ ◦ J)(Cn+1) ⊆ K is immediate by construction. In order to prove that K ⊆
(F̃µ ◦ J)(Cn+1) let Q =

[
X0, . . . , Xdµ , Xdµ+1

]
∈ K.

We have two cases: on the one hand, if X0 = · · · = Xdµ = 0 (i.e. Q = [0, . . . , 0, 1]), then

Q ∈ (F̃µ ◦ J)(Cn+1) since it is the limit of any sequence

(F̃µ ◦ J)(z, wj) = [s
(µ)
0 (J(z)), . . . , s

(µ)
dµ

(J(z)), wjs
(µ)
0 (J(z))]

with wj → +∞ and any (fixed) z ∈ Cn+1.
On the other hand, let (X0, . . . , Xdµ) 6= (0, . . . , 0), say Xk 6= 0. Then [X0, . . . , Xdµ ] ∈

Fµ(Ωc) ⊂ CP dµ , i.e.
[
X0, . . . , Xdµ

]
=
[
s

(µ)
0 (p), · · · , s(µ)

Nµ
(p)
]

for some p ∈ Ωc. Since J(Cn)

is dense in Ωc, there exists a sequence zj ∈ Cn such that pj := J(zj)→ p and then the sequence

F̃µ

(
pj,

Xdµ+1

s
(µ)
k (p)

)
=

[
s

(µ)
0 (pj), . . . , s

(µ)
Nµ

(pj), s
(µ)
k (pj)

Xdµ+1

s
(µ)
k (p)

]
→ Q.

This shows that Q = [X0, . . . , Xdµ , Xdµ+1] ∈ (F̃µ ◦ J)(Cn+1) and proves the claim (18).
In light of the above, in order to end the proof it will suffice to show that K is not smooth unless

Ω = CHn and µ = 1.
In order to do that, notice that [0, . . . , 0, 1] ∈ K and that, by the implicit function theorem, in

order for the equations (17) to define a smooth submanifold of CP dµ+1 in a neighbourhood of
(X0, . . . , Xdµ+1) = (0, . . . , 0, 1) at least one of the homogeneous polynomials Pj must be linear in
constrast with degPj ≥ 2, for all j = 1, . . . , k. �

3. THE KÄHLER DUAL OF (MΩ,µ, ĝΩ,µ) AND THE PROOF OF THEOREM 1.2

In the proof of Theorem 1.2 we need the following proposition interesting on its own sake.
10



Proposition 3.1. LetMΩ,µ be a CH domain. Then the Kähler metric ĝΩ,µ whose associated Kähler
form is given by (10) is complete. Futhermore, for a real number α > 0, the Kähler metric αĝΩ,µ

is infinitely projectively induced iff (2α + s)µ belongs to W (Ω) \ {0} for all integer s ≥ 0.

The second part of the proposition can be considered the analogous of Proposition 2.3 above for
the metric gΩ,µ. Indeed its proof is an adaptation of the proof given in [34, Th.2].

Proof of Proposition 3.1. Let γ(t) = (z1(t), . . . , zn(t), w(t)) be a curve in MΩ,µ. Then, it is easily
seen that

(19) ‖γ̇(t)‖2
ĝΩ,µ

= ‖γ̇(t)‖2
gΩ,µ

+ ‖ ˙p(γ)(t)‖2
µgΩ

where p(γ)(t) = (z1(t), . . . , zn(t)) denotes the projection of γ on the base Ω equipped with the
metric µgΩ.

We deduce that the length of γ with respect to ĝΩ,µ is

(20)
∫
‖γ̇(t)‖ĝΩ,µ

dt =

∫ √
‖γ̇(t)‖2

gΩ,µ
+ ‖ ˙p(γ)(t)‖2

µgΩ
dt ≥

∫
‖γ̇(t)‖gΩ,µ

dt

Now, we know (see e.g. [16]) that a Riemannian metric is complete if and only if the length of
every divergent curve (this means that is gets out of every compact in MΩ,µ) is not finite. Let then
γ(t) be a divergent curve in MΩ,µ. Since the metric gΩ,µ is complete, then

∫
‖γ̇(t)‖gΩ,µ

dt = ∞.
But then, from (20) we deduce that also

∫
‖γ̇(t)‖ĝΩ,µ

dt = ∞ and by the above criterium we
deduce that also ĝΩ,µ is complete.

In order to prove the second part of the proposition, notice that a potential of the multiple αĝΩ,µ

is

(21) D = log[N−µαΩ (Nµ
Ω − |w|

2)−α].

In fact, it is easily seen that (21) is indeed the diastasis centred at the origin for the metric αsĝΩ,µ,
i.e. D = D

αĝΩ,µ

0 . In order to apply Calabi’s criterium (see [8, Th.9]) consider the expansion

(22) eD − 1 =
∞∑

j,k=0

Bjk(zw)mj(z̄w̄)mk ,

where mj = (mj,1, . . . ,mj,n,mj,n+1) is a multiindex, (zw)mj = z
mj,1
1 · · · zmj,nn wmj,n+1 and the

multiindices mj are ordered so that their norms |mj| = mj,1 + · · ·+mj,n +mj,n+1 satisfy |mj| ≤
|mj+1| and by using the lexicographic order when |mj| = |mk|. The coefficient Bjk in (22) is
clearly the partial derivative

Bjk =
1

mj!mk!

∂|mj |+|mk|

∂(zw)mj(z̄w̄)mk
eD

evaluated at the origin.
Now, by following the same outline of the proof in [34], we first notice that Bjk = 0 when the

“truncated norms” |mj|n = mj,1 + · · ·+mj,n and |mk|n = mk,1 + · · ·+mk,n are different or when
mj,n+1 6= mk,n+1.

Indeed, this follows from the fact that the map z 7→ eiθz is an automorphism of the base domain
Ω. Then, since the diastasis logNΩ(z, z̄) is invariant by automorphisms, we haveNΩ(eiθz, e−iθz̄) =
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NΩ(z, z̄). Similarly, since the diastasis (21) depends radially on w, also the map w 7→ eiφw is an
isometry.

Then, if in the expansion (22) of eD−1 = NΩ(z, z̄)−µα[NΩ(z, z̄)µ−|w|2)]−α there is a monomial
(zw)mj(z̄w̄)mk (with Bjk 6= 0) we must have

(zw)mj(z̄w̄)mk = eiθ(|mj |n−|mk|n)eiφ(mj,n+1−mk,n+1)(zw)mj(z̄w̄)mk

for every θ, φ, which implies the claim.
Since Bjk 6= 0 implies mj,1 + · · ·+mj,n = mk,1 + · · ·+mk,n and mj,n+1 = mk,n+1, it follows

that Bjk 6= 0 implies |mj| = |mk|. Then, by the ordering chosen for the mj’s, we deduce that the
matrix B = (Bjk) has the following diagonal block structure:

A =



0 0 0 0 0
0 E1 0 0 0
0 0 E2 0 0

0 0 0 E3 0
...

0 0 0 0 E4

. . .


where Ei contains the entries corresponding to derivatives with respect to multiindices mj having
norm |mj| = i.

In turn, up to rearranging the order of the mj’s having norm i, we can assume that every block
Ei has the following diagonal block structure1

Ei =


Fz(i),w(0) 0 0 0 0 0

0 Fz(0),w(i) 0 0 0 0
0 0 Fz(i−1),w(1) 0 0 0
0 0 0 Fz(i−2),w(2) 0 . . . 0

. . . 0
0 0 0 0 0 Fz(1),w(i−1)


where we are denoting by Fz(i−s),w(s) (s = 0, . . . , i) the block which contains the entries Bjk

corresponding to the derivatives with respect to multiindices such that |mj|n = |mk|n = i− s and
mj,n+1 = mk,n+1 = s i.e., in other words, such that there are i − s derivatives with respect to z
and z̄ and s derivatives with respect to w and w̄ (recall that in order for Bjk to be non zero we must
have |mj|n = |mk|n and mj,n+1 = mk,n+1).

In order to prove that the matrix is positive definite, we just need to show that each of these
blocks Fz(i−s),w(s) (for any i = 1, 2, . . . and any s = 0, . . . , i) is positive definite.

Let us begin from the block Fz(i),w(0), By definition, its entries are obtained by deriving the
function N−µαΩ (Nµ

Ω − |w|2)−α i times with respect to the z’s and i times with respect to the z̄’s
(with no derivatives with respect to w or w̄). Since the derivatives are evaluated at the origin, one
gets the same by applying the same derivatives to the function

N−µαΩ (Nµ
Ω)−α = N−2αµ

Ω = e2αµD
gΩ
0

1Rearranging the order has the effect to apply to Ei a permutation both to the rows and the columns, which in
turn can be obtained by replacing Ei with a congruent matrix TPEiP (where P is a permutation matrix), which is
permitted since Ei is positive definite if and only if TPEiP is.
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where DgΩ
0 denotes the diastasis function of gΩ (cf. (1) above). By Calabi’s criterium and

Theorem A one gets that the blocks under consideration are positive definite if and only if

(23) 2αµ ∈ W (Ω) \ {0}.

Let us now consider the block Fz(0),w(i). by definition, its entries are obtained by deriving the
function N−µαΩ (Nµ

Ω − |w|2)−α i times with respect to w and i times with respect to w̄ (with no
derivatives with respect to the z’s or the z̄’s): since the derivatives are evaluated at the origin, by
using the fact that NΩ(0, 0) = 1 one gets the same by applying the same derivatives to the function

(1− |w|2)−α =

(
∞∑
j=0

|wj|2
)α

,

which shows that the block Fz(0),w(i) is positive definite.
Finally, let us consider the block Fz(i−s),w(s), which by definition consists of the entries obtained

by deriving the function N−αµΩ (Nµ
Ω − |w|2)−α i− s times with respect to the z’s, i− s times with

respect to the z̄’s, s times with respect to w and s times with respect to w̄.
We first notice that

(24)
∂2s

∂ws∂w̄s
|w=0N

−αµ
Ω (Nµ

Ω − |w|
2)−α = N−αµΩ s!α(α + 1) · · · (α + s− 1)(Nµ

Ω − |w|
2)−α−s

Indeed, this immediately follows from the general formula2 for radial functions ∂2s

∂ws∂w̄s
|w=0f(|w|2) =

s!f (s)(0) and the fact that

ds

dxs
(A− x)−α = α(α + 1) · · · (α + s− 1)(A− x)−α−s.

Then, since the derivatives are evaluated at the origin, we deduce that the entries of Fz(i−s),w(s)

can be equivalently be obtained by deriving the function

N−αµΩ s!α(α + 1) · · · (α + s− 1)(Nµ
Ω)−α−s = s!α(α + 1) · · · (α + s− 1)(Nµ

Ω)−2α−s

i− s times with respect to the z’s and i− s times with respect to the z̄’s.
Since

(Nµ
Ω)−2α−s = e(2α+s)µD

gΩ
0 .

by applying again Calabi’s criterium, by Theorem A and taking into account also (23) we finally
deduce that αĝΩ,µ is projectively induced if and only if (2α+ s)µ ∈ W (Ω) \ {0} for every integer
s ≥ 0. This concludes the proof of the proposition. �

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. It is easily seen that Calabi’s diastasis function DĝΩ,µ

0 for the Kähler metric
ĝΩ,µ (cf. (10)) on the CH domain MΩ,µ ⊂ Cn+1 is given by

D
ĝΩ,µ

0 (z, z̄) = − log(NΩ(z, z̄)µ − |w|2)− logNµ
Ω(z, z̄)

2One immediately sees this formula by comparing the Taylor expansions f(x) =
∑∞
k=0

f(k)(0)

k! xk (with x = |w|2)
and f(w, w̄) =

∑∞
i,j=0

1
i!j!

∂i+j

∂wi∂w̄j |w=0w
iw̄j .
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and that it cannot be extended to an open subset of Cn+1 strictly containing MΩ,µ. Thus, the CH
domain (MΩ,µ, ĝΩ,µ) is an exact domain (cf. Definition 2). Moreover, the dual (1, 1)-form

(25) ω̂∗Ω,µ =
i

2π
∂∂̄ log(NΩ(z,−z̄)µ + |w|2) +

i

2π
∂∂̄ logNµ

Ω(z,−z̄)

obtained by (10) with the “dual trick” (8) in Definition 3 turns out to be a Kähler form on the whole
Cn+1 and if ĝ∗Ω,µ denotes the associated Kähler metric and D

ĝ∗Ω,µ
0 its Calabi’s diastasis functions,

one has

(26) D
ĝ∗Ω,µ
0 (z, z̄) = log(NΩ(z,−z̄)µ + |w|2) + logNµ

Ω(z,−z̄).

Thus (Cn+1, ĝ∗Ω,µ) is the Kähler dual of (MΩ,µ, ĝΩ,µ). We are going to show that for all α, µ ∈ Z+,
the pair (Cn+1, αĝ∗Ω,µ) has a Fubini-Study compactification. Specifically, for µ ∈ Z+ we will con-
struct a compact Kähler manifold (PΩc,µ, gP,µ), where gP,µ is (finitely) projectively induced, along
with a holomorphic embedding with dense image Ĵ : Cn+1 → PΩc,µ such that Ĵ∗gP,µ = ĝ∗Ω,µ. This
will complete the proof of Theorem 1.2. Indeed by choosing µ ∈ Z+ and α ∈ Z+ sufficiently large,
Proposition 3.1 and the structure of W (Ω) ensure that (MΩ,µ, αĝΩ,µ) has a Fubini-Study comple-
tion (cf. Remark 1). Furthermore, αgP,µ will be projectively induced using Calabi’s map (see [8,
Th.13]), and (PΩc,µ, αgP,µ) will serve as the Fubini-Study compactification of (Cn+1, αĝ∗Ω,µ).

In order to do that we simplify the notation as follows. Fix µ > 0 and set F = Fµ for the map
given by (12). We also setN = dµ, and we denote by Fk, k = 0, . . . , N , the sections s(µ)

k appearing
as the components of the map Fµ.

Ultimately, we have an embedding

(27) F : Ωc → CPN , p 7→ [F0(p), . . . , FN(p)]

such that F ∗gFS = µgΩc and F0(J(z)) 6= 0, for all z ∈ Cn, where J : Cn → Ωc is the embedding
given by (6). Moreover, if Uk = {[X0, . . . , XN ] ∈ CPN | Xk 6= 0} are the open affine subsets we
have

(28) Ωc = J(Cn) t F−1({X0 = 0}).
Notice also that by

µωΩc |F−1(U0) = F ∗ωFS =
i

2π
∂∂̄ log(1 +

N∑
k=1

|Fk(p)
F0(p)

|2) =
i

2π
∂∂̄ log

‖F (p)‖2

|F0(p)|2

and
J∗(µωΩc) =

i

2π
∂∂̄ logNµ

Ω(z,−z̄)

we deduce that

(29) Nµ
Ω(z,−z̄) =

‖F (J(z))‖2

|F0(J(z))|2
.

Let now P (C ⊕ O(1)) be the CP 1-bundle over CPN × CPN , where O(1) → CPN is the
hyperplane bundle. Denote by QCPN = ∆∗CPNP (C ⊕ O(1)) the pull-back bundle over CPN ,
where ∆CPN is the diagonal map of CPN → CPN × CPN . Analogously let

PΩc,µ = ∆∗ΩcP (C⊕ L⊗µ)

be the CP 1-bundle over Ωc where P (C⊕L⊗µ) is the CP 1-bundle over Ωc×Ωc, L⊗µ = F ∗(O(1))
and ∆Ωc is the diagonal map of Ωc → Ωc × Ωc.
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Then we have a natural holomorphic embedding with dense image of Cn+1 into PΩc,µ given by

(30) Ĵ : Cn+1 → F−1(U0)× CP 1 ⊆ PΩc,µ, (z, w) 7→ (J(z), [1, w]).

Consider the biholomorphic map Ψ from QCPN into the blowup Bl[0,...,0,1](CPN+1) of CPN+1

at the point [0, . . . , 0, 1] given locally on the trivializing open subset Uk × CP 1 ⊆ QCPN , k =
0, . . . , N , by

Ψ|Uk×CP 1 : Uk × CP 1 → Bl[0,...,0,1](CPN+1) ⊂ CPN+1 × CPN ,

([Z0, . . . , ZN ], [W0,W1]) 7→ ([Z0W0, . . . , ZNW0, ZkW1], [Z0, . . . , ZN ]).
(31)

It is easily seen (see e.g. [20, Chapter V]) that the maps Ψ|Uk×CP 1 glue to a well-defined biholo-
morphism Ψ : QCPN → Bl[0,...,0,1](CPN+1)). Recall that
(32)
Bl[0,...,s0,1](CPN+1) = {([X0, . . . , XN , XN+1], [Y0, . . . , YN ]) | XiYj = XjYi, i, j = 0, . . . , N } .

Since the latter is a submanifold of the product CPN+1×CPN , it can be embedded into a complex
projective space by using the restriction of the Segre embeddings:

Bl[0,...,0,1](CPN+1) ⊂ CPN+1 × CPN Segre→ CPK , K =
(N + 1)(N + 4)

2

Thus, one can consider the holomorphic embedding

ϕ = Segre ◦Ψ ◦ ϕPΩc,µ
: PΩc,µ → CPK ,

where ϕPΩc,µ
: PΩc,µ → QCPN is given locally by

(33) F−1(Uk)× CP 1 → Uk × CP 1, (p, [W0,W1]) 7→ (F (p), [W0,W1]).

Thus, for µ ∈ Z+ we define the desired projectively induced metric gP,µ on PΩc,µ by

(34) gP,µ := ϕ∗gFS.

It remains then to show that Ĵ∗gP,µ = ĝ∗Ω,µ (and hence (PΩc,µ, gP,µ) will be the desired Fubini-
Study compactification of (Cn+1, ĝ∗Ω,µ), with Ĵ : Cn+1 → (PΩc,µ, gP,µ)). In order to do this, notice
that by (31) the embedding

Ψ ◦ ϕPΩc,µ
: PΩc,µ → Bl[0,...0,1](CPN+1) ⊂ CPN+1 × CPN

reads on F−1(Uk)× CP 1 as

(35) Ψ ◦ ϕPΩc,µ |F−1(Uk)×CP 1 : (p, [W0,W1]) 7→ ([F (p)W0, Fk(p)W1], [F (p)]).

Since the pull-back of the Fubini-Study metric on CPK via the Segre embedding is given by the
Kähler product of the Fubini-Study metrics on CPN+1 and CPN , one gets that the Kähler form
ωP,µ associated to gP,µ is given on F−1(Uk)× CP 1 by:

(36) ωP,µ|F−1(Uk)×CP 1 =
i

2π
∂∂̄ log

(
‖F (p)‖2

|Fk(p)|2
|W0|2 + |W1|2

)
+

i

2π
∂∂̄ log

‖F (p)‖2

|Fk(p)|2
.

Notice that

Ĵ(Cn+1) ⊂ F−1(U0)× {W0 6= 0}, ϕPΩc,µ
(F−1(U0)× {W0 6= 0}) ⊂ U0 × {W0 6= 0}

Ψ(U0 × {W0 6= 0}) ⊂ {X0 6= 0} × {Y0 6= 0}, Segre({X0 6= 0} × {Y0 6= 0}) ⊂ {T0 6= 0}.
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where [T0, . . . , TK ] denote the homogeneous coordinates of CPK . Hence, by passing to affine
coordinates (X1

X0
, . . . , XN+1

X0
), (Y1

Y0
, . . . , YN

Y0
), (T1

T0
, . . . , TK

T0
) and by using (36) (with k = 0) one gets

ωP,µ|F−1(U0)×{W0 6=0} =
i

2π
∂∂̄ log

(
‖F (p)‖2

|F0(p)|2
+ |w|2

)
+

i

2π
∂∂̄ log

‖F (p)‖2

|F0(p)|2
,

Then (29) and (30) yield

Ĵ∗ωP,µ =
i

2π
∂∂̄ log

(
‖F (J(z))‖2

|F0(J(z))|2
+ |w|2

)
+

i

2π
∂∂̄ log

(
‖F (J(z))‖2

|F0(J(z))|2

)

=
i

2π
∂∂̄ log

(
NΩ(z,−z̄)µ + |w|2

)
+

i

2π
∂∂̄ log (NΩ(z,−z̄)µ) = ω̂∗Ω,µ.

This concludes the proof of the theorem. �

Remark 6. With the notation introduced in the proof of Theorem 1.2 one has

PΩc,µ = Ĵ(Cn+1) t ϕ−1({T0 = 0})

in analogy with (28) for Ωc.

One can wonder if there exist any non integer values of α e µ such that αĝ∗Ω,µ is projectively
induced (in analogy with Proposition 2.1 for the metric αg∗Ω,µ). This cannot happen.

Proposition 3.2. αĝ∗Ω,µ is projectively induced iff α, µ ∈ Z+.

Proof. If α, µ ∈ Z+ then the proof of Theorem 1.2 shows that αgP,µ and hence αĝ∗Ω,µ is finitely
projectively induced. On the other hand, if αĝ∗Ω,µ is projectively induced then by taking z = 0 in
(26) we see that

α
i

2π
∂∂̄ log(1 + |w|2) = αgFS |C,

where C = U0 = {W0 6= 0} with affine coordinate w = W1

W0
, is projectively induced, forcing

α ∈ Z+. It remains to prove that if αĝ∗Ω,µ is projectively induced then α, µ ∈ Z+. As in the proof
of Proposition 2.1, namely by first restricting to {(ξ, w) ∈ C2 | ξ = 0} and {(ξ, w) ∈ C2 | w = 0},
and then to {(ξ, w) ∈ C2 | w = 1}, one deduces that if αĝ∗Ω,µ is projectively induced then the same
holds true for the Kähler metric g whose Calabi’s diastasis function at the origin is given by

D(ξ) = bk log
(((

1 + |ξ|2
) a

2b + 1
) (

1 + |ξ|2
) a

2b

)
− bk log 2

for some a, b, k ∈ Z+ and a, b coprime. Following the exact same line of reasoning as in the
proof of Proposition 2.1, one can deduce that the condition a

2b
6∈ Z implies that at least one of the

coefficients of the Taylor expansion in ξ and ξ̄ around the origin of eD − 1 is negative. Therefore,
the conclusion follows by Calabi’s criterium. �

By combining Proposition 3.2 and Theorem 1.2 we immediately get

Corollary 3.3. (Cn+1, αĝ∗Ω,µ) has a Fubini-Study compactification iff α, µ ∈ Z+.
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3.1. (PΩc,µ, gP,µ) as C1G-space. In this subsection we show that (PΩc,µ, gP,µ) is a cohomogeneity
1 space, for all µ ∈ Z+ (see Proposition 3.5 below). Since (PΩc,µ, gP,µ) is a Fubini-Study com-
pactification of the exact domain (Cn+1, ĝ∗Ω,µ), which admits a Kähler dual given by (MΩ,µ, ĝΩ,µ),
this proposition shows that the condition of homogeneity in Theorem 1.3 cannot be relaxed to co-
homogeneity 1. Before proving this fact, we briefly review some basic facts about cohomogeneity
1 G-spaces, referring the reader to [40], [2] and [3] for more detailed information on the subject.

Given a semisimple Lie group G, a Kähler manifold (P, ωP ) is called a cohomogeneity 1 G-
space (from now on, C1 G-space) if there exists an action by holomorphic isometries of G on P
which has an orbit of (real) codimension 1 in P . Such an orbit is called a regular orbit, and the
union of regular orbits is called the regular set Preg; the orbits of higher codimension are called
singular orbits.

A compact C1 G-space P has regular orbits of the kind G/S (where S is the stabilizer of a
regular point) and two singular orbits G/H0, G/H1. We say that the action of G on P is ordinary
if

(37) dimNG(S) = dimS + 1,

where NG(S) is the normalizer of S in G. This assumption allows us to associate to the regular
orbitsG/S a flag manifoldG/NG(S). This flag manifold is called the flag associated to the regular
orbits.

Let now Ωc be an irreducible Hermitian symmetric space of compact type (i.e. the dual of a
Cartan domain Ω). Write Ωc = G/K, where G is a simple Lie group and K is a maximal compact
subgroup of G.

Notice that the CP 1-bundle PΩc,µ → Ωc can be trivialized on the open subsets F−1(Uj) = {p ∈
M | Fj(p) 6= 0} with the following identifications given by the transition functions

F−1(Uj)× CP 1 3 (p, [W0,W1]) '
(
p,

[
W0,

Fj(p)

Fk(p)
W1

])
∈ F−1(Uk)× CP 1,

where F : Ωc → CPN is given by (27).
Define an action of G on PΩc,µ locally in the following way. Given

(p, [W0,W1]) ∈ F−1(Uj)× CP 1 ⊂ PΩc,µ,

and gp ∈ F−1(Uk), then

(38) g · (p, [W0,W1]) =

(
gp,

[
W0,

Fj(p)

λ−1
g (Fk(gp))

W1

])
∈ F−1(Uk)× CP 1,

where λg : L⊗µp → L⊗µgp denotes a lifting to the fibers of the action map Ωc → Ωc, p 7→ gp.
Checking that this local definition extends to a well-defined action on PΩc,µ and that it is in fact a
group action are straightforward by using the transition functions, and we omit that.

Let us see more in detail the structure of the orbits in order to see that this is a C1 G-action.
This is done more easily by using the fact that, as we have seen in the proof of Theorem 1.2 (see
(35)), the CP 1-bundle PΩc,µ can be seen as a submanifold of the blowup Bl[0,...,0,1](CPN+1) via
the embedding whose local expression on F−1(Uk)× CP 1 is

(p, [W0,W1]) 7→ ([F (p)W0, Fk(p)W1] , [F (p)]).
17



Then, by (38), one can easily see that the action can be written as

(39) g ·
([

F (p)

Fj(p)
W0,W1

]
, [F (p)]

)
=

([
λ−1
g (F (gp))

Fj(p)
W0,W1

]
, [F (gp)]

)
,

for any p ∈ Ωc with Fj(p) 6= 0. s
Now, the singular orbits of this action (39) can be easily described as follows:

- if W0 = 0, we have g · ([0, . . . , 0, 1], [F (p)]) = ([0, . . . , 0, 1], [F (gp)]) and then we have a
singular orbit isomorphic to F (Ωc);

- if W1 = 0, we have g · ([F (p), 0], [F (p)]) = ([F (gp), 0], [F (gp)]) and we get again a
singular orbit isomorphic to F (Ωc).

Hence, in this case G/H0
∼= G/H1

∼= G/K.
The following lemma provides a description of the orbits when W0,W1 6= 0.

Lemma 3.4. The orbit of a point
([

W0

W1

F (p)
Fk(p)

, 1
]
, [F (p)]

)
∈ PΩc,µ with W0,W1 6= 0 can be identi-

fied with the subset of the sphere S2N+1(r) ⊆ CN+1 of radius r = ‖W0

W1

F (p)
Fk(p)
‖ such that the image

of this subset in S2N+1(r)/{eiφ} = CPN is exactly F (Ωc).

Proof. Note that by (39) we can write

(40) g ·
([

W0

W1

F (p)

Fk(p)
, 1

]
, [F (p)]

)
=

([
W0

W1

λ−1
g (F (gp))

Fk(p)
, 1

]
, [F (gp)]

)
.

Note also that

(41) ‖ F (p)

Fk(p)
‖ = ‖

λ−1
g (F (gp))

Fk(p)
‖,

for any g ∈ G and any p ∈M with Fk(p) 6= 0. This can be proved, for example, by using Calabi’s
rigidity theorem.

From (40) and (41) one can define the following map from the orbitO of the point
([

W0

W1

F (p)
Fk(p)

, 1
]
, [F (p)]

)
to the sphere S2N+1(r) ⊂ CN+1 of radius r = ‖W0

W1

F (p)
Fk(p)
‖:

(42) f : O → S2N+1(r),

([
W0

W1

λ−1
g (F (gp))

Fk(p)
, 1

]
, [F (gp)]

)
7→ W0

W1

λ−1
g (F (gp))

Fk(p)

One immediately sees that f is injective and is in fact a diffeomorphism onto its image, so that
the orbit identifies with the set

X :=

{
W0

W1

λ−1
g (F (gp))

Fk(p)
| g ∈ G

}
⊂ S2N+1(r)

We have to prove that X = p−1(F (Ωc)), where

p : S2N+1(r)→ S2N+1(r)/{eiφ} = CPN

denotes the canonical projection to the quotient.
The inclusion X ⊂ p−1(F (Ωc)) is straightforward. Hence, it remains to prove that for any

eiφ ∈ C there exists g ∈ G such that

(43)
λ−1
g (F (gp))

Fk(p)

W1

W0

= eiφ
F (p)

Fk(p)

W1

W0

.

18



In order to show this, notice that, since Ωc = G/K is a symmetric space, the isotropy group
K of a point p is the centralizer of a one-dimensional compact torus T . Since gp = p for every
g ∈ T , the lifting of the action of G to L⊗µ induces then an isomorphism λg : L⊗µp → L⊗µp of the
fiber L⊗µp , which yields a one-dimensional representation ρ : T → Aut(L⊗µp ) ' C∗ of the torus T .
Being U(1) the only non-trivial connected compact subgroup of C∗, it must be either ρ(T ) = {1}
or ρ(T ) = U(1). But it cannot be ρ(T ) = {1} since it is known (see, for example, [42]) that every
complex line bundle on G/K is completely determined by the representation of T on a fiber, and
this representation is trivial if and only if the line bundle is the trivial bundle, which is not the case.

Then, we have ρ(T ) = U(1) and so for every eiφ there exists g ∈ T such that

λ−1
g (F (gp))

Fk(p)
= eiφ

F (p)

Fk(p)

which proves (43) and concludes the proof of the lemma. �

Proposition 3.5. PΩc,µ is a cohomogeneity 1 G-space, the action of G is ordinary and the flag
associated to the regular orbit of this action is Ωc = G/K. Moreover, gP,µ is a G-invariant Kähler
metric.

Proof. Notice that the regular orbits are the orbits of the points such that W0,W1 6= 0. Indeed, on
the one hand we have seen in Lemma 3.4 that these orbits identify with p−1(F (Ωc)), and then their
(real) dimension is

2 dimC(F (Ωc)) + 1 = 2 dimC(Ωc) + 1.

On the other hand, since PΩc is a CP 1-bundle on Ωc we have

dimR(PΩc,µ) = 2(dimC(Ωc) + 1) = 2 dimC(Ωc) + 2.

and then the real codimension of a regular orbit is exactly 1.
In order to prove that the action is ordinary, let S = {g ∈ G | gu0 = u0} be the stabilizer of a

regular point u0 ∈ f(O) ⊂ S2N+1(r) (see (42)). Notice that

NG(S) = Y,

where
Y := {g ∈ G | gu0 = λu0, for some λ ∈ C }.

Indeed, if gu0 = λu0 we have, for any s ∈ S,

gsg−1u0 = gsλ−1u0 = λ−1gu0 = u0

and then g ∈ S. This proves that Y ⊆ NG(S). Now, clearly

Y = {g ∈ G | g[u0] = [u0]} = K, [u0] ∈ S2N+1(r)/{eiφ},

where K is the isotropy subgroup of the symmetric space F (Ωc) ' Ωc = G/K.
So K ⊆ NG(S): but since Ωc = G/K is symmetric we have that K is a maximal compact

subgroup in G and then we must in fact have K = NG(S).
Now, the fact we proved in Lemma 3.4 that the orbit G/S identifies with p−1(G/K), implies

that dim(G/S) = dim(G/K) + 1. This means that dim(K) = dim(S) + 1 which, combined with
K = NG(S), shows that (37) holds true and hence PΩc,µ is an ordinary C1 space. Finally the fact
that gP is G-invariant follows by combining (36) and (41). �
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4. THE PROOF OF THEOREM 1.3

In order to prove Theorem 1.3 we start with some remarks on Calabi’s diastasis function and
Kähler duality.

Recall (see [8]) that among all the potentials of a real analytic Kähler metric g on a complex
manifold M , Calabi’s diastasis function characterized by

(44) Dg
0(z) =

∑
|I|,|J |≥0

aIJz
I z̄J , aJ0 = a0J = 0.

for any choice of local complex coordinates (z) centred at p.
Now, if (U, g) is an exact domain with associated Kähler form ω = i

2π
∂∂̄Dg

0 which admits a
Kähler dual (U∗, g∗) then, by (8), Dg∗

0 (z, z̄) = −Dg
0(z,−z̄) turns out to be real-valued. Viceversa,

if there exists a neighbourhood of 0 such that

(Dg
0)∗ (z, z̄) := −Dg

0(z,−z̄)

is real-valued then (U, g) admits a Kähler dual. Indeed, notice that

∂2(Dg
0)∗

∂zα∂z̄β
(0) =

∂2Dg
0

∂zα∂z̄β
(0)

and since the matrix on the right hand side is positive definite it follows that the matrix on the left
hand side is positive definite on a neighborhood of 0. Thus ω∗ = i

2π
∂∂̄(Dg

0)∗ is a Kähler form in
this neighborhood. If g∗ is the Kähler metric associated to ω∗ then (U∗, g∗) is a Kähler dual of
(U, g), where U∗ is the maximal domain of extension of (Dg

0)∗. Indeed the later turns out to be the
diastasis function at 0 for the metric g∗ on U∗, i.e.

(Dg
0)∗(z, z̄) = Dg∗

0 (z, z̄).

This can be seen by noticing that

(45) (Dg
0)∗(z) =

∑
|I|,|J |≥0

a∗IJz
I z̄J =

∑
|I|,|J |≥0

(−1)|J |aIJz
I z̄J

and hence a∗J0 = a∗0J = 0 which proves our claim by the very definition of the Calabi’s diastasis
function.

More generally, we have a∗IJ = −aIJ(−1)|J |. Hence, the fact that Dg∗

0 (z, z̄) = −Dg
0(z,−z̄) is

real valued gives a∗JI = a∗IJ , i.e.

−aJI(−1)|I| = −aIJ(−1)|J |

which combined with aJI = aIJ yields

(46) (−1)|I| = (−1)|J |, if aIJ 6= 0.

In view of (46) we give the following

Definition 4. A monomial aIJzI z̄J with aIJ 6= 0 in the expansion of the Calabi diastasis function
Dg

0(z, z̄) is called a forbidden monomial of kind (|I|, |J |) if (−1)|I| 6= (−1)|J |.

Thus we obtain

Lemma 4.1. An exact domain (U, g) admits a Kähler dual (U∗, g∗) iff the expansion of Dg
0(z, z̄)

does not contain forbidden monomials.
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It is known (see [1] and references therein) that invariant complex structures on a flag manifold
F = G/K are in one-to-one correspondence with maximal closed nonsymmetric subsets Q of the
set RM (see [32, Def.5]) of the black roots of G/K. More precisely, the manifold G/K endowed
with the complex structure JQ corresponding to Q is biholomorphic to the complex homogeneous
manifold GC/KCGQ, where GQ = exp(gQ) and gQ =

∑
α∈QCEα, where Eα is the so called

root vector associated to α. Since the product GC
reg = G−QKCGQ (where G−Q = exp(g−Q) and

g−Q =
∑

α∈−QCEα) defines an open dense subset in GC, its image in GC/KCGQ via the natural
projection GC → GC/KCGQ defines an open dense subset in G/K, denoted Ωreg = GC

reg/K
CGQ.

Clearly, Ωreg ' G−Q. Then, one can define a biholomorphism by

(47) z = (zα)α∈−Q ∈ Cn 7→ exp(Z(z)) ∈ G−Q ' Ωreg ⊆ F

where

(48) Z(z) =
∑
α∈−Q

zαEα

(where n is the cardinality of Q). We call the corresponding system of complex coordinates
z1, . . . , zn on Ωreg, the Alekseevsky–Perelomov coordinates. We then define a holomorphic em-
bedding

(49) JF : Cn → F, z 7→ [exp(Z(z))]

with dense image JF (Cn) = Ωreg. The embedding JF is the natural extension of the embedding
J : Cn → Ωc given in (6) for a Hermitian symmetric space of compact type Ωc (see [21, Proof of
Th.7.1, Chapter VIII Section 7, p.392]).

Given any G-invariant Kähler metric gF on F , one has

J∗FωF =
i

2π
∂∂̄

p∑
j=1

cj log(∆j)

where p is the number of the black nodes in the painted Dynkin diagram of G/K, cj > 0, j =

1, . . . , p and the ∆j’s are suitable minors of the matrix A = T exp(Z) exp(Z), depending on the
position of the black nodes in the diagram, called admissible minors.

In order to prove Theorem 1.3, namely that if the exact domain (Cn, J∗FgF ) admits a Kähler dual
then (F, gF ) is a Hermitian symmetric space of compact type, we need the following

Lemma 4.2. ([32, Th.1]) Let (F, gF ) be an irreducible flag manifold of classical type with second
Betti number b2(F ) = p, with associated Kähler form ωF determined by coefficients ci1 , . . . , cip >
0 associated to the black nodes αi1 , . . . , αip of its painted diagram. Then, the Alekseevsky–Perelomov
coordinates z1, . . . , zn on (Cn, J∗FgF ) are Bochner, up to rescaling, only in the following cases:

(i) p = 1, for every G and every ω;
(ii) p = 2, G = SU(d) and ci1 = ci2 ;

(iii) p = 2, G = SO(2d), the painted diagram of F is

•
α1
− ◦ − · · · −

•αd
|
◦ − ◦

and c1 = 2cd
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Let us recall that the Bochner coordinates are those complex coordinates w1, . . . , wn in a neigh-
bourhood of the origin (uniquely defined up to a unitary transformation) such that

D
J∗
F gF

0 (w, w̄) = |w|2 +
∑

|J |,|K|≥2

bJKw
Jw̄K

Notice that to prove Theorem 1.3 we can assume (F, gF ) is irreducible. Indeed if F is not ir-
reducible, then its painted Dynkin diagram is given by the disjoint union of (connected) painted
Dynkin diagrams of simple groups, and the coordinates are Bochner if and only if are the coordi-
nates on each factor.

Thus Lemma 4.2 implies that, except for the cases (i)-(iii), the expansion ofDJ∗
F gF

0 (z, z̄) with re-
spect to Alekseevsky–Perelomov coordinates contains forbidden monomials3 of the kind zi1 z̄i2 · · · z̄ik
(or their conjugates).

Then, in order to analyze when (Cn, J∗FgF ) can admit a Kähler dual, we just need to consider
cases (i)-(iii).

In fact, in both cases (ii) and (iii), the proof of Lemma 4.2 (see [32, cases 3.2.1 and 3.2.2 in
Th.1]) shows that the diastasis is of the kind

(50) D
J∗
F gF

0 = c1 log ∆1 + c2 log ∆2, c1, c2 ∈ R+

where both ∆1 and ∆2 contain forbidden monomials. More precisely, write locally

∆j = 1 + qj +mj +O≥4,

where qj is the (1, 1)-part and mj denotes the sum of the forbidden terms of type (1, 2) (together
with their conjugates). In cases (ii) and (iii) of Lemma 4.2, one has q1 6= q2 and respectively

m1 = −m2 =: m

or
m1 = −1

2
m2 =: n.

Since
log(1 + qj +mj + · · · ) = qj +mj − qjmj + · · · ,

the terms of type (1, 2) cancel for c1 = c2 in case (ii), and for c1 = 2c2 in case (iii). However, the
next contribution of forbidden bidegree is

c1(−q1m1) + c2(−q2m2),

which equals c1(q2 − q1)m, up to a non-zero constant, in case (ii), and 2c2(q2 − q1)n, up to sign,
in case (iii). Hence the diastasis still contains forbidden monomials of type (2, 3). Therefore, also
in cases (ii) and (iii) the diastasis contains a forbidden monomial, and we are left with considering
only case (i). When (F, gF ) is not symmetric, we are going to show that the admissible minor
always contains forbidden monomials of type (2, 3) and then the proof of Theorem 1.3 will follow
by Lemma 4.1. In order to do that, we pause to prove the following

Lemma 4.3. Let G = SU(n), Sp(n), SO(2n), SO(2n+ 1) and let (F = G/K, gF ) be a nonsym-
metric flag manifold represented by a painted diagram with only one black node with correspond-
ing admissible minor ∆r. Then the only forbidden monomials of types (2, 3) contained in ∆r are
of one of the following kinds

3In fact, in the proof of [32, Th.1]) it is proven that, except for cases (i)-(iii), the expansion of the diastasis always
contains forbidden monomial of type (1, 2).
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(51) − 1

2
ZγiZαjZ̄αiZ̄βjZ̄γβ

(52) +
1

2
ZαiZγjZ̄αiZ̄βjZ̄γβ

where 1 ≤ i, j ≤ r and α, β, γ > r and Zδε := Zδε(z).

Proof. It can be verified by a case-by-case analysis that, under the assumptions, we always have
Z3 = 0 and then exp(Z) = I + Z + 1

2
Z2. Then, by denoting A = T exp(Z) exp(Z), we have

A = I + (Z + T Z̄) + (
1

2
Z2 + T Z̄Z +

1

2
T Z̄2) + (

1

2
T Z̄Z2 +

1

2
T Z̄2Z) +

1

4
T Z̄2Z2

Now, by this equality, the very definition of determinant

∆r(A) =
∑
σ∈Sr

s(σ)A1σ(1)A2σ(2) · · ·Arσ(r)

and the fact that Zij = 0 for i, j ≤ r we get that a forbidden monomial of type (2, 3) can occur in
∆r(A) only as one of the following addenda:

(53) (
1

2
T Z̄2)ij(

1

2
T Z̄Z2)ji = −1

4
ZγiZβγZ̄αiZ̄jαZ̄βj

(54) (
1

2
T Z̄2)ii(

1

2
T Z̄Z2)jj = +

1

4
ZγjZβγZ̄αiZ̄iαZ̄βj

(55) (T Z̄Z)ij(
1

2
T Z̄2Z)ji = −1

2
ZγiZαjZ̄αiZ̄βjZ̄γβ

(56) (T Z̄Z)ii(
1

2
T Z̄2Z)jj = +

1

2
ZαiZγjZ̄αiZ̄βjZ̄γβ

Monomials of kind (53) and (54) are in fact zero because Z̄jα and Z̄iα vanish for i, j ≤ r under
the assumptions. Then only monomials of kind (55) and (56) are left, which proves the lemma. �

Now, by using the Lemma 4.3 it is not hard to show that for nonsymmetric flag manifolds
represented by a painted diagram with only one black node the corresponding minor ∆r always
contains a forbidden monomial of type (2, 3).

More precisely, one has to consider the following cases.
(1) G = Sp(n), diagram

◦
ε1−ε2

− · · · − •
εr−εr+1

− · · · − ◦
εn−1−εn

⇐ ◦
2εn

with 1 < r ≤ n − 1. (notice that for r = 1 we get the symmetric space Sp(n)
Sp(1)×Sp(n−1)

=

HP n−1 ' CP 2n−1).
(2) G = SO(2n+ 1), diagram

◦
ε1−ε2

− · · · − •
εr−εr+1

− · · · − ◦
εn−1−εn

⇒ ◦
2εn

with 1 < r ≤ n− 1.
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(3) G = SO(2n), diagram

◦
ε1−ε2

− · · · − •
εr−εr+1

− · · · −

◦εn−1+εn

|
◦

εn−2−εn−1

− ◦
εn−1−εn

with 1 < r ≤ n− 1.
Then, one sees that in all these cases the forbidden monomial of type (2,3)

(57)
1

2
Zn1Zn+1,2Z̄n1Z̄2n,2Z̄n+1,2n

is contained in ∆r. Indeed, this monomial is of kind (52) with α = n, i = 1, γ = n+ 1, j = 2, β =
2n so is contained in ∆r by Lemma 4.3. Moreover, the monomial in (57) cannot cancel with any
other forbidden monomial appearing in the expansion of ∆r. Indeed, its anti-holomorphic factor

Z̄n1Z̄2n,2Z̄n+1,2n

fixes the indices in Lemma 4.3. Hence the only possible competing contribution would have to
come from a term of type (51) with the same anti-holomorphic factor. However, the corresponding
holomorphic factor is different from Zn1Zn+1,2, and therefore no term with opposite coefficient
can cancel (57). The proof of Theorem 1.3 is complete.

Remark 7. Note that for c1 = c2 the metric J∗FgF on Cn whose diastasis is given by (50) is KE
and hence one gets examples of exact domains (Cn, J∗FgF ) even KE which have a Fubini-Study
compactification and not admitting a Kähler dual. In order to give an explicit example consider the
flag manifold F = SU(3)

S(U(1)3)
of complex dimension 3. In this case the general homogeneous Kähler

metric gF is given on C3 by

D
J∗
F gF

0 = c1 log ∆1 + c2 log ∆2, c1, c2 ∈ R+,

where

∆1 = log

[
1 + |z1|2 + |z2|2 +

|z1|2|z3|2

4
+
z2z̄1z̄3

2
+
z̄2z1z3

2

]
and

∆2 = log

[
1 + |z2|2 + |z3|2 +

|z1|2|z3|2

4
− z2z̄1z̄3

2
− z̄2z1z3

2

]
and one can directly check that for c1 = c2 the exact domain (C3, J∗FgF ) has a Fubini-Study
compactification given by (F, gF ), gF is KE but (C3, J∗FgF ) does not admits a Kähler dual.

5. A CONJECTURE

In light of the Theorem 1.2, one might ask which additional properties on the metric g in Ques-
tion A would yield a positive answer. We believe this extra property is the requirement that the
metric g is KE. This is expressed by the following

Conjecture A. Let (U, g) be an exact domain admitting a Kähler dual (U∗, g∗). Assume that there
exists α > 0 such that:

(a) (U, αg) has a Fubini-Study completion;
(b) (U∗, αg∗) has a Fubini-Study compactification.
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If the metric g is KE, then (U, g) is biholomorphically isometric to a bounded symmetric domain
(Ω, gΩ).

We will need the following result, interesting in its own right.

Lemma 5.1. Let (U, g) be an exact domain admitting a Kähler dual (U∗, g∗). If g is KE with
Einstein constant λ then g∗ is KE with Einstein constant λ∗ = −λ.

Proof. A direct computation of the Ricci forms ρg and ρg∗ for g and g∗ show that they are related
by

(58) ρg(z, z̄) = −ρg∗(z,−z̄)

and the proof easily follows. �

Remark 8. From (58) one sees that the scalar curvatures scalg and scalg∗ of the two metrics satisfy

scalg(z, z̄) = −scalg∗(z,−z̄).

Thus, one deduces that the metric g is extremal (in Calabi’s sense4 [9]), iff g∗ is extremal. By
this fact and since a finitely projectively induced extremal metric is conjecturally KE (see [33,
Conjecture 1] and [33, Th,1.1] for the proof of the validity of this conjecture for radial metrics),
we believe that the assumption that g is KE in Conjecture A can be be weakened by requiring only
that g be extremal.

When (U, g) = (MΩ,µ, gΩ,µ), the following result shows that Conjecture A it is true by weaken-
ing condition (b), namely by only requiring the dual Kähler metric αg∗Ω,µ on Cn+1 to be projectively
induced and the KE assumption by requiring g is extremal.

Corollary 5.2. The Kähler metric αg∗Ω,µ is projectively induced and extremal iff MΩ,µ = CHn+1,
gΩ,µ = ghyp, and α ∈ Z+.

Proof. If g∗Ω,µ is extremal then by Remark 8 also gΩ,µ is extremal. By [47, Th.1] gΩ,µ is forced to
be KE and hence, by Theorem C in the introduction, µ = γ

n+1
, where γ is the genus of Ω. On the

other hand, it is easily seen that

(59)
γ

n+ 1
≤ 1

and equality holds iff Ω = CHn and µ = 1 (inequality (59) can be deduced by looking, for
example, at the the table in [4, pag. 17])). Hence, the proof follows by Proposition 2.1. �

On the necessity of the KE assumption in Conjecture A. The following proposition combined
with Theorem 1.2 shows the necessity of the KE assumption in Conjecture A.

Proposition 5.3. The metric ĝΩ,µ on the CH domain MΩ,µ is not KE for any value of µ > 0.

Proof. We use [44, Lemma 5] which asserts that a Kähler metric g with associated Kähler form
ω = i

2π
∂∂̄Φ on the CH domain MΩ,µ is KE, with Einstein constant −(n+ 2), if and only if

(60) Φ(z, w) = h(X)− γ + µ

n+ 2
logNΩ(z, z̄),

4A metric g is extremal if the (1, 0)-part of the Hamiltonian vector field associated to the scalar curvature of g is
holomorphic.
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where X = |w|2
NΩ(z,z̄)µ

and h satisfies the differential equation

(61)
(
µXh′(X) +

γ + µ

d+ 2

)d
[Xh′(X)]′ = ke(n+2)h(X),

for some k ∈ R.
Now, on the one hand, it is easily seen that the Kähler potential

Φ(z, w) := − γ + µ

(µ+ 1)(d+ 2)

[
log
(
NΩ(z, z̄)µ − |w|2

)
+ logNΩ(z, z̄)

]
for the metric − γ+µ

(µ+1)(d+2)
ĝΩ,µ satisfies (60) with

h(X) := − γ + µ

(µ+ 1)(d+ 2)
log(1−X).

On the other hand, a simple computation shows that the latter does not satisfy (61), for any value
of k. �

On the necessity of condition (b) in Conjecture A. We are indebted to Hishi Hideyuki for sug-
gesting the following example, which shows that assumption (b) is necessary for the validity of
Conjecture A.

Example 4. Let

U2,1 := {(W,V ) ∈ Sym (2,C)×M2,1 (C) | A (W,V ) >> 0} ⊂ C5,

where

A (W,V ) = I2 −WW − 1

2
V V̄ t − 1

2
(I2 −W )

(
I2 −W

)−1
V V t (I2 −W )−1 (I2 −W

)
It can be easily seen that U2,1 is acted upon transitively by its automorphism group and the group
O(2,R) × U(1) acts on the domain U2,1 as an isotropy at the origin, via the action (W,V ) 7→
(AW tA,AV B). Hence U2,1 is a homogeneous bounded domain. One can also directly verify that
U2,1 is not symmetric and compute its Bergman Kernel, which is given by

KU2,1 (W,V ) = C detA (W,V )−4

where C is a constant (whose exact value is not important for our aims). Consider the Bergman
metric gB on U2,1 whose associated Kähler form is given by:

ωB = −2i

π
∂∂̄ log detA (W,V ) .

Notice that gB is homogeneous and hence KE [25, Th.4.1]. It is not hard to verify that the Calabi’s
diastasis function centred at the origin of gB is given by

DgB
0 (W,V ) = − log detA (W,V ) .

Notice that by applying the “dual trick” (8), one gets

(DgB
0 )∗(W,V ) = log detA∗ (W,V )

where

A∗ (W,V ) = I2 +WW +
1

2
V V

t
+

1

2
(I2 −W )

(
I2 +W

)−1
V V t (I2 −W )−1 (I2 +W

)
.
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Since the later is a well-defined real-valued function on C5, by the remarks before the proof of
Theorem 1.3 the exact domain (U2,1, gB) admits a Kähler dual (U∗2,1, g

∗
B), U∗2,1 ⊂ C5, such that

D
g∗B
0 = (DgB

0 )∗|U∗
2,1

, where U∗2,1 is the maximal domain of definition of Dg∗B
0 .

Consider the real-valued (1, 1)-form ω on C5 given by

(62) ω =
2i

π
∂∂̄ log detA∗(W,V )

and let g be the corresponding symmetric two tensor (thus g∗B = g|U∗
2,1

).
Since the Bergman metric gB is infinitely projectively induced and it is complete (by homogene-

ity) it follows that (U2,1, αgB) admits a Fubini-Study completion (cf. Remark 1) for all α ∈ Z+

(and hence (a) in Conjecture A is satisfied for such α).
We want to prove that the dual Kähler metric αg∗B on U∗2,1 ⊂ C5 is never finitely projectively

induced, for α > 0. This will show that assumption (b) in Conjecture A is necessary for its validity.
In order to achieve this result consider the holomorphic curve

γ : C 3 z 7→
((

0 z
z 0

)
,

(
z

0

))
∈ C5.

Let Γ ⊂ C be the connected component of the origin, where gγ := γ∗g is a Kähler metric. Thus,

(63) h(z) :=
∂2[log detA∗ (γ(z))]

∂z∂z̄
> 0, ∀z ∈ Γ.

By a direct computation or with the aid of Mathematica one can show that

h(x+
i

2
x) =

P (x)

Q(x)
, ∀x ∈ R.

where

P (x) = 4
(
12288 + 4096x2 − 62592x4 − 12320x6 − 19800x8 − 138750x10 + 78125x12

)
and

Q(x) =
(
128 + 288x2 − 120x4 − 50x6 + 625x8

)2
> 0.

Thus, if x0 is the smallest positive root of P (x) it follows by (63) that the line segment{
x+

i

2
x | x ∈ (−x0, x0)

}
is a subset of Γ. Let W be an open and simply-connected open neighborhood of the origin of C
such that {

x+
i

2
x | x ∈ (−x0, x0)

}
⊂ W ⊂ Γ

Assume now, by a contradiction, that there exists α > 0 such that αg∗B is finitely projectively
induced. Then, since αg∗|U2,1

= αg∗B there exists an open neighborhood of the origin contained in
W such that αgγ is finitely projectively induced on this neighborhood.

By combining Calabi’s resolvability [8, Th.10] and Calabi’s extension [8, Th.11] (since W is
simply-connected) also αgγ |W is finitely projectively induced by the same finite complex projec-
tive space, say (CPN , gFS). Now, again with the aid of Mathematica, the holomorphic sectional
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curvature K(z) of gγ |W (which in this case is simply the Gaussian curvature) satisfies

K(x+
i

2
x) = −1

h

∂2 log h

∂z∂z̄ |z=x+ i
2
x

=
R(x)

(P (x))2
, ∀x ∈ (−x0, x0),

withR(x) a polynomial of degree 36 with positive coefficients and then satisfyingR(x) > 0. Thus

lim
x→x−0

K

(
x+

i

2
x

)
= +∞.

This yields the desired contradiction, since by the Gauss-Codazzi equation for Kähler submani-
folds (see e.g. [26, Prop. 9.2], the holomorphic sectional curvature of αgγ |W must be bounded
from above by the constant holomorphic sectional curvature of the finite dimensional complex
projective space (CPN , gFS). This concludes the example.

Remark 9. In the previous example we are showing that αg∗B is not projectively induced, a condi-
tion which is weaker then (b) in Conjecture A (cf. Proposition 5.4 below).

Remark 10. Example 4 should be compared with the proofs of Proposition 2.1 above. By a
straightforward computation the holomorphic sectional curvature K of the metric g in the proof of
the proposition is bounded for µ ≥ 2 (for example, for µ = 5/2, lim|z|→∞K(ξ) = 4/5). Thus, we
cannot apply there the argument used in Example 4 to conclude that g is not projectively induced
and we need to use the full strength of Calabi’s theory. Similar considerations apply to the metric
g in Proposition 3.2.

Remark 11. Notice that given any homogeneous bounded domain (Ω, g), with g not necessarily
KE, then αg is infinitely projectively induced for all α sufficiently large (see [29, Th.1.1]) and
so (Ω, αg) admits a Fubini-Study completion (cf. Remark 1). Thus, Example 4 stimulates the
following question, which the authors will consider in a future paper: if a homogeneous bounded
domain (Ω, g) admits a Kähler dual (U∗, g∗) such that αg∗ is finitely projectively induced for some
α > 0, is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain?

On the necessity of condition (a) in Conjecture A. In order to understand the role of assumption
(a) in Conjecture A we first recall the following two conjectures in the context of flag manifolds.

Conjecture B. Let (M, g) be a compact KE manifold such that g is (finitely) projectively induced.
Then (M, g) is biholomorphically isometric to a flag manifold (F, gF ).

Conjecture C. Let (F, gF ) be a flag manifold of complex dimension n. Then, for all p ∈ F
there exists a holomorphic embedding with dense image JF : Cn → F , JF (0) = p, such that
if (Cn, J∗FgF ) admits a Kähler dual then (F, gF ) is biholomorphically isometric to a Hermitian
symmetric space of compact type.

Conjecture B is a long-standing conjecture which has been affirmatively solved in codimension
≤ 2 ([11], [41]), for complete intersections [17], for toric varieties with n ≤ 4 [6, Prop.4.2] and
for Tn-invariant Kähler metrics with n ≤ 6 in the recent preprint [37]. The assumption of KE in
Conjecture B can be weakened by requiring g is a Kähler-Ricci soliton, since a finitely projectively
induced Kähler-Ricci solitons is trivial [30, Th.1.1]). Notice also that Conjecture B is not valid
for infinitely projectively induced KE metrics (see [34, Th.1] and also [19]). For example, the
metric αgΩ,µ, on the CH domain MΩ,µ is infinitely projectively induced and KE for µ = γ

n+1
and
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sufficiently large α, as it follows by Theorem C and Proposition 2.3. Conjecture C represents an
extension of Theorem 1.3 to all flag manifolds, not necessarily of classical types. Notice that for
such manifolds the existence of the embedding JF remains an open issue.

We now observe that the validity of Conjectures B and C implies the validity of Conjecture A,
even without assumption (a) (hence we suspect assumption (a) can be dropped from Conjecture
A). Indeed, assume that (U, g) is an exact domain of Cn admitting a Kähler dual (U∗, g∗). Then,
the Fubini-Study compactification of (U∗, αg∗) (assumption (b)) is KE by Lemma 5.1). Thus,
if Conjecture B is valid this compactification turns out to be a flag manifold (F, gF ) and if also
Conjecture C is true, we have U∗ = JF (Cn) and (F, gF ) is biholomorphically isometric to a
Hermitian symmetric space of compact type and hence (U, g) is biholomorphically isometric to a
bounded symmetric domain.

One wonders if the conclusion of Conjecture A is still valid when weakening the assumption
(b) from the existence of a Fubini-Study compactification of (U∗, αg∗), to the requirement that the
Kähler metric αg∗ is finitely projectively induced (cf. Remarks 5 and 9) . It is interesting to notice
that this is indeed the case if one assumes the validity of Conjectures B and C as expressed by the
following

Proposition 5.4. Let (U, g) be an exact domain which admits a Kähler dual (U∗, g∗). Assume that
there exists α > 0 such that (U, αg) has a Fubini-Study completion, αg∗ is finitely projectively
induced and g is KE. If Conjectures B and C are true then (U, g) is biholomorphically isometric to
a bounded symmetric domain.

Proof. By Remark 5.1 we know that (U∗, αg∗) is KE with Einstein constant λ∗

α
, where λ = −λ∗

is the Einstein constant of g. By [22, Th.4.5] (see also [27, Th.1.2] for case of extremal Kähler
metrics) since αg∗ is finitely projectively induced, there exists a complete KE manifold (P, h) such
that U∗ ⊂ P , h|U∗ = αg∗, h is KE (with Einstein constant λ∗

α
), and h is still finitely projectively

induced.
We claim that λ∗ > 0. Indeed λ∗ 6= 0 by [7, Cor.1.7] asserting that a Ricci flat metric can-

not be finitely projectively induced. Moreover, λ∗ cannot be negative otherwise λ > 0 and the
Fubini-Study completion of (U, αg) would be compact by Bonnet-Myers theorem, in contrast to
the fact that αg is infinitely projectively induced. By applying again Bonnet-Myers theorem we
deduce that P is compact. Thus, by the validity of Conjectures B and C, we deduce that (P, h)
is biholomorphically isometric to a Hermitian symmetric space of compact type (Ωc, αgΩc) and
hence (U, g) is biholomorphically isometric to the bounded symmetric domain (Ω, gΩ). �

Remark 12. We note that in the proof of the proposition we have used assumption (a) of Con-
jecture A only to deduce that λ∗ > 0. This probably can be obtained by the fact that λ∗ < 0 is
conjecturally forbidden by [33, Conjecture 1] asserting that the finitely projectively induced KE
metric αg∗ has non-negative Einstein constant. Notice also that in the compact case a finitely pro-
jectively induced KE metric has positive Einstein constant (see [23] for a proof), a fact that we
cannot use in our proof since U∗ is not compact.

6. THE CASE OF GENERALIZED CH DOMAINS

Our results regarding CH domains can be suitably extended to generalized CH domains. By a
generalized CH domain based on a bounded symmetric Ω we mean the bounded domain in Cn+1
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given by

MΩ,µ̄ :=

{
(z, w) ∈ Ω× C | |w|2 <

s∏
j=1

N
µj
Ωj

(zj, z̄j)

}
where Ω = Ω1 × · · · × Ωs and each Ωj ⊂ Cnj , n = n1 + · · · + ns, is a Cartan domain of
genus γj , µ̄ = (µ1, . . . , µs) is a s-vector with positive entries µj and z = (z1, . . . , zs) ∈ Ω,
with zj ∈ Ωj ⊂ Cnj , j = 1, . . . , s. A generalized CH domain MΩ,µ̄ can be equipped with two
natural complete Kähler metrics gΩ,µ̄ and ĝΩ,µ̄ (generalizing gΩ,µ and ĝΩ,µ when µ ∈ R and Ω is
irreducible) whose associated Kähler forms are

ωΩ,µ̄ = − i

2π
∂∂̄ log

(
N µ̄

Ω(z, z̄)− |w|2
)

ω̂Ω,µ̄ = − i

2π
∂∂̄ log

(
N µ̄

Ω(z, z̄)− |w|2
)
− i

2π
∂∂̄ logN µ̄

Ω(z, z̄),

where N µ̄
Ω(z, z̄) =

∏s
j=1N

µj
Ωj

(zj, z̄j). It is not hard to see that exact domains (MΩ,µ̄, gΩ,µ̄) and
(MΩ,µ̄, ĝΩ,µ̄) admit Kähler duals (Cn+1, g∗Ω,µ̄) and (Cn+1, ĝ∗Ω,µ̄), respectively, where the correspond-
ing associated Kähler forms are given by

ω∗Ω,µ̄ =
i

2π
∂∂̄ log

(
N µ̄

Ω(z,−z̄) + |w|2
)

ω̂∗Ω,µ̄ =
i

2π
∂∂̄ log

(
N µ̄

Ω(z,−z̄) + |w|2
)

+
i

2π
∂∂̄ logN µ̄

Ω(z,−z̄),

The following proposition extends Propositions 2.1, 2.3, 3.1 and 3.2. Its proof is omitted since it
can be easily obtained by reducing to the irreducible case.

Proposition 6.1. The Kähler metrics αgΩ,µ̄ and αĝΩ,µ̄ are infinitely projectively induced for suffi-
ciently large α. The Kähler metrics αg∗Ω,µ̄ and αĝ∗Ω,µ̄ are finitely projectively induced iff α ∈ Z+

and µj ∈ Z+, for j = 1, . . . , s.

Using this proposition and by noticing that the proofs of Theorem 1.1,Theorem 1.2 and Proposi-
tion 3.5 work also when Ω is an arbitrary bounded symmetric domain, not necessarily irreducible,
one gets the following results for generalized CH domains.

Theorem 6.2. The generalized CH domain (MΩ,αµ̄, gΩ,µ̄) admits a Fubini-Study completion for all
sufficiently large α. Additionally, (Cn+1, αg∗Ω,µ̄) admits a Fubini-Study compactification for some
α iff µ̄ = µ = 1 and Ω = CHn.

Theorem 6.3. For µj ∈ Z+, j = 1, . . . , s, and sufficiently large integer α, the generalized CH
domain (MΩ,µ̄, αĝΩ,µ̄) admits a Fubini-Study completion and (Cn+1, αĝ∗Ω,µ̄) admits a Fubini-Study
compactification (PΩc,µ̄, gP,µ̄). Moreover, if one writes Ωc = G/K then PΩc,µ is a cohomogeneity
1 G-space, the action of G is ordinary (with Ωc as the flag associated to the regular orbit) and gP,µ̄
is a G-invariant Kähler metric.

Note that for generalized CH domains, the extremality of the Kähler metric gΩ,µ̄ does not imply
it is KE, as in the case of CH domains (see the proof of Corollary 5.2). Nevertheless, Corollary 5.2
also extends to generalized CH domains, as expressed by the following

Corollary 6.4. The Kähler metric αg∗Ω,µ̄ is projectively induced and extremal iff µ̄ = µ = 1,
Ω = CHn, and α ∈ Z+.
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Proof. By Remark 8 g∗Ω,µ̄ is extremal iff gΩ,µ̄ is extremal. On the other hand, by [18, Th.1.1] the
metric gΩ,µ̄ is extremal (iff it has constant scalar curvature) iff

(64)
s∑
j=1

(n+ 1− γj
µj

)nj = 0.

Assuming that αg∗Ω,µ̄ is projectively induced, we have

(65)
γj

µj(n+ 1)
≤ γj
n+ 1

≤ γj
nj + 1

≤ 1, j = 1, . . . , s.

where the first inequality follows by the fact that µj ∈ Z+, for j = 1, . . . , s (by Proposition 6.1)
and the third inequality is given by (59), as Ωj is irreducible. By combining (64) and (65), we
deduce that

(66) µj =
γj

n+ 1
, j = 1, . . . , s,

and nj = n, i.e., Ω is irreducible. Hence, we can apply Corollary 5.2 to get the conclusion. �

Remark 13. Notice that conditions (66) are equivalent to the assumption that the metric gΩ,µ̄ (and
hence g∗Ω,µ̄, by Lemma 5.1) is KE (see [18, Th.1.2]).
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