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ABSTRACT. Fix a positive integer k. Let Ry be a higher order Riesz transform of order k on
R¢ and let R,tc, t > 0, be the corresponding truncated Riesz transform. We study the relation
between ||Ry f11» (ray and ||R} fl|1» (ra) for p = 1, p = oo, and p = 2. We do this by analyzing the
factorization operator M; defined by the relation R; = M; Ry. The operator M; is a convolution
operator associated with an L radial kernel b]tc’d(x) =t~y 4(x/t), where by 4(x) = bllc,d (x).
We prove that br 4 > 0 only for k = 1, 2. We also show that for fixed k > 3,
dhf;o bkl (ray = oo.

This contrasts with the cases k = 1,2, where it is known that |bg 4||;1(re)y = 1. Finally, we
show that for any positive integer k, the Fourier transform of by 4 is bounded in absolute value
by 1. This implies the contractive estimate

IR Ilz2(ray < IRk fllz2 (ra)
and an analogous estimate for general singular integrals with smooth kernels for radial input
functions f.

1. INTRODUCTION

Let k be a positive integer and denote by Hj = 7-(,? the space of spherical harmonics of

degree k on the Euclidean sphere S%!. We identify P € H, with the corresponding harmonic
polynomial, which is homogeneous of degree k. Consider the kernel

P(x) F(k—;d)
K X) = E— Wlth =
p(X) = Yka Ykd e 5y

| x|d+k
The higher order Riesz transform Rp of order k corresponding to P is defined by

Ref() = Im RoF(,  where  RfG=y [ TUfG-pdy (2
t— ly|>t |y|

(1.1)

The operators R%, t > 0, are called truncated Riesz transforms. It is well known, see [13, p.
73], that the Fourier multiplier associated with the Riesz transform Rp equals

pr(d) = (-)'P (), Eemd (13)

Most of the time, the specific spherical harmonic is not important for our considerations.
In such cases, we write Ry to denote a higher order Riesz transform of order k corresponding
to some P € Hj. A similar convention applies to the truncated Riesz transform, which we
denote by R,i. For future reference, we also define the maximal truncated Riesz transform by

R:f(x) = sup RLF ()]
>0
It is known that the truncated Riesz transform of order k factors according to
R = M{Ry. (1.4)
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The factorization operator M; above is a convolution operator which is bounded on all L ( R%)
spaces for p € [1,00]. We denote by bltC , the convolution kernel of this operator which is

known to be radial, real valued, and to belong to L (IRd). For general k, the factorization is
implicit in [10} Section 2] (k = 1), [18 Section 2] (k even), and [9, Section 4] (k odd). In the case
k = 1 the factorization is given explicitly in [4] and [6]. For general positive integers k
this is justified in [5, Proposition 2.1], whose proof also shows that b]tc’ 4% = t_dbllc’ J(x/1).

It is clear from that the operator M;, := Mli and its kernel by = b}c, , provide important
information about the relation between R; and R,tc or R;';. For instance, when k is even, the
work of Mateu, Orobitg, and Verdera [8| Section 2] implies that

br(x) = Pra(lx|*)15(x),

where Py 4 is a polynomial of degree k/2 — 1 and 1p denotes the indicator function of the
Euclidean unit ball B in R?. This implies the estimate

bk (%) < Crallp(x),

where Cy 4 is a constant, and leads to

IRef ()] < CaM(Ri f)(x), (1.5)

where M denotes the centered Hardy-Littlewood maximal operator over Euclidean balls. The
estimate (1.5) can be viewed as an improved version of Cotlar’s classical inequality, which for
higher order Riesz transforms asserts that

RS ()| < Bia(M(Rief) (x) + M(f) (x)),
where By 4 is a constant. In particular, implies the following L? inequality:

IR COlzr ey < CpallRief ()l (ray, (1.6)

valid for p € (1, oo]. When k is odd, a weaker version of holds, involving the composition
of the Hardy-Littlewood maximal operator

IRef ()] < Cra(M o M)(Ri f) (x). (1.7)

The above inequality was obtained by Mateu, Orobitg, Peréz, and Verdera in [9] Section 4].
This implies that remains valid for all positive integers k. However, the order of growth
of the constant C, x 4 coming from the proofs in [8] and [9] is exponential in the dimension d.

Recently, the first and third authors, in collaboration with Zienkiewicz [5]], proved, among
other results, that for fixed k one may take a dimension-free constant (independent of d) in
(1.6). They also established explicit dimension-free estimates in terms of p. To achieve this,
they employed various techniques from the theory of singular integrals, centered around both
real and complex methods of rotations.

Interestingly, for k = 1 and k = 2, one can obtain a dimension-free variant of more
directly. For k = 2, b, = ﬁﬂ B, where by |B| we denote the Lebesgue measure of the ball.
Therefore the maximal function corresponding to M, equals M — the Hardy-Littlewood max-
imal operator, see e.g. [16, p. 427]. Thus, one may take 1 as the constant Cy 4 in (1.5), and a
dimension-free variant of follows from the classical work of Stein and Stromberg [[14],
[15]. Somewhat surprisingly, the kernel b; also turns out to be non-negative for k = 1. This
was proved by Liu, Melentijevi¢, and Zhu [[6] and was an important ingredient there to obtain
an improved variant of with the explicit constant (2 + %)2/ P replacing Cp x4 for p > 2.

A consequence of [6] is also the pointwise bound

IRIf (%) < SR f) (), (1.8)
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where § is the spherical maximal operator

1
Sf(x)= sup
re(0,00) |Sd_1|

/ |f](x + ru) du.
S§d-1
A natural question that arises is whether similar properties of by hold for k > 3. Our first

main result states that this is not the case.

Theorem 1.1. The kernel by of the factorization operator My is non-negative only fork = 1,2.
Furthermore, for every fixed positive integer k > 3 we have

lim {1l sy = 0. (19)

As a corollary of this theorem we prove that for k > 3 it is impossible to justify a variant of
(1.5), (1.7), or (1.8), which will involve a dimension-free constant. This is the case even if we
relax the maximal operators on the left-hand sides of (1.5), (1.7), (1.8) to the single truncation

R]i. Below, for each dimension d, we let A; be a non-negative sublinear operator that is a

contraction on L (R?) and is bounded on L?(R?). More precisely, we assume that for any
f,g € L*(R?%) + L*(R?) and 1 € C, the following relations

Ad(f)(x) 20, Aa(Af)(x) = [A|Aaf (x),  Aa(f +9)(x) < Aa(f)(x) + Aa(g) (x)
hold for a.e. x € R?%. We also impose that
1A ey < Ifllpsgay, f € L7(RY)
and that there is a constant C > 0 such that
1A 2@ey < Clfllzgay,  f € LA(RY).

Notice that these assumptions imply that Ay is continuous on L?(R?). Particular examples of
such operators A, are M, M o M, the spherical maximal operator § in dimensions d > 3, or
any composition of such operators.

Corollary 1.2. For each d let A, be a non-negative sublinear operator which is bounded on
L*(RY) and is a contraction on L*(R?). Fix k > 3 and assume that there is a constant C(k, d)
for which

[Ref ()] < Clk, d)Aa(Ref) (x)
holds for all Schwartz functions f on R? and all x € R?. Then C(k,d) — co asd — co.

We now turn to L? estimates. Our second main result concerns the Fourier transform
Ek(f) = /Rd br (x) exp(—2mix - £) dx.
This is a radial function, namely we have
bi(&) = mi(IE)
for some function my, called the radial profile of Bk.

Theorem 1.3. For each positive integer k the Fourier transform by satisfies |Ek(§)| < 1,EeRe
Consequently, the operator My is a contraction on L*(R?) and for all t > 0 we have

IR N2 ey < IRefllp2 ey (1.10)
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When we restrict the input functions f to radial ones, then from Theorem|[1.3]may be
extended to all singular integrals with smooth kernels. Namely, let Q: S — C be a smooth
function on the unit sphere with integral zero. Define the truncated singular integral T}, t > 0,
and the singular integral associated with Q by

Q(y/lyl) :
i = [ FU Gy Taf( = lim TH ).
y>t 1Yl t=0
Corollary 1.4. Let Q: S* — C be a smooth function on the unit sphere with integral zero.

Then, for any radial function f € L*(R%) and all t > 0 we have

ITofllzz ey < 1Toflleme)- (1.11)
Remark 1.5. A strengthening of of the form
Il sup T fllrzwey < CadllTafllizray, (1.12)

t>0

valid for all functions f € L%(R?), is false even if we allow a constant Cq 4 depending on the
kernel Q and the dimension d. Such an inequality holds if and only if Q satisfies an algebraic
condition related to its expansion in spherical harmonics, see [8, Theorem (iv)] (k even), and
[9, Theorem 1 (iv)] (k odd). This condition is satisfied when Q(x) = P(x/|x|), P € H, is the
kernel of a higher order Riesz transform. In such cases, it follows from [5] that holds
with a constant depending on k but independent of P € H. and of the dimension d.

ful formulas for the radial profile mj of the multiplier by, see Proposition [2.1, and for the
radial profile By of the kernel by, see Proposition [2.2] The proof of Proposition[2.1]is based on
Bochner’s relation. Proposition [2.2|is derived from Proposition [2.1|by an integration by parts
argument similar to the one used in [6, Appendix 4.1].

Section [3|is devoted to kernel estimates. First, we justify Theorem [1.1} The proof is based
on Proposition [2.2| and the considerations are split between k odd and k even. The odd case
is easier because the kernel by (x) does not vanish for |x| > 1 and, moreover, /le> | 1ok (x) | dx
goes to infinity with the dimension. The analysis in the even case is more elaborate, because
then by (x) vanishes for |x| > 1. However, Proposition [2.2] implies that By (r) is a polynomial.
Then, the change of variables rd = e75, followed by a more careful analysis of Bk(e_s/ d),
reduces the problem to an estimate involving a Laguerre polynomial of degree k/2 — 1, see
(3.5). We finish Section [3| with a proof of Corollary [1.2]

Section (4] is devoted to the proof of the L? results: Theorem and Corollary The
proof of Theorem [1.3|is based on the formula from Proposition [2.1]for my together with
oscillatory estimates from [7]]. Corollary |1.4/follows by using the decomposition of a general
kernel Q on the sphere into spherical harmonics.

1.1. Overview of our methods and the structure of the paper. In Sectiowe give use-

1.2. Notation.

(1) Positive integers d and k denote the dimension of the Euclidean space R? and the order
of the Riesz transform, respectively.
(2) For a positive integer ¢, we let ¥, be the £-dimensional Fourier transform

TN = [ F00)exp(arix- .

—~

When ¢ = d we abbreviate 7, (f) = f.
(3) We denote by J, the Bessel function of the first kind and order v, i.e.

i (_1)” 2n+v
Jx) = Z n''(n+v+1) (g) ’

n=0
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(4) The symbol ,F, represents the generalized hypergeometric function defined by

i (al)ﬁ. . (ap)ﬁ Zn

where a” = a(a+1) ... (a+n— 1) is the rising factorial (Pochhammer symbol). In this
paper, we will use the Gaussian hypergeometric function ,F; and the functions 1 F, and
oF1.
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2. FORMULAS FOR THE KERNEL bk AND ITS FOURIER TRANSFORM VIA SPECIAL FUNCTIONS

Our first goal in this section is to derive two formulas for by, one in terms of the Bessel
function J, and another in terms of the generalized hypergeometric function ; F,. The second
formula is not strictly needed in this paper; however, we state it for potential future
applications.

Proposition 2.1. The radial profile my. of the multiplier by can be expressed by
d d+k )
22T (k)

-d/2
R t % Jyja4k—1(t) dt, r>0, (2.1)
F(%) 2mr fort

m(r) =
and my(0) = 1. Furthermore
d+k
I'(%%)
T(4+kr&+1)

my(r) =1- () BE S+ v ,-(ar)?), r>0. (22)
Proof. We first justify (2.1). Fix P € Hj and denote by p;, the multiplier symbol of the operator
R, given by (1.2). Let ¢(r) = Yiar 97F1,51 be the radial profile of y; 4|x|™47*1 ix|>1- Then we
have

pp(&) = Fa(P(o(| - ))(&).

Using Bochner’s relation for P € Hj. (see, e.g., [13| Corollary p.72]), together with a standard
approximation argument, we see that

pp(§) = (=) P(HD(IE)),

where @ is defined by
Faoe(o(|- D) () = @(|nl), 7 e RO (2.3)
Since
PA(E) = (—i)k%uak@um
we have

FalRpf1(8) = FalRef1(O)IE1*D(|E)),
so that |£[*®(|&]) = b (&) and thus my(r) = r*®(r), r > 0.
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To prove (2.1) we come back to (2.3) and write the Fourier transform of the radial function
¢(|y|) on R¥*? in terms of Bessel functions (the Hankel transform). Applying [[1} Section B.5],
we see that

2 ©
mi(r) = rkZ20kd / £k T aa (2mtr) "2 dt,
pn/2-1 1
where n = d + 2k. Changing variables and recalling the definition of yx 4, we reach (2.1).
Since by € L'(R%), we know that my is a continuous function on [0, o). Thus the equation
my(0) = 1 follows from (2.1) and equation 10.22.43 in [11]].
It remains to prove (2.2). Let m(r) = my(r/(2r)). From (2.1) we have

21 (%4
' (r) = ————= " 101 (1),
I'(%)
and thus, by equation 10.16.9 in [11]],
y (% .
' (r) = ———2—— (5 "R (§ + k(5D

T +kr(k)

where (F; denotes the generalized hypergeometric function. Furthermore, since

/°° m'(r)dr = —-m(0) = -1,
0

we have

r d+k
rh(r):1+/0 rﬁ’(t)dtzl—r ')

W-/o (DR (G +ki=(3)) dt.
2 2

Using the change of variables u = (¢/r)?, we obtain
d+k
I'(5)
T(4+K)T(%)

Thus, equation 16.5.2 in [11] applied with ay = k/2, by = k/2+1,b; =d/2+k and z = —(g)2
gives

1
m(r)=1- (g)k/ U (4 + k= (5) ) du.
0

I
T(4+k)r&+1)

Finally, coming back to m(r) = m(2zr) we reach (2.2). The proof of Proposition [2.1]is thus
completed.

m(r) =1- (OMFE S+ k5 +1,-(5)%).

O

Using Proposition [2.1] we now give an expression for by.

Proposition 2.2. Let By be the radial profile of by. Then we have

T(4+ky)2
nd/zr((4(+21))()l“(’£))2 2P (551 - 55+ 1517 ifrelon),
Bi(r) = e
(F(%))z 1 d+k

Fi(BE 5 d 4k r?)sin®2 if r e (1,00).
”d/2+1r(%l+k) rd+k2 1 20222 ) 2 f ( )

In particular, when k is even we have Bx(r) = 0 forr € (1,), and By(r) is a polynomial of
degree k — 2 forr € [0,1). However, no such simplification occurs when k is odd.
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Proof. We proceed similarly to [6, Appendix 4.1]. Using the expression for the Fourier trans-
form on RY of the radial function my(r) from [, Section B.5], followed by the change of
variables 2rtr = s and the formula (Sd/z_]d/g(S)), = Sd/zfd/g_l(S) (see equation 10.6.6 in [11]]),
we obtain

Bi(r) = —=Z

[S¢] 1 [Se]
d/2 _ s \(d/2 ’
[ i emne e = g [ (o)) ds

A repetition of the argument used to prove [6] eq. (4.2)] shows that
mr(5) = O(s™ @), 5 oo,

Thus, using integration by parts, J;/2(s) = O(s™'/?) and (2.1), we obtain

= s s=c0 1 *® d s
Bi(r) = (2m)i2rd [mk(z_m)sd/zjd/Z(S)]szo - —(Zn)d/2rd/0 = (mi(5)) 52Ty (s) ds
T (£E) 00 S
= W/O Jajzak-1(3)Jas2(s) ds

We now consider the cases r > 1 and r < 1 separately. If r < 1, we use equation 10.22.56
in [11]] (or equation 2.12.31.1 in [12]) withA =0, p =d/2, v=d/2+k -1, anda=1,b =1/r;
note that in this equation F(a, b; c; z) = 2F;(a, b; c;z) /T'(c). This leads to

B r(%)z 2F1(%,1—§;%+1;”Z)
T d k d
T /21—‘(5)2 F(E + 1)

If r > 1 we use again equation 10.22.56 in [11]], this time with A =0, p =d/2+k -1, v =d/2,
and a = 1/r, b = 1. This gives

By (r)

(2.4)

r(#)z zFl(d%k,g;%+k; r=%)

k k d
ﬂd/ZF(E)F(—5+1)rd+k F(§+k)

Bi(r) =

where it is understood that F(—% + 1) = oo and B (r) = 0 if k is even. When k is odd we use
equation 5.5.3/in [[11]] and obtain
M SRS S vk

_ ’E, . k_/‘[
Bi(r) = YR sin & (2.5)
2

Note that (2.5) holds also for even k in which case both sides are zero. Finally, using (2.4), (2.5)
we complete the proof of Proposition [2.2]
O

3. KERNEL ESTIMATES — PROOFS OF THEOREM [I.1] AND COROLLARY [1.2]

3.1. Proof of Theorem[1.1— sign change of the kernel. As we already mentioned, when
k = 1, the non-negativity of by follows from [6], while for k = 2 it is contained e.g. in [16} p.
427].
We shall prove that for k > 3, the radial profile By of by changes sign inside the interval
(0,1). Denoting
I = d+k

_ k _ _
o m—l—E, n—l+m—d/2+1

and using Proposition [2.2| we see that it is enough to justify that ,F; (I, m; n; x) changes sign
in (0,1). We will achieve this by showing that ,F; (I, m; n; x) has a simple zero in (0, 1).

We apply the formula for the number of zeroes of ,F; (I, m, n; x) from [2} p. 586, eq. (18)].
For u € R we let E(u) be the largest integer which is smaller than u. Then, according to the


https://dlmf.nist.gov/10.6.E6
https://dlmf.nist.gov/10.22.E56
https://dlmf.nist.gov/10.22.E56
https://dlmf.nist.gov/5.5.E3
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aforementioned formula, the number of zeroes of ,F; (I, m, n; x) in the interval (0, 1) is equal

to

l—-m|—|1-n|-|n-1l-m|+1
2

E

= E(k/2)

and this is larger than or equal to E(3/2) = 1. Thus, there is a zero inside (0, 1), call it x,. To
show that xq is simple, we note that the hypergeometric function ,F;(a, b; c; x) satisfies the
hypergeometric equation 15.10.1/in [11]], which is non-singular in (0, 1). By the uniqueness of
solutions to such ODE’s, the existence of a higher-order zero would imply that ,F; (I, m, n; x)
is identically zero. This shows that x, is indeed a simple zero and »F; (I, m, n; x) does change
sign around it.

3.2. Proof of (1.9) in Theorem[1.1]— odd k. It turns out that in the case of odd k, the proof
of (1.9) is easier. When k is odd and r € (1, o0), we have

2(0(£E)?
AD(D(d + k) rket

IS Br(r)] = Fl(%,g;%+k; r 2.

By the definition of Gauss’s hypergeometric function (equation 15.2.1 in [11]), we have

d+k n
ST T TTT T e s I

where a” = a(a+1) ... (a+n— 1) is the rising factorial. The coefficients of the above hyper-
geometric series are positive, increasing functions of d, and they converge to a finite limit

(Lkyi(kyn (k)

im — = .
d—oo n!(% +k)n n!

Hence, by the monotone convergence theorem andequation 4.6.7/in [11]], 2 F; (% ]g; %+k; r2)
increases with d to a finite limit

= S 8Ly

lim zFl(%k ks

d—oo 2

SJEW

By another application of the monotone convergence theorem we have

00 —2 —k 2
L p(dk k.d 2)dr— Ta-ry
Pk 201020 20 2 T T gkl rs

lim

d—oo 1

and the right-hand side is infinite if k > 3 due to a nonintegrability at r — 1*. Furthermore,

by Stirling’s approximation I'(a) ~ V2 a® /2¢~* as a — oo,
2(T (45))* 2(Lk)drkt
m d zd = lim —= (d—l)/zz d ., 1\(d-1)/2+k
doeo gL ()I(5 +k)  doon(3) (3 +k)
2(1 + kydrit 2ok

. 2
m —
d—oo (1 + 2k)(d D2k ek 7

and altogether, integrating in polar coordinates we obtain

2(T(%k))? |
liminf || > lim inf 2 Fi(&k k. d e 2y dr = 00
im in 16k [l L1 (Rt im in nF(%)F(%+k)/ 1 (5555 r ) dr


https://dlmf.nist.gov/15.10.E1
https://dlmf.nist.gov/15.2#E1
https://dlmf.nist.gov/4.6.E7
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3.3. Proof of in Theorem|1.1|— even k. For even k we have Bi(r) = 0 whenr € (1, o),
and a more careful analysis of the behaviour of Bi(r) for r € [0, 1) is necessary. Throughout
the proof, the symbol O contains an implicit constant that depends on k.

In the integral of |S¢~![r¢~1|By(r)| over r € [0, 1), the majority of mass accumulates near
r = 1. It turns out that in order to have integrands converging to a non-trivial limit as d — oo,
the substitution r? = e~ is the right one. With this change of variables,

a1y [ d ST [ —s/dy| —s
bkl ey = IS [ r*|Br(r)|dr = 7 |Br(e™>"%)e™ ds.
0 0

For even k and s € [0, ), we have

A (T4’ + 25
d BMe/%:(N%+Srénzﬁ“%&1—%%+he2”) (3.1
We claim that
d+k\\2 d\k-2
Ty G (1+0(d7")) (3.2)

T +nrk)?  (T(k))?

as d — oo. Indeed, by Stirling’s approximation I'(a) = V27 a® /2e™*(1+ O(a™')) as a — oo,
we have

(T(%5))? (T(%5))?

(T4 +1)2(d)k=2  (T(2))2(d)k
(dsz)d+k—1
T (DRt

(1 + §)d+k—1

(1+0(d™)

=— (1+0(d™))
e
=1+0(d™),

where the last identity follows from Taylor’s expansion of the logarithm. This proves our

claim (3.2).
The other factor in (3.1) is, however, more complicated. By the definition of the hypergeo-

metric function (equation 16.2.1/in [11]]),

& (k)1 - Ky

gFl(d;—k, 1- 5 % +1;e72/) = Z d 2 e
= JNG+1)
Furthermore,
(4k)(1- k) _l)j(§—1) (45 _1j(’%—1)(%’+1+1>”2‘1
j(E+1)) JoT(E+1)i J ) g+ 1)k
and hence
1 k/2—-1 k 1
Pk kd g ity 1 (—1>f(2 . )A‘, (3.3)
2 252 (d+1)k/2_1 JZ:(; j j

where

Aj= (S 14 j)F2ten2is/d,


https://dlmf.nist.gov/16.2#E1
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Before we continue, let us introduce some notation. We denote the forward difference of a
sequence a = (ap)nen by (Aa), = apt1 — an. The mth iterated difference A™a satisfies

(—1)"(A"a), = Z( 0/("an

We can thus rewrite (3.3) as
( 1)k/2 1
(d + 1)k/2 1

The iterated difference on the right-hand side cannot be evaluated explicitly. However, we
may find its asymptotic behaviour as d — oo using Taylor’s expansion

k/2-1 1)1 jngn
e 2is/d — Z (Vi +0d*?),  s>o.
n=0 n! ( 2 )
The implicit constant in the big O above and in all the following big O symbols in the proof
depends on both k and s. This, however, will not impact the proof as we will be only interested
in taking the limit as d — oo.
It follows that

2F1(d+k 1-2 ‘—l +1; e_zs/d) (Ak/z 1/1) (3.4)

> 2

k/2-1 (_1)njnsn(%1 +1 +j)k/2_—1

Aj = Z n'(%l)n + O(d_l)

n=0
By the binomial theorem for rising factorials (Exercise 5.37 in [3]),

k/2-1k/2-1 _\nin.ngd mk/2—1-m
L1\ (=DM (G+ D™
Aj = (2 ) +0(d™).
Z: ,;) m n!(§)"
The terms with m < n can be absorbed into O(d™?!), and so
k/2-1k/2-1 _\nin.n(d m:k/2—1-m
Lo\ (D) (G+ D™
L= 2 2 -1
EhPIp) ( " (2 o

Each term under the sum is a polynomial in j of degree %‘ — 1+ n — m, which does not exceed
% -1 Recall that the iterated difference of order % — 1 applied to a polynomial of degree

less than & 7 — 1 s zero, so in the evaluation of (AF/ 2_1/1)0, all terms corresponding to m > n
disappear. Furthermore the iterated difference of order K _ 1 applied to the monomial j*/2-1
1s equal to (£ — 1)!, and j"j*/271"" is the sum of j*/2~1 and a polynomial of degree less than

5 —1. Altogether we find that
k/2—-1 ( 1)n n(d+1) (k )
(AFI10), = ( ) +0(d™
0 Z n n!(i)" !

Expanding the rising factorial (% +1)" and absorbing each term with an exponent of d less
than n in O(d™!), we obtain

k/2-1 nanck _
(A5 2), = Z("l)( DI o,

n n!
n=0

n=0

Substituting this expression into (3.4) yields

_)k/2-1 k21 sk —
Rt 1 b ety = (5 (3 EU D o).
(cz_i_l_l)k/z—l n
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Finally, 1/(4+1)%/271 = (4)1=%/2(1+0(d™!)). Together with (3.2), this allows us to rewrite
as

S e CDFPR AE R G-
y Bi(e/%) = TO% (n:o (z ) ) . +0(d™)
(=D (5 - DY

-1
Ty (Lj2-1(5) +O(d ™)),

where Ly ;-1 (s) is the Laguerre polynomial of degree k/2 — 1 (see equation 18.5.12/in [11]]).
Here, of course, the implicit constant in O(d™!) depends on both k and s. It follows that

d\k/2—
(5)/21

(5 -1

bkl (mey =

/ L jpr(s) + O(d™V)]e™ ds,
0

and so, by Fatou’s lemma,

R ARCS 1
limin 21 > — '
d—eo () (z - D!

/ |L/2-1(s)|e™* ds > 0. (3.5)
0
In particular, ||b ||, (ge) is unbounded as d — oo for every even k > 4.

3.4. Proof of Corollary([1.2] From (1.4) and the assumptions, we have

|Mi (Rie f) ()| < Cieal Aa(Ricf) ()]

for all Schwartz functions f on R? and a.e. x € R?. Using (L.3), it is easy to see that D =
{Rf: f: R? — Cis Schwartz} is a dense subset of L?(R%). Take a general function g €
L?*(R%) and assume that g, € D converges to g in L>(R%). Using the continuity of My and
Ay we know that Mi(g,) — My (g) and Ay(gn) — Aq(g), the convergence being in L?(R?).
Passing to a subsequence, we may assume that the convergence also holds almost everywhere.
Furthermore, since g, € D we have

|Mic(9n) ()] < CralAal(gn)(x)|,  x-ae
Hence, taking n — oo we see that
IMi(9) ()| < CalAa(g)(x),  x-ae, (3.6)

for g € L*(R%). Denote by A(p) the norm of Ay as an operator on LP(R?), p € [2, o). Since
L*(R?) is dense in L? (R%) using we obtain

IMifllo ey < CeaAD I flioay, — f € LP(RY).

Note that because Ay is an L*(R?) contraction, an explicit version of the Marcinkiewicz
interpolation theorem, see e.g. [} Theorem 1.3.2], implies that limsup,,_, A(p) < 3.
Now, since M is a convolution operator, we also see that

IMicfllLo(ray < 3Ckall fllLo(re)s f e LP(RY),
for p — 1%, and, consequently,

10kl ey = 1Ml 1 (rey— 11 (mey < 3Chka-

Finally, Theorem 1.1 shows that Cy g — o0 as d — oo, completing the proof.
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4. L? ESTIMATES — PROOFS OF THEOREM |1.3| AND COROLLARY

4.1. Proof of Theorem The case k = 1 follows from [6, Corollary 1.3], while the case k =
2 is a consequence of the formula b, = ﬁﬂB, cf. [16, p. 427], which implies that ||b;|| 1 ey < 1.
Hence, in the proof, we focus on k > 3.

Note that to prove Theorem it is enough to show that the radial profile my (|£|) = Ek(rf)
satisfies |my(r)| < 1. Then easily follows from the factorization and Plancherel’s
theorem. Recalling the abbreviation m(r) = my(r/(2x)), our task boils down to verifying

m(r)| <1, r>0. (4.1)

The estimate (4.1) will be deduced from Proposition[2.1]together with an oscillatory estimate
for integrals of Bessel functions from [7], which we now describe. Let v > % and0 < @ < v+ %
Denote by j,, (n = 1,2,...) the nth zero of J, on (0, ), and let j, o = 0. By Theorem 5.2 in (7]
(with W(x) = x™* and A = 1), the sequence

jv,n+1
ap = (—1)”/ 1279 (1) dt

Jvn

is completely monotone: its fth iterated differences satisfy (—=1)/(Afa), > 0 forn = 0,1,...
and £ =0, 1, ... Furthermore, Theorem 6.1 in [7] states that
a o0
30 < / 12707 () dt < ay. (4.2)
0
As we shall see below, this is exactly what is needed for (4.1)).
Recall that by Proposition

m(r) =C / mtl/z_“]v(t) dt.

with v = % +k-1,a= % and C = Zd/zf(%ik)/F(g). Note that for k > 3 we have v > 2 and
0 < a < v. Hence we may apply the results of [7] listed in the previous paragraph. Since for
re [jv,n: jv,n+1]a we have

(=) (r) = (=1)"™ P 2 01 (1) < 0
it follows that m is monotone on this interval, and therefore
|m(r)| < max{|m(jyn)|, [M(yne1) |} (4.3)

for r € [jyn, jun+1]- It remains to estimate m(jy,,).

We have
b Jv,e+1 o
i =C Y [ 0w = Y (-far
= {=n

t=n ¢ vt
Since a, is completely monotone, the above sum is the tail of an alternating series. It follows
that

m(jv,O) 2 ’h(]vz) 2 ’h(]v4) z2...20=>2...2 m(]vS) 2 ’h(]v3) 2 rk(]vl)
Furthermore,

jv,l
fh(jv,o) - rh(jv,l) = C/ t_a]‘/(t) dt = Cay,

jv,O
and by (4.2),
Cay < ZC/ t7%J,(t) dt = 2m(jip).
0
Combining this inequality with the previous equation, we find that

rh(jv,l) = fﬁ(jv,o) —Cay > —fh(jv,o)-
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Finally i (ji,,0) = m(0) = 1 by Proposition [2.1] and so
1= (i) > i) > s > o> 03 3 ia(jus) > (js) > ) > 1 (44)
Inequalities and imply the desired estimate and the proof of Theorem [1.3]is

completed.

4.2. Proof of Corollary[1.4] Since
Tof (x) = To(f (1)) (t71x),

it is easy to see that it suffices to consider t = 1. In the proof, we abbreviate T! = Tglz, T ="To

and
X
[x]
b
x|d

K(x) = Ka(x) = x € R%\ {0},

and
K'(x) = K() T 1,00 (Ix]).

We know that Q has an expansion in spherical harmonics, that is

Q(x) = Z YedPe(x), x €S (4.5)
k=1

where yy 4 is defined in (1.1) and Py is a homogeneous harmonic polynomial of degree k. Note
that there is no zero-order term in (4.5) because /Sd Q(x) dx = 0. Furthermore, the series in

(4.5) converges uniformly on S*1.
Using (4.5) we can express the operator T! as

Q(| |) i Pk(%)
T! = Y d g —y)d
£x) A»W|ﬂx”y ;nM;1MWMrwy
= (4.6)
= > T
k=1

Each of the operators Tkl is a truncated higher-order Riesz transform, namely, Tk1 = R113k with
R}Jk given by (1.2). As such, according to (1.4), it can be factorized as Tk1 = My Ty, where Ty, = Rp,.

Let my be the radial profile of the multiplier of the operator M,l and let fy be the radial
profile of f. Then, by Plancherel’s theorem, and (1.3), we have

WV%WFW?;M /(memo%%mwﬂdé

Since the polynomials Py are orthogonal on S¢7!, integrating in polar coordinates, we obtain

o0 9 o 2
||T1f||i2(Rd): /0 /S N (kz mk(r)Pk(x)) dx dr

=1

) /0"" ‘J?O(r)‘z /§d1 i mic(r) |2 |Pi(x)|* dx dr.
k=1

f(r)
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Finally, using Theorem [1.3] orthogonality, and Plancherel’s theorem we reach

[ee] - 2 (o)
”Tlf”iZ(Rd) < ‘/0 ‘ﬁ)(’")‘ /Sd_l Z |Pk(X)|2 dx dr
k=1

o0 2
- /R D PENEDT@| dE = T U -
k=1

This completes the proof of Corollary [1.4]
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