EXISTENCE OF WEAK MEAN CURVATURE FLOW WITH
PRESCRIBED CONTACT ANGLE VIA ELLIPTIC REGULARIZATION

KIICHI TASHIRO

ABSTRACT. In the present paper, we study the existence of Brakke-type weak mean curva-
ture flow satisfying a prescribed contact angle condition for a general angle 6§ € (0,7) via
Ilmanen’s regularization. The main ingredients of the result are the extension of Ilmanen’s
regularization to the capillarity and the derivation of the first variation estimates for the
interior and wetted boundary varifolds separately.

1. INTRODUCTION

The mean curvature flow (henceafter referred to as MCF), which emerged in the context
of material science, has been studied by numerous researchers as one of the most important
geometric flow problems nowadays. The unknown of the MCF is a one-parameter family
{T't}+>0 such that the normal velocity of I'; equals its mean curvature vector at each point
for every time. As a typical boundary condition, we study the contact angle condition, which
is dedicated to surface tension and the wettability of the container, for the MCF. In general,
it is well known that singular behaviors such as shrinking and neck pinching occur in MCFs.
Moreover, a MCF with the contact angle may pop upon tangential contact with the boundary.
To consider the solutions that allow such singularities, we need to use extensive tools from
geometric measure theory and a weak notion of MCFs.

The purpose of this paper is to investigate capillary boundary conditions for geometric flow
problems. As a foundational result in the varifold setting, Kagaya and Tonegawa [21] intro-
duced a notion of contact angle condition and established a monotonicity formula extending
the free-boundary monotonicity formula of Griiter and Jost [16] to the contact angle setting.
Subsequently, De Masi investigated the rectifiability of the contact set between a varifold
and the boundary in [5], while De Masi and De Philippis developed a min-max theory for
varifolds with contact angle boundary conditions in [7]. These results are summarized in De
Masi’s Ph.D. thesis [6]. There have been significant progress on the regularity and geometric
properties of contact angle varifolds and capillary problems arising from Gauss’ free energy
functional and we briefly mention recent studies; [3, 8, 9, 22, 25, 26, 35, 36]. On the other
hand, there are fewer studies on the MCF with contact angle. In this paper, we consider a no-
tion of Brakke-type mean curvature flows in the framework of geometric measure theory and
establish their global-in-time existence via the elliptic regularization [19] under the general
situation whenever possible. Roughly speaking, the main result is the following:

Theorem. Let M be a closed bounded domain with the smooth boundary and Eg C M be
a set of finite perimeter. Then there exists a Brakke flow {Vi}i>0 in M such that ||V =
H" o+ Eynnres Vi has the contact angle 0 and is integral for almost every time t > 0. That is
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to say, for all ¢ € CH(M x [0,00);[0,00)) and all 0 < t; <ty < oo, we have

to
IViall(6(+£2)) — Vi l(6(-, 1)) < / /M(V¢—¢Hw)'Hw + s d|Villdt,

where Hy, is the generalized mean curvature of V;.
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Figure 1 provides a visualization of this low. The exact statement will be given in Section
2.4. Brakke [4] proposed and studied Brakke’s MCF by characterizing the motion law of the
surfaces using the above inequality. Ilmanen [19] studied the existence and various properties
of (unconstrained) Brakke flows using the elliptic regularization method. One advantage of
this method is that one can apply White’s local regularity theorem [37] for this Brakke flow.
It is not known, but White’s study provides a basis for expecting that one can establish the
regularity theorem for Brakke flows with the contact angle. We mention known studies on
MCFs with contact angle: Hensel and Laux [17] proved the existence and the weak-strong
uniqueness of BV flow, which is based on the framework of BV functions originally proposed
by Luckhaus and Sturzenhecker [27], with the contact angle via the Allen—Cahn equation
under a reasonable assumption. Marshall-Stevens et al. [29] studied the gradient flow of
the Allen—Cahn equation and convergence to a Brakke flow under general assumptions. The
theory of viscosity solutions for capillary MCFs has been developed in [1, 20]. More recently,
the existence of weak solutions constructed via minimizing movement-type schemes, as well
as their relation to viscosity solutions, has been actively investigated. Eto and Giga [12, 13]
studied a Chambolle-type minimizing movement scheme with capillarity and discussed the
existence of minimizers and their convergence to viscosity solutions under a contact angle
boundary condition. Bellettini and Kholmatov studied the capillary Almgren—Taylor—Wang
scheme for MCFs of droplets with a contact angle condition and established various compari-
son results in [2]. As a continuation of this line of research, Kholmatov proved its consistency
with smooth MCFs in [23] and investigated minimizing movements for forced anisotropic
MCFs of droplets in [24]. In contrast, we prove the existence of a weak solution of MCFs
based on Brakke’s work without any extra assumption in the co-dimension 1 case.

We also briefly mention closely related works on MCFs using the elliptic regularization.
Edelen [11] proved the existence of Brakke flows with the Neumann boundary condition
and the regularity theorem for it, and White [39] studied the Dirichlet boundary condition
for Brakke flows via the elliptic regularization. Schulze and White [30] utilized the elliptic
regularization to construct a MCF with a triple junction by working with the class of flat
chains.
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The key elements of the present paper are the establishment of the extension of Ilmanen’s
regularization to the capillary setting and the derivation of first variation estimates for interior
and wetted boundary surfaces. In the framework of contact angle varifolds, boundary contact
at a prescribed angle 6 is represented by a pair of varifolds: one on the boundary and the
other within the domain. This is the main difference from the standard elliptic regularization
[11, 19]. A challenge arises from the fact that the estimates of the first variations of contact
angle varifolds cannot be derived from the definition. This difficulty originates from the
inability to control tangential directional variations along the boundary from the definition.
To address this problem, we estimate them through the energy-minimizing structure inherent
in the elliptic regularization. De Philippis and Maggi [10] proved the regularity property
for the (almost) minimizer with capillarity. Using their results and De Masi’s estimate [5,
Theorem 1.1], we prove that the first variations are uniformly locally finite based solely on
normal directional variations. This argument allows us to prove the compactness theorem
for the approximated Brakke flows from the elliptic regularization with capillarity, thereby
establishing the existence of the flow.

The paper is organized as follows. In Section 2, we set our notation and explain the defini-
tion of the Brakke-type MCF and the main result. In Section 3, we explain the compactness
theorem for contact angle varifolds under a strong assumption. In Section 4, we prove the
compactness theorem for contact angle Brakke flows by utilizing the results in Section 3. In
Section 5, we adopt the contact angle condition to the elliptic regularization and prove the
e-independent estimates of the first variation. As a consequence, we finally prove the main
result of this paper.
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2. PRELIMINARIES AND MAIN RESULTS

2.1. Basic notation. The ambient space in which we will work is the Euclidean space R™t1,
For each A C R™"!, x4 denotes the indicator function of A, A and A° the closure and the
interior of A in the Euclidean topology, respectively. When z € R and » > 0, B,(x)
denotes the open ball with centre  and radius . For any integer k > 0, the symbols £* and
H* denote the (k-dimensional) Lebesgue measure and Hausdorff measure, respectively. For
each integer k£ > 1, let wy denote the volume of the unit ball in k-dimensional space. The
symbols V, V/, A, V? denote the spatial gradient and the full gradient in R"*! xR, Laplacian
and Hessian, respectively. As a class of test vector fields, we define

TrCHU; R .= {X € C¥U;R™) : X () € T,.T for all z € T}
for an open set U C R™*! and an n-dimensional C® hypersurface I' C U without boundary.

A positive Radon measure p on R**! (or “space-time” R" ™! x [0, 00)) is always regarded
as a positive linear functional on the space CO(R"*!) of continuous and compactly supported
functions, with the pairing denoted by u(¢) for ¢ € C2(R™*1). The restriction of ;1 to a Borel
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set A is denoted L 4, so that (u_a)(E) := u(ANE) for any Borel set E C R"*!. The support
of p is denoted supp p, and it is the closed set defined by

supp pu ;= {x € R"" . (B, (z)) > 0 for all r > 0}.

For 1 < p < oo, the space of p-integrable functions with respect to u is denoted LP(u). For a
signed or vector-valued measure pu, |u| denotes its total variation. For two Radon measures
p and 7 on R when the measure 7z is absolutely continuous with respect to j, we write
71 < pr. When p and i are positive and 7i(¢) < p(¢) holds for all ¢ € C2(R™1; [0, 00)), we
will write @ < p.

Let U C R™"! be an open set. We say that a set E C U (or U x [0,00)) is a set of locally
finite perimeter if, for all bounded open set V' CC U, the set E satisfies

sup{/ divX dz: X € CHV;R™™) | X |0 < 1} < 0.
ENV

When the above quantity is finite for V' = U, we simply say that F is a set of finite perimeter.
If E ¢ R*"! is a set of locally finite perimeter, then there exists a vector-valued Radon
measure satisfying

/ divX do = — X -dVxg for all X € CHR" T R™),
E Rn+1

The derivative measure Vxg is the associated Gauss—Green measure, and its total variation
IV x £l is the perimeter measure; by De Giorgi’s structure theorem, ||Vxg| = H"Lo+ g, where
O*E is the reduced boundary of E, and Vxg = —vg |Vxe| = —vE H" Lo+, where vg is the
outer pointing unit normal vector field to 0* E. It is often noted in this paper that vy = v on
O*ENO*F when E C F are sets of locally finite perimeter (see [28, Section 16] for example).

A subset I' C R™*! is countably k-rectifiable if it admits a covering I' C Z U ey f° (RF),
where H*(Z) = 0 and f* : R¥ — R"*! is Lipschitz. If T' is countably k-rectifiable, H*-
measurable and H* (I' N K) < oo for any compact set K C R™"! T has a measure-theoretic
tangent plane called approximate tangent plane for H*-almost every z € T’ ([31, Theorem
11.6]), denoted by T,,I". We may simply refer to it as the tangent plane at x € I" without fear of
confusion. A Radon measure p is said to be k-rectifiable if there are a countably k-rectifiable,
HF-measurable set I' and a positive function © € Llloc(Hkl_]“) such that p = © H*Lr. This
function O is called multiplicity of y. The approximate tangent plane of I in this case (which
exists p-almost everywhere) is denoted by T, . When © is an integer for u-almost everywhere,
1 is said to be integral. We say u is a unit density k-rectifiable Radon measure if p is integral
and © =1 for almost everywhere on I'.

When 1 < k <n+1, we call G(n+1, k) the Grassmannian of the un-oriented k-dimensional
linear subspaces of R**1. For any open set U C R""! let G1(U) := U x G(n + 1,k) be the
trivial Grassmanian bundle over U. A k-varifold on U is a positive Radon measure on G (U).
The set of k-varifolds on U is denoted by Vi (U). If the support of |V is contained in a
closed set M C R"! we may simply denote this by V € Vi(M). For a k-varifold V, the
mass measure of V' is denoted by [|V]|, that is,

IVI[(¢) :== /G o o(z)dV (z, S) for all ¢ € COU).

We say a k-varifold V is rectifiable if there exists a corresponding k-rectifiable Radon mea-
sure u = O HFLp such that V is represented as V = @HkLl"@(STIF, and V is integral if a
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corresponding k-rectifiable Radon measure is integral. The set of rectifiable (or integral) k-
varifolds on U is denoted by RV (U) (or IV,(U)). When V is integral and a unit density, we
say V is a unit density k-varifold. For any subset F C C}(U;R™!), the first variation with
respect to F of V' € V(U) is defined by

WV(X):= / divgX(z)dV(x,S) for all X € F,
U

where divgX (z) = tr(S(VX(x))). We say a k-varifold V' has bounded first variation with
respect to F if it satisfies sup{|0V(X)| : X € F, || X||co < 1} < oo. If V has bounded first
variation with respect to C}(U;R™"1) then by the Lebesgue decomposition theorem, there

exist a positive Radon measure ||0*V|| on U, a ||§°V|-measurable vector field ny : U — R™**!
and a ||V ||-measurable vector field Hy : U — R™"! such that, for all X € C}(U;R"*1),

5V(X)=—/Hv~Xd||V||+/X'Tlvd||5sVH,
U U

where [|6°V|| is the singular part of ||[0V|| with respect to ||V|| which satisfies

. 15V][(Br(z))
|05V ]| = [|6V||lLz, Z := {:C eU :limsup —————5- =0
vi=l 2 V@)
as stated in [31, Theorem 4.7]. We call the above Hy the generalized mean curvature of
V. If V € IV, (U), by Brakke’s perpendicularity theorem [4, Chapter 5], Hy and T,||V|| are
orthogonal for ||V||-almost everywhere.

Here, we list simple approximation facts to prove the compactness theorem proved in [11,
Proposition 3.4].

Lemma 2.1. Let U C R™"! be an open set and let M C U be a domain with C? boundary.
We then have the following:
(1) the space {¢p € C2(U;R) : Vo(x) € Tp(OM) for all z € U} is dense in CO(U;R);
(2) if p is finite and n-rectifiable Radon measure on U, and 1 < p < 0o, then the LP(u)-
closure of TopsCL(U; R s

{X € LP(U, i; R"™Y) : X (2) € T,.(OM) for p-a.e.x € OM}.

2.2. Varifold with contact angle. Let M C R"*! be a compact domain with C? boundary,
6 € (0,7), a =cosf and Q C M be an open set such that 9Q N M° and 9 N OM are of C3
class with C? boundary T'(£2). To formulate the contact angle in a variational sense, consider
the first variation of the capillary free energy. By calculating the first variation of the capillary
free energy

Fo(Q) :=H"(0QN M®°) + aH" (02N IM)
with respect to X € ToprCL(R™ 1 R*1) one obtains

SF,(Q)[X] = —/ X - Hpq dH" +/ (noanare + anaananr) - X dH" !,
aQNMe r(Q)
where Hyq is the mean curvature vector of 90 N M°, ngonne is the exterior unit co-normal
vector of 02 N M°, and nagnsns is the exterior unit co-normal vector of 92 N OM. If the
second term on the right-hand side vanishes, one finds that naonnre + angonans is orthogonal
to OM on I'(Q?). For any = € I'(2), this fact implies that

Pr, oar) (Noanare (7)) = —anaanam (),
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which further implies that vgy(x) - naanne () = sinf, where vy (x) is the exterior unit
normal vector of 9M at x. The following Figure 2 illustrates the above discussion.
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Motivated by this discussion and setting a = cos #, one can define a contact angle condition
for varifolds as follows (see, for example, [21, Section 3.1] and [6, Section 2.2] for further
details).

Definition 2.2. Let U C R" be an open set, and let M C U be a (relative) closed domain with
C3 boundary. Let (V,W) € V,,(M)xV,,(OM) and suppose 6 € (0, 7). We say that (V, W) has
the contact angle 6 in M if there exists a ||V ||-measurable vector field Hy € L*(M, ||V |; R™ 1)
satisfying Hy (x) € T,,(OM) for ||V ||-almost every x € OM such that

/ divg X (z)dV (z,5) +a/ dive X (x) dW (z,S) = —/ X - Hy d||V]| (2.1)
Gn (M) Gn(0M) M

for any X € TopCH(U; R 1), where a = cos . In particular, we say that V has free-boundary
if (2.1) holds in the case a = 0. We call Hy the generalized mean curvature vector of V' with
the constant angle 6.

We quote the following estimate for contact angle varifolds in [6, Corollary 3.18|.

Proposition 2.3. Let (V,W) € V,,(M) x V,,(OM) the contact angle 6 € (0,7/2) in M and
let a = cosf. Then |6V +adW || is locally finite in U, and for every open set K CC K' CC U,
we have

[0V + adW|(K) < C(n)/ |Hy | d|[V]| + C'(n, K, K|V (K') (2.2)
K/
for some C(n) >0 and C'(n, K, K') > 0.

Remark 2.4. In general, even if (V,W) € V,,(M) x V,,(OM) has the contact angle 0, 6V
and W may not be locally finite. For example, let U C {0} x R™ be a relative open set with
infinite perimeter in {0} x R™. Since any closed set is the 0-level set of a smooth function,
there exists a smooth n-dimensional surface 3 C (0,00) x U such that ¥ is locally a graph on
{0} x R™ near the boundary oU and meets {0} x R"™ tangentially on OU. Let us consider the
varifold V' induced by ¥ and W by {0} x R™\ U, then (V,2WW) has the contact angle /3,
that is, a = 1/2. However, §V and 6W are not locally finite. Therefore the handling of the
first variations of V' and W requires caution.
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Here, we introduce the results in [6, Lemma 3.6, Corollary 3.9], for the purposes of this
paper. By contrast with the above remark, one can understand the structure as varifolds on
the boundary if it has a bounded variation with respect to Ty CL.

Proposition 2.5. Let V € V,(U) have the bounded first variation §V with respect to
TomCL(U; R ). Then we have

V({(x,5) € G,(U) :x € OM,S # T,(0M)}) = 0. (2.3)
Moreover, Vg, anr) is an n-rectifiable varifold and [|V'|| = ©"(|[V||,-) H"Lonm -

2.3. Definition of weak MCF. We begin with the introduction to the definition of a (mod-
ified) weak MCF with contact angle in the sense of Brakke [4].

Definition 2.6. Let U C R™ be an open set, let M C U be a (relative) closed domain
with C?® boundary OM, 6 € (0,7/2] and a = cosf. A family of varifolds {(V;, W) }i>0 is an
n-dimensional Brakke flow with a contact angle @ in M C U if all of the following hold:
(1) for almost every time t > 0, (V;, W) is of IV, (M) x IV,,(OM) and it has the contact
angle § with having the L? mean curvature H € L}, .([0,00); L2, (M, ||Vi||; R" 1)) with
H(xz,t) € T,(OM) for almost every ¢ > 0 and H"-almost every = € 0M;
(2) for all ' > 0 and all compact set K C M, supycpo,r)([|V2ll + [[Wi]) (K) < o0;
(3) for all 0 < t; < t < oo and all test function ¢ € CH(U x [0,00);[0,00)) with
Vo(,t) € ToprCO(U; R 1) all ¢ > 0,

VeIl + allWe, [)((s22)) = (Vi || + alWe [[)(6(- £1))

< [ [ (Vote.0) - ot 0H (o, 0) - Ho,t) dIVilde + Br0(a,t) 1Vl + al Wil (24)

We call inequality (2.4) Brakke’s inequality.

Including the boundary measure W; in inequality (2.4) may seem unnatural at first. How-
ever, there are several reasons for incorporating the boundary measure W; into the motion
law (2.4) of the interface. The first reason is that the motion law of the internal interface
V4 should describe the evolution of the boundary measure Wy, which is driven by physical
insights. The second is to prove a compactness property via the definition. In the proof,
we argue that the limit measure of varifolds is uniquely determined, regardless of the choice
of subsequences independent of time, by utilizing the fact that a Brakke flow has a semi-
decreasing property with respect to time. Therefore, to establish this monotonicity including
the boundary measure, W; must be incorporated into inequality (2.4). Another reason is to
avoid the redundant situation where W; suddenly becomes the entire boundary measure at
some point in time. Specifically, we need to avoid the situation that Wy = H™Lgps at some
time. If this were to occur, (2.1) would coincide with the 90° angle condition, and it would
no longer be appropriate to refer to it as the contact angle condition.

2.4. Main results. We now present an existence theorem for a weak notion of MCF with a
prescribed contact angle when given an initial datum FEj. Since the 90° angle condition has
already been studied by Edelen [11], we only consider the case where 6 # 7/2 in this paper.

Theorem 2.7. Let M C R™! be a compact domain with C3 boundary, Eq C M be a set of
finite perimeter, § € (0,7/2), and a = cosf. Then there exists a Brakke flow {(Vy, W)} >0
with the contact angle 0 starting with the reduced boundary 0*Ey. Moreover, there exists a
set of locally finite perimeter E C M x [0,00) such that the following hold;
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(1) (Vi, W) satisfies

Vol + al[Wol Vil + allWill) = H"*Careror my +aH" corrnor o

| = lim
t—07t
and Wy is a unit density n-varifold for almost every t > 0;

(2) the characteristic function xg satisfies the following properties:

1
(a) xp s of C2,([0,00); LY(M)) and xg(-,0) = xg, () for almost everywhere;
(b) IVxElleare+al Vxe, [lcon < Vil + al|[ Wil for all t > 0;

(¢) for all Borel set I C [0,00),

IV/XEN(M x I) < ~(L(I) + LY(1) ) H" (9" Ey).

1
a
Definition 2.8. Let k be an integer. For a set A C R¥ x R, we define the slice of A at z € R
by A, :={z ¢ R¥: (x,2) € A}.

In the main theorem, it may appear that xg is redundant. However, it has a few important
roles besides xp emerges naturally from the approach of this paper. First, xp guarantees
that there will be no superfluous non-uniqueness issue of Brakke-type MCFs such as sudden
disappearance. Because, since the time-slice volume of xg is continuous in L' with respect
to time, the surface 0*F; cannot vanish instantaneously for any time even under the weak
solution setting. Second, the existence of x g restricts the possible singularities of the interface
|IVz]]. For example, in the n = 2 case, one can see that a unit density ||V;|| cannot form a
triple junction since 0* F; cannot have a triple junction. The third role of y g is that it ensures
that vanishing the boundary measure W; does not occur. Even if W; suddenly disappears at
some time, V; may continue to evolve in time as if it satisfies the Brakke inequality (2.4) and
(Vi, Wy) satisfies (2.1) corresponding to the 90° angle condition. Such a set E appears in the
almost same roles in [32] as well. We note that the boundary measure of E also plays a role
in the concept of enhanced motion proposed by Ilmanen [19, Section 8].

3. COMPACTNESS FOR VARIFOLDS WITH CONTACT ANGLE

In this section, we prove a compactness theorem for a sequence of contact angle varifolds
Vi 4+ aW? under the assumption that §V* and §W* are uniformly locally bounded. Examples
mentioned in Remark 2.4 necessitate this condition. Given this strong assumption, the proof
of compactness proceeds by the standard compactness theorem for integral varifolds and
measure-function pairs by Hutchinson’s study [18, Theorem 4.4.2].

Theorem 3.1. Let § € (0,7/2) and a = cosf. Let UZ - R™ L be open sets and M C U’ be
(relative) closed sets with C3 boundary, and let {(VI, W9 }ien C IV, (M) x IV,,(OM?) have

the contact angle 0 with the generalized mean curvature Hy: in M* C U'. Suppose U* — U,
OM" — OM in Cﬁ)c, and for all compact set K C U,

Su.D(/KIlTifvz'IQdIVill+(||V"|| +al| Wil + [lsV] +a|5Wi|)(K)> < C(K), (3.1)

for some C(K) > 0. Then there exists a pair of varifolds (V,W) € IV, (M) x IV, (0M)
with the contact angle 6 such that, taking a subsequence if necessary, (V*,W*) — (V,W) as
varifolds and 6V and W are locally bounded. Moreover, if X' € Topi CL(UY R converge
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to X € ToprCLU;R™ 1Y) in Ct with uniformly bounded supports, then

lim [ Hyo- XZdHVZH—/HV-Xd]VH
U

1—00 Ui

and hence, for all ¢ € C2(U;[0,0)),
/ ¢‘HV‘2dHVH < liminf/ . ¢’HVZ.|2 dHVzH
U 1—00 Ui

Remark 3.2. The inclusion of the L% norm of Hy in (3.1) may seem excessive. However, even
if the first variation is uniformly bounded, it remains unclear whether the weak convergence
of Hy: d||V?|| can be interpreted solely as an integral of V, as in the free boundary case. This
is because we impose a strong assumption to apply [18, Theorem 4.4.2] in this context.

4. COMPACTNESS FOR BRAKKE FLOWS WITH CONTACT ANGLE

In this section, we prove the compactness theorem for contact angle Brakke flows. To this
end, we show the basic properties of Brakke flow and a technical lemma to deal with the
measure W; on the boundary OM. First, we prove the following semi-decreasing property,
which is crucial for the Brakke flow.

Lemma 4.1. Let {(V;, Wi) }i>0 be a Brakke flow with the contact angle 6 in M C U. Suppose,
for all compact set K C M,

sup(|[Vill + al|Will)(K) < Co(K)

for some Co(K) > 0. Then all of the following hold:
(1) for each ¢ € C2(U;[0,00)) with V¢ € Tops CL(U; R 1Y), there exists a constant Cy =
C1(Co, ¢) > 0 such that

= (IVill + al[Well) (@) — Cat

is decreasing in t > 0;
(2) the left-limit and the right-limit of |V¢|| + a||W|| ezist at every t > 0 and satisfy

lim ([Vs]l + alWsll) < [[Vill + alWell < Tim (V]| + af[Ws]));
s—t s—t

(3) for each 0 <ty <ty < 00 and ¢ € CY(U;[0,00)), take a compact set K C U satisfying
supp ¢ C K, then there ezists a constant Cy = Co(Co(K), ¢, t1,t2) > 0 such that

to
[ [ empaia < c. (4.1)
11 M

Proof. For all 0 < t; < ty < co and all ¢ € C?(U;[0,00)) with V¢ € TopCHU; R 1), by
(2.4), we have

/qbdnvtgnmuwmn /¢duvzl||+a||wtl|| // CGHP + H-Vod|Vidt

to 2
/ [ ot + ’w' d[Villde < / | = golHPdlvd: + Cosuppe)CC@)(e2 — ),
(4.2)
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where we used the Cauchy—Schwarz inequality, the fact that

2
VO 5 sup V2] (=: C())
(>0} @ U

for every ¢ € C2(U;[0,00)), and the assumption of this lemma. Thus we have
(Ve |l + alWe, [[)(¢) — Crte < ([Viy [| + al|[We [[)(¢) — Cata,

where C1 = Cp(supp ¢)C(¢). This completes the proof of (1), and part (3) follows from (4.2)
and taking a compact set K D supp ¢. By part (1), the left-/right-limits exist for each ¢ > 0
and we have

IVirell + alWere|)(¢) = Cre < ([Vill + al Wi} (9)
< (IVeell + alWi—el)(9) + Cie,

for each ¢ € C2(U;[0,00)) with V¢ € Ton CL(U; R™M1) and sufficiently small € > 0. There-
fore, by limiting ¢ — 0 and the approximation from Lemma 2.1, we obtain

Jim ([IVe]| + allWal))(¢) < (IVell + alWell)(¢) < lim ([[Vall + al[Ws[))(¢)

for any ¢ € C2(U;[0,00)) and t > 0. O

Next, we prove the following technical lemma. It is necessary to determine the limit measure
W; independent of the choice of subsequence for time.

Lemma 4.2. Let U and U* be open sets so that U* — U in Cfoc. Let M Cc U and M* C U*
have C3 boundary such that OM* — OM in C} .. Let W' € IV,,(OM?) and W € IV,,(OM) be
a family of varifolds with the bounded first variation with respect to Typ CL(UYR™ 1) and
TonCL(U; R | respectively. Suppose that, for some positive integer q,

W™ (W, z) > g+ 1}) =0 for each i, lim W' =W as varifolds,

1— 00

where (| W], 2) = lim, ol WI|(B.(2)) /war™. Then [W]({O"(|W].2) > g +1}) = 0.
Proof. By Lemma 2.5, we can write down W* and W as
W = ©™(|W'|l,) H"opri and [[W] = O™ ([[W]|,) H" o

Assume that [|[W||[({©™(|W],z) > g+ 1}) > 0 by a contradiction. Let K C {©"(|W||,z) >
g+ 1} be a compact set satisfying ||[W|(K) > 0, that is, H"(K) > 0. Then, by the upper
semi-continuity of Radon measures, we have

(¢ + D)H"(K /9” W, ) dH" orr= W |(K) < lim supl|W*||(K)
1—00

:ljmsup/ @n ‘WZH x)dH" " Copri < qhmsup/ dH"opri= qH" (K).
i K

1—00 1—00

This is a contradiction. Thus the claim is proven. U

The above two results allow us to prove the following compactness property for Brakke
flows with contact angle under the almost same assumption (3.1).
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Theorem 4.3. Let § € (0,7/2), a = cosf, U C R be open sets, M* C U' be (relative)
closed sets with C3 boundary, and let {(V ,Wt)}t>0 be a sequence of Brakke flows with the
contact angle 9 in M* C U'. Suppose that Ut — U, OM" — OM in C’loc, for any compact set
K C M (V},W}) satisfy

supsup(([V/| + al[ W) () < D (K) < oc (4.3

for some D1(K) > 0, and W} is a unit density varifold for each i € N and for almost every
t > 0. Furthermore, for every open set K CC K' CC U, there exists a constant Do(K, K') > 0
such that, for almost every t > 0 and all 1,

(VI + allsWi D (K) < Da(K, K) /K/(1+\va\)d(||ViH +a|| W) (4.4)

Then there exist a subsequence {i;};jen and a Brakke flow {(V;, W;) }s>0 with the contact angle
0 such that for all t > 0 we have

lim V7| = [[Vall,  lim (|V,7[| + al|W,7 ) = V]| + al Wel|
Jj—o0 Jj—o0

as Radon measures on M° and M, respectively. Moreover, for almost every time t > 0 there
evists a subsequence {i;}jen C {ij}jeN such that

s/
. 1
lim V} =V, lim W, =W,
Jj—00 Jj—00

as varifolds on M.

Proof. Let {¢r}ren C C2(U;[0,00)) with Ve € TonCL(U;R™ 1) be a countable set of
test functions such that it is dense in CY(U;[0,00)) with respect to the sup norm sup|-|.
We can take such a set by Lemma 2.1. As in Lemma 4.2 (1), for each i € N and ¢y,
fik@®) = (V| + al[W]))(¢) — Cit is a monotone decreasing function in ¢ > 0. By (4.3),
{fik(t) }ien is locally bounded for each i,k € N and ¢ > 0. Thus, by Helly’s selection principle
and a diagonal argument, there exist a subsequence {i;};eny C N and a decreasing function
gk (t) such that, for all t > 0,

lim f; 1 (t) = gr(t)-

]HOO
Therefore limj(HVtin + aHWZJH)(qﬁk) exists for every t > 0 and ¢;. Hence, by the density

argument, (||V;”| + a||W,7||)(¢) is also convergent for any fixed ¢ € C%(U;[0,00)), and the
limit defines a locally bounded linear functional on C2(U;[0,00)) by (4.3). By the Riesz
representation theorem, there exists a Radon measure p; on U such that

Jin (V7] + al W32 [)(9) = pe(0) (4.5)

for all t > 0 and ¢ € CO(U; [0, 0)).

We next prove that p; determines a pair of varifolds (V;, W) € IV, (M) x IV,, (M) with
the contact angle 0 as the convergence Thanks to (4.1), (4.3) and Fatou’s Lemma, for almost
every time ¢ > 0 and all ¢ € C(U;[0,0)), we have

11m1nf/ OUH, 4 @) V| < . (4.6)

From (4.3), (4.4), (4.6) and the Holder 1nequahty, we can apply Theorem 3.1 to the family
{(V,,W,?)}en at almost every time ¢ > 0 so that there exist a subsequence {#}jen C {ij}jen
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and (V;, Wy) € IV,(M) x IV,,(9M) such that lim; V,” = V;, lim; W,’ = W as varifolds and
(Vi, We) has the contact angle 6. Note that the choice of the subsequence may depend on t.
On the other hand, by (4.5), we have

pecam = ([Vill + al[Wel)eans,
penre = ||Villease,

for almost every time ¢ > 0. By Theorem 3.1, we see the boundedness of the first variations
of V; and W;. Applying Lemma 2.5 to (V;, W;) and using the fact for integral varifolds, there
exist a countably n-rectifiable set I'y C M° and a function O, : I'y — N such that

pecanr = ([[Vill + al|Will)eonr= ©" (-, 1) H™" Lo,

wiare = |Villiare= 0 H'cr, @7
where ©"(x,t) = O"(||Vi|| + a||W||,z). In particular, since Lemma 4.2 and W} is a unit
density varifold for each ¢ and for almost every ¢ > 0 due to the assumption, we may assume
that W, is a unit density n-varifold. In M*°, V; is uniquely determined by p; from (4.7). On
OM, since a € (0, 1), W is a unit density n-varifold, and V; € IV, (M), aHWZ;' || must converge
to (O"(-,t) — |O"(-,t)]) H"Lan, where |-] is the nearest integer that is less than or equal to
the given number. Hence we see that |O"(-,t)]| H"Lgn and (©"(-,t) — |O"(-,t)])/aH " com
are integral n-rectifiable. Thus, for almost every time ¢ > 0, there exists the pair (V;, W;) €
IV, (M) x IV, (OM) such that

IVell = € H" o +107 (1)) H o,
al|[Well = (©"(-,t) — [©"(,t)]) H" om,

and (V;, W;) has the constant angle . This implies that p; determines V; and W; so that
e = [[Vi]| + a||W]|. Note that, if we take a subsequence {i}}jen C {i;}jen such that V% and

Wi converge as integral varifolds, we see that they must converge to the above V; and W;
independently of the choice of such subsequences, respectively (Although it is not guaranteed

that ||V;7]| and ||W,?|| converge to ||V;|| and ||W;|| as Radon measures, respectively, we note
that it suffices for the purpose of establishing the existence theorem in this paper). For ¢ > 0
where (4.6) does not hold, define (V;,W;) € V(M) x V,,(OM) so that pu; = ||Vi|| + al|W].
Note that they may not be rectifiable and may not have the contact angle 6, but we do not
need to care since the measure of such a set of times is zero. Thus we obtain the convergent
varifolds (V;, W;) for all ¢ > 0 and it has the contact angle 6 for almost every ¢ > 0.

Next, we prove that the above varifolds (V;, W;) satisfy Brakke’s inequality (2.4). The
following proof follows along [34, Theorem 3.7] and [11, Theorem 4.14] in much the same
way, but we will explain for the convenience of the reader. Let ¢ € C2(U x [0, 00);[0,00))
with Ve(-,t) € TopyCL{U;R™ 1) for all t > 0, and let 0 < #; < tp < oo fix arbitrarily.
For ¢, we take the approximate sequence ¢ € C?(U% x [0,00);[0,00)) with V¥ (-,t) €
Topis Ca(U%; R so that ¢ — ¢ in CF,, with uniformly bounded supports K’ C R™*!
and sup; sup,i;|[V2¢" || < co. By (4.2) and (4.3), we have

Vg |

s IVl < CODE),

[ ool Pt e v < [
M3 t t M
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where C(¢) := sup; sup,i, [|V2¢|. Set f;(t) = [}, —qbij|HVij|2 + H i - VU d||V,7 ], by
t t

Fatou’s lemma, we have

/ i inf(C(6) DK"Y + £,(1) dt < limint | (C(6)DK) + £ dt.  (48)
t, J—oo 170 Jy
From (4.8), we obtain
/ " lininf £3(6) dt < liminf [ f(t)dt (4.9)
4, J—oo j=oo Jy

Since (Vt” , Wtij ) is a Brakke flow, the right-hand side of (4.9) equals

lim inf (—(IIVZ”' I+l W) (1)

to

t2 t2 . s i
+/ Ot d([[V,7] +a||Wt]|)dt>
=t Jn S (4.10)

— —(IVill + al W) (o, 1))

to
+ / / abd(|[Vil| + al| Wel))dt,
t1 M

t=t1

where we used the convergence of HV;J I +aHWtij || to ||Vz||+a||W¢|| for all £ > 0. On the other
hand, let the subsequence {i};en C {i;}jen be such that (V,7,W,7) = (Vi, W,) as varifolds
and
lim [, ¢9H o[>~ H » -V’ d|V,”| = liminf / $UIH, o, > = H iy - V' |V,
J=o0 Jar' v, 7 v, 7 J=oo St Vi Vi
for almost every t > 0. By a layer-cake formula and Theorem 3.1, for almost every time ¢ > 0,
we have

/ O\ Hy |2 d||Vi]| = / / (2 d|Vids < / lim in / H 2 d|V}" |ds
M 0 J{¢>s} 0 I Jigmsp v
<tmint [, ol o PdIV| =tmint [ 651H Py
oo Jarti v,’ Jj=oo Jarti A
and
[ #ve ol = i [ w6t
M J—00 MJ ‘/t]
The above deduce that

/ o|Hy,|* — Hy, - Vo d||V;| < liminf/ ) ¢i§'|H JP—H 4 v dHV;:JH
M oo S v,’ v,’ (4.11)

= limnf /Mij S H i)~ Hy - Vo0 V)|
for almost every ¢ > 0. Now, it follows from Lemma 4.1 (1) and (2) that there is the set
B C (0,00) such that t — ||[Vi|| 4+ a||[W%|| is continuous at ¢ € B and B has full measure. By
the definition of B, given any t; — t with ¢;,¢ € B, we have ||V, || + a||[Wy, || = || Vil + a||We]|.
Using the convergence ||V, || + a||W4 || — ||Vil| + a||W¢||, we deduce

/M —§|Hy,? + Hy, - Vo d|[Vi]| > limsup /M Gy, [P+ Hy, - Vod|[Vi.

1— 00
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Therefore
fes / —§[Hy, 2 + Hy, - Vo d|Vi|
M

is upper semi-continuous on B N [t1,%2], and particularly measurable on [t1,ts]. Thanks
to (4.9), (4.10), and (4.11), we obtain the Brakke inequality (2.4) for any ¢ € CH(U x
[0,00); [0,00)) with V(- ) € Ton C2(U; R* 1) by approximation. O

5. ELLIPTIC REGULARIZATION WITH CONTACT ANGLE

In this subsection, we adapt the elliptic regularization to the contact angle setting. The
contact angle condition differs from the free-boundary setting at [11] in which we have to
consider a pair of varifolds. In [19], lmanen used the framework of rectifiable current and for
general co-dimensional case. However, since we only consider hypersurfaces represented on
the boundary of a domain for well definedness of contact angle varifolds, we will work with
the set of finite perimeter and its boundary as in [33].

In the following, we will use the following notation: Throughout this section, let M C R**!
be a compact domain with C® boundary. The symbol e, will denote the standard basis
pointing the (n + 2)-component, that is, e, = (0,...,0,1) € R*"! x R. For any k-dimension
affine space T C R"*! x R, we define Pr by the projection of R**! x R onto 7. The symbols
p and q will denote the projections of R"*! x R onto its factor, that is, p(z,z) = z and
q(x,z) = z. Moreover, for simplicity of symbols, we set (S); := (M° x [0,00)) NS and
(S)y := (OM x [0,00)) NS for any set S C M x R. In the same way, we define (E); := M°NE
and (E)p := OM N E for any set £ C M, without fear of confusion in notation. We fix an
angle 0 € (0,7/2) and let a = cos¥6.

5.1. Construction of approximate sequence of Brakke flow. We define the following
functional for a set of finite perimeter S C M x R:

/ ta / Lot apnti(a, 2, (5.1)
3*SN(M° x(—1,00)) 8*SN(OM x(—1,00)) €

We will say that a minimizer S of I] is a translating soliton with the capillarity. The name
of “translating soliton” is based on the fact that the translation of 9*S¢ in the z-direction
S¢ — (t/e)e, results in a MCF, as in the grim reaper type MCF and we will show this fact
in Lemma 5.5. Note that [e~le™*/¢dH"*!|s5(x, 2) is the area functional for the metric
g = e 22/((n+t1)e) 5 . where 0y is the Euclidean metric. In this metric, {z = 0} is strictly
convex with mean curvature pointing in the z direction.

I5(S) ==

Let Ey C M be a set of finite perimeter as an initial datum and we consider the mini-
mization problem of IS within the class C' of sets of finite perimeter S” C M x (—1,00) with
Xs (%, 2) = XEyx(-1,0 (7, 2) for L"*2-almost everywhere (z,z) € M x (—1,0]. From the com-
pactness theorem of sets of locally finite perimeter, the class C'is closed in the LlloC sense. Let
{S%}2, C C be a minimizing sequence for I<. Since the capillary energy has the lower semi-
continuous property (see [28, Proposition 19.1] for example) and we have local mass bounds,
taking a subsequence if necessary, one can take a limit S° — S¢ € C in the L}, sense and
one can see that S° is a minimizer of I; among the class C'. From White’s varifold maximum
principle [38, Theorem 1] applied to the interior varifold associated with 9*S¢N (M° x [0, 0))
and the strict convexity of {z = 0}, it follows that H"*1(9*S° N (M° x {0})) = 0. By com-
bining this with xs- = Xg,x(~1,0) almost every where on M x (—1,0], one may re-define S°
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so that £"F1(S5\ Eg U Ey \ S§) = 0, where S§ := {z € M | (x,0) € S°}. To summarize, we
have the following lemma (see [19, Section 3.2] and [11, Section 9] for details of the above
discussion).

Lemma 5.1. Let Ey C M be a set of finite perimeter. Then there exists a set of finite
perimeter S C M x (—1,00) such that

(1) HM(9*SeN(M° x {0})) = 0 and L1(S5\ E¢U Ep\ S§) = 0, where S§ := {z € M |
(x,0) € S¢};
(2) for the weighted surface area of S over M x (0, 00),

1 -

/ +a/ —e = d?-["“(x,z) < H"((0"Ep);) + aH™ ((0"Eo)p)
8*S=N(M° x(0,00)) 8*SeN(OM % (0,00)) €

holds;

(3) S¢ is a minimizer of the functional IS among the sets of finite perimeter S C M x R
with Xs(2,2) = XEyx(-1,0/(2, 2) for L2 almost everywhere (x,z) € M x (—1,0]. In
particular, S€ is a local minimizer of I in M x (0, 00).

For S¢, calculating the first variation of I; with respect to a test vector field X tangential
to OM x (0,00), we obtain the following equations and the contact angle structure can be
discovered. For simplicity, an integral varifold and an integral rectifiable Radon measure are
written identically.

Lemma 5.2. Let S¢ be as in Lemma 5.1. Then, (Hn+1l_(8*ss)i, Hn+1l_(8*5'5)b) has the contact

angle § in M x (0,00) C R"* 1 x (0,00). Moreover, let H® denote the mean curvature vector of
(Hn+1L(a*Se)i, Hn+1L(a*Sa)b) in M x (0,00) C R" x (0, 00), then we have all of the following

for H* L -almost everywhere (x,z) € (0*S%);:

1) 5H€ + PT<J_ )(B*Ss)(ez) = 0,'
) e|He| < 1;

) Pri(ovse)(H®) = H;

)

4) 2|H°)? + |Pr,  (o+57)(e:)]> = 1.

Proof. Let X € 7})MX(07OO)C§(R"H x (0,00); R™2), and we define the map ®(x,t) by a
solution of the following Cauchy problem

%@5(x,t)zx@5(x,t)), BO(z,1) = (,8), for (z,8) € R™ x (0, 00),

and sufficiently small § > 0. One deduces ®°(OM x (0,00)) C IM x (0,00) and (M x
(0,00)) € M x (0,00) from X € Tonrx(0,00)Ca (R™™ x (0,00); R"*?) and the uniqueness of
the Cauchy problem. In particular, one obtains ®°(S¢) € M x (0, 00). Define |Jy-5-®°| and
]JaMX(07OO)<I>5| to be the Jacobians of ® on 9*S° and OM x (0, 00), respectively. Calculating
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the first variation of I, we obtain
d

—(I5(®°(57)))
do 6=0
1d (@9 (2,2)) 1 _a@’@2) d
:/ ——56_% \JB*SE‘I’O‘ + —e” € |J6*SE‘I) ‘ dH" !
(0*5%); ed 5=0 IS 5—0
1d _a@l@:) 1 _ae@ (.2) d
E J POl + = J g AR
+a\/(8*5’5) Ed5 6:0’ BMX(0,00) ’+€e d(5’ (9M>< OOO ’5_0 H
1 1
—/ —6—26 eez X + 6 PT(:C (0% 5¢) : VIX denJrl
(9*5¢) '
]. _z ]- _Zz n
+ a/(a*ss) —?6 ce, - X + ge EPT(LZ>(6M><(0,OO)) (VX dHMH
b
:/ L Pr gege: V(e 2 X) — 1p () - (e 2 X) | apnt!
(©975%); € T (075%) - Ta,) (075°) 157
1 _z 1 _z n
+ a/ PT(z ) (9752) V'(e SX) — *PTJ_ (8M><(O,oo))(ez) . (6 EX) dH +1.
(8*5’5) (3 (z,2)
(5.2)

Since S€ is the minimizer of I and X € Tyarx(0,00)Ce (R™H! x (0, 00); R"2), it follows from
replacing e ?/X to X in (5.2) that

/ Pr, 5o - VX AH" + a/ Pr, . (@mMx(000)) @ V' X dH™
(0*5¢%); (6% 5#),, (5 3)

(z,2)

1 n
- /(a*ss). EPTL (rse)(€z) - X dH +

which implies that (K" 5+ ge),, H" L (9-g¢),) has the contact angle 6 in M x (0, 00) and its
mean curvature H¢ equals —PT(L (@ s=y(ez)/e. Equations (1)-(4) follow from the obtained

mean curvature formula. O

Here, we provide an overview of the changes in the argument in [19, Section 4] under the
contact angle condition. For the detailed discussion, therefore, see [19, Section 4]. For all
¢ € C2((0,00)), note that X (z, z) = £(2)e is of Toarx(0,00)Ca (R" T x (0, 00); R"2). Plugging
this X into the third line of (5.2), we have

1 _z _z n+1
0= ——e ={+e e P, Z)(@*Sa)(ez)azﬁd’l-[
* Qe g ’

1 _z _z n+1
va e e P w0y (e

Let & : (0,00) — R be Lipschitz with supp{ CC (0, 00). Consider the approximation of § by
&' such that

¢ <e, € — € uniformly, 0.6 — 0.¢ weakly-* in L*(0, c0),

(5.4) is also true for the Lipschitz function £ (such an approximation can be taken by general
measure theory, see [14, Theorem 6.11] for example). Replacing ¢ to e*/*¢ in (5.4), since
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eH® = —PT(J_ )(8*55)(ez) for H" 1L (g ge),-almost everywhere by Lemma 5.2 (1) and e, is
tangential to OM x (0,00), we have

' /<> e[ H 4 |Pry,  ovse) (02) PO:€ A
‘ (5.5)
+ a/ D, dH™ L,
(0*S%)y
Let 0 < z1 < 29 be arbitrary and we define a Lipschitz map £ for sufficiently small § > 0 by
0 (z€]0,2))
55(,2) =41 (Z € [Zl + (5, 22])
0 (z€z2+0,00))

and linearly interpolated between. Plugging this &5 into (5.5) leads to

/ €€§‘H€’2 d/]_ln-i-l
(6*35)1'

z2

1 n 1 n
= <5/ ‘PT@,Z)(a*ss)(ez)’QdH +y 5/ adH +1>
(M°x(z,z40))No*S¢ (OM X (z,z+0))NO*Se

This implies that, for any fixed § > 0, the function

1 n 1 n
f5(z) = 5 \PT@,Z)(B*SE)(eZ)]Q dH™ T+ 5 adH™
(M°x(z,z40))No*S¢ (OM X (z,z+0))NO*Se

z=z1

is decreasing in z > 0. Next, we define a Lipschitz map {1 s for 6 > 0 and L > 0 by

0 (Z S [O,Zl))
Ers(2) =491 (2=21+9)
0 (z€[z1+d+L,0))

and linearly interpolated between. Plugging this £, s into (5.4), we compute

1 _:
/ +a / —e =&psdH"
(6*5%); (0*52), e
1 a

= — +—=
O J(Mox (21,21 4+6))n055 0 J (@M x (21,21 4+6))n0* 5¢
1

L /(M°><(z1+6,z1+§+L)) L /(6M><(z1+6,z1+6+L))r16*S€

The sum of the bottom two terms is bounded by (¢I5(S%))/L, and these terms vanish as
L — oo. Thus, by taking L — oo, and then § — 40, we obtain

eig ‘PT(z,z) (8*55) (ez) |2 d’}_[’ﬂri’l

a

675 |PT(z,z)(a*SE) (ez)‘Z dHTL+1

1 z
lim = / +a/ e = |Pr,  (oms) (€) P dH™MH | < T5(S9).
840 0 \ J (M0 x (21,21 4+6))no* S5 (DM % (21,21 4+5))N0* S° n

We approximate the measurable set A C [0, 00) to many small intervals and use the inequality
above. By taking the limit of the width of the intervals to 0 and the monotonicity of fs and
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Lemma 5.1 (1), we obtain
1 2 g+l
L1(A) </(M0xA)ma*ss a /(aMxA)ma*ss‘PT“’Z)(G*SE)(eZ)' e ) < La(59)

for any measurable set A C [0,00). Therefore, by the Lebesgue differentiation theorem and
the co-area formula (see [28, Theorem 13.1], for example), we obtain the following lemma.

Lemma 5.3. For almost every 0 < z1 < 23 < 00,

22
/ |Pr, . orse)(ez)| dH" ()| +a / dH" (z)
(0%55)i 2=z (A

22

A (5.6)
= —/ e|HE | dH" T (z, 2).
(M°x(2z1,22))N0*Se
In particular, by Lemma 5.1 (2),
/ e|HE[? dH" ™ (z, 2) < H"((0" Eo)i) + aH"((9" Eo)p), (5.7)
(8*55)1'

sup ( / Pr_orsey(e)| dH" +a / de"> < H (0" Eo)s) + aH" (9 Bo)y). (5.8)
z>0 \ J (9%5¢2); ’ (0%5%)s

Now consider E° := k.(S¢) in which S¢ is shrunk by the map x.(z, z) = (x,ez) for (z, z) €
M x (0,00). By the same calculation as in [19, Section 5.1 and 5.3|, one can obtain the
following lemma for the mass of 9*S¢ and 9* E°.

Lemma 5.4. For any open interval I = (21, 22) C [0,00), we obtain

(Hn+1l_(a*ss)i+aHn+1L(8*SE)b)(M X I) < (ﬁl (I) + E) (H"((@*EO)Z) + aHn<(8*E0)b)), (5.9)
(/HnJrll_(a*Es)i + aHn+1L(a*Ee)b)(M x I)

< (LYI) + 2+ (LYI) + £3)3) (H" (0" Eo)i) + aH" ((9* Eo)y))-

In particular, the result holds for any L'-measurable set I C [0,00) by approvimation and
Lemma 5.1 (1).

(5.10)

For this S¢, we define the following notations;

o_ye(w,2) = <x,z - t), SE(t) 1= 04/ (5%),

£ (5.11)

15 =M Logese e x(—t/ec0))s Vi = H" T Lgrse()n(@nrx (—t/e,00))-
The Euler—Lagrange equation in Lemma 5.2 implies that the above translated surface

measure p; must be a MCF in the interior region. Moreover, we show that the pair (uf,vf)
is a Brakke flow as defined in Definition 2.6 up to the boundary.

Lemma 5.5. The pair of varifolds (u3,v) is a Brakke flow in the set

We = {(:):,z,t) € (M xR)x[0,00):2z> _z}a

and has the contact angle 6 in M x (—t/e,00) C R"*1 x (—t/e,0) for each t > 0.
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Proof. By the definition of p; and v;, these measures are integer and have the contact angle 8
in M x (—t/e,00). Let t > 0 fix and let ¢ € C2(R""! xR x (0,0)) be such that supp ¢ C W¢,
V(- 8) € Torrx(—t)e)CLR™ x (—t/e); R™™?), and ¢ > 0. By Lemma 5.2 (1) and (3), for
pi-almost everywhere (z,2) € M x (—t/e,00), we have
_ ~ 1
PT<J;72>(B*SE(1€)) (H(z,2)) = H (2, 2) = EPT(J;,z)(a*SS(t)) (e2),
where H is the mean curvature vector of 9*S¢(t). Hence, plugging
X(z,2) = —e Yoz, 2z — t/e, t)e,
into (5.2), we obtain

d d . .
—(pi +av)(¢) = dt/M R¢(w7z—t/€,t) A(H" g5y, a1 1 (9 52),)
X

dt
1
= / +a/ (—ez NV'o(z,2 —t/e,t) + Opd(x, z — t/E,t)> dH" !
(8+52); (8+52), 9
1
= / +a/ <_PT<Z (@59 (€z) - V'é(x,z — t/E,t)> dH"
(0%5%)i (@55 \ € ’
1
+/ **PTJ_ (a*sg)(ez) . V/qb(x,z—t/e,t) d%n+1
(9*xSe); € (z,2)

+/ +a/ Orp(z,z —t/e, t) dH™
(8*5’5)2 (8*55)1,
= [ (Vo o) HE dys + Di6 d(u + ).
M xR
This implies that (uf,75) is a Brakke flow with the contact angle 6. O

5.2. Estimates on first variations and existence of Brakke flow. In the previous sec-
tion, we introduced the translating soliton 9*S¢ — te, /e and proved that it is a Brakke flow.
As € — 0, this e-soliton intuitively extends to a z-invariant cylinder 0*FE; x R with ini-
tial condition 0*Ep x (0,00). If the compactness theorem of the Brakke flow works for the
construction via the elliptic regularization with capillarity, one can deduce that a cylinder
0*F; x R is a Brakke flow and the slicing argument to this cylinder may give us the desired
Brakke flow 0*E;. In this subsection, we estimate the first variations of both Hn+l\_(a* 5)
and HTH_II_(Q* se), individually in order to justify the above discussion. These estimates are
crucial for applying the compactness theorem and proving the existence of a Brakke flow with
the initial condition 0* Ey.

To estimate the first variations, it is essential that ’H”H\_(a* se), and 7—["+1|_(3* Se), are

i

locally finite, respectively. This requirement follows the fact that 5S¢ 'is a minimizer. Indeed,
De Philippis and Maggi [10] established the boundary regularity theorem for the class of
almost-minimizers. We here present a less general version of it to extent that it can be used
in this paper.

Theorem 5.6. Let A C R™"" x (0,00) be an open set, rg € (0,00). Let a weight function
@ : R"! x [0,00) — R satisfy, for all (x1,21), (72,22) € AN (M x (0,00)),

A< D(wy,21) <N, @21, 21) — B(22, 20)| < U|(w1,21) — (w2, 22)]
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for some X >1 and 1 > 0. Let S be a set of finite perimeter satisfying

/ OdH" +a / ddH" T < / OAH" ™ +a / O dH",
(0*S);NW (0*S)pNW (0*F);nW (0*F)ynW

whenever F C M x (0,00), (F\S)U(S\F)) CC W, and W CC A is open with diamW < 2ry.
Then there is an open set A" C A with AN (OM x (0,00)) = A'N(OM x (0,00)) such that S
is equivalent to an open set in A" and (0S), = 0S N (OM x (0,00)) is a set of locally finite
perimeter in A'N(OM % (0,00)) (equivalently in AN(OM % (0,00))). Moreover, let ¥ = (0S)s,
then we have

Donrx(0,00) ((BS)p) M A = Dgrr(0,00) ((8S)) N A" = (2),

where Ognrx(0,00)(+) Tepresents the topological boundary relative to M x (0,00), and there
ezists a relatively closed set H C (), such that H"(H) = 0 and for every (x,z) € (X), \ H,
¥ is a C'/2 manifold with boundary in a neighborhood of (x, z) for which vs - VoM x(0,00) = @
forallz e (X),\ H.

Let 0 < 21 < 22, A = R"! x (21,29), and let 0 < rg < 21 be a sufficiently small number
depending only on the boundary &M x (0, 00). Since the weight function e=?/¢ satisfies
_z

. . . 2 1
<e =< e_?l < 6?2, Lip(e_g) =- in AN(M x (0,00))
€

e

and we take S® as a minimizer of I, one can apply the above regularity theorem to S°® for
each €. As a corollary, the two rectifiable Radon measure 7—[”+1|_(a* sey, and ’H"HL@* S
are locally bounded, and one can see that H"HL(a* se), meets the boundary at angle 6 in
a weak sense. In particular, the following holds from Proposition 2.5, Theorem 5.6 and
,Hn+1|—(8*5'5)1- (8M X (0, OO)) =0.

Corollary 5.7. For each €, the two rectifiable Radon measure H"HL(a*Ss)i and Hn+1L(8*Se)b
are locally bounded. In particular, there exist the boundary Radon measures o; and oy such

that the following holds for any X € CH(R™*! x (0,00) : R**2):

SH™ L (grge), (X) = — / X - HedH" ™ + / X -1y, do;,

(6*5%); OM x(0,00) (5.12)
SH™ L (grge), (X) = — / X - Hoprx(o,00) dH" T+ / X - 1, doy,

(9*59), OM x(0,00)

where Hypry (0,00) 8 the mean curvature vector of OM x (0,00) and 1y, 05, are the direction
vectors of 0;, oy, respectively. Moreover, 0o, and 14, satisfy

Nos * VoM x(0,00) = V1 — a2 for oi-a.e., N, - Vorrx(0,00) = 0 for op-a.e. (5.13)

However, the above corollary does not provide uniform estimates for the first variations,
which are necessary to apply the compactness theorem. Specifically, the estimates proved in
[10, Section 2.7] depend on the weight function, and hence on . To obtain the e-independent
estimates, we prove the following bounds in terms of the curvature, which is based on the
arguments in [5, Theorem 1.1] and [6, Theorem 3.3].
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Lemma 5.8. For any 0 < z1 < z3, there exists a constant C = C(a, M, z1,29) > 0 such that

H(SH”"‘lL(a*SQiH(M X <Z17'22>> < C/ (1+ ‘HE’)dHTH_l,
22 (9 5):N(M x(21,22))
Az

[6H" 1 (ge5e), | (M X ( 53 )) < C’/ (14 |H®|) dH" .
6*S€H(M><(z1,z2))

Proof. We here estimate the boundary measure ;. Let (x,z) € OM X (z1,22). We fix a
smooth radial cutoff function ¢ € C°(R"*2) centered at (z,z) such that

(5.14)

¢ =1on By(z,2), ¢ =0 outside By(z,z), |V'¢| <3.

Let 0 > 0 be a number such that the signed distance d = dgpx (0,00) from OM x (0, 00) is C?
in {(z,2) € M x (0,00) | |d(x,z)| < }. We note that such a number exists by [15, Lemma
14.16]. Let 0 < r < § be arbitrary. Then, by (5.12) and (5.13), we obtain

s | )so('(y;s)'> doi(y.)

1 / |(y75)| /
= — V'd(y, s) - ng, doi(y, s
T BMX(O,oo)SO< . (y,8) - 1o, doi(y, s)

! | w9 @\ o\ i
- /1 — (12 /( *Ss)i leT(y’S)(a*SE)i (W( r V d + .[{E . ("2 T V d dH (y, 8)

1 1 (yas) !/ |(y> 8)| /
= - —P * Qe . V & v d
/1 . (12 /( *Ss)l‘ r T(y,S)(a S )<|(y75)|> g r

, S . )8 n
o <|<yr >|> A, s (V) <l<y>!> HE V' ddH (g, ),

where we used V'd = —vj Mx(0,00) On the boundary. Since M is a compact smooth bounded
domain, we can fix a constant ¢ = ¢(M, ) such that

]divT(yys)(a*Ss)(V'd(y,s))\ <c¢ forall (y,s) € {(y,s) € M x (0,00) | d(y, s) < d}.

By the above inequality, it follows from |V'd| < 1 and the definition of ¢ that

1 / 3 H H
oi(By (7)) < b =+ [HF[ ) dH™H
(Byj2(x, 2)) Vi-a? *Ss)mBr(:mz)( " | )

Therefore, by considering the covering of M x (21/2, 22/2) by the balls B, j5(z, z) and (5.12),
we have

[6H™ L (5 52), [ (X) < C sup| X]| (1+ |HE|)dH"™ !
(6*Ss)iﬂ(MX(Zl7Z2))
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for all X € C}(R"*! x (0, 00); R"*2) supported in R"*! x (21, z3). Moreover, it follows from
the above estimate, (5.12) and Proposition 2.3 that

161"+ (e 529, [1(X) < JlloH L (grsey, HaTH ™ L (gegey, 1(X) + Jllor HLorsey 1(X)

< C'sup|X]| (14 |H®|) dH™!
0*SeN(M x(z1,22))

for all X € CH(R"*! x (0, 00); R"*2) supported in R"*! x (21, 29). Thus, we obtain (5.14). 0O

Note that p and v; are merely translations of 9*S¢, which implies that (uf,v;) satisfies the
assumption (4.4) for every t > 0 and € > 0. Therefore, thanks to (5.9) and (5.14), Theorem
4.3 can be applied to (uf,v;). Moreover, Ilmanen proved that such a convergent flow is z-
invariant, and one can see the same conclusion for the capillary setting (see [19, Section 8.8]
for details).

Lemma 5.9. Taking a subsequence if necessary, there exists the Brakke flow (fi,, ) on M xR
with the contact angle 0 for almost every time t > 0 such that p; + av;y — [, + avy as Radon
measures for all t > 0 and the following holds: Lett > 0 and ¢ € C2(R" x R; [0, 00)) with
Vo € TomrxrCLHR™ ! x R;R"2) be arbitrary, we define ¢™(x,2) = ¢(x,z — 7). Then, by
Lemma 4.1 (3), we have

(1) forall T >0, lim, 4+ (ﬁs + GPS)((b) < (ﬁt + avt)((bT) < (ﬁt + aﬁt)<¢);

(2) for all 7 <0, (B + av;)(9) < (fy + av)(¢7) < limy_yy— (115 + avs)(9);

(3) in particular, we obtain (fi, + av,)(¢") = (fiy + avy) (@) for allT™ € R and t > 0 except

for countable many t.

Furthermore, for almost every t > 0, we have ui — [, vi — Uy as integral varifolds by
passing to another subsequence, and Uy is a unit density (n + 1)-rectifiable Radon measure by
Lemma 4.2. Since Uy is unit density and [, is integer, @i, and Uy also satisfy the property (3)
by considering the densities of fi, and Uy from Proposition 2.5.

We refer to a Radon measure satisfying (3) as being z-invariant. Ilmanen proved the
following product lemma for any z-invariant Radon measure in [19, Section 8.5].

Lemma 5.10. Let i be a Radon measure on R"! x R. Assume that i is z-invariant, that
is, for any ¢ € COR" 1 x R) and 7 > 0, f(¢") = 7i(¢), where ¢7(x,2) = ¢p(x,2 — 7). Then
the following hold;

(1) if we choose p € CO(R;[0,00)) such that [ pdz = 1 and define a Radon measure i
on M by u(¢) = f(pd) for ¢ € CO(R™1:]0,00)), then p is independent of the choice
of p and

m=pxLh (5.15)

(2) if i € RV, (R"! X R), then p € RV, (R"1) and T, . i = Top @ span(e,) for p-

almost every x € R™ ! and all z € R. If 1 € IV, 1(R""! x R), then u € IV, (R"+1).

Since the product lemma holds for any z-invariant integral varifold, we can apply them to
(7i;, 7). Ilmanen also proved the curvature product lemma in [19, Section 8.5], which can be
also proved for contact angle varifolds by a simple calculation.

Lemma 5.11. Let (i,7) € IV, (M x R) x IV,,(OM x R) be a pair of z-invariant varifolds
with the contact angle 6 in M x R C R"™ x R and its mean curvature is denoted by Hz.
Then we have

Hy(z,z)-e, =0 for p-a.e. x € M and all z € R (5.16)
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and (pu,v) € IV, (M) x IV,,(OM) as defined in Lemma 5.10 (1) has the contact angle 6 with
the mean curvature H, in M C R satisfying p(Hz(-, 2)) = H,(-) for all z € R. Moreover,
for any p € C2(R;[0,00)) and any ¢ € C2(R"1;[0,00)) with V¢ € Top CLRM L R,

/ (V'(pp) — ppHy) - Hp dfi = / (Vo — ¢H,,) - H, dp.
M xR M

Proof. Let X € Toy CHR™ ;R and p € C2((0,00); [0,00)) with [ pdz =1 fix. From
(2.1), Lemma 5.10, and Fubini’s theorem, we obtain

— / quﬁ ce,dip = — Hﬁ Ydp = / divT(m Z)EY di + a/ divT<z Z)pY dv
MxR MxR MxR ’ MxR '

_ /R/M 0.6 (1 + av)dz = 0

for all ¢ € CH(R™! x R), where we set Y = ¢e;, and we used [, 0.¢(z,z)dz = 0 for all
x € M. This implies that Hy - e, = 0 for py-almost every x € M and all z € R. Therefore,
thanks to (2.1), the z-invariant property of (&,7), Lemma 5.10, and Fubini’s theorem, we
obtain

/ divy, , X dp + a/ divy,, X dv = / pdivT(z me( di + a/ pdiVT<z Z>pX dv
M M MxR ’ MxR ’

= / divy, . a(pX)dpi+a / divy, w(pX)dv — / O,pd(fi + av) (5.17)
M xR M xR M xR

:—/ pX-Hudu—/azpdz/ d(p +av) = —/ pX-Hgdﬁ,
MxR R M MxR

where X = (X, 1) and we used [; 0.pdz = 0 again. Furthermore, set
V() = / Pr.. iran (Y (2,2)) dz for Y € TonxmCLR™ x R;R™2),
I

we obtain §(7Z + a?)(Y) = 6(u + av)(Y) by the definition of the first variation formula.
From this and Lemma 5.10, it follows that §(@ + a?)(Y) = §((p + av) x LY (Y) for any
Y € TomxrCHR™ x R;R™*2), which implies that the mean curvature Hy is independent of
z. Therefore, by (5.17), we obtain that (u, ) has the contact angle # and p(Hg(-, 2)) = Hu(:)
for all z € R. By (5.16) and p(Hy) = H, it follows from [, pdz = 1 that

/ (V'(p¢) — p¢Hp) - Hp dpi = / ¢oV'p- Hz + p((V'¢ — ¢Hy) - Hp) dfi
M xR M xR

=/ (V6 — 6H,) - H, du
M

for any ¢ € C2(R"*1;[0,00)) with V¢ € TopCL(R" T R*H1). This completes the proof. [

Finally, we obtain the existence theorem of the Brakke flow with contact angle from Lemma
5.9, Lemma 5.10, and Lemma 5.11.

Theorem 5.12. Let (fi;, ;) be as in Lemma 5.9. Let p € C?((0,00);[0,00)) be such that
[ pdz = 1 and fir. Set ui(6) = F(pd) and m(6) = 7(pd) for 6 € CORMT; (0, 00)), then
the following hold;

(1) for all t > 0 except for a countable set, fi, + avy = (g + avy) x LY;

(2) (e, vt) is a Brakke flow and it has the contact angle 6 in M C R+,
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When applying the compactness theorem of Brakke flows, one can take a further subse-
quence using the compactness theorem of sets of finite perimeter by (5.10): there exists a set
of finite perimeter £ C M x [0, 00) such that

xie = X i Loo(M X [0,00)),  [V'xe] < lim inf| Ve |

and we can show that (u, ;) and E; fit as the concept of the enhanced motion in [19, Section
8.1]. Furthermore, we ensure that the Brakke flow (u, ;) starts continuously with the given
initial datum 9* Ey.

Proposition 5.13. For (ut,vt) and E; constructed above, we have the following properties;

(1) limy_o+ (pt + ave) = po + avy = ||Vxe, lluare+al|Vx g leons, where we take the limit
over the times t where (2) holds;

(2) for almost every t >0, [|[Vxg,|luame+al|VXE, |lcom< pe + avy;

(3) for all Borel set I C [0,00),

IV xEll(M x T) <

SHN

(£1(1) + (£M(D)2 ) H" (9" E).
Proof. First of all, by (5.10), we have
1
IV Xl (M 1) < T inf [V [ (M x 1) < —(£(T) + (£1D)2 ) H (9" By,

where we used the lower semi-continuous of variation measures. Thus (3) is proved. Let
z > 0 be arbitrary. Since the parallel translation is continuous in L', we have X g1 cre. — XE
in L},.(R"1 x [0,00)). Taking further subsequence from {E° + cze,} if necessary, we see
that xpge(x,t + €2) converges to xg(z,t) as ¢ — 0 for almost every (z,t) € R*! x [0,00),
and by Fubini’s theorem, we have xgz, = — Xg, in LY(R™1) for almost ever time t > 0.
Thus we obtain [[Vxg,|| < liminfeo[Vxg;, || for almost every time ¢t > 0 by the lower
semi-continuity of variation measures. Note that it follows from the definition of S¢ and E°

that S¢(t), = SZit)e = Eiye.- We also note that it satisfies
IVxE e +allVxellcor = al[ Vel + (1 = o) |Vxe,[leae
< liminf(a| Ve, ||+ (1~ a)[Vxez,__ o)
= lim inf ([ Vxe,  lloare+al Ve, llcom)-

Let ¢ € CO(R";[0,00)) and p € C2(R;[0,00)) with [, pdz = 1 be arbitrary. Then we
obtain

pe(9) + ave(d) = [ (pd) + ave(pg) = lim o )pcb d(p; + avy)

> iy [ p(/ 6| Vxse. | +a [ <z>dHV><ss(t>zH>dz
€ —z/e Mo oM

~timipt [ p(a | sdiVxs.ll+-a) [ ¢dHV><sa<t>zu>dz
e—0 —Z/E M Mo

> aépllggf"vfo+gz‘|(¢) dz+ (1 - a)4p11g§f||VXEf+sz’LMo () dz
> al|Vxell(¢) + (1 = a)[Vxz, eare (9) = [Vxa, [are (9) + all VX, leon (¢),
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where we used the co-area formula, Fatou’s Lemma, the lower semi-continuity of |Vxg,|,
and [ pdz = 1. Next, by taking the limit in (5.9), we have
(7, + amy) (M x I) < LYI)(H" (9" Eo)s) + aH" (9" Eo)s))

for all ¢ > 0. Here let p € C%(R;[0,00)) be such that [ pdz = 1. Then, by uniform
approximation of p by the step functions, we have

(ue + avy) (M) = /M . pd(f, + avy) < H"((0"Ep);i) + aH" ((0"Eo)s) (5.18)

for all ¢ > 0. On the other hand, use the lower semi-continuous of variation measures, (2)
and Proposition 4.1 (2), then we have

IVXElleare+al VX ey llLon < 1iminf(HVXEtHLMOJraHVXEtHLaM)

5.19
< lim (,ut + avy) < po + avp. ( )
T t—0t
Here, we take the limit over the times ¢ where (2) holds in (5.19). Thus (1) follows from
(5.18) and (5.19). O

5.3. Continuity property of E;. Finally, we discuss the continuity of the volume change of
FE,. To this end, we prove that S° extends in the z direction in the measure-theoretic sense.

Lemma 5.14. For S¢, we have
tim [ Vel ({(2,2) € 9% £ [Py orsey (e < 1/2) =
Proof. Since |PT(z Z>(8*SE)(ez)\ =1on dM x (0,00), we have

19X I ({1Pr, o0y (€)1 < 1/2}) = VX e aroe0,00) ({1 P, 050y ()2 < 1/2}).

From Lemma 5.2 (1) and 1 = |Pr__ (9+s¢) y(e)|* +

IV x5 e arox 0,00) ({1 P,y 054y (€2)F < 1/2}) = [ VX2 [asro (0,00 ({1 < 262 HE[P}).
Thus, by Markov’s inequality and (5.7), we compute
IV xse | ({1 Pr, . 52y () < 1/2}) = [V xse leaso xo,00) ({1 < 26%|HF|?})

< 26/ e|HE|? dH™ T < 2eH™ (9% Ey).
(9+5%)

+1Px T(a,2) 8*35)(9,2)\2, we obtain

Letting ¢ — 0, we have the conclusion. O
Using the above lemma to apply the co-area formula to S¢, we obtain the following.

Proposition 5.15. The characteristic function xg, is 1/2-Hélder continuous in L' with
respect to t > 0 except for a null set.

Proof. We set
{ x, Z € 0*5° . |PT(z Z)(a*ss)(ezﬂ < 1/2}
and let ¢ € C}(R"*! x ( o0)) be arbitrary. We define the approximate velocity of E¢ by

Ve(z,t) = {‘3&22%(%0 ((z,t) € ke(0*5°\ £9))
N ((x,1) € Ke(29)).
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Since the map k. shrinks z-variable by ¢, the following hold:

avs) . as)
ps)] ) = (=),

= t=c¢z, 5.20
plve)] >:20)
O dxdt = / 0.¢pdxdz. (5.21)

EE
Thus, by (5.20) and (5.21), we calculate

8%%) dxdt = / 8Z¢ drdz = / (XZS + X8*55\25)¢q(V55) d?‘[rH_l
Ee . (M x(0,00))NO* S<

o
Vge

= / XZE(}SCI(VSE) d%n—‘rl + / / Xa*SE\EE QZ)M dHndZ (522)

(Mx(0,00))N0*S= o Janors: Ip(vse)|
= / Xzegbq(l/se) dHn+1 - / / ¢V€ dHndt,

(8*Sf)i 0 (8*E‘t5)Z

where we used the co-area formula and q(vss) = 0 on M. From Lemma 5.14, we have
lim Ysedq(vse ) dH™ T = 0.

e—0 (8*55)1'

It follows from a simple geometric argument that |p(vg:)| = ’PT(I . (0+59)(ez)], and by the

definition of 3¢, we see that 1/2 < |p(vg-)|? on §*S¢\ X¢. Hence, by Lemma 5.2 (1), we see

that
2
q(l/ss) 2117612 : o
wgeyye ———— | < 2e*|H M®.
(Xa Se\X |p(VS5)|> > 28 | | m

Therefore, by (5.7), we compute

2
o o0 1 e
/ / V2 dH = / / (Xa* SE\EEO‘(”S)> dHrd
0 (0% E); 0 (9%55); € Ip(vse)|
< 2/ / e|H®|? dH" dz < 2/ e|HE |2 dH™ T < 2H™ (9% Ey),
0 (0%S5): (0*5%);

where we used the co-area formula. Thus, taking the limit ¢ — 0 in (5.22), we obtain

1
o0 2
/at¢dxdt gmm(/ / \¢]2d7-[”dt> (5.23)
E e—0 0 ( *Eta)z

for some constant C' > 0 depending only on Ej.

Let G C [0,00) be a set of Lebesgue points of f(t) := [ dx. It follows from a standard
result in measure theory that the set G is full measure in [0,00). Let t; < t2 be arbitrary

points in G. We choose ¢ as depending only on time, and by approximating ¢ — X[, ¢,], We
obtain the following from (5.10) and (5.23):

D=

1L () — LY (By)| < CHY (07 Eo)? (ta — t)?,

where we used the co-area formula. This completes the proof. (|
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Remark 5.16. By Lemma 5.15, one may re-define the set E so that ypg, is 1/2-Holder
continuous in L! to the time direction for all ¢ > 0. We also note that, by approaching from
the left, one can re-define the Brakke flow (p,14) so that u; + avy is left-continuous for all
t > 0 from Lemma 4.1 while keeping the Brakke inequality (2.4). Furthermore, we can prove
that the property |Vxg,|lcae+al|VxE,|lcomr< e + avy also holds for any t > 0. Let G be
the full measure set of [0, 00) where Proposition 4.1 (2) holds. For any ¢ ¢ G, we can choose
a sequence {t;}; C G approaching from the left to ¢. Since XE,; — XE, in L', we have, for

any ¢ € CZ(R"1;]0,00)),
(VB lleare+allVxe: lconr) (9) < liminf([|Vx g, [loare +all Vs, leonr)(4)
< hz.rgg)lf(:uti + thi>(¢) = (:UJt + th)(¢),

where we used the lower semi-continuous property of variation measures, Proposition 5.13
(2), and the left-continuity of iy + avy. This completes all of the claims in Theorem 2.7.
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