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Abstract. We show that there are uncountably many mutually non-isomorphic

Lipschitz-free spaces over countable, complete, discrete metric spaces. Also
there is a countable, complete, discrete metric space whose free space does

not embed into the free space of any uniformly discrete metric space. This

enhanced diversity is a consequence of the fact that the dentability index D
presents a highly non-binary behavior when assigned to the free spaces of met-

ric spaces outside of the oppressive confines of compact purely 1-unrectifiable

spaces. Indeed, the cardinality of {D(F(M)) : M countable, complete, discrete}
is uncountable while {D(F(M)) : M infinite, compact, purely 1-unrectifiable} =

{ω, ω2}. Similar barrier is observed for uniformly discrete metric spaces as

higher values of the dentability index are excluded for their free spaces:
{D(F(M)) : M infinite, uniformly discrete} =

{
ω2, ω3

}
.

1. Introduction

The isomorphic theory of Lipschitz-free spaces (free spaces henceforth), roughly
speaking, tries to decide under which conditions on metric spaces M and N the
corresponding free spaces F(M) and F(N) are, resp. are not, isomorphic. The
body of knowledge in both directions is slowly growing. Let us mention [9, 22, 12,
1] which provide techniques for producing non-trivial isomorphisms between free
spaces. On the other hand the papers [14, 27, 16, 3, 2, 6, 4] point out examples of
free spaces which are not isomorphic as well as techniques permitting to disprove
the existence of isomorphism between given F(M) and F(N). Generally speaking,
such techniques are based on studying the isomorphic properties of free spaces. The
present article falls within this second category and can be considered a follow-up
work to [4]. In [4], technical results (see below) concerning the weak-fragmentability
index Φ of free spaces lead to the following findings:

• there is a countable uniformly discrete metric space M such that F(M)
is not isomorphic to the free space of any compact metric space and does
not embed into the free space of any compact purely 1-unrectifiable metric
space.

• there is a purely 1-unrectifiable metric space M whose free space does not
embed into the free space of any uniformly discrete metric space.

• there is no separable purely 1-unrectifiable metric space universal for the
class of countable complete metric spaces and bi-Lipschitz embeddings.

Here, using technical results (see the abstract and below) concerning the dentability
index D of free spaces, we are going to strengthen the above claims as follows:
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• there is a countable complete discrete metric space M whose free space
does not embed into the free space of any uniformly discrete metric space
(see Corollary 4.8). This answers a question asked by Eva Pernecká and
Ramón Aliaga.

• there is no separable purely 1-unrectifiable metric space universal for the
class of countable complete discrete spaces and bi-Lipschitz embeddings
(see Corollary 4.7).

We now discuss the lower-level results behind the above claims. Let us recall
that it is known (see [2]) that F(M) has the Radon-Nikodým property (RNP)
if and only if it has the point of continuity property (PCP) if and only if M is
purely-1-unrectifiable (p-1-u). In this context two ordinal indices defined for a
Banach space X are highly relevant: the dentability index D(X) and the weak
fragmentability index Φ(X). Each of these indices gives rise to an uncountable
number of isomorphic properties corresponding to the classes on the right-hand
side in the following well-known equalities:

{X : X is separable with the RNP} =
⋃

α<ω1

{X : X is separable and D(X) ≤ α}

and

{X : X is separable with the PCP} =
⋃

α<ω1

{X : X is separable and Φ(X) ≤ α} ,

where ω1 is the first uncountable ordinal. The goal of the present paper is to study
the behavior of these two indices when applied to the free spaces over metric spaces
coming from the following natural classes of p-1-u metric spaces:

• compact/proper p-1-u metric spaces,
• separable, uniformly discrete metric spaces,
• separable, complete, discrete metric spaces.

We obtain the following results: the dentability index of F(M) is at most ω3

when M is uniformly discrete (see Theorem 3.14 and Corollary 3.9), and it is at
most ω2 whenM is a proper p-1-u metric space (see Remark 3.15). The estimate for
M uniformly discrete is based on the following inequality of independent interest:
D(X) ≤ Φ(L2(X)), see [23, Lemma 2.6]. We provide an example of a uniformly
discrete metric subspace M of L1 such that D(F(M)) = ω3 (Theorem 3.14). Fi-
nally, in Theorem 4.1 we show that there exist countable complete discrete metric
spaces whose free spaces have arbitrarily high dentability index.

2. Preliminaries

2.1. General notation. All Banach spaces will be over the field R. Given two
Banach spaces X and Y , we denote B(X,Y ) the space of all linear bounded op-
erators from X to Y , and we write X∗ = B(X,R) the topological dual of X. We
denote the closed unit ball of X by BX , and its unit sphere by SX .

Given a measure space (Ω,Σ, µ), a Banach space (X, ∥ ∥) and p ∈ [1,+∞), we
write Lp(X,µ) the space of Bochner-measurable functions f : Ω → X such that ∥f∥p

is integrable with respect to µ, equipped with the norm ∥f∥p :=
( ∫

Ω
∥f∥p dµ

)1/p
.

Given two metric spaces (M,dM ) and (N, dN ) and D ∈ [1,+∞), we say that M
bi-Lipschitz embeds into N with distortion D if there exists s ∈ (0,+∞) and a map
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f : M → N satisfying, for every x, y ∈ M :

s · dM (x, y) ≤ dN (f(x), f(y)) ≤ s ·D · dM (x, y).

If {(Mi, di)}i∈I is a collection of metric spaces, we say that {Mi}i∈I embeds with
equal distortion into N if there exists D ∈ [1,+∞) such that for every i ∈ I, there
exist a map fi : Mi → N and a scaling factor si ∈ (0,+∞) satisfying, for every
x, y ∈ Mi:

si · di(x, y) ≤ dN (fi(x), fi(y)) ≤ si ·D · di(x, y).
This is similar to but weaker than the situation when {Mi}i∈I equi-bi-Lipschitz
embeds into N , i.e. when there exist D ∈ [1,+∞) and s ∈ (0,+∞) such that for
every i ∈ I, there exists a map fi : Mi → N satisfying, for every x, y ∈ Mi:

s · di(x, y) ≤ dN (fi(x), fi(y)) ≤ s ·D · di(x, y).
Note that if N is a Banach space, then {Mi}i∈I embeds with equal distortion
into N if and only if it equi-bi-Lipschitz embeds into N if and only if there exists
D ∈ [1,+∞) such that for every i ∈ I, there exists a map fi : Mi → N satisfying,
for every x, y ∈ Mi:

di(x, y) ≤ ∥fi(x), fi(y)∥N ≤ D · di(x, y).
Given a, b ∈ (0,∞), we say that a subset N of a metric space (M,d) is a (a, b)-net

of M when the two following conditions are satisfied:

- N is a-separated, that is, d(x, y) ≥ a for every x ̸= y ∈ N ;
- N is b-dense in M , that is, for every x ∈ M , there exists y ∈ N such that
d(x, y) ≤ b.

We say that N is a net of M whenever there exist a, b ∈ (0,∞) such that N is a
(a, b)-net of M .

We denote by Z<ω the set of all finitely supported sequences of integers. Let
now X be a Banach space equipped with a Schauder basis B = (en)

∞
n=1, we call

integer grid of B the following subset of X:

ZB :=
{ ∞∑

n=1

anen, (an)
∞
n=1 ∈ Z<ω

}
.

We simply denote Zc0 the integer grid of c0 equipped with its canonical basis. Let
us recall that Zc0 has the particular property to also be a (1, 1)-net of c0. We shall
also use ZHaar the integer grid of the normalized Haar basis of L1 = L1([0, 1]).

2.2. Lipschitz-free spaces. By a pointed metric space we mean a metric space
M containing a distinguished point, denoted 0 and called basepoint or origin. If M
and N are pointed metric spaces then Lip0(M,N) stands for the set of all Lipschitz
functions f : M → N such that f(0) = 0. If N = X is a real Banach space, then
Lip0(M,X) is a Banach space when equipped with the Lipschitz norm:

∀f ∈ Lip0(M,X), ∥f∥L = sup
x̸=y∈M

∥f(x)− f(y)∥X
d(x, y)

.

In the case X = R, we denote Lip0(M) := Lip0(M,R). Then, for x ∈ M , we let
δM (x) ∈ Lip0(M)∗ be the evaluation functional defined by ⟨δM (x), f⟩ = f(x), for
all f in Lip0(M). It is readily seen that δM : x ∈ M 7→ δM (x) ∈ Lip0(M)∗ is an
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isometry. The Lipschitz-free space over M (free space for brevity) is then defined
as the closed linear span in Lip0(M)∗ of all such evaluation functionals:

F(M) := span∥·∥ {δM (x) : x ∈ M} ⊆ Lip0(M)∗.

For a classical reference on free spaces, we refer the reader to [30].
Let us now recall the universal extension property of free spaces. Let X be a

Banach space and f ∈ Lip0(M,X). Then there exists a unique f ∈ B(F(M), X)
such that f = f ◦ δM . In other words, we have the following commutative diagram:

M
f //

δM
��

X

F(M)
f

<<

Moreover ∥f∥B(F(M),X) = ∥f∥L. Therefore, Lip0(M,X) is linearly isometric to
B(F(M), X) and, in particular, F(M)∗ is linearly isometric to Lip0(M). Then
the weak∗ topology induced by F(M) on Lip0(M) coincides on bounded subsets of
Lip0(M) with the topology of pointwise convergence.

Another application of the universal extension property is the following factor-
ization result. Let M,N be pointed metric spaces and f : M → N a Lipschitz map

satisfying f(0) = 0. Then there exists a unique f̂ ∈ B(F(M),F(N)) such that

f̂ ◦ δM = δN ◦f . Moreover ∥f∥B(F(M),F(N)) = Lip(f). Thus, the following diagram
commutes:

M
f //

δM
��

N

δN
��

F(M)
f̂

// F(N).

It follows easily from this factorization that if a metric space M bi-Lipschitz embeds
into a metric space N , then F(M) is linearly isomorphic to a subspace of F(N).

A fundamental tool will be McShane-Whitney’s extension theorem, which allows
to extend a real valued Lipschitz map defined on a subset K of M to the whole
space M without increasing its Lipschitz constant; see e.g. [30, Theorem 1.33]. As
a first application one gets that if 0 ∈ K ⊂ M , then F(K) is linearly isometric to
FM (K) where:

FM (K) := span{δM (x) | x ∈ K} ⊆ F(M).

This canonical identification will be used throughout this paper.
Next, for x ̸= y ∈ M , the molecule mx,y ∈ SF(M) is defined by:

mx,y :=
δM (x)− δM (y)

d(x, y)
.

We conclude this introduction on Lipschitz-free spaces by recalling a fundamental
decomposition result due to N. Kalton (Proposition 4.3 in [20]).

Proposition 2.1 (Kalton’s decomposition). Let (M,d) be a pointed metric space.
For k ∈ Z, we set Mk =

{
x ∈ M, d(x, 0) ≤ 2k

}
. Then F(M) is linearly isomorphic

to a subspace of
(∑

k∈Z F(Mk)
)
ℓ1
.
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2.3. Various fragmentability indices of Banach spaces. Let us describe a
general peeling scheme which is frequently used to assign some isomorphically in-
variant ordinal index to a given Banach space X. Assume that A is a collection of
open subsets of X that is stable under dilations and translations and let C be a
subset of X. For ε > 0 we define the set derivation

[C]′ε = C \
⋃

{A ∈ A : diam(A ∩ C) < ε}

and we put

[C]0ε := C, [C]α+1
ε := [[C]αε ]

′
ε and [C]βε :=

⋂
α<β

[C]αε

for every ordinal α and every limit ordinal β. Further we define

ιA(X, ε) := inf {α : [BX ]αε = ∅} and ιA(X) := sup
ε>0

ιA(X, ε),

adopting the convention that inf ∅ = ∞ and α < ∞ for every ordinal α. It is
clear that ιA(X) < ∞ if and only if, for every bounded subset C of X and every
ε > 0, there exists A ∈ A such that A ∩ C ̸= ∅ and diam(A ∩ C) < ε. Then, we
say that X is fragmentable by A. Then the value of ιA(X) measures how fast or
efficiently this fragmentability operates and we call it the A-fragmentability index
of X. Naturally, if A is a class stable under linear isomorphisms, then ιA(X) is an
isomorphic invariant.

We now detail the three main examples that will be considered in this paper.

(1) If we consider A to be the collection of weak open subsets of a Banach space
X, the index ιA(X) is called the weak fragmentability index of X and for
C a subset of X, we denote σα

ε (C) := [C]αε . Then Φ(X, ε) := ιA(X, ε) and
Φ(X) := ιA(X). The index Φ(X) is clearly an isomorphic invariant.

(2) We call an open slice of a Banach space X a set of the form S = {x ∈
X, x∗(x) > a}, with x∗ ∈ X∗ and a ∈ R. If A is the collection of open
slices of X, then ιA(X) is called the dentability index of X and for C a
subset of X, we denote dαε (C) := [C]αε . Then D(X, ε) := ιA(X, ε) and
D(X) := ιA(X). Again, the index D(X) is an isomorphic invariant and,
since open slices are weakly open, Φ(X) ≤ D(X).

(3) If X = Y ∗ is a dual Banach space and A is the collection of weak∗ open
sets of Y ∗, the index ιA(X) is called the Szlenk index of Y and for C
subset of Y ∗, we denote sαε (C) := [C]αε . Then Sz(Y, ε) := ιA(X, ε) and
Sz(Y ) := ιA(X). It is important to note that Sz(Y ) is an isomorphic
invariant for Y , but not for X, which explains the notation. Since weak∗

open sets in Y ∗ are weakly open, we have that Φ(X) ≤ Sz(Y ).
(4) If X = Y ∗ is a dual Banach space and A is the collection of weak∗ open

slices of Y ∗, the index ιA(X) is called the weak∗ dentability index of Y and
denoted Dz(Y ). Clearly D(X∗) ≤ Dz(Y ) and Sz(Y ) ≤ Dz(Y ).

The following elementary proposition is well known for the dentability or Szlenk
indices. We state and quickly prove it in the general setting described above.

Proposition 2.2. Let X be a Banach space. Assume that A is a collection of
open subsets of X that is stable under dilations and translations and denote [C]′ε
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the derivation associated with A. Then for any ε ∈ (0, 1], any λ ∈ (0, 1) and any
ordinal α:

λ[BX ]αε + (1− λ)BX ⊂ [BX ]αλε.

Proof. The proof is an easy transfinite induction. Clearly, the statement is true for
α = 0 and passes to limit ordinal. So assume it is true for α and let us prove it for
α + 1. Let z = λx + (1 − λ)y, with x ∈ [BX ]α+1

ε and y ∈ BX . By the induction
hypothesis, z ∈ [BX ]αλε and we need to show that z ∈ [BX ]α+1

λε . So, let V ∈ A
such that z ∈ V . Then W = 1

λV − 1−λ
λ y ∈ A and x ∈ W . Since x ∈ [BX ]α+1

ε ,
diam(W ∩ [BX ]αε ) ≥ ε. Since λ(W ∩ [BX ]αε ) + (1 − λ)y ⊂ V ∩ [BX ]αλε, we deduce

that diam(V ∩ [BX ]αλε) ≥ λε, which shows that z ∈ [BX ]α+1
λε and concludes the

proof. □

We also recall a result on the weak fragmentability index of ℓ1-sums. Let (Xn)
∞
n=1

be a sequence of Banach spaces. We denote(∑
n∈N

Xn

)
ℓ1

=
{
(xn)

∞
n=1 ∈

∞∏
n=1

Xn,

∞∑
n=1

∥xn∥Xn
< ∞

}
,

equipped with the norm ∥(xn)
∞
n=1∥ =

∑∞
n=1 ∥xn∥Xn

. We have the following (see
Proposition 3.9 in [4]).

Proposition 2.3. Let (Xn)
∞
n=1 be a sequence of Banach spaces and assume that

there exists an ordinal α such that Φ(Xn) ≤ α for all n ∈ N. Then

Φ
((∑

n∈N
Xn

)
ℓ1

)
≤ α · ω,

where ω is the first infinite ordinal.

We conclude with a very elementary lemma that we will use repeatedly.

Lemma 2.4. Let C be a closed convex set in a Banach space X and ε > 0. Assume
that x, y ∈ C are such that ∥x− y∥ ≥ 2ε. Then x+y

2 ∈ d1ε(C).

Proof. Let S be an open slice of X containing x+y
2 . Then S contains either x or y,

so its diameter is at least ε. It follows that x+y
2 ∈ d1ε(C). □

2.4. The Radon-Nikodým and the Point of Continuity properties. We
refer the reader to the book by J. Diestel and J.J. Uhl [11] for all the necessary
background and historical references on the Radon-Nikodým Property. Let us just
recall that a Banach space X has the Radon-Nikodým Property (RNP in short)
if for every finite measure space (Ω,Σ, µ) and every vector measure F : Σ → X
that is absolutely continuous with respect to µ, there exists f ∈ L1(µ,X) such
that F (A) =

∫
A
f dµ for all A ∈ Σ. In this paper we shall focus on the geometric

characterization of this property in terms of the dentability of bounded subsets of
X. A bounded subset C of a Banach space X is said to be dentable if for every
ε > 0, there exists an open slice S in X such that S ∩C ̸= ∅ and diam(S ∩C) < ε.
Then a Banach space X has the Radon-Nikodým Property if and only if every non
empty bounded subset of X is dentable (see Theorem V.7 in [11] for instance).
Using this characterization, the following is then easy to see.

Proposition 2.5. Let X be a separable Banach space. Then X has the RNP if
and only if D(X) < ω1, where ω1 is the first uncountable ordinal.
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We now recall that a Banach space X has the Point of Continuity Property
(PCP in short) if for every non empty bounded closed subset C of X the identity
map from (C,w) to (C, ∥ ∥) is continuous at some point x ∈ C (where w stands
for the weak topology on X). A Banach space X has PCP if and only if every non
empty bounded closed subset C of X is weakly fragmentable (see [29] for instance),
meaning that for every ε > 0, there exists a weakly open subset V of X such that
V ∩ C ̸= ∅ and diam(V ∩ C) < ε. The following is then classical. We refer to [4,
Proposition 2.5] for a detailed proof.

Proposition 2.6. Let X be a separable Banach space. Then X has the PCP if
and only if Φ(X) < ω1.

We conclude this section by recalling that a dual Banach space X∗ has RNP if
and only if X is an Asplund space if and only if every separable subspace of X has
a separable dual (see [11, Section III.3] or [10]). The following will be relevant for
this work (see Theorem 1 in [25]).

Proposition 2.7. Let X be a separable Banach space. Then the following are
equivalent

(i) X∗ has the RNP,
(ii) X∗ is separable,
(iii) Sz(X) < ω1.

2.5. The countably branching diamond graphs. We define Dω
1 = {t1, b1} ∪

{xi : 0 ≤ i < ω}. We consider the complete bipartite graph on these vertices (edges
connect every vertex in the first set to every vertex in the second set). The edge
{t1, xi} will be denoted (i,+) and the edge {b1, xi} will be denoted (i,−). We define
d1 = dω1 on Dω

1 as the shortest path metric corresponding to this graph structure,
i.e. d1(t1, b1) = 2.

When Dω
n has been defined we define Dω

n+1 as the graph (together with its
shortest path metric dn+1) where each edge in Dω

1 has been replaced by Dω
n . This

copy is called D
(j,±)
n where (j,±) corresponds to the edge being replaced. The

“2 + ω” vertices of this original Dω
1 are denoted tn+1, bn+1, x

i
n+1 (see Figure 1).

Thus dn(tn, bn) = 2n.

The spaces Dω
n , n ∈ N, are countable uniformly discrete metric spaces. The

family (Dω
n)n∈N is called the family of countably branching diamond graphs. For

further details on these graphs, we refer the reader to [7].

Diamond graphs play an important role in Banach space theory. For instance,
the bi-Lipschitz embeddability of the binary diamond graphs (D2

n)n∈N (where the
first diamond D2

1 is defined with two middle points instead of “ω” middle points as
for Dω

1 ) characterizes the non super-reflexivity (see [19]).



8 E. BASSET, G. LANCIEN, AND A. PROCHÁZKA

Figure 1. Dω
1 and Dω
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3. Uniformly discrete metric spaces

In this section we study in details the weak-fragmentability and the dentability
index of uniformly discrete metric spaces.

3.1. Weak fragmentability index. For the convenience of the reader, we start by
proving in full detail the following folklore upper bound for the weak fragmentabil-
ity index of a uniformly discrete metric space, that was already mentioned in [4,
Remark 3.12].

Proposition 3.1. For every uniformly discrete metric space M , Φ(F(M)) ≤ ω2.
If moreover M is infinite, then Φ(F(M)) is either equal to ω or to ω2.

Proof. The part concerning infinite metric spaces follows from the first estimate
and from the the following well known facts:

• for a Banach space X, Φ(X) = ∞ or Φ(X) = ωα, for some ordinal α (see
[4]),

• for a Banach space X, Φ(X) ≥ ω if and only if X is infinite dimensional.

It remains to prove that Φ(F(M)) ≤ ω2, when M is uniformly discrete.
So, let M be a uniformly discrete metric space. Note that a ball of M is a

bounded uniformly discrete metric space. Thus its free space is isomorphic to
ℓ1(Γ), for some index set Γ. It is well known that Φ(ℓ1(Γ)) ≤ ω (actually it is
equal to ω as soon as Γ is infinite). Then the conclusion follows from Kalton’s
decomposition (Proposition 2.1) and Proposition 2.3. □

In order to see that our upper bound is attained, the key ingredient will be to
use the countably branching diamond graphs (Dω

n)n∈N. The following proposition
is a direct consequence of the results from [4].
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Proposition 3.2. Let (M,d) be a metric space and assume that the family (Dω
n)n∈N

embeds with equal distortion into M . Then Φ(F(M)) ≥ ω2.

Proof. So assume that there exists C ≥ 1 such that for each n ∈ N, Dω
n bi-Lipschitz

embeds into M with distortion at most C. Then F(Dω
n) linearly embeds into F(M)

with distortion at most C. Proposition 3.5 in [4] ensures that σn
1 (BF(Dω

n)) ̸= ∅. It
readily follows that σn

1/C(BF(M)) ̸= ∅ and so, using [4, Fact 2.3], 0 ∈ σn
1/2C(BF(M))

for every n ∈ N. This, together with [4, Fact 2.4] implies that Φ(F(M)) ≥ ω2. □

We can now present a few examples of uniformly discrete metric spaces M such
that Φ(F(M)) = ω2. Let us quickly recall the definition of the ℓ1-sum of pointed
metric spaces. Let (Mn)n∈N be a sequence of pointed metric spaces and M =
{0M}⊔n∈N(Mn \ {0Mn

}). In M , all base points 0Mn
are identified with 0M . For

x, y ∈ Mn, dM (x, y) = dMn
(x, y) and for x ∈ Mn, y ∈ Mm and n ̸= m, dM (x, y) =

dMn
(x, 0Mn

) + dMm
(y, 0Mm

). It is clear that if all Mn’s are a-separated for some
a > 0, then M is a-separated. Our first example is then immediate.

Proposition 3.3. Let M be the ℓ1-sum of the Dω
n ’s. Then M is a uniformly

discrete metric space and the weak-fragmentability index of F(M) is equal to ω2.

We now concentrate on grids and nets in Banach spaces and we start with a
study of Zc0 , which is a universal countable uniformly discrete metric space. Let us
recall that Zc0 = (Z<ω, ∥ ∥∞) is a net in c0 and detail, for the sake of completeness,
this rather well known universality result.

Proposition 3.4. Zc0 is universal for countable uniformly discrete metric spaces
and bi-Lipschitz embeddings. More precisely, given a countable uniformly discrete
metric space (M,d) and ε > 0, there exist f : M → Zc0 and s ∈ (0,+∞) such that
for every x, y ∈ M :

s · d(x, y) ≤ ∥f(x)− f(y)∥∞ ≤ s · (2 + ε)d(x, y).

Proof. Let δ > 0 such that (M,d) is δ-separated and fix ε > 0 and λ > 1
δ such that

(2λ + 1
δ )(λ − 1

δ )
−1 ≤ 2 + ε. Since (M,d) is separable, it follows from the optimal

version of Aharoni’s theorem proved in [21] that there exists h : M → c0 such that

∀x, y ∈ M, λd(x, y) ≤ ∥h(x)− h(y)∥∞ ≤ 2λd(x, y).

Then, define g : c0 → Zc0 by approximating each term of a sequence z ∈ c0 by the
closest integer. It is clear that for all z ∈ c0, ∥z − g(z)∥∞ ≤ 1

2 , so

∀z, z′ ∈ c0, ∥z − z′∥∞ − 1 ≤ ∥g(z)− g(z′)∥∞ ≤ ∥z − z′∥∞ + 1

Define now f = g ◦ h. Since (M,d) is δ-separated, we get

∀x, y ∈ M,
(
λ− 1

δ

)
d(x, y) ≤ ∥f(x)− f(y)∥∞ ≤

(
2λ+

1

δ

)
d(x, y).

We let s = λ− 1
δ . By our initial choice of λ, it is obvious that f is the embedding

we were looking for. □

Proposition 3.5. The weak-fragmentability index of F(Zc0) is equal to ω2.

Proof. Proposition 3.4 ensures that the family (Dω
n)n∈N embeds with equal distor-

tion into Zc0 . Then we apply Proposition 3.2 to obtain that Φ(F(Zc0)) ≥ ω2. The
other inequality follows from Proposition 3.1. □
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It is proved in [7] that the family (Dω
n)n∈N equi-bi-Lipschitz embeds into L1. A

reasoning similar to the proof of Proposition 3.4 yields that (Dω
n)n∈N embeds with

equal distortion into any net in L1, and, by looking carefully at the proof in [7], that
it embeds with equal distortion into the integer grid of the normalized Haar basis
of L1 that we denote ZHaar. So, we can deduce the following from Proposition 3.2.

Proposition 3.6. Let N be a net in L1. Then

Φ(F(N)) = Φ(F(ZHaar)) = ω2.

Remark 3.7. Determining what are the possible values of Φ(F(M)) for M sep-
arable complete and purely 1-unrectifiable and computing Φ(F(M)) is a general
interesting question. The results in [4] imply that this set of possible values is un-
countable. One important subquestion is to determine, for which M we have that
Φ(F(M)) = ω. Let us mention in this direction that it follows from results in [2]
and [8] that if M is a proper (i.e. its closed balls are compact) p-1-u metric space,
then F(M) is isometrically a dual space and its norm is asymptotically uniformly
convex for the corresponding weak∗ topology. In particular F(M) is asymptotically
uniformly convex and thus Φ(F(M)) ≤ ω.

We do not know any example of a net in an infinite dimensional Banach space
or of an integer grid of an infinite semi-normalized Schauder basis such that the
fragmentability index of its free space is equal to ω. In view of the results from [26]
and [18], the integer grid of the canonical basis of ℓ1 is a natural candidate.

Remark 3.8. In [20, Example 5.6], Kalton proved that F(Zc0) is not isomorphic to
a subspace of the Johnson-Zippin space C1. His argument is based on the fact that
already the grid Zc0 does not bi-Lipschitz embed into any stable space, in particular
neither into C1. Recall that C1 = (

∑∞
n=1 Xn)ℓ1 where (Xn)

∞
n=1 is a sequence

of finite dimensional spaces dense, for the Banach-Mazur distance, in all finite
dimensional spaces. (The space C1 is known to be independent of the particular
sequence (Xn) up to almost isometry.) It is clear that Φ(C1) = ω by a direct
application of Proposition 2.3. Since Φ(F(Zc0)) = ω2 we obtain a fundamentally
different proof of Kalton’s example. More importantly, if M is any net in L1 or the
space ZHaar, then again F(M) is not isomorphic to a subspace of C1 by comparison
of the corresponding weak-fragmentability indices. This time, on the other hand,
M ⊂ L1 which is known to be a stable space.

3.2. Dentability index. We now study the dentability index of free spaces over
uniformly discrete metric spaces and start again with a general upper bound.

Proposition 3.9. For every uniformly discrete metric space M , D(F(M)) ≤ ω3.
If moreover M is infinite then D(F(M)) is either equal to ω2 or to ω3.

Proof. The part concerning infinite metric spaces follows from the first estimate
and from the the following well known facts:

• for a Banach space X, D(X) = ∞ or D(X) = ωα, for some ordinal α (see
[25] for instance),

• a non-trivial Banach space X is super-reflexive if and only if D(X) = ω
(D(X) = 1 only in trivial case X = {0}).

Indeed, if M is infinite, then it is well known and easily seen that F(M) contains
a copy of ℓ1. Thus D(ℓ1) ≤ D(F(M)). Since ℓ1 is not super-reflexive, D(ℓ1) ≥ ω2.
On the other hand D(ℓ1) ≤ Dz(c0) = ω2. So ω2 = D(ℓ1) ≤ D(F(M)).
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It remains to prove thatD(F(M)) ≤ ω3 whenM is uniformly discrete, which will
be a consequence of a number of intermediate results of independent interest. □

To obtain this upper bound we draw inspiration from the proof of Theorem 2 in
[17]. Given a Banach space X, let L2(X) be the space of all (equivalence classes) of
Bochner measurable functions f : [0, 1] → X with respect to the Lebesgue measure
λ on [0, 1] such that

∫
[0,1]

∥f∥2X dλ < ∞, equipped with the norm

∥f∥L2(X) =
(∫

[0,1]

∥f∥2X dλ
)1/2

.

We will use the following lemma which has been proved in [23, Lemma 2.6].

Lemma 3.10. Let X be any Banach space. Then D(X) ≤ Φ(L2(X)).

In order to bound above Φ(L2(F(D(M)))) we need the following lemma, which
is an adaptation of a known technical trick (see for instance Lemma 6 in [17]).

Lemma 3.11. Let Xn, n ∈ N, be Banach spaces. Let Z = (
∑

k∈N Xk)ℓ1 and for

any N ∈ N let ZN = (
∑N

k=1 Xk)ℓ1 with PN : Z → ZN , the canonical projection.
Let ΠN : L2(Z) → L2(ZN ) be defined by ΠN (f)(t) = Pn(f(t)) for every f ∈ L2(Z)
and t ∈ [0, 1].

Let ε ∈ (0, 1), f ∈ BL2(Z) and N ∈ N be such that ∥ΠNf∥2 > 1− ε2. Then, for
every ordinal α,

f ∈ σα
3ε(BL2(Z)) =⇒ ΠNf ∈ σα

ε (BL2(ZN )).

Proof. Let us start by observing that it is routine to check that ΠNf ∈ L2(ZN )
and so, clearly, ΠN is a norm one projection from L2(Z) onto L2(ZN ). Moreover,
since ∥z∥ = ∥PNz∥+ ∥z − PNz∥ for every z ∈ Z, we have

(1) ∀f ∈ L2(Z), ∥f∥2L2(Z) ≥ ∥ΠNf∥2L2(Z) + ∥f −ΠNf∥2L2(Z).

We will prove the lemma using a transfinite induction on α. Since ∥ΠN∥ = 1,
the statement is clearly true for α = 0. Assume it is true for every β < α. If α is a
limit ordinal, it is also true for α by taking the intersection on β < α. So assume
now that α = β + 1, and let f ∈ BL2(Z) and N ∈ N such that ∥ΠNf∥2 > 1 − ε2.
We proceed by contraposition: assume that ΠNf /∈ σα

ε (BL2(ZN )), and let us show

that f /∈ σα
3ε(BL2(Z)) = σ3ε

(
σβ
3ε(BL2(Z))

)
. If f /∈ σβ

3ε(BL2(Z)), we are done, so

we may assume that f ∈ σβ
3ε(BL2(Z)). Then the induction hypothesis implies that

ΠNf ∈ σβ
ε (BL2(ZN )), and since ΠNf /∈ σβ+1

ε (BL2(ZN )), there exists V , a weakly

open subset of L2(ZN ) containing ΠNf such that diam
(
V ∩ σβ

ε (BL2(ZN ))
)
< ε. We

may assume that V is of the form

V = {g ∈ L2(ZN ) : ∀i ∈ {1, . . . , r}, ⟨ϕi, g⟩ > αi}
with r ∈ N, αi ∈ R and ϕi ∈ L2(ZN )∗. Since ∥ΠNf∥ >

√
1− ε2, we may also

assume, adding one more functional if necessary, that α1 >
√
1− ε2. This last

assumption implies that V ∩(
√
1− ε2)BL2(ZN ) = ∅. We define the following weakly

open subset of L2(Z):

U =
{
g ∈ L2(Z) : ∀i ∈ {1, . . . , r}, ⟨Π∗

Nϕi, g⟩ > αi

}
= Π−1

N (V ).
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We have that g ∈ U if and only if ΠNg ∈ V . In particular, U is a weakly open set

containing f , so f ∈ U ∩ σβ
3ε(BL2(Z)) and to conclude that f /∈ σβ+1

3ε (BL2(Z)), it

will be enough to show that diam
(
U ∩ σβ

3ε(BL2(Z))
)
< 3ε.

So let us consider g, g′ ∈ U∩σβ
3ε(BL2(Z)). Then ΠNg,ΠNg′ belong to V and thus

are of norm greater than
√
1− ε2. Since g, g′ are in the unit ball, it follows from

(1) that ∥g −ΠNg∥ < ε and ∥g′ −ΠNg′∥ < ε. Moreover, the induction hypothesis
implies that

∥g − g′∥ ≤ ∥g −ΠNg∥+ ∥ΠNg −ΠNg′∥+ ∥ΠNg′ − g′∥
≤ 2ε+ diam

(
V ∩ σβ

ε (BL2(ZN ))
)
< 3ε.

Therefore, diam
(
U ∩ σβ

3ε(BL2(Z))
)
< 3ε. This finishes the proof of this lemma. □

Proof of the fact that D(F(M)) ≤ ω3 when M is uniformly discrete. LetM be uni-
formly discrete. Then Kalton’s decomposition (Proposition 2.1) implies that F(M)
is isomorphic to a subspace of Z = (

∑
k∈N F(Mk))ℓ1 . We will show that Φ(L2(Z)) ≤

ω3 which, by Lemma 3.10, will finish the proof.

First, for N ∈ N denote ZN = (
∑N

k=1 F(Mk))ℓ1 . Since Mk is uniformly discrete
and bounded for each k ≤ N , we have that ZN is isomorphic to ℓ1(Γ), for some
index set Γ. Then ϕ(L2(ℓ1(Γ))) ≤ Sz(L2(c0(Γ))) (recall that the dual of L2(c0(Γ)) is
isometric to L2(ℓ1(Γ)), because c0(Γ)

∗ is isometric to ℓ1(Γ) and thus has the RNP).
Now, since the Bochner measurable functions are essentially separably valued, it
is easy to check that any separable subspace X of L2(c0(Γ)) is isometric to a
subspace of L2(c0(∆)), for some countable subset ∆ of Γ. It has been proved in
[17] that Sz(L2(c0)) = ω2. Thus Sz(X) ≤ ω2. Then it follows from the separable
determination of the Szlenk index [24] that Sz(L2(c0(Γ))) ≤ ω2. Put all together
we have Φ(L2(ZN )) ≤ ω2 for every N ∈ N.

Now, let ε ∈ (0, 1) and assume that f ∈ BL2(Z) is such that ∥f∥ >
√
1− ε2.

By Lebesgue’s dominated convergence theorem, there exists N ∈ N such that

∥ΠNf∥ >
√
1− ε2. Since Φ(L2(ZN )) ≤ ω2, we get that σω2

ε/3(BL2(ZN )) = ∅. So,

by Lemma 3.11, f /∈ σω2

ε (BL2(Z)). Hence, σω2

ε (BL2(Z)) ⊂ (
√
1− ε2)BL2(Z), and

an analogue of Lemma 3 in [17] (see also Proposition 3 in [25]) yields Φ(L2(Z)) ≤
ω2 · ω = ω3, which concludes the proof. □

We now proceed to show that this upper bound is optimal. We will use the same
examples as those given for the weak-fragmentability index, based on the use of the
family (Dω

n)n∈N. The key general statement is the following.

Proposition 3.12. Assume that the family (Dω
n)n∈N embeds with the same dis-

tortion into a metric space (M,d). Then D(F(M)) ≥ ω3.

In the proof we will need the following lemma.

Lemma 3.13. Let us assume that a metric space (Mn, d), a map f : (Dω
n , dn) →

(M,d) and a constant A ≤ 1 satisfy

Adn(x, y) ≤ d(f(x), f(y)) ≤ dn(x, y)

for all x, y ∈ Dω
n . Then

ftn,bn ∈ dω·n
A (BF(Mn)),
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where

ftn,bn =
δ(f(tn))− δ(f(bn))

dn(tn, bn)
= mf(tn),f(bn)

d(f(tn), f(bn))

dn(tn, bn)
.

In particular, mtn,bn ∈ dω·n
1 (BF(Dω

n)).

Proof. We prove the statement by induction on n. It is clearly true for Dω
0 . So

let us assume that, for n ∈ N, it is true for Dω
n−1 and let us prove it for Dω

n . We
use the notation from Section 2.5: tn, bn are the top and bottom points of Dω

n and
x0
n, x

1
n, . . . , x

i
n, . . . the “middle points” of Dω

n . Note that dn(tn, x
i
n) = dn(bn, x

i
n) =

2n−1 and dn(tn, bn) = dn(x
i
n, x

j
n) = 2n, for i ̸= j. We denote

ui = ftn,xi
n
=

1

2n−1
(δ(f(tn))− δ(f(xi

n))).

Since tn and xi
n are top and bottom points of a bi-Lipschitz copy of Dω

n−1 in Mn,

we have by induction hypothesis that ui ∈ d
ω·(n−1)
A (BF(Mn)). We will show that

for all k ≥ 0 and all i1 < · · · < i2k

(2)
1

2k

2k∑
j=1

uij ∈ d
ω·(n−1)+k
A (BF(Mn)).

The proof goes by a second induction (on k). By the assumption of the first
induction (on n), it is true for k = 0. So assume it is true for k ≥ 0 and let us prove
it for k + 1. So let i1 < · · · < i2k+1 . Denote

v =
1

2k

2k∑
j=1

uij and w =
1

2k

2k+1∑
j=2k+1

uij .

By induction hypothesis v and w belong to d
ω·(n−1)+k
A (BF(Mn)) and so does 1

2 (v+w)

by convexity of d
ω·(n−1)+k
A (BF(Mn)). Note that

w − v =
1

2n−1

1

2k

( 2k∑
j=1

δ(f(xij
n ))−

2k+1∑
j=2k+1

δ(f(xij
n ))

)
.

We claim that ∥w − v∥ ≥ 2A. This follows from the fact that there exist φ ∈
Lip0(Mn) and a constant p ∈ R such that ∥φ∥L ≤ 1, φ(f(x

ij
n )) = p for 1 ≤ j ≤ 2k

and φ(f(x
ij
n )) = p − 2A2n−1 for 2k + 1 ≤ j ≤ 2k+1. Thus ⟨w − v, φ⟩ = 2A

and ∥w − v∥ ≥ 2A. Finally, we apply Lemma 2.4 to deduce that 1
2 (v + w) ∈

d
ω·(n−1)+k+1
A (BF(Mn)). This finishes the inductive proof of (2).
Therefore we have in particular that for all k ∈ N:

1

2k

2k∑
j=1

uj =
1

2n−1

(
δ(f(tn))−

1

2k

2k∑
j=1

δ(f(xj
n))

)
∈ d

ω·(n−1)+k
A (BF(Mn)).

By a similar argument we get:

1

2n−1

( 1

2k

2k∑
j=1

δ(f(xj
n))− δ(f(bn))

)
∈ d

ω·(n−1)+k
A (BF(Mn)).

Note that ftn,bn = 1
2n (δ(f(tn))−δ(f(bn))) is the midpoint of the two above elements

of d
ω·(n−1)+k
A (BF(Mn)), which is a convex set. It follows that for all k ∈ N, ftn,bn ∈
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d
ω·(n−1)+k
A (BF(Mn)). Thus ftn,bn ∈ dω·n

A (BF(Mn)), which finishes the proof of the
proposition. □

Proof of Proposition 3.12. It follows from Lemma 3.13 that there exists A ∈ (0, 1]
so that for all n ∈ N, there exists a scaling factor sn > 0 such that dω·n

A (BF(M,snd)) ̸=
∅. But F(M, snd) is linearly isometric to F(M,d), so dω·n

A (BF(M,d)) ̸= ∅. Since the
derived sets are convex and symmetric, we get that for all n ∈ N, 0 ∈ dω·n

A (BF(M,d))

and therefore 0 ∈ dω
2

A (BF(M,d)). Thus D(F(M,d)) > ω2. Since the dentability in-
dex of a Banach space is always of the form ωα (see [25] and references therein) we
deduce that D(F(M,d)) ≥ ω3. □

Exactly as in the previous section we deduce the following.

Theorem 3.14. Whenever M is one of the following uniformly discrete metric
spaces:

(1) the ℓ1-sum of the Dω
n ’s,

(2) a net in c0 (for example Zc0),
(3) a net in L1 or ZHaar,

then the dentability index of F(M) is equal to ω3.

Remark 3.15. Let us briefly make comments that are analogous to Remark 3.7.
We know from [4] that the set of possible values for D(F(M)), for M complete
separable purely 1-unrectifiable is uncountable. It is even uncountable if we restrict
ourselves to countable discrete and complete metric spaces (see next section). Again
computing D(F(M)) is an interesting problem. The first intriguing case is the class
of metric spaces M such that D(F(M)) = ω2. We know that it contains the class of
proper p-1-u metric spaces. Indeed, we have already explained in Remark 3.7 that
if M is proper p-1-u, then F(M) admits a dual weak∗ asymptotically uniformly
convex norm. Then it follows from results in [15] that the weak∗-dentablity index
and therefore the dentability index of F(M) cannot exceed ω2.

We do not know whether the conditions ϕ(F(M)) = ω and D(F(M)) = ω2 are
equivalent.

4. Countable complete discrete metric spaces

The main purpose of this section is to prove the following.

Theorem 4.1. Let ξ be a countable ordinal. Then there exists a complete discrete
metric space Dξ such D(F(Dξ)) > ξ.

4.1. Construction of the spaces. It will be convenient to set up the following
notation.

Definition 4.2. Let M be a metric space that contains points t, b. Let k ∈ N. We
will call the chain of 2k copies of M the metric space N obtained as follows. Let
ti, bi ∈ Mi for i = 1, . . . , 2k be disjoint copies ofM together with their corresponding

distinguished points. Then N =
⋃2k

i=1 Mk in which we identify ti = bi+1 for every
i = 1, . . . , 2k − 1. We define dN (x, y) = dMi

(x, y) if x, y ∈ Mi and

dN (x, y) = d(x, ti) + (j − i− 1)d(t, b) + d(bj , y)

if x ∈ Mi, y ∈ Mj and i < j.
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For any given ξ ∈ [1, ω1) we shall construct a family (Mα)α≤ξ of complete discrete
metric spaces such that for all α ≤ ξ, dα1/2(BF(Mα)) ̸= ∅. Then we will set Dξ = Mξ.

Let us point out that an important feature of our construction is that the family
(Mα)α≤ξ depends on ξ. Nevertheless, for the sake of readability, our notation does
not reflect this dependence.

So let us fix ξ ∈ (0, ω1). Let Γ be the set of limit ordinals in (0, ξ]. If Γ ̸= ∅, pick
(εγ)γ∈Γ in {21−k, k ∈ N} such that

∏
γ∈Γ(1− εγ) ≥ 1

2 and for every α ≤ ξ denote

µα =
∏

γ≤α,γ∈Γ

(1− εγ).

If Γ = ∅, that is ξ = n ∈ N, we set µn = 1.
We will define (Mα, dα)α≤ξ inductively. For each α ≤ ξ, we will distinguish two

special points: tα (top) and bα (bottom), so that 1 = dα(tα, bα) = diam(Mα). The
origin of the space Mα will always be bα. We define M0 = {0, 1} equipped with
the distance induced by R and let b1 = 0 and t1 = 1. Let α ≤ ξ and assume that
(Mβ , dβ), together with tβ and bβ have been constructed for all β < α.

Assume first that α = β + 1 ≤ ξ is a successor ordinal. Then Mα is defined as
the chain of 2 copies of (Mβ ,

1
2dβ). We call these copies Mβ,1 and Mβ,2 and we set

bα = bβ,1 and tα = tβ,2.
Assume now that α is a limit ordinal, that is α ∈ Γ. Then there exists k ∈ N

such that εα = 21−k. Let (βn)
∞
n=1 be a sequence in (0, α) such that supn βn = α.

We may as well assume that βn is of the form γn + kn for some γn < α and kn ∈ N
such that kn > 2k and supn kn = ω. Then note that Mβn

is the chain of 2kn copies
of (Mγn

, 2−kndγn
). Each one of the copies Mγn,i is equipped with top and bottom

points tγn,i and bγn,i. Next we consider the following metric subspace of Mβn
:

Pβn = {x ∈ Mβn , min{dβn(x, tβn), dβn(x, bβn)} ≥ 2−k} ∪ {tβn , bβn}.
The space Pβn

is equipped with the metric induced by dβn
, still denoted dβn

. In
other words: we uniformly isolate (by 2−k) the points tβn

and bβn
in Mβn

. We can
also write

Pβn
= {tβn

, bβn
} ∪

(1−2−k)2kn⋃
i=2−k2kn+1

Mγn,i.

Finally, Mα is obtained by gluing together the spaces Pβn
by their top and bottom

points. So we set Mα =
⋃

n∈N Pβn
with the identifications tα = tβn

and bα = bβn

for all n ∈ N. For x, y ∈ Pβn
, we set dα(x, y) = dβn

(x, y) and for x ∈ Pβn
and

y ∈ Pβm
with n ̸= m, we set

dα(x, y) = min
{
dβn(x, bβn) + dβm(bβm , y), dβn(x, tβn) + dβm(tβm , y)

}
.

4.2. Properties of the family (Mα)α≤ξ.
Throughout this subsection ξ ∈ (0, ω1) is fixed.

Proposition 4.3. For every α ∈ (0, ξ], Mα is countable discrete and complete.

Proof. Each of these properties will be proved by transfinite induction. The count-
ability is obvious, so let us prove that for α ∈ [0, ξ], Mα is discrete. Clearly M0 is
discrete. Let α ∈ (0, ξ] and assume that for all β < α, the space Mβ is discrete.
Assume first that α = β+1. Since Mβ is discrete, it is clear that the gluing of Mβ,1

and Mβ,2 as defined in the construction is also discrete. Assume now that α is a
limit ordinal and let us use the notation introduced in the construction of Mα. Let
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x ∈ Mα. If x is either tα or bα, then it is 2−k separated from the rest of Mα and
therefore isolated. Otherwise, there exists n ∈ N such that x ∈ Pβn \ {bβn , tβn}.
Since Mβn is discrete, x is isolated in Mβn and therefore in Pβn \ {bβn , tβn}. It is
also 2−k separated from the other points of Mα and therefore isolated in Mα.

Let us now justify the completeness of Mα. Obviously M0 is complete. Let
α ∈ (0, ξ] and assume that for all β < α, the space Mβ is complete. Assume first
that α = β + 1 and let (xl)l ⊂ Mα be a Cauchy sequence for dα. Then, there
exists i ∈ {1, 2} and a subsequence (yl)l of (xl)l included in Mβ,i. Then (yl)l is
Cauchy in Mβ,i for dβ,i =

1
2dβ and, since (Mβ , dβ) is complete, (yl)l is converging in

(Mβ,i, dβ,i). Since (xl)l is Cauchy and admits a converging subsequence in (Mα, dα),
it is converging in (Mα, dα). Assume now that α is a limit ordinal and let us use
again the notation introduced in the construction of Mα. Let (xl)l ⊂ Mα be a
Cauchy sequence for dα. There exists l0 ∈ N such that for all l,m ≥ l0, dα(xl, xm) <
2−(k+1). Thus either xl = tα for all l ≥ l0, or xl = bα for all l ≥ l0, or there exists
n ∈ N such that for all l ≥ l0, xl ∈ {x ∈ Mβn

, min{dβn
(x, tβn

), dβn
(x, bβn

)} ≥ 2−k}.
Since, {x ∈ Mβn

, min{dβn
(x, tβn

), dβn
(x,βn

)} ≥ 2−k} is a closed subset of the
complete metric space (Mβn , dβn), it follows that (xl)l is converging in (Mα, dα).

□

Proposition 4.4. For every α ≤ ξ we have mtα,bα ∈ dαµα
(BXα), where Xα =

F(Mα).

In the proof we will use repeatedly the following lemma.

Lemma 4.5. Let M be a metric space that contains points t, b with the property
that mt,b ∈ dαε (BF(M)) for some ordinal α and some ε ∈ (0, 1]. Let l ∈ N ∪ {0},
s > 0 and let N = N(l) be the chain of 2l copies of (M, s · d). Denote tN = t2l and
bN = b1. Let W be a metric space and f : N → W an isometric embedding. Then
mf(tN ),f(bN ) ∈ dα+l

ε (BF(W )).

Proof. Since the spaces F(M, s ·d) are isometrically isomorphic for different choices
of s, we might as well assume that s = 1.

The proof goes by an easy inductive argument in l using Lemma 2.4. For l =
0 there is almost nothing to prove. Observe that both the assumption and the
conclusion are independent of the actual base point of M , resp. W . We may
therefore assume that f(0) = 0. Then F(N) is linearly isometric to F(f(N)) which
is canonically a closed linear subspace of F(W ). The conclusion follows from the
standard fact that dαε (BY ) ⊂ dαε (BX) when Y is a subspace of X. Assume now
that we have proved the claim for some l. Notice that N = N(l + 1) is a chain of
2 copies of N(l), say P1, P2. We denote bP1 , t

P
1 = bP2 and tP2 the corresponding top

and bottom points. Let f : N → W be an isometric embedding. Then for i = 1, 2
we have mf(tPi ),f(bPi ) ∈ dα+l

ε (BF(W )) by the inductive hypothesis. Since

mf(tP2 ),f(bP1 ) =
1

2

(
mf(tP2 ),f(bP2 ) +mf(tP1 ),f(bP1 )

)
,

Lemma 2.4 implies that every slice containing mf(tP2 ),f(bP1 ) will contain one of these

molecules. We claim that
∥∥mf(tP2 ),f(bP2 ) −mf(tP1 ),f(bP1 )

∥∥ = 2. This implies that

mf(tN ),f(bN ) = mf(tP2 ),f(bP1 ) ∈ d11(d
α+l
ε (BF(W ))) ⊂ dα+l+1

ε (BF(W )).
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Regarding the equality
∥∥mf(tP2 ),f(bP2 ) − mf(tP1 ),f(bP1 )

∥∥ = 2, it is straightforward to

verify that the McShane-Whitney’s extension φ of the function
f(bP1 ) 7→ 0

f(tP1 ) 7→ dP1(b
P
1 , t

p
1)

f(tP2 ) 7→ 0

is 1-Lipschitz and satisfies

∥mf(tP1 ),f(bP1 ) −mf(tP2 ),f(bP2 )

∥∥ ≥
〈
mf(tP1 ),f(bP1 ) −mf(tP2 ),f(bP2 ), φ− φ(0)

〉
= 2.

The other inequality is clear.
□

Proof of Proposition 4.4. This will again be a transfinite induction on α. The claim
is trivially true for M0. Let α ∈ (0, ξ] and assume that the statement has been
proved for all β < α. Assume first that α = β + 1. Note that µα = µβ . Applying
Lemma 4.5 for M = Mβ , ε = µα ∈ (0, 1], l = 1, s = 1

2 , W = Mα and f = IdMα
we

get that mtα,bα ∈ dβ+1
µα

(BXα
). This finishes the successor case.

Assume now that α is a limit ordinal and let us use one more time the notation
from the construction of Mα. Let us introduce two new particular points in Pβn

.
We denote uβn = tγn,(1−2−k)2kn , which is the closest point to tβn in Pβn \{tβn , bβn}
and vβn = bγn,2−k2kn+1, which is the closest point to bβn in Pβn \ {tβn , bβn}. Note

that dα(tβn
, uβn

) = dα(bβn
, vβn

) = 2−k and dα(uβn
, vβn

) = 1 − 21−k. Also note
that Pβn

\ {tβn
, bβn

} is a chain of 2kn−k copies of (Mγn
, s · γn) for s = 2−kn . By

induction hypothesis, mtγn ,bγn ∈ dγn
µγn

(BXγn
).

A direct application of Lemma 4.5 reveals that muβn ,vβn
∈ dγn+kn−k

µγn
(BXα).

Recall now that dα(tβn , uβn) = dα(bβn , vβn) = 2−k and dα(uβn , vβn) = 1− 21−k. It
follows that

mtβn ,bβn
= 2−kmtβn ,uβn

+ (1− 21−k)muβn ,vβn
+ 2−kmvβn ,bβn

.

Thus, recalling that εα = 21−k in the notation from the construction of Mα, we
get:

mtβn ,bβn
∈ (1−21−k)dγn+kn−k

µγn
(BXα

)+21−kBXα
= (1−εα)d

γn+kn−k
µγn

(BXα
)+εαBXα

.

We can now apply Proposition 2.2 and the fact that (1 − εα)µγn
≥ µα to deduce

that for all n ∈ N,

mtα,bα ∈ dγn+kn−k
(1−εα)µγn

(BXα
) ⊂ dγn+kn−k

µα
(BXα

).

Since kn tends to ω, we have that

∞⋂
n=1

dγn+kn−k
µα

(BXα
) = dαµα

(BXα
).

Thus mtα,bα ∈ dαµα
(BXα

).
□

Proof of Theorem 4.1. Since all µα ≥ 1
2 , Proposition 4.4 implies that dξ1

2

(BF(Mξ)) ̸=
∅. Thus D(F(Mξ)) > ξ. □
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4.3. Applications. Since any family of countable ordinals that is not bounded by
a countable ordinal must be uncountable, we deduce immediately the following.

Corollary 4.6. There exists an uncountable family of complete, discrete and count-
able metric spaces whose free spaces are mutually non isomorphic.

We continue with a result on bi-Lipschitz universality for the class of complete,
discrete and countable metric spaces.

Corollary 4.7. If a complete separable metric space M is universal for the class
of complete countable discrete metric spaces and bi-Lipschitz embeddings, then M
is not purely 1-unrectifiable.

Proof. LetM be a complete separable purely 1-unrectifiable metric space. Then, by
Theorem C in [2], F(M) has RNP and by Proposition 2.5, there exists α < ω1 such
that D(F(M)) = α. But, by Theorem 4.1, D(F(Dξ)) > D(F(M)), for all ξ > α.
Thus, for ξ > α, F(Dξ) does not linearly embed into F(M) and in particular, Dξ is
a complete discrete separable metric space which does not bi-Lipschitz embed into
M . □

Another consequence of this work is that the free space of a complete countable
discrete metric space can be very different from the free space of a uniformly discrete
metric space or of a proper metric space. In particular:

Corollary 4.8. There exists a complete countable discrete metric space D such that
if F(D) linearly embeds into F(M) for some metric space M , then M is neither
uniformly discrete, nor proper and p-1-u. Also if F(D) is isomorphic to F(M),
then M is not proper.

Proof. Let ω3 < ξ < ω1. It follows from Theorem 4.1 and Proposition 3.9 that
F(Dξ) does not linearly embed into the free space of a uniformly discrete metric
space.

Assume that M is proper p-1-u. Then, as we mentioned in Remark 3.15,
D(F(M)) ≤ ω2. Thus, if ω2 < ξ < ω1, F(Dξ) does not linearly embed into
F(M).

Assume now thatM is proper and F(M) is isomorphic to F(Dξ) for some ξ < ω1.
Then F(M) has RNP and, by [2], M is p-1-u. The previous argument showed that
this is impossible for ω2 < ξ < ω1. □

Remark 4.9. In [4] the families (D2
α)α<ω1

and (Dω
α)α<ω1

are introduced and their
free spaces are studied. In a forthcoming paper [5], the authors study their em-
beddability into general Banach spaces. They show, among other things, that the
submetric embeddability of Dα

2 into a Banach space X in the sense of M. Ostrovskii
[28] is equivalent to a linear property of X that can be roughly described as an ordi-
nal version of the finite tree property which characterizes the non super-reflexivity.
A similar result is also obtained for the family (Dω

α)α<ω1
.
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