DIOPHANTINE APPROXIMATION WITH SUMS OF TWO SQUARES

STEPHAN BAIER AND HABIBUR RAHAMAN

ABSTRACT. For any given positive definite binary quadratic form @ with integer coefficients,
we establish two results on Diophantine approximation with integers represented by Q.
Firstly, we show that for every irrational number «, there exist infinitely many positive
integers n represented by @ and satisfying ||an|| < n~(1/279) for any fixed but arbitrarily
small € > 0. This is an easy consequence of a result by Cook on small fractional parts of
diagonal quadratic forms. Secondly, we give a quantitative version with a lower bound of
this result when the exponent 1/2 — ¢ is replaced by any fixed v < 3/7. To this end, we use
the Voronoi summation formula and a bound for bilinear forms with Kloosterman sums to

fixed moduli by Kerr, Shparlinski, Wu and Xi.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this article, we denote by ||z|| the distance of z € R to the nearest integer.
As usual, € stands for an arbitrarily small positive number. Moreover, we write

e(z) = e*™ and ey(z) =e <%> forzr € R and k € N.

A basic theorem in Diophantine approximation is the Dirichlet approximation theorem,
which implies that for every irrational number « there are infinitely many positive integers
n such that ||an| < n~!, where |z|| is the distance of x from the nearest integer. Beyond
this classical result, mathematicians have explored obtaining good approximations when n
is restricted to sparse subsets of the set of positive integers. Numerous results exist in this
direction. Here we mention only a few of them. For example, when n varies over the set of
primes, the best known approximation result states that ||an|| < n~'/3*¢ holds for infinitely

2020 Mathematics Subject Classification. 11J25,11J54,11J71,11L05,11E25.
Key words and phrases. Diophantine approximation, binary quadratic forms, Voronoi summation formula,
average Kloosterman sums, Gauss sums.
1



2 STEPHAN BAIER AND HABIBUR RAHAMAN

many primes n. This is due to Matoméaki [11]. In the case when n varies over the set
of square-free positive integers, it was established by Heath-Brown [8] that |lan|| < n=2/3+¢
holds for infinitely many squarefree n € N. In this article, we consider the case where n varies
over positive integers which are represented by any given positive definite binary quadratic
form with integer coefficients.

Let
Qz,y) = o + bixy + cy®

be a positive definite integral binary quadratic form (PBQF). In particular, the discriminant
b? — daic; of Q is negative. We set

A = b} — 4aic1| = 4aje; — b

Let

Ao :={n e N:Q(z,y) =n for some z,y € Z}. (1.1)
Let a be any fixed irrational number. We establish the following result.
Theorem 1. There are infinitely many integers n € Aq such that

lan|| < n~V/2Fe, (1.2)
for any fized but arbitrarily small € > 0.
Theorem 1 improves the following theorem of Danicic for the binary quadratic case.

Theorem 2. [6, Main Theorem| Let

s s
Q(xla Lo, ... wrs) = Z Zal]xlx]7 (aij = aﬁ)’

i=1 j=1
be a real quadratic form in s variables x1,o,...,x5. If N > 1 and € > 0, then there exist
integers xi,To, ..., xs, not all zero, satisfying

max |z;| < N and ||Q(zy,2,...,2,)| < C(e, s) N~/ (H+e,

1<i<s

For the case s = 2, taking n = Q(xy, z2), this gives the exponent 1/3 in (1.2) instead of
1/2. Though 1/2 is a strong improvement over 1/3, Theorem 1 can be deduced easily from
the following theorem of Cook. It seems this has not been observed in the literature so far.

Theorem 3. [5, Theorem 1] Let k > 2 and K = 2871, Let (%) = 0125 + 0ok +- - + 0,2 be
an additive form of degree k, in s variables with 1 < s < K, where 0; are any real numbers
and ¥ = (21,29, ,x5). Then for every e > 0, N > 1, there are integers x1,Zs, ..., Ts, not
all zero, such that

max |z;| < N and | f(Z)| < C(e, k)N~ K+,

1<i<s
Proof of Theorem 1. Let o be any given irrational number. We have
aQ(z,2a1y) = ala1z® + 2a,b1vy + 4aicyy?)
= aa; ((z + biy)* + (4arcr — b))y?)
= flz1, ),
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where f(z1,y1) = 0122 + OyF, with 0, := aay, 0 := a(daic; — b?),z1 := x + by and y; = y.
Taking k = s = K = 2 in Theorem 3, for any N > 1 and ¢ > 0, the inequality

laQ(z, 2a1y) || = || f (@1, y1)|| < Di(e, Q)N

has a solution (z,y) € Z?*, where z,y < N and D (g, Q) > 0 is a suitable constant depending
only on ¢ and Q. Now taking n = Q(z,2a,y) gives

lan|| < Di(e, QN1 < Dy(e, Q)n >/

for another constant Dy(e, Q) > 0 since @ is positive definite. Note that ||an|| < Dy(e, Q)N !¢
does not hold for arbitrarily large N because « is irrational. Hence, there is an infinite se-
quence of natural numbers n such that

lan|| < Da(e, Q)n =122,
and the result of Theorem 1 follows. O

Danicic [6] used lattices to establish Theorem 2, and Cook [5] used bounds for quadratic
Weyl sums to establish Theorem 3. Both methods give only the existence of infinitely many
good approximations but no bounds on the number of them. The main part of this article
consists of establishing a lower bound which holds for certain ranges of n depending on good
rational approximations of . This comes at the cost of a weaker exponent of 3/7 in place
of 1/2, which still beats the exponent 1/3 coming from Theorem 2. Our method uses the
Voronoi summation formula and bounds for bilinear sums with Kloosterman sums to a fixed
modulus due to Kerr, Shparlinski, Wu and Xi [10]. We will deduce our result from the
following asymptotic formula for the number of representations by () in unions of residue
classes, which is of independent interest.

Theorem 4. Suppose that ¢ € N and a € Z such that (2Aa,q) = 1. Let ¢ > 0 and set
L:=q¢% and X := Lqg=q¢'*P with2/5+3c < B < 1. Let w: R — Rsq be a smooth function
which is compactly supported in [X,2X] with w(zx) = 1 in [5X/4,7X/4] such that for any
integer j > 1, the 7' derivative satisfies

w9 (z) <; X

Si= Y > remw) (1.3)

[b|I<L nez
(b,g)=1 na=b mod q

Define

where rg(n) is the number of integral representations of n by the PBQF Q(x,y). Then we
have

2
p
plg
p prime

S:% H (1—M>/w(m)dm-(l+o(l))

as ¢ — 0o, where
Golg.h) =) e(hQ(x,y)).
z,y mod q
Moreover, S satisfies the lower and upper bounds
q25 28
— < S :
(loglogq)? =7 1
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We will use Theorem 4 above to deduce the following lower bound for the number of n’s
represented by @ satisfying ||na|| < Cyn~" for some constant C; and exponent 7y in a suitable
range. This lower bound is close to the expected bound.

Corollary 1. Suppose that ¢ € N and a € Z satisfy (2Aa,q) = 1 and the inequality
242
a——| < CEE
q q

Fiz e,n > 0 and assume that 2/5+3c < B < 1. Set X := ¢'*% and v := (1 - B)/(1 + B).
Then

a

t{n € Ag :n <2X, |na| < Cin™7} >, X'77-C/leelog X)
for suitable constants Cy,Cy > 0. Moreover, there are infinitely many rational numbers a/q
satisfying the conditions above.

Remark 1. We note that (1—-2/5)/(1+2/5) = 3/7, and thus Corollary 1 recovers Theorem
1 with a weaker exponent of 3/7 in place of 1/2, but coming with a lower bound for the
number of n’s satisfying |nal| < n=3/7+.

In an earlier version of this article, we referred to [1, Theorem 3] by Balog and Perelli
who stated that the above Theorem 4 holds for the particular form Q(z,y) = z? + y>.
They did not provide a proof, merely noting that this result follows by using their method
developed in [1] to investigate Diophantine approximation with squarefree integers. For this
problem, they established an exponent of 1/2 — ¢ indeed. However, analyzing their method,
the authors of this article only obtained an exponent of 1/3 — ¢ in place of 1/2 — &, which
resembles Danicic’s result for the particular form Q(z,y) = 2? + y?. We would like to thank
Professor Glyn Harman for making us aware of the results of Cook and Danicic mentioned
above. Below, we add some details on our analysis of the method used by Balog and Perelli.

They started in a similar way as we do here, converting the Diophantine condition ||na| <
0 into a condition of n lying in a union of residue classes modulo ¢q. Then they proceeded
by detecting the squarefreeness of n using the convolution identity p?(n) = > u(t) and

t2|n
the congruence condition using the orthogonality relations for Dirichlet characters. After
isolating a main term, they were left with character sums which were treated using Holder’s
inequality and moment bounds for character sums. This yielded an exponent of 1/2 — ¢
for the relevant Diophantine approximation problem. To handle Diophantine approximation
with denominators represented by sums of two squares following their approach, one may use
the convolution identity r3(n) = 45" x4(d) with r3(n) being the number of representations
dn

of n as a sum of two squares and x4 the non-trivial character modulo 4 . However, here
we have a divisor condition of d|n in place of t*|n. As a consequence (even if one uses the
hyperbola trick), one gets only an exponent of 1/3 — ¢ instead of 1/2 — ¢ in the Diophantine
approximation problem for sums of two squares. We also note that their method does not
extend to general quadratic forms () because of the lack of a simple formula for the number
of representations of n in the form n = Q(z, y).

2. PRELIMINARIES

We may write the quadratic form Q(x,y) as

Q(x,y) = %(%?J)A(%?J)T7
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where A is an integral symmetric 2 X 2 matrix with even diagonal elements, and (z, )
the column vector of the indeterminates. Then the adjoint matrix A" of A is defined by
ATA = det(A)I,, where det(A) = A is the determinant of the matrix A and I, is the 2 x 2
identity matrix. Clearly, AT has also integer entries.

Our main tools are the Voronoi summation formula for quadratic forms and bounds for
bilinear sums with Kloosterman sums to a fixed modulus. To state the Voronoi summation
formula in this context, let us first set up some notations. For a positive integer ¢ and an
integer h, we define the Gauss sum associated to the form @) as

Gola,h) == Y ey(hQ(x,y)). (2.1)

The following lemma gives an evaluation of Gg(q, h) if (2Ah,q) = 1.

Lemma 1. Suppose that ) = ( ) A(x,y)T is a PBQF with discriminant A, and let g, h
be integers such that (2Ah,q) = 1. Then we have

h
e (2:2)
where (W) 15 the Kronecker symbol with
N(q,Q) = t{Z(modq) : AT = 0(modq)} (2.3)

and & = (z,y)7.
Proof. See [3, Theorem 1] or [9, Theorem 1] for the particular case when (2Ah,q) =1. O
We also note the following bound for the Gauss sum Gg(q, h) as it will be required later.
Lemma 2. For any q € N and h € Z with (¢, h) = 1, we have
Golg, h)| < (N(2,Q))q,
where N(q, Q) is given by (2.3).

Proof. This bound follows by diagonalizing the quadratic form, writing the resulting sum as
a product of two one variable Gauss sums and then using the standard bound for them (see
[3, Lemma 2|, or, [12, Lemma 1]). O

Let A; = (s;0;;) be the Smith Normal form of AT, i.e., A; is an integral diagonal matrix
of the form

A, =UA'Y,
where U,V € SLy(Z). Define further,
B := (b;;) and A*:= BVTAVB.
Let Q* be the quadratic form associated to the matrix A* and define

For(mog,h) =g > Y e, (hQ(i (2.4)

Q*(#)=n ¢( mod q)

Now we are ready to state the Voronoi summation formula for the quadratic form Q.
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Lemma 3 (Voronoi summation formula). Let f(n) be a continuously differentiable function
on R with compact support in Rso. Then under the conditions in Lemma 1, we have

Z'/’Q n)eq(nh)f(n )—27TA1/2q2GQ(q,h)/f(:c)d:c
0

+QW(Q\/Z)_IZfQ*(n,q,h)eq(—Mn)/Jg (47T—qux/A> f(z)dx,

where @(x) is the standard Bessel function and A is a multiplicative inverse of A modulo
q, i.e. AA=1mod q.

Proof. See the proof of [9, Equation (28)] for the special case when (2Ah, q) = 1. O

Our second main tool is the following theorem due Kerr et al. which estimates special
bilinear forms with Kloosterman sums to a fixed modulus.

Lemma 4. Let q be any positive integer and a be any integer with d = ged(a, q). Suppose
I, J be some finite intervals of natural numbers with |I| = M,|J| = N and let o = {a,,} be
a sequence of complex numbers supported in I. Define

a) = Z Z a,S(m,an;q),

mel neJ

where S(m,n;q) denotes the Kloosterman sum

Stmmig) = 3 e (M) .

1<z<qg—-1 q
(17Q):1
Then we have
1/2
a) < <Z |am|2> MV2NG/2+eM G (M, N, q,d), (2.5)
mel

where one can take S1(M, N, q,d) freely among
MYVAN=LG 2V L VRN G2 N2,
M—1/2(N—3/4q1/2 —i—d1/2) L N2, (2.6)
M71/2(N71q1/2+ (qd)1/4)+N*1/2.
Proof. See the proof of [10, Theorem 2.1]. O

The following Dirichlet approximation type lemma will allow us to choose the modulus ¢
coprime to 2A (in fact coprime to any given non-zero integer).

Lemma 5. Let d € N and o € R\ Q. Then there ezist infinitely many pairs (b,r) € Z x N
such that
b

o — —
r

6d>
<

(r,bd) =1 and
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Proof. Fix d € N and a € R\ Q. We aim to find good approximations of @ by fractions b/r
with (r,bd) = 1. Take one of the infinitely many approximations of a by a/q with (a,q) =1
and

(2.7)

Now we aim to find integers b and r in such a way that r lies approximately in the range of
4,

b
a_b_ [ (2.8)
q T qr
with f > 0 small and (r,bd) = 1. To ensure the coprimality, we simply demand that
r = 1 mod bd. (2.9)
Let
(d,q) =e.
For our method to work out, we take f > 0 as small as possible so that
f=amode. (2.10)
We note that
0< f<e<d. (2.11)
The equation (2.8) holds if
ar = f mod ¢ (2.12)
and
- ar — f
q
The congruence (2.9) can be written in the form
r =1+ kbd, (2.13)

where k € Z. Plugging this into (2.12) gives
a(l + kbd) = f mod ¢,
which is equivalent to
kbd = a(f — a) mod ¢,
where a is a multiplicative inverse of @ modulo ¢. Since we assumed (2.10), this congruence
is equivalent to

kL= 179 hoa 4. (2.14)
e e e
Write p F
—a
dl::_7 flzza' y q1 _g
e e e

Then (di,¢1) = 1, and (2.14) turns into
kbdy, = f, mod ¢ .
This can be solved for 2kb, getting
kb = f1d_1 mod g,
where d; is a multiplicative inverse of d; modulo ¢;. This may be written in the form

kb=c+ql,
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where [ € Z and

_a <c< % such that ¢ = f;d; mod ¢.

Combining this with (2.1??)7 we obtain
r=14+d(c+ql).

To ensure that r is of a comparable size as ¢, we choose [ = 1 and hence
r=1+d(c+q).

In this case,

gs%@su&gh §1+3%lq§2dq
if ¢ > 2. From the upper bound above, we have
-
et (2.15)
Combining (2.7), (2.8), (2.11) and (2.15), we obtain
o bl <ol ple bt f oL 4 6
T ql la rlT @ g7 (r/2d)?  (r/Q2d)-r 1

3. PROOF OF COROLLARY 1
We start the proof of Corollary 1 by the following lemma providing a bound for r¢(n).

Lemma 6. For any given positive integer n, let rg(n) be the number of integral representa-
tions of n by the PBQF Q(x,y). Then we have

T’Q(n) <<Q nc/loglogn’
for some ¢ > 0.

Proof. Let K := Q(v/—A) and Ok be the ring of algebraic integers in K. Then 4a,Q(z,y)
factors over Ok in the form

4a,Q(x,y) =dar(ay2® + bizy + c19°)
=(2a12 4 by — V—Ay)(2a12 + by + V—Ay).
Hence if n = Q(z,y) with z,y € Z, then
dan = N (a),
where N (a) is the norm of the principal ideal a C Oy given by
a = (212 + by + V—Ay).

If n = Q(x,y) is a representation of n by @, then we say that a given above is the principal
ideal belonging to this representation. We note that every principal ideal a C Ok belongs
to at most w < 6 representations of n by ), where w is the number of units in O. Now for
m € N let f(m) be the number of integral ideals a C O of norm m in Ok, that is,

f(m) :=t{a C Ok : N(a) = m}.
Then we know that
f(m) < d(m)?,
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where d(m) is the number of divisors of m € N (for a proof, see [4, Equation (68)]). Moreover,
it is well-known that

d(m) < m?/ loglogm
for some constant 6 > 0 (see [7, Theorem 317]). It follows that
ro(n) < 6f(4ain) < 6d(4ain)? <o n/ 108l
where ¢ = 26 > 0. This completes the proof. 0

We are now ready to prove Corollary 1. Let an irrational number a be given. Then by
Lemma 5, there are infinitely many pairs (a,q) € N x Z such that

. , (2aA,q) = 1. (3.1)

This proves the last part of Corollary 1. Now, fix such a pair (a,q) and suppose L, X to be
parameters satisfying

L=¢", X =Lg=q""

with 2/5 + 3¢ < 8 < 1. Recall the definition of Ag from (1.1). If n € Ag with n < 2X
satisfies one of the following congruences

an =bmod q, |b| < L, (b,q) =1,
then writing an = b + nyq for some integer ny, it follows from (3.1) that
b oOn

an=n; + -+ —,
q q

where |0] < 24A2. In other words,

X -1

L
lan|| <o v + i 2¢°1 = 2X~(=A/UHE) — 9 X7 « 77

Hence, such n lies in the set
{neAg:n<2X, |nal| <Cin "} = Ag(a, X), say,
where C; > 0 is a suitable constant depending on ). Thus, recalling
ro(n) < ne/(8em)  for some constant ¢ > 0
from Lemma 6, and noting that
by # by(modq) = ny # ny(modq)

if ¢ is large enough we deduce from Theorem 4 that

«S=3, > v < X/0EE 4 (0, X)),
q10g q [b|<L nez
(b,q)=1"1a= b mod ¢q

that is,

1—vy—c/(loglog X)

| Ag(a, X)| > 5
log” ¢
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Since ¢ = X'/0+A) it follows that
|AQ(OC, X)| > le’Y*CQ/(loglogX)

if C5 > ¢. This completes the proof of Corollary 1.

4. APPLICATION OF VORONOI SUMMATION

Our proof of Theorem 4 begins with an application of Voronoi summation. We first detect
the congruence condition on the right-hand side of (1.3) using the orthogonal property of
additive characters, thus obtaining

Z > _re(mw(n) Y e ((n—ab)g)

|b|<L nezZ g mod q
(bq) 1
LS S e Y Y - an,
[b|<L neZ klg hmod k
(bq) 1

where aa@ = 1 mod ¢, and the asterisk above indicates that (h, k) = 1. As the weight function
w(n) is compactly supported, all the summations in S run over finite ranges and so we can
interchange the order of summations. Hence,

Z Z Z e (—abh) ZTQ n)eg(nh).

|b|<L klg h mod k nez
(b,9)=1

Now applying Lemma 3 to the inner-most sum, we get

o

S:% /w(x)dx 3 Z S Golk, h)ex(—abh)+

0 |b|<L klq hmodk
(b.9)=

A1/2 > 2. Zek —abh) > 7« (n, k, h)ex(—hAn)wy(n)

[b|<L k|g hmod k nez
(b,9)=1

=T, + T (say),

where

/JO <47T—'7M/A> w(x)dz. (4.2)
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Recalling our assumption (2Ah,q) = 1, and using (2.1), (2.2) and (2.4), we obtain

Fo-(nk h) =k > Y en(hQ())

Q*(Z)=n ¥ modk

=k' ) Golk.h)
v " (4.3)
>y (i) Catb
= k' Go(k, 1)rg.(n) (%) :
Lemma 7. Assume that (2A,q) = 1. Then for k|q, we have
N(k,Q)=1. (4.4)

Proof. Recall that
N(k,Q) = #{Z mod k : A¥ =0 mod k},
where Q = 1(z,y)A(z,y)". Now as Q(z,y) = a12” + bizy + ¢13?, we have

2a17 + byy = 0 mod k

AZ =0 mod k <
o o {blx—i—chy = 0 mod k,

where ¥ = (z,y)7. Observe that the determinant of the coefficient matrix

2&1 bl

b1 201
equals A. Since (A, k) = 1, it follows that the above system of congruences has only the
trivial solution x = y = 0 and hence N(k, Q) = 1. O

Combining the above Lemma 7 with (4.3), we see that

Fo-(n,k, h) = k™' Go(k, D)rg.(n). (4.5)

5. EVALUATION OF THE MAIN TERM T}

Using k|g and Lemmas 1 and 7, we have

Gol(k,h) = Go(k, 1). (5.1)
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Therefore, the main term 7} in (4.1) turns into

T :ﬁ /w(x)dx 3 Z%GQ(k,l) S eu(—avh)

[b|<L kg h mod k
(bg)=1
27 r (k)
S /w(x)d:c S S B otk (5.2)
1 ’ bI<L kg
(b,g)=1

:% /w(x)dx <@ 2L+ O(T(Q)>> ]il;) Go(k,1),

g klq

where 7(¢) denotes the number of divisors of q. Here we have used the fact that the Ra-
manujan sum

@)= > ex(—abh)

h mod k
satisfies ¢x(ab) = p(k) if (ab, k) =

Lemma 8. The function Gg(k,1) is multiplicative on the set of odd positive integers, that
is, for odd k = kike with (ky, ko) = 1, we have

Go(k,1) = Go(ki, 1)Go(ks, 1).

Proof. Indeed, we calulate that

Go(k,1) = Z ex(a12® + bizy + c19?)

z,y mod k

= Z Z €k (Ch(xl/fz +ZE2]€1)2+

z1,y1 mod k1 x2,y2 mod k2

bi(z1ks + x2ky) (y1ka + y2k1) + c1(y1ke + y2k1)2>

- a1/€2$% a1/€1$% bikaryy
DM C i e

z1,y1 mod k1 z2,y2 mod ko

blk1$2y2 C1k2yf Clklyg
+ +
k1 ko

= <k2 a1l’1 +biziyr + Cly1)>

r1,Y1 Inod k1

</€1 a1 x5 + bizoys + C1y2)>

T2,Y2 Inod ko

- GQ(kla kQ)GQ k27 kl) GQ(kla )GQ(I{:27 1)7
where the last line is due to (5.1). O
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Now, by Lemma 8§,

and by Lemma 2,

H<1_%)SH<1_%> SH(H}), (5.4)

plq plg plg

where the products are restricted to prime divisors p of ¢q. This, together with (5.2) gives

Arp(g)L ( Ga(p, 1)) 7 (X(f)
TN = ———— 1—-—— w(x)dx + O, , 5.5
1 Al/2g2 H p? () q (5.5)
pla 0
p prime

where we have used the divisor bound 7(q) <. ¢°. Taking the well-known bound

©(q) ( 1) 1
LI S 1 _ > ,
q H p log log q

plg

into account, we deduce the following lemma from (5.4) and (5.5).

Lemma 9. We have
q*° B XL
(loglogq)?  q(loglog q)*

XL
<<T1<< TZQQB.

6. EVALUATION OF T5

Inserting the formula (4.5) for 7o+ (n, k, h) into (4.1), we obtain

T, = % S STk Gk 1) rg-(n)@i(n) Y ex(—abh — Ahn)

b<L kg nez h mod k
(b,g)=1
. 2T GQU{J, 1) ~ o
= A kz p % KZL ro+(n)wg(n)S(An, ab; k) 6.1)
! (b.)=1
2w GQ(/{Z7 1) - e
ST g 2 2 e S Bak b,
q n <
(b,q):l

since (A, k) = 1.

In order to bound wg(n), we use the following facts about Bessel functions, which are
available at many places (see [2, equations (9) and (10)], for example). For any 5 > 0 and
positive integer j, by repeated integrations by parts, we have

7 w(z) Jo(8v/E)di = (%) 7 W (@)a2J;(By/T)da. 62)
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Also, for any non-negative integer j and arbitrarily small € > 0, we have

1 1
Ji(x) <. Vg + el (6.3)

Using the trivial bound J;(7) <. 2° together with the fact that w()(r) < #77, and recalling
that w(x) has compact support in [X,2X], we infer from (4.2) and (6.2) that

. 2X

. LOkN [ e
W(n) < z /JJ Tl 2t dx

X
1
<<j’g E (

)jX—j/2+1+£ (64)
Xl-i—e k} J
ok <vXn)

for any j > 1. Thus, taking j sufficiently large, we see that wy(n) is negligible (that is,
wy(n) < X 72920) unless

Sz S

k k?
> X%/ that is, n <

/Xn Xl*E '
Hence, it follows from (6.1) that
2T Go(k,1 - —_— _
Ty = NI > a(k, 1) > rg-(n)ig(n)S(n, Aab; k) + O(X26). (6.5)
klq n<k?/X1—e b<L

(bg)=1
Lemma 10. Set
ro=(n)w(n if 1 <n<k?/X'¢
o {re ) <K
0 otherwise,

where ro«(n) and Wg(n) are given as in (6.5). Then we have

1/2
thﬁz(E:hWNﬁ <. (kX)*X12,

neZ
Proof. Taking j = 0 in (6.4), we get
Xl—f—a

i (n)] < =

Since |rg-(n)| < n° for any € > 0, it follows that
Irlle < (kX)* X2,

Now we are ready to bound the term 75 in the following lemma.
Lemma 11. Let T, be as given in (6.1). Then we have
T2 <<a qa(X1/2L1/4 +X1/2q_1/2L+q1/2L1/2)

for any £ > 0.
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Proof. In order to apply Lemma 4, we need to remove the coprimality condition (b,q) = 1
in the innermost sum. We do this by Mobius inversion, obtaining

Z Z ro-( )S(n, Aab; k)

n<k2/X1-e b<L
(b,q):l

= Y S S wl@d) | ro-(n)dn(n)S(n, Aab; k)

n<k2/X1—¢ b<L \d|(b,q)

:Zu(d) Z Z ro-( S (n, Aadb; k).

dlg n<k2/X1-¢b<L/d

Set s := (Aad, k) = (d, k). Then applying Lemma 4 with v(n) = rg-(n)wg(n) to the bilinear
sum over n and b in the last line and choosing Sy (M, N, ¢,d) as in (2.6), we obtain

Z Z ro-( VS (n, Aadb; k)

n<k?/X'=< b<L/d
XE||yll2 (K /X)L /)P0 { (B2 /X)) 72 ((Lfd)~ K2 + 51%) + (L/d) "2}
<<(kX>€H7H2 {kL1/4d71/4 + k1/2Ld71/2 + k3/2L1/2d71/2X71/2}
<(kX)* { X V2LV 4 XVRRYRLAY 4 20201
where the last line is due to the bound for |||z in Lemma 10. Therefore,
doud) > D rgen )S(n, Aadb; k)
dlk n<k?/X1-<b<L/d
< (kX )k {X1/2k,L1/4 L XY2RY2] 4 k:3/2L1/2} '
Combining this with (6.5) and using the bound |Gg(k,1)| < k from Lemma 2, we obtain
T, < (Xq)4€(X1/2L1/4 +X1/2q71/2L+q1/2L1/2).

As X is a power of ¢, changing € in a suitable way, the bound in Lemma 11 follows. U

7. PROOF OF THEOREM 4

By (4.1), we have
S = Tl + T27

where 77 is the main term and 75 the error term. The main term satisfies the asymptotic
formula (5.5) and the bounds

@
(loglog q)?

from Lemma 9. Lemma 11 provides the upper bound
TQ < qE(X1/2L1/4 +X1/2q_1/2L+q1/2L1/2)

for the error term. Recall the choices L = ¢” and X = ¢L = ¢'*? with 0 < 8 < 1. We
calculate that

< T < ¢

Ty = O. (¢*°) (7.1)
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if § > 2/5+ 3e. This implies the result in Theorem 4.

Remark 2. We point out that the Weil bound S(m,an;q) < (m,n,q)"?q"/>*°W) for the
Kloosterman sum yields the “trivial bound”
1/2

Sq,a(a) < Z |Oém’2 MI/Qqu/Q—I—o(l)
mel
in place of (2.5). Using this bound leads to a shorter B-range 1/2 < <1 in place of 2/5 <
B <1 in Corollary 1 and thus restricts the exponent 7y to the shorter interval 0 < vy < 1/3
in place of 0 <~ < 3/7. Conjecturally, the best we may hope for is the bound
1/2

Sq,a(a) < Z |O[m'|2 M1/2N1/2q1/2+0(1)
mel

(square oot cancellation on average in the n-sum), which would result in a B-range of 1/3 <
B <1 and hence in a y-interval of 0 <~y < 1/2. Extending these ranges further would likely
require different techniques than those used in the present paper.
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