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Abstract. We provide a complete characterization of compactness of Sobolev
embeddings of radially symmetric functions on the entire space Rn in the
general framework of rearrangement-invariant function spaces. We avoid any
unnecessary restrictions and cover also embeddings of higher order, providing
a complete picture within this framework. To achieve this, we need to develop
new techniques because the usual techniques used in the study of compactness
of Sobolev embeddings in the general framework of rearrangement-invariant
function spaces are limited to domains of finite measure, which is essential for
them to work. Furthermore, we also study certain weighted Sobolev embeddings
of radially symmetric functions on balls, where the weight is a nonnegative power
of the distance from the origin. We completely characterize their compactness
and also describe optimal target rearrangement-invariant function spaces in
these weighted Sobolev embeddings.

1. Introduction

It is notoriously known that Sobolev embeddings on unbounded domains are
often noncompact (see [1, Chapter 6] for a nice introduction to this problem).
This hindrance often makes analysis of partial differential equations or variational
problems on unbounded domains very difficult. In particular, while the usual Sobolev
space W 1,p(Rn) is (continuously) embedded into the Lebesgue space Lq(Rn) for
every q ∈ [p, np/(n − p)] when p ∈ [1, n); and for every q ∈ [p, ∞) when p ≥ n, the
Sobolev embedding
(1.1) W 1,p(Rn) ↪→ Lq(Rn)
is never compact. There are different phenomena causing this, depending on the
values of p and q, but one is common and always presented. Since both the Sobolev
and the Lq norms are translation invariant, by considering shifted copies of a
nontrivial function u ∈ W 1,p(Rn), we immediately see that the embedding cannot
be compact. Loosely speaking, the mass can escape to infinity.

This obstacle was in particular faced by Strauss in his seminal paper [64], where
he proved the existence of so-called solitary waves in the nonlinear Klein–Gordon
equation in higher dimensions. A key step in his argument was to establish a certain
compactness result for the Sobolev embedding (1.1) with p = 2 but with W 1,p(Rn)
replaced by its subspace W 1,p

R (Rn) consisting of functions with radial symmetry
(cf. [8, 9, 23, 28]). More specifically, his argument yields that the Sobolev embedding

(1.2) W 1,p
R (Rn) ↪→ Lq(Rn)
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with p = 2 is compact for every q ∈ (p, np/(n−p)), with np/(n−p) to be interpreted
as ∞ when p ≥ n. This was later extended, among other things, to all values of
p ∈ [1, ∞) in [40]. Before we proceed, let us briefly turn our attention to the
restriction q ∈ (p, np/(n − p)). While the restriction q ̸= np/(n − p) is probably not
surprising and is due to the usual concentration phenomenon, the restriction q ̸= p
might be slightly surprising for some readers, who are not so familiar with Sobolev
embeddings on the entire space. It is because of the vanishing phenomenon, which
is in a sense an opposite phenomenon to the concentration one (see [41, 42, 63] and
references therein for more information).

To establish the compactness of (1.2), both papers [64] and [40] rely on a suitable
“radial lemma”. Its more general version from the latter paper reads as

(1.3) |u(x)| ≤ Cn,p∥u∥
p−1

p

Lp(Rn)∥∇u∥
1
p

Lp(Rn)|x|−
n−1

p for a.e. x ∈ Rn

and for every u ∈ W 1,p
R (Rn), where Cn,p is a positive constant, depending on n and

p, independent of u. In particular, this estimate, which does not in general hold
for a function from W 1,p(Rn), shows that the symmetry prevents the mass from
escaping. The rest of the argument goes as follows. The radial lemma is exploited
to establish that

(1.4) ∥u∥Lq(Rn\BR) ≤ C

R(n−1)(1/p−1/q) ∥u∥W 1,p(Rn) for every u ∈ W 1,p
R (Rn)

and for every R > 0, where BR is the ball with radius R centered at the origin. Note
that the exponent (n − 1)(1/p − 1/q) is positive when p < q ≤ ∞—here and in the
rest, we implictly assume that n ≥ 2. Hence, given a bounded set M ⊆ W 1,p

R (Rn),
we see that
(1.5) lim

R→∞
sup
u∈M

∥u∥Lq(Rn\BR) = 0,

provided that p < q ≤ ∞. For p ∈ [1, n], the compactness of (1.2) is then
established by combining (1.5) with the classical result that the Sobolev embedding
W 1,p(BR) ↪→ Lq(BR) is compact if (and only if) q ∈ [1, np/(n − p))—this is where
the restriction q < np/(n − p) comes in (when p > n, the argument is the same, but
we may also include q = ∞). Since the radial symmetry of functions appears (or
“can be forced”) in a surprisingly large number of problems and various compactness
arguments are essential tools (it is virtually impossible to provide an exhaustive
list of references, but the interested reader is referred to, e.g., [4, 5, 32, 33, 50]
and references therein), it is of interest to have at our disposal sharp compactness
results for Sobolev spaces of radially symmetric functions. We note that compact
embeddings of radially symmetric functions in function spaces measuring (integer or
fractional) smoothness have been intensively studied also from quantitative points
of view. The quality of compactness can be described by the rate of decay of various
quantities, such as the approximation or entropy numbers. The interested reader is
referred to [26, 38] and references therein for more information on this direction of
research.

The principle result of this paper is a complete characterization of compactness
of the Sobolev embedding
(1.6) W m

R X(Rn) ↪→ Y (Rn),
where X(Rn) and Y (Rn) are rearrangement-invariant function spaces and W m

R X(Rn)
is a Sobolev space of mth order, m ∈ N, built upon X(Rn) (see Section 2 for precise
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definitions). Rearrangement-invariant spaces constitute a large class of function
spaces whose norms are invariant with respect to symmetrizations preserving the
measure of level sets of functions. Well-known examples of rearrangement-invariant
spaces are Lebesgue spaces, Lorentz spaces, or Orlicz spaces. In fact, this class
of function spaces is rather wide and, besides these well-known types of function
spaces, contains also more refine function spaces that may come handy when one
deals with in a sense limiting situations. For example, it contains function spaces,
sometimes called spaces of Brezis-Wainger-type, which appear in the study of sharp
integrability properties of Sobolev functions in limiting Sobolev embeddings ([13, 34],
see also [44]) and which improve limiting Sobolev embeddings into exponential Orlicz
spaces ([65, 67], see also [57, 68]).

It should be pointed out that our characterization of compactness of the Sobolev
embedding (1.6), see Theorem 1.1 below, does not impose any restrictions on the
spaces X or Y , apart from their rearrangement invariance. Therefore, it provides us
with a complete picture within this framework. Moreover, it also covers embeddings
of an arbitrary integer order. However, to obtain a complete picture, it is not
sufficient to merely generalize the pointwise estimate (1.3). Instead, we need to
develop new techniques and use subtler arguments to obtain sharp results.

There are at least two reasons why a pointwise radial lemma is not suitable
for our purposes. First, when dealing with a general function norm, there is no
“exponent” inherently associated with it and “playing with powers” is not at our
disposal. In fact, it is not clear in the first place what a suitable generalization
of (1.3) should look like in this general setting. Second, the estimate is pointwise.
Now, while pointwise estimates are often useful (as (1.3) undoubtedly has been) and
usually pleasant to work with, they may be too rough when one strives for sharp,
optimal results even in a sense limiting situations in problems involving norms.
Since establishing compactness means establishing norm convergence, we focus on
establishing suitable norm inequalities from the very beginning, mixing new ideas
with the contemporary theory of function spaces.

Our characterization of compactness of the Sobolev embedding (1.6) reads as:

Theorem 1.1. Let m, n ∈ N, n ≥ 2. Let X(Rn) and Y (Rn) be rearrangement-
invariant function spaces. The Sobolev embedding

(1.7) W m
R X(Rn) ↪→ Y (Rn)

is compact if and only if

(1.8) lim
a→∞

sup
∥f∥

X(0,∞)≤1
∥f∗χ(a,∞)∥Y (0,∞) = 0

and simultaneously either

(1.9) lim
t→0+

φY (t) = 0

and one of the conditions
(A1) m < n and

(1.10) lim
a→0+

sup
∥fχ(0,1)∥

X(0,∞)≤1

∥∥∥χ(0,a)(t)
∫ 1

t

(fχ(0,1))∗(s)s−1+ m
n ds

∥∥∥
Y (0,∞)

= 0;

(A2) m ≥ n
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is satisfied or

(1.11) lim
t→0+

φY (t) > 0

and one of the conditions
(B1) m < n and

(1.12) lim
a→0+

sup
∥fχ(0,1)∥

X(0,∞)≤1

∫ a

0
(fχ(0,1))∗(s)s−1+ m

n ds = 0;

(B2) m = n and

(1.13) lim
t→0+

t

φX(t) = 0;

(B3) m > n

is satisfied.

The notation is explained in detail in Section 2. Here, we just mention that
f 7→ f∗ stands for the operation of nonincreasing rearrangement and φY is the
fundamental function of the space Y (i.e., the norm of a characteristic function of a
set with prescribed measure). For example, if Y = Lq, q ∈ [1, ∞], then φY (t) = t1/q.
Loosely speaking, (1.9) is true when Y is not “locally L∞”, whereas (1.11) is the
case otherwise (cf. [61, Theorem 5.2]). In particular, Theorem 1.1 also characterizes
when W m

R X(Rn) is compactly embedded into L∞(Rn).
Important as general theorems are, concrete examples are often (at least) as

valuable. Therefore, Theorem 1.1 is also accompanied with a large number of concrete
examples, which are provided in Section 6. In particular, we provide a complete
characterization of the compactness of the Sobolev embedding (1.6) when both X
and Y are so–called Lorentz–Zygmund spaces (see Theorem 6.1, also Theorem 6.6).
The class of Lorentz–Zygmund spaces Lp,q,(α0,α∞)(Rn), p, q ∈ [1, ∞], (α0, α∞) ∈ R2,
is a fine-grained scale of function spaces, which encompasses several different types
of customary function spaces, but at the same time it is rather pleasant to work
with. In particular, it contains Lebesgue spaces (Lp(Rn) = Lp,p,(0,0)(Rn)), Lorentz
spaces (Lp,q(Rn) = Lp,q,(0,0)(Rn)) and some Orlicz spaces—in particular, those
of “logarithmic type” (when p = q < ∞) and those of “exponential type” (when
p = q = ∞). Using such a fine-grained scale of function spaces, we can also capture
delicate limiting situations—such as when X and Y are “close to each other”, when
X is “close to L

n
m ”, or when Y is “close to L∞”.

The main novelty in Theorem 1.1, besides the characterization itself, is the
presence of the condition (1.8). We will explain its role in more detail soon, but
let us first focus on the conditions (1.10) and (1.12). When suitably restricted to
function spaces over finite measure spaces, they were shown in [37] (cf. [24, 58]) to
be equivalent to the compactness of the Sobolev embedding

(1.14) W mX(Ω) ↪→ Y (Ω),

where Ω is a bounded regular domain in Rn, depending on whether Y ≠ L∞ or
not. Their suitable restrictions to function spaces over finite measure spaces can be
equivalently reformulated in terms of so-called almost compact embeddings between
function spaces, a relation that we denote by ∗

↪→ (see Section 2 for the precise
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definition and more information). For example, when Y ̸= L∞, the compactness of
(1.14) is equivalent to the fact that

(1.15) YX(Ω) ∗
↪→ Y (Ω),

where YX(Ω) is the optimal rearrangement-invariant target function space in (1.14)
(i.e., the smallest rearrangement-invariant target space in (1.14) with which the
embedding is still valid), which is described in [36] (cf. [27]). Loosely speaking,
the almost compact embedding (1.15) ensures that the norm of Y (Ω) is (locally)
sufficiently weaker than the optimal one. For example, if X(Ω) = Lp(Ω), p ∈
[1, n/m), then YX(Ω) = Lnp/(n−mp),p(Ω), a Lorentz space strictly smaller than the
Lebesgue space Lnp/(n−mp)(Ω) (see [53, 56, 66]), and (1.15) is true with Y (Ω) =
Lq(Ω) if and only if q < np/(n − mp). Optimal function spaces and almost
compact embeddings have also been successfully used to characterize compactness of
other Sobolev embeddings—in particular, see [62] (Sobolev embeddings on domains
equipped with probabilistic measures related to their isoperimetric profile) and [15,
16] (Sobolev trace embeddings with respect to various measures). However, in
all these papers the underlying domain is either bounded or at least of finite
measure. In fact, there are no almost compact embeddings between rearrangement-
invariant function spaces over nonatomic measure spaces of infinite measure (see [61,
Theorem 4.5]).

Let us finally turn our attention to the role of the condition (1.8). Loosely
speaking, it ensures that the norm of Y (Rn) is “globally sufficiently weaker” than
that of X(Rn). For example, if X(Rn) = Lp(Rn), p ∈ [1, ∞], then (1.8) is satisfied
with Y (Rn) = Lq(Rn) if and only if p < q ≤ ∞. Its role should be more clear from
the follow proposition, which plays an important role in the proof of the sufficiency
part of Theorem 1.1. It is also illustrative to compare the proposition with (1.4).

Proposition 1.2. Let n ∈ N, n ≥ 2. Let X(Rn) and Y (Rn) be rearrangement-
invariant function spaces. There is a constant C > 0, depending only on the
dimension n, such that

(1.16) ∥uχRn\BR
∥Y (Rn) ≤ C

(
sup

∥f∥
X(0,∞)≤1

∥f∗χ(Rn−1,∞)∥Y (0,∞)

)
∥u∥W 1X(Rn)

for every u ∈ W 1
RX(Rn). In particular, if

(1.17) lim
a→∞

sup
∥f∥

X(0,∞)≤1
∥f∗χ(a,∞)∥Y (0,∞) = 0,

then

(1.18) lim
R→∞

sup
u∈M

∥uχRn\BR
∥Y (Rn) = 0

for every bounded set M in W 1
RX(Rn).

Noteworthily, there is a simple geometric idea behind this proposition. Consider
a radially symmetric function u(x) = g(|x|) on Rn. When the size of g is bigger than
some λ > 0 on an interval (R, R + δ), δ > 0, then so is that of u in the spherical
shell BR+δ \ BR. Now, since we assume that the dimension of Rn is greater than 1,
for a fixed δ > 0, the ratio

|BR+δ \ BR|
|(R, R + δ)| = (R + δ)n − Rn

δ
ωn
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goes to infinity as R → ∞. Another possible point of view is that the maximum
number of disjoint balls with radius δ > 0 centered on the sphere {x ∈ Rn : |x| = R}
goes to infinity as R → ∞ (cf. [29]). These simple observations together with the
fact that a rearrangement-invariant function norm of a function depends only on
the measure of its level sets are essential in our proof of Proposition 1.2.

Besides enabling us to recover compactness, there is another important feature
that the presence of radial symmetry brings in. It allows us to improve some
weighted Sobolev embeddings on balls. Whereas the classical Sobolev embedding

(1.19) W m,p(BR) ↪→ Lq(BR),

where p ∈ [1, n/m), holds if and only if q ∈ [1, np/(n − mp)]; and is compact if and
only if q ∈ [1, np/(n − mp)), the weighted Sobolev embedding

(1.20) W m,p
R (BR) ↪→ Lq(BR, µα)

for radially symmetric functions, where dµα(x) = |x|α dx with α > 0, holds if
(and only if) q ∈ [1, (n + α)p/(n − mp)]; and is compact if (and only if) q ∈
[1, (n + α)p/(n − mp)) (see [33] and references therein). Note that the restriction
to radially symmetric functions in (1.20) is essential—the critical exponent for
the unrestricted weighted Sobolev embedding W m,p(BR) ↪→ Lq(BR, µα) is still
np/(n − mp). This fact that (1.20) is compact with bigger exponents q than (1.19)
has been successfully used to deal with “nonlinearities of higher order” in the analysis
of some partial differential equations—especially in analysis of the Hénon equation
(in particular, see [31, 33, 52] and references therein). Motivated by this, we also
study the weighted Sobolev embedding

(1.21) W m
R X(BR) ↪→ Y (BR, µα)

in the general framework of rearrangement-invariant function spaces. We note that
the embedding (1.21) does not involve any boundary conditions.

As with (1.6), our main goal is to characterize when the embedding (1.21) is
compact. This basically breaks down into two steps, each of independent interest. We
first characterize what the optimal target rearrangement-invariant function space in
(1.21) is (see Corollary 4.2) and then use it to characterize the compactness of (1.21)
(see Theorem 4.7). Unlike before, this is by now a standard argument, successfully
used several times when dealing with Sobolev embeddings over finite measure spaces
(recall our discussion about (1.14) and (1.15)). Nevertheless, although we do not need
to develop a new approach to tackle (1.21), we still need to carefully supply suitably
modified existing arguments with new ones to completely exploit the presence of
radial symmetry, which, especially when m = 1, essentially reduces (1.21) to a one-
dimensional weighted problem (the interested reader is referred to [45, Chapter 1]
for some classical results in this direction). Furthermore, even though the study of
optimal rearrangement-invariant function spaces in Sobolev embeddings has been
very active for a long time and by now covers a large number of different settings (e.g.,
see [2, 10, 11, 18, 19, 20, 21, 22, 25, 27, 36, 47] and references therein), the existing
results do not cover the weighted Sobolev embedding (1.21), to the best of the
author’s knowledge. Our general theorems concerning (1.21) are also accompanied
by concrete examples, which are provided in Section 6. Finally, we note that
(unrestricted) weighted or double weighted Sobolev embeddings with weights that
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are powers of the distance from the origin are closely connected to Caffarelli-Kohn-
Nirenberg inequalities and the related (double) weighted isoperimetric problem. The
interested reader is referred to [3, 46] and references therein for more information.

The paper is structured as follows. In Section 2, we fix notation and summarize
some basic theory that we will use later to make this paper self-contained for the
most part. Section 3 contains auxiliary results, some of which may be of independent
interest, which are later used in the proof of Theorem 1.1. It also contains the proof
of Proposition 1.2. In Section 4, we study the weighted Sobolev embedding (1.21).
Section 5 contains the proof of Theorem 1.1. Finally, Section 6 contains concrete
examples concerning both (1.6) and (1.21).

2. Preliminaries

Throughout the entire section, (R, µ) is a σ-finite nonatomic nontrivial measure
space. The set of all µ-measurable functions on (R, µ) is denoted by M (R, µ).
We also denote by M +(R, µ) the set of all those functions from M (R, µ) that are
nonnegative µ-a.e. in R. In the following sections, (R, µ) will be either an interval
(endowed with the Lebesgue measure) or (a subset of) Rn endowed with a measure
that is absolutely continuous with respect to the Lebesgue measure. In the entire
paper, we adhere to the convention that 0 · ∞ = 0.

2.1. Rearrangements and r.i. spaces. The distribution function f∗ : (0, ∞) →
[0, ∞] of a function f ∈ M (R, µ) is defined as

f∗(λ) = µ({x ∈ R : |f(x)| > λ}), λ ∈ (0, ∞).
We say that two functions f ∈ M (R, µ) and g ∈ M (S, ν), where (S, ν) is a
possibly different measure space, are equimeasurable if f∗ = g∗. The nonincreasing
rearrangement f∗ : (0, ∞) → [0, ∞] of f is defined as

f∗(t) = inf{λ ∈ (0, ∞) : f∗(λ) ≤ t}, t ∈ (0, ∞).
The functions f and f∗ are equimeasurable. The function f∗ is nonincreasing and
right continuous. We have ess supx∈R |f(x)| = f∗(0+) and f∗(t) = 0 for every
t ≥ µ({x ∈ R : f(x) ̸= 0}). If f = χE for some µ-measurable E ⊆ R, then
f∗ = χ(0,µ(E)). If f is a nonnegative nonincreasing function on (0, ∞), then f = f∗,
up to a countable set of jumps. If |f | ≤ |g| µ-a.e. in R, then f∗ ≤ g∗. Two functions
are equimeasurable if and only if their nonincreasing rearrangements coincide.
We also define the maximal nonincreasing rearrangement f∗∗ : (0, ∞) → [0, ∞] of
f ∈ M (R, µ) as

f∗∗(t) = 1
t

∫ t

0
f∗(s) ds, t ∈ (0, ∞).

We always have f∗ ≤ f∗∗. The function f∗∗ is nonincreasing and continuous, but
unlike f∗, f∗∗ need not be equimeasurable with f .

We say that a functional ∥ · ∥X(R,µ) : M +(R, µ) → [0, ∞] is a rearrangement-
invariant function norm (we will write an r.i. function norm) if for all f, g, fk ∈
M +(R, µ), k ∈ N, and λ ≥ 0:

(P1) ∥f + g∥X(R,µ) ≤ ∥f∥X(R,µ) + ∥g∥X(R,µ); ∥f∥X(R,µ) = 0 if and only if f = 0
µ-a.e.; ∥λf∥X(R,µ) = λ∥f∥X(R,µ);

(P2) ∥f∥X(R,µ) ≤ ∥g∥X(R,µ) whenever f ≤ g µ-a.e.;
(P3) ∥fk∥X(R,µ) ↗ ∥f∥X(R,µ) whenever fk ↗ f pointwise µ-a.e.;
(P4) ∥χE∥X(R,µ) < ∞ whenever µ(E) < ∞;



8 ZDENĚK MIHULA

(P5) ∥fχE∥L1(R,µ) ≤ CE,X∥f∥X(R,µ) whenever µ(E) < ∞, where CE,X ∈ (0, ∞)
is a constant that is independent of f (but it may depend on E or ∥·∥X(R,µ));

(P6) ∥f∥X(R,µ) = ∥g∥X(R,µ) whenever f and g are equimeasurable.
Given an r.i. function norm ∥ · ∥X(R,µ), we extend it to all functions f ∈ M (R, µ)

by
∥f∥X(R,µ) = ∥ |f | ∥X(R,µ), f ∈ M (R, µ).

The function space X(R, µ) defined as

X(R, µ) = {f ∈ M (R, µ) : ∥f∥X(R,µ) < ∞}

endowed with the functional ∥ · ∥X(R,µ) is called a rearrangement-invariant function
space (we will write an r.i. space). It is a Banach space (in particular, ∥ · ∥X(R,µ) is
a norm on X(R, µ)), and the functions from X(R, µ) are finite µ-a.e. An r.i. space
always contains simple functions. By a simple function, we mean a (finite) linear
combination of characteristic functions of sets of finite measure.

Textbook examples of r.i. spaces are the usual Lp(R, µ) spaces (i.e., Lebesgue
spaces), p ∈ [1, ∞], Lorentz spaces, or Orlicz spaces. The rearrangement invariance
of the usual Lebesgue norm ∥ · ∥Lp(R,µ), p ∈ [1, ∞], follows from the layer cake
formula (e.g., [7, Chapter 2, Proposition 1.8] or [39, Theorem 1.13]), which tells us
that

∥f∥Lp(R,µ) = ∥f∗∥Lp(0,∞) for every f ∈ M (R, µ).
Lorentz spaces Lp,q(R, µ) are an important generalization of Lebesgue spaces, where
either p ∈ (1, ∞) and q ∈ [1, ∞] or p = q = 1 or p = q = ∞. The corresponding r.i.
function norm ∥ · ∥Lp,q(R,µ) is defined as

∥f∥Lp,q(R,µ) = ∥t
1
p − 1

q f∗(t)∥Lq(0,∞), f ∈ M +(R, µ).

However, one needs to be more careful here. The functional ∥ · ∥Lp,q(R,µ) is not
an r.i. function norm when 1 < p < q ≤ ∞, because it is not subadditive. When
1 < p < q ≤ ∞, the functional ∥ · ∥Lp,q(R,µ) is merely equivalent to an r.i. function
norm. More precisely, the functional

∥f∥L(p,q)(R,µ) = ∥f∗∗χ(0,µ(R))∥Lp,q(0,∞), f ∈ M +(R, µ),

is an r.i. function norm, and there are positive constants C1 and C2 such that

C1∥f∥L(p,q)(R,µ) ≤ ∥f∥Lp,q(R,µ) ≤ C2∥f∥L(p,q)(R,µ) for every f ∈ M +(R, µ),

provided that either p ∈ (1, ∞) and q ∈ [1, ∞] or p = q = ∞. The interested reader
can find more information in [7, Chapter 4, Section 4] or [35]. In view of that, we
will consider Lp,q(R, µ) an r.i. space even when 1 < p < q ≤ ∞. Note that

∥ · ∥Lp(R,µ) = ∥ · ∥Lp,p(R,µ) for every p ∈ [1, ∞].

Furthermore, when p ∈ (1, ∞) and 1 ≤ q1 < q2 ≤ ∞, we have

Lp,q1(R, µ) ⊊ Lp,q2(R, µ),

regardless of whether µ(R) < ∞ or not. Orlicz spaces LA(R, µ) are another very
important generalization of Lebesgue spaces. The corresponding r.i. function norm
∥ · ∥LA(R,µ) is defined as

∥f∥LA(R,µ) = inf
{

λ > 0 :
∫

R

A
( |f(x)|

λ

)
dµ(x) ≤ 1

}
, f ∈ M +(R, µ),



Compact Sobolev embeddings of radially symmetric functions 9

where A : [0, ∞] → [0, ∞] is a Young function. A function A : [0, ∞] → [0, ∞]
is called a Young function if it is convex, left-continuous, vanishing at 0, and
not constant on the entire interval (0, ∞). For example, when p ∈ [1, ∞), we have
∥·∥Lp(R,µ) = ∥·∥LA(R,µ) with A(t) = tp, t ≥ 0. We also have ∥·∥L∞(R,µ) = ∥·∥LA(R,µ)
with A(t) = ∞·χ(1,∞](t), t ≥ 0. Besides the classical textbooks [7, 59], the interested
reader can find more information on the contemporary theory of Orlicz spaces and
in particular Orlicz–Sobolev spaces in [17, 51].

An analogue of Fatou’s lemma is at our disposal in the framework of r.i. spaces.
More precisely, if M (R, µ) ∋ fk → f pointwise µ-a.e., then

(2.1) ∥f∥X(R,µ) ≤ lim inf
k→∞

∥fk∥X(R,µ).

With any r.i. function norm ∥ · ∥X(R,µ), there is associated another r.i. function
norm, ∥ · ∥X′(R,µ), defined for g ∈ M +(R, µ) as

(2.2) ∥g∥X′(R,µ) = sup
∥f∥X(R,µ)≤1

∫
R

|f(x)||g(x)| dµ(x), g ∈ M +(R, µ).

The r.i. function norm ∥ · ∥X′(R,µ) is called the associate norm of ∥ · ∥X(R,µ). The
resulting r.i. space X ′(R, µ) is called the associate space (of X(R, µ)). The definition
of ∥ · ∥X′(R,µ) immediately gives us that the Hölder inequality

(2.3)
∫

R

|f ||g| dµ ≤ ∥f∥X(R,µ)∥g∥X′(R,µ) for all f, g ∈ M (R, µ)

is true.
We always have X ′′(R, µ) = X(R, µ) with equal norms, where X ′′(R, µ) =

(X ′)′(R, µ). In particular, we have

(2.4) ∥f∥X(R,µ) = sup
∥g∥X′(R,µ)≤1

∫
R

|f(x)||g(x)| dµ(x) for every f ∈ M (R, µ).

Moreover, we also have

(2.5) ∥f∥X(R,µ) = sup
∥g∥X′(R,µ)≤1

∫ ∞

0
f∗(t)g∗(t) dt for every f ∈ M (R, µ).

For example, if X(R, µ) = Lp,q(R, µ), where either p ∈ (1, ∞) and q ∈ [1, ∞] or
p = q = 1 or p = q = ∞, then X ′(R, µ) = Lp′,q′(R, µ), up to equivalent norms (with
the equivalence being equality when p = q).

The fundamental function of an r.i. space X(R, µ) is the function φX : [0, µ(R)) →
[0, ∞) defined as

φX(t) = ∥χE∥X(R,µ), t ∈ [0, µ(R)),
where E ⊆ R is any µ-measurable set with µ(E) = t. The rearrangement invariance
of ∥ · ∥X(R,µ) ensures that the fundamental function is well defined. Furthermore, it
is quasiconcave and satisfies

(2.6) φX(t)φX′(t) = t for every t ∈ [0, µ(R)).

The quasiconcavity means that φX(t) = 0 if and only if t = 0, φX is nondecreasing,
and the function (0, ∞) ∋ t 7→ φX(t)/t is nonincreasing. For example, if X(R, µ) =
Lp(R, µ), then φX(t) = t

1
p , t ∈ (0, µ(R)). More generally, if X(R, µ) = Lp,q(R, µ),

where either p ∈ (1, ∞) and q ∈ [1, ∞] or p = q = 1 or p = q = ∞, then φX coincides
with φLp , up to a constant multiple depending only on p and q.
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Every r.i. space X(R, µ) can be uniquely represented as an r.i. space over an
interval. When µ(R) = ∞, there is an unique r.i. space over (0, ∞), denoted
X(0, ∞), satisfying

∥f∥X(R,µ) = ∥f∗∥X(0,∞) for every f ∈ M (R, µ).

Moreover, we have φX = φX . When µ(R) < ∞, there is an unique r.i. space over
(0, 1), denoted X(0, 1), satisfying

∥f∥X(R,µ) = ∥f∗(µ(R)t)∥X(0,1) for every f ∈ M (R, µ).

Moreover, we have φX(t) = φX(t/µ(R)) for every t ∈ (0, µ(R)). Note that the
representation is over (0, 1), not (0, µ(R)). The choice of the unit interval, no matter
what the measure of 0 < µ(R) < ∞ is, will make some statements and their proofs
less technical. On the other hand, when µ(R) ̸= 1, the representation norm over
(0, 1) may differ from the usual one over (0, µ(R)) by a constant multiple depending
on µ(R). In fact, if Z(0, µ(R)) is the unique r.i. space satisfying

∥f∥X(R,µ) = ∥f∗∥Z(0,µ(R)) for every f ∈ M (R, µ),
then

∥g∥X(0,1) =
∥∥g
(
t/µ(R)

)∥∥
Z(0,µ(R)) for every g ∈ M (0, 1).

However, in view of the boundedness of dilation operators on r.i. spaces (see (2.7)
below), we see that this is immaterial for our purposes. For example, we have

∥f∥Lp,q(R,µ) = ∥f∗∥Lp,q(0,µ(R)) for every f ∈ M (R, µ)
or

∥f∥LA(R,µ) = ∥f∗∥LA(0,µ(R)) for every f ∈ M (R, µ).
Let L ∈ (0, ∞]. For every a > 0 and f ∈ M (0, L), the dilation operator Da

defined as
Daf(t) = f

( t

a

)
χ(0,aL)(t), f ∈ M +(0, L), t ∈ (0, L),

is bounded on every r.i. space X(0, L). Moreover, we have
(2.7) ∥Daf∥X(0,L) ≤ max{1, a}∥f∥X(0,L) for every f ∈ M (0, L).

We say that a Banach space A is embedded in a Banach space B, and write
A ↪→ B, if A ⊆ B (in the set-theoretic sense) and the inclusion is continuous—that
is, there is a constant C > 0 such that ∥f∥B ≤ C∥f∥A for every f ∈ A. We say
that A and B are equivalent, and write A = B, if A ↪→ B and B ↪→ A. In other
words, A and B coincide in the set-theoretic sense and their norms are equivalent.
If X(R, µ) and Y (R, µ) are r.i. spaces, then X(R, µ) ↪→ Y (R, µ) if and only if
X(R, µ) ⊆ Y (R, µ). Furthermore, we have
(2.8) X(R, µ) ↪→ Y (R, µ) if and only if Y ′(R, µ) ↪→ X ′(R, µ).
We also have X(R, µ) ↪→ Y (R, µ) if and only if X(0, L) ↪→ Y (0, L), where L is either
1 or ∞ depending on whether µ(R) is finite or not. Every r.i. space X(R, µ) lies
somewhere between (L1 ∩ L∞)(R, µ) and (L1 + L∞)(R, µ). More precisely, we have

(L1 ∩ L∞)(R, µ) ↪→ X(R, µ) ↪→ (L1 + L∞)(R, µ).
Moreover, since (L1 ∩L∞)(R, µ) = L∞(R, µ) and (L1 +L∞)(R, µ) = L1(R, µ) when
µ(R) < ∞, we have
(2.9) L∞(R, µ) ↪→ X(R, µ) ↪→ L1(R, µ)
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provided that µ(R) < ∞. The interested reader can find more information on the
theory of r.i. spaces in [7].

Besides ↪→, there is another important relation between function spaces, which is
known to play a significant role in the study of compactness in r.i. spaces (more
generally, in Banach function spaces) when µ(R) < ∞. Assume for the rest of this
paragraph that µ(R) < ∞. We say that an r.i. space X(R, µ) is almost compactly
embedded in an r.i. space Y (R, µ), and write X(R, µ) ∗

↪→ Y (R, µ), if
lim

k→∞
sup

∥f∥X(R,µ)≤1

∥fχEk
∥Y (R,µ) = 0

for every sequence {Ek}∞
k=1 ⊆ R of µ-measurable sets such that χEk

→ 0 pointwise
µ-a.e. In other words, bounded sets in X(R, µ) have uniformly absolutely continuous
norm in Y (R, µ). Similarly to (2.8), we have

(2.10) X(R, µ) ∗
↪→ Y (R, µ) if and only if Y ′(R, µ) ∗

↪→ X ′(R, µ).
Furthermore, we have

(2.11) X(R, µ) ∗
↪→ Y (R, µ) if and only if lim

a→0+
sup

∥f∥
X(0,1)≤1

∥f∗χ(0,a)∥Y (0,1).

For example, Lp,q(R, µ) ∗
↪→ Lr,s(R, µ) if and only if p > r. The interested reader is

referred to [61] (cf. [30, 43]), where the relation ∗
↪→ is thoroughly studied.

We will sometimes need to work with restrictions of r.i. spaces. If X(R, µ) is an
r.i. space and E ⊆ R is a µ-measurable set of positive measure, then the functional
∥ · ∥Z(E,µ) defined as

∥f∥Z(E,µ) = ∥fχE∥X(R,µ), f ∈ M +(R, µ),
is an r.i. function norm over (E, µ). We will denote the resulting r.i. space X(E, µ).
When µ(R) = ∞ and µ(E) < ∞, the representation norm of Z(E, µ) = X(E, µ)
and that of X(R, µ) satisfy

min{µ(E), 1}∥fχ(0,1)∥X(0,∞) ≤ ∥f∥Z(0,1)

≤ max{µ(E), 1}∥fχ(0,1)∥X(0,∞)(2.12)

for every f ∈ M (0, 1).
In particular, we will be interested in the situation where (R, µ) = Rn (endowed

with the Lebesgue measure), n ≥ 2, and (E, µ) = (BR, µα), where BR ⊆ Rn is the
(open) ball centered at the origin with radius R ∈ (0, ∞) and µα is the weighted
measure

dµα(x) = |x|α dx,

where α ∈ [0, ∞). The weighted measure of BR is
µα(BR) = µα,nRn+α,

where
µα,n = n

n + α
ωn

and ωn is the volume of the unit ball in Rn. Finally, the mapping Rn ∋ x 7→
µα,n|x|n+α is a measure-preserving transformation (in the sense of [7, Chapter 2,
Section 7]) from (Rn, µα) into (0, ∞). In particular, we have

∥f(ωn|x|n)∥X(Rn) = ∥f∥X(0,∞) for every f ∈ M (0, ∞)(2.13)



12 ZDENĚK MIHULA

and ∥∥∥f
(( |x|

R

)n+α)∥∥∥
X(BR,µα)

= ∥f∥X(0,1) for every f ∈ M (0, 1).(2.14)

2.2. Sobolev spaces. Throughout the entire subsection, let m, n ∈ N, n ≥ 2, and
let Ω ⊆ Rn be an open set. When u is a m-times weakly differentiable function
on Ω, we denote by ∇ku, k ∈ {0, 1, . . . , m}, the (arbitrarily arranged) vector of all
weak derivatives of u of order k, where ∇0u = u. We also denote by Dmu the vector
of all weak derivatives of u of order k = 1, . . . , m. Let X(Ω) be an r.i. space. The
Sobolev space W mX(Ω) built upon X(Ω) is defined as

W mX(Ω) = {u ∈ X(Ω) : u is m-times weakly differentiable and |Dmu| ∈ X(Ω)}.

We endow W mX(Ω) with the norm defined as

∥u∥W mX(Ω) = ∥u∥X(Ω) + ∥ |Dmu| ∥X(Ω), u ∈ X(Ω).

We will write ∥Dmu∥X(Ω) instead of ∥ |Dmu| ∥X(Ω). Similarly for ∇ku. Note that
W mLp(Ω), where p ∈ [1, ∞], is the usual Sobolev space W m,p(Ω), up to equivalent
norms.

Let Ω = BR, where BR is the open ball in Rn centered at the origin with radius
R ∈ (0, ∞]—when R = ∞, BR is to be interpreted as Rn. We denote by W m

R X(BR)
the subspace of W mX(BR) consisting of those functions from W mX(BR) that are
radially symmetric. If u ∈ W m

R X(BR), then there is a function g : IR → R such
that (see [12, 33])

u(x) = g(|x|) for a.e. x ∈ BR

and g(j) ∈ ACloc(IR) for j = 0, . . . , m − 1, where IR = (0, R] ∩ R. By ACloc(IR),
we denote the collection of locally absolutely continuous functions on the interval
IR. Furthermore, we have |∇u(x)| = |g′(|x|)| for a.e. x ∈ BR. As for higher order
derivatives, it was shown in [33, Theorem 2.2] that

(2.15) |g(j)(|x|)| ≤ |∇ju(x)| for every j ∈ {1, . . . , m} and a.e. x ∈ BR.

3. Sobolev functions with radial symmetry on Rn

In this section, we prove Proposition 1.2 and also equip ourselves with tools
that we will need later to prove Theorem 1.1. We start with a proposition about
averaging in r.i. spaces.

Proposition 3.1. Let M ∈ N and {Ij}M+1
j=1 be a system of nonoverlapping bounded

intervals in (0, ∞), each of length δ > 0. For all r.i. spaces X(0, ∞) and Y (0, ∞),
we have∥∥∥ M∑

j=1
χIj

(t)1
δ

∫
Ij∪Ij+1

g
∥∥∥

Y (0,∞)
≤ 2
(

φY (δ)
φX(δ)+ sup

∥f∥X(0,∞)≤1

∥f∗χ(δ,∞)∥Y (0,∞)

)
∥g∥X(0,∞)

for every g ∈ M +(0, ∞).

Proof. Fix g ∈ M +(0, ∞) such that ∥g∥X(0,∞) < ∞. In particular, g ∈ L1(Ij) for
every j ∈ {1, . . . , M + 1}. Since the intervals {Ij}M+1

j=1 are nonoverlapping and they
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have the same length, the simple functions (0, ∞) ∋ t 7→
∑M

j=1 χIj
(t) 1

δ

∫
Ij+1

g and
(0, ∞) ∋ t 7→

∑M
j=1 χIj+1(t) 1

δ

∫
Ij+1

g are equimeasurable. Hence

∥∥∥ M∑
j=1

χIj (t)1
δ

∫
Ij∪Ij+1

g
∥∥∥

Y (0,∞)
≤
∥∥∥ M∑

j=1
χIj (t)1

δ

∫
Ij

g
∥∥∥

Y (0,∞)
+
∥∥∥ M∑

j=1
χIj (t)1

δ

∫
Ij+1

g
∥∥∥

Y (0,∞)

=
∥∥∥ M∑

j=1
χIj (t)1

δ

∫
Ij

g
∥∥∥

Y (0,∞)
+
∥∥∥ M∑

j=1
χIj+1(t)1

δ

∫
Ij+1

g
∥∥∥

Y (0,∞)

≤ 2
∥∥∥M+1∑

j=1
χIj (t)1

δ

∫
Ij

g
∥∥∥

Y (0,∞)
.(3.1)

Let π : {1, . . . , M + 1} → {1, . . . , M + 1} be a permutation such that the finite
sequence {

∫
Iπ(j)

g}M+1
j=1 is nonincreasing.

Next, set

(3.2) h =
M+1∑
j=1

χIj (t)1
δ

∫
Ij

g.

Using the fact that the intervals are nonoverlaping and have the same length δ once
more, we see that

h∗ = χ(0,δ)
1
δ

∫
Iπ(1)

g +
M+1∑
j=2

χ[(j−1)δ,jδ)(t)
1
δ

∫
Iπ(j)

g.

Note that∥∥∥M+1∑
j=1

χIj
(t)1

δ

∫
Ij

g
∥∥∥

Y (0,∞)
= ∥h∥Y (0,∞) = ∥h∗∥Y (0,∞)

≤
∥∥∥χ(0,δ)

1
δ

∫
Iπ(1)

g
∥∥∥

Y (0,∞)
+ ∥χ(δ,∞)h

∗∥Y (0,∞).(3.3)

As for the first term on the right-hand side, using the Hölder inequality (2.3) and
(2.6), we have∥∥∥χ(0,δ)

1
δ

∫
Iπ(1)

g
∥∥∥

Y (0,∞)
= φY (δ)

δ

∫
Iπ(1)

g ≤ φY (δ)
δ

∥g∥X(0,∞)φX′(δ)

= φY (δ)
φX(δ)∥g∥X(0,∞).(3.4)

As for the second term on the right-hand side of (3.3), recalling (3.2), we see that

∥χ(δ,∞)h
∗∥Y (0,∞) ≤

(
sup

∥f∥X(0,∞)≤1

∥f∗χ(δ,∞)∥Y (0,∞)

)
∥h∥X(0,∞)

=
(

sup
∥f∥X(0,∞)≤1

∥f∗χ(δ,∞)∥Y (0,∞)

)∥∥∥M+1∑
j=1

χIj
(t)1

δ

∫
Ij

g
∥∥∥

X(0,∞)
.

Since the averaging operator M (0, ∞) ∋ h 7→
∑M+1

j=1 χIj

1
δ

∫
Ij

h is bounded on every
r.i. space over (0, ∞) and its norm is at most 1 (see [7, Chapter 2, Theorem 4.8]),



14 ZDENĚK MIHULA

we have ∥∥∥M+1∑
j=1

χIj
(t)1

δ

∫
Ij

g
∥∥∥

X(0,∞)
≤ ∥g∥X(0,∞).

Combining the last two inequalities together, we obtain

(3.5) ∥χ(δ,∞)h
∗∥Y (0,∞) ≤

(
sup

∥f∥X(0,∞)≤1

∥f∗χ(δ,∞)∥Y (0,∞)

)
∥g∥X(0,∞).

Hence, thanks to (3.3), (3.4), and (3.5), we arrive at∥∥∥ M∑
j=1

χIj (t)1
δ

∫
Ij∪Ij+1

g
∥∥∥

Y (0,∞)
≤ φY (δ)

φX(δ)∥g∥X(0,∞)

+
(

sup
∥f∥X(0,∞)≤1

∥f∗χ(δ,∞)∥Y (0,∞)

)
∥g∥X(0,∞),

whence the claim follows in view of (3.1). □

The following simple proposition provides us with a useful inequality between
the quantity sup∥f∥X(0,∞)≤1 ∥f∗χ(a,∞)∥Y (0,∞) and the ratio of the corresponding
fundamental functions.

Proposition 3.2. Let X(0, ∞) and Y (0, ∞) be r.i. spaces. Then

φY (a)
φX(a) ≤ 2 sup

∥f∥X(0,∞)≤1
∥f∗χ(a,∞)∥Y (0,∞) for every a > 0.

Proof. Since the function (0, ∞) ∋ a 7→ φX(a)/a is nonincreasing thanks to the
quasiconcavity of the fundamental function of an r.i. space, we have

φX(2a) = 2a
φX(2a)

2a
≤ 2a

φX(a)
a

= 2φX(a) for every a > 0.

Using this, we see that

φY (a)
φX(a) ≤ 2 φY (a)

φX(2a) = 2
∥χ(0,2a)χ(a,∞)∥Y (0,∞)

∥χ(0,2a)∥X(0,∞)
.

Since the function χ(0,2a) is nonincreasing, the claim follows. □

Remark 3.3. The preceding proposition shows that if

(3.6) lim
a→∞

sup
∥f∥X(0,∞)≤1

∥f∗χ(a,∞)∥Y (0,∞) = 0,

then necessarily

lim
a→∞

φY (a)
φX(a) = 0.

However, the latter is not sufficient for the former in general (see Proposition 6.4
and Remark 6.5). Note that the validity of (3.6) can be viewed as a relation between
two function spaces. The interested reader is referred to [49, 55], where this relation
and its generalization were systematically studied.

We now prove Proposition 1.2.
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Proof of Proposition 1.2. Let R > 0 and u ∈ W 1
RX(Rn). We will show that (1.16)

is valid with a constant C > 0, depending only on the dimension n. We start with
two simple observations. First, we may without loss of generality assume that

(3.7) ∥u∥W 1
R

X(Rn) ≤ 1.

Second, we may assume that sup∥f∥
X(0,∞)≤1 ∥f∗χ(Rn−1,∞)∥Y (0,∞) < ∞; otherwise,

(1.16) trivially holds. Set

r0 = Rn−1,(3.8)
CR = sup

∥f∥
X(0,∞)≤1

∥f∗χ(r0,∞)∥Y (0,∞),(3.9)

and note that

(3.10) φY (r0)
φX(r0) + CR ≤ 3CR

thanks to Proposition 3.2. Let R̃ > R be arbitrary. For brevity’s sake, we also set

a = ωnRn and b = ωnR̃n.

Since u ∈ W 1
RX(Rn), there is a locally absolutely continuous function g : (0, ∞) →

R such that

u(x) = g(ω
1
n
n |x|) for a.e. x ∈ Rn

and

∇u(x) = ω
1
n
n g′(|x|) x

|x|
for a.e. x ∈ Rn.

Note that

(3.11) ∥uχBR̃\BR
∥Y (Rn) = ∥g(t 1

n )χ(a,b)(t)∥Y (0,∞)

thanks to (2.13). Furthermore, using (2.13) once more together with (3.7), we see
that

∥g(t 1
n )∥X(0,∞) = ∥u∥X(Rn) ≤ 1(3.12)

and

ω
1
n
n ∥g′(t 1

n )∥X(0,∞) = ∥∇u∥X(Rn) ≤ 1.(3.13)

Next, for every j ∈ N0, we define the intervals Ij as

Ij =
(
a + (j − 1)r0, a + jr0

]
.

Note that |Ij | = r0 for every j ∈ N0. Now, let {ηj}∞
j=1 ⊆ C1

c (R) be a sequence of
cutoff functions such that

(3.14) 0 ≤ ηj ≤ 1, ηj ≡ 1 in Ij , supp ηj ⊆ Ij−1 ∪ Ij ∪ Ij+1, and |η′
j | ≤ 2/r0

for every j ∈ N. Fix M ∈ N so large that

(3.15) (a, b) ⊆
M⋃

j=1
Ij .
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Using (3.11), (3.15), and (3.14), we obtain

∥uχBR̃\BR
∥Y (Rn) = ∥g(t 1

n )χ(a,b)(t)∥Y (0,∞) ≤
∥∥∥ M∑

j=1
g(t 1

n )χIj
(t)
∥∥∥

Y (0,∞)

=
∥∥∥ M∑

j=1
g(t 1

n )ηj(t)χIj
(t)
∥∥∥

Y (0,∞)

≤ 1
n

∥∥∥ M∑
j=1

χIj
(t)
∫ a+(j+1)r0

t

|g′(s 1
n )|s−1+ 1

n ηj(s) ds
∥∥∥

Y (0,∞)

+
∥∥∥ M∑

j=1
χIj

(t)
∫ a+(j+1)r0

t

|g(s 1
n )η′

j(s)| ds
∥∥∥

Y (0,∞)

≤ 1
n

∥∥∥ M∑
j=1

χIj
(t)
∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )|s−1+ 1

n ds
∥∥∥

Y (0,∞)

+
∥∥∥ M∑

j=1
χIj

(t)
∫ a+(j+1)r0

a+(j−1)r0

|g(s 1
n )η′

j(s)| ds
∥∥∥

Y (0,∞)
.(3.16)

As for the first term, we have∥∥∥ M∑
j=1

χIj (t)
∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )|s−1+ 1

n ds
∥∥∥

Y (0,∞)

≤
∥∥∥ M∑

j=1
χIj (t)a−1+ 1

n

∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )| ds

∥∥∥
Y (0,∞)

≤ ω
1−n

n
n

∥∥∥ M∑
j=1

χIj (t) 1
r0

∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )| ds

∥∥∥
Y (0,∞)

thanks to (3.8). Moreover, using Proposition 3.1, (3.10), and (3.13), we obtain

ω
1−n

n
n

∥∥∥ M∑
j=1

χIj
(t) 1

r0

∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )| ds

∥∥∥
Y (0,∞)

≤ 6
ωn

CR.

Hence

(3.17)
∥∥∥ M∑

j=1
χIj (t)

∫ a+(j+1)r0

a+(j−1)r0

|g′(s 1
n )|s−1+ 1

n ds
∥∥∥

Y (0,∞)
≤ 6

ωn
CR.

As for the second term in (3.16), we have∥∥∥ M∑
j=1

χIj
(t)
∫ a+(j+1)r0

a+(j−1)r0

|g(s 1
n )η′

j(s)| ds
∥∥∥

Y (0,∞)

≤
∥∥∥ M∑

j=1
χIj

(t) 2
r0

∫ a+(j+1)r0

a+(j−1)r0

|g(s 1
n )| ds

∥∥∥
Y (0,∞)

≤ 12CR(3.18)
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thanks to (3.14), Proposition 3.1, (3.10), and (3.12). Therefore, combining (3.16)
with (3.17) and (3.18), we arrive at

(3.19) ∥uχBR̃\BR
∥Y (Rn) ≤

( 6
nωn

+ 12
)

CR.

Letting R̃ go to ∞ in (3.19), we obtain

∥uχRn\BR
∥Y (Rn) ≤

( 6
nωn

+ 12
)

CR.

At last, this combined with (3.9) yields (1.16).
Finally, having already established (1.16), we immediately see that (1.17) implies

(1.18), which finishes the proof. □

We conclude this section with a proposition, probably of independent interest,
which will play an important role in our proof of the necessity of the condition (1.8)
for the compactness of (1.7).

Proposition 3.4. Let m, n ∈ N, n ≥ 2. Assume that f is a nonnegative nonin-
creasing simple function in (0, ∞) with bounded support.

For every a ≥ 1, there is a nonnegative radially symmetric function uf,a in Rn

such that
uf,a ∈ W m

R X(Rn) ∩ Cm−1(Rn) for every r.i. space X(Rn),

uf,a(x) = 0 for every x ∈ Rn with ωn|x|n <
a

8 ,(3.20)

∥uf,a∥W m
R

X(Rn) ≤ C1∥f∥X(0,∞),(3.21)

and

∥χ(a,∞)f∥Y (0,∞) ≤ C2∥uf,a∥Y (Rn) for every r.i. space Y (Rn).(3.22)

Here C1 and C2 are constants depending only on m and n. In particular, they are
independent of f , a, and the r.i. spaces.

Proof. Throughout the entire proof, C > 0 is an universal absolute constant that
may depend only on m and n.

Since (a/4)1/n − (a/8)1/n = (4−1/n − 8−1/n)a1/n ≥ (4−1/n − 8−1/n) for every
a ≥ 1, we can find a collection {ηa}a≥1 of cutoff functions such that ηa ∈ C∞

0 (0, ∞),
0 ≤ ηa ≤ 1, ηa ≡ 0 in (0, (a/8)1/n), ηa ≡ 1 in ((a/4)1/n, ∞), and |η(k)

a (t)| ≤ C for
every t ∈ (0, ∞) and every k = 1, . . . , m with a constant C independent of a. Let
{ϕa}a≥1 be defined as

ϕa(x) = ηa(ω
1
n
n |x|), x ∈ Rn.

It is easy to see that ϕa ∈ C∞
0 (Rn) and

(3.23) |Dmϕa(x)| ≤ C for every x ∈ Rn.

Note that the function f̃ = f(a)χ(0,a) + fχ[a,∞) is a nonnegative nonincreasing
simple function in (0, ∞) with bounded support that is constant in (0, a). Clearly,
∥χ(a,∞)f∥Y (0,∞) = ∥χ(a,∞)f̃∥Y (0,∞) and ∥f̃∥X(0,∞) ≤ ∥f∥X(0,∞). Therefore, we
may assume that f is constant in the interval (0, a). Hence, it can be expressed as

(3.24) f =
M∑

j=1
γjχ(0,bj)
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for some M ∈ N, γj > 0, and a ≤ b1 < b2 < · · · < bM < ∞. Set

(3.25) g =
M∑

j=1

γj

b
m/n
j

χ(0,b
1/n
j

).

Next, we inductively define the functions v0, v1, . . . , vm : (0, ∞) → [0, ∞) as

vj(t) = (T jg)(t), t ∈ (0, ∞), j ∈ {0, 1, . . . , m},

where T is an auxiliary operator, mapping M +(0, ∞) to M +(0, ∞), defined as

(Th)(t) =
∫ ∞

t

h(s) ds, t ∈ (0, ∞), h ∈ M +(0, ∞).

The expression T j is to be understood as T j =
j-times︷ ︸︸ ︷

T ◦ · · · ◦ T . Thanks to the Fubini
theorem, for every j = 1, . . . , m, we have

(3.26) vj(t) =
∫ ∞

t

g(τ)(τ − t)j−1

(j − 1)! dτ for all t ∈ (0, ∞) and j = 1, . . . , m.

Hence, it is easy to see that

(3.27) vj(t) ≤ C

∫ ∞

t

g(τ)τm−1 dτ for all j ∈ {1, . . . , m} and t ≥ 1
81/n

.

Now, we define the function uf,a as

(3.28) uf,a(x) = ηa(ω
1
n
n |x|)vm(ω

1
n
n |x|), x ∈ Rn.

Clearly, we have u(x) = 0 for every x ∈ Rn with ωn|x|n < a/8. Furthermore, it
is easy to see that uf,a ∈ Cm−1(Rn) and its mth order weak derivatives exist in
Rn. Next, we claim that (3.22) is true. To this end, thanks to (3.28) together with
(3.26) with j = m, we have

∥uf,a∥Y (Rn) =
∥∥∥ηa(ω

1
n
n |x|)

∫ ∞

ω
1
n

n |x|

g(τ)(τ − ω
1
n
n |x|)m−1

(m − 1)! dτ
∥∥∥

Y (Rn)

=
∥∥∥ηa(t 1

n )
∫ ∞

t
1
n

g(τ)(τ − t
1
n )m−1

(m − 1)! dτ
∥∥∥

Y (0,∞)

≥
∥∥∥χ(a,∞)(4t)

∫ ∞

(2t)
1
n

g(τ)(τ − t
1
n )m−1

(m − 1)! dτ
∥∥∥

Y (0,∞)

≥
∥∥∥χ(a,∞)(4t)

∫ ∞

(2t)
1
n

g(τ)(τ − τ
21/n )m−1

(m − 1)! dτ
∥∥∥

Y (0,∞)

= (1 − 2−1/n)m−1

(m − 1)!

∥∥∥χ(a,∞)(4t)
∫ ∞

(2t)
1
n

g(τ)τm−1 dτ
∥∥∥

Y (0,∞)
.(3.29)
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Furthermore, recalling (3.25) and (3.24), we obtain∥∥∥χ(a,∞)(4t)
∫ ∞

(2t)
1
n

g(τ)τm−1 dτ
∥∥∥

Y (0,∞)
=
∥∥∥χ(a,∞)(4t)

M∑
j=1

γj

b
m/n
j

∫ ∞

(2t)
1
n

χ(0,b
1/n
j

)(τ)τm−1 dτ
∥∥∥

Y (0,∞)

=
∥∥∥χ(a,∞)(4t)

M∑
j=1

γj

b
m/n
j

χ(0,bj/2)(t)
∫ b

1
n
j

(2t)
1
n

τm−1 dτ
∥∥∥

Y (0,∞)

≥
∥∥∥χ(a,∞)(4t)

M∑
j=1

γj

b
m/n
j

χ(0,bj/4)(t)
∫ b

1
n
j

(
bj
2 )

1
n

τm−1 dτ
∥∥∥

Y (0,∞)

= 1 − 2− m
n

m

∥∥∥χ(a,∞)(4t)
M∑

j=1
γjχ(0,bj/4)(t)

∥∥∥
Y (0,∞)

= 1 − 2− m
n

m

∥∥∥χ(a,∞)(4t)f(4t)
∥∥∥

Y (0,∞)
.(3.30)

Since the norm of the dilation operator D4 on Y (0, ∞) is at most 4 (see (2.7)), we
have
(3.31) ∥χ(a,∞)f∥Y (0,∞) ≤ 4∥χ(a,∞)(4t)f(4t)∥Y (0,∞).

Hence, combining (3.29), (3.30), and (3.31), we obtain (3.22).
Finally, we prove (3.21), which will conclude the proof. We claim that

(3.32) ∥uf,a∥X(Rn) ≤ 1
m!∥f∥X(0,∞).

To this end, using (3.25), we see that∥∥∥ ∫ ∞

t
1
n

g(τ)τm−1 dτ
∥∥∥

X(0,∞)
≤
∥∥∥ M∑

j=1

γj

b
m/n
j

χ(0,bj)(t)
∫ b

1
n
j

0
τm−1 dτ

∥∥∥
X(0,∞)

= 1
m

∥∥∥ M∑
j=1

γj

b
m/n
j

χ(0,bj)(t)b
m
n

j

∥∥∥
X(0,∞)

= 1
m

∥f∥X(0,∞).(3.33)

Furthermore, since (3.28) together with (3.26) with j = m clearly implies

∥uf,a∥X(Rn) ≤ 1
(m − 1)!

∥∥∥∫ ∞

ω
1
n

n |x|
g(τ)τm−1 dτ

∥∥∥
X(Rn)

= 1
(m − 1)!

∥∥∥∫ ∞

t
1
n

g(τ)τm−1 dτ
∥∥∥

X(0,∞)
,

we obtain (3.32). Next, we claim that

(3.34) |Dmuf,a(x)| ≤ C
(∫ ∞

ω
1
n

n |x|
g(τ)τm−1 dτ + g(ω

1
n
n |x|)

)
for a.e. x ∈ Rn.

It can be verified by straightforward computations that all the (weak) derivatives of
the function uf,a up to order m are linear combinations of (some of) the functions

Rn ∋ x 7→ η(i)
a (ω

1
n
n |x|)

xk1 · · · xkj

|x|2l−1 vm−k(ω
1
n
n |x|)

with
i, k ∈ {0, . . . , m}, l ∈ {1, . . . , m}, and j ∈ {0, . . . , 2l − 1}.
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Moreover, the coefficients and the number of terms in the linear combinations depend
only on m and n. Now, the desired inequality (3.34) will follow from this, (3.23),
and (3.27) once we make two observations. On the one hand, since the functions
η

(i)
a , i = 0, . . . , m, vanish in the interval (0, 8−1/n] ⊆ (0, (a/8)1/n], the inequality

(3.34) trivially holds for a.e. x ∈ Rn with ω
1/n
n |x| ≤ 8−1/n. On the other hand, for

all l ∈ {1, . . . , m} and j ∈ {0, . . . , 2l − 1},∣∣∣xk1 · · · xkj

|x|2l−1

∣∣∣ ≤ C|x|1−2l ≤ C for every x ∈ Rn with ω1/n
n |x| > 8− 1

n .

Therefore, the inequality (3.34) is indeed valid. At last, combining (3.34) with
(3.33), we obtain

∥Dmuf,a∥X(Rn) ≤ C(∥f∥X(0,∞) + ∥g(t 1
n )∥X(0,∞)).

Furthermore, using (3.25) together with the fact that b
m/n
j ≥ am/n ≥ 1 for every

j ∈ {1, . . . , M}, and (3.24), we see that

∥g(t 1
n )∥X(0,∞) ≤

∥∥∥ M∑
j=1

γjχ(0,b
1/n
j

)(t
1
n )
∥∥∥

X(0,∞)
=
∥∥∥ M∑

j=1
γjχ(0,bj)(t)

∥∥∥
X(0,∞)

= ∥f∥X(0,∞).

Hence, we have
∥Dmuf,a∥X(Rn) ≤ C∥f∥X(0,∞).

Combining this and (3.32), we see that (3.21) is true, which concludes the proof. □

4. Weighted embeddings on balls

In this section, we investigate the weighted Sobolev embedding
(4.1) W m

R X(BR) ↪→ Y (BR, µα),
where µα is the weighted measure dµα(x) = |x|α dx, where α ∈ [0, ∞). Our first
goal is to characterize the optimal target r.i. space in (4.1), that is, the smallest r.i.
space Y (BR, µα) with which the embedding is valid. We then use our description of
the optimal target space to characterize when the embedding is compact. Results
from this section will also be useful in our proof of Theorem 1.1.

4.1. Optimal target space in the weighted Sobolev embedding. The fol-
lowing theorem is a so-called reduction principle for the weighted Sobolev embed-
ding (4.1). It characterizes (4.1) by means of an inequality involving an integral
operator (sometimes called a Hardy operator or a Copson operator) and functions
of one variable (see (4.3) below). By (Köthe) dualizing this inequality as in [36],
where the optimal r.i. spaces in classical Sobolev embeddings on bounded Lipschitz
domains in Rn are characterized, we can describe the optimal r.i. space in (4.1).

Theorem 4.1. Let m, n ∈ N, n ≥ 2. Let α ≥ 0 and R ∈ (0, ∞). For all r.i. spaces
X(BR) and Y (BR, µα), the following two statements are equivalent.

(1) There is a constant CB,S > 0 such that
(4.2) ∥u∥Y (BR,µα) ≤ CB,S∥u∥W m

R
X(BR) for every u ∈ W m

R X(BR).

(2) There is a constant CB,H > 0 such that

(4.3)
∥∥∥∫ 1

t
n

n+α

f(s)s−1+ m
n ds

∥∥∥
Y (0,1)

≤ CB,H∥f∥X(0,1) for every f ∈ M +(0, 1).
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Before we prove our reduction principle for (4.1), we need to establish a couple of
auxiliary propositions. But first, we use it to describe the optimal target r.i. space
in (4.1).

Corollary 4.2. Let m, n ∈ N, n ≥ 2. Let α ≥ 0 and R ∈ (0, ∞). For an r.i. space
X(BR, µα), let YX(BR, µα) be the r.i. space whose function norm is defined as

∥u∥YX (BR,µα) = ∥u∗(µα(BR)t)∥YX (0,1), u ∈ M +(BR, µα),

where ∥ · ∥YX (0,1) is the function norm satisfying

(4.4) ∥g∥YX
′(0,1) = ∥t

m+α
n g∗∗(t

n+α
n )∥X′(0,1) for every g ∈ M +(0, 1).

Then YX(BR, µα) is optimal in the embedding (4.1) in the following sense. The
embedding (4.1) is valid with Y = YX and if Z(BR, µα) is an r.i. space such that
(4.1) is valid with Y = Z, then YX(BR, µα) ↪→ Z(BR, µα).

Proof. It can be easily verified that the functional ∥ · ∥YX
′(0,1) defined by (4.4) is an

r.i. function norm on (0, 1) (cf. [48, Proposition 3.1]). For every r.i. space Z(0, 1),
we have

sup
∥f∥

X(0,1)≤1

∥∥∥∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
Z(0,1)

= sup
∥f∥

X(0,1)≤1
∥g∥Z′(0,1)≤1

∫ 1

0
g∗(t)

(∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

)
dt

= sup
∥f∥

X(0,1)≤1
∥g∥Z′(0,1)≤1

∫ 1

0
|f(s)|s−1+ m

n

(∫ s
n+α

n

0
g∗(t) dt

)
ds

= sup
∥f∥

X(0,1)≤1
∥g∥Z′(0,1)≤1

∫ 1

0
|f(s)|s

m+α
n g∗∗(s

n+α
n ) ds

= sup
∥g∥Z′(0,1)≤1

∥t
m+α

n g∗∗(t
n+α

n )∥X′(0,1)(4.5)

thanks to (2.5), the Fubini theorem, and (2.2). Now, on the one hand, using (4.5)
with Z(0, 1) = YX(0, 1), we obtain

sup
∥f∥

X(0,1)≤1

∥∥∥∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
YX (0,1)

= sup
∥g∥

YX
′(0,1)≤1

∥t
m+α

n g∗∗(t
n+α

n )∥X′(0,1)

= sup
∥g∥

YX
′(0,1)≤1

∥g∥YX
′(0,1) = 1.

Hence, the Sobolev embedding W m
R X(Rn) ↪→ YX(BR, µα) is valid thanks to Theo-

rem 4.1. On the other hand, if W m
R X(Rn) ↪→ Y (BR, µα) is valid for an r.i. space

Y (BR, µα), then Theorem 4.1 and (4.5) with Z(0, 1) = Y (0, 1) imply that there is a
constant C ∈ (0, ∞) such that

sup
∥g∥

Y ′(0,1)≤1
∥g∥YX

′(0,1) = sup
∥g∥

Y ′(0,1)≤1
∥t

m+α
n g∗∗(t

n+α
n )∥X′(0,1) ≤ C.

In other words, Y ′(0, 1) ↪→ YX
′(0, 1). It follows that YX(BR, µα) ↪→ Y (BR, µα)

thanks to (2.8), which finishes the proof. □
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Remark 4.3. Note that

W m
R X(BR) ↪→ L∞(BR, µα)

if and only if

sup
∥f∥

X(0,1)≤1

∫ 1

0
f(s)s−1+ m

n ds < ∞

thanks to Theorem 4.1. It is easy to see that this is the case if and only if either
m < n and X(0, 1) ↪→ L

n
m ,1(0, 1) or m ≥ n. Since the Lebesgue measure and the

weighted measure µα are absolutely continuous with respect to each other, it follows
that L∞(BR, µα) = L∞(BR). In other words, the weight is completely immaterial
as far as embeddings into L∞ are concerned.

We now establish two auxiliary propositions and then finally prove Theorem 4.1.

Proposition 4.4. For α ≠ 0 and β ≥ max{0, −α}, define the operator Tα,β,
mapping M (0, 1) to M +(0, 1), as

Tα,βf(t) = tβ

∫ 1

t

|f(s)|s−1+α ds, t ∈ (0, 1), f ∈ M (0, 1).

Let X(0, 1) be an r.i. space. Then

∥Tα,βf∥X(0,1) ≤ max
{ 1

|α|
,

1
β + 1

}
∥f∥X(0,1) for every f ∈ M (0, 1).

Proof. By Calderón’s interpolation result [14, Theorem 2] (see also [7, Chapter 3,
Theorem 2.2]), in order to prove the boundedness of Tα,β on X(0, 1) with the
operator norm at most max{1/|α|, 1/(β + 1)}, it is sufficient to show that

∥Tα,βf∥L∞(0,1) ≤ 1
|α|

∥f∥L∞(0,1) for every f ∈ L∞(0, 1)

and

∥Tα,βf∥L1(0,1) ≤ 1
β + 1∥f∥L1(0,1) for every f ∈ L1(0, 1).

These estimates are, however, easy to establish. If α < 0, using the fact that
−1 + α < −1 and α + β ≥ 0, we see that

∥Tα,βf∥L∞(0,1) ≤ ∥f∥L∞(0,1) sup
t∈(0,1)

tβ

∫ 1

t

s−1+α ds

≤ ∥f∥L∞(0,1)
1

|α|
sup

t∈(0,1)
tα+β

= 1
|α|

∥f∥L∞(0,1).

If α > 0, we have

∥Tα,βf∥L∞(0,1) ≤ ∥f∥L∞(0,1) sup
t∈(0,1)

tβ

∫ 1

0
s−1+α ds

= 1
α

∥f∥L∞(0,1),
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this time using the fact that −1 + α > −1 and β ≥ 0. Finally, using the Fubini
theorem together with the fact that β ≥ max{0, −α} > −1, we have

∥Tα,βf∥L1(0,1) =
∫ 1

0
|f(s)|s−1+α

∫ s

0
tβ dt ds

≤ 1
β + 1 sup

s∈(0,1)
sβ+α∥f∥L1(0,1)

= 1
β + 1∥f∥L1(0,1),

whether α is positive or negative. □

Proposition 4.5. Let m, n ∈ N, 1 ≤ m < n. Let R ∈ (0, ∞) and α ∈ [0, ∞). There
are positive constants C3 and C4 such that for all r.i. spaces X(BR) and Y (BR, µα),
the following is true. For every a ∈ (0, 1] and every nonnegative f ∈ L∞(0, 1) with
support inside [0, a), there is a nonnegative radially symmetric and nonincreasing
function uf,R,a such that:

uf,R,a ∈ W m
R X(BR) ∩ Cm−1(BR \ {0}),

uf,R,a has support inside Br, where r = a
1
n R,

∥uf,R,a∥W m
R

X(BR) ≤ C3 max{1, R−m}∥f∥X(0,1),(4.6)

and ∥∥∥∫ 1

t
n

n+α

f(s)s−1+ m
n ds

∥∥∥
Y (0,1)

≤ C4∥uf,R,a∥Y (BR,µα).(4.7)

Moreover, the constant C3 depends only on m and n, and the constant C4 depends
only on α, m, and n.

Proof. In the entire proof, C > 0 is an universal constant that may depend only
on α, m, and n. Let f ∈ L∞(0, 1) be nonnegative with support inside [0, a). The
construction of the function uf,R,a is inspired by the construction in [36, p. 562].
We define the functions g1, . . . , gm : [0, R] → [0, ∞) as

gk(t) = χ(0,R)(t)T k(fm)
(
(t/R)n

)
, t ∈ [0, R], k = 0, 1, . . . , m,

where T is an auxiliary operator, mapping M +(0, 1) to M +(0, 1), defined as

(Th)(t) = χ(0,1)(t)
∫ 1

t

h(s) ds, t ∈ [0, 1], h ∈ M +(0, 1),

and fm is defined as

(4.8) fm(t) = f(t)t−m+ m
n , t ∈ (0, 1).

The expression T j is to be understood as T j =
j-times︷ ︸︸ ︷

T ◦ · · · ◦ T . It is easy to see that
gm ∈ Cm−1((0, R]) and that g

(m−1)
m is locally Lipschitz continuous in (0, R]. Using

the Fubini theorem, we can easily verify by induction that for every k ∈ {1, . . . , m}
and every t ∈ (0, R),

(4.9) gk(t) =
χ(0,R)(t)
(k − 1)!

∫ 1

(t/R)n

f(s)s−m+ m
n

(
s − (t/R)n

)k−1 ds.
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Therefore, for every j ∈ {0, 1, . . . , m − 1} we have

(4.10) gm−j(t) ≤
χ(0,R)(t)

(m − j − 1)!

∫ 1

(t/R)n

f(s)s−j−1+ m
n ds for every t ∈ (0, R).

Furthermore, using (4.9) with k = m together with the fact that (t/R)n ≤ s/2 for
every s ≥ 2(t/R)n, we have

gm(t) ≥
χ(0,2−nR)(t)

(m − 1)!

∫ 1

2(t/R)n

f(s)s−m+ m
n (s − (t/R)n)m−1 ds

≥ 21−m

(m − 1)!χ(0,2−nR)(t)
∫ 1

2(t/R)n

f(s)s−m+ m
n sm−1 ds

= 21−m

(m − 1)!χ(0,2−nR)(t)
∫ 1

2(t/R)n

f(s)s−1+ m
n ds.(4.11)

Next, set

uf,R,a(x) = gm(|x|), x ∈ BR.

Note that uf,R,a ∈ Cm−1(BR \ {0}) and its weak derivatives of order m exist in BR.
Furthermore, the function uf,R,a is clearly radially symmetric and nonincreasing.
Moreover, since the support of f is inside [0, a), the support of uf,R,a is inside Br,
where r = a

1
n R.

Now, we claim that (4.6) is valid. To this end, by (2.14) with α = 0 and by (4.10)
with j = 0, we have

∥uf,R,a∥X(BR) ≤ 1
(m − 1)!

∥∥∥∫ 1

t

f(s)s−1+ m
n ds

∥∥∥
X(0,1)

.

Furthermore, using Proposition 4.4 with α = m/n, and β = 0, we obtain

∥uf,R,a∥X(BR) ≤ 1
(m − 1)!

n

m
∥f∥X(0,1).(4.12)

Straightforward computations show that all the (weak) derivatives of uf,R,a up to
order m are linear combinations of (some of) the functions

(4.13) BR ∋ x 7→ R−jngm−j(|x|)|x|jn−k−lxi1 · · · xil
,

where j ∈ {1, . . . , m}, k ∈ {j, . . . , m}, and l ∈ {0, 1, . . . , k}. Moreover, the coeffi-
cients depend only on m and n. Hence, using (4.13), (4.8), (4.10), and (2.14) with
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α = 0, we see that

∥Dmuf,R,a∥X(BR) ≤ C
(

R−mn∥fm((|x|/R)n)|x|mn−m∥X(BR)

+
m−1∑
j=1

m∑
k=j

R−jn∥gm−j(|x|)|x|jn−k∥X(BR)

)
≤ C

(
R−m∥f((|x|/R)n)∥X(BR)

+
m−1∑
j=1

m∑
k=j

R−jn
∥∥∥|x|jn−k

∫ 1

(|x|/R)n

f(s)s−j−1+ m
n ds

∥∥∥
X(BR)

)
= C

(
R−m∥f∥X(0,1)

+
m−1∑
j=1

m∑
k=j

R−k
∥∥∥tj− k

n

∫ 1

t

f(s)s−j−1+ m
n ds

∥∥∥
X(0,1)

)
.(4.14)

Furthermore, for all j ∈ {1, . . . , m − 1} and k ∈ {j, . . . , m}, we have∥∥∥tj− k
n

∫ 1

t

f(s)s−j−1+ m
n ds

∥∥∥
X(0,1)

≤ n

nj − m
∥f∥X(0,1)

thanks to Proposition 4.4 with α = −j + m/n and β = j − k/n. Hence, combining
this with (4.14), we obtain

(4.15) ∥Dmuf,R,a∥X(BR) ≤ C max{1, R−m}∥f∥X(0,1).

Therefore, thanks to (4.12) and (4.15), we arrive at

∥uf,R,a∥W m
R

X(BR) ≤ C max{1, R−m}∥f∥X(0,1).

Hence, (4.6) is true. In particular, since ∥f∥X(0,1) < ∞, we have uf,R,a ∈
W m

R X(BR).
Finally, we have yet to show that (4.7) is valid. Thanks to the boundedness of

the dilation operator D2(n+α)/n on Y (0, ∞) (see (2.7)) and to (4.11), we have∥∥∥∫ 1

t
n

n+α

f(s)s−1+ m
n ds

∥∥∥
Y (0,1)

≤ 2
n+α

n

∥∥∥χ(0,2−(n+α)/n)(t)
∫ 1

2t
n

n+α

f(s)s−1+ m
n ds

∥∥∥
Y (0,1)

= 2
n+α

n

∥∥∥χ(0,2−nR)(|x|)
∫ 1

2(|x|/R)n

f(s)s−1+ m
n ds

∥∥∥
Y (BR,µα)

≤ 2
n+α

n 2m−1(m − 1)!∥gm(|x|)∥Y (BR,µα)

= 2 α
n +m(m − 1)!∥uf,R,a∥Y (BR,µα).

Therefore, (4.7) is indeed true, which concludes the proof. □

Remark 4.6. Since the function uf,R,a with a ∈ (0, 1) has support inside Br with
r < R, its continuation outside BR by 0 belongs to W m

R X(Rn) ∩ Cm−1(Rn \ {0}),
provided that X(BR) in Proposition 4.5 is the restriction of an r.i. space X(Rn).
Furthermore, an inspection of the proof shows that the support of the function
uf,R,a is the closed ball B̄ϱ1/nR, where ϱ = ess sup{t ∈ (0, 1) : f(t) > 0}.

Now, we finally prove Theorem 4.1.
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Proof of Theorem 4.1. Assume that (4.3) is valid with a constant CB,H > 0. Let
u ∈ W m

R X(BR) and u(x) = g(|x|). Note that for every j ∈ {0, . . . , m − 1} and every
t ∈ (0, R), we have

|g(j)(t)| ≤
∫ R

t

|g(j+1)(s)| ds + |g(j)(R)|

= R

n

∫ 1

(t/R)n

|g(j+1)(Rs
1
n )|s−1+ 1

n ds + |g(j)(R)|(4.16)

thanks to the fact that g(j) ∈ ACloc((0, R]) and the obvious change of variables.
Furthermore, since g(j) ∈ C([ R

2 , R]) for every j ∈ {0, . . . , m − 1}, the elementary
mean value theorem for integrals yields the existence of t0 ∈ [ R

2 , R] such that

g(j)(t0) = 2
R

∫ R

R
2

g(j)(s) ds.

Hence, we have

|g(j)(R)| =

∣∣∣∣∣
∫ R

t0

g(j+1)(s) ds + 2
R

∫ R

R
2

g(j)(s) ds

∣∣∣∣∣
≤
∫ R

R
2

|g(j+1)(s)| ds + 2
R

∫ R

R
2

|g(j)(s)| ds

= R

n

∫ 1

2−n

|g(j+1)(Rs
1
n )|s−1+ 1

n ds + 2
n

∫ 1

2−n

|g(j)(Rs
1
n )|s−1+ 1

n ds

≤ 2n−1R

n

∫ 1

2−n

|g(j+1)(Rs
1
n )| ds + 2n

n

∫ 1

2−n

|g(j)(Rs
1
n )| ds(4.17)

for every j ∈ {0, . . . , m − 1} and every t ∈ (0, R). Therefore, thanks to (4.17), the
Hölder inequality (2.3), and (2.14) with α = 0, we obtain

(4.18) |g(j)(R)| ≤ 2nφX′(ωnRn)
n

(
∥g(j)(|x|)∥X(BR) + R

2 ∥g(j+1)(|x|)∥X(BR)

)
.

Now, we show by backward induction on i = 0, . . . , m − 1, that

|g(i)(t)| ≤ Rm−i

n

∫ 1

(t/R)n

|g(m)(Rs
1
n )|s−1+ m−i

n ds

+ 2n+m−i−1 φX′(ωnRn)
n

max{1, Rm−i}
m∑

k=i

∥g(k)(|x|)∥X(BR)(4.19)

for every t ∈ (0, R). For i = m − 1, the validity of (4.19) easily follows from (4.16)
and (4.18) with j = m − i. Assuming that (4.19) is valid for i ∈ {1, . . . , m − 1}, we
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see that ∫ 1

(t/R)n

|g(i)(Rs
1
n )|s−1+ 1

n ds

≤ Rm−i

n

∫ 1

(t/R)n

(∫ 1

s

|g(m)(Rτ
1
n )|τ−1+ m−i

n dτ
)

s−1+ 1
n ds

+ 2n+m−i−1φX′(ωnRn) max{1, Rm−i}
m∑

k=i

∥g(k)(|x|)∥X(BR)

for every t ∈ (0, ∞). As for the integral on the right-hand side, we have∫ 1

(t/R)n

(∫ 1

s

|g(m)(Rτ
1
n )|τ−1+ m−i

n dτ
)

s−1+ 1
n ds ≤ n

∫ 1

(t/R)n

|g(m)(Rτ
1
n )|τ−1+ m−i+1

n dτ

thanks to the Fubini theorem. Therefore, combining the last two inequalities, we
have ∫ 1

(t/R)n

|g(i)(Rs
1
n )|s−1+ 1

n ds

≤ Rm−i

∫ 1

(t/R)n

|g(m)(Rs
1
n )|s−1+ m−i+1

n ds

+ 2n+m−i−1φX′(ωnRn) max{1, Rm−i}
m∑

k=i

∥g(k)(|x|)∥X(BR)

for every t ∈ (0, ∞). Hence, by combining this and both (4.16) and (4.18) with
j = i − 1, it is easy to see that (4.19) is valid for i − 1, which finishes the inductive
step.

Next, thanks to (2.14), (4.19) with i = 0, and (4.3), we see that

∥u∥Y (BR,µα) = ∥g(|x|)∥Y (BR,µα) = ∥g(Rt
1

n+α )∥Y (0,1)

≤ R

n

∥∥∥ ∫ 1

t
n

n+α

g(Rs
1
n )s−1+ m

n ds
∥∥∥

Y (0,1)

+ 2n+m−1 φX′(ωnRn)
n

max{1, Rm−i}φY (µα(BR))
m∑

k=0
∥g(k)(|x|)∥X(BR)

≤ C
(

∥g(Rt
1
n )∥X(0,1) +

m∑
k=0

∥g(k)(|x|)∥X(BR)

)
= C

(
∥g(|x|)∥X(BR) +

m∑
k=0

∥g(k)(|x|)∥X(BR)

)
with a constant C depending only on CB,H , α, m, n, R, φX and φY . Combining
this with (2.15), we obtain the validity of (4.2) with CB,S = 2C.

Now, assume that (4.2) is valid with a constant CB,S > 0. We will show that
(4.3) is valid with a constant CB,H ∈ (0, ∞). To this end, it is clearly sufficient to
consider nonnegative functions f ∈ X(0, 1). Furthermore, since min{|f |, N} ↗ |f |
as N → ∞, it is actually sufficient to prove (4.3) for nonnegative functions f ∈
X(0, 1) ∩ L∞(0, 1). Moreover, since |f |χ(0,a) ↗ |f | as a → 1+, we may also assume
that f is zero in a left neighborhood of 1. Let f ∈ X(0, 1) ∩ L∞(0, 1) be nonnegative
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and such that f = fχ(0,a) for some a ∈ (0, 1). Using (4.7), (4.2), and (4.6), we
obtain∥∥∥ ∫ 1

t
n

n+α

f(s)s−1+ m
n ds

∥∥∥
Y (0,1)

≤ C4∥uf,R,1∥Y (BR,µα) ≤ C4CB,S∥uf,R,1∥W m
R

X(BR)

≤ C4CB,SC3 max{1, R−m}∥f∥X(0,1),

where uf,R,1 ∈ W m
R X(BR) is the function from Proposition 4.5, and C3 and C4 are

the constants from (4.6) and (4.7), respectively. Hence, the inequality (4.3) is valid
with CB,H = C3C4CB,S max{1, R−m}. □

4.2. Compactness of the weighted Sobolev embedding. Now, having a de-
scription of the optimal target space in the weighted Sobolev embedding (4.1) at
our disposal, we use it to characterize the compactness of the weighted Sobolev
embedding. We only state the characterization when Y (BR, µα) is not equivalent
to L∞(BR, µα), which is equivalent to the fact that (see [61, Theorem 5.2], cf. [7,
Chapter 2, Theorem 5.5])
(4.20) lim

t→0+
φY (t) = 0.

The problem of characterizing compactness of Sobolev embeddings into L∞, be-
ing usually in a way easier, requires different techniques. In fact, by combin-
ing Proposition 4.5 with α = 0 and [37, Theorem 1.2], it can be shown that
W m

R X(Rn) ↪→ L∞(BR) is compact if and only if W mX(BR) ↪→ L∞(BR) is. Note
that the restriction m < n imposed in [37, Theorem 1.2] stems from the inter-
polation technique used there and is not necessary (cf. [62, Theorem 6.1], [15,
Theorem 1.2]). Since L∞(BR, µα) = L∞(BR) (recall Remark 4.3), it follows
that W m

R X(Rn) ↪→ L∞(BR, µα) is compact if and only if W mX(BR) ↪→ L∞(BR)
is. Therefore, we can use the known characterizations of the compactness of
W mX(BR) ↪→ L∞(BR) (in particular, see [37]) to characterize the compactness
of W m

R X(Rn) ↪→ L∞(BR, µα). It turns out that W m
R X(BR) ↪→ L∞(BR, µα) is

compact if and only if
(4.21) lim

a→0+
∥t−1+ m

n χ(0,a)(t)∥X′(0,1) = 0.

When m ≤ n, it is easy to see, by using (2.2), that (4.21) is equivalent to

(4.22) X(0, 1) ∗
↪→ L

n
m ,1(0, 1).

When m > n, (4.21) is always satisfied.

Theorem 4.7. Let m, n ∈ N, n ≥ 2. Let α ≥ 0 and R ∈ (0, ∞). Let X(BR) and
Y (BR, µα) be r.i. spaces. Assume that (4.20) is true. The following two statements
are equivalent.

(1) The embedding (4.1) is compact.
(2) We have

(4.23) YX(BR, µα) ∗
↪→ Y (BR, µα),

where YX(BR, µα) is the optimal target space from Corollary 4.2.

Proof. First, assume that the embedding (4.1) is compact. By (2.10) and (2.11),
the validity of (4.23) is equivalent to that of
(4.24) lim

j→∞
sup

∥g∥
Y ′(0,1)≤1

∥g∗χ(0,1/j)∥YX
′(0,1) = 0.
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Let ε > 0. Using (4.4), (2.2), the Fubini theorem, and (2.5), we see that

sup
∥g∥

Y ′(0,1)≤1
∥g∗χ(0,1/j)∥YX

′(0,1) = sup
∥g∥

Y ′(0,1)≤1
∥f∥

X(0,1)≤1

∫ 1

0
|f(t)|t−1+ m

n

∫ t
n+α

n

0
g∗(s)χ(0,1/j)(s) ds dt

= sup
∥g∥

Y ′(0,1)≤1
∥f∥

X(0,1)≤1

∫ 1

0
g∗(s)χ(0,1/j)(s)

∫ 1

s
n

n+α

|f(t)|t−1+ m
n dt ds

= sup
∥f∥

X(0,1)≤1

∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

.(4.25)

Since min{|f(t)|, N} ↗ |f(t)| for a.e. t ∈ (0, 1) as N → ∞ for every f ∈ M (0, 1),
we have

sup
∥f∥

X(0,1)≤1

∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

= sup
∥f∥

X(0,1)≤1
f∈L∞(0,1)

∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

.

Moreover, since the embedding (4.1) is compact (and so also bounded), the supremum
is finite thanks to Theorem 4.1. Therefore, for each j ∈ N, there is a function
fj ∈ L∞(0, 1), ∥fj∥X(0,1) ≤ 1, such that

sup
∥f∥

X(0,1)≤1

∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|f(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

≤ 2
∥∥∥χ(0,1/j)(t)

∫ 1

t
n

n+α

|fj(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

.(4.26)

By combining (4.25) and (4.26), we obtain

(4.27) sup
∥g∥

Y ′(0,1)≤1
∥g∗χ(0,1/j)∥YX

′(0,1) ≤ 2
∥∥∥χ(0,1/j)(t)

∫ 1

t
n

n+α

|fj(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

for every j ∈ N. Furthermore, set

aj = j−n/(n+α) for every j ∈ N.

Thanks to Proposition 4.5 with a = aj and f = |fj |χ(0,a2j), there is a function
uj ∈ W m

R X(BR) such that

uj(x) = 0 for every x ∈ BR with |x| ≥ j−n/(n+α)R(4.28)
∥uj∥W m

R
X(BR) ≤ C(4.29) ∥∥∥∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(0,a2j)(s) ds

∥∥∥
Y (0,1)

≤ C4∥uj∥Y (BR,µα)(4.30)

for each j ∈ N, where C4 is the constant from (4.7) and C depends only on m, n,
and R.

Next, combining the compactness of the embedding (4.1) with (4.29), we may
without loss of generality assume that there is a function u ∈ Y (BR, µα) such that
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limj→∞ uj = u in Y (BR, µα) and limj→∞ uj(x) = u(x) for µα-a.e. x ∈ BR. The
latter together with (4.28) implies that u = 0. Hence, we have

lim
j→∞

∥∥∥ ∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(0,a2j)(s) ds

∥∥∥
Y (0,1)

= 0

thanks to (4.30). Therefore, there is j0 ∈ N such that

(4.31)
∥∥∥∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(0,a2j0 )(s) ds

∥∥∥
Y (0,1)

≤ ε.

Now, using (4.31) and the Hölder inequality (2.3) in the last step, we have∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|fj(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

≤
∥∥∥χ(0,1/j)(t)

∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(0,a2j0 )(s) ds

∥∥∥
Y (0,1)

+
∥∥∥χ(0,1/j)(t)

∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(a2j0 ,1)(s) ds

∥∥∥
Y (0,1)

≤
∥∥∥∫ 1

t
n

n+α

|fj(s)|s−1+ m
n χ(0,a2j0 )(s) ds

∥∥∥
Y (0,1)

+
(∫ 1

a
n/(n+α)
2j0

|fj(s)|s−1+ m
n ds

)
φY (1/j)

≤ ε + φY (1/j)a
m−n
n+α

2j0
φX′(1)

for every j ∈ N, j ≥ 2j0. Combining this with (4.20), we obtain∥∥∥χ(0,1/j)(t)
∫ 1

t
n

n+α

|fj(s)|s−1+ m
n ds

∥∥∥
Y (0,1)

≤ 2ε

for every j ∈ N sufficiently large. Since ε > 0 was arbitrary, this together with (4.27)
implies that (4.24) is true. Hence, so is (4.23) in turn.

Second, assume that (4.23) is valid. Let {uj}∞
j=1 ∈ W m

R X(BR) be a bounded
sequence. By Corollary 4.2, the sequence is also bounded in YX(BR, µα). Fur-
thermore, thanks to (2.9), it is bounded in W 1,1(BR) = W 1L1(BR). The classical
Rellich–Kondrachov theorem (e.g., [1, Theorem 6.3]) implies that there is a func-
tion u ∈ L1(BR) and a subsequence of {uk}∞

k=1 converging to u pointwise a.e. in
BR, which is the same as µα-a.e. in BR. Moreover, thanks to (2.1), we have
u ∈ YX(BR, µα). Hence, [61, Theorem 3.1] (cf. [7, Exercise 8, p. 31]) together with
(4.23) implies that the subsequence converges to u in Y (BR, µα). It follows that the
embedding (4.1) is compact. □

We conclude this section with three remarks.

Remark 4.8. The validity of (4.23), with (4.20) still in force, can be equivalently
reformulated in several ways. In particular, it is equivalent to the validity of

lim
a→0+

sup
∥f∥

X(0,1)≤1

∥∥∥χ(0,a)(t)
∫ 1

t
n

n+α

f∗(s)s−1+ m
n ds

∥∥∥
Y (0,1)

= 0.

This and other equivalent reformulations can be obtained in essentially the same
way as in [16, 36, 62].
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Remark 4.9. It is worth noting that the functions {uj}∞
j=1 that we used for proving

the necessity of (4.23) actually belong to the subspace (see (4.28))

(4.32) W m
R,0X(BR) = {u ∈ W m

R X(BR) : u = uχBR̃
for some 0 < R̃ < R}.

Remark 4.10. In view of Remark 4.3 and (2.9), we have YX(BR, µ) = L∞(BR, µ)
for every r.i. space X(BR) when m ≥ n. Furthermore, characterizing the compact-
ness of the Sobolev embedding (4.1) is rather simple when m ≥ n. When m > n, the
discussion before Theorem 4.7 (in particular, recall (4.21)) together with (2.9) implies
that (4.1) is always compact. When m = n, the fact that YX(BR, µ) = L∞(BR, µ)
combined with Theorem 4.7 (see also [61, Theorem 5.2]) and (4.21) yields that (4.1)
is compact if and only if X is not (equivalent to) L1 or Y is not (equivalent to) L∞.

5. Proof of Theorem 1.1

Proof of Theorem 1.1. Sufficiency. Let {uj}∞
j=1 ⊆ W m

R X(Rn) be bounded. We will
show that it contains a subsequence that is Cauchy in Y (Rn). Let ε > 0. Thanks
to Proposition 1.2, there is R > 0 so large that

(5.1) sup
i,j∈N

∥(ui − uj)χRn\BR
∥Y (Rn) ≤ ε.

We now distinguish between whether (1.9) or (1.11) is the case.
First, assume that (1.9) is true. We claim that (1.10) is valid whether m < n

or m ≥ n. When m < n, its validity is assumed, and so there is nothing to prove.
When m ≥ n (and so −1 + m/n ≥ 0), we have

sup
∥fχ(0,1)∥

X(0,∞)≤1

∥∥∥χ(0,a)(t)
∫ 1

t

(fχ(0,1))∗(s)s−1+ m
n ds

∥∥∥
Y (0,∞)

≤ ∥t−1+ m
n χ(0,1)(t)∥X′(0,∞)φY (a) ≤ φX′(1)φY (a)

for every a > 0 thanks to the Hölder inequality (2.3). The validity of (1.10)
then follows from the assumption (1.9). Hence, either way, (1.10) is valid. By
combining (2.12) with α = 0 and Remark 4.8, we see that the validity of (1.10) is
equivalent to that of (4.23) with α = 0, where YX(BR) is the optimal space from
Corollary 4.2 with α = 0 and X = X(BR). Hence, the embedding W m

R X(BR) ↪→
Y (BR) is compact (in fact, even W mX(BR) ↪→ Y (BR) is by [37, Theorem 1.1]).
It follows that the sequence {ujχBR

}∞
j=1 ⊆ W m

R X(BR) contains a subsequence
converging in Y (BR). Combining this with (5.1), we obtain the fact that {uj}∞

j=1
contains a subsequence that is Cauchy in Y (Rn). Therefore, the embedding (1.7) is
compact.

Now, assume that (1.11) is true. As in the preceding case, it remains for us to
show that {ujχBR

}∞
j=1 contains a subsequence that is Cauchy in Y (Rn). To this

end, we note that each of the conditions (B1)–(B3) is equivalent to the compactness
of the embedding W mX(BR) ↪→ L∞(BR). This follows from the explanation before
Theorem 4.7 (see also Remark 4.10). Since (see (2.9))

∥uχBR
∥Y (Rn) ≤ ∥u∥L∞(Rn)φY (ωnRn) for every u ∈ M (Rn),

the compactness of W mX(BR) ↪→ L∞(BR) implies that {ujχBR
}∞

j=1 contains a
subsequence that is Cauchy in Y (Rn). Finally, putting it all together, we obtain
the existence of a subsequence of {uk}∞

k=1 that is Cauchy in Y (BR).
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Necessity. Assume that the embedding W m
R X(Rn) ↪→ Y (Rn) is compact. In

particular, W m
R X(Rn) ↪→ Y (Rn), and so there is a constant C > 0 such that

(5.2) ∥u∥Y (Rn) ≤ C∥u∥W m
R

X(Rn) for every u ∈ W m
R X(Rn).

We start by proving that (1.8) is true. To this end, since every nonnegative
nonincreasing function on (0, ∞) is an a.e. pointwise limit of a nondecreasing
sequence of nonnegative nonincreasing simple functions with bounded support, it is
easy to see that
(5.3) sup

∥f∥
X(0,∞)≤1

∥f∗χ(a,∞)∥Y (0,∞) = sup
∥f∥

X(0,∞)≤1
f∈S

∥fχ(a,∞)∥Y (0,∞)

for every a > 0, where
S = {f ∈ M +(0, ∞) : f is a nonincreasing simple function with bounded support}.

Using Proposition 3.4, we have
(5.4) sup

∥f∥
X(0,∞)≤1
f∈S

∥fχ(a,∞)∥Y (0,∞) ≤ C2 sup
∥f∥

X(0,∞)≤1
f∈S

∥uf,a∥Y (Rn)

for every a > 0, where uf,a ∈ W m
R X(Rn) is the function from Proposition 3.4

assigned to f ∈ S, and the constant C2 is that from (3.22). Furthermore, combining
(5.2) and (3.21), we obtain
(5.5) sup

∥f∥
X(0,∞)≤1
f∈S

∥uf,a∥Y (Rn) ≤ CC1 for every a > 0.

Now, note that
sup

∥f∥
X(0,∞)≤1

∥f∗χ(a,∞)∥Y (0,∞) < ∞ for every a > 0

thanks to (5.4) and (5.5). In view of this and (5.3), we can find a sequence of
functions {fj}∞

j=1 ⊆ S such that ∥fj∥X(0,∞) ≤ 1 and

sup
∥f∥

X(0,∞)≤1
∥f∗χ(j,∞)∥Y (0,∞) ≤ 2∥fjχ(j,∞)∥Y (0,∞) for every j ∈ N.

Furthermore, combining this with (3.22), we obtain
(5.6) sup

∥f∥
X(0,∞)≤1

∥f∗χ(j,∞)∥Y (0,∞) ≤ 2C2∥uj∥Y (Rn) for every j ∈ N,

where uj = ufj ,j for every j ∈ N.
Since the embedding W m

R X(Rn) ↪→ Y (Rn) is compact and the sequence {uj}∞
j=1 ⊆

W m
R X(Rn) is bounded in W m

R X(Rn) thanks to (5.5), we may without loss of gener-
ality assume there is a function v ∈ Y (Rn) such that

lim
j→∞

uj = u in Y (Rn)

and

lim
j→∞

uj(x) = u(x) for a.e. x ∈ Rn.

Therefore, since the latter together with (3.20) implies that u = 0, we have
(5.7) lim

j→∞
∥uj∥Y (Rn) = 0.
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Finally, combining (5.6) and (5.7), we see that

lim
j→∞

sup
∥f∥

X(0,∞)≤1
∥f∗χ(j,∞)∥Y (0,∞) = 0,

whence (1.8) follows.
Next, if m > n, there is nothing else to prove, whether (1.9) or (1.11) is the case.

For future reference, note that for every r.i. space Z(Rn) such that φZ(0+) > 0, we
have

(5.8) ∥v∥L∞(Rn) = lim
t→0+

v∗(t) ≤ lim
t→0+

1
φZ(t)∥v∥Z(Rn) = CZ∥v∥Z(Rn)

for every v ∈ M (Rn), where CZ = 1/φZ(0+) ∈ (0, ∞). When m = n and (1.9) is
the case, there is also nothing else to prove. Let m = n and (1.11) be the case. We
need to show that (1.13) is valid. Supposed that (1.13) is not valid. That together
with (2.6) means that

lim
t→0+

φX′(t) > 0.

Hence

(5.9) ∥v∥L∞(Rn) ≤ CX′∥v∥X′(Rn) for every v ∈ M (Rn)

thanks to (5.8) with Z = X ′, where CX′ ∈ (0, ∞). Furthermore, we have

∥u∥X(Rn) = sup
∥v∥X′(Rn)≤1

∫
Rn

|u(x)||v(x)| dx

≤ ∥u∥L1(Rn) sup
∥v∥X′(Rn)≤1

∥v∥L∞(Rn)

≤ CX′∥u∥L1(Rn)(5.10)

for every u ∈ M (Rn) thanks to (2.4), the Hölder inequality (2.3), and (5.9). Now,
let g ∈ C∞

0 (R) be an arbitrary smooth function such that g ≡ 1 on [0, 1/2] and
g ≡ 0 on [3/4, ∞). Set u(x) = g(|x|), x ∈ Rn. It is easy to see that u ∈ C∞

0 (Rn).
Furthermore, set uj(x) = u(jx), x ∈ Rn, for every j ∈ N. Note that

(5.11) supp uj ⊆ B1/j for every j ∈ N.

Furthermore, it can be readily verified that

∥∇kuj∥L1(Rn) = jk∥(∇ku)(jx)∥L1(Rn) = jk−n∥∇ku∥L1(Rn) ≤ ∥∇ku∥L1(Rn) < ∞

for all j ∈ N and k = 0, . . . , n. Hence, thanks to this and (5.10), we see that {uj}∞
j=1

is a bounded sequence in W n
RX(Rn). Now, we clearly have

∥uj∥L∞(Rn) = ∥u∥L∞(Rn) for every j ∈ N.

Therefore, we obtain

∥uj∥Y (Rn) ≥
∥u∥L∞(Rn)

CY
> 0 for every j ∈ N

thanks to (1.11) and (5.8) with Z = Y , where CY ∈ (0, ∞). It follows from this and
(5.11) that {uj}∞

j=1 does not contain a subsequence convergent in Y (Rn). Hence,
the embedding W n

RX(Rn) ↪→ Y (Rn) is not compact.
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Finally, let 1 ≤ m < n. First, assume that (1.9) is true. We need to show
that (1.10) is valid. Suppose that (1.10) is not true. By (2.12), we have

(5.12) lim
a→0+

sup
∥f∥

X1(0,1)≤1

∥∥∥χ(0,a)(t)
∫ 1

t

f∗(s)s−1+ m
n ds

∥∥∥
Y1(0,1)

> 0,

where X1 = X(B1) and Y1 = Y (B1). By Remark 4.8, (5.12) is equivalent to the
fact that (4.23) is not valid with X = X1, Y = Y1, R = 1, and α = 0. Hence,
Theorem 4.7 combined with Remark 4.9 implies that the embedding W m

R,0X(B1) ↪→
Y (B1) is not compact, where W m

R,0X(B1) is defined by (4.32). However, we have
W m

R,0X(B1) ↪→ W m
R X(Rn) and ∥u∥Y (B1) = ∥u∥Y (Rn) for every u ∈ W m

R,0X(B1),
provided that we extend the functions from W m

R,0X(B1) by 0 outside B1. Therefore,
it follows that the embedding (1.7) is not compact. Now, assume that (1.11) is
the case. We will show that (1.12) is satisfied, which will conclude the entire proof
of Theorem 1.1. By (2.12), it is easy to see that (1.12) is satisfied if and only if

(5.13) lim
a→0+

sup
∥f∥

X1(0,1)≤1

∥∥∥∫ 1

t

(
f∗(s)χ(0,a)(s)

)
s−1+ m

n ds
∥∥∥

L∞(0,1)
= 0,

where X1 = X(B1). Since min{f∗χ(0,a), N} ↗ f∗χ(0,a) as N → ∞, we have

sup
∥f∥

X1(0,1)≤1

∥∥∥∫ 1

t

(
f∗(s)χ(0,a)(s)

)
s−1+ m

n ds
∥∥∥

L∞(0,1)

= sup
∥f∥

X1(0,1)≤1
f∈L∞(0,1)

∥∥∥∫ 1

t

(
f∗(s)χ(0,a)(s)

)
s−1+ m

n ds
∥∥∥

L∞(0,1)

for every a ∈ (0, 1). Furthermore, thanks to (1.11) and (5.8) with Z = Y , the
compactness of (1.7) implies that the embedding W m

R X(Rn) ↪→ L∞(Rn) is also
compact. In particular, it is bounded. Therefore, the suprema are finite. Hence, for
each j ∈ N, there is a function fj ∈ L∞(0, 1) such that ∥fj∥X1(0,1) ≤ 1 and

sup
∥f∥

X1(0,1)≤1

∥∥∥∫ 1

t

(
f∗(s)χ(0,1/j)(s)

)
s−1+ m

n ds
∥∥∥

L∞(0,1)

≤ 2
∥∥∥ ∫ 1

t

(
f∗

j (s)χ(0,1/j)(s)
)
s−1+ m

n ds
∥∥∥

L∞(0,1)
.(5.14)

Now, thanks to Proposition 4.5 with Y = L∞, R = 1, α = 0, f = f∗
j χ(0,1/j),

and a = 2/j, there are functions uj = ufj ,1,2/j , j ∈ N, j ≥ 3, such that (see
also Remark 4.6)

the sequence {uj}∞
j=3 is bounded in W m

R X(Rn);
lim

j→∞
uj(x) = 0 for every x ∈ Rn \ {0};∥∥∥∫ 1

t

(
f∗

j (s)χ(0,1/j)(s)
)
s−1+ m

n ds
∥∥∥

L∞(0,1)
≤ C4∥uj∥L∞(Rn),

where C4 is the constant from (4.7). The compactness of the embedding W m
R X(Rn) ↪→

L∞(Rn) now implies that

lim
j→∞

∥∥∥∫ 1

t

(
f∗

j (s)χ(0,1/j)(s)
)
s−1+ m

n ds
∥∥∥

L∞(0,1)
= 0.
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Combining this with (5.14), we obtain the validity of (5.13). Hence, so is (1.12) in
turn, which finishes the proof. □

6. Examples

In this section, we completely characterize the compactness of the Sobolev
embedding (1.7) and of the weighted Sobolev embedding (4.1) on balls for concrete
examples of r.i. spaces. More specifically, we consider the situation where both X
and Y are from the class of Lorentz–Zygmund spaces. This class of function spaces
contains many customary function spaces. For example, it contains Lebesgue spaces,
Lorentz space, or some Orlicz spaces—namely those of logarithmic and exponential
type (we will get back to this in more detail soon). We start by briefly introducing
the Lorentz–Zygmund spaces (the interested reader can find more information
in [6, 54]).

For p, q ∈ [1, ∞] and A = (α0, α∞) ∈ R2, we define the functional ∥ · ∥Lp,q,A(0,∞)
as

∥f∥Lp,q,A(0,∞) = ∥t
1
p − 1

q ℓA(t)f∗(t)∥Lq(0,∞), f ∈ M +(0, ∞),
where the functions ℓ : (0, ∞) → (0, ∞) and ℓA are defined as

ℓ(t) = 1 + | log(t)|, t ∈ (0, ∞),

and

ℓA(t) =
{

ℓ(t)α0 if t ∈ (0, 1],
ℓ(t)α∞ if t ∈ (1, ∞).

(6.1)

The functional ∥ · ∥Lp,q,A(0,∞) is equivalent to an r.i. function norm if and only if
one of the following is true:

(6.2)


p = q = 1, α0 ≥ 0, and α∞ ≤ 0;
p ∈ (1, ∞) and q ∈ [1, ∞];
p = ∞, q ∈ [1, ∞), and α0 + 1

q < 0;
p = q = ∞ and α0 ≤ 0.

When this is the case, we define the Lorentz–Zygmund space Lp,q,A(Rn) as

Lp,q,A(Rn) = {f ∈ M (Rn) : ∥f∥Lp,q,A(Rn) = ∥f∗∥Lp,q,A(0,∞) < ∞}

and consider it an r.i. space.
Note that we have Lp(Rn) = Lp,p,(0,0)(Rn) and Lp,q(Rn) = Lp,q,(0,0)(Rn). Fur-

thermore, when p = q ∈ [1, ∞], the Lorentz–Zygmund spaces Lp,p,A(Rn) coincide
with the following well-known and oft-used Orlicz spaces, up to equivalent norms.
When p = q ∈ [1, ∞), we have Lp,p,A(Rn) = LA(Rn) with A being equivalent to the
function (0, ∞) ∋ t 7→ tpℓ(t)(pα∞,pα0) (here we assume α0 ≥ 0 and α∞ ≤ 0 when
p = q = 1). When p = q = ∞, α0 < 0, and α∞ > 0, we have L∞,∞,A(Rn) = LA(Rn)
with A being equivalent to the function t 7→ exp(−t−1/α∞) near 0 and to the
function t 7→ exp(t−1/α0) near infinity.

Sometimes it is necessary to work with more tiers of logarithms—particularly to
capture various delicate limiting situations. We define the function ℓℓ : (0, ∞) →
(0, ∞) as

ℓℓ(t) = 1 + log(ℓ(t)), t ∈ (0, ∞),



36 ZDENĚK MIHULA

and ℓℓB, for B = (β0, β∞) ∈ R2, as in (6.1) with ℓ and A replaced by ℓℓ and B,
respectively. We can then define ∥f∥Lp,q,A,B(0,∞) as

∥f∥Lp,q,A,B(0,∞) = ∥t
1
p − 1

q ℓA(t)ℓℓB(t)f∗(t)∥Lq(0,∞), f ∈ M +(0, ∞).
When even more tiers of logarithms are needed, they can be added in the obvious
way.

Finally, when (E, µ) is a finite nonatomic measure space, we define, for p, q ∈
[1, ∞] and α ∈ R, the Lorentz–Zygmund space Lp,q,α(E, µ) as
Lp,q,α(E, µ) = {f ∈ M (E, µ) : ∥f∥Lp,q,α(E,µ) = ∥f∗χ(0,µ(E))∥Lp,q,(α,0)(0,∞) < ∞}.

The functional ∥ · ∥Lp,q,α(E,µ) is equivalent to an r.i. function norm if and only if
one of the conditions (6.2) is satisfied with α0 = α and α∞ disregarded. When this
is the case, we consider Lp,q,α(E, µ) an r.i. space.

6.1. Sobolev embeddings on the entire space. Having introduce the Lorentz–
Zygmund spaces, we now completely characterize the compactness of the Sobolev
embedding
(6.3) W m

R Lp,q,A(Rn) ↪→ Lr,s,B(Rn),
which covers a large number of usual situations (see also Theorem 6.6).

Theorem 6.1. Let m, n ∈ N, n ≥ 2. Let p, q, r, s ∈ [1, ∞] and A = (α0, α∞),
B = (β0, β∞) ∈ R2. Assume that the parameters are such that Lp,q,A(Rn) and
Lr,s,B(Rn) are (equivalent to) r.i. spaces (recall (6.2)). Consider the following nine
conditions:

(C1) p < r;
(C2) p = r < ∞ and β∞ + max{1/s − 1/q, 0} < α∞;
(C3) p = r = ∞, α∞ + 1/q > 0, and α∞ + 1/q > β∞ + 1/s;
(C4) p = r = ∞, q < ∞, and 0 = α∞ + 1/q > β∞ + 1/s;
(C5) p = r = ∞, q < s, and α∞ + 1/q = β∞ + 1/s = 0;
(C6) p ≤ n

m and r < np
n−mp ;

(C7) p < n
m , r = np

n−mp , and β0 < α0 + min
{

1
q − 1

s , 0
}

;
(C8) p = n

m , r = ∞, α0 ≤ 1 − 1
q , and β0 < α0 − 1 + 1

q − 1
s ;

(C9) either p = n
m and α0 > 1 − 1

q or p > n
m .

When m < n, the Sobolev embedding (6.3) is compact if and only if one of the
conditions (C1)–(C5) is satisfied and simultaneously so is one of (C6)–(C9).

When m = n, the Sobolev embedding (6.3) is compact if and only if one of the
conditions (C1)–(C5) is satisfied and simultaneously either p = q = 1 and α0 = 0 is
not true or r = s = ∞ and β0 = 0 is not true.

When m > n, the Sobolev embedding (6.3) is compact if and only if one of the
conditions (C1)–(C5) is satisfied.

Proof. The theorem follows from Theorem 1.1 combined with Theorem 6.8 with
α = 0 and Proposition 6.4, which will be proved in the rest of this section. □

Recalling Theorem 1.1, we see that the validity of (1.8) plays an essential role
in the question of whether the Sobolev embedding (1.7) is compact. Therefore, in
order to characterize the compactness of (6.3), we need to know when (1.8) is valid
when both X and Y are Lorentz–Zygmund spaces. Before we characterize it, we
establish the following simple auxiliary proposition, which will be useful later.
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Proposition 6.2. Let X(0, ∞) and Z(0, ∞) be r.i. spaces. Let ∥ ·∥Y (0,∞) be defined
as

(6.4) ∥g∥Y (0,∞) = ∥g∗(t)w(t)∥Z(0,∞), g ∈ M (0, ∞),

where w ∈ M +(0, ∞). Then

sup
∥f∥X(0,∞)≤1

∥f∗χ(a,∞)∥Y (0,∞) ≤ φY (a)
φX(a) + sup

∥f∥X(0,∞)≤1
∥f∗(t)w(t)χ(a,∞)(t)∥Z(0,∞)

for every a ∈ (0, ∞).

Proof. Fix a > 0. Let f ∈ M (0, ∞). Note that

f∗(a) = 1
φX(a)∥f∗(a)χ(0,a)(t)∥X(0,∞) ≤

∥f∥X(0,∞)

φX(a) .

Using this together with (6.4), we see that

∥f∗χ(a,∞)∥Y (0,∞) ≤ ∥(f∗(a)χ(0,a) + f∗χ(a,∞))∗(t)w(t)∥Z(0,∞)

= ∥(f∗(a)χ(0,a)(t) + f∗(t)χ(a,∞)(t))w(t)∥Z(0,∞)

≤ ∥f∗(a)χ(0,a)(t)w(t)∥Z(0,∞) + ∥f∗(t)w(t)χ(a,∞)(t)∥Z(0,∞)

≤
∥χ(0,a)(t)w(t)∥Z(0,∞)

φX(a) ∥f∥X(0,∞) + ∥f∗(t)w(t)χ(a,∞)(t)∥Z(0,∞)

=
∥χ(0,a)∥Y (0,∞)

φX(a) ∥f∥X(0,∞) + ∥f∗(t)w(t)χ(a,∞)(t)∥Z(0,∞),

whence the desired inequality follows. □

Remark 6.3. Note that we abuse the notation of a fundamental function in
Proposition 6.2 because the functional ∥ · ∥Y (0,∞) defined by (6.4) need not be an r.i.
function norm for a general weight w ∈ M +(0, ∞). Nevertheless, the functional is
clearly rearrangement invariant, and so we can define the corresponding fundamental
function in the obvious way. However, this function need not have the pleasant
properties that the fundamental function of an r.i. space has.

Proposition 6.4. Let p, q, r, s ∈ [1, ∞] and A = (α0, α∞), B = (β0, β∞) ∈ R2.
Assume that the parameters are such that Lp,q,A(Rn) and Lr,s,B(Rn) are (equivalent
to) r.i. spaces (recall (6.2)). Then

(6.5) lim
a→∞

sup
∥f∥

Lp,q,A(0,∞)≤1
∥f∗χ(a,∞)∥Lr,s,B(0,∞) = 0

if and only if one of the conditions (C1)–(C5) from Theorem 6.1 is satisfied.

Proof. Throughout the entire proof, we use the notation ≲ or ≳ meaning that the
left-hand side is bounded from above or below, respectively, by a positive constant
multiple of the right-hand side with the multiplicative constant independent of
a ∈ (0, ∞) and f . We will also use ≈, meaning that both inequalities ≲ and ≳ are
true.

By Proposition 6.2, in order to show that (6.5) is true, it is sufficient to show
that

lim
a→∞

φLr,s,B(a)
φLp,q,A(a) = 0(6.6)
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and

lim
a→∞

sup
∥f∥

Lp,q,A(0,∞)≤1
∥t

1
r − 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞) = 0.(6.7)

It is not hard to verify that each of the conditions (C1)–(C5) implies the validity
of (6.6) (see also [54, Lemma 3.7]). We now show that they also imply the validity
of (6.7).

First, assume that p < r ≤ ∞, that is, we assume (C1). Since Lp,q,A(0, ∞) ↪→
Lp,∞,A(0, ∞) (see [54, Theorem 4.1]), in order to establish (6.7), it is sufficient to
show that

lim
a→∞

sup
∥f∥

Lp,∞,A(0,∞)≤1
∥t

1
r − 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞) = 0.

To this end, we have

(6.8) ∥t
1
r − 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞) ≤ ∥f∥Lp,∞,A(0,∞)∥t
1
r − 1

p − 1
s ℓ(t)β∞−α∞∥Ls(a,∞)

for every f ∈ M (0, ∞). We now distinguish between whether s < ∞ or s = ∞.
Assume that s < ∞. Note that

∥t
1
r − 1

p − 1
s ℓ(t)β∞−α∞∥Ls(1,∞) < ∞

thanks to the fact that (1/r − 1/p)s < 0. Therefore, using (6.8) and the dominated
convergence theorem, we obtain the validity of (6.7). Now, assume that s = ∞.
Note that the function (0, ∞) ∋ τ 7→ τ

1
r − 1

p ℓ(τ)β∞−α∞ is equivalent to a decreasing
function thanks to the fact that 1/r − 1/p < 0. Hence

∥t
1
r − 1

p ℓ(t)β∞−α∞∥L∞(a,∞) ≈ a
1
r − 1

p ℓ(a)β∞−α∞ → 0 as a → ∞.

Therefore, combining this with (6.8), we obtain the validity of (6.7) again.
Second, assume one of the cases (C2)–(C4). By [54, Theorems 4.1 and 4.3] when

p = r < ∞ and by [54, Theorems 4.2 and 4.4] when p = r = ∞, we have

(6.9) Lp,q,A(0, ∞) ↪→ Lp,s,(γ0,γ∞)(0, ∞),
where

(γ0, γ∞) =


(α0, α∞) if p = r < ∞ and q ≤ s,(
α0 + 1/q − 1/s − ε, α∞ + 1/q − 1/s − ε

)
if either p = r < ∞ and q > s,

or p = r = ∞,

where, in the second case, ε > 0 is (arbitrarily) chosen to be so small that we still
have

β∞ + 1
s

< α∞ + 1
q

− ε.

Note that, with such a choice of ε > 0, we also have
(6.10) β∞ − γ∞ < 0
in each of the cases (C2)–(C4). Hence, it follows that
(6.11) lim

a→∞
ℓ(a)β∞−γ∞ = 0.

Now, thanks to the embedding (6.9), in order to show that (6.7) is true, it is sufficient
to show that
(6.12) lim

a→∞
sup

∥f∥
Lp,s,(γ0,γ∞)(0,∞)≤1

∥t
1
p − 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞) = 0.
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To this end, using both (6.10) and (6.11), we obtain

lim
a→∞

sup
∥f∥

Lp,s,(γ0,γ∞)(0,∞)≤1
∥t

1
p − 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞)

≤ lim
a→∞

(
sup

τ∈(a,∞)
ℓ(τ)β∞−γ∞ sup

∥f∥
Lp,s,(γ0,γ∞)(0,∞)≤1

∥t
1
p − 1

s ℓ(t)γ∞f∗(t)∥Ls(a,∞)

)
≤ lim

a→∞
ℓ(a)β∞−γ∞ = 0.

It follows that (6.12) is true. Hence, so is (6.7) in turn.
Next, assume (C5), that is, p = r = ∞, q < s, and α∞ + 1/q = 0. Since

qα∞ = −1 and qα0 < −1 (recall (6.2)), we have∫ t

0
τ−1ℓqA(τ) dτ ≈ ℓℓ(t) for every t ≥ 1.

Using this, we see that

f∗(t)q ≈ ℓℓ(t)−1f∗(t)q

∫ t

0
τ−1ℓqA(τ) dτ

≤ ℓℓ(t)−1
∫ t

0
τ−1ℓqA(τ)f∗(τ)q dτ

≤ ℓℓ(t)−1∥f∥q
L∞,q,A(0,∞)

for all t ≥ 1 and f ∈ M (0, ∞). Hence, using this, we obtain

lim
a→∞

sup
∥f∥

L∞,q,A(0,∞)≤1
∥t− 1

s ℓ(t)β∞f∗(t)∥Ls(a,∞) ≤ lim
a→∞

∥t− 1
s ℓ(t)β∞ℓℓ(t)− 1

q ∥Ls(a,∞).

Since β∞ + 1/s = 0 and 1 ≤ q < s ≤ ∞, it is easy to see that

∥t− 1
s ℓ(t)β∞ℓℓ(t)− 1

q ∥Ls(a,∞) ≈ ℓℓ(a)
1
s − 1

q for every a ≥ 1.

Hence, it follows that (6.7) is also true when (C5) is the case.
Finally, we will show that the conditions (C1)–(C5) are also necessary for the

validity of (6.5). When
p > r,
p = r < ∞ and β∞ ≥ α∞,

p = r = ∞ and 0 < α∞ + 1
q

≤ β∞ + 1
s

,

p = r = ∞ and 0 = α∞ + 1
q

< β∞ + 1
s

,

p = r = ∞, q < ∞, and α∞ + 1
q

< 0,

p = r = ∞, q = ∞, and α∞ ≤ 0,

or

p = r = ∞, s ≤ q, and α∞ + 1
q

= β∞ + 1
s

= 0,

it can be verified by straightforward computations (see also [54, Lemma 3.7]) that

lim
a→∞

φLr,s,B(a)
φLp,q,A(a) > 0.
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Hence, it follows from Proposition 3.2 that (6.5) is not valid when one of these
conditions is satisfied. Furthemore, comparing them with (C1)–(C5), we see that it
only remains for us to show that if

(6.13) p = r < ∞, q > s, and β∞ < α∞ ≤ β∞ + 1
s

− 1
q

,

then (6.5) is not valid. For future reference, note that

(6.14) lim
t→∞

t + a

t
= lim

t→∞

ℓ(t + a)
ℓ(t) = 1 for every a > 0.

First, assume (6.13) and that q = ∞. Set

f0(t) = t− 1
p ℓ−A(t), t ∈ (0, ∞).

Since p < ∞, it is easy to see that f∗
0 (t) ≈ f0(t) for every t ∈ (0, ∞). Furthermore,

note that ∥f0∥Lp,q,A(0,∞) ≈ 1. It follows from (6.14) that for each a > 0 there is
ta ≥ 1 such that

(t + a)− 1
p ℓ−A(t + a) ≥ 1

2 t− 1
p ℓ−A(t) for every t ≥ ta.

Hence, for every a > 0, we have

sup
∥f∥

Lp,q,A(0,∞)≤1
∥f∗χ(a,∞)∥Lr,s,B(0,∞) ≳ ∥f0χ(a,∞)∥Lr,s,B(0,∞)

≈ ∥t
1
r − 1

s ℓB(t)(t + a)− 1
p ℓ−A(t + a)∥Ls(0,∞)

≳ ∥t− 1
s ℓB(t)ℓ−A(t)∥Ls(ta,∞)

= ∥t− 1
s ℓ(t)β∞−α∞∥Ls(ta,∞)

= ∞

thanks to the fact that β∞ + 1/s ≥ α∞. Therefore, (6.5) is not valid.
At last, assume (6.13) and that q < ∞. To this end, note that

sup
∥f∥

Lp,q,A(0,∞)≤1
∥f∗χ(a,∞)∥Lr,s,B(0,∞) = sup

∥f∥
Lp,q,A(0,∞)≤1

∥t
1
r − 1

s ℓB(t)f∗(t + a)∥Ls(0,∞)

= sup
∥f∥

Lp,q,A(0,∞)≤1
∥(t − a) 1

r − 1
s ℓB(t − a)f∗(t)∥Ls(a,∞).(6.15)

By [60, Theorem 1], we have

sup
∥f∥

Lp,q,A(0,∞)≤1
∥(t − a) 1

r − 1
s ℓB(t − a)f∗(t)∥Ls(a,∞) ≈

(∫ ∞

0

(∫ ∞

t

(τ − a)
s
p −1ℓsB(τ − a)

τ
q
p ℓqA(τ)

χ(a,∞)(τ) dτ

) q
q−s

t
q
p −1ℓqA(t) dt

) q−s
qs

.(6.16)

Using (6.14), we see that for each a > 0 there is ta ≥ a such that

(t − a)
s
p −1ℓsB(t − a) ≥ 1

2 t
s
p −1ℓsB(t) for every t ≥ ta.
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Therefore, for each a ≥ 1 and every t ≥ ta ≥ a, we have∫ ∞

t

(τ − a)
s
p −1ℓsB(τ − a)

τ
q
p ℓqA(τ)

χ(a,∞)(τ) dτ =
∫ ∞

t

(τ − a)
s
p −1ℓ(τ − a)sβ∞

τ
q
p ℓ(τ)qα∞

dτ

≳
∫ ∞

t

τ
s
p − q

p −1ℓ(τ)sβ∞−qα∞ dτ

≈ t
s
p − q

p ℓ(t)sβ∞−qα∞

thanks to the fact that s/p − q/p < 0. Furthermore, we have

ℓ(t)sβ∞−qα∞ ≥ ℓ(t)(s−q)α∞+ s−q
q for every t ≥ 1

thanks to the last inequality in (6.13). Hence, for each a ≥ 1, we obtain∫ ∞

0

(∫ ∞

t

(τ − a)
s
p −1ℓsB(τ − a)

τ
q
p ℓqA(τ)

χ(a,∞)(τ) dτ

) q
q−s

t
q
p −1ℓqA(t) dt

≳
∫ ∞

ta

(
t

s
p − q

p ℓ(t)sβ∞−qα∞
) q

q−s t
q
p −1ℓ(t)qα∞ dt

≥
∫ ∞

ta

t−1ℓ(t)−1 dt = ∞.

It follows from this combined with (6.15) and (6.16) that (6.5) is not valid, which
finishes the proof. □

Remark 6.5. Let p ∈ (1, ∞), 1 ≤ s < q ≤ ∞, and A = (α0, α∞), B = (β0, β∞) ∈
R2. Whereas

lim
a→∞

φLp,s,B(a)
φLp,q,A(a) = 0

is true if and only if β∞ < α∞,
lim

a→∞
sup

∥f∥
Lp,q,A(0,∞)≤1

∥f∗χ(a,∞)∥Lp,s,B(0,∞) = 0

is true if and only if β∞ < α∞ + 1/q − 1/s. Hence, X = Lp,q,A and Y = Lp,s,B with
β∞ ∈ [α∞ + 1/q − 1/s, α∞) is a concrete example of r.i. spaces for which the decay
of the ratio φY /φX is not sufficient for the validity of (1.8).

As a special case of Theorem 6.1, we obtain a complete characterization of the
compactness of (1.7) with X and Y being “logarithmic Orlicz spaces”, which are
sometimes called Zygmund spaces. In fact, with a bit of extra effort, we can obtain
the characterization even when the Young functions generating these spaces have
different behavior near 0 and near ∞. We omit its proof because it is essentially
the same as that of Theorem 6.1. Recall that, loosely speaking, the behavior of a
Young function near ∞ influences the “local part” of the corresponding Orlicz space,
whereas its behavior near 0 influences the “global part” of the Orlicz space.

Theorem 6.6. Let m, n ∈ N, n ≥ 2. Let p1, p2, r1, r2 ∈ [1, ∞) and γ1, γ2, δ1, δ2 ∈ R.
Assume that if p1 = 1 or r1 = 1, then γ1 ≤ 0 or δ1 ≤ 0; and if p2 = 1 or r2 = 1, then
γ2 ≥ 0 or δ2 ≥ 0, respectively. Let A and B be Young functions that are equivalent
to the functions

t 7→

{
tp1ℓ(t)γ1 near 0,

tp2ℓ(t)γ2 near ∞,
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and

t 7→

{
tr1ℓ(t)δ1 near 0,

tr2ℓ(t)δ2 near ∞,

respectively.
When m < n, the Sobolev embedding

(6.17) W m
R LA(Rn) ↪→ LB(Rn)

is compact if and only if one of the conditions
(D1) p1 < r1;
(D2) p1 = r1 and δ1 < γ1

is satisfied and simultaneously so is one of the following:
(D3) p2 < n

m and r2 < np2
n−mp2

;
(D4) p2 < n

m , r2 = np2
n−mp2

, and δ2 < n
n−mp2

γ2;
(D5) p2 ≥ n

m .
When m ≥ n, the Sobolev embedding (6.17) is compact if and only if one of the

conditions (D1)–(D2) is satisfied.

6.2. Weighted Sobolev embeddings on balls. We conclude this paper by
describing the optimal target r.i. space in the weighted Sobolev inequality on balls
(4.1) when X is a Lorentz–Zygmund space, and by characterizing when the weighted
Sobolev embedding

(6.18) W m
R Lp,q,γ1(BR) ↪→ Lr,s,γ2(BR, µα)

is compact.

Theorem 6.7. Let m, n ∈ N, m < n, R ∈ (0, ∞), and α ≥ 0. Let p, q ∈ [1, ∞] and
γ1 ∈ R be such that Lp,q,γ1(BR) is (equivalent to) an r.i. space (recall (6.2) with
α0 = γ1 and α∞ disregarded).

When p ∈ [1, n
m ), the optimal r.i. space YX(BR, µα) for X = Lp,q,γ1(BR) in the

embedding

(6.19) W m
R Lp,q,γ1(BR) ↪→ Y (BR, µα)

is
YX(BR, µα) = L

(n+α)p
n−mp ,q,γ1(BR, µα).

When p = n
m , the optimal r.i. space satisfies

YX(BR, µα) =


L∞,q,γ1−1(BR, µα) when γ1 < 1 − 1

q ,

L∞,q,− 1
q ,−1(BR, µα) when q ∈ (1, ∞] and γ1 = 1 − 1

q ,

L∞(BR, µα) when either q ∈ (1, ∞] and γ1 > 1 − 1
q

or q = 1 and γ1 ≥ 0.

Finally, when p > n
m , we have

YX(BR, µα) = L∞(BR, µα).

Proof. First, we use Corollary 4.2 to obtain a description of the optimal target space
YX(BR, µα) for X = Lp,q,γ1(BR) in (6.19). More precisely, we obtain a description
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of Y ′
X(BR, µα). With just minor, obvious changes, we can proceed as in [19, Proof

of Theorem 5.1] or [16, Proof of Theorem 5.1] to obtain

(6.20) Y ′
X(BR, µα) =


L

(n+α)p
(n+α+m)p−n

,q′,−γ1(BR, µα) if p ∈ [1, n
m ),

L(1,q′,−γ1)(BR, µα) if p = n
m ,

L1(BR, µα) if p > n
m .

Here, L(1,q′,−γ1)(BR, µα) is a Lorentz–Zygmund space defined by means of the
functional ∥f∥L(1,q′,−γ1)(BR,µα) = ∥t

1− 1
q′ ℓ(t)−γ1f∗∗(t)∥Lq′ (0,µα(BR)). The desired

description of YX(BR, µα) then follows from the description of the associate spaces
of the Lorentz–Zygmund spaces in (6.20) (see [54, Section 6]). □

Finally, we characterize when the embedding (6.18) is compact. In view of Re-
mark 4.10, we only need to focus on the case where m < n.

Theorem 6.8. Let m, n ∈ N, m < n, R ∈ (0, ∞), and α ≥ 0. Let p, q, r, s ∈ [1, ∞]
and γ1, γ2 ∈ R be such that Lp,q,γ1(BR) and Lr,s,γ2(BR, µα) are (equivalent to) r.i.
spaces. Then the Sobolev embedding (6.18) is compact if and only if one of the
following is true:

(E1) p ≤ n
m and r < (n+α)p

n−mp ;

(E2) p < n
m , r = (n+α)p

n−mp , and γ2 < γ1 + min
{

1
q − 1

s , 0
}

;
(E3) p = n

m , r = ∞, γ1 ≤ 1 − 1
q , and γ2 < γ1 − 1 + 1

q − 1
s ;

(E4) either p = n
m and γ1 > 1 − 1

q or p > n
m .

Proof. First, assume that Lr,s,γ2(BR, µα) ̸= L∞(BR, µα)—that is, it is not true that
r = s = ∞ and γ2 = 0. Thanks to Theorem 4.7, the Sobolev embedding (6.18) is
compact if and only if

(6.21) YX(BR, µα) ∗
↪→ Lr,s,γ2(BR, µα),

where YX(BR, µα) is the optimal target space in (6.19) from Theorem 6.7. Now,
the validity of almost compact embeddings between two Lorentz–Zygmund spaces
is well known (e.g., see [62, Proposition 7.12]). It follows that (6.21) is valid if and
only if one of the conditions (E1)–(E4) is true.

Finally, assume that Lr,s,γ2(BR, µα) = L∞(BR, µα)—that is, r = s = ∞ and
γ2 = 0. In view of the discussion above Theorem 4.7 (in particular, recall (4.22)),
the Sobolev embedding

W m
R Lp,q,γ1(BR) ↪→ L∞(BR, µα)

is compact if and only if

Lp,q,γ1(0, 1) ∗
↪→ L

n
m ,1(0, 1).

Straightforward computations show (see [62, Proposition 7.12] again) that this is
the case if and only if (E4) is true, which concludes the proof. □
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