THE GREEN FUNCTION FOR p—LAPLACE OPERATORS
SABINA ANGELONI AND PIERPAOLO ESPOSITO

ABSTRACT. On a bounded domain @ € RY, N > 2, we consider existence, uniqueness and “regu-
larity” issues for the Green function Gy of the quasi-linear operator u — —A,u — A|u|P~%u with
1 < p < N, homogeneous Dirichlet boundary condition and A < A1, where A1 > 0 is the first
eigenvalue of —A,.

1. INTRODUCTION

Given 1 < p < N and a bounded domain ¢ RN, N > 2, for 2y € Q we are interested in nonnegative
solutions G of
—A,G =GP =0 inQ\ {20},
where A,(+) = div(|V(-)[P72V(+)) is the p-Laplace operator and A < A;. Here G € VVl P(Q\ {xo})
and Ap is the first eigenvalue of —A,, given by
VulP
A = inf fQ |Vl ‘
ueWy P (Q)\{0} fQMp

When A = 0, by elliptic regularity theory a nonnegative p—harmonic function G in Q\ {x¢} belongs

to C’loc (Q\{zo}) for some « € (0, 1) and, according to [32], behaves - if singular - like the fundamental
solution

—Cog ifl<p<N
I(x) =< lz—wolP~h
—(Nwyn) N-Tloglz —xo| ifp=N

1
of —=A,T" = 6, in RN, where Cy = ]*P‘\’,;ip(N(,u]\/)_pf1 and wy is the measure of the unit ball in RY. By
a combination of scaling arguments and regularity estimates, Kichenassamy and Veron [24] showed
that, in the singular situation, up to a re-normalization, G is a solution of

—ApG = gy in (1.1)
and differs from I' by a locally bounded function Hy = Go —I' in Q. Given g € L®(Q) N W1P(Q), a
solution G € VV1 PO\ {zo}) N WEPTLH(Q) to (1.1) with Gy o = 9 can be found in many different

ways (see for example [24, 32]) and turns out to be unique thanks to the property VHy = o(|VI|) as
x — xo. As noticed in [24], the same approach via scaling arguments leads to a continuity property
of Hy at xg.

The aim of the present paper is to establish the Holder continuity of Hy = Gy — I at 9 when A =0
and to include the case A < A;. Notice that such Hélder property is new already when A = 0 and
is relevant since Green’s functions naturally arise in the description of concentration phenomena for
quasi-linear PDE’s, see for example [2], even if representation formulas are no-longer available in a
quasi-linear context. Since the seminal works [26, 32, 33] in the sixties, the regularity theory for
quasi-linear elliptic problems has been first refined in [18, 27] in the p—harmonic setting, see also
[35], and then in [11, 28, 34] for general p—Laplace type equations. To treat the case of a Radon
measure as right hand side, a general existence and uniqueness theory has been developed, both in
the scalar and vectorial case, through different approaches: renormalized solutions, see for instance
[9, 30]; entropy solutions or SOLA (solutions obtained as limit of approximations) in [1, 3, 4, 5]; in
weak Lebesgue spaces [12, 13, 14]; in grand Sobolev spaces [21]. A powerful and general approach
1
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has also been developed through a potential theory in nonlinear form, see for example [23, 25| for
an overview on old and recent achievements. Also in the simplest case A = 0 the problem we are
interested in does not fit into these general theories and a different approach, based on a new but
rather simple idea, is necessary. The main point is to consider H) as a solution of

AT+ Hy) + AT =G in Q) {20} (1.2)
for any G = T' + H) solving (1.5) below and to apply the Moser iterative scheme in [32] to derive

Holder estimates on H) thanks to the coercivity of the difference operator, as expressed by the
estimate

i (X +YP3HX+Y) - |X]P2X,Y)

Xy (IXT+ Y2y P?
When p > 2 gradient LP—estimates on Hy can be derived for the difference equation (1.2) as in
the pure p—Laplace case and the only difficulty, when performing local estimates, comes from the
failure of good upper estimates on |V + VH,[P=2(VI + VH,) — |VI'|P~2VT, caused by the singular
behavior of VI at zg. Since the inequality (|X| + [Y])?72|Y|*> > §|Y|P, § > 0, is no longer true
for 1 < p < 2, one realizes that equation (1.2) differs from the pure p—Laplace case and weighted
gradient L?—estimates on Hy are the natural ones one can hope for.

> 0. (1.3)

Let us first discuss the case A\ = 0, which is the most relevant since it concerns the behavior of
p—harmonic functions at isolated singularities. In the two-dimensional situation a very precise de-
scription has been provided in [29], whereas for N > 2 the only available result concerns the continuity
of Hy and has been given in [24], as already discussed. A special attention is paid here to avoid any
restrictions on p and our first main result below improves in full generality what was previously
known:

Theorem 1.1. Let Q C RY be a bounded domain, o € Q and 1 < p < N. The unique nonnegative
solution Gy to

—ApG = 0y, in §2
G=0 on 02
satisfies
N(p—1)

V(Go—T) e LI(Q), q= (1.4)

N-1"~
and the reqular part Hy = Go — I is Holder continuous at xg.

Let us stress that the integrability condition (1.4) can be improved into VHy € LP(Q) if p > 2.
Since VI' € L1(Q) for all ¢ < g, the exponent g represents the threshold gradient-integrability which
distinguishes the singular situation from the non-singular one and the property (1.4) is crucial, when
running the Moser iterative scheme, to use appropriate test functions ¥(H)) into (1.2) as the equation
were valid in the whole €. The validity of higher regularity properties for Hy represents a challenging
open question in this context.

Let us now address the case A # 0 and consider the problem

—-A,G — AGP~L =6, in Q
G>0 in O (1.5)
G=0 on 0f).

Our second main result is the following:

Theorem 1.2. Let Q C RY be a bounded domain, o € Q and 2 <p < N. If A < A\ with X\ # 0,
problem (1.5) has a solution G with

~ N(p-1)
_ — L — - ]..6
e N-1"~ (16)
which is unique in the class of solutions satisfying (1.6). Moreover, the reqular part Hy = Gy — T is

.. . . N
Hélder continuous at xg if p > 5.

V(Gy —T) € LI(Q),
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Some comments are in order. While (1.4) is proved to be true for Gy, for A # 0 we cannot guarantee
the validity of (1.6) for any solution G,. However, since (1.6) is generally valid for all solutions
obtained through an approximation scheme, assumption (1.6) in Theorem 1.2 is a rather natural
request which - at the same time - allows us to show uniqueness of Gy when p > 2 and Holder
continuity of Hy when p > % In view of Hy € L*>(Q2) and
N(p—1)

s ifl<p< N
FeliQ) forl<qg<g,g={ N-» '
Q) for1<¢g<q",q {+OO if p= N,

notice that condition p > & ensures G{D\_l € Li(Q) for some g > % in (1.2), a natural condition

arising in [32] to prove L®°—bounds. In this respect, observe that also in the semilinear case p = 2
the function H)y is no longer regular at xg when 2 = p < %

Let us emphasize that the main idea in the paper is to derive a-priori bounds on H) as a solution
of the difference equation (1.2). These are achieved by the Moser iterative scheme and the main
difficulty is the appearance of two qualitatively different terms in the estimates when using the
coercivity property (1.3) in the iterative scheme. The results of the present paper are crucial in [2]
to discuss existence results for a quasi-linear elliptic equation of critical Sobolev growth [6, 22] in the
low-dimensional case as in [15, 16].

The paper is organized as follows. Section 2 is devoted to establish the existence part in Theorems 1.1
and 1.2 along with some L°°—estimates, while uniqueness issues are addressed in Section 3. Harnack
inequalities and Holder estimates for H) are established in Section 4. For ease of notation, we will
just consider the case xg = 0.

2. EXISTENCE OF GREEN’S FUNCTIONS
Given g € L®(Q) N WhP(Q), set W, 9(Q) = g + Wol’q(Q) for all ¢ > 1 and consider
VulP
Ag=  inf JolVul”
wewlr@no} Jo lulP

Since the minimizer § of [;,|Vu[? in Wy () is a p—harmonic function in Q so that [|g]lec < [|gloc,
we assume that either g = 0 or g € L>®(Q) N WP(Q) is a p—harmonic and non-constant function in
(2 so to guarantee A1 4 > 0.

For g > 0 and A < Ay 4 let us discuss the problem

—A,G = \GP~L = § in Q
G>0 in O (2.1)
G=yg on 0f2
with
g € L®(Q) N WP (Q) p—harmonic in €, g non-constant unless g = 0. (2.2)

Solutions of (2.1) are found by an approximation procedure based either on removing small balls
B(0) when A = 0 as in [24] or on approximating dp by smooth functions when A\ # 0 as in [1, 3, 4, 5].
We have the following existence result.

Theorem 2.1. Let 1 <p < N, g > 0 satisfying (2.2), X < A1 4 and assume p > 2 only when X\ # 0.
Then there exists a solution Gy of problem (2.1) so that Hy = G —1T satisfies (1.6). Moroever, there
holds Hy € L*°(2) whenever either A =0 or A # 0, p > %

Proof. Consider first the case A = 0. We repeat the argument in [24] and the only point is to establish
suitable bounds on Hy = Go — I'. Let G, be the p—harmonic function in Q. = Q \ B¢(0) so that
Ge = g on 002 and G, = I" on 9B(0). Since I' is a positive p—harmonic function in €\ {0}, by
comparison principle we deduce that G. > 0 and |G —T'| < Cp in Qc, with Cy = ||g|oc +||T'[|0c,00. By
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elliptic estimates [18, 27, 35] for p—harmonic functions we deduce that G, is uniformly bounded in
1’0‘ (Q \ {0}). By Ascoli-Arzeld’s Theorem we can find a sequence €, — 0 so that G, := G¢, — Go
in C’1 -(2\{0}) as n — +o0, where Gy > 0 is a p—harmonic function in '\ {0} so that

Hy=Gy—T € L*(Q). (2.3)

Letting n be a cut-off function with n = 1 near 9Q2 and n = 0 near 0, use n*(G. — g) € Wol’p(Qe) as
a test function for A,G¢ = 0 in {2 to get

/Q 77p<‘VGE’p72VGea V<Ge - g)> - _p/Q 77p71<Ge - g)(‘VGinQVGE, V77> S C (2'4)
in view of Vi = 0 near €2 and 0. Since

1
| G vel <5 [ Vel e [ wiver
Q. 2 Ja. 2

for some C > 0 in view of the Young inequality, by (2.4) we deduce that G, is uniformly bounded in
WLP near 9Q. Then Gy = g on 9 and Gy solves (2.1) with A = 0 in view of (2.3) and [24, 32].
Moreover, use (1 —n)(G.—T) € Wol’p(ﬂe) as a test function for —A,G. + A,I' =0 in Q. to get

/ (1 - n)(IVG. P2V G, — |VT|PVT,V(G, ~T)) < C (2.5)
Qe

in view of V1 = 0 near 9Q and 0. By the coercivity estimate (1.3) and the uniform W!?—bound on
G and I" away from 0 we deduce that (2.5) implies

/ (VD] + |VH P2 VH. < C (2.6)

€

for some uniform constant C' > 0, where H. = G, — I'. When p > 2 estimate (2.6) implies
VH, e Lp(Q)

thanks to the Fatou convergence Theorem along the sequence €,. For 1 < p < 2 by (2.6) and the
Hoélder inequality we get

/ VH[T = / (IVT| + |V H.)
Qe Qe

(2-p)q (2-p)q

q
<C(IVT o +IVH, g )

(P* ) (2 fp)q

[VH|*(IVT| + [V He])

(2—

P
< (HVFHSQ +jad®

(2—

(2-p)q
v, Hqg )

p)(q

for some C' > 0 and s = %&_g), thanks to s < g in view of p < 2 < N. By VI' € L1(Q) for all
g < ¢ and the Young inequality we finally obtain er |VH,|7 < C for some uniform constant C' > 0
and then

VHy € LI()
does hold in the case 1 < p < 2 thanks to the Fatou convergence Theorem.

Once the case A = 0 has been treated, assume p > 2 and follow the approach in [1, 3, 4, 5]. Notice that
for A = 0 we provide below an efficient approximation scheme which is different from the previous
one. Consider a sequence 0 < f,, € C§°(Q2) so that f,, — dp weakly in the sense of measures in (2
with sup,, || fnll1 < +o00 and f, — 0 locally uniformly in €\ {0} as n — 4o00. Since A < A1 4 and
g, fn > 0, the minimization of

1 A
/ ]Vu\p—/ ]u\p—/fnu, u € ng’p(Q),
pPJa P Ja Q

provides a nonnegative solution G,, € ng P(Q) to

~A,Gp —AGP = f,  in Q. (2.7)
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We use here Lemmas 2.2 and 2.3 below to show first that G5! is uniformly bounded in L!(Q) and
then, up to a subsequence, G,, — G in ng’q(Q) as n — 4oo for some G and for all 1 < ¢ < ¢q. By
the Sobolev embedding Theorem we have that G,, — G in L4(Q) as n — +oo for all 1 < ¢ < ¢*
and in particular in LP~1(§2). Therefore one can pass to the limit in (2.7) and get that G\ > 0 solves
(2.1) in view of ¢ > p — 1.

In order to establish suitable bounds on Hy = Gy — I, let 0 < G,, € ng’p(Q) be the solution of
~A,Gn = fn  inQ,
obtained as a minimizer of %fQ \VulP — [, fau in W, P(Q) in view of A,g > 0. Arguing as for (2.7),

we deduce that, up to a subsequence, G, — G in ng’q(Q) as n — +oo for all 1 < ¢ < @, where

G > 0 solves —A,G = & in Q. By [32] and the uniqueness result in [24] we have that G = G and

H=G-T = H,. Since —A oG + 0,G = AGE™in Q with G, = G, on 99, by Lemma23we

deduce that sup ||V(G,, — Gy)llg < +00 in view of sup |GP~Y|,, < +oo for all 1 < m < ;5. Since
n

V(Gn—Gy) — V(Hy — Hp) ae. in Q as n — +00 and V Hy satisfies (1.4), by the Fatou convergence
Theorem we obtain that VH) satisfies (1.6). If either A=0or A #0, p > % a L>®—bound on H)
follows by Theorem 2.6 below and the proof is complete. O

The following result has been crucially used in the proof of Theorem 2.1 and in its proof we closely
follow a tricky idea in [31] combined with some apriori estimates given in Lemma 2.3 below.

Lemma 2.2. Let 2 < p < N. Assume that a,, € L>°(Q), fn € LY(Q), gn satisfy (2.2) and
lim |lap, —alloc =0, supa <A1, sup|||falli + |9nllec] < +o0. (2.8)
Q neN

n—+oo
If u, € W_ql,;p(Q) is a sequence of solutions to
—Apuy, — an]un]p_zun = fn in 9,

then sup ||y ||p—1 < +o0.
neN

Proof. Assume by contradiction that

llun|lp—1 — +o0 as n — +o0o. (2.9)
Setting i, = ”u:”r; -, fn =0 an r and g, = Huflﬁ’ we have that 4, solves
A—Apa? — an i P20y = fn in Q (2.10)
Up = Gn on 0f)
with
[nlp—1 =1, sup lanllso < 00, I fnllLr(@) + lgnlloc — 0 as n — +o0 (2.11)
ne
in view of (2.8)-(2.9). Fix p—1 < pyp < ¢ and define p; = (N+]¥)[§\I[)(p1):f§ ;J 7 in a recursive way
for 5 > 1. Notice that J£/+1) < pj < pj+1 by induction and there exists a unique J > 0 so that

DOy D1 < % < pj. Since Apg, = 0 in Q, by Lemma 2.3 with m = 1 we get that

— n, is uniformly bounded in Wol’q(Q) for all 1 < ¢ < g in view of (2.10)- (2 11) and then, up to a

subsequence, t, — g, — v in Whpo (Q) as n — +o00. Define v =1, and v}, € W 1P as the solution

of —Apvh = an|v? P20 in Q in view of A5, = A1y, > 0. Lemma 2.3, apphed to v} — gn with
N N(p—1 . .
m =P < ek, g = Njil mN(pm ) and to vl — Y with m = 1, ¢ = po in view of (2.10)-(2.11),

provides that, up to a subsequence, v} —g, — v* in Wy (€2) and v} —v0 — 0 in W, 7 () as n — +o0.

By iterating we deduce that, up to a subsequence, v}, — g, — o7 in VVO1 P1(Q) and vl — vt 50

in Wol’pjfl(Q) asn — +oo for all j = 1,...,J. Since a,|v;][P~2v/ is uniformly bounded in L™ ()
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with m = 24 > %, by Lemma 2.3 we deduce that, up to a subsequence v+l — g, — v/t
in W, P(Q) as n — +00. At the same time, by Lemma 2.3 v; ' —v;] — 0 in W,y (Q) as n — +o0.
Since v}, — v}, ' — 0 in W, P00 and vl — ot = (U — §n) — (v,jf — gn) — v/ — 0971 weakly in
Wolpo(Q) asn — +oo forall j =1,...,J+1, we deduce that v° = ... = v/*! and then @, — G, — v°
in Wol’po(Q) as n — +oo with 00 = v/*! ¢ Wol’p(Q).
Let us compare i, with z, € W, (), solution to

—Apzn = ap |t P 2 + fn i Q. (2.12)

Since |ty —zn| < ||gn oo 0n 02, by the weak maximum principle we deduce that ||t, —2zn|lco < ||gn]co-
By (2.11)-(2.12) and Lemma 2.3 we deduce that, up to a subsequence and for some z°, there holds

=20 i WyUQ), 1<q<q. (2.13)
By testing —A,d, + Apz, = 0 in Q against nP (4, — 2,), 0 < n € C§°(2), one gets

/Q PV (i — z)l? < C /Q P TV i — 20) P2 4 [V 20?2V (it — 20) [ — 2]

1

3 L7190 = 2P+ (1l + 130 V20152 ) 0
Q p—1

IN

as n — +oo in view of the Young’s inequality and (2.11). We have used that sup HVanp(pi,lg) < +o00
thanks to (2.13) and % < q. Since V(uy — z,) — 0 locally in LP—norm a: n — +oop, by (2.13)
we deduce that
iy — 1Y in LP7H(Q) and WH(QY), VO ccQ, V1<q<q, (2.14)
in view of ||tn — Zn|loo < [|9nllee — 0 and @y, — §n — v in Wol’po(Q) as n — +oo for pg > p— 1.
By (2.10) and (2.14) we have that v° € W, ?(2) solves
A’ — a2 =0 inQ (2.15)

in view of (2.8) and (2.11). Since
/ |Vv0p—/a|vo|p:()
Q Q

by integration of (2.15) against v* € W[}’p(Q), by supa < A; one finally deduces that v = 0 and
Q
then @, — 0 in LP~1(Q), in contradiction with ||, |,—1 = 1. O

The results in [1, 4, 5], valid for homogeneous boundary values, can be easily extended to non-
homogeneous ones when p > 2, as discussed for instance in the Appendix of [1] when p = N. For the
sake of completeness, we reproduce here a relevant Lemma in the following simplest form, sufficient
for our purposes:

Lemma 2.3. Let2 < p < N. Assume || f1— fa|lm < Co for some Cy > 0 and either 1 < m < W’

1<q< % orm > %, 1 < g < p. Then there exists C > 0 so that ||V (u1 — u2)|q <
1

C|lf1 = fallin for all solutions uy,us € WHP(Q) of —Apu; = fi, i = 1,2, in Q with ug = uy on .
Moreover, given g satisying (2.2) the set of solutions u € ng’p(Q) of —Apu = f in Q with || f]1 < Co
is relatively compact in WH4(Q) for all 1 < g < q.

Proof. Let uy,us € WHP(Q) be solutions of —Ayu; = f;, i = 1,2, in Q with u; = ug on 9. Take
Ti1, 0 < k <1, as the odd function so that

Ty1(s) = min{max{s — k,0},l —k} in [0, +00) (2.16)
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and use T}, p41(u1 — u2) as a test function to get

/ (IVu [P2 Vg — |Vug[P~*Vug, V(ug — ug)) = / (f1 = f2) T o1 (w1 — u2),
{k<|ui—u2|<k+1} Q

which implies

/ Ve~ ws)? < Clfy — follml{u (217)
{k<|u1—u2|<k+1}
in view o .3) an > 2. . the function v = u1 —ug € ’ satisfies
in view of (1.3) and p > 2. By (2.17) the functi W, P(Q) satisfi
/B VolP < ol By 5, k> 0, (2.18)
k
with ¢o = C||fi — f2||m, where E; = {|v| > k} and By, = Ej, \ Ej41.
Consider first the case 1 < m < %, 1<qg< %”;1) and set ¢* = NN—_qq. Since ¢q < m%(pml) <p
thanks to m < 7N+p and
[ o< wopiimg (2.19)
k k
in view of the Holder inequality, by (2.18) we obtain that
aq (m D) . P 1
[ vt <ol (e
By By, A T
for all £ > 1 thanks to
B <k [l (B < [
By Q
Summing up, still by Holder’s inequality one deduces
aq (m 1) 1 q
[ el el (S [, b > )}
{lv|=ko} k=ko k: ko kK ™
and then
a*(pm—q) X 1 q
/ [Vo|? < k«’oco Q"+ Co ol ™ OO —m)” (2.20)
k=ko kK ™a

for a given ky € N in view of (2.18)-(2.19) for k = 0,...,kp — 1. Since % < ¢, by Young’s
inequality (2.20) implies in turn that

o0

) P —ry (2.21)

k=ko k ™a

/ Vol? < ke |95+ Ce (|[o]|% +
o — 0 0 q

Since %ﬂﬁgq) > 1 thanks to g < %, the series in (2.21) is convergent and we can choose kg
1 1

sufficienty large (depending on Cp) so that ||v]|s+ < C’¢f and then [|[Vull; < C¢f in view of the

Sobolev embedding Theorem, where the last estimate gets rewritten as

IV (w1 = u2)llg < ClfL = fallin: (2.22)

Consider now the case m > Npr 1 <q <p. Use u; —usg as a test function to get

T
IV (u1 —u2)l[y < Cllur —ugl|_m [l f1 = fallm

_1
in view of the Holder inequality and then ||V (uy —u2)||, < C||f1 — fa|l& * by the Sobolev embedding
Np

Np-NTp 1O

Theorem in view of ™5 < p*. Notice that such last argument works as well as m =

. Np . .
p < N since No—NTp > 1 in this case.
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Fix now m = 1 and let uj,us € ng’p(Q) be solutions of —Apu; = f;, i = 1,2, in Q with || fi|[1 < Co.
Use Ty (u1 — ug), Ty, given by (2.16), as a test function to get

/ |V(U1 - U2)|p S 06||f1 — f2||1 § 20006 (2.23)
{lur—uz|<e}

in view of (1.3) and p > 2. Given 1 < g < g, by (2.22) and Holder’s inequality (2.23) implies

q

/\v w— )t < c'ep+</ 1V (ur — u2)[*) | { s
{lu1—uz|>€}

=) (2.24)

< Cler + {|u

for some ¢ < s < ¢ in view of § < p. Since g is p—harmonic in §2, taking now a sequence of solutions
Uy € ng’p(Q) to —Apuy, = fp, in Q with sup,, || fn]1 < +00, by the first part we know that u, — g is
bounded in Wol’q(ﬂ) and then, up to a subsequence, we have that u, — uin W,"%(Q) forall 1 < ¢ < g
and strongly in L*(Q2) for all 1 < s < ¢*. Applying (2.24) to u, — u,, it is easily seen that wu, is a
Cauchy sequence in W,%(Q) and then converges to u in W, %(Q) for all 1 < ¢ < g. The proof is
complete. O

Let us push further the analysis in Lemma 2.2 towards an L°°-estimate when p > %

Proposition 2.4. Let 2 < p < N with p > % and M > 0. Then there exists C > 0 so that

lur — uzlloo < C for any pair u; € ngi’p(Q), i =1,2, of solutions to
—Apu; — Nu|P2u; = f in Q, (2.25)
1 .
where || fll1 + sup | 57— + gilloc| < M and g1, g2 satisfy (2.2).
i=1.2 | (A1 — A4

Proof. By Lemma 2.2 we get an universal bound on ||f 4+ Af|u;|P~2u;||;. Since g; is p—harmonic
function in €2, Lemma 2.3 and the Sobolev embedding Theorem provide an universal bound on
u; — g; in Wol’q(Q) for all 1 < ¢ < g and w; in L9(Q) for all 1 < ¢ < g*. Since ]ﬁ > % thanks to

p > &, we can find gy > % so that f = A ui|P~2u; — A2|ug|P~2usy satisfies

[fllg <C (2.26)
for some universal C' > 0. Thanks to (2.25) we can write
—Apur + Apug = f in
2.2
{ Uy — U2 = g1 — g2 on 0f). ( 7)
Since qg > % let us fix By > 0 sufficiently small so that py := % < q*. Set u = u; — uy,

Co = [|g1]|0c + [|92]lcc and define ¥(s) = [To(s F Co)+ + €] — €, with ;€ > 0 and 8 > By, where T}
is given by (2.16). Notice that [ < +o0o and € > 0 guarantee the boundedness and the differentiability
of ¥ in R, respectively. Use ¥(u) € Wol’p(Q) as a test function in (2.27) to get

5/ [To.(uF Co)x + € (| Vuz| + [Vul)P~*|Vu|* < C/ | I[Toa(uF Co)s + € (2.28)
{(uFCo) <1} Q

in view of (1.3). Since p > 2 , by Holder’s inequality with exponents %, qo and W

estimate (2.28) implies the following estimate:

W/ (V[P < |9 s H|quonleHqu3+P < CHweHﬁp%ﬁp
(/B -1 +p q0—1 q0—1

for some C' > 0, where

B=1+p B=14p B-lip

wpe=[To(uF Co)++¢ » , we=[uFCo)++e » , w=(uFCyy"
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p—1+
By the Sobolev embedding Theorem on w;—¢ » fe WO1 P(Q) and the Fatou convergence Theorem

as | — +o0o we deduce that

g-ltp Bjiﬂa
|we —€ 7 |lp < C(B =14 p)|lwell pag (2:29)
q0—1
for some C > 0 provided the R.H.S. is finite, where p* = NN—% if p < N and p* € (q’;(f’l,—l—oo) if

p = N. By using again the Fatou convergence Theorem on the L.H.S. and the Lebesgue convergence
Theorem on the R.H.S. in (2.29), as € — 0 we deduce that

B
[wllps < C(B =1+ p)lw] ag ™

q0—1
for some C' > 0, provided ||w|| rao. < +00. By the definition of w and taking the ﬁ—power we
qo—1
then deduce that

B

L —
H(u + CO):‘:HM < [C(B -1 -HO)]B*HP H(u F C())ﬂ:‘ qﬁo(;tpprp)’
P 20(B=14p)

q0—1
or equivalently

_(p—1)qq

Pq
)70 || (u F Co)all “ @V, (2.30)

qo—1

I(uF Co)tllxu < [C

where = W and kK = % > 1 in view of ¢y > %. Setting p; = K pg, we can perform

j + 1 iterations of (2.30) to get
P 1,%
[ F Ol < [C(B0 — L+ p)wf| B0 1507 || (u F Co) |, @ <.
J J J
1 s p—1
- § :7 1 P72

< [C(Bo—1+p) +1]s=0" ks=0" ||(uF Co)s|ps"

in view of [C(Bp —1+p)+1]x/ > 1 and 1 — m < 1. By letting j — +00 we deduce that

1w Co) oo < C'lI(wF Co) 1% < Chy

in view of
i p—1 Sac IR
bo:=JT1- —C— ) < 4o, —+Y 2 < 400
5130 (Bo — 1+ p)ss go K go o
In conclusion, |[u1 — uz|jsc < C; + Co < Cir and the proof is complete. O

The aim now is to extend Proposition 2.4 to Hy as a solution of (1.2) (to be compared with (2.27))
and to include the case 1 < p < 2. Since it is no longer a matter of universal estimates, the argument
is potentially simpler but the singular character of equation (1.2) has to be controlled thanks to the
assumption VHy € LI(Q). For later convenience, let us write the following result in a sufficiently
general way.

Lemma 2.5. Let 1 <p < N and u € Wll(f;(Q \ {0}) be a solution of
—Ap(I'+u)+A,=f mQ\{0} (2.31)
with f € LY (), Vu € LI(Q) and

1
GIVII < VI <COvI| if1<p<2

(2.32)
V| < CIVT| ifp>2
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in Q for some C > 1. Letn € C1(Q) and ¥: R — R be a bounded monotone Lipschitz function.
Assuming either n =0 or ¥(u) =0 on 0N, then there holds

| @Ie T+ 1y 29 < o [ plvalv@iqv i+ (wupr2val + [ 1)
for some C > 0.
Proof. Consider a sequence 1, € C'(Q) so that

Ne=nin Q\ Be(0), ne=0in Bc(0), [ne| +€lVne < Cin Bc(0) \ B¢ (0) (2.33)
for some C' > 0. Since n?¥(u) vanishes in B<(0) and on 092, it can be used a test function in (2.31):
[ IV 962Vl < € [ [l (9T + Va2Vl + 22151 [9w)] (234)
for some C' > 0 since ¥’ has given sign. We have used here (1.3) and the estimate
o+ 97+ ) = JalP 2] = (] + [u)" 2Oy

Since (|[VI| + |Vu|)P~2 = O(|VT[P~2 + |[Vu|P~2) in view of (2.32), by the Hélder inequality we have
that

B Vu Vul|P~!
/ e Vel [ () [V 1] 4+ [Vul)P=2| V] < € (vl Nl
Be(U)\Bg(O) Be(O)\Bg(O) € p—1 €
1 _ N-a1
<c (/ Va7t + (/ V)| S0 (2.35)
B.(0)\Bj (0) B.(0)\Bs (0)

as € — 0, in view of || V|| < 400 and Vu € LI(Q). By inserting (2.35) into (2.34) and by using the
Lebesgue convergence Theorem for [, n2|f||¥(u)| we get the validity of Lemma 2.5 in view of the
monotone convergence Theorem. O

We are now ready to complete the proof of Theorem 2.1 by establishing L°°—bounds on H.

Theorem 2.6. Let 1 < p < N and assume either A =0 or A # 0 and p > 2 with p > % Then
Hy =G\ —T € L>*(), where Gy is any solution to (2.1) satisfying (1.6).

Proof. By (2.1) the function u = H) solves (2.31) with I' =T and f = )\Ggfl. Given 0 < fp < 1 to
be fixed later, by Lemma 2.5 with n = 1 and ¥(s) = [Ty (s F Co)+ + €] — €8, with I,e > 0, B > fo,
Co = ||9]loo + [|T']|oo,00 and T given by (2.16), we get that

3 / [To.(uF Co)x + €7 H(IVT| + [Vu|)P7?|Vu* < C / |f1[Toa(u F Co)= + € (2.36)
{(uFCo)+<1} Q

in view of ¥(u) = 0 on 02 thanks to Hy = g — I' on 0.
Let us first consider the case A = 0. Then f = 0 and the choice =1 in (2.36) gives

/Q(|VF| + |Vu])p_2|VT07l(u F Co>:|:|2 <0.

Then Ty (u F Cp)+ = 0 a.e. in Q for any [ > 0, which implies |Hy| < Cj a.e. in Q.

Consider now the case A # 0 and assume p > 2 with p > & Since VG, = VI' + VH, € LI(Q) for
all 1 < ¢ < q in view of (1.6), by the Sobolev embedding Theorem G, € L4(2) for all 1 < ¢ < ¢*
and in particular f satisfies

[ fllqo < 00 (2.37)

N .o N
for some gy > 5 i view of p> 5.

Notice that (2.36)-(2.37) are the analogue of (2.26) and (2.28), and then the argument now goes
exactly as in the proof of Proposition 2.4. O
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For the case g = 0 let us collect here some useful facts which will be used in the next two sections.
Given 1 < p < N, an important ingredient is given by the estimate

IVH,| =O(]VI|) inQ (2.38)
for any solution G\ =TI'+ Hy of (2.1),—0. Indeed, by [33] any solution G of (2.1)4—¢ satisfies

—

6 S G)\ S CcTr in BQRO(O) (239)

for some C' > 1, where Ry = 1dist(0,09). For 0 < R < Ry consider the scaling G g(y) =

N—
RﬁGA(Ry) of Gy in Qp = % which satisfies

—A,Gar — ARPGE 3 =60 in Qp
Gagr >0 in Qp (2.40)
Gxr=0 on Jpg.

N—
Since T'r(y) = RﬁF(Ry) = I'(y) in view of 1 < p < N, we have that condition (2.39) is scaling
invariant:

Gyrr < CT  in Bag, (0). (2.41)
R

< G
Since G g is uniformly bounded in L7 (B2(0) \ {0}) thanks to (2.41), elliptic estimates [11, 34] for
(2.40) imply that

QlH

G, g uniformly bounded in C’ll(’)oé(Bg(O) \ {0})

N—
for some o € (0,1). Since in particular [|[VG\ rllx,08,0) < C, setting Hy r(y) = RﬁHA(Ry) we
deduce that ||[VH) glloc,08,(0) < C" in view of VG g = VI' + VH) g, which can be re-written as

/

N-1
o3

for all 0 < R < 1dist(0,09). Away from the origin VH) is bounded thanks to [11, 28, 34] and
|VI'| is bounded from below, and then estimate (2.38) follows by (2.42). Moreover, notice that for
1 < p < N there holds

|Hx||oo < +00 = |VH)(z)| =0o(|]VI(x)|) asx—0. (2.43)
Indeed, for 1 < p < N we have that || H) r| s, — 0and then ||[VH) r|.08,0) — 0as R — 0, which
provides the validity of (2.43). When p = N the function G r(y) = GA(Ry) + (NoJN)_ﬁ log R =
I'(y) + Hx(Ry) is uniformly bounded in Llogc(RN \ {0}) and satisfies

N-1
—ANG)\’R—)\RN G)\’R— (]\TWN)_ﬁ logR] :50 in QR.

We argue as above to show that, up to a subsequence, Hy r(y) = Hx(Ry) — Hy in Clloc(RN \ {0})

as R — 0, where |Hy|lco < +o0 and T'+ Hp is a N—harmonic function in RY \ {0}. It follows
that Hy is a constant function, see for example Lemma 4.3 in [17]. Since this is true along any such
subsequence, then VHy p — 0 in C),.(RY \ {0}) as R — 0 and (2.43) does hold also in the case
p=N.

Once we have §|VI[P~2 < (|VD| + |[VH,|)P~2 for 1 < p < 2 in view of (2.38), it becomes clear the
usefulness of the following weigthed Sobolev inequalities of Caffarelli-Kohn-Nirenberg type [7]: given
1 < p < 2, there exists C' > 0 so that

_9 2(N—2+p) N]\iigf—p _9 9
/ VT2l v gc/ VIVl (2.44)
RN RN

for any compactly supported v € L®(RY) with [pn [VI[P72|Vu[? < +00. Valid in C§°(RY), (2.44)

can be first extended to W2 —functions with compact support in view of [VI'|P=2 ¢ Li’(‘;c(RN ) and
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then to compactly supported u € L®(RY) with Jon |VI'|P~2|Vu|? < +o0o through the sequence
new € WH2(RYN), ne being given by (2.33) with n = 1 in R, since

lim [ |VD[P~2|Vn|*u? — 0.

e—0 RN

For later convenience, when either 2 < p < N or p = N > 3 observe also the validity of the following

inequality
2v -1\ NG =2 _
/ |u| No-D-» < C/ 2|7~ |Vl (2.45)
RN RN

—2
for any compactly supported v € L®°(RY) with S |x|Zf1 |Vul? < +oo.

3. WEAK COMPARISON PRINCIPLE AND UNIQUENESS RESULTS

This section is devoted to discuss the uniqueness part in Theorem 1.2 when 2 < p < N among
solutions satisfying the natural condition (1.6). When A\ = 0 maximum and comparison principles in
weak or strong form are well known, see for example [36], and have been extended in various forms
to the case A < Aj in connection with existence and uniqueness results, see [8, 10, 19, 20] just to
quote a few.

To extend the previous uniqueness results to the singular situation, the crucial property is given by
the convexity of the functional

/ Vw?r [P if w> 0 and V(w?) € LP()
I(w) = Q
400 otherwise.

Proved in [10] for p > 1, a quantitative form is established here giving a positive lower bound for I”
when 2 < p < N, crucial to be applied on Q. = Q\ B(0) as ¢ — 0.

Lemma 3.1. Let w > 0 a.e. in Q so that V(w%) € LP(Q). Let ¢ be a variation so that wy = w+tgp >
0 a.e. in Q and V(wt%) € LP(Q) fort >0 small. Letting p(w, ¢) be given in (3.7), there hold
rwiel = [ Vb p2u, V' e, 1wlo.ol = [ w0 (3.1)
with
plw,d) > p;l(p?’ — 3p” 4 5p — 2)|Vwr|? (

p—1)(p—2 2(1-p) Lo
p(p§_3p2(+ 5p)_2)w 7 [Vwr P?VeP, (3.2)

where I'(w)[¢] = %I(wt) o and I"(w)[p, ¢] = %I/(wt)[¢]‘

¢ pp® —2p+2)(Vw, V) >2
w  (p?—3p?+5p —2)|Vwl|?

= =07+ ’

1-p

1 1-p
Proof. Since %wtp = %wt P ¢, we have that

1-p

rwnlol = [ IVl P2 (Vw?, Vw6,

providing, when evaluated at ¢ = 0, the validity of the first in formula (3.1). Differentiating once
more in t at 07, we have that

w6 d = (p—2) /Q Wwir“<Vwi,V<w1f¢>>2+; /Q Y P2V T )2 (33)

1—

_p_l/‘wal’!”_QWw;,V(w )
p Jo
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Writing (Vw, V¢) = cos a|Vw||Vé| the first, second and third term in (3.3) produce, respectively,

1
1 1 1-p Vwpr [P~2 Vwl|?
|Vw11>|p_4<szl7,V(w pp¢)>2: | u;pL [( 2) | w[ $? + cos? a| V| (3.4)
Q Q el p
w P
2(p—1
20 >Cosa|wr¢|v¢|}7
w
1
1 1-p Vwr [P~2 Vw
[vwiprvwFop= [Tl @ TV (g (35)
Q Q W p
2(p—1
—MCOSQ@MVM],
P w
1
1 1 1-2 Vwer |[P~2 2p — 1 |Vwl|? Vw
[ v s, v’ ) - A it + cosal V4 g94]]. (36)
Q Q W P w

Collecting (3.4)-(3.6), the expression of (3.3) becomes I"(w)[¢, ¢] = [, p(w, ¢), with

20-p) Vuw|?
pw.6) = w5 1w 2o Vg2 0y cosal N g1ve) + ol vol] (37)
2(1 p) |Vw| C’ 46’103—0 cos® a
- [Vws P2 [CL (=2 — 52 cos al Vo)) + 222 21w
4C
by a square completion in view of C; > O7 where
-1 2(p—1 1
C’l—pp (p*—3p*+5p—2), Co= (pp )(p —2p +2), 03:5+(p—2)0082a.
Since
—1 4(p —1)? —-1
L o= 20— - LR e ap - a2l - a0y <o
then 401C3 — C3 cos? a > 4% and (3.2) follows by (3.7). O

As a first application, we deduce the validity of a weak comparison principle for positive solutions.

Proposition 3.2. Let 2 <p < N and a, f1, fo € L=(Q). Let u; € CY(Q), i = 1,2, be solutions to

—Apui—a N =fi  inQ (3.8)

so that "
ui>0imQ, — <C near 0N (3.9)

u2

for some C > 0. If f1 < fo with fo >0 in Q and ug < ug on 09), then uy < ug in ).

Proof. Setting wy = u}, wy = u} and ¢ = (w1 — wa)+, consider wy = swy + (1 — s)wy for s € [0, 1].
Since

ws+t¢=u§[s(£)p+(1—s)+t<<u1)p—1>+}’

u2

by (3.9) there exists ty > 0 small so that ws+t¢ > 0 in Q and V(wﬁ—tgb)% € LP(Q) for each s € [0, 1]
and |t| < tg. Then we can apply (3.1) at s =0,1 to get

I'(w1)[¢] = I'(w2)[¢] = / \le P2 lel, / IVw2 P2 vw27 (w ;%pgﬁ»
¢

= /|Vu1|p 2<Vu1,v ~ /|VU2|p 2(Vug, V e —).
Uy



THE GREEN FUNCTION FOR p—LAPLACE OPERATORS 14

Since ¢ € WO1 P(Q) we deduce that

I'(wn)[6] - I'(ws)[g] = /Q ( no fi)(uf—u@)*éo

u Ug

in view of (3.8) and f; < fy with fo > 0. Since

1 1
I'(wn)[6] — I'(wn)[6] = /0 1" (we)wy — wy, dlds = / 1" (w,)[6, dlds

0

in view of I"(ws)[w1 —w2, ¢] = I"(ws)[¢, ¢], by Lemma 3.1 I (ws)[¢, 8] = [, p(ws, ¢) with p(ws, ¢) >
0 thanks to (3.2) when p > 2. Then, we deduce that p(ws, ) = 0 for all s € [0,1] and then

e Vp=01in Qif p > 2

2 2
o (Vu,, Vo) = ¢/VL if p = 2, which implies (V(wy — w2), V) = s V2L for all
0<s<1.

In both cases V¢ = 0 in Q and then w; < wo in €2, or equivalently u; < us in Q. O

Finally, we use Lemma 3.1 to show the uniqueness part in Theorem 1.2.

Theorem 3.3. Let 2 <p < N. If A\ < Ay with A #0 and p > %, problem (2.1)4—0 has exactly one
solution Gy so that Hy = Gy — T satisfies (1.6). Moreover, if Hy € C(Q) for all X < A1, then the
map A € (—oo, A\1) — Hy(x) is strictly increasing at any given x € ).

Proof. We follow the same argument as in the proof of Proposition 3.2. Letting G; and G be
two solutions of (2.1),—¢ satisfying (1.6), by elliptic regularity theory [11, 28, 32, 34] we know that
G; € 0L (Q\ {0}), i = 1,2, for some o > 0. By [33] we know that Gy, i = 1,2, satisfies (2.39) and
by the strong maximum principle [36] 9,G; < 0, ¢ = 1,2, on 012, where v denotes the outward unit
normal vector. Set wy = G, wy = Gb, ¢ = w1 —wy and ws = swy + (1 — s)ws for s € [0,1]. We have

that for each s € [0, 1] there hold ws +t¢ > 0 in Q and V(ws + tqb)% € LP(Q) for t small, in view of
the properties of G and G3. Letting I, be the functional I defined on Q. = Q\ B((0), by (3.1) at
s = 0,1 we have that

o ) o
— [ [VGaP 2V Gy, V——
1) /Q\ 2[P7H(V Gy, o )

Hw)lol -~ wle) = [ V6P V61V
€ 1 2

G2|P~20,G G1|P720,G

[ Fer s WOE A0 6
dB.(0) G Gy

in view of ¢ = 0 on J and the equation (2.1)4— satisfied by G, G2. Notice that

1
()6~ Lwn)le) = [ 1w, 0lds

0

with 1Y (ws)[#, ¢] = [q_ p(ws,#) in view of Lemma 3.1. Since p(ws,$) > 0 when p > 2 in view of
(3.2), by the Fatou convergence Theorem we deduce that

! |VG2|p_28 Go ‘VG1|p_28 G
ds/ p(ws, @) < lim = 7 GP — Gb). 3.10
[ s [ ptwsor <tim | (B e G D

We claim that the R.H.S. in (3.10) vanishes and then p(ws, ¢) = 0 for all s € [0, 1], which implies, as
already discussed in the proof of Proposition 3.2, V¢ = 0 in 2 and then G; = G2 in Q.

In order to prove the previous claim, for i« = 1,2 notice that H; = G; — ' € L*(Q) follows by
Theorem 2.6 in view of the assumption (1.6) for G;. Once H; € L>(2), we have that H; satisfies
(2.43) and then

GI=T'+0(T™"), |VGi’"%0,G; = |VT|"*9,T + o(|VTP™) (3.11)
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as x — 0 for ¢ > 0. By (3.11) we deduce that G} — G5 = O(T?~!) and

IVGi[P~29,G;  |VI|P~29,T |vI|p—1
Gr! R VS o1

);

which imply
‘ / (‘VGQ‘p_2ayG2 _ ’VG1IP_26VG1
0B.(0) e e

NG =G| =o [ vrph = o)

8B.(0)
as € — 0, as claimed.

Finally, assume Hy € C'(Q) for all A\ < A1 to have well defined values Hy(z) for all z € Q (at x =0

too) and take y; < pg. Letting 0 < GL,G? € Wol’p(Q) be the solutions of (2.7) corresponding

to A = p1 and X\ = puo, respectively, by the proof of Theorem 2.1 recall that G,,, = lim G}L and
n—

“+o00

G, = lirf G?L a.e. in 2, where f,, > 0 is a suitable smooth approximating sequence for the measure
n—-+0o

So. Since GY > 0 in  and 9,G% < 0 on 0N by the strong maximum principle [36], we can apply
Proposition 3.2 to get GL < G2 in view of 0 < f,, < fu + (2 — pu1)(G2)P~1 with f,,, G2 € L>(Q),
and then G, < G, in Q as n — +oo. Since

—8pGpy = (G, Pl < N2(Gu2)p_l =—8pGp,  in Q\ B(0),

apply once again the strong maximum principle [36] to deduce G, < G, in Q\ B(0) for all € > 0,
and the strict monotonicity is established in € \ {0}. Given 0 < e < dist (0,012), we can find
n € C4(2) with n = 1 in B.(0) and § > 0 so that H,, — H,, + < 0 on supp(n) \ B¢(0). Observe
that w = H,, — H,, and I' =T + H,, satisfy Vu € LI(), (2.32) and

—Ap(I'+u)+A,(I)=f inQ\{0}

with f = p1(Gpy )P~ — p2(Gpy)P~1 < 0. We can apply a variant of Lemma 2.5 with n and ¥(u) =
(u+0)+ to get

/Q 2|V (u+ 8)4 P < C /Q 011V (a4 8)4 (V| + | Vul)?2|Vu| + /Q P fut )4 <0

and then (u + 0);+ = 0 in B(0), providing H,, — Hy,, < —6 < 0 in B(0) too. The proof is
complete. O

4. HARNACK INEQUALITIES AND HOLDER CONTINUITY OF H) AT THE POLE

In this section we will use the Moser iterative scheme in [32] to establish local estimates for the
solution H)y of (1.2) at 0, leading to an Harnack inequality for Hj + ¢ which is the crucial tool to

N-p

show Holder estimates at 0. The function H(z) = R»-1 (£H\(Rz) 4+ ¢), 0 < R < 3dist (0,09),
satisfies

AT +H)+ A, =G in Ba(0)\ {0} (4.1)

N—
in view of (1.2), where I' = :ERF{JF(R:/U) with VI' = £VI' and G = j:)\RNG’;_l(R:c). Differently
from Proposition 2.4 and Theorem 2.6, we need to perform homogeneuos estimates on H and to this
aim for 2 < p < N assume
1
A= ||g||5*1 2(0) < +00 (4.2)

0,

for some qg > %. Consider the weight function p = |[VI'|P"2 when 1 < p < 2, G =0and p = 1

1

otherwise, and introduce the weighted integrals ®,(s, h) = (th(o) p\u|s) * h,s> 0. Define x as

T ifl<p<2and G=0
% if either 2<p< Norp=N >3 (4.3)
P ifp=N=2.

K =
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We are now ready to establish the main estimates in the section.

Proposition 4.1. Let H € L>(B2(0)) be a solution of (4.1) so that VH € L1(By(0)), I' satisfies
(2.32) and (4.2) holds. Assume G =0, |[VH| < M|VTI| in B2(0) when1 < p < 2 and |H||cc+A < M,

|:L‘|p%1 < M|VT| in B3(0) when 2 < p < N, for some M > 0. Given u € R\ {0}, there exist v, >0
and C > 0 so that the function u = |H| + A + € satisfies

£®,(kp1, h1) < E[Clul” (h — ha) ™71 D41, ho) (4.4)

for all 1 < hy < hy <2 and 0 < e <1, uniformly for p away from 2 —p, 0 and 1, where kK > 1 is
given in (4.3) and + simply denotes the sign of p.

Remark 4.2. The assumption |x\ri1 < M|VI'| when 2 < p < N is sufficiently general in order to
establish the validity of Corollary 4.5, which will be used in a crucial way in [2].

Proof. Given T}, in (2.16), introduce the bounded monotone Lipschitz function
W(s) = sign s ([Toa(ls| + A+ ))° — [Tou(A+)?) , 5 € R\ {0}.

Let n € C§°(Bn,(0)) be a cut-off function so that 0 < n <1, n =1 in By, (0) and |Vn| < ﬁ

Since n = 0 on 9By(0) and VH € LI(B2(0)) we can apply Lemma 2.5 to H, solution of (4.1), to get

/nQI‘If'(H)I(IVFIJrIV”i’il)”_QIV’HI2 < C/H\VUII‘II(H)I(IVFI+\VH|)”_2|VH| (4.5)

+c [iglle)
ﬁ_
for some C > 0. Define v = u’3 and w=u" # ~ with u = |H| + A + e. Since ¥/(H) = fu’~! and
|U(H)| <uP for I > M + 1, by (4.5) we deduce that

18] / PPNV 4 [Vul)P2 Tl < C ( / DVl (IVT| + [Vul)P~? V] + / n2|g\uﬁ) (4.6)

in view of |[VH| = |[Vu.

Consider first the case 1 < p < 2. Since |Vu| < M|VI'| in B3(0), we have that
(L+MPAVIP2 < (V| +|Vu)P"2 < |[VT[P~2  in By(0)

and then (4.6) implies

16 +1]
16l

uniformly for 8 away from 0 in view of G = 0. Since

/vﬂvry“\w? <’ n|Vnl|V I[P~ 20| V| < C/nyvn\vrvﬂ%\wy (4.7)
1
¢ [alwnlvrp-2oivel < 5 [RVrE2vep + o [ [wapivrp-
thanks to the Young inequality, we can re-write (4.7) as
[Ivre Ve <o [ [wnpivrp- (4.9
Thanks to (2.32) and making use of (2.44), by (4.8) we deduce for = 3+ 1 that

1
:l:ép(ml"L?hl) < :l:( )M(I)P(:ua hQ)

¢
(hg — h1)?

does hold uniformly for x4 away from 1, where & is given by (4.3). Observe that the (5 + 1)—th root
of (4.8) for 8 < —1 reverses the inequality causing the presence of + in (4.4).
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Consider now the case 2 < p < N. Since

c / 08 [VnS [P (V| + [Vul)P~2|Vu

I} _ _
< L' / U (VT |+ [Vu|)P~2 V) + \m / V| *u 5+1|vr|p o 1/3!/ P72V P VP

‘5|/ B—1 21, |2 / 2,2 /
< — [ 7u VI + |Vu|)P7%|Vul” + — | |Vn|[v” + Vn[PwP
3 ) e VT [Vl IVl + o [V ) 1Vl

in view of the Young inequality, (2.32) and sup |VI'|P~2 < +oc0, by replacing 1 with 7% (4.6) implies
Ba2\Bi

_ 1 1
TRl g [y < e[ 1vape + i [ 19w £18] [ wignd) @9)

uniformly for 8 away from 1 — p and 0. Since gy > ;, fix o and ~ so that o € (qoqﬂl, ﬁ‘f’p) and

é + qo 1 . By the Holder inequality with exponents qg, v and « we have that

P p(ag+a) 1 p(g0+e) P p(g99+a)
~ @ [e3
[ 100 < e 10160 T < Gl ol Il = ol e

0 90
in view of (4.2) and then
p(ggta) plag+e)

2
0\5\/77”\911&5 < CBllInwllp (InvVwlly “* + JwVnll, *© ) (4.10)

< 1 Tuwll? + " agp+(p—2)(gp+o) » 1
agg—a—qq

< o InVw|[; + C7|5| lnwliy + 2

by the Sobolev embedding Theorem in view of (N — p)(go + @) < Ngqo and the Young inequality.

Inserting (4.10) into (4.9) we get that

p=2 2 |9 9 9 g0+ (p—2)(g0+e) 1
[l wmior < o [ 1vape+ 18 w0 [l + oo [1varer) @)

in view of [2|7T < M|VT| in B2(0). Since ||H]lsc + A < M if p > 2, we have that |jullsc < M + 1
when 0 < € < 1 and then w? = uft1uP—2 < (M +1)P~202. By using the Sobolev embedding Theorem
when p = N = 2 or (2.45) otherwise, for u = 5 + 1 estimate (4.11) gives that

lw¥Vn]l5

aqg+(p—2)(gp+a)
|| ea0—e—ao

(ha — h1)P

1
+®q(kp, h1) < £[C [ @ (p, ho)

does hold uniformly for p away from 2 — p and 1, where & is given by (4.3). Estimate (4.4) is then
established in all the cases and the proof is complete. O

N—
Hereafter we specialize the argument to H = Rﬁ(iH A(Rz)+¢), R > 0. Let us consider now the
case 0 = —1 in the proof of Proposition 4.1 when H > 0 and the result we have is the following.

Proposition 4.3. Let 1 <p < N if A\=0 and p > 2 with p > % if A £ 0. Assume % <q < ¥

N—
if A\ #0 and H = Rﬁ(iH)\(Ra:) +c¢) > 0. There exist Ry > 0 and C > 0 so that v = logu, where
u="H+A+¢€ande >0, satisfies
][ w—3|<C
B

for all open ball B C B1(0), 0 < R < Ry and 0 < € < 1, where { denotes an integral mean and
V= JCB V.
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Proof. First of all, observe that p > 2 and p > % imply p? > 2p > N. Let B = By(z9) C B1(0).
Since |zg| + h < 1 implies || < |z — 20| + |zo| < 3h + |zo| < 2 for all z € B%h(wo), we have that
B%h(l'o) C By. Letn e CSO(B%h(xO)) be a cut-off function with 0 < n < 1, n = 1 in By(zo) and
|Vn| < 4. Since H solves (4.1) with VI' = £VI' and G = £ARNGP~!(Rz), we can apply Lemma 2.5
with the bounded monotone Lipschitz function W(s) = sign s ([To(|s| + A + €)] ™! — [To (A + €)] 1),

N— )(p—=2)
for I > ||H||oo + A+ 1 and T} given by (2.16), and a cut-off function 15 = n(J + |z|?) *@-D !

d >0, to get
_ _ g
[ v sc( [nvmslivrei + [ n?")

in view of (2.38) (which follows by (2.43) and ||H)|lcc < +00 when p = N) and then by the Young
inequality

2 _(N-1)e-2)
[aorrwr <o ([ ronirp / 2‘g’><0</ E |5f‘ |2 T

[2]? oW b Igl
+/(6+|x]2) o —+ 2](6+ |af?) D (4.12)

|3,

2
for universal constants in R, § and c. Since (6J|f||x|2 )® < Cla|~™@{=220}  we have that

2 _ _ 1) (p—
2|5 ‘x: ’2)(N2<2’(?> RPTo e = 2)_1’_1}€L11 (RY)
+ - ocC (
4.13)
|z|? - N-be-2 1 _ (N-D@=2) _3;
Grpr) 0 <Ol he Lo ®")

in view of (prl)# < N. Since G = £ARPTP~1(2)[1 + O(R%)] when 2 < p < N in view of

|Hx|lco < 400, for A # 0 there holds A > CR7 7T for some C' > 0 and all R small in view of
qo < NL—;ﬂ where A is given by (4.2), and then

(N=1)(p=2) g 1 (N=1)(p=2)
[ 1Py < § el v o) 55 g

(N=1)(p=2)

< C / |z PHN (S |2]?) 2D g2 (4.14)

On the other hand, since G = £ARN|log R|V~1[1 + O(lf)(fg—‘g)] in B2(0) when p = N thanks to

|Hx|loo < 400, for A # 0 there holds A > C’R%Hog R| for some C > 0 and for all R small and
then

N-2 o|G
[ 161G+ 1) "</|:c| 6-+16) 77161 < C [ lalloglel| (6 +10) T 7. (4.15)
Since
pH1=N|] 5 2SS < ol Ll (RN 4.16
2PN og Ja][(5 + [2f?) ST < ClaPt 1N log a| € LL (RY) (4.16)

when A # 0 in view of p > 2, we can use (4.13), (4.16) and the Lebesgue convergence Theorem in
(4.12) and (4.14)-(4.15) to get

2
n _N-1
/ 72|l Vol? < © / 2|Vl + / o / 2P~ |log [z |2 (4.17)
>
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thanks to the Fatou convergence Theorem. Since p — Y=L > —1 if A # 0 and

p—1
1
/ w3l < C'h / Vo] < O'h / Lk / 12][Vol?)
B B B’$| B

=
IS

[SIE

1.1 2 _N-1
< on(f b | [lalivap+ [Tt [l 55 tog ol
B || ||
A#£0
in view of (4.17), for |zo| < 3h one has that
2
/ -3l < CR™ T | BNLp P 5 N ogh| | = O(Y)
B

A0
in view of B%h(:z:o) C Bs(0), while for |zg| > 3h there holds

-

1 min{p— X=1L 2
[o=at < e o[ o) + w0 m =+ pog a5 )
o Y N-2 an]? _ N
0
in view of % < @ < |z| < 3zl for all z € B%h(wo). The proof is complete. O

N—
We are now ready to establish an Harnack inequality for H = Rﬁ(j:H A(Rz) + ¢) when H > 0, a
crucial tool to establish the Holder continuity of H) at 0.

Theorem 4.4. Let 1 < p < N if A =0 and p > 2 with p > % if X # 0. Assume that H =
N —
Rp—f(:le)\(Rx) +¢) > 0 in B2(0). Then there exist Ryg > 0 and C > 0 so that

sup H < C(inf H+A) (4.18)
Bi1(0) By (0)

for all 0 < R < Ry, where A is given in (4.2) in terms of G = :I:)\RNGz;\fl(Rx).

Proof. Given py > 0 to be specified below, let us fix 0 < p; < pg so that xkip; # 2 —p, 1 for all j > 0.
Consider first the case p > 0 in Proposition 4.1 to get

~ 1
@, (s ) < (O (s — ha) P15 @, (11, ) (4.19)
for all 4 # 2 —p,1 and for suitable v, > 0, where u = |H| + A + € > 0. Starting from p; along
p; = Kpy estimate (4.19) with 1 < hj =1+ 2-(+1) < hy =1+ 277 <2 gives
(1, h7) < [CQORY Y190 @y (11, 1)
and then

. ; . .
sup u < lim @, (i1, i) < C1®,(p1,2), C) = CriteD (205 )on 25 (4.20)
B1(0) J—r+oo
via an iteration argument as in the proof of Proposition 2.4. Since p > 0 in B;(0) \ {0}, notice that
< limi <l <
vl oo, By (0)\B.(0) < Bglgg Dy, 1) < l;lfgigg Q,(1, 1) < ullo, By (0)

and then as e — 0
lim @,(p, 1) = |lulloo,B,(0) = SUP w. (4.21)
B1(0)

pu—>—+00
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Consider the case 1 < 0 in Proposition 4.1 to get

~ 1
@, (g1, ) > [Clpl? (s — )15, (1, o) (4.22)
for all y # 2 — p. Starting from —p; along p; = k?(—p1), one can use estimate (4.22) with h{ and hg
to get
; 1 .
(141, 1) > [C27RY)] 70 @y (11, )
and then, arguing as we did to show (4.21), one deduces that

: 1 i
fau> lim ®,(uiys, b)) > Cod,(—p1,2), Cop=C piD (285¥) b1 25 7 | 4.23
Anf uz m @, ) = Co®y(=p1,2), o (2°K7) (4.23)
in view of p; — —o0 as j — +00.
Assume now H > 0 in B(0). Let us finally use Proposition 4.3 to compare (4.20) and (4.23).
Indeed, as a consequence of John-Nirenberg Lemma (see Lemma 7 in [32]), Proposition 4.3 shows
the existence of py > 0 so that

% B o
[ [ e ) ol ([ e [ e )Tz
Ba(0) B:(0) B2(0) B2(0)

for some universal C'3 > 0, or equivalently
(pp(p()’ 2) < C3q)p(_p07 2) (424)
in terms of u = e” = H + A + e. The use of (4.24) along with (4.20) and (4.23) gives

cct
sup u < C1®,(p1,2) < C’{@p(po,Q) < C{C’gq)p(—po,Q) < C’iCé@p(—plj) < 273 inf u
B1(0) 2 Bi(0)

thanks to the Holder estimate in view of p; < pp and p € L*°(B2(0)). Since u = H + A + ¢, one then
deduces

sup H < C(inf H+A+e)
Bi1(0) B, (0)

for some C' > 0 and (4.18) follows by letting ¢ — 0. O
In particular, for p > 2 we have the following a-priori L>°—estimate.

Corollary 4.5. Let 2 <p < N. Given M >0 and pg > 1 there exists C' > 0 so that

|h + clloo,Br0) < C(R o 1A+ cllpo,Bor(0) + Ruotr 1 Hf||q0 Ban(0)) (4.25)
for all P! < R< Ry = %dist((), 0Q) and all solution h to
—Ap(vy+h)+ Ay =f  inQ\{0}

1
|z[P~1

P
M(ep+]2|PT)

1
so that Vh € L1(Q), ~ < |V~ < M|VT| for some € > 0 and |c| + ||hlloo + || fll& " < M
p

for some qo > %.

Proof. Set H(z) = Rt (h(Rz) +¢), 0 < R < 2Ry. We have that H € L*(B3(0)) solves (4.1) with
N— B Ne
I = Rﬁ'y(Ra:), G = RN f(Rx) and satisfies VH € Lq(BQ(O)). Since \|H|]00732(0) < OMR7» 1 and

N(gp—1)

)= = HfH < MRw®=D (4.26)

Hg‘QO B>(0 q0 B2R 0)

we have that L

[Hllo,B20) + 1G4, By0) < M
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for some M and all 0 < R < Ry. Since
27T 277
M((@= )77 + [of 1)

in By (0) for =1 < R < Ry, Proposition 4.1 gives the validity of (4.4) for all y # 0 and we can argue
as in (4.20) to get

<|VI'| < M|VD

sup u < C1®1(p1,2) (4.27)
B1(0)
1

for a given 0 < p1 < po so that k’p; # 1 for all j € N, where u = |H| + HquO Bao) T ¢’. Since
D4 (p1,2) < |B2(0 )| porn @4 (po,2) by Holder estimate, by (4.27) we deduce that

_N-p ) NP ’
1h+ clloo,Broy = R »7 sup [H| < CR 7= ([ Hllpo, s (0) + ||g\|q0 Bao) T€)
1

- )y N=p

< C(R b+ cllpy,Byr(o) + + Rt HquO Bap(o) TER 7 (4.28)
in view of (4.26) and
1Ml a0) = R7 T R " 17+ ¢llpo, B2 (0)

Letting ¢ — 0 in (4.28) we deduce the validity of (4.25) and the proof is complete. O

Finally, let us discuss the Holder regularity of Hy at the pole 0. Given A in (4.2) in terms of

Gg= j:)\RNGf\fl(Rx), let us re-write the Harnack inequality (4.18) for H = R%(iﬂ,\(Rx) +¢)>0
in Bagr(0) as

sup (£Hy+¢) <C ( inf (£Hy+c)+ R") (4.29)
Br(0) Br(0)
for all 0 < R < Ry, in view of (4.26) with f = :l:)\Gp*1 Since we assume p > 2 with p > % if A =£0,

notice that o = 50(0 N) > 0 when A\ # 0 in view of (2.37) with ¢o > &, while the term R’ is not

present when A = 0. In this second case, we can assume o € (0, +00).

We are now in position to follow the argument in [32] and establish the following Holder property.

Theorem 4.6. Let 1 <p < N if A=0 and p > 2 with p > % if \# 0. Then Hy € C(Q) and there
exists C' > 0 such that

|Hx(z) — H\(0)| < Clz|* Vzef (4.30)
for some a € (0,1).
Proof. Setting M(R) = sup Hy and p(R) = Bin(fo) Hy for R > 0, we claim that the oscillation

Br(0) B
w(R) = M(R) — u(R) of H in Br(0) satisfies
w(R) < CoR* (4.31)

for all 0 < R < Ry, for some «, Cy, Ry > 0.

Indeed, apply (4.29) on Br(0) either with ¢ = M(R) and the — sign or with ¢ = —pu(R) and the +
2
sign to get

M(R) — p/(R) < CIM(R) - M'(R)] + CR?, M'(R) — n(R) < C[p/(R) — n(R)| + CR?  (4.32)

for all 0 < R < 2Ry, where M'(R) = M(%) and p/(R) = p(%). By adding the two inequalities in
(4.32) we get that
w(%) < 0w(R) + CoR® (4.33)
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for all 0 < R < 2Ry, where 0 = C+1 <1land Cy = C+1 If 6 <0, then (4.33) implies the validity
of (4.31) with « =0 > 0 for all 0 < R < Ry and some Cy > 0 . In the case 6§ > 0, for S > 2 (4.33)
gives that

R
w(g) < w(E) <O(w(R)+TR?), 0< R <Ry,
for some 7 > 0 and an iteration starting from r = Ry leads to
Ry

wigy) < 07 [w(Ro) +TROZ (65°)7H]. (4.34)

k=0

Since # € (0,1) and o > 0 in (4.33) can be taken smaller than 1, the choice S = (%) > 2 is admissible
in (4.34) yielding

w(S—Q) < 67 (w(Ro) + 27RY). (4.35)
Given 0 < R < 0 let jo > 1 be so that S] o <R < SJO and by (4.35) we have
R .

w(R) < w (SJO) 67 (w(Ro) + 2T RG) < Co° (4.36)
with C = w(Ro) + 27RS. Setting v = —{25 > 0, then § = 277 = S~ with o = -%%; € (0,1) and
(4.36) implies

S
w(R) < C(=)*R®
Ry

forall 0 < R < R02777+1, and (4.31) is established in this case too.
Since (4.31) gives that }lziinmw(R) =0, we deduce that Hy € C(Q) in view of G € CH#(Q\ {0}) by
elliptic regularity theory [11, 28, 32, 34|. Setting R = |z|, (4.31) implies

[H(z) = HA(0)] < w(R) < Col[*

for all x € Bg,(0). Since (4.30) clearly holds in 2\ Bpg,(0) in view of the boundedness of H), we get
the validity of (4.30) in the whole  and the proof is complete. O
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