PRODUCT OF BRAUER-MANIN OBSTRUCTIONS FOR 0-CYCLES
OVER NUMBER FIELDS AND FUNCTION FIELDS

DIEGO IZQUIERDO, YONGQI LIANG AND HUI ZHANG

ABSTRACT. According to [Col95], it is conjectured that the Brauer—-Manin obstruction
is expected to control the existence of 0-cycles of degree 1 on smooth proper varieties
over number fields. In this paper, we prove that the existence of the Brauer—-Manin
obstruction to the Hasse principle for 0-cycles of degree 1 on the product of two smooth
(non-necessarily proper) varieties is equivalent to the existence of such an obstruction
on one of the two factors.

We also prove an analogous statement for smooth varieties defined over function fields
of C((t))-curves.

1. INTRODUCTION

Consider a number field k£ or the function field of a projective smooth geometrically
integral C((¢))-curve. We call the latter a function field for short. All varieties appearing
in this section will be smooth and geometrically integral.

For a class of k-varieties F, we say that the class F satisfies the Hasse principle if for
each k-variety V € F, V(Ay) # () implies V (k) # (. When V(Ay) # 0 and V (k) = 0,
one may want to explain the failure of the Hasse principle. To do so, Manin introduced a
subset V(A)B" of V(A}). The set V(Ay)P" is defined as the right-kernel of the Brauer—
Manin pairing
(1) (-,9m = Br(V) x V(Ay) — Q/Z.

Here Br(V) = HZ,(V,G,,) is the cohomological Brauer group of V. Using the Brauer—

Hasse-Noether exact sequence when k is a number field and by Weil’s reciprocity law
when k is a function field, one can obtain the inclusions

V(k) CV(AL)P CV(A).

Hence, if V(A})B" is empty, then this explains why V (k) is empty. From this perspective, if
for some k-variety V, we have V(A )" = (), then we say that a Brauer—-Manin obstruction
to the Hasse principle on V' exists.

It is natural to consider the Brauer—-Manin obstruction on the product Z = X X, Y of
two projective varieties. Skorobogatov and Zarhin, in their paper [SZ14, Thm. C], proved
that when k is a number field, one has Z(A;)® = X(Ap)P x Y(AR)P'. As a direct
corollary, the existence of Brauer—-Manin obstruction to the Hasse principle for rational
points on Z is equivalent to the existence of the same obstruction on X or Y. The case
without projectivity assumption is due to Chang Lv, see [Lv20, Thm. 3.1]. In this paper
we are going to prove a variant of this statement for O-cycles of degree 1.

Following Manin, Colliot-Thélene introduced a similar obstruction associated to 0-
cycles in the paper [Col95]. Precisely, he derived a similar Brauer—Manin pairing between
the group Zg 5 (V') of adelic 0-cycles and the Brauer group Br(V'). Hence, one obtains a
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subgroup Z, o (V)P" containing V/(Ax)"" as a subset. One can also prove that Z 5 (V)"

contains the group Zo(V') of global 0-cycles on V. We denote by Zg A(V)BT the subset
consisting of adelic 0-cycles of degree r at each place. The group 7, A(V)BT (vesp. the
subset Zp, A(V)Br) allows one to define a Brauer—-Manin obstruction to the Hasse principle
for 0-cycles (resp. of degree r) similarly to the case of rational points. For a k-variety V,
we say that the Brauer—Manin obstruction for 0-cycles on V' (resp. of degree 1) exists if
ZojA(V)Br = () (resp. if Z(l),A(V)Br =0).

The second author considered the property of weak approximation in his paper [Lia23,
Thm. 3.1]. Roughly speaking, he proved that, for rationally connected varieties X and
Y defined over a number field k, the product Z = X X, Y satisfies weak approximation
with Brauer-Manin obstruction for O-cycles if and only if both X and Y satisfy the same
property.

In this paper, we consider the existence of Brauer-Manin obstruction to the Hasse
principle for 0-cycles on the product of varieties which are neither necessarily rationally
connected nor proper. Moreover, compared to the main result of [Lia23] where it was
required to assume arithmetic properties over any finite extensions of the ground field,
here we always stay on the ground field.

Given a 0-cycle z on X and a O-cycle y on Y, one can determine a O-cycle z on Z called
the product of x and y. Precisely, if x and y are simply closed points, then z is the 0-cycle
assocated to the finite k-scheme Spec(k(z) ®; k(y)). For general 0-cycles, one extends the
product bilinearly and obtains a bilinear map

Zo(X) X Zo(Y) = Zo(Z).

Similarly, defined component by component, we obtain a bilinear map on the groups of
adelic 0-cycles

D Zy a(X) X Zya(Y) = Zy a(2).
When one restricts ® on the subset Zg o (X) X Zj 5 (Y'), we denote it by @™ or simply ®

if there is no confusion. It is immediate that ®!! is a section of the product of natural
projections Z 5 (Z) — Zg o (X) X Zg o (Y).

Theorem 1.1. Let k be either a number field or a function field. Let X andY be smooth
and geometrically integral varieties over k and let Z = X X Y be the product of X and
Y. Then the section

&= B2 7, (X) x ZLA(Y) = ()
of Zoa(Z) = Lo o (X) X Zy A(Y') gives rise to a section
Z(l),A(X)Br X Z(l),A(Y)Br - Z(lj,A(Z)Br
of Z(l),A(Z)Br — Ztl),A(X)Br X Z%),A(Y)Br~

Corollary 1.2. The existence of Brauer—Manin obstruction to the Hasse principle for

O-cycles of degree 1 on Z = X X Y is equivalent to the existence of such an obstruction
on X orY.

NOTATIONS

Here are several basic notations and conventions.
e A function field in this article always refers the function field of a projective smooth
geometrically integral C((t))-curve.
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e The base field k is either a number field or a function field. Let k be a fixed algebraic
closure of k. Let I'y (or simply I') be the absolute Galois group of k. In either case, the
field £ has characteristic 0. In the case of function fields, the cohomological dimension of
k is always < 2.

In either case, one can consider the set €2 of places associated to k. In the case of
number fields, §2; comes from class field theory. In the case of function fields, {2 consists
of closed points of the associated C((t))-curve. For each v € ), let k, be the completion
of k at v.

e Let T be a finite subset of €2,. When k is a number field and T contains all
archimedean places of k, let O denote the canonical integer ring associated to T'. When
k is a function field and T' # (), let Or denote the global sections of C'\ T where C is the
associated C((t))-curve. Note that in the case of function fields, C'\ T is affine if T # 0.

e A variety over a field k is a separated scheme of finite type over k. Set X = X7 and
X, = X, for each v € ().

e Given a field k and a k-variety X, the group Z,(X) represents the abelian group of
O-cycles on X. If r is a given integer, the symbol Z{(X) represents the 0-cycles on X of
degree 7.

e Given a number field or a function field k, a k-variety X and a place v € ), the group
Zy,,(X) represents the group Zy(X,). Furthermore, we use symbol Z; , (X) to represent

the subset {(Zv)Uer € [I Z,(X) : there is a finite subset S of )}, and a model X7 of X
vEQ

over O so that for each v ¢ T', z, comes from a relative 0-cycle Z, of Xr ®0,. O, over O,

(or a formal finite sum of integral sub-schemes of Xr ®o,. O, which is finite over (’)v)}.

When X is proper, we have that Z; 5 (X) = [] Z,,(X). We call elements of Z; 5 (X)
vEQy
adelic 0-cycles on X over k.

e Given a scheme X, the Brauer group of X refers to the étale cohomology Br(X) =
H% (X, G,,). If X is a variety over a field k, the first Brauer group Br;(X) of X refers to
the kernel of the homomorphism Br(X) — Br(X) and the algebraic Brauer group Br,(X)
of X refers to the cokernel of the homomorphism Br(k) — Bry(X).

e Let k£ be a number field or a function field. We mention that there is an invariant map
inv, : Br(k,) — Q/Z. In the case of number fields, it comes from local class field theory. In
the case of function fields, it is provided by the residue homomorphism Br(k,) ~ Q/Z(—1),
composed with a (non-canonical) isomorphism Q/Z(—1) ~ Q/Z associated to a pre-fixed
compatible system of roots of unity in k.

These invariant maps fit into the following exact sequence

(2) Br(k) —~ @ Br(k,) —=Q/Z—0.

vEQ

For the case of number fields, the first map is also injective due to the Brauer—-Hasse—
Noether exact sequence. For the case of function fields, a proof can be found in [CH15,
Prop. 2.1 (v)].

e We only deal with étale cohomologies. So, sheaves always refer to étale sheaves and
the subscript ét in the symbol HY, (x, F) will be omitted for convenience. If F* is a complex
of étale sheaves, then H(, F*) always refers to the hyper-cohomology of F*.

Let k£ be a number field or a function field and F be an object of the derived category
D(k) of k, then we define IIT*(F) = Ker(H'(k, F) — [] H'(k,,F)).

VEQ
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2. PRELIMINARIES

Let V' be a variety over k and z € V be a closed point. Given an element A € Br(V),
we can define a pairing (A, z) = Corg(.)/k(A(2)) € Br(k) where k() is the residue field of
V at z and A(z) is the restriction of A in Br(k(z)).

We linearly extend the second entry of pairing (A, z) and obtain a pairing

() : Br(V) x Zy(V) — Br(k)

by setting (A, z) = > n;.(A, z;) where z = > n;.2; is a 0-cycle of V and each z; is a closed
point of V.

Let f : W — V be a morphism between two k-varieties. Given a O-cycle z on W, we
have the direct image f.(z) of z along f: It is the 0-cycle defined by the formula that
fOoniy:) = > ni[k(y:) : k(x;)].f(y;). Notice that the direct image does not change the
degree of a 0-cycle. With this definition, one obtains immediately the following formula

(3) (f7(A),2) = (A, f.(2))

where z is a 0-cycle on W and A is an element of Br(V').
Assume that £ is a number field or a function field from now on. We may define the
Brauer-Manin pairing

(4) (e s Br(V) x Zg 5 (V) = Q/Z

by setting (A, z)pm = ) inv,(4, z,) where 2z = (2,) € Zj 5 (V) is an adelic 0-cycle on V.
vEQ

Due to the definition of Z; 5 (V'), we know that }_ inv,(A, z,) is a finite sum, hence, it is
vEQ

well-defined. We denote by Z, 4 (V)"" the right-kernel of the pairing (4) and by Zf 5 (V)"
the subset of Z, A (V)BT given by the adelic O-cycles on V' of constant degree r.

We say that the Brauer-Manin obstruction for 0-cycles on V' (resp. of degree r) exists
if Zy A(V)P" =0 (vesp. Zj o (V)P =0).

With these notations, we are ready to prove Theorem 1.1. To do so, we will proceed
in several steps. In section 3, we will prove the existence of universal torsors of n-torsion
under the assumptions of the theorem. With the help of universal torsors of n-torsion,
we will give a decomposition of the n-torsion part of the Brauer group in section 4 and
at the end of section 4, we will finish the proof of Theorem 1.1 with the help of this
decomposition.

We finish this section with the following immediate facts proving the easy part of the
theorem.

Lemma 2.1. The diagonal (injective) image of Zy(X) in [] 75, (X) is contained in
vEQ

Zj a(X)P".

Proof. It is clear that for each field extension K/k, the restriction homomorphism Z{(X) —
Z4(X ®p K) is injective, therefore, the diagonal homomorphism Zj(X) — [] Zf,(X) is

vEQ
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injective. Take z = Y n;.x; € Z{(X) and consider the commutative diagram

Br(X.,)

Res,

Let 2, (resp. x;,) be the image of z (resp. w;) in Zf ,(X), then for each A € Br(X),
(A, zp) =D ni (A, z50) =D niRes,((A4,x;)) = Resy((A4, 2)) and

S inve (4, 2,) = 3 inv, (Resv((A, z))) —0
according to the exact sequence (2). O

Proposition 2.2. Let f : Y — X be a morphism of two k-varieties. Take an adelic
O-cycles y € Zj A(Y)P" and let x = f.(y) € Zi o(X) be the direct image of y, then x lies
n ZS’A(X)BT.

Proof. Tt is enough to notice that for each A € Br(X), > inv, (A, x,) = > inv,(f*(A),y,) =
0 by applying the formula (3).
3. EXISTENCE OF UNIVERSAL TORSORS OF n-TORSION

In this section, we recall the concept of universal torsor of n-torsion, which can be
found in [Cao20], and give a sufficient condition for the existence of universal torsors of
n-torsion.

Let S be an arbitrary scheme, X be a scheme over S and 7 be the structural morphism
X 5 S. Let A(X) and A, (X) be the respective mapping cones of the morphisms

(5) G, s[1] = (<1 B (G, x)) 1]
(6) pin,s[1] = (T<1 B (pn,x ))[1].

If X and S are clear, we denote them by A and A, for convenience. We mention that
when S = Spec(k) is the spectrum of a field &, then one obtains the following identification

(7) Br(X) = H*(k, 7<1 R7.(G, X))
Indeed, the distinguished triangle
T<1R1.(Gpy x) = R1(Gpy x) = 752 RT (G x) = T<1 R (Gh x ) [1]
yields an exact sequence
0 — H2(k, 7<1 R7.(Gp.x)) — H2(k, R7u (G x)) — H2(k, 752 R (G x))
in which we have identifications H?(k, R7.(G,, x)) = Br(X) and H?*(k, 752 Rm. (G x)) =
Br(X)'. Hence, we have the following lemma.

Lemma 3.1. Assume that k is a number field or a function field, then III'(A) is the
kernel of the homomorphism

Bra<X)4> H Bra<Xv) :

vEQ
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Proof. Due to the identification (7), the cohomology groups H'(k, A) and H'(k,, A) (for
any v € ) fit into exact sequences

Br(k) — Bry(X) — H'(k, A) — H3(k, G.1.)
Br(k,) — Bry(X,) — H'(k,, A) — H3(k,, G, ) -

Since H3(k, G, 1) = 0 is a well-known fact (for k£ a number field or a function field, see
[Mil06, Cor. 1.4.21] or [CH15, Prop. 2.1 (iii)] respectively), we have the following diagram
with two exact rows

0 — Bry(X) H'(k, A) 0 0

| |

0 — [ Bra(X,) — [TH!(ky, A) — [T H3(ky, Grs,)-

We conclude the result by the snake lemma. 0

Lemma 3.2. Let S be an integral reqular noetherian scheme, let X be a faithfully flat
S-scheme of finite type, and let G be a S-group scheme of multiplicative type, then there
exists an exact sequence

8)  HLS,G) —= HY(X,G) —> Homps)(G, A) =2~ H2(S, @) — H2(X, G)

where G is the Cartier dual of G and D(S) is the derived category of sheaves over S.

Proof. See [HS13, Prop. 1.1]. Note that in loc. cit, 0 is induced from the canonical
homomorphism R°Hompg) (G, A) — R*Homps) (G, G,,) ~ H?(S, G). O

Definition 3.3. Let S = Spec(k) be the spectrum of a field k, let X be a geometrically
integral k-variety, and let G be the k-group variety of multiplicative type whose Cartier dual
is the locally constant k-group variety corresponding to the finite T'y-module H (X, p1,,).

Mention that there is a canonical morphism v : G=A, = Ain D(k). We call any
pre-image Tx € HY(X,G) of ¢ along x (denoted in Lemma 5.2) a universal torsor of
n-torsion of X.

Before we provide a sufficient condition for the existence of universal torsors of n-torsion,
we prove some lemmas at first.

Definition 3.4. Assume that k is a number field or a function field and X is a variety
over k so that Zj 5 (X) # 0. Consider the following commutative diagram

I (A)

|

Br(k) Br;(X) Br,(X) ——0

| | |

00— H Br(kv> - H Br1<Xv> - H Bra<Xv) —0
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Here Q is the cokernel of the homomorphism Br(k) — [] Br(k,) and Br(k,) — Bri(X,)
’UEQk
is injective due to the existence of a retraction induced by an adelic 0-cycle of degree

1. According to the exact sequence (2), we may treat Q/Z as a subgroup of Q). By
the snake lemma, we have a homomorphism I (A) — Q. The following lemma shows
that the image of this homomorphism is indeed contained in Q/Z. Thus, it defines a
homomorphism I (A) — Q/7Z. We denote this homomorphism by inv as well.

Lemma 3.5. Keeping the notations in Definition 5.4, assume that X is smooth and
inv

geometrically integral over k so that Zj (X) # 0, then the homomorphism II'(A) —
Q/Z is well-defined.

Proof. Fix an adelic 0-cycle z = (2,)yeq, of degree 1 on X. There is a non-empty finite
subset T of ) so that there is a smooth model & of X over Or. By the definition of
adelic 0-cycles, we may enlarge T" so that for each v € T, z, = > n,;.7,; comes from a
finite formal sum ) n, ;.R,; where R, ; is integral finite O,-algebra, hence, free over O, of
rank [k(z,;) : ky]. Notice that such a formal sum also gives a retraction Br(X) — Br(O,)
by corestrictions and it is compatible with the retraction s, given by z,. Namely, we have
a commutative diagram

(9) Br(X) — Br(X ®o, O0,) — Br(0,) =0
Br(X) Br(X,) Br(k,).

Sv

By the definition of the homomorphism IT'(A) — Q, given @ € III'(A), we take a
pre-image « € Bri(X) of @. By enlarging T if necessary, we may assume that o comes
from some ar in Br(X). Since the restriction «,, € Br(X,) maps to zero in Br,(X,), we
have that «, € Br(k,). But for each v € T, «a, coincides the image of a along the path
from the left-up corner of diagram (9) to the right-down corner. This implies that o, = 0
for each v € T'. Thus, (a,) € @ Br(k,) and the invariant inv(@) lies in Q/Z. O

vEQ

Next, we discuss the relation between the Poitou-Tate pairing and the invariant homo-
morphism defined above.

Let G be a k-group of multiplicative type, there is a perfect Poitou—Tate pairing of
finite groups. )

(,)pr : II*(G) x IIY(G) — Q/Z.
For k a number field, see [Dem11, Thm. 5.7]. For k a function field, see [Izq16, Thm. 2.4].
It is defined as follows. Take a € IIT(G) and b € ITI2(G) and let G be a smooth model of
G over a non-empty open subset W of Spec(Oy) or the C((t))-curve C' associated to k.
By a limit argument, H?(k, G) is the direct limit of the groups H*(U, G) where U runs over
non-empty open subsets of W. For U sufficiently small, a comes from some a}; € H'(U, G)
where G = Hom(G, G, ) and b from by € H3(U,G). For any object C of D(U), we have
hyper-cohomology groups with compact support H:(U,C). (For k a function field, it is
just H'(U, 51(C)) where j is the embedding j : U — X. But for k£ a number field, it is
more subtle. See [HS05, Section 3] for the detailed definition.) By the localization exact
sequence
- = HYU,C) » H(U,C) - @PH (k. C) = -+,
vgU
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since a is locally trivial everywhere, aj; comes from some ap; € HL(U, Q) along the natural
map HL(U, G) — H'(U,G). We define (b, a)pr as the cup-product by Uay € H3 (U, G i) ~
Q/Z where the last isomorphism comes from the trace map, see [Mil06, Prop. 11.2.6] for
the case of number fields or [CH15, Prop. 2.1 (iii)] for the case of function fields. We do
not know whether this definition of the Poitou—Tate pairing coincides with the classical
definition in terms of cocycles, but we shall only use the fact that it leads to a perfect
pairing.

Lemma 3.6. Let X be a smooth and geometrically integral variety over a number field
or function field k and let G be k-group variety of multiplicative type. Assume that for
each v € Q, the canonical homomorphism H*(k,,G) — H*(X,,G) is injective. Let
(NS HomD(k)(G, A) be a homomorphsim in the derived category of k and take A € Hll(é),
then O() lies in 1II*(G) and we have that

(10) (0(¥), A)pr = inv(1)(A))

where 1, is the induced homomorphism H' (k, G’) — H'(k, A) and O is the homomorphism
appearing in Lemma 3.2.

Proof. We include a proof for completeness following a similar argument of the proof in
[HS13, Prop. 3.5].

We only prove for the case of number fields. One can obtain the proof of the case of
function fields by simply replacing Spec(Oy) with the associated C((t))-curve C.

Note that the image of d(+) in H*(X, @) is zero by Lemma 3.2. Since H?(k,,G) —
H?(X,, G) is injective by the assumption, the image of d(¢) in [ H*(k,, G) is zero. There-
fore, one obtains that d(¢) € II%(G).

Let w be the canonical homomorphism A — G, x[2] and 7 be the structural mor-

phism X = Spec(k). Since the exact sequence (8) is obtained by applying the functor
Homp ) (G, *) to the distinguished triangle

(11) A —"> Gpil2] —= 7<1 R (G x)[2] — [1]

under the isomorphism HomD(k)(é, Gm.k[2]) = H?*(k, G), we have that w o ¢ = d(¢).

Let U C Spec(Oy) be a sufficiently small non-empty open subset so that there exists
a smooth U-scheme X with geometrically integral fibres and generic fibre X = X Xy k,
and a smooth U-group of multiplicative type G with generic fibre G = G Xy k. Let
wy € Homp ) (A(X), Gy[2]) be defined in the same manner as w. There is a canonical
restriction homomorphism

N

(12) HOHID(U) (Q, A(X)) I I‘IOIII]:)((])(C;7 A(X))
and for each V' C U a non-empty open subset, we obtain a commutative diagram

(13) HY (X, Gy) — HOIHD(V)(QV; A(Xy)) —= H*(V,Gy) — H3(Xy, Gv)

|

H!(X,G) Homp ) (G, A(X))

H2(k,G) — H2(X, G).
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Note that the rows of this diagram are exact by Lemma 3.2. Passing to the limit, one
obtains an isomorphism

(14) lip Homp vy (Gy, A(Xy)) “— Hompy (G, A(X)).

\%4

Hence, after shrinking U, ¢ comes from some ;; € HomD(U)(Q ,A(X)) and then, wo =
d(v) is the image of wy o Yy € HomD(U)(Q, Gmul2]) = HA(U, G).

Denote o = 1,(A) € IIT'(A). By shrinking U further, A comes from some Ay €
H'(U,G). Since A vanishes locally everywhere, we have that Ay € H (U, G). Let ay =
Yu«(Ay), then o comes from ay.

Consider the following commutative diagram whose rows are distinguished triangles

(15) Gmul1] (<1 Rpu+ (G x)) (1] A(X)

D JoediCmull] —= D Juudi (<1 Bpus(Gm,x)) [1] — D Junds A(X)

vgU vgU vgU
where 7, is the natural map Spec(k,) — U. Let Cy, C1,Cy be the mapping cones of three
vertical homomorphisms, respectively. The group H!(U,Cy[—1]) may be identified with
HL(U, A(X)). So we may identify ay as an element of H' (U, Cy[—1]). Therefore, wyr.(ay)
is a class in H3(U,Cy[—1]) = HY(U,Cy). After shrinking U and passing to the limit,

this class yields an element in the cokernel of the map Br(k) — & Br(k,) (with the
vEQ

isomorphism Br(k,) ~ Br(k”) where k" is the henselisation of k at v) which coincides
precisely the snake-lemma definition of inv(a).
Therefore, we can compare the cup-product pairing and the Yoneda pairing

(16) inv(1,(A)) = inv(a) = wy.(ay) = wy«(Vu.(Ay)) = (wy o Yy) U Ay.
Here (wy o ¢y) U Ay is exactly the definition of (0(v), A)pr. O

Remark 3.7. Diagram (15) only takes into account the case when U is totally imaginary,
that is when the compact support cohomology does not need to be modified because of
infinite places. For the general case, one only needs to modify the second row in the
diagram (15) at infinite places in the same manner. We omit the details here to avoid
complicated notation.

Proposition 3.8. Let k be a number field or a function field and let X be a smooth and
geometrically integral variety over k. Let n > 2 be a number and let G be the Cartier
dual of HY(X, uy,). If Z(l)’A(X)Bl”1 # (), then x is surjective where x is the homomorphism
defined in Lemma 3.2. Hence, universal torsors of n-torsion on X always exist.

Proof. Notice that the assumption Zéy A(X)Br1 £ () guarantees the hypothesis of Lemma

3.6. We only need to show that d(¢) = 0 for each ¢ € HonlD(k)(G, A) by the exact
sequence (8). By Poitou-Tate exact sequence, we only need to show that for each A €
I11(S), (8(¢), A)pr = 0. By Lemma 3.6, we have that (9(¢), A)pr = inv(t,(A)). Since
¥, (A) lies in II'(A) C Bry(X), we take o as a pre-image of 1,(A) in Bry(X). For
each v € , let s, be the retraction of Br(k,) — Bry(X,) defined by some adelic 0-cycle
(20) € Z A (X)P™. Then we have that inv (¢, (A)) = > inv,(sy(a(Xy))) = (@, (z0))sm = 0
by the snake lemma. (Here, the sum is finite due to the same reason as in the proof of
Lemma 3.5.) O
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4. A DECOMPOSITION OF H?*(Z, )

In this section, we will give a decomposition of the Brauer group of the product Z and
then use it to prove Theorem 1.1.

When Z{ 5 (X)P* # 0 and Z§ o (Y)P" # 0, universal torsors of n-torsion Tx and Ty exist
on X and Y respectively by Proposition 3.8.

Let

(17) Z—r X
L
Y —> Spec(k)

be the morphisms between Spec(k), X,Y and Z.
We define the homomorphism

¢ : Homy(Gx ® Gy, pt) — H*(Z, )
b= (" (Tx) U (Ty))
where 1, is the induced homomorphism H?*(Z, Gx ® Gy) — H*(Z, p1,,).

(18)

Proposition 4.1. Let k be a number field or a function field, let X and 'Y be two smooth
and geometrically integral k-varieties, and let Z = X X, Y be the product of X and Y.
Denote canonical arrows between them as in the diagram (17). Assume that Zj 5 (X)P" # 0

and Z§ o (V)P # 0. Let Gx (resp. Gy ) be the Cartier dual of H'(X, j1,) (resp. HY(Y , i)
and let Tx (resp. Ty ) be a universal torsor of n-torsion on X (resp. Y ). Then we have
the following decomposition

(19) H*(Z, ) = p"H* (X, i) + ' H? (Y, 1) + Im(e)
where € is defined in (18).

Proof. Recall the spectral sequence

(20) By =W (k, (X, p,)) = H (X, p1,).
We focus on the line 7 4+ 7 = 2 of this spectral sequence:
(21) H2(X, pi)" * * *
\
H' (X, o) H' (k, H'(X, 1)) H2(k, H'(X, 1)) *
* *\ H?(k, 1) H? (K, ).

Firstly, we prove that the homomorphism
(22) H (K, ) — HY(X, 1)

is injective for ¢+ > 3. In fact, in the case of function fields, it is the direct consequence
of the fact that cd(k) < 2. In the case of number fields, H'(k, u,) — @ Hi(ky, it,) is

v real

bijective for ¢ > 3, see [Mil06, Thm. [.4.10 (c)]. Since any adelic 0-cycle of degree 1 defines
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a retraction of the homomorphism H(k,, j1,,) — H(X,, it,) for each v € €y, this shows
that the homomorphism

(23) H' (k, 1) — HY(X, 1) — €D H/(X,, 1)
v real

is injective. Hence, the homomorphism (22) is injective. This implies the triviality of
all the homomorphisms in the spectral sequence (21) whose target is Ey° = H(k, p,,) for
@ > 3.

Since the line i + 7 = 2 is stable after page 3 using the above fact, we obtain exact
sequences for H?(X, p,):

0 Y H2(X, 1) —= A —=0
0— By A Ey? 0

where E3° = H2(k, pt,) /Im(HY(X, p)7), Byt = H'(k, HY(X, 1)), ES” = Ker(dx) and
dx is the homomorphism in diagram (21). Therefore, we obtain an identification A =
H2(X, pt,) /Tm(H?(k, i1,,)) and an exact sequence

(24) 0 ——=HY(k, HY(X, pt)) —= H3(X, pt,) /Tm(H2(k, 1)) — Ker(6x) —=0 .

There are similar sequences for Y and Z linked by the homomorphisms p* and ¢*.
Let us denote

(25) H = p H*(X, ) + ¢"H*(Y, ) + Im(e) € H*(Z, ).

Note that the image of H?(k, u,,) in H*(Z, j1,,) is contained in H. It is enough to prove
that the canonical homomorphism H — H?(Z, u,,) /ITm(H?(k, u1,,)) is surjective.

By [Ca020, Prop. 2.6] (see also its corrigendum [Cao23, Thm. 2.1]), we have an isomor-
phism
(26) HY(Z, pn) 2= p"HN(X, i) S H (Y, i)
This implies that the image of H!(k, H'(Z, u,)) in H(Z, p,,) /Im(H?(k, 11,,)) is contained
in H. By the exact sequence (24), it remains to prove that each element of Ker(dz) admits
a pre-image from H.

By [Cao20, Cor. 2.7] (see also its corrigendum [Cao23, Thm. 2.1]) and Galois descent,
we have an isomorphism of ['-modules

(27) H*(Z, p1)" = HY (X, 1) " ©H (Y, 1)t ©@Homy (Gx @ Gy, i)

Each v € Homy(Gx ®Gy, ft,,), considered as an element of H?(Z, j1,,)", comes from €(¢) €
H%(Z, pi,) as in loc. cit. Hence dz is zero on the direct summand Homy(Gx ® Gy, i)
of H%(Z, u,)" by the exact sequence (24), so that §z is the direct sum of the following
homomorphisms

Ox : H2<77 :un)r - HQ(kv H! (77 /Ln))
(28) Oy : HA(Y, o)t —— H?(k, H'(Y, 1))
Homy(Gx ® Gy, prn) —= 0

Thus Ker(d7) is the surjective image of H?( X, u,, ) ®H?(Y, p,,)®Im(e) by the exact sequence
(24). O
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Remark 4.2. Note that the definition of € in diagram (18) relies on the choice of Tx
or Ty . But the validity of Proposition /.1 is independent on the choice of such universal
torsors of n-torsion. In fact, any two universal torsors of n-torsion Tx and Ty on X differ
by the image of an element in H'(k,Gx), and so ¥.(p*(Tx) U ¢*(Ty)) and ¥.(p*(T%) U
¢ (Ty)) differ by an element in ¢*H*(Y,u,). Applying a similar argument on Y, the
proposition holds for any choice of universal torsors of n-torsion.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. According to Corollary 2.2, we only need to prove that if
= (T)veq, € Zoa(X)P and y = (yo)vea, € Zia(Y)P, then (z,)peq, = P(z,y) is
contained in Z 5 (Z)"".

Let Gx (resp. Gy) be the Cartier dual of H'(X, 1,,) (resp. H(Y, i1,,)) and let Ty (resp.
Ty) be a universal torsor of n-torsion on X (resp. Y').

Since the Brauer group of a smooth variety is a torsion group, and according to Propo-
sition 4.1, for each positive integer n, the subgroup Br(X)[n] is generated by the images
of p*H*(X, i), ¢*H?(Y, p1,,) and Im(e) in Br(X)[n]. Therefore, we only need to prove that
z is orthogonal to Im(e).

The local cup-product couplings for each v € €y,

Uy - HY(ky, Gy) x H(ky, Gy) — H2(ky, fin)
give rise to the global Poitou-Tate pairing
(29) (,Vpr : PX(k,Gy) x PY(k,Gy) — Z/n.

It is a perfect pairing, moreover, we have a Poitou—Tate exact sequence
(30) H'(k, Gy) — P'(k, Gy) — Hom(H'(k, Gy) , Q/Z).

See [Mil06, Thm. 4.10] for the case of number fields and [Izql6, Thm. 2.7] for the case
of function fields. Here for any finite Galois module F, P'(k, F)) is the restricted prod-
uct of groups H!(k,, F) for v € €, relative to the subgroups H'(O,, F) where v is
a non-archimedean place of k in the case of number fields. Take v € Homy(Gx ®
Gy, lin), then the Brauer-Manin pairing (e(1)), z)pm is given by the Poitou-Tate pair-
ing (((V«(Tx),xv)), (Ty,yu)))pr by the following lemma:

Lemma 4.3. Under the same hypothesis as in Proposition 4.1, take x = (Ty)veq, €
ZoA(X), y = (Yo)ven, € Zya(Y) and i € Homy(Gx @Gy, fin), and let z = (z,) = ®(x,y)
be the product of adelic 0-cycles x and y, then we have that

(31) (e(v), 2)mm = ((Vu(Tx ), o) Jveq, (Tys yo) Jyeq,)pr
where 1, is the induced homomorphism H' (X, Gx) — H'(X, Gy).

Proof. Denote A = 1, (Tx) for convenience.

We first consider that x and y are global O-cycles on X and Y. Since the equation (31)
is bilinear in entries x and y, we may assume that = and y are closed points. Since k(x)
is a separable extension of k, z correponds a formal sum of closed points of Spec(k(z) ®
k(y)). Write z = > z; as the sum of the closed points. Recall that €(¢) is the image
of p*(Tx) U ¢*(Ty) along H*(Z,Gx @ Gy) — H?*(Z,p1,) and one obtains that e(y)) =
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p* (Ve (Tx)) U g*(Ty). Therefore, one obtains that
> Corgieyn(Alz:) U Ty () = Corrgyn(Y | Corrga i (A(2:) U Ty (1))

(32) = Corgy)in (Resi(yr(Coria ik (Al2))) U Ty ()
= Cor(a)(A(w)) U Corry)k(Tr ()
= (A, z) U (Ty,y).
For adelic 0-cycles, with the formula (32), we have that

(e(¥), 2)ma = ) inva((A ) U (Ty, ) = ((0:(Tx), 20) e, (T o) yesn e

UEQU

O

Return to the proof of Theorem 1.1. For each a € H'(k,Gy), one obtains that

(a, (T, yo))veay)pr = (a U Ty, (yu))sm = 0. Hence, the element ((7y,ys))veq,, as an
element of P!(k,Gy ), comes from some b € H!(k, Gy) by the Poitou-Tate exact sequence
(30). Finally, with the help of Lemma 4.3, one obtains that

(e(¥), z)Bm = (Ve (Tx), 20)), (Ty, o)) )pr
= (V(Tx), 20)), b)pr
= (Uu(Tx) U b, (20))Bm = 0.
This completes the proof. O

Remark 4.4. We also remark that in the proof of Theorem 1.1, if one takes z € Z(Ay)P" C
2o A(Z)P", then z is always of the form ®(x,y) where x € X(Ay)P and y € Y (Ay)"".
One can also conclude that X (Ap)B" x Y (AP = Z(A)®, which has been proved in
[SZ14] when k is a number field. Now we also get this equality when k is a function field.
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