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Abstract. We introduce a class of flat currents with fractal properties, called fractional
currents, which satisfy a compactness theorem and remain stable under pushforwards by
Hölder continuous maps. In top dimension, fractional currents are the currents represented
by functions belonging to a fractional Sobolev space.

The space of U-fractional currents is in duality with a class of cochains, U-fractional
charges, that extend both Whitney’s flat cochains and U-Hölder continuous forms. We
construct a partially defined wedge product between fractional charges, enabling a gen-
eralization of the Young integral to arbitrary dimensions and codimensions. This helps
us identify U-fractional <-currents as metric currents of the snowflaked metric space
(R3 , d(<+U)/(<+1)Eucl ) .
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1. Introduction

In this article, we define a class of currents in Euclidean space, referred to as fractional
currents, on which a form of Hölder non-smooth calculus can be performed. By this, we
mean, in particular, the ability to push forward fractional currents by Hölder maps (subject
to certain restrictions on the Hölder exponent) or to integrate “rough” differential forms
over fractional currents. We summarize our main results.

1.1. Fractional currents. To motivate the definition of fractional currents, we begin by
highlighting the importance of fractional Sobolev spaces in the Hölder analysis of R3 .
Notably, a recent result of De Lellis and Inauen [8] demonstrates the fractional Sobolev
regularity of the Brouwer degree deg( 5 ,*, ·) for a Hölder continuous map 5 : cl* → R3
and a bounded open set * with a fractal boundary (under some restrictions on the Hölder
exponent of 5 and the regularity of m*). This result suggests that, in order to define an
appropriate class of currents for which pushforwards by Hölder maps can be meaningfully
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constructed, such currents should be representable in codimension 0 by fractional Sobolev
functions.

It is in fact possible to characterize the fractional Sobolev space ,1−U,1
2 (R3), with

0 < U < 1 (the subscript 2 stands for compact support), in the language of currents. Recall
that a function D ∈ !1

2 (R3) belongs to,1−U,1
2 (R3) if its Gagliardo norm

‖D‖, 1−U,1 (R3) =

∫
R3

∫
R3

|D(G) − D(H) |
|G − H |3+1−U

dG dH

is finite. It was noted in [6, 27] that ‖D‖, 1−U,1 (R3) represents an intermediate quantity
between the total variation ‖�D‖(R3) and the !1 norm of D. Specifically, it satisfies the
interpolation inequality

‖D‖, 1−U,1 (R3) 6 �‖�D‖(R3)1−U‖D‖U1
which, in fact, almost characterizes the Gagliardo norm ‖ · ‖, 1−U,1 (R3) in the sense that we
now describe.

Let # : !1
2 (R3) → [0,∞] denote the largest seminorm that satisfies

(A) # (D) 6 ‖�D‖(R3)1−U‖D‖U1 for all D ∈ !1
2 (R3);

(B) Lower semicontinuity: # (D) 6 lim inf:→∞ # (D: ) for all sequences (D: ) in
!1
2 (R3) that !1-converge to D, with the additional condition that there is a compact

set  ⊆ R3 such that spt D: ⊆  for all : .
It is easy to prove that # is given by the formula

# (D) = inf
∞∑
:=0
‖�D: ‖(R3)1−U‖D: ‖U1

where the infimum is taken over all decompositions of D as an !1-convergent series D =∑∞
:=0 D: into components D: of bounded variation and supported in a common compact

subset of R3 . We will establish in Section 4 that # is Lipschitz equivalent to the norm
‖ · ‖, 1−U,1 (R3) . Note that this result is closely linked to the idea presented in [28], which
considers the fractional Sobolev space ,1−U,1 (0 < U < 1) as an interpolation space
between !1 and �+ .

In positive codimension, we obtain a suitable definition of a fractional current by replac-
ing, in the discussion above, the total variation and the !1-norm by higher-codimensional
analogs, namely the normal mass N and Whitney’s flat norm F. More precisely, an
U-fractional <-current is a flat current ) ∈ F< (R3) that admits a decomposition into an F-
convergent series ) =

∑∞
:=0 ): , where the components ): are normal <-currents supported

in a common compact subset of R3 such that
∞∑
:=0

N(): )1−UF(): )U < ∞.

The space of U-fractional currents FU< (R3), equipped with an adequate norm, lies between
the space of normal currents and the space of flat currents. This space extends the already
quite general class of fractal currents introduced by Züst in [35], see Subsection 3.3.

1.2. Related spaces of cochains. We establish a compactness theorem for fractional cur-
rents, extending the classical Federer-Fleming compactness theorem for normal currents
[14, 4.2.17]. This result will play a key role in the construction of the pushforward operator
by Hölder maps.

The proof of the compactness theorem partly relies on functional-analytical arguments.
We show indeed that FU< ( ), the space of U-fractional <-currents supported in a compact
subset  ⊆ R3 , is a dual space (hence, a form of weak compactness is provided by the
Banach-Alaoğlu theorem). As any predual of a Banach space - is necessarily embedded
in -∗, this calls for a description of the dual space FU< ( )∗. Elements of FU< ( )∗ are
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cochains, that are of independent interest. Loosely speaking, they can be viewed as Hölder
versions of Whitney’s flat cochains. The next paragraph provides an alternative description
of FU< ( )∗.

An U-fractional charge l over  is a linear functional on N< ( ), the space of normal
<-currents supported in  , that satisfies the continuity condition

|l()) | 6 �N())1−UF())U (1)

for all) ∈ N< ( ). When is convex,l extends by density to a continuous linear functional
on FU< ( ). Conversely, any element of FU< ( )∗, restricted to N< ( ), satisfies (1). Thus,
the space CH<,U ( ) of U-fractional <-charges is (isomorphic to) the dual of FU< ( ) in the
case where  is convex.

One important class of U-fractional charges consists of U-Hölder continuous differential
forms. More precisely, to each such form [ ∈ LipU ( ;∧<R3), one associates the functional
Λ([) that acts on normal currents ) ∈ N< ( ) by

Λ([) ()) =
∫
 

〈[(G), ®) (G)〉 d‖) ‖(G).

In the simplest case where< = 0, the mapΛ is in fact a Banach space isomorphism between
LipU ( ) and CH0,U ( ). As a result, we can identify U-fractional 0-charges over  with
U-Hölder continuous functions on  . In this case, it is known that LipU ( ) is the double
dual of the little Hölder space, described for example in [32, Chapter 4]. We treat the general
case< > 0 by analogy. We define the space of little U-fractional<-charges ch<,U ( ) as the
closure inCH<,U ( ) of {Λ(l | ) : l smooth}, andwe establish thatFU< ( ) � ch<,U ( )∗.
Thus any bounded sequence in FU< ( ) possesses a weakly convergent subsequence (in the
sense of currents), by the Banach-Alaoğlu theorem. Convergence in flat norm is later
obtained by adapting the classical deformation theorem to the setting of fractional currents.

Our initial motivation for introducing fractional charges was to provide a generalization
in positive codimension of the Hölder charges introduced in [4] and further studied in [2].
The reader is referred to the survey [3] for an overview of these works, as well as for
examples of fractional charges arising from stochastic processes.

1.3. Generalized Stokes’ formula. The exterior derivative operator for fractional charges
is well-defined as the adjoint of the boundary operator. Specifically, dl is the U-fractional
(< + 1)-charge over  , given by

〈dl,)〉 = 〈l, m)〉 (2)

for) ∈ N< ( ). If  is convex, this formula extends more generally to U-fractional currents
over  .

A particular case of this formula deserves attention, as it results in a generalized Gauss-
Green formula for Hölder vector fields over fractal boundaries. It extends the work of
Harrison and Norton [19] (it should be however stressed that formula (2) is purely defini-
tional, contrary to the more constructive approach taken in [19, 18]). Indeed, we can take
for * a bounded open set with finite (1 − U)-perimeter (meaning that 1* ∈ ,1−U,1

2 (R3),
or equivalently, È*É is U-fractional). We shall prove that this condition is weaker than
the (3 − 1 + U)-summability (see [19, §3] or Subsection 3.2) of m* that is required in the
Gauss-Green formula of Harrison-Norton. In this case, formula (2) applies for ) = È*É
and l that is associated to an U-Hölder continuous (3 − 1)-form.

1.4. Pushforward by Hölder maps. The pushforward of currents by Hölder maps 5 has
been explored in the literature, notably in [15] and [33]. The results in [33] complement
ours, as they address the casewhere the components 58 of 5 have different Hölder exponents.

Our contribution is to provide a functional-analytical setting to this construction by
showing that 5# is a bounded linear operator between spaces of fractional currents. Indeed,
in Section 8, we define the pushforward 5#) of an U-fractional <-current ) by a W-Hölder
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continuous map 5 . The construction makes sense as long as < + U < W(< + 1). Under this
assumption, we show that 5#) is V-fractional, where V is given by the equation

< + U
W

= < + V.

The above inequality provides an interpretation of the parameter U as an upper bound for
the fractional part of the fractal dimension of both ) and its boundary m) .

In top dimension, i.e., whenever ) is a 3-dimensional current in R3 and 5 is R3-valued,
the pushforward is defined under the less restrictive condition 3 − 1 + U < W(3 − 1). When
applied to ) = È*É, this pushforward construction allows us to recover the result of De
Lellis and Inauen on the fractional Sobolev regularity of the Brouwer degree deg( 5 ,*, ·),
and even strengthens it slightly by treating the critical case where * has finite fractional
perimeter.

1.5. Young geometric integration. Züst introduced in [34] a notable generalization of the
one-dimensional Young integration to Hölder forms, making sense of geometric integrals
like ∫

[0,1]3
60 d61 ∧ · · · ∧ d63 (3)

where 60, . . . , 63 are Hölder-continuous functions over [0, 1]3 , with Hölder exponents
U0, . . . , U3 ∈ (0, 1] such that

U0 + · · · + U3 > 3. (4)

The integral (3) is there defined via approximation by Riemann sums, and the wedge
products that appear in (3) are purely formal. The condition (4) was shown to be sharp for
the convergence of these sums; see [34, Section 3.2]. In the context of (zero-codimensional)
charges, a generalization of the Züst integral was proposed in [2]. Recently, T. Jaffard
described precisely the regularity of the differential forms in 3 in [20], in terms of negative
Hölder spaces.

Our goal in Section 9 is to set up a rough exterior calculus apparatus in which differential
forms, such as the ones in (3), are well-defined. In fact, the elements 60, d61, . . . , d63 can
be seen as fractional charges. We construct more generally a wedge product between
fractional charges: if l and [ are respectively U- and V-fractional charges (of any order),
we make sense of l ∧ [ provided that the Young-type condition U + V > 1 is met. The
resulting product l ∧ [ is an (U + V − 1)-fractional charge. Using this wedge product,
60 ∧ d61 ∧ · · · ∧ d63 is then a well-defined (U0 + · · · + U3 − 3)-fractional charge, which
can therefore be integrated not only over [0, 1]3 , but over any fractional 3-current. More
generally, the wedge product extends the Züst integral in any codimension.

Recently, Chandra and Singh undertook a similar effort to develop a rough geometric
integration theory in [7]. Their approach is probabilistic in nature, relying on a multidi-
mensional sewing lemma. Establishing a connection between their space of chains and
cochains and ours is an open question.

1.6. Outline of the paper. Section 2 contains preliminaries, mostly on normal and flat
currents. Unlike the introduction, we reverse the order of exposition: we begin in Section 3
with the general definition of fractional currents and their fundamental properties before
turning to the top-dimensional case in Section 4, where we show the equivalence between
FU
3
(R3) and ,1−U,1

2 (R3). Sections 3.2 and 3.3 present examples of fractional currents;
they are not essential for the remainder of the paper.

In Section 5, we study the space of <-charges CH< ( ) over a compact  ⊆ R3 , whose
elements are linear functionals on N< ( ) such that for any sequence ()=) in N< ( ),

l()=) → 0 if sup
=>0

N()=) < ∞ and F()=) → 0.
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This continuity condition is weaker than (1). The inclusion CH<,U ( ) ⊆ CH< ( ) can be
informally viewed as analogous to the inclusion LipU ( ) ⊆ � ( ). This section contains
essentially no new results. Fractional charges, in duality with fractional currents, are then
defined in Section 6.

Our main results are in the subsequent sections: the compactness theorem and the
pushforward construction are found in Sections 7 and 8. Young geometric integration is
the object of Section 9. Finally, we show in Section 10 that fractional currents are metric
currents of a snowflaked version of Euclidean space. The last two sections do not depend
on Sections 7 and 8.

We are grateful to the two anonymous referees for their careful reading and insightful
suggestions, and to Philippe Mathieu for his careful proofreading of the manuscript.

2. Preliminaries

2.1. Notations. We will work in the Euclidean space R3 of dimension 3 > 1, endowed
with the standard Euclidean norm | · |. For any compact set  ⊆ R3 and Y > 0, the compact
Y-tubular neighborhood of  is denoted

�( , Y) =
{
G ∈ R3 : dist(G,  ) 6 Y

}
,

where dist(G,  ) denotes the distance between G and  . The Lebesgue (outer) measure is
denotedℒ3 .

Let (-, 3) be a metric space and (�, ‖ · ‖) be a finite-dimensional normed linear space.
For any 5 : - → � and U ∈ (0, 1], we denote

LipU 5 = sup
{
‖ 5 (G) − 5 (H)‖
3 (G, H)U : G, H ∈ -, G ≠ H

}
and by LipU (-; �) the space of maps 5 : - → � such that LipU 5 < ∞. We abbreviate
LipU (-;R) = LipU (-).

The space of continuous functions - → � is denoted � (-; �). We abbreviate
� (-;R) = � (-). For any 5 ∈ � (-; �) and any subset  ⊆ - , we write

‖ 5 ‖∞ = sup {‖ 5 (G)‖ : G ∈ -} and ‖ 5 ‖∞, = sup {‖ 5 (G)‖ : G ∈  } .

Throughout the paper, multiplicative constants are denoted by �; their value may change
from line to line, and even within the same line.

2.2. Currents. We will work within the setting of Federer-Fleming’s currents. For an in-
depth exploration of this subject, we refer the reader to the treatise [14]. In this preliminary
part, our focus will be on defining common notations, highlighting those that deviate from
[14], and revisiting a few definitions.

The spaces of<-vectors and<-covectors are∧<R3 and∧<R3 , and they are respectively
given the mass and comass norm described in [14, 1.8.1], both of which will be denoted
here by ‖ · ‖. We will use the bracket notation 〈·, ·〉 for the duality between <-covectors
and <-vectors.

All our currents will be compactly supported, defined on R3 , and their order will be
typically denoted by the integer <. We recall that a compactly supported <-current is a
member of the topological dual of�∞ (R3;∧<R3), the space of smooth<-forms, equipped
with the locally convex topology described in [14, 4.1.1]. The support spt) of a compactly
supported <-current ) is the smallest compact subset of R3 such that ) (l) = 0 for all
smooth <-forms supported in R3 \ spt) .

A sequence of compactly supported currents ()=) is said to converge weakly to )
whenever )= (l) → ) (l) for every compactly supported smooth <-form l.

For any compactly supported <-current ) and any smooth :-form [, where : 6 <, we
define the compactly supported (< − :)-current ) [ by () [) (l) = ) ([ ∧ l).
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The mass of a compactly supported current ) is

M()) = sup
{
) (l) : l ∈ �∞ (R3;∧<R3) and ‖l‖∞ 6 1

}
.

When M()) < ∞, the <-current ) is representable by integration: there is a unique Radon
measure ‖) ‖, a ‖) ‖-measurable unit<-vector field ®) , unique ‖) ‖-almost everywhere, such
that for all l ∈ �∞ (R3;∧<R3),

) (l) =
∫
R3
〈l(G), ®) (G)〉 d‖) ‖(G).

Additionally, one has spt ‖) ‖ = spt) .
In case < > 1, we define the boundary m) to be the compactly supported current

l ↦→ ) (dl). The normal mass of ) is

N()) = M()) +M(m))
if < > 1 and N()) = M()) if < = 0. A compactly supported current ) is said to be normal
whenever N()) < ∞, and the space of normal <-currents is denoted N< (R3).

Examples of normal <-currents are provided by compactly supported smooth <-
currents. Those are the currents of the form

l ↦→
∫
R3
〈l(G), b (G)〉 dℒ3 (G)

where b : R3 → ∧<R3 is a compactly supported smooth <-vector field. Such a current
will be denotedℒ3 ∧ b.

We define the flat norm of a normal current ) ∈ N< (R3) in a way which departs slightly
from Federer’s exposure:

F()) = sup
{
) (l) : l ∈ �∞ (R3;∧<R3) and max {‖l‖∞, ‖ dl‖∞} 6 1

}
= inf

{
M(() +M() − m() : ( ∈ N<+1 (R3)

}
.

The proof of the above equality is similar to [14, 4.1.12]. From the first equality, it is clear
that convergence in flat norm implies weak convergence.

A compactly supported <-current ) is said to be flat whenever there is a sequence ()=)
of normal <-currents that is F-Cauchy, weakly converges to ) , and such that

⋃
= spt)= is

relatively compact. The flat norm of ) is then defined to be F()) = lim F()=). When ) is
not flat, we set F()) = ∞. The space of flat <-currents is denoted by F< (R3).

It may be worth noting that, for every ) ∈ F< (R3), one has
F()) 6 M()) 6 N()), (5)

a fact that will be used repeatedly.
The pushforward 5#) of a flat <-current ) ∈ F< (R3) by a locally Lipschitz map

5 : R3 → R3′ is the flat <-current 5#) ∈ F< (R3
′) defined as in [14, 4.1.14]. It depends

only on the values of 5 on spt) , so we may write 5#) if the domain of 5 contains spt) and
the restriction 5 |spt) is Lipschitz continuous.

For any compact subset  ⊆ R3 , we write
N< ( ) = {) ∈ N< (R3) : spt) ⊆  }
F< ( ) = {) ∈ F< (R3) : spt) ⊆  }

The construction of charges ultimately relies on the Federer-Fleming’s compactness theorem
of normal currents in flat norm. The following version uses the flat norm F (rather than
F as in [14, 4.2.17(1)]). It can be easily deduced from the original version. Alternatively,
it is possible to reproduce the arguments in the proof of Federer-Fleming, as done in [11,
Theorem 4.2].

Theorem 2.1 (Compactness). Let  ⊆ R3 be compact. For all 2 > 0, the ball {) ∈
N< ( ) : N()) 6 2} is F-compact.



FRACTIONAL CURRENTS AND YOUNG GEOMETRIC INTEGRATION 7

In this article, convolutions will play an important role in regularizing various chains
or cochains. Here, we simply recall how convolution works at the level of currents. The
convolution of a compactly supported <-current ) with a function q ∈ �∞2 (R3) is the
compactly supported <-current defined by

() ∗ q) (l) = ) (q̌ ∗ l) for all l ∈ �∞ (R3;∧<R3)

where q̌(G) = q(−G) for all G ∈ R3 .
Throughout the article, we fix a �∞ function Φ : R3 → R with compact support in the

unit ball of R3 , that is nonnegative and such that
∫
R3
Φ = 1. For the sake of simplicity, we

will further assume that Φ is even. For all Y > 0, we define ΦY (G) = Y−3Φ(Y−1G).
For the reader’s convenience, we collect here severalwell-known facts concerning normal

and flat currents that will be used throughout the paper.

Proposition 2.2. Let  be a compact subset of R3 , 5 , 6 :  → R3′ be two Lipschitz maps
and ) ∈ F< ( ).

(A) If < > 1, one has

N( 5#)) 6 max{(Lip 5 )<, (Lip 5 )<−1}N()).

If < = 0 then N( 5#)) 6 N()).
(B) F( 5#)) 6 max{(Lip 5 )<, (Lip 5 )<+1}N()).
(C) spt 5#) ⊆ 5 (spt)).
(D) If < > 1, one has

F( 5#) − 6#)) 6 ‖ 5 − 6‖∞, max{(Lip 5 )<, (Lip 5 )<−1, (Lip 6)<, (Lip 6)<−1}N()).

If < = 0 then F( 5#) − 6#)) 6 ‖ 5 − 6‖∞, N()).
(E) M() ∗ΦY) 6 M()), F() ∗ΦY) 6 F()) and N() ∗ΦY) 6 N()).
(F) N() ∗ΦY) 6 �Y−1F()) if Y 6 1.
(G) F() − ) ∗ΦY) 6 YN()).
(H) spt() ∗ΦY) ⊆ �(spt), Y).

Specifically, we refer to [14, 4.1.13, 4.1.14] for properties (A) to (D), while (E) to (G)
follow mainly from [14, 4.1.2]. In (F), the constant � depends only on the dimension 3
(through the choice of Φ). Recall from (5) that the flat norm F is weaker than the norm N.
This provides a useful heuristic for the appearance of the coefficients: an Y−1 factor in (F),
where one estimates a stronger quantity in terms of a weaker one, and an Y factor in (G),
reflecting the converse situation.

3. Fractional currents

3.1. Definition and first properties. Let U ∈ [0, 1]. We say that a flat <-current ) ∈
F< (R3) is U-fractional whenever one can find a sequence (): ):>0 of normal currents
satisfying the following properties:

(A) there is a compact set  such that spt): ⊆  for all :;
(B)

∑∞
:=0 N(): )1−UF(): )U < ∞;

(C) ) =
∑∞
:=0 ): .

We recall that F 6 M 6 N, which ensures that
∞∑
:=0

F(): ) 6
∞∑
:=0

N(): )1−UF(): )U < ∞

by (B). This guarantees that the series in (C) is in fact F-convergent, and it is in this sense
that it should be understood. A sequence (): ) that satisfies (A), (B) and (C) is called an
U-fractional decomposition of ) . This paragraph makes it clear that any permutation
of the sequence (): ) is still an U-fractional decomposition of ) . In the remainder of the
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paper, we may at times consider decompositions indexed over a countable set other than
{0, 1, 2, . . . }.

We will denote the space of U-fractional currents by FU< (R3), and associate to each
) ∈ FU< (R3) the U-fractional norm

FU ()) = inf
∞∑
:=0

N(): )1−UF(): )U (6)

where the infimum is taken over all U-fractional decompositions of ) (the fact that FU is a
norm will become apparent in Proposition 3.1). If ) ∈ F< (R3) is not U-fractional, we set
FU ()) = ∞.

Additionally, for compact sets  ⊆ R3 , we will denote by FU< ( ) the space of U-
fractional currents ) ∈ FU< (R3) such that spt) ⊆  . In case  is compact convex and
) ∈ FU ( ), the infimum in (6) can be taken only over U-fractional decompositions (): )
of ) into normal currents that are all supported in  (as we can replace each ): by its
pushforward by the orthogonal projection onto  ). This fact will be often used implicitly.

The following comments are in order.
• The boundary cases where U = 0 or U = 1 correspond to well-established classes
of currents. Specifically, it can be easily verified that F0

< (R3) is the space of
normal currents (with F0 being the normal mass N) while F1

< (R3) is the space of
flat currents (with F1 = F). As we will observe later, many properties of fractional
currents hold exclusively for 0 < U < 1, and the extreme cases demand closer
scrutiny.
• The definition of fractional currents can be readily extended to the metric setting,
with coefficients in a complete normed Abelian group, as defined in [9]. In this
context, the sequence of normal currents (): ) is to be replaced with rectifiable
�-chains. However in this work, we focus exclusively on Euclidean fractional
currents with real coefficients, the only case for which a compactness theorem is
currently known.
• We will aim to convince the reader that an U-fractional current, while being an
<-dimensional object (in the sense that it can be integrated against <-forms), is
characterized by the property that its “fractal dimension” (a loosely defined notion)
is at most < + U, and that the fractal dimension of its boundary at most < − 1 + U.
Thus, the parameter U can be understood as representing an upper bound of the
fractional part of the fractal dimension.

In the next proposition, we gather some immediate properties of fractional currents.

Proposition 3.1. Let  ⊆ R3 be a compact set. The following hold.
(A) If V is such that U 6 V 6 1, then FU< (R3) ⊆ FV< (R3), and FV 6 FU.
(B) For < > 1, the boundary operator m takes FU< (R3) to FU

<−1 (R
3) and FU (m)) 6

FU ()) for all ) ∈ FU< (R3).
(C) FU< (R3) is a linear space, normed by FU.
(D) (FU< ( ),FU) is a Banach space.
(E) In case  is convex, N< ( ) is dense in FU< ( ).
(F) If ) ∈ FU< (R3) and 5 : spt) → R3′ is a Lipschitz map, then 5#) ∈ FU< (R3

′) and
FU ( 5#)) 6 max{(Lip 5 )<−1+U, (Lip 5 )<+U}FU ()) (7)

if < > 1, and
FU ( 5#)) 6 max{1, (Lip 5 )U}FU ())

if < = 0.

Proof. (A) and (B) are easy consequences of the inequalities

F()) 6 N()), F(m)) 6 F()), N(m)) = M(m)) 6 N())
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that hold for any normal current ) .
(C). As F = F1 6 FU by (A) and F is a norm, the equality FU ()) = 0 readily implies

that ) = 0.
The set FU< (R3) is closed under addition, for if (): ) and ((: ) are U-fractional decom-

positions of ) and (, we can construct the decomposition (': ) of ) + (, with '2: = ): and
'2:+1 = (: . Furthermore, one has

FU () + () 6
∞∑
:=0

N(': )1−UF(': )U =
∞∑
:=0

N(): )1−UF(): )U +
∞∑
:=0

N((: )1−UF((: )U

Taking the infimum on the right-hand side over all decompositions (): ) and ((: ) yields
the triangle inequality for FU.

(D). To prove that FU< ( ) is complete, it is sufficient to prove that an FU-absolutely
convergent series

∑
= )
(=) actually converges in FU< ( ). The proof of this is fairly standard;

we do it by considering for each ) (=) an U-fractional decomposition () (=)
:
): with

∞∑
:=0

N() (=)
:
)1−UF() (=)

:
)U < FU () (=) ) + 1

2=

Without loss of generality, we can assume that all of) (=)
:

are supported in the same compact
set ( is contained in a closed ball, then replace if necessary ) (=)

:
by its projection onto this

ball). Then define

) =
∑
=,:

)
(=)
:

This series is well-defined (it is in fact absolutely convergent in flat norm). Clearly, ) is
U-fractional, as () (=)

:
):,= is an U-fractional decomposition, and

FU
(
) −

#∑
==0

) (=)

)
6

∞∑
==#+1

(
FU () (=) ) + 1

2=

)
→ 0

as # →∞.
(E). Let ) ∈ FU< ( ) and (): ) be an U-fractional decomposition of ) such that all ): are

supported in  . It is clear that

FU
(
) −

#∑
:=0

):

)
6

∞∑
:=#+1

N(): )1−UF(): )U → 0

as # →∞.
(F). First extend 5 to a Lipschitz mapR3 → R3′ , while preserving the Lipschitz constant

! = Lip 5 . Let (): ) be an U-fractional decomposition of ) . Observe that ( 5#): ) is an
U-fractional decomposition of 5#) . Thus, 5#) ∈ FU< (R3

′) and, if < > 1,

FU ( 5#)) 6
∞∑
:=0

N( 5#): )1−UF( 5#): )U

6
∞∑
:=0

max{! (<−1) (1−U) , !<(1−U) }N(): )1−U max{!<U, ! (<+1)U}F(): )U

6 max{!<−1+U, !<+U}
∞∑
:=0

N(): )1−UF(): )U

Taking the infimum over all U-fractional decompositions of ) results in the inequality (7).
The case < = 0 is treated similarly. �
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3.2. A first example. Many fractal-like objects can be seen as fractional currents. Al-
though a complete characterization of fractional currents with codimension 0 will be
provided in Section 4, we introduce a preliminary example here. Recall that a dyadic
:-cube (in short: :-cube) is a set of the form

& =

3∏
8=1

[
ℓ8

2:
,
ℓ8 + 1

2:

]
where :, ℓ1, . . . , ℓ3 are integers. Let � ⊆ R3 be a bounded subset of R3 . For any integer
: , we let #�(:) be the number of :-cubes that intersect �. Following [19], we say that �
is <-summable (where < > 0 is real) whenever

∞∑
:=0

#�(:)2−:< < ∞

Summability is related to the upper box dimension of �, which is defined by

dimbox � = lim sup
:→∞

log #�(:)
: log 2

Indeed, one can easily check that � is <-summable for all < > dimbox �.

Proposition 3.2. Let * ⊆ R3 be a bounded open set of R3 such that m* is (3 − 1 + U)-
summable, for U ∈ [0, 1]. Then È*É is U-fractional.

Proof. This proof is heavily influenced by [19, Section 3] and [35, Lemma 4.4]. We assume
that * is nonempty, otherwise there is nothing to prove. The main ingredient will be the
Whitney decomposition of*, that we now describe.

As* is bounded and nonempty, there is a smallest integer :0 > 0 such that some :0-cube
and its 33 − 1 neighbors are contained in *. Let �:0 be the collection of such :0-cubes.
Then we define inductively the collections �:0+1,�:0+2, . . . , where for all : > :0 + 1, the
collection �: consists of all :-cubes & such that

(A) & and all of its 33 − 1 neighbors are contained in*;
(B) & is not contained in any cube of �ℓ , for some :0 6 ℓ < : .

Let : > :0 + 1. By construction, the parent (: − 1)-cube of any & ∈ �: , or one of its
neighbors, intersects m*. Therefore,

Card�: 6 33 × 23#m* (: − 1) 6 �#m* (: − 1)

Note that�:0 is finite as well by boundedness of*. We define, for each : > :0, the normal
current

): =
∑
&∈�:
È&É

Moreover, one clearly has

N(): ) 6 Card�:
(
2−:3 + 232−: (3−1)

)
6 � (Card�: ) 2−: (3−1)

F(): ) 6 M(): ) 6 (Card�: ) 2−:3

Consequently,
∞∑
:=:0

N(): )1−UF(): )U 6 �
∞∑
:=:0

(Card�: )2−: (3−1+U) < ∞

Hence the sequence of normal currents (): ) satisfies condition (B) of Definition 3.1. �
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3.3. Züst’s fractal currents. In this subsection, we exhibit another class of currents that
are proven to be U-fractional. It was introduced in [35, Definition 4.1]. The definition
is adapted here to the Euclidean setting, using Federer-style currents instead of metric
currents.

Let < 6 W < < + 1 and < − 1 6 X < <. An <-dimensional flat current ) ∈ F< (R3) is
said to be (W, X)-fractal in the sense of Züst whenever there are sequences (': ) in N< (R3)
and ((: ) in N<+1 (R3), and parameters f, d > 1 (depending on )) such that

(A) there is a compact set  ⊆ R3 such that the supports of ': , (: all lie in  ;
(B) one has

∞∑
:=0

M((: )f: (<+1−W) < ∞,
∞∑
:=0

M(m(: )f: (<−W) < ∞

∞∑
:=0

M(': )d: (<−X) < ∞,
∞∑
:=0

M(m': )d: (<−1−X) < ∞

(C) ) =
∑∞
:=0 (': + m(: ) weakly.

A helpful way to think about ) is as having a fractal dimension less than W, while its
boundary can be seen as having a fractal dimension less than X. One limitation of Züst’s
fractal currents, compared to fractional currents, is that they do not form a linear space.
Fractional currents are more general, as we now show:

Proposition 3.3. A (W, X)-fractal current (in the sense of Züst) is U-fractional for U =

max{W − <, X − (< − 1)}.

Proof. Let) be a (W, X)-fractal current. We adopt the notations introduced at the beginning
of the subsection. First we estimate

N(m(: )1−UF(m(: )U 6 M(m(: )1−UM((: )U

6
(
M(m(: )f−: (<+1−W)U/(1−U)

)1−U (
M((: )f: (<+1−W)

)U
6 (1 − U)M(m(: )f−: (<+1−W)U/(1−U) + UM((: )f: (<+1−W)

by Young’s inequality. Using U > W − < and f > 1, one further obtains

N(m(: )1−UF(m(: )U 6 (1 − U)M(m(: )f: (<−W) + UM((: )f: (<+1−W) (8)
Similarly,

N(': )1−UF(': )U 6 (1 − U)N(': )d−: (<−X)U/(1−U) + UF(': )d: (<−X)

6 (1 − U)N(': )d: (<−1−X) + UF(': )d: (<−X)

6 M(': )d: (<−X)
(
U + 1 − U

d:

)
+ (1 − U)M(m': )d: (<−1−X) (9)

The inequalities (8), (9) and (B) show that (): ), where )2: = m(: and )2:+1 = ': , is an
U-fractional decomposition of ) . Hence ) ∈ FU< (R3). This shows, by the way, that the
sum in (C) is F-convergent. �

4. Fractional Sobolev regularity of zero-codimensional fractional currents

It is well-known that normal currents of top dimension have the form ÈDÉ, where D is a
compactly supported �+ function, that is, a !1

2 function such that the De Giorgi variation

‖�D‖(R3) = sup
{∫
R3
D div E : E ∈ �1

2 (R3;R3) and ‖E‖∞ 6 1
}

is finite, in which case ‖�D‖(R3) = M(mÈDÉ), see [14, Section 4.5]. As for flat currents,
they are the currents of the form ÈDÉ, where D is a compactly supported integrable function,
see [14, 4.1.18]. We will characterize in Theorem 4.1 the functions D such that ÈDÉ ∈
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FU
3
(R3) as members of a fractional Sobolev space. We will assume throughout this

section that 0 < U < 1.

4.1. Fractional Sobolev space. Here, we will simply recall the definition of fractional
Sobolev spaces, referring the reader to [24] for a comprehensive discussion on the subject.

The,1−U,1-norm of an !1 function D : R3 → R is defined to be

‖D‖, 1−U,1 (R3) =

∫
R3

∫
R3

|D(G) − D(H) |
|G − H |3+1−U

dG dH.

This quantity defines a genuine norm (and not merely a seminorm) on !1 (R3), since the
only constant function belonging to !1 (R3) is the zero function.

In the case where D is the indicator function of a Lebesgue measurable set �, we call it
the (1 − U)-fractional perimeter of �:

Per1−U (�) = ‖1�‖, 1−U,1 (R3) = 2
∫
�

∫
R3\�

dG dH
|G − H |3+1−U

We let ,1−U,1
2 (R3) be the space of all compactly supported integrable functions D such

that ‖D‖, 1−U,1 (R3) < ∞.

4.2. A norm equivalent to FU. We observe that the ,1−U,1-norm behaves well under
rescaling. Indeed,

‖D ◦ i−1
A ‖, 1−U,1 (R3) = A

3−1+U‖D‖, 1−U,1 (R3)

for A > 0, where iA (G) = AG for all G ∈ R3 .
On the spaceFU

3
(R3) of top-dimensionalU-fractional currents, it will bemore convenient

to work with a norm that has better homogeneity properties than FU. We define

F̃U ()) = inf
∞∑
:=0

M(m): )1−UM(): )U

where the infimum is taken over all U-fractional decompositions of ) . One checks that
F̃U (iA#)) = A3−1+UF̃U ()).

The norms FU and F̃U are equivalent, in a sense that we now describe. Of course, one
has F̃U 6 FU, as F = M for top-dimensional currents. As for the converse inequality, we
will prove that

FU ()) 6 � ( )F̃U ()) for all ) ∈ FU3 ( ) (10)
where  ⊆ R3 is compact and � ( ) is a constant depending only on  .

We lose no generality in assuming that  is convex, as we can replace it with its closed
convex hull. Consider an U-fractional decomposition (): ) of ) , with spt): ⊆  for all : .
Each ): = ÈD:É is represented by a �+ function D: , supported in  . By the Hölder and
Sobolev inequality (see [13, Theorem 5.10(i)]), one has

M(): ) = ‖D: ‖1 6 ‖D: ‖3/(3−1) | |1/3 6 �‖�D: ‖(R3) | |1/3

where � denotes here the Sobolev constant. Hence

N(): ) 6 (1 + � | |1/3)‖�D: ‖(R3)
and

N(): )1−UF(): )U 6
(
1 + � | |1/3

)1−U
M(m): )1−UM(): )U

Summing over : and then passing to the infimum yields (10).

Theorem 4.1. Let D be a compactly supported integrable function. The current ÈDÉ is
U-fractional if and only if D ∈ ,1−U,1

2 (R3), in which case
1
�

F̃U (ÈDÉ) 6 ‖D‖, 1−U,1 (R3) 6 �F̃U (ÈDÉ)

for some constant � = � (3, U) > 0.
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Proof. Step 1. For D ∈ �1 (R3)∩!1 (R3), we have ‖D‖, 1−U,1 (R3) 6 �‖�D‖(R3)1−U‖D‖U1 ,
where � = � (3, U) is a constant.

To our knowledge, this step and the next one were first proven by Brasco, Lindgren and
Parini in [6, Proposition 4.2]. For the reader’s convenience, we reproduce their proof.

We can assume that D ≠ 0 and ‖�D‖(R3) < ∞. Let [ > 0 be a real number, to be
chosen adequately later. By a change of variables,

‖D‖, 1−U,1 (R3) =

∫
R3

∫
R3

|D(G) − D(G − I) |
|I |3+1−U

dG dI

We then split

‖D‖, 1−U,1 (R3) =

∫
{ |I |6[ }

∫
R3

|D(G) − D(G − I) |
|I |3+1−U

dG dI+∫
{ |I |>[ }

∫
R3

|D(G) − D(G − I) |
|I |3+1−U

dG dI

The second term in the right-hand side is controlled by∫
{ |I |>[ }

∫
R3

|D(G) − D(G − I) |
|I |3+1−U

dG dI 6
∫
{ |I |>[ }

2‖D‖1
|I |3+1−U

dI = �[U−1‖D‖1

As for the first term, we estimate

|D(G) − D(G − I) | 6 |I |
∫ 1

0
|∇D(G − CI) | dC

Thus, by Fubini’s theorem,∫
{ |I |6[ }

∫
R3

|D(G) − D(G − I) |
|I |3+1−U

dG dI 6
∫
{ |I |6[ }

∫
R3

∫ 1

0

|∇D(G − CI) |
|I |3−U

dC dG dI

6

∫
{ |I |6[ }

∫ 1

0

∫
R3

|∇D(G − CI) |
|I |3−U

dG dC dI

=

∫
{ |I |6[ }

‖�D‖(R3)
|I |3−U

dI

= �[U‖�D‖(R3)
Summing up, we find

‖D‖, 1−U,1 (R3) 6 �
(
[U‖�D‖(R3) + [U−1‖D‖1

)
.

Choosing [ = ‖D‖1/‖�D‖(R3), we finish the proof of the first step.
Step 2. For D ∈ �+ (R3), we have ‖D‖, 1−U,1 (R3) 6 �‖�D‖(R3)1−U‖D‖U1 , where

� = � (3, U) is a constant.
Indeed, by the approximation theorem [13, Theorem 5.2.2], there is a sequence (D=) in

�+ (R3) ∩ �1 (R3) such that D= → D in !1 (R3) and ‖�D=‖(R3) → ‖�D‖(R3). We may
also assume that D= → D pointwise. We next apply Fatou lemma to infer that

‖D‖, 1−U,1 (R3) 6 lim inf
=→∞

‖D=‖, 1−U,1 (R3) 6 �‖�D‖(R3)1−U‖D‖U1 .

Step 3. Let D be an integrable compactly supported function. If ÈDÉ ∈ FU
3
(R3),

then ‖D‖, 1−U,1 (R3) 6 �F̃U (ÈDÉ).
Let (ÈD:É) be an U-fractional decomposition of ÈDÉ. The !1-convergence of the series∑
D: implies that some subsequence of the sequence of partial sums converges almost

everywhere to D. It follows that |D(G) − D(H) | 6 ∑∞
:=0 |D: (G) − D: (H) | for almost all G, H.

Thus,

‖D‖, 1−U,1 (R3) 6
∞∑
:=0
‖D: ‖, 1−U,1 (R3) 6 �

∞∑
:=0
‖�D: ‖(R3)1−U‖D: ‖U1 .
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We conclude by taking the infimum in the right-hand side over all possible decompositions
of ÈDÉ.

Step 4. If D ∈ ,1−U,1
2 (R3), then ÈDÉ ∈ FU

3
(R3) and F̃U (ÈDÉ) 6 �‖D‖, 1−U,1 (R3) .

Some elements here are inspired by the proof of [5, Theorem A.1]. As the norms
‖ · ‖, 1−U,1 (R3) and F̃U behave identically under rescaling and translation, we may assume
without loss of generality that spt D ⊆ [0, 1]3 . For each integer : > 0, we let �: be the
collection of dyadic :-cubes in [0, 1]3 . We define

E: =
∑
&∈�:

(
1
|& |

∫
&

D

)
1&

It is well-known that E: → D in !1 (R3). We define the following �+ functions

D0 = E0 and D: = E: − E:−1 for all : > 1

all of them being compactly supported in [0, 1]3 .
We wish to prove that the decomposition

(
ÈDÉ = ∑∞

:=0ÈD:É
)
is an U-fractional decom-

position of È*É.
We deal with the function D0 =

(∫
[0,1]3 D

)
1[0,1]3 separately. We have

‖�D0‖(R3) 6
����∫
[0,1]3

D

���� ‖�1[0,1]3 ‖(R3) 6 ‖D‖1 · 23.
Therefore

‖�D0‖(R3)1−U‖D0‖U1 6 (23)
1−U‖D‖1.

Moreover, recalling that spt D ⊆ [0, 1]3 , one has

‖D‖, 1−U,1 (R3) =

∫
R3

∫
R3

|D(G) − D(H) |
|G − H |3+1−U

dG dH

>

∫
[0,1]3

(∫
R3\[−1,2]3

|D(G) − D(H) |
|G − H |3+1−U

dG
)

dH

>

∫
[0,1]3

|D(H) |
(∫
R3\[−1,2]3

1
|H − G |3+1−U

dG
)

dH

> �‖D‖1.

Therefore,
‖�D0‖(R3)1−U‖D0‖U1 6 �‖D‖, 1−U,1 (R3) . (11)

Now consider any : > 1. As the function D: has a decomposition

D: =
∑
&∈�:

U&1&

we infer that

‖�D: ‖(R3) 6
∑
&∈�:

|U& |‖�1& ‖(R3) = 23 (2−: )3−1
∑
&∈�:

|U& | = �2: ‖D: ‖1

This leads to
∞∑
:=1
‖�D: ‖(R3)1−U‖D: ‖U1 6 �

∞∑
:=1

2(1−U): ‖D: ‖1 (12)

Next we intend to estimate the right-hand side of (12). For any & ∈ �: , we let &̂ ∈ �:−1
be the parent cube of &. Almost everywhere on a :-cube & ∈ �: , the function D: is
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constant and takes the value

U& =
1

ℒ3 (&)

∫
&

D(G) dG − 1
ℒ3 (&̂)

∫
&̂

D(H) dH

=
1

ℒ3 (&)ℒ3 (&̂)

∫
&

∫
&̂

(D(G) − D(H)) dG dH

Consequently,

‖D: ‖1 6
∑
&∈�:

1
ℒ3 (&̂)

∫
&

∫
&̂

|D(G) − D(H) | dG dH

6 2(:−1)3
∫
R23
|D(G) − D(H) |

∑
&∈�:

1& (G)1&̂ (H) dG dH

This implies that
∞∑
:=1

2(1−U): ‖D: ‖1 6
∫
R23

|D(G) − D(H) |
|G − H |3+1−U

0(G, H) dG dH (13)

where

0(G, H) 6 � |G − H |3+1−U
∞∑
:=1

2: (3+1−U)
∑
&∈�:

1& (G)1&̂ (H)

It is clear that, for all : > 1 and almost all (G, H),∑
&∈�:

1& (G)1&̂ (H) 6 1

and that this sum is zero if |G − H | is greater than the diameter
√
32−(:−1) of a (: − 1)-cube.

Thus, we can bound 0(G, H) by

� |G − H |3+1−U
:0∑
:=1

2: (3+1−U)

where :0 is the greatest integer such that
√
32−(:0−1) > |G− H |. This proves that the function

0 is bounded by a constant depending only on 3 and U. Finally, (11), (12) and (13) show
that

∞∑
:=1
‖�D: ‖(R3)1−U‖D: ‖U1 6 �‖D‖, 1−U (R3)

This proves that ÈDÉ ∈ FU
3
(R3) and F̃U (ÈDÉ) 6 �‖D‖, 1−U,1 (R3) . �

In light of Subsection 3.2 and the previous theorem, we can assert that if* is a bounded
open set in R3 then,

3 − 1 + inf{U ∈ [0, 1] : È*É ∈ FU3 (R
3)} 6 dimbox (m*)

or, equivalently,

3 − dimbox (m*) 6 sup{B ∈ (0, 1) : 1* ∈ , B,1
2 (R3)}

(where, in the right-hand side, the supremum is zero if there are no B ∈ (0, 1) such that
1* ∈ , B,1

2 (R3)). The idea of using the fractional Sobolev exponent B as a way to measure
the fractional codimension of the boundary of * has been first introduced in [31], where
the above formula is proven to hold if * is any bounded Lebesgue measurable subset of
R3 , and the topological boundary m* is replaced by a measure-theoretic analog.



16 PH. BOUAFIA

5. Charges in middle dimension

5.1. Definition. In this section, we present a self-contained introduction to charges in
middle dimension and establish their fundamental properties. This concept was initially
developed by De Pauw, Moonens, and Pfeffer in [11], where charges were defined over
arbitrary subsets of Euclidean space. The theory was later extended to the more general
context of metric spaces in [10]. In this work, however, we restrict our attention to charges
defined on compact subsets of R3 , later on R3 itself in Subsection 5.5. This narrower focus
allows us to simplify many of the underlying arguments.

An <-charge over a compact set  ⊆ R3 is a linear map l : N< ( ) → R that satisfies
one of the following equivalent continuity properties:

(A) l()=) → 0 for any bounded sequence ()=) in N< ( ) that converges in flat norm
to 0;

(B) the restriction of l to the unit ball of N< ( ) is F-continuous;
(C) for all Y > 0, there exists \ > 0 such that

|l()) | 6 YN()) + \F())
holds for any normal current ) ∈ N< ( ).

Proof of the equivalences. One clearly has (A) ⇐⇒ (B) and (C) =⇒ (A). The only non
trivial implication (A) =⇒ (C) can be derived as a short consequence of the compactness
theorem. Indeed, suppose by contradiction that (A) holds and (C) is false. In this case,
there is Y > 0 and a sequence ()=) of normal currents supported in  , with normal masses
N()=) = 1 such that

|l()=) | > =F()=) + Y (14)
for all =. Some subsequence ()=: ) converges to a normal current ) ∈ N< ( ) in flat norm.
Property (A) then implies that l()=: ) → l()). Consequently, F()=: ) 6 =−1

:
|l()=: ) |

tends to 0 as : → ∞, which implies that ) = 0 and l()=: ) → 0. This is in contradiction
with (14). �

The space of <-charges over  is denoted CH< ( ). As F 6 N, the continuity property
(C) above implies that charges are N-continuous, i.e. CH< ( ) is a subspace of the dual
N< ( )∗. The space CH< ( ) is equipped with the operator norm

‖l‖CH< ( ) := sup {l()) : ) ∈ N< ( ) and N()) 6 1} . (15)
In fact, CH< ( ) is a closed subspace of N< ( )∗, for if (l=) is a sequence in CH< ( )
converging towards l ∈ N< ( )∗, then l= → l uniformly on the unit ball of N< ( ). We
conclude by (B) that l is a charge. As a result, CH< ( ) is a Banach space.

In addition, there is also a notion of weak convergence of charges: we say thatl= → l

weakly whenever l= ()) → l()) for all ) ∈ N< ( ).

5.2. Continuous differential forms. Any continuous <-form on  defines an <-charge,
via the map

Λ : � ( ;∧<R3) → CH< ( )
defined by

Λ(l) ()) =
∫
 

〈l(G), ®) (G)〉 d‖) ‖(G) (16)

for l ∈ � ( ;∧<R3) and ) ∈ N< ( ). Note that, in the special case where l has a smooth
extension to R3 , still denoted l, then Λ(l) ()) = ) (l).

Let us check that Λ(l), defined by (16) for l ∈ � ( ;∧<R3), is indeed an <-charge.
To this end, let us fix Y > 0 and choose a compactly supported smooth form q : R3 →

∧<R3 such that |l(G) − q(G) | 6 Y for all G ∈  . Then, for all ) ∈ N< ( ),

|Λ(l) ()) − Λ(q | ) ()) | 6
����∫
 

〈l(G) − q(G), ®) (G)〉 d‖) ‖(G)
���� 6 YM()) 6 YN()) (17)
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whereas
|Λ(q | ) ()) | 6 \F()) (18)

for \ = max{‖q‖∞, ‖ dq‖∞}. The map Λ(q | ) : ) ↦→ ) (q) is clearly linear. As Y > 0
is arbitrary, inequality (17) shows the linearity of Λ(l). As for continuity, it follows
from (17), (18) and 5.1(C).

We warn the reader that Λ is, in general, not injective. Indeed, flat <-chains cannot be
excessively concentrated. More precisely, it is known that a nonzero flat chain ) ∈ F< (R3)
must have a support of Hausdorff measure ℋ

< (spt)) > 0. We refer to [14, 4.1.20]
for a more general statement involving the integralgeometric measure. Consequently, if
 is nonempty and ℋ

< ( ) = 0, then N< ( ) ⊆ F< ( ) = {0}, which in turn implies
CH< ( ) = {0}. In this situation, Λ cannot be injective. For this reason, we will not
identify a continuous <-form with its associated <-charge.

Only in the simplest case < = 0 do charges correspond to continuous functions, as we
prove now.

Proposition 5.1. The map Λ : � ( ) → CH0 ( ) is a Banach space isomorphism.

Proof. Wedefine themap Γ : CH0 ( ) → � ( ) by Γ(l) (G) = l(ÈGÉ) for alll ∈ CH0 ( )
and G ∈  . The continuity of Γ(l) follows from 5.1(A). It is clear that Γ ◦Λ is the identity
operator. Therefore, it suffices to show that Γ is a Banach space isomorphism.

First, we check that Γ is a continuous. For all G ∈  , we have

|Γ(l) (G) | 6 ‖l‖CH0 ( )M(ÈGÉ) = ‖l‖CH0 ( ) .

Thus, ‖Γ(l)‖∞ 6 ‖l‖CH0 ( ) .
Next, we claim that Γ is injective. Let us call P0 ( ) the space of polyhedral 0-currents

supported in  , i.e. the linear space spanned by the ÈGÉ, for G ∈  . By an easy corollary
of the deformation theorem [14, 4.2.9], every ) ∈ N0 ( ) is the F-limit of a sequence ()=)
in P0 ( ) such that M()=) 6 M()). Observe that if l ∈ kerΓ, then l vanishes on P0 ( ).
By the preceding result and the continuity property of charges, l = 0. This proves that Γ
is injective.

Next we prove the surjectivity of Γ. Let 6 ∈ � ( ). We define the function l, on
polyhedral 0-currents, by

l

(
=∑
:=1

0:ÈG:É
)
=

=∑
:=1

0:6(G: ).

Let Y > 0. There is a smooth compactly supported function 5 ∈ �∞2 (R3) such that
‖ 5 − 6‖∞, 6 Y. Setting \ = max{‖ 5 ‖∞, ‖ d 5 ‖∞}, we have

|l()) | 6
����� =∑
:=1

0: 5 (G: )
����� +

����� =∑
:=1

0: ( 5 − 6) (G: )
�����

6 \F()) + YM()) (19)

for every polyhedral 0-current ) . We extend l to M0 ( ) with

l()) = lim
=→∞

l()=) (20)

where ) ∈ M0 ( ) and ()=) is any sequence of polyhedral 0-currents that F-converges to
) , with M()=) 6 M()). By (19), the sequence (l()=)) is Cauchy, which ensures that
the limit in (20) exists and does not depend on the choice of an approximating sequence.
It is also straightforward that l is linear and (19) holds now for any ) ∈ M0 ( ). Hence
l ∈ CH0 ( ) and Γ(l) = 6. This proves that Γ is onto.

Finally, Γ−1 = Λ is continuous by the open mapping theorem. �
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5.3. Operations on charges. Operations on normal currents, such as pushforwards by
Lipschitz maps, taking the boundary, have a counterpart in term of charges, defined by
duality. We first define the exterior derivative dl ∈ CH<+1 ( ) of a chargel ∈ CH< ( ),
by setting

dl()) := l(m))
for all ) ∈ N< ( ). That dl is continuous, in the sense of charges, is a consequence of the
identities

N(m)) 6 N()), F(m)) 6 F()) (21)
that furthermore implies that the operator d : CH< ( ) → CH<+1 ( ) is bounded with
norm less than or equal to 1.

This allows us to introduce other examples of charges, namely the differentials of
continuous forms.

Next, if 5 :  → ! is a Lipschitz map between two compact subsets  and ! of R3 and
R3

′ , respectively, we define the pullback
5 # : CH< (!) → CH< ( )

by
5 #l()) = l( 5#))

for all l ∈ CH< (!) and ) ∈ N< ( ).
Most results from differential calculus extend to charges, by duality arguments. We state

some of them for the sake of completeness.
(A) d ◦ d = 0.
(B) The exterior derivative commutes with Lipschitz pullbacks.
(C) ( 5 ◦6)# = 6#◦ 5 # for Lipschitz maps 5 , 6with compatible domains and codomains.

5.4. Relative compactness in CH< ( ). We now state a criterion for relative compactness
in CH< ( ). It will prove useful in the next section for establishing the basic properties of
the space of fractional charges. This result seems to be new.

Proposition 5.2. Let Ω ⊆ CH< ( ). The following are equivalent:
(A) Ω is relatively compact;
(B) for all Y > 0, there is \ > 0 such that

|l()) | 6 YN()) + \F())
holds for all l ∈ Ω. We stress that \ does not depend on l.

Proof. (A) =⇒ (B). We prove this implication by contradiction. Suppose there are Y > 0
and two sequences (l=) in Ω and ()=) in N< ( ) such that

|l= ()=) | > YN()=) + =F()=)
for all integers =. We can also suppose N()=) = 1 for all =. As Ω is relatively compact, it
is bounded, consequently

=F()=) < sup
l∈Ω
‖l‖CH< ( ) < ∞

which implies that ()=) converges to 0 in flat norm. On the other side, there is a subsequence
(l=: ) that converges to l ∈ CH< ( ). Hence

|l=: ()=: ) | 6 |l()=: ) | + ‖l − l=: ‖CH< ( ) → 0
which contradicts that |l=: ()=: ) | > Y.

(B) =⇒ (A). Denote by �N< ( ) the unit ball of N< ( ), metrized by F, and let
] : CH< ( ) → � (�N< ( ) ) be the linear map that sends a charge to its restriction to
�N< ( ) . Here, � (�N< ( ) ) is given the supremum norm. Since CH< ( ) is complete
and ] is an isometric embedding, we only need to show that ](Ω) is relatively compact in
� (�N< ( ) ).
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First, the inequality in (B) (for Y = 1) entails that ](Ω) is pointwise bounded. Now, for
an arbitrary Y > 0 there is \ > 0 as in (B). If ), ( ∈ �N< ( ) satisfy F() − () 6 Y/\, then
for any l ∈ Ω, one has

|](l) ()) − ](l) (() | 6 \F() − () + YN() − () 6 3Y.

This proves that ](Ω) is equicontinuous, thus relatively compact by the Arzelà-Ascoli
theorem. The proof is then finished. �

5.5. Charges over R3 . An <-charge over R3 is a linear map l : N< (R3) → R that
satisfies the continuity condition

l()=) → 0 whenever F()=) → 0, sup
=>0

N()=) < ∞ and
∞⋃
==0

spt)= is bounded

Alternatively,l is an<-charge overR3 whenever its restriction toN< ( ) for every compact
set  is an <-charge over  . We denote by CH< (R3) the space of <-charges over R3 .

For each compact set, we define

‖l‖CH< , = sup {l()) : ) ∈ N< ( )}
This definition closely resembles (15), with the difference that ‖ · ‖CH< , is now only a
seminorm on CH< (R3). The collection of these seminorms, as  ranges over all compact
subsets of R3 , defines a vector space topology on CH< (R3). Clearly, only a countable
subset of these seminorms is required to determine this topology (for example, by letting  
range over the closed ball centered at the originwith positive integer radius). Furthermore, it
follows directly from the fact that the spacesCH< ( ) are Banach spaces and thatCH< (R3)
is a Fréchet space.

Many definitions and properties carry over easily to R3 .
(A) Weak convergence: a sequence (l=) converges to l weakly in CH< (R3) when-

ever l= ()) → l()) for any ) ∈ N< (R3);
(B) Exterior derivative: the operator d : CH< (R3) → CH<+1 (R3) defined by dl()) =

l(m)) is linear and continuous;
(C) Pullback by locally Lipschitz maps: for any locally Lipschitz map 5 : R3 → R3′

and l ∈ CH< (R3′), we define the pullback 5 #l ∈ CH< (R3) by 5 #l()) =
l( 5#)). This definition has a natural adaptation in the domain or the codomain of
5 is a compact subset of the Euclidean space.

In particular, we will frequently use pullbacks as a tool to extend charges, in the
following context: if  ⊆ R3 is compact convex and ? : R3 →  is the orthogonal
projection, then ?#l ∈ CH< (R3) agrees with l on N< ( ). This is because
?#) = id# ) = ) for all ) ∈ N< ( ). Recall that the pushforward of a flat chain )
by a map 5 depends only on the restriction of 5 to the support spt) .

(D) Continuous differential <-forms over R3: as before, a continuous <-form can
be naturally regarded as an <-charge, through the map Λ : � (R3;∧<R3) →
CH< (R3), defined by

Λ(l) ()) =
∫
R3
〈l(G), ®) (G)〉 d‖) ‖(G)

for all ) ∈ N< (R3).
This map is injective. Indeed, suppose that Λ(l) = 0. For every compactly

supported smooth <-current ℒ3 ∧ b, one has

Λ(l) (ℒ3 ∧ b) =
∫
R3
〈l(G), b (G)〉 dG = 0.

Since this holds for every b ∈ �∞2 (R3;∧<R3), one infers that l = 0 by the
fundamental lemma of the calculus of variations.
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Consequently, we will identify continuous <-forms with <-charges over R3 ,
allowing us to consider that

� (R3;∧<R3) ⊆ CH< (R3).

In particular, in the casel is a smooth<-form overR3 and) is a normal<-current,
both expressions l()) and ) (l) are well-defined and interchangeable.

When l ∈ �1 (R3;∧<R3), the meaning of dl is unambiguous, whether we
think of l as an <-form or an <-charge. This follows from the classical Stokes’
formula.

(E) Continuity of 0-charges: the map Λ : � (R3) → CH0 (R3) is a Fréchet space
isomorphism, whose inverse is the map Γ defined by Γ(l) (G) = l(ÈGÉ) for
l ∈ CH0 (R3) and G ∈ R3 . Here, � (R3) is given the Fréchet topology induced by
the family of seminorms ‖ · ‖∞, , where  can be any compact subset of R3 .

(F) Relative compactness inCH< (R3): a subsetΩ ⊆ CH< (R3) is relatively compact
in CH< (R3) whenever for all compact subsets  ⊆ R3 and Y > 0, there exists
\ = \ ( , Y) > 0 such that |l()) | 6 YN()) + \F()) for all ) ∈ N< ( ).

5.6. Regularization of charges. Operating on the entire space R3 enables the regulariza-
tion of charges through convolution. The convolution of a charge l ∈ CH< (R3) with a
smooth compactly supported function q is the linear map N< (R3) → R that sends ) to
l() ∗ q̌). It satisfies the continuity property of charges because the map ) ↦→ ) ∗ q̌ is both
N- and F-continuous.

This provides an example of weak convergence of charges. Indeed, for ) ∈ N< (R3),
one has ) ∗ ΦY → 0 in flat norm as Y → 0, whereas the normal masses of the ) ∗ ΦY are
bounded by N()), by Proposition 2.2. (Recall that we fixed a regularization kernel ΦY in
Section 2). This entails that l ∗ΦY → l weakly.

Proposition 5.3. Let l ∈ CH< (R3) and q ∈ �∞2 (R3). Then l ∗ q ∈ �∞ (R3;∧<R3).

Proof. We will actually prove the explicit formula

(l ∗ q) (I) =
∑

� ∈Λ(3,<)
l

(
ℒ
3 ∧ q(I − ·)e�

)
dG� for all I ∈ R3 , (22)

where Λ(3, <) is the set of increasing subfamilies of {1, . . . , 3} of cardinal <, and for
� = (81, . . . , 8<),

e� = 481 ∧ · · · ∧ 48< and dG� = dG81 ∧ · · · ∧ dG8<
and 41, . . . , 43 is the canonical basis of R3 .

Call l̃(I) the right-hand side in (22). First we check that l̃ is a smooth <-form. This is
done by ensuring that, for all 1 6 8 6 3 and for any sequence (ℎ=) of nonzero real numbers
tending to 0,

ℒ
3 ∧ q(I + ℎ=e8 − ·)e� −ℒ3 ∧ q(I − ·)e�

ℎ=
→ℒ

3 ∧ mq

mG8
(I − ·)e�

in flat norm with uniformly bounded normal masses. An argument by induction finishes
the proof that the component functions I ↦→ l

(
ℒ
3 ∧ q(I − ·)e�

)
are smooth.

Next, in order to prove that the charges l ∗ q and l̃ coincide, we need only do so on
currents of the form ℒ

3 ∧ b, where b = ∑
� ∈Λ(3,<) b� e� is a compactly supported smooth

<-vector field. This is because, for all ) ∈ N< (R3),

(l ∗ q − l̃) ()) = lim
Y→0
(l ∗ q − l̃) () ∗ΦY)

using the continuity property of the charge l ∗ q − l̃ and Proposition 2.2(E) and (G). As
) ∗ΦY has the form ℒ

3 ∧ b by [14, 4.1.2], the claim follows.
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We begin by evaluating

(ℒ3 ∧ b) (l̃) =
∑

� ∈Λ(3,<)

∫
R3
l(ℒ3 ∧ q(I − ·)e� )b� (I) dI.

On the other hand, one has

l() ∗ q̌) =
∑

� ∈Λ(3,<)
l

(
ℒ
3 ∧ b� ∗ q̌e�

)
.

Following [14, 4.1.2], we introduce, for every = > 1, a partition �=,1, . . . , �=,?= of spt b
into Borel sets of diameter less than =−1 and choose points I=,: ∈ �=,: for 1 6 : 6 ?=.
Then

?=∑
:=1

b� (I=,: )
(
ℒ
3 ∧ q(I=,: − ·)e�

)
ℒ
3 (�=,: ) →ℒ

3 ∧ b� ∗ q̌e�

in flat norm with uniformly bounded normal masses. Thus,

l() ∗ q̌) = lim
=→∞

∑
� ∈Λ(3,<)

?=∑
:=1

b� (I=,: )l(ℒ3 ∧ q(I=,: − ·)eO )ℒ3 (�=,: )

=
∑

� ∈Λ(3,<)

∫
R3
b� (I)l(ℒ3 ∧ q(I − ·)eO ) dI

= (ℒ3 ∧ b) (l̃). �

6. Fractional charges and duality with fractional currents

6.1. Definition. Let U ∈ (0, 1]. An U-fractional charge over a compact set  ⊆ R3 is a
linear functional l : N< ( ) → R for which there is a constant � > 0 such that

|l()) | 6 �N())1−UF())U for all ) ∈ N< ( )

It is clear that the above requirement is stronger than the continuity condition of Subsec-
tion 5.1. We adopt the notationCH<,U ( ) to represent the space of U-fractional<-charges,
normed by

‖l‖CH<,U ( ) = inf
{
� > 0 : |l()) | 6 �N())1−UF())U for all ) ∈ N< ( )

}
.

We also define ‖l‖CH<,U ( ) = ∞ if l ∈ CH< ( ) \ CH<,U ( ).
The parameter U represents regularity. One clearly has inclusions

CH<,V ( ) ⊆ CH<,U ( ) ⊆ CH< ( )

(that are continuous) whenever V > U. In addition, the reader may use the continuity of
the second embedding and the lower semicontinuity of ‖ · ‖CH<,U ( ) with respect to weak
convergence to check that CH<,U ( ) is a Banach space.

When U = 1 and  is convex, we encounter a well-known object. Indeed, in this case,
a 1-fractional charge l is F-continuous and N< ( ) is F-dense in F< ( ). As such, l can
be uniquely extended so as to become an element of F< ( )∗, the space of flat <-cochains
over  , introduced by H. Whitney. This result will be generalized in Theorem 6.4.

More generally, we can think of U-fractionality as a regularity that is intermediate
between that of mere charges and that of flat cochains.

We observe that, as a consequence of (21), the exterior derivative of an U-fractional <-
charge is again U-fractional (and the map d: CH<,U ( ) → CH<+1,U ( ) is continuous).
As for pullbacks, if < > 1, 5 :  → ! denotes a Lipschitz map and l ∈ CH<,U (!), then
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for all ) ∈ N< ( ),

| 5 #l()) | = |l( 5#)) |
6 ‖l‖CH<,U (!)N( 5#))1−UF( 5#))U

6 max{(Lip 5 )<−1+U, (Lip 5 )<+U}‖l‖CH<,U (!)N())1−UF())U .

Accordingly, 5 #l is U-fractional and

‖ 5 #l‖CH<,U ( ) 6 max{(Lip 5 )<−1+U, (Lip 5 )<+U}‖l‖CH<,U (!) .

In case < = 0, one proves similarly that 5 #l is U-fractional and

‖ 5 #l‖CH0,U ( ) 6 (Lip 5 )U‖l‖CH0,U (!)

6.2. Hölder differential forms. In this subsection, we claim that U-Hölder continuous
<-forms are U-fractional charges. More precisely, the map Λ defined in Subsection 5.2
restricts to a continuous linear map

Λ : LipU ( ;∧<R3) → CH<,U ( ) (23)

Indeed, let l ∈ LipU ( ;∧<R3). It is possible to extend l to an U-Hölder continuous
<-form l̃ on R3 such that

LipU (l̃) 6 � LipU (l) and ‖l̃‖∞ = ‖l‖∞.

Such an extension can be obtained, for instance, via the McShane extension theorem (see
[32, Theorem 1.33]). For any Y ∈ (0, 1], the smooth <-form lY = l̃ ∗ΦY satisfies

‖lY ‖∞ 6 ‖l‖∞, ‖l̃ − lY ‖∞ 6 � LipU (l)YU and ‖ dlY ‖∞ 6
�

Y1−U LipU (l)

For an arbitrary ) ∈ N< ( ), we have

Λ(l) ()) =
∫
 

〈l(G) − lY (G), ®) (G)〉 d‖) ‖(G) + ) (lY)

From the above inequalities, we can control the first term����∫
 

〈l(G) − lY (G), ®) (G)〉 d‖) ‖(G)
���� 6 � LipU (l)YUN())

whereas,

|) (lY) | 6 max {‖lY ‖∞, ‖ dlY ‖∞} F())

6
�

Y1−U max {‖l‖∞,LipU (l)} F())

Combining the two preceding inequalities yields

|Λ(l) ()) | 6 �max {‖l‖∞,LipU (l)}
(
YUN()) + F())

Y1−U

)
(24)

In case U ≠ 1, we choose Y = F())/N()) (which is indeed less than or equal to 1), so that

|Λ(l) ()) | 6 �max {‖l‖∞,LipU (l)}N())1−UF())U (25)

thereby showing that Λ(l) is U-fractional and Λ is continuous, with

‖Λ(l)‖CH<,U ( ) 6 �max{‖l‖∞,LipU (l)}. (26)

Inequalities (25) and (26) are obtained in case U = 1 by letting Y tend to 0 in (24).

Proposition 6.1. Let U ∈ (0, 1]. The map Λ : LipU ( ) → CH0,U ( ) is a Banach space
isomorphism.
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Proof. Recall the map Γ : CH0 ( ) → � ( ) from the proof of Proposition 5.1

Γ(l) (G) = l(ÈGÉ) for all l ∈ CH0 ( ) and G ∈  .
It was proved that it is inverse to the map Λ : � ( ) → CH0 ( ). It suffices to prove that Γ
restricts to a Banach space isomorphism CH0,U ( ) → LipU ( ).

Let l ∈ CH0,U ( ). The function Γ(l) is U-Hölder continuous, as for all G, H ∈  , one
has

|Γ(l) (G) − Γ(l) (H) | = |l(ÈGÉ − ÈHÉ)|
6 ‖l‖CH0,U ( )N(ÈGÉ − ÈHÉ)

1−UF(ÈGÉ − ÈHÉ)U

6 �‖l‖CH0,U ( ) |G − H |
U .

Furthermore, for any G ∈  ,
|Γ(l) (G) | = |l(ÈGÉ)| 6 ‖l‖CH0,U ( ) .

This shows that max{‖Γ(l)‖∞,LipU (Γ(l))} 6 �‖l‖CH0,U ( ) , giving the continuity of Γ.
Let 5 ∈ LipU ( ). In particular, 5 ∈ � ( ) so there is a charge l ∈ CH0 ( ) such that

l = Λ( 5 ). Let us prove that l ∈ CH0,U ( ). First extend 5 to R3 while preserving the
Hölder constant. As usual, we consider Y ∈ (0, 1] and define 5Y = 5 ∗ΦY . We have

‖ 5Y ‖∞ 6 ‖ 5 ‖∞, , ‖ 5 − 5Y ‖∞ 6 YU LipU ( 5 ) and Lip 5Y = ‖ d 5Y ‖∞ 6 �YU−1 LipU 5 .

Let ) =
∑=
:=0 0:ÈG:É be a 0-polyhedral current, supported in  .

l()) =
=∑
:=0

0: 5Y (G: ) +
=∑
:=0

0: ( 5 (G: ) − 5Y (G))

Therefore,

|l()) | 6 |) ( 5Y) | + YU LipU ( 5 )N())

6 �max{‖ 5 ‖∞, ,LipU 5 }
(
YU−1F()) + YUN())

)
.

Choosing Y = F())/N()) yields
|l()) | 6 �max{‖ 5 ‖∞, ,LipU ( 5 )}N())1−UF())U .

The preceding inequality holds as well for an arbitrary ) ∈ N0 ( ), as it is the F-limit of
as sequence of 0-polyhedral currents ()=) with M()=) 6 M()). This proves that l is
U-fractional. Since Γ(l) = 5 , this concludes that the map Γ, restricted to CH0,U ( ) →
LipU ( ), is surjective. By the open mapping theorem, it is a Banach space isomorphism,
and so is Λ = Γ−1 : LipU ( ) → CH0,U ( ). �

6.3. Fractional charges overR3 . An U-fractional<-charge overR3 is a linear functional
l : N(R3) → R such that, for all compact  ⊆ R3 , there is a constant � > 0 such that

|l()) | 6 � N())1−UF())U for all ) ∈ N< ( ).
In other words, an U-fractional charge is an <-charge whose restriction to each N< ( )
belongs to CH<,U ( ). We denote by CH<,U (R3) the space of U-fractional charges over
R3 .

We define, for each compact  ⊆ R3 , the following seminorm on CH<,U (R3),
‖l‖CH<,U , = inf

{
� > 0 : |l()) | 6 �N())1−UF())U for all ) ∈ N< ( )

}
.

The family of such seminorms induces a Fréchet topology on CH<,U (R3). We summarize
the following facts, each of which is a straightforward adaptation of previous arguments to
R3 .

(A) Exterior derivative: the operator d : CH< (R3) → CH<+1 (R3) restricts to a
linear continuous operator CH<,U (R3) → CH<+1,U (R3).
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(B) Pullback by locally Lipschitz maps: let 5 : dom 5 → codom 5 be a locally
Lipschitz map, where the domain is either R3 a compact subset thereof, and
likewise, the codomain is either R3′ a compact subset thereof. Then the pullback
5 # is a linear continuous map CH<,U (codom 5 ) → CH<,U (dom 5 ).

(C) Hölder continuous differential forms: the map Λ : � (R3;∧<R3) → CH< (R3)
restricts to a continuous linear map LipUloc (R

3;∧<R3) → CH<,U (R3), that is still
injective. As such, we consider that

LipUloc (R
3;∧<R3) ⊆ CH<,U (R3).

(D) Hölder continuity of fractional 0-charges: themapΛ : LipUloc (R
3) → CH0,U (R3)

is a Fréchet space isomorphism, whose inverse is given by the map Γ defined by
Γ(l) (G) = l(ÈGÉ).

We end this subsection with two technical results that give the 1-fractional seminorm of
a smooth form. They will be used in the proof of Theorem 9.1 and their reading may be
postponed until that point.

Proposition 6.2. Suppose l ∈ �∞ (R3;
∧< R3) and  ⊆ R3 is a compact convex set with

positive Lebesgue measure. Then ‖l‖CH<,1 , = max{‖l‖∞, , ‖ dl‖∞, }.

Proof. The convexity of  guarantees that for all ) ∈ N< ( ), one has

F()) = inf{M(�) +M(�) : ) = � + m� with � ∈ N< (R3) and � ∈ N<+1 (R3)}
= inf{M(�) +M(�) : ) = � + m� with � ∈ N< ( ) and � ∈ N<+1 ( )}

Indeed, one can always replace � and � by their pushforwards ?# and ?#� by the orthogonal
projection ? onto  . Since ? is 1-Lipschitz, this operation does not increase the mass and
the identity ) = ?#� + m (?#�) is valid.

Therefore, we consider � ∈ N< ( ) and � ∈ N<+1 ( ) such that ) = � + m� and
compute

|l()) | = |�(l) | + |�(dl) | 6 (M(�) +M(�))max{‖l‖∞, , ‖ dl‖∞, }.

Taking the infimum over �, �, one obtains that |l()) | 6 F())max{‖l‖∞, , ‖ dl‖∞, }.
This means that ‖l‖CH<,1 , 6 max{‖l‖∞, , ‖ dl‖∞, }.

As the Lebesgue measure of the convex set  is nonzero, one can replace the ‖ · ‖∞, 
seminorms with essential suprema. One has then

‖l‖∞, = sup
Z

∫
〈l(G), Z (G)〉 dG = sup

Z

l(ℒ3 ∧ Z)

‖ dl‖∞, = sup
b

∫
〈(dl) (G), b (G)〉 dG = sup

b

l

(
m (ℒ3 ∧ b)

)
where Z (resp. b) ranges over the summable <-vector fields (resp. (< + 1)-vector fields)
supported in  of !1-norm 1. As

F(ℒ3 ∧ Z) 6 M(ℒ3 ∧ Z) 6 1 and F
(
m (ℒ3 ∧ b)

)
6 M

(
m (ℒ3 ∧ b)

)
6 1,

one finally proves the desired inequality. �

Corollary 6.3. If l ∈ �∞ (R3 ,∧< R3), [ ∈ �∞ (R3 ,∧<′ R3) and  is a compact set
that satisfies (A) and (B), then ‖l ∧ [‖CH<+<′,1 , 6 �‖l‖CH<,1 , ‖[‖CH<′,1 , , for some
constant �.

Proof. It is a consequence of the identity d(l ∧ [) = dl ∧ [ + (−1)<l ∧ d[. The reader
interested in estimating the constant may consult [14, 1.8.1]. �
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6.4. Duality and a generalized Gauss-Green formula for fractal boundaries.

Theorem 6.4. Let  be a compact convex subset of R3 . Then CH<,U ( ) is (isomet-
rically isomorphic to) the dual space of FU< ( ). The corresponding duality bracket
〈·, ·〉 : CH<,U ( ) × FU< ( ) → R satisfies

〈l,)〉 = l()) (27)

for all l ∈ CH<,U ( ) and ) ∈ N< ( ).

Proof. First we define the duality bracket. For l ∈ CH<,U ( ) and ) ∈ FU< ( ) we set

〈l,)〉 =
∞∑
:=0

l(): ) (28)

where (): ) is a decomposition of ) as in the definition 3.1 and all the normal currents ):
are supported in  . The right-hand side series is convergent, as

∞∑
:=0
|l(): ) | 6 ‖l‖CH<,U ( )

∞∑
:=0

N(): )1−UF(): )U < ∞

We need however to show that the right-hand side of (28) does not depend on the choice
of the decomposition (): ). We reduce to the case where ) = 0. First we define l̂ = ?#l ∈
CH<,U (R3), where ? : R3 →  is the orthogonal projection onto  . For Y > 0, we know
that the convolution l̂ ∗ΦY is a smooth <-form. As

∑
: ): = 0 in flat norm (and therefore

weakly), one has
∞∑
:=0

l̂ ∗ΦY (): ) = lim
=→∞

l̂ ∗ΦY

(
=∑
:=0

):

)
= 0

In addition,

|l̂ ∗ΦY (): ) | 6 |l(?# () ∗ΦY)) |
6 ‖l‖CH<,U ( )N(?# (): ∗ΦY))1−UF(?# (): ∗ΦY))U

6 ‖l‖CH<,U ( )N(): )1−UF(): )U

and for all : > 0, one has

lim
Y→0

l̂ ∗ΦY (): ) = l̂(): ) = l(): )

This follows from the continuity of charges, as the normal currents (): ∗ ΦY)0<Y61 have
uniformly bounded normal masses, are supported in �(spt): , 1) and ): ∗ΦY → ): in flat
norm by Proposition 2.2. By the Lebesgue dominated convergence theorem,

∞∑
:=0

l(): ) = lim
Y→0

∞∑
:=0

l̂ ∗ΦY (): ) = 0

as desired.
The map ) ↦→ 〈l,)〉 is FU-continuous. Indeed, by (28), one has

|〈l,)〉| 6 ‖l‖CH<,U ( )

∞∑
:=0

N(): )1−UF(): )U

and by passing to the infimum |〈l,)〉| 6 ‖l‖CH<,U ( )FU ()). Hence, the map

Υ : CH<,U ( ) → FU< ( )∗ : l ↦→ 〈l, ·〉
is well-defined and ‖Υ‖ 6 1.

Finally, Υ is surjective. Indeed, consider a linear continuous functional i ∈ FU< ( )∗
and denote by l its restriction to N< ( ). Then for all ) ∈ N< ( ), one has

|l()) | = |i()) | 6 ‖i‖FU ()) 6 ‖i‖N())1−UF())U
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Accordingly, l ∈ CH<,U ( ) and it is straightforward that i = Υ(l) by density of N< ( )
in FU< ( ) and ‖l‖CH<,U ( ) 6 ‖Υ(l)‖. We conclude that Υ is a surjective isometry. �

Observe that if  is convex, Stokes’ formula

〈dl,)〉 = 〈l, m)〉,
which is valid by definition for l ∈ CH<−1,U ( ) and ) ∈ N< ( ), extends by density
to all ) ∈ FU< ( ). Setting < = 3, ) = È*É, where * is a bounded open set with
finite (1 − U)-perimeter, and choosing l as the U-fractional charge associated with an
U-Hölder continuous (3 − 1)-form, one arrives at a generalized Gauss-Green theorem.
Notably, this framework encompasses the case where* is (3 − 1 + U)-summable, because
of Proposition 3.2, thereby extending the generalized Gauss-Green formula established by
J. Harrison and A. Norton in [19].

6.5. Weak* convergence of fractional charges. Wesay that a sequence (l=) inCH<,U ( )
converges weakly-* to l ∈ CH<,U ( ) whenever

(A) the sequence (l=) is bounded in CH<,U ( );
(B) l= → l in CH< ( ).

One could prove that this notion of weak* convergence corresponds to the duality formula-
tion given in Theorem 6.4 whenever  is convex; however, we shall not rely on this more
precise statement.

The next proposition, which establishes a compactness property of CH<,U ( ), implies
that condition (B) can be replaced with

(B’) l= → l weakly in CH< ( ), that is, l= ()) → l()) for all ) ∈ N< ( ).

Proposition 6.5. Any bounded sequence in CH<,U ( ) has a subsequence that converges
in CH< ( ) to an U-fractional charge.

Proof. First observe that ‖ · ‖CH<,U ( ) (defined on CH< ( ) with values in [0,∞]) is lower
semi-continuous with respect to weak convergence. Therefore, we only need to check that
a sequence (l=) that satisfies

" := sup
=

‖l=‖CH<,U ( ) < ∞

has a convergent subsequence inCH< ( ). This is an easy consequence of the compactness
criterion (Proposition 5.2), as for any ) ∈ N< ( ), any integer = and Y > 0, one has, by
Young’s inequality,

|l= ()) | 6 "N())1−UF())U

6 (YN()))1−U
(
"1/U

Y (1−U)/U
F())

)U
6 (1 − U)YN()) + U"1/U

Y (1−U)/U
F())

6 YN()) + U"1/U

Y (1−U)/U
F()). �

The definition of weak* convergence is adapted for charges over R3 as follows. We say
that l= → l weakly-* in CH<,U (R3) whenever

(A) (l=) is bounded in CH<,U (R3). As the topology of CH<,U (R3) is induced by
the family of seminorms ‖ · ‖CH<,U , , this means for

sup
=

‖l=‖CH<,U , < ∞ for any compact  ⊆ R3;

(B) l= → l in CH< (R3).
As before, one proves that (B) can be replaced with the weaker
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(B’) l= → l weakly in CH< (R3).
The smoothing of charges provides an example of weak* convergence. Precise estimates
are given in the next proposition. We recall that �( , Y) denotes the closed tubular Y-
neighborhood of a compact set  ⊆ R3 , see Subsection 2.1.

Proposition 6.6. Let l ∈ CH<,U (R3), let  ⊆ R3 be compact and Y ∈ (0, 1]. We have
(A) ‖l ∗ΦY ‖CH<,U , 6 ‖l‖CH<,U ,� ( ,Y) ;
(B) ‖l ∗ΦY ‖CH<,1 , 6 �Y

U−1‖l‖CH<,U ,� ( ,Y) ;
(C) ‖l − l ∗ΦY ‖CH< , 6 �Y

U‖l‖CH<,U ,� ( ,Y) .

Proof. Let ) ∈ N< ( ) be arbitrary. Regarding (A), we have

|l ∗ΦY ()) | = |l() ∗ΦY) | 6 ‖l‖CH<,U ( Y )N() ∗ΦY)1−UF() ∗ΦY)U (29)

because spt() ∗ΦY) ⊆ �( , Y). By Proposition 2.2(E),

|l ∗ΦY ()) | 6 ‖l‖CH<,U ,� ( ,Y)N())1−UF())U .
Therefore ‖l ∗ΦY ‖CH<,U , 6 ‖l‖CH<,U ,� ( ,Y) .

(B) is obtained by combining (29) with Proposition 2.2(F).
(C). This time,

| (l − l ∗ΦY) ()) | = |l() − ) ∗ΦY) |
6 ‖l‖CH<,U ,� ( ,Y)F() − ) ∗ΦY)UN() − ) ∗ΦY)1−U

6 �‖l‖CH<,U ,� ( ,Y)Y
UN())U (N()) + N() ∗ΦY))1−U Prop. 2.2(F)

6 �‖l‖CH<,U ,� ( ,Y)Y
UN()) Prop. 2.2(E)

We conclude with the arbitrariness of ) . �

Another example of weak* convergence is given by the following proposition.

Proposition 6.7. Let (l=) be a sequence in LipUloc (R
3;∧<R3) such that, for all compact

subsets  ⊆ R3 , one has
sup
=

LipU (l= | ) < ∞ and l= → l uniformly on  .

Then l= → l weakly-* in CH<,U (R3).

Proof. Let ) ∈ N< (R3). From

l= ()) − l()) =
∫

spt)
〈l= (G) − l(G), ®) (G)〉 d‖) ‖(G)

we infer |l= ()) − l()) | 6 ‖l= − l‖∞,spt)M()) → 0. This proves that l= → l weakly
in CH< (R3).

For any compact subset  ⊆ R3 , one has
‖l=‖CH<,U , 6 �max{‖l=‖∞, ,LipU (l= | )}

by (26). This guarantees that the sequence (l=) is bounded in CH<,U (R3). �

6.6. ALittlewood-Paley type lemma. The following interpolation lemma, though simple,
will prove crucial in the remainder of this paper. Indeed, it will be an important ingre-
dient in the proof of our three main results and constructions: the compactness theorem,
pushforwards by Hölder maps and the wedge product of fractional charges.

Lemma 6.8. Let  be a compact subset of R3 , let 0 < U < V 6 1 and ^ > 0. Suppose
(l=) is a sequence in CH<,V ( ) such that, for all = > 0, one has

‖l=‖CH<,V ( ) 6 2−=(U−V) ^ and ‖l=‖CH< ( ) 6 2−=U^ (30)
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Then
∑∞
==0 l= : ) ↦→ ∑∞

==0 l= ()) is well-defined, and is a U-fractional charge such that




 ∞∑
==0

l=







CH<,U ( )

6 �^

where � = � (V, U) is a constant.

This lemma calls for several remarks:
• First, the convergence of the series

∑∞
==0 l= is only weak* in CH<,U ( ). Indeed,

by applying the same lemma to the truncated sequence (l0, . . . , l# , 0, . . . ) for all
# > 0, one obtains

sup
#






 #∑
==0

l=







CH<,U ( )

6 �^

therefore ensuring that the sequence of partial sums is bounded in CH<,U ( ).
Moreover, the sequence of partials sums converges weakly in CH< ( ), as already
asserted in Lemma 6.8.
• Let us consider the case < = 0 and V = 1. According to Propositions 5.1 and 6.1,
charges, U-fractional charges and 1-fractional charges can be identifiedwith contin-
uous, U-Hölder continuous, and Lipschitz functions, respectively. In this setting,
Lemma 6.8 establishes the U-Hölder continuity of a uniformly convergent se-
ries 5 =

∑∞
==0 5=. The estimates in (30) translate to Lip 5= 6 �2−=(U−1) ^ and

‖ 5=‖∞, 6 �2−=U^, which aligns with the expected behavior of the Littlewood-
Paley components of 5 . Moreover, the weak* convergence of the sum

∑∞
==0 l=

echoes with the weak orthogonality properties observed in the Littlewood-Paley
decomposition in harmonic analysis. In the context of metric spaces, and < = 0,
the existence of such a decomposition is proved in [17, Appendix B, 2.6].

Proof of Lemma 6.8. Let) ∈ N< ( ). Using (30), we can estimate |l= ()) | in two different
ways

|l= ()) | 6 2−=(U−V) ^N())1−VF())V and |l= ()) | 6 2−=U^N())
Let # be a nonnegative integer, to be determined later. We have����� #∑

:=0
l= ())

����� 6 ^N())1−VF())V
#∑
:=0

2−=(U−V)

6 �^N())1−VF())V2−# (U−V)

and ����� ∞∑
:=#+1

l= ())
����� 6 ^N()) ∞∑

:=#+1
2−=U 6 �^N())2−# U

Since F()) 6 N()), we choose # to be a nonnegative integer such that

2−(#+1) 6
F())
N()) 6 2−#

Using the preceding inequalities, we obtain����� ∞∑
:=0

l= ())
����� 6 �^

(
N())1−VF())V

(
F())
N())

)U−V
+ N())

(
F())
N())

)U)
6 �^N())1−UF())U �

When adapted to charges over R3 , the preceding proposition takes the following form.
We state it only for the case V = 1, which will be used.
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Corollary 6.9. Suppose 0 < U < 1. Let (l=) be a sequence in CH<,1 (R3) such that, for
each compact  ⊆ R3 , there is ^( ) > 0 such that

‖l=‖CH<,1 , 6 ^( )2
=(1−U) and ‖l=‖CH< , 6

^( )
2=U

for all =. Then
∑∞
==0 l= converges weakly-* to a charge in CH<,U (R3). In addition, for

all compact  ⊆ R3 , 




 ∞∑
==0

l=







CH<,U , 

6 �^( ) (31)

Of course, it is enough to check the hypothesis of Corollary 6.9 when  ranges over (non
degenerate) closed balls. A Littlewood-Paley type decomposition of a fractional charge
l ∈ CH<,U (R3) will be obtained by convolution

l = l ∗Φ1 +
∞∑
==0

(
l ∗Φ2−(=+1) − l ∗Φ2−=

)
.

This decomposition will play a pivotal role in the forthcoming proof of Theorem 9.1.

7. Compactness theorem

The purpose of this section is to prove the following compactness theorem

Theorem 7.1. Let  ⊆ R3 be a compact subset, 0 6 U < 1 and 2 > 0. Then

{) ∈ FU< ( ) : FU ()) 6 2}
is FV-compact, for all V ∈ (U, 1].

7.1. Little fractional charges. Our first step towards the compactness theorem is to prove
that FU< ( ) is itself a dual space, specifically the space of so-called little fractional charges.
This will help us show that the ball {) ∈ FU< ( ) : FU ()) 6 2} is closed in flat norm.

Let U ∈ (0, 1). We define the map

] : �∞ (R3;∧<R3) → CH<,U ( ) : l ↦→ () ↦→ ) (l))
Note that ] (l) = Λ(l | ) for all smooth forms l, where Λ is the map from (23). For all
( ∈ N<+1 ( ), one has

|] (l) ()) | 6 | () − m() (l) | + |((dl) |
6 (M() − m() +M(())max{‖l‖∞, , ‖ dl‖∞, }

In case  is convex, we take the infimum over all ( ∈ N<+1 ( ) and deduce that

‖] (l)‖CH<,1 ( ) 6 max{‖l‖∞, , ‖ dl‖∞, }
and

‖] (l)‖CH<,U ( ) 6 ‖] (l)‖CH<,1 ( ) 6 max{‖l‖∞, , ‖ dl‖∞, }. (32)
The space ch<,U ( ) of little U-fractional charges is defined to be the closure in

CH<,U ( ) of im ] . It is given the norm inherited from CH<,U ( ).

Proposition 7.2. Let  be a compact convex subset of R3 and U ∈ (0, 1). Then FU< ( ) is
isomorphic to the dual of ch<,U ( ). The corresponding duality bracket is the restriction
of (27) to ch<,U ( ) × FU< ( ).

Proof. Let Υ : FU< ( ) → ch<,U ( )∗ be the map ) ↦→ 〈·, )〉. It is clear that Υ is linear and
continuous, as the bracket satisfies the continuity condition

|〈l,)〉| 6 ‖l‖CH<,U ( )FU ()) = ‖l‖ch<,U ( )FU ())
for all l ∈ ch<,U ( ) and ) ∈ FU< ( ).
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Moreover, Υ is injective, for if Υ()) = 0, then for all compactly supported smooth
<-form l, one has

) (l) = 〈] (l), )〉 = Υ()) (] (l)) = 0
Next we turn to surjectivity of Υ. Let i ∈ ch<,U ( )∗. We define ) : �∞ (R3;∧<R3) → R
by

) (l) = i(] (l))
It is clear that ) is linear. By the continuity of i and (32), one infers

|) (l) | 6 ‖i‖max{‖l‖∞, , ‖ dl‖∞, }
This implies in particular that ) is an <-current, compactly supported in  . But at this
point, it is not even clear that ) is a flat chain (for this claim, we need to prove that ) is a
limit of normal currents under the flat norm).

For each integer = > 1, we define )= = ) ∗ Φ2−= which is a smooth <-current. Let
us denote ! = �( , 1) = {G ∈ R3 : dist(G,  ) 6 1}. We remark that all the currents )=
belong to N< (!). Observe that ! is still a compact convex subset of R3 . Let us denote by
? : R3 → ! the orthogonal projection onto !.

Claim. For all =, there is a smooth <-form \= such that

()=+1 − )=) (\=) >
FU ()=+1 − )=)

2
and ‖]! (\=)‖CH<,U (!) 6 1 (33)

To make notations shorter, let us abbreviate ' = )=+1−)= during the proof of this claim.
By Theorem 6.4, there exists a charge \ ∈ CH<,U (!) such that

\ (') > 2
3

FU (') and ‖\‖CH<,U (!) = 1

Let us define the smooth form \= = ?
#\ ∗ΦY , where Y is to be determined shortly. We have

'(\=) = \ (?# (' ∗ΦY))
= \ (' ∗ΦY)

if Y + 2−= 6 1 (this ensures that spt(' ∗ΦY) ⊆ !). By Proposition 2.2(E) and (G), one has
|\ (') − \ (' ∗ΦY) | 6 N(' − ' ∗ΦY)1−UF(' − ' ∗ΦY)U

6 �YUN(')
so that

()=+1 − )=) (\=) = '(\=)
= \ (' ∗ΦY)
> \ (') − |\ (') − \ (' ∗ΦY) |

>
2
3

FU ()=+1 − )=) − �YUN(')

and the first inequality in (33) is achieved if Y (depending on ') is small enough. As for
the second one, one computes, for ( ∈ N< (!),

|]! (\=) (() | = |((\=) |
= |\ (?# (( ∗ΦY)) |
6 N(?# (( ∗ΦY))1−UF(?# (( ∗ΦY))U

6 N(()1−UF(()U

which guarantees that ‖]! (\=)‖CH<,U (!) 6 1.

Claim. For every smooth <-form l and 0 < Y < 1, one has

() ∗ΦY) (l) = ) (?#]! (l) ∗ΦY)
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Indeed, let ( be a normal <-current supported in the set * = {G ∈ R3 : dist( , G) <
1 − Y}. The charge ?#]! (l) ∗ΦY appearing in the right-hand side satisfies

(?#]! (l) ∗ΦY) (() = ]! (l) (?# (( ∗ΦY))
= ]! (l) (( ∗ΦY)
= ( ∗ΦY (l)
= ((l ∗ΦY)

It follows that the smooth forms l ∗ΦY and ?#]! (l) ∗ΦY agree on* (here we use that*
is open). As ) is supported in  ⊆ *, the claim follows.

It follows from the two preceding claims that, setting

[= = ?
#]! (\=) ∗Φ2−(=+1) − ?#]! (\=) ∗Φ2−=

one has
i(] ([=)) = ) ([=) = ()=+1 − )=) (\=) >

FU ()=+1 − )=)
2

(34)

Our last goal is to apply Lemma 6.8 with V = 1, and for this, we need to estimate the norms
‖] ([=)‖CH<,1 ( ) and ‖]! ([=)‖CH< ( ) .

Let ( ∈ N< ( ). Then

|] ([=) (() | = |(([=) |
=

��]! (\=) (?# (( ∗Φ2−(=+1) − ( ∗Φ2−= )
) ��

=
��]! (\=) (( ∗Φ2−(=+1) − ( ∗Φ2−=

) ��
6 N

(
( ∗Φ2−(=+1) − ( ∗Φ2−=

)1−U F
(
( ∗Φ2−(=+1) − ( ∗Φ2−=

)U
as ‖]! (\=)‖CH<,U (!) 6 1. Using Proposition 2.2(E) and (F), one first estimates

|] ([=) (() | 6 �2−=(U−1)F(()

which entails that ‖] ([=)‖CH<,1 ( ) 6 2−=(1−U) . On the other hand, Proposition 2.2(G)
implies that

F
(
( ∗Φ2−(=+1) − ( ∗Φ2−=

)
6 F(( − ( ∗Φ2−(=+1) ) + F(( − ( ∗Φ2−= ) 6 �2=N(()

thus |] ([=) (() | 6 �2=UN((). Hence ‖] ([=)‖CH< ( ) 6 �2=U.
Finally, by applying Lemma 6.8 to the sequences of charges

(] ([1), ] ([2), . . . , ] ([# ), 0, 0, . . . )

where # is an arbitrary integer, we obtain that

" = sup
#>1






 #∑
==1

] ([=)







CH<,U ( )

< ∞

Hence, by (34)
#∑
==1

FU ()=+1 − )=) 6 2i

(
#∑
==1

] ([=)
)
6 2" ‖i‖ch<,U ( )∗

As # is arbitrary, it follows that ()=) is a FU-Cauchy sequence in the Banach space FU< (!).
Additionally, ()=) converges weakly to ) , and thus ) ∈ FU< ( ).

Finally, the linear continuous forms Υ()) and i coincide on all little fractional charges
of the form ] (l), for l ∈ �∞ (R3;∧<R3). By density, i = Υ()), which concludes the
proof of the surjectivity of Υ. �

Corollary 7.3. The ball {) ∈ FU< ( ) : FU ()) 6 2} is FV-closed in FV< ( ) for all
V ∈ (U, 1].



32 PH. BOUAFIA

Proof. There is no loss in generality in assuming that  is compact convex. Let us show
that ch<,U ( ) is separable. The inequality (32) guarantees that ] factorizes through

�∞ (R3;∧<R3) � ( ;∧<R3) × � ( ;∧<+1R3) R
i ]̃ 

where i is the map l ↦→ (l | , (dl)| ) and ]̃ is continuous. By the separability of the
middle space, we infer that im ] is separable, and so is ch<,U ( ).

By the Banach-Alaoğlu theorem, the closed ball � := {) ∈ FU< ( ) : FU ()) 6 2} is
weakly* compact. Furthermore, the induced weak* topology on � is metrizable, since
ch<,U ( ) is separable, by [23, 2.6.23].

Let ()=) be a sequence in � that FV-converges to some ) ∈ FV< ( ). By the weak*
sequential compactness of �, we suppose, up to extracting a subsequence, that ()=) weak*
converges to ( ∈ �. In particular, for each l ∈ �∞2 (R3;∧<R3), one has

)= (l) = ] (l) ()=) → ] (l) (() = ((l)

hence the convergence )= → ( is also weak (in the sense of currents). As FV-convergence
implies convergence in flat norm, that in turn implies weak convergence, we conclude that
) = ( ∈ � by uniqueness of the weak limit. This finishes the proof. �

7.2. Deformation theorem for fractional currents. The following result shows how well
fractional currents can be approximated by polyhedral currents. It is the version of the
deformation theorem (see [29, Chapter 6, Theorem 5.3]) for U-fractional currents. It gives
the “totally boundedness” part of Theorem 7.1.

Let Y > 0. For every subset � ⊆ {1, . . . , 3} of cardinal < and 0 ∈ Z3 , we define the map

ℎ� ,0 : [0, 1]< → R3 : G ↦→ Y

(
0 +

<∑
:=1

G848:

)
where 81 < · · · < 8< are the distinct elements of �. Here, 41, . . . , 43 denotes the canonical
basis of R3 . We say that a current % is a polyhedral <-current on the standard Y-grid
whenever it is a finite linear combination of currents of the form ℎ� ,0# È[0, 1]<É.

Theorem 7.4. Let  be a compact convex subset of R3 and 0 6 U < V 6 1. There is
a constant � = � (U, V,  ) > 0 such that for all ) ∈ FU< ( ) and Y > 0, one can find a
polyhedral <-current % on the standard Y-grid of R3 such that

FV () − %) 6 �YV−UFU ()) and spt % ⊆ �( ,�Y).

Proof. Consider a decomposition ) =
∑
: ): into normal currents such that

∞∑
:=0

N(): )1−UF(): )U 6 2FU ()) and spt): ⊆  . (35)

For each : , introduce two normal currents �: ∈ N< ( ) and �: ∈ N<+1 ( ) such that
): = �: + m�: and M(�: ) +M(�: ) 6 2F(): ). In particular, M(�: ) 6 2M(): ). We
apply the deformation theorem [29, Chapter 6, Theorem 5.3] at scale Y to �: and �: , which
provides decompositions

�: = &: + m': + (: and �: = &̃: + m'̃: + (̃:
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where &: and &̃: are polyhedral currents on the standard Y-grid, and ': , (: , '̃: , (̃: are
normal currents with the estimates

M(': ) 6 �YM(�: ) 6 �YM(): ) (36)
M((: ) 6 �YM(m�: ) = �YM(m): ) (37)

M(&: ) 6 �M(�: ) 6 �F(): ) (38)
M(m&: ) 6 �M(m�: ) = �M(m): ) (39)

M((̃: ) 6 �YM(m�: ) 6 �Y(M(): ) +M(�: )) 6 �YM(): ) (40)

M(&̃: ) 6 �M(�: ) 6 �F(): ) (41)

M(m&̃: ) 6 �M(m�: ) 6 � (M(): ) +M(�: )) 6 �M(): ) (42)

and with spt&: , spt &̃: ⊆ �( ,�Y). Let = be such that
∞∑

:==+1
N(): )1−VF(): )V 6

∞∑
:==+1

N(): )1−UF(): )U 6 YV−UFU ()) (43)

and define

% =

=∑
:=0
(&: + m&̃: )

which is clearly a polyhedral current on the Y-grid, with support in �( ,�Y). We have

F(&: + m&̃: ) 6 M(&: ) +M(&̃: ) 6 �F(): )
by (38) and (41). This clearly implies that

F(): −&: − m&̃: ) 6 �F(): ) (44)

On the other hand,

F(): −&: − m&̃: ) = F((: + m (': + (̃: ))
6 M((: ) +M(': ) +M((̃: )
6 �YN(): ) (45)

by (37), (36) and (40). Now, by (44) and (45),

F(): −&: − m&̃: ) 6 �Y1−U/VN(): )1−U/VF(): )U/V . (46)

Furthermore, one has

N(): −&: − m&̃: ) 6 N(): ) +M(&: ) +M(m&: ) +M(m&̃: ) 6 �N(): ) (47)

by (38), (39) and (42). Therefore,

FV () − %) 6
=∑
:=0

N(): −&: − m&̃: )1−VF(): −&: − m&̃: )V +
∞∑

:==+1
FV (): )

6 �YV−U
=∑
:=0

N(): )1−UF(): )U +
∞∑

:==+1
N(): )1−VF(): )V

6 �YV−UFU ())
by (46), (47), (43) and (35). �

Proof of the compactness theorem 7.1. There is no loss in generality in assuming that  is
convex. In that case, the ball � = {) ∈ FU< ( ) : FU ()) 6 2} is FV-closed by Corollary 7.3.
It remains to prove that it is FV-totally bounded. Let Y ∈ (0, 1] and ? : R3 →  be the
orthogonal projection onto  . By the deformation theorem 7.4, there exists, for any ) ∈ �,
a polyhedral <-current % with spt % ⊆ �( ,�Y) and

FV () − ?#%) 6 FV () − %) 6 �YV−UFU ()) 6 �2YV−U (48)
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Besides,
FV (?#%) 6 FV ()) + FV () − ?#%)

6 FU ()) + �2YV−U

6 �2

The set
- (Y) =

{
?#% : % is a polyhedral <-current with spt % ⊆ �( ,�Y) and FV (?#%) 6 �2

}
is FV-compact, being a closed and bounded subset of a finite-dimensional space. By (48),
every element of � is at a distance at most �2YV−U from an element of - (Y). By the
arbitrariness of Y, we conclude that � is FV-compact. �

The following proposition clarifies several notions of convergences in FU< ( ).

Proposition 7.5. Let ()=) be a bounded sequence in FU ( ), where 0 6 U < 1. The
following are equivalent:

(A) )= → ) weakly;
(B) for all V ∈ (U, 1], one has FV ()= − )) → 0;
(C) F()= − )) → 0.

Proof. Clearly, (B) =⇒ (C) (by taking V = 1) and (C) =⇒ (A). Suppose (A). Any
subsequence of ()=: )) has an FV-convergent subsequence ()=:ℓ ) by Theorem 7.1. Since
FV-convergence is stronger than weak convergence, we conclude that the FV-limit of ()=:ℓ )
is ) . This implies that )= → ) in FV ( ). �

8. Pushforward by Hölder maps

8.1. Main result. The following theorem shows that it is possible to make sense of push-
forwards of fractional currents by Hölder maps. In the subsequent subsection, we will
extend this construction in the top-dimensional case < = 3 ′.

Theorem 8.1. Let  ⊆ R3 be a compact set. Let 0 6 U < V < 1 and 0 < W < 1 such that
< + U
W

= < + V.

For all W-Hölder continuous maps 5 :  → R3′ , there is a unique linear map

5# : FU< ( ) → FV< (R3
′)

such that
(A) in case 5 is a Lipschitz map, 5# is the usual pushforward operator;
(B) for all ) ∈ FU< ( ), one has

FV ( 5#)) 6 �max
{
(LipW 5 )<−1+V

, (LipW 5 )<+V
}

FU ()) if < > 1

FV ( 5#)) 6 �max
{
1, (LipW 5 )V

}
FU ()) if < = 0,

where the constant � = � (3, U, V);
(C) if ( 5=) is a sequence inLipW ( ;R3′) that converges pointwise to 5 with sup= LipW ( 5=) <
∞, then 5=#) → 5#) in flat norm, and therefore weakly.

This theorem is of course also true in the case W = 1 where 5 is Lipschitz continuous.
In fact, this has already been treated in Proposition 3.1(F). In this special case, U = V can
be equal to 1.

The following example shows, however, that the restriction V < 1 is natural in the purely
Hölder case W < 1. Suppose < = 1, U = 0, and W ∈ (1/2, 1). Suppose 51, 52 are two
W-Hölder continuous functions [0, 1] → R, and let 5 = ( 51, 52). By the preceding theorem,
the pushforward 5#È0, 1É defines a

(
1
W
− 1

)
-fractional current.
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In particular, we can evaluate this current against the smooth differential form G dH,
which yields the Young integral∫ 1

0
51 d 52 =: 5#È0, 1É(G dH).

However, in the critical case W = 1/2 (corresponding to V = 1), Young’s theory breaks
down and the above expression cannot, in general, be given a meaningful interpretation.
In stochastic settings, most notably when 52 is a sample path of Brownian motion and 51
belongs to a suitable class of processes, the integral can instead be interpreted in the sense
of Itô. This construction, however, is intrinsically probabilistic and is not determined solely
by the sample paths. We refer to [16] for a detailed discussion of how the integral can be
defined pathwise in certain cases by enhancing 52 to a rough path.

Proof of Theorem 8.1. Throughout the proof, we will suppose < > 1. The case < = 0
requires to simplify some of the estimates below. This work is left to the reader.

Step 1. There exists a sequence ( 5=) ∈ LipW (R3;R3′) such that, for all =,
‖ 5= − 5 ‖∞, 6 �2−=W LipW 5 (49)
‖ 5=+1 − 5=‖∞ 6 �2−=W LipW 5 (50)

Lip 5= 6 �2=(1−W) LipW 5 (51)

where � = � (3, 3 ′). First extend 5 to a function 5̂ defined on R3 , such that ‖ 5̂ ‖∞ =

‖ 5 ‖∞, and LipW ( 5̂ ) 6 � LipW ( 5 ) (it is possible to choose � =
√
3 ′). Then we define, for

each =, the function 5= = 5̂ ∗Φ2−= . It is clear that

‖ 5= − 5̂ ‖∞ 6 2−=W LipW ( 5̂ ) 6 �2−=W LipW ( 5 ).
Since ‖ 5= − 5 ‖∞, 6 ‖ 5= − 5̂ ‖∞, this yields (49). Inequality (50) follows since ‖ 5=+1 −
5=‖∞ 6 ‖ 5=+1 − 5̂ ‖∞ + ‖ 5̂ − 5=‖∞. Finally, 5= is smooth and for all G ∈ R3 ,

∇ 5= (G) = 2−=3 · 2=
∫
R3
5̂ (H)∇Φ (2= (G − H)) dH

= 2−=3 · 2=
∫
� (G,2−=)

( 5̂ (H) − 5̂ (G))∇Φ (2= (G − H)) dH

This implies that

|∇ 5= (G) | 6 2−=32=ℒ3 (�(G, 2−=))2−=W LipU 5 ‖∇Φ‖∞
and from that one easily infers (51).

Step 2. Uniqueness. There exists a sequence of ( 5=) in LipW ( ;R3′) that converges to
5 in the sense of (C). For instance, we can consider the restrictions to  of the functions
constructed in Step 1.

If a pushforward operator 5# satisfies (A) and (C), then necessarily

5#) = lim
=→∞

5=#)

in flat norm, for all ) ∈ FU< ( ). This shows that 5# is uniquely determined.
The rest of the proof, steps 3 to 6, is devoted to showing the existence of the pushforward

operator 5#.
Step 3. For any sequence ( 5=) in LipW (R3;R3′) such that (49), (50) and (51) hold

for all =, the sequence ( 5=#)) converges in FX norm, for every V < X 6 1, to a current
denoted 5#) . Before we prove this claim, let us make two remarks.

• In fact, we will prove that the stronger result that series
∑
= FX (( 5=+1)#) − 5=#))

converges FX-absolutely. Since all the currents 5=#) are supported in some com-
mon compact set, bigger than 5 ( ), this will conclude.
• By the standard interlacing argument, the limit 5#) does not depend on the choice
of the approximating sequence ( 5=).
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Let (): ) be an U-fractional decomposition of ) . Set *= = ( 5=+1)#) − 5=#) and *=,: =
( 5=+1)#): − 5=#): . We first estimate

F(*=,: ) 6 2 max{(Lip 5=)<, (Lip 5=)<+1, (Lip 5=+1)<, (Lip 5=+1)<+1}F(): )
6 �2=(1−W) (<+1)F(): ).

Note that in this step (only), the constant � depends on 5 (via LipW 5 ), but not on =. We
can control the flat norm of*=,: in a different manner, using Proposition 2.2(D).

F(*=,: ) 6 ‖ 5=+1 − 5=‖∞max{(Lip 5=)<, (Lip 5=)<−1, (Lip 5=+1)<, (Lip 5=+1)<−1}N(): )
6 �2−=W2=(1−W)<N(): ).

Finally, the estimate for the normal mass of*=,: is

N(*=,: ) 6 2 max{(Lip 5=)<, (Lip 5=)<−1, (Lip 5=+1)<, (Lip 5=+1)<−1}N(): )
6 �2=(1−W)<N(): ).

Those three estimates imply that

F(*=,: ) XN(*=,: )1−X 6 F(*=,: )UF(*=,: ) X−UN(*=,: )1−X

6 �2=(1−W) ( (<+1)U+<(X−U)+<(1−X))2−=W (X−U)F(): )UN(): )1−U

6 �2−=W (X−V)F(): )UN(): )1−U .

After summing over : , one obtains

FX (*=) 6 �2−=W (X−V)
∞∑
:=0

F(): )UN(): )1−U .

Wefinally obtain that
∑∞
==0 FX (*=) < ∞, as the geometric series

∑∞
==0 2−=W (X−V) converges.

Step 4. Proof of (A). It suffices to extend 5 to a Hölder map R3 → R3′ and then choose
the approximating sequence 5= = 5 .

Step 5. Proof of (B). Let ( 5=) be a sequence that satisfies (49), (50), (51). Let  ′ be the
compact convex hull of  and ! be a compact set that contains

⋃∞
==0 5= ( ′). We will show

that ( 5=#)) is bounded in FV (!). Because of the compactness theorem 7.1 (recall V < 1)
and step 3, we will then deduce that 5#) is in FV (!) and FV ( 5#)) 6 sup= FV ( 5=#)).

For technical reasons, we will first suppose that LipW 5 > 1. Let l ∈ CH<,V (!) such
that ‖l‖CH<,V (!) = 1. Considering each Lipschitz function 5= restricted to  ′ → !, we
can define the sequence of charges l= = 5 #

=+1l − 5
#
=l ∈ CH<,V ( ′) for all = > 0. Our

goal is to apply Lemma 6.8.
For any = > 0 and ( ∈ N< ( ′), one has

|l= (() | 6 N(( 5=+1)#( − 5=#()1−VF(( 5=+1)#( − 5=#()V (52)

As in step 3, we use three sorts of estimates. Specifically,

N(( 5=+1)#( − 5=#() 6 2 max{(Lip 5=)<, (Lip 5=)<−1, (Lip 5=+1)<, (Lip 5=+1)<−1}N(()
6 �2=(1−W)< (LipW 5 )<N(() (53)

(we used that LipW 5 > 1, so that (53) holds for all = > 0) and

F(( 5=+1)#( − 5=#() 6 2 max{(Lip 5=)<, (Lip 5=)<+1, (Lip 5=+1)<, (Lip 5=+1)<+1}F(()
6 �2=(1−W) (<+1) (LipW 5 )<+1F(() (54)

and by Proposition 2.2(D),

F(( 5=+1)#( − 5=#() 6 ‖ 5=+1 − 5=‖∞max{(Lip 5=)<, (Lip 5=)<−1, (Lip 5=+1)<, (Lip 5=+1)<−1}N(()
6 �2−=W2=(1−W)< (LipW 5 )<+1N(() (55)
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We deduce from (52), (53) and (55) that

|l= (() | 6 �2−=WV2=(1−W)< (LipW 5 )<+VN(()
= �2−=U (LipW 5 )<+VN(()

Therefore, ‖l=‖CH< ( ′) 6 �2−=U (LipW 5 )<+V . In addition, we infer from (53) and (54)
that

|l= (() | 6 �2=(1−W) (<+V) (LipW 5 )<+VN(()1−VF(()V

= �2=(V−U) (LipW 5 )<+VN(()1−VF(()V ,

thereby showing that ‖l=‖CH<,V ( ′) 6 �2=(V−U) (LipW 5 )<+V . By Lemma 6.8, applied
for each = > 1 to the truncated sequence of charges (l0, l1, . . . , l=−1, 0, . . . ), we have
sup= ‖ 5 #

=l − 5 #
0 l‖CH<,U ( ′) 6 � (LipW 5 )<+V .

Besides, the formula

〈 5 #
=l − 5 #

0 l, (〉 = 〈l, 5=#( − 50#(〉

that holds for each ( ∈ N< ( ′), extends by density to all ( ∈ FV ( ′) (see Proposi-
tion 3.1(E)(F), which makes use of the convexity of  ′). Applied to ) (that belongs to
FU< ( ) ⊆ FV< ( ′)), we obtain

|〈l, 5=#) − 50#)〉| = |〈 5 #
=l − 5 #

0 l,)〉| 6 � (LipW 5 )<+VFU ()).

Taking the supremum over all l in the closed unit ball of CH<,V ( ′) results in
FV ( 5=#) − 50#)) 6 � (LipW 5 )<+VFU ())

according to Theorem 6.4. Moreover,

FV ( 50#)) 6 max{(Lip 50)<−1+V , (Lip 5 )<+V}FV ())
6 � (LipW 5 )<+VFV ())
6 � (LipW 5 )<+VFU ())

by Proposition 2.2 and (51). This proves that

FV ( 5=#)) 6 � (LipW 5 )<+VFU ())
and finally

FV ( 5#)) 6 � (LipW 5 )<+VFU ()). (56)
Next we treat the case where 0 < LipW 5 6 1. We let A := (LipW 5 )−1 and iA : R3′ →

R3
′ be the map G ↦→ AG. It is easy to prove (from the definition given in Step 3) that

(iA ◦ 5 )#) = iA# 5#) . We then make use of the inequalities

FV ( 5#)) 6
1

A<−1+V FV ((iA ◦ 5 )#))

(which comes from Proposition 3.1(F) applied to i−1
A ) and

FV ((iA ◦ 5 )#)) 6 �FU ())
by (56). Thus

FV ( 5#)) 6 � (LipW 5 )<−1+VFU ()).
Step 6. Proof of (C). Let ' > 0 and 5 , 6 ∈ LipW ( ;R3′) be two Hölder maps with

Hölder constants max{LipW 5 ,LipW 6} 6 '. Extend 5 , 6 to R3 such that

max{LipW ( 5 ;R3),LipW (6;R3)} 6 �' and ‖ 5 − 6‖∞ = ‖ 5 − 6‖∞, 
(To force the second condition, one can first find Hölder extensions 5̂ , 6̂ to R3 and then, if
necessary, compose ( 5̂ , 6̂) with the orthogonal projection onto {(G, H) ∈ R23′ : |G − H | 6
‖ 5 − 6‖∞, }). Our goal is to prove (61), from which (C) is an easy consequence.



38 PH. BOUAFIA

Call 5= = 5 ∗Φ2−= and 6= = 6 ∗Φ2−= , so that
‖ 5= − 6=‖∞ 6 ‖ 5 − 6‖∞, (57)

max{‖ 5=+1 − 5=‖∞, ‖6=+1 − 6=‖∞} 6 !2−=W (58)

max{Lip 5=,Lip 6=} 6 !2=(1−W) (59)
with ! = max{1, �'}.

Let (): ) be an U-fractional decomposition of ) . Set, for all possible = and : ,
*=,: = ( 5=+1)#): − (6=+1)#): − ( 5=#): − 6=#): )

There are three possible ways of estimating the flat norm of *=,: . The first one follows
from an application of Proposition 2.2(D).

F(*=,: ) 6 F(( 5=+1)#): − (6=+1)#): ) + F( 5=#): − 6=#): )
6 �!<‖ 5 − 6‖∞, 2=(1−W)<N(): )

A second use of Proposition 2.2(D) yields
F(*=,: ) 6 F(( 5=+1)#): − 5=#): ) + F((6=+1)#): − 6=#): )

6 �!<+12−=W2=(1−W)<N(): )
and finally

F(*=,: ) 6 F(( 5=+1)#): ) + F((6=+1)#): ) + F( 5=#): ) + F(6=#): )
6 �!<+12=(1−W) (<+1)F(): )

This leads to
F(*=,: ) = F(*=,: ) (1−V)/2F(*=,: ) (1+V)/2−UF(*=,: )U

6 �!<+(1+V)/2‖ 5 − 6‖ (1−V)/2∞, 2−=W (1−V)/2N(): )1−UF(): )U

By summing over : , one obtains

F(( 5=+1)#) − (6=+1)#) − ( 5=#) − 6=#))) 6 �!<+(1+V)/2‖ 5 − 6‖ (1−V)/2∞, 2−=W (1−V)/2FU ())
Summing over = (and recalling that 5=#) and 6=#) converge to 5#) and 6#) in flat norm
by Step 3) yields

F( 5#) − 6#) − ( 50#) − 60#))) 6 �!<+(1+V)/2‖ 5 − 6‖ (1−V)/2∞, FU ()). (60)

It remains to estimate F( 50#) − 60#)). Again, we use Proposition 2.2(D) and (57), (59) to
obtain that

F( 50#): − 60#): ) 6 !<‖ 5 − 6‖∞, N(): ).
Also,

F( 50#): − 60#): ) 6 2!<+1F(): ).
Hence

F( 50#): − 60#): ) 6 �!<+U‖ 5 − 6‖1−U∞, N(): )1−UF(): )U .
By summing over : , one obtains

F( 50#) − 60#)) 6 �!<+U‖ 5 − 6‖1−U∞, FU ()).
Together with (60), we deduce that

F( 5#) − 6#)) 6 �!<+(1+V)/2‖ 5 − 6‖ (1−V)/2∞, FU ()) + �!<+U‖ 5 − 6‖1−U∞, FU ()). (61)

This clearly implies (C). Indeed, if ( 5=) is a sequence of Hölder maps as in (C), one
applies (61) to 6 = 5=, hence 5=#) → 5#) in flat norm. �

The basic properties of the pushforward operator are summarized in the following
proposition.

Proposition 8.2. Let  , 3, 3 ′, U, V, 5 , W as in Theorem 8.1 and ) ∈ FU< ( ).
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(A) spt 5#) ⊆ 5 (spt)).
(B) 5#m) = m 5#) for < > 1.
(C) Let ! ⊆ R3′ be a compact set such that 5 ( ) ⊆ ! and 6 : ! → R3′′ a W′-Hölder

continuous map, where 0 < W′ < 1. We suppose that V′ ∈ (V, 1) is such that
< + U
WW′

=
< + V
W′

= < + V′.

Then (6 ◦ 5 )#) = 6# 5#) .
(D) The current 5#) depends only on ) and the restriction of 5 to spt) .

Proof. (A). Let ( 5=) be a sequence of Lipschitz maps  → R3′ that converge pointwise to
5 with equi-bounded Hölder constants. Then, it is clear that, for all =0 and = > =0, one has

spt 5=#) ⊆
⋃
=>=0

�
(
5 (spt)), ‖ 5 − 5=‖∞, 

)
.

As 5=#) converges weakly to 5#) by Theorem 8.1(C), we deduce that

spt 5#) ⊆
⋂
=0>0

⋃
=>=0

�
(
5 (spt)), ‖ 5 − 5=‖∞, 

)
= 5 (spt)).

(B). First we observe that the left-hand side 5#m) makes sense, as m) is an U-fractional
(< − 1)-current and

< − 1 + U
W

= < + V − 1
W
< < + 1 − 1 = <.

The equality 5#m) = m 5#) is obviously true if 5 is Lipschitz continuous, and the Hölder
case is obtained by a density argument.

We next prove (C) in the special (unmentioned) case W = 1 and V = Uwhere 5 is Lipschitz
continuous. Let (6=) be a sequence in LipW′ (!;R3′′) that converges pointwise to 6 with
equi-boundedHölder constants. Then (6=◦ 5 ) is a sequence in LipW′ ( ;R3′′) that converges
pointwise to 6 ◦ 5 with equi-bounded Hölder constants. Clearly, (6= ◦ 5 )#) = 6=# 5#) for
all =, and we obtain our first result by passing to the weak limit.

(D). Let 51, 52 be two Hölder functions that agree on spt) . Then 51 ◦ ] = 52 ◦ ], where
] : spt → R3 is the injection map. By (C), one has 51#) = 52#) .

The general case of (C) is treated by considering a sequence ( 5=) in LipW ( ;R3) that
converges pointwise to 5 with equi-bounded Hölder constant, extending the map 6 to R3′

in a Hölder manner, and then taking the limit in (6 ◦ 5=)#) = 6# 5=#) . �

8.2. Top dimensional case. Let us first recall the cone construction. If  is a compact
convex subset of R3 , 0 ∈  and ) ∈ F< ( ) is a flat <-current, then 0 ×× ) is the flat
(< + 1)-current

0 ×× ) = ℎ# (È0, 1É × )) (62)
where ℎ(C, G) = (1 − C)0 + CG. Due to the convexity of  , the cone remains supported in
 . Moreover, the formula (62) makes it clear that ) ↦→ 0 ×× ) is a continuous linear map
F< ( ) → F<+1 ( ). For further details, see [14][4.1.11], which establishes that

M(0 ×× )) 6 � (diam )M()), and m (0 ×× )) = ) − 0 ×× m), (63)

where � = � (3) is a constant, and

m (0 ×× )) =
{
) − 0 ×× m) if < > 1
) if < = 0

(64)

From (63) and (64), one easily infers that

F(0 ×× )) 6 � (1 + diam )F()), N(0 ×× )) 6 � (1 + diam )N()).
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Now, if ) is U-fractional, then so is 0 ×× ) . Indeed, one easily shows, using the pre-
ceding estimates, that any U-fractional decomposition (): ) of ) induces an U-fractional
decomposition (0 ×× ): ) of 0 ×× ) . Moreover,

FU (0 ×× )) 6 � (1 + diam )FU ()).

This construction enables to extend the pushforward defined in Subsection 8.1 in the
following top-dimensional case. We let 3 > 3 ′ > 1 and < = 3 ′ ;  ⊆ R3 is a compact
subset and 0 6 U < V < 1 and 0 < W < 1 are such that

3 ′ − 1 + U
W

= 3 ′ − 1 + V.

The pushforward 5#) is defined to be the unique 3 ′-current such that m ( 5#)) = 5#m) . The
uniqueness of 5#) is ensured by the constancy theorem, whereas its existence, and the fact
that 5#) ∈ FV< (R3

′) is guaranteed by the cone construction above. We let the reader prove
that properties (A), (C) of Theorem 8.1 and (A), (B), (C), (D) of Proposition 8.2 still hold
in this case.

In the even more special case where 3 = 3 ′ = <, this is related to the Brouwer degree.

Proposition 8.3. Let* ⊆ R3 be a bounded set. Suppose that* has finite (1−U)-perimeter
(where 0 6 U < 1) and 5 : cl* → R3 be a W-Hölder map with 0 < W < 1 and

3 − 1 + U
W

= 3 − 1 + V < 3. (65)

Then the density function of the flat current 5#È*É agrees with deg( 5 ,*, ·) almost every-
where on R3 \ 5 (m*). In particular, if 5 (m*) is Lebesgue negligible, then deg( 5 ,*, ·)
belongs to,1−V,1

2 (R3).

Proof. This proof is almost identical to the one of [35, Lemma 5.6]. If i is the restriction
of a smooth map R3 → R3 , then the density function E of 5#) is given by

E(H) =
∑

G∈ 5 −1 (G)∩*
sign det(� 5G))

for almost all H ∈ R3 , by [14, 4.1.26]. This agrees with deg( 5 ,*, H) for almost all
H ∈ R3 \ 5 (m*) by Sard’s theorem.

For the general case, we extend 5 to R3 in a Hölder manner and consider the sequence
5= = 5 ∗ Φ1/=, that is smooth and converges pointwise to 5 , with equi-bounded Hölder
constants. Then m 5=#È*É = 5=#mÈ*É → 5#mÈ*É in flat norm by Theorem 8.1(C). As the
map 0 ×× · is F-continuous, the sequence ( 5=#È*É) converges to 5#È*É in flat norm. Let
us denote by E= (resp. E) the density function of 5=#È*É (resp. 5#È*É). Then E= → E in
!1.

Let �= : [0, 1] × cl* → R3 the homotopy � (C, G) = (1 − C) 5 (G) + C 5= (G) between
5 and 5=. From the homotopy invariance of the Brouwer degree (see [26, Chapter IV,
Proposition 2.6]), we have

deg( 5 ,*, H) = deg( 5=,*, H)

for all H ∈ R3 such that H ∉ � (C, m*) for all C ∈ [0, 1]. In particular, deg( 5 ,*, ·) and
deg( 5=,*, ·) agree on R3 \ �(m*, ‖ 5 − 5=‖∞,m* ), and that

deg( 5 ,*, ·)1R3\� (m*, ‖ 5 − 5= ‖∞,m* ) = E=1R3\� (m*, ‖ 5 − 5= ‖∞,m* )
By letting =→∞, we establish that deg( 5 ,*, ·) = E almost everywhere onR3 \ 5 (m*). �

The paper [21] suggests that the condition ℒ
3 ( 5 (m*)) = 0, that appears in Proposi-

tion 8.3 should follow automatically from the assumptions. We were however not able to
find an elementary proof.
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We point the reader towards [12, Theorem 1.1] for a proof of the fractional Sobolev
embeddings

,
1−V,1
2 (R3) ⊆ , B,3/(3−B+1−V)

2 (R3) ⊆ !3/(3+1−V)2 (R3) for all B ∈ (0, 1 − V).

We also recall from Subsection 3.2 for È*É is U-fractional for all U > dimbox (m*)− (3−1).
Those facts imply that the results of De Lellis and Inauen [8] mentioned in the introduction
are a particular case of our Proposition 8.3.

Higher integrability of the Brouwer degree was previously established by Olbermann
in [25], who showed that

deg( 5 ,*, ·) ∈ ! ?2 (R3) for all 1 6 ? <
3

3 − 1 + V ,

provided that * is a bounded open set with dimbox (m*) = 3 − 1 + U, where 5 is W-Hölder
and satisfies (65). Our results offer a slight improvement, as we extend this integrability to
the critical case when the condition on the upper box dimension of m* is replaced by the
finiteness of the fractional perimeter of*.

Additionally, we mention another higher integrability result due to Züst, not covered by
Proposition 8.3, which addresses the case of a map 5 = ( 51, . . . , 53), where the components
are Hölder continuous with potentially different Hölder exponents.

9. Wedge product of fractional charges

Theorem 9.1. Let U, V be parameters such that 0 < U, V 6 1 and U + V > 1. There is a
unique map

∧ : CH<,U (R3) × CH<′,V (R3) → CH<+<′,U+V−1 (R3)
such that

(A) ∧ extends the pointwise wedge product between smooth forms;
(B) Weak*-to-weak* continuity: if (l=) and ([=) are two sequences that converge

weakly-* to l and [ in CH<,U (R3) and CH<′,V (R3) respectively, then l= ∧ [=
converge weakly-* to l ∧ [ in CH<+<′,U+V−1 (R3).

Moreover, ∧ is continuous.

Proof. We proved in Proposition 6.6 that l ∗ ΦY → l weakly-* in CH<,U (R3), and
similarly, [ ∗ ΦY → [ weakly-* in CH<′,V (R3). Taking into account that l ∗ ΦY and
[ ∗ΦY are smooth by Proposition 5.3, the uniqueness of the map ∧ follows.

We now address the issue of existence. First we treat the case (U, V) ≠ (1, 1). Abbreviate
l= = l ∗Φ2−= and [= = [ ∗Φ2−= . We shall prove that the weak* limit of (l=∧[=) exists in
CH<+<′,U+V−1 (R3). This will be achieved if we manage to prove that the following series
converges weakly-*

l0 ∧ [0 +
∞∑
==0
(l=+1 ∧ ([=+1 − [=) + (l=+1 − l=) ∧ [=) (66)

in CH<+<′,U+V−1 (R3). Let us note in passing that both sums
∑∞
==0 l=+1 ∧ ([=+1 − [=)

and
∑∞
==0 (l=+1 − l=) ∧ [= can be interpreted as paraproducts. The weak* convergence

will follow from an application of Corollary 6.9. To this end, we let  be a closed (non
degenerate) ball and estimate

‖[=+1 − [=‖CH<′ , 6 ‖[=+1 − [‖CH<′ , + ‖[= − [‖CH<′ , 

6 �2−=V ‖[‖CH<′,V ,� ( ,1)

by Proposition 6.6 and similarly

‖l=+1 − l=‖CH< , 6 �2−=U‖l‖CH<,U ,� ( ,1) .
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Next wewish to control theCH<+<′ ( ) seminorm of the wedge productl=+1∧([=+1−[=).
Let ) ∈ N<+<′ ( ). We recall that

m () l=+1) = (−1)< (m)) l=+1 + (−1)<+1) dl=+1.
Hence

N() l=+1) 6 �N())max{‖l=+1‖∞, , ‖ dl=+1‖∞, }
6 �N())‖l=+1‖CH<,1 , by Proposition 6.2

6 �N())‖l‖CH<,U ,� ( ,1)2=(1−U) by Proposition 6.6(B)
We deduce that

|l=+1 ∧ ([=+1 − [=) ()) | = | ([=+1 − [=) () l=+1) |
6 ‖[=+1 − [=‖CH<′ , N() l=+1)

6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1)2
=(1−U−V)N()).

As a result,
‖l=+1 ∧ ([=+1 − [=)‖CH< , 6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1)2

=(1−U−V) .

Next we estimate the ‖ · ‖CH<,1 , seminorm of l=+1 ∧ ([=+1 − [=). By Proposition 6.6(B),

‖l=+1‖CH<,1 , 6 �2=(1−U) ‖l‖CH<,U ,� ( ,1)

and
‖[=+1 − [=‖CH<′,1 , 6 ‖[=+1‖CH<′,1 ,� ( ,1) + ‖[=‖CH<′,1 , 

6 �2=(1−V) ‖[‖CH<′,V ,� ( ,1)

By Corollary 6.3,

‖l=+1 ∧ ([=+1 − [=)‖CH<,1 , 6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1)2
=(1−(U+V−1)) .

Similarly, we have

‖(l=+1 − l=) ∧ [=‖CH<+<′ , 6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1)2
=(1−U−V)

‖(l=+1 − l=) ∧ [=‖CH<+<′,1 , 6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1)2
=(1−(U+V−1))

Thus the series in (66) converges weakly-* and we naturally define l ∧ [ to be the weak*
limit of (l= ∧ [=). By Corollary 6.3, we have

‖l ∧ [‖CH<,U+V−1 , 6 �‖l‖CH<,U ,� ( ,1) ‖[‖CH<′,V ,� ( ,1) . (67)

Thus, ∧ is continuous, as desired.
Now we need to prove that (A) and (B) hold. (A) is easy, for if l and [ are already

smooth, then (l= ∧ [=) converges locally uniformly (and thus weakly) to the pointwise
wedge product of l and [. Then the weak* and weak limits coincide, so we can conclude
that l ∧ [ has its natural meaning.

Finally we prove (B). Let (l (?) ) and ([ (?) ) two sequences, indexed by ? > 0, that
converge weakly-* towards l ∈ CH<,U (R3) and [ ∈ CH<′,V (R3) as ? → ∞. As before,
we fix a closed ball  and we set l (?)= = l (?) ∗ Φ2−= and [ (?)= = [ (?) ∗ Φ2−= for all =, ?.
Inequality (67), applied tol (?) and [ (?) , shows that the sequence (l (?) ∧[ (?) ) is bounded
in CH<+<′,U+V−1 (R3).

Proposition 5.3, more precisely formula (22), entails that, for all integer =, the smooth
forms l (?)= and [ (?)= converge locally uniformly to l= and [= as ? →∞. Thus, for a fixed
normal current ) with support in a non degenerate closed ball, we have

) (l=+1 ∧ ([=+1 − [=) + (l=+1 − l=) ∧ [=) =

lim
?→∞

)

(
l
(?)
=+1 ∧ ([

(?)
=+1 − [

(?)
= ) + (l (?)=+1 − l

(?)
= ) ∧ [ (?)=

)
.
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Likewise,
) (l0 ∧ [0) = lim

?→∞
) (l (?)0 ∧ [ (?)0 ).

Arguing as before, one has���) (
l
(?)
=+1 ∧ ([

(?)
=+1 − [

(?)
= ) + (l (?)=+1 − l

(?)
= ) ∧ [ (?)=

)���
6 �‖l (?) ‖CH<,U ,� ( ,1) ‖[ (?) ‖CH<′,V ,� ( ,1)2

=(1−U−V)N()).

As the sequences (l (?) ) and ([ (?) ) are bounded, the previous bound can be made uniform
in ?, allowing us to apply Lebesgue’s dominated convergence theorem in

lim
?→∞

l (?) ∧ [ (?) ())

= lim
?→∞

(
) (l (?)0 ∧ [ (?)0 ) +

∞∑
==0

)

(
l
(?)
=+1 ∧ ([

(?)
=+1 − [

(?)
= ) + (l (?)=+1 − l

(?)
= ) ∧ [ (?)=

))
= l ∧ [())

The case U = V = 1, though simpler, requires special attention. The uniqueness of ∧ is
already established. As previously, we define l ∧ [ to be the weak* limit lim= l= ∧ [=.
It exists because of the compactness theorem. Indeed, for a suitable  , we have, by
Corollary 6.3 and Proposition 6.6(A) (or 6.6(B))

‖l= ∧ [=‖CH<+<′,1 , 6 �‖l=‖CH<,1 , ‖[=‖CH<′,1 , 
6 �‖l‖CH<,1 ,� ( ,1) ‖[‖CH<′,1 ,� ( ,1)

It remains to show that (l=∧[=) convergesweakly. This is the case because, for) ∈ N< ( ),

) (l# ∧ [# ) = ) (l0 ∧ [0) +
#−1∑
==0

) (l=+1 ∧ ([=+1 − [=) + (l=+1 − l=) ∧ [=) (68)

As before, we establish

|) (l=+1 ∧ ([=+1 − [=) + (l=+1 − l=) ∧ [=) | 6
�‖l‖CH<,1 ,� ( ,1) ‖[‖CH<′,1 ,� ( ,1)

2=
which ensures the absolute convergence of the series in (68).

Now that the wedge product is well-defined as a map CH<,1 (R3) × CH<′,1 (R3) →
CH<+<′,1 (R3), properties (A) and (B) are shown as before. �

We remark that the Young-type integral defined in [2] corresponds to a special case of
this construction, namely the product of a Hölder function (seen as a fractional 0-charge)
with a 3-charge.

Using the weak* density of smooth forms, it is easy to extend the well-known formulae
of exterior calculus to fractional charges. Among them, we have, for l ∈ CH<,U (R3),
[ ∈ CH<′,V (R3) and U + V > 1,

(A) ∧ is bilinear;
(B) l ∧ [ = (−1)<<′[ ∧ l;
(C) d(l ∧ [) = dl ∧ [ + (−1)<l ∧ d[.

The last item uses the weak*-to-weak* continuity of the exterior derivative.
Regarding the product of many fractional charges, we notice that l1 ∧ · · · ∧ l: makes

sense (and the product is associative) as long asl8 is U8-fractional and U1+· · ·+U: > :−1.
In this case, the result is an (U1 + · · · + U: − (: − 1))-fractional charge.

Pullbacks of fractional charges by locally Hölder maps can also be defined via duality
with the pushforward operator on fractional currents. However, this operation and its
compatibility with the wedge product is not studied in this work.
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10. Fractional currents as metric currents

We conclude this paper with a section that discusses some questions related to the
characterization of metric currents of snowflaked Euclidean spaces. This problematic was
introduced in [34], upon which we further build.

Ambrosio and Kirchheim introduced metric currents in [1], while Lang provided in [22]
a definition of metric currents in locally compact metric spaces without relying on a finite
mass assumption. Here, we reproduce the definition of Hölder currents, a variant of Lang’s
definition, that was introduced by Züst in [35, Definition 2.2]. For simplicity, we consider
currents in R3 with compact support.

Definition 10.1. Let (U0, . . . , U<) ∈ (0, 1]<+1. An <-dimensional (U0, . . . , U<)-Hölder
current is a multilinear map

) :
<∏
:=0

LipU: (R3) → R

that satisfies:
(A) Locality: ) (60, 61, . . . , 6<) = 0 whenever some there is 1 6 : 6 < such that 6:

is constant on an open neighborhood of spt 60.
(B) Compact support: there is a compact set  ⊆ R3 such that ) (60, 61, . . . , 6<) = 0

whenever spt 60 ∩  = ∅.
(C) Continuity: for any sequences (6:=)= (0 6 : 6 <) that converge uniformly to 6:

with equi-bounded U: -Hölder constants, one has

lim
=→∞

) (60
=, . . . , 6

<
= ) = ) (60, . . . , 6<).

The space of such currents is denoted �
(U0 ,...,U<)
< (R3).

The particular case U0 = · · · = U< = 1 corresponds to the compactly supported currents
in the sense of Lang. More generally, for any \ ∈ (0, 1], the <-dimensional (\, . . . , \)-
Hölder currents are the compactly supported currents of the snowflaked Euclidean space
(R3 , 3 \Eucl), in the sense of Lang.

We expect that the class of (U0, . . . , U<)-Hölder currents possesses a geometric descrip-
tion that depends solely on the parameter

U = U0 + · · · + U< − <.

If U 6 0, then it is known (see [34, Theorem 4.5]) that �(U0 ,...,U<)
< (R3) = 0. If U = 1,

i.e. U0 = · · · = U< = 1, then it was conjectured in [22] that the corresponding currents are
in correspondence with Federer-Fleming’s flat currents. However, this has been recently
disproved by J. Takáč in [30].

Next we treat the case 0 < U 6 1. If 6: ∈ LipU: (R3) for all 0 6 : 6 <, then the
functions 6: can be seen as U: -fractional 0-charges over R3 . Therefore, the product of
charges

60 ∧ d61 ∧ · · · ∧ d6<

makes sense, and is, according to Section 9, an U-fractional charge. Therefore, to each
( ∈ FU< (R3), we may associate the multilinear map

Υ(() :
<∏
:=0

LipU: (R3) → R : (60, . . . , 6<) ↦→ 〈60 ∧ d61 ∧ · · · ∧ d6<, (〉.

It is easily proven that Υ is injective, and that, using the continuity properties of ∧, Υ(()
is an <-dimensional (U0, . . . , U<)-Hölder current. We believe that Υ is in fact a bijection
�
(U0 ,...,U<)
< (R3) → FU< (R3) if U ≠ 1. This assertion may be regarded as a fractional

variant of the flat chain conjecture.
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In particular, taking all U: to be equal, we may regard U-fractional currents as metric
currents in the sense of Lang of the snowflaked space (R3 , 3

<+U
<+1

Eucl ).
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