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Abstract. In the present paper, we study the existence of Brakke-type weak mean curva-
ture flow satisfying a prescribed contact angle condition for a general angle θ ∈ (0, π) via
Ilmanen’s regularization. The main ingredients of the result are the extension of Ilmanen’s
regularization to the capillarity and the derivation of the first variation estimates for the
interior and wetted boundary varifolds separately.

1. Introduction

The mean curvature flow (henceafter referred to as MCF), which emerged in the context
of material science, has been studied by numerous researchers as one of the most important
geometric flow problems nowadays. The unknown of the MCF is a one-parameter family
{Γt}t≥0 such that the normal velocity of Γt equals its mean curvature vector at each point
for every time. As a typical boundary condition, we study the contact angle condition, which
is dedicated to surface tension and the wettability of the container, for the MCF. In general,
it is well known that singular behaviors such as shrinking and neck pinching occur in MCFs.
Moreover, a MCF with the contact angle may pop upon tangential contact with the boundary.
To consider the solutions that allow such singularities, we need to use extensive tools from
geometric measure theory and a weak notion of MCFs.

The purpose of this paper is to investigate capillary boundary conditions for geometric flow
problems. As a foundational result in the varifold setting, Kagaya and Tonegawa [21] intro-
duced a notion of contact angle condition and established a monotonicity formula extending
the free-boundary monotonicity formula of Grüter and Jost [16] to the contact angle setting.
Subsequently, De Masi investigated the rectifiability of the contact set between a varifold
and the boundary in [5], while De Masi and De Philippis developed a min-max theory for
varifolds with contact angle boundary conditions in [7]. These results are summarized in De
Masi’s Ph.D. thesis [6]. There have been significant progress on the regularity and geometric
properties of contact angle varifolds and capillary problems arising from Gauss’ free energy
functional and we briefly mention recent studies; [3, 8, 9, 22, 25, 26, 35, 36]. On the other
hand, there are fewer studies on the MCF with contact angle. In this paper, we consider a no-
tion of Brakke-type mean curvature flows in the framework of geometric measure theory and
establish their global-in-time existence via the elliptic regularization [19] under the general
situation whenever possible. Roughly speaking, the main result is the following:

Theorem. Let M be a closed bounded domain with the smooth boundary and E0 ⊂ M be
a set of finite perimeter. Then there exists a Brakke flow {Vt}t≥0 in M such that ‖V0‖ =
Hn⌞∂∗E0∩M◦, Vt has the contact angle θ and is integral for almost every time t ≥ 0. That is
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to say, for all ϕ ∈ C1
c (M × [0, ∞); [0, ∞)) and all 0 ≤ t1 < t2 < ∞, we have

‖Vt2‖(ϕ(·, t2)) − ‖Vt1‖(ϕ(·, t1)) ≤
ˆ t2

t1

ˆ
M

(∇ϕ − ϕHVt) · HVt + ∂tϕ d‖Vt‖dt,

where HVt is the generalized mean curvature of Vt.

Figure 1

Figure 1 provides a visualization of this flow. The exact statement will be given in Section
2.4. Brakke [4] proposed and studied Brakke’s MCF by characterizing the motion law of the
surfaces using the above inequality. Ilmanen [19] studied the existence and various properties
of (unconstrained) Brakke flows using the elliptic regularization method. One advantage of
this method is that one can apply White’s local regularity theorem [37] for this Brakke flow.
It is not known, but White’s study provides a basis for expecting that one can establish the
regularity theorem for Brakke flows with the contact angle. We mention known studies on
MCFs with contact angle: Hensel and Laux [17] proved the existence and the weak-strong
uniqueness of BV flow, which is based on the framework of BV functions originally proposed
by Luckhaus and Sturzenhecker [27], with the contact angle via the Allen–Cahn equation
under a reasonable assumption. Marshall-Stevens et al. [29] studied the gradient flow of
the Allen–Cahn equation and convergence to a Brakke flow under general assumptions. The
theory of viscosity solutions for capillary MCFs has been developed in [1, 20]. More recently,
the existence of weak solutions constructed via minimizing movement-type schemes, as well
as their relation to viscosity solutions, has been actively investigated. Eto and Giga [12, 13]
studied a Chambolle-type minimizing movement scheme with capillarity and discussed the
existence of minimizers and their convergence to viscosity solutions under a contact angle
boundary condition. Bellettini and Kholmatov studied the capillary Almgren–Taylor–Wang
scheme for MCFs of droplets with a contact angle condition and established various compari-
son results in [2]. As a continuation of this line of research, Kholmatov proved its consistency
with smooth MCFs in [23] and investigated minimizing movements for forced anisotropic
MCFs of droplets in [24]. In contrast, we prove the existence of a weak solution of MCFs
based on Brakke’s work without any extra assumption in the co-dimension 1 case.

We also briefly mention closely related works on MCFs using the elliptic regularization.
Edelen [11] proved the existence of Brakke flows with the Neumann boundary condition
and the regularity theorem for it, and White [39] studied the Dirichlet boundary condition
for Brakke flows via the elliptic regularization. Schulze and White [30] utilized the elliptic
regularization to construct a MCF with a triple junction by working with the class of flat
chains.
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The key elements of the present paper are the establishment of the extension of Ilmanen’s
regularization to the capillary setting and the derivation of first variation estimates for interior
and wetted boundary surfaces. In the framework of contact angle varifolds, boundary contact
at a prescribed angle θ is represented by a pair of varifolds: one on the boundary and the
other within the domain. This is the main difference from the standard elliptic regularization
[11, 19]. A challenge arises from the fact that the estimates of the first variations of contact
angle varifolds cannot be derived from the definition. This difficulty originates from the
inability to control tangential directional variations along the boundary from the definition.
To address this problem, we estimate them through the energy-minimizing structure inherent
in the elliptic regularization. De Philippis and Maggi [10] proved the regularity property
for the (almost) minimizer with capillarity. Using their results and De Masi’s estimate [5,
Theorem 1.1], we prove that the first variations are uniformly locally finite based solely on
normal directional variations. This argument allows us to prove the compactness theorem
for the approximated Brakke flows from the elliptic regularization with capillarity, thereby
establishing the existence of the flow.

The paper is organized as follows. In Section 2, we set our notation and explain the defini-
tion of the Brakke-type MCF and the main result. In Section 3, we explain the compactness
theorem for contact angle varifolds under a strong assumption. In Section 4, we prove the
compactness theorem for contact angle Brakke flows by utilizing the results in Section 3. In
Section 5, we adopt the contact angle condition to the elliptic regularization and prove the
ε-independent estimates of the first variation. As a consequence, we finally prove the main
result of this paper.
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2. Preliminaries and main results

2.1. Basic notation. The ambient space in which we will work is the Euclidean space Rn+1.
For each A ⊂ Rn+1, χA denotes the indicator function of A, A and A◦ the closure and the
interior of A in the Euclidean topology, respectively. When x ∈ Rn+1 and r > 0, Br(x)
denotes the open ball with centre x and radius r. For any integer k > 0, the symbols Lk and
Hk denote the (k-dimensional) Lebesgue measure and Hausdorff measure, respectively. For
each integer k ≥ 1, let ωk denote the volume of the unit ball in k-dimensional space. The
symbols ∇, ∇′, ∆, ∇2 denote the spatial gradient and the full gradient in Rn+1 ×R, Laplacian
and Hessian, respectively. As a class of test vector fields, we define

TΓCk
c (U ;Rn+1) := {X ∈ Ck

c (U ;Rn+1) : X(x) ∈ TxΓ for all x ∈ Γ}

for an open set U ⊂ Rn+1 and an n-dimensional C3 hypersurface Γ ⊂ U without boundary.
A positive Radon measure µ on Rn+1 (or “space-time” Rn+1 × [0, ∞)) is always regarded

as a positive linear functional on the space C0
c (Rn+1) of continuous and compactly supported

functions, with the pairing denoted by µ(ϕ) for ϕ ∈ C0
c (Rn+1). The restriction of µ to a Borel
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set A is denoted µ⌞A, so that (µ⌞A)(E) := µ(A∩E) for any Borel set E ⊂ Rn+1. The support
of µ is denoted supp µ, and it is the closed set defined by

supp µ :=
{
x ∈ Rn+1 : µ(Br(x)) > 0 for all r > 0

}
.

For 1 ≤ p ≤ ∞, the space of p-integrable functions with respect to µ is denoted Lp(µ). For a
signed or vector-valued measure µ, |µ| denotes its total variation. For two Radon measures
µ and µ on Rn+1, when the measure µ is absolutely continuous with respect to µ, we write
µ � µ. When µ and µ are positive and µ(ϕ) ≤ µ(ϕ) holds for all ϕ ∈ C0

c (Rn+1; [0, ∞)), we
will write µ ≤ µ.

Let U ⊂ Rn+1 be an open set. We say that a set E ⊂ U (or U × [0, ∞)) is a set of locally
finite perimeter if, for all bounded open set V ⊂⊂ U , the set E satisfies

sup
{ˆ

E∩V
divX dx : X ∈ C1

c (V ;Rn+1), ‖X‖C0 ≤ 1
}

< ∞.

When the above quantity is finite for V = U , we simply say that E is a set of finite perimeter.
If E ⊂ Rn+1 is a set of locally finite perimeter, then there exists a vector-valued Radon
measure satisfyingˆ

E
divX dx = −

ˆ
Rn+1

X · d∇χE for all X ∈ C1
c (Rn+1;Rn+1).

The derivative measure ∇χE is the associated Gauss–Green measure, and its total variation
‖∇χE‖ is the perimeter measure; by De Giorgi’s structure theorem, ‖∇χE‖ = Hn⌞∂∗E , where
∂∗E is the reduced boundary of E, and ∇χE = −νE ‖∇χE‖ = −νE Hn⌞∂∗E , where νE is the
outer pointing unit normal vector field to ∂∗E. It is often noted in this paper that νE = νF on
∂∗E ∩ ∂∗F when E ⊂ F are sets of locally finite perimeter (see [28, Section 16] for example).

A subset Γ ⊂ Rn+1 is countably k-rectifiable if it admits a covering Γ ⊂ Z ∪
⋃

i∈N f i(Rk),
where Hk(Z) = 0 and f i : Rk → Rn+1 is Lipschitz. If Γ is countably k-rectifiable, Hk-
measurable and Hk(Γ ∩ K) < ∞ for any compact set K ⊂ Rn+1, Γ has a measure-theoretic
tangent plane called approximate tangent plane for Hk-almost every x ∈ Γ ([31, Theorem
11.6]), denoted by TxΓ. We may simply refer to it as the tangent plane at x ∈ Γ without fear of
confusion. A Radon measure µ is said to be k-rectifiable if there are a countably k-rectifiable,
Hk-measurable set Γ and a positive function Θ ∈ L1

loc(Hk⌞Γ) such that µ = Θ Hk⌞Γ. This
function Θ is called multiplicity of µ. The approximate tangent plane of Γ in this case (which
exists µ-almost everywhere) is denoted by Txµ. When Θ is an integer for µ-almost everywhere,
µ is said to be integral. We say µ is a unit density k-rectifiable Radon measure if µ is integral
and Θ = 1 for almost everywhere on Γ.

When 1 ≤ k ≤ n+1, we call G(n+1, k) the Grassmannian of the un-oriented k-dimensional
linear subspaces of Rn+1. For any open set U ⊂ Rn+1, let Gk(U) := U × G(n + 1, k) be the
trivial Grassmanian bundle over U . A k-varifold on U is a positive Radon measure on Gk(U).
The set of k-varifolds on U is denoted by Vk(U). If the support of ‖V ‖ is contained in a
closed set M ⊂ Rn+1, we may simply denote this by V ∈ Vk(M). For a k-varifold V , the
mass measure of V is denoted by ‖V ‖, that is,

‖V ‖(ϕ) :=
ˆ

Gk(U)
ϕ(x) dV (x, S) for all ϕ ∈ C0

c (U).

We say a k-varifold V is rectifiable if there exists a corresponding k-rectifiable Radon mea-
sure µ = Θ Hk⌞Γ such that V is represented as V = Θ Hk⌞Γ⊗δTxΓ, and V is integral if a
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corresponding k-rectifiable Radon measure is integral. The set of rectifiable (or integral) k-
varifolds on U is denoted by RVk(U) (or IVk(U)). When V is integral and a unit density, we
say V is a unit density k-varifold. For any subset F ⊂ C1

c (U ;Rn+1), the first variation with
respect to F of V ∈ Vk(U) is defined by

δV (X) :=
ˆ

U
divSX(x) dV (x, S) for all X ∈ F,

where divSX(x) = tr(S(∇X(x))). We say a k-varifold V has bounded first variation with
respect to F if it satisfies sup{|δV (X)| : X ∈ F, ‖X‖C0 ≤ 1} < ∞. If V has bounded first
variation with respect to C1

c (U ;Rn+1), then by the Lebesgue decomposition theorem, there
exist a positive Radon measure ‖δsV ‖ on U , a ‖δsV ‖-measurable vector field ηV : U → Rn+1

and a ‖V ‖-measurable vector field HV : U → Rn+1 such that, for all X ∈ C1
c (U ;Rn+1),

δV (X) = −
ˆ

U
HV · X d‖V ‖ +

ˆ
U

X · ηV d‖δsV ‖,

where ‖δsV ‖ is the singular part of ‖δV ‖ with respect to ‖V ‖ which satisfies

‖δsV ‖ = ‖δV ‖⌞Z , Z :=
{

x ∈ U : lim sup
r→+0

‖δV ‖(Br(x))
‖V ‖(Br(x))

= ∞
}

as stated in [31, Theorem 4.7]. We call the above HV the generalized mean curvature of
V . If V ∈ IVn(U), by Brakke’s perpendicularity theorem [4, Chapter 5], HV and Tx‖V ‖ are
orthogonal for ‖V ‖-almost everywhere.

Here, we list simple approximation facts to prove the compactness theorem proved in [11,
Proposition 3.4].

Lemma 2.1. Let U ⊂ Rn+1 be an open set and let M ⊂ U be a domain with C3 boundary.
We then have the following:

(1) the space {ϕ ∈ C2
c (U ;R) : ∇ϕ(x) ∈ Tx(∂M) for all x ∈ ∂U} is dense in C0(U ;R);

(2) if µ is finite and n-rectifiable Radon measure on U , and 1 ≤ p < ∞, then the Lp(µ)-
closure of T∂M C1

c (U ;Rn+1) is{
X ∈ Lp(U, µ;Rn+1) : X(x) ∈ Tx(∂M) for µ-a.e. x ∈ ∂M

}
.

2.2. Varifold with contact angle. Let M ⊂ Rn+1 be a compact domain with C3 boundary,
θ ∈ (0, π), a = cos θ and Ω ⊂ M be an open set such that ∂Ω ∩ M◦ and ∂Ω ∩ ∂M are of C3

class with C2 boundary Γ(Ω). To formulate the contact angle in a variational sense, consider
the first variation of the capillary free energy. By calculating the first variation of the capillary
free energy

Fa(Ω) := Hn(∂Ω ∩ M◦) + aHn(∂Ω ∩ ∂M)
with respect to X ∈ T∂M C1

c (Rn+1;Rn+1), one obtains

δFa(Ω)[X] = −
ˆ

∂Ω∩M◦
X · H∂Ω dHn +

ˆ
Γ(Ω)

(η∂Ω∩M◦ + aη∂Ω∩∂M ) · X dHn−1,

where H∂Ω is the mean curvature vector of ∂Ω ∩ M◦, η∂Ω∩M◦ is the exterior unit co-normal
vector of ∂Ω ∩ M◦, and η∂Ω∩∂M is the exterior unit co-normal vector of ∂Ω ∩ ∂M . If the
second term on the right-hand side vanishes, one finds that η∂Ω∩M◦ + aη∂Ω∩∂M is orthogonal
to ∂M on Γ(Ω). For any x ∈ Γ(Ω), this fact implies that

PTx(∂M)(η∂Ω∩M◦(x)) = −aη∂Ω∩∂M (x),
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which further implies that ν∂M (x) · η∂Ω∩M◦(x) = sin θ, where ν∂M (x) is the exterior unit
normal vector of ∂M at x. The following Figure 2 illustrates the above discussion.

Figure 2

Motivated by this discussion and setting a = cos θ, one can define a contact angle condition
for varifolds as follows (see, for example, [21, Section 3.1] and [6, Section 2.2] for further
details).

Definition 2.2. Let U ⊂ Rn be an open set, and let M ⊂ U be a (relative) closed domain with
C3 boundary. Let (V, W ) ∈ Vn(M)×Vn(∂M) and suppose θ ∈ (0, π). We say that (V, W ) has
the contact angle θ in M if there exists a ‖V ‖-measurable vector field HV ∈ L1(M, ‖V ‖;Rn+1)
satisfying HV (x) ∈ Tx(∂M) for ‖V ‖-almost every x ∈ ∂M such thatˆ

Gn(M)
divSX(x) dV (x, S) + a

ˆ
Gn(∂M)

divSX(x) dW (x, S) = −
ˆ

M
X · HV d‖V ‖ (2.1)

for any X ∈ T∂M C1
c (U ;Rn+1), where a = cos θ. In particular, we say that V has free-boundary

if (2.1) holds in the case a = 0. We call HV the generalized mean curvature vector of V with
the constant angle θ.

We quote the following estimate for contact angle varifolds in [6, Corollary 3.18].

Proposition 2.3. Let (V, W ) ∈ Vn(M) × Vn(∂M) the contact angle θ ∈ (0, π/2) in M and
let a = cos θ. Then ‖δV +aδW‖ is locally finite in U , and for every open set K ⊂⊂ K ′ ⊂⊂ U ,
we have

‖δV + aδW‖(K) ≤ C(n)
ˆ

K′
|HV | d‖V ‖ + C ′(n, K, K ′)‖V ‖(K ′) (2.2)

for some C(n) > 0 and C ′(n, K, K ′) > 0.

Remark 2.4. In general, even if (V, W ) ∈ Vn(M) × Vn(∂M) has the contact angle θ, δV
and δW may not be locally finite. For example, let U ⊂ {0} ×Rn be a relative open set with
infinite perimeter in {0} × Rn. Since any closed set is the 0-level set of a smooth function,
there exists a smooth n-dimensional surface Σ ⊂ (0, ∞) × U such that Σ is locally a graph on
{0} ×Rn near the boundary ∂U and meets {0} ×Rn tangentially on ∂U . Let us consider the
varifold V induced by Σ and W by {0} × Rn \ U , then (V, 2W ) has the contact angle π/3,
that is, a = 1/2. However, δV and δW are not locally finite. Therefore the handling of the
first variations of V and W requires caution.
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Here, we introduce the results in [6, Lemma 3.6, Corollary 3.9], for the purposes of this
paper. By contrast with the above remark, one can understand the structure as varifolds on
the boundary if it has a bounded variation with respect to T∂M C1

c .

Proposition 2.5. Let V ∈ Vn(U) have the bounded first variation δV with respect to
T∂M C1

c (U ;Rn+1). Then we have
V ({(x, S) ∈ Gn(U) : x ∈ ∂M, S 6= Tx(∂M)}) = 0. (2.3)

Moreover, V ⌞Gn(∂M) is an n-rectifiable varifold and ‖V ‖ = Θn(‖V ‖, ·) Hn⌞∂M .

2.3. Definition of weak MCF. We begin with the introduction to the definition of a (mod-
ified) weak MCF with contact angle in the sense of Brakke [4].

Definition 2.6. Let U ⊂ Rn be an open set, let M ⊂ U be a (relative) closed domain
with C3 boundary ∂M , θ ∈ (0, π/2] and a = cos θ. A family of varifolds {(Vt, Wt)}t≥0 is an
n-dimensional Brakke flow with a contact angle θ in M ⊂ U if all of the following hold:

(1) for almost every time t ≥ 0, (Vt, Wt) is of IVn(M) × IVn(∂M) and it has the contact
angle θ with having the L2 mean curvature H ∈ L1

loc([0, ∞); L2
loc(M, ‖Vt‖;Rn+1)) with

H(x, t) ∈ Tx(∂M) for almost every t ≥ 0 and Hn-almost every x ∈ ∂M ;
(2) for all T > 0 and all compact set K ⊂ M , supt∈[0,T ](‖Vt‖ + ‖Wt‖)(K) < ∞;
(3) for all 0 ≤ t1 < t2 < ∞ and all test function ϕ ∈ C1

c (U × [0, ∞); [0, ∞)) with
∇ϕ(·, t) ∈ T∂M C0

c (U ;Rn+1) all t > 0,
(‖Vt2‖ + a‖Wt2‖)(ϕ(·, t2)) − (‖Vt1‖ + a‖Wt1‖)(ϕ(·, t1))

≤
ˆ t2

t1

ˆ
M

(∇ϕ(x, t) − ϕ(x, t)H(x, t)) · H(x, t) d‖Vt‖dt + ∂tϕ(x, t) d(‖Vt‖ + a‖Wt‖)dt.
(2.4)

We call inequality (2.4) Brakke’s inequality.

Including the boundary measure Wt in inequality (2.4) may seem unnatural at first. How-
ever, there are several reasons for incorporating the boundary measure Wt into the motion
law (2.4) of the interface. The first reason is that the motion law of the internal interface
Vt should describe the evolution of the boundary measure Wt, which is driven by physical
insights. The second is to prove a compactness property via the definition. In the proof,
we argue that the limit measure of varifolds is uniquely determined, regardless of the choice
of subsequences independent of time, by utilizing the fact that a Brakke flow has a semi-
decreasing property with respect to time. Therefore, to establish this monotonicity including
the boundary measure, Wt must be incorporated into inequality (2.4). Another reason is to
avoid the redundant situation where Wt suddenly becomes the entire boundary measure at
some point in time. Specifically, we need to avoid the situation that Wt = Hn⌞∂M at some
time. If this were to occur, (2.1) would coincide with the 90◦ angle condition, and it would
no longer be appropriate to refer to it as the contact angle condition.

2.4. Main results. We now present an existence theorem for a weak notion of MCF with a
prescribed contact angle when given an initial datum E0. Since the 90◦ angle condition has
already been studied by Edelen [11], we only consider the case where θ 6= π/2 in this paper.

Theorem 2.7. Let M ⊂ Rn+1 be a compact domain with C3 boundary, E0 ⊂ M be a set of
finite perimeter, θ ∈ (0, π/2), and a = cos θ. Then there exists a Brakke flow {(Vt, Wt)}t≥0
with the contact angle θ starting with the reduced boundary ∂∗E0. Moreover, there exists a
set of locally finite perimeter E ⊂ M × [0, ∞) such that the following hold;
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(1) (Vt, Wt) satisfies

‖V0‖ + a‖W0‖ = lim
t→0+

(‖Vt‖ + a‖Wt‖) = Hn⌞M◦∩∂∗E0+aHn⌞∂M∩∂∗E0 ,

and Wt is a unit density n-varifold for almost every t > 0;
(2) the characteristic function χE satisfies the following properties:

(a) χE is of C
1
2
loc([0, ∞); L1(M)) and χE(·, 0) = χE0(·) for almost everywhere;

(b) ‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M ≤ ‖Vt‖ + a‖Wt‖ for all t ≥ 0;
(c) for all Borel set I ⊂ [0, ∞),

‖∇′χE‖(M × I) ≤ 1
a

(
L1(I) + L1(I)

1
2
)
Hn(∂∗E0).

Definition 2.8. Let k be an integer. For a set A ⊂ Rk ×R, we define the slice of A at z ∈ R
by Az := {x ∈ Rk : (x, z) ∈ A}.

In the main theorem, it may appear that χE is redundant. However, it has a few important
roles besides χE emerges naturally from the approach of this paper. First, χE guarantees
that there will be no superfluous non-uniqueness issue of Brakke-type MCFs such as sudden
disappearance. Because, since the time-slice volume of χE is continuous in L1 with respect
to time, the surface ∂∗Et cannot vanish instantaneously for any time even under the weak
solution setting. Second, the existence of χE restricts the possible singularities of the interface
‖Vt‖. For example, in the n = 2 case, one can see that a unit density ‖Vt‖ cannot form a
triple junction since ∂∗Et cannot have a triple junction. The third role of χE is that it ensures
that vanishing the boundary measure Wt does not occur. Even if Wt suddenly disappears at
some time, Vt may continue to evolve in time as if it satisfies the Brakke inequality (2.4) and
(Vt, Wt) satisfies (2.1) corresponding to the 90◦ angle condition. Such a set E appears in the
almost same roles in [32] as well. We note that the boundary measure of E also plays a role
in the concept of enhanced motion proposed by Ilmanen [19, Section 8].

3. Compactness for varifolds with contact angle

In this section, we prove a compactness theorem for a sequence of contact angle varifolds
V i + aW i under the assumption that δV i and δW i are uniformly locally bounded. Examples
mentioned in Remark 2.4 necessitate this condition. Given this strong assumption, the proof
of compactness proceeds by the standard compactness theorem for integral varifolds and
measure-function pairs by Hutchinson’s study [18, Theorem 4.4.2].

Theorem 3.1. Let θ ∈ (0, π/2) and a = cos θ. Let U i ⊂ Rn+1 be open sets and M i ⊂ U i be
(relative) closed sets with C3 boundary, and let {(V i, W i)}i∈N ⊂ IVn(M i) × IVn(∂M i) have
the contact angle θ with the generalized mean curvature HV i in M i ⊂ U i. Suppose U i → U ,
∂M i → ∂M in C3

loc, and for all compact set K ⊂ U ,

sup
i

(ˆ
K

|HV i |2 d‖V i‖ + (‖V i‖ + a‖W i‖ + ‖δV i‖ + a‖δW i‖)(K)
)

≤ C(K), (3.1)

for some C(K) > 0. Then there exists a pair of varifolds (V, W ) ∈ IVn(M) × IVn(∂M)
with the contact angle θ such that, taking a subsequence if necessary, (V i, W i) ⇀ (V, W ) as
varifolds and δV and δW are locally bounded. Moreover, if Xi ∈ T∂M iC1

c (U i;Rn+1) converge
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to X ∈ T∂M C1
c (U ;Rn+1) in C1 with uniformly bounded supports, then

lim
i→∞

ˆ
U i

HV i · Xi d‖V i‖ =
ˆ

U
HV · X d‖V ‖

and hence, for all ϕ ∈ C0
c (U ; [0, ∞)),ˆ

U
ϕ|HV |2 d‖V ‖ ≤ lim inf

i→∞

ˆ
U i

ϕ|HV i |2 d‖V i‖.

Remark 3.2. The inclusion of the L2 norm of HV i in (3.1) may seem excessive. However, even
if the first variation is uniformly bounded, it remains unclear whether the weak convergence
of HV i d‖V i‖ can be interpreted solely as an integral of V , as in the free boundary case. This
is because we impose a strong assumption to apply [18, Theorem 4.4.2] in this context.

4. Compactness for Brakke flows with contact angle

In this section, we prove the compactness theorem for contact angle Brakke flows. To this
end, we show the basic properties of Brakke flow and a technical lemma to deal with the
measure Wt on the boundary ∂M . First, we prove the following semi-decreasing property,
which is crucial for the Brakke flow.

Lemma 4.1. Let {(Vt, Wt)}t≥0 be a Brakke flow with the contact angle θ in M ⊂ U . Suppose,
for all compact set K ⊂ M ,

sup
t≥0

(‖Vt‖ + a‖Wt‖)(K) ≤ C0(K)

for some C0(K) > 0. Then all of the following hold:
(1) for each ϕ ∈ C2

c (U ; [0, ∞)) with ∇ϕ ∈ T∂M C1
c (U ;Rn+1), there exists a constant C1 =

C1(C0, ϕ) > 0 such that

t 7→ (‖Vt‖ + a‖Wt‖)(ϕ) − C1t

is decreasing in t ≥ 0;
(2) the left-limit and the right-limit of ‖Vt‖ + a‖Wt‖ exist at every t ≥ 0 and satisfy

lim
s→t+

(‖Vs‖ + a‖Ws‖) ≤ ‖Vt‖ + a‖Wt‖ ≤ lim
s→t−

(‖Vs‖ + a‖Ws‖);

(3) for each 0 ≤ t1 < t2 < ∞ and ϕ ∈ C0
c (U ; [0, ∞)), take a compact set K ⊂ U satisfying

supp ϕ ⊂ K, then there exists a constant C2 = C2(C0(K), ϕ, t1, t2) > 0 such thatˆ t2

t1

ˆ
M

ϕ|H|2 d‖Vt‖dt ≤ C2. (4.1)

Proof. For all 0 ≤ t1 < t2 < ∞ and all ϕ ∈ C2
c (U ; [0, ∞)) with ∇ϕ ∈ T∂M C1

c (U ;Rn+1), by
(2.4), we haveˆ

M
ϕ d(‖Vt2‖ + a‖Wt2‖) −

ˆ
M

ϕ d(‖Vt1‖ + a‖Wt1‖) ≤
ˆ t2

t1

ˆ
M

−ϕ|H|2 + H · ∇ϕ d‖Vt‖dt

≤
ˆ t2

t1

ˆ
M

−1
2

ϕ|H|2 + |∇ϕ|2

2ϕ
d‖Vt‖dt ≤

ˆ t2

t1

ˆ
M

−1
2

ϕ|H|2 d‖Vt‖dt + C0(supp ϕ)C(ϕ)(t2 − t1),

(4.2)
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where we used the Cauchy–Schwarz inequality, the fact that

sup
{ϕ>0}

|∇ϕ|2

ϕ
≤ 2 sup

U
‖∇2ϕ‖(=: C(ϕ))

for every ϕ ∈ C2
c (U ; [0, ∞)), and the assumption of this lemma. Thus we have

(‖Vt2‖ + a‖Wt2‖)(ϕ) − C1t2 ≤ (‖Vt1‖ + a‖Wt1‖)(ϕ) − C1t1,

where C1 = C0(supp ϕ)C(ϕ). This completes the proof of (1), and part (3) follows from (4.2)
and taking a compact set K ⊃ supp ϕ. By part (1), the left-/right-limits exist for each t > 0
and we have

(‖Vt+ε‖ + a‖Wt+ε‖)(ϕ) − C1ε ≤ (‖Vt‖ + a‖Wt‖)(ϕ)
≤ (‖Vt−ε‖ + a‖Wt−ε‖)(ϕ) + C1ε,

for each ϕ ∈ C2
c (U ; [0, ∞)) with ∇ϕ ∈ T∂M C1

c (U ;Rn+1) and sufficiently small ε > 0. There-
fore, by limiting ε → 0 and the approximation from Lemma 2.1, we obtain

lim
s→t+

(‖Vs‖ + a‖Ws‖)(ϕ) ≤ (‖Vt‖ + a‖Wt‖)(ϕ) ≤ lim
s→t−

(‖Vs‖ + a‖Ws‖)(ϕ)

for any ϕ ∈ C0
c (U ; [0, ∞)) and t ≥ 0. □

Next, we prove the following technical lemma. It is necessary to determine the limit measure
Wt independent of the choice of subsequence for time.

Lemma 4.2. Let U and U i be open sets so that U i → U in C3
loc. Let M ⊂ U and M i ⊂ U i

have C3 boundary such that ∂M i → ∂M in C3
loc. Let W i ∈ IVn(∂M i) and W ∈ IVn(∂M) be

a family of varifolds with the bounded first variation with respect to T∂M iC1
c (U i;Rn+1) and

T∂M C1
c (U ;Rn+1), respectively. Suppose that, for some positive integer q,

‖W i‖({Θn(‖W i‖, x) ≥ q + 1}) = 0 for each i, lim
i→∞

W i = W as varifolds,

where Θn(‖W‖, x) = limr→+0‖W‖(Br(x))/ωnrn. Then ‖W‖({Θn(‖W‖, x) ≥ q + 1}) = 0.

Proof. By Lemma 2.5, we can write down W i and W as

‖W i‖ = Θn(‖W i‖, ·) Hn⌞∂M i and ‖W‖ = Θn(‖W‖, ·) Hn⌞∂M .

Assume that ‖W‖({Θn(‖W‖, x) ≥ q + 1}) > 0 by a contradiction. Let K ⊂ {Θn(‖W‖, x) ≥
q + 1} be a compact set satisfying ‖W‖(K) > 0, that is, Hn(K) > 0. Then, by the upper
semi-continuity of Radon measures, we have

(q + 1)Hn(K) ≤
ˆ

K
Θn(‖W‖, x) dHn⌞∂M = ‖W‖(K) ≤ lim sup

i→∞
‖W i‖(K)

= lim sup
i→∞

ˆ
K

Θn(‖W i‖, x) dHn⌞∂M i≤ q lim sup
i→∞

ˆ
K

dHn⌞∂M i= qHn(K).

This is a contradiction. Thus the claim is proven. □

The above two results allow us to prove the following compactness property for Brakke
flows with contact angle under the almost same assumption (3.1).
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Theorem 4.3. Let θ ∈ (0, π/2), a = cos θ, U i ⊂ Rn+1 be open sets, M i ⊂ U i be (relative)
closed sets with C3 boundary, and let {(V i

t , W i
t )}t≥0 be a sequence of Brakke flows with the

contact angle θ in M i ⊂ U i. Suppose that U i → U , ∂M i → ∂M in C3
loc, for any compact set

K ⊂ M (V i
t , W i

t ) satisfy
sup

i
sup
t≥0

(‖V i
t ‖ + a‖W i

t ‖)(K) ≤ D1(K) < ∞ (4.3)

for some D1(K) > 0, and W i
t is a unit density varifold for each i ∈ N and for almost every

t ≥ 0. Furthermore, for every open set K ⊂⊂ K ′ ⊂⊂ U , there exists a constant D2(K, K ′) > 0
such that, for almost every t > 0 and all i,

(‖δV i
t ‖ + a‖δW i

t ‖)(K) ≤ D2(K, K ′)
ˆ

K′
(1 + |HV i

t
|) d(‖V i

t ‖ + a‖W i
t ‖). (4.4)

Then there exist a subsequence {ij}j∈N and a Brakke flow {(Vt, Wt)}t≥0 with the contact angle
θ such that for all t ≥ 0 we have

lim
j→∞

‖V
ij

t ‖ = ‖Vt‖, lim
j→∞

(‖V
ij

t ‖ + a‖W
ij

t ‖) = ‖Vt‖ + a‖Wt‖

as Radon measures on M◦ and M , respectively. Moreover, for almost every time t ≥ 0 there
exists a subsequence {i′

j}j∈N ⊂ {ij}j∈N such that

lim
j→∞

V
i′
j

t = Vt, lim
j→∞

W
i′
j

t = Wt

as varifolds on M .

Proof. Let {ϕk}k∈N ⊂ C2
c (U ; [0, ∞)) with ∇ϕk ∈ T∂M C1

c (U ;Rn+1) be a countable set of
test functions such that it is dense in C0

c (U ; [0, ∞)) with respect to the sup norm sup|·|.
We can take such a set by Lemma 2.1. As in Lemma 4.2 (1), for each i ∈ N and ϕk,
fi,k(t) := (‖V i

t ‖ + a‖W i
t ‖)(ϕ) − C1t is a monotone decreasing function in t ≥ 0. By (4.3),

{fi,k(t)}i∈N is locally bounded for each i, k ∈ N and t ≥ 0. Thus, by Helly’s selection principle
and a diagonal argument, there exist a subsequence {ij}j∈N ⊂ N and a decreasing function
gk(t) such that, for all t ≥ 0,

lim
j→∞

fij ,k(t) = gk(t).

Therefore limj(‖V
ij

t ‖ + a‖W
ij

t ‖)(ϕk) exists for every t ≥ 0 and ϕk. Hence, by the density
argument, (‖V

ij

t ‖ + a‖W
ij

t ‖)(ϕ) is also convergent for any fixed ϕ ∈ C0
c (U ; [0, ∞)), and the

limit defines a locally bounded linear functional on C0
c (U ; [0, ∞)) by (4.3). By the Riesz

representation theorem, there exists a Radon measure µt on U such that

lim
j→∞

(‖V
ij

t ‖ + a‖W
ij

t ‖)(ϕ) = µt(ϕ) (4.5)

for all t ≥ 0 and ϕ ∈ C0
c (U ; [0, ∞)).

We next prove that µt determines a pair of varifolds (Vt, Wt) ∈ IVn(M) × IVn(∂M) with
the contact angle θ as the convergence. Thanks to (4.1), (4.3) and Fatou’s Lemma, for almost
every time t ≥ 0 and all ϕ ∈ C0

c (U ; [0, ∞)), we have

lim inf
j→∞

ˆ
U

ϕ|H
V

ij
t

(x)|2 d‖V
ij

t ‖ < ∞. (4.6)

From (4.3), (4.4), (4.6) and the Hölder inequality, we can apply Theorem 3.1 to the family
{(V ij

t , W
ij

t )}j∈N at almost every time t ≥ 0 so that there exist a subsequence {i′
j}j∈N ⊂ {ij}j∈N
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and (Vt, Wt) ∈ IVn(M) × IVn(∂M) such that limj V
i′
j

t = Vt, limj W
i′
j

t = Wt as varifolds and
(Vt, Wt) has the contact angle θ. Note that the choice of the subsequence may depend on t.
On the other hand, by (4.5), we have

µt⌞∂M = (‖Vt‖ + a‖Wt‖)⌞∂M ,

µt⌞M◦ = ‖Vt‖⌞M◦ ,

for almost every time t ≥ 0. By Theorem 3.1, we see the boundedness of the first variations
of Vt and Wt. Applying Lemma 2.5 to (Vt, Wt) and using the fact for integral varifolds, there
exist a countably n-rectifiable set Γt ⊂ M◦ and a function Θt : Γt → N such that

µt⌞∂M = (‖Vt‖ + a‖Wt‖)⌞∂M = Θn(·, t) Hn⌞∂M ,

µt⌞M◦ = ‖Vt‖⌞M◦= Θt Hn⌞Γt ,
(4.7)

where Θn(x, t) = Θn(‖Vt‖ + a‖Wt‖, x). In particular, since Lemma 4.2 and W i
t is a unit

density varifold for each i and for almost every t ≥ 0 due to the assumption, we may assume
that Wt is a unit density n-varifold. In M◦, Vt is uniquely determined by µt from (4.7). On
∂M , since a ∈ (0, 1), Wt is a unit density n-varifold, and Vt ∈ IVn(M), a‖W i′

j ‖ must converge
to (Θn(·, t) − bΘn(·, t)c) Hn⌞∂M , where b·c is the nearest integer that is less than or equal to
the given number. Hence we see that bΘn(·, t)c Hn⌞∂M and (Θn(·, t) − bΘn(·, t)c)/a Hn⌞∂M

are integral n-rectifiable. Thus, for almost every time t ≥ 0, there exists the pair (Vt, Wt) ∈
IVn(M) × IVn(∂M) such that

‖Vt‖ = Θt Hn⌞Γt+bΘn(·, t)c Hn⌞∂M ,

a‖Wt‖ = (Θn(·, t) − bΘn(·, t)c) Hn⌞∂M ,

and (Vt, Wt) has the constant angle θ. This implies that µt determines Vt and Wt so that
µt = ‖Vt‖ + a‖Wt‖. Note that, if we take a subsequence {i′

j}j∈N ⊂ {ij}j∈N such that V i′
j and

W i′
j converge as integral varifolds, we see that they must converge to the above Vt and Wt

independently of the choice of such subsequences, respectively (Although it is not guaranteed
that ‖V

ij

t ‖ and ‖W
ij

t ‖ converge to ‖Vt‖ and ‖Wt‖ as Radon measures, respectively, we note
that it suffices for the purpose of establishing the existence theorem in this paper). For t ≥ 0
where (4.6) does not hold, define (Vt, Wt) ∈ Vn(M) × Vn(∂M) so that µt = ‖Vt‖ + a‖Wt‖.
Note that they may not be rectifiable and may not have the contact angle θ, but we do not
need to care since the measure of such a set of times is zero. Thus we obtain the convergent
varifolds (Vt, Wt) for all t ≥ 0 and it has the contact angle θ for almost every t ≥ 0.

Next, we prove that the above varifolds (Vt, Wt) satisfy Brakke’s inequality (2.4). The
following proof follows along [34, Theorem 3.7] and [11, Theorem 4.14] in much the same
way, but we will explain for the convenience of the reader. Let ϕ ∈ C2

c (U × [0, ∞); [0, ∞))
with ∇ϕ(·, t) ∈ T∂M C1

c (U ;Rn+1) for all t ≥ 0, and let 0 ≤ t1 < t2 < ∞ fix arbitrarily.
For ϕ, we take the approximate sequence ϕij ∈ C2

c (U ij × [0, ∞); [0, ∞)) with ∇ϕij (·, t) ∈
T

∂M ij C1
c (U ij ;Rn+1) so that ϕij → ϕ in C2

loc with uniformly bounded supports K ′ ⊂ Rn+1

and supj sup
U ij ‖∇2ϕij ‖ < ∞. By (4.2) and (4.3), we have

ˆ
M ij

−ϕij |H
V

ij
t

|2 + H
V

ij
t

· ∇ϕij d‖V
ij

t ‖ ≤
ˆ

M ij

|∇ϕij |2

2ϕij
d‖V

ij

t ‖ ≤ C(ϕ)D(K ′),
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where C(ϕ) := supj sup
U ij ‖∇2ϕ‖. Set fj(t) :=

´
M ij −ϕij |H

V
ij

t

|2 + H
V

ij
t

· ∇ϕij d‖V
ij

t ‖, by
Fatou’s lemma, we haveˆ t2

t1

lim inf
j→∞

(C(ϕ)D(K ′) + fj(t)) dt ≤ lim inf
j→∞

ˆ t2

t1

(C(ϕ)D(K ′) + fj(t)) dt. (4.8)

From (4.8), we obtain
ˆ t2

t1

lim inf
j→∞

fj(t) dt ≤ lim inf
j→∞

ˆ t2

t1

fj(t) dt. (4.9)

Since (V ij

t , W
ij

t ) is a Brakke flow, the right-hand side of (4.9) equals

lim inf
j→∞

(
−(‖V

ij

t ‖ + a‖W
ij

t ‖)(ϕij (·, t))
∣∣∣∣t2

t=t1

+
ˆ t2

t1

ˆ
M ij

∂tϕ
ij d(‖V

ij

t ‖ + a‖W
ij

t ‖)dt

)

= −(‖Vt‖ + a‖Wt‖)(ϕ(·, t))
∣∣∣∣t2

t=t1

+
ˆ t2

t1

ˆ
M

∂tϕ d(‖Vt‖ + a‖Wt‖)dt,

(4.10)

where we used the convergence of ‖V
ij

t ‖+a‖W
ij

t ‖ to ‖Vt‖+a‖Wt‖ for all t ≥ 0. On the other
hand, let the subsequence {i′

j}j∈N ⊂ {ij}j∈N be such that (V
i′
j

t , W
i′
j

t ) ⇀ (Vt, Wt) as varifolds
and

lim
j→∞

ˆ
M

i′
j

ϕi′
j |H

V
i′
j

t

|2 − H
V

i′
j

t

· ∇ϕi′
j d‖V

i′
j

t ‖ = lim inf
j→∞

ˆ
M ij

ϕij |H
V

ij
t

|2 − H
V

ij
t

· ∇ϕij d‖V
ij

t ‖.

for almost every t ≥ 0. By a layer-cake formula and Theorem 3.1, for almost every time t ≥ 0,
we haveˆ

M
ϕ|HVt |2 d‖Vt‖ =

ˆ ∞

0

ˆ
{ϕ>s}

|HVt |2 d‖Vt‖ds ≤
ˆ ∞

0
lim inf

j→∞

ˆ
{ϕ>s}

|H
V

i′
j

t

|2 d‖V
ij

t ‖ds

≤ lim inf
j→∞

ˆ
M

i′
j

ϕ|H
V

i′
j

t

|2 d‖V
i′
j

t ‖ = lim inf
j→∞

ˆ
M

i′
j

ϕi′
j |H

V
i′
j

t

|2 d‖V
i′
j

t ‖

and ˆ
M

HVt · ∇ϕ d‖Vt‖ = lim
j→∞

ˆ
M

i′
j

H
V

i′
j

t

· ∇ϕi′
j d‖V

i′
j

t ‖.

The above deduce thatˆ
M

ϕ|HVt |2 − HVt · ∇ϕ d‖Vt‖ ≤ lim inf
j→∞

ˆ
M

i′
j

ϕi′
j |H

V
i′
j

t

|2 − H
V

i′
j

t

· ∇ϕi′
j d‖V

i′
j

t ‖

= lim inf
j→∞

ˆ
M ij

ϕij |H
V

ij
t

|2 − H
V

ij
t

· ∇ϕij d‖V
ij

t ‖
(4.11)

for almost every t > 0. Now, it follows from Lemma 4.1 (1) and (2) that there is the set
B ⊂ (0, ∞) such that t 7→ ‖Vt‖ + a‖Wt‖ is continuous at t ∈ B and B has full measure. By
the definition of B, given any ti → t with ti, t ∈ B, we have ‖Vti‖ + a‖Wti‖ → ‖Vt‖ + a‖Wt‖.
Using the convergence ‖Vti‖ + a‖Wti‖ → ‖Vt‖ + a‖Wt‖, we deduceˆ

M
−ϕ|HVt |2 + HVt · ∇ϕ d‖Vt‖ ≥ lim sup

i→∞

ˆ
M

−ϕ|HVti
|2 + HVti

· ∇ϕ d‖Vti‖.
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Therefore
t 7→
ˆ

M
−ϕ|HVt |2 + HVt · ∇ϕ d‖Vt‖

is upper semi-continuous on B ∩ [t1, t2], and particularly measurable on [t1, t2]. Thanks
to (4.9), (4.10), and (4.11), we obtain the Brakke inequality (2.4) for any ϕ ∈ C1

c (U ×
[0, ∞); [0, ∞)) with ∇ϕ(·, t) ∈ T∂M C0

c (U ;Rn+1) by approximation. □

5. Elliptic regularization with contact angle

In this subsection, we adapt the elliptic regularization to the contact angle setting. The
contact angle condition differs from the free-boundary setting at [11] in which we have to
consider a pair of varifolds. In [19], Ilmanen used the framework of rectifiable current and for
general co-dimensional case. However, since we only consider hypersurfaces represented on
the boundary of a domain for well definedness of contact angle varifolds, we will work with
the set of finite perimeter and its boundary as in [33].

In the following, we will use the following notation: Throughout this section, let M ⊂ Rn+1

be a compact domain with C3 boundary. The symbol ez will denote the standard basis
pointing the (n + 2)-component, that is, ez = (0, . . . , 0, 1) ∈ Rn+1 × R. For any k-dimension
affine space T ⊂ Rn+1 ×R, we define PT by the projection of Rn+1 ×R onto T . The symbols
p and q will denote the projections of Rn+1 × R onto its factor, that is, p(x, z) = x and
q(x, z) = z. Moreover, for simplicity of symbols, we set (S)i := (M◦ × [0, ∞)) ∩ S and
(S)b := (∂M × [0, ∞))∩S for any set S ⊂ M ×R. In the same way, we define (E)i := M◦ ∩E
and (E)b := ∂M ∩ E for any set E ⊂ M , without fear of confusion in notation. We fix an
angle θ ∈ (0, π/2) and let a = cos θ.

5.1. Construction of approximate sequence of Brakke flow. We define the following
functional for a set of finite perimeter S ⊂ M × R:

Iε
a(S) :=

ˆ
∂∗S∩(M◦×(−1,∞))

+a

ˆ
∂∗S∩(∂M×(−1,∞))

1
ε

e− z
ε dHn+1(x, z). (5.1)

We will say that a minimizer Sε of Iε
a is a translating soliton with the capillarity. The name

of “translating soliton” is based on the fact that the translation of ∂∗Sε in the z-direction
Sε − (t/ε)ez results in a MCF, as in the grim reaper type MCF and we will show this fact
in Lemma 5.5. Note that

´
ε−1e−z/ε dHn+1b∂S(x, z) is the area functional for the metric

g = e−2z/((n+1)ε)δEucl, where δEucl is the Euclidean metric. In this metric, {z = 0} is strictly
convex with mean curvature pointing in the z direction.

Let E0 ⊂ M be a set of finite perimeter as an initial datum and we consider the mini-
mization problem of Iε

a within the class C of sets of finite perimeter S′ ⊂ M × (−1, ∞) with
χS(x, z) = χE0×(−1,0](x, z) for Ln+2-almost everywhere (x, z) ∈ M × (−1, 0]. From the com-
pactness theorem of sets of locally finite perimeter, the class C is closed in the L1

loc sense. Let
{Si}∞

i=1 ⊂ C be a minimizing sequence for Iε
a. Since the capillary energy has the lower semi-

continuous property (see [28, Proposition 19.1] for example) and we have local mass bounds,
taking a subsequence if necessary, one can take a limit Si → Sε ∈ C in the L1

loc sense and
one can see that Sε is a minimizer of Iε

a among the class C. From White’s varifold maximum
principle [38, Theorem 1] applied to the interior varifold associated with ∂∗Sε ∩ (M◦ × [0, ∞))
and the strict convexity of {z = 0}, it follows that Hn+1(∂∗Sε ∩ (M◦ × {0})) = 0. By com-
bining this with χSε = χE0×(−1,0] almost every where on M × (−1, 0], one may re-define Sε
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so that Ln+1(Sε
0 \ E0 ∪ E0 \ Sε

0) = 0, where Sε
0 := {x ∈ M | (x, 0) ∈ Sε}. To summarize, we

have the following lemma (see [19, Section 3.2] and [11, Section 9] for details of the above
discussion).

Lemma 5.1. Let E0 ⊂ M be a set of finite perimeter. Then there exists a set of finite
perimeter Sε ⊂ M × (−1, ∞) such that

(1) Hn+1(∂∗Sε ∩ (M◦ × {0})) = 0 and Ln+1(Sε
0 \ E0 ∪ E0 \ Sε

0) = 0, where Sε
0 := {x ∈ M |

(x, 0) ∈ Sε};
(2) for the weighted surface area of Sε over M × (0, ∞),

ˆ
∂∗Sε∩(M◦×(0,∞))

+a

ˆ
∂∗Sε∩(∂M×(0,∞))

1
ε

e− z
ε dHn+1(x, z) ≤ Hn((∂∗E0)i) + aHn((∂∗E0)b)

holds;
(3) Sε is a minimizer of the functional Iε

a among the sets of finite perimeter S ⊂ M × R
with χS(x, z) = χE0×(−1,0](x, z) for Ln+2-almost everywhere (x, z) ∈ M × (−1, 0]. In
particular, Sε is a local minimizer of Iε

a in M × (0, ∞).

For Sε, calculating the first variation of Iε
a with respect to a test vector field X tangential

to ∂M × (0, ∞), we obtain the following equations and the contact angle structure can be
discovered. For simplicity, an integral varifold and an integral rectifiable Radon measure are
written identically.

Lemma 5.2. Let Sε be as in Lemma 5.1. Then, (Hn+1⌞(∂∗Sε)i
, Hn+1⌞(∂∗Sε)b

) has the contact
angle θ in M ×(0, ∞) ⊂ Rn+1 ×(0, ∞). Moreover, let Hε denote the mean curvature vector of
(Hn+1⌞(∂∗Sε)i

, Hn+1⌞(∂∗Sε)b
) in M ×(0, ∞) ⊂ Rn+1 ×(0, ∞), then we have all of the following

for Hn+1-almost everywhere (x, z) ∈ (∂∗Sε)i:

(1) εHε + PT ⊥
(x,z)(∂∗Sε)(ez) = 0;

(2) ε|Hε| ≤ 1;
(3) PT ⊥

(x,z)(∂∗Sε)(Hε) = Hε;
(4) ε2|Hε|2 + |PT(x,z)(∂∗Sε)(ez)|2 = 1.

Proof. Let X ∈ T∂M×(0,∞)C
1
c (Rn+1 × (0, ∞);Rn+2), and we define the map Φδ(x, t) by a

solution of the following Cauchy problem

∂

∂δ
Φδ(x, t) = X(Φδ(x, t)), Φ0(x, t) = (x, t), for (x, t) ∈ Rn+1 × (0, ∞),

and sufficiently small δ > 0. One deduces Φδ(∂M × (0, ∞)) ⊂ ∂M × (0, ∞) and Φδ(M ×
(0, ∞)) ⊂ M × (0, ∞) from X ∈ T∂M×(0,∞)C

1
c (Rn+1 × (0, ∞);Rn+2) and the uniqueness of

the Cauchy problem. In particular, one obtains Φδ(Sε) ⊂ M × (0, ∞). Define |J∂∗SεΦδ| and
|J∂M×(0,∞)Φδ| to be the Jacobians of Φδ on ∂∗Sε and ∂M × (0, ∞), respectively. Calculating
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the first variation of Iε
a, we obtain

d

dδ
(Iε

a(Φδ(Sε)))
∣∣∣∣
δ=0

=
ˆ

(∂∗Sε)i

1
ε

d

dδ
e− q(Φδ(x,z))

ε

∣∣∣∣
δ=0

|J∂∗SεΦ0| + 1
ε

e− q(Φ0(x,z))
ε

d

dδ
|J∂∗SεΦδ|

∣∣∣∣
δ=0

dHn+1

+ a

ˆ
(∂∗Sε)b

1
ε

d

dδ
e− q(Φδ(x,z))

ε

∣∣∣∣
δ=0

|J∂M×(0,∞)Φ0| + 1
ε

e− q(Φ0(x,z))
ε

d

dδ
|J∂M×(0,∞)Φδ|

∣∣∣∣
δ=0

dHn+1

=
ˆ

(∂∗Sε)i

− 1
ε2 e− z

ε ez · X + 1
ε

e− z
ε PT(x,z)(∂∗Sε) : ∇′X dHn+1

+ a

ˆ
(∂∗Sε)b

− 1
ε2 e− z

ε ez · X + 1
ε

e− z
ε PT(x,z)(∂M×(0,∞)) : ∇′X dHn+1

=
ˆ

(∂∗Sε)i

1
ε

(
PT(x,z)(∂∗Sε) : ∇′(e− z

ε X) − 1
ε

PT ⊥
(x,z)(∂∗Sε)(ez) · (e− z

ε X)
)

dHn+1

+ a

ˆ
(∂∗Sε)b

1
ε

(
PT(x,z)(∂∗Sε) : ∇′(e− z

ε X) − 1
ε

PT ⊥
(x,z)(∂M×(0,∞))(ez) · (e− z

ε X)
)

dHn+1.

(5.2)

Since Sε is the minimizer of Iε
a and X ∈ T∂M×(0,∞)C

1
c (Rn+1 × (0, ∞);Rn+2), it follows from

replacing e−z/εX to X in (5.2) thatˆ
(∂∗Sε)i

PT(x,z)(∂∗Sε) : ∇′X dHn+1 + a

ˆ
(∂∗Sε)b

PT(x,z)(∂M×(0,∞)) : ∇′X dHn+1

=
ˆ

(∂∗Sε)i

1
ε

PT ⊥
(x,z)(∂∗Sε)(ez) · X dHn+1,

(5.3)

which implies that (Hn+1⌞(∂∗Sε)i
, Hn+1⌞(∂∗Sε)b

) has the contact angle θ in M × (0, ∞) and its
mean curvature Hε equals −PT ⊥

(x,z)(∂∗Sε)(ez)/ε. Equations (1)-(4) follow from the obtained
mean curvature formula. □

Here, we provide an overview of the changes in the argument in [19, Section 4] under the
contact angle condition. For the detailed discussion, therefore, see [19, Section 4]. For all
ξ ∈ C1

c ((0, ∞)), note that X(x, z) = ξ(z)ez is of T∂M×(0,∞)C
1
c (Rn+1 ×(0, ∞);Rn+2). Plugging

this X into the third line of (5.2), we have

0 =
ˆ

(∂∗Sε)i

−1
ε

e− z
ε ξ + e− z

ε ez · PT(x,z)(∂∗Sε)(ez)∂zξ dHn+1

+ a

ˆ
(∂∗Sε)b

−1
ε

e− z
ε ξ + e− z

ε ez · PT(x,z)(∂M×(0,∞))(ez)∂zξ dHn+1.

(5.4)

Let ξ : (0, ∞) → R be Lipschitz with supp ξ ⊂⊂ (0, ∞). Consider the approximation of ξ by
ξi such that

ξi ≤ ξ, ξi → ξ uniformly, ∂zξi ⇀ ∂zξ weakly-∗ in L∞(0, ∞),
(5.4) is also true for the Lipschitz function ξ (such an approximation can be taken by general
measure theory, see [14, Theorem 6.11] for example). Replacing ξ to ez/εξ in (5.4), since
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εHε = −PT ⊥
(x,z)(∂∗Sε)(ez) for Hn+1⌞(∂∗Sε)i

-almost everywhere by Lemma 5.2 (1) and ez is
tangential to ∂M × (0, ∞), we have

0 =
ˆ

(∂∗Sε)i

−εξ|Hε|2 + |PT(x,z)(∂∗Sε)(ez)|2∂zξ dHn+1

+ a

ˆ
(∂∗Sε)b

∂zξ dHn+1.

(5.5)

Let 0 < z1 < z2 be arbitrary and we define a Lipschitz map ξ for sufficiently small δ > 0 by

ξδ(z) :=


0 (z ∈ [0, z1])
1 (z ∈ [z1 + δ, z2])
0 (z ∈ [z2 + δ, ∞))

and linearly interpolated between. Plugging this ξδ into (5.5) leads toˆ
(∂∗Sε)i

εξδ|Hε|2 dHn+1

=
(

1
δ

ˆ
(M◦×(z,z+δ))∩∂∗Sε

|PT(x,z)(∂∗Sε)(ez)|2 dHn+1 + 1
δ

ˆ
(∂M×(z,z+δ))∩∂∗Sε

a dHn+1
)∣∣∣∣∣

z2

z=z1

.

This implies that, for any fixed δ > 0, the function

fδ(z) := 1
δ

ˆ
(M◦×(z,z+δ))∩∂∗Sε

|PT(x,z)(∂∗Sε)(ez)|2 dHn+1 + 1
δ

ˆ
(∂M×(z,z+δ))∩∂∗Sε

a dHn+1

is decreasing in z ≥ 0. Next, we define a Lipschitz map ξL,δ for δ > 0 and L > 0 by

ξL,δ(z) :=


0 (z ∈ [0, z1))
1 (z = z1 + δ)
0 (z ∈ [z1 + δ + L, ∞))

and linearly interpolated between. Plugging this ξL,δ into (5.4), we computeˆ
(∂∗Sε)i

+a

ˆ
(∂∗Sε)b

1
ε

e− z
ε ξL,δ dHn+1

= 1
δ

ˆ
(M◦×(z1,z1+δ))∩∂∗Sε

+a

δ

ˆ
(∂M×(z1,z1+δ))∩∂∗Sε

e− z
ε |PT(x,z)(∂∗Sε)(ez)|2 dHn+1

− 1
L

ˆ
(M◦×(z1+δ,z1+δ+L))

− a

L

ˆ
(∂M×(z1+δ,z1+δ+L))∩∂∗Sε

e− z
ε |PT(x,z)(∂∗Sε)(ez)|2 dHn+1.

The sum of the bottom two terms is bounded by (εIε
a(Sε))/L, and these terms vanish as

L → ∞. Thus, by taking L → ∞, and then δ → +0, we obtain

lim
δ→+0

1
δ

(ˆ
(M◦×(z1,z1+δ))∩∂∗Sε

+a

ˆ
(∂M×(z1,z1+δ))∩∂∗Sε

e− z
ε |PT(x,z)(∂∗Sε)(ez)|2 dHn+1

)
≤ Iε

a(Sε).

We approximate the measurable set A ⊂ [0, ∞) to many small intervals and use the inequality
above. By taking the limit of the width of the intervals to 0 and the monotonicity of fδ and
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Lemma 5.1 (1), we obtain

1
L1(A)

(ˆ
(M◦×A)∩∂∗Sε

+a

ˆ
(∂M×A)∩∂∗Sε

|PT(x,z)(∂∗Sε)(ez)|2 dHn+1
)

≤ Iε
a(Sε)

for any measurable set A ⊂ [0, ∞). Therefore, by the Lebesgue differentiation theorem and
the co-area formula (see [28, Theorem 13.1], for example), we obtain the following lemma.

Lemma 5.3. For almost every 0 ≤ z1 < z2 < ∞,ˆ
(∂∗Sε

z)i

|PT(x,z)(∂∗Sε)(ez)| dHn(x)
∣∣∣∣z2

z=z1

+ a

ˆ
(∂∗Sε

z)b

dHn(x)
∣∣∣∣z2

z=z1

= −
ˆ

(M◦×(z1,z2))∩∂∗Sε

ε|Hε|2 dHn+1(x, z).
(5.6)

In particular, by Lemma 5.1 (2),ˆ
(∂∗Sε)i

ε|Hε|2 dHn+1(x, z) ≤ Hn((∂∗E0)i) + aHn((∂∗E0)b), (5.7)

sup
z>0

(ˆ
(∂∗Sε

z)i

|PT(x,z)(∂∗Sε)(ez)| dHn + a

ˆ
(∂∗Sε

z)b

dHn

)
≤ Hn((∂∗E0)i) + aHn((∂∗E0)b). (5.8)

Now consider Eε := κε(Sε) in which Sε is shrunk by the map κε(x, z) = (x, εz) for (x, z) ∈
M × (0, ∞). By the same calculation as in [19, Section 5.1 and 5.3], one can obtain the
following lemma for the mass of ∂∗Sε and ∂∗Eε.

Lemma 5.4. For any open interval I = (z1, z2) ⊂ [0, ∞), we obtain

(Hn+1⌞(∂∗Sε)i
+aHn+1⌞(∂∗Sε)b

)(M × I) ≤
(
L1(I) + ε

)
(Hn((∂∗E0)i) + aHn((∂∗E0)b)), (5.9)

(Hn+1⌞(∂∗Eε)i
+ aHn+1⌞(∂∗Eε)b

)(M × I)

≤
(
L1(I) + ε2 + (L1(I) + ε2)

1
2
)
(Hn((∂∗E0)i) + aHn((∂∗E0)b)).

(5.10)

In particular, the result holds for any L1-measurable set I ⊂ [0, ∞) by approximation and
Lemma 5.1 (1).

For this Sε, we define the following notations;

σ−t/ε(x, z) :=
(

x, z − t

ε

)
, Sε(t) := σ−t/ε(Sε),

µε
t := Hn+1⌞∂∗Sε(t)∩(M◦×(−t/ε,∞)), νε

t := Hn+1⌞∂∗Sε(t)∩(∂M×(−t/ε,∞)).

(5.11)

The Euler–Lagrange equation in Lemma 5.2 implies that the above translated surface
measure µε

t must be a MCF in the interior region. Moreover, we show that the pair (µε
t , νε

t )
is a Brakke flow as defined in Definition 2.6 up to the boundary.

Lemma 5.5. The pair of varifolds (µε
t , νε

t ) is a Brakke flow in the set

W ε :=
{

(x, z, t) ∈ (M × R) × [0, ∞) : z > − t

ε

}
,

and has the contact angle θ in M × (−t/ε, ∞) ⊂ Rn+1 × (−t/ε, ∞) for each t > 0.
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Proof. By the definition of µε
t and νε

t , these measures are integer and have the contact angle θ
in M ×(−t/ε, ∞). Let t ≥ 0 fix and let ϕ ∈ C2

c (Rn+1 ×R×(0, ∞)) be such that supp ϕ ⊂ W ε,
∇′ϕ(·, ·, s) ∈ T∂M×(−t/ε)C

1
c (Rn+1 × (−t/ε);Rn+2), and ϕ ≥ 0. By Lemma 5.2 (1) and (3), for

µε
t -almost everywhere (x, z) ∈ M × (−t/ε, ∞), we have

PT ⊥
(x,z)(∂∗Sε(t))(H̃

ε(x, z)) = H̃ε(x, z) = 1
ε

PT ⊥
(x,z)(∂∗Sε(t))(ez),

where H̃ is the mean curvature vector of ∂∗Sε(t). Hence, plugging
X(x, z) = −ε−1ϕ(x, z − t/ε, t)ez

into (5.2), we obtain
d

dt
(µε

t + aνε
t )(ϕ) = d

dt

ˆ
M×R

ϕ(x, z − t/ε, t) d(Hn+1⌞(∂∗Sε)i
+aHn+1⌞(∂∗Sε)b

)

=
ˆ

(∂∗Sε)i

+a

ˆ
(∂∗Sε)b

(
−1

ε
ez · ∇′ϕ(x, z − t/ε, t) + ∂tϕ(x, z − t/ε, t)

)
dHn+1

=
ˆ

(∂∗Sε)i

+a

ˆ
(∂∗Sε)b

(
−1

ε
PT(x,z)(∂∗Sε)(ez) · ∇′ϕ(x, z − t/ε, t)

)
dHn+1

+
ˆ

(∂∗Sε)i

−1
ε

PT ⊥
(x,z)(∂∗Sε)(ez) · ∇′ϕ(x, z − t/ε, t) dHn+1

+
ˆ

(∂∗Sε)i

+a

ˆ
(∂∗Sε)b

∂tϕ(x, z − t/ε, t) dHn+1

=
ˆ

M×R

(
∇′ϕ − ϕHε

)
· Hε dµε

t + ∂tϕ d(µε
t + aνε

t ).

This implies that (µε
t , νε

t ) is a Brakke flow with the contact angle θ. □

5.2. Estimates on first variations and existence of Brakke flow. In the previous sec-
tion, we introduced the translating soliton ∂∗Sε − tez/ε and proved that it is a Brakke flow.
As ε → 0, this ε-soliton intuitively extends to a z-invariant cylinder ∂∗Et × R with ini-
tial condition ∂∗E0 × (0, ∞). If the compactness theorem of the Brakke flow works for the
construction via the elliptic regularization with capillarity, one can deduce that a cylinder
∂∗Et × R is a Brakke flow and the slicing argument to this cylinder may give us the desired
Brakke flow ∂∗Et. In this subsection, we estimate the first variations of both Hn+1⌞(∂∗Sε)i

and Hn+1⌞(∂∗Sε)b
individually in order to justify the above discussion. These estimates are

crucial for applying the compactness theorem and proving the existence of a Brakke flow with
the initial condition ∂∗E0.

To estimate the first variations, it is essential that Hn+1⌞(∂∗Sε)i
and Hn+1⌞(∂∗Sε)b

are
locally finite, respectively. This requirement follows the fact that Sε is a minimizer. Indeed,
De Philippis and Maggi [10] established the boundary regularity theorem for the class of
almost-minimizers. We here present a less general version of it to extent that it can be used
in this paper.

Theorem 5.6. Let A ⊂ Rn+1 × (0, ∞) be an open set, r0 ∈ (0, ∞). Let a weight function
Φ : Rn+1 × [0, ∞) → R satisfy, for all (x1, z1), (x2, z2) ∈ A ∩ (M × (0, ∞)),

λ−1 ≤ Φ(x1, z1) ≤ λ, |Φ(x1, z1) − Φ(x2, z2)| ≤ l|(x1, z1) − (x2, z2)|



20 Kiichi Tashiro

for some λ ≥ 1 and l ≥ 0. Let S be a set of finite perimeter satisfying
ˆ

(∂∗S)i∩W
Φ dHn+1 + a

ˆ
(∂∗S)b∩W

Φ dHn+1 ≤
ˆ

(∂∗F )i∩W
Φ dHn+1 + a

ˆ
(∂∗F )b∩W

Φ dHn+1,

whenever F ⊂ M ×(0, ∞), ((F \S)∪(S\F )) ⊂⊂ W , and W ⊂⊂ A is open with diamW < 2r0.
Then there is an open set A′ ⊂ A with A ∩ (∂M × (0, ∞)) = A′ ∩ (∂M × (0, ∞)) such that S
is equivalent to an open set in A′ and (∂S)b = ∂S ∩ (∂M × (0, ∞)) is a set of locally finite
perimeter in A′ ∩(∂M ×(0, ∞)) (equivalently in A∩(∂M ×(0, ∞))). Moreover, let Σ = (∂S)b,
then we have

∂∂M×(0,∞)((∂S)b) ∩ A = ∂∂M×(0,∞)((∂S)b) ∩ A′ = (Σ)b,

where ∂∂M×(0,∞)(·) represents the topological boundary relative to ∂M × (0, ∞), and there
exists a relatively closed set H ⊂ (Σ)b such that Hn(H) = 0 and for every (x, z) ∈ (Σ)b \ H,
Σ is a C1,1/2 manifold with boundary in a neighborhood of (x, z) for which νS · ν∂M×(0,∞) = a
for all x ∈ (Σ)b \ H.

Let 0 < z1 < z2, A = Rn+1 × (z1, z2), and let 0 < r0 ≤ z1 be a sufficiently small number
depending only on the boundary ∂M × (0, ∞). Since the weight function e−z/ε satisfies

e− z2
ε ≤ e− z

ε ≤ e− z1
ε < e

z2
ε , Lip

(
e− z

ε

)
= 1

ε
in A ∩ (M × (0, ∞))

and we take Sε as a minimizer of Iε
a, one can apply the above regularity theorem to Sε for

each ε. As a corollary, the two rectifiable Radon measure Hn+1⌞(∂∗Sε)i
and Hn+1⌞(∂∗Sε)b

are locally bounded, and one can see that Hn+1⌞(∂∗Sε)i
meets the boundary at angle θ in

a weak sense. In particular, the following holds from Proposition 2.5, Theorem 5.6 and
Hn+1⌞(∂∗Sε)i

(∂M × (0, ∞)) = 0.

Corollary 5.7. For each ε, the two rectifiable Radon measure Hn+1⌞(∂∗Sε)i
and Hn+1⌞(∂∗Sε)b

are locally bounded. In particular, there exist the boundary Radon measures σi and σb such
that the following holds for any X ∈ C1

c (Rn+1 × (0, ∞) : Rn+2):

δHn+1⌞(∂∗Sε)i
(X) = −

ˆ
(∂∗Sε)i

X · Hε dHn+1 +
ˆ

∂M×(0,∞)
X · ησi dσi,

δHn+1⌞(∂∗Sε)b
(X) = −

ˆ
(∂∗Sε)b

X · H∂M×(0,∞) dHn+1 +
ˆ

∂M×(0,∞)
X · ησb

dσb,

(5.12)

where H∂M×(0,∞) is the mean curvature vector of ∂M × (0, ∞) and ησi, ησb
are the direction

vectors of σi, σb respectively. Moreover, ησi and ησb
satisfy

ησi · ν∂M×(0,∞) =
√

1 − a2 for σi-a.e., ησb
· ν∂M×(0,∞) = 0 for σb-a.e. (5.13)

However, the above corollary does not provide uniform estimates for the first variations,
which are necessary to apply the compactness theorem. Specifically, the estimates proved in
[10, Section 2.7] depend on the weight function, and hence on ε. To obtain the ε-independent
estimates, we prove the following bounds in terms of the curvature, which is based on the
arguments in [5, Theorem 1.1] and [6, Theorem 3.3].
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Lemma 5.8. For any 0 < z1 < z2, there exists a constant C = C(a, M, z1, z2) > 0 such that

‖δHn+1⌞(∂∗Sε)i
‖
(

M ×
(

z1
2

,
z2
2

))
≤ C

ˆ
(∂∗Sε)i∩(M×(z1,z2))

(1 + |Hε|) dHn+1,

‖δHn+1⌞(∂∗Sε)b
‖
(

M ×
(

z1
2

,
z2
2

))
≤ C

ˆ
∂∗Sε∩(M×(z1,z2))

(1 + |Hε|) dHn+1.

(5.14)

Proof. We here estimate the boundary measure σi. Let (x, z) ∈ ∂M × (z1, z2). We fix a
smooth radial cutoff function φ ∈ C∞

c (Rn+2) centered at (x, z) such that

φ = 1 on B1/2(x, z), φ = 0 outside B1(x, z), |∇′φ| ≤ 3.

Let δ > 0 be a number such that the signed distance d = d∂M×(0,∞) from ∂M × (0, ∞) is C2

in {(x, z) ∈ M × (0, ∞) | |d(x, z)| ≤ δ}. We note that such a number exists by [15, Lemma
14.16]. Let 0 < r ≤ δ be arbitrary. Then, by (5.12) and (5.13), we obtain

σi(Br/2(x, z)) ≤
ˆ

∂M×(0,∞)
φ

(
|(y, s)|

r

)
dσi(y, s)

= − 1√
1 − a2

ˆ
∂M×(0,∞)

φ

(
|(y, s)|

r

)
∇′d(y, s) · ησi dσi(y, s)

= − 1√
1 − a2

ˆ
(∂∗Sε)i

divT(y,s)(∂∗Sε)i

(
φ

(
|(y, s)|

r

)
∇′d

)
+ Hε ·

(
φ

(
|(y, s)|

r

)
∇′d

)
dHn+1(y, s)

= − 1√
1 − a2

ˆ
(∂∗Sε)i

1
r

PT(y,s)(∂∗Sε)

(
(y, s)
|(y, s)|

)
: ∇′φ

(
|(y, s)|

r

)
⊗ ∇′d

+ φ

(
|(y, s)|

r

)
divT(y,s)(∂∗Sε)i

(∇′d) + φ

(
|(y, s)|

r

)
Hε · ∇′d dHn+1(y, s),

where we used ∇′d = −ν∂M×(0,∞) on the boundary. Since M is a compact smooth bounded
domain, we can fix a constant c = c(M, δ) such that

|divT(y,s)(∂∗Sε)(∇′d(y, s))| ≤ c for all (y, s) ∈ {(y, s) ∈ M × (0, ∞) | d(y, s) ≤ δ}.

By the above inequality, it follows from |∇′d| ≤ 1 and the definition of φ that

σi(Br/2(x, z)) ≤ 1√
1 − a2

ˆ
(∂∗Sε)i∩Br(x,z)

(
c + 3

r
+ |Hε|

)
dHn+1.

Therefore, by considering the covering of M × (z1/2, z2/2) by the balls Br/2(x, z) and (5.12),
we have

‖δHn+1⌞(∂∗Sε)i
‖(X) ≤ C sup|X|

ˆ
(∂∗Sε)i∩(M×(z1,z2))

(1 + |Hε|) dHn+1
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for all X ∈ C1
c (Rn+1 × (0, ∞);Rn+2) supported in Rn+1 × (z1, z2). Moreover, it follows from

the above estimate, (5.12) and Proposition 2.3 that

‖δHn+1⌞(∂∗Sε)b
‖(X) ≤ 1

a
‖δHn+1⌞(∂∗Sε)i

+aδHn+1⌞(∂∗Sε)b
‖(X) + 1

a
‖δHn+1⌞(∂∗Sε)i

‖(X)

≤ C sup|X|
ˆ

∂∗Sε∩(M×(z1,z2))
(1 + |Hε|) dHn+1

for all X ∈ C1
c (Rn+1 ×(0, ∞);Rn+2) supported in Rn+1 ×(z1, z2). Thus, we obtain (5.14). □

Note that µε
t and νε

t are merely translations of ∂∗Sε, which implies that (µε
t , νε

t ) satisfies the
assumption (4.4) for every t > 0 and ε > 0. Therefore, thanks to (5.9) and (5.14), Theorem
4.3 can be applied to (µε

t , νε
t ). Moreover, Ilmanen proved that such a convergent flow is z-

invariant, and one can see the same conclusion for the capillary setting (see [19, Section 8.8]
for details).
Lemma 5.9. Taking a subsequence if necessary, there exists the Brakke flow (µt, νt) on M ×R
with the contact angle θ for almost every time t > 0 such that µε

t + aνε
t ⇀ µt + aνt as Radon

measures for all t > 0 and the following holds: Let t > 0 and ϕ ∈ C2
c (Rn+1 × R; [0, ∞)) with

∇ϕ ∈ T∂M×RC1
c (Rn+1 × R;Rn+2) be arbitrary, we define ϕτ (x, z) = ϕ(x, z − τ). Then, by

Lemma 4.1 (3), we have
(1) for all τ ≥ 0, lims→t+(µs + aνs)(ϕ) ≤ (µt + aνt)(ϕτ ) ≤ (µt + aνt)(ϕ);
(2) for all τ < 0, (µt + aνt)(ϕ) ≤ (µt + aνt)(ϕτ ) ≤ lims→t−(µs + aνs)(ϕ);
(3) in particular, we obtain (µt + aνt)(ϕτ ) = (µt + aνt)(ϕ) for all τ ∈ R and t ≥ 0 except

for countable many t.
Furthermore, for almost every t > 0, we have µε

t ⇀ µt, νε
t ⇀ νt as integral varifolds by

passing to another subsequence, and νt is a unit density (n + 1)-rectifiable Radon measure by
Lemma 4.2. Since νt is unit density and µt is integer, µt and νt also satisfy the property (3)
by considering the densities of µt and νt from Proposition 2.5.

We refer to a Radon measure satisfying (3) as being z-invariant. Ilmanen proved the
following product lemma for any z-invariant Radon measure in [19, Section 8.5].
Lemma 5.10. Let µ be a Radon measure on Rn+1 × R. Assume that µ is z-invariant, that
is, for any ϕ ∈ C0

c (Rn+1 × R) and τ ≥ 0, µ(ϕτ ) = µ(ϕ), where ϕτ (x, z) = ϕ(x, z − τ). Then
the following hold;

(1) if we choose ρ ∈ C0
c (R; [0, ∞)) such that

´
R ρ dz = 1 and define a Radon measure µ

on M by µ(ϕ) := µ(ρϕ) for ϕ ∈ C0
c (Rn+1; [0, ∞)), then µ is independent of the choice

of ρ and
µ = µ × L1; (5.15)

(2) if µ ∈ RVn+1(Rn+1 × R), then µ ∈ RVn(Rn+1) and T(x,z)µ = Txµ ⊕ span(ez) for µ-
almost every x ∈ Rn+1 and all z ∈ R. If µ ∈ IVn+1(Rn+1 × R), then µ ∈ IVn(Rn+1).

Since the product lemma holds for any z-invariant integral varifold, we can apply them to
(µt, νt). Ilmanen also proved the curvature product lemma in [19, Section 8.5], which can be
also proved for contact angle varifolds by a simple calculation.
Lemma 5.11. Let (µ, ν) ∈ IVn(M × R) × IVn(∂M × R) be a pair of z-invariant varifolds
with the contact angle θ in M × R ⊂ Rn+1 × R and its mean curvature is denoted by Hµ.
Then we have

Hµ(x, z) · ez = 0 for µ-a.e. x ∈ M and all z ∈ R (5.16)
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and (µ, ν) ∈ IVn(M) × IVn(∂M) as defined in Lemma 5.10 (1) has the contact angle θ with
the mean curvature Hµ in M ⊂ Rn+1 satisfying p(Hµ(·, z)) = Hµ(·) for all z ∈ R. Moreover,
for any ρ ∈ C2

c (R; [0, ∞)) and any ϕ ∈ C2
c (Rn+1; [0, ∞)) with ∇ϕ ∈ T∂M C1

c (Rn+1;Rn+1),ˆ
M×R

(∇′(ρϕ) − ρϕHµ) · Hµ dµ =
ˆ

M
(∇ϕ − ϕHµ) · Hµ dµ.

Proof. Let X ∈ T∂M C1
c (Rn+1;Rn+1) and ρ ∈ C2

c ((0, ∞); [0, ∞)) with
´∞

0 ρ dz = 1 fix. From
(2.1), Lemma 5.10, and Fubini’s theorem, we obtain

−
ˆ

M×R
ϕHµ · ez dµ = −

ˆ
M×R

Hµ · Y dµ =
ˆ

M×R
divT(x,z)µY dµ + a

ˆ
M×R

divT(x,z)νY dν

=
ˆ
R

ˆ
M

∂zϕ d(µ + aν)dz = 0

for all ϕ ∈ C1
c (Rn+1 × R), where we set Y = ϕez, and we used

´
R ∂zϕ(x, z) dz = 0 for all

x ∈ M . This implies that Hµ · ez = 0 for µ-almost every x ∈ M and all z ∈ R. Therefore,
thanks to (2.1), the z-invariant property of (µ, ν), Lemma 5.10, and Fubini’s theorem, we
obtainˆ

M
divTxµX dµ + a

ˆ
M

divTxνX dν =
ˆ

M×R
ρdivT(x,z)µX̃ dµ + a

ˆ
M×R

ρdivT(x,z)νX̃ dν

=
ˆ

M×R
divT(x,z)µ(ρX̃) dµ + a

ˆ
M×R

divT(x,z)ν(ρX̃) dν −
ˆ

M×R
∂zρ d(µ + aν)

= −
ˆ

M×R
ρX̃ · Hµ dµ −

ˆ
R

∂zρ dz

ˆ
M

d(µ + aν) = −
ˆ

M×R
ρX̃ · Hµ dµ,

(5.17)

where X̃ = t(X, 1) and we used
´
R ∂zρ dz = 0 again. Furthermore, set

Ỹ (x) :=
ˆ
R

PT(x,z)(µ+aν)(Y (x, z)) dz for Y ∈ T∂M×RC1
c (Rn+1 × R;Rn+2),

we obtain δ(µ + aν)(Y ) = δ(µ + aν)(Ỹ ) by the definition of the first variation formula.
From this and Lemma 5.10, it follows that δ(µ + aν)(Y ) = δ((µ + aν) × L1)(Y ) for any
Y ∈ T∂M×RC1

c (Rn+1 ×R;Rn+2), which implies that the mean curvature Hµ is independent of
z. Therefore, by (5.17), we obtain that (µ, ν) has the contact angle θ and p(Hµ(·, z)) = Hµ(·)
for all z ∈ R. By (5.16) and p(Hµ) = Hµ, it follows from

´
R ρ dz = 1 thatˆ

M×R
(∇′(ρϕ) − ρϕHµ) · Hµ dµ =

ˆ
M×R

ϕ∇′ρ · Hµ + ρ((∇′ϕ − ϕHµ) · Hµ) dµ

=
ˆ

M
(∇ϕ − ϕHµ) · Hµ dµ

for any ϕ ∈ C2
c (Rn+1; [0, ∞)) with ∇ϕ ∈ T∂M C1

c (Rn+1;Rn+1). This completes the proof. □
Finally, we obtain the existence theorem of the Brakke flow with contact angle from Lemma

5.9, Lemma 5.10, and Lemma 5.11.

Theorem 5.12. Let (µt, νt) be as in Lemma 5.9. Let ρ ∈ C2
c ((0, ∞); [0, ∞)) be such that´∞

0 ρ dz = 1 and fix. Set µt(ϕ) := µt(ρϕ) and νt(ϕ) := νt(ρϕ) for ϕ ∈ C0
c (Rn+1; [0, ∞)), then

the following hold;
(1) for all t > 0 except for a countable set, µt + aνt = (µt + aνt) × L1;
(2) (µt, νt) is a Brakke flow and it has the contact angle θ in M ⊂ Rn+1.
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When applying the compactness theorem of Brakke flows, one can take a further subse-
quence using the compactness theorem of sets of finite perimeter by (5.10): there exists a set
of finite perimeter E ⊂ M × [0, ∞) such that

χEε → χE in L1
loc(M × [0, ∞)), ‖∇′χE‖ ≤ lim inf

ε→0
‖∇′χEε‖,

and we can show that (µt, νt) and Et fit as the concept of the enhanced motion in [19, Section
8.1]. Furthermore, we ensure that the Brakke flow (µt, νt) starts continuously with the given
initial datum ∂∗E0.

Proposition 5.13. For (µt, νt) and Et constructed above, we have the following properties;
(1) limt→0+(µt + aνt) = µ0 + aν0 = ‖∇χE0‖⌞M◦+a‖∇χE0‖⌞∂M , where we take the limit

over the times t where (2) holds;
(2) for almost every t > 0, ‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M ≤ µt + aνt;
(3) for all Borel set I ⊂ [0, ∞),

‖∇′χE‖(M × I) ≤ 1
a

(
L1(I) + (L1(I))

1
2
)
Hn(∂∗E0).

Proof. First of all, by (5.10), we have

‖∇′χE‖(M × I) ≤ lim inf
ε→0

‖∇′χEε‖(M × I) ≤ 1
a

(
L1(I) + (L1(I))

1
2
)
Hn(∂∗E0),

where we used the lower semi-continuous of variation measures. Thus (3) is proved. Let
z > 0 be arbitrary. Since the parallel translation is continuous in L1, we have χEε+εzez → χE

in L1
loc(Rn+1 × [0, ∞)). Taking further subsequence from {Eε + εzez} if necessary, we see

that χEε(x, t + εz) converges to χE(x, t) as ε → 0 for almost every (x, t) ∈ Rn+1 × [0, ∞),
and by Fubini’s theorem, we have χEε

t+εz
→ χEt in L1(Rn+1) for almost ever time t > 0.

Thus we obtain ‖∇χEt‖ ≤ lim infε→0‖∇χEε
t+εz

‖ for almost every time t ≥ 0 by the lower
semi-continuity of variation measures. Note that it follows from the definition of Sε and Eε

that Sε(t)z = Sε
z+t/ε = Eε

t+εz. We also note that it satisfies

‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M = a‖∇χEt‖ + (1 − a)‖∇χEt‖⌞M◦

≤ lim inf
ε→0

(a‖∇χEε
t+εz

‖ + (1 − a)‖∇χEε
t+εz

‖⌞M◦)

= lim inf
ε→0

(‖∇χEε
t+εz

‖⌞M◦+a‖∇χEε
t+εz

‖⌞∂M ).

Let ϕ ∈ C0
c (Rn+1; [0, ∞)) and ρ ∈ C2

c (R; [0, ∞)) with
´
R ρ dz = 1 be arbitrary. Then we

obtain

µt(ϕ) + aνt(ϕ) = µt(ρϕ) + aνt(ρϕ) = lim
ε→0

ˆ
M×(−z/ε,∞)

ρϕ d(µε
t + aνε

t )

≥ lim inf
ε→0

ˆ ∞

−z/ε
ρ

(ˆ
M◦

ϕ d‖∇χSε(t)z
‖ + a

ˆ
∂M

ϕ d‖∇χSε(t)z
‖
)

dz

= lim inf
ε→0

ˆ ∞

−z/ε
ρ

(
a

ˆ
M

ϕ d‖∇χSε(t)z
‖ + (1 − a)

ˆ
M◦

ϕ d‖∇χSε(t)z
‖
)

dz

≥ a

ˆ
R

ρ lim inf
ε→0

‖∇χEε
t+εz

‖(ϕ) dz + (1 − a)
ˆ
R

ρ lim inf
ε→0

‖∇χEε
t+εz

‖⌞M◦(ϕ) dz

≥ a‖∇χEt‖(ϕ) + (1 − a)‖∇χEt‖⌞M◦(ϕ) = ‖∇χEt‖⌞M◦(ϕ) + a‖∇χEt‖⌞∂M (ϕ),
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where we used the co-area formula, Fatou’s Lemma, the lower semi-continuity of ‖∇χEt‖,
and
´
R ρ dz = 1. Next, by taking the limit in (5.9), we have

(µt + aνt)(M × I) ≤ L1(I)(Hn((∂∗E0)i) + aHn((∂∗E0)b))

for all t ≥ 0. Here let ρ ∈ C2
c (R; [0, ∞)) be such that

´
R ρ dz = 1. Then, by uniform

approximation of ρ by the step functions, we have

(µt + aνt)(M) =
ˆ

M×R
ρ d(µt + aνt) ≤ Hn((∂∗E0)i) + aHn((∂∗E0)b) (5.18)

for all t ≥ 0. On the other hand, use the lower semi-continuous of variation measures, (2)
and Proposition 4.1 (2), then we have

‖∇χE0‖⌞M◦+a‖∇χE0‖⌞∂M ≤ lim inf
t→0+

(‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M )

≤ lim
t→0+

(µt + aνt) ≤ µ0 + aν0.
(5.19)

Here, we take the limit over the times t where (2) holds in (5.19). Thus (1) follows from
(5.18) and (5.19). □

5.3. Continuity property of Et. Finally, we discuss the continuity of the volume change of
Et. To this end, we prove that Sε extends in the z direction in the measure-theoretic sense.

Lemma 5.14. For Sε, we have
lim
ε→0

‖∇′χSε‖
({

(x, z) ∈ ∂∗Sε : |PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2
})

= 0.

Proof. Since |PT(x,z)(∂∗Sε)(ez)| = 1 on ∂M × (0, ∞), we have

‖∇′χSε‖
({

|PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2
})

= ‖∇′χSε‖⌞M◦×(0,∞)
({

|PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2
})

.

From Lemma 5.2 (1) and 1 = |PT(x,z)(∂∗Sε)(ez)|2 + |P ⊥
T(x,z)(∂∗Sε)(ez)|2, we obtain

‖∇′χSε‖⌞M◦×(0,∞)
({

|PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2
})

= ‖∇′χSε‖⌞M◦×(0,∞)
({

1 ≤ 2ε2|Hε|2
})

.

Thus, by Markov’s inequality and (5.7), we compute

‖∇′χSε‖
({

|PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2
})

= ‖∇′χSε‖⌞M◦×(0,∞)
({

1 ≤ 2ε2|Hε|2
})

≤ 2ε

ˆ
(∂∗Sε)i

ε|Hε|2 dHn+1 ≤ 2εHn(∂∗E0).

Letting ε → 0, we have the conclusion. □

Using the above lemma to apply the co-area formula to Sε, we obtain the following.

Proposition 5.15. The characteristic function χEt is 1/2-Hölder continuous in L1 with
respect to t ≥ 0 except for a null set.

Proof. We set
Σε :=

{
(x, z) ∈ ∂∗Sε : |PT(x,z)(∂∗Sε)(ez)|2 ≤ 1/2

}
and let ϕ ∈ C1

c (Rn+1 × (0, ∞)) be arbitrary. We define the approximate velocity of Eε by

V ε(x, t) :=
{

− q(νEε )
|p(νEε )|(x, t) ((x, t) ∈ κε(∂∗Sε \ Σε))

0 ((x, t) ∈ κε(Σε)).
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Since the map κε shrinks z-variable by ε, the following hold:

q(νSε)
|p(νSε)|

(x, z) = ε
q(νEε)

|p(νEε)|
(x, t), t = εz, (5.20)

ˆ
Eε

∂tϕ dxdt =
ˆ

Sε

∂zϕ dxdz. (5.21)

Thus, by (5.20) and (5.21), we calculateˆ
Eε

∂tϕ dxdt =
ˆ

Sε

∂zϕ dxdz =
ˆ

(M×(0,∞))∩∂∗Sε

(χΣε + χ∂∗Sε\Σε)ϕq(νSε) dHn+1

=
ˆ

(M×(0,∞))∩∂∗Sε

χΣεϕq(νSε) dHn+1 +
ˆ ∞

0

ˆ
M∩∂∗Sε

z

χ∂∗Sε\Σεϕ
q(νSε)

|p(νSε)|
dHndz

=
ˆ

(∂∗Sε)i

χΣεϕq(νSε) dHn+1 −
ˆ ∞

0

ˆ
(∂∗Eε

t )i

ϕV ε dHndt,

(5.22)

where we used the co-area formula and q(νSε) = 0 on ∂M . From Lemma 5.14, we have

lim
ε→0

ˆ
(∂∗Sε)i

χΣεϕq(νSε) dHn+1 = 0.

It follows from a simple geometric argument that |p(νSε)| = |PT(x,z)(∂∗Sε)(ez)|, and by the
definition of Σε, we see that 1/2 < |p(νSε)|2 on ∂∗Sε \ Σε. Hence, by Lemma 5.2 (1), we see
that (

χ∂∗Sε\Σε
q(νSε)

|p(νSε)|

)2

≤ 2ε2|Hε|2 in M◦.

Therefore, by (5.7), we compute
ˆ ∞

0

ˆ
(∂∗Eε

t )i

|V ε|2 dHndt =
ˆ ∞

0

ˆ
(∂∗Sε

t )i

1
ε

(
χ∂∗Sε\Σε

q(νSε)
|p(νSε)|

)2

dHndz

≤ 2
ˆ ∞

0

ˆ
(∂∗Sε

t )i

ε|Hε|2 dHndz ≤ 2
ˆ

(∂∗Sε)i

ε|Hε|2 dHn+1 ≤ 2Hn(∂∗E0),

where we used the co-area formula. Thus, taking the limit ε → 0 in (5.22), we obtain∣∣∣∣∣
ˆ

E
∂tϕ dxdt

∣∣∣∣∣ ≤ C lim
ε→0

(ˆ ∞

0

ˆ
(∂∗Eε

t )i

|ϕ|2 dHndt

) 1
2

(5.23)

for some constant C > 0 depending only on E0.
Let G ⊂ [0, ∞) be a set of Lebesgue points of f(t) :=

´
Et

dx. It follows from a standard
result in measure theory that the set G is full measure in [0, ∞). Let t1 < t2 be arbitrary
points in G. We choose ϕ as depending only on time, and by approximating ϕ → χ[t1,t2], we
obtain the following from (5.10) and (5.23):

|Ln+1(Et2) − Ln+1(Et1)| ≤ CHn(∂∗E0)
1
2 (t2 − t1)

1
2 ,

where we used the co-area formula. This completes the proof. □
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Remark 5.16. By Lemma 5.15, one may re-define the set E so that χEt is 1/2-Hölder
continuous in L1 to the time direction for all t > 0. We also note that, by approaching from
the left, one can re-define the Brakke flow (µt, νt) so that µt + aνt is left-continuous for all
t ≥ 0 from Lemma 4.1 while keeping the Brakke inequality (2.4). Furthermore, we can prove
that the property ‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M ≤ µt + aνt also holds for any t ≥ 0. Let G be
the full measure set of [0, ∞) where Proposition 4.1 (2) holds. For any t /∈ G, we can choose
a sequence {ti}i ⊂ G approaching from the left to t. Since χEti

→ χEt in L1, we have, for
any ϕ ∈ C0

c (Rn+1; [0, ∞)),
(‖∇χEt‖⌞M◦+a‖∇χEt‖⌞∂M )(ϕ) ≤ lim inf

i→∞
(‖∇χEti

‖⌞M◦+a‖∇χEti
‖⌞∂M )(ϕ)

≤ lim inf
i→∞

(µti + aνti)(ϕ) = (µt + aνt)(ϕ),

where we used the lower semi-continuous property of variation measures, Proposition 5.13
(2), and the left-continuity of µt + aνt. This completes all of the claims in Theorem 2.7.
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