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Abstract. The purpose of the paper is threefold: first, we prove optimal regularity results for

the distance from Ck submanifolds of general rank-varying sub-Riemannian structures. Then,

we study the asymptotics of the volume of tubular neighbourhoods around such submanifolds.
Finally, for the case of curves in the Heisenberg groups, we prove a Weyl’s invariance result:

the volume of small tubes around curves does not depend on the way the curve is isometrically

embedded, but only on its Reeb angle. The proof does not need the computation of the actual
volume of the tube, and it is new even for the three-dimensional Heisenberg group.

1. Introduction

Let S be a closed submanifold of codimension m in the n-dimensional Euclidean space Rn.
In [26], Weyl derived a formula for the volume of a tube of small radius r around S:

(1) V (r) =
πm/2

Γ
(
n
2 + 1

) n−m∑
e=0

e even

ke(S)r
m+e

(m+ 2)(m+ 4) · · · (m+ e)
.

There are two noteworthy features of this formula. Firstly, its regularity : the function V (r) is a
polynomial, and not some more complicated function. In particular, it is real-analytic, even if S
is only supposed to be smooth, and only the terms rm+e, with e even, appear in the polynomial.
Secondly, its invariant nature: the coefficients ke(S) can be written in terms of the intrinsic
curvature tensor of S, and thus formula (1) does not depend on the way S is embedded in Rn,
but only on its inner metric structure induced by Rn.

Inspired by Weyl’s results, we study the volume of tubes in more general metric spaces, and
more precisely in (sub-)Riemannian manifolds. This research is motivated by the recent works
in this area [10, 7, 22], which focused on the case of tubes around hypersurfaces embedded
in the Heisenberg group, and [9], for tubes around hypersurfaces in three-dimensional contact
structures. (In this case, the corresponding volume asymtptotics are known as Steiner’s formu-
las.) See also [8] where, with a different spirit, the authors study the volume of small balls in
three-dimensional contact structures.

We develop the theory for Ck non-characteristic submanifolds of arbitrary codimension em-
bedded in a general, possibly rank-varying, sub-Riemannian manifold. In the specific case of the
Heisenberg groups, we prove that the volume of small tubes around curves does not depend on
the way the curve is isometrically embedded, but only on its Reeb angle. This result extends the
classical Euclidean one due to Weyl. Its proof is based on a symmetry argument of independent
interest, new even in the Euclidean setting.

1.1. Regularity of the distance and tubular neighbourhoods. The study of tubes begins
with the definition of what a tube is, and instrumental to this is the study of the regularity of
the distance from a submanifold. This constitutes our first result, which continues the research
line initiated in [4, 5, 10, 22] for C2 hypersurfaces or submanifolds of the Heisenberg groups and
[6] for C∞ hypersurfaces of some special step 2 Carnot groups. Our contribution extends all
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previous results to Ck submanifolds of arbitrary codimension, embedded in general rank-varying
sub-Riemannian manifolds, with optimal regularity in the Ck class.

In the following, δ : M → R is the distance from an embedded submanifold S ⊂ M , π :
T ∗M → M is the cotangent bundle projection, AS ⊂ T ∗M is the bundle of covectors that
vanish on TS (the so-called annihilator bundle), E : AS → M is the restriction of the sub-
Riemannian exponential map to AS, H ∈ C∞(T ∗M) denotes the sub-Riemannian Hamiltonian,
while ∇ represents the horizontal gradient of a C1 function. We refer to Section 2 for precise
definitions. The next result corresponds to Theorem 3.1.

Theorem 1.1 (Sub-Riemannian tubular neighbourhoods and regularity of the distance). Let
M be a sub-Riemannian manifold (smooth, without boundary, complete) and let S ⊂ M be a
non-characteristic submanifold of codimension m ≥ 1 and of class Ck, with k ≥ 2 (without
boundary). Then, there exists a continuous function ε : S → R>0, such that, letting

V :=
{
λ ∈ AS

∣∣∣√2H(λ) < ε(π(λ))
}
,

the following statements hold:

(i) The restriction of the normal exponential map E : V → U := E(V ) is a Ck−1 diffeo-
morphism;

(ii) For all p = E(λ) ∈ U there exists a unique minimizing geodesic γ : [0, 1] → M from S,
which is normal, and it is given by γt = E(tλ). In particular, on V it holds

δ ◦ E =
√
2H;

(iii) δ ∈ Ck(U \ S), with
∥∇δ∥ = 1, on U \ S;

(iv) δ2 ∈ Ck(U);
(v) Let X,Y be smooth (or real-analytic, if M is real-analytic) vector fields. Then the

functions δ, Xδ, Y Xδ are smooth (or real-analytic) along any minimizing geodesic from
S contained in U \ S.

Remark 1.2 (Necessity of assumptions). Without adding further hypotheses, the assumption
k ≥ 2 is necessary, already in the Euclidean case, see [17, 11]. The non-characteristic assumption
is also crucial: δ is not even Lipschitz in charts at characteristic points, see [3].

Remark 1.3 (From Ck−1 to Ck). Items (i) and (ii) immediately imply Items (iii) and (iv) with
Ck−1 regularity. The improvement to Ck regularity, k ≥ 2, requires more work. This unexpected
gain of regularity was observed in the Euclidean case in [17, 11].

Remark 1.4 (Regularity along geodesics). Item (v) states that δ and its derivatives up to order
two are smooth (or real-analytic) along minimizing geodesics from the submanifold, while the
latter is only C2. This is a consequence of the action of the underlying Hamiltonian flow.

A version of Theorem 1.1 appeared in [25] when S is closed and smooth (k = ∞), building
on the codimension 1 case treated in [12]. With respect to those references, Items (iii), (iv)
and (v) are new and require new arguments for 2 ≤ k < +∞. In [3], among other results, a
local analogue of Items (iii) and (iv) is obtained for smooth hypersurfaces (k = ∞, m = 1), with
different techniques. A version of Theorem 1.1 for the Heisenberg groups was proven in [22],
using the explicit knowledge of minimizing geodesics.

For two-sided hypersurfaces, it is customary to define an associated signed distance δsign :
M → R, see Section 3.1, enjoying better regularity properties. We record in this case a variant
of Theorem 1.1, corresponding to Corollary 3.5.

Corollary 1.5 (The two-sided case). In the same setting of Theorem 1.1, assuming furthermore
that S is a two-sided non-characteristic hypersurface, Items (iii) to (v) hold on up to S (i.e. on
the whole U), replacing δ with δsign.
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Figure 1. Tubes and half-tubes.

The function ε : S → R of Theorem 1.1 may tend to zero when S is non-compact or cl(S) \S
is non-empty. If S is bounded and extendible (roughly speaking, it is a subset of a larger sub-
manifold, see Definition 3.6 for a precise definition), the tubular neighbourhood of Theorem 1.1
can be chosen to be uniform. See Theorem 3.8.

Theorem 1.6 (Uniform tubular neighbourhoods). In the setting of Theorem 1.1, assume fur-
thermore that S is bounded and satisfies the extendibility property. Then, there exists r0 =
r0(S) > 0 such that Items (i) to (v) hold for

(2) V :=
{
λ ∈ AS

∣∣∣√2H(λ) < r0

}
.

Remark 1.7. If there is V of the form (2) such that Items (i) to (v) of Theorem 1.1 hold, we
say that S has positive injectivity radius. Note that if cl(S) ⊋ S in M , then r0 can be smaller

of the supremum of the r > 0 s.t. E is a diffeomorphism on Vr = {λ ∈ AS |
√

2H(λ) < r}.

For submanifolds with positive injectivity radius we can finally define tubes.

Definition 1.8 (Tubes and half-tubes). Let S ⊂ M be a C2 non-characteristic embedded
submanifold of codimension m ≥ 1, bounded and with the extendibility property. Let r0 =
r0(S) > 0 be its injectivity radius. The tube of radius r ∈ (0, r0) is the set

T (r) := E
(
{λ ∈ AS |

√
2H(λ) < r}

)
.

The tubular hypersurface at radius r ∈ (0, r0) is the set

∂T (r) := E
(
{λ ∈ AS |

√
2H(λ) = r}

)
.

If S is a two-sided hypersurface, the half-tubes of radius r ∈ (0, r0) are the sets

T±(r) := E
(
{λ ∈ A±S |

√
2H(λ) < r}

)
.

In this case, the tubular hypersurface at radius r ∈ (0, r0) is the set

∂T±(r) := E
(
{λ ∈ A±S |

√
2H(λ) = r}

)
.

If S is a closed manifold embedded inM , then T (r) coincides with the set of points at distance
smaller than r from S. In general, however, T (r) ⊊ {δ < r}.

1.2. The volume of tubes. Our second main result is on the asymptotics of the volume of
tubes. We were inspired, in particular, by the approach of [7], who introduced the concept
of iterated divergences, to account for the lack of a tensorial calculus well-adapted to the sub-
Riemannian setting, akin to the one used in deriving the classical Weyl’s tube formula [14].
Here, we improve and extend this approach to general codimension.



4 TANIA BOSSIO, LUCA RIZZI, AND TOMMASO ROSSI

Definition 1.9 (Iterated divergences). Let ω be a smooth positive density on a smooth manifold,

and X be a vector field. The iterated divergences are the functions divkω(X) such that

L k
Xω = divkω(X)ω, k ∈ N,

provided that the Lie derivatives exists.

Note that div0ω(X) = 1, and div1ω(X) = divω(X) is the classical divergence of X. If they
exist, the iterated divergences satisfy the following recursive relations:

(3) divk+1
ω (X) = divω(div

k
ω(X)X) = divω(X)divkω(X) +X(divkω(X)).

In the next result, A1S = AS ∩ {2H = 1} is the unit annihilator bundle, and Er : A1S →M
is the exponential map at time r, namely Er(λ) = E(rλ). See Theorem 4.1.

Theorem 1.10 (Weyl’s tube formula). Let M be a smooth (or real-analytic) sub-Riemannian
manifold, equipped with a smooth (or real-analytic) measure µ. Let S ⊂ M be a bounded non-
characteristic embedded submanifold of codimension m ≥ 1, of class C2 (without boundary) and
with the extendibility property. Let r0 = r0(S) > 0 be its injectivity radius. Then the volume
of the tube r 7→ µ(T (r)) is smooth (or real-analytic) on [0, r0). Furthermore, there exists a
continuous density σm on A1S, defined by

σm := lim
r→0

E∗
r (ι∇δµ)

rm−1
,

and continuous functions w
(j)
m : A1S → R defined for j ∈ N by

w(j)
m := lim

r→0
divjµ/δm−1(∇δ) ◦ Er,

such that µ(T (r)) has the following Taylor expansion at r = 0:

µ(T (r)) =
∑
k≥m

k−m even

1

k(k −m)!

(∫
A1S

w(k−m)
m dσm

)
rk,

where dσm denotes the measure induced by σm.

Remark 1.11 (On the regularity). In this generality, one cannot expect µ(T (r)) to be a poly-
nomial in r, as it happens for Euclidean tubes. However by the above theorem, as soon as the
ambient structure is smooth (resp. real-analytic), the volume of tubes is smooth (resp. real-
analytic) even if the corresponding submanifold S is just C2. Note that the real-analyticity of
the volume of the tube around smooth hypersurfaces (k = ∞, m = 1) in the three-dimensional
Heisenberg group was obtained in [7] as a consequence of the explicit computation of all coeffi-
cients in the Taylor expansion. Our proof uses different ideas.

If S is a two-sided hypersurface, and one considers its (positive) half-tube T+(r), the den-

sity σ1 and the functions w
(j)
1 of Theorem 1.10 can be identified, respectively, with the sub-

Riemannian perimeter measure σ and the iterated divergences divjµ(∇δsign) on S. In this setting,
we generalize the Steiner’s formula obtained in [7]. See Theorem 4.2.

Theorem 1.12 (Steiner’s tube formula). In the setting of Theorem 1.10, assume furthermore
that S is a two-sided hypersurface. Then the volume of the half-tube r 7→ µ(T+(r)) is smooth
(or real-analytic) on [0, r0). Moreover, µ(T+(r)) has the following Taylor expansion at r = 0:

µ(T+(r)) =
∑
k≥1

1

k!

(∫
S

divk−1(∇δsign) dσ
)
rk,

where dσ denotes the sub-Riemannian perimeter measure on the hypersurface S.
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1.3. Polynomial character of iterated divergences. The coefficients in the Weyl’s (or
Steiner’s) tube formulas of Theorems 1.10 and 1.12 are written in terms of the iterated di-
vergences of ∇δ. In Section 5, we investigate to what extent these coefficients are polynomial
functions in the derivatives of the distance δ from the submanifold. This is the sub-Riemannian
analogue of the fact, instrumental in the proof of Weyl’s Euclidean tube formula, that the co-
efficients of the tube formula can be expressed as polynomials of the second fundamental form
of the submanifold. In this introduction we only present the following simplified result for
left-invariant sub-Riemannian structures (see Lemma 5.1, Corollary 5.2, and Remark 5.4).

Theorem 1.13. Let M be a Lie group equipped with a left-invariant sub-Riemannian structure,
and with a left-invariant measure µ. Let Y1, . . . , Yn be a global left-invariant frame for TM .
Then, for all k,m ∈ N with m ≥ 1, there exists a polynomial function P k

m in n+n2+1 variables
and with real coefficients, homogeneous of degree k, such that for any C2 non-characteristic
submanifold S ⊂M of codimension m ≥ 1, it holds

(4) divkµ/δm−1(∇δ) = P k
m

(
. . . , Yαδ, . . . , YαYβδ, . . . ,

m−1
δ

)
, on U \ S,

where in the variables Yαδ, YαYβδ the indices α, β run over the set {1, . . . , n}.
For the case of hypersurfaces (m = 1) then the polynomials P k

1 do not depend on the last
variable. Furthermore, if S is also two-sided, (4) is valid on the whole U , replacing δ with δsign.

Theorem 1.13 includes all Carnot groups. In such a setting one can hope to find a finite set
of invariant generators for the algebra of the polynomials P k

m. We do this for surfaces in the
three-dimensional Heisenberg group in Proposition 5.5, that we report here.

Proposition 1.14. Let H be the three-dimensional Heisenberg group, equipped with a left-
invariant measure µ. Then, there exists polynomials Qk

m with real coefficients and in 5 variables,
such that for any C2 non-characteristic submanifold S ⊂M with codimension m ∈ {1, 2} it holds

(5) divkµ/δm−1(∇δ) = Qk
m

(
F1, F2, F3, F4,

m−1
δ

)
, on U \ S,

where, for any given left-invariant and oriented orthonormal frame {X1, X2}, and letting X0 be
the Reeb vector field, we define the functions Fi : U \ S → R by

F1 := X1X1δ +X2X2δ, F2 := −(X2δ)(X1X0δ) + (X1δ)(X2X0δ),

F3 := X0δ, F4 := X0X0δ.

(The functions F1, . . . , F4 do not depend on the choice of the frame.) Furthermore, if S is a
two-sided surface, (5) for m = 1 holds on the whole U , replacing δ with δsign.

Remark 1.15 (Independence on the frame). The functions F1, . . . , F4 do not depend on the
choice of the frame: they can be written in terms of the sub-Laplacian ∆, the Reeb field X0,
the symplectic structure J , and the horizontal gradient ∇:

F1 = ∆δ, F2 = g(∇δ, J∇X0δ), F3 = X0δ, F4 = X0X0δ.

Remark 1.16. For two-sided hypersurfaces, an immediate consequence of Proposition 1.14 paired
with Theorem 1.12 is the following formula for the volume of the corresponding half-tube:

µ(T+(r)) =
∑
k≥1

1

k!

(∫
S

Qk
1(F1, F2, F3, F4) dσ

)
rk,

where F1, . . . , F4 are defined as above replacing δ with δsign. Compare with [7], where the authors
expressed the integrands in terms of 5 basic functional invariants: F1, . . . , F4 and, in addition,
F5 := (X0X1δ)

2 + (X0X2δ)
2. However, by using the Eikonal equation and its derivative, one

can show that F5 = F 2
2 . We stress that, in order to prove Proposition 1.14, we do not compute

explicitly the iterated divergences.
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The extension of Proposition 1.14 to higher-dimensional Heisenberg groups seems difficult.
This is due to the fact that the corresponding group of isometries is relatively smaller in higher
dimensions. See the discussion at the end of Section 5.

1.4. Weyl’s invariance for tubes around curves of the Heisenberg groups. One of the
deep results in [26] is that the coefficients appearing in the tube formula have intrinsic nature.
This can be stated as follows: any isometric embedding of a given Riemannian manifold S in
Rn has the same tube volume for small enough radii. Broadly speaking, we call this result
Weyl’s invariance. To our best knowledge, all proofs of this fact pass through the computation
of the Jacobian determinant of the normal exponential map, explicit spherical integration, and
Gauss’ formula (relating the second fundamental form of an Euclidean submanifold with its
Riemannian curvature), in order to cast the coefficients in terms of the Riemannian curvature
of S. See [14]. We remark the following fact about Weyl’s invariance result:

- with analogous computational proof, it holds on all space forms (even though the volume
of tubes is no longer a polynomial);

- it does not extend to a general ambient Riemannian manifold M . For instance, the
volume of a tube around a point depends on where the point is in M .

In the sub-Riemannian setting, it is not clear how an invariance-type result can be stated.
Think, for example, at a never-horizontal curve in the three-dimensional Heisenberg group,
γ : (0, 1) → H. The induced inner metric on γ is infinite between any pair of distinct points, so
that from the intrinsic metric viewpoint γ is just a disjoint uncountable union of points. Any
pair γ, γ′ of such curves will be diffeomorphic and “isometric”, but one can easily find examples
with different Weyl’s tube formula. Extending the analogy to non-characteristic surfaces, the
induced structure is that of a regular foliation with one-dimensional leaves, that is the disjoint
union of an uncountable number of flat one-dimensional submanifolds. In any case, intrinsic
“isometries” of these submanifolds seem to have little relevance with the tube formula.

We obtain a Weyl’s invariance result for curves in the (2d+1)-dimensional Heisenberg group
H2d+1. It establishes that the volume of small sub-Riemannian tubes around a non-characteristic
curve depends only on the Riemannian length of the curve and the so-called Reeb angle.

Definition 1.17 (Reeb angle). Let S ⊂ H2d+1 be an embedded C2 non-characteristic subman-
ifold of codimension m ≥ 1. Its Reeb angle θS : S → R is:

θS(q) := sup
W∈TqS

gR(W,X0)

∥W∥gR
,

where gR is the canonical Riemannian extension of the sub-Riemannian metric on H2d+1 and
X0 is the Reeb vector field.

We can now state the invariance result. The corresponding statement for curves in the
Euclidean space is due to Hotelling [16], which motivated [26]. We remark that this is the first
time that such a result is obtained in sub-Riemannian geometry. (cf. Theorem 6.3).

Theorem 1.18 (Sub-Riemannian Hotelling’s theorem). Let γ, γ′ : [0, L] → H2d+1, be non-
characteristic C2 curves, parametrized with unit Riemannian speed. Denote with Γ,Γ′ ⊂ H2d+1

the corresponding embedded submanifold. Assume that θΓ(γt) = θΓ′(γ′t) for all t ∈ [0, L]. Then,
there exists ϵ > 0 such that

µ(TΓ(r)) = µ(TΓ′(r)), ∀ r ∈ [0, ϵ),

where µ denotes the Lebesgue measure of H2d+1.

Remark 1.19. We were not able to extend the same strategy of proof of Theorem 1.18 to general
codimension. We believe that more quantities akin to the concept of Reeb angle will affect the
volume of tubes for general embedded submanifolds.
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1.5. Structure of the paper. In Section 2 we introduce the necessary preliminaries in sub-
Riemannian geometry. In Section 3 we study the regularity of the distance from submanifolds,
proving Theorem 1.1. In Section 4 we prove Weyl’s and Steiner’s expansions for the volume of
tubes, namely Theorems 1.10 and 1.12. In Section 5 we discuss the polynomial character of the
iterated divergences, and the proof of Theorem 1.13 and Proposition 1.14. Finally, in Section 6,
we prove our Weyl’s invariance result for curves in the Heisenberg group, namely Theorem 1.18.

1.6. Acknowledgements. This project has received funding from (i) the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement GEOSUB, No. 945655); (ii) the PRIN project “Optimal transport: new
challenges across analysis and geometry” funded by the Italian Ministry of University and Re-
search; (iii) the ANR-DFG project “CoRoMo” (ANR-22-CE92-0077-01). The authors also wish
to thank Antonio Lerario for helpful discussions around Weyl’s tube formula.

2. Preliminaries

We recall some basic notions of sub-Riemannian geometry, cf. [1].

2.1. Sub-Riemannian structures. Let M be a smooth, connected n-dimensional manifold.
A smooth sub-Riemannian structure on M is defined by a generating family of N ∈ N global
smooth vector fields {X1, . . . , XN}. The latter defines a (possibly rank-varying) distribution D:

Dp := span{X1(p), . . . , XN (p)} ⊆ TpM, ∀ p ∈M.

We assume that the generating family is bracket-generating, i.e. the Lie algebra of smooth vector
fields generated by {X1, . . . , XN}, evaluated at the point p, is equal to TpM , for all p ∈M . The
generating family induces a norm on the distribution at p:

∥v∥2p := inf

{
N∑
i=1

u2i

∣∣∣ N∑
i=1

uiXi(p) = v

}
, ∀ v ∈ Dp,

which, in turn, defines an inner product gp on Dp by polarization. The manifold M , equipped
with the above structure, is said to be a smooth sub-Riemannian manifold. We say that M is a
real-analytic sub-Riemannian manifold if M is a real-analytic manifold and the vector fields of
the generating family are real-analytic.

A curve γ : [0, 1] → M is horizontal if it is absolutely continuous and there exists a control
u ∈ L∞([0, 1],RN ) such that

(6) γ̇t =

N∑
i=1

ui(t)Xi(γt), for a.e. t ∈ [0, 1].

The length of a horizontal curve is defined as:

ℓ(γ) :=

∫ 1

0

∥γ̇t∥γt
dt.

Finally, the sub-Riemannian distance between any two points p, q ∈M is defined as

d(p, q) := inf{ℓ(γ) | γ horizontal curve joining p and q}.

By the Chow-Rashevskii Theorem, the bracket-generating assumption ensures that the distance
d is finite, continuous and it induces the same topology as the manifold one.
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2.2. Horizontal gradient. For an open set U ⊂M and C1 function a : U → R, its horizontal
gradient is the horizontal vector field ∇a such that

g(∇a, v) = da(v), ∀ v ∈ Dp, ∀ p ∈ U.

In terms of the generating family {X1, . . . , XN} it holds

∇a =

N∑
i=1

(Xia)Xi and ∥∇a∥ =

√√√√ N∑
i=1

(Xia)2.

(See [24, Appendix A] for a proof in the rank-varying case.)

2.3. Geodesics and Hamiltonian flow. A geodesic is a horizontal curve γ : [0, 1] → M ,
parametrized with constant speed, that is locally length-minimizing. The sub-Riemannian
Hamiltonian is the function H : T ∗M → R, given by

H(λ) :=
1

2

N∑
i=1

⟨λ,Xi⟩2, λ ∈ T ∗M,

where {X1, . . . , XN} is a generating family for the sub-Riemannian structure, and ⟨λ, ·⟩ denotes
the action of the covector λ on vectors. The Hamiltonian vector field H⃗ on T ∗M is then

defined by ς(·, H⃗) = dH, where ς ∈ Λ2(T ∗M) is the canonical symplectic form (ς = dτ , where
τ ∈ Λ1(T ∗M) is the tautological form).

Solutions λ : [0, 1] → T ∗M of the Hamilton equations

(7) λ̇t = H⃗(λt),

are called normal extremals (which we always assume to be defined for all times, that is the case

e.g. when (M, d) is complete). For t ∈ R, we denote by etH⃗ : T ∗M → T ∗M the sub-Rieman-
nian Hamiltonian flow at time t. The projection of normal extremals γt = π(λt) on M , where
π : T ∗M →M is the bundle projection, are geodesics, and are called normal geodesics. If γ is a
normal geodesic with normal extremal λ, then (6) holds with controls ui(t) = ⟨λt, Xi⟩, and its

speed is ∥γ̇∥ =
√
2H(λ). In particular

ℓ(γ|[0,t]) = t
√

2H(λ0), ∀ t ∈ [0, 1].

There is another class of locally length-minimizing curves, called abnormal geodesics. To these
curves γ : [0, 1] → M correspond extremal lifts λ : [0, 1] → T ∗M , which may not follow the
Hamiltonian dynamics (7). Here, we only observe that for abnormal lifts it holds

(8) ⟨λt,Dγt
⟩ = 0 and λt ̸= 0, ∀ t ∈ [0, 1],

that is H(λt) ≡ 0. Note that a geodesic may be normal and abnormal at the same time.

2.4. Geodesics from a submanifold. Consider a C1 embedded submanifold S ⊂M (without
boundary) of codimension m ≥ 1. We define the distance from S as

δ :M → [0,∞), δ(p) := inf {d(p, q) | q ∈ S} .
We say that a horizontal curve γ : [0, 1] →M is a minimizing geodesic from S if it is a constant-
speed length-minimizing curve, such that

γ0 ∈ S, γ1 ∈M \ S and ℓ(γ) = δ(γ1).

If γ : [0, 1] → M is a minimizing geodesic from S there exists a corresponding extremal lift,
λ : [0, 1] → T ∗M , must satisfy the transversality conditions of [2, Thm. 12.4], namely

(9) ⟨λ0, Tγ0
S⟩ = 0.

In other words, the initial covector λ0 must belong to the annihilator bundle

AS := {λ ∈ T ∗M | ⟨λ, Tπ(λ)S⟩ = 0} ⊂ T ∗M.
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Definition 2.1 (Non-characteristic submanifold). Let S ⊂ M be a C1 embedded submanifold
of codimension m ≥ 1. A point q ∈ S is said to be non-characteristic if

Dq + TqS = TqM.

We say that S is a non-characteristic submanifold if it has no characteristic points.

If S is a non-characteristic submanifold without boundary, the curves that realize the distance
from S admit a unique normal lift satisfying the transversality condition (9).

Proposition 2.2. Let M be a sub-Riemannian manifold and let S ⊂ M be an embedded sub-
manifold of codimension m ≥ 1 and of class C1. Let γ : [0, 1] → M be a minimizing geodesic
from S. Assume that γ0 is non-characteristic and it is not a boundary point of S. Then, γ is
the projection of a unique normal extremal lift with initial covector λ ∈ AS.

Proof. Let λ : [0, 1] →M be an extremal lift of γ satisfying the transversality condition (9). The
abnormal condition (8) at t = 0 contradicts (9), so that no such lift can be abnormal. It follows

that the lift is normal, namely there is λ ∈ AS such that γt = π ◦ etH⃗(λ). If there were two
such normal lifts, their difference would be an abnormal lift satisfying (9), which as explained
previously is a contradiction. □

Remark 2.3. The curve γ is also a minimizing geodesic for d, and as such it can admit abnormal
lifts. As just proved, these will not satisfy the transversality condition.

We define the normal exponential map as the restriction of the Hamiltonian flow to the
annihilator bundle, namely

(10) E : AS →M, E(λ) := π ◦ eH⃗(λ).

We also define the unit annihilator bundle A1S ⊂ AS as the sphere bundle

A1S := {λ ∈ AS | 2H(λ) = 1}.
Finally, for r > 0 we let Er : A1S →M be the normal exponential map at radius r:

Er : A1S →M, Er(λ) := E(rλ) = π ◦ erH⃗(λ).

3. Regularity of the distance and tubular neighbourhoods

In this section, we prove Theorem 1.1. We recall here its statement.

Theorem 3.1. Let M be a sub-Riemannian manifold (smooth, without boundary, complete)
and let S ⊂M be a non-characteristic submanifold of codimension m ≥ 1 and of class Ck, with
k ≥ 2 (without boundary). Then, there exists a continuous function ε : S → R>0, such that,
letting

(11) V :=
{
λ ∈ AS

∣∣∣√2H(λ) < ε(π(λ))
}
,

the following statements hold:

(i) The restriction of the normal exponential map E : V → U := E(V ) is a Ck−1 diffeo-
morphism;

(ii) For all p = E(λ) ∈ U there exists a unique minimizing geodesic γ : [0, 1] → M from S,
which is normal, and it is given by γt = E(tλ). In particular, on V it holds

δ ◦ E =
√
2H;

(iii) δ ∈ Ck(U \ S), with
(12) ∥∇δ∥ = 1, on U \ S;

(iv) δ2 ∈ Ck(U);
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(v) Let X,Y be smooth (or real-analytic, if M is real-analytic) vector fields. Then the
functions δ, Xδ, Y Xδ are smooth (or real-analytic) along any minimizing geodesic from
S contained in U \ S.

The proof of Theorem 3.1 is split into two parts. In the first part, we prove Items (i) and (ii).
This part is quite standard, and it extends the proofs contained in [25, 12] to the case of a
non-smooth, non-compact S. We present it here in order mainly to provide a self-consistent
argument. From this, Items (iii) and (iv) with Ck−1 regularity in place of Ck follow. This is
the starting point for the second part of the proof, where some new ideas are needed. There,
we fully prove Ck regularity in Items (iii) and (iv), and we prove Item (v).

First part of the proof of Theorem 3.1. Note that AS is a Ck−1 vector bundle, and E : AS →M
is Ck−1. The non-characteristic assumptions is equivalent to the fact that E has full rank at any
point of the zero section of AS. By the inverse function theorem, it follows that for any point
q ∈ S there exists an open neighbourhood V (q) ⊂ AS such that E is a Ck−1 diffeomorphism
when restricted to V (q). Since S is embedded and 2H, restricted to the fibers of AS, is a
well-defined norm, we can take

V (q) = Vϱ(q) :=
{
λ ∈ AS | d(q, π(λ)) < ϱ,

√
2H(λ) < ϱ

}
,

for some ϱ > 0. Let then η : S → R be

η(q) := sup{ϱ > 0 | E : Vϱ(q) → E(Vϱ(q)) is a diffeomorphism} > 0.

It is easy to prove that η is 1-Lipschitz w.r.t. d. Then, we let ε : S → R>0 be the function

ε(q) :=
1

2
min

{
η(q), d(q, cl(S) \ S)

}
> 0.

Note that d(q, cl(S) \ S) > 0, for every q ∈ S, since we have taken S to be a manifold without
boundary. As the minimum of two 1-Lipschitz functions, ε is Lipschitz, and hence continuous.
(Of course if q → q0 ∈ cl(S) \ S then ε→ 0.)

We now show that the set V defined as in (11) satisfies Items (i) and (ii).

Proof of Item (i). Let λ1, λ2 ∈ V , with qi = π(λi), and assume that E(λ1) = E(λ2) = p.

The curves γi : [0, 1] → M given by γi,t = E(tλi) are horizontal, with length
√

2H(λi), joining
qi with p. Without loss of generality assume that ε(q1) ≤ ε(q2). Then d(q1, q2) < ε(q1) +
ε(q2) ≤ 2ε(q2) ≤ η(q2). Thus by construction λ1 ∈ Vε(q2)(q2) ⊂ Vη(q2)(q2). On this set E is a

diffeomorphism and thus λ1 = λ2. It follows that E : V → E(V ) is injective, and thus a Ck−1

diffeomorphism, proving Item (i).

Proof of Item (ii). Let p = E(λ) with λ ∈ V . The curve γ : [0, 1] →M given by γt = E(tλ)

is horizontal, with length
√

2H(λ), and joins q = π(λ) ∈ S with p. It follows that

δ(E(λ)) ≤
√

2H(λ) = ℓ(γ).

Let (γn)n, γn : [0, 1] → M be a sequence of horizontal curves with γn(0) ∈ S, γn(1) = p, such
that ℓ(γn) → δ(p). Up to extraction (and since (M, d) is complete), γn converges uniformly to
a curve γ̄ from cl(S) to p such that ℓ(γ̄) = δ(p). We claim that the initial point q̄ = γ̄(0) cannot
be in cl(S) \ S. In fact since q ∈ S then d(q, cl(S) \ S) > 0 and on the other hand

d(q, q̄) ≤ d(q, p) + d(p, q̄) ≤ ℓ(γ) + δ(p) ≤ 2ℓ(γ) < 2ε(q) ≤ d(q, cl(S) \ S).
Therefore γ̄ is a minimizing geodesic from S, starting from q̄ ∈ S. Furthermore, S is non-
characteristic (and without boundary). By Proposition 2.2, γ̄ is the projection of a (unique)
normal lift: there is λ̄ ∈ AS with π(λ̄) = q̄ such that γ̄(t) = E(tλ̄). Moreover√

2H(λ̄) = ℓ(γ̄) = δ(p) ≤ ℓ(γ) =
√
2H(λ) < ε(q) < η(q),

and also d(q, q̄) < 2ε(q) ≤ η(q). It follows that λ̄ ∈ Vη(q)(q) so that λ̄ = λ, and thus γ = γ̄.
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Since (γn)n was arbitrary, it follows that γ : [0, 1] → M is the unique minimizing geodesic
from S to p = E(λ), given by γt = E(tλ), which is normal. This concludes the proof of Item (ii).

Proof of Items (iii) and (iv) for Ck−1. By the above items, on U = E(V ), it holds

δ2 = 2H ◦ E−1.

Since E : V → U is a Ck−1 diffeomorphism and 2H : T ∗M → R is smooth, we obtain that
δ2 ∈ Ck−1(U) and δ ∈ Ck−1(U \ S).

The fact that the Eikonal equation (12) holds is classical. Indeed, since δ is 1-Lipschitz w.r.t.
d, then (see e.g. [13, Thm. 8]), it holds

(13) ∥∇δ∥ =

√√√√ N∑
i=1

(Xiδ)2 ≤ 1, almost everywhere on M.

In particular (13) holds everywhere on U \ S. To prove the opposite inequality, let γt = E(tλ)

for λ ∈ V . The curve γ : [0, 1] →M has speed ∥γ̇t∥ =
√
2H(λ), and Item (ii) implies

δ(γt) =
√
2H(tλ) = t∥γ̇∥, ∀ t ∈ [0, 1].

Differentiating w.r.t. t we get g(∇δ, γ̇) = ∥γ̇∥. By the Cauchy-Schwartz inequality ∥∇δ∥ ≥ 1. □

To prepare for the second part of the proof of Theorem 3.1, we need some preliminary lemmas.
Denote with Φ : R× T ∗M → T ∗M the extended Hamiltonian flow, namely

(14) Φ(t, λ) := etH⃗(λ), ∀ (t, λ) ∈ R× T ∗M.

Furthermore, denote with Ψ : R× T (T ∗M) → T (T ∗M) the linearisation of Φ, namely

(15) Ψ(t, ξ) := dπ(ξ)Φ(t, ·)(ξ), ∀ (t, ξ) ∈ R× T (T ∗M).

The next result follows from standard regularity theory for ODEs.

Lemma 3.2. Let M be a smooth (or real-analytic) sub-Riemannian manifold. Then Φ and Ψ
are smooth (or real-analytic).

We also recall [21, Lemma 2.15]. There, the sub-Riemannian structure is assumed to have
constant rank, but the statement holds, with the same proof, in our setting.

Lemma 3.3. Let p ̸= q ∈ M be such that there exists a function ϕ : M → R, differentiable at
p, such that

ϕ(p) = d2(p, q), and d2(q, z) ≥ ϕ(z), ∀ z ∈M.

Then there is a unique minimizing geodesic γ : [0, 1] →M between p and q. It is the projection
of a unique normal extremal λ : [0, 1] → T ∗M , that satisfies λ1 = 1

2dpϕ.

The following lemma relates the differential of δ at different points along geodesics from S.

Lemma 3.4. Let V ⊂ AS, U ⊂ M be the neighbourhoods of Theorem 3.1. Let p ∈ U \ S and
let γ : [0, 1] →M be the unique minimizing geodesic from S to p = E(λ), with λ ∈ V . Then

(16) Φ(t, λ) = δ(p)dγt
δ, ∀ t ∈ (0, 1],

and moreover

(17) dγt
δ = Φ((t− s)δ(p), dγs

δ), ∀ t, s ∈ (0, 1].

Proof. Let λ ∈ V ⊂ AS be the covector such that E(λ) = p. The curve γ is characterized as

γt = π ◦ Φ(t, λ) ∀ t ∈ [0, 1].

Let q := π(λ) and ϕ := δ2. Then ϕ ∈ C1(U \ S) by Theorem 3.1 and, in addition, it satisfies

ϕ(p) = d2(p, q), and d2(q, z) ≥ ϕ(z), ∀ z ∈M.
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It follows from Lemma 3.3 that γ is the projection of a unique normal extremal with final
covector 1

2dpϕ = δ(p)dpδ ∈ T ∗
pM . Thus, by Cauchy-Lipschitz, we must have Φ(1, λ) = 1

2dpϕ.
Repeating the same argument for E(tλ) ∈ U , for every t ∈ (0, 1], we obtain that

(18) Φ(1, tλ) = δ(γt)dγtδ = tδ(p)dγtδ.

In addition, since H is homogeneous of degree 2, Φ(1, tλ) = tΦ(t, λ), thus (18) implies (16).

From (16), evaluated at t, s ∈ (0, 1], and using the group property of Φ(·, λ), we deduce

λ = δ(p)Φ(−tδ(p), dγtδ) = δ(p)Φ(−sδ(p), dγsδ),

from which (17) follows. □

We can now complete the proof of Theorem 3.1. Remember that we have already proved
Items (i) and (ii) and Items (iii) and (iv) for Ck−1 regularity.

Second part of the proof of Theorem 3.1. Let V ⊂ AS be the neighbourhood (11).

Proof of Items (iii) and (iv), conclusion. In the first part of the proof we proved that
δ ∈ Ck−1(U \ S) and δ2 ∈ Ck−1(U). Using (16), at t = 1, for all p ∈ U \ S it holds

dpδ =
1

δ(p)
Φ(1, E−1(p)) = Φ

(
δ(p),

E−1(p)

δ(p)

)
.

It follows that δ ∈ Ck(U \ S). Similarly from (16) we deduce

dpδ
2 = 2δ(p)dpδ = 2Φ(1, E−1(p)).

This shows that δ2 ∈ Ck(U).

Proof of Item (v). Let γ : [0, 1] → M be the minimizing geodesic from S, with γ1 =
p ∈ U \ S. First of all, δ(γt) = tδ(p), which is an analytic function of t. Second of all, as a
consequence of Lemma 3.4, the map (0, 1] ∋ t 7→ dγt

δ is smooth (or real-analytic). It follows
that t 7→ Xδ(γt) = (dγt

δ)(X) is smooth (or real-analytic).

The proof for the regularity of Y Xδ is as follows. For a vector field X, let hX : T ∗M → R
defined as hX(λ) = ⟨λ,X⟩. Then, we write

Y Xδ|p = dp(Xδ)Y = hY (dp(hX(dδ))) = hY ◦ ddpδhX ◦ dp(dδ),

where dδ : U \ S → T ∗M is of class Ck−1. Since X,Y are smooth (or real-analytic) so are hY
and dhX . We are left to show that d(dδ) : T (U \ S) → T (T ∗M) is smooth (or real-analytic)
along γ. Define E+ : (0, 1)×AS →M by setting E+(t, λ) := π ◦ Φ(t, λ), and observe that it is
smooth (or real-analytic) w.r.t. t. Then, (17) with s = 1 implies the following: for all r > 0 and

all λ ∈ V ⊂ AS with
√

2H(λ) = r it holds

(19) dE+(t,λ)δ = Φ((t− 1)r, dE+(1,λ)δ), ∀ t ∈ (0, 1].

Fix a basis {v1, . . . , vn−1} ∈ Tλ(AS ∩ {
√
2H = r}) and define Yi(t) := (dλE

+(t, ·))(vi). Then,
for t ∈ (0, 1], setting Yn(t) := γ̇t, the family {Y1(t), . . . , Yn(t)} is a smooth (or real-analytic)
moving frame for Tγt

M along γ. On the one hand, for every i = 1, . . . , n − 1, differentiating
(19) w.r.t. λ, and evaluating along γt, we obtain

d2γt
δ(Yi(t)) = dλ(dδ ◦ E+(t, ·))(vi) = Ψ((t− 1)r, d2pδ(Yi(1))), ∀ t ∈ (0, 1],

where we used the shorthand d2qδ = dq(dδ), and where Ψ is the linearisation of Φ, see (15). On
the other hand, a direct computation shows that

d2γt
δ(Yn(t)) = ∂tΦ((t− 1)r, dpδ) = rH⃗|Φ((t−1)r,dpδ), ∀ t ∈ (0, 1].

Therefore, we conclude that (the matrix representation of) the map (0, 1] ∋ t 7→ dγt
(dδ) is

smooth (or real-analytic) thanks to Lemma 3.2 and the analogous regularity of dδ. □
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3.1. The case of two-sided hypersurfaces. Let k ≥ 2. We say that a Ck embedded sub-
manifold S ⊂M (without boundary) is a two-sided hypersurface if has codimension one and it
admits a never-vanishing transverse and continuous vector field N . (E.g. S = ∂Ω for a properly
embedded manifold with boundary Ω.) In this case, we have a splitting

(20) AS = S ⊔A+S ⊔A−S, A±S = {λ ∈ AS | ±⟨λ,N⟩ > 0},
where S above is identified with the zero section. The neighbourhood U ⊂ M of Theorem 3.1
splits according to (20) as

U = S ⊔ U+ ⊔ U−, U± := E
(
A±S ∩ V

)
.

In this case, we define the signed distance from S as the function δsign : U → R

δsign(p) :=


δ(p) if p ∈ U+,

−δ(p) if p ∈ U−,

0 if p ∈ S.

Corollary 3.5. In the same setting of Theorem 3.1, assuming furthermore that S is a two-
sided non-characteristic hypersurface, Items (iii) to (v) hold on up to S (i.e. on the whole U),
replacing δ with δsign.

Proof. We only have to focus on Items (iii) and (v). For any q ∈ S there is a neighbourhood W
and f ∈ Ck(W ) such that

S ∩W = {f = 0}, with df |S∩W ̸= 0.

Since AS∩π−1(W ) has one-dimensional fiber, any λ ∈ AS∩π−1(W ) can be written as λ = zdf ,
and the map λ 7→ (π(λ), z) defines a Ck−1 chart for AS. Therefore, arguing as in the first part
of the proof of Theorem 3.1, we have that

δsign(E(λ)) = z
√

2H(df), ∀λ = zdf ∈ V ∩ π−1(W ).

We conclude that δsign ∈ Ck−1(U) and that (12) holds.

Since δsign ∈ Ck−1(U), taking the limit for t → 0 (or s → 0) in (16) and (17) one obtains
that Lemma 3.4 holds (for the signed distance) at all t, s ∈ [0, 1]. Hence, applying Lemma 3.4

for p ∈ U , t = 1 and s = 0 and observing that dδsign = df/
√

2H(df) on S ∩W , we obtain

dpδsign = Φ

δsign(p), df√
2H(df)

∣∣∣∣∣
π◦E−1(p)

 .

Since E−1 : U → V is a Ck−1 diffeomorphism we obtain that δsign ∈ Ck(U). Once this is
proved, the proof of Item (v) (replacing δ with δsign) also extends up to t = 0. □

3.2. Uniform tubular neighbourhoods. The function ε : S → R>0 of Theorem 3.1 may
tend to zero either when S is non-compact or cl(S) \ S is non-empty. Under suitable extrinsic
conditions on S, the tubular neighbourhood of Theorem 3.1 can be chosen to be uniform.

Definition 3.6. An embedded submanifold S ⊂M of class Ck satisfies the extendibility property
if there exists an embedded submanifold S̃ ⊂M of class Ck of the same dimension, and without
boundary, such that

(21) cl(S) ⊂ S̃.

If S is non-characteristic, we also ask S̃ to be non-characteristic.

Example 3.7. Any closed manifold S (i.e., compact without boundary) embedded in M satisfies

the extendibility property with S̃ = S. If cl(S) ⊂M is an embedded submanifold with boundary,

then one can build S̃ such that (21) is satisfied, via a suitable flowout from its boundary [19,

p. 217]; if cl(S) has no characteristic points, S̃ can be chosen to satisfy the same property. The
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localizing neighbourhoods used in [7, 9] also satisfy Definition 3.6. Note that S may satisfy the
extendibility property without cl(S) being an embedded manifold with boundary (e.g., any open
set S ⊂ R2 ↪→ R3, with irregular frontier). An example without the extendibility property is
the figure ∞ with the central point removed, embedded in R2.

Theorem 3.8. In the setting of Theorem 3.1, assume furthermore that S is bounded and satisfies
the extendibility property. Then, there exists r0 = r0(S) > 0 such that Items (i) to (v) hold for

V :=
{
λ ∈ AS

∣∣∣√2H(λ) < r0

}
.

Proof. We apply Theorem 3.1 to S̃. Let ε̃ : S̃ → R>0 be the corresponding function, and
Ṽ ⊂ AS̃, Ũ = E(Ṽ ) ⊂M be the corresponding neighbourhoods such that Items (i) to (v) hold

for the distance from S̃, denoted by δ̃. Thanks to (21), we have

r := min {ε̃(q) | q ∈ cl(S)} > 0.

Let Vr := {λ ∈ AS |
√

2H(λ) < r} ⊂ AS ⊆ AS̃. By construction, on Ur := E(Vr) ⊆ Ũ , it

holds δ̃ ≡ δ. (The inequality δ̃ ≤ δ is obvious. But then, if p ∈ Ur, there is a unique minimizing

geodesic from S̃ given by γt = E(tλ) with λ = E−1(p) ∈ Vr. This geodesic starts from S so that
it is also minimizing from S.) Then, Items (i) to (v) hold also for δ on Ur = E(Vr). Finally, set

r0 = r0(S) to be the supremum of all such r. (This does not depend on the choice of S̃.) □

4. The volume of tubes

We now prove asymptotic formulas for the volume of sub-Riemannian tubes (cf. Defini-
tion 1.8). We begin with Theorem 1.10, of which we recall the statement for convenience.

Theorem 4.1. Let M be a smooth (or real-analytic) sub-Riemannian manifold, equipped with
a smooth (or real-analytic) measure µ. Let S ⊂ M be a bounded non-characteristic embedded
submanifold of codimension m ≥ 1, of class C2 (without boundary) and with the extendibility
property. Let r0 = r0(S) > 0 be its injectivity radius. Then the volume of the tube r 7→ µ(T (r))
is smooth (or real-analytic) on [0, r0). Furthermore, there exists a continuous density σm on
A1S, defined by

(22) σm := lim
r→0

E∗
r (ι∇δµ)

rm−1
,

and continuous functions w
(j)
m : A1S → R defined for j ∈ N by

(23) w(j)
m := lim

r→0
divjµ/δm−1(∇δ) ◦ Er,

such that µ(T (r)) has the following Taylor expansion at r = 0:

(24) µ(T (r)) =
∑
k≥m

k−m even

1

k(k −m)!

(∫
A1S

w(k−m)
m dσm

)
rk,

where dσm denotes the measure induced by σm.

Proof. We apply, and use the notation of, Theorems 3.1 and 3.8. Then, for r ∈ (0, r0), it holds

µ(T (r)) =

∫
E
({

λ∈AS|
√

2H(λ)<r
}) µ =

∫
AS∩{√2H<r}

E∗µ.

Let S̃ be the extension coming from the extendibility property, see Definition 3.6. Thanks to the
latter, we can cover S with a finite number of charts where S is the graph of a C2 function. Thus,
by a partition of unity argument, it is sufficient to consider the case in which cl(S) is contained
in a single chart and is diffeomorphic to the closure of an open set of Rn−m. More precisely,
we assume there are smooth (or real-analytic) coordinates (x, y) ∈ Rn−m × Rm on an open
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neighbourhood O ⊂ M such that cl(S) ⊂ O, and there exists a C2 function h : Rn−m → Rm

and an open set B ⊂ Rn−m such that

S = {(x, h(x)) ∈ Rn−m × Rm | x ∈ B}.
In these coordinates let f : Rn → R be the smooth (or real-analytic) positive function such that

µ|O = fdx ∧ dy.

Choose C1 sections ν1, . . . , νm of AS̃ (defined on a neighbourhood of cl(S)), orthonormal w.r.t.

the Hamiltonian scalar product, so that any λ ∈ π−1(O ∩ cl(S)) ∩ AS̃ ⊆ AS̃ can be written as

λ =
∑m

i=1 piνi. This yields coordinates (x, p) ∈ cl(B)× Rm on π−1(O ∩ cl(S)) ∩ AS̃, such that
2H(x, p) = |p|2. In these coordinates, we have

E∗µ = J(x, p)f(E(x, p))dx ∧dp, J(x, p) = det

(
∂E

∂x
,
∂E

∂p

)
.

Here, E : cl(B)× Rm → Rn denotes the normal exponential map in coordinates (x, p), namely

E(x, p) = π ◦ eH⃗(
∑m

i=1 piνi|(x,h(x))). Taking polar coordinates p = ϱu in the fibers, we have

(25) µ(T (r)) =

∫ r

0

ϱm−1

(∫
B×Sm−1

J(x, ϱu)f(E(x, ϱu)) dxdu

)
dϱ,

where du is the standard measure on the unit sphere Sm−1.

Under our assumptions, E(x, p) is C1 and J(x, p) is C0, so that (25) only suggests C1 regu-
larity in r. However, we claim that the map Θ : cl(B)× [0,∞)× Sm−1 → R given by

(26) Θ(x, ϱ, u) = J(x, ϱu)f(E(x, ϱu)),

is smooth w.r.t. ϱ, and all its derivatives w.r.t. ϱ are continuous. Furthermore, in the real-
analytic case, Θ is real-analytic w.r.t. ϱ, locally uniformly w.r.t. (x, u). By this we mean that,
for any compact K ⊂ cl(B)× [0,∞)× Sm−1, there exists C > 0 depending only on K such that

sup
(x,ϱ,u)∈K

∂kΘ

∂ϱk
(x, ϱ, u) ≤ Ck+1k!, ∀ k ∈ N.

From the claim, it follows that r 7→ µ(T (r)) is smooth (or real-analytic) on [0, r0), and one can
differentiate under the integral sign an infinite number of times in (25).

The proof of the claim is based on the following observation. Recall the extended Hamiltonian
flow Φ : R × T ∗M → T ∗M defined in (14). The reparametrization identity Φ(1, tλ) = tΦ(t, λ)
for all (t, λ) ∈ T ∗M corresponds, in our coordinates, to the following:

E(x, ϱu) = π ◦ Φ

(
ϱ, x, h(x),

m∑
i=1

uiνi|(x,h(x))

)
=: Eϱ(x, u).

Therefore, for every (x, ϱ, u) ∈ cl(B)× [0,∞)× Sm−1, it holds:

(27) Jϱ(x, u) = ϱmJ(x, ϱu), where Jϱ(x, u) := det

(
∂Eϱ

∂x
,
∂Eϱ

∂u

)
.

Since Φ is smooth (or real-analytic), it follows immediately that the function (x, ϱ, u) 7→ Jϱ(x, u)
is continuous, smooth w.r.t. ϱ, and all the derivatives w.r.t. ϱ are continuous. Furthermore, in
the real-analytic case, (x, ϱ, u) 7→ Jϱ(x, u) is real-analytic w.r.t. ϱ, locally uniformly w.r.t. (x, u).
It follows from (27) and elementary analysis that

J(x, ϱu) =

∫ 1

0

ds1

∫ s2

0

ds2 · · ·
∫ sm−1

0

dsm
∂mJ t(x, u)

∂tm

∣∣∣∣
t=ϱsm

.

The claimed regularity follows immediately for the first factor in (26), while, for the second
factor, it is a consequence of the smoothness (or real-analyticity) of f . This concludes the proof
of the claim and shows the regularity of the volume of the tube w.r.t. r ∈ [0, r0).
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We now characterize the Taylor expansion at r = 0. It is clear that derivatives of order k < m
of (25) vanish at r = 0. While, for k ≥ m, the Leibniz rule yields

(28)
dk

drk

∣∣∣∣
r=0

µ(T (r)) =
(k − 1)!

(k −m)!

∫
B×Sm−1

∂k−m

∂rk−m

∣∣∣∣
r=0

J(x, ru)f(E(x, ru)) dxdu.

Note that for all k ≥ m, by differentiating at r = 0, it holds

∂k−m

∂rk−m

∣∣∣∣
r=0

J(x, ru)f(E(x, ru)) = (−1)k−m ∂k−m

∂rk−m

∣∣∣∣
r=0

J(x,−ru)f(E(x,−ru)),

so that the right hand side of (28) vanishes if k −m is odd, upon integration on Sm−1.

We show that (22) and (23) are well-defined and then we prove (24). We use polar coordinates

(x, r, u) ∈ cl(B) × R × Sm−1 on π−1(O ∩ cl(S)) ∩ AS̃, noting that the slice r = 1 corresponds
to A1S. Note also that δ(E(x, ru)) = r and E∗∂r = ∇δ. Furthermore, in these coordinates
Er(x, u) = E(x, ru). Thus

σm = lim
r→0

E∗
r (ι∇δµ)

rm−1
= lim

r→0

J(x, ru)f(E(x, ru))

rm−1
rm−1ι∂r

(dr ∧ dx ∧ du)

= J(x, 0)f(x, 0)dx ∧ du,(29)

showing that σm is a a well-defined and continuous density on A1S.

Similarly, by Definition 1.9 of iterated divergence we have

divjµ/δm−1(∇δ)
µ

δm−1
= L j

∇δ

( µ

δm−1

)
, on U \ S.

Taking the pull-back with E we obtain in polar coordinates(
divjµ/δm−1(∇δ) ◦ E(x, ru)

)
J(x, ru)f(E(x, ru))dr ∧ dx ∧ du =

L j
∂r

(
J(x, ru)f(E(x, ru))dr ∧ dx ∧ du

)
=

∂j

∂rj
J(x, ru)f(E(x, ru))dr ∧ dx ∧ du.

Therefore we obtain in these coordinates

(30) w(j)
m (x, u) = lim

r→0
divjµ/δm−1(∇δ) ◦ Er(x, u) =

1

J(x, 0)f(x, 0)

∂j

∂rj

∣∣∣∣
r=0

J(x, ru)f(E(x, ru)).

This shows that the w
(j)
m are well-defined and continuous functions on A1S.

Putting together (29) and (30) in (28) we obtain

dk

drk

∣∣∣∣
r=0

µ(T (r)) =
(k − 1)!

(k −m)!

∫
A1S

w(k−m)
m dσm,

concluding the proof of the Taylor expansion (24). □

We prove Theorem 1.12, of which we recall the statement for the reader’s ease.

Theorem 4.2. In the setting of Theorem 4.1, assume furthermore that S is a two-sided hyper-
surface. Then the volume of the half-tube r 7→ µ(T+(r)) is smooth (or real-analytic) on [0, r0).
Moreover, µ(T+(r)) has the following Taylor expansion at r = 0:

(31) µ(T+(r)) =
∑
k≥1

1

k!

(∫
S

divk−1(∇δsign) dσ
)
rk,

where dσ denotes the sub-Riemannian perimeter measure on the hypersurface S.
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Proof. For proving the regularity of the volume of the half-tube, one can repeat verbatim the
proof of Theorem 4.1. The main difference is that A1S = AS ∩ {

√
2H = 1} now has (locally)

two connected components. Using the coordinates (x, p) we can write

µ(T+(r)) =

∫ r

0

∫
B

J(x, p)f(E(x, p)) dxdp, for r < r0.

Similarly to (28), this implies that

(32)
dk

drk

∣∣∣∣
r=0

µ(T+(r)) =

∫
B

∂k−1

∂rk−1

∣∣∣∣
r=0

J(x, r)f(E(x, r)) dx.

Since we are no longer integrating on a sphere, the odd coefficients do not vanish. Arguing as

in the proof of Theorem 4.1 we rewrite (32) in terms of the functions w
(j)
m and density σm:

dk

drk

∣∣∣∣
r=0

µ(T+(r)) =

∫
A1+S

w
(k−1)
1 dσ1,

where A1+S = A+S ∩A1S is the positive component of the unit annihilator bundle. Note that
π : AS → S restricts to a diffeomorphism between A1+S and S. Under this identification,

we identify w
(j)
1 with the continuous function divj−1

µ (∇δsign) on S. Similarly, we identify the
density σ1 with the continuous density σ = ι∇δµ on S. Formula (31) is then proved. □

5. Polynomial character of iterated divergences

In this section, we investigate to what extent the coefficients of the Weyl’s tube formula are
polynomial functions in the derivatives of the distance δ from the submanifold. In particular,
we prove the general version of Theorem 1.13, as well as Proposition 1.14.

Lemma 5.1. Let M be a smooth (or real-analytic) sub-Riemannian manifold, equipped with a
smooth (or real-analytic) measure µ. Let Y1, . . . , Yn be a local smooth (or real-analytic) frame
for TM defined on a neighbourhood O ⊂ M . Then, for all k ∈ N there exists a polynomial
function P k in n+ n2 variables, with smooth (or real-analytic) coefficients on O, homogeneous
of degree k, such that for any C2 non-characteristic submanifold S ⊂M of codimension m ≥ 1,
it holds

(33) divkµ(∇δ) = P k (. . . , Yαδ, . . . , YαYβδ, . . . ) , on O ∩ U \ S,

where in the variables Yαδ, YαYβδ the indices α, β run over the set {1, . . . , n}. If S is a two-sided
hypersurface, then (33) for m = 1 holds on the whole U , replacing δ with δsign.

Proof. We proceed by induction on k. Let {X1, . . . , XN} be a smooth (or real-analytic) gen-
erating family for the sub-Riemannian structure. In the following, we consider the indices
α, β, ϱ ∈ {1, . . . , n} and h ∈ {1, . . . , N} and we adopt the convention for which repeated indices
are summed over the corresponding range. We have that Xh = aαhYα for some smooth (or
real-analytic) functions aαh defined on O. Hence,

∇δ = (Xhδ)Xh = aαha
β
h(Yαδ)Yβ .

The case k = 0 is trivial since div0µ(∇δ) = 1. For the case k = 1 we have that

div1µ(∇δ) = (XhXhδ) + (Xhδ)divµ(Xh)(34)

= aαha
β
h [(YαYβδ) + (Yαδ)divµ(Yβ)] + aαh(Yαa

β
h)(Yβδ) + aαh(Yβa

β
h)(Yαδ).

Thus, div1µ(∇δ) is a homogeneous polynomial of degree 1 with smooth (or real-analytic) coeffi-

cients in the variables Yαδ, YαYβδ, that we denote P 1.

Let us suppose that the statement of the lemma is true for some k ≥ 1, i.e.

divkµ(∇δ) = P k (. . . , Yαδ, . . . , YαYβδ, . . . ) .
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We prove the statement for divk+1
µ (∇δ). Exploiting the recursive relation in (3), we obtain that

(35) divk+1
µ (∇δ) = P 1P k +∇δ(P k),

where we omit the explicit dependence on the variables. We claim that (35) is homogeneous of
degree k + 1. By (34) and the inductive hypothesis, P 1P k satisfies the claim. For ∇δ(P k), by
the Leibniz rule, it is sufficient to show that, for any fixed i, j = 1, . . . , n,

(36) ∇δ(Yiδ) and ∇δ(YiYjδ)

are homogeneous polynomials of degree 2 in the variables Yαδ, YαYβδ, where ∇δ(YiYjδ) has to
be intended in the distributional sense. The claim for ∇δ(Yiδ) is immediate, since it holds

∇δ(Yiδ) = aαha
β
h(Yαδ)(YβYiδ).

To deal with the last item in (36), consider the bracket relations [Yα, Yβ ] = cϱαβYϱ, where

cϱαβ : O → R are smooth (or real-analytic) We obtain the following distributional identity:

∇δ(YiYjδ) = aαha
β
h(Yαδ)(YβYiYjδ)

= aαha
β
h(Yαδ)

[
(YiYβYjδ) + cϱβi(YϱYjδ)

]
= aαha

β
h(Yαδ)(YiYjYβδ) + aαha

β
h(Yαδ)

[
Yi

(
cϱβj(Yϱδ)

)
+ cϱβi(YϱYjδ)

]
.

(37)

To get rid of the term containing the third order derivative of δ, we exploit the Eikonal equation
∥∇δ∥ = 1, valid on U \ S. More precisely, differentiating it twice along the vector fields Yi, Yj
we obtain, in the sense of distributions,

(38) YiYj(∥∇δ∥2) = 0 =⇒ (Xhδ)(YiYjXhδ) + (YiXhδ)(YjXhδ) = 0.

Hence, by a direct computation, from (38) we deduce that

0 = aαha
β
h(Yαδ)(YiYjYβδ) + P̃ ,

where P̃ is a suitable homogeneous polynomial of degree 2 in the variables Yαδ, YαYβδ, with

smooth (or real-analytic) coefficients on O. Therefore, the distribution aαha
β
h(Yαδ)(YiYjYβδ) is

actually equal to the continuous function P̃ (. . . , Yαδ, . . . , YαYβδ, . . . ). Then, substituting the
latter expression in (37), we conclude the proof. □

By using the Leibniz rule we obtain the following formula for all m ≥ 1:

divkµ/δm−1(∇δ) =
k∑

j=0

cj,k,m
divk−j

µ (∇δ)
δj

,

for explicit coefficients cj,k,m ∈ R. Then we obtain the following generalization of Lemma 5.1.

Corollary 5.2. Let M be a smooth (or real-analytic) sub-Riemannian manifold, equipped with
a smooth (or real-analytic) measure µ. Let Y1, . . . , Yn be a local smooth (or real-analytic) frame
for TM defined on a neighbourhood O ⊂ M . Then, for all k,m ∈ N with m ≥ 1, there exists a
polynomial function P k

m in n + n2 + 1 variables, with smooth (or real-analytic) coefficients on
O, homogeneous of degree k, such that for any C2 non-characteristic submanifold S ⊂ M of
codimension m ≥ 1, it holds

(39) divkµ/δm−1(∇δ) = P k
m

(
. . . , Yαδ, . . . , YαYβδ, . . . ,

m−1
δ

)
, on O ∩ U \ S,

where in the variables Yαδ, YαYβδ the indices α, β run over the set {1, . . . , n}. If S is a two-sided
hypersurface, then (39) for m = 1 holds on the whole U , replacing δ with δsign.

Remark 5.3. The coefficient m− 1 in the last variable of (39) is a useful notation to recall that,
if m = 1, there is no dependence on that variable.
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Remark 5.4 (The left-invariant case). In case M is a Lie group equipped with a left-invariant
sub-Riemannian structure and a left-invariant measure, one can choose in Lemma 5.1 and Corol-
lary 5.2 as Y1, . . . , Yn a left-invariant global frame, adapted to the sub-Riemannian distribution.
In this case the P k’s (resp. the P k

m) are polynomials with constant coefficients, canonically
associated with the sub-Riemannian structure once a left-invariant frame is fixed.

We now prove Proposition 1.14, of which we recall the statement for convenience. We refer
to Section 6 for a definition of the Heisenberg group.

Proposition 5.5. Let H be the three-dimensional Heisenberg group, equipped with a left-invari-
ant measure µ. Then, there exists polynomials Qk

m with real coefficients and in 5 variables, such
that for any C2 non-characteristic submanifold S ⊂M with codimension m ∈ {1, 2} it holds

(40) divkµ/δm−1(∇δ) = Qk
m

(
F1, F2, F3, F4,

m−1
δ

)
, on U \ S,

where, for any given left-invariant and oriented orthonormal frame {X1, X2}, and letting X0 be
the Reeb vector field, we define the functions Fi : U \ S → R by

F1 := X1X1δ +X2X2δ, F2 := −(X2δ)(X1X0δ) + (X1δ)(X2X0δ),

F3 := X0δ, F4 := X0X0δ.

(The functions F1, . . . , F4 do not depend on the choice of the frame.) Furthermore, if S is a
two-sided surface, (40) for m = 1 holds on the whole U , replacing δ with δsign.

Proof. Fix a left-invariant orthonormal oriented frame {X1, X2} for H and let X0 be the Reeb
vector field (which is also left-invariant). Let P k

m be the polynomials of Corollary 5.2. By
Remark 5.4, these are polynomials with constant real coefficients such that

divkµ/δm−1(∇δ) = P k
m

(
. . . , Xαδ, . . . , XαXβδ . . . ,

m−1
δ

)
,

where α, β = 0, 1, 2. We employ the shorthand Xαβ := XαXβ . It is useful to introduce the
following vectors and matrices:

ξ = Xiδ, z = X0δ, A = XiXjδ, v = X0Xjδ = XjX0δ, α = X0X0δ,

for i, j = 1, 2, so that the variables appearing in P k
m can be organized as follows:((

ξ
z

)
;

(
A v
vt α

)
;
m− 1

δ

)
.

It is well-known that the group of isometries (fixing the origin) of H consists in all group
automorphisms that act by orthogonal transformations on the distribution, [15, 18]. We refer
to [20, Sec. 6] for the explicit description we employ here. It is isomorphic to SO(2), and any
isometry is determined by its action on the distribution at the origin. Let ϕM : H → H be
such an isometry for some M ∈ SO(2). The corresponding action on a left-invariant oriented
orthonormal frame X1, X2 is

(ϕM )∗Xi =

2∑
j=1

MijXj , (ϕM )∗X0 = X0.

It is straightforward to show that the polynomials P k
m of Corollary 5.2 are invariant under the

action of isometries of H in the following sense: for all M ∈ SO(2) it holds

(41) P k
m

((
Mξ
z

)
;

(
MAM t Mv
(Mv)t α

)
;
m− 1

δ

)
= P k

m

((
ξ
z

)
;

(
A v
vt α

)
;
m− 1

δ

)
.

Note that by the Eikonal equation ∥ξ∥2 = 1 and, by differentiating it, we find:

(42) Aξ = 0 and vtξ = 0.
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Furthermore we have

Aij −Aji = [Xi, Xj ]δ = zJij , where J =

(
0 1
−1 0

)
.

Thus, for fixed p ∈ H, let M ∈ SO(2) be the unique orthogonal matrix such that Mξ|p = e1
and MJξ|p = e2. Using relations (42), we obtain that Mv = (0, (Jξ)tv) and

MAM t =

(
0 z
0 (Jξ)tAJξ

)
=

(
0 z
0 Tr(A)

)
.

By (41) we deduce that there exist polynomials Qm
k with constant coefficients such that

divkµ/δm−1(∇δ) = Qk
m

(
Tr(A), (Jξ)tv, z, α, m−1

δ

)
,

as functions on U \ S. □

The strategy of the proof of Proposition 5.5 can work, in principle, also for Heisenberg
groups of a higher dimension. However, for H2d+1, the isometry group (fixing the identity, and
– for simplicity – preserving the orientation) is O(2d) ∩ Sp(2d) ≃ U(d). In particular, while
U(1) ≃ SO(2), in higher dimension this is no longer true, and in particular, the polynomials P k

are no longer invariant by the action of the full (special) orthogonal group. Thus one cannot put
the (symmetric part of) the matrix A = (XiXjδ)

2d
i,j=1 in normal form, as done in Proposition 5.5.

This is one of the reasons for which the generalization of Proposition 5.5 to higher-dimensional
Heisenberg groups seems difficult.

6. Weyl’s invariance for curves in the Heisenberg groups

In this section, we prove a suitable Weyl’s invariance theorem for curves in Heisenberg groups.
We briefly recall their definition: consider the Lie group (R2d+1, ⋆), where

(x, y, z) ⋆ (x′, y′, z′) =

(
x+ x′, y + y′, z + z′ +

1

2
(x · y′ − x′ · y)

)
,

for every (x, y, z), (x′, y′, z′) ∈ Rd×Rd×R ∼= R2d+1. Then, the (2d+1)-dimensional Heisenberg
group H2d+1 is defined by the sub-Riemannian structure on R2d+1 given by the global generating
frame {X1, . . . , X2d} of left-invariant vector fields:

Xi = ∂xi −
yi
2
∂z, Xd+i = ∂yi

+
xi
2
∂z, i = 1, . . . , d.

The sub-Riemannian metric g is such that X1, . . . , X2d are orthonormal. Moreover, it holds

[Xi, Xj ] = JijX0, J :=

(
0 1

−1 0

)
, ∀ i, j = 1, . . . , 2d,

where X0 = ∂z is the Reeb vector field. Note that [X0, Xj ] = 0 for all j = 1, . . . , 2d.

On H2d+1, we also consider the canonical Riemannian extension of the sub-Riemannian met-
ric. Namely, we define the left-invariant Riemannian metric gR extending g by declaring the
Reeb vector field to be of norm 1 and orthogonal to the Heisenberg distribution.

We first observe that the Reeb angle (see Definition 1.17) characterizes suitable equivalence
classes of curves in the Heisenberg groups.

Lemma 6.1. Let γi : [0, Li] → H2d+1, i = 1, 2, be non-characteristic C2 curves, parametrized
with unit Riemannian speed. Denote with Γi ⊂ H2d+1 the corresponding embedded submanifold.
Then the following are equivalent:

(i) Γ1 and Γ2 have the same Riemannian length and the same Reeb angle, i.e. L1 = L2 =: L,
and θΓ1(γ1(t)) = θΓ2(γ2(t)) for all t ∈ [0, L];
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(ii) there exists a diffeomorphism ϕ : Γ1 → Γ2 such that, for all q ∈ Γ1, there is a smooth
sub-Riemannian isometry1 Φ : H2d+1 → H2d+1 such that ϕ∗ = Φ∗|TqΓ1

.

Remark 6.2. Item (ii) is weaker than asking that Γ1,Γ2 are diffeomorphic by a sub-Riemannian
isometry. In fact, the isometry Φ can depend on q ∈ Γ1.

Proof. We prove (i) ⇒ (ii). Define the diffeomorphism ϕ : Γ1 → Γ2 by ϕ = γ2 ◦γ−1
1 . Decompose

γ̇i(t) =Wi|γi(t) + αi(t)X0|γi(t), i = 1, 2,

for some never-vanishing αi : [0, Li] → R. Since the two curves have the same Riemannian
length and Reeb angle it holds L1 = L2 =: L and α1 = ±α2. It follows that ∥W1∥ = ∥W2∥.

Fix t ∈ [0, L]. Up to applying a left-translation (which is an isometry), we may assume that
γ1(t) = γ2(t) = e is the Heisenberg group identity. Let Φ be a sub-Riemannian isometry such
that Φ∗ sends W1|e to W2|e and X0 to ±X0. (Such an isometry exists by the structure of
Heisenberg isometries, see e.g. [20, Sec. 6.1].) Then, by construction

ϕ∗(γ̇1(t)) = γ̇2(t) =W2|e + α2(t)X0|e
=W2|e ± α1(t)X0|e
= Φ∗ (W1|e + α1(t)X0|e)
= Φ∗(γ̇1(t)).

We prove (ii) ⇒ (i). Define the diffeomorphism ζ := γ−1
2 ◦ ϕ ◦ γ1 : [0, L1] → [0, L2]. Observe

that sub-Riemannian isometries of H2d+1 are also Riemannian isometries of the corresponding

Riemannian extension. Using this fact and Item (ii) one easily sees that ζ̇ = ±1. Without

loss of generality we can assume that ζ̇ = 1 (otherwise, re-parametrize one of the two curves
going backwards). Thus, L1 = L2 =: L and ϕ ◦ γ1(t) = γ2(t) for all t ∈ [0, L]. Furthermore,
for all fixed t ∈ [0, L], letting Φ be the isometry of Item (ii) at the point q = γ1(t), it holds
ϕ∗γ̇1(t) = Φ∗γ̇1(t) = γ̇2(t). Using Definition 1.17 and the fact that Φ∗X0 = ±X0, we see that

θΓ2
(γ2(t)) = |gR(γ̇2(t), X0|γ2(t))|

= |gR(Φ∗γ̇1(t),Φ∗X0|γ1(t))|
= |gR(γ̇1(t), X0|γ1(t))|
= θΓ1(γ1(t)).

Since t is arbitrary, the proof is concluded. □

We now prove Theorem 1.18, which states that the volume of small sub-Riemannian tubes
around a non-characteristic curve in H2d+1 depend only on the Reeb angle and the Riemannian
length of the curve. We recall the statement for convenience.

Theorem 6.3. Let γ, γ′ : [0, L] → H2d+1, be non-characteristic C2 curves, parametrized with
unit Riemannian speed. Denote with Γ,Γ′ ⊂ H2d+1 the corresponding embedded submanifold.
Assume that θΓ(γt) = θΓ′(γ′t) for all t ∈ [0, L]. Then, there exists ϵ > 0 such that

µ(TΓ(r)) = µ(TΓ′(r)), ∀ r ∈ [0, ϵ),

where µ denotes the Lebesgue measure of H2d+1.

Proof. For q ∈ Γ and V ∈ TqΓ, we use the symbol Ṽ to denote a lift on AΓ, namely a smooth

vector field on AΓ, such that π∗Ṽ |λ = V for all λ ∈ π−1(q) ∩AS. Also, set M = H2d+1 so that
n = dimM = 2d + 1. We denote with a slight abuse of notation E : T ∗M → M the global
exponential map, defined by the same formula (10). (In the rest of the paper, this notation was
employed for the restriction to AΓ. No confusion should arise.)

1A smooth sub-Riemannian isometry is a diffeomorphism Φ : M → M such that Φ∗ is an orthogonal

transformation on the sub-Riemannian distribution or, equivalently, the Hamiltonian satisfies H ◦ Φ∗ = H.
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For V ∈ TqΓ, we define a (n − 1)-form on the (n − 1)-dimensional submanifold AqΓ ⊂ AΓ
(the fiber at q) by the position

(43) ξ1, . . . , ξn−1 7→ ιṼ (E
∗µ)(ξ1, . . . , ξn−1) := (E∗µ)(Ṽ , ξ1, . . . , ξn−1),

for all ξ1, . . . , ξn−1 ∈ Tλ(AqΓ), and all λ ∈ AqΓ. The definition is well-posed in the sense that
it does not depend on the choice of the lifts, but only on the original V .

We need to fix orientations. Let ϵ = min{r0(Γ), r0(Γ′)}. The standard orientation on M =
H2d+1 induces a unique orientation on AΓ such that the map E is an orientation-preserving

diffeomorphism when restricted on AΓ∩{
√
2H < ϵ}. Also, fix an orientation on Γ in such a way

that the embedding γ : [0, L] → Γ is orientation-preserving. Let ψ : U × Rn−1 → π−1(U) ⊂ AΓ
be an orientation-preserving trivialization (where on Rn−1 we choose the standard orientation
and on U ⊂ Γ the induced orientation). This induces also an orientation on each fiber AqΓ in
such a way that ψ|AqΓ : Rn−1 → AqΓ is an orientation-preserving diffeomorphism. The same
choices are done for Γ′. The integrations below are carried out using these choices.

The integration of the (n−1)-form (43) on the disk of radius r in AqΓ yields a one-parameter
family of 1-forms on Γ, denoted by µr

Γ, defined as follows:

µr
Γ|q(V ) =

∫
AqΓ∩{

√
2H<r}

ιṼ (E
∗µ),

for all V ∈ TqΓ, and all q ∈ Γ, r ∈ [0, ϵ), for ϵ sufficiently small. An application of the Fubini
theorem with the above choice of orientations yields

(44) µ(TΓ(r)) =

∫
Γ

µr
Γ, ∀ r ∈ [0, ϵ).

Let ϕ : Γ → Γ′ be the diffeomorphism from Item (ii) of Lemma 6.1. We claim that ϕ∗µr
Γ′ = sϕµ

r
Γ

(where sϕ = ±1 depending on the fact that ϕ is orientation-preserving or orientation-reversing).
We now prove this claim, which implies the theorem, by (44).

Fix q ∈ Γ and set q′ := ϕ(q) ∈ Γ′. Let Φ : M → M be the isometry such that Φ∗|TqΓ = ϕ∗ :

TqΓ → Tq′Γ
′, which exists by Lemma 6.1. Note that Φ−1∗ : T ∗M → T ∗M (the pull-back of the

inverse) restricts to a diffeomorphism between the corresponding annihilators AqΓ onto Aq′Γ
′,

and it preserves the Hamiltonian. In particular

(45) Aq′Γ
′ ∩ {

√
2H < r} = Φ−1∗(AqΓ ∩ {

√
2H < r}), ∀ r ∈ [0, ϵ).

Note that Φ : M → M is a sΦ-orientation-preserving diffeomorphism, with sΦ = ±1 and recall
also that ϕ : Γ → Γ′ is sϕ-orientation-preserving. It follows that Φ−1∗|AqΓ : AqΓ → Aq′Γ

′ is
(sΦsϕ)-orientation-preserving. Thus, for V ∈ TqΓ, it holds

(ϕ∗µr
Γ′)|q(V ) = µr

Γ′ |q′(ϕ∗V )

= µr
Γ′ |q′(Φ∗V )

=

∫
Aq′Γ

′∩{
√
2H<r}

ι
Φ̃∗V

(E∗µ) by definition of µr
Γ′

=

∫
Φ−1∗(AqΓ∩{

√
2H<r})

ι
Φ̃∗V

(E∗µ) by (45)

= sΦsϕ

∫
AqΓ∩{

√
2H<r}

Φ−1∗∗ι
Φ̃∗V

(E∗µ).(46)

For clarity, we stress that Φ−1∗ : T ∗M → T ∗M , while Φ−1∗∗ : T ∗(T ∗M) → T ∗(T ∗M), and
(Φ−1∗)∗ : T (T ∗M) → T (T ∗M). Observe that Φ−1∗ : T ∗M → T ∗M is such that π◦Φ−1∗ = Φ◦π
as maps on T ∗M . It follows that

π∗ ◦ (Φ−1∗)∗Ṽ = Φ∗V.
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If (Φ−1∗)∗Ṽ were tangent to AΓ′, then it would be a smooth vector field on AΓ′ that lifts
Φ∗V ∈ Tq′Γ

′, so that we could write, according to our notation:

(47) (Φ−1∗)∗Ṽ = Φ̃∗V .

However, even though Φ−1∗ sends AqΓ to Aq′Γ
′, it does not restrict to a map from AΓ to AΓ′.

Therefore (47) is false in general but rather there exists a vector field ζ on T ∗M that is vertical
(i.e. tangent to the fibers of T ∗M , but possibly not to the fibers of AΓ), such that

(48) (Φ−1∗)∗(Ṽ + ζ) = Φ̃∗V .

Therefore, for the density integrated in (46) we have

Φ−1∗∗ι
Φ̃∗V

(E∗µ) = ιṼ+ζ(Φ
−1∗∗ ◦ E∗µ) by (48)

= ιṼ+ζ(E ◦ Φ−1∗)∗µ

= ιṼ+ζ(Φ ◦ E)∗µ since Φ is an isometry

= ιṼ+ζ(E
∗ ◦ Φ∗µ)

= sΦιṼ+ζ(E
∗µ). since µ is isometry-invariant(49)

In the third line, note that, if Φ is a sub-Riemannian isometry, then H ◦Φ∗ = H, and it follows
that E ◦ Φ−1∗ = Φ ◦ E. From (46) and (49), we have proved that

(ϕ∗µr
Γ′)|q(V )− sϕµ

r
Γ|q(V ) = sϕ

∫
AqΓ∩{

√
2H<r}

(
ιṼ+ζ(E

∗µ)− ιṼ (E
∗µ)
)

= sϕ

∫
AqΓ∩{

√
2H<r}

ιζ(E
∗µ),(50)

where we crucially used, in the second line, that Γ has dimension one so that ιṼ+ζ = ιṼ + ιζ .

We will prove that the r.h.s. of (50) vanishes by exploiting symmetries of M = H2d+1.

Let I : T ∗M → T ∗M be the map I(λ) := −λ. Recall the definition of ζ from (48):

ζ = Ṽ − (Φ∗)∗Φ̃∗V .

Note that if Ṽ is a lift of V on AΓ then since I : AΓ → AΓ is a bundle map we have that I∗Ṽ
is a lift of V on AΓ and thus according to our notation I∗Ṽ = Ṽ . Furthermore, it also holds
I ◦ Φ∗ = Φ∗ ◦ I. It follows that

(51) I∗ζ = ζ.

We claim that if µ is the n-form inducing the Lebesgue measure, the following identity holds:

(52) I∗(E∗µ)|T∗
q M = (−1)n(E∗µ)|T∗

q M .

(Note that I = i∗, where i : M → M is i(x, y, z) = (−x,−y,−z). If i were a sub-Riemannian
isometry, then we would have i ◦ E = E ◦ i−1∗ = E ◦ I, and (52) would follow immediately,
without the need of restriction to T ∗

qM . However this is not the case and we have to argue
differently.) By left-invariance of E and µ it is sufficient to prove (52) at q = e (the identity
of the Heisenberg group). We use coordinates (x, z) ∈ R2d × R on M , and dual coordinates
(px, pz) ∈ R2d × R on each fiber T ∗

eM , in terms of which it holds

E∗µ|T∗
e M = J(px, pz)dpx1

∧ · · · ∧ dpx2d
∧ dpz,

where, as computed e.g. in [23, Lemma 15], J(px, pz) is the Jacobian determinant

J(px, pz) =
22d

p2dz
∥px∥2 sin

(pz
2

)2d−1 (
sin
(pz
2

)
− pz

2
cos
(pz
2

))
.

Since I(px, pz) = (−px,−pz) and (px, pz) 7→ J(px, pz) is even, then (52) follows.
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Therefore, for any tuple of vector fields ξ = (ξ1, . . . , ξn−1) on AqΓ it holds

I∗(ιζ(E
∗µ))(ξ) = (E∗µ)(ζ, I∗ξ)

= (E∗µ)(ι∗ζ, I∗ξ) by (51)

= I∗(E∗µ)(ζ, ξ)

= (−1)nE∗µ(ζ, ξ) by (52)

= (−1)n(ιζ(E
∗µ))(ξ).(53)

Note that, in the above equality, it is crucial that we are acting on vector fields tangent to the
fibers AqΓ in order to use (52). Thus, since dim(AqΓ) = n − 1, then I|AqΓ : AqΓ → AqΓ is

(−1)n−1-orientation preserving. Hence, we have∫
AqΓ∩{

√
2H<r}

ιζ(E
∗µ) =

∫
I(AqΓ∩{

√
2H<r})

ιζ(E
∗µ),

= (−1)n−1

∫
AqΓ∩{

√
2H<r}

I∗(ιζ(E
∗µ)),

= −
∫
AqΓ∩{

√
2H<r}

ιζ(E
∗µ), by (53).

This completes the proof that ϕ∗µr
Γ = sϕµ

r
Γ′ . □
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