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Abstract

Nonlinear eigenvalue problems for pairs of homogeneous convex functions are a generaliza-
tion of standard matrix eigenvalue problems based on non-quadratic and non-differentiable
generalized Rayleigh quotients. These types of eigenproblems are encountered in diverse
fields, including graph mining, machine learning, and network science. By considering dif-
ferent notions of duality transforms from both classical and recent convex geometry theory,
in this work we show that one can move from the primal to the dual nonlinear eigenvalue
formulation maintaining the spectrum, the variational spectrum, as well as the corresponding
multiplicities unchanged. These nonlinear spectral duality properties can be used to trans-
form the original eigenvalue problem into various alternative and possibly more treatable
dual problems. We illustrate the use of nonlinear spectral duality in a variety of example
settings involving optimization problems on graphs, nonlinear Laplacians, and distances be-
tween convex bodies. For all these settings we obtain new characterizations and results.
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1 Introduction and motivation

A wide variety of nonlinear eigenvalue problems can be formulated as critical point conditions
for Rayleigh-type quotients r(x) = f(x)/g(x) involving two real-valued homogeneous functions
f and g. The homogeneity of f and g ensures that r is scale-invariant. Thus, one easily verifies
that the critical points of r are defined only up to scaling and correspond to a nonlinear notion
of eigenvectors, similar to the standard linear case, with eigenvalues given by the corresponding
critical values. For this reason, we call the critical values and critical points of the ratio r of
convex homogeneous functions f and g, the nonlinear spectrum of the function pair (f, g), and
refer to this concept as eigenvalue problem for a function pair.

One of the most celebrated examples of eigenvalue problem for a function pair is the p-
Laplacian eigenvalue problem. This nonlinear eigenvalue problem is related to the solution
of a nonlinear divergence-form PDE and has been extensively studied in the last few decades
[10,19,37,40,50] also due to its central role in imaging and machine learning [7,8,13,21,24,44,48].
Alongside the p-Laplacian, eigenvalue problems for function pairs appear in a range of settings,
including the study of operator norms for linear and multilinear forms [25,27,43]; the solution of
the Gross-Pitaevskii equation in quantum chemistry [12, 46, 55]; the identification and analysis
of relevant mesoscopic structures in complex networks, such as central nodes, communities and
core-periphery [6,33,51,52,54]; the optimization of polynomials and generalized polynomials on
the unit sphere [26,27,58].

A number of complications arise when moving from the classical linear eigenvalue problem
to the nonlinear one, starting from the fact that the number of eigenvalues and eigenvectors is
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no longer bounded by the space dimension. However, in most cases, one can use the Lusternik-
Schnirelmann theory combined with the Krasnoselski genus to define a sequence of variational
eigenvalues by means of a Courant-Fisher-like min-max characterization. This subset of varia-
tional eigenvalues has very useful properties in most application settings. However, unlike the
linear case, evaluating, computing, or approximating the variational eigenvalues is in general a
very challenging problem in the nonlinear case, which boils down to a nonsmooth optimization
problem for pairs of homogeneous convex functions.

Another fundamental property of linear eigenvalue problems that is much more difficult to
show and analyze in the nonlinear case is the spectral invariance under duality. For example, it
is well-known that for a real linear operator A : V →W , AA∗ and A∗A share the same (nonzero)
eigenvalues as well as their multiplicities. The two mappings AA∗ and A∗A are related by a
notion of duality inherited from the Rayleigh quotients that define their eigenvalues. In fact,
the eigenvalues of (A∗A)1/2 are critical values of ∥x∥A/∥x∥ while those of (AA∗)1/2 correspond
to the critical values of ∥x∥∗A/∥x∥, where ∥ · ∥A denotes the pseudo-norm ∥A · ∥, and ∥ · ∥∗A its
dual.

Duality is a fundamental concept in algebra, analysis, geometry, as well as mathematical
optimization, and computational mathematics. However, while duality is widely used to e.g.
connect critical equations of different optimization problems, the effects of duality transforma-
tions on the spectral properties associated with Rayleigh-like quotients of homogeneous functions
are not well understood and studied. In this paper, we focus on the family of function pairs
(f, g) that, on top of being homogeneous and convex, are nonnegative and thus have a linear
kernel. These properties are very common in a range of applications, as we will further detail
in Section 8.

For these types of functions, we define three duality transforms obtained by adapting three
fundamental notions of duality from convex geometry and convex analysis: the norm duality,
the Fenchel’s convex conjugate (i.e., Legendre transform) and the polarity transform (or P-
transform) [1,2,45]. Thus, we provide three main results showing that the variational spectrum
as well as its multiplicities are invariant under these duality transforms.

In particular, by applying our main results, Theorem 4.1 and Corollary 4.2, to the norms
case (i.e., the case f = ∥ ·∥α and g = ∥ ·∥β are generic norms), we obtain the following nontrivial
generalization of the fact that AA∗ and A∗A share the same nonzero spectrum:

Suppose (Xα, ∥ · ∥α) and (Xβ, ∥ · ∥β) are two normed spaces with dual norms ∥ · ∥∗α and ∥ · ∥∗β
respectively. Let A : Xβ → Xα be a linear map and let ∂ denote the subgradient operator.
Then, the nonzero eigenvalues of the two eigenproblems

0 ∈ ∂x∥Ax∥α − λ∂∥x∥β and 0 ∈ ∂y∥A∗y∥∗β − λ∂∥y∥∗α

coincide, and their multiplicities (resp., variational multiplicities) coincide as well. Moreover,
their eigenvectors are related as follows: if (λ, x) is a nontrivial eigenpair of the primal eigen-
problem 0 ∈ ∂x∥Ax∥α−λ∂∥x∥β, then any vector y ∈ ∂∥Ax∥α∩(A∗)−1

(
λ∂∥x∥β

)
is an eigenvector

of the dual eigenproblem 0 ∈ ∂y∥A∗y∥∗β − λ∂∥y∥∗α. Such a result is new even in the standard
differentiable lp-norm case and is shown to be optimal given the eigenvalues and their multiplic-
ities.

Our approach is mostly theoretical, but our results can help guide computational aspects. In
fact, they allow us to move from a given nonlinear eigenvalue problem to several new dual prob-
lems, which, depending on the particular setting, may result in a more treatable optimization
problem or may reveal useful properties that are difficult to observe and prove using the primal
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eigenvalue formulation. For example, if f = g are Lp-norms, convergence guarantees for the
fixed point iteration method to compute max f(x)/g(x) may be obtained using the dual pair,
while the same method may fail to converge for the primal problem [25]. Similarly, a variety
of established algorithms for nonlinear eigenproblems such as the inverse iterations [34,35], the
family of RatioDCA methods [31, 54], the MBO energy landscape and active set search meth-
ods for graph total variation [6, 17, 33], or the continuous gradient-flow approach [9, 22], can be
directly transferred to the dual eigenvalue equations. The resulting dual iteration or dual flow
can be used to solve the optimization of the primal eigenvalue problem and may behave better
in practice. Several more specific application settings where nonlinear spectral duality may be
used are illustrated in Section 8. Some of the example settings discussed there contain new
results we obtain as a consequence of our spectral duality theory.

Our main contributions are as follows:

• We develop a novel analytical framework solely based on convex and nonlinear analysis to
establish various dual formulations of nonlinear eigenvalue problems (see Theorems 4.1,
5.1, 5.2 and 5.7). In particular, application of our framework to the lp-norm case leads to
the new spectral duality of the graph p-Laplacian, which has been only partially studied
so far, see Subsections 8.1.1, 8.1.2, 8.1.3, and 8.1.4.

• Since the proofs for the linear case and the maximum eigenvalue in the nonlinear case
do not apply to our nonlinear spectrum case, we develop an approach to estimate the
Krasnoselskii genus of nonlinear eigenspaces in the nonsmooth case based on the Moreau-
Yosida approximation and the partitions of unity, see Lemmas 4.3, 4.4 and 4.5 and the
proof of Theorem 4.1.

• We fully characterize the relationship between the Krasnoselskii variational spectrum of a
generic function pair and its several dual formulations, including their ordering and mul-
tiplicities, see Theorem 4.1; these include new techniques to overcome significant mathe-
matical challenges in proving the nonlinear spectral invariance under duality, see Lemma
4.6.

• We highlight important consequences of the novel spectral duality invariance results to
spectral theory for graphs and hypergraphs. Most of the obtained results on graphs and
hypergraphs were not previously known, see Theorems 8.2 and 8.3.

Before entering the technical development, we briefly and somewhat informally state two
representative results, postponing more general and precise formulations to later sections.

Let A : Rn → Rm be a linear map, and let f : Rm → [0,+∞) and g : Rn → [0,+∞)
be positively one-homogeneous convex functions such that f(y) = 0 if and only if y = 0, and
g(x) = 0 if and only if x = 0. Consider the nonlinear eigenvalue problem

0 ∈ ∂f(Ax)− λ∂g(x), (1.1)

and its dual counterpart
0 ∈ ∂g∗(A⊤y)− λ∂f∗(y), (1.2)

where ∂ denotes the subdifferential (see Definition 2.1), and f∗, g∗ are the standard norm
duals of f and g (see Section 3). Our first main result asserts that the nonzero eigenvalues of
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(1.1) coincide exactly with the nonzero eigenvalues of (1.2). Full statements may be found in
Theorem 4.1 and Corollary 4.2.

Another key result is actually an application of the above theorem. Roughly speaking, we
prove that the nonzero normalized eigenvalues of p-Laplacian on a hypergraph coincide with
the nonzero normalized eigenvalues of p∗-Laplacian on the dual hypergraph, where p and p∗ are
Hölder conjugate, see Theorem 8.7.

The rest of the paper is structured as follows. In Section 2 we introduce the class of functions
of interest and the associated notions of spectrum and variational spectrum. In Section 3 we
introduce the notion of norm-like dual for the class of one-homogeneous functions of interest
and we review several preliminary properties for this duality operator, including the concept of
infimal postcomposition from convex analysis. In Section 4 we present our main results, showing
the spectral invariance for one-homogeneous functions under norm-like duality. In Section 5 we
then move on to the class of p-homogeneous functions, for p ≥ 1. We introduce the Legendre and
polarity duality mappings and we extend the nonlinear spectral duality theorem to these two
alternative notions of duality. While we focus our analysis on the case of functions and operators
acting on finite-dimensional real vector spaces, a number of our results transfer directly to the
infinite-dimensional setting. We devote a brief Section 7 to discuss this setting. Finally, in
Section 8 we illustrate a number of examples and problems from graph theory, network science,
and convex geometry, where the new spectral duality theory can be used to provide new insight,
including important applications to the spectral theory of (hyper-)graph p-Laplacians.

We emphasise that throughout the manuscript, we primarily work under homogeneity as-
sumptions. In particular, the norm duality operator inherently requires functions that are
one-homogeneous. By contrast, the Legendre dual and polarity dual are defined without any
homogeneity requirement. This suggests that some of the results developed here, especially
those based on Legendre or polarity duality, may potentially be extended to more general non-
homogeneous functions.

Such an extension, however, would necessitate overcoming substantial additional technical
difficulties arising from the loss of homogeneity. We therefore leave a systematic treatment of
the non-homogeneous case as an open direction for future research.

Acknowledgments. The authors are grateful to an anonymous referee for comments and
suggestions, which greatly helped us improve the quality of the presentation of our paper. Dong
Zhang is supported by grants from the National Natural Science Foundation of China (No.
12401443). FT is partially funded by the PRIN-MUR project MOLE (code 2022ZK5ME7) and
the PRIN-PNRR project FIN4GEO (code P2022BNB97).

2 Convex homogeneous functions and their spectrum

Consider two real-valued functions f, g : Rn → R and suppose they are differentiable. The
critical points and critical values of the ratio r(x) = f(x)/g(x), i.e. the pairs (λ, x∗) such that
∇r(x∗) = 0 and r(x∗) = λ, define what we call the (nonlinear) spectrum of the function pair
(f, g). This is because, ∇r(x∗) = 0 if and only if x∗ is such that

∇f(x∗) = λ∇g(x∗) .

This definition still makes sense without the differentiability assumption. In that case, we can
consider Clarke’s sub-differential ∂ to show that if 0 ∈ ∂r(x∗) then 0 ∈ ∂f(x∗) − λ∂g(x∗).
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However, the reverse implication is in general not true without assuming the functions to be
differentiable. Overall, we have

Definition 2.1. Given locally Lipschitz functions f, g : Rn → R, we call (λ, x) an eigenpair for
the function pair (f, g) if

0 ∈ ∂f(x)− λ∂g(x)

where ∂ denotes Clarke’s generalized derivative [15], defined as

∂f(x) :=
{
ξ ∈ Rn

∣∣∣ ⟨ξ, v⟩ ≤ lim
y→x,h↓0

f(y + hv)− f(y)
h

, ∀v ∈ Rn
}
.

If f is further assumed to be convex, then the following equivalent definition holds

∂f(x) = {ξ ∈ Rn | ⟨ξ, v⟩ ≤ f(x+ v)− f(x) , ∀v ∈ Rn} .

In the linear setting, eigenvectors are defined up to scale. The same fundamental property
holds when f and g are homogeneous functions. Recall that a function f : Rn → R is (posi-
tively) p-homogeneous if f(λx) = λpf(x) for all x ∈ Rn and all λ ∈ R, λ > 0. We call p the
homogeneity degree of f . For the special cases p = 1 and p = 0 we equivalently say that f
is one-homogeneous and scale-invariant, respectively. In particular, in this work, we will focus
on the class of homogeneous functions that are convex and have a linear kernel. This type of
function appears frequently in a large number of applications, some of which are discussed in
Sections 1 and 8. Precisely, we define

Definition 2.2. For p ≥ 1, let CH+
p (Rn) denote the collection of all positively p-homogeneous

functions f : Rn → R with the following properties:

1. f is convex and nonnegative, i.e. f(x) ≥ 0 for all x ∈ Rn;

2. Ker(f) is a linear subspace of Rn.

Here and in the following, we equivalently write Ker(f) and f−1(0) to denote the set {x :
f(x) = 0}, while we let f−1(y) = {x : f(x) = y} denote the preimage of f at a generic point y.

The following remark is a direct consequence of the definition above.

Remark 2.3. If f ∈ CH+
p (Rn), then f(x+ z) = f(x) for any z ∈ Ker(f) and x ∈ Rn.

Proof of Remark 2.3. Assume the contrary holds: f(x + z) > f(x) for some x ∈ Rn and z ∈
Ker(f). Fix such x and z, and let δ = f(x+ z)− f(x) > 0. By the convexity of f , for any t ≥ 0,
1

1+tf(x+ (1 + t)z) + t
1+tf(x) ≥ f(x+ z), which is equivalent to

f(x+ (1 + t)z) ≥ f(x+ z) + t(f(x+ z)− f(x)) = f(x+ z) + tδ. (2.1)

Since Ker(f) is a vector space, z ∈ Ker(f) implies (1 + t)z ∈ Ker(f). Then, it follows from
(1 + t)z ∈ Ker(f) and the convexity and p-homogeneity of f that

1

2
f(x) =

f(x) + f((1 + t)z)

2
≥ f

(
x+ (1 + t)z

2

)
=

1

2p
f(x+ (1 + t)z)

which yields 2p−1f(x) ≥ f(x+(1+ t)z). Together with (2.1), we obtain 2p−1f(x) ≥ f(x+z)+ tδ
for any t > 0, but it is impossible, because the right-hand-side tends to +∞ when we take
t→ +∞.
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In general, there can be infinitely many eigenvalues for a function pair, unless f and g are
quadratic, in which case the corresponding eigenpairs are standard linear eigenvalue problems.
One remarkable property of the spectrum of homogeneous function pairs is that when f and g
are homogeneous with the same homogeneity degree and g(Rn\0) ⊆ R\0, similarly to the linear
eigenvalue problem case, we can identify a set of n variational eigenvalues for the function pair
(f, g) via the Lusternik-Schnirelmann theory. In fact, in that case the ratio r(x) = f(x)/g(x) :
Rn \ 0 → R is scale-invariant and one has that 0 ∈ ∂r(x) implies that the pair (r(x), x) is an
eigenpair for (f, g). Hence, a set of n eigenvalues for (f, g) can be identified via the following
variational characterization:

λk = λk(f, g) = inf
genus(S)≥k
S⊂Rn\0

sup
x∈S

r(x), k = 1, · · · , n, (2.2)

where genus(S) denotes the Krasnoselski’s genus of the closed, symmetric set S (see e.g. [39,
Chapter 6] or [49, Page 94]), whose precise definition is recalled below.

Definition 2.4 (Krasnoselksii genus). Let A be the class of closed symmetric subsets of Rn,
A = {S ⊆ Rn : S closed, S = −S} . For any S ∈ A, let Ck(S) = {φ : S → Rk \
{0}, continuous, s.t. φ(x) = −φ(−x)}. The Krasnoselskii genus of S is the number defined as

genus(S) =


inf{k ∈ N : ∃φ ∈ Ck(S)};
∞, if there exists no such k;

0, if S = ∅.

We provide a sketch of the proof for (2.2). Suppose that the value λk defined by (2.2)
is not a critical value of r. Then, all the points in {x ∈ Sn−1 : r(x) = λk} are not critical
points, where Sn−1 is the standard unit sphere in Rn. Thus, we can use gradient flows to
construct a deformation that transforms the sublevel set {x ∈ Sn−1 : r(x) ≤ λk} to an origin-
symmetric compact subset S with genus(S) ≥ k and r(x) < λk, ∀x ∈ S. However, this leads to
a contradiction with the definition of λk. This is the core of the min-max principle in nonlinear
analysis [49].

This definition of variational eigenvalues (2.2) is a generalization of the Courant-Fisher min-
max characterization of the eigenvalues Ax = λBx of the pair of symmetric matrices (A,B).
In fact, the Krasnoselski genus is a homeomorphism-invariant generalization to symmetric sets
of the notion of dimension. In particular, genus(S) ≥ k for any linear subspace S ⊆ Rn of
dimension greater than k. Thus, Courant-Fisher’s characterization is retrieved from (2.2) when
S is any linear subspace, the genus is replaced by the dimension of S and (f, g) are the quadratic
functions f(x) = x⊤Ax and g(x) = x⊤Bx. In particular, note that λn(f, g) = maxx̸=0 r(x),
λ1(f, g) = minx r(x) and that, since f−1(0) is linear, the smallest nonzero eigenevalue of (f, g)
always coincides with the smallest nonzero variational eigenvalue, i.e.,

λdf+1(f, g) = min{λ eigenvalue of (f, g) : λ > 0}

where df = dim f−1(0).

Remark 2.5 (On the use of the Lusternik-Schnirelmann category index). The Krasnoselski’s
genus is arguably the most popular index function in the context of variational eigenvalues for
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nonlinear function pairs. However, when r is not even, this index cannot be used and other set
measures may be required. One possibility is to use the original Lusternik-Schnirelmann category
index cat(S) [3,16,23,41]. However, since Rn \{0} is homotopy equivalent to Sn−1 and r = f/g
is zero-homogeneous on Rn \ {0}, it follows from cat(Sn−1) = 2 that the original Lusternik-
Schnirelmann category can only characterize the minimum and maximum eigenvalues in general
(in contrast, genus(Sn−1) = n means that the genus can be used to characterize n variational
eigenvalues when r is even). To characterize more variational eigenvalues for r not even, we need
to add further assumptions on r. For example, if r : (Rn1\{0})×· · ·×(Rnm\{0})→ R is a locally
Lipschitz function which is zero-homogeneous on each component, that is, r(t1x

1, · · · , tmxm) =
r(x1, · · · , xm) for any ti > 0 and xi ∈ Rni, i = 1, · · · ,m, we may use the Lusternik-Schnirelmann
category to define m + 1 eigenvalues of (f, g), as (Rn1 \ {0}) × · · · × (Rnm \ {0}) is homotopy
equivalent to Sn1−1 × · · · × Snm−1 whose category is m+ 1. We emphasize that all the theorems
of this paper hold unchanged if genus is replaced by cat. We omit the required straightforward
adjustments to the corresponding proofs for the sake of brevity.

In the next sections, we will consider three notions of duality transforms for functions in
CH+

p (Rn): the norm duality, the Legendre transform and the polarity transform [1, 2]. To
ensure that the class of functions CH+

p (Rn) is closed under such transforms, we make a small
modification to these dual operations by composing them with the orthogonal projection onto
Ker(f)⊥, as we will detail later. If one wants to study classes of convex and homogeneous
functions where Ker(f) can be nonlinear and can take the value +∞, one should instead use
the standard versions of these dual operations. It is quite interesting that most of the results we
present in this paper still hold, in a certain sense, if we use the standard versions of the three
transforms, as we will briefly discuss in Section 6.

3 Norm-like duality

Any norm ∥ · ∥ on Rn is a convex, one-homogeneous, nonnegative function and admits a
duality transform by means of which one defines the dual norm ∥x∥∗ := sup{⟨y, x⟩ : ∥y∥ ≤ 1}.
The dual norm inherits many properties from the original norm ∥ · ∥ and moving from one
norm to the other can be of help in many applications. For a review of properties, we refer
to [5, 15, 45, 56, 57]. A similar dual operator N can be defined for general nonnegative one-
homogeneous convex functions in CH+

1 (Rn), as we discuss below. Our main result shows that the
considered norm-like duality transform preserves the eigenpairs of any nonnegative homogeneous
function pair in CH+

1 (Rn), as well as the corresponding multiplicities, and their variational
eigenvalues.

On CH+
1 (Rn), consider the dual operator N : CH+

1 (Rn)→ CH+
1 (Rn) defined by

N f(x) := sup
{
⟨y, x⟩ : f(y) ≤ 1 and y⊥Ker(f)

}
for any f ∈ CH+

1 (Rn). It is worth noting that one should be careful with the notation above,
as N f(x) denotes the dual of f at x, which implicitly depends on the variable x itself.

Note that this dual operator is essentially a composition of the “standard” norm dual operator

f∗(x) := sup{⟨y, x⟩ : f(y) ≤ 1} = sup
y ̸=0

⟨y, x⟩
f(y)
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and a projection onto the orthogonal complement of Ker(f). In other words, if πf denotes the
orthogonal projection onto Ker(f), then it holds

N f(x) = f∗(x− πfx) . (3.1)

A short proof of (3.1) is as follows. By definition, N f(x) equals

sup
f(y)≤1,y⊥Ker(f)

⟨y, x⟩ = sup
f(y)≤1,y⊥Ker(f)

⟨y, x− πfx⟩ = sup
f(w)≤1

⟨w, x− πfx⟩

and the right hand side is nothing but f∗(x− πfx), where the first equality displayed above is
due to ⟨y, πfx⟩ = 0 for any y⊥Ker(f), and the second equality displayed above is due to that
by taking y = w − πfw there hold f(y) = f(w) and y⊥Ker(f).

We use the “modified” norm dual N f instead of the standard norm dual f∗ because we want
to work on the function space CH+

1 (Rn) and we want CH+
1 (Rn) to be closed under the dual

operation. However, f∗(x) = +∞ for x ̸∈ (Ker f)⊥ and f ∈ CH+
1 (Rn).

A number of useful properties follow directly from the above definition of N , we discuss some
of them in the following.

Proposition 3.1. For any f ∈ CH+
1 (Rn) it holds Ker(f) = Ker(N f), NN f = f and, in

particular, N f ∈ CH+
1 (Rn).

Proof. Clearly, x ̸∈ f−1(0) if and only if there exists y⊥f−1(0) such that ⟨y, x⟩ > 0. This means
that f(x) > 0⇔ N f(x) > 0 for any given x, which implies f−1(0) = (N f)−1(0).

By (3.1), NN f(x) = N f∗(x − πfx) = f∗∗(x − πfx − πf (x − πfx)) = f∗∗(x − πfx) =
f(x − πfx) = f(x) for any x ∈ Rn, where we used the well-known identity f∗∗ = f . So,
NN f = f .

For any z ∈ (N f)−1(0) = f−1(0), Pz = z, and N f(x + z) = f∗(x + z − πf (x + z)) =
f∗(x− πfx) = N f(x). Therefore, N f ∈ CH+

1 (Rn).

Proposition 3.2. Let S ⊆ Rn be a bounded set and let conv(S) be its convex hull. Suppose 0
is in the relative interior of conv(S), and consider the support function fS(x) := supv∈S⟨x, v⟩.
Then

N fS(x) = inf
{∑

i

αi : fS

(∑
αivi − x

)
= 0 where αi ≥ 0, vi ∈ S

}
.

Proof. We rewrite fS as f for simplicity in the proof. Note that if f(y) ≤ 1 and v ∈ S, then
⟨y, v⟩ ≤ 1. Hence, N f(v) ≤ 1, ∀v ∈ S. Let

F = {f ′ ∈ CH+
1 (Rn) : f ′−1(0) = f−1(0) and f ′(v) ≤ 1, ∀v ∈ S}.

Then, by Proposition 3.1, we obtain N f ∈ F . For any f ′ ∈ F , it is clear that S ⊂ (f−1(0))⊥ =
(f ′−1(0))⊥ = (N f ′)−1(0)⊥, and thus

f(y) = sup
v∈S
⟨y, v⟩ ≤ sup

v⊥f ′−1(0):f ′(v)≤1

⟨y, v⟩ = N f ′(y)

which implies N f ≥ f ′. That is, N f is the largest function in F .
Consider the function f̃ : x 7→ inf{

∑
αi : f(

∑
αivi − x) = 0 for some αi ≥ 0, vi ∈ S}.

Clearly, f̃ ∈ CH+
1 (Rn), f̃(v) ≤ 1, ∀v ∈ S, and f̃−1(0) = f−1(0). That is, f̃ ∈ F .

8



For any f ′ ∈ F , f ′(x) ≤
∑
αif

′(vi) ≤
∑
αi whenever x −

∑
αivi ∈ f−1(0). Taking the

infimum, we get f ′(x) ≤ f̃(x). In consequence, we have proved that f̃ is also the largest
function in F . The proof of N f = f̃ is then completed.

Let fS be defined as in Proposition 3.2. Clearly one has fS(x) = supv∈conv(S)⟨x, v⟩, thus we
may assume without loss of generality that S is convex. In that case, if we assume S centrally
symmetric, then fS defines a semi-norm and

N fS(x) = inf
{∑

|αi| : x−
∑

αivi⊥span(S) where vi ∈ S
}
.

In addition, given a norm ∥ · ∥ and a subset S ⊂ {v : ∥v∥ = 1} with conv((−S) ∪ S) = {v :
∥v∥ ≤ 1}, we have ∥x∥ = inf {

∑
|αi| :

∑
αivi = x, vi ∈ S}. For example, we can take S as the

set of the extreme points of the unit ball {v : ∥v∥ ≤ 1}, and this implies the known identity
∥A∥l2→l2 = inf{

∑
|αi| : A =

∑
αiUi with Ui unitary}, for a square matrix A.

Finally, we remark that, given a norm ∥ · ∥ on Rn and a linear subspace X of Rn, the map
x 7→ inf{∥z∥ : z − x⊥X} defines a semi-norm on Rn. In other terms, [x] 7→ inf{∥y∥ : y − x ∈ X}
defines a norm on the quotient space Rn/X (we refer to Gromov’s norm for this basic construction
[29]).

3.1 Linear transformation of homogeneous functions

Given a matrix A ∈ Rm×n, i.e. a linear map from Rn to Rm, letMA : CH+
1 (Rn)→ CH+

1 (Rm)
be defined as

MAf(x) := f(A⊤x), ∀f ∈ CH+
1 (Rn), ∀x ∈ Rm

where A⊤ denotes the transpose of A. Let πA denote the orthogonal projection onto RanA.
As Rm = RanA⊕KerA⊤ we can uniquely define the operator ΠA : CH+

1 (Rn)→ CH+
1 (Rm) as

the composition of the so-called infimal postcomposition A ▷ f (see e.g. [4]) and the orthogonal
projection πA. Precisely, we set

ΠAf(x) := A ▷ f(πAx)

where
A ▷ f(x) = inf

y:Ay=x
f(y) .

We use this slightly modified version of the infimal postcomposition because A▷f(x) = +∞ for
x ̸∈ RanA.

Proposition 3.3. Given f ∈ CH+
1 (Rn), if Ker f ⊆ KerA, then ΠA = NMAN . In particular,

if f is positive (i.e. f(x) > 0 whenever x ̸= 0) then ΠA = NMAN holds for any matrix A.

Proof. Keeping the assumption f−1(0) ⊂ Ker(A) in mind, and by employing Sion’s min-max
theorem [47], we have

ΠAN f(x) = inf
y∈A−1(x)

sup
u⊥f−1(0):f(u)≤1

⟨y, u⟩ = sup
u⊥f−1(0):f(u)≤1

inf
y∈A−1(x)

⟨y, u⟩

= sup
u⊥Ker(A):f(u)≤1

⟨ŷ, u⟩ = sup
v:f(A⊤v)≤1

⟨ŷ, A⊤v⟩

= sup
v⊥Ker(A⊤):f(A⊤v)≤1

⟨Ay, v⟩ = sup
v⊥(f◦A⊤)−1(0):f(A⊤v)≤1

⟨x, v⟩ = NMAf(x)

9



where ŷ is any given vector in A−1(x). In the above equalities, we should note that the condition
f−1(0) ⊂ Ker(A) implies Ker(A⊤) = (f ◦ A⊤)−1(0). In fact, A⊤z = 0 ⇒ f(A⊤z) = 0 ⇒
AA⊤z = 0 ⇒ A⊤z = 0 which means A⊤z = 0 ⇔ f(A⊤z) = 0. Then, the second equality from
below is proved.

Replacing f by N f , we have ΠAf = ΠANN f = NMAN f .

Before moving on, we collect in the next remark an interesting geometric interpretation of
N ,MA and ΠA.

Remark 3.4. Considering a convex body K in Rn, it is well-known that the Minkowski func-
tional of K equals the support function of its dual convex body K◦. The dual operator transforms
the Minkowski functional of K to its support function, while ΠA maps the Minkowski functional
of K to the Minkowski functional of A(K)×Ker(A), andMA maps the support function of K
to the support function of A(K). If A is further assumed to be a projection, thenMA maps the
Minkowski functional of K to the Minkowski functional of K ∩ Ker(A)⊥, while ΠA transforms
the support function of K to the support function of K ∩Ker(A)⊥.

Note that, as a consequence of Proposition 3.3, if f ∈ CH+
1 (Rn) is positive, n = m and A is

an invertible matrix, we have NMAN f(x) = f(A−1x), and therefore, NMAN f(x) =MAf(x)
whenever A is an orthogonal matrix. Moreover, for a general f ∈ CH+

1 (Rn), we have the
identitiesMAN f = NΠAf and NMAf = ΠAN f . The equalityMAN f = NΠAf means that
“the section of the dual equals the dual of the projection”, which is a useful observation with
direct implications in convex geometry. On the other hand, the equality NMAf = ΠAN f
has a similar geometrical meaning, and it has an interesting additional consequence, which we
summarize in the following proposition.

Proposition 3.5. Let ∥ · ∥ be a monotonic norm on Rd, i.e., ∥(t1, · · · , td)∥ = ∥(|t1|, · · · , |td|)∥
for any (t1, · · · , td) ∈ Rd. Let gi ∈ CH+

1 (Rni) be positive-definite, and let Ai : Rn → Rni be a
linear map, i.e., Ai ∈ Rni×n, i = 1, · · · , d. Denote by ĝ(x) = ∥(g1(A1x), · · · , gd(Adx))∥. Then

N ĝ(x) = inf∑d
i=1 A

⊤
i xi=x

∥(N g1(x1), · · · ,N gd(xd))∥∗,

where ∥ · ∥∗ is the dual norm induced by ∥ · ∥.

Note that, by letting g1, · · · , gd be norms, we immediately obtain Theorem 6 in [25], which
has implications in the design of converging iterations for general matrix norm computations.

Proof. Let g̃(x1, · · · , xd) = ∥(g1(x1), · · · , gd(xd))∥, ∀(x1, · · · , xd) ∈ Rn1 × · · · × Rnd . Then,

∥(N g1(x1), · · · ,N gd(xd))∥ = sup
∥(t1,··· ,td)∥≤1

d∑
i=1

tiN gi(xi)

= sup
∥(|t1|,··· ,|td|)∥≤1

d∑
i=1

|ti| sup
gi(yi)≤1

⟨xi, yi⟩

= sup
∥(|t1|,··· ,|td|)∥≤1

d∑
i=1

sup
gi(yi)≤|ti|

⟨xi, yi⟩
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= sup
∥(|t1|,··· ,|td|)∥≤1

sup
gi(yi)≤|ti|,∀i

d∑
i=1

⟨xi, yi⟩

= sup
∥(g1(y1),··· ,gd(yd))∥≤1

d∑
i=1

⟨xi, yi⟩

= sup
g̃(y1,··· ,yd)≤1

⟨(x1, · · · , xd), (y1, · · · , yd)⟩

= N g̃(x1, · · · , xd).

Note that ĝ(x) = g̃(A⊤x), where A := [A⊤
1 , · · · , A⊤

d ] ∈ Rn×(n1+···+nd). The proof is then
completed by the identity N ĝ = NMAg̃ = ΠAN g̃.

4 Main results: spectral invariance for norm-like duality

We state here our main theorem showing that nonzero eigenvalues of function pairs, as well
as their multiplicities and their variational eigenvalues (2.2), are invariant under the norm-like
duality and suitable combinations ofMA and ΠA, for any matrix A. The relatively long proofs
of this theorem and its main corollary cover the entire section.

Throughout the remainder of this paper, the ‘eigenspace’ of λ with respect to the function
pair (f, g) is the set Sλ(f, g) defined by

Sλ(f, g) =
{
x : 0 ∈ ∂f(x)− λ∂g(x)

}
.

Note that when f and g are even functions, Sλ(f, g) is a symmetric set. In this case, we define
the multiplicity of the eigenvalue λ for (f, g) as

multf,g(λ) = genus
(
Sλ(f, g)

)
.

For a set S, let cone(S) = {λv : λ > 0, v ∈ S} denote the cone generated by S. The
following main spectral invariance theorem holds,

Theorem 4.1. Let f, g ∈ CH+
1 (Rn). Then

P1. The nonzero eigenvalues of (f, g) and (N g,N f) coincide. Moreover, for any eigenpair (λ, x)
of (f, g) with λ ̸= 0, and for any u ∈ cone(∂f(x)) ∩ cone(∂g(x)), (λ, u) is an eigenpair of
(N g,N f).

P2. If f and g are even functions, then multf,g(λ) = multNg,Nf (λ), for any nonzero eigenvalue
λ of (f, g).

P3. If f and g are even functions, then the variational eigenvalues of (f, g) and (N g,N f)
coincide exactly, up to reordering. Precisely, it holds

λk(f, g) = λk−df+dg(N g,N f), k = df − dfg + 1, · · · , n− dg

where dfg := dim f−1(0) ∩ g−1(0), df := dim f−1(0) and dg := dim g−1(0).

Moreover, combining the norm-like duality operator N withMA and ΠA for a matrix A, we
obtain the following main consequence of the theorem above.
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Corollary 4.2. Let f ∈ CH+
1 (Rm), g ∈ CH+

1 (Rn) and A ∈ Rn×m. Then, the nonzero eigenval-
ues of (MA⊤f, g), (N g,NMA⊤f), (MAN g,N f), (f,ΠAg) and (MA⊤f,MA⊤ΠAg) coincide.
Moreover, if f and g are even functions, then the multiplicities of the nonzero eigenvalues coin-
cide and the nonzero variational eigenvalues of all these function pairs coincide exactly, up to
reordering.

We subdivide the relatively long proof of the main results above into several separate parts,
as well as a number of smaller preliminary results that are of independent interest.

First, we prove that nonzero eigenvalues are preserved under N .

Proof of Theorem 4.1 point P1. For an eigenpair (λ, x) of (f, g) with λ ̸= 0 and x ̸= 0, it is
easy to see that f(x) = 0 ⇔ g(x) = 0, and in this case, we have N f(x) = 0, N g(x) = 0,
and 0 ∈ ∂N f(x) ∩ ∂N g(x) which implies 0 ∈ ∂N g(x) − λ∂N f(x). Hence, (λ, x) is also an
eigenpair of (N g,N f). In fact, from this proof, we obtain that if f−1(0) ∩ g−1(0) ̸= {0}, then
the spectra of (f, g) and (N g,N f) are R. Therefore, without loss of generality, we assume
that f−1(0) ∩ g−1(0) = {0}, g(x) = 1 and f(x) = λ ̸= 0. Thus, there exists u ∈ ∂g(x) such
that λu ∈ ∂f(x). Clearly, u ̸= 0. It follows from the fact ∂g(x) ⊂ (g−1(0))⊥ = ((N g)−1(0))⊥

that N g(u) ̸= 0. Moreover, we have ⟨u, x⟩ = g(x) = 1 by Euler’s identity for positively one-
homogeneous convex functions, and ⟨u, x′⟩− 1 = ⟨u, x′−x⟩ ≤ g(x′)− g(x) = g(x′)− 1, ∀x′ ∈ Rn

by the definition of the subgradient. Accordingly, N g(u) = 1, and for any u′ ∈ Rn, ⟨u′−u, x⟩ =
⟨u′, x⟩ − 1 ≤ N g(u′) − 1 = N g(u′) − N g(u), which implies that x ∈ ∂N g(u). By f(x/λ) = 1
and λu ∈ ∂f(x) = ∂f(x/λ), we similarly derive that x/λ ∈ ∂N f(λu) = ∂N f(u) according to
the zero-homogeneity of ∂f and ∂N f . As a consequence, 0 = x−λ ·x/λ ⊂ ∂N g(u)−λ∂N f(u),
i.e., (λ, u) is an eigenpair of (N g,N f). The converse also holds. And since ∂N f and ∂N g are
scaling invariant, we indeed obtain that ∀u ∈ cone(∂f(x)) ∩ cone(∂g(x)), (λ, u) is an eigenpair
of (N g,N f).

Then, we move on to studying their multiplicities. To this end, we first observe that the
genus of a compact set grows under the action of the subgradient of even functions. Here and
throughout, we say a function is C1-smooth if it has continuous gradient on Rn \ {0}.

Lemma 4.3. Let g ∈ CH+
1 (Rn) be an even function. Then, the Krasnoselskii genus of a compact

subset S is smaller than or equal to that of the subset ∂g(S) := ∪x∈S∂g(x).

Proof. The proof is based on the deformation nondecreasing property and the continuity of the
Krasnoselskii genus. We divide the proof into two steps:

Step 1. Suppose that g ∈ CH+
1 (Rn) is C1-smooth on Rn \ {0}. Since the vector field induced

by ∂g : Rn \ {0} → Rn \ {0} is continuous, for any compact subset S ⊂ Rn \ {0} with
genus(S) = k, the map x 7→ ∂g(x) is continuous and if g is even, then ∂g is odd, i.e.,
∂g(−x) = −∂g(x), ∀x ∈ Rn. Therefore, by the deformation nondecreasing property,
∂g(S) is a subset of Rn with genus(∂g(S)) ≥ k. That is, for a even, convex and smooth
function g, we have genus(∂g(S)) ≥ genus(S).

Step 2. Suppose that g is not C1-smooth on Rn \ {0}.
In this case, we take the Moreau-Yosida approximation of g, which is defined by

gα(x) = inf
y∈Rn

g(y) +
1

2α
∥y − x∥22, α > 0,
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where we use the l2-norm ∥ · ∥2. It is known that gα is C1-smooth and convex. In fact, for
sufficiently small ϵ > 0, the size of the ϵ-neighborhood of ∂g(S) equals genus(∂g(S)),
and for sufficiently small α, ∂gα(S) lies in the ϵ-neighborhood of ∂g(S). Therefore,
genus(∂g(S)) ≥ genus(∂gα(S)), which is larger than or equal to genus(S) by Step 1.

Next, we show that for smooth functions the subgradient maps the eigenspace of λ as an
eigenvalue of (f, g) into the eigenspace of λ as an eigenvalue of the dual pair (N g,N f).

Lemma 4.4. Let f, g ∈ CH+
1 (Rn) and let λ be an eigenvalue of (f, g). If g is differentiable on

Rn \ {0}, then ∂g(Sλ(f, g)) ⊂ Sλ(N g,N f). Similarly, if f is differentiable, then ∂f(Sλ(f, g)) ⊂
Sλ(N g,N f).

Proof. By point P1 of Theorem 4.1 we have that

∅ ̸=
⋃

x∈Sλ(f,g)

cone(∂f(x)) ∩ cone(∂g(x)) ⊂ Sλ(N g,N f)

for any eigenvalue λ of (f, g). If g is differentiable at any eigenvector x ∈ Sλ(f, g), then ∂g(x) ⊂
cone(∂f(x)) ∩ ∂g(x). Thus,

∂g(Sλ(f, g)) :=
⋃

x∈Sλ(f,g)

∂g(x) ⊂ Sλ(N g,N f).

The proof of ∂f(Sλ(f, g)) ⊂ Sλ(N g,N f) is similar.

Finally, we need the following two technical properties.

Lemma 4.5. Let f, g ∈ CH+
1 (Rn) and let λ be an eigenvalue of the function pair (f, g). It holds

1. The map x 7→ cone(∂f(x))∩ ∂g(x) is upper semi-continuous, i.e., ∀x, ∀ϵ > 0, there exists
δ > 0 such that for any y ∈ Bδ(x), cone(∂f(y)) ∩ ∂g(y) ⊂ Bϵ(cone(∂f(x)) ∩ ∂g(x)), where
Bϵ(S) is the ϵ-neighborhood of a subset S.

2. For any x ∈ Sλ(f, g), and for any ϵ > 0, there exists an even, C1-smooth function gx ∈
CH+

1 (Rn) with g−1
x (0) = g−1(0) and δ > 0 such that ∂gx(Bδ(x)) ⊂ Bϵ(cone(∂f(x))∩∂g(x)).

Proof. Point 1 follows directly from the upper semi-continuity of ∂f and ∂g. Let us discuss
point 2. We only need to deal with the case that g is positive-definite. For any v ∈ ∂g(x),
⟨x, v⟩ = g(x) > 0. Then, by a standard argument in linear algebra, there exists a positive-
definite matrix A such that Ax = v. Then, we take gx(y) =

√
⟨x,Ax⟩ · ⟨y,Ay⟩. It is clear that

gx is smooth, positive-definite and convex and one-homogeneous. And it is not difficult to check
that ∂gx(x) = Ax = v. Now, suppose that the vector v lies in cone(∂f(x)) ∩ ∂g(x). By the
above discussion, we immediately obtain that ∀ϵ > 0, ∃δ > 0 such that ∂gx(Bδ(x)) ⊂ Bϵ(v) ⊂
Bϵ(cone(∂f(x)) ∩ ∂g(x)).

Proof of Theorem 4.1 point P2. From Lemmas 4.3 and 4.4 it is clear to see that genus(Sλ(f, g)) ≤
genus(Sλ(N g,N f)) if f or g is differentiable. Conversely, if N f or N g is differentiable, then
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genus(Sλ(f, g)) ≥ genus(Sλ(N g,N f)). Thus, we obtain that the multiplicity of λ as an eigen-
value of (f, g) coincides with the multiplicity of λ as an eigenvalue of (N g,N f). Next, we prove
that the same property holds without the differentiability condition.

Let Ŝλ(f, g) = Sλ(f, g)∩ {x : ∥x∥2 = 1} be the ‘unit sphere’ of the eigenspace corresponding
to λ. Then, the multiplicity of λ coincides with genus(Ŝλ(f, g)). Fix an ϵ > 0 such that

genus Bϵ

 ⋃
x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)

= genus

 ⋃
x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)

 .

Take ϵ′ < 1
2ϵ. Due to Lemma 4.5, we can consider a family of open sets {Bδx(x) : x ∈ Ŝλ(f, g)}

and the corresponding smooth function family {gx : x ∈ Ŝλ(f, g)} such that for any y ∈ B2δx(x),
we have cone(∂f(y)) ∩ ∂g(y) ⊂ Bϵ′(cone(∂f(x)) ∩ ∂g(x)) and ∂gx(B2δx(x)) ⊂ Bϵ′(cone(∂f(x)) ∩
∂g(x)), for a sufficiently small δx.

Since Ŝλ(f, g) is compact and {Bδx(x) : x ∈ Ŝλ(f, g)} induces an open cover of Ŝλ(f, g), we
can take a finite subfamily {Bδi(xi)} of {Bδx(x) : x ∈ Ŝλ(f, g)} such that the centers {xi} of these
open balls are distributed centrally symmetrically in Rn, and ∂gi(Bδi(xi)) ⊂ Bϵ′(cone(∂f(xi)) ∩
∂g(xi)), where we simply write gxi as gi. Then, there exist partitions of unity {ψi} subordinate
to the open cover {Bδi(xi)}, i.e., supp(ψi) ⊂ Bδi(xi), ψi ≥ 0,

∑
i ψi = 1 and ψi = ψi′ whenever

xi = −xi′ . For example, we can simply take

ψi(y) =
max{0, δi − ∥y − xi∥2}∑
j max{0, δj − ∥y − xj∥2}

, ∀y ∈ Rn.

Taking Ψ(x) =
∑

i ψi(x)∂gi(x), then Ψ is a continuous map.

Given x ∈ Ŝλ(f, g), let I(x) = {i : x ∈ Bδi(xi)} be the index set of x. Note that ψi(x) > 0 im-
plies x ∈ Bδi(xi), and thus it holds Ψ(x) =

∑
i∈I(x) ψi(x)∂gi(x) and ∂gi(x) ∈ Bϵ′(cone(∂f(xi))∩

∂g(xi)), whenever x ∈ Bδi(xi). Moreover, there exists a bijection τ : I(x) → I(−x) such that
xi = −xτ(i), which implies and ψi(x) = ψτ(i)(−x) and ∂gi(x) = −∂gτ(i)(−x). This implies that

Ψ(−x) =
∑

i∈I(−x)

ψi(−x)∂gi(−x) =
∑

i∈I(x)

ψτ(i)(−x)∂gτ(i)(−x)

=
∑

i∈I(x)

−ψi(x)∂gi(x) = −Ψ(x).

Let i(x) = argmax{δi : i ∈ I(x)}. Then, for any i ∈ I(x), xi ∈ Bδi(x) ⊂ Bδi(Bδi(x)(xi(x))) =
Bδi+δi(x)(xi(x)) ⊂ B2δi(x)(xi(x)). Thus, ∀i ∈ I(x), cone(∂f(xi)) ∩ ∂g(xi) ⊂ Bϵ′(cone(∂f(xi(x))) ∩
∂g(xi(x))). Therefore, ∂gi(x) ∈ B2ϵ′(cone(∂f(xi(x))) ∩ ∂g(xi(x))) for any i ∈ I(x). Consequently,
we have

Ψ(x) =
∑

i∈I(x)

ψi(x)∂gi(x) ∈ B2ϵ′(cone(∂f(xi(x))) ∩ ∂g(xi(x)))

⊂ Bϵ

 ⋃
x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)


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which implies that Ψ(Ŝλ(f, g)) ⊂ Bϵ

(
∪x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)
)
. Thus,

genus(Ŝλ(f, g)) ≤ genus(Ψ(Ŝλ(f, g)) ≤ genus Bϵ

 ⋃
x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)


= genus

 ⋃
x∈Ŝλ(f,g)

cone(∂f(x)) ∩ ∂g(x)


where the first inequality is due to the fact that Ψ is odd continuous, the second inequality
is based on the nondecreasing property of the genus, and the last equality follows from the
continuity of the genus.

In summary, we have proved that for any f, g ∈ CH+
1 (Rn) and any (λ, x) eigenpair of (f, g)

there always holds

genus
(
Sλ(N g,N f)

)
= genus

 ⋃
x∈Sλ(f,g)

cone(∂f(x)) ∩ ∂g(x)

 ≥ genus
(
Sλ(f, g)

)
.

The reverse inequality follows from replacing f with N f , g with N g and using Proposition
3.1.

Proof of Theorem 4.1 point P3. It is straightforward to verify that

0 = λ1(f, g) = · · · = λdf−dfg(f, g) < λdf−dfg+1(f, g) ≤ · · · ≤ λn−dg(f, g),

0 = λ1(N g,N f) = · · · = λdg−dfg(N g,N f) < λdg−dfg+1(N g,N f) ≤ · · · ≤ λn−df (N g,N f).

Without loss of generality, we may assume that f−1(0)∩g−1(0) = {0}, and in this case, we shall
prove that λk−df+dg(N g,N f) ≤ λk(f, g), k = df + 1, · · · , n − dg. For any subset S ⊂ g−1(1)
realizing λk(f, g) with genus(S) ≥ k, i.e., a set such that supx∈S f(x)/g(x) = λk(f, g), we have
λk(f, g) ≥ f(x)/g(x) = f(x), ∀x ∈ S. Let S be the unit sphere in the linear subspace g−1(0)
centered at the origin 0. Let W = ∂g(S) ∗ S be the geometric join of ∂g(S) and S, i.e., W =
{tu+(1−t)y : u ∈ ∂g(S), y ∈ S, 0 ≤ t ≤ 1}. Since ∂g(S) := ∪x∈S∂g(x) ⊂ (g−1(0))⊥ is orthogonal
to the sphere S in the linear subspace g−1(0), it holds genus(W ) = genus(∂g(S)) + genus(S).

For any y ∈ W ∩ (f−1(0))⊥, there exist 0 ≤ t ≤ 1, u ∈ ∂g(S) and −v ∈ (1 − t)S, such that
y = tu − v. And there exists x ∈ S such that u ∈ ∂g(x). Therefore, x ∈ ∂N g(u) = ∂N g(tu),
N g(tu) = tN g(u) = t and N g(v) = 0. Note that by the definition of subgradients, x ∈ ∂N g(tu)
implies N g(v)−N g(tu) ≥ ⟨v − tu, x⟩. Thus, we have

N f(tu− v) = sup
z⊥f−1(0)

⟨tu− v, z⟩
f(z)

= sup
z ̸=0

⟨tu− v, z⟩
f(z)

≥ ⟨tu− v, x⟩
f(x)

≥ N g(tu)−N g(v)
f(x)

=
t

f(x)
≥ t

λk(f, g)

and N g(tu − v) = N g(tu) = t. This implies that N g(tu − v)/N f(tu − v) ≤ λk(f, g). Hence
supy∈W N g(y)/N f(y) ≤ λk(f, g). Now, note that

genus(W ∩ (f−1(0))⊥) ≥ genus(∂g(S)) + genus(S)− dim f−1(0)
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≥ genus(S) + dim g−1(0)− dim f−1(0) ≥ k + dg − df

in which we used the claim genus(∂g(S)) ≥ genus(S). Thus, for k = df + 1, · · · , n − dg
we obtain λk+dg−df (N g,N f) ≤ λk(f, g). Analogously, for k′ = dg + 1, · · · , n − df , we have
λk′+df−dg(f, g) ≤ λk′(N g,N f). Substituting k′ = k + dg − df into the latter inequality, we
get λk(f, g) ≤ λk+dg−df (N g,N f), and therefore, we derive λk+dg−df (N g,N f) = λk(f, g),
k = df + 1, · · · , n− dg.

We now move on to the proof of Corollary 4.2. We need one more preliminary lemma.

Lemma 4.6. For g and A as in Corollary 4.2, define gKer(A)(x) = inf
x′∈x+Ker(A)

g(x′) =MA⊤ΠAg(x)

and let S = {x ∈ Rn : g(x) = gKer(A)(x)}. Then, x is an eigenvector corresponding to a nonzero
eigenvalue of (MA⊤f, g) only if x ∈ S.

Proof. If x ̸∈ S, we shall prove that ∂g(x) ∩ Ker(A)⊥ = ∅. Otherwise, there exists v ∈ ∂g(x)
such that v⊥Ker(A). Then taking y ∈ x + Ker(A) such that g(y) = inf

x′∈x+Ker(A)
g(x′), we have

0 > g(y) − g(x) ≥ ⟨v, y − x⟩ = 0 which leads to a contradiction. Thus, we have shown that
∂g(x) ∩ Ker(A)⊥ = ∅. On the other hand, ∂xf(Ax) = A⊤∂f(Ax) ⊂ Range(A⊤) = Ker(A)⊥.
This implies that, for any λ ̸= 0, ∂xf(Ax)∩λ∂g(x) ⊂ Ker(A)⊥∩λ∂g(x) = ∅, which means that
x is not an eigenvector of any nonzero eigenvalue of (MA⊤f, g). The proof is completed.

Proof of Corollary 4.2. We organize the proof as illustrated by the diagram below

(MA⊤f,MA⊤ΠAg) ks
? +3 (MA⊤f, g) ks

Thm 4.1 +3
KS

?
��

(N g,NMA⊤f)

(MAN g,N f) ks Thm 4.1 +3 (f,NMAN g)

Here, ‘⇔’ denotes ‘spectral equivalence’, i.e., the thesis holds for the two nonlinear eigenvalue
problems connected by ‘⇔’. Note that MA⊤f = f ◦ A ∈ CH+

1 (Rn) and g ∈ CH+
1 (Rn). Thus,

by Theorem 4.1, the thesis holds for (N g,NMA⊤f) and (MA⊤f, g). The same is true for
(MAN g,N f) and (f,NMAN g). In the remainder of the proof, we will show that the two
relations marked with a ‘?’ hold.

We first prove that the set of nonzero eigenvalues of (MA⊤f, g) coincides with the set of
nonzero eigenvalues of (MAN g,N f). For an eigenpair (λ, x) of (MA⊤f, g) with g(x) = 1, we
have 0 ∈ ∂xf(Ax) − λ∂g(x) = A⊤∂f(Ax) − λ∂g(x). Hence, there exists u ∈ ∂g(x) such that
λu = A⊤v for some v ∈ ∂f(Ax). Thus, Ax/λ ∈ ∂N f(v) and x ∈ ∂N g(u) = ∂N g(A⊤v/λ) =
∂N g(A⊤v). Therefore, Ax ∈ A∂N g(A⊤v) = ∂vN g(A⊤v) = ∂MAN g(v), which implies Ax ∈
∂MAN g(v)∩λ∂N f(v) and (λ, v) is an eigenpair of (MAN g,N f). Since (MA⊤NN f,NN g) =
(MA⊤f, g), the converse also holds. In summary, we have shown that

∅ ̸=
⋃

x∈Sλ(MA⊤f,g)

∂f(Ax) ∩ (A⊤)−1 (λ∂g(x)) ⊂ Sλ(MAN g,N f).

Together with Lemma 4.3, this shows that the multiplicity is also maintained.
Next, we show that (MA⊤f,MA⊤ΠAg) and (MA⊤f, g) have the same nonzero eigenvalues.

By the definitions of the operatorsMA⊤ and ΠA, we have

MA⊤ΠAg(x) = inf
y∈A−1(Ax)

g(y) = inf
z∈Ker(A)

g(x+ z).
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Let gKer(A) and S be as in Lemma 4.6. For any x ∈ S, we have ∂xf(Ax) = A⊤∂f(Ax) ⊂
Im(A⊤) = Ker(A)⊥ and thus

∂xf(Ax) ∩ λ∂xg(x) = A⊤∂f(Ax) ∩ λ∂g(x) = A⊤∂f(Ax) ∩Ker(A)⊥ ∩ λ∂g(x)
= ∂xf(Ax) ∩ λ∂gKer(A)(x)

where we used the fact ∂gKer(A)(x) = ∂g(x) ∩Ker(A)⊥. In addition, for any x,

∂xf(Ax) ∩ λ∂gKer(A)(x) = ∂xf(Axker) ∩ λ∂gKer(A)(xker) = ∂xf(Axker) ∩ λ∂g(xker)

where xker ∈ S ∩ (x+Ker(A)). Hence, together with Lemma 4.6 for λ ̸= 0, we further obtain

∂xf(Ax) ∩ λ∂xg(x) ̸= ∅ =⇒ ∂xf(Ax) ∩ λ∂gKer(A)(x) ̸= ∅

∂xf(Ax) ∩ λ∂gKer(A)(x) ̸= ∅ =⇒ ∂xf(Axker) ∩ λ∂g(xker) ̸= ∅

implying that λ is a nonzero eigenvalue of (MA⊤f, g) if and only if λ is a nonzero eigenvalue of
(MA⊤f,MA⊤ΠAg), with the same multiplicity.

Finally, we need to show that the variational eigenvalues are preserved. For any subset S ⊂
g−1(1) realizing λk(MA⊤f, g) with genus(S) ≥ k, we have λk(MA⊤f, g) ≥ f(Ax)/g(x) = f(Ax),
∀x ∈ S. Let S be the unit sphere in the linear subspace Ker(A⊤) centered at the origin 0. Let
ξ : Rn → Ker(A⊤)⊥ be a linear map induced by ξ(x) = (A⊤)−1(x)∩Ker(A⊤)⊥. Clearly, ξ is an
odd continuous map. Define the geometric join

W := ξ(∂g(S) ∩Ker(A)⊥) ∗ S.

For any y ∈W , there exist 0 ≤ t ≤ 1, u ∈ ξ(∂g(S) ∩Ker(A)⊥) and −v ∈ (1− t)S, such that
y = tu − v. Thus, A⊤u ∈ ∂g(S) ∩ Ker(A)⊥. So, there exists x ∈ S such that A⊤u ∈ ∂g(x).
Therefore, x ∈ ∂N g(A⊤u) = ∂N g(tA⊤u), N g(tA⊤u) = tN g(A⊤u) = t and N g(A⊤v) = 0.
Note that ⟨u,Ax⟩ = ⟨A⊤u, x⟩ = g(x) = 1, which implies x ̸∈ Ker(A). Again, by the definition of
subgradients, it follows from x ∈ ∂N g(tA⊤u) that N g(A⊤v) − N g(tA⊤u) ≥ ⟨A⊤v − tA⊤u, x⟩.
Then, we have

N f(tu− v) = sup
z ̸=0

⟨tu− v, z⟩
f(z)

≥ ⟨tu− v,Ax⟩
f(Ax)

=
⟨tA⊤u−A⊤v, x⟩

f(Ax)

≥ N g(tA
⊤u)−N g(A⊤v)

f(Ax)
=

t

f(Ax)
≥ t

λk(MA⊤f, g)

and N g(A⊤(tu− v)) = N g(tA⊤u) = t. Accordingly, we obtain

N g(A⊤(tu− v))
N f(tu− v)

≤ λk(MA⊤f, g)

and then

sup
y∈W

N g(A⊤y)

N f(y)
≤ λk(MA⊤f, g).

Let dA = dimKer(A) and dA⊤ = dimKer(A⊤). We estimate the Krasnoselskii genus of W as

genus(W ) = genus(ξ(∂g(S) ∩Ker(A)⊥)) + genus(S)
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≥ genus(∂g(S) ∩Ker(A)⊥) + dim Ker(A⊤)

≥ genus(∂g(S))− dim Ker(A) + dim Ker(A⊤)

≥ genus(S)− dA + dA⊤ ≥ k − dA + dA⊤

where the first equality uses the fact that ξ(∂g(S) ∩ Ker(A)⊥) ⊂ Ker(A⊤)⊥ and S is the unit
sphere of the linear subspace Ker(A⊤). Therefore, we obtain that

λk−dA+d
A⊤ (MAN g,N f) ≤ λk(MA⊤f, g) . (4.1)

As the converse holds by a similar argument, we conclude that the identity holds in (4.1).
To conclude, we prove that λk(MA⊤f, g) = λk−dA(MA⊤f,MA⊤ΠAg). Let again S be defined

as in Lemma 4.6. We know that genus(S) = n − dimKer(A). For any W with genus(W ) >
dimKer(A), genus(W ∩ S) ≥ genus(W )− dimKer(A). It is not difficult to check that

λk(MA⊤f, g) = inf
genus(W )≥k

sup
x∈W

f(Ax)

g(x)
≥ inf

genus(W )≥k
sup

x∈W∩S

f(Ax)

g(x)

= inf
genus(W ′)≥k−dA,W ′⊂S

sup
x∈W ′

f(Ax)

g(x)

= inf
genus(W ′)≥k−dA,W ′∩Ker(A)=∅

sup
x∈W ′

f(Ax)

gKer(A)(x)

= λk−dA(MA⊤f,MA⊤ΠAg).

On the other hand, for any W realizing λk−dA(MA⊤f,MA⊤ΠAg), there is an eigenvector in W ,
and every nontrivial eigenvector lies in S. Fix such a subset W , consider a family of subsets
defined by {(W∩S)∗(rS)}r>1, where rS is the sphere with radius r in the linear subspace Ker(A)
centered at the origin 0. It is easy to check that genus(W∩S)∗(rS) = genus(W∩S)+genus(rS) ≥
k − dA + dA = k for sufficiently large r. And one can verify that

lim
r→+∞

sup
x∈(W∩S)∗(rS)

f(Ax)

g(x)
= sup

x∈W∩S

f(Ax)

g(x)

which implies λk(MA⊤f, g) ≤ λk−dA(MA⊤f,MA⊤ΠAg). Consequently, the proof of λk(MA⊤f, g) =
λk−dA(MA⊤f,MA⊤ΠAg) is completed and we can conclude.

5 Legendre and Polarity transforms

In this section, we use the Legendre and the Polarity transform to provide nonlinear spectral
duality results for function pairs in CH+

p with p ≥ 1, and not just p = 1.
First, we recall the notion of the two transforms for general functions. The Legendre trans-

form of a function f : Rn → R is defined as

L̂f(x) := sup
y∈Rn
⟨x, y⟩ − f(y) = inf{s ∈ R : ⟨x, y⟩ ≤ f(y) + s, ∀y ∈ Rn},

and the Polarity transform of a function f : Rn → [0,+∞) is defined as

P̂f(x) := sup
y:f(y)>0

⟨x, y⟩ − 1

f(y)
= inf{c ∈ R : ⟨x, y⟩ ≤ cf(y) + 1,∀y ∈ Rn}.
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It should be noted that the polarity transform for functions was originally introduced by Rock-
afellar in his celebrated book [45, Chapter 15], and has been recently “rediscovered” and further
investigated in [1, 2].

Similar to the norm-like dual, we now consider a modified version of the two transforms that
is better suited for the function family CH+

p (Rn). Precisely, we define the Legendre and the
Polarity transforms of a function f ∈ CH+

p (Rn) respectively as

Lf(x) := sup
y⊥f−1(0)

⟨x, y⟩ − f(y) = inf{s ∈ R : ⟨x, y⟩ ≤ f(y) + s, ∀y ∈ (f−1(0))⊥}

Pf(x) := sup
y⊥f−1(0)

⟨x, y⟩ − 1

f(y)
= inf{c ∈ R : ⟨x, y⟩ ≤ cf(y) + 1,∀y ∈ (f−1(0))⊥}.

Just like the norm dual operator, we note that Lf(x) = L̂f(x− πfx) and Pf(x) = P̂f(x−
πfx), where P denotes the orthogonal projection onto Ker(f). We emphasize that, as for
the norm-like duality, we use these modified transforms instead of the standard ones because
L̂f(x) = P̂f(x) = +∞ for x ̸∈ (Ker f)⊥ and f ∈ CH+

p (Rn). Nonetheless, it is quite surprising
that several of the results of the main theorems in this paper still hold in a certain sense if
we use the standard concepts of infimal postcomposition, norm dual, Legendre transform and
Polarity transform, instead of our modified versions. For the sake of clarity, we postpone this
observation to the discussion in Section 6.

The next two theorems, Theorems 5.1 and 5.2, show spectral invariance under the two duality
transforms for pairs of convex p-homogeneous functions f ∈ CH+

p (Rn) and g ∈ CH+
q (Rn),

with p, q ≥ 1. Then, in Theorem 5.7 we will present our main result of this section, which
corresponds to the Legendre and polarity transforms’ version of the norm-like duality in Theorem
4.1 and Corollary 4.2 from the previous section. In particular, Theorem 5.7 fully characterizes
the spectral duality equivalence under the action of L, P, ΠA and MA, for a function pair
f ∈ CH+

p (Rn) and g ∈ CH+
q (Rn), with p, q ≥ 1. Here, and in the rest of the section, for a p > 1

we let p∗ be its Hölder conjugate exponent 1/p+ 1/p∗ = 1.

Theorem 5.1. For any f ∈ CH+
p (Rn) and g ∈ CH+

q (Rn) with some p, q > 1, the nonzero
eigenvalues of (f, g) and (Lg,Lf) coincide up to a power factor. Precisely, for any eigenpair
(λ, x) of (f, g) with λ ̸= 0 and g(x) ̸= 0, and for any u ∈ cone(∂f(x)) ∩ ∂g(x), (λp∗−1, u) is an
eigenpair of (Lg,Lf).

Proof. It is known that ∂f is homogeneous of degree (p− 1), and ∂g is homogeneous of degree
(q − 1). Since (λ, x) is an eigenpair of (f, g) with λ ̸= 0 and g(x) ̸= 0, the inclusion relation
0 ∈ ∂f(x)− λ∂g(x) implies that 0 = ⟨x, ∂f(x)⟩ − λ⟨x, ∂g(x)⟩ = pf(x)− λqg(x), where we have
applied Euler’s identity for the p-homogeneous convex function f and the q-homogeneous convex
function g to obtain that for any u ∈ ∂f(x), v ∈ ∂g(x), ⟨x, u⟩ = pf(x) and ⟨x, v⟩ = qg(x). Thus,
f(x) > 0 and λ = pf(x)/qg(x) > 0. Moreover, there exists u ∈ ∂g(x) such that λu ∈ ∂f(x).
which implies u ∈ cone(∂f(x)) ∩ ∂g(x) ̸= ∅. And for any u ∈ cone(∂f(x)) ∩ ∂g(x), there
exists v ∈ ∂f(x) and µ ≥ 0 such that u = µv. If follows from ⟨u, x⟩ = qg(x) ̸= 0 that u ̸= 0
and hence µ > 0. On the one hand, ⟨λµv, x⟩ = λµ⟨v, x⟩ = λµpf(x), and on the other hand,
⟨λµv, x⟩ = ⟨λu, x⟩ = pf(x) ̸= 0. Thus, λµ = 1 and v = λu ∈ ∂f(x). Consequently, by the
property of Legendre transform, x ∈ ∂Lg(u) and x ∈ ∂Lf(λu) = λp

∗−1∂Lf(u). This implies

x ∈ ∂Lg(u) ∩ λp∗−1∂Lf(u) ̸= ∅

which means that (λp
∗−1, u) is an eigenpair of (Lg,Lf).
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Theorem 5.2. For f ∈ CH+
p (Rn) and g ∈ CH+

q (Rn), the nonzero eigenvalues of (f, g) and
(Pg,Pf) coincide up to a scaling factor. Precisely, for any eigenpair (λ, x) of (f, g) with λ ̸= 0
and g(x) ̸= 0, and for any u ∈ cone(∂f(x)) ∩ ∂g(x), (αλ, u) is an eigenpair of (Pg,Pf), with
α = (pq )

p−2 (q−1)q−1

(p−1)p−1 .

Proof. Let (λ, x) be an eigenpair of (f, g) with λ ̸= 0 and x ̸= 0. It is easy to see that f(x) = 0
⇔ g(x) = 0, and in this case, we have Pf(x) = 0, Pg(x) = 0, and 0 ∈ ∂Pf(x) ∩ ∂Pg(x) which
implies 0 ∈ ∂Pg(x) − λ∂Pf(x). Hence, (λ, x) is also an eigenpair of (Pg,Pf). In fact, from
this proof, we obtain that if f−1(0) ∩ g−1(0) ̸= {0}, then the spectra of (f, g) and (Pg,Pf)
are R. Therefore, without loss of generality, we assume that f−1(0) ∩ g−1(0) = {0}, g(x) = 1
and f(x) = qλ/p ̸= 0. Thus, there exists u ∈ ∂g(x) such that λu ∈ ∂f(x). Clearly, u ̸= 0. It
follows from the fact ∂g(x) ⊂ (g−1(0))⊥ = ((Pg)−1(0))⊥ that Pg(u) ̸= 0. Moreover, we have
⟨u, x⟩ = qg(x) = q by Euler’s identity, and ⟨u, x′⟩ − q = ⟨u, x′ − x⟩ ≤ g(x′) − g(x) = g(x′) − 1,
∀x′ ∈ Rn by the definition of the subgradient. So, ⟨u, x′⟩ ≤ g(x′) + q − 1, and thus ⟨u, 1

q−1x
′⟩ ≤

(q − 1)q−1g( 1
q−1x

′) + 1. Accordingly, Pg(u) = (q − 1)q−1, and for any u′ ∈ Rn,

⟨u′ − u, (q − 1)q−1x⟩ = (q − 1)q⟨u′ − u, (q − 1)−1x⟩
= (q − 1)q(⟨u′, (q − 1)−1x⟩ − q(q − 1)−1)

≤ (q − 1)q(Pg(u′)g((q − 1)−1x) + 1− q(q − 1)−1)

= (q − 1)q((q − 1)−qPg(u′)− (q − 1)−1)

= Pg(u′)− (q − 1)q−1 = Pg(u′)− Pg(u)

which implies that (q − 1)q−1x ∈ ∂Pg(u). We can similarly derive that Pf(u) = 1
λ(

q(p−1))
p )p−1

and (pq )
2−p(p− 1)p−1 1

λx ∈ ∂Pf(u). Therefore, (λ(
p
q )

p−2 (q−1)q−1

(p−1)p−1 , u) is an eigenpair of (Pg,Pf).

Remark 5.3. Although Artstein-Avidan and Rubinstein [2] introduce a polar subdifferential map
which possesses very nice properties for the polarity transform, it is still necessary to use the
usual subdifferential in Theorem 5.2.

We would like to point out that for any f ∈ CH+
p (Rn) with p > 1, the polar subdifferential

∂◦f and the usual subdifferential ∂f satisfy

∂◦f(x) = (p∗ − 1)
∂f(x)

f(x)
, when x satisfies f(x) ̸= 0.

This property can be verified directly by [2, Corollary 3.4] and the basic properties of polarity
transform in Rockafellar’s celebrated book [45, Chapter 15].

Before presenting our main and final result of this section, we need a number of relevant
preliminary observations and results. First, we show in the next proposition that both Legendre
and polarity transforms are directly related to the norm-like transform of Section 3. Then, in
Proposition 5.5 we show how the eigenpairs of (f, g) change when f and g are raised to some
power. These two results will allow us to work on the spectral duality for Legendre and polarity
transforms for p-homogeneous convex functions by means of the results previously shown for the
case of norm-like duality for one-homogeneous convex functions.
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Proposition 5.4. Given p ≥ 1 and r ≥ 1/p, for any nonnegative p-homogeneous function f , f
is convex if and only if f r is convex. And, if f is nonnegative p-homogeneous and convex with
p > 1, then

Lf =
p− 1

pp∗
(N f

1
p )p

∗
and Pf =

(p− 1)p−1

pp
(N f

1
p )p. (5.1)

If fp ∈ CH+
p (Rn) with p > 1 and {fp} Gamma-converges to f as p tends to 1, then we have

N f = lim
p→1+

(Lfp)
1
p∗ = lim

p→1+
(Pfp)

1
p = lim

p→1+
Pfp.

Proof. The first argument is equivalent to the statement that for any nonnegative one-homogeneous
function f , and p ≥ 1, f is convex ⇔ fp is convex. To show this property, first note that the
direction that the convexity of f implies the convexity of fp is easy since t 7→ tp is increasing
and convex for t ∈ [0,∞). We now show that the convexity of fp implies the convexity of f .
For any x, y with f(x), f(y) > 0, letting C = tf(x) + (1− t)f(y), we have

fp(tx+ (1− t)y)
Cp

= fp(
tf(x)

C

x

f(x)
+

(1− t)f(y)
C

y

f(y)
)

≤ tf(x)

C
fp(

x

f(x)
) +

(1− t)f(y)
C

fp(
y

f(y)
)

=
tf(x)

C
+

(1− t)f(y)
C

= 1

which yields f(tx+(1− t)y) ≤ C. As the case of f(x)f(y) = 0 is straightforward, we obtain the
convexity of f . The equalities shown in (5.1) are presented in [45, Chapter 15]. As for the final

statement, note that if fp Gamma-converges to f , then f
1/p
p also Gamma-converges to f . And

then, by the property of Gamma-convergence and uniform coercivity of fp, N f1/pp (x) converges
to N f as p tends to 1. Thus, by (5.1),

(Lfp)
1
p∗ =

(
p− 1

pp∗
(N f

1
p
p )p

∗
) 1

p∗

=
(p− 1)

1
p∗

p
N f

1
p
p → N f

and

(Pfp)
1
p =

(
(p− 1)p−1

pp
(N f

1
p )p

) 1
p

=
(p− 1)

p−1
p

p
N f

1
p
p → N f

as p tends to 1. Clearly, Pfp → N f , p→ 1+.

Proposition 5.5. For λ ̸= 0, (λ, x) is an eigenpair of (f, g) if and only if (apf
p−1(x)

bqgq−1(x)
λ, x) is

an eigenpair of (afp, bgq). Moreover, the eigenpairs of (f, g) and (afp, bgq) have a completely
equivalent one-to-one correspondence.

Proof. If (µ, x) is an eigenpair of (afp, bgq) where µ ̸= 0, then f(x) > 0 and g(x) > 0, and

0 ∈ ∂afp(x)− µ∂bgq(x) = apfp−1(x)∂f(x)− µbqgq−1(x)∂g(x)

= apfp−1(x)

(
∂f(x)− µbqgq−1(x)

apfp−1(x)
∂g(x)

)
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which implies that µbqgq−1(x)
apfp−1(x)

is an eigenvalue of (f, g). Conversely, it is easy to see that if (λ, x)

is an eigenpair of (f, g) with λ ̸= 0, then (apf
p−1(x)

bqgq−1(x)
λ, x) is an eigenpair of (afp, bgq).

In addition, it is clear that (0, x) is an eigenpair of (f, g) if and only if (0, x) is an eigenpair
of (afp, bgq).

Finally, we point out that we need to be careful with the case p ̸= q when dealing with
multiplicities and variational eigenvalues. In that case, in fact, r = f/g is not scale-invariant
and the eigenvalues of (f, g) and their multiplicities have degenerate properties. Precisely,

Lemma 5.6. Given f ∈ CH+
p (Rn) and g ∈ CH+

q (Rn) with p, q ≥ 1, for any λ ≥ 0 and t > 0,
there holds x ∈ Sλ(f, g) if and only if tx ∈ Stp−qλ(f, g). Moreover, if p ̸= q, f and g are even,
and (f, g) has a nonzero eigenvalue, then the function λ 7→ multf,g(λ) is constant on (0,+∞).

Proof. By t > 0, the definition of the eigenspace Sλ, and the homogeneity of ∂f and ∂g, we have

x ∈ Sλ(f, g)⇐⇒ 0 ∈ ∂f(x)− λ∂g(x)⇐⇒ 0 ∈ tp−1∂f(x)− λtp−1∂g(x)

⇐⇒ 0 ∈ ∂f(tx)− λtp−q∂g(tx) ⇐⇒ tx ∈ Stp−qλ(f, g).

If p ̸= q and (f, g) has a positive eigenvalue λ̂ > 0, then for any t > 0, tp−qλ̂ is also an eigenvalue
of (f, g), that is, all positive numbers are eigenvalues of (f, g). Note that for any t > 0, the map
φt : Rn → Rn defined by φt(x) = tx is an odd homeomorphism. Then, for any λ > 0, it follows
from φt(Sλ(f, g)) = Stp−qλ(f, g) and the homeomorphism-invariance of Krasnoselskii genus that

multf,g(λ) = genus(Sλ(f, g)) = genus(Stp−qλ(f, g)) = multf,g(t
p−qλ).

By the arbitrariness of λ > 0 and t > 0, the multiplicity function multf,g(λ) is independent of
λ > 0.

Thus, when p ̸= q, the (variational) eigenvalues of (f, g) change when the corresponding
eigenvector is scaled, and their multiplicities are constant. To overcome this issue and have a
meaningful definition of variational eigenvalues also for the p ̸= q case, it is useful to restrict the
variational eigenvalues to suitable centrally symmetric convex surfaces. In particular, we note
that for p = q we have f(x)/g(x) = f(x/g(x)1/p) and g(x/g(x)1/p) = 1 for all x ̸= 0. Thus, we
can recast (2.2) as

λk(f, g) = inf
genus(S)≥k
S⊂g−1(1)

sup
x∈S

r(x) = inf
genus(S)≥k
S⊂g−1(1)

sup
x∈S

f(x) (5.2)

i.e., for p = q the k-th variational eigenvalue equals the k-th min-max critical value of f restricted
to the centrally symmetric convex hypersurface g−1(1).

By constraining the eigenvalues to g−1(1), the next theorem provides the Legendre and
polarity transforms’ version of Theorem 4.1 and Corollary 4.2, i.e., it presents the overall spectral
duality equivalence between Frenchel duality, polarity transform, and linear transformations.

Before going into details, it is useful to first consider in what sense we can claim that two
eigenproblems are equivalent. Strictly speaking, given

fj , gj ∈
⋃
p≥1

CH+
p (Rnj ), j = 1, 2,

the eigenproblems of the function pairs (f1, g1) and (f2, g2) are “essentially equivalent” if they
have the following properties: There exist factors a, b > 0 such that
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1. for any λ > 0, λ is an eigenvalue of (f1, g1) ⇐⇒ aλb is an eigenpair of (f2, g2);

2. the multiplicity of λ associated to (f1, g1) equals the multiplicity of aλb associated to
(f2, g2);

3. λn1−j(f2, g2) = a
(
λn2−j(f1, g1)

)b
for any j = 0, 1, · · · ,min{n1, n2} − 1.

Theorem 5.7. For any f ∈ CH+
p (Rm), g ∈ CH+

q (Rn), and any linear map A : Rn → Rm, the
eigenproblems of the following nine function pairs are essentially equivalent:

• (MA⊤f, g), whereMA⊤f is defined as the composition of f and the linear map A, that is,
MA⊤f(x) = f(Ax), see Subsection 3.1

• (f,ΠAg), where ΠAg is defined by ΠAg(x) = infy∈A−1(πAx) g(πAx) and πA is the orthogonal

projection onto the orthogonal complement of KerA⊤ introduced in Subsection 3.1

• LΠAg,Lf), where LΠAg indicates the Legendre dual of ΠAg

• (PΠAg,Pf), where PΠAg indicates the polarity dual of ΠAg

• (Lg,LMA⊤f), where LMA⊤f denotes the Legendre dual ofMA⊤f

• (Pg,PMA⊤f), where PMA⊤f denotes the polarity dual ofMA⊤f

• (MA⊤f,MA⊤ΠAg), whereMA⊤ΠAg denotes the composition of ΠAg and A

• (LMA⊤ΠAg,LMA⊤f), where LMA⊤ΠAg is the Legendre dual ofMA⊤ΠAg

• (PMA⊤ΠAg,PMA⊤f), where PMA⊤ΠAg is the polarity dual ofMA⊤ΠAg

Proof. Note that “essential equivalence” is an equivalence relation. The proof is then divided
into the following eight essential equivalences, displayed in the following diagram:

(LMA⊤ΠAg,LMA⊤f) ks +3 (MA⊤f,MA⊤ΠAg)KS

��

ks +3 (PMA⊤ΠAg,PMA⊤f)

(Lg,LMA⊤f) ks +3 (MA⊤f, g) ks +3
KS

��

(Pg,PMA⊤f)

(LΠAg,Lf) ks +3 (f,ΠAg) ks +3 (PΠAg,Pf)

where the notation (f, g) ⇐⇒ (f ′, g′) indicates that the eigenproblems of (f, g) and (f ′, g′) are
essentially equivalent, as per the definition before Theorem 5.7.

Theorems 5.1 and 5.2 imply that the nonzero spectra of (f, g), (Lg,Lf) and (Pg,Pf) coincide
up to some scaling or power factors. For any f ∈ CH+

p (Rn), let f̃ = f
1
p . Then, f̃ ∈ CH+

1 (Rn)
and (5.1) in Proposition 5.4 implies that

Lf = lp(N f̃)p
∗
and Pf = ap(N f̃)p

where lp = p−1
pp∗

and ap = (p−1)p−1

pp are constants. Then, by Proposition 5.5, the eigenvalue

problems of (f, g), (Lg,Lf) and (Pg,Pf) can be equivalently reduced to that of (f̃, g̃) and
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(N g̃,N f̃) up to some scaling factors. It follows from Theorem 4.1 that the spectra of (f̃, g̃) and
(N g̃,N f̃) coincide exactly, and hence the eigenvalue problems of (f, g), (Lg,Lf) and (Pg,Pf)
are strongly equivalent.

Moreover, according to Theorem 4.1 and Corollary 4.2, we have the following strong equiv-
alences regarding norm-like duality:

(MA⊤ f̃,MA⊤ΠAg̃)KS

��

ks norm-like dual+3 (NMA⊤ΠAg̃,NMA⊤ f̃)

(MA⊤ f̃, g̃) ks
norm-like dual +3

KS

��

(N g̃,NMA⊤ f̃)

(f̃,ΠAg̃) ks
norm-like dual +3 (NΠAg̃,N f̃)

Therefore, by Propositions 5.4 and 5.5, the strong equivalences among the nine eigenvalue prob-
lems shown in the diagram in the statement are established.

Remark 5.8. According to Proposition 3.3, we can replace ΠA by NMAN in Theorem 5.7, if
we have the additional assumption that KerA ⊃ f−1(0).

6 Spectral duality for standard duality transforms

While in many applications (see also next Section 8) it is useful to consider eigenvalue
problems with function pairs that have a linear kernel and whose dual is not infinity, in the field
of convex analysis or convex geometry it is frequent to use the standard version of the definitions
of duality and infimal postcomposition Π̂Af(x) := A ▷ f(x). Note that if we use the latter in
place of ΠA, we can for example remove the condition f−1(0) ⊂ Ker(A) in Proposition 3.3, that
is, for any f ∈ CH+

1 (Rn), ∀x ∈ Rn, we have Π̂Af(x) = N̂MAN̂ f(x), where N̂ denotes the
standard norm dual operator N̂ f(x) = f∗(x) = supf(y)≤1⟨x, y⟩.

Let CVH+
p (Rn) be the collection of all convex, positively p-homogeneous functions from Rn

to [0,+∞]. Clearly, CH+
p (Rn) ⫋ CVH+

p (Rn). It is known that N̂ : CVH+
1 (Rn) → CVH+

1 (Rn)

and P̂ : CVH+
p (Rn) → CVH+

p (Rn) are bijections, whereas L̂ : CVH+
p (Rn) → CVH+

p∗(Rn) is a
bijection when p > 1. A straightforward modification of the proofs of Theorems 4.1, 5.1 and
5.2, leads to the following results.

Theorem 6.1. For any nonconstant f, g ∈ CVH+
1 (Rn), the nonzero eigenvalues of (f, g) and

(N̂ g, N̂ f) coincide. Precisely, for any eigenpair (λ, x) of (f, g) with λ ̸= 0 and g(x) ̸= 0,
∀u ∈ cone(∂f(x)) ∩ cone(∂g(x)), (λ, u) is an eigenpair of (N̂ g, N̂ f). Moreover, if f and g are
even functions, then the variational eigenvalues (2.2) of (f, g) and (N̂ g, N̂ f) as well as their
multiplicities coincide exactly.

Theorem 6.2. Given p, q > 1, for any functions f ∈ CVH+
p (Rn) and g ∈ CVH+

q (Rn), for
any eigenpair (λ, x) of (f, g) with λ ̸= 0 and g(x) ̸= 0, and for any u ∈ cone(∂f(x)) ∩ ∂g(x),
(λp

∗−1, u) is an eigenpair of (L̂g, L̂f).
Theorem 6.3. For any functions f ∈ CVH+

p (Rn) and g ∈ CVH+
q (Rn), for any eigenpair (λ, x)

of (f, g) with λ ̸= 0 and g(x) ̸= 0, and for any u ∈ cone(∂f(x)) ∩ ∂g(x), ((pq )
p−2 (q−1)q−1

(p−1)p−1λ, u) is

an eigenpair of (P̂g, P̂f).
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7 Infinite dimensional setting

Even though the focus of this work is the real finite-dimensional case, we show in this section
that some of the main results presented can be directly extended to real infinite-dimensional
spaces. In fact, we believe it is possible to extend most of the results of this paper to the
infinite-dimensional case, but that would exceed the scope of this work and is left to future
developments.

LetX be a reflexive Banach space over R andX∗ be its dual space, and let f, g : X → [0,+∞)
be convex one-homogeneous functions in CH+

1 (X). We assume without loss of generality that
ker(f) = ker(g) = 0, which can always be achieved by replacing X with the quotient space
X/(ker(f) + ker(g)). For this setting, the following extension of Theorem 4.1 (P1) holds

Theorem 7.1. The nonzero eigenvalues of (f, g) and (N g,N f) coincide. Furthermore, for any
eigenpair (λ, x) of (f, g) with λ ̸= 0, and for any u ∈ cone(∂f(x)) ∩ cone(∂g(x)), (λ, u) is an
eigenpair of (N g,N f).

Proof. Since (λ, x) is an eigenpair of (f, g) and λ ̸= 0, there exists u ∈ ∂g(x) such that λu ∈
∂f(x). Note that ∂g and ∂f possess the zero-homogeneity, i.e., ∂f(tx) = ∂f(x) and ∂g(tx) =
∂g(x), ∀t > 0, ∀x ∈ X. Hence, without loss of generality, we may assume that the eigenpair
(λ, x) further satisfies g(x) = 1. Then, it is easy to see ⟨u, x⟩ = g(x) = 1 and λ = ⟨λu, x⟩ = f(x).

By definition of subgradient, for any y ∈ X,

⟨u, y⟩ − 1 = ⟨u, y⟩ − ⟨u, x⟩ = ⟨u, y − x⟩ ≤ g(y)− g(x) = g(y)− 1

which yields ⟨u, y⟩ ≤ g(y), ∀y ∈ X. Thus, it can be checked that

N g(u) = sup
y∈X:g(y)=1

⟨u, y⟩ = 1.

Let J : X → X∗∗ be the canonical map, i.e., for each z ∈ X, ⟨Jz, v⟩ = ⟨v, z⟩, ∀v ∈ X∗. Then,
for any v ∈ X∗,

⟨Jx, v − u⟩ = ⟨v − u, x⟩ = ⟨v, x⟩ − 1 ≤ N g(v)− 1 = N g(v)−N g(u)

which implies that Jx ∈ ∂N g(u). For convenience, we identify Jx with x, and simply rewrite
x ∈ ∂N g(u).

Repeating the above process for f , it follows from f(xλ) = 1 and λu ∈ ∂f(x) = ∂f(xλ) that

x

λ
∈ ∂N f(λu) = ∂N f(u),

where we used the zero-homogeneity of ∂f and ∂N f . Accordingly, x ∈ λ∂N f(u). In conse-
quence, x ∈ N g(u) ∩ λ∂N f(u) meaning that (λ, u) is an eigenpair of (N g,N f).

Note that in the above proof, we only require u ∈ ∂g(x)∩ 1
λ∂f(x). By the zero-homogeneity

of ∂g and ∂f , we can relax this condition to u ∈ cone(∂g(x)) ∩ cone(∂f(x)). The proof is then
completed.

By a similar argument, following Theorem 4.2, we can prove the following property for the
Legendre transform in the infinite-dimensional case. We omit the proof for brevity.
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Theorem 7.2. For any f ∈ CH+
p (X) and g ∈ CH+

q (X) with some p, q > 1, the nonzero
eigenvalues of (f, g) and (Lg,Lf) coincide up to a power factor. Precisely, for any eigenpair
(λ, x) of (f, g) with λ ̸= 0 and g(x) ̸= 0, and for any u ∈ cone(∂f(x)) ∩ ∂g(x), (λp∗−1, u) is an
eigenpair of (Lg,Lf).

We point out that this infinite-dimensional setting yields quite a significant extension of
Proposition 1.8 in the recent work by Bungert and Korolev [10]. In fact, their result shows that
if f is a seminorm and g = ∥ · ∥ is the prescribed norm of a Banach space X, then the first
nontrivial eigenvalue of (f, g) coincides with that of (N g,N f). With the help of such result,
Bungert and Korolev provide an excellent characterisation of the L∞ eigenvalue problem [10].
On the other hand, our Theorem 7.1 above shows that, for the more general choice of functions
f, g ∈ CH+

1 (X), all the nontrivial eigenvalues of (f, g) coincide with that of (N g,N f), exactly.

8 Examples and applications

We devote this final section to discussing a number of problems where discrete nonlinear
eigenvalue problems and the nonlinear spectral duality properties developed in the previous
sections can be used in application settings from graph and hypergraph optimization and convex
geometry.

8.1 Nonlinear Laplacians on graphs

Let A ∈ Rn×m and consider the functions pair (∥Ax∥a, ∥x∥b), where ∥ · ∥a and ∥ · ∥b are
vector norms. Nonlinear eigenvalue problems for this type of convex one-homogeneous func-
tions are among the best studied problems in nonlinear spectral theory and arise in a broad
range of application settings, including inverse problems in imaging [11,21,28], graph clustering,
unsupervised and supervised learning [8, 31, 38, 50], community and core-periphery detection in
networks [17, 51, 54], graph and hypergraph matching [43]. Note that these type of eigenvalue
problems are directly connected with generalized operator matrix norms, which coincide with
the largest (variational) eigenvalue λm(f, g) = maxx ̸=0 ∥Ax∥a/∥x∥b =: ∥A∥a,b.

Note that, if f = ∥ · ∥a and g = ∥ · ∥b, then this type of eigenvalue problem coincides
with the eigenvalue problem for the function pair (MA⊤f, g). Based on this observation, in
this subsection, we review several example eigenvalue problems with a direct application to
combinatorial optimization problems on finite graphs and discuss what the various corresponding
dual forms are. In particular, we will show that several famous nonlinear graph eigenvalue
equations can be recast in various forms, which have the potential to unleash a variety of
new results both from the theoretical and computational points of view. In fact, established
algorithms for the solution of these eigenvalue problems, such as the inverse iteration [34,35], the
family of ratioDCA methods [31, 54], or the continuous flow approaches [9, 22], can be directly
transferred to their dual versions and may exhibit improved convergence properties. Moreover,
new relations between the graph structure and the nonlinear eigenpair may be shown, see also
[20]. Some of the graph theoretic results presented next are known and properly referenced;
others are new and are accompanied by proofs and additional details.

Before proceeding, we briefly recall some useful graph notation and terminology. A finite
undirected graph G = (V,E,w) is the pair of vertex (or node) set V = {1, . . . , n} and edge
set E ⊆ V × V , which we equip with a positive weight function E ∋ ij 7→ wij > 0. Any
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such graph is uniquely represented by the incidence matrix K = (κe,u) ∈ RE×V , which maps
any x ∈ RV into the vector with entries (Kx)e =

∑
u κe,uxu = ±wij(xi − xj), where e =

ij ∈ E is the edge connecting nodes i and j. Note that the choice of the sign in (Kx)e is
arbitrary but fixed. Different norms of Kx correspond to different energies on G. For example,
∥Kx∥1 =

∑
ij∈E wij |xi − xj | is the graph total variation, ∥Kx∥22 =

∑
ij∈E wij(xi − xj)

2 the
electric potential, ∥Kx∥∞ = maxij∈E wij |xi − xj | the graph node-wise variation.

8.1.1 (1, 1)-Laplacian: Cheeger constant

Let G = (V,E,w) be a weighted graph and consider the nonlinear eigenvalue problem

0 ∈ ∂
∑
ij∈E

wij |xi − xj | − λ∂
∑
i∈V
|xi|. (8.1)

Note that, if A = K is the incidence matrix of G, then (8.1) coincides with the eigenvalue
problem for the functions pair (MA⊤f, g), where f = ∥ · ∥1 and g = ∥ · ∥1 are the standard
l1-norms on RE and RV , respectively. Thus, by Corollary 4.2 it follows that (8.1) is equivalent
to the following alternative eigenvalue problems

0 ∈ ∂∥x∥∞ − λ∂ inf∑
ij∈E:j<i wijyij−

∑
ij∈E:j>i wijyij=xi

∥y∥∞ (8.2)

0 ∈ ∂max
i∈V

∣∣∣ ∑
ij∈E:j<i

wijyij −
∑

ij∈E:j>i

wijyij

∣∣∣− λ∂∥y∥∞ (8.3)

0 ∈ ∂∥y∥1 − λ∂ inf
x:Kx=y

∥x∥1 (8.4)

0 ∈ ∂
∑
ij∈E

wij |xi − xj | − λ∂ inf
t∈R

∑
i∈V
|xi − t| (8.5)

which correspond to the eigenproblems of the pairs (N g,NMA⊤f), (MAN g,N f), (f,ΠAg) and
(MA⊤f,MA⊤ΠAg), respectively. All the above nonlinear eigenvalue problems have the same
nonzero eigenvalues (with the same corresponding multiplicities).

The eigenvalue problem (8.1) is known as the 1-Laplacian eigenvalue problem on G. This
is one of the key objects of nonlinear spectral graph theory, and many useful properties of
the 1-Laplacian are known. For example, when the graph is connected, the smallest positive
eigenvalue of (8.1) coincides with the Cheeger isoperimetric constant of G [8, 14]. Moreover,
when the graph is a tree, each variational eigenvalue of (8.1) coincides with the k-th Cheeger
constant [18,19,50]. Precisely, let

hk(G) := min
disjoint subsets V1,...,Vk⊂V

max
1≤i≤k

vol(cut(Vi))

vol(Vi)
, (8.6)

where vol(Vi) = |Vi| and vol(cut(Vi)) =
∑

u∈Vi,v /∈Vi
wuv are the (weighted) volumes of Vi and

its cut set, respectively. Then, if λk is the k-th variational eigenvalue of the 1-Laplacian (8.1),
it holds λ2 = h2(G) and λk = hk(G) for k > 2 if G is a tree. More in general, we have
λm ≤ hk(G) ≤ λk for a generic graph G, where m is the largest number of nodal domains of any
eigenvector of λk [50]. By Theorem 4.1 and Corollary 4.2, the same fundamental graph theoretic
properties hold for the variational eigenvalues of each of the nonlinear eigenvalue problems (8.2)–
(8.5).

27



8.1.2 (∞,∞)-Laplacian: graph’s diameter

Suppose G = (V,E,w) is a weighted graph and consider the so-called∞-Laplacian eigenvalue
problem:

0 ∈ ∂max
ij∈E

wij |xi − xj | − λ∂max
i∈V
|xi|. (8.7)

Let A = K = (κe,i) be the incidence matrix of the graph, and let f := ∥ · ∥∞ and g := ∥ · ∥∞
be the standard unweighted l∞-norms on RE and RV , respectively. Then, (8.7) coincides with
the nonlinear eigenvalue problem 0 ∈ ∂x∥Ax∥∞ − λ∂∥x∥∞, i.e., the eigenvalue problem for
the functions pair (MA⊤f, g). By Corollary 4.2, we obtain several new eigenvalue problems
equivalent to the graph ∞-Laplacian:

0 ∈ ∂∥x∥1 − λ∂ inf
y:K⊤y=x

∥y∥1 (8.8)

0 ∈ ∂
∑
i∈V

∣∣∣∑
e∈E

κe,iye

∣∣∣− λ∂∥y∥1 (8.9)

0 ∈ ∂∥y∥∞ − λ∂ inf
x:Kx=y

∥x∥∞ (8.10)

0 ∈ ∂max
ij∈E

wij |xi − xj | − λ∂
∥∥∥x− maxi xi +mini xi

2
1
∥∥∥
∞

(8.11)

where 1 denotes the vector of all ones. We emphasize that the formulation in (8.9) corresponds
to a form of 1-Laplacian eigenvalue problem on the dual graph, i.e., the eigenvalue problem for
the functions pair f(x) = ∥K⊤y∥1 and g(x) = ∥y∥1.

When the graph is connected, the variational eigenvalues of (8.7) are related to the graph
diameter. More precisely, define a ball B = Br(v) ⊆ V centered in v ∈ V and of radius
r = radius(B) as the set Br(v) = {u ∈ V : dist(u, v) ≤ r} where dist is the shortest path
distance on G. Two such balls B = Br(v) and B′ = Br′(v

′) are disjoint if dist(v, v′) ≥ r + r′.
With this notation, it holds

λk ≤ min
disjoint balls B1,...,Bk⊂V

max
1≤i≤k

1

radius(Bi)

where λk is the k-th variational eigenvalue of (8.7). In particular, note that the smallest nonzero
variational eigenvalue coincides with 2/diam(G), where diam(G) := maxi,j∈V dist(i, j), and dist
represents the shortest path distance on G. More precisely, if G has k connected components,
G1, · · · , Gk, then the smallest positive variational eigenvalue coincides with

min
i=1,··· ,k

2

diam(Gi)
=

2

max
i=1,··· ,k

diam(Gi)
.

By Corollary 4.2, all the above properties transfer directly to the nonlinear spectrum of any of
the eigenvalue problems (8.8)–(8.11).

Remark 8.1. The cycle graph Cn is the only graph which is dual to itself, i.e., is such that
K = K⊤. If we work on a cycle graph, the 1-Laplacian eigenvalue problem (8.1) is equivalent to
the∞-Laplacian eigenvalue problem (8.7), via the spectral duality equivalence shown in (8.9). In
particular, their k-th variational eigenvalues coincide, and they are bounded by the k-th Cheeger
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constant hk(G) which is consistent with the reciprocal of the largest radius of any ball in any set
of k pairwise disjoint balls inside the cycle graph.

It is interesting to note that in a Euclidean space, a ball B of radius r satisfies vol(∂B)
vol(B) ∼

1
r ,

where ∂B is the boundary of B and ∼ denotes here that the two quantities are proportional.
As cut is the graph analogue of the boundary, an interesting open question is whether or not
hk(G) ∼ 1

rk(G) for a generic graph G, where rk(G) denotes the largest radius of any ball in any
set of k pairwise disjoint balls in the graph.

8.1.3 (1,∞)-Laplacian: maxcut and mincut

Suppose that G = (V,E,w) is a weighted graph. Consider the eigenvalue problem for the
functions pair (MA⊤f, g) with f(x) = ∥x∥1, g(x) = ∥x∥∞ and A = K, namely

0 ∈ ∂
∑
ij∈E

wij |xi − xj | − λ∂∥x∥∞ . (8.12)

By the spectral duality principle in Theorem 4.1 and Corollary 4.2, (8.12) is equivalent to

0 ∈ ∂∥x∥1 − λ∂ inf∑
j<i wijyij−

∑
j>i wijyij=xi

∥y∥∞ (8.13)

0 ∈ ∂
∑
i∈V

∣∣∣∑
j<i

wijyij −
∑
j>i

wijyij

∣∣∣− λ∂∥y∥∞ (8.14)

0 ∈ ∂∥y∥1 − λ∂ inf
x:Kx=y

∥x∥∞ (8.15)

0 ∈ ∂
∑
ij∈E

wij |xi − xj | − λ∂
∥∥∥x− maxi xi +mini xi

2
1
∥∥∥
∞
. (8.16)

It is not difficulty to see that the smallest nonzero variational eigenvalue and the largest
variational eigenvalue of (8.12) coincide with the mincut and the maxcut values ofG, respectively
defined as

mincut(G) = min
S⊂V

vol(cut(S)) and maxcut(G) = max
S⊂V

vol(cut(S)) .

We also remark that (a) maxcut(G) is actually equivalent to the largest eigenvalue for the
pair (∥Kx∥p, ∥x∥∞), for any 1 ≤ p <∞; and (b) when wij in (8.12) is replaced by the modularity
weights mij := didj/(

∑
k dk) − wij , di =

∑
j wij , the largest eigenvalue of (8.12) corresponds

to the leading community in G, see Theorem 3.7 in [54]. Due to the nonlinear spectral duality
principle, the same properties hold for each of the nonlinear eigenvalue problems in (8.13)–(8.16).
Moreover, the following relation holds for their k-th variational eigenvalue.

Theorem 8.2. Let λk be the k-th variatonal eigenvalue of the eigenvalue problem (8.12). Then

λk ≤ min
V1,··· ,Vk form a partition of V

maxcut(G[V1, · · · , Vk])

where maxcut(G[V1, · · · , Vk]) := 2 max
S⊂{1,··· ,k}

∑
i∈S,j∈V \S

wVi,Vj denotes the maxcut value of the

graph G[V1, · · · , Vk], formed by k vertices corresponding to the k sets V1, · · · , Vk, with edge
weights

wVi,Vj =
∑

a∈Vi,b∈Vj

wab, Vi ̸= Vj .
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Proof. For any partition (V1, · · · , Vk) of V , denote by 1Vi the indicator vector of Vi. Then 1V1 ,
· · · , 1Vk

are linearly independent. Thus genus(span(1V1 , · · · , 1Vk
)) = k and we have

λk(MA⊤f, g) ≤ max
x∈span(1V1 ,··· ,1Vk )

∑
{i,j}∈E

wij |xi − xj |

∥x∥∞

= max
(t1,··· ,tk)∈Rk\{0}

∑
1≤i<j≤k

wVi,Vj |ti − tj |

max
i=1,··· ,k

|ti|
= 2 max

S⊂{1,··· ,k}

∑
i∈S,j∈V \S

wVi,Vj .

where the last equality is elementary.

8.1.4 (∞, 1)-Laplacian: spherical packing

Let G = (V,E,w) be a weighted graph. Consider the eigenvalue problem for the functions
pair f(x) = ∥Kx∥∞ and g(x) = ∥x∥1, namely

0 ∈ ∂max
ij∈E

wij |xi − xj | − λ∂∥x∥1 . (8.17)

Then, by Theorem 4.1 and Corollary 4.2, (8.17) is equivalent to

0 ∈ ∂∥x∥∞ − λ∂ inf∑
j<i wijyij−

∑
j>i wijyij=xi,∀i

∥y∥1 (8.18)

0 ∈ ∂max
i∈V
|
∑
j<i

wijyij −
∑
j>i

wijyij | − λ∂∥y∥1 (8.19)

0 ∈ ∂∥y∥∞ − λ∂ inf
x:Kx=y

∥x∥1 (8.20)

0 ∈ ∂max
ij∈E

wij |xi − xj | − λ∂
∥∥∥x− maxi xi +mini xi

2
1
∥∥∥
1

(8.21)

Moreover, the following result holds for the variational eigenvalue of all the above eigenvalue
problems.

Theorem 8.3. Let λk be the k-th variational eigenvalue of the eigenvalue equation (8.17). It
holds

λk ≤ min
disjoint balls B1,··· ,Bk⊂V

max
1≤i≤k

1

size(Bi)
(8.22)

where, for B = Br(v) we let size(B) =
∑r

i=0(r − i)|{u ∈ V : dist(u, v) = i}|.

Proof. For a x ∈ Rn and a ball B with radius r and centered at the vertex v define xB ∈ Rn by
(xB)i = max{r − dist(v, i), 0}. Then, for any k disjoint balls B1, · · · , Bk ⊂ V , xB1 , · · · , xBk are
linearly independent. Thus

genus(span(xB1 , · · · , xBk)) ≥ k

and we have

λk ≤ max
x∈span(xB1 ,··· ,xBk )

max
{i,j}∈E

|xi − xj |

∥x∥1

30



≤ max
1≤s≤k

max
{i,j}∈E

|xBs
i − x

Bs
j |

∥xBs∥1
= max

1≤s≤k

1

size(Bs)
.

where the second inequality follows from the fact that the xBj have disjoint support. By taking
the minimum over all possible disjoint balls we obtain (8.22).

Note that, as a consequence of the above theorem we obtain that the smallest eigenvalue is
at most the reciprocal of the size of the largest ball inscribed in the graph.

8.1.5 Hypergraph p-Laplacian

We now extend the concepts and considerations on p-Laplacians to general (oriented) hy-
pergraphs, which cover the entire range 1 ≤ p ≤ ∞, that is, also includes the limiting cases
p = 1 and p = ∞, which had been given special treatment above. While some aspects are
straightforward, some new phenomena and difficulties arise.

The first issue is the definition of the p-Laplacian, and in fact, several notions of p-Laplacians
on hypergraphs have been proposed and investigated in the literature. For instance, the hyper-
graph p-Laplacians introduced in [32] are related to the Lovász extension. The corresponding
functionals for the p-Laplacians in [32] are of the form

x 7→
∑
e∈E

max
v,v′∈e

|xv − xv′ |p ,

and they are non-smooth in general, even for p ∈ (1,+∞).
In this section, we consider the p-Laplacian on oriented hypergraphs as a natural combinato-

rial realization of a given incidence matrix K. That is, we think of a hypergraph H = (V,E) as
an incidence operator K linking the vertex set V and the hyperedge set E, e.g. (for simplicity):

• V = {1, · · · , n} is the set of vertices

• E = {e1, · · · , em} is the set of hyperedges

• an incidence matrixK ∈ {−1, 0, 1}E×V (i.e., an incidence operatorK : E×V → {−1, 0, 1})
induces an orientation on H, and it satisfies Ke,v ∈ {−1, 1} iff v ∈ e.

Example 8.4 (signed graphs). Suppose E ⊂ P(V ) and |e| = 2, ∀e ∈ E. Let the signature
s : E → R be defined by s(e) =

∏
v∈eKe,v, ∀e ∈ E. Then we reconstruct the signed graph

(V,E, s) from the incidence matrix K.

Example 8.5 (simplicial complexes). Let Hk be a hypergraph with V = Σk, E = Σk+1 and
Kσ,τ = sgn([τ ], ∂[σ]) represents the relative signature of the incidence pair (σ, τ), ∀τ ∈ Σk, σ ∈
Σk+1. Then the orientation on the simplicial complex induces an orientation on the hypergraph
Hk = (Σk,Σk+1).

The incidence-style p-Laplacian on a hypergraph considered in this section is simply defined
as Lp = K⊤ϕpK, i.e,

Lpx := K⊤(ϕp(Kx))

where ϕp(y) := ∂∥y∥p for any vector y. The eigenvalue problem is to find λ and x such that

0 ∈ Lpx− λϕp(x).
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Given a hypergraph H = (V,E), for any v ∈ V , let star(v) = {e ∈ E : v ∈ e} be its star
neighborhood.

The hypergraph H∗ = (E,V) is called the dual hypergraph of H, where V = {star(v) : v ∈
V }. Moreover, we take K∗ := K⊤ as the incidence matrix of H∗, i.e., K∗

star(v),e = K⊤
v,e = Ke,v,

∀v ∈ V , ∀e ∈ E.
Clearly, the map v 7→ star(v) induces an isomorphism between V and V.

Example 8.6. We can think of a graph G = (V,E) as a hypergraph. Then, the edge p-Laplacian
on G is actually defined to be the p-Laplacian on the dual hypergraph of G.

Now we are ready to state our main theorem on spectral duality for hypergraph p-Laplacians:

Theorem 8.7. Given a hypergraph H = (V,E) and its dual hypergraph H∗, for any p ∈ (1,+∞),
we have

{λ
1
p : λ is a positive eigenvalue of Lp on H}

= {λ
1
p∗ : λ is a positive eigenvalue of Lp∗ on H∗}

where 1/p+ 1/p∗ = 1. In the case of p = 1 (or p = +∞), we simply have:

{nonzero eigenvalues of L1 on H} = {nonzero eigenvalues of L∞ on H∗}.

Moreover, the corresponding multiplicities coincide exactly.
Suppose |V | = n and |E| = m. Then, for i = 0, 1, · · · ,min{n,m} − 1, and 1 < p < +∞,

λ
1
p

n−i(Lp(H)) = λ
1
p∗
m−i(Lp∗(H

∗)),

λn−i(L1(H)) = λm−i(L∞(H∗)) and λn−i(L∞(H)) = λm−i(L1(H
∗)).

For convenience, we call λ
1
p a normalized eigenvalue of the p-Laplacian Lp if λ is an eigenvalue

of Lp, where 1 ≤ p < ∞. And the eigenvalues of the infinite Laplacian L∞ are also called the
normalized eigenvalues of L∞. Hence, the normalized eigenvalues of L1 (resp., L∞) agree with
the eigenvalues of L1 (resp., L∞). Theorem 8.7 indeed shows that the nonzero normalized
eigenvalues of Lp on H coincide with the nonzero normalized eigenvalues of Lp∗ on H∗.

Next, we discuss several consequences and applications of Theorem 8.7.

Applying the above spectral duality theorem (i.e., Theorem 8.7) to the edge p-Laplacian (see
Example 8.6), we have that for 1 < p < +∞,

{λ
1
p : λ is a positive eigenvalue of Lp} = {λ

1
p∗ : λ is a positive eigenvalue of LE

p∗},

and

λ
1
p

n−i(Lp) = λ
1
p∗
m−i(L

E
p∗), i = 0, 1, · · · ,min{n,m} − 1,

in which LE
p∗ indicates the edge p∗-Laplacian. For the degenerate cases p = 1 and p = +∞,

spec̸=0(L
E
1 ) = spec ̸=0(L∞) and spec ̸=0(L

E
∞) = spec ̸=0(L1)

where spec ̸=0(T ) stands for the nonzero spectrum of a given operator T .
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•

← dual to each other →

•

•

••

•

•

P6: • • • • • •

PD
5 : ◦ • • • • • ◦

Figure 1: Top: A cycle graph on n = 6 nodes is dual to itself. Bottom: Pn and PD
n−1 path

graphs for n = 6, with • representing interior vertices and ◦ denoting boundary vertices.

Based on Example 8.5, the incidence-style p-Laplacians on Hk and on its dual H∗
k can

be directly used to define the k-th up p-Laplacian and the (k + 1)-th down p-Laplacian on a
simplicial complex Σ. It is then easy to get a nonlinear extension of the identity relating the
nonzero spectra of up- and down- Laplacians on Σ, and for simplicity, we omit the specific
formulation.

Clearly, Theorem 8.7 can be viewed as a new tool for computing the spectrum of some
particular graphs. For example, a cycle graph is dual to itself (see Figure 1). Thus, one obtains
that for 1 < p < +∞, it holds

{λ
1
p : λ ∈ spec(Lp)} = {λ

1
p∗ : λ ∈ spec(Lp∗)}, λ

1
p

k (Lp) = λ
1
p∗
k (Lp∗), k = 1, · · · , n.

Similarly, for path graphs, we can establish a precise relationship between the p-Laplacian
on path graphs (used in unsupervised learning) and the p∗-Laplacian on path graphs under
homogeneous Dirichlet boundary condition (used in semi-supervised learning). Let Pn be the
path graph on n vertices, and let PD

n−1 be the path graph with (n − 1) interior vertices and 2
boundary vertices (see Figure 1). Then, we can see Pn as a hypergraph, and there is a canonical
way to identify PD

n−1 with the dual hypergraph of Pn. Hence, for any n ≥ 2 and 1 < p < +∞,
we have

{λ
1
p : λ ∈ spec(Lp(Pn)) \ {0}} = {λ

1
p∗ : λ ∈ spec(Lp∗(P

D
n−1))},

λ
1
p

k (Lp(Pn)) = λ
1
p∗
k−1(Lp∗(P

D
n−1)), k = 2, · · · , n,

spec(L1(Pn)) \ {0} = spec(L∞(PD
n−1)), spec(L∞(Pn)) \ {0} = spec(L1(P

D
n−1))

and for k = 2, · · · , n,

λk(L1(Pn)) = λk−1(L∞(PD
n−1)) and λk(L∞(Pn)) = λk−1(L1(P

D
n−1)),

where spec(T ) denotes the spectrum of a given operator T .
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8.1.6 Hypergraphs and core-periphery detection

Consider a hypergraph H = (V,E,w) made by a set of vertices V = {1, . . . , n}, hyperedges
E = {e1, · · · , em} and the weight function w : E → R+. Here, unlike the graph case, each
e ∈ E contains an arbitrary number of nodes. The core-periphery detection problem consists of
identifying the optimal subdivision of V into a core set highly connected with the rest of H and
a periphery set, connected only (or mostly) to the core.

It is shown in [53] that this combinatorial problem on H boils down to the norm-constrained
optimization problem,

max
∑
e∈E

we∥x|e∥q s.t. ∥x∥p = 1 . (8.23)

Clearly, if f(x) =
∑

e∈E we∥x|e∥q and g(x) = ∥x∥p, the above problem coincides with the largest
eigenvalue of the nonlinear eigenvalue problem for the functions pair (f, g). Now, we shall write
down the dual eigenvalue problem, i.e., the eigenvalue problem for the function pair (N g,N f).

For g we have N g(x) = ∥x∥p∗ , where 1/p+ 1/p∗ = 1. As for f , note that

f(x) = ∥(∥x|e1∥q, . . . , ∥x|em∥q)∥1,w ,

where ∥ · ∥1,w indicates the weighted l1-norm on RE . Then, by Proposition 3.5, we have

N f(x) = inf∑
e∈E ye=x

supp(ye)⊂e

∥∥∥∥(∥ye1∥q∗we1

, . . . ,
∥yem∥q∗
wem

)∥∥∥∥
∞

= inf∑
e∈E ye=x

supp(ye)⊂e

max
e∈E

∥ye∥q∗
we

where ye denotes a vector in RV with the support in e.
Moreover, using Corollary 4.2 we can obtain additional equivalent formulations. For e ∈ E,

let Ae : RV → RV be a matrix defined as (Aex)i = xi if i ∈ e and (Aex)i = 0 if i ̸∈ e.
Clearly, ∥Aex∥q = ∥x|e∥q. Thus, we can write f as f = f̃ ◦ A, i.e., f(x) = f̃(Ax), where
f̃ : Rnm → [0,+∞) is the norm defined as

f̃(y1, . . . , ym) = ∥(∥y1∥q, . . . , ∥ym∥q)∥1,w

with yj ∈ Rn and A : Rn → Rnm defined as Ax = (Ae1x, . . . , Aemx). Thus, we immediately see
that

N f̃(y1, . . . , ym) = ∥(∥y1∥q∗/we1 , . . . , ∥ym∥q∗/wem)∥∞
for any vector (y1, . . . , ym) of dimension n×m. By Corollary 4.2, the largest eigenvalue of the
dual eigenvalue problem (N g ◦A⊤,N f̃), i.e.,

0 ∈ ∂∥
m∑
i=1

A⊤
eiyi∥p∗ − λ∂

∥∥∥∥(∥y1∥q∗we1

, . . . ,
∥ym∥q∗
wem

)∥∥∥∥
∞

coincides with the core-periphery eigenvalue problem (8.23) for (f, g).

8.2 Distance between convex bodies

The Banach-Mazur distance is a key quantity in convex geometry and functional analysis,
which has led to noteworthy progress in both those areas, see e.g. [36]. Here, we focus on
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the Banach-Mazur distance in its multiplicative form between two centrally symmetric convex
bodies K and L, centered at the origin point 0 in Rn. This distance is defined as

d(K,L) = inf{r ≥ 1 : ∃A ∈ GL(Rn) s.t. L ⊂ AK ⊂ rL}, (8.24)

where GL(Rn) is the general linear group. By translating our spectral duality properties into the
language of convex geometry we can immediately obtain properties about this distance between
convex bodies via the eigenvalue problem for function pairs.

For two convex bodies K and L containing the origin as an interior point, there exists some
scaling constant λ > 0 such that the two convex surfaces ∂K and λ∂L := {λy : y ∈ ∂L} are
tangent to each other at some point, where ∂K and ∂L are the boundary surfaces of the bodies
K and L, respectively. Here, we say that two convex surfaces are tangent at a if they have a
common supporting hyperplane at a. Let

ST (K,L) = {λ > 0 : ∂K and λ∂L are tangent at some point} .

A first key observation is that ST (K,L) is a compact subset of (0,+∞) and it coincides with
the set of all the nonzero eigenvalues of the function pair (∥ · ∥K , ∥ · ∥L), where ∥ · ∥K is the
Minkowski functional norm of K, i.e., the norm such that K = {x ∈ Rn : ∥x∥K ≤ 1}. Also, it is
easy to see that ST (L,K) = {λ−1 : λ ∈ ST (K,L)}. For such a pair of convex bodies K and L,
we can still use (8.24) to define their simple Banach-Mazur distance and use our spectral duality
to introduce new distances and observe new identities.

Preciesely, let λmax(K,L) = max{λ : λ ∈ ST (K,L)} and λmin(K,L) = min{λ : λ ∈
ST (K,L)}. Corollary 4.2 implies that ST (A⊤L∗,K∗) = ST (AK,L) for any n × n invertible
matrix A. Thus, we have the following new representation of the Banach-Mazur distance

d(K,L) = inf
A∈GL(Rn)

λmax(AK,L)

λmin(AK,L)
= min

A∈SL(Rn)

λmax(AK,L)

λmin(AK,L)

= min
A∈SL(Rn)

λmax(AK,L)λmax(A
⊤L∗,K∗)

where SL(Rn) indicates the special linear group, i.e., the set of matrices with determinants equal
to one.

From this formulation, we immediately obtain d(K,L) = d(K∗, L∗), which generalizes the
known equality for symmetric convex bodies to the nonsymmetric case. In fact, by Corollary
4.2, λmax(A

⊤L∗,K∗) = λmax(AK,L) and λmin(A
⊤L∗,K∗) = λmin(AK,L), and thus,

d(L∗,K∗) = inf
A⊤∈GL(Rn)

λmax(A
⊤L∗,K∗)

λmin(A⊤L∗,K∗)
= inf

A∈GL(Rn)

λmax(AK,L)

λmin(AK,L)
= d(K,L).

Using a similar argument, we can obtain a similar result for other distances. In particular,
consider the distance defined by

d̂(K,L) = inf
{
r ≥ 1 :

1

r
L ⊂ K ⊂ rL

}
.

This distance is used for studying floating and illumination bodies [42], and is equivalent to the
Goldman-Iwahori metric introduced for Bruhat-Tits buildings [30]. We have

d̂(K,L) = max{λmax(K,L),
1

λmin(K,L)
} = max{λmax(K,L), λmax(L,K)}

and from this new representation, we easily obtain the duality identity d̂(K∗, L∗) = d̂(K,L) via
Theorem 4.1 and the discussion above.
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