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Abstract

Nonlinear eigenvalue problems for pairs of homogeneous convex functions are a generaliza-
tion of standard matrix eigenvalue problems based on non-quadratic and non-differentiable
generalized Rayleigh quotients. These types of eigenproblems are encountered in diverse
fields, including graph mining, machine learning, and network science. By considering dif-
ferent notions of duality transforms from both classical and recent convex geometry theory,
in this work we show that one can move from the primal to the dual nonlinear eigenvalue
formulation maintaining the spectrum, the variational spectrum, as well as the corresponding
multiplicities unchanged. These nonlinear spectral duality properties can be used to trans-
form the original eigenvalue problem into various alternative and possibly more treatable
dual problems. We illustrate the use of nonlinear spectral duality in a variety of example
settings involving optimization problems on graphs, nonlinear Laplacians, and distances be-
tween convex bodies. For all these settings we obtain new characterizations and results.

2020 Mathematics Subject Classification: 47J10, 49N15, 05C50, 90C46, 52A41

1 Introduction and motivation

A wide variety of nonlinear eigenvalue problems can be formulated as critical point conditions
for Rayleigh-type quotients r(z) = f(x)/g(x) involving two real-valued homogeneous functions
f and g. The homogeneity of f and g ensures that r is scale-invariant. Thus, one easily verifies
that the critical points of r are defined only up to scaling and correspond to a nonlinear notion
of eigenvectors, similar to the standard linear case, with eigenvalues given by the corresponding
critical values. For this reason, we call the critical values and critical points of the ratio r of
convex homogeneous functions f and g, the nonlinear spectrum of the function pair (f,g), and
refer to this concept as eigenvalue problem for a function pair.

One of the most celebrated examples of eigenvalue problem for a function pair is the p-
Laplacian eigenvalue problem. This nonlinear eigenvalue problem is related to the solution
of a nonlinear divergence-form PDE and has been extensively studied in the last few decades
[10,/19},37./40,,50] also due to its central role in imaging and machine learning |7,8,13}21,[24]44,48].
Alongside the p-Laplacian, eigenvalue problems for function pairs appear in a range of settings,
including the study of operator norms for linear and multilinear forms [25//27,43|; the solution of
the Gross-Pitaevskii equation in quantum chemistry [12}46,/55]; the identification and analysis
of relevant mesoscopic structures in complex networks, such as central nodes, communities and
core-periphery [6,133,/51,/52,/54]; the optimization of polynomials and generalized polynomials on
the unit sphere [26,27,/58].

A number of complications arise when moving from the classical linear eigenvalue problem
to the nonlinear one, starting from the fact that the number of eigenvalues and eigenvectors is



no longer bounded by the space dimension. However, in most cases, one can use the Lusternik-
Schnirelmann theory combined with the Krasnoselski genus to define a sequence of variational
eigenvalues by means of a Courant-Fisher-like min-max characterization. This subset of varia-
tional eigenvalues has very useful properties in most application settings. However, unlike the
linear case, evaluating, computing, or approximating the variational eigenvalues is in general a
very challenging problem in the nonlinear case, which boils down to a nonsmooth optimization
problem for pairs of homogeneous convex functions.

Another fundamental property of linear eigenvalue problems that is much more difficult to
show and analyze in the nonlinear case is the spectral invariance under duality. For example, it
is well-known that for a real linear operator A : V- — W, AA* and A*A share the same (nonzero)
eigenvalues as well as their multiplicities. The two mappings AA* and A*A are related by a
notion of duality inherited from the Rayleigh quotients that define their eigenvalues. In fact,
the eigenvalues of (A*A)'/2 are critical values of ||z||4/||z| while those of (AA*)Y/? correspond
to the critical values of |z[* /||x||, where || - |4 denotes the pseudo-norm [|A - ||, and || - ||% its
dual.

Duality is a fundamental concept in algebra, analysis, geometry, as well as mathematical
optimization, and computational mathematics. However, while duality is widely used to e.g.
connect critical equations of different optimization problems, the effects of duality transforma-
tions on the spectral properties associated with Rayleigh-like quotients of homogeneous functions
are not well understood and studied. In this paper, we focus on the family of function pairs
(f,g) that, on top of being homogeneous and convex, are nonnegative and thus have a linear
kernel. These properties are very common in a range of applications, as we will further detail
in Section B

For these types of functions, we define three duality transforms obtained by adapting three
fundamental notions of duality from convex geometry and convex analysis: the norm duality,
the Fenchel’s convex conjugate (i.e., Legendre transform) and the polarity transform (or P-
transform) [1,2,45]. Thus, we provide three main results showing that the variational spectrum
as well as its multiplicities are invariant under these duality transforms.

In particular, by applying our main results, Theorem and Corollary to the norms

case (i.e., the case f = ||-|lo and g = || - || 3 are generic norms), we obtain the following nontrivial
generalization of the fact that AA* and A*A share the same nonzero spectrum:
Suppose (Xas || - [la) and (Xg, || - ||3) are two normed spaces with dual norms | - || and [ - ||

respectively. Let A : Xg — X, be a linear map and let 0 denote the subgradient operator.
Then, the nonzero eigenvalues of the two eigenproblems

0€d;f|Azla = Adllzllg and 0 € dy[|Ay[l5 — ADlyllq

coincide, and their multiplicities (resp., variational multiplicities) coincide as well. Moreover,
their eigenvectors are related as follows: if (A, z) is a nontrivial eigenpair of the primal eigen-
problem 0 € 9, || Az|| o —Ad||z||g, then any vector y € 0| Az oN(A*) "1 (A||z||g) is an eigenvector
of the dual eigenproblem 0 € 9, [A*y||; — Ad|yl|;- Such a result is new even in the standard
differentiable [P-norm case and is shown to be optimal given the eigenvalues and their multiplic-
ities.

Our approach is mostly theoretical, but our results can help guide computational aspects. In
fact, they allow us to move from a given nonlinear eigenvalue problem to several new dual prob-
lems, which, depending on the particular setting, may result in a more treatable optimization
problem or may reveal useful properties that are difficult to observe and prove using the primal



eigenvalue formulation. For example, if f = ¢g are LP-norms, convergence guarantees for the
fixed point iteration method to compute max f(z)/g(x) may be obtained using the dual pair,
while the same method may fail to converge for the primal problem [25]. Similarly, a variety
of established algorithms for nonlinear eigenproblems such as the inverse iterations [34}35], the
family of RatioDCA methods [31,/54], the MBO energy landscape and active set search meth-
ods for graph total variation [6,|1733], or the continuous gradient-flow approach [9}22], can be
directly transferred to the dual eigenvalue equations. The resulting dual iteration or dual flow
can be used to solve the optimization of the primal eigenvalue problem and may behave better
in practice. Several more specific application settings where nonlinear spectral duality may be
used are illustrated in Section Some of the example settings discussed there contain new
results we obtain as a consequence of our spectral duality theory.

Our main contributions are as follows:

e We develop a novel analytical framework solely based on convex and nonlinear analysis to
establish various dual formulations of nonlinear eigenvalue problems (see Theorems
and . In particular, application of our framework to the /P-norm case leads to
the new spectral duality of the graph p-Laplacian, which has been only partially studied
so far, see Subsections [8.1.1] [8.1.2] [8.1.3] and [8.1.4]

e Since the proofs for the linear case and the maximum eigenvalue in the nonlinear case
do not apply to our nonlinear spectrum case, we develop an approach to estimate the
Krasnoselskii genus of nonlinear eigenspaces in the nonsmooth case based on the Moreau-
Yosida approximation and the partitions of unity, see Lemmas and and the
proof of Theorem [£.1]

e We fully characterize the relationship between the Krasnoselskii variational spectrum of a
generic function pair and its several dual formulations, including their ordering and mul-
tiplicities, see Theorem these include new techniques to overcome significant mathe-
matical challenges in proving the nonlinear spectral invariance under duality, see Lemma
4.0l

e We highlight important consequences of the novel spectral duality invariance results to
spectral theory for graphs and hypergraphs. Most of the obtained results on graphs and
hypergraphs were not previously known, see Theorems [8:2] and [8.3]

Before entering the technical development, we briefly and somewhat informally state two
representative results, postponing more general and precise formulations to later sections.

Let A : R® — R™ be a linear map, and let f : R™ — [0,+00) and ¢ : R" — [0,400)
be positively one-homogeneous convex functions such that f(y) = 0 if and only if y = 0, and
g(z) = 0 if and only if x = 0. Consider the nonlinear eigenvalue problem

0 € df(Az) — Adg(x), (1.1)

and its dual counterpart

0€dg*(Aly) —AOf*(y), (1.2)

where 0 denotes the subdifferential (see Definition , and f*, ¢* are the standard norm
duals of f and g (see Section . Our first main result asserts that the nonzero eigenvalues of



(1.1) coincide exactly with the nonzero eigenvalues of . Full statements may be found in
Theorem [£.1] and Corollary [£.2]

Another key result is actually an application of the above theorem. Roughly speaking, we
prove that the nonzero normalized eigenvalues of p-Laplacian on a hypergraph coincide with
the nonzero normalized eigenvalues of p*-Laplacian on the dual hypergraph, where p and p* are
Hoélder conjugate, see Theorem

The rest of the paper is structured as follows. In Section [2 we introduce the class of functions
of interest and the associated notions of spectrum and variational spectrum. In Section [3| we
introduce the notion of norm-like dual for the class of one-homogeneous functions of interest
and we review several preliminary properties for this duality operator, including the concept of
infimal postcomposition from convex analysis. In Section [f] we present our main results, showing
the spectral invariance for one-homogeneous functions under norm-like duality. In Section [5| we
then move on to the class of p-homogeneous functions, for p > 1. We introduce the Legendre and
polarity duality mappings and we extend the nonlinear spectral duality theorem to these two
alternative notions of duality. While we focus our analysis on the case of functions and operators
acting on finite-dimensional real vector spaces, a number of our results transfer directly to the
infinite-dimensional setting. We devote a brief Section [7] to discuss this setting. Finally, in
Section [§| we illustrate a number of examples and problems from graph theory, network science,
and convex geometry, where the new spectral duality theory can be used to provide new insight,
including important applications to the spectral theory of (hyper-)graph p-Laplacians.

We emphasise that throughout the manuscript, we primarily work under homogeneity as-
sumptions. In particular, the norm duality operator inherently requires functions that are
one-homogeneous. By contrast, the Legendre dual and polarity dual are defined without any
homogeneity requirement. This suggests that some of the results developed here, especially
those based on Legendre or polarity duality, may potentially be extended to more general non-
homogeneous functions.

Such an extension, however, would necessitate overcoming substantial additional technical
difficulties arising from the loss of homogeneity. We therefore leave a systematic treatment of
the non-homogeneous case as an open direction for future research.
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2 Convex homogeneous functions and their spectrum

Consider two real-valued functions f,g : R® — R and suppose they are differentiable. The
critical points and critical values of the ratio r(x) = f(x)/g(x), i.e. the pairs (\,z*) such that
Vr(z*) = 0 and r(z*) = A, define what we call the (nonlinear) spectrum of the function pair
(f,9). This is because, Vr(z*) = 0 if and only if z* is such that

Vf(z®) = AVg(a™).

This definition still makes sense without the differentiability assumption. In that case, we can
consider Clarke’s sub-differential 0 to show that if 0 € JOr(z*) then 0 € Jf(z*) — Adg(z*).



However, the reverse implication is in general not true without assuming the functions to be
differentiable. Overall, we have

Definition 2.1. Given locally Lipschitz functions f,g : R™ — R, we call (A\,x) an eigenpair for
the function pair (f,g) if
0 € df(x) — Adg(x)

where O denotes Clarke’s generalized derivative [15], defined as

of(@)i={¢cR" [ (&0) < lim fly+hv) - f(y)

y—x,h]0 h

, Yv € R”}.

If f is further assumed to be convex, then the following equivalent definition holds
Of(z) ={ eR" [ (§v) < flz+v) — fz), Vv eR"}.

In the linear setting, eigenvectors are defined up to scale. The same fundamental property
holds when f and g are homogeneous functions. Recall that a function f : R" — R is (posi-
tively) p-homogeneous if f(Ax) = AP f(z) for all z € R™ and all A € R, A > 0. We call p the
homogeneity degree of f. For the special cases p = 1 and p = 0 we equivalently say that f
is one-homogeneous and scale-invariant, respectively. In particular, in this work, we will focus
on the class of homogeneous functions that are convex and have a linear kernel. This type of
function appears frequently in a large number of applications, some of which are discussed in
Sections [I] and [8] Precisely, we define

Definition 2.2. Forp > 1, let C’H;‘(R") denote the collection of all positively p-homogeneous
functions f : R™ — R with the following properties:

1. f is convexr and nonnegative, i.e. f(x) >0 for all x € R";
2. Ker(f) is a linear subspace of R™.

Here and in the following, we equivalently write Ker(f) and f~1(0) to denote the set {z :
f(x) = 0}, while we let f~1(y) = {z : f(x) = y} denote the preimage of f at a generic point .
The following remark is a direct consequence of the definition above.

Remark 2.3. If f € CH, (R"), then f(x + 2) = f(x) for any z € Ker(f) and x € R™.

Proof of Remark[2.3. Assume the contrary holds: f(x + z) > f(x) for some x € R" and z €
Ker(f). Fix such z and z, and let 6 = f(z+ z) — f(z) > 0. By the convexity of f, for any ¢ > 0,
%thf(x + (1 +t)z)+ %Hf(x) > f(x + z), which is equivalent to

fla+14+t)z2)> fle+2)+t(f(x+2) = f(x) = f(z+ 2) + t0. (2.1)

Since Ker(f) is a vector space, z € Ker(f) implies (1 4+ t)z € Ker(f). Then, it follows from
(1+t)z € Ker(f) and the convexity and p-homogeneity of f that
1 fx)+ f(1+1)z2) >f<x+(1+t)z> 1

S @) = : ) = i+ (1+1)2)

which yields 2P~ f(z) > f(z+ (1+t)z). Together with (2.1]), we obtain 2P~ f(z) > f(x+2)+1t6
for any ¢ > 0, but it is impossible, because the right-hand-side tends to +oo when we take
t — —4o00. ]



In general, there can be infinitely many eigenvalues for a function pair, unless f and g are
quadratic, in which case the corresponding eigenpairs are standard linear eigenvalue problems.
One remarkable property of the spectrum of homogeneous function pairs is that when f and g
are homogeneous with the same homogeneity degree and g(R™\0) C R\ 0, similarly to the linear
eigenvalue problem case, we can identify a set of n variational eigenvalues for the function pair
(f,g) via the Lusternik-Schnirelmann theory. In fact, in that case the ratio r(z) = f(z)/g(z) :
R™\ 0 — R is scale-invariant and one has that 0 € dr(x) implies that the pair (r(z),x) is an
eigenpair for (f,g). Hence, a set of n eigenvalues for (f,g) can be identified via the following
variational characterization:

A = Ae(f,g) = inf sup r(x), k=1,---,n, 2.2
k= e(f,9) L S () (2.2)
SCR™0

where genus(S) denotes the Krasnoselski’s genus of the closed, symmetric set S (see e.g. [39,
Chapter 6] or |49, Page 94]), whose precise definition is recalled below.

Definition 2.4 (Krasnoselksii genus). Let A be the class of closed symmetric subsets of R™,
A =1{S CR": Sclosed, S = —S} . For any S € A, let Cx(S) = {p : S — RF\
{0}, continuous, s.t. p(x) = —p(—x)}. The Krasnoselskii genus of S is the number defined as

inf{k e N : ¢ € Cr(S)};
genus(S) = < oo, if there exists no such k;

0, if S=0.

We provide a sketch of the proof for . Suppose that the value A\p defined by
is not a critical value of r. Then, all the points in {x € S"~! : r(x) = M} are not critical
points, where S*~! is the standard unit sphere in R”. Thus, we can use gradient flows to
construct a deformation that transforms the sublevel set {z € S"~! : r(x) < Az} to an origin-
symmetric compact subset S with genus(S) > k and r(x) < A\, Vz € S. However, this leads to
a contradiction with the definition of Ax. This is the core of the min-max principle in nonlinear
analysis [49].

This definition of variational eigenvalues is a generalization of the Courant-Fisher min-
max characterization of the eigenvalues Ax = ABz of the pair of symmetric matrices (A, B).
In fact, the Krasnoselski genus is a homeomorphism-invariant generalization to symmetric sets
of the notion of dimension. In particular, genus(S) > k for any linear subspace S C R™ of
dimension greater than k. Thus, Courant-Fisher’s characterization is retrieved from when
S is any linear subspace, the genus is replaced by the dimension of S and (f, g) are the quadratic
functions f(z) = z' Az and g(z) = 2" Bz. In particular, note that \,(f,g) = max,or(z),
A1(f,g) = min, r(z) and that, since f~1(0) is linear, the smallest nonzero eigenevalue of (f,g)
always coincides with the smallest nonzero variational eigenvalue, i.e.,

Adp+1(f,g) = min{\ eigenvalue of (f,g) : A > 0}
where dy = dim f~1(0).

Remark 2.5 (On the use of the Lusternik-Schnirelmann category index). The Krasnoselski’s
genus is arguably the most popular index function in the context of variational eigenvalues for



nonlinear function pairs. However, when r is not even, this index cannot be used and other set
measures may be required. One possibility is to use the original Lusternik-Schnirelmann category
index cat(S) [5,16,25,41]. However, since R™\ {0} is homotopy equivalent to S*~ and r = f/g
is zero-homogeneous on R™ \ {0}, it follows from cat(S*~') = 2 that the original Lusternik-
Schnirelmann category can only characterize the minimum and mazimum eigenvalues in general
(in contrast, genus(S"~1) = n means that the genus can be used to characterize n variational
eigenvalues when r is even). To characterize more variational eigenvalues for r not even, we need
to add further assumptions onr. For example, if r : (R™\{0})x---x (R"™\{0}) — R is a locally
Lipschitz function which is zero-homogeneous on each component, that is, r(t1x!, -  typz™) =
r(xl, .- a™) for anyt; > 0 and 2' € R, i =1,--- ,m, we may use the Lusternik-Schnirelmann
category to define m + 1 eigenvalues of (f,g), as (R \ {0}) x --- x (R™ \ {0}) is homotopy
equivalent to ™1 x .- x S"m~1 whose category is m + 1. We emphasize that all the theorems
of this paper hold unchanged if genus is replaced by cat. We omit the required straightforward
adjustments to the corresponding proofs for the sake of brevity.

In the next sections, we will consider three notions of duality transforms for functions in
CH; (R™): the norm duality, the Legendre transform and the polarity transform [1,2]. To
ensure that the class of functions C’H;r (R™) is closed under such transforms, we make a small
modification to these dual operations by composing them with the orthogonal projection onto
Ker(f)*, as we will detail later. If one wants to study classes of convex and homogeneous
functions where Ker(f) can be nonlinear and can take the value 400, one should instead use
the standard versions of these dual operations. It is quite interesting that most of the results we
present in this paper still hold, in a certain sense, if we use the standard versions of the three
transforms, as we will briefly discuss in Section [6]

3 Norm-like duality

Any norm || - || on R™ is a convex, one-homogeneous, nonnegative function and admits a
duality transform by means of which one defines the dual norm ||z||* := sup{(y, ) : |ly|| < 1}.
The dual norm inherits many properties from the original norm | - || and moving from one

norm to the other can be of help in many applications. For a review of properties, we refer
to [5L[15,/45,/56,57). A similar dual operator N can be defined for general nonnegative one-
homogeneous convex functions in CH;" (R"), as we discuss below. Our main result shows that the
considered norm-like duality transform preserves the eigenpairs of any nonnegative homogeneous
function pair in C’HlJr (R™), as well as the corresponding multiplicities, and their variational

eigenvalues.
On CH; (R™), consider the dual operator N : CH; (R") — CH; (R") defined by

Nf(@) = sup { () : f(y) < 1 and y L Ker(/)}

for any f € CH{ (R™). It is worth noting that one should be careful with the notation above,
as N f(z) denotes the dual of f at x, which implicitly depends on the variable z itself.
Note that this dual operator is essentially a composition of the “standard” norm dual operator

* c— su x) . = su <y7$>



and a projection onto the orthogonal complement of Ker(f). In other words, if 7 denotes the
orthogonal projection onto Ker(f), then it holds

Nf(x)=f"(z —msx). (3.1)
A short proof of (3.1)) is as follows. By definition, N f(z) equals

sup (y,x) = sup (y,x — mpr) = sup (w,x —7yx)
fy)<lLyLlKer(f) fy)<LyLlKer(f) flw)<1
and the right hand side is nothing but f*(z — msz), where the first equality displayed above is
due to (y,mfx) = 0 for any yLKer(f), and the second equality displayed above is due to that
by taking y = w — mpw there hold f(y) = f(w) and yLKer(f).

We use the “modified” norm dual NV f instead of the standard norm dual f* because we want
to work on the function space CH; (R") and we want CH; (R") to be closed under the dual
operation. However, f*(z) = +oo for z ¢ (Ker f)* and f € CH;{ (R").

A number of useful properties follow directly from the above definition of N, we discuss some
of them in the following.

Proposition 3.1. For any f € CH{" (R") it holds Ker(f) = Ker(Nf), NNf = f and, in
particular, N'f € CH;F (R™).

Proof. Clearly, ¢ f~1(0) if and only if there exists y L f~1(0) such that (y,z) > 0. This means
that f(z) > 0 < N f(x) > 0 for any given x, which implies f~1(0) = (M f)~1(0).

By B.1), NNf(z) = Nf*(x — npz) = f*(x — mpz — np(z — mpz)) = f*(z — 7p2) =
f(x —mpx) = f(x) for any © € R", where we used the well-known identity f** = f. So,
NNf=F.

For any z € (Nf)710) = f71(0), Pz = 2z, and Nf(z + 2) = f*(x + 2 — 7p(z + 2)) =
f*(x — mpx) = N'f(z). Therefore, N'f € CH;F (R").

[

Proposition 3.2. Let S C R™ be a bounded set and let conv(S) be its convex hull. Suppose 0
is in the relative interior of conv(S), and consider the support function fs(z) := sup,cg(z,v).

Then
Nfs(x) = inf{Zai : fS(Zaivi —J:‘) =0 where a; > 0,v; € S}.
Proof. We rewrite fg as f for simplicity in the proof. Note that if f(y) < 1 and v € S, then
(y,v) < 1. Hence, N f(v) <1,Vve S. Let
F={f e CHR"): f~10) = f71(0) and f'(v) <1, Yv € S}.

Then, by Proposition we obtain N'f € F. For any f’' € F, it is clear that S C (f~1(0))* =
(f~10)*t = (V)1 (0)*, and thus

f(y) = sup(y,v) < sup (y,v) =N f'(y)
ves vLf1=1(0): £ (0)<1

which implies N'f > f’. That is, N'f is the largest function in F.
Consider the function f : z — inf{} a; : f(O_av; —x) = 0 for some o; > 0,v; € S}.
Clearly, f € CH{ (R"), f(v) <1,Vv € S, and f71(0) = f~1(0). That is, f € F.



For any f' € F, f'(x) < > oif'(vi) < > oy whenever x — Y ayv; € f71(0). Taking the
infimum, we get f'(z) < f(r). In consequence, we have proved that f is also the largest
function in F. The proof of N f = f is then completed. O

Let fs be defined as in Proposition Clearly one has fs(z) = Sup,cconv(s) (7, v), thus we
may assume without loss of generality that S is convex. In that case, if we assume S centrally
symmetric, then fg defines a semi-norm and

N fs(z) = inf {Z ||+ x — ZaiviLspan(S) where v; € S} .

In addition, given a norm || - || and a subset S C {v : ||v|]| = 1} with conv((=S)U S) = {v :
|lv]| < 1}, we have ||z|| = inf {d] || : D v = x,v; € S}. For example, we can take S as the
set of the extreme points of the unit ball {v : ||v]] < 1}, and this implies the known identity
|Allz—2 = inf{>_ |ai| : A= > o;U; with U; unitary}, for a square matrix A.

Finally, we remark that, given a norm || - || on R™ and a linear subspace X of R”, the map
x — inf{||z|| : z — x LX} defines a semi-norm on R™. In other terms, [z] — inf{||y|| : y — z € X}
defines a norm on the quotient space R"” /X (we refer to Gromov’s norm for this basic construction

[29))-

3.1 Linear transformation of homogeneous functions

Given a matrix A € R™*" i.e. a linear map from R™ to R™, let M 4 : CH; (R") — CH; (R™)
be defined as
Maf(x) = f(ATx), Vf € CH (R"), Vo € R™

where AT denotes the transpose of A. Let m4 denote the orthogonal projection onto Ran A.
As R™ = Ran A @ Ker AT we can uniquely define the operator 114 : CH;" (R") — CH; (R™) as
the composition of the so-called infimal postcomposition A > f (see e.g. [4]) and the orthogonal
projection m4. Precisely, we set

Maf(z) == Av f(maz)

where

Av f(x) = inf f(y).

y:Ay=x
We use this slightly modified version of the infimal postcomposition because A> f(z) = 400 for
x ¢ Ran A.

Proposition 3.3. Given f € CH{" (R"), if Ker f C Ker A, then 114 = NMaN. In particular,
if [ is positive (i.e. f(x) > 0 whenever x # 0) then Iy = NMaN holds for any matriz A.

Proof. Keeping the assumption f~!(0) C Ker(A) in mind, and by employing Sion’s min-max
theorem [47], we have

AN f(z) = inf sup Y, u) = sup inf  (y,u
(=) yEA_l(x)uJ_f—l(O):f(u)§1< ) uJ_f—l(O):f(u)glyGA_l(x)< )
= sup (fuy= sup (§,ATv)
ulKer(A):f(u)<1 vif(ATv)<1
= sup (Ay,v) = sup (z,v) = NMaf(z)
vlKer(AT):f(ATv)<1 vL(foAT)=1(0):f(ATv)<1



where § is any given vector in A~1(x). In the above equalities, we should note that the condition
f750) c Ker(A) implies Ker(AT) = (f o AT)7Y0). In fact, ATz = 0= f(AT2) = 0 =
AATz=0= A"z =0 which means ATz =0 < f(A"2) = 0. Then, the second equality from
below is proved.

Replacing f by N f, we have II4 f = IIANNf = NMAN f. O

Before moving on, we collect in the next remark an interesting geometric interpretation of

N, My and 1 4.

Remark 3.4. Considering a convex body K in R"™, it is well-known that the Minkowski func-
tional of K equals the support function of its dual convex body K°. The dual operator transforms
the Minkowski functional of K to its support function, while I1 4 maps the Minkowski functional
of K to the Minkowski functional of A(K) x Ker(A), and M4 maps the support function of K
to the support function of A(K). If A is further assumed to be a projection, then M 4 maps the
Minkowski functional of K to the Minkowski functional of K N Ker(A)*, while 114 transforms
the support function of K to the support function of K NKer(A)*.

Note that, as a consequence of Proposition if f € CH; (R™) is positive, n = m and A is
an invertible matrix, we have NMAN f(z) = f(A™'z), and therefore, NMAN f(z) = Maf(z)
whenever A is an orthogonal matrix. Moreover, for a general f € CH; (R™), we have the
identities MAN f = NTlaof and NMyf = TIAN f. The equality MaN f = N1l 4f means that
“the section of the dual equals the dual of the projection”, which is a useful observation with
direct implications in convex geometry. On the other hand, the equality NMyf = AN f
has a similar geometrical meaning, and it has an interesting additional consequence, which we
summarize in the following proposition.

Proposition 3.5. Let || - || be a monotonic norm on RY, i.e., ||(t1, - ,ta)ll = I|(|t1],- -, [ta]) |l
for any (t1,--- ,tq) € RY. Let g; € CH{ (R™) be positive-definite, and let A; : R* — R™ be a
linear map, i.e., Ay € R"*" =1, ... d. Denote by g(x) = ||(91(A1x),- -, ga(Aqx))||. Then

Ng(x)= _ inf  [|[Ngi(z1), -, Nga(za))lls,
o1 A wi=
where || - ||« is the dual norm induced by || - ||.
Note that, by letting g1, - , gq be norms, we immediately obtain Theorem 6 in [25], which

has implications in the design of converging iterations for general matrix norm computations.
P’FOOf. Let g(ﬂl‘h T ,fL‘d) = H(gl(xl)’ e 7gd(xd))||7 V(le’ o ,.’Ed) € R™ x - x R, Thenv

d

INgi (@), Nga(za))ll = sup > t:iNgi(zs)

H(tlv"' 7td)||§1 =1
d

= sup Y|l sup (@i, u)
(el a2 ga(wa)<1

d

= sup > sup (miy)
l(ltal, S 1ta DI 527 g9a(ya) <Itil
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d

= sup sup Y (@i, 4i)
(], taDI <1 ga(ya) <Itil,¥i ;=

d

= sup Z(% Yi)

(g1 (v1), - s9a(ya)I<1 ;=

= sup <(.’E1,"' 7xd)7(y1a"' 7yd)>
(Y1, ya) <1

:Ng(x17 ,J;d).

Note that g(z) = §(ATz), where A := [A],.-- AJ] € R™(m+=+na)  The proof is then
completed by the identity Ng = N Mg = T4 Ng. O

4 Main results: spectral invariance for norm-like duality

We state here our main theorem showing that nonzero eigenvalues of function pairs, as well
as their multiplicities and their variational eigenvalues , are invariant under the norm-like
duality and suitable combinations of M 4 and Il4, for any matrix A. The relatively long proofs
of this theorem and its main corollary cover the entire section.

Throughout the remainder of this paper, the ‘eigenspace’ of A with respect to the function
pair (f,g) is the set Sy(f,g) defined by

Sx(f,9) = {x:0€df(x) — Ndg(x)} .

Note that when f and g are even functions, S\(f,g) is a symmetric set. In this case, we define
the multiplicity of the eigenvalue A for (f,g) as

mult 4 (A) = genus(Sx(f,g)) -

For a set S, let cone(S) = {\v : A > 0,v € S} denote the cone generated by S. The
following main spectral invariance theorem holds,

Theorem 4.1. Let f,g € CH; (R"). Then

P1. The nonzero eigenvalues of (f,g) and (N'g, N f) coincide. Moreover, for any eigenpair (X, x)
of (f,g) with X # 0, and for any u € cone(df(x)) N cone(dg(x)), (A, u) is an eigenpair of
Ng, Nf).

P2. If f and g are even functions, then multy ,(X) = multpyrg arf(A), for any nonzero eigenvalue

Aof (f,9)-

P3. If f and g are even functions, then the variational eigenvalues of (f,g) and (Ng,Nf)
coincide exactly, up to reordering. Precisely, it holds

)\k(f7g) = )‘k—df+dg(Ng7Nf)7 k= df - dfg + 17 e, N— dg
where d s, := dim f~1(0) N g=*(0), dg := dim f~(0) and dg := dim g~1(0).

Moreover, combining the norm-like duality operator A" with M 4 and II4 for a matrix A, we
obtain the following main consequence of the theorem above.
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Corollary 4.2. Let f € CH{ (R™), g € CH{"(R") and A € R"™™. Then, the nonzero eigenval-
ues of Myt f,9), Ng NMu7f), MaNg,Nf), (f,11ag) and (M 7 f, M tIlag) coincide.
Moreover, if f and g are even functions, then the multiplicities of the nonzero eigenvalues coin-
cide and the nonzero variational eigenvalues of all these function pairs coincide exactly, up to
reordering.

We subdivide the relatively long proof of the main results above into several separate parts,
as well as a number of smaller preliminary results that are of independent interest.
First, we prove that nonzero eigenvalues are preserved under N.

Proof of Theorem [/.1] point P1. For an eigenpair (A, z) of (f,g) with A # 0 and = # 0, it is
easy to see that f(z) = 0 < g(z) = 0, and in this case, we have N f(z) = 0, Ng(z) = 0,
and 0 € ON f(z) N ONg(x) which implies 0 € ONg(x) — AON f(z). Hence, (A, z) is also an
eigenpair of (Mg, N'f). In fact, from this proof, we obtain that if f=(0) N g=1(0) # {0}, then
the spectra of (f,g) and (Mg, N f) are R. Therefore, without loss of generality, we assume
that f=1(0) N g=1(0) = {0}, g(x) = 1 and f(z) = A # 0. Thus, there exists u € dg(x) such
that A\u € df(x). Clearly, u # 0. It follows from the fact dg(z) C (¢7(0))* = ((Ng)~1(0))*
that Ng(u) # 0. Moreover, we have (u,z) = g(x) = 1 by Euler’s identity for positively one-
homogeneous convex functions, and (u, ') —1 = (u, 2’ — z) < g(2') — g(z) = g(2') — 1, V2’ € R"
by the definition of the subgradient. Accordingly, N'g(u) = 1, and for any v’ € R", (v/ —u, z) =
(W,z) —1 < Ng(u') —1=Ng(u) — Ng(u), which implies that = € ONg(u). By f(z/\) =1
and \u € df(x) = 0f(x/\), we similarly derive that /XA € ON f(Au) = N f(u) according to
the zero-homogeneity of 9f and ON f. As a consequence, 0 = x — X- /X C INg(u) — AON f(u),
i.e., (A, u) is an eigenpair of (Ng, N'f). The converse also holds. And since N f and ONg are
scaling invariant, we indeed obtain that Vu € cone(df(x)) N cone(dg(zx)), (A, u) is an eigenpair

of (Ng,Nf). O

Then, we move on to studying their multiplicities. To this end, we first observe that the
genus of a compact set grows under the action of the subgradient of even functions. Here and
throughout, we say a function is C'-smooth if it has continuous gradient on R™ \ {0}.

Lemma 4.3. Let g € C’HT(R") be an even function. Then, the Krasnoselskii genus of a compact
subset S is smaller than or equal to that of the subset 0g(S) := Uyesdg(x).

Proof. The proof is based on the deformation nondecreasing property and the continuity of the
Krasnoselskii genus. We divide the proof into two steps:

Step 1. Suppose that g € CH;{"(R") is C'-smooth on R™ \ {0}. Since the vector field induced
by dg : R™\ {0} — R™\ {0} is continuous, for any compact subset S C R" \ {0} with
genus(S) = k, the map = — 9dg(z) is continuous and if g is even, then Jg is odd, i.e.,
0g(—x) = —0g(z), Yx € R™. Therefore, by the deformation nondecreasing property,
0g(9) is a subset of R™ with genus(9g(S)) > k. That is, for a even, convex and smooth
function g, we have genus(dg(S)) > genus(S).

Step 2. Suppose that g is not C'-smooth on R™ \ {0}.

In this case, we take the Moreau-Yosida approximation of g, which is defined by

1
— inf —|ly — z||3 0
9ga(T) yleang(y)JrQaHy zll3, a >0,
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where we use the [2-norm || - ||2. It is known that g, is C'-smooth and convex. In fact, for
sufficiently small € > 0, the size of the e-neighborhood of 9¢(S) equals genus(9g(5)),
and for sufficiently small «, 0gs(S) lies in the e-neighborhood of dg(S). Therefore,
genus(9g(S)) > genus(9dgq(S)), which is larger than or equal to genus(S) by Step 1.

O

Next, we show that for smooth functions the subgradient maps the eigenspace of A as an
eigenvalue of (f, g) into the eigenspace of A as an eigenvalue of the dual pair (Mg, N f).

Lemma 4.4. Let f,g € CH{ (R") and let X be an eigenvalue of (f,g). If g is differentiable on
R™\ {0}, then dg(SA(f,q)) C Sx(Ng, N f). Similarly, if f is differentiable, then Of(Sx(f,g)) C

Proof. By point P1 of Theorem .1 we have that

a + U cone(df(x)) Ncone(dg(x)) C S\(Ng,Nf)

JJESA(f,g)

for any eigenvalue A of (f,g). If g is differentiable at any eigenvector x € S)(f, g), then dg(z) C
cone(df(x)) N Ag(x). Thus,

a9(Sx(f.9) = |J 09(z) C SA\(Ng,NJ).

z€Sx(f,9)
The proof of df(S\(f,g)) C Sx\(Ng, N f) is similar. O
Finally, we need the following two technical properties.
Lemma 4.5. Let f,g € CH;"(R") and let X be an eigenvalue of the function pair (f,g). It holds

1. The map x — cone(0f(x)) NAg(x) is upper semi-continuous, i.e., Vx, Ve > 0, there exists
d > 0 such that for any y € Bs(x), cone(df(y)) N Ag(y) C Be(cone(df(z)) NAg(x)), where
B.(S) is the e-neighborhood of a subset S.

2. For any x € S\(f,9), and for any € > 0, there exists an even, C'-smooth function g, €
CH{ (R™) with g;1(0) = g71(0) and & > 0 such that dg,(Bs(z)) C Be(cone(df(x))Ndg(x)).

Proof. Point 1 follows directly from the upper semi-continuity of df and dg. Let us discuss
point 2. We only need to deal with the case that g is positive-definite. For any v € dg(x),
(x,v) = g(xr) > 0. Then, by a standard argument in linear algebra, there exists a positive-
definite matrix A such that Az = v. Then, we take g,(y) = \/(z, Az) - (y, Ay). It is clear that
gz is smooth, positive-definite and convex and one-homogeneous. And it is not difficult to check
that dg,(x) = Az = v. Now, suppose that the vector v lies in cone(9f(x)) N dg(x). By the
above discussion, we immediately obtain that Ve > 0, 36 > 0 such that dg,(Bs(z)) C B(v) C
Be(cone(df(x)) Ndg(x)). O

Proof of Theorem point P2. From Lemmas[4.3]and[4.4]it is clear to see that genus(S\(f, g)) <
genus(S\(Ng, N f)) if f or g is differentiable. Conversely, if N'f or Ng is differentiable, then
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genus(Sy(f, g)) > genus(Sy(Ng, N f)). Thus, we obtain that the multiplicity of A as an eigen-
value of (f,g) coincides with the multiplicity of A as an eigenvalue of (N'g, N f). Next, we prove
that the same property holds without the differentiability condition.

Let Sx(f,9) = SA(f,9) N {z : ||z]2 = 1} be the ‘unit sphere’ of the eigenspace corresponding
to A. Then, the multiplicity of A coincides with genus([; A\(f,9)). Fix an € > 0 such that

genus B, U cone(df(z)) N dg(x) | = genus U cone(df(z)) N dg(x)
2€5x(f.9) 2€5x(f.9)

Take € < %6. Due to Lemma we can consider a family of open sets {Bs, (z) : x € S’A(f, 9)}
and the corresponding smooth function family {g, : x € S A\(f, )} such that for any y € Bos_ (),
we have cone(9f(y)) Ndg(y) C Be(cone(df(x)) Ndg(x)) and 0gz(Bas, (z)) C Be(cone(df(x)) N
dg(x)), for a sufficiently small 6.

Since Sx(f,g) is compact and {Bs, () : = € S\(f,g)} induces an open cover of Sx(f,g), we
can take a finite subfamily {Bs, (x;)} of {Bs, (z) : € S\(f,g)} such that the centers {z;} of these
open balls are distributed centrally symmetrically in R", and dg¢;(Bs, (z;)) C Be (cone(df(x;)) N
0g(x;)), where we simply write g, as g;. Then, there exist partitions of unity {¢;} subordinate
to the open cover {Bg,(x;)}, i.e., supp(¢s) C Bs,(x;), ¢ > 0, >, ¢; = 1 and ; = 1)y whenever
x; = —xy. For example, we can simply take

max{0,d; — ||y — xill2}
> max{0,6; — [ly — zj2}

Taking ¥(z) = >, ¥i(x)0g;(x), then ¥ is a continuous map.

Given z € S\(f,g), let I(z) = {i : € By, (x;)} be the index set of z. Note that 1;(z) > 0 im-
plies z € By, (;), and thus it holds W(x) = }_;c () ¥i(%)0gi(2) and dgi(z) € Be(cone(df(zi)) N
0g(x;)), whenever x € By, (z;). Moreover, there exists a bijection 7 : I(x) — I(—x) such that
T; = —Tr(;), which implies and 9;(7) = 1,(;)(—z) and Jgi(r) = —0g-(;)(—z). This implies that

\I/(—.%') = Z wz 89@ Z % (%) 897’ () ( )

Yi(y) = Yy € R™.

i€l(—x) i€l(x)
= > —i(2)dgi(z) = —T(x).
i€l(x)

Let i(z) = argmax{d; : i € I(x)}. Then, for any i € I(z), z; € Bs,(x) C Bs,(Bs, , (Ti(x))) =
Bivi (tin) C Bas, (). Thus, Vi € 1(z), cone(df(z:)) 1 () C Bocone(df (zio)) O
99(Ti(z))). Therefore, 0gi(x) € Bae (cone(0f (i) N Og(Ti())) for any i € I(x). Consequently,
we have

U(x) = Pi(2)0gi(x) € Boe (cone(0f (xi())) N O9(wi(x)))

i€l(x)

cone(df(x)) N 8g($)>

xESA (f,9)
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which implies that U(S5(f,g)) C B. (U cone(df(x)) N 89(:6)). Thus,

IESA(]",Q)

genus(Sx(f, 9)) < genus(¥(Sx(f,9)) < genusBe [ | ) cone(df(x)) N dg(x)
z€5x(f.9)

= genus ( U cone(df(x)) N 8g(ﬂs)>

xeg)\(fvg)

where the first inequality is due to the fact that ¥ is odd continuous, the second inequality
is based on the nondecreasing property of the genus, and the last equality follows from the
continuity of the genus.

In summary, we have proved that for any f,g € CH; (R") and any (), ) eigenpair of (f,g)
there always holds

genus(S)(Ng, N f)) = genus U cone(9f(x)) N dg(xz) | > genus(Sr(f,9)).
€SN (f.9)

The reverse inequality follows from replacing f with A'f, g with Ng and using Proposition

B.1 O
Proof of Theorem point P3. Tt is straightforward to verify that

0=XM(f,9) == Aay—ds, ([, 9) < Adj—ds,+1(f19) < - < Mg, (f5 9)s

0= )\l(NgaNf) == )\dg—dfg(NgaNf) < )\dg—dfg+1(Nngf) <. < )\n—df(NgaNf)'

Without loss of generality, we may assume that f~1(0)Ng~1(0) = {0}, and in this case, we shall
prove that Ap_a;+a,(Ng,N'f) < Ai(f,9), k = dy +1,--- ,n — d,y. For any subset S C g~'(1)
realizing Ai(f, g) with genus(S) > k, i.e., a set such that sup,cg f(z)/g9(x) = A\e(f, g), we have
Me(fr9) > f(x)/g9(x) = f(x), Yo € S. Let S be the unit sphere in the linear subspace g~1(0)
centered at the origin 0. Let W = 0g(S) xS be the geometric join of dg(S) and S, i.e., W =
{tu+(1—t)y : u € g(S),y €S,0 <t < 1}. Since dg(S) := Uzesdg(z) C (g71(0))* is orthogonal
to the sphere S in the linear subspace g~1(0), it holds genus(W) = genus(dg(S)) + genus(S).

For any y € W N (f~1(0))*, there exist 0 <t < 1, u € dg(S) and —v € (1 — t)S, such that
y = tu —v. And there exists € S such that u € dg(z). Therefore, x € INg(u) = ONg(tu),
Ng(tu) =tNg(u) =t and Ng(v) = 0. Note that by the definition of subgradients, x € ON g(tu)
implies Ng(v) — Ng(tu) > (v — tu,x). Thus, we have

—v)= su M:su (tu — v, 2) (tu — v, x)
Nf(tu — ) zu}l)m) &) #13 7 > @)
Ng(tu) = Ng(v) ¢ t
- f(z) " f(x) 2 e (£, 9)

and Ng(tu —v) = Ng(tu) = t. This implies that Ng(tu — v) /N f(tu —v) < M\(f,g). Hence
SUPyew Ng(y)/Nf(y) < M\e(f,g). Now, note that

genus(W N (f710))1) > genus(dg(9)) + genus(S) — dim f~1(0)
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> genus(S) + dim g~ (0) — dim f~1(0) > k + d, — dy

in which we used the claim genus(dg(S)) > genus(S). Thus, for k = dy +1,--- ,n — dy
we obtain Agya,—d,(Ng,Nf) < M(f,9). Analogously, for &' = d, +1,--- ,n — dy, we have
Mertdp—dg(f:9) < M (Ng,Nf). Substituting &' = k + dy — dy into the latter inequality, we
get \i(f,9) < Mevdy—d; Ng, Nf), and therefore, we derive \gya,—a,(Ng,Nf) = A(f,9),

k=ds+1,- ,n—d. 0
We now move on to the proof of Corollary We need one more preliminary lemma.
Lemma 4.6. For g and A as in Corollary define gger(a)(7) = inf  g(2') = MyrIlag(2)
z'ex+Ker(A)

and let S = {x € R" : g(x) = grer(a)(x)}. Then, x is an eigenvector corresponding to a nonzero
eigenvalue of (Mt f,g) only if x € S.

Proof. If = ¢ S, we shall prove that dg(z) N Ker(A)* = @. Otherwise, there exists v € dg(x)

such that v1Ker(A). Then taking y € z + Ker(A) such that g(y) = inf  g(2), we have
z'ex+Ker(A)

0> g(y) — g(x) > (v,y — x) = 0 which leads to a contradiction. Thus, we have shown that
dg(x) NKer(A)* = @. On the other hand, 0, f(Ar) = AT9f(Az) C Range(AT) = Ker(A4)*.
This implies that, for any A # 0, 9,.f(Az) N A\dg(z) C Ker(A)*NAdg(z) = &, which means that
x is not an eigenvector of any nonzero eigenvalue of (M 47 f, g). The proof is completed. O

Proof of Corollary[4.3 We organize the proof as illustrated by the diagram below

(Myr f, MyrTlag) = (M £, g) —222BL s (N N M 7 )

[

(MaNg, N f) —2mBL o (r N MaNg)

Here, ‘<’ denotes ‘spectral equivalence’, i.e., the thesis holds for the two nonlinear eigenvalue
problems connected by ‘<’. Note that M7 f = fo A € CH{ (R") and g € CH{" (R™). Thus,
by Theorem the thesis holds for (Mg, NM 7 f) and (My7f,g). The same is true for
(MaNg,Nf) and (f,NMuNg). In the remainder of the proof, we will show that the two
relations marked with a ‘?” hold.

We first prove that the set of nonzero eigenvalues of (M 47 f,g) coincides with the set of
nonzero eigenvalues of (MaNg, N f). For an eigenpair (\,z) of (M 47 f,g) with g(z) = 1, we
have 0 € 0, f(Ax) — Ng(z) = ATOf(Ax) — Mdg(x). Hence, there exists u € dg(z) such that
Au = ATv for some v € Of(Ax). Thus, Az/)\ € ONf(v) and = € ONg(u) = ONg(ATv/\) =
ONg(ATv). Therefore, Az € AONg(ATv) = 0,Ng(ATv) = OMaNg(v), which implies Az €
OMAN g(v)NAON f(v) and (), v) is an eigenpair of (MaN g, N f). Since (M 4NN f,NNg) =

(M 4T f,g), the converse also holds. In summary, we have shown that
o # U 0f(Az)n (A7) (Ndg(x)) C S\(MaNg, N f).
TESH (MAT fvg)

Together with Lemma this shows that the multiplicity is also maintained.
Next, we show that (M 47 f, M47I14g) and (M 47 f, g) have the same nonzero eigenvalues.
By the definitions of the operators M 4t and Il4, we have

Il - inf — inf .
My 1lag(z) seatd Ax)g(y) ot A)g(w+2)
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Let gger(4) and S be as in Lemma For any = € S, we have 0,f(Az) = AT0f(Ax) C
Im(AT) = Ker(A)* and thus

Do f(Az) N NOpg(x) = ATOf(Az) N AIg(z) = ATOf(Az) NKer(A)T N Ndg(x)
= 8zf(A‘T) N AagKer(A) (‘T)

where we used the fact Ogier(4)(7) = dg(x) N Ker(A)*. In addition, for any z,
02 f(Az) N AOgKer(a) (7) = Oz f (ATker) N AOGKer(a) (Tker) = On f (ATxer) N A (Tier)
where xye, € SN (z + Ker(A)). Hence, together with Lemma [4.6[ for A # 0, we further obtain
0,1 (Ax) N Adyg(x) # B = s F(Ax) N Ay (1) # &

Or f(Az) N ANOgKer(a) () # D = Or f(ATker) N AOG(Tier) # @

implying that A is a nonzero eigenvalue of (M 47 f, g) if and only if X is a nonzero eigenvalue of
(M7 f, M 4TIl 4g), with the same multiplicity.

Finally, we need to show that the variational eigenvalues are preserved. For any subset S C
g~ 1(1) realizing A\, (M 47 f, g) with genus(S) > k, we have A\y(M 47 f,g) > f(Ax)/g(z) = f(Ax),
Va € S. Let S be the unit sphere in the linear subspace Ker(A') centered at the origin 0. Let
¢ :R" — Ker(AT)* be a linear map induced by &(x) = (A7)~ (z) NKer(AT)*. Clearly, ¢ is an
odd continuous map. Define the geometric join

W :=£(dg(S) NKer(A)1) *S.

For any y € W, there exist 0 < t < 1, u € £(9g(S) NKer(A)*) and —v € (1 —t)S, such that
y = tu —v. Thus, ATu € dg(S) N Ker(A)L. So, there exists € S such that ATu € dg(z).
Therefore, € ONg(ATu) = ONg(tATu), Ng(tATu) = tNg(ATu) = t and Ng(ATv) = 0.
Note that (u, Az) = (ATu,z) = g(x) = 1, which implies = ¢ Ker(A). Again, by the definition of
subgradients, it follows from x € ONg(tATu) that Ng(ATv) — Ng(tATu) > (ATv — tATu, ).
Then, we have

(tu —v, Az)  (tATu— ATv, )

(tu — v, 2) > _

N f(tu —v) = sup

20 f(2) f(Az) f(Az)
Ng(tATu) — Ng(ATv) ¢ - t
- f(Az) -~ f(Az) T MMyt fg)

and Ng(A™ (tu — v)) = Ng(tATu) = t. Accordingly, we obtain

Ng(AT (tu —v))

N (tu o) < A(Matfig)

and then No(ATy)
g(ATy

ST Y < MMt o g).

o NG = M)

Let d4 = dim Ker(A) and d 4+ = dimKer(A"). We estimate the Krasnoselskii genus of W as

genus(W) = genus(£(dg(S) NKer(A)1)) 4 genus(S)
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> genus(9g(S) NKer(A)T) + dim Ker(A")
> genus(dg(S)) — dim Ker(A) + dim Ker(AT)
> genus(S) —da +dym >k —da+dyr

where the first equality uses the fact that £(9g(S) N Ker(A)1) € Ker(AT)! and S is the unit
sphere of the linear subspace Ker(AT). Therefore, we obtain that

Me—dp+d 7 (MANGN[) < XNg(Mat f,9) - (4.1)

As the converse holds by a similar argument, we conclude that the identity holds in (4.1]).

To conclude, we prove that A\p(M 47 f, ) = Ag—a, (M y7 f, M47I14g). Let again S be defined
as in Lemma We know that genus(S) = n — dimKer(A). For any W with genus(W) >
dim Ker(A4), genus(W N S) > genus(W) — dim Ker(A). It is not difficult to check that

| fdx) f(Az)
A (M ,g) = inf su > inf su
k( arf g) genus(W)>k $E‘£[)/ g(a;) genus(W)>k IEWI%S g(.’L‘)
f(Az)

in u
genus(W')>k—da,W’'CS zc’ g(.fl?)
A
genus(W/)>k—da,W'NKer(A)=2 zeW’ JKer(A) (.T)
= No—dy (Mgt f, M y71l4g).

On the other hand, for any W realizing Ay_q, (M 47 f, M 4711 4g), there is an eigenvector in W,
and every nontrivial eigenvector lies in S. Fix such a subset W, consider a family of subsets
defined by {(WNS)*(rS)},>1, where rS is the sphere with radius r in the linear subspace Ker(A)
centered at the origin 0. It is easy to check that genus(WNS)*(rS) = genus(WNS)+genus(rS) >
k —da + da = k for sufficiently large . And one can verify that

) flAr) _ o fAn)
im sup =
T2+ b (WNS)*(rS) g9(z) cewns 9()

which implies Ay (M g7 f, 9) < Ap—a, (M7 f, M 47I14g). Consequently, the proof of Ap(M 47 f,9) =
Mo—dy (M7 fy M y7I14g) is completed and we can conclude. O

5 Legendre and Polarity transforms

In this section, we use the Legendre and the Polarity transform to provide nonlinear spectral
duality results for function pairs in CH;r with p > 1, and not just p = 1.

First, we recall the notion of the two transforms for general functions. The Legendre trans-
form of a function f : R™ — R is defined as

Lf(z):= Sup (z,y) — f(y) =inf{s e R: (z,9) < f(y) +s,Vy € R"},
.

and the Polarity transform of a function f : R™ — [0, +00) is defined as

Pf(z) = sup (z.y) —1

fw>o ) =inf{c €R: (z,y) < cf(y) +1,Vy €R"}.
y:f(y)>
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It should be noted that the polarity transform for functions was originally introduced by Rock-
afellar in his celebrated book [45, Chapter 15], and has been recently “rediscovered” and further
investigated in [1,2].

Similar to the norm-like dual, we now consider a modified version of the two transforms that
is better suited for the function family C’HI;Ir (R™). Precisely, we define the Legendre and the
Polarity transforms of a function f € CH};r (R™) respectively as

Lf(z):= sup (z,y)— fly) =inf{s € R: (w,y) < f(y) + s,y € (f1(0)"}
yLf=1(0)

Pra)= swp UL e e R () < cfy) + 1Yy € (I O) ).
yif-10)  f(y)

Just like the norm dual operator, we note that £f(z) = Lf(z — msx) and Pf(x) = Pf(x—
mrx), where P denotes the orthogonal projection onto Ker(f). We emphasize that, as for
the norm-like duality, we use these modified transforms instead of the standard ones because
Lf(z) = Pf(x) = +oo for x ¢ (Ker f)* and f € CH,f (R™). Nonetheless, it is quite surprising
that several of the results of the main theorems in this paper still hold in a certain sense if
we use the standard concepts of infimal postcomposition, norm dual, Legendre transform and
Polarity transform, instead of our modified versions. For the sake of clarity, we postpone this
observation to the discussion in Section [6l

The next two theorems, Theorems[5.1]and [5.2] show spectral invariance under the two duality
transforms for pairs of convex p-homogeneous functions f € CHI;Ir (R™) and g € C’H;r (R™),
with p,q > 1. Then, in Theorem we will present our main result of this section, which
corresponds to the Legendre and polarity transforms’ version of the norm-like duality in Theorem
and Corollary from the previous section. In particular, Theorem fully characterizes
the spectral duality equivalence under the action of £, P, I14 and My, for a function pair
fe CHJ(R”) and g € C’H;(R”), with p,q > 1. Here, and in the rest of the section, for a p > 1
we let p* be its Holder conjugate exponent 1/p + 1/p* = 1.

Theorem 5.1. For any [ € C’H;‘(R”) and g € CH;(R”) with some p,q > 1, the nonzero
eigenvalues of (f,g) and (Lg,Lf) coincide up to a power factor. Precisely, for any eigenpair
(A, ) of (f,g) with X # 0 and g(x) # 0, and for any u € cone(df(x)) N Ag(x), (AW ~L u) is an
eigenpair of (Lg, Lf).

Proof. 1t is known that Jf is homogeneous of degree (p — 1), and dg is homogeneous of degree
(¢ — 1). Since (A, x) is an eigenpair of (f,g) with A # 0 and g(x) # 0, the inclusion relation
0 € 9f(x) — Adg(x) implies that 0 = (x,df(z)) — XMz, dg(z)) = pf(x) — Agg(x), where we have
applied Euler’s identity for the p-homogeneous convex function f and the g-homogeneous convex
function g to obtain that for any u € 9f(x),v € dg(x), (x,u) = pf(z) and (x,v) = qg(x). Thus,
f(x) > 0and X\ = pf(x)/qg9(x) > 0. Moreover, there exists u € dg(x) such that \u € df(x).
which implies v € cone(df(z)) N dg(x) # @. And for any u € cone(df(x)) N dg(x), there
exists v € df(x) and pu > 0 such that v = pv. If follows from (u,x) = qg(z) # 0 that u # 0
and hence p > 0. On the one hand, (Apv,z) = Au(v,z) = Aupf(x), and on the other hand,
(Auv,z) = (Au,x) = pf(x) # 0. Thus, A\p = 1 and v = Au € 9f(x). Consequently, by the
property of Legendre transform, x € 9Lg(u) and x € OLf(Mu) = A" ~1OLf(u). This implies

z € dLg(u) NN TLOLf(u) # @
which means that (\P"~!,u) is an eigenpair of (Lg, Lf). O
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Theorem 5.2. For f € CHS(R") and g € CH/ (R™), the nonzero eigenvalues of (f,g) and
(Pg,Pf) coincide up to a scaling factor. Precisely, for any eigenpair (X, z) of (f,g) with A\ # 0
and g(x) # 0, and for any u € cone(df(x)) N dg(x), (aX,u) is an eigenpair of (Pg,Pf), with

_ -1
o = ({1 Gy

Proof. Let (A, x) be an eigenpair of (f,g) with A # 0 and x # 0. It is easy to see that f(z) =0
< g(x) =0, and in this case, we have Pf(x) =0, Pg(z) =0, and 0 € 9P f(z) N IPg(x) which
implies 0 € OPg(x) — AOP f(x). Hence, (A, z) is also an eigenpair of (Pg,Pf). In fact, from
this proof, we obtain that if f~1(0) N g=!(0) # {0}, then the spectra of (f,g) and (Pg, Pf)
are R. Therefore, without loss of generality, we assume that f~1(0) N g=1(0) = {0}, g(z) = 1
and f(z) = g\/p # 0. Thus, there exists u € dg(z) such that Au € 0f(x). Clearly, u # 0. It
follows from the fact dg(z) C (¢71(0))+ = ((Pg)~1(0))* that Pg(u) # 0. Moreover, we have
(u,z) = qg(z) = ¢ by Euler’s identity, and (u,2’) — ¢ = (u, 2’ — z) < g(2') — g(x) = g(a’) — 1,
Vz' € R™ by the definition of the subgradient. So, (u,2’) < g(z') + ¢ — 1, and thus (u, Fllx'> <
(¢ — 1)‘1_19(?113:’) + 1. Accordingly, Pg(u) = (¢ — 1)?7!, and for any v’ € R",

which implies that (¢ — 1)1z € 9Pg(u). We can similarly derive that P f(u) = %(@)p_l

and (g)pr(p — 1)~ 12 € 9P f(u). Therefore, (A(%)p*QEZ:BZ:,u) is an eigenpair of (Pg, Pf).
0

Remark 5.3. Although Artstein-Avidan and Rubinstein [2] introduce a polar subdifferential map
which possesses very nice properties for the polarity transform, it is still necessary to use the

usual subdifferential in Theorem [5.3,

We would like to point out that for any f € C’H;r (R™) with p > 1, the polar subdifferential
0°f and the usual subdifferential 0f satisfy

0O°f(x) = (p" — l)m, when x satisfies f(z) # 0.

f(z)
This property can be verified directly by [2, Corollary 3.4] and the basic properties of polarity
transform in Rockafellar’s celebrated book [45, Chapter 15].

Before presenting our main and final result of this section, we need a number of relevant
preliminary observations and results. First, we show in the next proposition that both Legendre
and polarity transforms are directly related to the norm-like transform of Section [3| Then, in
Proposition we show how the eigenpairs of (f,g) change when f and g are raised to some
power. These two results will allow us to work on the spectral duality for Legendre and polarity
transforms for p-homogeneous convex functions by means of the results previously shown for the
case of norm-like duality for one-homogeneous convex functions.
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Proposition 5.4. Given p > 1 and r > 1/p, for any nonnegative p-homogeneous function f, f
is convex if and only if f" is convex. And, if f is nonnegative p-homogeneous and convex with
p > 1, then

1Pt

PP and Pf = @‘p,,Wfi)p. (5.1)

If f, € CH;L(R") with p > 1 and {fp} Gamma-converges to f as p tends to 1, then we have

Lf =

Nf = lim (LF,)7 = lm (Pf,)7 = lim PJ,

p—1t p—1t
Proof. The first argument is equivalent to the statement that for any nonnegative one-homogeneous
function f, and p > 1, f is convex < fP is convex. To show this property, first note that the
direction that the convexity of f implies the convexity of f? is easy since ¢ — tP is increasing

and convex for ¢ € [0,00). We now show that the convexity of fP implies the convexity of f.
For any z,y with f(z), f(y) > 0, letting C' = tf(x) + (1 —t) f(y), we have

fPte + (1 - t)y) 1-0)f(y) v

o ICoimt T fw)
@), r o -0 .,
< pe o+ B
@) -0
=

which yields f(tx+ (1 —1t)y) < C. As the case of f(z)f(y) = 0 is straightforward, we obtain the
convexity of f. The equalities shown in (5.1]) are presented in [45, Chapter 15]. As for the final

statement, note that if f, Gamma-converges to f, then f;/ P also Gamma-converges to f. And
then, by the property of Gamma-convergence and uniform coercivity of f,, N fpl/ P(x) converges
N f as p tends to 1. Thus, by (5.1)),

1
F

eyt = (Tt )” = PN o

and . o
1 — 1)1 IAY: 11
Py = (P ey ) = gy o v
as p tends to 1. Clearly, Pf, = Nf,p — 1. O

Proposition 5.5. For A # 0, (\,x) is an eigenpair of (f,g) if and only if (%)\ x) is

an eigenpair of (afP,bg?). Moreover, the eigenpairs of (f,g) and (afP,bg?) have a completely
equivalent one-to-one correspondence.

Proof. If (u,x) is an eigenpair of (afP,bg?) where p # 0, then f(x) > 0 and g(z) > 0, and
0 € daf?(z) — pdby(x) = apf~" (x)df (x) — ubgg?™* (x)dg()

—apfP (2 T _ ibag®H(x) r
— (o) (01(a) - 1 oy
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which implies that % is an eigenvalue of (f, g). Conversely, it is easy to see that if (A, z)

is an eigenpair of (f,g) with A # 0, then (%A,x) is an eigenpair of (af?,bg?).
In addition, it is clear that (0, ) is an eigenpair of (f, g) if and only if (0, ) is an eigenpair
of (afP, bg?). O

Finally, we point out that we need to be careful with the case p # ¢ when dealing with
multiplicities and variational eigenvalues. In that case, in fact, r = f/g is not scale-invariant
and the eigenvalues of (f, g) and their multiplicities have degenerate properties. Precisely,

Lemma 5.6. Given f € CH];F(]R") and g € CH;(R”) with p,q > 1, for any A > 0 and t > 0,
there holds x € S\(f,g) if and only if tx € Sp—a)(f,g). Moreover, if p # q, f and g are even,
and (f,g) has a nonzero eigenvalue, then the function A — multy 4(X\) is constant on (0,400).

Proof. By t > 0, the definition of the eigenspace Sy, and the homogeneity of 0f and dg, we have

z € S\(f,g) = 0 € df(x) — Ng(x) <= 0 c tP7Lof(x) — MP1dg(x)
< 0 € df(tx) — MP™90g(tz) <= tx € Spw-ar(f,9).

If p # q and (f, g) has a positive eigenvalue A > 0, then for any ¢ > 0, *~%)\ is also an eigenvalue
of (f,g), that is, all positive numbers are eigenvalues of (f, g). Note that for any ¢ > 0, the map
¢ : R™ — R™ defined by ¢(z) = tx is an odd homeomorphism. Then, for any A > 0, it follows
from ¢ (S\(f,9)) = Sp-ar(f,g) and the homeomorphism-invariance of Krasnoselskii genus that

mult s, (A) = genus(Sx(f,9)) = genus(Sp—ax(f,9)) = mults,(FF~IN).

By the arbitrariness of A > 0 and ¢ > 0, the multiplicity function mult () is independent of
A>0. O

Thus, when p # ¢, the (variational) eigenvalues of (f,g) change when the corresponding
eigenvector is scaled, and their multiplicities are constant. To overcome this issue and have a
meaningful definition of variational eigenvalues also for the p # ¢ case, it is useful to restrict the
variational eigenvalues to suitable centrally symmetric convex surfaces. In particular, we note
that for p = ¢ we have f(z)/g(z) = f(z/g(x)"/?) and g(z/g(x)'/?) = 1 for all z # 0. Thus, we

can recast (2.2)) as

Me(f,g) =  inf sup r(z) =  inf sup f(x 5.2
w(7,9) genus(S)>k geS (=) genus(S)>k zeg i) (5:2)
Scg=i(1) Scg™t(1)

i.e., for p = g the k-th variational eigenvalue equals the k-th min-max critical value of f restricted
to the centrally symmetric convex hypersurface g=1(1).

By constraining the eigenvalues to g~!(1), the next theorem provides the Legendre and
polarity transforms’ version of Theorem [4.1]and Corollary[4.2] i.e., it presents the overall spectral
duality equivalence between Frenchel duality, polarity transform, and linear transformations.

Before going into details, it is useful to first consider in what sense we can claim that two
eigenproblems are equivalent. Strictly speaking, given

firg € |J CHS(RY), j=1,2,
p=1

the eigenproblems of the function pairs (f1, 1) and (f2, g2) are “essentially equivalent” if they
have the following properties: There exist factors a,b > 0 such that
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1. for any A > 0, A is an eigenvalue of (f1,g1) <= a)’ is an eigenpair of (fa, g2);

2. the multiplicity of A associated to (fi,g1) equals the multiplicity of a\’ associated to
(f27 gQ)a
b . .
3. )‘nl—j(fQﬂgQ) = a’()‘nE—j(flagl>) for any j =0,1,--- 7m1n{n1a TLQ} -1

Theorem 5.7. For any f € CHS(R™), g € CHS (R"), and any linear map A : R" — R™, the
eigenproblems of the following nine function pairs are essentially equivalent:

o (M7 f,q), where Myt f is defined as the composition of f and the linear map A, that is,
My f(z) = f(Az), see Subsection[3.]]

(f,1Lag), where W ag is defined by Tlag(x) = infyc g1 (x,2) 9(TaT) and 74 is the orthogonal

projection onto the orthogonal complement of Ker AT introduced in Subsection

LI1ag, Lf), where LI g indicates the Legendre dual of Il4g

Pllag, Pf), where PIlag indicates the polarity dual of I1ag

Lyg, LM 47 f), where LM 47 f denotes the Legendre dual of M 4 f

Pg, PM 47 f), where PM 47 f denotes the polarity dual of Myt f
[ ]

Myt fyM47T14g), where M 47I1ag denotes the composition of Il4g and A

(
(
(
(
(LM 71l qg, LM 47 f), where LM 471149 is the Legendre dual of M 471149
o (PMyt1lag, PMyf), where PM y11lag is the polarity dual of M 471149

Proof. Note that “essential equivalence” is an equivalence relation. The proof is then divided
into the following eight essential equivalences, displayed in the following diagram:

(LM pg7ITag, LM g7 ) == (M y7 fMy711ag) <= (PM 71149, PM 47 f)

Iﬂ

(Lg, LM 7 [) = My [, 9) ———= (Pg, PMy7 f)

Iﬂ

([’HAQ7 ‘Cf) (fv HAg) (PHAQ, Pf)

where the notation (f,g) <= (f’,¢’) indicates that the eigenproblems of (f,g) and (f',¢’) are
essentially equivalent, as per the definition before Theorem
Theorems|[5.1]and [5.2]imply that the nonzero spectra of (f, g), (Lg, Lf) and (Pg, P f) coincide

~ 1 ~
up to some scaling or power factors. For any f € CH];r (R™), let f = fr. Then, f € CH;"(R")
and ((5.1)) in Proposition implies that

Lf=1LNf)P and Pf = a,(Nf)P

-1
where [, = =l and ap, = (p _;gp are constants. Then, by Proposition the eigenvalue

pp

problems of (f,g), (Lg,Lf) and (Pg,Pf) can be equivalently reduced to that of (f,§) and
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(N'§,Nf) up to some scaling factors. It follows from Theorem [4.1] that the spectra of (f,§) and
(NG, N f) coincide exactly, and hence the eigenvalue problems of (f,g), (Lg, Lf) and (Pg, Pf)
are strongly equivalent.

Moreover, according to Theorem and Corollary we have the following strong equiv-
alences regarding norm-like duality:

(Mt f, M yrT143) MI(NMATHA@ NMyrf)

ﬂ

(MAT f~7 g) norm-like dual (Ng,NMAT f~)
(fN, HAg) norm-like dual (NHA§7 Nf)

Therefore, by Propositions [5.4] and the strong equivalences among the nine eigenvalue prob-
lems shown in the diagram in the statement are established. O

Remark 5.8. According to Proposition we can replace 114 by NMuN in Theorem if
we have the additional assumption that Ker A D f~1(0).

6 Spectral duality for standard duality transforms

While in many applications (see also next Section it is useful to consider eigenvalue
problems with function pairs that have a linear kernel and whose dual is not infinity, in the field
of convex analysis or convex geometry it is frequent to use the standard version of the definitions
of duality and infimal postcomposition II4 f (x) :== A f(x). Note that if we use the latter in
place of I14, we can for example remove the condition f~1(0) C Ker(A) in Proposition that
is, for any f € CH{ (R"), Vo € R", we have fIAf(:L‘) = NMANf($), where A denotes the
standard norm dual operator N f(z) = f*(z) = SUP f(4)) <1 (T Y)-

Let C’VH;‘ (R™) be the collection of all convex, positively p-homogeneous functions from R”
to [0, +oc]. Clearly, CH (R") G CVH; (R"). It is known that A" : CVH " (R") — CVH; (R")
and P : CVH, (R") — CVH; (R") are bijections, whereas £ : CVH} (R") — CVH(R") is a
bijection when p > 1. A straightforward modification of the proofs of Theorems and
(2] leads to the following results.

Theorem 6.1. For any nonconstant f,g € CVH; (R"), the nonzero eigenvalues of (f,g) and
(Ng,Nf) coincide. Precisely, for any eigenpair (A, x) of (f,g) with X # 0 and g(z) # 0,
Vu € cone(df(x)) Ncone(dg(z)), (A, u) is an eigenpair of (N'g, Nf). Moreover, if f and g are
even functions, then the variational eigenvalues of (f,g9) and (/Vg,./vf) as well as their
multiplicities coincide exactly.

Theorem 6.2. Given p,q > 1, for any functions f € CVH/S(R™) and g € CVH/}(R"), for
any eigenpair (A, x) of (f,g) with A # 0 and g(z) # 0, and for any u € cone(df(x)) N dg(x),
(A\P"~1 ) is an eigenpair of (Lg, Lf).

Theorem 6.3. For any functions f € CVH;(}R") and g € C’VH;(]R”), for any eigenpair (X, x)

of (f,g) with X # 0 and g(z) # 0, and for any u € cone(df(x)) N dg(x), ((g)p_QEZ:BZ:)\, u) s

an eigenpair of (Pg, Pf).
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7 Infinite dimensional setting

Even though the focus of this work is the real finite-dimensional case, we show in this section
that some of the main results presented can be directly extended to real infinite-dimensional
spaces. In fact, we believe it is possible to extend most of the results of this paper to the
infinite-dimensional case, but that would exceed the scope of this work and is left to future
developments.

Let X be a reflexive Banach space over R and X™* be its dual space, and let f, g : X — [0, +00)
be convex one-homogeneous functions in CH;' (X). We assume without loss of generality that
ker(f) = ker(g) = 0, which can always be achieved by replacing X with the quotient space
X/(ker(f) + ker(g)). For this setting, the following extension of Theorem (P1) holds

Theorem 7.1. The nonzero eigenvalues of (f,g) and (N'g,N f) coincide. Furthermore, for any
eigenpair (A, z) of (f,g) with X # 0, and for any u € cone(df(z)) N cone(dg(zx)), (A, u) is an
eigenpair of (Ng,Nf).

Proof. Since (A, z) is an eigenpair of (f,g) and A\ # 0, there exists u € dg(x) such that \u €

Of(x). Note that dg and Jf possess the zero-homogeneity, i.e., df(tx) = df(z) and dg(tz) =

dg(x), Vt > 0, Yz € X. Hence, without loss of generality, we may assume that the eigenpair

(A, z) further satisfies g(x) = 1. Then, it is easy to see (u,z) = g(x) = 1 and A = (\u,z) = f(z).
By definition of subgradient, for any y € X,

(u, ) = 1= (u,y) = (u,2) = (u,y — x) < g(y) —g(z) = g(y) — 1
which yields (u,y) < g(y), Vy € X. Thus, it can be checked that

Ng(u) = sup (u,y) = 1.
yeX:g(y)=1

Let J : X — X™* be the canonical map, i.e., for each z € X, (Jz,v) = (v, 2), Vv € X*. Then,
for any v € X*,

(Jr,v—u) = (v—u,z) = (v,2) — 1 < Ng(v) — 1 =Ng(v) — Ng(u)

which implies that Jz € ONg(u). For convenience, we identify Jx with x, and simply rewrite

z € ONg(u).
Repeating the above process for f, it follows from f({) =1 and Au € 0f(z) = 9f() that

§ € ONF(Ow) = ON f(u),

where we used the zero-homogeneity of df and ONf. Accordingly, € AON f(u). In conse-
quence, z € Ng(u) N AON f(u) meaning that (\,u) is an eigenpair of (N g, N'f).

Note that in the above proof, we only require u € dg(z) N %8 f(z). By the zero-homogeneity
of dg and Of, we can relax this condition to u € cone(dg(x)) N cone(df(x)). The proof is then
completed. ]

By a similar argument, following Theorem we can prove the following property for the
Legendre transform in the infinite-dimensional case. We omit the proof for brevity.
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Theorem 7.2. For any f € CHS(X) and g € CH}(X) with some p,q > 1, the nonzero
eigenvalues of (f,g) and (Lg,Lf) coincide up to a power factor. Precisely, for any eigenpair
(N, x) of (f,g) with X # 0 and g(x) # 0, and for any u € cone(df(x)) N dg(x), (A" ~1, u) is an
eigenpair of (Lg, Lf).

We point out that this infinite-dimensional setting yields quite a significant extension of
Proposition 1.8 in the recent work by Bungert and Korolev [10]. In fact, their result shows that
if f is a seminorm and g = || - || is the prescribed norm of a Banach space X, then the first
nontrivial eigenvalue of (f,g) coincides with that of (Mg, N f). With the help of such result,
Bungert and Korolev provide an excellent characterisation of the L> eigenvalue problem [10].
On the other hand, our Theorem above shows that, for the more general choice of functions
f,g € CH{ (X)), all the nontrivial eigenvalues of (f,g) coincide with that of (Mg, N'f), exactly.

8 Examples and applications

We devote this final section to discussing a number of problems where discrete nonlinear
eigenvalue problems and the nonlinear spectral duality properties developed in the previous
sections can be used in application settings from graph and hypergraph optimization and convex
geometry.

8.1 Nonlinear Laplacians on graphs

Let A € R™™ and consider the functions pair (||Az||q, ||z|]s), where || - ||o and || - ||; are
vector norms. Nonlinear eigenvalue problems for this type of convex one-homogeneous func-
tions are among the best studied problems in nonlinear spectral theory and arise in a broad
range of application settings, including inverse problems in imaging [11,21,28], graph clustering,
unsupervised and supervised learning [8,31,|38,50], community and core-periphery detection in
networks [17,/51,54], graph and hypergraph matching [43]. Note that these type of eigenvalue
problems are directly connected with generalized operator matrix norms, which coincide with
the largest (variational) eigenvalue A, (f,g) = max,-o ||Az||o/||2]ls =: || Alla.p-

Note that, if f = ||| and g = || - ||p, then this type of eigenvalue problem coincides
with the eigenvalue problem for the function pair (M 47 f,g). Based on this observation, in
this subsection, we review several example eigenvalue problems with a direct application to
combinatorial optimization problems on finite graphs and discuss what the various corresponding
dual forms are. In particular, we will show that several famous nonlinear graph eigenvalue
equations can be recast in various forms, which have the potential to unleash a variety of
new results both from the theoretical and computational points of view. In fact, established
algorithms for the solution of these eigenvalue problems, such as the inverse iteration [34,35], the
family of ratioDCA methods [31,54], or the continuous flow approaches [9,22], can be directly
transferred to their dual versions and may exhibit improved convergence properties. Moreover,
new relations between the graph structure and the nonlinear eigenpair may be shown, see also
[20]. Some of the graph theoretic results presented next are known and properly referenced;
others are new and are accompanied by proofs and additional details.

Before proceeding, we briefly recall some useful graph notation and terminology. A finite
undirected graph G = (V, E,w) is the pair of vertex (or node) set V' = {1,...,n} and edge
set £ C V x V, which we equip with a positive weight function £ > ij — w;; > 0. Any
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such graph is uniquely represented by the incidence matrix K = (key) € REXV which maps
any = € R into the vector with entries (Kz), = Y ou Keuty = Fwij(z; — x;), where e =
ij € E is the edge connecting nodes i and j. Note that the choice of the sign in (Kx), is
arbitrary but fixed. Different norms of Kz correspond to different energies on G. For example,
|Kzlli = > e wijlzi — 24| is the graph total variation, |Kz||3 = > ijer Wij(Ti — z;)? the
electric potential, || K|« = max;jcp wij|z; — ;| the graph node-wise variation.

8.1.1 (1,1)-Laplacian: Cheeger constant
Let G = (V, E,w) be a weighted graph and consider the nonlinear eigenvalue problem
0€0 ) wijlw — x| — A0 |ail. (8.1)
ijEE i€V

Note that, if A = K is the incidence matrix of G, then (8.1) coincides with the eigenvalue
problem for the functions pair (M 47 f,g), where f = || - || and g = || - |1 are the standard
I"-norms on R¥ and RV, respectively. Thus, by Corollary it follows that (8.1]) is equivalent

to the following alternative eigenvalue problems

0 dliellec =20 inf 9]l (8.2)
ijEE1j<iwijyij_ZijeE;j>iwijyijzﬂfi
0 L | |

comax| D wgyy— Y wiyy| Ayl (8.3)
jel:j<i igeE:j>1

0€d|lylli —Ad inf || (8.4)

r:Kr=y

O o

iyelr eV

which correspond to the eigenproblems of the pairs (Ng, NM 47 f), (MaNg,Nf), (f,114g) and
(M7 f, M 47I14g), respectively. All the above nonlinear eigenvalue problems have the same
nonzero eigenvalues (with the same corresponding multiplicities).

The eigenvalue problem is known as the 1-Laplacian eigenvalue problem on G. This
is one of the key objects of nonlinear spectral graph theory, and many useful properties of
the 1-Laplacian are known. For example, when the graph is connected, the smallest positive
eigenvalue of coincides with the Cheeger isoperimetric constant of G [8,/14]. Moreover,
when the graph is a tree, each variational eigenvalue of coincides with the k-th Cheeger
constant [18,/19,50]. Precisely, let

) vol(cut(V;))

hi(G) = disjoint subgltlsnvl,...,VkCV &‘?é(k vol(V;) (8.6)
where vol(V;) = [V;] and vol(cut(V;)) = }_,cv; p¢v; Wuv are the (weighted) volumes of V; and
its cut set, respectively. Then, if )\ is the k-th variational eigenvalue of the 1-Laplacian ,
it holds Ay = ho(G) and A\ = hi(G) for & > 2 if G is a tree. More in general, we have
Am < hi(G) < A for a generic graph G, where m is the largest number of nodal domains of any
eigenvector of A\g [50]. By Theorem and Corollary the same fundamental graph theoretic
properties hold for the variational eigenvalues of each of the nonlinear eigenvalue problems (8.2))—

5.
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8.1.2 (o0,00)-Laplacian: graph’s diameter

Suppose G = (V, E,w) is a weighted graph and consider the so-called co-Laplacian eigenvalue
problem:

0eo0 iilti — x| — A0 i 8.7
= {?é%( wij|z; — ;] max | 3] (8.7)
Let A = K = (ke;) be the incidence matrix of the graph, and let f := || - || and ¢ := | - ||oo

be the standard unweighted [°°-norms on R¥ and RV, respectively. Then, coincides with
the nonlinear eigenvalue problem 0 € 0;||A%||cc — A0||7||x, i-€., the eigenvalue problem for
the functions pair (M 47 f,g). By Corollary we obtain several new eigenvalue problems
equivalent to the graph co-Laplacian:

0ol -0 nt [yl (53)
0€dy ‘ > eite| = Ayl (8.9)
i€V ecE
0€dlylloc = A0 inf |[|z]lo (8.10)
v Kz=y

max; r; + min; z;
2

1H (8.11)

O€8g?g§wij]:viij|f)\8fo .
where 1 denotes the vector of all ones. We emphasize that the formulation in corresponds
to a form of 1-Laplacian eigenvalue problem on the dual graph, i.e., the eigenvalue problem for
the functions pair f(z) = | K y|1 and g(z) = ||y]|1.

When the graph is connected, the variational eigenvalues of are related to the graph
diameter. More precisely, define a ball B = B,.(v) C V centered in v € V and of radius
r = radius(B) as the set By(v) = {u € V : dist(u,v) < r} where dist is the shortest path
distance on G. Two such balls B = B,(v) and B’ = B,.(v') are disjoint if dist(v,v’) > r + 1’
With this notation, it holds

1
A < min max —————
k= disjoint balls Bi,...,ByCV 1<i<k radius(B;)
where Ay is the k-th variational eigenvalue of (8.7)). In particular, note that the smallest nonzero
variational eigenvalue coincides with 2/diam(G), where diam(G) := max; jey dist(4, j), and dist
represents the shortest path distance on G. More precisely, if G has k connected components,

G1,- -, Gy, then the smallest positive variational eigenvalue coincides with
. 2 2
min = .
i=1,- .k diam(G;) 'nllaxkdiam(Gi)
=1,

By Corollary all the above properties transfer directly to the nonlinear spectrum of any of

the eigenvalue problems (8.8)—(8.11])).

Remark 8.1. The cycle graph C,, is the only graph which is dual to itself, i.e., is such that
K = K. If we work on a cycle graph, the 1-Laplacian eigenvalue problem 18 equivalent to
the co-Laplacian eigenvalue problem , via the spectral duality equivalence shown in . In
particular, their k-th variational eigenvalues coincide, and they are bounded by the k-th Cheeger
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constant hi(G) which is consistent with the reciprocal of the largest radius of any ball in any set
of k pairwise disjoint balls inside the cycle graph.

It is interesting to note that in a Fuclidean space, a ball B of radius r satisfies v\?il(?BB)) ~ %,
where OB is the boundary of B and ~ denotes here that the two quantities are proportional.
As cut is the graph analogue of the boundary, an interesting open question is whether or not
hi(G) ~ ﬁ for a generic graph G, where ri,(G) denotes the largest radius of any ball in any
set of k pairwise disjoint balls in the graph.

8.1.3 (1, o0)-Laplacian: maxcut and mincut

Suppose that G = (V, E,w) is a weighted graph. Consider the eigenvalue problem for the
functions pair (M7 f, g) with f(x) = ||z|/1, 9(z) = ||z||cc and A = K, namely

0€0 > wilzi — x5 — A||z/loo - (8.12)

ijEE

By the spectral duality principle in Theorem and Corollary (8.12) is equivalent to

0€d|z]p — A0 inf llso (8.13)
j<i Wiglig =2 j>q Wiglij =T
0€d), ‘ D wigyis — Y wigyij| — Ayllo (8.14)
eV j<i G>i
0€dylli —A0 inf |lz/l (8.15)
r:Kx=y
0€0 wile; — —AaHx— maximierln”ilH . (8.16)
2 o0

ijEE

It is not difficulty to see that the smallest nonzero variational eigenvalue and the largest
variational eigenvalue of coincide with the mincut and the maxcut values of G, respectively
defined as

mincut(G) = min vol(cut(S)) and maxcut(G) = gléiﬁvol(cut(S)) .

We also remark that (a) maxcut(G) is actually equivalent to the largest eigenvalue for the
pair (|| Kz||p, [|2]|oc), for any 1 < p < oo; and (b) when w;; in is replaced by the modularity
weights mi; = did; /(3 f di) — wij, di = 3_; wij, the largest eigenvalue of corresponds
to the leading community in G, see Theorem 3.7 in [54]. Due to the nonlinear spectral duality
principle, the same properties hold for each of the nonlinear eigenvalue problems in f.
Moreover, the following relation holds for their k-th variational eigenvalue.

Theorem 8.2. Let )\ be the k-th variatonal eigenvalue of the eigenvalue problem (8.12). Then

A < min maxcut(G[Vi, -,V
k= Vi, , Vi form a partition of V ( [ b ’ k])

where maxcut(G[Vq,---,Vg]) := 2 max Y. wy,y; denotes the mazcut value of the
SC{l, .k} jes jev\S
graph G[Vq,--- ,Vi], formed by k wvertices corresponding to the k sets Vi,---, Vi, with edge
weights
wy; v, = Z Wab, Vi#E V.
aeV;,beV;
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Proof. For any partition (Vi,---, V) of V, denote by 1y; the indicator vector of V;. Then 1y,
.-+, 1y, are linearly independent. Thus genus(span(ly;,---,1y,)) = k and we have

> wijlzi — ]

e
MMy frg) < max B
xESpan(lVl,m 71Vk) ||':E||OO
> wy |t — ]
1<i<j<k
= maxk SIS m =2 max Z WV, V-

(t1,,tx) ERF\{0} Z:n?ax i Sc{1,-,k} ieSjeV\S

where the last equality is elementary. O

8.1.4 (oo, 1)-Laplacian: spherical packing

Let G = (V, E,w) be a weighted graph. Consider the eigenvalue problem for the functions
pair f(2) = |Kz]lo and g(z) = |z]1, namely

0 € Omaxw;j|lz; — ;] — A0||z||1 . (8.17)
ijeE

Then, by Theorem and Corollary (8.17)) is equivalent to

0 € 9)|z||oc — AD inf llyllx (8.18)
> D Wig¥ij =2 s WijYij =Ti,Vi
0 € Imax| Zwijyij - sz'jyz’j! — A0lylx (8.19)
1<t 1>
0€0||yllc — A0 inf ||z (8.20)
v:Kzx=y

max; r; + min; z;
2

1H (8.21)

0e amaxwij\xi — .Tj| — )\@HZE —
ijer 1

Moreover, the following result holds for the variational eigenvalue of all the above eigenvalue
problems.

Theorem 8.3. Let \; be the k-th variational eigenvalue of the eigenvalue equation (8.17)). It

holds 1
A < min max ———— (8.22)
disjoint balls By, ,B,CV 1<i<k size(B;)

where, for B = B,(v) we let size(B) =i _(r —i)[{u € V : dist(u,v) = i}|.

Proof. For a z € R™ and a ball B with radius r and centered at the vertex v define 2 € R™ by
(zB); = max{r — dist(v,i),0}. Then, for any k disjoint balls By,---, B, C V, 2P ... 2B are
linearly independent. Thus

genus(span(zP, - 2B¥)) >k
and we have

max_|z; — x|

A\ < max tifies
o zespan(zB1 - 2 Bk) ||:UH1

30



max ’:UZ-BS - ZL'st|
{i.j}eE 1
< max

= 1<eh EZam = 1<e%k size(B,)

where the second inequality follows from the fact that the 2% have disjoint support. By taking
the minimum over all possible disjoint balls we obtain (8.22]). O

Note that, as a consequence of the above theorem we obtain that the smallest eigenvalue is
at most the reciprocal of the size of the largest ball inscribed in the graph.

8.1.5 Hypergraph p-Laplacian

We now extend the concepts and considerations on p-Laplacians to general (oriented) hy-
pergraphs, which cover the entire range 1 < p < oo, that is, also includes the limiting cases
p = 1 and p = oo, which had been given special treatment above. While some aspects are
straightforward, some new phenomena and difficulties arise.

The first issue is the definition of the p-Laplacian, and in fact, several notions of p-Laplacians
on hypergraphs have been proposed and investigated in the literature. For instance, the hyper-
graph p-Laplacians introduced in [32] are related to the Lovasz extension. The corresponding
functionals for the p-Laplacians in [32] are of the form

x> E max [T, — Ty |,
v,v'Ee
eck

and they are non-smooth in general, even for p € (1, +00).

In this section, we consider the p-Laplacian on oriented hypergraphs as a natural combinato-
rial realization of a given incidence matrix K. That is, we think of a hypergraph H = (V, E) as
an incidence operator K linking the vertex set V' and the hyperedge set F, e.g. (for simplicity):

o V ={1,---,n} is the set of vertices
o £ ={ey, - ,en} is the set of hyperedges

e an incidence matrix K € {—1,0,1}¥*V (i.e., an incidence operator K : ExV — {—1,0,1})
induces an orientation on H, and it satisfies K., € {—1,1} iff v € e.

Example 8.4 (signed graphs). Suppose E C P(V) and |e| = 2, Ve € E. Let the signature
s : E — R be defined by s(e) = [[,ce Kew, Ve € E. Then we reconstruct the signed graph
(V,E,s) from the incidence matriz K.

Example 8.5 (simplicial complexes). Let Hy be a hypergraph with V = ¥, E = Y11 and
K, = sgn([7],0[c]) represents the relative signature of the incidence pair (o,7), V1 € X, 0 €
Yk+1. Then the orientation on the simplicial complex induces an orientation on the hypergraph
Hy, = (Xg, Big1)-

The incidence-style p-Laplacian on a hypergraph considered in this section is simply defined
as L, = KT¢,K, i.e,
Lyx = K (¢p(Kz))

where ¢, (y) := 0||y||, for any vector y. The eigenvalue problem is to find X and x such that

0 € Lyx — App(z).
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Given a hypergraph H = (V, E), for any v € V, let star(v) = {e € E : v € e} be its star
neighborhood.

The hypergraph H* = (E, V) is called the dual hypergraph of H, where V = {star(v) : v €
V'}. Moreover, we take K* := KT as the incidence matrix of H*, i.e., K:tar(v)’e = KIE =K,
YveV,VeeFE.

Clearly, the map v — star(v) induces an isomorphism between V and V.

Example 8.6. We can think of a graph G = (V, E) as a hypergraph. Then, the edge p-Laplacian
on G is actually defined to be the p-Laplacian on the dual hypergraph of G.

Now we are ready to state our main theorem on spectral duality for hypergraph p-Laplacians:

Theorem 8.7. Given a hypergraph H = (V, E) and its dual hypergraph H*, for anyp € (1,400),
we have
{/\% A is a positive eigenvalue of L, on H}
= {/\Pi* : X is a positive eigenvalue of Ly~ on H™}
where 1/p+ 1/p* = 1. In the case of p =1 (or p = 4+00), we simply have:
{nonzero eigenvalues of L1 on H} = {nonzero eigenvalues of Lo, on H*}.
Moreover, the corresponding multiplicities coincide exactly.
Suppose |V| =n and |E| =m. Then, fori=0,1,--- ;min{n,m} —1, and 1 < p < +o0,
- =
)‘ﬁ—i(LP(H)) = /\ﬁz—i(Lp* (H")),
An—i(L1(H)) = Ap—i(Loo(H)) and Ay—i(Loo(H)) = App—i(L1(H™)).

For convenience, we call )\% a normalized eigenvalue of the p-Laplacian L, if A is an eigenvalue
of Ly, where 1 < p < co. And the eigenvalues of the infinite Laplacian L., are also called the
normalized eigenvalues of Lo,. Hence, the normalized eigenvalues of L1 (resp., L) agree with
the eigenvalues of Lj (resp., Lo). Theorem indeed shows that the nonzero normalized
eigenvalues of L, on H coincide with the nonzero normalized eigenvalues of Ly« on H*.

Next, we discuss several consequences and applications of Theorem

Applying the above spectral duality theorem (i.e., Theorem to the edge p-Laplacian (see
Example , we have that for 1 < p < +oo,

1 1
{A? : X is a positive eigenvalue of L,} = {\?* : X is a positive eigenvalue of Lﬁ},

and
1

1 1
A (Lyp) = Aﬁ;_i(Lgk), i=0,1,--- ,min{n,m} — 1,

)

in which Lg* indicates the edge p*-Laplacian. For the degenerate cases p =1 and p = +o0,
speciO(Lf) = speciO(Loo) and speciO(LoEo) = specﬂ)(Ll)

where Spec;,éO(T) stands for the nonzero spectrum of a given operator 7.
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P5-

Figure 1: Top: A cycle graph on n = 6 nodes is dual to itself. Bottom: P, and Pﬁl path
graphs for n = 6, with e representing interior vertices and o denoting boundary vertices.

Based on Example the incidence-style p-Laplacians on Hj and on its dual H; can
be directly used to define the k-th up p-Laplacian and the (k + 1)-th down p-Laplacian on a
simplicial complex Y. It is then easy to get a nonlinear extension of the identity relating the
nonzero spectra of up- and down- Laplacians on 3, and for simplicity, we omit the specific
formulation.

Clearly, Theorem [8.7] can be viewed as a new tool for computing the spectrum of some
particular graphs. For example, a cycle graph is dual to itself (see Figure . Thus, one obtains
that for 1 < p < +o0, it holds

1
{)\% : XA € spec(Ly)} = {/\PL* shespec(Lp )}, AP(Lp) = A, (Lp), k=1,--- ,n.

Similarly, for path graphs, we can establish a precise relationship between the p-Laplacian
on path graphs (used in unsupervised learning) and the p*-Laplacian on path graphs under
homogeneous Dirichlet boundary condition (used in semi-supervised learning). Let P, be the
path graph on n vertices, and let P” | be the path graph with (n — 1) interior vertices and 2
boundary vertices (see Figure|l|). Then, we can see P, as a hypergraph, and there is a canonical
way to identify PP, with the dual hypergraph of P,. Hence, for any n > 2 and 1 < p < +o0,
we have

{AF £ X € spec(Ly(Pa)) \ {0}) = (A7 : A € spee(Ly (P21))},

1
=

1
N (Lp(Po) = N (L (P2)), k=2, ,m,

spec(L1(Pa)) \ {0} = spec(Log(Py1)), spec(Loo(Pn)) \ {0} = spec(L1(Py” 1))

and for k =2,--- ,n,
Me(L1(Pn)) = Ak-1(Loo (P 1)) and Ag(Loo(Pa)) = Ak-1(L1(Py ),

where spec(T") denotes the spectrum of a given operator 7.
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8.1.6 Hypergraphs and core-periphery detection

Consider a hypergraph H = (V, E,w) made by a set of vertices V' = {1,...,n}, hyperedges
E = {e1, -+ ,em} and the weight function w : E — R,;. Here, unlike the graph case, each
e € F contains an arbitrary number of nodes. The core-periphery detection problem consists of
identifying the optimal subdivision of V into a core set highly connected with the rest of H and
a periphery set, connected only (or mostly) to the core.

It is shown in [53] that this combinatorial problem on H boils down to the norm-constrained
optimization problem,

maXZweHx|qu st. |zll,=1. (8.23)
eckE

Clearly, if f(x) = Y cpwe|lzlellq and g(x) = ||z||p, the above problem coincides with the largest

eigenvalue of the nonlinear eigenvalue problem for the functions pair (f, g). Now, we shall write

down the dual eigenvalue problem, i.e., the eigenvalue problem for the function pair (Mg, N f).
For g we have Ng(z) = ||z||p+, where 1/p+1/p* = 1. As for f, note that

f@) = llzlellgs - - l2le llg) 10 5

where || - ||1., indicates the weighted I'-norm on R¥. Then, by Proposition we have

Nf(x)= __ inf (HyelHq*,..., Hyequ*) ' = inf maxLyqu*
D cen Ye=1 We, We,,, 0o 2oeepYe=z €EE  We
supp(ye)Ce supp(ye)Ce

where . denotes a vector in RV with the support in e.

Moreover, using Corollary we can obtain additional equivalent formulations. For e € F,
let A. : RV — RY be a matrix defined as (Aex); = x; if i € e and (Aex); = 0if i & e.
Clearly, |Aez|; = ||zlellq- Thus, we can write f as f = fo A, ie., f(z) = f(Az), where
f:R™ — [0,400) is the norm defined as

Fs-um) = lyillg - - lymllg) 1w

with y; € R and A : R" — R™ defined as Az = (A, z, ..., A.,,x). Thus, we immediately see
that

Nf(y17 ey Ym) = H(Hyl”q*/weu S Hym”q*/wem)uoo

for any vector (y1,...,ym) of dimension n x m. By Corollary the largest eigenvalue of the
dual eigenvalue problem (Ngo AT, Nf), i.e.,

. llyallq- Ymllg*
oe oy aluly o | (ke Joele)
i=1 el

w We,, o

coincides with the core-periphery eigenvalue problem (8.23)) for (f, g).

8.2 Distance between convex bodies

The Banach-Mazur distance is a key quantity in convex geometry and functional analysis,
which has led to noteworthy progress in both those areas, see e.g. [36]. Here, we focus on
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the Banach-Mazur distance in its multiplicative form between two centrally symmetric convex
bodies K and L, centered at the origin point 0 in R™. This distance is defined as

d(K,L)=1inf{r >1:3A € GL(R") s.t. L C AK C rL}, (8.24)

where GL(R™) is the general linear group. By translating our spectral duality properties into the
language of convex geometry we can immediately obtain properties about this distance between
convex bodies via the eigenvalue problem for function pairs.

For two convex bodies K and L containing the origin as an interior point, there exists some
scaling constant A > 0 such that the two convex surfaces K and AOL := {A\y : y € OL} are
tangent to each other at some point, where 0K and 0L are the boundary surfaces of the bodies
K and L, respectively. Here, we say that two convex surfaces are tangent at a if they have a
common supporting hyperplane at a. Let

ST(K,L) ={\>0:0K and AJL are tangent at some point} .

A first key observation is that ST (K, L) is a compact subset of (0, +00) and it coincides with
the set of all the nonzero eigenvalues of the function pair (|| - ||x,| - ||z), where || - ||k is the
Minkowski functional norm of K, i.e., the norm such that K = {x € R" : ||z||x < 1}. Also, it is
easy to see that ST(L, K) = {\™!: A € ST(K, L)}. For such a pair of convex bodies K and L,
we can still use to define their simple Banach-Mazur distance and use our spectral duality
to introduce new distances and observe new identities.

Preciesely, let Apax(K,L) = max{\ : A € ST(K,L)} and Apin(K,L) = min{\ : X €
ST(K,L)}. Corollary implies that ST(ATL*, K*) = ST(AK, L) for any n x n invertible
matrix A. Thus, we have the following new representation of the Banach-Mazur distance

. Amax(AK, L) . Amax(AK, L)
KoL) = e (AR D) — ac (AR D)

= min  Apax(AK, D) Amax(ATL*, K*)
AeSL(R™)
where SL(R™) indicates the special linear group, i.e., the set of matrices with determinants equal
to one.

From this formulation, we immediately obtain d(K, L) = d(K*, L*), which generalizes the
known equality for symmetric convex bodies to the nonsymmetric case. In fact, by Corollary
Amax(ATL*, K*) = Amax(AK, L) and Amin(ATL*, K*) = Amin(AK, L), and thus,

Amax (AT L*, K*) Amax (AK, L)
d L* K* — . f max b)) — . f max I — d K L )
(L% &%) ATEGLE™) Amin(ATLS, K*)  AcGLE™) Amin(AK, L) (5.L)

Using a similar argument, we can obtain a similar result for other distances. In particular,

consider the distance defined by

~

d(K,L):inf{rzhchKcTL}.
T

This distance is used for studying floating and illumination bodies [42], and is equivalent to the
Goldman-Iwahori metric introduced for Bruhat-Tits buildings [30]. We have

~ 1

d(K, L) = max{A\max (K, L), m} = max{Amax (K, L), Amax(L, K)}

~ ~

and from this new representation, we easily obtain the duality identity d(K*, L*) = d(K, L) via
Theorem [£.1] and the discussion above.
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