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Abstract. Using a Quot scheme compactification, we calculate the virtual
count of maps of degree d from a smooth curve of genus g to a hypersurface
in a Grassmannian, sending specified points of the curve to special Schubert
subvarieties restricted to the hypersurface. We study the question of whether
this virtual count is in fact enumerative under suitable conditions on the hyper-
surface, in the regime when the map degree d is large.

1. Introduction

Let C be a smooth complex projective curve of genus g. Consider the Grass-

mannian G(r, n) of r planes in Cn with tautological sequence

0 → S → On → Q → 0.

Let

Xℓ = Z(s) ⊂ G(r, n)

be a hypersurface cut out by a general section

(1) s ∈ H0
(
G(r, n), (detS∨)

⊗ℓ
)
.

In this note we address the problem of enumerating maps f : C → Xℓ subject

to incidence conditions with special Schubert subvarieties σk, 1 ≤ k ≤ r, at fixed

domain points. We will use the Quot compactification Quotd(C,Xℓ) of the space

Mord(C,Xℓ) of degree d maps from C to Xℓ, defined as follows. To start, let

Quotd(C,G(r, n)) be the Quot scheme parametrizing short exact sequences

(2) 0 → E → On
C → F → 0

on C where E has rank r and degree −d. The space

Mord(C,G(r, n)) ⊂ Quotd(C,G(r, n))
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is the open subscheme of exact sequences (2) with locally free quotients. Let

(3) 0 → E → On → F → 0 on Quotd(C,G(r, n))× C

be the universal sequence. The section (1) can be viewed as a general element of

Symℓ V ∨ ≃ H0(P(V ),O(ℓ)), where V = ∧rCn.

Xℓ is correspondingly the intersection of a general degree ℓ hypersurface in P(V )

with G(r, n), viewed under the Plücker embedding G(r, n) ↪→ P(V ). Through the

universal sequence (3), s induces then a section

(4) O s−→ Symℓ V ∨ ⊗O → (det E∨)
⊗ℓ

on Quotd(C,G(r, n))× C

of the line bundle (det E∨)⊗ℓ . We define

Quotd(C,Xℓ) ⊂ Quotd(C,G(r, n))

as the scheme theoretic locus of subsheaves {E ⊂ On} ∈ Quotd(C,G(r, n)) for

which the section (4) vanishes at all points of C. By definition,

(5) Mord(C,Xℓ) ⊂ Quotd(C,Xℓ).

We denote as π, ρ the projections from the product Quotd(C,G(r, n)) × C to the

two factors. Whenever

dℓ > 2g − 2,

the pushforward

(6) E ℓ = π∗
(
(det E∨)⊗ℓ

)
on Quotd(C,G(r, n))

is locally free of rank dℓ− g + 1. In this case, we have scheme-theoretically

(7) Quotd(C,Xℓ) = Z(s̃)
ι
↪−→ Quotd(C,G(r, n)),

where

(8) s̃ ∈ H0 (Quotd(C,G(r, n)), E ℓ)

is the image of the section (4) under π∗.

As we will recall in the next section, both Quotd(C,G(r, n)) and, more subtly,

Quotd(C,Xℓ) are known to admit perfect obstruction theories and virtual classes

which are naturally compatible under the inclusion (7), satisfying

(9) ι∗[Quotd(C,Xℓ)]
vir = ctop(E ℓ) ∩ [Quotd(C,G(r, n))]vir

for all dℓ > 2g − 2.
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Over the Quot scheme Quotd(C,G(r, n)), compactifying the space of degree d

maps to the Grassmannian G(r, n) itself, an interesting class of virtual intersections

is calculated by the Vafa-Intriligator formula. Indeed, for a point p ∈ C, we let Ep
denote the restriction of the rank r universal subsheaf E to Quotd(C,G(r, n))×{p},
and focus on its Chern classes

(10) ai := ci(E∨
p ), 1 ≤ i ≤ r.

The formula calculates the virtual top intersections of these classes. Set

e = dn+ r(n− r)(1− g) = virtual dim of Quotd(C,G(r, n)).

Theorem (Vafa-Intriligator Formula, cf. [MO, B, ST]). For any monomial

P =
∏t

k=1 aik , 1 ≤ ik ≤ r of weighted degree e = dn+ r(n− r)(1− g), we have

(11)

∫
[Quotd(C,G(r,n))]vir

P = (−1)d(r−1) ·
∑

ζ1,...,ζr

t∏
k=1

eik(ζ1, . . . , ζr)J
g−1(ζ1 . . . ζr),

with the sum being taken over all
(
n
r

)
r-tuples (ζ1, . . . , ζr) of distinct nth roots of

unity. Here, eik is the ikth elementary symmetric polynomial in r variables, and

J(x1, . . . , xr) =
r∏

i=1

nxn−1
i

∏
1≤i ̸=j≤r

(xi − xj)
−1.

When the degree d is sufficiently large with respect to g, r and n, Bertram [B]

showed that the above integral is enumerative and counts the number of maps from

C to G(r, n) sending t distinct points p1, . . . , pt to special Schubert subvarieties of

type σik = cik(S
∨), in general position.

We now turn to intersections of type a in the subscheme Quotd(C,Xℓ) of

virtual dimension eℓ = e − (dℓ − g + 1), and establish the following count. The

analogous virtual count of maps from C to a complete intersection in G(r, n) is

addressed in Theorem 3 of Section 3.3.

Theorem 1. Assume dℓ > 2g − 2. Let P =
∏t

k=1 aik , 1 ≤ ik ≤ r be a monomial

of weighted degree eℓ = e− (dℓ− g + 1). Then∫
[Quotd(C,Xℓ)]vir

P =
(n− ℓ)g · ℓ dℓ−g+1

ng

∫
[Quotd(C,G(r,n))]vir

adℓ−g+1
1 P.(12)

The integral on the right hand side admits a closed-form evaluation by the Vafa-

Intriligator Formula (11). The intersection product (12) is the virtual count of
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maps from C to Xℓ sending points pk ∈ C to Yik ∩ Xℓ, 1 ≤ k ≤ t, where Yik ⊂
G(r, n) is a special Schubert subvariety of type σik .

Remark 1. For hypersurfaces Xℓ ⊂ Pr, by specializing (12), the virtual count of

maps from C to Xℓ sending t = eℓ points to t hyperplanes in Xℓ, is obtained:

(13)

∫
[Quotd(C,Xℓ)]vir

aeℓ1 = ℓdℓ−g+1(r + 1− ℓ)g.

Here the expected dimension is given by eℓ = d(r + 1− ℓ) + (1− g)(r − 1).

Remark 2. The Lagrangian Grassmannian LG(2, 4) ⊂ G(2, 4), parametrizing

Lagrangian subspaces in a symplectic vector space C4, is cut out by a section of

detS∨. Through Theorem 1, the virtual intersection numbers have the simple

formulas ∫
[Quotd(C,LG(2,4))]vir

am1
1 am2

2 = 22d−m2−g+1 · 3g,

where m1 + 2m2 = 3(d− g + 1) and d > 2g − 2.

More generally, the symplectic Grassmannian SG(2, n) ⊂ G(2, n), parametriz-

ing rank two isotropic subspaces in a symplectic vector space Cn, is cut out by a

section of detS∨. In this case, Quotd(C, SG(2, n)) is precisely the Isotropic Quot

scheme considered in [Si], which parametrizes rank two isotropic subsheaves of the

trivial bundle On equipped with a symplectic form. Our method provides a short

proof of [Si, Theorem 1.3] in the setting d > 2g − 2.

Remark 3. The proof of Theorem 1 uses the virtual class compatibility (9)

along with the explicit evaluation of a large class of virtual top intersections on

Quotd(C,G(r, n)) extending beyond the Vafa-Intriligator formula (11). This proof

will be given in Section 3.1.

Remark 4. Theorem 1 fits in the broad study of quasimap invariants by Ciocan-

Fontanine and Kim (cf. [CFK1, CFK2, CFK3], see also [MOP]), in the simpler

setting of a fixed domain curve. Related fixed-domain virtual counts were explored

in a stable map setting in recent papers on Tevelev degrees (cf. [BP, C, CL1, FL]),

as follows. Consider the moduli space Mg,t(X, β) of stable maps to a smooth

projective variety X and the morphism τ : Mg,t(X, β) → Mg,t×X t, remembering

the domain and evaluating at the t points. When the expected fiber dimension of

τ is zero, the (virtual) Tevelev degree vTevg,n,β is defined by

τ∗[Mg,t(X, β)]vir = vTevg,n,β [Mg,t ×X t],
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and gives the virtual count of maps from a fixed domain curve to X with prescribed

outputs at t domain points. When X is a Grassmannian, initial calculations of

Tevelev degrees recovered particular cases of the Vafa-Intriligator formula (11);

further computations for Fano hypersurfaces and complete intersections in projec-

tive space were carried out in [BP, C]. Theorem 1 calculates virtual map counts

to a hypersurface in any Grassmannian, using the Quot compactification. The

incidence conditions are at special Schubert subvarieties, not points, in the target.

We now examine the enumerativity of the virtual invariants of Theorem 1.

This hinges on the basic question whether the space of maps from C to a general

hypersurface in G(r, n) has expected dimension for sufficiently large degree d. We

expect:

Conjecture 1. For a general hypersurface Xℓ in G(r, n) with ℓ < n, there exists

a threshold degree d0(g, r, n) so that the space of maps Mord(C,Xℓ) has expected

dimension for all d > d0.

We will show that if the space of maps Mord(C,Xℓ) has expected dimension,

the boundary of the Quot compactification Quotd(C,Xℓ) is well-behaved, allowing

for an enumerative interpretation of the virtual type a invariants.

Theorem 2. Let Xℓ ⊂ G(r, n) be a hypersurface such that the space of maps

Mord(C,Xℓ) has expected dimension for all sufficiently large d. Then the virtual

type a integral ∫
[Quotd(C,Xℓ)]vir

t∏
k=1

aik

in Theorem 1 is enumerative for all d sufficiently large, whenever ik < n− ℓ, with

1 ≤ k ≤ t. The virtual integral counts the actual number of maps from C to Xℓ

sending t distinct domain points p1, . . . , pt to the intersection of Xℓ with general

Schubert subvarieties of type cik(S
∨), for 1 ≤ k ≤ t.

In the case of a complete intersection Xℓ in G(r, n), of multidegree ℓ =

(ℓ1, . . . , ℓu), the analogous enumerativity statement holds subject to the condition

ik < n−
∑u

j=1 ℓj for each 1 ≤ k ≤ t.

When C = P1, for a general degree ℓ hypersurface Xℓ ⊂ Pr, it was shown in

[HRS, RY] that whenever ℓ < r − 1, the space of maps Mord(P1, Xℓ) is irreducible

of the expected dimension for all d. Recent developments in arithmetic geometry,
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beginning with Browning and Vishe [BV], established irreducibility ofMord(P1, Xℓ)

for arbitrary Xℓ of sufficiently low degree relative to r. This was extended to higher

genus domain curves in [H1]. For general hypersurfaces Xℓ ⊂ Pr, the bound was

significantly improved in [H2, Corollary 7] and [Sa] to ℓ ≤ (r + 6)/4.

In the case of a hypersurface in Pr, we note the following corollary of Theo-

rems 1 and 2, which will be discussed in Section 3.2.

Corollary 1. Let Xℓ ⊂ Pr be a hypersurface such that Mord(C,Xℓ) has expected

dimension for d sufficiently large. There are exactly ℓdℓ−g+1(r + 1 − ℓ)g maps

from f : C → Pr such that f(C) ⊂ Xℓ and f sends distinct points p1, . . . , pt to

codimension ik planes Hik ⊂ Pr in general position for 1 ≤ k ≤ t. Here we assume∑t
k=1 ik = eℓ and 1 ≤ ik ≤ r − ℓ for all 1 ≤ k ≤ t.

Remark 5. It is convenient to introduce a new notion to describe varieties whose

associated space of curves of fixed genus has expected dimension. Let X be a

smooth projective variety and let β ∈ H2(X,Z) be an effective curve class. We say

that the pair (X, β) is weakly g-convex if there exists a bound d0 = d0(g,X, β)

such that the space

Mordβ(C,X) = {f : C → X | f∗[C] = dβ}

has the expected dimension for any curve C of genus g and all d ≥ d0.

We recall that a variety X is said to be convex if H1(P1, f ∗TX) = 0 for every

morphism f : P1 → X. In particular, if X is a homogeneous variety G/P , then

X is convex and Morβ(C,X) is moreover irreducible for all β (cf. [KP]). If X is

convex, then (X, β) is weakly 0-convex for any β. It is not known however whether

convexity implies weak g-convexity for g > 0.

We summarize below the known examples of weak convexity from the liter-

ature, studied by various authors using different techniques. In all the examples

listed, except the last, H2(X,Z) has rank one, and there is a natural choice of the

homology class β.

• The Grassmannian G(r, n) is weakly g-convex for all g ≥ 0 [BDW], proven

using the irreducibility of the moduli space of stable bundles on C.

• A general hypersurface Xℓ ⊂ Pr is weakly 0-convex for ℓ < r − 1 (see

[HRS, RY]), proven by analyzing the boundary of the moduli space of

stable maps.
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• A general complete intersection Xℓ in Pr is weakly 0-convex where multi-

degree ℓ = (ℓ1, . . . , ℓm) satisfy
∑m

i=1 ℓi < 2r/3, see [BK].

• Any smooth hypersurface Xℓ ⊂ Pr with small ℓ is weakly g-convex for all

g ≥ 0 (see [BV] and [H1] for explicit bounds on ℓ in the cases g = 0 and

arbitrary g, respectively); these results are obtained via point counts over

finite fields. In the genus zero case, analogous results were proved for any

complete intersections in Pr of low multidegrees in [BVY].

• A general hypersurface Xℓ ⊂ Pr is weakly g-convex for all g when 5 ≤ ℓ ≤
(r + 6)/4 (see [H2, Corollary 7] and [Sa]); this is done by explicit points

count for Fermat hypersurfaces over finite fields using the circle method.

• The Lagrangian and orthogonal Grassmannians LG(n, 2n) and OG(n, 2n)

are weakly g-convex for all g, as shown in [CCH1, CCH2] by analyzing the

geometric properties of isotropic Quot schemes.

• Two-step flag varieties FL(r1, r2;n) are weakly g-convex for all g ≥ 0 and

for specific choices of the curve class β; see [RS] for conditions ensuring the

irreducibility of the associated hyper/nested Quot schemes.

Remark 6. In a stable map context, the asymptotic enumerativity of Tevelev

degrees was studied in [LP, Theorem 11] and [BLLRST] for Xℓ ⊂ Pr, but not

for hypersurfaces in a general Grassmannian. For low map degrees, the Tevelev

numbers of Pr were studied in [L]. Furthermore, the enumerativity question is

addressed in quasimap context for blowups of projective spaces in [CL2]. We also

note that the enumerativity of virtual Tevelev degrees was established for positive

symplectic manifolds and general almost complex structure on the domain in [CD].

The question regarding the enumerativity of virtual invariants over the isotropic

Quot scheme Quotd(C, SG(r, n)), for sufficiently large d with respect to g, r and n,

was also raised in [Si]. Recently, a generalization of the Vafa–Intriligator formula,

computing virtual intersection numbers over the Hyperquot scheme, was derived

in [OSX]. The enumerativity of these virtual counts of maps to partial flag va-

rieties FL(r1, . . . , rk;n) is also expected in a suitable large-degree regime. While

the symplectic Grassmannian and partial flag varieties are convex, it would be

interesting to study their weak g-convexity in greater generality.

Acknowledgments. We thank Alessio Cela, Izzet Coskun, Matthew Hase-Liu,

Carl Lian, and Dragos Oprea for useful discussions.



8 ALINA MARIAN AND SHUBHAM SINHA

2. Virtual Fundamental Class

The virtual fundamental class for the Quot scheme Quotd(C,G(r, n)) was de-

scribed in [CFKa], [MO]. In this section, we briefly review the perfect obstruction

theory of the hypersurface Quot scheme Quotd(C,Xℓ), using the [CKM] framework

of quasimaps to GIT quotients. Readers interested in explicitly constructing the

virtual fundamental class for Quotd(C,Xℓ) can also follow the construction in [Si,

Section 2], making the necessary adjustments.

2.1. Quasimap Space to Xℓ. Consider the vector space V = Hom(Cr,Cn) with

the obvious G = GLr(C) action. Let θ be the inverse of the determinant character

of G, and let Lθ → V be the linearized line bundle. Then G(r, n) = V //G = V/θG,

and Lθ → V descends to det(S∨), as considered in the introduction.

A section s ∈ H0(G(r, n), det(S∨)⊗ℓ) lifts to the G-equivariant section s̃ of

L⊗ℓ
θ . Denote by W ⊂ V the subspace cut out by s̃; the hypersurface Xℓ ⊂ G(r, n)

is then the corresponding GIT quotient W //G.

The Quot scheme Quotd(C,G(r, n)) can be identified with the genus g quasimap

moduli space to G(r, n) with parameterized component C and no marked points,

as described in [CKM, Section 7.2]. The subscheme Quotd(C,Xℓ) is the quasimap

moduli space to Xℓ = W //G with parameterized component C, and consequently,

by [CKM, Theorem 7.2.2], it admits a perfect obstruction theory, described explic-

itly as follows (cf [CKM, Section 4.5]).

Proposition 1. The scheme Quotd(C,Xℓ) admits a perfect obstruction theory

given by (
R•π∗

[
RHom(E ,F) → (det E∨)

⊗ℓ
])∨

→ τ[−1,0]LQuotd(C,Xℓ).

Here E and F are the universal subsheaf and quotient over Quotd(C,Xℓ) × C,

pulled back from Quotd(C,G(r, n))× C, and π is a projection from the product to

Quotd(C,Xℓ).

Proof. Let ρ : Quotd(C,Xℓ) → BunG be the morphism sending the subsheaf

E ⊂ O⊕n
C to its dual E∨ in the moduli stack BunG of rank r vector bundles

over C. An analogue of Theorem 4.2 in [CKM] implies that the relative obstruc-

tion theory for ρ is quasi-isomorphic to (R•π∗ (F
•))∨, where F • is induced by
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R•TW =
[
TV |W → L⊗ℓ

θ

]
, and is explicitly given by

F • =
[
Hom(E ,O⊕n) → (det E∨)

⊗ℓ
]
.

Since BunG is a smooth Artin stack with obstruction theory given by

(R•π∗RHom(E , E))∨ [−1],

the absolute obstruction theory for Quotd(C,Xℓ) is quasi-isomorphic to(
R•π∗

[
RHom(E ,F) → (det E∨)

⊗ℓ
])∨

.

□

The virtual fundamental class [Quotd(C,Xℓ)]
vir ∈ Aeℓ(Quotd(C,Xℓ)) is then

constructed using [BF]. Here eℓ = d(n − ℓ) + (1 − g)(nr − r2 − 1) is the virtual

dimension of Quotd(C,Xℓ). The compatibility (9) of virtual fundamental classes for

the two targets Xℓ and G(r, n) follows formally from the compatibility of perfect

obstruction theories, see [KKP]. Here, for concreteness, we simply cite the result

of [CKM, Proposition 6.2.2] in our setting.

Proposition 2. Assume R1π∗ (det E∨)⊗ℓ = 0. Then

ι∗[Quotd(C,Xℓ)]
vir = ctop(E ℓ) ∩ [Quotd(C,G(r, n))]vir.

Note that this assumption is satisfied when dℓ > 2g − 2.

Remark 7. We note finally that the virtual class of Quotd(C,Xℓ) and the compati-

bility (9) can also be efficiently obtained from the virtual cycle [Quotd(C,G(r, n))]vir

via Manolache’s framework in [Man] (see also [Fu, Chapter 12]). We preferred to

use the setup of [CKM] in order to identify geometrically the scheme Quotd(C,Xℓ)

with a quasimap space to Xℓ with fixed domain, improving the zero locus descrip-

tion (7).

3. Virtual intersection numbers

3.1. The virtual count of Theorem 1. We will first describe the top Chern

class ctop(E ℓ) appearing in Proposition 2 explicitly, to aid in computing the virtual

intersection numbers on Quotd(C,Xℓ).
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Let {1, δ1, . . . , δ2g, η} be a symplectic basis for the cohomology ring H∗(C,Z).
Consider the Künneth decomposition of the Chern classes of the universal subsheaf

E on the product Quotd(C,G(r, n))× C,

(14) ci(E∨) = ai ⊗ 1 +

2g∑
k=1

bki ⊗ δk + fi ⊗ η,

for 1 ≤ i ≤ r. Recall that ai = ci
(
E∨
p

)
in (10).

Lemma 1. Assume dℓ > 2g − 2. Then Eℓ is a vector bundle of rank dℓ − g + 1,

and

(15) ctop (Eℓ) = (ℓa1)
dℓ−g+1e

−ℓϕ
a1 ∈ Adℓ−g+1(Quotd(C,G(r, n)),

where ϕ =
∑g

j=1 b
j
1b

j+g
1 . The expression on the right is well defined since ϕg+1 = 0.

Proof. Using Serre duality and the condition dℓ > 2g − 2, we have

H1(C, (detE∨)
ℓ
) = H0(C, ωC ⊗ (detE)ℓ)∨ = 0

for each point E → O⊕n in Quotd(C,G(r, n)). Thus Eℓ = π∗
(
(det E∨)⊗ℓ

)
is a

locally free sheaf of rank χ(C, (detE∨)ℓ) = dℓ− g + 1.

The first Chern class of the universal subsheaf is

c1(det(E∨)) = c1(E∨) = a1 ⊗ 1 +

2g∑
k=1

bk1 ⊗ δk + d⊗ η,

and consequently the Chern character of the line bundle det(E∨)⊗ℓ is

ch
(
det(E∨)⊗ℓ

)
= eℓ(a1⊗1+

∑2g
k=1 b

k
1⊗δk+d⊗η)

= eℓa1⊗1(1 + ℓ

2g∑
k=1

bk1 ⊗ δk + (dℓ− ℓ2ϕ)⊗ η).

where ϕ =
∑g

k=1 b
k
1b

k+g
1 . Using Grothendieck-Riemann-Roch, we obtain

ch(Eℓ) = π∗
(
ch(det(E∨)⊗ℓ) · (1− (g − 1)η)

)
= eℓa1(dℓ− g + 1− ℓ2ϕ).

The following is a standard fact: for a vector bundle V and a line bundle L

on a scheme X, such that ch(V ) = ch(L) · (k + α) where k ∈ Z and α ∈ A1(X),

we have

ct(V ) :=
∑
n∈N

tncn(V ) = (1 + tc1(L))
k · exp

(
tα

1 + tc1(L)

)
.
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Applying the above identity to our setting yields the total Chern class

ct(Eℓ) = (1 + tℓa1)
dℓ−g+1 · exp

(
− tℓ2ϕ

1 + tℓa1

)
,

where t is a formal variable recording the degree. The coefficient of tdℓ−g+1 in the

above expression is given by

dℓ−g+1∑
i=0

(−1)i(ℓa1)
dℓ−g+1−i · (ℓ

2ϕ)i

i!
= (ℓa1)

dℓ−g+1e
−ℓϕ
a1 .

In the above equality, we used the observation that ϕg+1 = 0 and dℓ−g+1 ≥ g. □

We recall the virtual integrals involving the b classes and a classes over the

Quot scheme Quotd(C,G(r, n)), explicitly calculated in [MO, Proposition 2] using

torus localization.

Proposition 3 ([MO]). For all s ≤ d, and 1 ≤ j1 < · · · < js ≤ g,

(16)

∫
[Quotd(C,G(r,n))]vir

(
bj11 b

j1+g
1 · · · bjs1 b

js+g
1

)
P =

∫
[Quotd(C,G(r,n))]vir

as1
ns

P.

Here P =
∏t

k=1 aik , 1 ≤ ik ≤ r is a monomial of weighted degree e − s. The

expression evaluates to zero if s > d or if superscripts of b1 are repeated.

Proof of Theorem 1. The top intersection numbers involving powers of ϕ and a

polynomial P =
∏t

k=1 aik are computed using Proposition 3:

(17)

∫
[Quotd(C,G(r,n))]vir

ϕsP =

∫
[Quotd(C,G(r,n))]vir

g!

(g − s)!

as1
ns

P,

whenever s ≤ min{d, g}. The integral is zero otherwise. The coefficient g!
(g−s)!

counts the number of terms of the form bj11 b
j1+g
1 · · · bjs1 b

js+g
1 , satisfying 1 ≤ j1 <

· · · < js ≤ g, in the binomial expansion of ϕs.

Using the compatibility of virtual fundamental cycles in Proposition 2 and

the explicit formula for the top Chern class of Eℓ in Lemma 1, we write∫
[Quotd(C,Xℓ)]vir

P =

∫
[Quotd(C,G(r,n))]vir

ctop(Eℓ) · P

=

∫
[Quotd(C,G(r,n))]vir

(ℓa1)
dℓ−g+1e

−ℓϕ
a1 · P.
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Using (17), the above integral equals∫
[Quotd(C,G(r,n))]vir

(ℓa1)
dℓ−g+1

(min{d,g}∑
s=0

(−ℓ)s

ns

(
g

s

))
· P.

Note the condition d ≥ 2g− 1, which implies that d ≥ g, hence the sum inside the

integral becomes (n− ℓ)g/ng. Thus we obtain the required formula (12). □

3.2. Hypersurfaces in projective space. We now specialize the formula in The-

orem 1 to count maps to a smooth hypersurface Xℓ ⊂ Pr. Let e = d(r+1)+(1−g)r

and eℓ = d(r+1−ℓ)+(1−g)(r−1) denote the expected dimensions of Quotd(C,Pr)

and Quotd(C,Xℓ), respectively. Then∫
[Quotd(C,Xℓ)]vir

aeℓ1 = ℓdℓ−g+1

(
r + 1− ℓ

r + 1

)g ∫
[Quotd(C,Pr)]vir

ae1

= ℓdℓ−g+1(r + 1− ℓ)g.

The last equality follows easily from the Vafa–Intriligator formula (11). Note that

this gives a virtual count of maps from C to Xℓ sending eℓ distinct points p1, . . . , peℓ
to the intersection of Xℓ with general hyperplanes Hi ⊂ Pr, for 1 ≤ i ≤ eℓ.

We shall next relate the virtual invariant for the Grassmannians G(r, n) and

G(n − r, n). Note that the Quot schemes Quotd(C,G(r, n)) and Quotd(C,G(n −
r, n)) are not isomorphic outside the case d = 0. We denote by Xℓ and X̃ℓ the same

hypersurface viewed in G(r, n) and G(n− r, n) respectively. The Vafa–Intriligator

formula admits the following symmetry:

Proposition 4. Let E and Ẽ denote the universal subsheaves of ranks r and n− r

over Quotd(C,Xℓ) and Quotd(C, X̃ℓ) respectively. Then∫
[Quotd(C,Xℓ)]vir

t∏
k=1

cik(E∨
p ) =

∫
[Quotd(C,X̃ℓ)]vir

t∏
k=1

sik(Ẽp),

where cik and sik denote the Chern and Segre classes, and 1 ≤ ik ≤ r.

Proof. Observe that in Theorem 1, the constant factor and exponent of a1 on the

right hand side of (12) depend only on the integers n, ℓ, g, and d, and not on r.

Note that the Segre class si(Ẽp) takes the form

si(Ẽp) = hi(x̃1, . . . , x̃n−r),

where x̃1, . . . , x̃n−r are the Chern roots of Ẽ∨
p and hi denotes the ith complete

homogeneous symmetric polynomial. Using the identity s1(Ẽp) = c1(Ẽ∨
p ), we are
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reduced to proving the following equality of integrals:∫
[Quotd(C,G(r,n))]vir

t∏
k=1

cik(E∨
p ) =

∫
[Quotd(C,G(n−r,n))]vir

t∏
k=1

sik(Ẽp).

Let S and S̃ denote the universal subbundles on G(r, n) and G(n − r, n), respec-

tively. Then the cohomology classes satisfy

ci(S
∨) = si(S̃) in H2i(G(r, n),Z) ∼= H2i(G(n− r, n),Z).

We recall that the Vafa-Intriligator formula (cf. [MO, Theorem 3]) holds for any

symmetric polynomial, in particular for a product of homogeneous symmetric func-

tions. When the degree d is sufficiently large, one can invoke the enumerativity

(cf. [B]) of the formula to complete the proof. Alternatively, the equality can be

established by substituting the identities

ei(ζ1, . . . , ζr) = hi(−ζr+1, . . . ,−ζn) for all i ≤ r,

J(ζ1, . . . , ζr) = (−1)r(n−r)J̃(ζr+1, . . . , ζn),

into the right-hand side of (11), where ζ1, . . . , ζn are distinct nth roots of unity.

Here, ei and hi denote the elementary and complete homogeneous symmetric

polynomials, respectively. To observe the second equality, we use the identity

nζn−1
i =

∏
j ̸=i(ζi − ζj). □

Proof of Corollary 1. We now consider Xℓ as a subvariety of Pr = G(r, r + 1).

The class of a codimension i plane in Xℓ is given by ai = ci(S
∨). Dually, for

X̃ℓ ⊂ Pr = G(1, r + 1), the universal bundle Ẽp → Quotd(C, X̃ℓ) is a line bundle,

and its Segre class satisfies

si(Ẽp) = c1(Ẽ∨
p )

i = ãi1.

Proposition 4 along with (13) implies the virtual count stated in Corollary 1∫
[Quotd(C,Xℓ)]vir

t∏
k=1

aik =

∫
[Quotd(C,X̃ℓ)]vir

ãeℓ1 = ℓdℓ−g+1(r + 1− ℓ)g,(18)

where i1 + · · · + it = eℓ. The enumerativity of the virtual count follows from

Theorem 2, which is proved in Section 4. □

Remark 8. Let Xℓ ⊂ Pr = G(r, r + 1) and consider the line L = H1 ∩ · · · ∩Hr−1

for general hyperplanes Hi. Then Xℓ intersects L in ℓ distinct points. Suppose

t = eℓ/(r− 1) is a positive integer. A naive virtual count of degree d maps from a
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genus g curve C sending t distinct points p1, . . . , pt to general points q1, . . . , qt on

Xℓ is given by

Qg,t(Xℓ) :=

∫
[Quotd(C,Xℓ)]vir

(ar−1

ℓ

)t
= ℓdℓ−g+1−t(r + 1− ℓ)g.

Comparing this with the virtual Tevelev degree vTevg,t,d from [BP, Theorem 1.5]

(valid when 3 ≤ ℓ ≤ r/2 + 1 and g + t ≥ 2), we find the relation

Qg,t(Xℓ) =

(
ℓℓ

ℓ!

)t

vTevg,t,d(Xℓ).

The virtual count Qg,t(Xℓ) is not expected to be enumerative. This does not

contradict the enumerativity result established in Corollary 1 of Theorems 1 and 2,

which regards counts of maps sending marked points on C to planes in Xℓ of

codimension at most r − ℓ. The bound on the codimension is subtle and arises

from the analysis of Quot boundary contributions, as explained in Section 4. This

bound also draws a clear distinction between the map counts studied in this paper

and Tevelev degrees which calculate the number of maps sending marked points

on C to points in Xℓ.

3.3. Virtual counts of maps to complete intersections in Grassmannians.

We now briefly describe how to calculate the virtual count of maps from C to

complete intersections in G(r, n). Let ℓ = (ℓ1, . . . , ℓu), and let Xℓ be a smooth

complete intersection in G(r, n), cut out by a general section

s ∈ H0
(
G(r, n), det(S∨)⊗ℓ1 ⊕ · · · ⊕ det(S∨)⊗ℓu

)
.

Assume that dℓi ≥ 2g−2 for all 1 ≤ i ≤ u. Let Quotd(C,Xℓ) denote the subscheme

of Quotd(C,G(r, n)) defined as the zero locus Z(s̃) of the induced section s̃ of the

vector bundle

Eℓ := π∗
(
(det E∨)⊗ℓ1

)
⊕ · · · ⊕ π∗

(
(det E∨)⊗ℓu

)
.

The virtual fundamental class of Quotd(C,Xℓ), and its compatibility with the vir-

tual class of the Quot scheme Quotd(C,G(r, n)), can be described by making ob-

vious modifications to Propositions 1 and 2.

We note that the vector bundle Eℓ has rank
∑u

i=1(dℓi−g+1). The calculation

in the proof of Lemma 1 immediately implies

(19) ctop (Eℓ) =
u∏

i=1

(ℓia1)
dℓi−g+1e

−ℓiϕ

a1 ,
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where ϕ =
∑g

j=1 b
j
1b

j+g
1 . Using the compatibility of virtual fundamental classes

and the explicit formula for the top Chern class, we obtain, for any monomial P

in a1, . . . , ar of weighted degree eℓ = e−
∑u

i=1(dℓi − g + 1),∫
[Quotd(C,Xℓ)]vir

P =

∫
[Quotd(C,G(r,n))]vir

ctop(Eℓ) · P

=

∫
[Quotd(C,G(r,n))]vir

u∏
i=1

(ℓia1)
dℓi−g+1e

−ℓiϕ

a1 · P.

Expanding the exponential in the last expression and using (17), the integral be-

comes ∫
[Quotd(C,G(r,n))]vir

u∏
i=1

(ℓia1)
dℓi−g+1

min{d,g}∑
s=0

(−
∑u

i=1 ℓi)
s

ns

(
g

s

) · P.

Note that the condition d ≥ 2g − 1 implies d ≥ g, and the sum inside the integral

equals (n−
∑u

i=1 ℓi)
g/ng. We summarize the discussion in the following theorem,

which expresses the virtual intersection numbers of Quotd(C,Xℓ) in terms of the

Vafa–Intriligator formula (11).

Theorem 3. Assume dℓi > 2g − 2 for all 1 ≤ i ≤ u. For any monomial P =∏t
k=1 aik , 1 ≤ ik ≤ r of weighted degree eℓ = e−

∑u
i=1(dℓi − g + 1), we have∫

[Quotd(C,Xℓ)]vir
P =

(n−
∑u

i=1 ℓi)
g ·
∏u

i=1 ℓ
dℓi−g+1
i

ng

∫
[Quotd(C,G(r,n))]vir

u∏
i=1

adℓi−g+1
1 P.

We note the following consequence of Theorems 2 and 3.

Corollary 2. Let Xℓ ⊂ Pr be a complete intersection such that Mord(C,Xℓ) has

expected dimension for d sufficiently large. There are exactly

u∏
i=1

ℓdℓi−g+1
i

(
r + 1−

u∑
i=1

ℓi

)g

maps from f : C → Pr such that f(C) ⊂ Xℓ and f sends distinct points p1, . . . , pt

to codimension ik planes Hik ⊂ Pr in general position for 1 ≤ k ≤ t. Here we

assume
∑t

k=1 ik = eℓ and 1 ≤ ik ≤ r −
∑u

i=1 ℓi for all 1 ≤ k ≤ t.
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4. Asymptotic enumerativity

We take up now the question of the enumerativity of the invariants, proving

Theorem 2. We recall first of all that for sufficiently large degrees, the Quot

scheme Quotd(C,G(r, n)) has long been known [BDW, PR] to be irreducible of

the expected dimension nd − r(n − r)(g − 1). Furthermore, in this situation, it

has been known [B] that the intersection of a top monomial in the a classes is

enumerative, counting the number of maps sending distinct points of the domain

curve to general representatives of special Schubert cycles as prescribed by the

monomial.

The enumerative interpretation of the virtual count of maps to a general

hypersurface Xℓ ⊂ G(r, n) in (12) is conditional on the space of maps to Xℓ having

expected dimension, which is the case when Xℓ is known to be weakly g-convex,

as discussed in Remark 5 of the Introduction. Establishing Conjecture 1 would

greatly enlarge the class of targets for which this count of maps is enumerative.

To start the proof of Theorem 2, we assume therefore that the morphism

space Mord(C,Xℓ) has the expected dimension

eℓ = (n− ℓ)d− (r(n− r)− 1)(g − 1), for all d ≥ d0.

The theorem is obtained by a variation of the argument of [B], as follows.

Let Bm ⊂ Quotd(C,G(r, n)) denote the boundary stratum parametrizing

short exact sequences whose quotients have a torsion subsheaf of degree m. For

such sequences, the subsheaf factors as

0 → E → Em → On,

where Em/E is torsion of degree m and Em is a subbundle of On. We note the

surjective morphisms

τm : Bm → Mord−m(C,G(r, n)), {E ⊂ On} → {Em ⊂ On},

τ̃m : Bm → C(m) ×Mord−m(C,G(r, n)), {E ⊂ On} → (suppE/Em, Em ⊂ On).

There is a universal sequence

0 → E → Em → On on Bm × C,

and a corresponding injective map of line bundles

(det E∨
m)

ℓ → (det E∨)ℓ on Bm × C.
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By pushing forward under π, we obtain the morphism

(20) Eℓ,m = R0π∗(det E∨
m)

ℓ → Eℓ.

We assume first that d−m ≥ d0 and d−m > 2(g − 1). In this case, Eℓ,m is

locally free and also a subbundle of Eℓ. Therefore, the section s̃ of (8) factors as

(21) O s̃−→ Eℓ,m → Eℓ,

and we have that

(22) Quotd(C,Xℓ) ∩Bm ⊂ τ−1
m (Mord−m(C,Xℓ)) .

For k with 1 ≤ k ≤ t, indexing the factors in the monomial
∏t

k=1 aik , pick

distinct points pk ∈ C, and general special Schubert varieties Yk ⊂ G(r, n) repre-

senting cik(S
∨). Importantly, as explained in [B] and also used in [Mar], for each

k there is a codimension ik subscheme

Dk ⊂ Quotd(C,G(r, n))

associated to pk, Yk such that

[Dk] = cik(E∨
pk
),

and

Dk ∩Mord(C,G(r, n)) = ev−1
pk
(Yk).

Here evp : Mord(C,G(r, n)) → G(r, n) is the evaluation map at p. The subscheme

Dk is in fact a degeneracy locus representative of the universal Chern class cik(E∨
pk
)

constructed using the universal morphism On∨ → E∨
pk

on Quotd(C,G(r, n)). As

explained in [B], we further have

(23) Dk ∩Bm ⊂ τ̃−1
m

(
pk × C(m−1) ×Mord−m(C,G(r, n))

)
∪ τ−1

m (Dm,k).

Here we have set

Dm,k = ev−1
pk
(Yk) ⊂ Mord−m(C,G(r, n)),

the corresponding degeneracy locus in Mord−m(C,G(r, n)).

As i1+ · · ·+ it = d(n− ℓ)− (r(n− r)− 1)(g− 1) and ik ≤ n− ℓ− 1, we note

the inequality

t > d · n− ℓ

n− ℓ− 1
− (r(n− r)− 1)(g − 1)

n− ℓ− 1
.

For sufficiently large d we have therefore

t > d ≥ m.
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Combining (22) and (23), we find

Quotd(C,Xℓ) ∩t
k=1 Dk ∩Bm ⊂ τ−1

m (Mord−m(C,Xℓ)) ∩
(
∩t

k=1Dk ∩Bm

)
(24)

⊂ ∪Iτ
−1
m (Mord−m(C,Xℓ) ∩k∈I Dm,k) ,

where we let I index subsets of {1, . . . , t} of cardinality at least t−m.

We calculate

codim ∩k∈I Dm,k = d(n− ℓ)− (r(n− r)− 1)(g − 1)−
∑

k∈{1,...,t}\I

ik(25)

≥ d(n− ℓ)− (r(n− r)− 1)(g − 1)−m(n− ℓ− 1),

for each I. The right-hand side is strictly larger than the dimension of the scheme

Mord−m(C,Xℓ) which is assumed expected,

dimMord−m(C,Xℓ) = (d−m)(n− ℓ)− (r(n− r)− 1)(g − 1).

Thus the intersection

Quotd(C,Xℓ) ∩t
k=1 Dk ∩Bm

is empty.

Finally, let us consider the case when m is sufficiently large so that d −
m < d0, where d0 is as before the irreducibility threshold for Mord(C,Xℓ). The

actual dimensions of the schemes Mord−m(C,G(r, n)) are in this case bounded.

The codimension (25) of the intersection ∩k∈IDm,k is nevertheless bounded below

by an expression increasing linearly with d. For d sufficiently large therefore, this

intersection is empty in Mord−m(C,Xℓ).

The theorem is argued similarly whenXℓ is a complete intersection inG(r, n),

as long as the factors aik of the integrand in Theorem 3 satisfy the codimension

condition

ik < n−
u∑

j=1

ℓj, for 1 ≤ k ≤ t.
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