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ABSTRACT. We show that there are uncountably many mutually non-isomorphic
Lipschitz-free spaces over countable, complete, discrete metric spaces. Also
there is a countable, complete, discrete metric space whose free space does
not embed into the free space of any uniformly discrete metric space. This
enhanced diversity is a consequence of the fact that the dentability index D
presents a highly non-binary behavior when assigned to the free spaces of met-
ric spaces outside of the oppressive confines of compact purely 1-unrectifiable
spaces. Indeed, the cardinality of { D(F(M)) : M countable, complete, discrete}
is uncountable while { D(F(M)) : M infinite, compact, purely 1-unrectifiable} =
{w,w?}. Similar barrier is observed for uniformly discrete metric spaces as
higher values of the dentability index are excluded for their free spaces:
{D(F(M)) : M infinite, uniformly discrete} = {w?,w3}.

1. INTRODUCTION

The isomorphic theory of Lipschitz-free spaces (free spaces henceforth), roughly
speaking, tries to decide under which conditions on metric spaces M and N the
corresponding free spaces F(M) and F(N) are, resp. are not, isomorphic. The
body of knowledge in both directions is slowly growing. Let us mention [9, 22, 12,
1] which provide techniques for producing non-trivial isomorphisms between free
spaces. On the other hand the papers [14, 27, 16, 3, 2, 6, 4] point out examples of
free spaces which are not isomorphic as well as techniques permitting to disprove
the existence of isomorphism between given F(M) and F(N). Generally speaking,
such techniques are based on studying the isomorphic properties of free spaces. The
present article falls within this second category and can be considered a follow-up
work to [4]. In [4], technical results (see below) concerning the weak-fragmentability
index ® of free spaces lead to the following findings:

e there is a countable uniformly discrete metric space M such that F(M)
is not isomorphic to the free space of any compact metric space and does
not embed into the free space of any compact purely 1-unrectifiable metric
space.

e there is a purely l-unrectifiable metric space M whose free space does not
embed into the free space of any uniformly discrete metric space.

e there is no separable purely 1-unrectifiable metric space universal for the
class of countable complete metric spaces and bi-Lipschitz embeddings.

Here, using technical results (see the abstract and below) concerning the dentability
index D of free spaces, we are going to strengthen the above claims as follows:
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e there is a countable complete discrete metric space M whose free space
does not embed into the free space of any uniformly discrete metric space
(see Corollary 4.8). This answers a question asked by Eva Perneckd and
Ramén Aliaga.

e there is no separable purely l-unrectifiable metric space universal for the
class of countable complete discrete spaces and bi-Lipschitz embeddings
(see Corollary 4.7).

We now discuss the lower-level results behind the above claims. Let us recall
that it is known (see [2]) that F(M) has the Radon-Nikodym property (RNP)
if and only if it has the point of continuity property (PCP) if and only if M is
purely-1-unrectifiable (p-1-u). In this context two ordinal indices defined for a
Banach space X are highly relevant: the dentability index D(X) and the weak
fragmentability index ®(X). Each of these indices gives rise to an uncountable
number of isomorphic properties corresponding to the classes on the right-hand
side in the following well-known equalities:

{X : X is separable with the RNP} = U {X : X is separable and D(X) < o}

a<wi

and

{X : X is separable with the PCP} = U {X : X is separable and ®(X) < a},
a<wi

where w; is the first uncountable ordinal. The goal of the present paper is to study
the behavior of these two indices when applied to the free spaces over metric spaces
coming from the following natural classes of p-1-u metric spaces:

e compact/proper p-1-u metric spaces,
e separable, uniformly discrete metric spaces,
e separable, complete, discrete metric spaces.

We obtain the following results: the dentability index of F(M) is at most w?
when M is uniformly discrete (see Theorem 3.14 and Corollary 3.9), and it is at
most w? when M is a proper p-1-u metric space (see Remark 3.15). The estimate for
M uniformly discrete is based on the following inequality of independent interest:
D(X) < ®(L2(X)), see [23, Lemma 2.6]. We provide an example of a uniformly
discrete metric subspace M of L; such that D(F(M)) = w?® (Theorem 3.14). Fi-
nally, in Theorem 4.1 we show that there exist countable complete discrete metric
spaces whose free spaces have arbitrarily high dentability index.

2. PRELIMINARIES

2.1. General notation. All Banach spaces will be over the field R. Given two
Banach spaces X and Y, we denote B(X,Y’) the space of all linear bounded op-
erators from X to Y, and we write X* = B(X,R) the topological dual of X. We
denote the closed unit ball of X by By, and its unit sphere by Sx.

Given a measure space (2,3, ), a Banach space (X, | ||) and p € [1,+00), we
write LP (X, 1) the space of Bochner-measurable functions f: 0 — X such that || f||”
is integrable with respect to p1, equipped with the norm [/ f|, = (S IFIP du)l/p.

Given two metric spaces (M, dys) and (N,dy) and D € [1,+00), we say that M
bi-Lipschitz embeds into N with distortion D if there exists s € (0,400) and a map
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f+ M — N satisfying, for every z,y € M:

s-dy(z,y) <dn(f(z), f(y)) <s-D-du(z,y).

If {(M;,d;)},c; is a collection of metric spaces, we say that {M;},.; embeds with
equal distortion into N if there exists D € [1,400) such that for every i € I, there
exist a map f;: M; — N and a scaling factor s; € (0,+00) satisfying, for every
x,y € M;:

si - di(z,y) < dn(fi(@), fi(y)) < si- D - di(,y).
This is similar to but weaker than the situation when {M;}, ; equi-bi-Lipschitz

embeds into N, i.e. when there exist D € [1,400) and s € (0,+00) such that for
every ¢ € I, there exists a map f;: M; — N satisfying, for every z,y € M;:

s di(z,y) < dn(fi(z), fily)) <s-D-diz,y).

Note that if N is a Banach space, then {M;}, ; embeds with equal distortion
into N if and only if it equi-bi-Lipschitz embeds into NN if and only if there exists
D € [1,400) such that for every i € I, there exists a map f;: M; — N satisfying,
for every z,y € M;:

di(z,y) < || fi(z), fi(y)llny < D-di(z,y).

Given a,b € (0,00), we say that a subset N of a metric space (M, d) is a (a, b)-net
of M when the two following conditions are satisfied:

- N is a-separated, that is, d(z,y) > a for every x # y € N;
- N is b-dense in M, that is, for every x € M, there exists y € N such that
d(z,y) <.

We say that N is a net of M whenever there exist a,b € (0,00) such that N is a
(a,b)-net of M.

We denote by Z<% the set of all finitely supported sequences of integers. Let
now X be a Banach space equipped with a Schauder basis B = (e,)5%;, we call
integer grid of B the following subset of X:

Zp = {Zanen, (an)py € Z<w}.
n=1

We simply denote Z., the integer grid of ¢y equipped with its canonical basis. Let
us recall that Z, has the particular property to also be a (1, 1)-net of ¢y. We shall
also use Zpqqr the integer grid of the normalized Haar basis of Ly = L1 ([0, 1]).

2.2. Lipschitz-free spaces. By a pointed metric space we mean a metric space
M containing a distinguished point, denoted 0 and called basepoint or origin. If M
and N are pointed metric spaces then Lipy(M, N) stands for the set of all Lipschitz
functions f : M — N such that f(0) = 0. If N = X is a real Banach space, then
Lip,(M, X)) is a Banach space when equipped with the Lipschitz norm:

. 1/ () = f(y)llx
Vf € Lipy(M,X), | fll= sup —F———.
oM, X), [I£] S )
In the case X = R, we denote Lipy(M) := Lip,(M,R). Then, for x € M, we let
0p(x) € Lipy(M)* be the evaluation functional defined by (dp(2), f) = f(z), for
all f in Lipy(M). It is readily seen that dps : @ € M — dpr(x) € Lipyg(M)* is an
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isometry. The Lipschitz-free space over M (free space for brevity) is then defined
as the closed linear span in Lipy(M)* of all such evaluation functionals:

F(M) :=spanl'l {6ps(x) : & € M} C Lipy(M)*.

For a classical reference on free spaces, we refer the reader to [30].
Let us now recall the universal extension property of free spaces. Let X be a
Banach space and f € Lipy(M, X). Then there exists a unique f € B(F(M),X)

such that f = fody,. In other words, we have the following commutative diagram:

M—r o x

o) A
F(M)

Moreover ||?||B(]—‘(M),X) = ||fllz. Therefore, Lipy(M, X) is linearly isometric to
B(F(M),X) and, in particular, F(M)* is linearly isometric to Lipy(M). Then
the weak™* topology induced by F(M) on Lip,(M) coincides on bounded subsets of
Lipy (M) with the topology of pointwise convergence.

Another application of the universal extension property is the following factor-
ization result. Let M, N be pointed metric spaces and f : M — N a Lipschitz map
satisfying f(0) = 0. Then there exists a unique fe B(F(M),F(N)) such that
fo dn = On o f. Moreover || f|| g(z(ar),7(n)) = Lip(f). Thus, the following diagram
commutes:

N

o

It follows easily from this factorization that if a metric space M bi-Lipschitz embeds
into a metric space N, then F(M) is linearly isomorphic to a subspace of F(N).

A fundamental tool will be McShane-Whitney’s extension theorem, which allows
to extend a real valued Lipschitz map defined on a subset K of M to the whole
space M without increasing its Lipschitz constant; see e.g. [30, Theorem 1.33]. As
a first application one gets that if 0 € K C M, then F(K) is linearly isometric to
Fu(K) where:

Fu(K) :=span{dy(z) |z € K} C F(M).

This canonical identification will be used throughout this paper.

Next, for z # y € M, the molecule my , € Sr(nr) is defined by:

e Sule) =G
d(x,y)
We conclude this introduction on Lipschitz-free spaces by recalling a fundamental
decomposition result due to N. Kalton (Proposition 4.3 in [20]).
Proposition 2.1 (Kalton’s decomposition). Let (M,d) be a pointed metric space.
For k € Z, we set My, = {:r e M, d(z,0) < 2k}, Then F (M) is linearly isomorphic
to a subspace of (X ,cy ]:(Mk))el'



DIVERSITY OF LIPSCHITZ-FREE SPACES 5

2.3. Various fragmentability indices of Banach spaces. Let us describe a
general peeling scheme which is frequently used to assign some isomorphically in-
variant ordinal index to a given Banach space X. Assume that A is a collection of
open subsets of X that is stable under dilations and translations and let C' be a
subset of X. For £ > 0 we define the set derivation

[ClL=C\|J{A € A:diam(ANnC) <}
and we put

[CR:=0C, [C]eT=[CL]. and [C]f = [)[C]2

a<f

for every ordinal « and every limit ordinal 8. Further we define

La(X,e) :=inf{a: [Bx]¢ =0} and t4(X) :=supea(X,e),

e>0
adopting the convention that inf() = co and a < oo for every ordinal . It is
clear that ¢t 4(X) < oo if and only if, for every bounded subset C' of X and every
e > 0, there exists A € A such that ANC # () and diam(ANC) < e. Then, we
say that X is fragmentable by A. Then the value of ¢4(X) measures how fast or
efficiently this fragmentability operates and we call it the A-fragmentability index
of X. Naturally, if A is a class stable under linear isomorphisms, then ¢ 4(X) is an
isomorphic invariant.

We now detail the three main examples that will be considered in this paper.

(1) If we consider A to be the collection of weak open subsets of a Banach space
X, the index t4(X) is called the weak fragmentability index of X and for
C' a subset of X, we denote 02 (C) := [C]2. Then ®(X,¢) := 14(X,¢) and
D(X) :=14(X). The index ®(X) is clearly an isomorphic invariant.

(2) We call an open slice of a Banach space X a set of the form S = {x €
X, x*(x) > a}, with z* € X* and a € R. If A is the collection of open
slices of X, then 1 4(X) is called the dentability index of X and for C a
subset of X, we denote d2(C) := [C]?. Then D(X,¢e) := 1a(X,¢e) and
D(X) := 14(X). Again, the index D(X) is an isomorphic invariant and,
since open slices are weakly open, ®(X) < D(X).

(3) If X = Y™ is a dual Banach space and A is the collection of weak* open
sets of Y*, the index 14(X) is called the Szlenk indexr of Y and for C
subset of Y*, we denote s¥(C) := [C]?. Then Sz(Y,e) := 14(X,e) and
Sz(Y) := 1a(X). It is important to note that Sz(Y) is an isomorphic
invariant for Y, but not for X, which explains the notation. Since weak*
open sets in Y* are weakly open, we have that ®(X) < Sz(Y).

(4) If X = Y™ is a dual Banach space and A is the collection of weak* open
slices of Y*, the index ¢ 4(X) is called the weak* dentability index of Y and
denoted Dz(Y). Clearly D(X*) < Dz(Y) and Sz(Y) < Dz(Y).

The following elementary proposition is well known for the dentability or Szlenk
indices. We state and quickly prove it in the general setting described above.

Proposition 2.2. Let X be a Banach space. Assume that A is a collection of

open subsets of X that is stable under dilations and translations and denote [C].
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the derivation associated with A. Then for any ¢ € (0,1], any A € (0,1) and any
ordinal o:

A[Bx]¢ 4+ (1 = N\)Bx C [Bx]5..

Proof. The proof is an easy transfinite induction. Clearly, the statement is true for
a = 0 and passes to limit ordinal. So assume it is true for a and let us prove it for
a+1. Let 2 = Az + (1 — Ny, with z € [Bx]2™ and y € Bx. By the induction
hypothesis, z € [Bx]$. and we need to show that z € [Bx]|{7"'. So, let V € A
such that z € V. Then W = 1V — 352y € A and € W. Since z € [Bx]2t!,
diam(W N [Bx]Z) > €. Since A(W N [Bx|2) + (1 — Ay C V N [Bx]$,, we deduce
that diam(V N [Bx]$.) > Ae, which shows that z € [Bx]{Y" and concludes the
proof. ([

We also recall a result on the weak fragmentability index of ¢1-sums. Let (X,,)32
be a sequence of Banach spaces. We denote

<ZX”>41 = {(:cn);’f:l € ﬁxm f: lznllx, < 00}7

neN n=1

equipped with the norm ||(z,)32,]| = Yoo, llznllx,. We have the following (see
Proposition 3.9 in [4]).

Proposition 2.3. Let (X,)52, be a sequence of Banach spaces and assume that
there exists an ordinal o such that ®(X,) < « for alln € N. Then

(30, ) <o

where w is the first infinite ordinal.
We conclude with a very elementary lemma that we will use repeatedly.

Lemma 2.4. Let C be a closed convex set in a Banach space X and e > 0. Assume
that z,y € C are such that ||z — y|| > 2e. Then “H¥ € d1(C).

Proof. Let S be an open slice of X containing % Then S contains either x or y,
so its diameter is at least . It follows that ZE¥ € d1(C). O

2.4. The Radon-Nikodym and the Point of Continuity properties. We
refer the reader to the book by J. Diestel and J.J. Uhl [11] for all the necessary
background and historical references on the Radon-Nikodym Property. Let us just
recall that a Banach space X has the Radon-Nikodym Property (RNP in short)
if for every finite measure space (2, %, ) and every vector measure F : ¥ — X
that is absolutely continuous with respect to u, there exists f € Li(u,X) such
that F'(A) = [, fdu for all A € X. In this paper we shall focus on the geometric
characterization of this property in terms of the dentability of bounded subsets of
X. A bounded subset C' of a Banach space X is said to be dentable if for every
e > 0, there exists an open slice S in X such that SNC # 0 and diam(SNC) < e.
Then a Banach space X has the Radon-Nikodym Property if and only if every non
empty bounded subset of X is dentable (see Theorem V.7 in [11] for instance).
Using this characterization, the following is then easy to see.

Proposition 2.5. Let X be a separable Banach space. Then X has the RNP if
and only if D(X) < wy, where wy is the first uncountable ordinal.
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We now recall that a Banach space X has the Point of Continuity Property
(PCP in short) if for every non empty bounded closed subset C of X the identity
map from (C,w) to (C,|| ||) is continuous at some point € C (where w stands
for the weak topology on X). A Banach space X has PCP if and only if every non
empty bounded closed subset C of X is weakly fragmentable (see [29] for instance),
meaning that for every € > 0, there exists a weakly open subset V of X such that
VN C # 0 and diam(V N C) < e. The following is then classical. We refer to [4,
Proposition 2.5] for a detailed proof.

Proposition 2.6. Let X be a separable Banach space. Then X has the PCP if
and only if D(X) < wy.

We conclude this section by recalling that a dual Banach space X™* has RNP if
and only if X is an Asplund space if and only if every separable subspace of X has
a separable dual (see [11, Section II1.3] or [10]). The following will be relevant for
this work (see Theorem 1 in [25]).

Proposition 2.7. Let X be a separable Banach space. Then the following are
equivalent

(i) X* has the RNP,
(i) X* is separable,
(iii) Sz(X) < wy.

2.5. The countably branching diamond graphs. We define DY = {¢1,b1} U
{z;: 0 < i< w}. We consider the complete bipartite graph on these vertices (edges
connect every vertex in the first set to every vertex in the second set). The edge
{t1,x;} will be denoted (i, +) and the edge {b1, x;} will be denoted (i, —). We define
d; = df on DY as the shortest path metric corresponding to this graph structure,
i.e. dl(th bl) = 2.

When D has been defined we define Dy, as the graph (together with its
shortest path metric d, 1) where each edge in DY has been replaced by D¥. This

copy is called D%j’i) where (j,£) corresponds to the edge being replaced. The

“2 + w” vertices of this original DY are denoted t,11, bnt1, %, (see Figure 1).
Thus d,, (ty, b,) = 2™.

The spaces D, n € N, are countable uniformly discrete metric spaces. The

family (D¥)nen is called the family of countably branching diamond graphs. For
further details on these graphs, we refer the reader to [7].

Diamond graphs play an important role in Banach space theory. For instance,
the bi-Lipschitz embeddability of the binary diamond graphs (D?2),en (where the
first diamond D? is defined with two middle points instead of “w” middle points as

for DY) characterizes the non super-reflexivity (see [19]).
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FIGURE 1. DY and Dy, n > 2

(Drbi—h %dn—l) =

3. UNIFORMLY DISCRETE METRIC SPACES

In this section we study in details the weak-fragmentability and the dentability
index of uniformly discrete metric spaces.

3.1. Weak fragmentability index. For the convenience of the reader, we start by
proving in full detail the following folklore upper bound for the weak fragmentabil-
ity index of a uniformly discrete metric space, that was already mentioned in [4,
Remark 3.12].

Proposition 3.1. For every uniformly discrete metric space M, ®(F(M)) < w?.

If moreover M is infinite, then ®(F(M)) is either equal to w or to w?.

Proof. The part concerning infinite metric spaces follows from the first estimate
and from the the following well known facts:

e for a Banach space X, ®(X) = oo or ®(X) = w®, for some ordinal « (see
[4]),
e for a Banach space X, ®(X) > w if and only if X is infinite dimensional.
It remains to prove that ®(F(M)) < w?, when M is uniformly discrete.

So, let M be a uniformly discrete metric space. Note that a ball of M is a
bounded uniformly discrete metric space. Thus its free space is isomorphic to
£1(T"), for some index set I'. It is well known that ®(¢1(T")) < w (actually it is
equal to w as soon as T' is infinite). Then the conclusion follows from Kalton’s
decomposition (Proposition 2.1) and Proposition 2.3. O

In order to see that our upper bound is attained, the key ingredient will be to
use the countably branching diamond graphs (D%),en. The following proposition
is a direct consequence of the results from [4].
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Proposition 3.2. Let (M, d) be a metric space and assume that the family (D) pen
embeds with equal distortion into M. Then ®(F(M)) > w?.

Proof. So assume that there exists C' > 1 such that for each n € N, D bi-Lipschitz
embeds into M with distortion at most C. Then F(D%) linearly embeds into F (M)
with distortion at most C'. Proposition 3.5 in [4] ensures that o7 (Br(pe)) # 0. Tt
readily follows that a?/C(B;(M)) # () and so, using [4, Fact 2.3], 0 € a?/QC(BF(M))
for every n € N. This, together with [4, Fact 2.4] implies that ®(F(M)) > w?. O

We can now present a few examples of uniformly discrete metric spaces M such
that ®(F(M)) = w?. Let us quickly recall the definition of the ¢;-sum of pointed
metric spaces. Let (M, )nen be a sequence of pointed metric spaces and M =
{0ar} Upen(Min \ {Oas,, }). In M, all base points Oy, are identified with 057. For
x,y € My, dyr(x,y) = dar, (z,y) and for x € My, y € My, and n # m, dy(z,y) =
dar, (2,06r1,) + dar, (y,0nr,,). It is clear that if all M,,’s are a-separated for some
a > 0, then M is a-separated. Our first example is then immediate.

Proposition 3.3. Let M be the {1-sum of the D¥’s. Then M is a uniformly
discrete metric space and the weak-fragmentability index of F(M) is equal to w?.

We now concentrate on grids and nets in Banach spaces and we start with a
study of Z,, which is a universal countable uniformly discrete metric space. Let us
recall that Z., = (Z<%, || ||) is a net in ¢y and detail, for the sake of completeness,
this rather well known universality result.

Proposition 3.4. Z., is universal for countable uniformly discrete metric spaces
and bi-Lipschitz embeddings. More precisely, given a countable uniformly discrete
metric space (M,d) and & > 0, there exist f: M — Z., and s € (0,+00) such that
for every x,y € M:

s-d(z,y) < [|f(2) = fW)lloo < 5+ (2+)d(z,y).

Proof. Let 6 > 0 such that (M, d) is d-separated and fix € > 0 and A > } such that

(2 4+ ) (A= 37! < 2+e. Since (M,d) is separable, it follows from the optimal

version of Aharoni’s theorem proved in [21] that there exists h : M — ¢o such that
Yo,y € M, Ad(z,y) < [|h(z) = h(y)]oo < 20d(z,y).

Then, define g : cg — Z., by approximating each term of a sequence z € ¢y by the

closest integer. It is clear that for all z € cg, ||z — g(2)[|sx < 1, s0
V2,2 €co, 2= 2l =1 < 19(2) = 9(2)le < N2 = 2llog +1

Define now f = g o h. Since (M, d) is d-separated, we get

Veye M, (A= 3)dy) < 1)~ f0)lleo < (204 5 )dlay)

We let s = X — %. By our initial choice of A, it is obvious that f is the embedding
we were looking for. O

Proposition 3.5. The weak-fragmentability index of F(Z.,) is equal to w?.

Co

Proof. Proposition 3.4 ensures that the family (DY), cn embeds with equal distor-
tion into Z.,. Then we apply Proposition 3.2 to obtain that ®(F(Z.,)) > w?. The
other inequality follows from Proposition 3.1.
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It is proved in [7] that the family (D¥),en equi-bi-Lipschitz embeds into Li. A
reasoning similar to the proof of Proposition 3.4 yields that (D), cn embeds with
equal distortion into any net in Ly, and, by looking carefully at the proof in [7], that
it embeds with equal distortion into the integer grid of the normalized Haar basis
of L that we denote Z g qqr-- So, we can deduce the following from Proposition 3.2.

Proposition 3.6. Let N be a net in Ly. Then
®(F(N)) = ®(F(Zhaar)) = w*.

Remark 3.7. Determining what are the possible values of ®(F(M)) for M sep-
arable complete and purely l-unrectifiable and computing ®(F(M)) is a general
interesting question. The results in [4] imply that this set of possible values is un-
countable. One important subquestion is to determine, for which M we have that
®(F(M)) = w. Let us mention in this direction that it follows from results in [2]
and [8] that if M is a proper (i.e. its closed balls are compact) p-1-u metric space,
then F(M) is isometrically a dual space and its norm is asymptotically uniformly
convex for the corresponding weak* topology. In particular F (M) is asymptotically
uniformly convex and thus ®(F(M)) < w.

We do not know any example of a net in an infinite dimensional Banach space
or of an integer grid of an infinite semi-normalized Schauder basis such that the
fragmentability index of its free space is equal to w. In view of the results from [26]
and [18], the integer grid of the canonical basis of ¢; is a natural candidate.

Remark 3.8. In [20, Example 5.6], Kalton proved that F(Z,, ) is not isomorphic to
a subspace of the Johnson-Zippin space C7. His argument is based on the fact that
already the grid Z., does not bi-Lipschitz embed into any stable space, in particular
neither into Cp. Recall that Cy = (377, X»), where (X,)p%, is a sequence
of finite dimensional spaces dense, for the Banach-Mazur distance, in all finite
dimensional spaces. (The space C is known to be independent of the particular
sequence (X,) up to almost isometry.) It is clear that ®(Cy) = w by a direct
application of Proposition 2.3. Since ®(F(Z.,)) = w? we obtain a fundamentally
different proof of Kalton’s example. More importantly, if M is any net in L; or the
space Zg qar, then again F (M) is not isomorphic to a subspace of Cy by comparison
of the corresponding weak-fragmentability indices. This time, on the other hand,
M C L; which is known to be a stable space.

3.2. Dentability index. We now study the dentability index of free spaces over
uniformly discrete metric spaces and start again with a general upper bound.

Proposition 3.9. For every uniformly discrete metric space M, D(F(M)) < w3.
If moreover M is infinite then D(F(M)) is either equal to w? or to w3.

Proof. The part concerning infinite metric spaces follows from the first estimate
and from the the following well known facts:

e for a Banach space X, D(X) = co or D(X) = w®, for some ordinal « (see
[25] for instance),
e a non-trivial Banach space X is super-reflexive if and only if D(X) = w
(D(X) =1 only in trivial case X = {0}).
Indeed, if M is infinite, then it is well known and easily seen that F(M) contains
a copy of £1. Thus D(¢1) < D(F(M)). Since ¢; is not super-reflexive, D(f1) > w?.
On the other hand D(¢;) < Dz(cp) = w?. So w? = D(¢;) < D(F(M)).
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It remains to prove that D(F(M)) < w® when M is uniformly discrete, which will
be a consequence of a number of intermediate results of independent interest. [

To obtain this upper bound we draw inspiration from the proof of Theorem 2 in
[17]. Given a Banach space X, let Lo(X) be the space of all (equivalence classes) of
Bochner measurable functions f : [0,1] — X with respect to the Lebesgue measure
A on [0, 1] such that f[O,l] I £% d\ < oo, equipped with the norm

1/2
e = ([ 1rReax) ™
[0,1]

We will use the following lemma which has been proved in [23, Lemma 2.6].
Lemma 3.10. Let X be any Banach space. Then D(X) < ®(L2(X)).

In order to bound above ®(Ly(F(D(M)))) we need the following lemma, which
is an adaptation of a known technical trick (see for instance Lemma 6 in [17]).

Lemma 3.11. Let X,,, n € N, be Banach spaces. Let Z = (3, oy Xk)e, and for
any N € N let Zny = (Zszl Xi)e, with Py : Z — Zy, the canonical projection.
Let Iy : Lo(Z) — Lo(Zn) be defined by Iy (f)(t) = P, (f(t)) for every f € La(Z)
and t € [0,1].

Let e € (0,1), f € Br,(z) and N € N be such that IO f|* > 1 — 2. Then, for
every ordinal a,

f S U?E(BLQ(Z)) — HNf S U?(BLQ(ZN))-

Proof. Let us start by observing that it is routine to check that Iy f € Lo(Zn)
and so, clearly, Il is a norm one projection from Lo(Z) onto Lo(Zx). Moreover,

since ||z|| = ||Pnz|| + ||z — Pnz|| for every z € Z, we have
(1) VieLy(2), If13,2) = IMNSflIT, 2 + IIf = TN FlIZ, 2
We will prove the lemma using a transfinite induction on «. Since |[IIy|| = 1,

the statement is clearly true for o = 0. Assume it is true for every f < a. If ais a
limit ordinal, it is also true for a by taking the intersection on § < «. So assume
now that @ = f+ 1, and let f € By,(z) and N € N such that [Ty f[|* > 1 — 2.
We proceed by contraposition: assume that Il f ¢ 0&(Br,(zy)), and let us show

that f ¢ 05 (Br,(z)) = 03¢ (055(3L2(Z))). If f ¢ U?E(BLQ(Z)), we are done, so
we may assume that f € ags (BL,(z))- Then the induction hypothesis implies that
Inf € 08(Bp,(zy)), and since IIn f ¢ 08T (B, (z,)), there exists V, a weakly

open subset of Ly(Zy) containing Iy f such that diam (V N o (B, (zy))) < &. We
may assume that V is of the form

V={ge€Ly(Zn):Vie{l,...,r}, {$i,g9) > a;}

with 7 € N, o; € R and ¢; € Lo(Zy)*. Since |[Unf] > V1 —e2, we may also
assume, adding one more functional if necessary, that a; > /1 —e2. This last
assumption implies that VN (V1 —&2)By,(z,) = 0. We define the following weakly
open subset of Ly(Z):

U= {g € Lo(2):Yie {1,....r}, (i, g) > ai} — 1 (V).
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We have that g € U if and only if IIyg € V. In particular, U is a weakly open set
containing f, so f € UN 0§8(3L2(Z)) and to conclude that f ¢ agjl(BLz(Z)), it

will be enough to show that diam (U N ags(BLz(Z))) < 3e.

So let us consider g,¢’ € Uﬂagg(BLQ(Z)). Then Il g, IIxg" belong to V' and thus
are of norm greater than v/1 — 2. Since g, ¢’ are in the unit ball, it follows from
(1) that ||g — Ing| < € and ||¢’ — Hng'|| < e. Moreover, the induction hypothesis
implies that

lg—3d'll <llg —Tngll + [TMxng — Tng'|| + Tng" — ¢'ll
< 2¢ + diam (V N 02 (B, (zy))) < 3.

Therefore, diam (U N age(BLz(Z))) < 3e. This finishes the proof of this lemma. [

Proof of the fact that D(F(M)) < w® when M is uniformly discrete. Let M be uni-
formly discrete. Then Kalton’s decomposition (Proposition 2.1) implies that F (M)
is isomorphic to a subspace of Z = (>, .y F(My))e, . We will show that ®(Lo(2)) <
w? which, by Lemma 3.10, will finish the proof.

First, for N € N denote Zy = (fovzl F(My))e, . Since My, is uniformly discrete
and bounded for each k < N, we have that Zx is isomorphic to ¢1(T'), for some
index set T'. Then ¢(La(¢1(T))) < Sz(La(co(T))) (recall that the dual of La(co(T')) is
isometric to Ly (¢1(T")), because ¢o(T")* is isometric to ¢1 (T') and thus has the RNP).
Now, since the Bochner measurable functions are essentially separably valued, it
is easy to check that any separable subspace X of Lo(co(I")) is isometric to a
subspace of Lo(co(A)), for some countable subset A of I'. It has been proved in
[17] that Sz(La(cp)) = w?. Thus Sz(X) < w?. Then it follows from the separable
determination of the Szlenk index [24] that Sz(Lz2(co(T))) < w?. Put all together
we have ®(Ly(Zy)) < w? for every N € N.

Now, let ¢ € (0,1) and assume that f € By,z) is such that [|f]| > v1 —&2.
By Lebesgue’s dominated convergence theorem, there exists N € N such that
TN fll > V1 —¢2. Since ®(Lo(Zy)) < w?, we get that J;"/QS(BLQ(ZN)) = (. So,

by Lemma 3.11, f ¢ U‘E"z(BLZ(Z)). Hence, J?Q(BL,Z(Z)) C (V1 —=¢?)Bp,(z), and
an analogue of Lemma 3 in [17] (see also Proposition 3 in [25]) yields ®(Ly(Z)) <

w? - w = w3, which concludes the proof. O

‘We now proceed to show that this upper bound is optimal. We will use the same
examples as those given for the weak-fragmentability index, based on the use of the
family (D¥),en. The key general statement is the following.

Proposition 3.12. Assume that the family (D¥),en embeds with the same dis-
tortion into a metric space (M,d). Then D(F(M)) > w3.

In the proof we will need the following lemma.

Lemma 3.13. Let us assume that a metric space (My,,d), a map f: (D¥,d,) —
(M,d) and a constant A <1 satisfy

Ady(z,y) < d(f(2), f(y)) < dn(z,y)
for all x,y € D¥. Then
fto b, € d3"(Brar,))
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where
£ = 6(f(tn)) = 0(f(bn)) _ d(f(tn), f(bn))
tn,bn dn(tn; bn) M f(tn),f(bn) d, (tm bn) :

In particular, my, p, € d‘f'"(B}-(Dﬁ)).

Proof. We prove the statement by induction on n. It is clearly true for D§. So
let us assume that, for n € N, it is true for D¥_, and let us prove it for D¥. We
use the notation from Section 2.5: t,, b, are the top and bottom points of D¥ and
20 2l .. 2t .. the “middle points” of D¥. Note that d,(t,,2%) = dn(b,,x}) =

271 and d, (tn, by) = dp (2, 27) = 2", for i # j. We denote

n?’ n
1

Ui = foyay, = g O () = 8 h)))

Since t,, and z¢, are top and bottom points of a bi-Lipschitz copy of D¥_; in M,

we have by induction hypothesis that u; € df"(nfl)(B F(M,))- We will show that
forall k > 0 and all 47 < -+ < igs

1 o (n—
(2) —Zuij S dA( 1)+k(B]:(Mn)).

The proof goes by a second induction (on k). By the assumption of the first
induction (on n), it is true for k = 0. So assume it is true for k& > 0 and let us prove
it for k4 1. So let i3 < --- < i9x+1. Denote

1 2k: 1 2k+1
Uzz—kZuij and w:2—k Z Wi, -
j=1 j=2k+1

By induction hypothesis v and w belong to dj(n_lHk(B}-(Mn)) and so does %(v—i—w)
by convexity of dZ'(n_lHk(B}-(Mn)). Note that

1 1 2k 2k+1

w—v= s (Y@ = Y a(F@)):
j=1 j=2k+1

We claim that ||w — v|| > 2A. This follows from the fact that there exist ¢ €
Lipy(M,,) and a constant p € R such that ||| <1, o(f(zi)) =pfor1<j<2k
and Lp(f(xi{)) =p—242""1 for 28 +1 < j < 281 Thus (w — v,¢) = 24
and ||w — v|]| > 2A. Finally, we apply Lemma 2.4 to deduce that 3(v+ w) €
dﬁ‘(n_l)'kkﬂ(BF(Mn)). This finishes the inductive proof of (2).

Therefore we have in particular that for all k£ € N:

Qk 2k
1 1 1 i w-(n—1)+k
S5 Dt = oy (00 (1) = 5 S 8(f(@h)) € &5V (Bra,)-
j=1 j=1
By a similar argument we get:
1 1 &
5t (3 20 00 @h) = (£ Ba))) € a5 (Bra, ).
j=1

Note that ft, 5, = 5 (6(f(tn))—6(f(by))) is the midpoint of the two above elements

of dZ'("_lHk(B}-(Mn)), which is a convex set. It follows that for all k € N, f; , €
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&5 (Brag,y). Thus fi, b, € d5™(Br(a,)), which finishes the proof of the
proposition. O

Proof of Proposition 3.12. It follows from Lemma 3.13 that there exists A € (0, 1]
so that for all n € N, there exists a scaling factor s,, > 0 such that d{"™ (Br(ar,s,.4)) 7
0. But F(M, s,d) is linearly isometric to F(M,d), so d4™ (Br(a,a)) # 0. Since the
derived sets are convex and symmetric, we get that for all n € N, 0 € d4"™ (Br(ar,q))
and therefore 0 € d* (Br(ar,a))- Thus D(F(M,d)) > w?. Since the dentability in-
dex of a Banach space is always of the form w® (see [25] and references therein) we
deduce that D(F(M,d)) > w3. O

Exactly as in the previous section we deduce the following.

Theorem 3.14. Whenever M 1is one of the following uniformly discrete metric
spaces:

(1) the l1-sum of the D¥’s,

(2) a net in co (for example Ze, ),

(3) anetin Ly or Zgaar,

then the dentability index of F(M) is equal to w®.

Remark 3.15. Let us briefly make comments that are analogous to Remark 3.7.
We know from [4] that the set of possible values for D(F(M)), for M complete
separable purely 1-unrectifiable is uncountable. It is even uncountable if we restrict
ourselves to countable discrete and complete metric spaces (see next section). Again
computing D(F(M)) is an interesting problem. The first intriguing case is the class
of metric spaces M such that D(F(M)) = w?. We know that it contains the class of
proper p-1-u metric spaces. Indeed, we have already explained in Remark 3.7 that
if M is proper p-1-u, then F(M) admits a dual weak* asymptotically uniformly
convex norm. Then it follows from results in [15] that the weak*-dentablity index
and therefore the dentability index of F(M) cannot exceed w?.

We do not know whether the conditions ¢(F(M)) = w and D(F(M)) = w? are
equivalent.

4. COUNTABLE COMPLETE DISCRETE METRIC SPACES
The main purpose of this section is to prove the following.

Theorem 4.1. Let £ be a countable ordinal. Then there exists a complete discrete
metric space D¢ such D(F(D¢)) > €.

4.1. Construction of the spaces. It will be convenient to set up the following
notation.

Definition 4.2. Let M be a metric space that contains points ¢,b. Let k € N. We
will call the chain of 2% copies of M the metric space N obtained as follows. Let
ti,b; € M, fori =1,...,2" be disjoint copies of M together with their corresponding
distinguished points. Then N = Ufil Mj, in which we identify t; = b; 1 for every
i=1,...,2F — 1. We define dy(z,y) = du, (z,y) if z,y € M; and

dN(xa y) = d(x,tl) + (j —i— 1)d(t7 b) + d(ijy)

ifxe M;,ye Mjandi<j.
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For any given ¢ € [1,w1) we shall construct a family (M, )a<e of complete discrete
metric spaces such that for all o < €, di"/2(B}-(Ma)) # (). Then we will set D¢ = M.
Let us point out that an important feature of our construction is that the family
(M4y)a<e depends on €. Nevertheless, for the sake of readability, our notation does
not reflect this dependence.

So let us fix £ € (0,w). Let T be the set of limit ordinals in (0,£]. If T # (), pick

(g4)er in {2'7%, k € N} such that [[er(l—ey) > 1 and for every o < ¢ denote
Ha = H (I—ey).

2
y<a,yel'
If T =0, that is £ =n € N, we set u, = 1.

We will define (M, dqs)a<e inductively. For each o < &, we will distinguish two
special points: t, (top) and b, (bottom), so that 1 = dy(ts,bs) = diam(M,,). The
origin of the space M, will always be b,. We define My = {0,1} equipped with
the distance induced by R and let by = 0 and t; = 1. Let o < £ and assume that
(Mg, dg), together with tg and bg have been constructed for all 5 < a.

Assume first that « = § 4+ 1 < £ is a successor ordinal. Then M, is defined as
the chain of 2 copies of (Mg, %dﬁ). We call these copies Mg and Mg o and we set
bo =bs,1 and t, =tg.

Assume now that « is a limit ordinal, that is « € I". Then there exists £k € N
such that e, = 2'7%. Let (3,)22, be a sequence in (0,a) such that sup,, 3, = a.
We may as well assume that 3, is of the form ~,, + k,, for some v, < « and k,, € N
such that k,, > 2k and sup,, k, = w. Then note that Mg, is the chain of 2¥» copies
of (M,,,27%d,, ). Each one of the copies M., ; is equipped with top and bottom
points ¢, ; and b,, ;. Next we consider the following metric subspace of Mg, :

P/@n = {x € Mﬂn7 min{dﬂn (x’ tﬁn)’ dﬂn (q"’ an)} Z 2_k} U {tﬁn ) bﬁn }
The space Pg, is equipped with the metric induced by dg,, still denoted dg,. In

other words: we uniformly isolate (by 27%) the points tg, and bg, in Mg, . We can
also write

(1—27F)2kn
Pﬁn = {tﬂn ’ an} U U M'Y'nﬂ;'
i=2—F2kn 41

Finally, M, is obtained by gluing together the spaces Pg, by their top and bottom
points. So we set My = |J,,cy Ps,, With the identifications t, = tg, and b, = bg,
for all n € N. For z,y € Pg,, we set do(x,y) = dg,(x,y) and for € Pg, and
y € Pg with n # m, we set

do(x,y) = min {dg, (z,bp,) + dg,, (bs,.,y),ds, (x,t3,) + da,, (t3,,y) }.

4.2. Properties of the family (M,)a<e.
Throughout this subsection & € (0,w) is fixed.

Proposition 4.3. For every a € (0,£], M, is countable discrete and complete.

Proof. Each of these properties will be proved by transfinite induction. The count-
ability is obvious, so let us prove that for o € [0,&], M, is discrete. Clearly M is
discrete. Let a € (0,£] and assume that for all 8 < «, the space Mg is discrete.
Assume first that « = S+ 1. Since Mg is discrete, it is clear that the gluing of Mg,
and Mpgo as defined in the construction is also discrete. Assume now that a is a
limit ordinal and let us use the notation introduced in the construction of M. Let
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x € M,. If z is either ¢, or b,, then it is 27 separated from the rest of M, and
therefore isolated. Otherwise, there exists n € N such that z € Pg, \ {bg,,%3,}.
Since Mg, is discrete, z is isolated in Mpg, and therefore in Pg, \ {bg,,ts,}. It is
also 27% separated from the other points of M, and therefore isolated in M,.
Let us now justify the completeness of M,. Obviously My is complete. Let
a € (0,€] and assume that for all 8 < «, the space Mg is complete. Assume first
that « = S+ 1 and let (2;); C M, be a Cauchy sequence for d,. Then, there
exists ¢ € {1,2} and a subsequence (y;); of (x;); included in Mp,. Then (y;); is
Cauchy in Mpg; for dg; = 1dg and, since (Mg, dg) is complete, (y;); is converging in
(Mg, dg,;). Since (z;); is Cauchy and admits a converging subsequence in (M, dq),
it is converging in (M, d,). Assume now that « is a limit ordinal and let us use
again the notation introduced in the construction of M,. Let (z;); C M, be a
Cauchy sequence for d,. There exists [y € N such that for all [, m > ly, do(x;, ) <
2~ (k+1) " Thus either z; = #,, for all [ > lo, or x; = b, for all [ > [y, or there exists
n € Nsuch that for all | > Iy, 7; € {x € Mg, , min{dg, (z,tg,),ds, (z,bs,)} > 27*}.
Since, {z € Mpg,, min{dg, (z,ts,),ds, (z,5,)} > 27%} is a closed subset of the
complete metric space (Mg, ,dg, ), it follows that (z;); is converging in (M, dq).
O

Proposition 4.4. For every a < § we have my,p, € dj; (Bx,), where X, =
F (M)

In the proof we will use repeatedly the following lemma.

Lemma 4.5. Let M be a metric space that contains points t,b with the property
that myp, € d2(Br(ary) for some ordinal o and some e € (0,1]. Let | € NU {0},
5> 0 and let N = N(I) be the chain of 2" copies of (M, s-d). Denote ty =ty and
by = b1. Let W be a metric space and f: N — W an isometric embedding. Then

M), fby) € A2 (Brw))-

Proof. Since the spaces F (M, s-d) are isometrically isomorphic for different choices
of s, we might as well assume that s = 1.

The proof goes by an easy inductive argument in ! using Lemma 2.4. For | =
0 there is almost nothing to prove. Observe that both the assumption and the
conclusion are independent of the actual base point of M, resp. W. We may
therefore assume that f(0) = 0. Then F(N) is linearly isometric to F(f(N)) which
is canonically a closed linear subspace of F(W). The conclusion follows from the
standard fact that d®(By) C d%(Bx) when Y is a subspace of X. Assume now
that we have proved the claim for some [. Notice that N = N(I + 1) is a chain of
2 copies of N(1), say Pp, P,. We denote b!', I’ = bE” and tI’ the corresponding top
and bottom points. Let f: N — W be an isometric embedding. Then for i = 1,2
we have myry rpr) € dg‘“(B}-(W)) by the inductive hypothesis. Since

1
Mpag),fof) = 5 (mf(tfxf(b;’) + mf(tﬂf(b{’)) ;

Lemma 2.4 implies that every slice containing m FOP).FP) will contain one of these
molecules. We claim that ||mf(t§)’f(b5) — MRy f(b7) || = 2. This implies that

Mf(tr), f(bn) = TUFERY, F(bP) € di(deT (Brw))) C d2HH N (Braw)).
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Regarding the equality ||mf(t§),f(b5) - mf(tf),f(bf)” = 2, it is straightforward to
verify that the McShane-Whitney’s extension ¢ of the function

Fof) =0
F@#) = dp, (b7, 17)
f(t5) =0

is 1-Lipschitz and satisfies

ey, sy = e son |l = <mf(tf),f<bf> ORI 90(0)> =2

The other inequality is clear.
O

Proof of Proposition 4.4. This will again be a transfinite induction on . The claim
is trivially true for My. Let a € (0,€] and assume that the statement has been
proved for all 5 < a. Assume first that o = 5+ 1. Note that pu, = pg. Applying
Lemma 4.5 for M = Mg, e = po € (0,1], 1 =1, s =1, W = M, and f = Idy, we
get that my_ p,, € dﬁjl(BXa). This finishes the successor case.
Assume now that « is a limit ordinal and let us use one more time the notation
from the construction of M,. Let us introduce two new particular points in Pg, .
We denote ug, =t 1_2-5)2kn, Which is the closest point to tg, in Ps, \ {ts,,bs,}
and vg, = b, o-kokn 1, Which is the closest point to bg, in Pg, \ {ts,,bg, }. Note
that du(ts,,us,) = da(bs,,vs,) = 27F and du(ug,,vs,) = 1 — 217%. Also note
that Pg, \ {ts,,bp,} is a chain of 2¥=* copies of (M, ,s-v,) for s = 27%=. By
induction hypothesis, mq, 5., € dJ" (Bx., )

A direct application of Lemma 4.5 reveals that m., ., € dm:kn_k(BXa).
Recall now that dq(ts,,us,) = da(bs, ,vs,) = 27F and dg (ug, ,vs,) = 1 — 217k, It
follows that

_ ok _ ol—k —k
My b, =2 Mg s, + (1 =27 )My s, + 27 "My by, -

Thus, recalling that €, = 2'~* in the notation from the construction of M,, we
get:

Mty b, € (1=21 ) Hon=R(By V421K By = (1-e,)d)n Hen~*(Bx, )+eaBx,,.

We can now apply Proposition 2.2 and the fact that (1 —ea)p, > pa to deduce
that for all n € N,

ntkn—Fk ntkn —
Me, b, €d770N " (Bx,) © djn ™" (Bx,).

Since k,, tends to w, we have that

oo

() &y ~*(Bx,) = d2_(Bx.).

n=1

Thus my, », € d5; (Bx,)-
O

Proof of Theorem 4.1. Since all p,, > %7 Proposition 4.4 implies that di (Brme)) #
2
(). Thus D(F(M)) > &. O
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4.3. Applications. Since any family of countable ordinals that is not bounded by
a countable ordinal must be uncountable, we deduce immediately the following.

Corollary 4.6. There exists an uncountable family of complete, discrete and count-
able metric spaces whose free spaces are mutually non isomorphic.

We continue with a result on bi-Lipschitz universality for the class of complete,
discrete and countable metric spaces.

Corollary 4.7. If a complete separable metric space M is universal for the class
of complete countable discrete metric spaces and bi-Lipschitz embeddings, then M
is mot purely 1-unrectifiable.

Proof. Let M be a complete separable purely 1-unrectifiable metric space. Then, by
Theorem C in [2], F(M) has RNP and by Proposition 2.5, there exists & < w; such
that D(F(M)) = a. But, by Theorem 4.1, D(F(D¢)) > D(F(M)), for all £ > a.
Thus, for £ > «, F(D¢) does not linearly embed into F(M) and in particular, D¢ is
a complete discrete separable metric space which does not bi-Lipschitz embed into
M. O

Another consequence of this work is that the free space of a complete countable
discrete metric space can be very different from the free space of a uniformly discrete
metric space or of a proper metric space. In particular:

Corollary 4.8. There exists a complete countable discrete metric space D such that
if F(D) linearly embeds into F(M) for some metric space M, then M is neither
uniformly discrete, nor proper and p-1-u. Also if F(D) is isomorphic to F(M),
then M is not proper.

Proof. Let w3 < & < wy. It follows from Theorem 4.1 and Proposition 3.9 that
F(D¢) does not linearly embed into the free space of a uniformly discrete metric
space.

Assume that M is proper p-l-u. Then, as we mentioned in Remark 3.15,
D(F(M)) < w?. Thus, if w? < £ < wy, F(D¢) does not linearly embed into
F(M).

Assume now that M is proper and F (M) is isomorphic to F (D) for some £ < w;.
Then F(M) has RNP and, by [2], M is p-1-u. The previous argument showed that
this is impossible for w? < & < wy. (]

Remark 4.9. In [4] the families (D2)4<w, and (D%)4<y, are introduced and their
free spaces are studied. In a forthcoming paper [5], the authors study their em-
beddability into general Banach spaces. They show, among other things, that the
submetric embeddability of Dg into a Banach space X in the sense of M. Ostrovskii
[28] is equivalent to a linear property of X that can be roughly described as an ordi-
nal version of the finite tree property which characterizes the non super-reflexivity.
A similar result is also obtained for the family (D¥)q <, -

ACKNOWLEDGMENTS

We wish to thank Eva Perneckd and Ramén Aliaga for suggesting the question
that led to Corollary 4.8 and for many insightful discussions while the second and
third named authors were visiting the Czech Technical University in Fall 2024.

The three authors were partially supported by the French ANR projects No.
ANR-20-CE40-0006 and ANR-24-CE40-0892-01.



(1]
2]
(3]
(4]

[5
(6]

(7]

(8]

(9]
[10]
(11]
[12]
[13]
[14]
[15]

(16]

(17]
18]
(19]
20]
21]
22]
23]
24]
[25]
[26]

27)

DIVERSITY OF LIPSCHITZ-FREE SPACES 19

REFERENCES

F. Albiac, J. L. Ansorena, M. Ciuth and M. Doucha, Lipschitz algebras and Lipschitz-free
spaces over unbounded metric spaces, Int. Math. Res. Not. IMRN 2022, no. 20, 16327-16362.
R. J. Aliaga, C. Gartland, C. Petitjean and A. Prochézka, Purely I1-unrectifiable spaces and
locally flat Lipschitz functions, Trans. Amer. Math. Soc. 375 (2022), 3529-3567.

R. J. Aliaga, C. Nots, C. Petitjean and A. Prochdzka, Compact reduction in Lipschitz free
spaces, Studia Math. 260 (2021), 341-359.

E. Basset, On the weak-fragmentability index of some Lipschitz-free spaces, Studia Math.
283 (2025), no. 1, 81-104.

E. Basset, G. Lancien and A. Prochdzka, in preparation.

F. Baudier, C. Gartland and Th. Schlumprecht, L1 -distortion of Wasserstein metrics: a tale
of two dimensions, Trans. Amer. Math. Soc. Ser. B 10 (2023), 1077-1118.

F. Baudier, R. Causey, S. Dilworth, D. Kutzarova, N. L. Randrianarivony, Th. Schlumprecht
and S. Zhang, On the metric geometry of the countably branching diamond graphs, J. Funct.
Anal. 273 (2017), no. 10, 3150-3199.

A. Dalet, Free spaces over some proper metric spaces, Mediterr. J. Math. 12 (2015), no. 3,
973-986.

Y. Dutrieux and V. Ferenczi, The Lipschitz-free Banach spaces of C(K) spaces, Proc. Amer.
Math. Soc. 134 (2006), 1039-1044.

R. Deville, G. Godefroy and V. Zizler, “Smoothness and renormings in Banach spaces”,
Pitman Monographs and Surveys 64, Longman, 1993.

J. Diestel and J. J. Uhl, “Vector measures”, Mathematical Surveys, No. 15. American Math-
ematical Society, Providence, R.I., 1977.

D. Freeman and C. Gartland, Lipschitz functions on unions and quotients of metric spaces,
Studia Math. 273 (2023), no. 1, 29-61.

A. Godard, Tree metrics and their Lipschitz-free spaces, Proc. Amer. Math. Soc. 138 (2010),
4311-4320.

G. Godefroy and N. J. Kalton, Lipschitz-free Banach spaces, Studia Math. 159 (2003), no.
1, 121-141.

P. H4jek and G. Lancien, Various slicing indices on Banach spaces, Mediterr. J. Math. 4
(2007), no. 2, 179-190.

P. H4jek, G. Lancien and E. Perneckd, Approzimation and Schur properties for Lipschitz
free spaces over compact metric spaces, Bull. Belg. Math. Soc. Simon Stevin 23 (2016), no.
1, 63-72.

P. Héjek, G. Lancien and A. Prochédzka, Weak* dentability indezx of spaces C([0, «]), J. Math.
Anal. Appl. 353 (2009), no. 1, 239-243.

P. Hijek and E. Perneckd, On Schauder bases in Lipschitz-free spaces, J. Math. Anal. Appl.
416 (2014), no. 2, 629-646.

W. B. Johnson and G. Schechtman, Diamond graphs and super-reflexivity, J. Topol. Anal. 1
(2009), no. 2, 177-189.

N. J. Kalton, Spaces of Lipschitz and Holder functions and their applications, Collect. Math.
55 (2004), no. 2, 171-217.

N. J. Kalton and G. Lancien, Best constants for Lipschitz embeddings of metric spaces into
co, Fund. Math. 199 (2008), no. 3, 249-272.

P. L. Kaufmann, Products of Lipschitz-free spaces and applications, Studia Math. 226 (2015),
no. 3, 213-227.

G. Lancien, On uniformly convexr and uniformly Kadec-Klee renormings, Serdica Math. J.
21 (1995), no.1, 1-18.

G. Lancien, On the Szlenk index and the weak™-dentability index, Quart. J. Math. Oxford
Ser. (2) 47 (1996), no. 185, 59-71.

G. Lancien, A survey on the Szlenk index and some of its applications, RACSAM. Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 100 (2006), no. 1-2, 209-235.

G. Lancien and E. Perneckd, Approximation properties and Schauder decompositions in
Lipschitz-free spaces, J. Funct. Anal. 264 (2013), no. 10, 2323-2334.

A. Naor and G. Schechtman, Planar Earthmover is not in L1, SIAM J. Comput. 37 (2007),
no. 3, 804-826.



20 E. BASSET, G. LANCIEN, AND A. PROCHAZKA

[28] M. I. Ostrovskii, On metric characterizations of the Radon-Nikodym and related properties
of Banach spaces., J. Topol. Anal. 6 (2014), no. 3, 441-464.

[29] R. R. Phelps, “Convex Functions, Monotone Operators and Differentiability” 2nd ed., Lecture
Notes Math. Nr.1364, Springer-Verlag, 1993.

[30] N. Weaver, “Lipschitz algebras” 2nd ed., World Scientific Publishing Co., River Edge, NJ,
2018.

(E. Basset) UNIVERSITE MARIE ET Louis PAasTEUR, CNRS, LMB (UMR 6623), F-25000
BESANGON, FRANCE.
Email address: estelle.basset@univ-fcomte.fr

(G. Lancien) UNIVERSITE MARIE ET Louis PAsTEUR, CNRS, LMB (UMR 6623), F-25000
BESANGON, FRANCE.
Email address: gilles.lancien@univ-fcomte.fr

(A. Prochdzka) UNIVERSITE MARIE ET Louis PASTEUR, CNRS, LMB (UMR 6623), F-25000
BESANGON, FRANCE.
Email address: antonin.prochazka@univ-fcomte.fr



	1. Introduction
	2. Preliminaries
	2.1. General notation
	2.2. Lipschitz-free spaces
	2.3. Various fragmentability indices of Banach spaces
	2.4. The Radon-Nikodým and the Point of Continuity properties
	2.5. The countably branching diamond graphs

	3. Uniformly discrete metric spaces
	3.1. Weak fragmentability index
	3.2. Dentability index

	4. Countable complete discrete metric spaces
	4.1. Construction of the spaces
	4.2. Properties of the family
	4.3. Applications

	Acknowledgments
	References

