KAHLER DUALITY AND PROJECTIVE EMBEDDINGS
ANDREA LOI, ROBERTO MOSSA, AND FABIO ZUDDAS

ABSTRACT. Motivated by the duality theory between Hermitian symmetric spaces of noncompact
and compact types, we introduce and examine the concept of Kéhler duality between exact domains
of C™ (cf. Definitions 2] and 3).

Specifically, we address the following question (cf. Definition[T).

Question. Let (U, g) be an exact domain admitting a Kihler dual (U*, g*). Assume that there exists
a > 0 such that the following conditions hold:

(a) (U, ag) has a Fubini-Study completion;

(b) (U*, ag™) has a Fubini-Study compactification.
Is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain?

In Theorem@ we affirmatively answer this question for a Cartan-Hartogs domain Mg ,, equipped
with an appropriate metric go ;. In Theorem @ we provide a counterexample by introducing
another Kihler metric go , on Mg ,, that satisfies both conditions (a) and (b). Furthermore, in
Theorem [T.3] we characterize Hermitian symmetric spaces of compact type among classical flag
manifolds based solely on Kihler duality. We also propose and thoroughly investigate a conjecture
that our question has a positive answer if the metric g is Kihler-Einstein.
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1. INTRODUCTION

A Hermitian symmetric space of noncompact type is a Kéhler manifold (M, g) characterized by
the property that, for all p € M, the geodesic symmetry

sp 1 exp,(v) = exp,(—v), Vv € T,M

is a globally defined holomorphic isometry of (M, g).

Up to homotheties, (M, g) is biholomorphically isometric to a bounded symmetric domain €2 C
C" centred at the origin 0 € C" equipped with the Kédhler metric g, whose associated Kihler form
is

(1) wo = —L(‘?glogNg
21
where
) No(2,%) = (V(Q) Ko(z,2)

is the generic norm, V(1) is the Euclidean volume of €2, v the genus of € and K, its Bergman
kernel.
Thus

1
3) go = —9gaB
o

where gp is the Bergman metric on ().

Notice that the genus 7y of €2 is nothing but the Einstein constant of the Kéhler-Einstein (KE in
the sequel) metric gq.

Every Hermitian symmetric space of noncompact type is a homogenous Kihler manifold and
there exists a complete classification of the irreducible ones, known as Cartan domains, which
include four classical series and two exceptional cases of complex dimensions 16 and 27, respec-
tively.

A Cartan domain 2 is uniquely determined by a triple of integers (7, a, b), where r represents
the rank of {2, namely the maximal dimension of a complex totally geodesic submanifold of €2, and
a and b are positive integers such that

4) y=(r—1a+b+2

and
—1
n=r-+ %a + b,
where 7 is the dimension of €2 . The Wallach set W (£2) C R of a Cartan domain @ C C" is a
subset of R which depends on a and r. More precisely we have
a .a a a

5 WQ:{O,—,z—,..., —1—}u( -2 )
© @={0.5.25. ... =D} ((r =D, +oc

The importance of the Wallach set for our aim is due to the following fact (see the beginning of
Section [2] for the definition of infinitely projectively induced Kihler metric).

Theorem A.[34, Th.2] Let (2, gq) be a Cartan domain. The Kiihler metric agq is infinitely pro-
Jectively induced iff o € W (Q) \ {0}. Consequently, if (2, gq) is a bounded symmetric domain,

agq is infinitely projectively induced for all sufficiently large c.
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One of the remarkable aspects of the theory of Hermitian symmetric spaces is the concept of
duality, which provides a way to transition from a Hermitian symmetric space of noncompact type
(2, go) to a Hermitian symmetric space of compact type (€2, gq, ), known as the compact dual of
(2, ga) (see, e.g. [12] and references therein).

An interesting feature of this duality is reflected in the following chain of holomorphic embed-
dings, which hold for any bounded symmetric domain €2:

(6) oecc b a.Wcep?

where .J is a holomorphic embedding with dense image and BW is the Borel-Weil embedding satis-
fying BW*(grs) = ga, (see [39] for more details on the value of d). Moreover, 2. = J(C") U H,
where H = BW~'({Z, = 0}), and where [Z, ..., Z4] denotes the homogeneous coordinates
on CP?. The embeddings (6) have been extensively used to study the symplectic geometry of
bounded symmetric domains and theirs duals in [[12], [13], [28] (see also [10] for interesting rigid-
ity properties of holomorphic isometries of the complex hyperbolic space into bounded symmetric
domains).
If wq, is the Kéhler form associated to gq, it turns out that

c

* Z /) *
Jwq, = %aﬁlogNQ,
where we define
and where Nq(z, Z) is the generic norm of 2 given by (2).

Example 1. The prototypical example of Hermitian symmetric space of noncompact type is the
unit ball CH™ = {z € C" | |2|* < 1} equipped with the hyperbolic metric gcgn = gny, such that

v .= i =
Whyp = —%8810g Nepgn = —%&‘ﬂog(l — 12

In this case a = 2,b = n— 1,7 = 1 and v = n + 1. The compact dual of (CH", gs,,) is
(CP™, grg) the complex projective space with the Fubini-Study metric grg. In the affine chart
Uy = {Zy # 0} C CP", the Fubini-Study form, with respect the affine coordinates zj = g—é, is
given by wrs = 5-091og (1 + |z]?). Notice that in this case the BW embedding is the identity
map of CP™.

Using the fact that gq_ is projectively induced by the Borel-Weil embedding and wq,_ is such
that wq_(B) = +m, where B is a generator of Hy(M,Z) (see e.g. [31]) we derive the following
compact version of Theorem A.

Theorem B. Let (2., agq,) be a Hermitian symmetric space of compact type, with o > 0. Then
agq, is projectively induced iff a is a positive integer.

Theorems A and B prompt the question of whether the concept of duality is specific to Hermitian
symmetric spaces and, in particular, whether it characterizes them. To rigorously address this
question (see Question A below), it is natural to begin by introducing some definitions.

Definition 1. A compact (resp. complete) Kiihler manifold (M, §) is a Fubini-Study compacti-

fication (resp. completion) of a Kdhler manifold (M, g) if there exists a holomorphic isometric
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embedding J : (M,g) — (M,§) such that J(M) is an open and dense subset of M and § is
finitely (resp. infinitely) projectively induced.

Remark 1. Although a compact manifold is (of course) complete, Calabi’s rigidity theorem [8|,
Th.9] implies that a Kidhler manifold admitting a Fubini-Study compactification does not admit a
Fubini-Study completion, and viceversa.

Example 2. Being go complete it follows from Theorem A that a bounded symmetric domain
(Q, ago) admits a Fubini-Study completion iff o € W(Q) \ {0}, by trivially setting (Q2, ajq) =
(Q,agq) and J = idg. On the other hand, by Theorem B, (C", J*agq,) with « € ZT admits a
Fubini-Study compactification where .J : C"* — €. is the embedding in ().

It is not hard to see that the Kihler potentials — log N, and log N¢, (see (7)) are the Calabi’s
diastasis functions D§® and D(‘)] 9% at the origin 0 € Q C C" for the metrics go and J*¢gq.,
respectively (see [§]] or Section ] below).

Taking inspiration from this fact and by the duality theory between hermitian symmetric spaces,

we propose the following definitions (cf. also [14]).

Definition 2. A pair (U, g) is called an exact domain if U is a connected complex domain of C™
containing the origin and g is a real analytic Kidhler metric whose associated Kéhler form is given
by w = 5=00Df, where D is Calabi’s diastasis function for g at 0 € C" and D{ cannot be
extended to an open subset V' strictly containing U.

Remark 2. The exploration of the maximal extension domain of Calabi’s diastasis function is a
complex and profound issue (see [8] and also the recent preprint [36]). All examples at our disposal
of exact domains (U, g) with ¢ infinitely projectively induced are complete. Thus, such domains
admit a Fubini-Study completion by simply setting (U, §) = (U, g) and J = idy.

Definition 3. Let (U, g) and (U*, g*) be two exact domains of C". We say that (U*, g*) is the
Kdihler dual of (U, g) and g* is a Kéhler metric dual to g if

(8) DY (2,2) = —Di(z,—2),V2 e UNU".

One can easily construct explicit examples of exact domains not admitting a Kéhler dual (cf.
Section ).

Example 3. Any bounded symmetric domain ({2, gg) is an exact domain and its Kéhler dual is
the exact domain given by (2%, ¢,) = (C", J*gq. ), Where gq, is the Kéhler metric on the compact
dual 2. of Q and J : C"* — (), is the embedding in (6).

Inspired by Theorems A and Theorem B, Definitions and Example [3| we address the
following

Question A. Let (U, g) be an exact domain admitting a Kdiihler dual (U*, g*). Suppose that there
exists o > 0 for which the following properties hold true:

(a) (U, «g) has a Fubini-Study completion,
(b) (U*, g*) has a Fubini-Study compactification.
Is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain (0, Agq), for

some \ € Rt (and hence \ao € W (Q) NZ*)?
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In this paper we consider Question A in the context where U is a Cartan-Hartogs domain (CH
domain in the sequel) equipped with two natural Kéhler metrics g, and go , (see below). CH
domains are a 1-parameter family of noncompact domains of C"*!, given by:

Ma,, = {(z,w) € A x C| lw|?* < Nb(z,2)}

where (2 C C" is a Cartan domain, known as the base of M, ,, No(z, Z) is its generic norm, and
1 > 0 is a positive real parameter.

The first metric on Mg, that we consider is the Kéhler metric gq ,, introduced and studied by
G. Roos, A. Wang, W. Yin, L. Zhang, W. Zhang in [44] and [45]. The associated Kihler form is
given by

) wo = —5-00log (N§(2,2) — [wl?).

One of the important features of this metric is the following result which shows that for suitable
values of the parameter y it is KE.

Theorem C.([44] and [45]]) Let Mg, be a CH domain. The metric go,, is KE iff p = nL+1 where
n is the complex dimension of () and ~y its genus.

The following theorem represents the first result of this paper. It provides a positive answer to
Question A for a CH domain (Mg, go,.) and also characterizes the complex hyperbolic space
among CH domains.

Theorem 1.1. The CH domain (Mg, ., ga,,.) is an exact domain that admits a Kéhler dual (Mg, , =
crtt, géju). Moreover, (Mg, gq,,,) admits a Fubini-Study completion for all sufficiently large
a. Additionally, (C"1, 0495,”) admits a Fubini-Study compactification for some o iff Mq , is
homogeneous, i.e. (Mg ., agqa,) = (CH™™, ghyp).

Remark 3. It is worth pointing out that the Kahler dual (C**', agy, ,) of (Mg, go ) has also
been examined in [38] from a symplectic perspective, with the aim to extend the symplectic duality
given in [12] for symmetric spaces to CH domains.

The second metric gq,, on a CH domain Mg, , that we consider in this paper is the Kihler metric
whose associated Kihler form is given by (see Section [3|for details):

(10) D, = —;—ﬂ@élog(]\fg(z, 2) — |w]?) — %35 log NX(z, %)

In the following theorem, which represents our second main result, we show that the CH domain
(Ma,,, §a,,.) satisfies the assumptions (a) and (b) of Question A, for suitable values of « and .
Therefore, Question A has a negative answer for these values.

Theorem 1.2. The CH domain (Mg, ., §a.,.) is an exact domain that admits a Kéhler dual (Mg, , =
cnt, ﬁ;z,“). For p € Z* and sufficiently large integer o, (Mg ,,, aga ) has a Fubini-Study com-
pletion and (C"*', ags, ) has a Fubini-Study compactification.

This theorem draws us with a strong analogy with the duality theory between Hermitian symmet-
ric spaces. Moreover, the existence of such a compactification offers a bridge between the complex
geometry of a given CH domain and the algebraic geometry of the Fubini-Study compactification

of its Kihler dual.
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Remark 4. One natural metric to consider on a CH domain is, of course, the Bergman one (see
[46]]). We can prove that although the Bergman metric on CH domains admits a Kihler dual, the
latter is not finitely projectively induced. This and other properties of the Bergman metric on CH
domains and its Kdhler dual will be explored in a forthcoming paper.

A natural extension of the concept of Hermitian symmetric space of compact type is that of
a flag manifold (F, gr), i.e., compact and simply-connected homogeneous complex manifold F’
equipped with a homogeneous Kéhler metric gr. Note that if the Kéhler form wy associated to gp
is integral then g is finitely projectively induced (cf. [43] and [15]).

Moreover, by restricting to the case of a flag manifold of classical type, for each p € F there
exists a holomorphic embedding with dense image Jr : C* — F, Jp(0) = p. This embedding is
analogous to the embedding .J given by (6] for a Hermitian symmetric space of compact type (see
Section 4] below for the definition of .Jr and more details).

Thus a flag manifold of classical type (F,gr) of complex dimension n and integral wp is a
Fubini-Study compactification of (C", J5.gr). Consequently, it is natural to investigate whether
the latter admits a Kéhler dual. In the following theorem, which represents our final main result,
we prove that this is the case only when the flag is indeed a Hermitian symmetric space of compact

type.

Theorem 1.3. Let (F, gr) be a flag manifold of classical type. If (C", J}gr) admits a Kdhler dual,
then (F, gr) is biholomorphically isometric to a Hermitian symmetric space of compact type.

It is worth pointing out that in Theorem|I.3|we are not assuming any of the conditions (a) and (b)
of Question A. Therefore, this theorem provide a characterization of Hermitian symmetric spaces
of compact type among classical flag manifolds solely in terms of Kéhler duality.

The paper is organized as follows. In Sections [2] and [3] we describe the values of « and 4 for
which the metrics agy, ,, aga , and ags, , are projectively induced (see Propositions and
respectively). We also prove Theorems|[I.1]and In the final part of Section 3| we show that
the homogeneity assumption in Theorem [1.3|cannot be weakened to cohomogeneity 1 by showing
that the Fubini-Study compactification of (C"*, 9o, u) given in Theorem is a cohomogeneity
1 G-space.

In Section ] after recalling the construction of the embedding Jr : C" — F for a flag manifold
of classical type and the definition of Alekseevsky-Peremolov coordinates, we prove Theorem|1.3]
In Section 5| we introduce a conjecture (Conjecture A) asserting that Question A has a positive an-
swer if the metric g is Kdhler-Einstein. We also analyze the necessity of conditions (a), (b) and the
KE assumption in Conjecture A. Specifically, we show the necessity of assumption (b) in Example
examine the role of assumption (a) by comparing it with other long-standing conjectures within
the context of flag manifolds, and show the necessity of the KE assumption by proving that the
metric g, is never KE for any value of 4. In the last section (Section [6)) we show how our results
on CH domains could be extended to generalized CH domains.

The authors extend their gratitude to Ishi Hideyuki for his valuable insights and thought-provoking

discussions, which greatly contributed to the development of the concepts presented in this paper.
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2. THE KAHLER DUAL OF (Mg, go,;) AND THE PROOF OF THEOREM [1.1]

Consider the Kahler dual of a CH domain (Mo, ,, ga ) namely the Kéhler manifold (Mg, ,, 95 ,,),
with associated Kéhler form given by

(11) Wy = %%mg (NE(z,—2) + [w]?) .

These domains were introduced in [38] where symplectic aspects were studied in analogy with
those of [12]]. In particular one can prove (see [38, Section 3]) that M, , = C™™! and it can be
easily verified that (Mg, is indeed the Kihler dual since N (z, —z) is real valued.

In the proof of Theorem d 1.1 we need the following Propositions [2.1and [2.3]and Lemma [2.2]

First we recall some basic facts. Throughout this paper we say that a Kéhler metric g on a
complex manifold M is projectively induced if there exists a holomorphic map f : M — CPY,
N € NU {oo}, such that f*grs = g, where grg is the Fubini-Study metric on CP". Such a map
is called a holomorphic isometry. Notice that we are not assuming either M/ compact or complete.
A Kaihler metric g is said to be finitely projectively induced if N can be chosen finite, and infinitely
projectively induced if N = oo and the immersion is full, meaning its image is not contained
within any finite dimensional complex projective space. For more on projectively induced Kihler
metrics, refer to [8] and [35]].

Proposition 2.1. The Kdhler metric agg, ,, on C"*L is finitely projectively induced if and only if
a,pu €T

Proof. Let ()., ga.) be the compact dual of the Cartan domain (€2, gi). We know that the Kihler
metric g, is finitely projectively induced via the Borel-Weil embedding BW : Q. — CP¢, BW (p) =
[so(p), -+ ,sa(p)], i.e. BW*gpg = gq, for a suitable d = dim H°(L) — 1 depending on €2, (cf.
(6)). Here sq, ..., sy are global holomorphic sections of the holomorphic line bundle L over €.
such that ¢; (L) = [wq,]. If u € Z* then ugq, is finitely projectively induced, i.e. there exists a
holomorphic embedding

(12) Fu: Q= CPY%, Fu(p) = |s¢" (), 54 ()],
such that £ grs = pga., where s(” ). ((i“ ) is a basis of global holomorphic sections of L®* and

d, +1 = dim H°(L®"*). Moreover, we can also assume s(()“)(J(z)) # 0, for all z € C" where
J : C" — Q. is given by (6). The existence of F), with these properties follows by the fact that
L®" defines a regular quantization of the homogeneous Kihler manifold (2., go.) (the reader is
referred to |5, Th. 5.1] for details).

One then easily deduces that the map

(13)  F,:C 5 CPR ) (2, w) [sgm(J(z)),...,sgj>(J(z)),wsg“>(J(z))] ,

is a holomorphic isometric embedding of ((C”“, 9a. u) into ((CPd““, gps). If also « 1s a positive
integer we get that agg, , is finitely projectively induced by the holomorphic map Vi, o Fﬂ, where

dM+1+a

V, : CP%*! 5 CP ( dptl ) is Calabi’s map (see [8, Th.13]), namely a suitable normalization of
the Veronese map.
Conversely, assume that agy, , 18 projectively induced. Then the same will be true for the met-

ric agen , on C2. Indeed, by the hereditary property of the Calabi’s diastasis function (see [8,
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Prop.6]), we get that
Dy = log (N4(2,—2) + [w]?)

on C™*! restricts to Dy°"** = log (1 +1€»)" + Jw|*) on C?, where we choose a (CP', ugps)
complex and totally geodesic embedded into €2..

Take now {(&,w) € C* | £ =0} and {(§,w) € C? | w = 0}, equipped with the Kihler metrics
induced by agg . It is immediate to see that they are nothing but (C, agrs) and (C, augrs)

respectively, where grg is the Fubini-Study metric of CP! restricted to C = {Z, # 0} c CP.
Thus, the assumption that agg , (and hence agem ) is projectively induced implies that both

agrs and apugpg are projectively induced. This forces o € Z* and ap € Z* and we can then
write

p:% and o = bk,

for some a,b,k € Z* and a,b coprime. Consider now {(£,w) € C? | w = 1} equipped with
the Kéhler metric g induced by ageg . " The proof will be completed if we show that g is not
projectively induced if § ¢ Z™. Notice that the Kihler form w associated to g is

w:%aécb, @(5):bklog<(1+]£\)% )

It is immediate to verify that D(§) = ®(§) — bklog2, is the diastasis function for the metric g
centred at the origin. Moreover, by using the radiality of D and Calabi’s criterium (see [8] or
[35]]), in order to show that g is not projectively induced one needs to show that at least one the
coefficients of the Taylor expansion in & and £ around the origin of e” — 1 is negative. We can see

. bk
that this is equivalent to show that the Taylor expansion of ¥ (|£]?) = ((1 + [€1%)° + 1) in |¢[%,

around the origin, has negative coefficients when ¢ ¢ Z.
This expansion reads as

p () 0
(14) po(];b)[ Sler+ 5 (5 -l 5 (5 1) (5 -2) ke
ot (- 1)---(%—<h—1>>|§|%+...}
:ih—’fwh,
h=0

where Ay = % ( *) and

p=0

kb
(15) A=Y "Bup Buy= (kb)% (Z-1)-(B-wt-1). r>0
p=0

Hence we have

U(le*) =

IIP1w

0

R‘



By, _ (kb ﬁ“bs—ap: kb ﬂﬁ L_ap=1Y
By p)bk L bs—a p) bk 12 bs—a )

Since Y alp—1) _ +o00, we conclude that (see e.g. [24], Section 3.7])

s=1 bs—a

and therefore that

(16) lim — = 1.
Since we are assuming that ¢ ¢ Z*, from (T3]) we get

Biss :ka<%—1> (%—h) 40, VheZ"
Clearly % — h < 0, for any h > % Hence, if hy is sufficiently large, from (I6]), we see that
{An}ysp, 1s an alternate sequence. We have proved that the Taylor expansion (I4) has infinite
negative coefficients when 3 ¢ Z, as desired. The proof is complete. 0

Remark 5. Theorem and Proposition [2.1| show that condition (b) in Question A cannot be
weakened to the condition that the metric ag* is finitely projectively induced.

Lemma 2.2. Let (M, g) be a Kiihler manifold such that g is projectively induced. Assume that
there exists a € Z* such that (M, ag) admits a Fubini-Study compactification (M, ag). Then
(M, g) is a Fubini-Study compactification of (M, g).

Proof. By assumption there exist holomorphic isometric embeddings ¢ : M — CPY,J : (M, ag) —
(M, ag) and @, : M — CP* for some positive integers N and s,. Let V, : CPN — CP™= be
the Calabi’s map (see (cf. [8, Th.13])),1.e. V. grs = agrs. Since without loss of generality we can
assume ¢,, to be full we can also assume s, < N,. Then if i : CP* — CP™= denotes the natural
totally geodesic inclusion of CP** into CP™= it follows that the maps V,, o ¢ : M — CPY~ and
io@papr0d M — CPNe are two holomorphic isometric immersions inducing the same Kiihler
metric rg. By Calabi’s rigidity theorem [, Th.9 ] there exists a unitary transformation U of C PN«
such that V,, o ¢ = U 04 0 4y, © J. Then the holomorphic map

@ = (Va‘va((cpN))il oUoio Do - M — CPN

satisfies *grg = § and hence (M, §) turns out to be a Fubini-Study compactification of (M, g).
U

The following proposition describes the projective inducibility of multiples of the metric gq ,,.

Proposition 2.3. ([34, Th.2]) Let Mg, be a CH domain. For a real number o > 0, the Kdhler
metric ogq,, IS infinitely projectively induced iff (o + s)p belongs to W (2) \ {0} for all integer
s> 0.

Proof of Theorem[I.1} By combining Proposition [2.1] Proposition [2.3]and the fact that the metric
ga, is complete we deduce that the assumptions that o € Z*, and « is an integer sufficiently large
are necessary and sufficient conditions for (M, ,,, @gq ) to admit a Fubini-Study completion (cf.
Remark E[), and the dual Kahler metric agy, , to be finitely projectively induced.
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Notice that if My, ,, is homogeneous then @ = CH", i = 1 and hence (Mg, = CH™™ g, =
Ghyp) Which admits a Fubini-Study compactification given by (CP™*!, grg). Hence, it remains to
prove that if one assumes that (Mg ,,, agg ,) admits a Fubini-Study compactification then Mg, is
homogeneous, i.e. (). = CP". By Lemma [2.2] we can assume o = 1 and hence there exists a
holomorphic isometry ¥ from C"*! into a finite dimensional complex projective space inducing
95,,,- Assume by contradiction that 2. # CP". By Calabi’s rigidity, up to a unitary transformations

of the ambient projective space we can assume that U = [ ', oJ : C"tl — CP%*! s given by the
embedding (13). Let now

(17) Pi(Xo,...,Xa) =0, j=1,....k degP; >2,

be the homogeneous polynomial equations which define the image F),(€2.) of the embedding F), :
Q. — CP% given by (T2) (the condition deg P; > 2 forall j = 1,..., k comes from the fact that
F, is a full embedding and €2, # CP™).

We claim that
(18) (E, 0 J)(Cntl) = K,

where
K = {[X()wuadeXdu—&-l] | P)j<X07~~;Xdu> = 0, j: 1,,]{3}

The inclusion (F, o J)(Cr*1) C K is immediate by construction. In order to prove that K C

(F, 0 J)(Cr ) let Q = [Xo, ..., Xa,, Xg,11] € K.
We have two cases: on the one hand, if Xo = --- = Xy, = 0 (i.e. Q@ = [0,...,0,1]), then

Q € (F, o J)(Cn+1) since it is the limit of any sequence
(Fyo J)(z,w;) = [s§”(J(2)), ., sg (T (2)), wjs (T (2))

with w; — +o0 and any (fixed) z € C"*.

On the other hand, let (Xo,...,Xq,) # (0,...,0), say X; # 0. Then [X,...,Xg,] €
F(Q.) C CP¥™,ie. [Xo,...,Xy4,] = [58“)(}9), . ,55{,‘3(1))] for some p € Q.. Since J(C")
is dense in €2, there exists a sequence z; € C" such that p; := J(z;) — p and then the sequence

~ Xd# 1 Xd# 1
F# <pjaﬁ> = [Séu)(pj)v'"75%3(pj)>sl(cu)(pj) (,u)+ — Q.
sp (p) g (P)

This shows that Q = [Xo, ..., Xq,, Xq,11] € (E, o J)(C™+1) and proves the claim .

In light of the above, in order to end the proof it will suffice to show that K is not smooth unless
Q=CH"and u=1.

In order to do that, notice that [0,...,0,1] € K and that, by the implicit function theorem, in
order for the equations to define a smooth submanifold of CP%*! in a neighbourhood of
(Xo,...,X4,41) = (0,...,0,1) at least one of the homogeneous polynomials P; must be linear in
constrast with deg P; > 2, forall j = 1,... k. 0

3. THE KAHLER DUAL OF (MQ#, gw) AND THE PROOF OF THEOREM

In the proof of Theorem |1.2] we need the following proposition interesting on its own sake.
10



Proposition 3.1. Let Mg, ,, be a CH domain. Then the Kdhler metric go,, whose associated Kéhler
form is given by (10) is complete. Futhermore, for a real number o > 0, the Kdihler metric agq,,
is infinitely projectively induced iff (2ac + s)p belongs to W (Q) \ {0} for all integer s > 0.

The second part of the proposition can be considered the analogous of Proposition[2.3]above for
the metric go ,. Indeed its proof is an adaptation of the proof given in [34, Th.2].

Proof of Proposition[3.1} Let y(t) = (z1(t), ..., z,(t), w(t)) be a curve in My, ,. Then, it is easily
seen that

(19) FOI3,, = 1713, + 120,

where p(7y)(t) = (21(t), ..., z.(t)) denotes the projection of  on the base (2 equipped with the
metric [gq.
We deduce that the length of v with respect to go , is

@ [0l = [ OR,, + OOt > [ 1) d

Now, we know (see e.g. [[16]) that a Riemannian metric is complete if and only if the length of
every divergent curve (this means that is gets out of every compact in M, ,,) is not finite. Let then
7(t) be a divergent curve in Mg, ,. Since the metric gq, is complete, then [ ||%(t)ll,,, dt = oo.
But then, from we deduce that also [ ||%(¢ dt = oo and by the above criterium we
deduce that also gq , is complete.
In order to prove the second part of the proposition, notice that a potential of the multiple agq ,,
is

”gQu

1) D = log[Ng"*(N§ — [w[*)~].
In fact, it is easily seen that is indeed the diastasis centred at the origin for the metric asgq ,,,
i.e. D = Dy”**. In order to apply Calabi’s criterium (see [8, Th.9]) consider the expansion

(22) —1= Z B (zw)™ (Zw)™*

7,k=0
where m; = (mj1,..., M, Mj,11) is @ multiindex, (zw)™ = 2"+ 23" w™in+1 and the
multiindices m; are ordered so that their norms |m;| = m;1 + - - - 4+ m;,, + m; 41 satisty |m;| <
|m;4+1| and by using the lexicographic order when |m;| = |my|. The coefficient By, in (22) is

clearly the partial derivative

. 1 gl
I mlmy! O(zw)™i (Zw)mx

evaluated at the origin.

Now, by following the same outline of the proof in [34], we first notice that Bj; = 0 when the
“truncated norms” |m|, = m;1+---+m;, and |my|,, = my1 + - - - +my,, are different or when
Mjn+1 # M n41- 4

Indeed, this follows from the fact that the map z — €%z is an automorphism of the base domain

Q). Then, since the diastasis log Nq(z, Z) is invariant by automorphisms, we have Nq(¢?z, e~ z) =
11



Nq(z, Z). Similarly, since the diastasis depends radially on w, also the map w + ¢®w is an
isometry.

Then, if in the expansion of e —1 = Ng(z,2)"*[Nqg(z, )" —|w|?)]~* there is a monomial
(zw)™i (Zw)™ (with Bjj, # 0) we must have

(zw)™ (Z0)™ = eie(lmj|n*‘mk‘n)ei¢(mj,n+1*mk,7L+1)(Zw)mj (zw)™*

for every 6, ¢, which implies the claim.

Since Bjj, # 0 implies m;; + - -+ +mj, = my1 + - - + My and M 41 = My po1, it follows
that Bj;, # 0 implies |m;| = |my|. Then, by the ordering chosen for the m;’s, we deduce that the
matrix B = (Bj;) has the following diagonal block structure:

0 0 0 0 0

0Oy 0O 0 O

0 0 Ey 0 O
A=

0 0 0 E3 O

0 0 0 0 Ey

where F; contains the entries corresponding to derivatives with respect to multiindices m; having
norm |m;| = .

In turn, up to rearranging the order of the m;’s having norm 7, we can assume that every block
E; has the following diagonal block structure]|

F.(5) w00 0 0 0 0 0
0 F0)w(i) 0 0 0 0
o 0 0 F.i—1),w(1) 0 0 0
0 0 0 Fli—2)we 0 0
e 0
0 0 0 0 0 F.(1)w(i-1)
where we are denoting by F.(;_s) w(s) (s = 0,...,17) the block which contains the entries By,

corresponding to the derivatives with respect to multiindices such that |m;|,, = |my|, =i — s and
Mjnt1 = Mipe1 = S 1.€., in other words, such that there are ¢ — s derivatives with respect to z
and 7 and s derivatives with respect to w and w (recall that in order for 5, to be non zero we must
have |m;|, = |my|, and m; 41 = My 1)

In order to prove that the matrix is positive definite, we just need to show that each of these
blocks F (i) w(s) (forany i =1,2,... and any s = 0, ... ,1%) is positive definite.

Let us begin from the block F. ;) . (0), By definition, its entries are obtained by deriving the
function No"*(NE — |w|?)™* i times with respect to the z’s and i times with respect to the z’s
(with no derivatives with respect to w or w). Since the derivatives are evaluated at the origin, one
gets the same by applying the same derivatives to the function

— _ -2 9Q
NQ/J,O{(]VS,L)L) a NQ ap e2a,uD0

1Rearranging the order has the effect to apply to E; a permutation both to the rows and the columns, which in
turn can be obtained by replacing F; with a congruent matrix 7 PE; P (where P is a permutation matrix), which is
permitted since E; is positive definite if and only if 7 PE; P is.
12



where Dg® denotes the diastasis function of gq (cf. (I) above). By Calabi’s criterium and
Theorem A one gets that the blocks under consideration are positive definite if and only if

(23) 2apu € W(Q)\ {0}.

Let us now consider the block F () .;). by definition, its entries are obtained by deriving the
function N,"*(NE — |w[*)~ ¢ times with respect to w and i times with respect to w (with no
derivatives with respect to the z’s or the z’s): since the derivatives are evaluated at the origin, by
using the fact that N (0,0) = 1 one gets the same by applying the same derivatives to the function

o «
(1= )= = (Z |wj|2) ,
§=0

which shows that the block F gy ;) 1s positive definite.

Finally, let us consider the block F,;_s) .(s)» Which by definition consists of the entries obtained
by deriving the function Ny, “*'(N§ — |w|?)~* i — s times with respect to the z’s, i — s times with
respect to the z’s, s times with respect to w and s times with respect to .

We first notice that

828
(24)  ———|woNg " (NE — |w]?)™* = Ngsla(a +1) - (a+ s — 1)(NG — |w|*)">*

Jw*Ow*
Indeed, this immediately follows from the general formul for radial functions % w=of(Jw|?) =

s!£(=)(0) and the fact that
dS
dzs

Then, since the derivatives are evaluated at the origin, we deduce that the entries of F.(;_g) w(s)
can be equivalently be obtained by deriving the function

A—z)“=ala+1) - (a+s—1)(A—x)"".

Nosla(a+1) - (a+s—1)(NE) > =slafa+1)---(a+s—1)(N) 2"

1 — s times with respect to the z’s and ¢ — s times with respect to the Z’s.
Since
(NS};)*Qafs _ e(2a+s)uDgQ .

by applying again Calabi’s criterium, by Theorem A and taking into account also we finally
deduce that agq ,, is projectively induced if and only if (2a + s)pu € W(Q) \ {0} for every integer
s > 0. This concludes the proof of the proposition. U

We are now in a position to prove Theorem[I.2]

Proof of Theorem[1.2] Tt is easily seen that Calabi’s diastasis function DgQ’” for the Kdhler metric
o, (cf. (T0)) on the CH domain Mg, C C"*! is given by

D} (z,7) = —log(Na(z, 2)" — |w[?) — log Nj(, 2)

%One immediately sees this formula by comparing the Taylor expansions f(z) = Y, ! U:!(O)

_ i+ s
and f(w,w) = Y275 TE‘!%WZMUL“’J-

¥ (with x = |w|?)
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and that it cannot be extended to an open subset of C"** strictly containing M, ,. Thus, the CH
domain (M, §o,,.) is an exact domain (cf. Definition [2). Moreover, the dual (1, 1)-form

(25) &, = %65 log(Na(z, —2)" + |w[?) + %35 log N(z, —3)

obtained by (I0) with the “dual trick” (8] in Definition [3|turns out to be a Kéhler form on the whole

C"*! and if 5, denotes the associated Kéhler metric and Dgﬂ’“ its Calabi’s diastasis functions,
one has
(26) Dy (2, %) = log(No(z, —2)" + |w[*) + log N (z, —2).
Thus (C"*1, g, ,,) is the Kahler dual of (Mg, §a,.). We are going to show that for all o, 1 € Z7,
the pair (C"*', agf, ,) has a Fubini-Study compactification. Specifically, for y € ZT we will con-
struct a compact Kéhler manifold (P, ., gp,,), where gp,, is (finitely) prOJectlvely induced, along
with a holomorphic embedding with dense image J:Crtl o Pq, ,, such that J* 9pu = g, This
will complete the proof of Theorem[1.2] Indeed by choosing i € Z* and « € Z™ sufficiently large,
Proposition [3.1|and the structure of W (€2) ensure that (Mg, gq,,) has a Fubini-Study comple-
tion (cf. Remark [T). Furthermore, agp,, will be projectively induced using Calabi’s map (see [8,
Th.13]), and (P, ,,, agp,,) will serve as the Fubini-Study compactification of (C"*', agg, ,).

In order to do that we simplify the notation as follows. Fix ;> 0 and set ' = F}, for the map

given by (I2). We also set N = d,,, and we denote by Fy, k = 0, ..., N, the sections s,g appearing
as the components of the map F),.
Ultimately, we have an embedding

(27) F:Q.— CPY pw— [Fo(p),...,Fn(p)]

such that F*grs = ugq, and Fy(J(z)) # 0, for all z € C™, where J : C* — (. is the embedding
given by (6). Moreover, if Uy, = {[Xo, ..., Xny] € CPY | X}, # 0} are the open affine subsets we
have

(28) Q.= J(CHUF1({X,=0}).
Notice also that by

Fy(p) oy _ &
2 %) = (9alog

. N
* ¢ /)
e ooy = Fwps = 5-00log(1+ 3 |5

k=1
and ‘
T (o) = 500 log Nf(z, ~2)
we deduce that
1F(J(2))|I?
[Fo(J (=)

Let now P(C & O(1)) be the CP*-bundle over CPY x CPY, where O(1) — CPY is the
hyperplane bundle. Denote by Qcpy = AlL,yP(C & O(1)) the pull-back bundle over CPY,
where Acpv is the diagonal map of (CPN — CPYN x CP". Analogously let

p =06 P(Co L®")

be the CP!-bundle over ), where P(C @ L®") is the CP'-bundle over Q. x ., L®* = F*(O(1))

and A, is the diagonal map of Q2. — Q. x €.
14
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Then we have a natural holomorphic embedding with dense image of C"** into Py, ,, given by
(30) J:C" — F7Y(Up) x CP' C Popy (2,w) = (J(2),[1,w]).

Consider the biholomorphic map ¥ from Qcpn into the blowup Bly o 1j(CPY ) of CPYN*H!
at the point [0, ...,0,1] given locally on the trivializing open subset Uy x CP! C Qcpn, k =
0,...,N, by

Uy xcpr : Uy x CPY— Bl oy (CPYT) c CPYT! x CPY,
([Zo, cee ZNL [Wo, Wl]) — ([Z()Wo, RN ZNWO, kal], [ZQ, RN ZN])
It is easily seen (see e.g. [20, Chapter V]) that the maps V|, «cpr glue to a well-defined biholo-

morphism ¥ : Qcpy — Bly_o1](CPYT)). Recall that
(32)

3D

sO,l](CPN+1) = {([XO77XN7XN+1]7[}/077YN]) ’Xz}/; :XJ}/:M Z?j :O77N}

Since the latter is a submanifold of the product CPN+1L x CPY, it can be embedded into a complex
projective space by using the restriction of the Segre embeddings:
N+ 1)(N +4)

2

0.1/ (CPV*1) € CPY*! % CPN "8 CPF, K = (

Thus, one can consider the holomorphic embedding
o = SegreoWoopp, P, — cpPk,
where pp,  : Pa,, — Qcpn is given locally by
(33) F~(U,) x CP' = U, x CPY, (p, [Wo, W1]) = (F(p), [Wo, Wh)).
Thus, for i € Z* we define the desired projectively induced metric gp,, on Py, by
(34) 9Py = P grs.
It remains then to show that J*gp, = 9o, (flnd hence (Po, ., gp,) Will be the desired Fubini-
Study compactification of (C**', g, ), with J : C"** — (Pq, 1, gp,.)). In order to do this, notice
that by the embedding
Voop, P, — Blo..oy(CPY™) c CPY™ x CPY
reads on F'~1(U,,) x CP! as
(35) Vo @Pszc,u‘p—l(Uk)XCpl : (p7 [WOv Wl]) = ([F(p)W(J? Fk?(p)Wl]v [F(p)])

Since the pull-back of the Fubini-Study metric on CPX via the Segre embedding is given by the

Kihler product of the Fubini-Study metrics on CPN*+! and CP", one gets that the Kihler form

wp,, associated to gp, is given on F~1(Uy) x CP! by:
|7(p)|”

Q- ) AN A
(B0 wWrypi(yxcpr = 500108 <W|Wo\ + [WA] ) +5-00log

1 (p)1”
[Fr(p)*

Notice that
J(C™Y) € FH(Us) x {Wo # 0}, ¢p,,, (F7H(Us) x {Wy # 0}) C Ug x {Wy # 0}

Uy x {Wy # 0}) C {Xo # 0} x {Yp # 0];35 Segre({Xo # 0} x {Yo # 0}) C {Ty # 0}.



where [Ty, . .., Tx| denote the homogeneous coordinates of CPX. Hence, by passing to affine

coordinates (%, C Xég—;”), (%, e %), (%, e %) and by using (36) (with k£ = 0) one gets

i (IF)IP IE@)IP
gyt = 3500108 (0 + o) + 500 s [

Then (29) and (30) yield

. i F(J(2))]]? = J(2))|?
Fn = 00008 (£ TR +1of) + 50910 ({7
— %85 log (N (z, —2)" + |wl?) + %35 log (No(z, —2)") = &%,
This concludes the proof of the theorem. ([l
Remark 6. With the notation introduced in the proof of Theorem 1.2|one has
Po.y = J(C) U™ ({Ty = 0))
in analogy with (28)) for 2.

One can wonder if there exist any non integer values of o e p such that agg , 1s projectively
induced (in analogy with Proposition @ for the metric agy, ). This cannot happen.

Proposition 3.2. g, , is projectively induced iff a, j1 € 7",

Proof. If a, u € Z™* then the proof of Theorem shows that agp,, and hence agy, , is finitely
projectively induced. On the other hand, if agy, , is projectively induced then by taking z = 0 in
(26) we see that

-
a%f)alog(l + |w|2) = O[gFS‘(Ca

where C = Uy = {W, # 0} with affine coordinate w = %1, is projectively induced, forcing
o € Z*. It remains to prove that if agf, ., 1s projectively induced then o, u € Z*. As in the proof
of Proposition[2.1} namely by first restricting to {(¢,w) € C? | ¢ = 0} and {(¢,w) € C? | w = 0},
and then to {(&,w) € C* | w = 1}, one deduces that if a.g¢, , is projectively induced then the same
holds true for the Kéhler metric g whose Calabi’s diastasis function at the origin is given by

D(€) = bk log (((1 +1EP) % + 1) (1+ |§|2)2%> ~ bklog2

for some a,b,k € Z* and a,b coprime. Following the exact same line of reasoning as in the
proof of Proposition 2.1}, one can deduce that the condition 5 ¢ Z 1mphes that at least one of the
coefficients of the Taylor expansion in ¢ and £ around the orlgm of e — 1 is negative. Therefore,
the conclusion follows by Calabi’s criterium. U

By combining Proposition [3.2]and Theorem [1.2] we immediately get

Corollary 3.3. (C**', ag;, ,) has a Fubini-Study compactification iff o, pn € Z.*.
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3.1. (Pa.u gpu) as C1 G-space. In this subsection we show that (P, ., gp,,) iS a cohomogeneity
1 space, for all 1 € Z* (see Proposition 3.5 below). Since (Pq,.,., gp,) is a Fubini-Study com-
pactification of the exact domain (C"*, 95,,,)» which admits a Kihler dual given by (Mg, §a..),
this proposition shows that the condition of homogeneity in Theorem [I.3]cannot be relaxed to co-
homogeneity 1. Before proving this fact, we briefly review some basic facts about cohomogeneity
1 G-spaces, referring the reader to [40], [2] and [3]] for more detailed information on the subject.

Given a semisimple Lie group G, a Kihler manifold (P, wp) is called a cohomogeneity 1 G-
space (from now on, C'1 GG-space) if there exists an action by holomorphic isometries of G on P
which has an orbit of (real) codimension 1 in P. Such an orbit is called a regular orbit, and the
union of regular orbits is called the regular set P,.q; the orbits of higher codimension are called
singular orbits.

A compact C1 G-space P has regular orbits of the kind G/S (where S is the stabilizer of a
regular point) and two singular orbits G/ H, G/ H;. We say that the action of G on P is ordinary
if

(37) dim Ng(S) = dim § + 1,

where N (S) is the normalizer of S in GG. This assumption allows us to associate to the regular
orbits G/ S a flag manifold G /N¢(S). This flag manifold is called the flag associated to the regular
orbits.

Let now ). be an irreducible Hermitian symmetric space of compact type (i.e. the dual of a
Cartan domain ). Write 2. = G/ K, where G is a simple Lie group and K is a maximal compact
subgroup of G.

Notice that the CP*-bundle Py, , — €. can be trivialized on the open subsets F'~*(U;) = {p €
M | F;(p) # 0} with the following identifications given by the transition functions

Fi(p)
Fr.(p)

F~Y(U;) x CP' > (p, Wy, W1]) =~ (p, {WO, W1D € F1(U) x CP,
where F : Q. — CPY is given by (27).
Define an action of G on Py, locally in the following way. Given

(p7 [W(leD S Fﬁl(Uj> X (CPl C Pﬂc,lu
and gp € F~(Uy), then

3 o W) = (o Wl ) e £ <

where \, : LJ# — L denotes a lifting to the fibers of the action map Q. — ., p — gp.
Checking that this local definition extends to a well-defined action on Py, , and that it is in fact a
group action are straightforward by using the transition functions, and we omit that.

Let us see more in detail the structure of the orbits in order to see that this is a C1 G-action.
This is done more easily by using the fact that, as we have seen in the proof of Theorem (see
(33)), the CP'-bundle Py, can be seen as a submanifold of the blowup Bl 0,1]((CPN 1) via
the embedding whose local expression on F~!(Uy) x CP! is

(p, [Wo, Wh]) — ([F(PE/Vm Fr.(p)W], [F(p)])-



Then, by (38), one can easily see that the action can be written as

39) g- ([g((];)) Wo,Wl} 7[F(p)]> = ({%WOJM} 7[F(9P)]) :

for any p € (2. with Fj(p) # 0. s
Now, the singular orbits of this action (39)) can be easily described as follows:

- if Wy = 0, we have g - ([0,...,0,1],[F(p)]) = ([0,...,0,1],[F(gp)]) and then we have a
singular orbit isomorphic to F'(€2.);
- if Wi = 0, we have g - ([F(p), 0], [F(p)]) = ([F(gp),0], [F(gp)]) and we get again a
singular orbit isomorphic to F'(€,.).
Hence, in this case G/Hy = G/H, = G/K.
The following lemma provides a description of the orbits when W, W # 0.

Lemma 3.4. The orbit of a point ([W 5((}0)) 1} [F(p )]) € Py, , with WO, Wi # 0 can be identi-

fied with the subset of the sphere S*NT1(r) C CN*! of radius r = || %2 w
of this subset in S*NT1(r)/{e"?} = CPY is exactly F(.).

Proof. Note that by (39) we can write

w o ([ o) = ([ 2] e )
Note also that

(41) I

Fk )|| such that the image

F(p) A (Flgp)

for any g € G and any p € M with Fy(p) # 0. This can be proved, for example, by using Calabi’s
rigidity theorem.

From and (¢ 1)) one can define the followmg map from the orbit O of the point ( [ o F() 1} ,[F (p)])

W1 Fi(p)’
to the sphere 52N+1(T‘) C CN*! of radius r =

0 Ay ! 0)\;1
@) [0 S, q%%ﬂ}’m )]> % ]gliég;p))

One immediately sees that f is injective and is in fact a diffeomorphism onto its image, so that
the orbit identifies with the set

om (o)

Wi Fi(p)
We have to prove that X = p~1(F(€.)), where
p: SPNT(r) = SHTL(r) [{e?) = CPY

denotes the canonical projection to the quotient.
The inclusion X C p~!(F(.)) is straightforward. Hence, it remains to prove that for any

e'? € C there exists ¢ € G such that
A (Flgp) Wa 4 Fp)

43 - =
@) R W RG)

g€ G} c S*NHL(r)




In order to show this, notice that, since 2, = G/K is a symmetric space, the isotropy group
K of a point p is the centralizer of a one-dimensional compact torus 7'. Since gp = p for every
g € T, the lifting of the action of G to L®# induces then an isomorphism A, : LE# — L2 of the
fiber L*, which yields a one-dimensional representation p : " — Aut(L3*) ~ C* of the torus 7.
Being U(1) the only non-trivial connected compact subgroup of C*, it must be either p(7") = {1}
or p(T) = U(1). But it cannot be p(T") = {1} since it is known (see, for example, [42])) that every
complex line bundle on GG/ K is completely determined by the representation of 7" on a fiber, and
this representation is trivial if and only if the line bundle is the trivial bundle, which is not the case.

Then, we have p(T) = U(1) and so for every ¢ there exists g € T such that

N EGD) o F )

Fi(p) Fi(p)
which proves (@3) and concludes the proof of the lemma. 0J

Proposition 3.5. Py_, is a cohomogeneity 1 G-space, the action of G is ordinary and the flag
associated to the regular orbit of this action is Q). = G/ K. Moreover, gp,, is a G-invariant Kéihler
metric.

Proof. Notice that the regular orbits are the orbits of the points such that W, W; # 0. Indeed, on
the one hand we have seen in Lemma[3.4]that these orbits identify with p~!(F(€2.)), and then their
(real) dimension is

On the other hand, since P, is a CP!-bundle on 2. we have

dimg (P, ;) = 2(dime(Q) + 1) = 2dime () + 2.

and then the real codimension of a regular orbit is exactly 1.
In order to prove that the action is ordinary, let S = {g € G | guy = uo} be the stabilizer of a
regular point ug € f(O) C S*T1(r) (see [@#2)). Notice that

N (S) =Y,
where
Y :={g € G| gup = Auy, for some A € C }.

Indeed, if gug = Aug we have, for any s € S,
959 g = gsA " ug = A" gug = ug
and then g € S. This proves that Y C Ng(S). Now, clearly
Y ={g€G|glu] = [uw]} =K, [u] €S> (r)/{e},

where K is the isotropy subgroup of the symmetric space F'(£2.) ~ Q. = G/K.

So K C Ng(S): but since §2. = G/K is symmetric we have that /& is a maximal compact
subgroup in G and then we must in fact have K = Ng(.5).

Now, the fact we proved in Lemma [3.4] that the orbit /S identifies with p~!(G/K), implies
that dim(G/S) = dim(G/K) + 1. This means that dim(K) = dim(.S) + 1 which, combined with
K = Ng(S), shows that holds true and hence Py, , is an ordinary C1 space. Finally the fact

that gp is G-invariant follows by combining and @1). O
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4. THE PROOF OF THEOREM [L.3]

In order to prove Theorem [I.3 we start with some remarks on Calabi’s diastasis function and
Kihler duality.

Recall (see [8]) that among all the potentials of a real analytic Kdhler metric g on a complex
manifold M, Calabi’s diastasis function characterized by

(44) Di(z) = Z ars2'z7, a0 = agy = 0.
|1],|J|>0

for any choice of local complex coordinates (z) centred at p. o
Now, if (U, g) is an exact domain with associated Kahler form w = 5-00D§ which admits a
Kihler dual (U*, g*) then, by (8), DY (z,%) = —DJ(z, —Z) turns out to be real-valued. Viceversa,
if there exists a neighbourhood of 0 such that
(DY) (2, 2) := —Dg(z,—2)

is real-valued then (U, ¢g) admits a Kéhler dual. Indeed, notice that

P03 o _ Df

02,073 02,073
and since the matrix on the right hand side is positive definite it follows that the matrix on the left
hand side is positive definite on a neighborhood of 0. Thus w* = 5-00(Dj)* is a Kihler form in
this neighborhood. If ¢g* is the Kéhler metric associated to w* then (U*, g*) is a Kéhler dual of

(U, g), where U* is the maximal domain of extension of (Dj)*. Indeed the later turns out to be the
diastasis function at O for the metric g* on U™, i.e.

(D§)"(2,2) = D§ (2,2).

This can be seen by noticing that
(43) D) (=)= D apa'z’ = 3 (=)lagyslz
171,]71=0 11,7120

and hence a’y, = aj; = 0 which proves our claim by the very definition of the Calabi’s diastasis
function.

More generally, we have a%, = —a;;(—1)!7I. Hence, the fact that DJ (z,2) = —DJ(z, —%) is
real valued gives a%; = a}, i.e.

_aﬂ(_l)lll — —m(—l)”‘
which combined with a;; = aj; yields
(46) (=D = (=D if ap; # 0.

In view of (46) we give the following

Definition 4. A monomial a;;2'z’ with ay; # 0 in the expansion of the Calabi diastasis function
D{(z, 2) is called a forbidden monomial of kind (|11, |J]) if (—1)11 # (=1)IVI.

Thus we obtain

Lemma 4.1. An exact domain (U, g) admits a Kdhler dual (U*, g*) iff the expansion of D}(z, Z)

does not contain forbidden monomials.
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It is known (see [1]] and references therein) that invariant complex structures on a flag manifold
F = G/K are in one-to-one correspondence with maximal closed nonsymmetric subsets () of the
set Ry (see [32] Def.5]) of the black roots of G/ K. More precisely, the manifold G/ K endowed
with the complex structure J corresponding to () is biholomorphic to the complex homogeneous
manifold G©/K®G?, where G? = exp(g?) and g% = )° ., CE,, where Ej, is the so called
root vector associated to «. Since the product GS,, = G-?KCG? (where G~9 = exp(g~¥) and

reg

g ¢ = > -ac_q CEL) defines an open dense subset in GC, its image in G/ KCGY via the natural
projection G© — G®/K“G? defines an open dense subset in G/ K, denoted .., = G,/ K“G%.
Clearly, 2,0, ~ G —Q_ Then, one can define a biholomorphism by

47) 2= (2a)ac—g € C" > exp(Z(2) € G~ Q,y C F
where
(48) Z(z)= Y zaEa
ae—Q
(where n is the cardinality of (). We call the corresponding system of complex coordinates
215 .., 2 ON g, the Alekseevsky—Perelomov coordinates. We then define a holomorphic em-
bedding
(49) Jp:C" — F,z— [exp(Z(2))]

with dense image Jp(C") = €2,.,. The embedding .J is the natural extension of the embedding
J : C" — Q. given in (6) for a Hermitian symmetric space of compact type €. (see [21, Proof of
Th.7.1, Chapter VIII Section 7, p.392)).

Given any G-invariant Kédhler metric g on F', one has

. p
7 —
Jpwp = %88 JZ cjlog(A))
=1
where p is the number of the black nodes in the painted Dynkin diagram of G/K, ¢; > 0, j =
1,...,p and the A;’s are suitable minors of the matrix A = Texp(Z) exp(Z), depending on the
position of the black nodes in the diagram, called admissible minors.
In order to prove Theorem [1.3] namely that if the exact domain (C", J5gr) admits a Kéhler dual
then (F), gr) is a Hermitian symmetric space of compact type, we need the following

Lemma 4.2. ([32 Th.1]) Let (F, gr) be an irreducible flag manifold of classical type with second
Betti number by(F') = p, with associated Kdihler form wp determined by coefficients c;,, ..., c;, >
0 associated to the black nodes ;. , . . . , a;, of its painted diagram. Then, the Alekseevsky—Perelomov
coordinates zy, . .., z, on (C", J5gr) are Bochner, up to rescaling, only in the following cases:
(i) p =1, for every G and every w;
(ii) p=2,G=SU(d)and c;; = ¢;, ;
(iii) p = 2, G = SO(2d), the painted diagram of F is

e —0—---— 0 — O
ai
and ¢1 = 2¢4
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Let us recall that the Bochner coordinates are those complex coordinates wy, . . . , w,, in a neigh-
bourhood of the origin (uniquely defined up to a unitary transformation) such that

Dg;gF(w, = |w|? + Z byew’ o
]| K|>2

Notice that to prove Theorem we can assume (F) gr) is irreducible. Indeed if F' is not ir-
reducible, then its painted Dynkin diagram is given by the disjoint union of (connected) painted
Dynkin diagrams of simple groups, and the coordinates are Bochner if and only if are the coordi-
nates on each factor. i

Thus Lemmaimplies that, except for the cases (i)-(iii), the expansion of D(‘)] P97 (2, Z) with re-
spect to Alekseevsky—Perelomov coordinates contains forbidden monomialﬂ of thekind 2;,Z;, - - - Z;
(or their conjugates).

Then, in order to analyze when (C", J}gr) can admit a Kihler dual, we just need to consider
cases (1)-(ii1).

In fact, in both cases (ii) and (iii), the proof of Lemma (see [32, cases 3.2.1 and 3.2.2 in
Th.1]) shows that the diastasis is of the kind

(50) D;)’?QF = log A 4+ calog Ay, ¢1,c0 €RT
where both A; and A, contain forbidden monomials. More precisely, write locally
A; =1+ ¢q; + m; + Osy,

where ¢; is the (1, 1)-part and m; denotes the sum of the forbidden terms of type (1,2) (together
with their conjugates). In cases (ii) and (iii) of Lemma[4.2] one has ¢; # ¢» and respectively

k

my = —M9o =M
or
1
my = — =M = N.
2
Since

log(1+qj +mj+---)=q; +m; —qm;+---,
the terms of type (1, 2) cancel for ¢; = ¢, in case (ii), and for ¢; = 2¢; in case (iii). However, the
next contribution of forbidden bidegree is

c1(—qmy) + ca(—qams),

which equals ¢; (g2 — ¢1)m, up to a non-zero constant, in case (ii), and 2c3(go — ¢1)n, up to sign,
in case (iii). Hence the diastasis still contains forbidden monomials of type (2, 3). Therefore, also
in cases (i1) and (iii) the diastasis contains a forbidden monomial, and we are left with considering
only case (i). When (F, gr) is not symmetric, we are going to show that the admissible minor
always contains forbidden monomials of type (2, 3) and then the proof of Theorem will follow
by Lemma4.1] In order to do that, we pause to prove the following

Lemma 4.3. Let G = SU(n), Sp(n), SO(2n), SO(2n + 1) and let (F = G/ K, gr) be a nonsym-
metric flag manifold represented by a painted diagram with only one black node with correspond-
ing admissible minor A,. Then the only forbidden monomials of types (2,3) contained in A, are
of one of the following kinds

3In fact, in the proof of 132, Th.1]) it is proven that, except for cases (i)-(iii), the expansion of the diastasis always
contains forbidden monomial of type (1, 2).
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1

(28] — §ZA/ZAZ&]AZM-Z/3]AZVB
1 _
(52) + §ZaiZw'ZaiZﬁijﬂ

where 1 < i,j5 <randao, B,y >rand Zs. := Zs(z).

Proof. It can be verified by a case-by-case analysis that, under the assumptions, we always have
7% = 0 and then exp(Z) = I + Z + 1 Z*. Then, by denoting A = exp(Z) exp(Z), we have

- 1 - 1p = 1,2 1p = 1, -
A=T1+(Z+"12)+ (522 +127 + §TZQ) + (§TZZQ + §TZ2Z) + ZTZQZQ
Now, by this equality, the very definition of determinant

An(A) = Z S(U)Alo(l)Aza@) e 'Aro(r)
O'EST

and the fact that Z;; = 0 for 4, j < r we get that a forbidden monomial of type (2, 3) can occur in
A, (A) only as one of the following addenda:

1., = 1, = 1 _
(53) (§T22)ij(§TZZQ)ﬁ = — %2y ZailZjaZp;
1T_2 1T_ 2 1 ~ ~ ~
(54) (5 Z )ii(§ Z77)j5 = t %0l ZailiaZp;
T 5 Ly 2o 1 5 5 5
(55) ( ZZ),-j(§ AATTES —5ZvilajZaiZsiZyp
T 7 Ly 2o 1 5 5 5
(56) ( ZZ)ii(§ A Z)jj = +§ZaiZﬂ/jZaiZ5jZVB

Monomials of kind and are in fact zero because Zja and Z;,, vanish for i, j < r under
the assumptions. Then only monomials of kind (55]) and (56)) are left, which proves the lemma. [

Now, by using the Lemma [4.3] it is not hard to show that for nonsymmetric flag manifolds
represented by a painted diagram with only one black node the corresponding minor A, always
contains a forbidden monomial of type (2, 3).

More precisely, one has to consider the following cases.

(1) G = Sp(n), diagram

o) JE — ) R — e} < o©o
£1—€2 Er—Er41 En—1—€n 2en
. . . : Sp(n) _
with 1 <7 < n — 1. (notice that for » = 1 we get the symmetric space 5 7y 50—y =
HP" ! ~ CP? ).

(2) G = 50(2n + 1), diagram

le) e ) — e — @) = O
E1—€2 Er—E&r+1 En—1—"€n 2en
withl <r <n—1.
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(3) G = SO(2n), diagram
Ocn_14en

o) —_— e e — ) —_ e e — o) — o)
£€1—€2 Er—Er41 En—2—€n—1 En—1—€n

withl <r <n—1.
Then, one sees that in all these cases the forbidden monomial of type (2,3)

1 _ _
(57) 5 ann+1,2Zn122n,2Zn+1,2n

is contained in A,.. Indeed, this monomial is of kind witha=n,i=1,y=n+1,7=2,0=
2n so is contained in A, by Lemma[4.3] Moreover, the monomial in cannot cancel with any
other forbidden monomial appearing in the expansion of A,. Indeed, its anti-holomorphic factor

an ZZn,ZZn+1,2n

fixes the indices in Lemma Hence the only possible competing contribution would have to
come from a term of type (51) with the same anti-holomorphic factor. However, the corresponding
holomorphic factor is different from Z,,; 7,12, and therefore no term with opposite coefficient
can cancel (57). The proof of Theorem [I.3]is complete.

Remark 7. Note that for ¢; = ¢, the metric J},gr on C" whose diastasis is given by (50) is KE

and hence one gets examples of exact domains (C", J5gr) even KE which have a Fubini-Study

compactification and not admitting a Kéhler dual. In order to give an explicit example consider the
SU(3)

flag manifold /' = SO of complex dimension 3. In this case the general homogeneous Kihler

metric g is given on C? by
D(‘)]’*?gF = cilog A + colog Ay, c1,c0 € RT,

where

|Zl|2|23|2 222123 222123_

A, =log |1 2 2
1 og +|21‘ +|22| + 4 9 9

and :
121‘2123’2 | %Z1Z3 2212

4 2 2

and one can directly check that for ¢; = ¢, the exact domain (C3, J5gr) has a Fubini-Study
compactification given by (F', gr), gr is KE but (C3, J.gr) does not admits a Kihler dual.

AQ = log 1 + |Z’2|2 + |Z3|2 +

5. A CONJECTURE

In light of the Theorem [[.2] one might ask which additional properties on the metric ¢ in Ques-
tion A would yield a positive answer. We believe this extra property is the requirement that the
metric g is KE. This is expressed by the following

Conjecture A. Let (U, g) be an exact domain admitting a Kéhler dual (U*, g*). Assume that there
exists o > 0 such that:

(a) (U, ag) has a Fubini-Study completion;

(b) (U*, g*) has a Fubini-Study compactification.
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If the metric g is KE, then (U, g) is biholomorphically isometric to a bounded symmetric domain

We will need the following result, interesting in its own right.

Lemma 5.1. Let (U, g) be an exact domain admitting a Kdihler dual (U*,g*). If g is KE with
Einstein constant \ then g* is KE with Einstein constant \* = —\.

Proof. A direct computation of the Ricci forms p, and p,- for g and g* show that they are related
by

(58) pg(2,2) = —pg(2,—Z)
and the proof easily follows. 0

Remark 8. From (58)) one sees that the scalar curvatures scal, and scal,~ of the two metrics satisfy
scaly(z, Z) = —scalg (2, —2).

Thus, one deduces that the metric ¢ is extremal (in Calabi’s senseﬂ [9]), iff g* is extremal. By
this fact and since a finitely projectively induced extremal metric is conjecturally KE (see [33,
Conjecture 1] and [33 Th,1.1] for the proof of the validity of this conjecture for radial metrics),
we believe that the assumption that g is KE in Conjecture A can be be weakened by requiring only
that g be extremal.

When (U, g) = (Mg, go,.), the following result shows that Conjecture A it is true by weaken-
ing condition (b), namely by only requiring the dual Kéhler metric ag, , on C"*! to be projectively
induced and the KE assumption by requiring g is extremal.

Corollary 5.2. The Kdhler metric oy, ,, is projectively induced and extremal iff Mg, = CH ntl
9o.u = Ghyp and o € 7.

Proof. If g5, , is extremal then by Remark @ also go , is extremal. By [47, Th.1] go,, is forced to
be KE and hence, by Theorem C in the introduction, ;1 = nLH, where + is the genus of (2. On the
other hand, it is easily seen that

g
59 <1
>9) n+1—
and equality holds iff @ = CH™ and p = 1 (inequality (59) can be deduced by looking, for
example, at the the table in [4, pag. 17])). Hence, the proof follows by Proposition[2.1] U

On the necessity of the KE assumption in Conjecture A. The following proposition combined
with Theorem [1.2] shows the necessity of the KE assumption in Conjecture A.

Proposition 5.3. The metric gq,,, on the CH domain My, ,, is not KE for any value of j1 > 0.
Proof. We use [44, Lemma 5] which asserts that a Kéhler metric g with associated Kihler form

W= %85@ on the CH domain M, , is KE, with Einstein constant —(n + 2), if and only if

(60) B(z,w) = h(X) — Zi‘g

log Nq(z, 2),

4A metric g is extremal if the (1,0)-part of the Hamiltonian vector field associated to the scalar curvature of g is
holomorphic.
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|w[?

where X = MaGow and h satisfies the differential equation
AN
o (1) 4 28 ) ) = e,

for some k£ € R.
Now, on the one hand, it is easily seen that the Kéhler potential

Yt . 2 _
d(z,w) = — log (Nq(z, 2)" — |w|*) + log No(z, 2
for the metric —% g, satisfies 1@' with
WX) = —— T og(1 = X).

(h+ 1)(d+2)

On the other hand, a simple computation shows that the latter does not satisfy (61)), for any value
of k. O

On the necessity of condition (b) in Conjecture A. We are indebted to Hishi Hideyuki for sug-
gesting the following example, which shows that assumption (b) is necessary for the validity of
Conjecture A.

Example 4. Let
Usq = {(W,V) € Sym (2,C) x My, (C) | A(W,V) >> 0} C C°,
where
AW, V) =1, —WW — %vvt - % (L= W) (L= W) VV (I, — W)™ (I, - W)

It can be easily seen that U, ; is acted upon transitively by its automorphism group and the group
O(2,R) x U(1) acts on the domain U, as an isotropy at the origin, via the action (W, V)
(AW'A,; AV B). Hence Us; is a homogeneous bounded domain. One can also directly verify that
Us,1 1s not symmetric and compute its Bergman Kernel, which is given by

KU2,1 (VVa V) =Cdet A (VV, V)74
where C' is a constant (whose exact value is not important for our aims). Consider the Bergman
metric gg on Us ; whose associated Kéhler form is given by:
21 =
wp = ——Zﬁalog det A(W, V).
™

Notice that gz 1s homogeneous and hence KE [25, Th.4.1]. It is not hard to verify that the Calabi’s
diastasis function centred at the origin of gz is given by

D§®(W, V) = —logdet A (W, V).
Notice that by applying the “dual trick” (8)), one gets
(D§?)*(W,V) = logdet A* (W, V)
where
A OVV) = T W 207 4 L0y ) (1 T0) TV 1, (1)
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Since the later is a well-defined real-valued function on C®, by the remarks before the proof of
Theorem (1.3| the exact domain (Uy,1, g5) admits a Kihler dual (Us, g3), Us, C C°, such that

Dj? = (D§? )*\us ,» where U3 ; is the maximal domain of definition of Di.
2,1 )

Consider the real-valued (1, 1)-form w on C® given by
20 =
(62) w = 2198log det A*(W, V)
7r

and let g be the corresponding symmetric two tensor (thus g = gju; ,)-

Since the Bergman metric g is infinitely projectively induced and it is complete (by homogene-
ity) it follows that (Us 1, augp) admits a Fubini-Study completion (cf. Remark 1)) for all o« € Z7
(and hence (a) in Conjecture A is satisfied for such «).

We want to prove that the dual Kéhler metric agy; on Uy, C C? is never finitely projectively
induced, for o > 0. This will show that assumption (b) in Conjecture A is necessary for its validity.
In order to achieve this result consider the holomorphic curve

venen (25)-() e

LetI' C C be the connected component of the origin, where g., := v*¢ is a Kdhler metric. Thus,

5[log det A* (7(2))]

63 h(z) := I
(63) (2) 9205 >0, Vz €
By a direct computation or with the aid of Mathematica one can show that
i P(z)
h(x + -z) = —=, Vz € R.
YT Q)

where
P(z) = 4 (12288 4 40962” — 62592z" — 123202° — 198002° — 1387502 + 78125z'?)

and
Q(z) = (128 + 28827 — 120" — 502° + 6252°)° > 0.

Thus, if z; is the smallest positive root of P(x) it follows by (63) that the line segment

1
{x +37 |z € (—xo,xo)}

is a subset of I'. Let W be an open and simply-connected open neighborhood of the origin of C
such that

{x+%x|x€(—x0,xo)} cwcr

Assume now, by a contradiction, that there exists a > 0 such that ag} 1s finitely projectively
induced. Then, since ozg|*U2 . = agp there exists an open neighborhood of the origin contained in
W such that ag, is finitely ’projectively induced on this neighborhood.

By combining Calabi’s resolvability [8, Th.10] and Calabi’s extension [8, Th.11] (since W is
simply-connected) also Gy is finitely projectively induced by the same finite complex projec-

tive space, say (CP", grg). Now, again with the aid of Mathematica, the holomorphic sectional
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curvature K (z) of Ivyw (which in this case is simply the Gaussian curvature) satisfies

i . 10%logh _ R(x)
K@+ 50 = =150 ot (P(2))?

with R(z) a polynomial of degree 36 with positive coefficients and then satisfying R(z) > 0. Thus

Vr € (—xg, o),

lim K (m + 3x> = +o00.
=T 2

This yields the desired contradiction, since by the Gauss-Codazzi equation for Kéhler submani-
folds (see e.g. [26, Prop. 9.2], the holomorphic sectional curvature of vy, Must be bounded
from above by the constant holomorphic sectional curvature of the finite dimensional complex
projective space (CP", grg). This concludes the example.

Remark 9. In the previous example we are showing that cg}; is not projectively induced, a condi-
tion which is weaker then (b) in Conjecture A (cf. Proposition [5.4] below).

Remark 10. Example 4| should be compared with the proofs of Proposition [2.1] above. By a
straightforward computation the holomorphic sectional curvature K of the metric g in the proof of
the proposition is bounded for 11 > 2 (for example, for = 5/2, lim;|_,o, K(§) = 4/5). Thus, we
cannot apply there the argument used in Example [ to conclude that g is not projectively induced
and we need to use the full strength of Calabi’s theory. Similar considerations apply to the metric
g in Proposition [3.2]

Remark 11. Notice that given any homogeneous bounded domain (€2, ¢), with g not necessarily
KE, then ag is infinitely projectively induced for all « sufficiently large (see [29, Th.1.1]) and
so (€2, ag) admits a Fubini-Study completion (cf. Remark . Thus, Example E| stimulates the
following question, which the authors will consider in a future paper: if a homogeneous bounded
domain (€2, g) admits a Kéhler dual (U*, g*) such that ag* is finitely projectively induced for some
a > 0, is it true that (U, g) is biholomorphically isometric to a bounded symmetric domain?

On the necessity of condition (a) in Conjecture A. In order to understand the role of assumption
(a) in Conjecture A we first recall the following two conjectures in the context of flag manifolds.

Conjecture B. Let (M, g) be a compact KE manifold such that g is (finitely) projectively induced.
Then (M, g) is biholomorphically isometric to a flag manifold (F, gr).

Conjecture C. Let (F,gr) be a flag manifold of complex dimension n. Then, for all p € F
there exists a holomorphic embedding with dense image Jp : C* — F, Jg(0) = p, such that
if (C", Jygr) admits a Kdhler dual then (F,gr) is biholomorphically isometric to a Hermitian
symmetric space of compact type.

Conjecture B is a long-standing conjecture which has been affirmatively solved in codimension
< 2 ([IL1], [41]), for complete intersections [17], for toric varieties with n < 4 [6, Prop.4.2] and
for T"-invariant Kéhler metrics with n < 6 in the recent preprint [37]. The assumption of KE in
Conjecture B can be weakened by requiring g is a Kéhler-Ricci soliton, since a finitely projectively
induced Kihler-Ricci solitons is trivial [30, Th.1.1]). Notice also that Conjecture B is not valid
for infinitely projectively induced KE metrics (see [34, Th.1] and also [19]). For example, the

metric agq ,, on the CH domain M, , is infinitely projectively induced and KE for p = n%l and
28



sufficiently large «, as it follows by Theorem C and Proposition [2.3] Conjecture C represents an
extension of Theorem [I.3|to all flag manifolds, not necessarily of classical types. Notice that for
such manifolds the existence of the embedding ./ remains an open issue.

We now observe that the validity of Conjectures B and C implies the validity of Conjecture A,
even without assumption (a) (hence we suspect assumption (a) can be dropped from Conjecture
A). Indeed, assume that (U, g) is an exact domain of C" admitting a Kéhler dual (U*, g*). Then,
the Fubini-Study compactification of (U*, ag*) (assumption (b)) is KE by Lemma . Thus,
if Conjecture B is valid this compactification turns out to be a flag manifold (F’ gr) and if also
Conjecture C is true, we have U* = Jp(C") and (F, gr) is biholomorphically isometric to a
Hermitian symmetric space of compact type and hence (U, g) is biholomorphically isometric to a
bounded symmetric domain.

One wonders if the conclusion of Conjecture A is still valid when weakening the assumption
(b) from the existence of a Fubini-Study compactification of (U*, ag*), to the requirement that the
Kihler metric ag* is finitely projectively induced (cf. Remarks[5|and[9)) . It is interesting to notice
that this is indeed the case if one assumes the validity of Conjectures B and C as expressed by the
following

Proposition 5.4. Ler (U, g) be an exact domain which admits a Kdhler dual (U*, g*). Assume that
there exists o« > 0 such that (U, ag) has a Fubini-Study completion, ag* is finitely projectively
induced and g is KE. If Conjectures B and C are true then (U, g) is biholomorphically isometric to
a bounded symmetric domain.

Proof. By Remark we know that (U*, ag*) is KE with Einstein constant %, where A = —\*
is the Einstein constant of g. By [22, Th.4.5] (see also [27, Th.1.2] for case of extremal Kihler
metrics) since ag* is finitely projectively induced, there exists a complete KE manifold (P, i) such
that U* C P, hjy- = ag*, h is KE (with Einstein constant %), and £ is still finitely projectively
induced.

We claim that A* > 0. Indeed \* # 0 by [7, Cor.1.7] asserting that a Ricci flat metric can-
not be finitely projectively induced. Moreover, \* cannot be negative otherwise A > 0 and the
Fubini-Study completion of (U, ag) would be compact by Bonnet-Myers theorem, in contrast to
the fact that ag is infinitely projectively induced. By applying again Bonnet-Myers theorem we
deduce that P is compact. Thus, by the validity of Conjectures B and C, we deduce that (P, h)
is biholomorphically isometric to a Hermitian symmetric space of compact type (€., agq,) and
hence (U, g) is biholomorphically isometric to the bounded symmetric domain (€2, go). O

Remark 12. We note that in the proof of the proposition we have used assumption (a) of Con-
jecture A only to deduce that A* > (. This probably can be obtained by the fact that \* < 0 is
conjecturally forbidden by [33, Conjecture 1] asserting that the finitely projectively induced KE
metric arg* has non-negative Einstein constant. Notice also that in the compact case a finitely pro-
jectively induced KE metric has positive Einstein constant (see [23]] for a proof), a fact that we
cannot use in our proof since U* is not compact.

6. THE CASE OF GENERALIZED CH DOMAINS

Our results regarding CH domains can be suitably extended to generalized CH domains. By a

generalized CH domain based on a bounded symmetric ) we mean the bounded domain in C**!
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given by
Mo = {(z,w) eQxC||uwf < HNg;(zj,z-j)}

j=1
where () = Q; x --- x Qg and each Q; C C%, n = n; + --- 4+ n,, is a Cartan domain of
genus v;, i = (p1,...,Hs) is a s-vector with positive entries y; and z = (z1,...,2,) € £,
with z; € Q; C C%, j = 1,...,s. A generalized CH domain Mg, ; can be equipped with two
natural complete Kihler metrics gq ; and gq 5 (generalizing go , and go, when p € R and  is
irreducible) whose associated Kéhler forms are

Z' _ _
wou = —5-001log (N§(=,%) — [w]?)

. [ Re i = —_—
7 Wop = —%88 log (N§(z,2) — |w]?) — %86 log N§(z, z),
where Ng(z,2) = [[_, Ngj (z;,Zj). It is not hard to see that exact domains (Mg z, 9o ;) and

(Mo.z, §o,z) admit Kéhler duals (C"*1, g5, ) and (C™*', ¢, ), respectively, where the correspond-
ing associated Kihler forms are given by

* ? ) m =
Wop = %88 log (Ng(z, —-Z)+ |w|2)

Ak Z A [ — Z a m _
Do = 5-001og (N (z,—2) + |wf*) + 5 00log N§(2, 2),

The following proposition extends Propositions and Its proof is omitted since it
can be easily obtained by reducing to the irreducible case.

Proposition 6.1. The Kdhler metrics agqo ; and oo are infinitely projectively induced for suffi-
ciently large o The Kdhler metrics agg, , and agg, ; are finitely projectively induced iff o € 7"
and ji; € Z*t, forj =1,...,s.

Using this proposition and by noticing that the proofs of Theorem[I.1] Theorem[I.2]and Proposi-
tion [3.5| work also when €2 is an arbitrary bounded symmetric domain, not necessarily irreducible,
one gets the following results for generalized CH domains.

Theorem 6.2. The generalized CH domain (Mg o5, 9o,u) admits a Fubini-Study completion for all
sufficiently large a. Additionally, (C™"*1, age, ﬂ) admits a Fubini-Study compactification for some
aiffi=p=1and ) = CH™

Theorem 6.3. For ;1; € Z*, j = 1,...,s, and sufficiently large integer o, the generalized CH
domain (Mg ;, «ga ;) admits a Fubini-Study completion and (C"*, g, ) admits a Fubini-Study
compactification (Po, s, gp ). Moreover, if one writes Q. = G/ K then Pq_, is a cohomogeneity
1 G-space, the action of G is ordinary (with Q). as the flag associated to the regular orbit) and gpy
is a G-invariant Kdhler metric.

Note that for generalized CH domains, the extremality of the Kihler metric go ; does not imply
it is KE, as in the case of CH domains (see the proof of Corollary[5.2). Nevertheless, Corollary[5.2]
also extends to generalized CH domains, as expressed by the following

Corollary 6.4. The Kiihler metric g, ; is projectively induced and extremal iff i = p = 1,

Q=CH",and o € Z™.
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Proof. By Remark @ 95, 18 extremal iff go ; is extremal. On the other hand, by [18, Th.1.1] the
metric gq ; is extremal (iff it has constant scalar curvature) iff

s

(64) Y 41—y =0,

= i

Assuming that agy, ; 18 projectively induced, we have

(65) RE NN QG N N P
pin+1) " n+17"n;+1

where the first inequality follows by the fact that u; € Z*, for j = 1,..., s (by Proposition
and the third inequality is given by (59), as €2, is irreducible. By combining (64) and (65)), we
deduce that

Vi
66 = =1,...
(66) 1 n+1,J yeeey Sy

and n; = n, i.e., {1 is irreducible. Hence, we can apply Corollary [5.2]to get the conclusion. 0

Remark 13. Notice that conditions (66) are equivalent to the assumption that the metric gq ; (and
hence g5, ;» by Lemma@ is KE (see [18, Th.1.2]).
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