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Abstract. Fix a positive integer 𝑘 . Let 𝑅𝑘 be a higher order Riesz transform of order 𝑘 on

ℝ𝑑
and let 𝑅𝑡

𝑘
, 𝑡 > 0, be the corresponding truncated Riesz transform. We study the relation

between ∥𝑅𝑘 𝑓 ∥𝐿𝑝 (ℝ𝑑 ) and ∥𝑅𝑡
𝑘
𝑓 ∥𝐿𝑝 (ℝ𝑑 ) for 𝑝 = 1, 𝑝 = ∞, and 𝑝 = 2.We do this by analyzing the

factorization operator𝑀𝑡
𝑘

defined by the relation 𝑅𝑡
𝑘
= 𝑀𝑡

𝑘
𝑅𝑘 . The operator𝑀𝑡

𝑘
is a convolution

operator associated with an 𝐿1
radial kernel 𝑏𝑡

𝑘,𝑑
(𝑥) = 𝑡−𝑑𝑏𝑘,𝑑 (𝑥/𝑡), where 𝑏𝑘,𝑑 (𝑥) := 𝑏1

𝑘,𝑑
(𝑥) .

We prove that 𝑏𝑘,𝑑 ⩾ 0 only for 𝑘 = 1, 2. We also show that for fixed 𝑘 ⩾ 3,

lim

𝑑→∞
∥𝑏𝑘,𝑑 ∥𝐿1 (ℝ𝑑 ) = ∞.

This contrasts with the cases 𝑘 = 1, 2, where it is known that ∥𝑏𝑘,𝑑 ∥𝐿1 (ℝ𝑑 ) = 1. Finally, we

show that for any positive integer 𝑘 , the Fourier transform of 𝑏𝑘,𝑑 is bounded in absolute value

by 1. This implies the contractive estimate

∥𝑅𝑡
𝑘
𝑓 ∥𝐿2 (ℝ𝑑 ) ⩽ ∥𝑅𝑘 𝑓 ∥𝐿2 (ℝ𝑑 )

and an analogous estimate for general singular integrals with smooth kernels for radial input

functions 𝑓 .

1. Introduction

Let 𝑘 be a positive integer and denote by H𝑘 = H𝑑
𝑘

the space of spherical harmonics of

degree 𝑘 on the Euclidean sphere 𝕊𝑑−1. We identify 𝑃 ∈ H𝑘 with the corresponding harmonic

polynomial, which is homogeneous of degree 𝑘. Consider the kernel

𝐾𝑃 (𝑥) = 𝛾𝑘,𝑑
𝑃 (𝑥)
|𝑥 |𝑑+𝑘

with 𝛾𝑘,𝑑 =
Γ( 𝑘+𝑑

2
)

𝜋𝑑/2Γ( 𝑘
2
)
. (1.1)

The higher order Riesz transform 𝑅𝑃 of order 𝑘 corresponding to 𝑃 is defined by

𝑅𝑃 𝑓 (𝑥) = lim

𝑡→0
+
𝑅𝑡𝑃 𝑓 (𝑥), where 𝑅𝑡𝑃 𝑓 (𝑥) = 𝛾𝑘,𝑑

∫
|𝑦 |>𝑡

𝑃 (𝑦)
|𝑦 |𝑑+𝑘

𝑓 (𝑥 − 𝑦) 𝑑𝑦. (1.2)

The operators 𝑅𝑡
𝑃
, 𝑡 > 0, are called truncated Riesz transforms. It is well known, see [13, p.

73], that the Fourier multiplier associated with the Riesz transform 𝑅𝑃 equals

𝜌𝑃 (𝜉) = (−𝑖)𝑘𝑃
(
𝜉

|𝜉 |

)
, 𝜉 ∈ ℝ𝑑 . (1.3)

Most of the time, the specific spherical harmonic is not important for our considerations.

In such cases, we write 𝑅𝑘 to denote a higher order Riesz transform of order 𝑘 corresponding

to some 𝑃 ∈ H𝑘 . A similar convention applies to the truncated Riesz transform, which we

denote by 𝑅𝑡
𝑘
. For future reference, we also define the maximal truncated Riesz transform by

𝑅∗
𝑘
𝑓 (𝑥) = sup

𝑡>0

|𝑅𝑡
𝑘
𝑓 (𝑥) |.

It is known that the truncated Riesz transform of order 𝑘 factors according to

𝑅𝑡
𝑘
= 𝑀𝑡

𝑘
𝑅𝑘 . (1.4)
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The factorization operator𝑀𝑡
𝑘

above is a convolution operator which is bounded on all 𝐿𝑝 (ℝ𝑑)
spaces for 𝑝 ∈ [1,∞] . We denote by 𝑏𝑡

𝑘,𝑑
the convolution kernel of this operator which is

known to be radial, real valued, and to belong to 𝐿1(ℝ𝑑). For general 𝑘 , the factorization is

implicit in [10, Section 2] (𝑘 = 1), [8, Section 2] (𝑘 even), and [9, Section 4] (𝑘 odd). In the case

𝑘 = 1 the factorization (1.4) is given explicitly in [4] and [6]. For general positive integers 𝑘

this is justified in [5, Proposition 2.1], whose proof also shows that 𝑏𝑡
𝑘,𝑑

(𝑥) = 𝑡−𝑑𝑏1

𝑘,𝑑
(𝑥/𝑡).

It is clear from (1.4) that the operator 𝑀𝑘 := 𝑀1

𝑘
and its kernel 𝑏𝑘 := 𝑏1

𝑘,𝑑
provide important

information about the relation between 𝑅𝑘 and 𝑅𝑡
𝑘

or 𝑅∗
𝑘
. For instance, when 𝑘 is even, the

work of Mateu, Orobitg, and Verdera [8, Section 2] implies that

𝑏𝑘 (𝑥) = 𝑃𝑘,𝑑 ( |𝑥 |2)𝟙𝐵 (𝑥),

where 𝑃𝑘,𝑑 is a polynomial of degree 𝑘/2 − 1 and 𝟙𝐵 denotes the indicator function of the

Euclidean unit ball 𝐵 in ℝ𝑑 . This implies the estimate

|𝑏𝑘 (𝑥) | ⩽ 𝐶𝑘,𝑑𝟙𝐵 (𝑥),

where 𝐶𝑘,𝑑 is a constant, and leads to

|𝑅∗
𝑘
𝑓 (𝑥) | ⩽ 𝐶𝑘,𝑑M(𝑅𝑘 𝑓 ) (𝑥), (1.5)

whereM denotes the centered Hardy–Littlewood maximal operator over Euclidean balls. The

estimate (1.5) can be viewed as an improved version of Cotlar’s classical inequality, which for

higher order Riesz transforms asserts that

|𝑅∗
𝑘
𝑓 (𝑥) | ⩽ 𝐵𝑘,𝑑 (M(𝑅𝑘 𝑓 ) (𝑥) +M(𝑓 ) (𝑥)),

where 𝐵𝑘,𝑑 is a constant. In particular, (1.5) implies the following 𝐿𝑝 inequality:

∥𝑅∗
𝑘
𝑓 (𝑥)∥𝐿𝑝 (ℝ𝑑 ) ⩽ 𝐶𝑝,𝑘,𝑑 ∥𝑅𝑘 𝑓 (𝑥)∥𝐿𝑝 (ℝ𝑑 ), (1.6)

valid for 𝑝 ∈ (1,∞] .When 𝑘 is odd, a weaker version of (1.5) holds, involving the composition

of the Hardy–Littlewood maximal operator

|𝑅∗
𝑘
𝑓 (𝑥) | ⩽ 𝐶𝑘,𝑑 (M ◦M)(𝑅𝑘 𝑓 ) (𝑥). (1.7)

The above inequality was obtained by Mateu, Orobitg, Peréz, and Verdera in [9, Section 4].

This implies that (1.6) remains valid for all positive integers 𝑘. However, the order of growth

of the constant𝐶𝑝,𝑘,𝑑 coming from the proofs in [8] and [9] is exponential in the dimension 𝑑.

Recently, the first and third authors, in collaboration with Zienkiewicz [5], proved, among

other results, that for fixed 𝑘 one may take a dimension-free constant (independent of 𝑑) in

(1.6). They also established explicit dimension-free estimates in terms of 𝑝. To achieve this,

they employed various techniques from the theory of singular integrals, centered around both

real and complex methods of rotations.

Interestingly, for 𝑘 = 1 and 𝑘 = 2, one can obtain a dimension-free variant of (1.6) more

directly. For 𝑘 = 2, 𝑏2 = 1

|𝐵 |𝟙𝐵, where by |𝐵 | we denote the Lebesgue measure of the ball.

Therefore the maximal function corresponding to𝑀2 equalsM — the Hardy–Littlewood max-

imal operator, see e.g. [16, p. 427]. Thus, one may take 1 as the constant 𝐶𝑘,𝑑 in (1.5), and a

dimension-free variant of (1.6) follows from the classical work of Stein and Strömberg [14],

[15]. Somewhat surprisingly, the kernel 𝑏1 also turns out to be non-negative for 𝑘 = 1. This

was proved by Liu, Melentijević, and Zhu [6] and was an important ingredient there to obtain

an improved variant of (1.6) with the explicit constant (2 + 1√
2

)2/𝑝
replacing 𝐶𝑝,𝑘,𝑑 for 𝑝 ⩾ 2.

A consequence of [6] is also the pointwise bound

|𝑅∗
1
𝑓 (𝑥) | ⩽ S(𝑅1𝑓 ) (𝑥), (1.8)



DIMENSION-FREE CONTROL OF TRUNCATED RIESZ TRANSFORMS BY RIESZ TRANSFORMS 3

where S is the spherical maximal operator

S 𝑓 (𝑥) = sup

𝑟∈(0,∞)

1

|𝕊𝑑−1 |

∫
𝕊𝑑−1

|𝑓 | (𝑥 + 𝑟𝑢) 𝑑𝑢.

A natural question that arises is whether similar properties of 𝑏𝑘 hold for 𝑘 ⩾ 3. Our first

main result states that this is not the case.

Theorem 1.1. The kernel 𝑏𝑘 of the factorization operator 𝑀𝑘 is non-negative only for 𝑘 = 1, 2.

Furthermore, for every fixed positive integer 𝑘 ⩾ 3 we have

lim

𝑑→∞
∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) = ∞. (1.9)

As a corollary of this theorem we prove that for 𝑘 ⩾ 3 it is impossible to justify a variant of

(1.5), (1.7), or (1.8), which will involve a dimension-free constant. This is the case even if we

relax the maximal operators on the left-hand sides of (1.5), (1.7), (1.8) to the single truncation

𝑅1

𝑘
. Below, for each dimension 𝑑 , we let A𝑑 be a non-negative sublinear operator that is a

contraction on 𝐿∞(ℝ𝑑) and is bounded on 𝐿2(ℝ𝑑). More precisely, we assume that for any

𝑓 , 𝑔 ∈ 𝐿2(ℝ𝑑) + 𝐿∞(ℝ𝑑) and 𝜆 ∈ ℂ, the following relations

A𝑑 (𝑓 ) (𝑥) ⩾ 0, A𝑑 (𝜆𝑓 ) (𝑥) = |𝜆 |A𝑑 𝑓 (𝑥), A𝑑 (𝑓 + 𝑔) (𝑥) ⩽ A𝑑 (𝑓 ) (𝑥) + A𝑑 (𝑔) (𝑥)

hold for a.e. 𝑥 ∈ ℝ𝑑 . We also impose that

∥A𝑑 (𝑓 )∥𝐿∞ (ℝ𝑑 ) ⩽ ∥ 𝑓 ∥𝐿∞ (ℝ𝑑 ), 𝑓 ∈ 𝐿∞(ℝ𝑑)

and that there is a constant 𝐶 > 0 such that

∥A𝑑 (𝑓 )∥𝐿2 (ℝ𝑑 ) ⩽ 𝐶 ∥ 𝑓 ∥𝐿2 (ℝ𝑑 ), 𝑓 ∈ 𝐿2(ℝ𝑑).

Notice that these assumptions imply that A𝑑 is continuous on 𝐿2(ℝ𝑑). Particular examples of

such operators A𝑑 are M,M◦M, the spherical maximal operator S in dimensions 𝑑 ⩾ 3, or

any composition of such operators.

Corollary 1.2. For each 𝑑 let A𝑑 be a non-negative sublinear operator which is bounded on
𝐿2(ℝ𝑑) and is a contraction on 𝐿∞(ℝ𝑑). Fix 𝑘 ⩾ 3 and assume that there is a constant 𝐶 (𝑘, 𝑑)
for which

|𝑅1

𝑘
𝑓 (𝑥) | ⩽ 𝐶 (𝑘, 𝑑)A𝑑 (𝑅𝑘 𝑓 ) (𝑥)

holds for all Schwartz functions 𝑓 on ℝ𝑑 and all 𝑥 ∈ ℝ𝑑 . Then 𝐶 (𝑘,𝑑) → ∞ as 𝑑 → ∞.

We now turn to 𝐿2
estimates. Our second main result concerns the Fourier transform

𝑏𝑘 (𝜉) =
∫
ℝ𝑑

𝑏𝑘 (𝑥) exp(−2𝜋𝑖𝑥 · 𝜉) 𝑑𝑥 .

This is a radial function, namely we have

𝑏𝑘 (𝜉) =𝑚𝑘 ( |𝜉 |)

for some function𝑚𝑘 , called the radial profile of 𝑏𝑘 .

Theorem 1.3. For each positive integer 𝑘 the Fourier transform 𝑏𝑘 satisfies |𝑏𝑘 (𝜉) | ⩽ 1, 𝜉 ∈ ℝ𝑑 .

Consequently, the operator 𝑀𝑘 is a contraction on 𝐿2(ℝ𝑑) and for all 𝑡 > 0 we have

∥𝑅𝑡
𝑘
𝑓 ∥𝐿2 (ℝ𝑑 ) ⩽ ∥𝑅𝑘 𝑓 ∥𝐿2 (ℝ𝑑 ) . (1.10)
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When we restrict the input functions 𝑓 to radial ones, then (1.10) from Theorem 1.3 may be

extended to all singular integrals with smooth kernels. Namely, let Ω : 𝕊𝑑 → ℂ be a smooth

function on the unit sphere with integral zero. Define the truncated singular integral𝑇 𝑡Ω, 𝑡 > 0,

and the singular integral associated with Ω by

𝑇 𝑡Ω 𝑓 (𝑥) =
∫
|𝑦 |>𝑡

Ω(𝑦/|𝑦 |)
|𝑦 |𝑑

𝑓 (𝑥 − 𝑦) 𝑑𝑦, 𝑇Ω 𝑓 (𝑥) = lim

𝑡→0
+
𝑇 𝑡Ω 𝑓 (𝑥).

Corollary 1.4. Let Ω : 𝕊𝑑 → ℂ be a smooth function on the unit sphere with integral zero.
Then, for any radial function 𝑓 ∈ 𝐿2(ℝ𝑑) and all 𝑡 > 0 we have

∥𝑇 𝑡Ω 𝑓 ∥𝐿2 (ℝ𝑑 ) ⩽ ∥𝑇Ω 𝑓 ∥𝐿2 (ℝ𝑑 ) . (1.11)

Remark 1.5. A strengthening of (1.11) of the form

∥ sup

𝑡>0

|𝑇 𝑡Ω 𝑓 |∥𝐿2 (ℝ𝑑 ) ⩽ 𝐶Ω,𝑑 ∥𝑇Ω 𝑓 ∥𝐿2 (ℝ𝑑 ), (1.12)

valid for all functions 𝑓 ∈ 𝐿2(ℝ𝑑), is false even if we allow a constant 𝐶Ω,𝑑 depending on the

kernel Ω and the dimension 𝑑. Such an inequality holds if and only if Ω satisfies an algebraic

condition related to its expansion in spherical harmonics, see [8, Theorem (iv)] (𝑘 even), and

[9, Theorem 1 (iv)] (𝑘 odd). This condition is satisfied when Ω(𝑥) = 𝑃 (𝑥/|𝑥 |), 𝑃 ∈ H𝑘 , is the

kernel of a higher order Riesz transform. In such cases, it follows from [5] that (1.12) holds

with a constant depending on 𝑘 but independent of 𝑃 ∈ H𝑘 and of the dimension 𝑑.

1.1. Overview of our methods and the structure of the paper. In Section 2 we give use-

ful formulas for the radial profile 𝑚𝑘 of the multiplier 𝑏𝑘 , see Proposition 2.1, and for the

radial profile 𝐵𝑘 of the kernel 𝑏𝑘 , see Proposition 2.2. The proof of Proposition 2.1 is based on

Bochner’s relation. Proposition 2.2 is derived from Proposition 2.1 by an integration by parts

argument similar to the one used in [6, Appendix 4.1].

Section 3 is devoted to kernel estimates. First, we justify Theorem 1.1. The proof is based

on Proposition 2.2 and the considerations are split between 𝑘 odd and 𝑘 even. The odd case

is easier because the kernel 𝑏𝑘 (𝑥) does not vanish for |𝑥 | ⩾ 1 and, moreover,

∫
|𝑥 |>1

|𝑏𝑘 (𝑥) | 𝑑𝑥
goes to infinity with the dimension. The analysis in the even case is more elaborate, because

then 𝑏𝑘 (𝑥) vanishes for |𝑥 | ⩾ 1. However, Proposition 2.2 implies that 𝐵𝑘 (𝑟 ) is a polynomial.

Then, the change of variables 𝑟𝑑 = 𝑒−𝑠 , followed by a more careful analysis of 𝐵𝑘 (𝑒−𝑠/𝑑),
reduces the problem to an estimate involving a Laguerre polynomial of degree 𝑘/2 − 1, see

(3.5). We finish Section 3 with a proof of Corollary 1.2.

Section 4 is devoted to the proof of the 𝐿2
results: Theorem 1.3 and Corollary 1.4. The

proof of Theorem 1.3 is based on the formula (2.1) from Proposition 2.1 for𝑚𝑘 together with

oscillatory estimates from [7]. Corollary 1.4 follows by using the decomposition of a general

kernel Ω on the sphere into spherical harmonics.

1.2. Notation.
(1) Positive integers𝑑 and 𝑘 denote the dimension of the Euclidean space ℝ𝑑

and the order

of the Riesz transform, respectively.

(2) For a positive integer ℓ , we let Fℓ be the ℓ-dimensional Fourier transform

Fℓ (𝑓 ) (𝜉) =
∫
ℝℓ

𝑓 (𝑥) exp(−2𝜋𝑖𝑥 · 𝜉) 𝑑𝑥.

When ℓ = 𝑑 we abbreviate Fℓ (𝑓 ) = 𝑓 .
(3) We denote by 𝐽𝜈 the Bessel function of the first kind and order 𝜈, i.e.

𝐽𝜈 (𝑥) =
∞∑︁
𝑛=0

(−1)𝑛
𝑛! Γ(𝑛 + 𝜈 + 1)

(𝑥
2

)
2𝑛+𝜈

.
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(4) The symbol 𝑝𝐹𝑞 represents the generalized hypergeometric function defined by

𝑝𝐹𝑞 (𝑎1, . . . , 𝑎𝑝 ;𝑏1, . . . , 𝑏𝑞 ; 𝑧) =
∞∑︁
𝑛=0

(𝑎1)𝑛 · · · (𝑎𝑝)𝑛

(𝑏1)𝑛 · · · (𝑏𝑞)𝑛
· 𝑧

𝑛

𝑛!

,

where 𝑎𝑛 = 𝑎(𝑎 + 1) . . . (𝑎 +𝑛 − 1) is the rising factorial (Pochhammer symbol). In this

paper, we will use the Gaussian hypergeometric function 2𝐹1 and the functions 1𝐹2 and

0𝐹1.
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2. Formulas for the kernel 𝑏𝑘 and its Fourier transform via special functions

Our first goal in this section is to derive two formulas for 𝑏𝑘 , one in terms of the Bessel

function 𝐽𝜈 and another in terms of the generalized hypergeometric function 1𝐹2. The second

formula (2.2) is not strictly needed in this paper; however, we state it for potential future

applications.

Proposition 2.1. The radial profile𝑚𝑘 of the multiplier 𝑏𝑘 can be expressed by

𝑚𝑘 (𝑟 ) =
2
𝑑/2Γ(𝑑+𝑘

2
)

Γ( 𝑘
2
)

∫ ∞

2𝜋𝑟

𝑡−𝑑/2𝐽𝑑/2+𝑘−1(𝑡) 𝑑𝑡, 𝑟 > 0, (2.1)

and𝑚𝑘 (0) = 1. Furthermore

𝑚𝑘 (𝑟 ) = 1 −
Γ(𝑑+𝑘

2
)

Γ(𝑑
2
+ 𝑘)Γ( 𝑘

2
+ 1)

(𝜋𝑟 )𝑘1𝐹2( 𝑘
2
;
𝑑
2
+ 𝑘, 𝑘

2
+ 1;−(𝜋𝑟 )2), 𝑟 > 0. (2.2)

Proof. We first justify (2.1). Fix 𝑃 ∈ H𝑘 and denote by 𝜌1

𝑃
the multiplier symbol of the operator

𝑅1

𝑃
given by (1.2). Let 𝜑 (𝑟 ) = 𝛾𝑘,𝑑𝑟−𝑑−𝑘𝟙𝑟>1 be the radial profile of 𝛾𝑘,𝑑 |𝑥 |−𝑑−𝑘𝟙|𝑥 |>1. Then we

have

𝜌1

𝑃 (𝜉) = F𝑑 (𝑃 (·)𝜑 ( | · |)) (𝜉) .
Using Bochner’s relation for 𝑃 ∈ H𝑘 (see, e.g., [13, Corollary p.72]), together with a standard

approximation argument, we see that

𝜌1

𝑃 (𝜉) = (−𝑖)𝑘𝑃 (𝜉)Φ( |𝜉 |),
where Φ is defined by

F𝑑+2𝑘 (𝜑 ( | · |)) (𝜂) = Φ( |𝜂 |), 𝜂 ∈ ℝ𝑑+2𝑘 . (2.3)

Since

𝜌1

𝑃 (𝜉) = (−𝑖)𝑘 𝑃 (𝜉)
|𝜉 |𝑘

( |𝜉 |𝑘Φ( |𝜉 |))

we have

F𝑑 [𝑅1

𝑃 𝑓 ] (𝜉) = F𝑑 [𝑅𝑃 𝑓 ] (𝜉) |𝜉 |𝑘Φ( |𝜉 |),
so that |𝜉 |𝑘Φ( |𝜉 |) = 𝑏𝑘 (𝜉) and thus𝑚𝑘 (𝑟 ) = 𝑟𝑘Φ(𝑟 ), 𝑟 > 0.
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To prove (2.1) we come back to (2.3) and write the Fourier transform of the radial function

𝜑 ( |𝑦 |) on ℝ𝑑+2𝑘
in terms of Bessel functions (the Hankel transform). Applying [1, Section B.5],

we see that

𝑚𝑘 (𝑟 ) = 𝑟𝑘
2𝜋𝛾𝑘,𝑑

𝑟𝑛/2−1

∫ ∞

1

𝑡−𝑑−𝑘 𝐽𝑛/2−1(2𝜋𝑡𝑟 )𝑡𝑛/2 𝑑𝑡,

where 𝑛 = 𝑑 + 2𝑘. Changing variables and recalling the definition of 𝛾𝑘,𝑑 , we reach (2.1).

Since 𝑏𝑘 ∈ 𝐿1(ℝ𝑑), we know that 𝑚𝑘 is a continuous function on [0,∞) . Thus the equation

𝑚𝑘 (0) = 1 follows from (2.1) and equation 10.22.43 in [11].

It remains to prove (2.2). Let 𝑚̃(𝑟 ) =𝑚𝑘 (𝑟/(2𝜋)). From (2.1) we have

𝑚̃′(𝑟 ) = −
2
𝑑/2Γ(𝑑+𝑘

2
)

Γ( 𝑘
2
)

𝑟−𝑑/2𝐽𝑑/2+𝑘−1(𝑟 ),

and thus, by equation 10.16.9 in [11],

𝑚̃′(𝑟 ) = −
Γ(𝑑+𝑘

2
)

Γ(𝑑
2
+ 𝑘)Γ( 𝑘

2
)
( 𝑟

2
)𝑘−1

0𝐹1(𝑑
2
+ 𝑘 ;−( 𝑟

2
)2),

where 0𝐹1 denotes the generalized hypergeometric function. Furthermore, since∫ ∞

0

𝑚̃′(𝑟 ) 𝑑𝑟 = −𝑚̃(0) = −1,

we have

𝑚̃(𝑟 ) = 1 +
∫ 𝑟

0

𝑚̃′(𝑡) 𝑑𝑡 = 1 −
Γ(𝑑+𝑘

2
)

Γ(𝑑
2
+ 𝑘)Γ( 𝑘

2
)

∫ 𝑟

0

( 𝑡
2
)𝑘−1

0𝐹1(𝑑
2
+ 𝑘 ;−( 𝑡

2
)2) 𝑑𝑡 .

Using the change of variables 𝑢 = (𝑡/𝑟 )2
, we obtain

𝑚̃(𝑟 ) = 1 −
Γ(𝑑+𝑘

2
)

Γ(𝑑
2
+ 𝑘)Γ( 𝑘

2
)
( 𝑟

2
)𝑘

∫
1

0

𝑢𝑘/2−1

0𝐹1(𝑑
2
+ 𝑘 ;−( 𝑟

2
)2𝑢) 𝑑𝑢.

Thus, equation 16.5.2 in [11] applied with 𝑎0 = 𝑘/2, 𝑏0 = 𝑘/2 + 1, 𝑏1 = 𝑑/2 + 𝑘 and 𝑧 = −( 𝑟
2
)2

gives

𝑚̃(𝑟 ) = 1 −
Γ(𝑑+𝑘

2
)

Γ(𝑑
2
+ 𝑘)Γ( 𝑘

2
+ 1)

( 𝑟
2
)𝑘1𝐹2( 𝑘

2
;
𝑑
2
+ 𝑘, 𝑘

2
+ 1;−( 𝑟

2
)2).

Finally, coming back to𝑚𝑘 (𝑟 ) = 𝑚̃(2𝜋𝑟 ) we reach (2.2). The proof of Proposition 2.1 is thus

completed.

□

Using Proposition 2.1 we now give an expression for 𝑏𝑘 .

Proposition 2.2. Let 𝐵𝑘 be the radial profile of 𝑏𝑘 . Then we have

𝐵𝑘 (𝑟 ) =


(Γ(𝑑+𝑘

2
))2

𝜋𝑑/2Γ(𝑑
2
+ 1) (Γ( 𝑘

2
))2

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑟 2) if 𝑟 ∈ [0, 1),

(Γ(𝑑+𝑘
2
))2

𝜋𝑑/2+1Γ(𝑑
2
+ 𝑘)

1

𝑟𝑑+𝑘
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2) sin

𝑘𝜋
2

if 𝑟 ∈ (1,∞) .

In particular, when 𝑘 is even we have 𝐵𝑘 (𝑟 ) = 0 for 𝑟 ∈ (1,∞), and 𝐵𝑘 (𝑟 ) is a polynomial of
degree 𝑘 − 2 for 𝑟 ∈ [0, 1). However, no such simplification occurs when 𝑘 is odd.

https://dlmf.nist.gov/10.22.E43
https://dlmf.nist.gov/10.16.E9
https://dlmf.nist.gov/16.5.E2
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Proof. We proceed similarly to [6, Appendix 4.1]. Using the expression for the Fourier trans-

form on ℝ𝑑
of the radial function 𝑚𝑘 (𝑟 ) from [1, Section B.5], followed by the change of

variables 2𝜋𝑡𝑟 = 𝑠 and the formula (𝑠𝑑/2𝐽𝑑/2(𝑠))′ = 𝑠𝑑/2𝐽𝑑/2−1(𝑠) (see equation 10.6.6 in [11]),

we obtain

𝐵𝑘 (𝑟 ) =
2𝜋

𝑟𝑑/2−1

∫ ∞

0

𝑚𝑘 (𝑡) 𝐽𝑑/2−1(2𝜋𝑡𝑟 )𝑡𝑑/2 𝑑𝑡 =
1

(2𝜋)𝑑/2𝑟𝑑

∫ ∞

0

𝑚𝑘 ( 𝑠
2𝜋𝑟

) (𝑠𝑑/2𝐽𝑑/2(𝑠))′𝑑𝑠.

A repetition of the argument used to prove [6, eq. (4.2)] shows that

𝑚𝑘 ( 𝑠
2𝜋𝑟

) = 𝑂 (𝑠−(𝑑+1)/2), 𝑠 → ∞.

Thus, using integration by parts, 𝐽𝑑/2(𝑠) = 𝑂 (𝑠−1/2) and (2.1), we obtain

𝐵𝑘 (𝑟 ) =
1

(2𝜋)𝑑/2𝑟𝑑

[
𝑚𝑘 ( 𝑠

2𝜋𝑟
)𝑠𝑑/2𝐽𝑑/2(𝑠)

]𝑠=∞
𝑠=0

− 1

(2𝜋)𝑑/2𝑟𝑑

∫ ∞

0

𝑑

𝑑𝑠

(
𝑚𝑘 ( 𝑠

2𝜋𝑟
)
)
𝑠𝑑/2𝐽𝑑/2(𝑠) 𝑑𝑠

=
Γ(𝑑+𝑘

2
)

𝜋𝑑/2Γ( 𝑘
2
)𝑟𝑑/2+1

∫ ∞

0

𝐽𝑑/2+𝑘−1( 𝑠𝑟 ) 𝐽𝑑/2(𝑠) 𝑑𝑠

We now consider the cases 𝑟 > 1 and 𝑟 < 1 separately. If 𝑟 < 1, we use equation 10.22.56

in [11] (or equation 2.12.31.1 in [12]) with 𝜆 = 0, 𝜇 = 𝑑/2, 𝜈 = 𝑑/2 + 𝑘 − 1, and 𝑎 = 1, 𝑏 = 1/𝑟 ;
note that in this equation F(𝑎, 𝑏; 𝑐; 𝑧) = 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧)/Γ(𝑐). This leads to

𝐵𝑘 (𝑟 ) =
Γ(𝑑+𝑘

2
)2

𝜋𝑑/2Γ( 𝑘
2
)2

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑟 2)

Γ(𝑑
2
+ 1)

. (2.4)

If 𝑟 > 1 we use again equation 10.22.56 in [11], this time with 𝜆 = 0, 𝜇 = 𝑑/2 + 𝑘 − 1, 𝜈 = 𝑑/2,

and 𝑎 = 1/𝑟, 𝑏 = 1. This gives

𝐵𝑘 (𝑟 ) =
Γ(𝑑+𝑘

2
)2

𝜋𝑑/2Γ( 𝑘
2
)Γ(−𝑘

2
+ 1)𝑟𝑑+𝑘

2𝐹1(𝑑+𝑘
2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2)

Γ(𝑑
2
+ 𝑘)

,

where it is understood that Γ(−𝑘
2
+ 1) = ∞ and 𝐵𝑘 (𝑟 ) = 0 if 𝑘 is even. When 𝑘 is odd we use

equation 5.5.3 in [11] and obtain

𝐵𝑘 (𝑟 ) =
Γ(𝑑+𝑘

2
)2

𝜋𝑑/2+1𝑟𝑑+𝑘
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2)

Γ(𝑑
2
+ 𝑘)

sin
𝑘𝜋
2
. (2.5)

Note that (2.5) holds also for even 𝑘 in which case both sides are zero. Finally, using (2.4), (2.5)

we complete the proof of Proposition 2.2.

□

3. Kernel estimates — proofs of Theorem 1.1 and Corollary 1.2

3.1. Proof of Theorem 1.1 — sign change of the kernel. As we already mentioned, when

𝑘 = 1, the non-negativity of 𝑏𝑘 follows from [6], while for 𝑘 = 2 it is contained e.g. in [16, p.

427].

We shall prove that for 𝑘 ⩾ 3, the radial profile 𝐵𝑘 of 𝑏𝑘 changes sign inside the interval

(0, 1). Denoting

𝑙 = 𝑑+𝑘
2
, 𝑚 = 1 − 𝑘

2
, 𝑛 = 𝑙 +𝑚 = 𝑑/2 + 1

and using Proposition 2.2 we see that it is enough to justify that 2𝐹1(𝑙,𝑚;𝑛;𝑥) changes sign

in (0, 1). We will achieve this by showing that 2𝐹1(𝑙,𝑚;𝑛;𝑥) has a simple zero in (0, 1).
We apply the formula for the number of zeroes of 2𝐹1(𝑙,𝑚, 𝑛;𝑥) from [2, p. 586, eq. (18)].

For 𝑢 ∈ ℝ we let 𝐸 (𝑢) be the largest integer which is smaller than 𝑢. Then, according to the

https://dlmf.nist.gov/10.6.E6
https://dlmf.nist.gov/10.22.E56
https://dlmf.nist.gov/10.22.E56
https://dlmf.nist.gov/5.5.E3
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aforementioned formula, the number of zeroes of 2𝐹1(𝑙,𝑚, 𝑛;𝑥) in the interval (0, 1) is equal

to

𝐸

(
|𝑙 −𝑚 | − |1 − 𝑛 | − |𝑛 − 𝑙 −𝑚 | + 1

2

)
= 𝐸 (𝑘/2)

and this is larger than or equal to 𝐸 (3/2) = 1. Thus, there is a zero inside (0, 1), call it 𝑥0. To

show that 𝑥0 is simple, we note that the hypergeometric function 2𝐹1(𝑎, 𝑏; 𝑐;𝑥) satisfies the

hypergeometric equation 15.10.1 in [11], which is non-singular in (0, 1). By the uniqueness of

solutions to such ODE’s, the existence of a higher-order zero would imply that 2𝐹1(𝑙,𝑚, 𝑛;𝑥)
is identically zero. This shows that 𝑥0 is indeed a simple zero and 2𝐹1(𝑙,𝑚, 𝑛;𝑥) does change

sign around it.

3.2. Proof of (1.9) in Theorem 1.1 — odd 𝑘 . It turns out that in the case of odd 𝑘 , the proof

of (1.9) is easier. When 𝑘 is odd and 𝑟 ∈ (1,∞), we have

|𝕊𝑑−1 |𝑟𝑑−1 |𝐵𝑘 (𝑟 ) | =
2(Γ(𝑑+𝑘

2
))2

𝜋Γ(𝑑
2
)Γ(𝑑

2
+ 𝑘)

1

𝑟𝑘+1
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2).

By the definition of Gauss’s hypergeometric function (equation 15.2.1 in [11]), we have

2𝐹1(𝑑+𝑘
2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2) =

∞∑︁
𝑛=0

(𝑑+𝑘
2
)𝑛 ( 𝑘

2
)𝑛

𝑛!(𝑑
2
+ 𝑘)𝑛

1

𝑟 2𝑛
,

where 𝑎𝑛 = 𝑎(𝑎 + 1) . . . (𝑎 + 𝑛 − 1) is the rising factorial. The coefficients of the above hyper-

geometric series are positive, increasing functions of 𝑑 , and they converge to a finite limit

lim

𝑑→∞

(𝑑+𝑘
2
)𝑛 ( 𝑘

2
)𝑛

𝑛!(𝑑
2
+ 𝑘)𝑛

=
( 𝑘

2
)𝑛

𝑛!

.

Hence, by the monotone convergence theorem and equation 4.6.7 in [11], 2𝐹1(𝑑+𝑘
2
, 𝑘

2
;
𝑑
2
+𝑘 ; 𝑟−2)

increases with 𝑑 to a finite limit

lim

𝑑→∞
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2) =

∞∑︁
𝑛=0

( 𝑘
2
)𝑛

𝑛!

1

𝑟 2𝑛
= (1 − 𝑟−2)−𝑘/2.

By another application of the monotone convergence theorem we have

lim

𝑑→∞

∫ ∞

1

1

𝑟𝑘+1
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2) 𝑑𝑟 =

∫ ∞

1

(1 − 𝑟−2)−𝑘/2

𝑟𝑘+1

𝑑𝑟,

and the right-hand side is infinite if 𝑘 ⩾ 3 due to a nonintegrability at 𝑟 → 1
+
. Furthermore,

by Stirling’s approximation Γ(𝑎) ∼
√

2𝜋 𝑎𝑎−1/2𝑒−𝑎 as 𝑎 → ∞,

lim

𝑑→∞

2(Γ(𝑑+𝑘
2
))2

𝜋Γ(𝑑
2
)Γ(𝑑

2
+ 𝑘)

= lim

𝑑→∞

2(𝑑+𝑘
2
)𝑑+𝑘−1

𝜋 (𝑑
2
) (𝑑−1)/2(𝑑

2
+ 𝑘) (𝑑−1)/2+𝑘

= lim

𝑑→∞

2(1 + 𝑘
𝑑
)𝑑+𝑘−1

𝜋 (1 + 2𝑘
𝑑
) (𝑑−1)/2+𝑘

=
2𝑒𝑘

𝜋𝑒𝑘
=

2

𝜋

and altogether, integrating in polar coordinates we obtain

lim inf

𝑑→∞
∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) ⩾ lim inf

𝑑→∞

2(Γ(𝑑+𝑘
2
))2

𝜋Γ(𝑑
2
)Γ(𝑑

2
+ 𝑘)

∫ ∞

1

1

𝑟𝑘+1
2𝐹1(𝑑+𝑘

2
, 𝑘

2
;
𝑑
2
+ 𝑘 ; 𝑟−2) 𝑑𝑟 = ∞.

https://dlmf.nist.gov/15.10.E1
https://dlmf.nist.gov/15.2#E1
https://dlmf.nist.gov/4.6.E7
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3.3. Proof of (1.9) in Theorem 1.1 — even 𝑘 . For even 𝑘 we have 𝐵𝑘 (𝑟 ) = 0 when 𝑟 ∈ (1,∞),
and a more careful analysis of the behaviour of 𝐵𝑘 (𝑟 ) for 𝑟 ∈ [0, 1) is necessary. Throughout

the proof, the symbol 𝑂 contains an implicit constant that depends on 𝑘.

In the integral of |𝕊𝑑−1 |𝑟𝑑−1 |𝐵𝑘 (𝑟 ) | over 𝑟 ∈ [0, 1), the majority of mass accumulates near

𝑟 = 1. It turns out that in order to have integrands converging to a non-trivial limit as 𝑑 → ∞,

the substitution 𝑟𝑑 = 𝑒−𝑠 is the right one. With this change of variables,

∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) = |𝕊𝑑−1 |
∫

1

0

𝑟𝑑−1 |𝐵𝑘 (𝑟 ) | 𝑑𝑟 =
|𝕊𝑑−1 |
𝑑

∫ ∞

0

|𝐵𝑘 (𝑒−𝑠/𝑑) |𝑒−𝑠 𝑑𝑠.

For even 𝑘 and 𝑠 ∈ [0,∞), we have

|𝕊𝑑−1 |
𝑑

𝐵𝑘 (𝑒−𝑠/𝑑) =
(Γ(𝑑+𝑘

2
))2

(Γ(𝑑
2
+ 1)Γ( 𝑘

2
))2

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑒−2𝑠/𝑑). (3.1)

We claim that

(Γ(𝑑+𝑘
2
))2

(Γ(𝑑
2
+ 1)Γ( 𝑘

2
))2

=
(𝑑

2
)𝑘−2

(Γ( 𝑘
2
))2

(1 +𝑂 (𝑑−1)) (3.2)

as 𝑑 → ∞. Indeed, by Stirling’s approximation Γ(𝑎) =
√

2𝜋 𝑎𝑎−1/2𝑒−𝑎 (1 +𝑂 (𝑎−1)) as 𝑎 → ∞,

we have

(Γ(𝑑+𝑘
2
))2

(Γ(𝑑
2
+ 1))2(𝑑

2
)𝑘−2

=
(Γ(𝑑+𝑘

2
))2

(Γ(𝑑
2
))2(𝑑

2
)𝑘

=
(𝑑+𝑘

2
)𝑑+𝑘−1

(𝑑
2
)𝑘 (𝑑

2
)𝑑−1𝑒𝑘

(1 +𝑂 (𝑑−1))

=
(1 + 𝑘

𝑑
)𝑑+𝑘−1

𝑒𝑘
(1 +𝑂 (𝑑−1))

= 𝑒 (𝑑+𝑘−1) log(1+𝑘/𝑑)−𝑘 (1 +𝑂 (𝑑−1))
= 1 +𝑂 (𝑑−1),

where the last identity follows from Taylor’s expansion of the logarithm. This proves our

claim (3.2).

The other factor in (3.1) is, however, more complicated. By the definition of the hypergeo-

metric function (equation 16.2.1 in [11]),

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑒−2𝑠/𝑑) =

𝑘/2−1∑︁
𝑗=0

(𝑑+𝑘
2
) 𝑗 (1 − 𝑘

2
) 𝑗

𝑗 !(𝑑
2
+ 1) 𝑗

𝑒−2 𝑗𝑠/𝑑 .

Furthermore,

(𝑑+𝑘
2
) 𝑗 (1 − 𝑘

2
) 𝑗

𝑗 !(𝑑
2
+ 1) 𝑗

= (−1) 𝑗
(
𝑘
2
− 1

𝑗

) (𝑑+𝑘
2
) 𝑗

(𝑑
2
+ 1) 𝑗

= (−1) 𝑗
(
𝑘
2
− 1

𝑗

) (𝑑
2
+ 1 + 𝑗)𝑘/2−1

(𝑑
2
+ 1)𝑘/2−1

,

and hence

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑒−2𝑠/𝑑) = 1

(𝑑
2
+ 1)𝑘/2−1

𝑘/2−1∑︁
𝑗=0

(−1) 𝑗
(
𝑘
2
− 1

𝑗

)
𝜆 𝑗 , (3.3)

where

𝜆 𝑗 = (𝑑
2
+ 1 + 𝑗)𝑘/2−1𝑒−2 𝑗𝑠/𝑑 .

https://dlmf.nist.gov/16.2#E1
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Before we continue, let us introduce some notation. We denote the forward difference of a

sequence 𝑎 = (𝑎𝑛)𝑛∈ℕ by (Δ𝑎)𝑛 = 𝑎𝑛+1 − 𝑎𝑛 . The𝑚th iterated difference Δ𝑚𝑎 satisfies

(−1)𝑚 (Δ𝑚𝑎)𝑛 =
𝑚∑︁
𝑗=0

(−1) 𝑗
(
𝑚

𝑗

)
𝑎𝑛+ 𝑗 .

We can thus rewrite (3.3) as

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑒−2𝑠/𝑑) = (−1)𝑘/2−1

(𝑑
2
+ 1)𝑘/2−1

(Δ𝑘/2−1𝜆)0. (3.4)

The iterated difference on the right-hand side cannot be evaluated explicitly. However, we

may find its asymptotic behaviour as 𝑑 → ∞ using Taylor’s expansion

𝑒−2 𝑗𝑠/𝑑 =
𝑘/2−1∑︁
𝑛=0

(−1)𝑛 𝑗𝑛𝑠𝑛

𝑛!(𝑑
2
)𝑛

+𝑂 (𝑑−𝑘/2), 𝑠 ⩾ 0.

The implicit constant in the big 𝑂 above and in all the following big 𝑂 symbols in the proof

depends on both 𝑘 and 𝑠 . This, however, will not impact the proof as we will be only interested

in taking the limit as 𝑑 → ∞.
It follows that

𝜆 𝑗 =

𝑘/2−1∑︁
𝑛=0

(−1)𝑛 𝑗𝑛𝑠𝑛 (𝑑
2
+ 1 + 𝑗)𝑘/2−1

𝑛!(𝑑
2
)𝑛

+𝑂 (𝑑−1).

By the binomial theorem for rising factorials (Exercise 5.37 in [3]),

𝜆 𝑗 =

𝑘/2−1∑︁
𝑛=0

𝑘/2−1∑︁
𝑚=0

(
𝑘
2
− 1

𝑚

) (−1)𝑛 𝑗𝑛𝑠𝑛 (𝑑
2
+ 1)𝑚 𝑗𝑘/2−1−𝑚

𝑛!(𝑑
2
)𝑛

+𝑂 (𝑑−1).

The terms with𝑚 < 𝑛 can be absorbed into 𝑂 (𝑑−1), and so

𝜆 𝑗 =

𝑘/2−1∑︁
𝑛=0

𝑘/2−1∑︁
𝑚=𝑛

(
𝑘
2
− 1

𝑚

) (−1)𝑛 𝑗𝑛𝑠𝑛 (𝑑
2
+ 1)𝑚 𝑗𝑘/2−1−𝑚

𝑛!(𝑑
2
)𝑛

+𝑂 (𝑑−1).

Each term under the sum is a polynomial in 𝑗 of degree
𝑘
2
− 1 + 𝑛 −𝑚, which does not exceed

𝑘
2
− 1. Recall that the iterated difference of order

𝑘
2
− 1 applied to a polynomial of degree

less than
𝑘
2
− 1 is zero, so in the evaluation of (Δ𝑘/2−1𝜆)0, all terms corresponding to 𝑚 > 𝑛

disappear. Furthermore, the iterated difference of order
𝑘
2
− 1 applied to the monomial 𝑗𝑘/2−1

is equal to ( 𝑘
2
− 1)!, and 𝑗𝑛 𝑗𝑘/2−1−𝑛

is the sum of 𝑗𝑘/2−1
and a polynomial of degree less than

𝑘
2
− 1. Altogether we find that

(Δ𝑘/2−1𝜆)0 =
𝑘/2−1∑︁
𝑛=0

(
𝑘
2
− 1

𝑛

) (−1)𝑛𝑠𝑛 (𝑑
2
+ 1)𝑛 ( 𝑘

2
− 1)!

𝑛!(𝑑
2
)𝑛

+𝑂 (𝑑−1).

Expanding the rising factorial (𝑑
2
+ 1)𝑛 and absorbing each term with an exponent of 𝑑 less

than 𝑛 in 𝑂 (𝑑−1), we obtain

(Δ𝑘/2−1𝜆)0 =
𝑘/2−1∑︁
𝑛=0

(
𝑘
2
− 1

𝑛

) (−1)𝑛𝑠𝑛 ( 𝑘
2
− 1)!

𝑛!

+𝑂 (𝑑−1).

Substituting this expression into (3.4) yields

2𝐹1(𝑑+𝑘
2
, 1 − 𝑘

2
;
𝑑
2
+ 1; 𝑒−2𝑠/𝑑) = (−1)𝑘/2−1

(𝑑
2
+ 1)𝑘/2−1

(𝑘/2−1∑︁
𝑛=0

(
𝑘
2
− 1

𝑛

) (−1)𝑛𝑠𝑛 ( 𝑘
2
− 1)!

𝑛!

+𝑂 (𝑑−1)
)
.
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Finally, 1/(𝑑
2
+1)𝑘/2−1 = (𝑑

2
)1−𝑘/2(1+𝑂 (𝑑−1)). Together with (3.2), this allows us to rewrite (3.1)

as

|𝕊𝑑−1 |
𝑑

𝐵𝑘 (𝑒−𝑠/𝑑) =
(−1)𝑘/2−1(𝑑

2
)𝑘/2−1

(Γ( 𝑘
2
))2

(𝑘/2−1∑︁
𝑛=0

(
𝑘
2
− 1

𝑛

) (−1)𝑛𝑠𝑛 ( 𝑘
2
− 1)!

𝑛!

+𝑂 (𝑑−1)
)

=
(−1)𝑘/2−1( 𝑘

2
− 1)!(𝑑

2
)𝑘/2−1

(Γ( 𝑘
2
))2

(𝐿𝑘/2−1(𝑠) +𝑂 (𝑑−1)),

where 𝐿𝑘/2−1(𝑠) is the Laguerre polynomial of degree 𝑘/2 − 1 (see equation 18.5.12 in [11]).

Here, of course, the implicit constant in 𝑂 (𝑑−1) depends on both 𝑘 and 𝑠 . It follows that

∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) =
(𝑑

2
)𝑘/2−1

( 𝑘
2
− 1)!

∫ ∞

0

|𝐿𝑘/2−1(𝑠) +𝑂 (𝑑−1) |𝑒−𝑠 𝑑𝑠,

and so, by Fatou’s lemma,

lim inf

𝑑→∞

∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 )

(𝑑
2
)𝑘/2−1

⩾
1

( 𝑘
2
− 1)!

∫ ∞

0

|𝐿𝑘/2−1(𝑠) |𝑒−𝑠 𝑑𝑠 > 0. (3.5)

In particular, ∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) is unbounded as 𝑑 → ∞ for every even 𝑘 ⩾ 4.

3.4. Proof of Corollary 1.2. From (1.4) and the assumptions, we have

|𝑀𝑘 (𝑅𝑘 𝑓 ) (𝑥) | ⩽ 𝐶𝑘,𝑑 |A𝑑 (𝑅𝑘 𝑓 ) (𝑥) |

for all Schwartz functions 𝑓 on ℝ𝑑
and a.e. 𝑥 ∈ ℝ𝑑 . Using (1.3), it is easy to see that D =

{𝑅𝑘 𝑓 : 𝑓 : ℝ𝑑 → ℂ is Schwartz} is a dense subset of 𝐿2(ℝ𝑑). Take a general function 𝑔 ∈
𝐿2(ℝ𝑑) and assume that 𝑔𝑛 ∈ D converges to 𝑔 in 𝐿2(ℝ𝑑). Using the continuity of 𝑀𝑘 and

A𝑑 we know that 𝑀𝑘 (𝑔𝑛) → 𝑀𝑘 (𝑔) and A𝑑 (𝑔𝑛) → A𝑑 (𝑔), the convergence being in 𝐿2(ℝ𝑑).
Passing to a subsequence, we may assume that the convergence also holds almost everywhere.

Furthermore, since 𝑔𝑛 ∈ D we have

|𝑀𝑘 (𝑔𝑛) (𝑥) | ⩽ 𝐶𝑘,𝑑 |A𝑑 (𝑔𝑛) (𝑥) |, 𝑥-a.e.

Hence, taking 𝑛 → ∞ we see that

|𝑀𝑘 (𝑔) (𝑥) | ⩽ 𝐶𝑘,𝑑 |A𝑑 (𝑔) (𝑥) |, 𝑥-a.e., (3.6)

for 𝑔 ∈ 𝐿2(ℝ𝑑). Denote by 𝐴(𝑝) the norm of A𝑑 as an operator on 𝐿𝑝 (ℝ𝑑), 𝑝 ∈ [2,∞) . Since

𝐿2(ℝ𝑑) is dense in 𝐿𝑝 (ℝ𝑑) using (3.6) we obtain

∥𝑀𝑘 𝑓 ∥𝐿𝑝 (ℝ𝑑 ) ⩽ 𝐶𝑘,𝑑𝐴(𝑝)∥ 𝑓 ∥𝐿𝑝 (ℝ𝑑 ), 𝑓 ∈ 𝐿𝑝 (ℝ𝑑).

Note that because A𝑑 is an 𝐿∞(ℝ𝑑) contraction, an explicit version of the Marcinkiewicz

interpolation theorem, see e.g. [1, Theorem 1.3.2], implies that lim sup𝑝→∞𝐴(𝑝) ⩽ 3.

Now, since 𝑀𝑘 is a convolution operator, we also see that

∥𝑀𝑘 𝑓 ∥𝐿𝑝 (ℝ𝑑 ) ⩽ 3𝐶𝑘,𝑑 ∥ 𝑓 ∥𝐿𝑝 (ℝ𝑑 ), 𝑓 ∈ 𝐿𝑝 (ℝ𝑑),

for 𝑝 → 1
+, and, consequently,

∥𝑏𝑘 ∥𝐿1 (ℝ𝑑 ) = ∥𝑀𝑘 ∥𝐿1 (ℝ𝑑 )→𝐿1 (ℝ𝑑 ) ⩽ 3𝐶𝑘,𝑑 .

Finally, Theorem 1.1 shows that 𝐶𝑘,𝑑 → ∞ as 𝑑 → ∞, completing the proof.

https://dlmf.nist.gov/18.5.E12
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4. 𝐿2
estimates — proofs of Theorem 1.3 and Corollary 1.4

4.1. Proof of Theorem 1.3. The case𝑘 = 1 follows from [6, Corollary 1.3], while the case𝑘 =

2 is a consequence of the formula 𝑏2 =
1

|𝐵 |𝟙𝐵, cf. [16, p. 427], which implies that ∥𝑏2∥𝐿1 (ℝ𝑑 ) ⩽ 1.

Hence, in the proof, we focus on 𝑘 ⩾ 3.

Note that to prove Theorem 1.3, it is enough to show that the radial profile𝑚𝑘 ( |𝜉 |) = 𝑏𝑘 (𝜉)
satisfies |𝑚𝑘 (𝑟 ) | ⩽ 1. Then (1.10) easily follows from the factorization (1.4) and Plancherel’s

theorem. Recalling the abbreviation 𝑚̃(𝑟 ) =𝑚𝑘 (𝑟/(2𝜋)), our task boils down to verifying

|𝑚̃(𝑟 ) | ⩽ 1, 𝑟 > 0. (4.1)

The estimate (4.1) will be deduced from Proposition 2.1 together with an oscillatory estimate

for integrals of Bessel functions from [7], which we now describe. Let 𝜈 > 1

2
and 0 ⩽ 𝛼 < 𝜈+ 3

2
.

Denote by 𝑗𝜈,𝑛 (𝑛 = 1, 2, . . .) the 𝑛th zero of 𝐽𝜈 on (0,∞), and let 𝑗𝜈,0 = 0. By Theorem 5.2 in [7]

(with𝑊 (𝑥) = 𝑥−𝛼 and 𝜆 = 1), the sequence

𝑎𝑛 := (−1)𝑛
∫ 𝑗𝜈,𝑛+1

𝑗𝜈,𝑛

𝑡1/2−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡

is completely monotone: its ℓth iterated differences satisfy (−1)ℓ (Δℓ𝑎)𝑛 ⩾ 0 for 𝑛 = 0, 1, . . .

and ℓ = 0, 1, . . . Furthermore, Theorem 6.1 in [7] states that

𝑎0

2

<

∫ ∞

0

𝑡1/2−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡 < 𝑎0. (4.2)

As we shall see below, this is exactly what is needed for (4.1).

Recall that by Proposition 2.1

𝑚̃(𝑟 ) = 𝐶
∫ ∞

𝑟

𝑡1/2−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡 .

with 𝜈 = 𝑑
2
+ 𝑘 − 1, 𝛼 = 𝑑+1

2
and 𝐶 = 2

𝑑/2Γ(𝑑+𝑘
2
)/Γ( 𝑘

2
). Note that for 𝑘 ⩾ 3 we have 𝜈 ⩾ 2 and

0 < 𝛼 ⩽ 𝜈 . Hence we may apply the results of [7] listed in the previous paragraph. Since for

𝑟 ∈ [ 𝑗𝜈,𝑛, 𝑗𝜈,𝑛+1], we have

(−1)𝑛𝑚̃′(𝑟 ) = (−1)𝑛+1𝑟 1/2−𝛼 𝐽𝑑/2+𝑘−1(𝑟 ) ⩽ 0

it follows that 𝑚̃ is monotone on this interval, and therefore

|𝑚̃(𝑟 ) | ⩽ max{|𝑚̃( 𝑗𝜈,𝑛) |, |𝑚̃( 𝑗𝜈,𝑛+1) |} (4.3)

for 𝑟 ∈ [ 𝑗𝜈,𝑛, 𝑗𝜈,𝑛+1]. It remains to estimate 𝑚̃( 𝑗𝜈,𝑛).
We have

𝑚̃( 𝑗𝜈,𝑛) = 𝐶
∞∑︁
ℓ=𝑛

∫ 𝑗𝜈,ℓ+1

𝑗𝜈,ℓ

𝑡1/2−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡 = 𝐶
∞∑︁
ℓ=𝑛

(−1)ℓ𝑎ℓ .

Since 𝑎𝑛 is completely monotone, the above sum is the tail of an alternating series. It follows

that

𝑚̃( 𝑗𝜈,0) ⩾ 𝑚̃( 𝑗𝜈,2) ⩾ 𝑚̃( 𝑗𝜈,4) ⩾ . . . ⩾ 0 ⩾ . . . ⩾ 𝑚̃( 𝑗𝜈,5) ⩾ 𝑚̃( 𝑗𝜈,3) ⩾ 𝑚̃( 𝑗𝜈,1).
Furthermore,

𝑚̃( 𝑗𝜈,0) − 𝑚̃( 𝑗𝜈,1) = 𝐶
∫ 𝑗𝜈,1

𝑗𝜈,0

𝑡−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡 = 𝐶𝑎0,

and by (4.2),

𝐶𝑎0 ⩽ 2𝐶

∫ ∞

0

𝑡−𝛼 𝐽𝜈 (𝑡) 𝑑𝑡 = 2𝑚( 𝑗𝜈,0).

Combining this inequality with the previous equation, we find that

𝑚̃( 𝑗𝜈,1) = 𝑚̃( 𝑗𝜈,0) −𝐶𝑎0 ⩾ −𝑚̃( 𝑗𝜈,0).
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Finally 𝑚̃( 𝑗𝜈,0) = 𝑚̃(0) = 1 by Proposition 2.1, and so

1 = 𝑚̃( 𝑗𝜈,0) ⩾ 𝑚̃( 𝑗𝜈,2) ⩾ 𝑚̃( 𝑗𝜈,4) ⩾ . . . ⩾ 0 ⩾ . . . ⩾ 𝑚̃( 𝑗𝜈,5) ⩾ 𝑚̃( 𝑗𝜈,3) ⩾ 𝑚̃( 𝑗𝜈,1) ⩾ −1. (4.4)

Inequalities (4.3) and (4.4) imply the desired estimate (4.1) and the proof of Theorem 1.3 is

completed.

4.2. Proof of Corollary 1.4. Since

𝑇 𝑡Ω 𝑓 (𝑥) = 𝑇 1

Ω (𝑓 (𝑡 ·)) (𝑡−1𝑥),

it is easy to see that it suffices to consider 𝑡 = 1. In the proof, we abbreviate 𝑇 1 = 𝑇 1

Ω, 𝑇 = 𝑇Ω
and

𝐾 (𝑥) = 𝐾Ω (𝑥) =
Ω( 𝑥|𝑥 | )

|𝑥 |𝑑
, 𝑥 ∈ ℝ𝑑 \ {0},

and

𝐾1(𝑥) = 𝐾 (𝑥)𝟙[1,∞) ( |𝑥 |).

We know that Ω has an expansion in spherical harmonics, that is

Ω(𝑥) =
∞∑︁
𝑘=1

𝛾𝑘,𝑑𝑃𝑘 (𝑥), 𝑥 ∈ 𝑆𝑑−1, (4.5)

where 𝛾𝑘,𝑑 is defined in (1.1) and 𝑃𝑘 is a homogeneous harmonic polynomial of degree 𝑘 . Note

that there is no zero-order term in (4.5) because

∫
𝕊𝑑 Ω(𝑥) 𝑑𝑥 = 0. Furthermore, the series in

(4.5) converges uniformly on 𝕊𝑑−1
.

Using (4.5) we can express the operator 𝑇 1
as

𝑇 1𝑓 (𝑥) =
∫
|𝑦 |>1

Ω( 𝑦|𝑦 | )

|𝑦 |𝑑
𝑓 (𝑥 − 𝑦) 𝑑𝑦 =

∞∑︁
𝑘=1

𝛾𝑘,𝑑

∫
|𝑦 |>1

𝑃𝑘 ( 𝑦|𝑦 | )

|𝑦 |𝑑
𝑓 (𝑥 − 𝑦) 𝑑𝑦

=

∞∑︁
𝑘=1

𝑇 1

𝑘
𝑓 (𝑥).

(4.6)

Each of the operators 𝑇 1

𝑘
is a truncated higher-order Riesz transform, namely, 𝑇 1

𝑘
= 𝑅1

𝑃𝑘
with

𝑅1

𝑃𝑘
given by (1.2). As such, according to (1.4), it can be factorized as𝑇 1

𝑘
= 𝑀𝑘𝑇𝑘 ,where𝑇𝑘 = 𝑅𝑃𝑘 .

Let 𝑚𝑘 be the radial profile of the multiplier of the operator 𝑀1

𝑘
and let 𝑓0 be the radial

profile of 𝑓 . Then, by Plancherel’s theorem, (4.6) and (1.3), we have



𝑇 1𝑓


2

𝐿2 (ℝ𝑑 ) =



𝑇 1𝑓




2

𝐿2 (ℝ𝑑 )
=

∫
ℝ𝑑

( ∞∑︁
𝑘=1

𝑚𝑘 ( |𝜉 |) (−𝑖)𝑘𝑃𝑘 ( 𝜉|𝜉 | ) 𝑓0( |𝜉 |)
)

2

𝑑𝜉.

Since the polynomials 𝑃𝑘 are orthogonal on 𝕊𝑑−1
, integrating in polar coordinates, we obtain



𝑇 1𝑓


2

𝐿2 (ℝ𝑑 ) =

∫ ∞

0

���𝑓0(𝑟 )���2 ∫
𝕊𝑑−1

( ∞∑︁
𝑘=1

𝑚𝑘 (𝑟 )𝑃𝑘 (𝑥)
)

2

𝑑𝑥 𝑑𝑟

=

∫ ∞

0

���𝑓0(𝑟 )���2 ∫
𝕊𝑑−1

∞∑︁
𝑘=1

|𝑚𝑘 (𝑟 ) |2 |𝑃𝑘 (𝑥) |2 𝑑𝑥 𝑑𝑟 .
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Finally, using Theorem 1.3, orthogonality, and Plancherel’s theorem we reach

𝑇 1𝑓


2

𝐿2 (ℝ𝑑 ) ⩽
∫ ∞

0

���𝑓0(𝑟 )���2 ∫
𝕊𝑑−1

∞∑︁
𝑘=1

|𝑃𝑘 (𝑥) |2 𝑑𝑥 𝑑𝑟

=

∫
ℝ𝑑

����� ∞∑︁
𝑘=1

(−𝑖)𝑘𝑃𝑘 (𝜉/|𝜉 |) 𝑓 (𝜉)
�����2 𝑑𝜉 = ∥𝑇 𝑓 ∥2

𝐿2 (ℝ𝑑 ) .

This completes the proof of Corollary 1.4.
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