GLOBAL HIGHER INTEGRABILITY FOR SYSTEMS WITH
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ABSTRACT. We consider the Cauchy—Dirichlet problem for systems with p-
growth structure with 1 < p < oo, whose prototype is

dru — div (|DulP~2Du) = div (|F|P~2F),

in a bounded noncylindrical domain E C R™*+!. For p > 2(::21)

FE that satisfy suitable regularity assumptions and do not grow or shrink too
fast, we prove global higher integrability of Du. The result is already new in
the case p = 2.

and domains

1. INTRODUCTION

For n € N and T > 0, we suppose that £ C R x [0,T) is a bounded relatively
open domain, and we consider the Cauchy—Dirichlet problem for partial differential
equations (PDEs) of parabolic p-Laplace type

dyu —div (|DufP~*Du) = div (|F|P"*F)  in E,

where 1 < p < oo, u: E — RY for some N > 1, and F € LP(E,RN™). In particular,
in the case N > 1, we are dealing with systems of PDEs.

More generally, denoting the initial and boundary values by g, and g, respec-
tively, we are concerned with systems with p-growth structure of the form

dyu — div A(z,t,u, Du) = div (|[F|P72F) in E,
(1.1) u=g on Uy 0E" x {t},
u=g, on E%x{0}.

For the precise assumptions on E, A, g,, and g, we refer to Section 2.1. Moreover,
the time slice of E at a fixed time ¢t € [0,T) is given by

E'={zeR": (z,t) € E},
such that

E= |J E'x{t}.
te[0,T)

Viewing E! as a spatial set that changes over time instead of focusing on E as
a noncylindrical domain in space-time, the terms time-varying or time-changing
domains have also been used in the literature. For the existence theory for PDEs
of parabolic p-Laplace type, and some generalizations in such domains, we refer
to [3,5,17,23,26,27].

The motivation for considering PDEs in noncylindrical domains is twofold. On
the one hand, they appear naturally in some physical and biological applications,
e.g. the flow of fluids through a container whose walls can be moved, or pattern
formation in a growing organism. For an overview of applications of different PDEs
involving a noncylindrical setting, we refer to [6,15,16,21,28,29]. On the other
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hand, from a purely mathematical point of view, the noncylindrical formulation
truly takes the evolutionary nature of the parabolic system (1.1) into account,
whereas the cylindrical case E =  x [0,T) constitutes a simpler special case.

In the present paper, we establish the global higher integrability of the gradient
of weak solutions u to (1.1). This means that while a priori we only know that
|Du| is integrable to power p, under suitable conditions on E, g¢,, g, and F we
prove that |Dul is actually integrable to a higher exponent than p. To the best of
our knowledge, our result is already new for the case p = 2 in the noncylindrical
situation.

Before we state the precise result, we briefly discuss the history of the problem.
For elliptic PDEs of p-Laplace type in a domain  C R™, local higher integrability
is due to Meyers & Elcrat [20], while global higher integrability was established by
Kilpeldinen & Koskela [11]. In particular, the authors of the latter article assume
that the complement of ) satisfies a uniform p-fatness condition (see Definition 2.1
below), and show that this condition is essentially optimal. A key component in
their proof is the self-improving property of the uniform p-fatness condition that
was first established by Lewis [18] in the more general context of Riesz potentials
(see Lemma 2.7 below).

For PDEs of parabolic p-Laplace type with quadratic growth p = 2, Giaquinta &
Struwe [7] prove local higher integrability. However, their technique does not carry
over to the case of more general p. The breakthrough was achieved almost 20 years
later by Kinnunen & Lewis [13,14], who were able to deal with the whole range
max {1, nQ—f?} < p < oo. Note that the critical exponent f—& appears naturally in
different areas of regularity theory for the parabolic p-Laplace equation. Their key
idea was to use a suitable intrinsic geometry to balance the different scalings in the
evolution and diffusion terms, i.e., to consider cylinders of the form Q(Q)‘) (Zoyto) i=
By(zo) X (to — A27Pp% t, + A27Pp?), whose length depends on the integral average
of |Dul? over the same cylinder via

DS | Dul|P dadt.
QN (wo,to)

The main tool in the proof of higher integrability is a reverse Holder inequality for
solutions in such intrinsic cylinders, meaning that the integral average of | Du|P over
an intrinsic cylinder can be estimated from above in terms of the integral average of
|Du|? with a smaller exponent ¢ < p. Subsequently, Parviainen [24, 25] established
global higher integrability in the cylindrical setting € x [0,7") under the condition
that R™\ © is uniformly p-fat. Since this condition is analogous to the elliptic case,
it is optimal.

In the noncylindrical setting, we are able to deal with the same level of generality
concerning the spatial regularity of E. In addition, we give sufficient assumptions
on the speed at which F¥ may grow or shrink in time. It is an interesting question
for future research to determine the optimal condition on E with respect to the
time variable that allows for global higher integrability. To state our main result,
we need the following notation. For z, = (z,,t,) € R™*! and R > 0, we denote
standard parabolic cylinders by

Qr = Qr(20) = Br(w,) x (to — R*,t, + R?).
Further, throughout the paper, let

(1.2) G :=|Dgl” + |8,9]" + |F?,
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where p’ is defined in (2.6). Moreover, letting 8 given by (2.4) be the exponent in
the two-sided condition (2.3), the scaling deficit is given by

5 for p > 2,
(1.3) d= yo1 _
5(?(53-2)—2)77,)—2 for 220 < p < 2.

Then, our main theorem is the following.

Theorem 1.1. Let 2(:7:21) < p < oo, suppose that R™ \ E? is uniformly p-fat in
the sense of Definition 2.1 with a fatness constant o > 0 for every t € (0,7T),
and assume that E satisfies the conditions (2.1) with £ given by (2.2), and (2.3)
with some [ in the range given by (2.4). Furthermore, let the operator A be
given according to (2.5), and assume that for some o > 0, the lateral and ini-
tial boundary values g € &7 and g, € B9 (see (2.8) and (2.9) for the definition
of these spaces) satisfy (2.10), and the source term F € LPT7(E,RN™). Finally,
let w be a weak solution to (1.1) according to Definition 2.3. Then, there exists

€0 = €o(n,p,Co,C1, M, v, ) > 0 such that
Du € LPTer(B,RN™),

where €1 = min{e,,0}. Furthermore, for every e € (0,€0] and any cylinder
Q2r(z) C R with z, € E, the bound

ed

1424
]§[ |DulPtexp dzdt < c (1 + ]§[ (|Dul® + G)xe dxdt)
Qr Qir

+c GH%XE dxdt
Q2r

+c <][ |Dgo
Bar

holds true for some ¢ = ¢(n,p,C,,C1, M, a, 8) > 0, where G is defined according to
(1.2) and d is given by (1.3).

£
pxte prte
XEO© dx

While we follow the same overall strategy as in the cylindrical setting, two key
steps in the proof of Theorem 1.1 rely on new ideas. First of all, the integration
by parts formula in Proposition 2.14, that was first developed in [3] and then
generalized in [26], is a crucial component in the proof of the energy estimate near
the lateral boundary of F in Lemma 3.1. Note that it is applicable, since any weak
solution in the sense of Definition 2.3 possesses a distributional time derivative, see
Remark 2.4. In turn, the integration by parts formula is based on the one-sided
growth condition (2.1) with ¢ given by (2.2). Note that it would be interesting to
determine whether the lower bound p > 2(7?;1) appearing in this context is optimal.

The next new idea concerns the precise distinction between lateral, initial and
interior cylinders, and the proof of reverse Holder inequalitites for lateral cylinders
in the noncylindrical setting, see Lemma 4.4. In particular, in this context we need
to ensure that all time slices of an intrinsic cylinder Qé/\) (x0,t0) are close to the
lateral boundary ;¢ (o 1) OFE! x {t} if this is the case for one of the time slices of
the cylinder. In this context, the two-sided growth condition (2.3) with 8 in the
range given by (2.4) comes into play. Again, while the lower bound p > 2(:7;;1) i
vital in our approach, it would be interesting to determine whether it is optimal.

The article is organized as follows. In Section 2 we give the precise setting, clarify
notation, and collect auxiliary results. Next, in Section 3 we establish an energy
estimate, which is used in Section 4 to derive a reverse Holder inequality close to the
lateral boundary. Moreover, we recall the corresponding results for cylinders away

S
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from the lateral boundary from the literature. We conclude the proof of Theorem
1.1 by standard arguments in Section 5.

2. PRELIMINARIES

2.1. Setting. In this section, we give the precise setting. First of all, we assume
that the complement of the time slices of E is uniformly p-fat in the following sense.

Definition 2.1. A set A C R™ is uniformly p-fat if there exists a constant a > 0
such that

cap, (AN By(x), Bag(x)) > acap, (By(x), Bag(w))
for every z € A and ¢ > 0.

Moreover, we need to control the speed at which F is allowed to grow and shrink
over time. To this end, we denote the complementary excess by

e“(E*,E') := sup dist(z,R"\ E®), fors,t€0,T).
z€R™\ E?

We ensure that E does not grow too fast by assuming that
(2.1) e“(E" E°) < |(t) —U(s)] for0<s<t<T,
where the function ¢: (=1,7T + 1) — (0, c0) satisfies

r=4 ifp>2
-1 = 4
(22) LeW"(-1,T+1) for
’ p(n+2)—2n .0 2(n+1)
"= Sty 2t L age <P <2

In addition to (2.1), we impose the two-sided condition
(2.3) e‘(E*,E') < M|t —s|® for all s,t € [0,T)

for some M > 0 (without loss of generality, we assume that M > 1 throughout the
paper), and (3 satisfying

(2.4) Be (maX{Q,W}J].
Note that the interval in (2.4) is nonempty when p > 2(n+1).

Remark 2.2. At this point, we would like to discuss why we assume both the one-
sided condition (2.1) and the two-sided condition (2.3) on E instead of imposing
only one condition on the speed at which F can grow and shrink, respectively. On
the one hand, we cannot omit (2.1) with ¢ given by (2.2), since the Holder type
condition (2.3) does not imply the existence of the required time derivative ¢. On
the other hand, (2.1) with ¢ given by (2.2) implies a one-sided condition of the

type (2 3) with 0 <t<s< T M = ||£/||Lr(_1,T+1)7 and B = m > % in the
case 2(7?:21) <p<2and f==<3 in the case p > 2. However, in the proof of

Theorem 1.1 we need that 3 > 5 in all cases, see e.g. Lemma 4.1. Moreover, in the

case < p < 2, we assume the strict inequality 5 > in order to

2 2
p(n+2)—2n p(n+2)—2n
guarantee that the scaling deficit d, defined in (1.3), is positive and well defined in
order to exploit a suitable stopping time argument in the beginning of Section 5.

Next, we suppose that in (1.1), A: E x RY x R¥® — RN" is a Carathéodory
function satisfying

(25) { At u,§) € > ColéP,

Az, t,u,8)| < Crl¢fP
for a.e. (z,t) € E and all (u,&) € RY x RN¥™ with constants 0 < C, < Cy.
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We will consider exponents
(2.6) p:=max{2,p}, P :=min {2, 1%} ,  Dx := max {1, n"—_g} .
Moreover, we define the parabolic function spaces
VP(E):={ue€ L’(E,R"): Due LP(E,R"™)}
and
(2.7) VI(E) == VP(E) N L2(E,RY),
and consider the subspaces
VPO(E) = {u € VP(E) : u(t) € Wy P(EYL,RY) for ae. t € [O,T)}
and
VOB = {u € VP(E) : ut) € WEP(E',RY) for ae. t € [o,T)}.
We equip these spaces with the norms
lollvez) = 1Dl ogaann) + lolls sz,
and
[vllve ey = 1DV oz ryny + V]2 (2mN)

respectively. As usual, (VP9(E))" and (V2°(E))" equipped with the respective
operator norms denote the dual spaces of V?°(E) and VE'°(E). For the lateral and
initial boundary data, we define the spaces

(28) 67 ={ge LP(E,R"): Dg e LP**(E,R ™), gxr € L>(0,T; L*(R",RY))
and Oig € Lﬁ/(H%)(E, RN)},

and

(2.9) &7 = WhP+o(E°, RY) N L*(E°,RY),

respectively, where o > 0. We consider lateral data g € &7 and initial data g, € &7
that are compatible in the sense

h
(2.10) ][ / |9 — gol*XE dzdt 22% 0.
0 n

Now, we are ready to define weak solutions to (1.1).

Definition 2.3. Suppose that the vector field A: E x RY x RV? — RN™ gat-
isfies (2.5) and F € LP(E,RN"). We call a map u € VJ(FE), with uxg €
L>(0,T; L*(R™,RY)), a weak solution to (1.1) with lateral boundary values g € &
and initial boundary values g, € &9 if

(u—g)(t) e Wy P(EL,RY)  for ae. t € (0,T),

h
(2.11) ][ / lu — go|*xE dadt LN 0,
0 n
and
(2.12) // u-Opp — Az, t,u, Du) - Dp dxdt = // |F|P=2F - Dy daxdt
E E

for every ¢ € C§°(E,RY).
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Remark 2.4. We note that under the assumptions of Theorem 1.1, every weak
solution u to (1.1) in the sense of Definition 2.3 satisfies d,u € (VP°(E))’. To verify
this claim, we consider a weak solution u in the above sense and a test function
peCy° (E RY). Equation (2.12), assumption (2.5) and Hélder’s inequality imply

(O, )| = ‘// U - 8tg0dardt‘ // (A(z,t,u, Du) + |F|P72F) - Dy dzdt
E

g/ (Cl\DuvH+|F|P*1)\Dgo|dxdt
E

< (C1llDull iy + I E N ) Il vom)-

Consequently, the distributional time derivative dyu: C§°(E,RY) — R is continu-
ous with respect to the V?(E)-norm. Moreover, since R™ \ E* is uniformly p-fat in
the sense of Definition 2.1 for every ¢ € (0,7) and (2.3) holds true, Lemma 2.12 im-
plies that C5°(E,RY) is dense in VPO(E) with respect to the V?(E)-norm. There-
fore, the time derivative can be extended in a unique way to a bounded linear
operator dyu: VP°(E) — R. In this sense, we have dyu € (VPO(E))’.

2.2. Further notation. Later on, we will use the following notation. For a point
2o = (Zo,to) € R™ X R we consider cylinders in space-time of the form

Qr,s(20) = Br(xo) X As(to),
where B, (z,) C R™ denotes the ball with center z, and radius r > 0, and
As(to) := (to — 8, to + 9);
further, for A > 0 intrinsic cylinders are defined by
QW (20) 1= By(w,) x AV (1),
where
AN (o) = (to — N27P0% t, + X*7P07).
For the sake of simplicity, we will omit z,, z, and ¢, in our notation when it is clear
from the context.

Next, for sets A C R® and U C R"*! and functions v and v defined in A and U,
respectively, we write

][udx = L/ udx and 75[ vdzxdt := L// vdzdt,
A |A[ /4 U Ul Ju

provided that |A|,|U| > 0, where |- | is used for the Lebesgue measures both in R™
and R If A = B,.(z,) is a ball, we also denote the preceding integral average

by (u)z,

2.3. Auxiliary results. In this section, we collect auxiliary result that are well-
known in the literature. General references for nonlinear potential theory are [10,
12]. We start with the following consequence of p-fatness, see [24, Lemma 3.8].

Lemma 2.5. Let Q C R™ be a bounded open set and suppose that R™\Q) is uniformly
p-fat in the sense of Definition 2.1. Let y € Q such that B,3(y) \ Q@ # @. Then,
there exists a constant ¢ = ¢(n,p, ) > 0 such that

Capp( 9/2( )\ Q, B ( )) 2> ccap, (EQ/Q(ZJ)’BQ@))-

Moreover, we have the following estimates for the variational p-capacity of a
smaller ball in a concentric larger ball, see [12, Lemma 5.35].

Lemma 2.6. Let x, € R”, p > 0. Then we have that
c(n,p)o" P < cap,, (Bo/2(y), Bo(y)) < c(n)o" .
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Next, if a set is uniformly p-fat, then it is also uniformly fat with respect to any
larger exponent ¥, see [12, Remark 6.20]. In particular, any nonempty closed set
A C R™ satisfies the ¥-fatness condition for any ¥ € (n, 00), see [12, Lemma 6.19].

Lemma 2.7. If a compact set A is uniformly p-fat with fatness constant a > 0,
then A is uniformly 9-fat for any 9 > p with fatness constant ay = ay(n,p, v, ).

In contrast, the uniform p-fatness of a closed set A C R™ does not imply the
uniform fatness with respect to arbitrary smaller exponents. However, we have the
following self-improving property, which was first obtained by Lewis [18] in the more
general context of Riesz potentials. For a direct proof of the following statement,
see [12, Theorem 7.21].

Theorem 2.8. Let 1 < p < 0co. If a set A C R" is uniformly p-fat with fatness
constant « > 0, then there exists v = y(n,p,a) € (1,p) for which A is uniformly
~v-fat with fatness constant ay, = ay(n, p, @).

The following Maz’ya type inequality links the notion of capacity to the boundary
Poincaré inequality. For its proof, we refer to [19, Chapter 10], see also [12, Theorem
5.47]. Note that the quasicontinuity of the chosen representative (see e.g. [12,
Definition 5.12] for the notion of p-quasicontinuity) cannot be omitted, since the
claim is false for arbitrary Sobolev functions. However, every Sobolev function has
a quasicontinuous representative, see [12, Theorem 5.14].

Lemma 2.9. Let B,(z,) be a ball in R™ and fix a g-quasicontinuous representative
of u € Wh4(B,(x,)). Denote

NB, o(zo)(u) == {z € B,a(wo) s u(z) = 0}.

_nqg_

Then, for G € [q,q*] with ¢* = qq there exists a constant ¢ = ¢(n,q) > 0 such that

~ C q
ul?dz < / Dul4dz | .
(Jgg(zo) [ ) <Capq(NBQ/2(:CO)(u)7BQ(xO)) By () [P )

At this point, we recall the Gagliardo—Nirenberg inequality, see [22]. We give
the statement in the following form that is useful for our purposes.

n—

Q=

Lemma 2.10. Let1 < 0,q,7 < o0 and 0 € (0,1) such that =7 < 6(1—7)—(1-0) 7.
Then, there exists a constant ¢ = c¢(n, o) such that for any ball By(x,) C R™ with
0> 0 and any function u € W9(B,(z,)) we have

(1-0)o

0o
o q q r "
][ il dz <c ][ (|u| + |Duq) dz ][ ful dz
Bo(zo) 0’ By(zo) o? By (zo) o"

The next iteration lemma follows from [8, Lemma 6.1].

Lemma 2.11. Let 0 <0 <1, A,C >0 and B > 0. Then, there exists a constant
¢ = c(B,0) such that there holds: For any 0 < r < g and any non-negative bounded
function ¢: [r, o] = R satisfying

p(t) <0p(s) +A(s—t) P +C  forallr <t<s<op,

we have

p(r) <cl[A(e—r)""+C].
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2.4. Integration by parts formula and density of smooth functions. First,
we recall the following density result from [27, Proposition 3.19].

Lemma 2.12. Suppose that 1 < p < oo, E satisfies (2.3) and R*\ E! is uniformly
p-fat, according to Definition 2.1, for every t € [0,T). Then C°(E,RYN) is dense
in VPO(E) and V2°(E), respectively.

Remark 2.13. Observe that (2.3) is not the weakest possible condition under which
Lemma 2.12 holds true. It suffices to assume that the domain E does not shrink in
a discontinuous way (see [27, (3.17)] for the precise formulation of the condition).

Next, we obtain an integration by parts formula by considering the special case
¢ =1 and v = 0 in [26, Corollary 6.3]. While it has been formulated for n > 2
in [26], it also holds for n = 1.

Proposition 2.14. Let p > 2(:7:21), and assume that the domain E satisfies (2.1)
with € given by (2.2), and for all t € [0,T), the complement of the time slice
Et is uniformly p-fat with a parameter o > 0. Further, consider a function u €

VPO(E) N L0, T; L2(R™, RN)) with time derivative ,u € (VE°(E)). Then, the
formula

(Oru, Cu) > ﬁ//Eg’\uF dazdt

holds for any non-negative function ¢ € C’g’l((O,T)).

3. ENERGY ESTIMATE NEAR THE LATERAL BOUNDARY

In this section, we establish energy estimates, also called Caccioppoli estimates
for cylinders near the lateral boundary of E. The interior case and the case of
cylinders close to the initial boundary that do not touch the lateral boundary are
analogous to the case of cylindrical domains, see [1,4].

The following energy estimate is well-known in cylindrical domains, see e.g. [24,
Lemma 3.2]. In the noncylindrical situation, a key ingredient of the proof is the
integration by parts formula in Lemma 2.14.

Lemma 3.1. Let p > 2(7?7_;;1) and assume that u is a weak solution according to
Definition 2.3 with lateral and initial boundary values g € &° and g, € &Y that
satisfy (2.10). Suppose that E satisfies (2.1) with £ given by (2.2), and (2.3), and
that R™ \ E* is uniformly p-fat for every t € [0,T). Let z, e R"*1 0 <r < R<1

and 0 < s < S < 1. Then, there exists ¢ = ¢(C,, C1,p) > 0 such that

sup / lu(t) — g(t)|* dz + // | Du|P dzdt
tEAs(to)N(0,T) J B, (z,)NE! Qr,s(20)NE
— gl —gl?
< c// v~ gl + v~ 9] + G dzdt
QRys(zo)ﬂE (R_T)p S_S

holds true.
Proof. For t1 € As(t,) N (0,T) we define

e fort € (g,2¢],

€

o) 1, for t € (2¢,t; — 2¢],
t) =
: h—e—t for t € (t1 — 2e,t1 — €],

I3 )

0, otherwise.
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Let 7: R — [0,1] be given by 7j(¢) = min{max{c, 0}**{2/P1} 1} and set n: R" —

[0, 1],
_ dist(z, B, (x,))
=g (1 D 2ride)) )
n(x) =1 < -
Then, we have that 77, 1% € W1 DO(BR(aco) [0,1]) with n = 0 outside of Br(z,),
n=11in B.(z,), (As(to),[0,1]) be defined
by

EldS fort € (to — S, to — 5),
¢(t) { 5o

1, fort > t, — s.
Now, note that d;u € (VP°(E))’ by Remark 2.4. Rewriting (2.12) as
(3.1) (Oru, ) —I—/ A(z,t,u, Du) - Do dadt = —/ |F|P~2F - D dadt,
E E

and using that C5°(E,RY) is dense in V2°(E) by Lemma 2.12, and that v — g €
VPO(E) by Definition 2.3, we may choose

pla,t) == n"(2)C([O)ve(t) (u(z, 1) — g(x,1))

as a testing function in (3.1). For the parabolic part, i.e. the first term on the
left-hand side of (3.1), we obtain that

(O, P (e (u = g)) = (B (u — g), 1P (e (u — g)) + (Drg, P (e (u — g)) = T+ 11,

where the definition of I and II is clear from the context. By Proposition 2.14
applied to 1% (u — g), assumption (2.10), and the initial condition (2.11), we find
that

) cl0 2

> %/ nPlu— g*¢ da — %// nP¢'fu— g|* dadt.
BrNE®1 QR)SQE

On the one hand, in the case p > 2 we use Young’s inequality and the fact that
R —r <1 to get that

1= // P Cedeg - (u— g) ddt
QRr,sNE

> - //Q ol et ety //Q e (' ') dedt,

On the other hand, if 2(:7;1) < p < 2, Young’s inequality and the fact that S—s <1

yield
o> - // nPCape|Org|? dadt — // ”Cwa Ju = | dxdt.
QR sNE Qr,sNE -

For the divergence part, i.e. the second term on the left-hand side of (3.1), by the
structural conditions (2.5) and Young’s inequality, we conclude that

//EZDECA(:E? t,u, Du) ! D[Up(“ - g)] dzdt

limI> —lim1 //Q . nPlu — gl (YL¢ + ') dadt
R,sN

= // V(P Az, t,u, Du) - D(u — g) dedt
R,sﬂE

+p // beCrP (u — g) Az, t,u, Du) - Dy dadt
Qr,sNE
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>, [ weopipupasa—c | pcpipupingl asdr
QR,SQE QRﬁsﬁE
—Clp// YelnP " u — g||DulP~| Dyl dzdt
QRr,sNE
> G // | Dul? dzdt — ¢(Cy, Cr, p) // Dgl? dudt
QR,SHE QRysﬂE

lu—g[?
—c(C,,C1,p // ———— dzdt.
( ! ) QRysﬁE (R - T)p

For the term on the right-hand side of (3.1), Young’s inequality gives us that

- //E GeC|FIP=2F - D[y (u — g)] dadt

<G // O | DulP dadt
QRr,sNE
+ ¢(Cy, p) // Juzgl” + |Dg|P + |F|P dzdt.
QRysﬂE (R - T)P

Inserting the preceding estimates into (3.1) and passing to the limit € | 0, we infer

/ lu — g|? da:—l—//" |Dul? dzdt
B (z,)NE" (B, (20) X (to—s5,t1))NE

lu—gl” | |Ju—g]?
< C// + dxdt
QR“g(ZO)ﬂE (R - T)p S - S

+ c// |F[? + |Dg|? + |8,9/"" dzdt.
QRr,s(z0)NE

Noting that both terms on the left-hand side of the preceding inequality are non-
negative, taking the supremum over t; € A, in the first term, and passing to the
limit ¢; T t, + s in the second term, we conclude the proof of the lemma. O

4. REVERSE HOLDER INEQUALITIES

Our goal in this section is to derive reverse Holder inequalities. To this end, for
2, € E, A >0, € (5,1], and

)

min {1’ )\(P*Q)ﬁ} 2ﬁ1—1
2783 M )

(4.1) 0<g<<
we will distinguish between the following cases. On the one hand, if
(4.2) Bsy(,) \ E' # @ for some t € ALY () 1 (0,7),

the cylinder is near the lateral boundary; we refer to Section 4.1. On the other
hand, if we have that

(4.3)  Bsylao) \E' =@ forallt € AL (t,) N (0,T)  and 0 A (t,);

we are dealing with cylinders near the initial boundary; see Section 4.2. In Sec-
tion 4.3 we consider the remaining case of interior cylinders, i.e., cylinders such
that

(4.4) Bs,(20) x ASY(t,) C E.
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4.1. Near the lateral boundary. In this section, we prove a reverse Holder in-
equality for cylinders near the lateral boundary of E. We start with the following
lemma that shows that if Bg,(z,) intersects the complement of a time slice E* for

some time s € AE(SZ) (to) N (0,T), and the radius ¢ > 0 is small enough, then the
larger ball Big,(z,) intersects R™ \ E* for all times ¢ € Aéz) (to) N (0,T).

Lemma 4.1. Suppose that E satisfies (2.3), that A > 0, and that the radius o > 0
satisfies (4.1) for some B € (3,1]. If (4.2) holds true, then we have that

Biso(zo) \ E* # @ for every t € AL (t,) N (0,T).

Proof. Let s € A{))(t,)N(0,T) denote the time in (4.2) at which B, (z,) \ E* # &.
By the bound on p and condition (2.3), there exists y € Bg,(z,) \ E® such that
dist(y, R" \ E') < e“(E', E*) < M(2X>?(80)%)” < 8¢
for every t € Aéz) (to). Thus, for every t € Aéz) we find 2 € R" \ E? such that
|z — y| < 8o, and further
|2 —@o| < |2 =yl + |y — zo| < 160,
which concludes the proof of the lemma. O

Next, we prove the following boundary Poincaré inequality.

Lemma 4.2. Let R"\ E' be uniformly p-fat with fatness constant o > 0, and let
u(t) € g(t) + Wy P(EY, RYN). Moreover, assume that for z, € E* and r > 0 we have
that Bz (z,) \ Et #£ @. Then, there exists an exponent v = y(n,p,«) such that for
every vy < v <p

\/Br(azo)ﬂEt

holds true with a constant ¢ = c¢(n,p,?, a).

r

9
Y g‘ (t)dx<c/( ) |D(u — g)|”(t) dx
By (zo)NE?

Proof. By Theorem 2.8 and Lemma 2.7, there exists v = y(n, p, @) such that R™\ E*
is uniformly 9-fat for any v < 9 < p with the fatness constant ay = ag(n,p,d, ).
Extending u — g € W} (E!,RY) to B,(z,) \ E' by zero, and choosing a ¥-
quasicontinuous representative, by Lemma 2.9 we find that

/ fu— g|?(t) da
Br(zo)NE?

(4.5) c(n, 9)r"

< / ID(u - g)|”(t) de,
Capy (NBT/2(IO)(U - g)a Br(wo» B, (z,)NE*®

where

NBT/Q(%)(U —g) = {m € By j2(xo) s u(r) — g(x) = O}.
Note that according to [12, Theorem 5.26], the representative of u— g can be chosen
such that u — g = 0 p-quasieverywhere in R™ \ E? (i.e. everywhere outside of a set
of p-capacity zero). Further, we know that Br(z,) \ E' # @ and that R" \ E* is
uniformly p-fat. Therefore, by Lemma 2.5 and Lemma 2.6, we obtain that
capy (NBT/Q(%)(UJ -9), BT(a:O)) > capy ((R" \ Et) N B, 2(,), BT(a:O))
> C(n7 197 C¥19) Capy (BT/Q(xO)a Br(xo))
> c(n,p,d,a)r" 7.

Inserting this into (4.5), we conclude the proof of the lemma. (]
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In the singular range 1 < p < 2, the following lemma helps us to estimate a
quadratic term. Its proof follows along the lines of [4, Lemma 4.3].

Lemma 4.3. Let 2(”“) < p < 2, and let u be a weak solution according to Def-

ination 2.3 with lateml and initial boundary values g € &° and g, € &Y that sat-
isfy (2.10). Suppose that E satisfies (2.1) with £ given by (2.2), and (2.3), and that
R™ \ E' is uniformly p-fat for every t € [0,T). Further, assume that for A > 0 and

0 > 0 we have that Blﬁg(zo Y\ E' # @ for everyt € A(/\)( to) N (0,T), and that

(4.6) // |Du\” + G dzdt < NP,
(¢9)
489 Zo Qy5,(20)N
Then, there exists a constant ¢ = ¢(n,p,C,, C1) such that
2
A) // 9| dzdt < X,
’(24 ZO ‘ (k)(zo nE

Proof. Fix 1 < a1 < ag < 2. Extending u — g outside of E by zero, and applying
Lemma 2.10 slice-wise with (o, ¢, 6,7) = (2,p, 2, ) which is possible since p > n+2,

we obtain that
p
(t) de

// lu — g|? dzdt
EIALY) Q(ZO)mE

< o2

=< /A(M

daje

[ g+ ]“‘9
(to)N(0,T) Biaayo(To) 0

<][B40419($0)
u—g P
(4.7) // —-9)” + ‘ dadt
Q(A)ZONWE o
2—p

( sup ][ |ug|2<t>dx>
teAd  (£,)N(0,T) Y Baayo(®o)

2
4aqe
Now, we estimate the terms on the right-hand side of (4.7) separately. First, since
we have assumed that Big,(z,)\ B! # @ for every t € Aéz) (to)N(0,T), by applying
Lemma 4.2 with r = 48p slice-wise, and using (4.6), we find that

P
I |D<u—g>|p+\“~"
QY (z0)NE 0
P
< |D<ug>p+\“g
QWY (20)NE 0

Qs

< c// |D(u — g)|P daedt
b (zo)NE

daxdt

dxdt

(4.8) < QM.

Next, we use the energy estimate in Lemma 3.1, which holds since p > 2(7?7121)
Moreover, we use the fact that a3 — a? > (a2 — a1)?, Young’s inequality with
exponents 2 5 and 3= (which is possible, since 1 < p < 2), and (4.6) to conclude

that

sup ][ ju— gl2(t) da
teAN  (4,)N(0,7) 7 Baayo(To)

dage
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2
< // v=9g ‘ A2 I | +Gdedt
‘B4a1g (zo) Qizgg(zo)ﬂE Qg — O‘l)@ (OéQ - al)g
>\2 P - 2
X // 2| Y79 1y G dadt
4a2g ] QL) (zo)NE (aa —aq)o
2
(4.9) g // I dwdt + X202
4a2g (20)| M@, (zo)nE |02 — 11

Inserting (4.8) and (4.9) into (4.7), and applying Young’s inequality with exponents
% and ﬁ yields

|u — g|? dadt
Q(/\) (20)NE

daq o
2—p
— 2 =z
: C|Q4SQ‘)\Z)QP // g dadt + c)\?p?
40429 ‘ QD) ,(zo)nE [ 2 — 1
: _2(2=-p)
- 7// |u_g‘zdxdt+c>‘292‘Q48g‘(a2—041) a
2 f;i) o(Zo)NE

for any 1 < oy < a2 < 2. Now, by Lemma 2.11 with § = 3, ¢: [1,2] — R>¢ given

by
// |u — g|* dadt,

iso(Z

A= c/\292|Q4(§)g|, p= 2(271)7 and C = 0, we deduce that
u—-g

~//Qi;)(zn)ﬂE 0

This concludes the proof of the lemma. [l

2
‘ dadt < | QN2 < QA2

Now, we are ready to derive the reverse Holder inequality for cylinders near the
lateral boundary.

Lemma 4.4. Let u be a weak solution to (1.1) according to Definition 2.3 with
lateral and initial boundary values g € &° and g, € &Y that satisfy (2.10). Assume
that E satisfies (2.1) with £ given by (2.2), and (2.3), and that R™\ E* is uniformly
p-fat for every t € [0,T). Furthermore, consider a cylinder QE;\)(ZO) c R with
0< o<1, XA>1and \>7Po? < 1, such that (4.1) and (4.2) are satisfied, and
suppose that

(4.10) o] //

Then, denotmg the exponent from Theorem 2.8 by v = ~(n,p,«a), for every
max{’y,[)*} < ¢ < p there exists a constant ¢ = ¢(n,p,C,, Cy, ) > 1 such that

DulP dzdt
Eare //Qm L
// |Du|? dadt —|—
489 zo QWY (z0)NE

489

|[Dul? + G dxdt < AP < (A // |Dul? + G dxdt.
N (g Q| Vot ne

489

// G dxdt.
3 (z0)NE

489 ZO 489

Proof. From the energy estimate in Lemma 3.1 we obtaln that

1
|Qg (Zo)‘ Q(QA)(ZO)OE



14 K. MORING, L. SCHATZLER, AND C. SCHEVEN

(4.11) //
ZO | (A)(zn)ﬂE
/\p 2 2
: // 91 dwdt
(A) o) Mo one ! 0
s // G ddt.
‘QQQ (ZO)’ Q;)Q\)(ZO)I’WE

In the following, we estimate the terms on the right-hand side of (4.11) separately.
First, for o € {2,p} we write

I, :=
o (>\) |//(>\) (2)NE

and fix ¢ € [max{v,p«},p). First, we estimate this term in the case o > p. We
use (u — g)(t) € WH(Bgy(x,)) with u — g = 0 in R™ \ E* L"-a.e. for a.e. t €
A()‘)( to) N (0,T), and apply Lemma 2.10 With r =2 and § = £ slice-wise. Note
that this is admissible, since ¢ > p, and § < £ <1 in the present case 0 > p. In
this way, we conclude that

Y
g dzdt

— 9 ‘ dzdt,

N ][
|A(>\) | A(A) 0)N(0,T) J B2y (z0)

“;g‘ (t) da dt

cA\P~°

LN ][ ID(u—g)|7(t) +
A5y (t)] /28 €m0 ( Be(eo)

(‘7[B2g (10)

q
_ u—g
(412) < eMNPO // ug)lq+‘
Zo | ()‘) (zo)NE o

u—al? =t
. ( sup ][ g’ (t) dx) .
teAY (t,)n(0,1) 7 Bao(zo) | €

Now, we estimate the terms on the right-hand side of (4.12) separately. First,

note that Big,(x,) \ B! # @ for all t € A (t,) N (0,T) by (4.2) and Lemma 4.1.
Therefore, applying Lemma 4.2 with r = 48p slice-wise to the first term on the
right-hand side of (4.12), we find that

q
u—g
—g q + ‘
(A) |//m ZO)mE ) o
_ q
// Dl gl +| 2| daat
!Q2 20)| W Buselwo) <AL o) 0

< ID(u — g)|? dadt
|Q§A) (20)] //B4sg(zn)x1\<*>(t )INE

— ¢g)|?dadt.
Zo |//(>‘)(zo g)| *

4

dxdt
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Next, applying the energy estimate from Lemma 3.1 to the second term on the
right-hand side of (4.12) yields

“_9'2@) da
Y

sup ][
tEAgz>(to)m(o7T) By, (o)

(A) }//(A) zo)ﬁE

< p < 2, we apply Young’s inequality with exponents ﬁ and

P

1%

+ \27PG dzdt.

2
u—g
% ‘

2(n+1)
n—+2
2 and then Lemma 4.3 to estimate the quadratic term on the right-hand side and

assumption (4.10). This leads to the bound

In the case

2
u—4g
t)dz
o

sup ][
teAD) (to)N(0,T) B2e(@o)

(A) ZO | \//o‘)(zo nE

In the case p > 2, using that u — g = 0 a.e. in R"*1 \ E, Jensen’s inequality gives
us that

2
- 9’ £ A2 4 A2 PG dadt < A2,

; r(t)dx

sup ][
teASY (to)n(0,T)/ B2e(wo)

c)\2_p //
()\)(ZO)OE

dzdt
n # /
(A) Zo ‘ Q(A) (20)NE

P
dadt
)\2 P
¢ // G dzdt.
Q()‘> (zo)NE

Therefore, applying Lemma 4.2 slice-wise to estimate the first and second term on
the right-hand side of the predecing inequality, and using (4.10), we deduce that

i1

u—g

2
u—g
t)dz
<

sup ][
teAD) (t6)N(0,T) B2e(wo)

2—p
CA // |DulP + G dzdt
) (20)NE

489 ZO Qiso

+ < // |Du|p —I-dedt)
O (
489 o) He

489

2—p
ii) // G dedt
| QW (z)NE

Qa5 (2o s
< c)\z.

Inserting the preceding estimates into (4.12), we obtain that

AP .
(4.13) I = // - |Dul? + G dadt

o =
|Q489 Zo Qs (20)NE
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in the case o > p. It remains to consider a parameter o € {2, p} with ¢ < p, which
only occurs if ¢ = 2 < p. In this case we use Young’s inequality with exponents
L= and £, Holder’s inequality, and then (4.13) with o = p to estimate

P
I, < e +¢é(e)l,
/\p a
< el +é(e ¢ // |Dul? + G7 dadt
489 (%o | QLA (z0)NE

for any € > 0. Therefore, in any case we obtain

C)\p g q
I, <eXP +¢é(e // |Du|? + G dxdt
480 (20)] M Q) (zo)nE
< ceNP + \Du|q + G dzdt |
()\) 2 | O (20
Qusp(20 a8(%o

In the last step we apphed Young’s inequality with exponents % and ﬁ. Using

the preceding estimate in (4.11), we end up with

| DulP dadt
()\) |//(A) (20)NE
< ceAP + ( // |Du|qudt>
48@ Zo 8 (zo)NE

48g

(A) //Q - G dudt.

489 (20)

Qs

Thus, by (4.10), we infer

|//m | Du|P dadt
Qe (20)

< % // | DulP dzdt + // |Du|q dzdt
‘ (/\)(ZO)QE (A)
// _Gdadt
Zo { Q(A) (Zo

480

Qs

48g

Choosmg € > 0 small enough and absorbing the first term on the right-hand side
into the left-hand side, we conclude the proof. O

4.2. Near the initial boundary. In the case (4.3), the cylinder Qéz)(zo) does
not intersect the lateral boundary. Therefore, this case can overall be treated as
the initial boundary case in cylindrical domains, see [4, Lemma 5.6]. We only need
two modifications to adapt the proof to our setting. First of all, since we consider a
general right-hand side F, we get additional terms in the scaling assumption (4.14)
and the conclusion of the lemma compared to the estimates for F' =0 in [4]. Note
that these terms are included in the definition of G in (1.2). Further, our growth
assumption (2.5)s is slightly less general than the corresponding one in [4, (2.3)]
in the sense that we do not allow an additive constant on the right-hand side.
Therefore, in contrast to [4], we do not have to add the constant 1 in the definition
of G.

As in [4], our scaling (4.14) involves the lateral boundary values via the definition
of G in (1.2). This has the advantage that we can use the same scaling close to the
initial boundary as close to the lateral boundary in Section 5.1.
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Lemma 4.5. Suppose that u is a weak solution to (1.1) according to Definition 2.3.
Moreover, let Qg‘) = E,A)(zo) C R with o € (0,1] and X\ > 0 such that (4.3)
holds true. Suppose that

1 1
Qo' | Vel nE Q™| Vg nE

where G is given by (1.2). Then, there exists a constant ¢ = c(n,p,C,,C1) > 0
such that

1
Tﬂ(k) |Du|p dxdt
|QQ | Qg neg
< (C// Duqudt>q +L// G dzdt
Q| Hagns Q| ety

+ cAPTP ][ |Dgo|P* dx .
B49

holds true for every max{p — 1,p.} < ¢ < p.

4.3. Interior case. Now, we consider the case (4.4), in which Qéz)(zo) C E. Since
this cylinder neither intersects the lateral nor the initial boundary, we can use
the same arguments as in the interior case. Therefore, we obtain the following
lemma, whose proof is a straightforward modification of the arguments leading
to [1, Lemma 13]. Similarly to the initial boundary case in Section 4.2, we consider
the scaling (4.15) involving the lateral boundary data in order to make it compatible
with the scalings in the other two cases treated in Sections 4.1 & 4.2.

A)

Lemma 4.6. Let u be a weak solution to (1.1) such that Qég

and A > 0. Suppose that

(z0) C E with o € (0,1]

(4.15) ﬁ[ |DulP + G dzdt < NP < ]§[ |DulP + G dzdt
Q5 Qg

holds true, where G is given by (1.2). Then, there exists a positive constant ¢ =
C(napv Co; Cl) such that

%
|DulP daxdt < ¢ |Duldzdt | +c¢
(@] (\)
Q5 o8 Q

for every max{p — 1.} < q < p.

G dxdt,
)

(
20

5. PROOF OF THEOREM 1.1

Fix a point z, € FE and radii 0 < R < Ry < Ry < 2R < 2, and consider
concentric cylinders Qr(2,) C Qr,(2,) C Qr,(Z,) C Q2r(Z,). For simplicity, we
will omit Z, in the the notation from now on. Observe that

Q2g(zo) C Q2R(Zo) C Q4R
for every z, € Q2r and ¢ < R. Further, let

d
1 P
A, = <1 1 // \Dul? + G dxdt) 7
|Qar| JQunnE

where d is given by (1.3), and for A > A, and r € (0,2R) let
E(r,A\)={z€ Q,NE: zis a Lebesgue point of |Du| and |Du|(z) > A} .
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We define the radius
R, = min {1, APz } R

and observe that for every r € (0, R,] and z, € Q2r, we have Qg,)‘) (20) C Qar. We
consider levels

~ (n+2)4

4¢R »
(51) A > B)\o, where B = (M) s
with

1
¢ = max {240, 48 (270 T}

With these choices, we fix a point z, € E(R;, \). First, we consider the case of a
radius r with % < r < R,, where we have set

¢
min {1,)\(”_2)%%1}.

m=

Using the fact Bﬁ”\)(zo) C Bsgr and the definition of \,, we estimate

1 1
T// \Dul” + G dzdt < ‘Q?f)‘ // \Dul” + G dzdt
|QT | Qg.k)(z,,)ﬂE |QT | |Q4R‘ 4rNE

n+2
< <4R) AP=20E
- r

Now we distinguish between the cases p < 2 and p > 2. In the first case, we use the

bound r > % and the fact —2 — (p — 2)(n + 2)25L_1 = —£ <0, which follows

from assumption (2.4). This gives

n+2 N n+2
<4R> AP2NE < <R4CRR ) APA~2-(P=2)(n+2) gy )\
r 2 — 4

N n+2
< 4¢R \P
T\ Ry— Ry

= AP,

P
d

A¢R (n+2)% \ \
RQ — Rl o 0

als

Similarly, in the case p > 2 we obtain

n+2 N n+2
<4R> AP2A§<<4CR ) APATING

T Rg — Rl
~ n+2 ~ (n+2)i —§ »
< 4¢R \P 4¢R g A, A
R2 — R1 RQ - Rl
= )\p7

since in this case, we have & = 2. Combining the three preceding estimates, in any
case we deduce

1
W // . |Du‘p + dedt < Ap,
T Q" (z0)NE

provided f2=f1 <« < R,.

m

On the other hand, we find that

1
lim inf [P eI // |Du|? + G dxdt > |DulP(z,) > AP.
10 ‘QT ’ QS«)\)(ZO)I'TE
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Thus, for each z, € E(Ry, \) there exists a maximal radius g,, € (O, R2;R1} such
that

(5.2) |Du|P? + G dxdt = NP,
QYY) (zo)nE
and
1
(5.3) W //QW( |Du|P + G dxdt < AP for every r € (., Ro)-

In this context, observe that ng (z0) C Qr, for any z, € Qg,. Indeed, on the one
hand, we find that ¢g,, < Ry — Ry. On the other hand, since g,, < m~1(Ry — Ry),
A > 1, and since we have that min {1, )\(p_Q)%} < )\FT_Q in the case p < 2 by the

B
fact that 5 3

7> %, we obtain that
2
R2 + AP (o, )% < R + A* P min {1, A<P—2>zfs’%1} (Ry — R1)? < R

5.1. Reverse Hélder inequality. Let A satisfy (5.1), fix z, € E(Ry,A) and let
0=, € (0, RQm L] be the maximal radius such that (5.2) and (5.3) hold true. In order

(/\) /(z0), we distinguish between

to derive a reverse Holder inequality in Q

the cases of lateral, initial, and interior cyhnders
First, assume that (4.2) holds true with o, in place of p. Note that our assump-

tions imply 0., <1, A > 1and AQ’pggo < 1. Moreover, since ¢ > 48 (276*3]\/[) Tl*l,

assumption (4.1) is satisfied and we have 489, < R,. In view of (5.2) and (5.3),

the latter ensures that the scaling assumption (4.10) of Lemma 4.4 is satisfied.

Applying the lemma, we obtain that

1 q
T // |Dul? dedt < (A) // |Du|? dzdt
|ngo| Q) NE Qiso., | ., NE

// G dzdt
N nE

48.on

|(2480z

for every max{~,p.} < ¢ <p.
Next, if (4.3) holds true with ¢ = g,_, the assumptions of Lemma 4.5 are satisfied.
The lemma gives us that

P a
Q(/\)|//W | Dl dxdt<< (/\) |//Q(>‘) ﬁE\Du| dxdt)

G dzdt
|Q4g |//(*) NE

4L7z

P

Ps
+ PP ][ |Dgo|P* dx ,
B4.on
for every max{p — 1,p.} < ¢ < p.

Finally, in the interior case (4.4) with ¢ = g, , we apply Lemma 4.6. We obtain

ﬁ[ |DulP dzdt < ¢ ﬁ[
oW oM

Qzo 20z,

|[Du|?dzdt | +¢ G dzdt,
oW

20z,
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for every max{p — 1,5, } < ¢ < p. By taking into account all the cases, we end up

with
// |Du|p dzdt
(*)
q
S( - |//w Dyl do:dt) + (A) |//m G dzdt

(/\)

Qo.,

48@

. 1 z
p—p D
e ( |B4Qza /B NEO D, dx) XA%)ZO (to) ©);

40z,

for all max{p — 1,7, p«} < ¢ < p, with a constant ¢ = ¢(n,p, C,, C1, ).
5.2. Estimates on super-level sets. For r € (0,2R) denote
G(r,A\) ={z€ Q. NE:zisa Lebesgue point of G and G(z) > A’}
and
G,(r,\) = {z € B, N E° : z is a Lebesgue point of Dg, and |Dg,|(z) > A}.

Using (5.2), (5.4), Holder’s inequality, and (5.3), for n € (0,1), z, € E(R1, ), and
any exponent q € [max{p — 1,7, P« },p) we find that

(>\ // |[Dul? + G dzdt
\Q QY NE
. c
|Du|? dxdt | + —~— // G dzdt
( Qi //QW Q.| M), o

4802, 480z,
2
. 1 . P
+eAPTP / |Dgo|P* dx
‘B4on | By, NE°

4oz

// | Du|? dadt
QYY) NE(Ran\)

480z,

< e’ AP+ ( )
4892

// G dxdt
489 | Q4A,. NG(R2mA)

480z,
b
. 1 . P
+eAP7P 5 |Dg,|P- dx
‘ 4on| B, NGo(R2,mA\)
cAP1
< cenP NP —|— ()\) // o |Dul? dzdt
Qusp., | ¥ QSa)., NE(R2mN)
// G dxdt
489 51;1,20 NG (R2,m\)
b
A 1 A P
+ cAPTP 5 |Dgo [P~ dx .
[Big.,| JBa,., nGo(Ram)

Choosing nP = 2% allows us to absorb the first term on the right-hand side into the
left. Using (5.3) and the fact that ¢, < R,, we estimate the left-hand side of the

resulting inequality from below by
> )\) //m | Du|P dadt.
|Q 2o, QY nE
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We multiply both sides of the resulting inequality by ’ng . Taking into account

n+2—nALA
Zo

7 < cént2p ?* X\27P and A\?~P < 1, this leads us to

that A2 ~2|QY) |/|Bu,.,

// | Du|P dadt
Q) nE

(5.5) < e t? // NP~4| Dyl dzdt
Q). NE(R2.m))

+ cén T2 // G dzdt
QY NG(RamN)

4802z,

. n+2—n- »
+ cc”+2gzo Px / |Dg,|P* dx .
B4QZO ﬁGo(Rz,UA)

In the following, we cover E(R;, \) by cylinders {Qflg)gz (zo)}z CE(Ry )" By the
Vitali covering property, see e.g. [9, Theorem 1.2], there exists a countable, pairwise
disjoint collection {Qigz,z_ (zz)}l ¢y Such that
A
E(Ri,\) c | Qgggi () C Qr,.
€N

Here, we have used that ¢ > 240. Thus, by (5.5) we have that

// |DulP daxdt < c// AP Dul? dedt + c// G dzdt
E(R1,)) E(Rz2,m)) G(Rz,mA)

P

+ C(Rg . Rl)n+2—nﬁ% / |Dgo|ﬁ* dx ,
GO(R2777/\)

with a constant ¢ = ¢(n,p, C,, C1,a, ¢) = ¢(n,p,C,, C1, , 8, M). Observe that

// |Du|? dzdt < // AP~9| Du|? dadt.
E(R1 nA)\E(R1,\) E(R2,m\)

Combining this with the penultimate estimate, and replacing nA by A to simplify
notation, we deduce

// |Dul? dedt < c// AP~ Du|? dedt + c// G dzdt
E(R1,\) E(Ra,\) G(R2,))

+c(R2 — Rl)"+2_n£ (/ |Dgo
Go(R2,))

A Px

s dx)

< c// AP74| Du|? dxdt+c// G dzdt
E(R2,)) G(Rz2,))

P

1 A Pr
|Dg,|P* dx)

+lQr.| | 75—

>\ IBr,| Ja,(rsn)

for any A > nBX,, where ¢ = ¢(n,p,C,, C1, a, 3, M). We denote
|Dulr, = min{|Dul, k},

and
Ei(r,\) ={z € Q, NE : |Dulp(z) > \}.
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Note that Ex(r,\) = & if k < A\, and Ex(r, \) = E(r, \) if & > A\. Therefore, in the
truncated level sets, the last inequality above implies

// |Dulp ™| Dul? dzdt < c// AP~ Dul? dxdt + c// G dzdt
Ek(R1,)) Ey(R2,M) G(R2,)\)

X N\t
+ C|QR2| ( |Dgo P dl’) .

|Br,| Ja,(ran)

We multiply the preceding inequality by A°~! and integrate over (A1, oc), where
A1 = nBX,. Since G,(Rz2,\) C G,(Ra2, A1) for A > A1, and by Fubini’s theorem
and Holder’s inequality, we obtain that

P

[eS) 1 . P
/ et |Dg,|P* dx d\
>\1 |BR2| G‘O(R27)\)

P
1 s\ [ 1 ;
< |Dgo|P* da / Aet / |Dgo|P* da dX
|BR2| GO(RQ,)\1) )\1 |BR2‘ GO(RQ,)\)

1 1 A Sis 1
= 7/ |Dgo P~ da 7/ |Dg,
e \ |Br,| G,(R2,M\1) | Br, | Go(R2,A1)

pte
1 1 R Pxte
< - / |Dg,|PT¢ da .
€ ‘BR2| G, (R2,M\1)

Analogously, by Fubini’s theorem we find that

(oo}
/ et // |Dul? ™| Du|? dzdt dA
A1 Ei(R1,)\)

1
= // (IDulf ™| Dul? = X |Duly ™| Dul?) dedt,
€ JEr(R1)

IN

Pxte dx

that
/ Apmate—l // | Du|? dzdt dX
A1 Ei(R2,\)
1
< 7// |Dul}~ % Du|? dadt,
D—q+E€ JJE,(RoN)
and that

oo ]_ £
/ pt // Gdzdtdr < = // G'Tr dzdt.
A1 G(R2,)\) € JJG(R2,M\1)

Finally, by definition of Ex(R1, A1) we conclude that

// |DulE**7 Du|? dadt
(QryNE)N\Eg(R1,M1)

< x / |\ Dul? | Dul? dedt.
(QryNE)\Ek(R1,\1)

By combining all the estimates we have that

// | Duf? ="+ Duj? drdt < 5 // | Dul? ="+ Duf? dadt
Qr,NE P—=4q9JJQr,nE

+ A] // | Du|P dzdt
Q2rNE
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+ c// G5 dadt
Q2rNE
pte

1 R Pxte
+c|Q2r| | 55— |Dgo|P<* da ;
|BQR| BQROEO

with a constant ¢, = ¢,(n,p,Co, C1, M, o, 3) > 1. Then, we choose
p—q
2¢,

€o = <1

and consider € < g,. Since A\] < BA’, recalling the definition of B we obtain that

1
// |Du|£*q+s|Du\q dadt < 3 // |Du|z*q+E|Du|q dadt
QR1 nE QR20E

R (n+2)4
te () A // |Duf? dzdt
Ry — Ry Q2rNE

+ c// G5 dzdt
Q2rNE

1 R I?:TE
+¢|Q2r| | =— |Dgo P da .
|BQR| BorNE°®

By using the iteration lemma, i.e., Lemma 2.11, and passing to the limit £ — oo
by means of Fatou’s lemma, we obtain

// |Du|Pte dedt < g // | Du|? dzdt + c// G5 dzdt
QrNE Q2rNE Q2rNE

1

Pte

R Pxte

Dg,|P+*¢ dx .
Barl Jounn %! )

+elQurd
Recalling the definition of A\, and dividing by |@g|, this concludes the proof of
Theorem 1.1.
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