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Abstract

We give a new numerical criterion in the spirit of GIT for existence
of solutions to inverse Hessian equations, including in particular the J-
equation. Our criterion is formulated in terms of stability of pairs in the
sense of Paul. To that end, we build on previous work of the author
with Dervan, and generalise a result of Zhang, proving isometry between
generalised Chow line bundles and mixed Deligne pairings.
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Introduction

The resolution of the Calabi conjecture by Yau [Yau78] marks the beginning of
a long series of works on generalised Monge–Ampère-type equations on complex
projective (or Kähler) manifolds. Beyond the Calabi problem, the next simplest
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example of a Monge–Ampère equation involves an additional fixed Kähler form
χ, and asks for a solution ω in a given Kähler class to

nωn−1
∧ χ = Cωn,

with C an adequate topological constant ensuring the equation to be numerically
well-defined. This is known as the J-equation, appearing already in [Don99,
Che00] and which has first been solved in full generality by Gao Chen [Che21].
Interestingly, existence of a solution turns out to be equivalent to a numerical
criterion generalising the classical result of Nakai and Moishezon for ample line
bundles, suggesting that solvability of generalised Monge–Ampère equations is
closely related new and interesting positivity conditions.

Since then (and even before Gao Chen’s result), various works have fo-
cused on more general equations of mixed Monge–Ampère type [CS17, Son20,
DP21, FM24], as well as on the deformed Hermitian Yang–Mills equation [CY21,
Che21, CLT24, CL21, CL23]. It is furthermore speculated that solving equa-
tions of this type in higher rank might help in solving the Hodge conjecture, see
[Che22].

We will take our interest here to a class of equations occasionally referred
to as inverse σk-equations, introduced by Fang–Lai–Ma [FLM11]. We will use
algebraic techniques and therefore restrict to the projective setting, assuming χ
and the sought solution ω lie in the Chern class of ample line bundles H and L.
The equation then takes the general form

n

∑
i=1

ciχ
i
∧ ωn−i

= Cωn (0.1)

with ci > 0 real constants (for us, nonnegative integers), and C again a coho-
mological constant fully determined by the ci’s and the intersection numbers
(Li ⋅Hn−i). A version of Gao Chen’s result in that case has been proven by
Datar–Pingali [DP21] and Song [Son20], where existence is again determined by
a numerical criterion of Nakai–Moishezon type. Some earlier analytic develop-
ments related to this class of equations, that we will use in the present article,
are also due to Collins–Szekelyhidi [CS17].

Our purpose here is to give an alternative criterion for solvability of the
inverse σk-equations on a complex projective manifold, in the spirit of geometric
invariant theory. We will obtain a criterion of Hilbert–Mumford type, using the
theory of stability of pairs developed by Paul [Pau12]. Our approach has the
following benefits:

1. it clearly emphasises the algebraic structure underlying functionals detect-
ing solutions to mixed Monge–Ampère equations, much as Paul’s funda-
mental work [Pau12] did for the cscK equation;

2. any topological result that applies to stability of pairs will yield results
either for solvability of such equations in families, or for topological prop-
erties of classes satisfying the aforementioned numerical criteria;
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3. we obtain a criterion close in spirit to geometric invariant theory, testing
against a very large class of objects called arcs, suggesting much flexibility
in constructing and checking counterexamples;

4. finally, our results, provided some structural properties are known to hold,
are likely to apply to a wide class of equations involving higher-rank
classes, as discussed in the very last section.

To state the main result, we introduce some terminology. First, given a very
ample line bundle L on a compact projective manifold X, it is a classical fact
that one can associate to it a hypersurface in some projective space, the Chow
hypersurface, defined uniquely up to scaling by the Chow form. The restriction
of the hyperplane bundle to this hypersurface is called the Chow line. A result
of Zhang [Zha96] shows that the Chow line, endowed with the Fubini–Study
metric, is isometric to a line bundle called the Deligne pairing ⟨L, . . . , L⟩X
with its Deligne metric. The general Deligne pairing construction refines the
intersection pairing, yielding a canonical line bundle in any intersection class
(L0, . . . , Ln), possibly over a base that is not a point. This idea is initially due
to Deligne [Del87] and has been developed by Elkik both in a purely algebraic
[Elk89] and metrised [Elk90] setting. Many functionals in Kähler geometry,
including the ones of interest to us, may be written as Deligne pairing metrics
[PRS08, BHJ19], and thus generalising the result of Zhang will allow one to
reduce the study of such functionals to the study of (differences of) norms of
Chow-type forms.

Paul [Pau12] indeed discovered, without relying on the Deligne pairing ma-
chinery (although in our case, its use will be convenient due to the general
structure of our equations being nicely encoded by this formalism), that the
norm of the Chow form, together with the norm of another similar vector called
the hyperdiscriminant, allows one to recover the Mabuchi functional, whose
coercivity is equivalent to the existence of a cscK metric [CC21]. Thus, in the
finite-dimensional setting where one only looks at Fubini–Study on a very ample
power mL, this functional is discovered to be purely algebraic, and its coercivity
needs only be tested on one-parameter subgroups of SL(H0(X,mL)) acting on
the Chow form and the hyperdiscriminant. This has led Paul to introduce a
version of geometric invariant theory involving not just one but two different
representations, called stability of pairs.

However, a counterexample to the Hilbert–Mumford criterion in this set-
ting has recently been discovered by Paul–Sun–Zhang [PSZ24]: one-parameter
subgroups do not suffice to check stability of pairs. In recent work with Der-
van [DR24], we showed that the Hilbert–Mumford criterion still holds if one
checks more general arcs, which are C((t))-points (or meromorphic maps from
the punctured disc into) the algebraic group. Acting on the embedding of X
by sections of mL, an arc induces a degeneration of (X,mL) called a model,
which is simply the non C∗-equivariant version of the notion of a test con-
figuration introduced by Donaldson [Don02]. Donaldson in a series of works
[Don12, Don14, Don15], as well as Wang [Wan12], have suggested the potential
importance of considering models in the cscK problem. We have indeed used
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those to make progress on the Yau–Tian–Donaldson conjecture and obtain new
results about automorphism groups of K-stable varieties in [DR24]. A purpose
of the present article is therefore to highlight the fact that such ideas also apply
to mixed Monge–Ampère problems.

In our setting, there is also a functional Jχ,c, introduced by X. Chen [Che00]
(for the J-equation) and Collins–Szekelyhidi [CS17] (in general), which detects
existence of solutions to (3.1). We show that this functional, when restricted to
each space Hm of Fubini–Study metrics, – where we see a Fubini–Study metric
φ = φg as induced by some g ∈ SL(H0(X,mL)) – is expressed as a difference
of norms associated to Chow-type points Rχ,c(X,m), living in a certain vector
space endowed with a Chow-type norm ∥ ⋅ ∥χ,c. More precisely, we have:

Theorem A. (Theorem 3.12.) Let Rχ,c(X,m) be the Chow-type point as
above. Let R(X,m) be the Chow point of (X,mL), and let us simply denote
by ∥ ⋅ ∥ the Chow norm. Given φg ∈ Hm, we then have that

Jχ,c(φg) = log
∥g ⋅Rχ,c(X,m)∥χ,c

∥Rχ,c(X,m)∥χ,c
−C log

∥g ⋅R(X,m)∥

∥R(X,m)∥
.

A crucial ingredient in the proof of Theorem A, besides the results in [DR24],
is the following:

Theorem B. (Theorems 2.4, 2.5.) Let L0, . . . , Ln be very ample line bundles
on a complex projective manifold X. Let hi denote the Fubini–Study metric in-
duced by each embedding. Let CL be the hypersurface cut out by the resultant
of the Li, RL(X), endowed with its Chow-type line bundle CL and the canon-
ical metric on it (see Section 2 for more details). Up to a universal constant
independent of X, there is an isometry

(⟨L0, . . . , Ln⟩X , ⟨h0, . . . , hn⟩X) = (CL, ∥ ⋅ ∥).

For the proof of Theorem B, we follow roughly the lines of the argument of
Kapadia [Kap13, Kap14] and Zhang [Zha96], who proved this result for L0 = ⋅ ⋅ ⋅ =

Ln+1 = L (see a slight generalisation in [Tia00]). Theorem B, of independent
interest, further allows us to deduce Theorem 3.12, which again in the case
where all line bundles are the same has been proven in various ways in the
literature [Zha96, Pau04, Pau12, PS03], together with other similar results in the
global case in Arakelov geometry [Phi91, Phi94, Phi95, Sou89, BGS94, CM21].
Building on the results of [DR24] and [CS17, LS15, DP21], we deduce from
Theorems A and B our main theorem:

Theorem C. (Theorem 3.14.) The following are equivalent:

1. there exists a solution to (3.1) for any choice of χ′ ∈ [χ];

2. there exists ε = 1/k > 0 such that the pair (Rχ,c(X,mL),R(X,mL)) (ap-
pearing in Theorem 3.12 is ε-stable in the sense of stability of pairs (3.6)
for all m.

Since (1) is known to be equivalent to Nakai–Moishezon criteria [DP21,
Son20], this also gives a stability of pairs interpretation for those.
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Organisation of the paper. Section 1 contains preliminaries on Deligne
pairings and their metrics. In Section 2, we define the resultant and Chow line
as discussed above, prove Theorem B. In Section 3, we first review inverse σk-
equations and their associated functionals, as well as notions about stability of
pairs and models from [DR24]. We then prove Theorems A and C, and discuss
some possible generalisations of the main result.

Acknowledgements. The author thanks Ruadháı Dervan, Siarhei Finski,
and Jacob Sturm for discussions and comments. He also thanks the anonymous
referees for helpful comments and remarks.

Conventions.

We use additive notation for tensor products of line bundles, whereby kL −M
denotes L⊗k ⊗ M⊗−1. An exponent Lk or L(k) will denote the line bundle
appearing k times in either an intersection number, or a Deligne pairing.

We use multiplicative notation for metrics h⊗kL ⊗h
⊗−1
M . This includes Deligne

pairing metrics ⟨h0, . . . , hn⟩, although we will also sometimes switch to additive
notation, which will be signaled by the use of curvature forms ⟨ω0, . . . , ωn⟩.

1 Preliminaries.

Throughout, we follow the exposition of Elkik [Elk89, Elk90], Eriksson–Freixas
[EiM24], and Yuan–Zhang [YZ21].

1.1 Deligne pairings.

The Deligne pairing machinery works in a very broad setting, but for our pur-
poses it will be sufficient to consider π ∶ X → S a holomorphic submersion be-
tween (connected) quasi-projective manifolds. Let n = rel.dim(X/S), m = dimS
and let L0, . . . , Ln be line bundles on X. We describe the generators and rela-
tions construction of Deligne pairings, following Elkik [Elk89, II.2.4] and Zhang
[Zha96].

Definition 1.1. The Deligne pairing is a line bundle over S,

⟨L0, . . . , Ln⟩X/S ,

which has as sections expressions of the form ⟨s0, . . . , sn⟩ where si ∈ H
0(X,Li)

and ∩ni=0{si = 0} = ∅, subject to relations given by the following data:

1. some i ∈ [0, . . . , n] such that ∩j≠i(sj) = ∑akDk is flat over S;

2. a rational function f on X;

3. an identification ⟨s0, . . . , fsi, . . . , sn⟩ = ∑k akNDk/S(f)⟨s0, . . . , sn⟩, where
NDk/S denotes the norm functor.
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From this we can construct inductively transition functions, which define a
genuine line bundle.

The following isomorphism properties of Deligne pairings are then proven
e.g. in [Elk89, Sections II-IV].

Theorem 1.2. The following holds, where an equality symbol means that there
exists an isomorphism of line bundles over S; furthermore, all such isomor-
phisms commute with each other.

1. (norm in relative dimension zero) if n = 0,

⟨L0⟩X/S = NX/S(L0);

2. (multilinearity) for k ∈ R, and given L′0 another line bundle on X,

⟨kL0 +L
′
0, . . . , Ln⟩X/S = k⟨L0, . . . , Ln⟩X/S + ⟨L

′
0, . . . , Ln⟩X/S ;

3. (symmetry) given a permutation σ,

⟨Lσ(0), . . . , Lσ(n)⟩X/S = ⟨L0, . . . , Ln⟩X/S ;

4. (restriction) given a section si of Li defining a relative effective divisor Y ,

[si] ∶ ⟨L0, L1, . . . , Ln⟩X/S = ⟨L1∣Y , . . . , Li−1∣Y , Li+1∣Y , . . . , Ln∣Y ⟩Y /S ,

and
⟨OX , L1, . . . , Ln⟩X/S = OS .

In particular, if Li = OX for some i, then ⟨L0, . . . , Ln⟩X/S = OX .

We also have the following important properties.

Theorem 1.3 (Projection formula, [Elk89, Section IV]). Consider the following
commutative diagram:

Y

X S

πYν

πX

each arrow a holomorphic submersion, and set nonnegative integers p, q with
p + q + 2 = rel.dim(Y /S) + 1, line bundles L0, . . . , Lp on X (for whose pullbacks
ν∗Li we still write Li), and line bundles M0, . . . ,Mq on Y . We then have the
following isomorphisms, which commute with those of the above theorem:

1. if q = rel.dim(Y /X), hence p = rel.dim(X/S) − 1,

⟨L0, . . . , Lp,M0, . . . ,Mq⟩Y /S = ⟨L0, . . . , Lp, ⟨M0, . . . ,Mq⟩Y /X⟩X/S ;
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2. if q = rel.dim(Y /X) − 1, hence p = rel.dim(X/S),

⟨L0, . . . , Lp,M0, . . . ,Mq⟩Y /S = (∫
Y /X

q

∏
i=0

c1(Mi)) ⟨L0, . . . , Lp⟩X/S ;

3. if q ≤ rel.dim(Y /X) − 2,

⟨L0, . . . , Lp,M0, . . . ,Mq⟩Y /S = OS .

Furthermore, these isomorphisms also commute with those obtained from further
pullbacks, in the sense of [EiM24, Corollary 6.12].

1.2 Deligne metrics.

Assume now the L0, . . . , Ln to be (say) π-very ample, and let h0, . . . , hn be rela-
tively Kähler (or semipositive) metrics on them, with associated ωi ∈ c1(Li).
Elkik [Elk90] shows that one may associate to them a semipositive metric
⟨h0, . . . , hn⟩X/S on the Deligne pairing ⟨L0, . . . , Ln⟩X/S . Working fibrewise, so
that we may assume S is a point, then given si ∈H

0(X,Li) such that ⟨s0, . . . , sn⟩
is a Deligne section, and setting, for each i, Zi = {s0 = ⋅ ⋅ ⋅ = si = 0}, we have

− log ∣⟨s0, . . . , sn⟩∣⟨h0,...,hn⟩X = −
n

∑
i=0
∫
Zi−1

log ∣si∣hiωi+1 ∧ ⋅ ⋅ ⋅ ∧ ωn, (1.1)

see the exposition of [YZ21, Section 4.2.2]. Varying the point in the base, it turns
out that the metric is continuous [YZ21, Theorem 4.2.3] (see also [Mor99]). The
pairing of metrics is further uniquely determined by the fact that the following
holds:

Theorem 1.4. The following isomorphisms extend to isometries (where we do
not specify the Deligne metrics when they are considered to be obvious):

1. multilinearity and symmetry in Theorem 1.2(2,3) ([Elk90, Théorème I.1.1(c)]);

2. restriction in Theorem 1.2(4), where the norm of the isomorphism [si] is

log ∥[si]∥ = −∫
X/S

log ∥s∥hiω0 ∧ ⋅ ⋅ ⋅ ∧ ωi−1 ∧ ωi+1 ∧ ⋅ ⋅ ⋅ ∧ ωn

([Elk90, Théorème I.1.1(d)]);

3. the projection formulas in Theorem 1.3 ([Elk90, Théorème I.2.2]).

We also have the change of metric formula: given a smooth φ, we have

⟨h0e
−φ, h1, . . . , hn⟩X/S = e

−∫X/S φω1∧⋅⋅⋅∧ωn⟨h0, . . . , hn⟩X/S , (1.2)

or additively

⟨ω0 + dd
cφ,ω1, . . . , ωn⟩X/S − ⟨ω0, . . . , ωn⟩X/S = ∫

X/S
φω1 ∧ ⋅ ⋅ ⋅ ∧ ωn (1.3)
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as a metric on OS . Using the multilinearity and symmetry isometries below,
one can then inductively deduce a formula for general pairings

⟨ω0 + dd
cφ0, . . . , ωn + dd

cφn⟩X/S − ⟨ω0, . . . , ωn⟩X/S .

As a corollary, we obtain the following C0 estimate:

Lemma 1.5. There exists a uniform constant C = C(n,L) such that, for any
ωi, ωi + dd

cφi ∈ c1(Li),

∣⟨ω0 + dd
cφ0, . . . , ωn + dd

cφn⟩X − ⟨ω0, . . . , ωn⟩X ∣ ≤ C∑
i

sup
X
∣φi∣.

We conclude with a remark that will be essential in our proof later on, which
appears in [Kap13, Section 6].

Remark 1.6 (Polarisation of a hypersurface via Deligne pairings). Let X be
a projective variety of dimension n, and let L be a very ample line bundle on
X. Pick a section s0 ∈ H0(X,L), and consider the hypersurface Z defined
by the vanishing of s0. Let C be the restriction of OPH0(X,L)(1) to the line
[s0] ∈ PH0(X,L). Then, there is an Aut(X,L)-equivariant isomorphism

(Ln
)C = ⟨L(n−1)⟩Z − ⟨L

(n)
⟩X . (1.4)

Furthermore, if h is a Hermitian metric on L, we define a norm on H0(X,L) by

(Ln
) log ∥s∥2h = ∫

X
log ∣s∣2hω

n, (1.5)

which yields a Hermitian metric on C. With this metric, and the Deligne pairing
metric on the right-hand side, (1.4) is then an isometry.

2 A general Deligne pairing isometry.

For convenience, we prove the main results of this section and the next in the
case where the base S = SpecC = {x} is a point, which is all we will need in the
present paper; but the proofs naturally extend to (say) flat proper morphisms
π ∶X → S with S a more general base.

2.1 The mixed Chow line.

Let X be a compact (connected) complex projective manifold of dimension n,
and let L = (L0, . . . , Ln) be a (n+ 1)-uple of very ample line bundles on X. We
first consider the following objects:

1. Vi ∶=H
0(X,Li), with dimension dim(Vi) =∶ ri + 1;

2. for each i, the incidence variety Ii defined by the vanishing of the canonical
section of OPVi(1) + OPV ∨i (1) on PVi × PV ∨i (throughout, a fibre product
without specified base is simply taken over the base point);
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3. the fibre product I ∶= ×ni=0Ii inside P × P∨ ∶= (×ni=0PVi) × (×
n
i=0PV ∨i );

4. for each i, the embedding ιi ∶X ↪ PVi yielding an embedding ι ∶X ↪ P;

5. the fibre product ΓL ∶= X ×P I, which is a closed subvariety of X × P∨
(hence of P × P∨);

6. finally, CL ∶= q∗ΓL, where q is the projection X × P∨ → P∨.

We call CL the mixed Chow hypersurface, which has dimension (∑i ri) − 1.
By [CM21, Proposition 1.6.2, Definition 1.6.3], this is a hypersurface of multi-
degree (δ0, . . . , δn), where

δi ∶= (c1(L0) ⋅ . . . ⋅ c1(Li−1) ⋅ c1(Li+1) ⋅ . . . ⋅ c1(Ln));

it further is defined uniquely up to multiplication by λ ∈ C∗ by an element

RL(X) ∈ ⊗
n
i=0Sym

δi(V ∨i ),

hence by a genuine unique element [RL(X)] in the projectivisation of the above
vector space. We call any such RL(X) a mixed Chow form for X with respect
to L, and [RL(X)] the mixed Chow point.

Remark 2.1 (Action of the SL(Vi)). There is an action of SL(Vi) on Vi,
hence on the embedding of X inside PVi, and on the above vector space. Given
σi ∈ SL(Vi), it is easy to see that RL((σ0, . . . , σn) ⋅X) = (σ0, . . . , σn)RL(X).
In our applications to the inverse σk-equations, we will consider pairings of the
form ⟨Lk+1,Hn−k⟩X where we will not act on the H-embeddings, while we will
consider the diagonal action of SL(H0(X,L))k+1 on X embedded by sections
by L. We will simply denote this action by σ ⋅X, in which case we will also have
RL(σ ⋅X) = σ ⋅RL(X).

Remark 2.2 (Interpretation of the incidence variety). Consider the following
diagram, in order to denote the arrows:

ΓL =X ×P I X × P∨ P∨ PV ∨i

X

ι

p

q qi

Let si be the canonical section of p∗Li + q
∗q∗iOPV ∨i (1). Defining inductively

Γ0 =X × P∨, Γi = Γi−1 ∩ {si = 0}, we find that Γn = ΓL.

Definition 2.3. We denote by O(1)∨i ∶= q
∗q∗iOPV ∨i (1) for simplicity of notation.

We also set

L ∶= (∑
i

δiO(1)
∨
i ) .

This is an ample line bundle on P∨, and thus defines an embedding of P∨
(hence of CL) into PH0(P∨,L). The mixed Chow line CL is the restriction
of OPH0(P∨,L)(1) to the mixed Chow point [RL(X)] ∈ PH0(P∨, L).
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2.2 Isomorphism.

Theorem 2.4. There exists an isomorphism

⟨L0, . . . , Ln⟩X = CL

which is equivariant under the action in Remark 2.1.

Proof. Throughout we keep the notation of Definition 2.3 and the diagram in
Remark 2.2. We follow the argument of Zhang [Zha96] and Kapadia [Kap13].
Consider the Deligne pairing

D ∶= ⟨L
(∑n

i=0 ri), p∗L0 +O(1)
∨
0 , . . . , p

∗Ln +O(1)
∨
n⟩

X×P∨
. (2.1)

First, applying the induction formula for Deligne pairings to the vanishing locus
of each canonical section si, whose common vanishing locus is definitionally ΓL

as in Remark 2.2, we find

D = ⟨L
(∑n

i=0 ri)⟩
ΓL

,

hence
D = ⟨L

(∑n
i=0 ri)⟩

CL

. (2.2)

Returning to the initial expression ofM and expanding we find:

D = ⟨L
(∑n

i=0 ri), p∗L0, . . . , p
∗Ln⟩

X×P∨
(2.3)

+
n

∑
i=0
⟨L
(∑n

i=0 ri), p∗L0, . . . , p
∗Li−1,O(1)

∨
i , p

∗Li+1, . . . , p
∗Ln⟩

X×P∨
(2.4)

+ higher order terms in the pullback from P∨. (2.5)

The higher order terms are all trivial by Theorem 1.3(3). The first term is seen
by Theorem 1.3(2) to equal

D⟨L0, . . . , Ln⟩X (2.6)

with D = (L(∑
n
i=0 ri)). Terms of the second type will likewise be of the form

δi ⟨L
(∑n

i=0 ri),O(1)∨i ⟩P∨
(2.7)

which, all summed together, yields

D = ⟨L
(∑n

i=0 ri)⟩
CL

=D⟨L0, . . . , Ln⟩X + ⟨L
(∑n

i=0 ri)+1⟩
P∨

, (2.8)

equivalently

D⟨L0, . . . , Ln⟩X = ⟨L
(∑n

i=0 ri)⟩
CL

− ⟨L
(∑n

i=0 ri)+1⟩
P∨

. (2.9)

We conclude using Remark 1.6 applied to (in the notations of the remark)
X = P∨, L = L, s the defining section of L for CL, and Z = CL.
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2.3 Isometry.

We denote by hi the Fubini–Study metric on Li induced by the embedding
X ↪ PVi, giving a metric p∗hi on p∗Li, and a Deligne metric ⟨h0, . . . , hn⟩X on
the Deligne pairing ⟨L0, . . . , Ln⟩X . We also endow OPV ∨i (1) with the Fubini–
Study metric, that we denote by h∨i . This yields a metric q∗q∗i h

∨
i on O(1)∨i ,

and
hL ∶= ⊗

n
i=0(q

∗q∗i h
∨
i )
⊗δi (2.10)

on L. Finally, the mixed Chow line CL is endowed with the metric ∥⋅∥hL
induced

by hL as in (1.4), using the notation of Remark 1.6.

Theorem 2.5. There is an isometry

(⟨L0, . . . , Ln⟩X , (e−C⟨h0, . . . , hn⟩X)) = (CL, ∥ ⋅ ∥hL
),

where C is a constant independent of X.

Proof. As discussed in Remark 1.6, there is an isometry

CL = ⟨L
(∑n

i=0 ri)⟩
CL

− ⟨L
(∑n

i=0 ri)+1⟩
P∨

.

It therefore suffices to show that there is also an isometry in (2.9), that is:

⟨L
(∑n

i=0 ri)⟩
CL

− ⟨L
(∑n

i=0 ri)+1⟩
P∨
= ⟨L0, . . . , Ln⟩. (2.11)

Beginning at (2.3), since the multilinearity, symmetry, and projection isomor-
phisms are isometries by Theorem 1.4, we know that (2.9) is isometric as long
as we do not replace D in the expression (2.8). That is,

⟨L0, . . . , Ln⟩X = D − ⟨L
(∑n

i=0 ri)+1⟩
P∨

(2.12)

is an isometry. Thus, we are only left to show that (2.2) extends to an isometry,
i.e. that

D = ⟨L
(∑n

i=0 ri)⟩
CL

(2.13)

is isometric. This follows from an induction statement as in [Kap14, Section
3.2] and the restriction isometry formula. Namely, letting Γi be as in Remark
2.2, we can define the Deligne pairings

Di ∶= ⟨L
(∑n

i=0 ri), p∗Li +O(1)
∨
0 , . . . , p

∗Ln +O(1)
∨
n⟩

Γi

(2.14)

endowed with the metrics

Hi ∶= ⟨h
(∑n

i=0 ri)
L , p∗hi ⊗ q∗q∗i h

∨
i , . . . , p

∗hn ⊗ q∗q∗nh
∨
n⟩

Γi

. (2.15)

By repeated induction, the restriction formula Theorem 1.4(2) shows that there
is an isometry for each i,

(Di−1,Hi−1)∣Γi = (Di,Hie
−fi)
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hence an isometry

(D,Ω) = (ΓL, ⟨h
((∑n

i=0 ri))
L ⟩

ΓL

e−f) ,

with

f =
n

∑
i=0

fi.

Arguing as in [Kap14, (3.16)-(3.25)] (see also [Zha96, p. 85], [Sto66], [CM21,
Lemma 3.8.6]), one may compute the fi to show f to be a universal constant,
proving the result.

3 Application to mixed Monge–Ampère equa-
tions.

3.1 Mixed Monge–Ampère equations and Deligne pair-
ings.

Throughout, we fix two ample line bundles L, H on X. Let χ be a fixed Kähler
form in c1(H). We consider the following mixed Monge–Ampère equation (or
inverse σk-equation as in [CS17]) seeking a Kähler ω ∈ c1(L) such that

n

∑
i=1

ciχ
i
∧ ωn−i

= Cωn (3.1)

for some fixed nonnegative constants ci (which will be integers for us), and the
necessary cohomological constant C which is fully determined by c = (c1, . . . , cn).
Explicitly, we have

C =
∑

n
i=1 ci(H

i ⋅Ln−i)

Ln
. (3.2)

Setting ci = 0 for i > 1 we get the usual J-equation

χ ∧ ωn−1
= Cωn.

There are various functionals related to the equation (3.1). Given φ such that
ωφ = ω + dd

cφ is a Kähler form in c1(L), and defining V = (Ln), we set

E(φ) ∶=
1

V (n + 1)

n

∑
i=0
∫
X
φωi

φ ∧ ω
n−i
φ , (3.3)

Jχ,c(φ) =V
−1

n

∑
j=1
(

cj

n + 1 − j

n−j
∑
i=0

φχj
∧ ωi

φ ∧ ω
n−j−i
0 ) −C ⋅E(φ),

(3.4)

Jχ(φ) ∶= Jχ,(1,0,...,0) =
1

V n

n−1
∑
i=0

φχ ∧ ωi
φ ∧ ω

n−1−i
0 −C ⋅E(φ), (3.5)
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J(φ) ∶=V −1 ∫
X
φωn

0 −E(φ). (3.6)

Using the change of metric formulas, it turns out we may rewrite our functionals
as Deligne pairings:

E(φ) =
1

V (n + 1)
(⟨ω(n+1)φ ⟩X − ⟨ω

(n+1)
0 ⟩X), (3.7)

Jχ,c(φ) =V
−1

n

∑
j=1
(

cj

n + 1 − j
(⟨χ(j), ω(n+1−j)φ ⟩X − ⟨χ

(j), ω
(n+1−j)
0 ⟩X)) −C ⋅E(φ),

(3.8)

Jχ(φ) =
1

V n
(⟨χ,ω(n)φ ⟩X − ⟨χ,ω

(n)
0 ⟩X) −C ⋅E(φ), (3.9)

J(φ) =V −1(⟨ωφ, ω
(n)
0 ⟩X − ⟨ω

(n+1)
0 ⟩X) −E(φ). (3.10)

We now state two essential properties of Jχ,c due to Collins–Szekelyhidi.

Theorem 3.1 ([CS17, Theorem 5, Proposition 23]). The two following results
hold.

1. If there exists a solution to (3.1), then there exists ε > 0, δ such that

Jχ,c > εJ − δ (3.11)

on H.

2. If (3.11) holds for Jχ,c, then it holds for Jχ′,c where χ′ is any Kähler form
in [χ].

Remark 3.2. The expression of Jχ,c on [CS17, p.19, before Proposition 23],
where it is defined as a normalised primitive, is not the same as our explicit
expression in terms of mixed Monge–Ampère measures and Deligne pairings,
but we leave it to the interested reader to check that a simple (but tedious)
integration by parts argument shows both to be equal.

Remark 3.3. The result (2) above, stating that coercivity is independent of
the choice of a reference χ in its class, will be essential for our approach: indeed,
we will need to reduce to the case where χ is a (rescaled) Fubini–Study metric
induced by the embedding by sections of a very ample power of H.

3.2 Stability of pairs.

The next two sections review results from [Pau12] and [DR24]. We will be
brief in our exposition, and more details are given therein. Let V,W be two
finite-dimensional representations of a complex reductive group G.

Let k = C((t)), and define an arc in G to be a k-point ρ ∈ G(k) – analytically,
this corresponds to a meromorphic map at zero C∗ → G from a small punctured
disc. In particular, a one-parameter subgroup of G is an arc.
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Given (v,w) ∈ V ⊕W , we can see such a pair as a point in the ground
field extension (V ⊕W )k, so that if ρ is an arc, then also ρ ⋅ (v,w) ∈ (V ⊕W )k.
Decomposing this new vector in a basis extended from V ⊕W and evaluating each
component according to the order of vanishing at zero, as in [DR24, Definition
3.3], one defines a weight ν(ρ, [v,w]). One then has that:

Theorem 3.4 ([DR24, Corollary 3.18]). Let (v,w) ∈ V ⊕W , with both v and
w nonzero, and denote by [v,w] the corresponding point in P(V ⊕W ). The
following are equivalent:

1. the pair [v,w] is semistable, which definitionally [Pau12] means

G ⋅ [v,w] ∩ P(0⊕W ) = ∅;

2. the pair [v,w] is numerically semistable, i.e. for all arcs ρ ∈ G(k),

ν(ρ, [v,w]) ≥ 0;

3. the pair [v,w] is analytically semistable, i.e. for a pair (hence any pair) of
Hermitian norms on V and W , there exists δ ∈ R such that for all g ∈ G,

log ∥g ⋅ v∥ − log ∥g ⋅w∥ ≥ −δ.

Note that we use slightly different conventions to those of [Pau12]. We also
state the following slope formula, which will be useful to us later on:

Theorem 3.5 ([DR24, Lemma 3.16]). Let ρ be an arc in G, seen as a mero-
morphic map D∗ ∋ z ↦ ρ(z) ∈ G. Then as ∣z∣ → 0,

log ∥ρ(z) ⋅ v∥ − log ∥ρ(z) ⋅w∥ = ν(ρ, [v,w]) log ∣z∣−1 +O(1).

The notion of stability of pairs is more subtle, and requires a third repre-
sentation: embed G into GL(q) for some q large enough. This gives a G-action

on Cq2 . Let e be the identity in GL(q) ⊂ Cq2 , and let d be the degree of the
V -representation in the sense of [Pau12, (2.6)] (see also [DR24, Section 3.3]).
To define the numerical criterion, we also need the so-called norm of ρ with
respect to v:

∥(ρ, v)∥ ∶= ν(ρ, [v, e⊗d]). (3.12)

Theorem 3.6 ([DR24, Corollary 3.22]). Let k > 0 be a positive integer. It is
equivalent for a pair [v,w] to be:

1. stable, i.e. the pair [e⊗d ⊗ v⊗k,w⊗k+1] is semistable;

2. numerically stable, i.e. for all arcs ρ ∈ G(k),

ν(ρ, [v,w]) ≥ (k + 1)−1∥(ρ, v)∥;

3. analytically stable, i.e. for a triple (hence any triple) of Hermitian norms

on V , W , and Cq2 , there exists δ ∈ R such that for all g ∈ G,

log ∥g ⋅ v∥ − log ∥g ⋅w∥ ≥ (k + 1)−1(d log ∥g∥ − log ∥g ⋅w∥) − δ.

When it is needed to specify the integer k, we will say it is ε-stable (resp. nu-
merically stable, analytically stable) for ε = k−1.
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3.3 Models and non-Archimedean functionals.

We continue reviewing results from [DR24]. We first fix an ample line bundle
on X, and we define:

Definition 3.7. A model of (X,L) is the data of:

1. a flat, finite type projective morphism X → Speck○ of schemes, where
k○ = C[[t]];

2. a relatively ample (Q-)line bundle L on X ;

3. an isomorphism of the base change (Xk,Lk) with the base change (Xk, Lk).

We say it is of exponent r if rL is relatively very ample.

Analytically, a model corresponds to a family over a small disc, with fibres
away from zero isomorphic to (X,L). Test configurations, as involved in K-
stability [Don02] but also in the search for numerical criteria for mixed Monge–
Ampère equations [Che21], are special cases of models whose isomorphisms away
from zero are induced by a C∗-action. In particular, deformations to the normal
cones of subvarieties of X are examples of test configurations, hence of models.

We recall the following:

Proposition 3.8 ([DR24, Proposition 2.6]). Models of exponent r for (X,L)
are in bijection with equivalence classes of arcs in G, where two arcs ρ, ρ′ ∈ G(k)
are equivalent iff ρ ○ ρ′ yields a point of G(k○).

This suggests that the numerical criterion for semistability of pairs is closely
related to a numerical criterion for models. This turns out to indeed be the
case, as we will explain later. For the moment, let us introduce the algebraic
(or non-Archimedean) version of our functionals above:

Definition 3.9. We keep the notation and setup of Section 3.1. Let (X ,L) be
a model of (X,L), with structure morphism π ∶ X → Speck○. We also denote
π∗H by H, and π∗L by L, and V = (Ln). Finally, all intersection numbers are
taken in the sense of [DR24, Definition 2.11]. We define:

ENA
(X ,L) =

1

V (n + 1)
(L

n+1
); (3.13)

JNA
H,c(X ,L) =V

−1
n

∑
j=1

cj

n + 1 − j
(Hj
⋅ L

n+1−j
) −C ⋅ENA

(X ,L), (3.14)

J(X ,L) =V −1(L ⋅Ln
) −ENA

(X ,L). (3.15)

Remark 3.10. The expressions for our functionals seem to closely be related
to Deligne pairings. It turns out that this is indeed the case: the intersection
numbers above in fact correspond to (differences of) Deligne pairings for non-
Archimedean metrics on Berkovich spaces, see e.g. [BJ22, Remark 3.13], [BE21,
Section 8.3], [Reb23, Section 4].
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We may finally state the slope formulas from [DR24, Theorem 4.5], in the
form that we will use here. A version of such results for test configurations
appears in [BHJ19].

Let us first set the following notation. Let hm be the Fubini–Study metric
on mL induced by the embedding by sections of a very ample power mL, with
curvature form ωm. Given g ∈ G ∶= SL(H0(X,mL)), there exists φg (unique up
to constants) such that g∗ωm = ωm + dd

cφg. We write Hm ∶= {m
−1φg, g ∈ G},

a subset of the space of Kähler potentials HL, which we call the set of Fubini–
Study potentials in degree m.

Theorem 3.11. Let m be such that mL is very ample. Let ρ be an arc in
G ∶= SL(H0(X,mL)), and let (Xρ,Lρ) be the model of exponent m it induces
by Proposition 3.8. We see ρ as a meromorphic map D∗ ∋ z ↦ ρ(z) ∈ G. Then,
as ∣z∣ → 0,

E(φρ(z)) =E
NA
(Xρ,Lρ) log ∣z∣

−1
+O(1); (3.16)

Jχ,c(φρ(z)) =J
NA
H,c(Xρ,Lρ) log ∣z∣

−1
+O(1); (3.17)

J(φρ(z)) =J
NA
(Xρ,Lρ) log ∣z∣

−1
+O(1). (3.18)

3.4 J-functionals as log-norm functionals.

Throughout, by Theorem 3.1(2), we may as in Remark 3.3 without loss of
generality assume that χ is the Fubini–Study metric associated to the embedding
of X into PH0(X,pH) for a p such that pH is very ample. For simplicity of
notation we will therefore assume H itself to be very ample. Let m be such that
mL is very ample, and let h be the induced Fubini–Study metric on mL with
Kähler form ω. We consider the Deligne pairing

⟨(mL)(n+1−i),H(i)⟩X .

Let Ci = C((mL)(n+1−i),H(i)) be the associated Chow hypersurface, Ci the mixed

Chow line, and [Ri(X,m)] the mixed Chow point. Given g ∈ SL(H0(X,mL)),
we have two metrics on the line ⟨(mL)(n+1−i),H(i)⟩X ,

⟨h(n+1−i), h(i)χ ⟩X and ⟨(g∗h)(n+1−i), h(i)χ ⟩X .

Through the isomorphism Theorem 2.4 and Remark 1.6, we can equivariantly
identify a section of this Deligne pairing as a section s of the hyperplane bundle
over the mixed Chow point [Ri(X,m)], which we will denote slightly abusively
by Ri(X,m). We compute the value of the difference of metrics at a such s:

log
∣Ri(X,m)∣⟨(g∗h)(n+1−i),h(i)χ ⟩X

∣Ri(X,m)∣⟨h(n+1−i),h(i)χ ⟩X

= log
∥g ⋅Ri(X,m)∥hi

∥Ri(X,m)∥hi

(3.19)

using Theorem 2.5 and Remark 1.6; where ∥ ⋅ ∥hi is the norm in (1.5), having
denoted by hi the metric hL = h(mL(n+1−i),H(i)) in (2.10) (adequately rescaled
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to fit with the universal constant in Theorem 2.5). Now, the degree of the
SL(H0(X,mL))-representation is (n+1−i)(mL(n−i) ⋅Hi), allowing us to identify
the constant C appearing in the σk-equation in terms of this degree and that of
the Chow point, (mL)n. We thus obtain:

Theorem 3.12. Let Rχ,c(X,m) ∶= ⊗n
i=1Ri(X,m)⊗ci , and let ∥ ⋅ ∥χ,c denote the

tensor product norm of the ∥ ⋅ ∥ωi as above. Let R(X,m) be the Chow point of
(X,mL), and let us simply denote by ∥ ⋅ ∥ the associated norm. Given φg ∈ Hm,
we then have that

Jχ,c(φg) = log
∥g ⋅Rχ,c(X,m)∥χ,c

∥Rχ,c(X,m)∥χ,c
−C log

∥g ⋅R(X,m)∥

∥R(X,m)∥
.

3.5 Proof of the main result.

As a corollary of Theorem 3.12 and the above results on stability of pairs and
slope formulas, we first have:

Corollary 3.13. The following are equivalent:

1. Jχ,c is coercive on Hm;

2. the pair (Rχ,c(X,m),R(X,m)) is stable;

3. JNA
χ,c (X ,L) > εJ

NA(X ,L) for all models of exponent m.

Proof. (1)⇔(2) follows from rewriting Jχ,c(φg) using Theorem 3.12, and J(φg)

using Tian’s result [Tia17, Lemma 3.2].
(2)⇔(3), follows from Theorem 3.6 and comparing the slope formulasTheorems

3.5 and 3.11.

We now conclude.

Theorem 3.14. The following are equivalent:

1. there exists a solution to (3.1);

2. there exists k > 0 such that, for all m, the pair (Rχ,c(X,m),R(X,m)) is
ε = k−1-stable.

Proof. (1) implies that Jχ,c is coercive by Theorem 3.1(1). This implies that
Jχ,c is coercive on each Hm (with uniform ε). By the above corollary, this gives
(2).

Assume now (2) to hold. By the above corollary again, this is equivalent to
coercivity of JNA

χ,c on all models of exponent m with uniform ε – equivalently,
it is coercive on all models. Thus it is in particular coercive on all test con-
figurations, hence on deformations to the normal cone. By Lejmi–Szekelyhidi
[LS15, Proposition 13] and the discussion of Section 7 therein, this implies the
(uniform version of the) numerical criterion of Datar–Pingali [DP21, Theorem
1.1(3)], which by [DP21, Theorem 1.1] implies existence of a solution, that is:
(1).
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3.6 General structure and comments.

The author wants to mention the possible generalisation of the results of this
article to equations involving higher-rank classes. Namely, let X → S be (say) a
holomorphic submersion, Ei →X be vector bundles of respective rank ri+1, for
all i ≤ n ≤ d + 1, where d is the relative dimension. Let P ∶= PE1 ×X ⋅ ⋅ ⋅ ×X PEn,
and for each i with projection pi ∶ P → PEi set Li ∶= p∗iOPEi(1). Given ki
positive integers with ∑i ki = d + 1, Elkik [Elk89] defines a Deligne pairing for
Segre classes as

⟨sk1(E1), . . . , skn(En)⟩X/S ∶= ⟨(L1)
(r1+k1), . . . , (Ln)

(rn+kn)⟩P/S .

One then obtains pairings for Chern classes by linearity and their usual expres-
sion in terms of Segre classes [EiM24, Section 7.1.1]. At the very least, our
isomorphism result should extend to this setting. Given an equation involving
such classes, if there exists a functional F whose coercivity is (say) equivalent
to existence of solutions, and which may be written as a Deligne pairing in
this higher-rank sense, then it is clear that the slope formula in our article also
holds for F (the definition of the non-Archimedean version of F being similar).
Which formulation of the isometry result is expected is less clear. Solving such
problems is likely to help proving results related to Z-critical equations as in
[Der23, DMS24, DH23], higher Mabuchi functionals [Pau07, Wes15], and Gao
Chen’s programme for the Hodge conjecture [Che22].
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