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Abstract. The Hurwitz space H k,g is a compactification of the space of smooth genus-g curves with

a simply-branched degree-k map to P1. In this paper, we initiate a study of the Chow rings of these

spaces, proving in particular that when k = 3 (which is the first case in which the Chow ring is not
already known), the codimension-2 Chow group is generated by the fundamental classes of codimension-2

boundary strata. The key tool is to realize the codimension-1 boundary strata of H 3,g as the images

of gluing maps whose domains are products of Hurwitz spaces Hk′,g′ (µ) with a single marked fiber of

prescribed (not necessarily simple) ramification profile µ, and to prove that the spaces Hk′,g′ (µ) with

k′ = 2, 3 have trivial Chow ring.

1. Introduction

The moduli space Mg of smooth genus-g curves admits a compactification Mg parameterizing stable
curves. Since stable curves are built by gluing together smooth curves at marked points, the boundary of
Mg admits a stratification by topological type where each stratum is a finite group quotient of a product
of moduli spaces Mg′,n′ . In [CL24], the authors use this stratification together with a study of the Chow

rings of Mg′,n′ to obtain generators for the Chow rings of Mg for g ≤ 7. The goal of the present paper is
to initiate a similar strategy for Hurwitz spaces and their compactification by moduli of admissible covers.

Let Hk,g be the moduli space of simply-branched, degree-k, genus-g covers of smooth genus-zero curves.
By the Riemann–Hurwitz formula, such covers are branched over b := 2g − 2 + 2k distinct points on the
target. Here, we study the admissible covers compactification H k,g ⊇ Hk,g, which is the quotient of the
moduli space of admissible covers by the Sb-action permuting the branch points. Thus, in our case, the
branch divisor defines a morphism H k,g →M0,b/Sb. When k = 2, this morphism induces an isomorphism
on coarse moduli spaces, and so an isomorphism on Chow rings with rational coefficients:

(1) A∗(H 2,g) = A∗(M0,b/Sb) = A∗(M0,b)
Sb .

The boundary of H k,g admits a stratification by the topological type and branching behavior of the

source curve. As a first question towards understanding the intersection theory of H k,g, we may ask:

when do the fundamental classes of closures of boundary strata generate the Chow groups Ai(H k,g)? For
k = 2, (1) implies that the fundamental classes of the closures of boundary strata generate the Chow

groups of H 2,g for all codimensions i, because the analogous statement is true on M0,b by [Kee92]. For

i = 1, the Picard Rank Conjecture predicts that A1(H k,g) is generated by the fundamental classes of
boundary divisors (that is, the closures of codimension-1 boundary strata). The conjecture is known to
hold for k ≤ 5 [DP15] and k > g−1 [Mul23]. However, little is known about the higher-codimension Chow
groups. Here, we study the first case of interest, which is codimension i = 2 for covers of degree k = 3.

Theorem 1.1. The Chow group A2(H 3,g) is generated by the fundamental classes of closures of boundary
strata of codimension 2.

It was previously shown in [CL22] that A∗(H3,g) = Q, so by excision, any codimension-2 class on H 3,g

is the pushforward of a codimension-1 class supported on the boundary. Thus, the main work in proving
Theorem 1.1 is to show that the codimension-1 locally closed boundary strata have trivial Chow groups
in codimension 1. In fact, we will show that each codimension-1 boundary stratum of H 3,g has trivial
Chow ring. For degree-3 covers, each of these codimension-1 boundary strata is a finite group quotient of
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a product of Hurwitz spaces with marked ramification, which, for partitions µ of k, are the moduli spaces
Hk′,g′(µ) of degree-k′ covers C → P1 that have ramification profile µ over a marked special fiber and are
simply branched elsewhere. These spaces play a role analogous toMg′,1 when studying the codimension-1

boundary strata on Mg that occur as the images of gluing maps Mg′,1 ×Mg−g′,1 →Mg.

In Section 2.3, we explicitly describe the codimension-1 boundary strata of H 3,g: they are all finite
group quotients of products of Hk′,g′(µ) with k′ ≤ 3 and g′ ≤ g. Finite proper maps induce surjections on
Chow groups with rational coefficients, so it suffices to show triviality of the Chow rings of such products.
In general, the Chow ring of a product of spaces need not be generated by the pullbacks of classes from
either factor (that is, there is no Künneth formula in Chow). Nevertheless, some particularly nice spaces
X satisfy the so-called Chow–Künneth generation Property (CKgP), meaning that for any Y , the tensor
product map

A∗(X)⊗A∗(Y )→ A∗(X × Y )

is surjective. Our main theorem is the following.

Theorem 1.2. For each partition µ ∈ {(3), (2, 1), (1, 1, 1)} and g ≥ 0, we have A∗(H3,g(µ)) = Q and
H3,g(µ) has the Chow–Künneth generation Property.

In Lemma 4.1, we give a simple argument that H2,g(µ) has trivial Chow ring and the CKgP for µ = (2)
and g ≥ 1, and for µ = (1, 1) and g ≥ 0. Combining this with Theorem 1.2 and the above discussion, we
deduce Theorem 1.1.

1.1. Strategy for Theorem 1.2. Our proof of Theorem 1.2 builds off of ideas used in [CL22] to compute
the Chow ring of H3,g, which we briefly recall. For consistency with later notation, we replace H3,g and
H3,g(µ) with slightly different spaces H3,g and H3,g(µ); explicitly, whereas H3,g and H3,g(µ) are quotients
of corresponding parameterized Hurwitz spaces by an action of PGL2, the spaces H3,g and H3,g(µ) are
quotients by SL2. There are maps

H3,g →H3,g and H3,g(µ)→H3,g(µ)

that are µ2-gerbes and hence induce isomorphisms on rational Chow rings. Therefore, for our calculations
of rational Chow rings, the distinction between the two spaces is irrelevant; the technical reason why we
prefer to work with the latter is explained in Section 4.2 below.

A geometric point of H3,g is given by a degree-3 cover α : C → P1. The study of such triple covers is
based on structure theorems of Miranda [Mir85] and Casnati–Ekedahl [CE96], which we now briefly recall.
Given a triple cover α : C → P1, there is a naturally associated rank-2 vector bundle Eα := (α∗OC/OP1)∨

on P1, sometimes called the Tschirnhausen bundle. The degree of Eα is g + 2, and there is a natural
embedding C ↪→ PE∨α via which C can be viewed as the vanishing of a section

f ∈ H0(PE∨α , γ∗ det(E∨α )⊗OPE∨α (3)),

where γ : PE∨α → P1 denotes the bundle projection. From this perspective, we have α = γ|C , and therefore
the data of the degree-3 cover α : C → P1 can be recovered from the data of the bundle Eα and the section
f . The space of such sections forms a vector bundle U over an open substack B of the moduli space B2,g+2

of rank-2, degree-(g+ 2) vector bundles on P1-bundles that arise as the projectivization of a rank-2 vector
bundle with trivial determinant. Moreover, as shown in [BV12], H3,g is the open substack of U on which
the vanishing of f is a smooth curve and α has only simple ramification. Summarizing, we have

H3,g U

B B2,g+2,

open

vector
bundle

open

from which it follows that the Chow ring of H3,g is generated by pullbacks of classes in the Chow ring
of B2,g+2, the latter of which is well-understood by [Lar23]. The complement of H3,g ⊆ U has two
components: ∆, consisting of covers with singular source curves, and T , consisting of covers with a point
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of triple ramification (or worse). By excision, computing A∗(H3,g) is then reduced to computing the image
of the pushforward map A∗−1(∆ ∪ T )→ A∗(U) ∼= A∗(B), which was carried out explicitly in [CL22].

The starting insight of this paper is that we can employ a similar strategy for Hurwitz spaces with
marked ramification H3,g(µ) by realizing each H3,g(µ) as an open substack of a vector bundle Vµ over an
appropriate stack Xµ. In each case, the Xµ we construct admits a map to B, which we use to obtain a
presentation of A∗(Xµ). Roughly speaking, Xµ helps us track the locations of the marked points and Vµ
is the analogue of U above, parameterizing equations on PE∨ that cut out a curve for which the map to
P1 has the prescribed ramification at the markings. These spaces sit in a diagram as below, where the top
horizontal map is only defined when µ 6= (3).

(2)

H3,g H3,g(µ)

U U ×B Xµ Vµ

B Xµ

open

if µ 6= (3)

open

vector bundle

subbundle

vector bundle

Since A∗(H3,g(µ)) is a quotient of A∗(Vµ) ∼= A∗(Xµ), we thus obtain generators for the Chow ring. To
find the relations, we must study the complement of H3,g(µ) ⊆ Vµ. This complement often has several
components, which we study using the tools of relative principal parts bundles. In the cases µ = (1, 1, 1)
and µ = (2, 1), there is a natural map H3,g(µ)→ H3,g (in fact, the top rectangle of (2) is a fiber square).
It follows that all classes in the kernel of A∗(B) → A∗(H3,g) lie in the kernel of A∗(B) → A∗(H3,g(µ)),
which simplifies some of our calculations. The case µ = (3) is more challenging since there is no such
map. In this case, we have marked a triple ramification point, but we still need to excise covers with triple
ramification elsewhere. Finding the class of this component of the complement of H3,g(µ) ⊆ Vµ involves a
delicate excess intersection calculation.

1.2. Future directions. Our proof of Theorem 1.1 takes advantage of the fact that the boundary divisors
of H 3,g are finite group quotients of products of Hurwitz spaces parameterizing covers having just one
fiber with marked ramification. When there is just one fiber with marked ramification, each of these spaces
can be realized as an open substack of a vector bundle over a well-understood stack, where this vector
bundle arises as the kernel of a surjective evaluation map (Section 3.3). If we try to apply similar methods
to study the higher-codimension Chow groups, Hurwitz spaces parameterizing covers with more than one
marked fiber necessarily appear. We suspect that when the genus is large compared to the number of
fibers with marked ramification, then the appropriate analogues of the evaluation maps used in Section
5, 6 and 7 are still surjective. However, when the genus is small it appears different arguments may be
needed. These low-genus cases will show up as factors in the boundary strata even in higher genus, so
they would need to be addressed in any attempt at extending Theorem 1.1 to higher codimension.

When the degree of the cover is greater than 3, other difficulties arise. First, we point out that, as
discussed in Remark 2.3, the Harris-Mumford moduli space of admissible k-covers is no longer normal
for k ≥ 4, so we must instead consider its normalization, the stack of twisted stable maps into the
classifying space BSk. For covers of degree 4 and 5, there may be hope of applying similar techniques
using the Casnati–Ekedahl structure theorems to relate Hurwitz spaces with marked ramification to better-
understood moduli stacks. However, even for these degrees, the combinatorial possibilities for the boundary
strata increase and, as discussed in Remark 2.6, the boundary strata are not necessarily finite group
quotients of products of Hurwitz spaces with marked ramification. Although they may be realized as fiber
products of such, there is no Chow-Künneth generation Property for fiber products in general.

Plan of the paper. The structure of the paper is the following. In Section 2, we define Hurwitz spaces
that parameterize possibly disconnected covers with marked ramification, and we examine their compact-
ifications. This allows us to characterize the codimension-1 boundary strata of H 3,g. In Section 3, we
review some properties of Chow groups. We present a specific formulation of excess intersection which we
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use in Section 7 and also recall the Chow-Künneth generation Property. In addition, we discuss principal
parts bundles and evaluation maps, which are the tools that allow us to realize these Hurwitz spaces with
marked ramification as open substacks of vector bundles. In Section 4, we review previous results on
the Chow rings of Hurwitz spaces in degrees 2 and 3. Here, we explain the technicalities of switching
from H3,g(µ) to H3,g(µ). Finally, we calculate relations in A∗(H3,g(1, 1, 1)) (Section 5), A∗(H3,g(2, 1))
(Section 6), and A∗(H3,g(3)) (Section 7) to show that they all have trivial Chow ring.
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ometry collaborative workshop, and the Institute for Advanced Study for graciously hosting this workshop.
We especially thank Rohini Ramadas for valuable discussions during the workshop. E.C. was supported
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2. Background on Hurwitz spaces

In this section, we explain the relevant background on Hurwitz spaces both with and without marked
ramification.

2.1. Hurwitz spaces. The Hurwitz space Hk,g parameterizes maps α : C → P1, where C is a smooth,
connected curve of genus g and α is a simply-branched degree-k cover. That is, there is a finite set
{y1, . . . , yb} ⊆ P1 of branch points of α such that the restriction of α to α−1(P1 r {y1, . . . , yb}) is a k-
sheeted cover and exactly two of these sheets come together over each yi. A quick calculation with the
Riemann–Hurwitz formula shows that

(3) b = 2g − 2 + 2k.

We will wish to ensure that the target P1 is stable when marked at the branch points, so we require that

2g + 2k ≥ 5

so that b ≥ 3. To put the definition of Hk,g more precisely in families, we make the following definition.

Definition 2.1. Fix g ≥ 0 and k ≥ 2 with 2g+2k ≥ 5. Define Hk,g to be the algebraic stack with objects
over a scheme S given by diagrams

(4)

C P

S,

α

in which P and C are connected smooth curves over S of genus zero and g, respectively, and α is a
simply-ramified degree-k cover. Morphisms from (α : C → P ) to (α′ : C ′ → P ′) are commuting diagrams

C C ′

P P ′,

φ

α α′

σ

where φ and σ are isomorphisms over S.

In order to compactify Hk,g, we allow the source curve to degenerate to a nodal curve so long as the
target curve degenerates correspondingly. More precisely, the definition is as follows.

Definition 2.2. Fix g ≥ 0 and k ≥ 2 with 2g + 2k ≥ 5. Define H k,g to be the algebraic stack with
objects over a scheme S given by diagrams as in (4), where P and C are now connected nodal curves over
S of genus zero and g, respectively, and, denoting by Pns and Psing the nonsingular and singular loci of P
over S (and similarly for C), we require the following:

• α−1(Pns) = Cns, and the restriction of α to this set is a simply-ramified degree-k cover;
• the target curve P , when marked at the smooth branch locus of α, is stable;
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• α−1(Psing) = Csing, and the two branches of any node of C map to P with the same ramification,
not necessarily simple.

Morphisms between objects in H k,g are as in Definition 2.1

Remark 2.3. Readers familiar with admissible covers will recognize the conditions in Definition 2.2;
indeed, the only difference between the moduli space H k,g and the Harris–Mumford moduli space Admk,g

of admissible covers as in [HM82] is that the branch divisor is marked in the latter, so H k,g is the quotient
of Admk,g by the Sb-action permuting the branch points (where b is determined from k and g by (3)).
It is worth noting that Admk,g is not normal for k ≥ 4, so in some settings, it is preferable to replace it
with the moduli space of twisted Sk-covers as in [ACV03], which is the normalization of Admk,g. Since
the main results of this paper are all for k ≤ 3, in which Harris–Mumford admissible covers and twisted
admissible covers agree, we do not discuss this distinction here.

In addition to Hk,g, in what follows we will also need the larger space

H ′
k,g ⊇Hk,g

parameterizing covers as in Definition 2.1 but in which the ramification is not required to be simple. This
space has a natural stratification according to which ramification profiles occur. Here, for a partition
µ = (µ1, . . . , µ`) of k, we say that α : C → P1 has ramification profile µ over q ∈ P1 if there exist points
p1, . . . , p` ∈ C such that

α−1(q) =
∑̀
i=1

µipi

as divisors on C; simple ramification corresponds to the case µ = (2, 1, . . . , 1). By definition, the com-
plement H ′

k,g r Hk,g is the locus of covers with a point of ramification profile not equal to (2, 1, . . . , 1).

All such ramification profiles are specializations of (3, 1, . . . , 1) or (2, 2, 1, . . . , 1). We denote the closure of
the locus of covers with ramification profile (3, 1, . . . , 1) by T and the closure of the locus of covers with
ramification profile (2, 2, 1, . . . , 1) by D (which is empty for k ≤ 3). By [Moc95], T and D are irreducible
divisors.

Even when considering the case of simply-ramified covers, in the compactification H k,g, non-simple

ramification can occur at nodes. Thus, to describe the boundary stratification of H k,g, we introduce
Hurwitz spaces that allow for non-simple ramification at prescribed points.

2.2. Hurwitz spaces with marked ramification. Hurwitz spaces with marked ramification parame-
terize possibly disconnected covers of P1 with specified ramification behavior above a fixed point on P1.
For a cover with r components, we specify the degree and genus of each component, as well as the desired
ramification behavior. We encode this numerical data with a partition k = (k1, . . . , kr) of k, a tuple

g = (g1, . . . , gr) of non-negative integers, and a collection µ = (µ1, . . . , µr) where µi = (µ1
i , . . . , µ

`i
i ) is a

partition of ki. Additionally, if ki = 1, we require that gi = 0, since if a cover has degree 1 on some
component it must be an isomorphism onto P1.

Definition 2.4. Given k, g and µ as above, we define Hk,g(µ) to be the algebraic stack whose objects

over a scheme S are given by tuples of diagrams

(5)

Ci P

S

αi

pji
q

for i = 1, . . . , r, and j = 1, . . . , `i satisfying the following:

• (Pointed target) P → S is a smooth genus-zero curve over S with a section q : S → P .
• (Components of the source) Ci → S is a smooth genus-gi curve over S for each i = 1, . . . , r,

equipped with a finite, flat, degree-ki map αi : Ci → P such that the inner triangle of (5)
commutes and αi is simply-branched away from Q := q(S) ⊆ P . Moreover, the branch divisors of
all αi are disjoint on the complement of Q.



6 E. CLADER, Z. HU, H. LARSON, A.Q. LI, AND R. LOPEZ

• (Ramification at the markings) pji : S → Ci are sections of Ci → S for each i = 1, . . . , r and
j = 1, . . . , `i such that the outer triangle of (4) commutes and the following equality of divisors
holds in Ci:

α−1
i (Q) =

`i∑
j=1

µjiP
j
i ,

where P ji = pji (S) is the image of the section.
• (Stability) The union of the supports of the branch divisors of the αi contains at least two distinct

points away from Q in each fiber. By Riemann–Hurwitz, this is equivalent to the condition

(6)

r∑
i=1

2gi − 2 + 2ki −
`i∑
j=1

(µji − 1)

 ≥ 2.

A morphism in Hk,g(µ) from an object (P, q, {Ci}, {αi}, {pji}) to an object (P ′, q′, {C ′i}, {α′i}, {p′
j
i}) over

S is given by the data of isomorphisms Ci → C ′i and P → P ′ such that everything in the diagram below
commutes.

Ci C ′i

P P ′

S

αi α′i

qpji q′
p′ji

The stability condition ensures that the stabilizers are finite. If r = 1, meaning the cover is connected,
then we write Hk,g(µ) instead of Hk,g(µ).

Several remarks about this definition are in order.

Remark 2.5. When studying degree-3 covers, because of the stability condition, only the cases r = 1 and
r = 2 are possible. Indeed, if r = 3, then k = (1, 1, 1) so g = (0, 0, 0) and µ = ((1), (1), (1)), which violates
(6). Moreover, there are natural isomorphisms that show each of the r = 2 spaces in degree 3 is equivalent
to an r = 1 space in degree 2:

H(2,1),(g,0)((2), (1)) ∼= H2,g((2)) and H(2,1),(g,0)((1, 1), (1)) ∼= H2,g((1, 1)).

The first isomorphism above is defined by sending (P, q, (C1, C2), (α1, α2), p1
1, p

1
2) to (P, q, C1, α1, p

1
1), with

inverse given by sending (P, q, C1, α1, p
1
1) to (P, q, (C1, P ), (α1, id), p1

1, q). One then checks that the compo-
sition of these functors is equivalent to the identity, by using the facts that α2 : C2 → P is an isomorphism,
since it is degree one, and that q = α2 ◦ p1

2. The second isomorphism above is proved similarly. In spite
of these isomorphisms, it is helpful, when using the Hurwitz spaces with marked ramification to describe
the boundary divisors of H 3,g, that we view elements as disconnected covers, since the preimage of a

component of the target curve P in an element of H 3,g can certainly be disconnected.

Remark 2.6. On the other hand, for k ≥ 4, not all Hurwitz spaces Hk,g(µ) are equivalent to products of

Hurwitz spaces with r = 1. For example, H(2,2),(1,3)((2), (2)) is not equivalent to H2,1((2)) ×H2,3((2)).
The reason is that the different components of the source are covers of the same genus-zero curve in
H(2,2),(1,3)((2), (2)), whereas H2,1((2)) ×H2,3((2)) parameterizes covers of possibly different genus-zero

curves. In general, Hk,g(µ) →
∏r
i=1 Hki,gi(µi) is a torsor for the (r − 1)-fold product of the group of

automorphisms of P1 fixing a point.

Remark 2.7. In the case where r = 1 and µ = (1, . . . , 1), the condition of Definition 2.4 says that α is
unramified over q, so “no ramification” is a valid ramification profile. Still, in this case, there is additional
information in Hk,g(µ) beyond what is parameterized by Hk,g, given by a labeling of the fiber of α over q.
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Similarly to H ′
k,g, we will also sometimes require the larger space

H ′
k,g(µ) ⊇Hk,g(µ)

parameterizing the same objects as above, but in which α is not required to have simple ramification away
from the markings.

2.3. Boundary strata. The key reason for our interest in the spaces Hk,g(µ) is the role they play in

describing the codimension-1 boundary strata on H k,g. For this discussion, we restrict to the case k = 3
(which is all that is required for the present work), as certain complications arise when k ≥ 4 due to the
issue mentioned in Remark 2.6.

There is a ramified cover

(7) H 3,g →M0,b/Sb

(where, by (3), we have b = 2g + 4) sending a cover α : C → P to the target curve marked at the smooth
branch points of α. A (locally closed) codimension-1 boundary stratum of M0,b/Sb refers to a subset of
the form

Dj ⊆M0,b/Sb

for some integer 2 ≤ j ≤ b− 2, where Dj is the locus of genus-zero curves with precisely two components,
one with j marked points and the other with b− j marked points. Note that Dj = Db−j . The preimage of
Dj under the map (7) may have multiple connected components, and a codimension-1 boundary stratum

of H 3,g refers to any of these components.

Let us consider a specific example before describing the codimension-1 boundary strata of H 3,g in
general.

Example 2.8. Let g = 4, so that b = 12. We calculate the preimage in H 3,4 of the codimension-1

boundary stratum D7 inM0,12/S12. A curve P in D7 has two components P1 and P2, where P1 has seven
marked points and P2 has five.

An element of the preimage of P is a map α : C → P . If α−1(P1) is connected, then applying the
Riemann–Hurwitz formula to the restriction of α to this component (and recalling that all seven of the
smooth branch points of P1 are simply-ramified) shows that the genus g1 of the preimage of P1 satisfies

(8) 2g1 − 2 = 3 · (−2) + 7 +
∑̀
i=1

(µi − 1),

where µ = (µ1, . . . , µ`) is the ramification profile over the node of P . Simplifying shows that
∑

(µi − 1)
is odd, and since µ is a partition of 3, this is only possible if µ = (2, 1). From here, solving equation (8)
shows g1 = 2. A similar calculation shows that, if α−1(P2) is connected, then the ramification profile over
the node must also be µ = (2, 1) and its genus must be g2 = 1.

Since C is connected, it is straightforward to check in this case that at least one of α−1(P1) or α−1(P2)
must be connected; thus, if α−1(Pi) is disconnected, then it consists of a component mapping with degree
1 and a component mapping with degree 2. From here, one sees that there are three possible geometries
of the curve C, depending on whether only α−1(P1), only α−1(P2), or both are connected (here, the labels
on each half-node show the ramification indices):

1

2 2

1 1

2

1

2

1

2

1

2
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The subsets of H 3,4 parameterizing α : C → P in which C has each of these geometries are the three

codimension-1 boundary strata lying over D7 ⊆M0,12/S12. Note that the first of these strata is the image
of a gluing map

H3,2((2, 1))×H(2,1),(2,0)((2), (1))→H 3,4,

and similarly for the other two.

Generalizing this example, we characterize the codimension-1 boundary strata of H 3,g in the following
lemma.

Lemma 2.9. The codimension-1 boundary strata in H 3,g are the images of gluing maps from products of
two moduli spaces (which may be the same) from among the following list:

• H3,g′((3)) for 0 ≤ g′ ≤ g,
• H3,g′((2, 1)) for 0 ≤ g′ ≤ g,
• H3,g′((1, 1, 1)) for 0 ≤ g′ ≤ g,
• H(2,1),(g′,0)((2), (1)) for 1 ≤ g′ ≤ g,
• H(2,1),(g′,0)((1, 1), (1)) for 0 ≤ g′ ≤ g.

Furthermore, these gluing maps are finite group quotients onto their images.

Proof. Let S ⊆ H 3,g be a codimension-1 boundary stratum lying over a stratum Dj ⊆ M0,b/Sb, and
let α : C → P be an element of S. Then P has two components P1 and P2 (where P1 has j smooth
branch points and P2 has b− j), and the ramification profile of α over the node at which P1 and P2 meet
is either (3), (2, 1), or (1, 1, 1). In the first case, C must consist of two components meeting at a single
node. Note that the genera g1 and g2 of the two components of C are determined from g and j by the
Riemann–Hurwitz formula.

3 3

Figure 1. A picture of C in the case g = 4 and j = 6.

In this case, S is the image of a gluing map

H3,g1((3))×H3,g2((3))→H 3,g.

If g1 6= g2, then this gluing map is injective, that is, it is fully faithful as a map of algebraic stacks. On the
other hand, if g1 = g2, then the gluing map is a Z2-quotient onto its image, accounting for the fact that
the product chooses an ordering of the two components. The two choices of ordering are equal if the two
components happen to be isomorphic, but in this case, the image in H 3,g has an extra Z2 automorphism
group not present in the domain of the gluing map, so the map is still a Z2-quotient in the orbifold sense.

If, on the other hand, the ramification profile of α over the node of P is (2, 1), then, as in Example 2.8,
it can be the case that one (but at most one) of α−1(P1) or α−1(P2) is disconnected, and the possible
geometries of C are as illustrated in that example. If α−1(P1) is connected, then its genus is determined by
Riemann–Hurwitz: g1 = (j−3)/2. If α−1(P2) is connected, then its genus is g2 = (b− j−3)/2. If α−1(P1)
is disconnected, then it consists of one component mapping to P1 with degree 1 (and therefore necessarily
of genus zero) and another of genus g1 = (j − 1)/2 mapping with degree 2; note, in this case, that we
cannot have g1 = 0, since j ≥ 2. Similar reasoning applies if α−1(P2) is disconnected: it consists of one
component mapping to P2 with degree 1 and genus zero and another of genus g2 = (b−j−1)/2 ≥ 1 mapping
with degree 2. For each of the possible cases—that α−1(P1) and α−1(P2) are both connected, α−1(P1)
is connected but α−1(P2) is disconnected, and α−1(P2) is connected but α−1(P1) is disconnected—the
stratum S is the image of a corresponding gluing map:

H3,g1((2, 1))×H3,g2((2, 1))→H 3,g,
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which is injective for g1 6= g2 and a Z2-quotient onto its image for g1 = g2, or one of

H3,g1((2, 1))×H(2,1),(g2,0)((2), (1))→H 3,g,

H(2,1),(g1,0)((2), (1))×H3,g2((2, 1))→H 3,g,

which are injective and have g1, g2 ≥ 1.
Finally, if the ramification profile of α over the node of P is (1, 1, 1), then it can be the case that one

or both of α−1(P1) and α−1(P2) are disconnected, yielding the following possible geometries of C.

1 1

1 1

1 1

1

1

1

1

1

1

1 1

1 1

1 1

Figure 2. Possibilities for C when the ramification over the node is (1, 1, 1) in the case
where g = 4 and j = 6

Note that there are in general two possible geometries of the second type, given by reversing the roles
of C1 and C2, but they behave symmetrically for the purposes of this computation, since j = 6 = b − j.
Once again, the genus of each component is determined by Riemann–Hurwitz, and the resulting boundary
strata are images of gluing maps

H(2,1),(g1,0)((1, 1), (1))×H(2,1),(g2,0)((1, 1), (1))→H 3,g,

H3,g1((1, 1, 1))×H(2,1),(g2,0)((1, 1), (1))→H 3,g,

H(2,1),(g1,0)((1, 1), (1))×H3,g2((1, 1, 1))→H 3,g,

and

H3,g1((1, 1, 1))×H3,g2((1, 1, 1))→H 3,g.

The first of these is injective for g1 6= g2 and a Z2-quotient onto its image when g1 = g2. The second is a
Z2-quotient for all g1 and g2: denoting the marked left-hand component by (C; p1, p2, p3) and the marked
positive-genus right-hand component by (C ′; p′1, p

′
2), the pairs(

(C; p1, p2, p3), (C ′; p′1, p
′
2)
)

and
(

(C; p2, p1, p3), (C ′; p′2, p
′
1)
)

map to the same element of H 3,g. These two pairs are the same if there happens to exist both an
automorphism on the left swapping p1 and p2 and an automorphism on the right swapping p′1 and p′2, but
in this case, as above, the image in H 3,g has an extra Z2 automorphism group not present in the domain
of the gluing map and so the map is still a Z2-quotient in the orbifold sense. The same is true of the
third gluing map. Finally, when g1 6= g2, the fourth gluing map above is an S3-quotient (coming from the
choice of labeling of the marked fiber on C and corresponding labeling on C ′). If instead, g1 = g2, then
the fourth gluing map is an (S3 × Z2)-quotient. �

In light of Remark 2.5 and the fact that finite group quotients induce surjections on Chow groups, the
above lemma shows that—assuming the Chow rings of these spaces satisfy the Chow–Künneth generation
property—triviality of the Chow rings of all codimension-1 boundary strata in all H 3,g will follow from
triviality of the Chow rings of H3,g(µ) for all g ≥ 0 and all partitions µ of k, as well as triviality of the
Chow rings of H2,g((2)) for all g ≥ 1 and H2,g((1, 1)) for all g ≥ 0. We now turn to a discussion of the
techniques we will use to calculate these Chow rings.
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3. Tools for calculation

3.1. Background on Chow groups. We review in this section some basic definitions and results we
need about Chow groups. For more details, see [Ful98] and [EH16]. Following these references, we will
explain the background for schemes, but all of the results we mention extend to algebraic stacks by [Vis89].

Let X be a separated scheme of finite type over a fixed ground field k. For every nonnegative integer p,
the group of p-cycles Zp(X) is defined to be the free abelian group generated by p-dimensional subvarieties
of X. The pth Chow group Ap(X) of X is defined to be the quotient of Zp(X) by the subgroup of p-cycles
rationally equivalent to zero. We denote A∗(X) =

⊕
p≥0Ap(X).

The Chow groups enjoy some functorial properties that are extensively used throughout this paper.
First, there are proper pushforward and flat pullback homomorphisms on Chow groups, which are related
by the compatibility property [Ful98, Proposition 1.7]: given f : X → Y proper and g : Y ′ → Y flat, let
g′ : X ′ → X and f ′ : X ′ → Y ′ be the maps from the fiber product. Then f ′∗g

′∗α = g∗f∗α for α ∈ A∗(X).
A useful application of the construction of flat pullback is the excision sequence [Ful98, Proposition 1.8]:

given a closed subscheme Z
i
↪−→ X with open complement U :− X r Z

j
↪−→ X, there exists a right exact

sequence

Ap(Z)
i∗−→ Ap(X)

j∗−→ Ap(U)→ 0

for all p. Recall also that given a rank-r vector bundle E on a scheme X with projection π : E → X, the
flat pullback π∗ : A∗−r(X)→ A∗(E) is an isomorphism [Ful98, Theorem 3.3(a)].

Another key construction we will use is Chern classes: if E is a locally free sheaf of rank r on X, the ith
Chern class is a homomorphism ci(E) : Ap(X)→ Ap−i(X). In particular, when X is smooth of dimension
n, the Chow group A∗(X) admits a graded ring structure with unit [X] ∈ An(X), which allows us to view
the Chern class ci(E) as a cycle class in An−i(X) = Ai(X), and the Chern class homomorphism is defined
as multiplication by ci(E) as an element in Ai(X), the image of [X] under the Chern class homomorphism.

The Chern classes ci(E) of a vector bundle E over X can be used to describe the Chow groups of
the corresponding projective bundle PE. Let PE be the associated projective bundle with projection
γ : PE → X, and denote ζ = c1(OPE(1)). If X is smooth, then [Ful98, Example 8.3.4] gives the following.

Lemma 3.1 (Projective bundle formula). Let X be a smooth scheme, and let E be a rank-r vector bundle
on X. Then the pullback γ∗ : A∗(X)→ A∗(PE) is an injection, and there is an isomorphism

A∗(PE) ∼= A∗(X)[ζ]/(ζr + c1(E)ζr−1 + · · ·+ cr(E)).

In particular, for any class β ∈ A∗(X), we have γ∗(ζ
iγ∗β) = β when i = r − 1 and 0 when i < r − 1.

We will often compute the fundamental class of the vanishing locus of a map of vector bundles (defined
precisely below), following the discussion in Section 2.2 from [CL22]. Consider the following diagram where
τ : Y → X and ρ : V → X are vector bundles and φ : V → Y is a map of vector bundles:

ρ∗Y Y

ρ∗V V X.

τ

ρ

φ

σ

The map φ defines a section σ of ρ∗Y → V by composing the induced map ρ∗V → ρ∗Y with the tautological
section of ρ∗V → V . The bundles ρ∗V and ρ∗Y are the pullbacks of the vector bundles V and Y to the
total space of V . Precisely, if (x, v) is a point of V (i.e. ρ(v) = x), then σ is the map V → ρ∗V → ρ∗Y
given by (x, v) 7→ (x, v, v) 7→ (x, v, φ(v)). This is well-defined since τ(φ(v)) = ρ(v) = x. By the “vanishing
locus of φ” we shall mean the preimage of the zero section of τ under φ. This coincides with the vanishing
locus of σ inside the total space of V .

Lemma 3.2. Suppose τ : Y → X is a vector bundle of rank r and the vanishing locus of φ inside V is
codimension r. Then its fundamental class is ρ∗cr(Y ) ∈ A∗(V ).
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Proof. The vanishing locus of φ is the vanishing locus of the section σ of ρ∗Y defined above. Since
σ vanishes in codimension r, we have that σ is a regular section of ρ∗Y . Hence, by [Ful98, Example
3.2.16(ii)], the vanishing locus of σ has fundamental class cr(ρ

∗Y ) = ρ∗cr(Y ). �

We also recall the refined Gysin homomorphism. Given a Cartesian diagram

(9)

g−1(X) = W V

X Y,

j

i

g

f

where f is a regular embedding of codimension d with normal bundle denoted by NX/Y , the refined Gysin

homomorphism is a map f ! : A∗(V ) → A∗−d(W ). When applied to the fundamental class of a subvariety
V ′ ⊆ V , it is common to denote f ![V ′] by V ′ ·Y X, which is also called the “refined intersection product”
and is a class in A∗(W ). In particular, if V is of pure dimension k, and i is also a regular embedding, then
the intersection product of V by X over Y on W can be expressed as

V ·Y X = f ![V ] = {c(j∗NX/Y /NW/V ))}k−d ∈ Ak−d(W ),

where we call j∗NX/Y /NW/V the excess normal bundle of the fiber square. The refined Gysin homomor-
phism has many applications. Since the diagonal morphism X → X × X is a regular embedding when
X is smooth, its refined Gysin homomorphism can be used to induce a ring structure on the Chow group
A∗(X). The refined Gysin homomorphism also provides a generalization of the projection formula. Given
f : X → Y a proper and flat morphism between two smooth schemes, the flat pullback gives a ring homo-
morphism A∗(Y )→ A∗(X), and we have the projection formula f∗(α · f∗β) = f∗α · β for any α ∈ A∗(X)
and β ∈ A∗(Y ). In fact, the map f is not required to be flat; since it is always a local complete intersection
morphism, we can replace the flat pullback f∗ by f ! [Ful98, Proposition 8.3(c)].

Another application of the refined Gysin homomorphism is the excess intersection formula [Ful98,
Theorem 6.3]. We state a special case of this formula that is used in Section 7 below. Consider the
Cartesian diagram

(10)

T S

W X2

X1 Y,

τ

q p

f2|S
i

j f2

f1

where f1, f2, i and j are all regular embeddings, and p, q are open immersions. Assume that X1 and
X2 are of pure dimension k1 and k2, and let d1 and d2 be the codimension of f1 and f2 respectively. By
[Ful98, Example 6.3.2], the excess normal bundle is independent of the orientation of the lower square of
the diagram (10), and thus the intersection product between X1 and X2 over Y on W is computed by

X1 ·Y X2 = f !
1[X2] = {c(j∗NX1/Y /NW/X2

)}k2−d1 = {c(i∗NX2/Y /NW/X1
)}k1−d2 = f !

2[X1].

Applying the compatibility properties [Ful98, Theorem 6.2] to the diagram (10), we have

(f2 ◦ p)∗(f1)∗[X1] = p∗i∗f
!
2[X1] = p∗i∗f

!
1[X2] = τ∗(q

∗f !
1[X2]) = τ∗(f

!
1p
∗[X2]) = τ∗f

!
1[S].

If we only assume f1 and f2 are regular embeddings with p and q being open immersions, in general the
fiber products W and T are not of pure dimension. Let C be a connected component of T , and restrict
to the outer square of diagram (10). By the semicontinuity of fiber dimension, the component C can have
codimension at most d1 in S. In particular, if the restriction τC : C → S of τ to the connected component
C is also a regular embedding, then the normal bundle NC/S can have rank at most d1. Let jC : C → X1

be the restriction of j ◦ q to C. The component C is called an “excess component” if the excess normal
bundle j∗CNX1/Y /NC/S has positive rank; otherwise, C is a component of expected codimension d1 in S.
The above discussion leads to the following proposition.
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Proposition 3.3. Assume that every connected component Cλ of T is regularly embedded in S with
codimension lλ in S. If the regular embedding f1 has codimension d1, then

(f2 |S)∗(f1)∗[X1] =
∑
λ

(τCλ)∗αCλ ∈ Ad1(S),

where

αCλ =
{
c(j∗CλNX1/Y )c(NCλ/S)−1

}d1−lλ ∈ Ad1−lλ(Cλ)

is the part of the intersection T supported on Cλ, and jCλ : Cλ → X1 is the restriction of j ◦ q to Cλ. The
summation is over all connected components Cλ of T .

Remark 3.4. The above Proposition 3.3 is a special case of [EH16, Theorem 13.9] without using the
fact that f2|S is a local complete intersection morphism. Since the proof of the more general statement
is not included, we sketch a proof here assuming that i′ is a regular embedding. Note that the rightmost
vertical map π : X ′ → X in [EH16, Theorem 13.9] is a morphism between smooth varieties, so it is a
local complete intersection morphism. In other words, π admits a factorization into a regular embedding
δ : X ′ → Y followed by a smooth morphism ρ : Y → X:

Z ′ X ′

Y ′ Y

Z X.

i′

regular

δ′

π′

δ

π

ρ′ ρ

i

regular

We can then use the extension of refined Gysin homomorphism to local complete intersection morphisms
[Ful98, Section 6.6], i.e. π! = δ! ◦ ρ′∗. Since the excess normal bundle of the local complete intersection
morphism π satisfies i′∗NX′/Y /NZ′/Y ′ = π′∗NZ/X/NZ′/X′ , it is independent of the orientation of the outer
square and thus

π∗(i∗β) = i′∗(π
!(β)) = i′∗

{
π′∗(β)c(i′∗NX′/Y /NZ′/Y ′)

}
b−(dimX−dimX′)

= i′∗
{
π′∗(βc(NZ/X))c(NZ′/X′)

−1
}
b−(dimX−dimX′)

for any β ∈ Ab(Z).

3.2. The Chow-Künneth generation Property. A final aspect of Chow rings that we will need is an
understanding of how they behave under product. Specifically, we say that an algebraic stack X satisfies
the Chow–Künneth generation Property (CKgP) if for all algebraic stacks Z, the tensor product map

A∗(X)⊗A∗(Z)→ A∗(X × Z)

is surjective. The CKgP has played an important role in recent works on intersection theory of moduli
spaces [CL24, BS23]. One of the key features of the CKgP is that it is transferred under a wide class of
morphisms. More precisely, suppose X → Y is one of the following types of morphisms

(M1) an open embedding
(M2) a projective bundle
(M3) the total space of a vector bundle
(M4) a gerbe banded by a finite group
(M5) a coarse moduli space morphism
(M6) a proper, surjective morphism.

For morphisms satisfying (M1) – (M5), if Y has the CKgP, then X has the CKgP. Meanwhile, for mor-
phisms (M2) – (M6) if X has the CKgP, then Y has the CKgP. For proofs, see [CL24, Section 3.1].
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3.3. Principal parts bundles and evaluation maps. We recall here the definition and basic properties
of relative bundles of principal parts, found [EH16, Theorem 7.2]. SupposeX and Y are smooth, β : X → Y
is a smooth, proper morphism, and L is a line bundle onX. Let π1, π2 : X×YX → X be the two projections
and let I be the ideal of the relative diagonal. The mth-order relative principal parts bundle is defined as

Pm
X/Y (L) := π2∗

(
π∗1L ⊗OX×X/Im+1

)
,

which is a locally free sheaf. Note that for m = 0, we have P0
X/Y (L) = L. The fiber of Pm

X/Y (L) at

a point p ∈ X is naturally identified with the space of global sections of L restricted to the mth-order
neighborhood of p in its fiber β−1(β(p)) =: F . Restricting from an (m + 1)st-order neighborhood to an
mth-order neighborhood induces a short exact sequence

(11) 0→ Symm+1ΩX/Y ⊗ L →Pm+1
X/Y (L)→Pm

X/Y (L)→ 0.

The filtration induced by repeatedly applying (11) corresponds to the order of vanishing of germs of
sections.

There is a natural map

(12) β∗β∗L →Pm
X/Y (L),

which we call the evaluation map; this is because, when cohomology and base change holds for β (e.g. if
R1β∗L = 0), the fiber of β∗β∗L at a point p ∈ X is naturally identified with H0(L|F ) and the map (12)
is given fiberwise by

(13) H0(L|F )→ H0(L|F ⊗OF,p/mm+1
F,p ).

Explicitly, if f ∈ H0(L|F ) is a global section, then (13) is given by sending f to its restriction to an
mth-order neighborhood. In the case that the fibers of F are one-dimensional, we typically write this as

f 7→ (f(p), fy(p), 1
2fy2(p), . . . , 1

m!fym(p)).

Here, y is a local coordinate on F vanishing at p, which we picture as a coordinate through p “in the
vertical direction.”

We will also encounter a case where β factors X
a−→ A→ Y for some smooth morphism a, and each of

these maps has one-dimensional fibers. Then there is an exact sequence

0→ a∗ΩA/Y → ΩX/Y → ΩX/A → 0.

This induces the following sequence of principal parts bundles

(14) 0→ a∗ΩA/Y ⊗ L →P1
X/Y (L)→P1

X/A(L)→ 0.

In this particular case, we will write the evaluation map β∗β∗L → P1
X/Y (L) as f 7→ (f(p), fy(p), fx(p)).

The (f(p), fy(p)) part corresponds to the image in the right-hand map above—the value and vertical
derivative. The fx(p) part corresponds to the horizontal derivative. The filtration (14) shows that the
kernel of β∗β∗L →P1

X/A(L) admits a well-defined map to a∗ΩA/Y ⊗L. If f(p) = fy(p) = 0, we write this

map as f 7→ fx(p).

4. Previous Results on Chow Rings of Hurwitz spaces

In this section, we review previously-known results on Chow rings of Hurwitz spaces in degrees 2 and
3. From here forward, we will only consider Hurwitz spaces with at most one marked ramification profile,
so we denote them as, for example, H3,g(2, 1) instead of the more cumbersome notation H3,g((2, 1)) used
above.
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4.1. Degree 2. Smooth curves that admit a degree-2 map to P1 are referred to as hyperelliptic, and their
ramification points are referred to as Weierstrauss points. These curves have been well-studied in the
literature; in particular, two key facts are that a hyperelliptic curve is determined by its branch points
in P1, and any hyperelliptic curve C with degree-2 map α : C → P1 admits a hyperelliptic involution
i : C → C defined by the property that α ◦ i = α. These facts can be used to quickly deduce the Chow
rings of all marked Hurwitz spaces in degree 2, as follows.

Lemma 4.1. The Chow rings of H2,g(2) for g ≥ 1 and H2,g(1, 1) for g ≥ 0 are trivial and they have the
CKgP.

Proof. The moduli space H2,g(2) can be identified with the moduli space of hyperelliptic curves with a
marked Weierstrass point. Such curves are determined by 2g + 2 branch points in P1, one of which is
distinguished. Consequently, the coarse moduli space of H2,g(2) is M0,2g+2/S2g+1. Here, M0,2g+2 is an
open subset of A2g−1, so it has trivial Chow ring, and therefore so does the quotient. Since we are working
with rational coefficients, the Chow ring of H2,g(2) agrees with the Chow ring of its coarse moduli space.

Using the properties in Section 3.2, this sequence of ideas also shows that H2,g(2) has the CKgP: we
know that affine space has the CKgP, so M0,2g+2 has the CKgP, so M0,2g+2/S2g+1 has the CKgP. Since
its coarse moduli space has the CKgP, so does H2,g(2).

For H2,g(1, 1), the moduli space of degree-2 covers with a marked unramified fiber, note that forgetting
the second marking in the distinguished fiber defines a map from H2,g(1, 1) to the moduli space of hyper-
elliptic curves with a marked point that is not a Weierstrass point. Because of the hyperelliptic involution
i : C → C, in the coarse moduli space, the pointed hyperelliptic curve (C, p) is identified with (C, i(p)).
Hence, a hyperelliptic curve with a non-Weierstrass point is specified by 2g + 2 points on P1 and one
additional distinguished point. Consequently, the coarse moduli space of H2,g(1, 1) is M0,2g+3/S2g+2. A
similar argument as above then shows that the Chow ring of H2,g(1, 1) is trivial and H2,g(1, 1) has the
CKgP. �

Remark 4.2. With integral coefficients, the Chow rings of H2,g,H2,g(2) and H2,g(1, 1) are non-trivial.
These computations are more subtle and have been carried out in [EF09] for H2,g for even genus g,
[FV11, DL21] for odd genus g, [EH25, Theorem 1.3] for H2,g(2) and [Lan25, Proposition 3.11] for H2,g(1, 1).

4.2. Degree 3. Without marked ramification, the Chow rings of the Hurwitz spaces H3,g and H ′
3,g were

calculated by Canning and the third named author. The results are the following:

Theorem 4.3 ([CL22]). Denote by T ∈ A1(H ′
3,g) the fundamental class of the locus of covers with a triple

ramification point. Then

A∗(H ′
3,g) =


Q if g = 2

Q[T ]/(T 2) if g ∈ {3, 4, 5}
Q[T ]/(T 3) if g ≥ 6.

Thus, restricting to curves with only simple ramification, we have

A∗(H3,g) = Q.

Before turning to Hurwitz spaces with marked ramification, we review the structure of the proof of
Theorem 4.3 in more detail. Much of the notation introduced will be relevant for our calculations in
Sections 5–7.

As explained in the introduction, the first step in proving Theorem 4.3 is to reinterpret the data of a
degree-3 cover α : C → P1 in H ′

3,g as a pair (E, f), where E is a rank-2, degree-(g+2) vector bundle on P1

for which the bundle det(E∨)⊗ Sym3(E) is globally generated, and f is a section of det(E∨)⊗ Sym3(E).
Passing to the projectivization of E∨ and denoting by γ : PE∨ → P1 the bundle projection, one can view

(15) f ∈ H0(P1,det(E∨)⊗ Sym3(E)) = H0(PE∨, γ∗ det(E∨)⊗OPE∨(3)),
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and from this perspective, the original degree-3 cover α : C → P1 is recovered by setting C = V (f) ⊆ PE∨
and α = γ|C . The result of this is a diagram

(16)

H ′
3,g U

B B2,g+2,

open

vector
bundle

open

in which B2,g+2 is the moduli stack of rank-2, degree-(g+ 2) vector bundles on P1-bundles, B is the open

substack parameterizing vector bundles E for which det(E∨) ⊗ Sym3(E) is globally generated, and, if
π : P → B denotes the projection from the universal P1-bundle on B and E denotes the universal vector
bundle on P, then U = π∗(det(E ∨) ⊗ Sym3(E )); note that the global generation condition is necessary
in order to ensure that U is a vector bundle. One can view a geometric point of U as the data of a pair
(E, f) as above, and inside this space, H ′

3,g consists of those pairs for which V (f) ⊆ PE∨ is a smooth
curve.

Phrased in families, an S-point of B2,g+2 is a P1-bundle P over S together with a rank-2, degree-(g+2)
vector bundle E on P . The data of a P1-bundle over S is an S-point of the stack BPGL2, so there is a
forgetful map

B2,g+2 → BPGL2.

Via this forgetful map, one can replace B2,g+2 with a slight variant that we denote B2,g+2, defined as the
fiber product of the following diagram:

B2,g+2 B2,g+2

BSL2 BPGL2,

in which the bottom horizontal map is induced by the natural group homomorphism SL2 → PGL2. The
data of an S-point of BSL2 is a P1-bundle over S that arises as the projectivization of a rank-2 vector
bundle with trivial determinant; this is a useful perspective when working with the Chow ring of B2,g+2.
On the other hand, because BSL2 → BPGL2 is a µ2-gerbe, it follows that B2,g+2 → B2,g+2 is also a
µ2-gerbe, and hence

A∗(B2,g+2) = A∗(B2,g+2)

when working with rational coefficients. For this reason, the replacement of B2,g+2 by B2,g+2 is immaterial
for our computations in the Chow ring.

Because each of the spaces in the diagram (16) admits a map to B2,g+2 and hence to BPGL2, each of
them similarly has a variant given as the fiber product over BSL2 → BPGL2, which we denote by the
corresponding calligraphic letters. The resulting spaces H′3,g, U , and B are µ2-gerbes over the original
spaces and thus have isomorphic Chow rings (with rational coefficients), so we can freely replace the
diagram (16) with

H′3,g U

B B2,g+2,

open

vector
bundle

open

for Chow ring computations. This diagram implies, by excision and the fact that vector bundles induce
isomorphisms on Chow rings, that A∗(H′3,g) is generated by classes pulled back from B2,g+2. The ring
A∗(B2,g+2) was calculated in [Lar23]; for future reference, we record the notation for its generators here.

To set the notation, let P denote the universal P1-bundle on B—which, by construction, is the projec-
tivization of a rank-2 bundle V with trivial determinant—and denote by E the universal rank-2, degree-
(g + 2) bundle on P. We thus have a diagram

(17) PE∨ P = PV B.γ π
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By the projective bundle formula and the fact that c1(V) = c1(detV) = 0, the pullback homomorphism
π∗ : A∗(B)→ A∗(P) is injective and

A∗(P) ∼=
A∗(B)[z]

(z2 + π∗c2)
,

where

z = c1(OP(1)) ∈ A1(P),(18)

c2 = c2(V) ∈ A2(B).

This implies that one can express

c1(E) = π∗(a1) + π∗(a′1)z ∈ A1(P),(19)

c2(E) = π∗(a2) + π∗(a′2)z ∈ A2(P)

for uniquely-defined classes ai ∈ Ai(B) and a′i ∈ Ai−1(B). Note, here, that a′1 ∈ A0(B) ∼= Q, and it can be
computed explicitly from the projection formula: a′1 = g + 2. The results of [Lar23] imply that A∗(B) is
generated by c2, a1, a2, a

′
2, so by the above discussion,

A∗(H′3,g) =
Q[c2, a1, a2, a

′
2]

R

for an ideal R of relations; computing this ideal explicitly through a careful excision calculus yields Theo-
rem 4.3.

We now turn to the analogous calculations of the Chow rings of degree-3 Hurwitz spaces with marked
ramification, which will be computed in terms of these same generators. As explained above, it suffices to
work with their base changes along BSL2 → BPGL2, which we denote similarly by calligraphic letters.

5. The Chow ring of H3,g(1, 1, 1)

Similarly to the calculation of A∗(H3,g), we calculate the Chow ring of H3,g(1, 1, 1) by viewing it as an
open substack of a vector bundle. The first step toward determining that vector bundle is to realize that
a geometric point of H3,g(1, 1, 1) is a tuple (α : C → P1; p1, p2, p3), though in fact, the third point p3 is
forced once the first two are chosen. Thus, we can view the data of a point of H3,g(1, 1, 1) as a rank-2,
degree-(g + 2) vector bundle E on P1 with a section f as in (15) and a pair of distinct unramified points
p, q ∈ PE∨ such that f(p) = f(q) = 0 (so that p, q ∈ C = V (f)) and γ(p) = γ(q) (so that p and q lie in
the same fiber of α = γ|C), and such that α is simply branched and is not ramified at either p or q.

With this in mind, and using the notation from (17), we may view PE∨ ×P PE∨ as the moduli space of
tuples (P1, E, p, q) where (P1, E) ∈ B and p, q ∈ PE∨ with γ(p) = γ(q). Let ∆p=q ⊆ PE∨ ×P PE∨ be the
closed substack where p = q, and define

X1,1,1 := (PE∨ ×P PE∨) r ∆p=q.

Denoting U = π∗(det(E∨)⊗Sym3(E)) as above, there is a vector bundle U ×BX1,1,1 over X1,1,1, which one
can view as the moduli space of tuples (P1, E, p, q, f) with (P1, E, p, q) ∈ X1,1,1 and f as in (15). Within
this vector bundle, we would like to restrict to the subspace V1,1,1 where f(p) = f(q) = 0; this is, in fact,
a vector subbundle, but proving this requires a bit of work.

To do so, let ηp : X1,1,1 → PE∨ and ηq : X1,1,1 → PE∨ denote the projections onto the first and second
factor of PE∨ ×P PE∨, respectively; in this notation, we have

U ×B X1,1,1 = η∗p(π ◦ γ)∗U = η∗q (π ◦ γ)∗U .

Let

W := γ∗ det(E∨)⊗OPE∨(3),

a line bundle on PE∨, and similarly define W on PE∨. Then there is an evaluation map

evp,q : η∗p(π ◦ γ)∗U → η∗pW ⊕ η∗qW
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given, in a fiber over (P1, E, p, q) ∈ X1,1,1, as the map

H0(PE∨,W )→W |p ⊕W |q
f 7→ (f(p), f(q))(20)

that evaluates sections of the line bundle W = γ∗ det(E∨) ⊗ OPE∨(3) at p and q. The subspace V1,1,1 of
interest is precisely the preimage of zero under this evaluation map, so in order to prove that V1,1,1 is a
vector bundle, we must prove the this evaluation map is surjective. First we establish the following lemma.

Lemma 5.1. Let W = γ∗ detE∨ ⊗OPE∨(3) and let p ∈ P1. Then

H0(PE∨,W )→ H0(γ−1(γ(p)),OP1(3))

is surjective.

Proof. Consider the following exact sequence of sheaves on PE∨:

(21) 0→W ⊗ γ∗OP1(−1)→W →W |γ−1γ(p) → 0.

We claim that R1γ∗(W ⊗ γ∗OP1(−1)) = 0. By the projection formula, we have

R1γ∗(W ⊗ γ∗OP1(−1)) = R1γ∗(γ
∗(E∨)⊗OPE∨(3)⊗ γ∗OP1(−1)) = E∨ ⊗OP1(−1)⊗R1γ∗OPE∨(3),

so it suffices to show that R1γ∗OPE∨(3) = 0. This follows from cohomology and base change, since OPE∨(3)
has degree 3 on each fiber of γ. Applying γ∗ to (21), we thus obtain an exact sequence of sheaves on P1:

(22) 0→ (γ∗W )(−1)→ γ∗W → (γ∗W )|γ(p) → 0.

We claim that H1(P1, (γ∗W )(−1)) = 0. To see this, recall that γ∗W = det(E∨) ⊗ Sym3(E), which is
globally generated by the definition of B ⊆ B2,g+2. On P1, every vector bundle splits as a direct sum of
line bundles, and being globally generated is equivalent to all summands having degree ≥ 0. It follows that
every summand of (γ∗W )(−1) has degree ≥ −1, so H1(P1, (γ∗W )(−1)) = 0. Thus, taking global sections
of (22) proves the lemma. �

Lemma 5.2. The evaluation map evp,q : η∗p(π ◦ γ)∗U → η∗pW ⊕ η∗qW is surjective.

Proof. It suffices to prove surjectivity fiberwise, and to do so, we factor the fiberwise map (20) as

(23) H0(PE∨,W )→ H0(γ−1(γ(p)), OP1(3))→W |p ⊕W |q.
The first map restricts f to a cubic polynomial on the fiber of γ containing p, and the second map evaluates
that cubic polynomial at p and q. The first map is surjective by Lemma 5.1. The second map is surjective
because p 6= q. �

In light of this lemma, we have a vector subbundle

V1,1,1 := ker(evp,q) ⊆ U ×B X1,1,1,

which can be viewed as the moduli space of tuples (P1, E, p, q, f) where (P1, E) ∈ B, f is a section as in
(15), and p, q ∈ PE∨ are distinct points such that γ(p) = γ(q) and f(p) = f(q) = 0. The discussion in the
first paragraph of this section shows that one can realize H3,g(1, 1, 1) ↪→ V1,1,1 as the open substack where
V (f) ⊆ PE∨ → P1 is a smooth, simply-branched cover and γ−1(γ(p)) ∩ V (f) consists of three distinct
points. To summarize, we have the following commutative diagram:

(24)

H3,g H3,g(1, 1, 1)

U U ×B X1,1,1 V1,1,1

B X1,1,1.

open open

vector bundle

subbundle

vector bundle

With this diagram, we can quickly verify the CKgP:
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Lemma 5.3. H3,g(1, 1, 1) has the CKgP.

Proof. Because the CKgP is preserved under morphisms of type (M4) in Subsection 3.2, and the map
H3,g(1, 1, 1)→H3,g(1, 1, 1) is a µ2-gerbe, it suffices to show that H3,g(1, 1, 1) has the CKgP. It was shown
in the proof of [CL24, Lemma 9.2] that B has the CKgP. Moreover, each of the maps

H3,g(1, 1, 1)→ V1,1,1 → X1,1,1 → (PE∨ ×P PE∨)→ PE∨ → P → B

is a morphism allowed in (M1) – (M3). Hence, H3,g(1, 1, 1) has the CKgP. �

To compute the Chow ring of H3,g(1, 1, 1), let

ζ := c1(OPE∨(1)) ∈ A1(PE∨),

and let

ζp := η∗pζ, ζq := η∗qζ ∈ A1(X1,1,1).

With z and a1 as in (18) and (19), we have the following relations in A∗(X1,1,1). Here, we omit the
pullbacks from the notation for classes on X1,1,1 pulled back from B or P, as these pullbacks are injective
by the projective bundle theorem.

Lemma 5.4. We have ζp + ζq − (g + 2)z − a1 = 0 ∈ A∗(X1,1,1).

Proof. This relation comes from computing the fundamental class of ∆p=q ⊆ PE∨ ×P PE∨, which lies in
the complement of X1,1,1 by definition. To compute its class, we realize ∆p=q as the vanishing locus of a
section of a line bundle. Consider the tautological sequence

(25) 0→ OPE∨(−1)→ γ∗E∨ → Q→ 0

on PE∨. From this sequence, we can compute

(26) c1(Q) = γ∗c1(E∨)− c1(OPE∨(−1)) = −(a1 + (g + 2)z) + ζ,

where the second equality follows from (19) and the subsequent discussion. Now consider the composition

η∗pOPE∨(−1)→ η∗pγ
∗E∨ ∼= η∗qγ

∗E∨ → η∗qQ.

This map vanishes precisely when the subspaces η∗pOPE∨(−1) and η∗qOPE∨(−1) agree—that is, when p = q.
In other words, ∆p=q can be described as the vanishing locus of a section of the line bundle η∗pOPE∨(1)⊗η∗qQ.
Hence, its fundamental class is given by

[∆p=q] = c1
(
η∗pOPE∨(1)⊗ η∗qQ

)
= c1(η∗pOPE∨(1)) + c1(η∗qQ) = ζp + ζq − (g + 2)z − a1.

By excision, the above class vanishes in the Chow ring of the complement of ∆p=q, which is X1,1,1. �

Because V1,1,1 → X1,1,1 is a vector bundle, we can view ζp, ζq ∈ A∗(V1,1,1). Restricting to the open
substack H3,g(1, 1, 1) ⊆ V1,1,1, we find that these classes both vanish.

Lemma 5.5. We have ζp = ζq = 0 ∈ A∗(H3,g(1, 1, 1)).

Proof. These relations come from the fact that p and q are prohibited from being ramification points of
α = γ|V (f). Since we already have f(p) = 0 in V1,1,1, it is one additional condition for p to be ramified; if x
and y are local coordinates around p ∈ PE∨ in the base and fiber direction respectively under the bundle
projection γ : PE∨ → P1, the additional condition is fy(p) = 0. The divisor in V1,1,1 defined by fy(p) = 0
is the vanishing locus of the map V1,1,1 → η∗p(ΩPE∨/P ⊗W) given by (P1, E, p, q, f) 7→ fy(p), which is an
instance of (12). It lies in the complement of H3,g(1, 1, 1), and therefore by Lemma 3.2, it follows that

(27) 0 = c1(η∗p(ΩPE∨/P ⊗W)) ∈ A∗(H3,g(1, 1, 1)).

To compute the above Chern class, we first compute c1(ΩPE∨/P) using the tautological sequence (25).
In terms of the bundles introduced there, the relative Euler sequence says that TPE∨/P = Q⊗OPE∨(1), so
ΩPE∨/P = Q∨ ⊗OPE∨(−1). Taking first Chern classes and using (26), we find that

(28) c1(ΩPE∨/P) = −2ζ + a1 + (g + 2)z.
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Thus,

c1(η∗p(ΩPE∨/P ⊗W)) = (−2ζp + a1 + (g + 2)z) + (3ζp − a1 − (g + 2)z) = ζp.

Hence, by (27), we have ζp = 0. Since q is also prohibited from being a ramification point on H3,g(1, 1, 1),
a similar argument shows ζq = 0. �

Finally, from here, we can deduce that the Chow ring of H3,g(1, 1, 1) is trivial.

Lemma 5.6. A∗(H3,g(1, 1, 1)) = Q.

Proof. Since the Chow rings of H3,g(1, 1, 1) and H3,g(1, 1, 1) are isomorphic, it suffices to show that
A∗(H3,g(1, 1, 1)) = Q. By the diagram in (24), there is a surjection of Chow rings

(29) A∗(X1,1,1) ∼= A∗(V1,1,1)→ A∗(H3,g(1, 1, 1)).

Thus, it suffices to show that each of the generators of A∗(X1,1,1) is sent to zero under this map. By the
projective bundle theorem, A∗(PE∨×P PE∨) is generated as an algebra over A∗(B) by ζp, ζq, and z. Using
the relation in Lemma 5.4, we can solve for z in terms of ζp, ζq and a1 to see that A∗(X1,1,1) is generated over
A∗(B) by ζp and ζq. By Lemma 5.5, each of ζp and ζq is sent to zero under A∗(X1,1,1)→ A∗(H3,g(1, 1, 1)).
Thus, it remains to show that the pullback map A∗(B) → A∗(H3,g(1, 1, 1)) sends each of the generators
of A∗(B) to zero. To see this, recall the diagram (24). Since the diagram commutes, the pullback map
A∗(B)→ A∗(H3,g(1, 1, 1)) factors throughA∗(B)→ A∗(H3,g). However, A∗(H3,g) is trivial, so the pullback
map A∗(B)→ A∗(H3,g(1, 1, 1)) must send each of the generators of A∗(B) to zero. Since the pullback map
(29) is surjective, it follows that Ai(H3,g(1, 1, 1)) = 0 for all i > 0. �

6. The Chow ring of H3,g(2, 1)

We follow a similar strategy to the previous section; this time, the data of a geometric point of H3,g(2, 1)
is a rank-2, degree-(g+2) vector bundle E on P1 with a section f as in (15) and a point p ∈ PE∨ such that
f(p) = fy(p) = 0 but fy2(p) 6= 0, where y again denotes a local coordinate on PE∨ in the fiber direction
with respect to γ : PE∨ → P1. Note, here, that the unramified point in the fiber γ−1(γ(p)) is determined
once the doubly-ramified point p is chosen. Thus, in this case, we work over

X2,1 := PE∨,

which can be viewed as the moduli space of tuples (P1, E, p) with p ∈ PE∨.
Similarly to Lemma 5.2, we consider an evaluation map

ev1 : (π ◦ γ)∗U →P1
PE∨/P(W)

of vector bundles on X2,1; on the fiber over (P1, E, p) ∈ X2,1, this is the map

H0(PE∨,W )→W |2p
f 7→ (f(p), fy(p))(30)

that evaluates a section of the line bundle W = γ∗ det(E∨) ⊗OPE∨(3) in a first-order neighborhood of p
contained in the vertical fiber.

Lemma 6.1. The principal parts evaluation map ev1 : (π ◦γ)∗U →P1
PE∨/P(W) of vector bundles on X2,1

is surjective.

Proof. Similarly to the proof of Lemma 5.2, the fiberwise map (30) map factors as

(31) H0(PE∨,W )→ H0(γ−1γ(p),OP1(3))→W |2p.

The first map is surjective by Lemma 5.1. Meanwhile, the second map is surjective because it sends a
degree-three polynomial on P1 to its restriction to a first-order neighborhood of p. �
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Since the principal parts evaluation map is surjective, its kernel is a vector bundle. We define V2,1 to
be the total space of the kernel:

V2,1 := ker(ev1) ⊆ U ×B X2,1.

Thinking of U as the moduli space of tuples (P1, E, f), we can describe V2,1 as the moduli space of tuples
(P1, E, p, f) such that f(p) = fy(p) = 0, i.e., p is a ramification point of V (f)→ P1.

By the discussion at the beginning of the section, there is a natural map H3,g(2, 1) → V2,1, which
realizes H3,g(2, 1) as the open substack of V2,1 where V (f) ⊆ PE∨ → P1 is a smooth, simply-branched
cover. In summary, then, we have a commutative diagram:

(32)

H3,g H3,g(2, 1)

U U ×B X2,1 V2,1

B X2,1.

open open

vector bundle

subbundle

vector bundle

An argument very similar to Lemma 5.3 shows the following.

Lemma 6.2. H3,g(2, 1) has the CKgP.

Similarly to the two relations in A∗(H3,g(1, 1, 1)) given by Lemma 5.5, the following two lemmas give
relations in A∗(H3,g(2, 1)).

Lemma 6.3. We have −ζ + a1 + (g + 2)z = 0 ∈ A∗(H3,g(2, 1)).

Proof. This relation comes from the fact that p is prohibited from being a point of triple ramification.
Inside V2,1, we already have f(p) = fy(p) = 0. It is therefore one additional condition for p to be triply
ramified, given by fy2(p) = 0. The divisor in V2,1 defined by fy2(p) = 0 is the vanishing locus of the map

V2,1 → Ω⊗2
PE∨/P ⊗W sending (P1, E, p, f) 7→ fy2(p), which is an instance of (12). This closed locus lies in

the complement of H3,g(2, 1), so its fundamental class vanishes in H3,2(2, 1). Applying Lemma 3.2 and
equation (28) to compute this fundamental class, it follows that

0 = c1(Ω⊗2
PE∨/P ⊗W) = 2(−2ζ + a1 + (g + 2)z) + (3ζ − a1 − (g + 2)z) ∈ A∗(H3,g(2, 1)). �

Lemma 6.4. We have 3ζ − a1 − (g + 4)z = 0 ∈ A∗(H3,g(2, 1)).

Proof. This relation comes from the fact that p is prohibited from being a simple node (or worse). It
is one additional condition given by fx(p) = 0 added to f(p) = fy(p) = 0 in V2,1. The divisor in V2,1

defined by fx(p) = 0 is the vanishing locus of the map V2,1 → γ∗ΩP/B ⊗W sending (P1, E, p, f) 7→ fx(p)
(well-defined by (14)). This closed locus lies in the complement of H3,g(2, 1), so its fundamental class
vanishes in H3,2(2, 1). Applying Lemma 3.2 to compute this fundamental class, it follows that

0 = c1(γ∗ΩP/B ⊗W) = (−2z) + (3ζ − a1 − (g + 2)z) ∈ A∗(H3,g(2, 1)). �

Combining these, we deduce the triviality of the Chow ring in this case.

Lemma 6.5. A∗(H3,g(2, 1)) = Q.

Proof. It suffices to show that A∗(H3,g(2, 1)) = Q. By the diagram in (32), there is a flat pullback map
on Chow rings which is surjective

(33) A∗(X2,1) ∼= A∗(V2,1)→ A∗(H3,g(2, 1)).

Thus, it suffices to show that each of the generators of A∗(X2,1) is sent to zero under this pullback map.
Note that A∗(X2,1) = A∗(PE∨) is generated as an algebra over A∗(B) by ζ and z by the projective bundle
theorem. Moreover, upon pullback to H3,g(2, 1), the classes ζ and z can be solved for in terms of a1 using

the relations in Lemma 6.3 and 6.4; specifically, we have ζ = z =
(
− 1
g+1

)
a1. Similarly to Lemma 5.6, the

fact that A∗(H3,g) is trivial implies that the pullback map A∗(B) → A∗(H3,g(2, 1)) sends all elements of
A∗(B) (including, in particular, a1) to zero, so (33) indeed sends all generators to zero. �
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7. The Chow ring of H3,g(3)

Although the initial set-up of this section is very similar to the previous one, the excision calculations
are much more intricate.

The first step is to notice that the data of a geometric point of H3,g(3) is a rank-2, degree-(g+ 2) vector
bundle E on P1 with a section f as in (15) and a point p ∈ PE∨ such that f(p) = fy(p) = fy2(p) = 0. To
capture this, we build a vector bundle over

X3 := PE∨

using a second-order principal parts bundle. Similarly to Lemmas 5.2 and 6.1, the first step is the following.

Lemma 7.1. The principal parts evaluation map ev2 : (π ◦ γ)∗U →P2
PE∨/P(W) of vector bundles on X3

is surjective.

Proof. On the fibers over (P1, E, p) ∈ X3, this is the map

H0(PE∨,W )→W |3p
f 7→ (f(p), fy(p), 1

2fy2(p))

that evaluates a section of the line bundle W = OPE∨(3)⊗ γ∗ detE∨ in a second-order neighborhood of p
contained in the vertical fiber. Similarly to the proof of Lemma 5.2, this map factors as

(34) H0(PE∨,W )→ H0(γ−1γ(p),OP1(3))→W |3p.
The first map is surjective by Lemma 5.1. Meanwhile, the second map sends a degree-3 polynomial on
P1 to its restriction to a second-order neighborhood of p. This is surjective because the value, first-, and
second-order derivatives of a cubic polynomial can simultaneously attain any three values. �

Since the principal parts evaluation defined in Lemma 7.1 is surjective, its kernel is a vector bundle.
We define

V3 := ker(ev2) ⊆ U ×B X3.

We can view V3 as the moduli space of tuples (P1, E, p, f) such that f(p) = fy(p) = fy2(p) = 0, i.e., p is a
triple ramification point of γ|V (f).

There is a natural map H′3,g(3) → V3 realizing H′3,g(3) as the open substack of V3 where γ|V (f) is a
smooth triple cover; such covers are triply-ramified at p and are allowed arbitrary ramification elsewhere.
If we impose the open condition that all other ramification points besides p are simple ramification points,
this defines the open substack H3,g(3) ⊆ H′3,g(3) ⊆ V3.

An argument similar to Lemma 5.3 shows the following.

Lemma 7.2. Both H ′
3,g(3) and H3,g(3) have the CKgP.

We denote
ζp := c1(OPE∨(1)) ∈ A1(X3).

This is the same as the class ζ introduced earlier, but we use the notation ζp here to stress the role of the
point p, as a second similar point will appear later in the computation. By the projective bundle theorem,
A∗(X3) is generated as an algebra over A∗(B) by ζp and z. Because H3,g(3) is an open substack of a vector
bundle over X3 by the discussion above, these classes also generate A∗(H3,g(3)) as an algebra over A∗(B).
Hence, A∗(H3,g(3)) is generated as a Q-algebra by a1, a

′
2, a2, c2, ζp, and z.

By [CL22, Theorem 1.1(1)], we know that A∗(H′3,g) is generated as a Q-algebra by a1 and a′2, so there
are relations onH′3,g that express a2 and c2 in terms of these generators. These relations pull back along the
forgetful map H′3,g(3)→ H′3,g (see the top arrow in the diagram (35) below), so A∗(H′3,g(3)) is generated
as a Q-algebra by ζp, z, a1 and a′2. By excision, these same classes generate A∗(H3,g(3)) as a Q-algebra.

In order to show A∗(H3,g(3)) = Q, it thus suffices to find four independent codimension-1 classes in
terms of the aforementioned generators that lie in the kernel of the surjection A∗(X3) → A∗(H3,g(3)).
Three of these are provided by the following three lemmas.

Lemma 7.3. We have (8g + 12)a1 − 9a′2 = 0 ∈ A∗(H3,g(3)).
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Proof. Let ∆3,g := U rH′3,g. It is computed in [CL22, Lemma 4.2] that

[∆3,g] = (8g + 12)a1 − 9a′2 ∈ A∗(U).

By excision, the pullback of this class to A∗(H′3,g) vanishes, and therefore its pullback to A∗(H3,g(3))
vanishes, as well. �

Lemma 7.4. We have −3ζp + 2a1 + 2(g + 2)z = 0 ∈ A∗(H3,g(3)).

Proof. This relation comes from the fact that p is prohibited from being a point at which the curve
V (f) has order of contact to the vertical ruling Lp = γ−1(γ(p)) of PE∨ at least 4, since this can only
be the case if V (f) contains Lp as a component and is therefore not smooth. Alongside the conditions
f(p) = fy(p) = fy2(p) = 0 defining V3, it is one additional condition for p to have order of contact at
least 4, given by fy3(p) = 0. The divisor in V3 defined by fy3(p) = 0 is the vanishing locus of the map

V3 → Ω⊗3
PE∨/P ⊗W sending (P1, E, p, f) 7→ fy3(p), which is an instance of (12). This closed locus lies in

the complement of H3,g(3). Thus by Lemma 3.2 and equation (28), it follows that

0 = c1(Ω⊗3
PE∨/P ⊗W) = 3(−2ζp + a1 + (g + 2)z) + (3ζp − a1 − (g + 2)z) ∈ A∗(H3,g(3)). �

Lemma 7.5. We have 3ζp − a1 − (g + 4)z = 0 ∈ A∗(H3,g(3)).

Proof. This relation comes from the fact that p is prohibited from being a singular point. Similarly to the
proof of Lemma 6.4, it is one additional condition on V3 that p be a singular point, given by fx(p) = 0,
where x again denotes a local coordinate on PE∨ in the base direction with respect to the bundle projection
γ. The divisor in V3 defined by fx(p) = 0 is the vanishing locus of the map V3 → γ∗ΩP/B ⊗W given by

sending (P1, E, p, f) 7→ fx(p), . Thus, again by Lemma 3.2 and equation (28), it follows that

0 = c1(γ∗ΩP/B ⊗W) = −2z + (3ζp − a1 − (g + 2)z) ∈ A∗(H3,g(3)). �

To find an additional relation in A∗(H3,g(3)), we consider the “triple-triple” locus

TT := H′3,g(3) rH3,g(3)

consisting of covers with a second triple ramification point aside from the marked one, whose class [TT ]
vanishes in A∗(H3,g(3)) by excision. To describe TT , we work over

X̃3 := X3 ×B PE∨ = PE∨ ×B PE∨,

which is the moduli space of tuples (P1, E, p, q) with p, q ∈ PE∨. We denote by ∆p=q the closed substack

of X̃3 defined by the condition p = q, and by ∆γ(p)=γ(q) the closed substack defined by the condition
γ(p) = γ(q).

We consider the following commutative diagram:

(35)

H′3,g H′3,g(3) S

U U ×B X3 V3 η∗pV3

B X3 X̃3.

open open

η̃◦p

open

φ

vector bundle

subbundle

vector bundle

η̃p

ρ′′

ηp

Above, ηp : X̃3 → X3 is projection onto the first factor. The two rightmost quadrilaterals are Cartesian,
so in particular,

S = η̃−1
p (H′3,g(3)),

which we can view as the moduli space of tuples (P1, E, f, p, q) such that V (f) is a smooth triple cover
with a triple ramification point at p. Below, we will define a locus Z ⊆ S that parameterizes triple covers
for which p and q are distinct and are both triple ramification points. The closure will be a codimension-3
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cycle Z ⊆ S such that (η̃◦p)∗[Z] = [TT ] ∈ A1(H′3,g(3)). Our goal is thus to compute the class of [Z] and
then this pushforward.

Let ηq : X̃3 → PE∨ be the projection onto the second factor. There are natural inclusions of η∗pV3 and
η∗qV3 into the total space

η∗p(U ×B X3) = η∗pγ
∗π∗U = η∗qγ

∗π∗U .

If we think of the above total space as parameterizing (P1, E, p, q, f), then η∗pV3 is the subspace defined
by f(p) = fy(p) = fy2(p) = 0 and η∗qV3 is the subspace defined by f(q) = fy(q) = fy2(q) = 0. We are
interested in their intersection:

(36)

ι−1
p (η∗qV3) η∗pV3

η∗qV3 η∗p(U ×B X3).

regularιp

regular

ιq

It is worth noting that both ιp and ιq are regular embeddings of codimension 3 with normal bundles
denoted by Nιp and Nιq respectively. The intersection ι−1

p (η∗qV3) parameterizes (P1, E, p, q, f) such that
f(p) = fy(p) = fy2(p) = 0 and f(q) = fy(q) = fy2(q) = 0. This intersection has multiple components, and
we are interested in understanding these components after restricting to S ⊆ η∗pV3. To this end, we define

Y := φ−1(∆γ(p)=γ(q)) ∩ ι−1
p (η∗qV3) ⊆ S,

Z := φ−1(∆c
γ(p)=γ(q)) ∩ ι

−1
p (η∗qV3) ⊆ S.

As S = φ−1(∆c
γ(p)=γ(q)) t φ

−1(∆γ(p)=γ(q)) by construction, we then have a diagram

(37)

Y t Z S

ι−1
p (η∗qV3) η∗pV3

η∗qV3 η∗p(U ×B X3),

ιp|S

ιpregular

regular

ιq

where both squares are Cartesian. As we shall see below, Y and Z are the components of the restriction
to S of the intersection ι−1

p (η∗qV3). Note that Y is already closed.

The expected codimension in S of ι−1
p (η∗qV3)∩S is 3, since S is open in η∗pV3 and intersecting η∗pV3 with

η∗qV3 imposes 3 additional constraints on η∗pV3. In Lemmas 7.6 and 7.7 below, we will show that Z has
the expected codimension, whereas the codimension of Y is smaller. From here, the excess intersection
formula will allow us to calculate the contribution of Y to the intersection, which we can subtract off to
calculate the desired class [Z].

Lemma 7.6. We have Y = φ−1(∆p=q), which has codimension 2 in S.

Proof. By definition, Y ⊆ S consists of tuples (P1, E, p, q, f) such that V (f) is a smooth curve, γ(p) = γ(q)
and

f(p) = fy(p) = fy2(p) = f(q) = fy(q) = fy2(q) = 0.

It is clear that φ−1(∆p=q) is contained in Y . Suppose for contradiction that Y is not contained in
φ−1(∆p=q). Then there exists (P1, E, p, q, f) satisfying the conditions above with p 6= q. However, this
is impossible since V (f) would then have contact order 6 with the fiber containing p and q. This would
imply that V (f) contains that vertical fiber, but this forces V (f) to be singular. �

Lemma 7.7. Z has codimension 3 in S.
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Proof. We study the projection of Z to ∆c
γ(p)=γ(q). Since S is open in η∗pV3 and η∗pV3 is codimension 3 in

η∗pγ
∗π∗U , the fibers of S → X̃3 are empty or codimension 3 in the fibers of η∗pγ

∗π∗U → X̃3. We will show
that all fibers of Z → ∆c

γ(p)=γ(q) are either empty or codimension 6 in the fibers of

η∗pγ
∗π∗U|∆c

γ(p)=γ(q)
→ ∆c

γ(p)=γ(q) ⊆ X̃3.

The fiber of Z → ∆c
γ(p)=γ(q) over a point (P1, E, p, q) is, by construction, the open subset of f in the

kernel of the evaluation map

H0(PE∨,W )→W |3p ⊕W |3q(38)

f 7→ (f(p), fy(p), 1
2fy2(p), f(q), fy(q), 1

2fy2(q))

where V (f) is smooth. Since the codomain of the above map is 6-dimensional, it suffices to show that
either the map is surjective or the kernel consists entirely of equations defining singular curves.

We treat two cases depending on the splitting type of E. Let us write E = O(m)⊕O(n) where m ≤ n
and m+ n = g + 2. Then Sym3E ⊗ detE∨ splits as

Sym3E ⊗ detE∨ = (O(3m)⊕O(2m+ n)⊕O(m+ 2n)⊕O(3n))⊗O(−m− n)(39)

= O(2m− n)⊕O(m)⊕O(n)⊕O(2n−m).

First, suppose that 2m− n ≥ 1, so that every summand of Sym3E ⊗ detE∨ has degree 1 or more. Then
we can factor the map (38) as

(40) H0(PE∨,W )→ H0(γ−1γ(p),OP1(3))⊕H0(γ−1γ(q),OP1(3))→W |3p ⊕W |3q,
and the second map is surjective. We will prove that the first map is also surjective, so that (38) is
surjective. The surjectivity of the first map in (40) comes from considering the following sequence of
sheaves on PE∨:

0→W ⊗ γ∗OP1(−2)→W →W |γ−1γ(p) ⊕W |γ−1γ(q) → 0.

As in the proof of Lemma 5.2, it suffices to see that 0 = H1(P1, (γ∗W )(−2)). Since γ∗W = Sym3E⊗detE∨

and we assume all summands of this bundle have degree ≥ 1, its twist down by 2 has no H1.
It remains to treat the case when 2m− n ≤ 0. In this case, it turns out that the map

(41) H0(PE∨,W )→ H0(γ−1γ(p),OP1(3))⊕H0(γ−1γ(q),OP1(3))

is not surjective, as we now explain. Since p and q are not in the same fiber of γ : PE∨ → P1, we can
choose a coordinate x on the base P1 in which γ(p) = 0 and γ(q) = 1.

Next, we choose relative homogeneous coordinates [Y0 : Y1] on PE∨; more precisely, we will have

Y0 ∈ H0(PE∨,OPE∨(1)⊗ γ∗OP1(−n)),

Y1 ∈ H0(PE∨,OPE∨(1)⊗ γ∗OP1(−m)).

To choose these coordinates, first note that each of the two summands in E∨ = O(−m)⊕O(−n) defines
a line in each fiber of E∨ → P1, or in other words, a section of PE∨ → P1. The section corresponding
to O(−m) is called the directrix and is distinguished in that its image is the unique curve in PE∨ of
self-intersection m− n < 0. The other section is not distinguished and depends on our choice of splitting
for E. We define the coordinate Y0 so that V (Y0) is the directrix and Y1 so that V (Y1) is the other
section corresponding to our choice of O(−n) summand. With these coordinates on PE∨, any section
f ∈ H0(PE∨,W ) can be written as

(42) f = γ∗a · Y 3
1 + γ∗b · Y 2

1 Y0 + γ∗c · Y1Y
2
0 + γ∗d · Y 3

0 ,

where a, b, c, d are sections of the summands of Sym3E⊗detE∨ as in (39), i.e. polynomials in x of degrees
2m− n,m, n, and 2n−m respectively.

Note that if 2m−n < 0, then a(x) would be identically zero, which forces V (f) to be reducible. Thus, it
suffices to consider the case 2m−n = 0. In this case, a(x) has degree 0 while b(x), c(x), d(x) have positive
degree. In terms of (42), the map (41) is given explicitly by

f 7→ (a(0)Y 3
1 + b(0)Y 2

1 Y0 + c(0)Y1Y
2
0 + d(0)Y 3

0 , a(1)Y 3
1 + b(1)Y 2

1 Y0 + c(1)Y1Y
2
0 + d(1)Y 3

0 ).
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Since a(x) is constant, it follows that the image of (41) is those pairs of degree-3 homogeneous polynomials
in Y0 and Y1 with the same coefficient of Y 3

1 . Despite the fact that (41) is not surjective, we will still prove
our original goal that either (38) is surjective or the kernel consists entirely of equations defining singular
curves.

First, suppose that one of p or q lies on the directrix of PE∨. Without loss of generality, say p lies on
the directrix, so p is the point (x, [Y0 : Y1]) = (0, [0 : 1]). In order for f to vanish at (0, [0 : 1]), we must
have a(0) = 0. But a is a section of O(2m − n) = O, which is to say a is a constant, so a is identically
0. In this case, V (f) must be singular. Thus, in this case, the kernel of (38) consists entirely of equations
defining singular curves.

Next, suppose neither p nor q lies on the directrix of PE∨, so that Y0(p) 6= 0 and Y0(q) 6= 0. Then
y = Y1/Y0 is a local coordinate on the vertical fiber that takes some values y0 at p and y1 at q. In the
coordinate (x, y) on PE∨, then, we have p = (0, y0) and q = (1, y1), whereas f ∈ H0(PE∨,W ) is given by

f(x, y) = a(x)y3 + b(x)y2 + c(x)y + d(x).

Thus, in these coordinates, the map (38) is given by

f 7→ (a(0)y3
0 + b(0)y2

0 + c(0)y0 + d(0), 3a(0)y2
0 + 2b(0)y0 + c(0), 3a(0)y0 + b(0),

a(1)y3
1 + b(1)y2

1 + c(1)y1 + d(1), 3a(1)y2
1 + 2b(1)y1 + c(1), 3a(1)y1 + b(1)).

This is surjective, because for any 6-tuple as above, a(0) = a(1) may be chosen arbitrarily, forcing the
values of b(0), b(1), c(0), c(1), d(0) and d(1). Given that b(x), c(x), and d(x) have positive degree, they
may be chosen accordingly. This confirms the surjectivity of (38) in this case and therefore completes the
proof. �

Lemma 7.8. The intersection Z ∩ Y has codimension at least 4 in S.

Proof. Since Y is disjoint from Z, we have Z ∩ Y ⊂ Z r Z. The space Z r Z has dimension strictly less
than the dimension of Z. Since Z has codimension 3, we conclude Z r Z has codimension 4 or more. �

Remark 7.9. In fact, we believe that Z ∩ Y is empty, or in other words, that Z is already closed in S.
However, all that matters for the proof is that Z ∩ Y has codimension > 3 in S.

Recall, now, that our goal is to calculate the class of Z ⊆ S, since it will satisfy

(η̃◦p)∗[Z] = [TT ] ∈ A1(H′3,g(3)),

thereby allowing us to calculate the class [TT ]. Because of the excess component Y , we must use the
excess intersection formula. By excision, calculations in A3(S) can be performed on the complement of a
locus of codimension > 3. In particular, we can work on the complement of Z ∩ Y , so we can assume Z
and Y are disjoint components of ι−1

p (η∗qV3) ∩ S ⊆ S.
Let ιY be the inclusion map from Y to S. The excess intersection formula (see Proposition 3.3) applied

to the diagram (37) reads

(ιp |S)∗(ιq)∗[η
∗
qV3] = [Z] + (ιY )∗αY .

Pushing forward along the proper map η̃◦p : S → H′3,g(3), we have

(43) (η̃◦p)∗(ιp |S)∗(ιq)∗[η
∗
qV3] = (η̃◦p)∗[Z] + (η̃◦p)∗(ιY )∗αY .

Toward calculating (η̃◦p)∗[Z], we first calculate the second term on the right-hand side of (43).

Proposition 7.10. We have (η̃◦p)∗(ιY )∗αY = ζp + a1 + gz ∈ A1(H′3,g(3)).

Proof. Let jY : Y → η∗qV3 be the restriction to Y of the composition of the left-hand vertical maps in (37).
According to Proposition 3.3, the cycle class αY is given by

αY =
{
c(j∗YNιq )c(NY/S)−1

}1 ∈ A1(Y ),
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where we write {−}k for the part of a Chow class in Ak(Y ). Since the normal bundle of the diagonal ∆p=q

in X̃3 is naturally identified with η∗pTPE∨/B ⊗O∆p=q
, we compute that

(η̃◦p)∗(ιY )∗αY = (η̃◦p ◦ ιY )∗

(
j∗Y c1(Nη∗qV3/η∗q (U×BX3))− c1(Nφ−1(∆p=q)/S)

)
= (η̃◦p ◦ ιY )∗

(
j∗Y η

∗
qc1(NV3/(U×BX3))− (φ|Y )∗c1(N∆p=q/X̃3

)
)

= (η̃◦p ◦ ιY )∗

(
j∗Y η

∗
qc1(P2

PE∨/P(W))− (φ|Y )∗c1(η∗pTPE∨/B ⊗O∆p=q
)
)

= 3ζp − (2ζp − a1 − gz) ∈ A1(H′3,g(3)),

where the last equality follows from the fact that η̃◦p ◦ιY defines an isomorphism of Y with H′3,g(3), together
with the following computations. Applying the exact sequence (11) together with the computation in
Lemma 5.5, we have

c1(P2
PE∨/P(W)) = c1(P1

PE∨/P(W)) + c1(Sym2ΩPE∨/P ⊗W)

= (2c1(W) + c1(ΩPE∨/P)) + (2c1(ΩPE∨/P) + c1(W))

= 3(c1(W) + c1(ΩPE∨/P))

= 3ζp.

Moreover, by the relative cotangent sequence 0→ TPE∨/P → TPE∨/B → γ∗TP/B → 0, we have

c1(TPE∨/B) = −c1(ΩPE∨/P)− γ∗c1(ΩP/B) = 2ζp − a1 − gz. �

Now the formula (43) can be applied to obtain the additional class (η̃◦p)∗[Z] = [TT ] on A1(H′3,g(3)) that
vanishes on A∗(H3,g(3)).

Lemma 7.11. We have −ζp − a1 + 3a′2 − gz = 0 ∈ A∗(H3,g(3)).

Proof. We will obtain this relation by using the fact that 0 = [TT ] ∈ A∗(H3,g(3)) and [TT ] = (η̃◦p)∗[Z]. In
order to compute this pushforward, we first compute the left-hand side of (43).

We denote by F the composition H′3,g(3)→ V3 → U×BX3 → X3. Recall that η∗qV3 is a subbundle of the

vector bundle η∗p(U ×B X3) over X̃3. The quotient bundle of this inclusion is η∗qP
2
PE∨/P(W). As such, the

fundamental class of η∗qV3 in η∗p(U ×BX3) is the pullback to η∗p(U ×BX3) of η∗qc3(P2
PE∨/P(W)) ∈ A3(X̃3).

We will make use of the following diagram:

(44)

B X3 H′3,g(3)

X3 X̃3 η∗p(U ×B X3) η∗pV3 S.

π◦γ F

π◦γ

ηq

ηp

v.b. ιp open

η̃◦p

Applying the push-pull formula along the outer square of (44) and using the exact sequence (11), we have

(η̃◦p)∗(ιp |S)∗(ιq)∗[η
∗
qV3]

= (η̃◦p)∗(ιp |S)∗η∗qc3(P2
PE∨/P(W))

= F ∗(π ◦ γ)∗(π ◦ γ)∗c3(P2
PE∨/P(W))

= F ∗(π ◦ γ)∗(π ◦ γ)∗c1(Ω⊗2
PE∨/P ⊗W)c2(P1

PE∨/P(W))

= F ∗(π ◦ γ)∗(π ◦ γ)∗c1(Ω⊗2
PE∨/P ⊗W)c1(ΩPE∨/P ⊗W)c1(W)

= F ∗(π ◦ γ)∗(π ◦ γ)∗ ((2(−2ζp + a1 + (g + 2)z) + 3ζp − (a1 + (g + 2)z)

· ((−2ζp + a1 + (g + 2)z) + 3ζp − (a1 + (g + 2)z))

· (3ζp − (a1 + (g + 2)z)) ) .
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Expanding this as a polynomial in ζp, we find the following:

= F ∗(π ◦ γ)∗(π ◦ γ)∗
[
−3ζ3

p + 4(a1 + (g + 2)z)ζ2
p − (a2

1 + 2(g + 2)a1z + (g + 2)2z2)ζp
]

= F ∗(π ◦ γ)∗(π ◦ γ)∗
[
−3ζ3

p + 4Aζ2
p −A2ζp

]
,

where
A :− c1(E) = a1 + (g + 2)z.

From here, setting B :− c2(E) = a2 + a′2z, and using the relation ζ2
p = Aζp − B, which follows from the

projective bundle formula in A∗(PE∨), the above chain of equalities reduces to

F ∗(π ◦ γ)∗(π ◦ γ)∗(3Bζp −AB).

Since A and B are pulled back under γ, and γ∗(1) = 0 whereas γ∗(ζp) = 1, an application of the projection
formula shows that the above equals

F ∗(π ◦ γ)∗π∗(3B) = 3F ∗(π ◦ γ)∗π∗(a2 + a′2z).

Similarly, since a2 and a′2 are pulled back under π, an analogous application of the projection formula
shows that the above equals 3a′2.

In all, then, this proves that the left-hand side of equation (43) equals 3a′2. Via (43) and Proposition
7.10, we thus obtain the following equation in A1(H′3,g(3)):

[TT ] = (η̃◦p)∗[Z] = (η̃◦p)∗(ιp |S)∗[η∗qV3]− (η̃◦p ◦ ιY )∗αY = 3a′2 − ζp − a1 − gz.
Since [TT ] vanishes on A∗(H3,g(3)) by definition, the relation in the statement of the lemma is proved. �

We now have all of the requisite ingredients to prove, at last, that the Chow ring of H3,g(3) is trivial.

Lemma 7.12. A∗(H3,g(3)) = Q.

Proof. Since the Chow rings of H3,g(3) and H3,g(3) are isomorphic, it suffices to show that A∗(H3,g(3)) =
Q. As the relations obtained in Lemma 7.3, 7.4, 7.5, and 7.11 are linearly independent in terms of
generators ζp, z, a1, and a′2 of A∗(H3,g(3)), the result follows. �

8. Conclusion

The combination of Lemmas 5.3, 5.6, 6.2, 6.5, 7.2, and 7.12 proves Theorem 1.2—that is, that all of the
degree-3 Hurwitz spaces with a single marked ramification point have trivial Chow ring and the Chow–
Künneth generation Property. Since Lemma 4.1 shows that the same is true of the degree-2 Hurwitz spaces
with a single marked ramification point, and Lemma 2.9 shows that the codimension-1 boundary strata in
H 3,g are the images of gluing maps from products of such degree-2 or degree-3 marked Hurwitz spaces,

we deduce that all of the codimension-1 boundary strata in H 3,g have trivial Chow ring. As discussed in
the introduction, when combined with excision and the fact that A2(H3,g) = 0 by the results of [CL22],

this implies that A2(H 3,g) is generated by the fundamental classes of closures of codimension-2 boundary
strata; that is, Theorem 1.1 is proved.

References

[ACV03] Dan Abramovich, Alessio Corti, and Angelo Vistoli. Twisted bundles and admissible covers. Comm. Algebra
31(2003), 3547–3618.

[BS23] Younghan Bae and Johannes Schmitt. Chow rings of stacks of prestable curves II. J. Reine Angew. Math. 800

(2023), 55–106.

[BV12] Michele Bolognesi and Angelo Vistoli. Stacks of trigonal curves. Trans. Amer. Math. Soc., 364(7):3365–3393, 2012.
[CE96] G. Casnati and T. Ekedahl. Covers of algebraic varieties. I. A general structure theorem, covers of degree 3, 4 and

Enriques surfaces. J. Algebraic Geom., 5(3):439–460, 1996.
[CL22] Samir Canning and Hannah Larson. Chow rings of low-degree Hurwitz spaces. J. Reine Angew. Math. 789 (2022),

103–152.

[CL24] Samir Canning and Hannah Larson. On the Chow and cohomology rings of moduli spaces of stable curves. J. Eur.
Math. Soc., 2024. Published online first.

[DL21] Andrea Di Lorenzo. The Chow ring of the stack of hyperelliptic curves of odd genus. Int. Math. Res. Not. 4 (2021),

2642–2681.



28 E. CLADER, Z. HU, H. LARSON, A.Q. LI, AND R. LOPEZ

[DP15] Anand Deopurkar and Anand Patel. The Picard rank conjecture for the Hurwitz spaces of degree up to five. Algebra

Number Theory 9 (2015), 459–492.
[EF09] Dan Edidin and Damiano Fulghesu. The integral Chow ring of the stack of hyperelliptic curves of even genus.

Math. Res. Lett. 16 (2009), 27–40.

[EH16] David Eisenbud and Joe Harris. “3264 and All That: A Second Course in Algebraic Geometry.” Cambridge Uni-
versity Press, Cambridge, 2016.

[EH25] Dan Edidin and Zhengning Hu. The Integral Chow Rings of the Stacks of Hyperelliptic Weierstrass Points. Michigan

Mathematical Journal, pages 1 – 23, 2025.
[Ful98] William Fulton. “Intersection Theory,” volume 2 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge.

A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of
Modern Surveys in Mathematics]. Springer-Verlag, Berlin, second edition, 1998.

[FV11] Damiano Fulghesu and Filippo Viviani. The Chow ring of the stack of cyclic covers of the projective line. Ann.

Inst. Fourier (Grenoble) 61 (2011), 2249–2275.
[HM82] Joe Harris and David Mumford. On the Kodaira dimension of the moduli space of curves. Invent. Math. 67 (1982),

23–88.

[Kee92] Sean Keel. Intersection theory of moduli space of stable n-pointed curves of genus zero. Trans. Amer. Math. Soc.
330 (1992), 545–574.

[Lan25] Alberto Landi. The integral Chow ring of the stack of pointed hyperelliptic curves. Manuscripta Math., 176(3):Paper

No. 37, 33, 2025.
[Lar23] Hannah Larson. The intersection theory of the moduli stack of vector bundles on P1. Canad. Math. Bull. 66 (2023),

359–379.

[Mir85] Rick Miranda. Triple covers in algebraic geometry. Amer. J. Math., 107(5):1123–1158, 1985.
[Moc95] Shinichi Mochizuki. The geometry of the compactification of the Hurwitz scheme. Publ. Res. Inst. Math. Sci.,

31(3):355–441, 1995.
[Mul23] Scott Mullane. The Hurwitz space Picard rank conjecture for d > g − 1. Adv. Math. 430 (2023).

[Vis89] Angelo Vistoli. Intersection theory on algebraic stacks and on their moduli spaces. Invent. Math. 97 (1989), 613–670.

Department of Mathematics, San Francisco State University, United States of America

E-mail address: eclader@sfsu.edu

Department of Mathematics, University of Arizona, United States of America

E-mail address: zhengninghu@arizona.edu

Department of Mathematics, University of California, Berkeley, United States of America

E-mail address: hlarson@berkeley.edu

Department of Mathematics, University of Texas at Austin, United States of America

E-mail address: amyqli@utexas.edu

Department of Mathematics, University of California, Berkeley, United States of America

E-mail address: roselopez@berkeley.edu


	1. Introduction
	1.1. Strategy for Theorem 1.2
	1.2. Future directions
	Plan of the paper
	Acknowledgments

	2. Background on Hurwitz spaces
	2.1. Hurwitz spaces
	2.2. Hurwitz spaces with marked ramification
	2.3. Boundary strata

	3. Tools for calculation
	3.1. Background on Chow groups
	3.2. The Chow-Künneth generation Property
	3.3. Principal parts bundles and evaluation maps

	4. Previous Results on Chow Rings of Hurwitz spaces
	4.1. Degree 2
	4.2. Degree 3

	5. The Chow ring of H3g(1,1,1)
	6. The Chow ring of H3g(2,1)
	7. The Chow ring of H3g(3)
	8. Conclusion
	References

