INVARIANT SUBSPACES FOR FINITE INDEX SHIFTS IN HARDY SPACES
FILIPPO BRACCI AND EVA A. GALLARDO-GUTIERREZ

ABSTRACT. Let H be the finite direct sums of H?(ID). In this paper, we give a characteriza-
tion of the closed subspaces of H which are invariant under the shift, thus obtaining a concrete
Beurling-type theorem for the finite index shift. This characterization presents any such a sub-
space as the finite intersection, up to an inner function, of pre-images of a closed shift-invariant
subspace of H?(ID) under “determinantal operators” from H to H? (D), that is, continuous linear
operators which intertwine the shifts and appear as determinants of matrices with entries given
by bounded holomorphic functions. With simple algebraic manipulations we provide a direct
proof that every invariant closed subspace of codimension at least two sits into a non-trivial
closed invariant subspace. As a consequence every contraction with finite defect has a nontrivial
closed invariant subspace.
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1. INTRODUCTION

Let H?(D) be the classical Hardy space on the unit disc D. Beurling’s theorem [3, 6] states
that every closed subspace of H?(ID) invariant under the shift are of the form ¢ H?(ID), where ¢
is either identically O or an inner function.

Beurling’s Theorem is a cornerstone in the theory of function spaces. It has been extended to
broader classes of operators, with significant advancements achieved through the development
of sophisticated tools in related fields such as Harmonic Analysis, Function Theory, and finite-
dimensional Linear Algebra within the framework of Operator Theory (see, e.g., [9, 7, 18, 1, 2,
17, 16, 14, 15]).

The importance of understanding the lattice of invariant subspaces for the shift operators,
besides its intrinsic interest, lies in the universality property of their adjoints (see, e.g., [18,
Section 1.5]). Specifically, every continuous endomorphism of defect § in a Hilbert space can
be modeled (up to a constant) through the restriction to an invariant subspace of any backward
shift of index at least §. From Beurling’s theorem, it is straightforward to understand the lattice
of invariant subspaces of the shift of index one. Via the universality property, this provides an
affirmative solution to the invariant subspace problem for bounded linear operators with defect
<1

Beurling’s Theorem can be viewed as stating that every non-trivial closed invariant subspace
for the shift in H%(D) is the image of an isometry which commutes with the shift. From this
perspective, Lax [13] (for finite index shifts), along with Halmos [12] and Rovnyak [19] (for
infinite index shifts), extended Beurling’s theorem to what is now known as the Beurling-Lax
Theorem (see also [18, Section 1.12]). They proved that every closed subspace of a Hilbert
space, invariant under a shift, is the image of a quasi-isometry that commutes with the shift.

While the Beurling-Lax Theorem fully characterizes closed invariant subspaces for the shift
in any Hilbert space, its generality and abstraction can pose challenges when working with
specific cases.

For instance, directly from this theorem, it seems difficult to obtain information about maxi-
mal invariant subspaces for the shift, even for finite index shifts. In fact, by a result of Atzmon
[4], it is known that maximal invariant subspaces for finite index shifts have codimension one—
this also follows from Guo, Hei and Hou [11], who proved a similar statement for the restriction
of the multiplication on the Bergman space to a finite index invariant subspace, and hence the
result follows by the “universality” of the lattice of invariant subspaces of such an operator
[3, Corollary 3.4]. However those proofs are non constructive and could be very difficult to
generalize to infinite index shifts.

In this paper, we present a novel approach to describing closed invariant subspaces for the
finite index shift on the direct sum of Hardy spaces. This approach proves to be “effective’ in
the sense that, starting from this characterization, we can easily demonstrate through simple
algebraic manipulations that the only maximal invariant subspaces have codimension one.

In order to state our main result, we need to introduce some notations (see Section 3 for details
and precise statements). Let d be a positive integer and let H be the Hilbert space given by the
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direct sum of d copies of the Hardy space H*(ID). The elements of H are d-tuple of functions
in H*(D), and we write F' € Hif F(2) = fi(z)e1 + ...+ fia(2)eq, z € Dand f; € H*(D). Let
S : H — H be the shift operator, defined as S(F)(z) = 2F(z) = zfi1(2)e1 + ... + zfa(2)eq,
z €. We write S; :=Sifd=1.

The basic observation is that if R : H — H?(D) is a bounded linear operator such that
RoS = S;oRand ¢ is a inner function, then M := R™'(¢H?*(D)) is an S-invariant closed
subspace of H. Our main result is that every closed S-invariant subspace of H are, up to an
inner function, finite intersections of subspaces like M. From this perspective, our approach
also makes sense for d = oo. Indeed, the basic question is whether the same conclusion holds
in such a case (possibly with infinitely many intersections). In fact, we also specify the form
of the operators R, which turns out to be what we call “determinantal operators”, and we now
describe them in detail.

Let 1 < m < d be an integer number and let A = (a;;) be a m x m matrix whose entries are
bounded holomorphic functions in ID (that is, elements of H>°(D)). Let 1 < s < ... < 8,, < d.
Letj € {1,...,m}. A determinantal operator is any linear operator L : H — H?*(D) of the
form

a1 Ce A1m
aj—11 .- Qj—1m

L(f1e1 + ...+ fded) = det fSl e fsm
Qj+1,1 -+ Qj41m

Am1 Ce Qm,

Let V C H?(D) be a closed Si-invariant subspace. Hence, there exists o which is either
identically zero or a inner function, such that V' = ¢ H*(D). A determinantal brick ), based
on ¢ is any set of the form

Q=L (pH*(D)) = {F € H: L(F) € pH*(D)},

where L is a determinantal operator. The set (), is a closed S-invariant subspace of H. A
determinantal space Q,, based on ¢ is the intersection of a finite number of determinantal bricks
based on ¢, that is,

Q,=Q,N...NQY,
where Qfo is a determinantal brick based on ¢, j = 1, ..., n. With these definitions at hand, the
main result of the paper can then be stated as follows:

Theorem 1.1. Let N # {0} be a closed subspace of H. Then N is S-invariant if and only if
there exist inner functions , ¢ and determinantal subspaces Q. and Q such that either
N =¢(Q,NQ),

or

N = ¢Q,.
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In the previous statement, it might happen that either Q, = H or Qy = H (or both, in case
N = H). Note also that, in case d = 1, the previous theorem reduces to the classical Beurl-
ing’s Theorem. Indeed, in that case, the only determinantal operator is the identity operator
L(fie1) = f1 and hence the determinantal bricks are of the form Q, = ¢ H?*(D) and Q, = {0}.

Theorem 1.1 follows at once from Theorem 6.1 (where a more precise statement is given).
The starting point of the proof is the Beurling-Lax theorem (see Section 5): any closed S-
invariant subspace of H is the image of a so-called S-inner operator of H. Such an operator
is actually given by the a d x d matrix with entries in H°°(ID). This is the matrix from which
we define the determinantal subspaces associated to a closed S-invariant subspace. The two
different cases in the theorem depends on whether the determinant of such a matrix is identically
Zero or not.

The concrete form given by Theorem 1.1 allows us to prove directly the following result (cfr.

[4]):

Theorem 1.2. Let N C H be a closed S-invariant subspace. Suppose that diim N+ > 2. Then
there exists a closed S-invariant subspace M C H such that N C M.

This theorem follows immediately from Proposition 4.1, Proposition 4.2 and Theorem 6.1.

As we stated in the introduction, Theorem 1.2 allows to give an affirmative answer to the in-
variant subspace problem for contractions with finite defect (for an account history and circle of
ideas related to the subspace invariant problem see, e.g., [8, 10]). Namely, let H be a separable
Hilbert space, and let 7' : H — H be a contraction, namely, || 7'|| < 1. The defect of T' is

T) :=dim (I — T*T)H.
Roughly speaking, 6(7") “measures” how much far from an isometry 7" is. By the universality
of the shifts (see, e.g., [18, Section 1.5]), every contraction 7' : H — H with 6(7) < d is
unitarily equivalent to the restriction of the backward shift S* to some of its invariant closed

subspaces. By Theorem 1.2, the backward shift S* : H — H does not have non-trivial minimal
invariant closed subspaces of dimension greater than 1. Hence, we have

Corollary 1.3. Let H be a separable Hilbert space. Let T : H — H be a contraction such that
d(T) < oco. Then there exists a closed subspace M C H, M # {0} such that T(M) C M.

Acknowledgements

Part of this work has been done while the first named author was “Profesor Distinguido™ at
the research institute Instituto de Ciencias Matemdticas (ICMAT), Spain. He wants sincerely to
thank ICMAT for the possibility of spending time there and work in a perfect atmosphere.

The authors were not aware of the paper [11] when completing the first draft of this manu-
script. They sincerely thank Prof. Alexandru Aleman and Prof. Stefan Richter for bringing this
reference to their attention and for other useful comments on the paper.

Conflict of interest and Data Availability



INVARIANT SUBSPACES FOR FINITE INDEX SHIFTS 5

On behalf of all authors, the corresponding author states that there is no conflict of interest.
No datasets were generated or analysed during the current study.

2. PRELIMINARIES

Let d be a positive integer and let H be the Hilbert space given by the direct sum of d copies
of the Hardy space H?(D). It is convenient to write

H=H*D)e; ... H H*(D)ey,
where e; = (0,...,0,1,0,...,0), with 1 in the j-th position, j =1, ..., d.
The elements of H are given by 2?21 fiej where f; € H*(D), j = 1,...,d. The vector
space H is a (separable) Hilbert space with Hermitian product given by
d d d
<Z fiej, Z gje;) = Z<fj7 9i) H2(D)-
j=1 j=1 j=1

The shift operator S : H — H is defined as

S(fi(z)er + ...+ fa(2)eq) == zfi(2)er + ... + zfa(2)eq.
As a convenient notation, throughout the paper the shift operator for d = 1, i.e., H = H*(D),
will be denoted by Sy, i.e., S1(f(2)) := zf(2), f € H*(D).
As customary, if X is a Hilbert space and 7" : X — X is a bounded linear operator, we say
that a closed subspace Y C X is T-invariant if 7(Y) C Y.
Given a bounded function g € H*(DD), if V' C H is a closed subspace, we denote by gV’ the
image of V' via the continuous linear operator of I into H given by

fier + ...+ faea — gfier + ...+ gfaea

In general, gV is not closed. However, if g is inner (that is, g : D — D is a holomoprhic
function such that lim,_,,- |g(re®)| = 1 for a.e. 6 € [0, 27]), then the operator H > F + gF
is an isometry and if V' is closed subspace of H, then so is gV'.

The algebra of inner functions is well studied (see, e.g., [7] and references therein). As
customary, we say that a inner function ¢ is invertible or constant if ¢(z) = A for all z € D
and some unimodular constant \. We say that an inner function ¢ divides a inner function ¢
provided % is a inner function. Given any family {¢,} ez of inner functions, there exists a inner
function ¢, unique up to multiplication by a unimodular constant, such that ¢ divides ¢; for all
j € 7 and, if ¢ is a inner function that divides all elements of {¢, } ez, then ¢ divides ¢. The
function ¢ is called the greatest common divisor of {¢, } ;ez—strictly speaking, ¢ is not unique,
which introduces some ambiguity in the choice. However, since it is unique up to multiplication
by a unimodular constant, this ambiguity is inconsequential. Two inner functions are coprime
if their greatest common divisor is 1.

By the classical Beurling theorem [5] (or see, e.g., [7, 9]), a closed subspace V of H? (D) is
S)-invariant if and only if there exists ¢ € H°(ID) an inner function, such that V = ¢ H*(D).

The following lemma is well known, and we omit the proof:
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Lemma 2.1. Let © be an inner function. Suppose that dim(pH?(ID))* > 2. Then there exists

a not constant inner function ¢ such that ¢ divides p and p does not divide . In particular,
pH2(D) C GH*(D) ¢ H2(D).

We will make use of the inner-outer factorization of a holomorphic function (see, e.g., [9]):

Definition 2.2. For any f € H?*(D), f # 0, we write f = I(f)O(f) for the inner-outer
factorization, where I(f) is inner and O(f) € H*(D) is outer.

For the aim of this paper, the only relevant property of an outer function is that it is .S; cyclic.
That is, if O € H?(D) is an outer function,

span{S"(O) : n € N}H ® {pO : p polynomial} = H*(D).

In the following sections, we will need the lemma below, for which we provide a proof due
to the lack of a direct reference.

Lemma 2.3. Let ¢, ..., ¢, be inner functions. Let ¢ be the (inner function) greatest common
divisor of ¢1, ..., ¢m. Then there exist m sequences {hl},ex C H*(D), j = 1,...,m, such
that {371, hl,¢;} converges to ¢ in H*(DD).

Proof. We have that V := Y7 6, H*(D) C ¢H*(D). Thus V"' *) C ¢H*(D). Since V is

Sp-invariant, by Beurling Theorem there exists a inner function ¢ such that v ®_ ©oH*(D).
Hence, o divides ¢y, . . ., ¢,,. In particular, ¢ divides ¢. Thus,

—H2 __2

v C oA D) C pHAD) =T,
and the result follows. O

3. CLOSED S-INVARIANT SPACES ASSOCIATED TO MATRICES

In this section we associate to every d X d matrix whose entries are in H*(D) a closed
S-invariant subspace of H. We start with some general preliminaries.

Definition 3.1. For positive integers m,n, we denote by M..(m x n) the set of all m x n
matrices whose entries are in H>°(ID). In other words, B € M (m x n) if there exist b;;, €
H>*(D),j=1,...,m,k=1,...,n,such that

bll c. bln
B =
b1 - bon

For square matrices we can associate certain operators which will be crucial for our charac-
terization of closed S-invariant spaces:
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Definition 3.2. Let m € {1,...,d}. Letj € {1,...,m} and let J = {ji,...,jm} With
1< <...<jm<d Let B€ My(m x m). The (j, J)-determinantal operator associated
to B is the operator Lp ; ; : H — H?*(ID) defined as follows:

b1 bim
b1 bj—1)m

Lpjs(fier+ ...+ feeq) :=det | f5, ... fi.
b+ b(j+1)m

bml bmm

In case m = d (hence J = {1,...,d}) we simply denote L j ; by Lp ;.

Lemma 3.3. Letr m € {1,...,d}. Let B € My (m x m). Foreveryj € {1,...,m} and
J = {1, gmp with 1 < ji < ... < jn < d, the operator Lg;,; : H — H*D) is
continuous and Lp j y0S = S10 Lp; ;.

Proof. Let I, F5, € H. Since the determinant is m-multilinear on the rows, it follows that
LB7]‘7J(F1 + FQ) = LB7]'7J(F1> + LB7j7J<F2) and LB,j,J(ZFl) = ZLB’]"J(F1>. Therefore the
operator Lp ; ; is linear and intertwines S and 5;. Finally, using the Laplace expansion of the
determinant with respect to the j-th row, we see that, if /' = fie; + ...+ fqeq € H,

d
(3.1) Ly (F) =Y (=) det(B*),
k=1
where B7* is the (m — 1) x (m — 1) matrix obtained from B by removing the j-th row and the

k-th column. Note that det(B7*) is a polynomial in the by,,’s. Since by,,, € H>(ID), it follows
that there exists C' > 0 such that || det(B*)||,, < C forall k = 1,..., m. Therefore,

150 2y < C D il < OV D il < CVmll Flle,
k=1 k=1

hence Lg ; ; is bounded. g

A first consequence of this lemma, recalling the definition of determinantal subspaces from
the introduction is the following:

Corollary 3.4. Every determinantal subspace of H is closed and S-invariant.
Now we go on with our construction:

Definition 3.5. Let A € M (d x d). Let A(A) = {aj; : a;, # 0}. If A is not the zero
matrix—hence A(A) # ()—we denote by ¢ the (inner function) greatest common divisor of
{I(a;k) : aj, € A(A)}. We call ¢4 the inner greatest common divisor of A.
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Finally for every j, k € {1,...,d} let
N a;
Qi = —Jk.

ba
Note that a,;, € H>*(D) forall j,k=1,...,d.

Definition 3.6. We call the matrix A := (), 5—1...a € Moo(d x d) the reduced matrix of A.

3.1. Casedet A # 0. Let A € Mo (d x d) and assume det A Z 0. Clearly det A # 0. Hence,
it is well defined

@4 = I(det A),
the inner factor of det A.

Recall that, if L : H — H?(D) is a linear operator and V' C H?(DD), the fiber of L over V is
defined as

L YV):={FeH:L(F)cV}.
Clearly, if L is continuous and V is closed in H%(D), then L~ (V) is closed in H.

Definition 3.7. Let A € M (d x d), and assume det A # 0. We let

Ny =4 (ﬂ LAZ(SOAH%D))) ;

and call it the closed S-invariant space associated to A.

With the notation introduced in the Introduction,

NA = ¢AQ§0A7

where Q,,, is a determinantal space.

3.2. Casedet A =0. Let A € M (d x d) and assume det A = 0.

As a matter of notation, let m, n be positive integers. If z € D, and B € M.(m X n), we
denote by B(z) the m x n matrix whose entries are the complex numbers given by evaluating
the entries of B at z.

Definition 3.8. Let B € M (m x n) where m,n are positive intergers. We say that B has
rank k € {0, ..., min{m,n}} if rank(B(2)) < k for all z € D and if there exists zo € D such
that rank(B(z)) = k.

Remark 3.9. Note that if A € M (d x d) then A has rank d if and only if det A # 0. On the
other hand, by Kronecker’s theorem, the rank of A is £ < d if and only if there exists a k x k
matrix B obtained by removing d — k rows and d — k columns from A such that det B # 0,
and all matrices containing B and obtained from A by removingd —k — 1 rowsand d — k — 1
columns have determinants identically zero.
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Remark 3.10. Clearly, A is the zero matrix (that is the d X d matrix whose entries are the
identically 0 function) if and only if rank(A) = 0. On the other hand, if A is not the zero
matrix, then A = ¢ A and, since ¢4 has at most a discrete set of zeros in D, it is clear by the

~

previous observation that rank(A) = rank(A).

Definition 3.11. Let A € M (d X d), and assume that rank(A) = k € {1,...,d — 1}. We let
R(A) be the set of all fie; + ...+ fseq € H such that

fi oo fa
i ... G

(3.2) rank | -
aq1 .. Qgd

Lemma 3.12. Let A € M (d x d), and assume that rank(A) = k € {1,...,d — 1}. Then
R(A) is a closed S-invariant subspace of H. Moreover, R(A) is a determinantal space of the
form Q,.
Proof. Since the rank is invariant by switching rows or columns, we can assume that

&11 . &1k

det { = .. ¢ | #0.

a1 ... Qg

By Kronecker’s theorem (see Remark 3.9) the condition (3.2) is equivalent to

i oo ke Jm
ain ... Qg Qi

(3.3) R, (fier + ...+ faeq) :=det | . ) i =0, m=k+1,...d.
ap1 .. Gk Qg

By Lemma 33, R,, : H — H 2(ID)) is a continuous linear operator and R,, o S = 51 o R,,,
m=k+1,...d. Hence,

d
R(A) = () B.'({0}),
m=k-+1
is a closed, S-invariant subspace of H, and it is actually a determinantal space of the form

Do. |

Recalling from Remark 3.10 that A and A have the same rank, we give the following:

Definition 3.13. Let A € M (dxd) and assume det A = O andrank(A) =k € {1,...,d—1}.
We say that J = {j1,...,jr : 1 < 51 < ... < jx < d} is a good multi-index of A if there
exists S = {s1,...,8,: 1 < 81 < ... < s < d} such that the minor 457 € M (k x k) of

A obtained from A by removing the rows s ¢ S and the columns j ¢ J has the property that
det AS7 £ 0.
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The set of all indices S which satisfy the previous condition with respect to .J is denoted by
Ji(A).
Note that, by Remark 3.9, if A has rank £ there exists at least one good multi-index for A.

Example 3.14. Let

6 0 0
A=10 ¢ o],
0 1 1

where ¢, ¢ are non-invertible inner functions. Clearly, A = A and rank(A) = 2. The good
multi-indices of A are J; = {1,2} and Jo, = {1,3}. Moreover, J,,(A) = jjz( i) =
{{1,2},{1,3}}. Also,
A2 _ ja2s _ (000 Asrn _ jasys _ (000
0 ¢)’ 0 1/)°

Definition 3.15. Let A € M (dxd) and assume det A = 0 andrank(A) =k € {1,...,d—1}.
Let .J be a good multi-index of A. We let ¢ 4 to be the (inner function) greatest common divisor
of the inner factors of det A%, when S varies in J;(A). That is,

o4 = gcd{I(det AS7) . S € T;(A)}.
Now we are ready to define a closed S-invariant subspace associated to A in case det A = 0:

Definition 3.16. Let A € M (dxd) and assume det A = O andrank(A) =k € {1,...,d—1}.
Let J be a good multi-index of A. We let

Naj = da N L,}é,(JJ,J(SOJ,AHQ(D)) NR(A)
SeT (A),j=1,...k
It follows at once from Lemma 3.3 and Lemma 3.12 that N4 ; is a closed S-invariant sub-

space of H for every good multi-index J of A. Also, note that, in the terminology of the
Introduction,

NA,J = gbA(QcpJ,A N QO)
Remark 3.17. Let A € M (d x d) and assume det A = 0 and rank(A) =k € {1,...,d — 1}.
Let J, J' be a good multi-indices of A. We will show (see the proof of Theorem 6.1) that actually
N4y = Ny . In fact, we show that, for every J good multi-index of A, we have

Ny = span{S™(ajie1 + ... + a1a€q), . . ., S™(ag1€1 + . . . + aga€q) : M € N} .
Example 3.18. Let

N

I
O OB
o6 o
o oo
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with ¢, ¢ two non-invertible inner functions, coprime. Hence, A = 121, rank(A) = 2 and the
(only) good multi-index is J = {1,2}. Also, J;(A) = {J}. We have ¢, 4 = ¢. Hence,

L:i‘ll,JVLJ(qbngz(D)) = {fie1 + foer + fres € H: fip € ppH*(D)}
= {fie1 + foeo + fze3 € H: f1 € pH?*(D)},
and, similarly,
L2$,1’27J(¢¢H2(D)) = {fie1 + foes + fres EH: fo € oH*(D)}.

Also, by (3.3),

R(A) = H*(D)e; @ H*(D)ey,
so that

Ny = ¢H?*(D)e; @ pH?*(D)ey.

Example 3.19. Let

A=

S O =
o O O
o O O

Hence, A = A, rank(A) = 1 and the (only) good multi-index is .J = {1}. Also, J;(4) = {J}.
We have ¢ ; 4 = 1. Hence,

Lgi»J71,J(H2(D)) = {f1e1 + f2€2 + f3€3 cH: f1 & HQ(]D)>} = H.

Also, by (3.3),
R(A) = H*(D)ey,
so that
Ny = H*(D)e,.

4. THE SPACES N4 AND N 4 ARE NOT MAXIMAL FOR THE SHIFT

In this section we prove an analogue of Lemma 2.1 for the spaces defined in the previous
section.

Proposition 4.1. Let A € M, (d x d), det A = 0. Suppose A is not the identically zero matrix.

Let J be a good multi-index of A. Then dim(Na ;)t = oo and there exists a closed S-invariant
subspace M C H such that Ny ; C M.

Proof. Let A = (a;n), j,m € {1,...,d} and a;,, € H*(D).

Let k € {1,...,d — 1} be the rank of A-and hence of A. In order to simplify notation, and
without loss of generality, we can assume that J = {1,..., k} is a good multi-index of A and
that J € jJ(A). Thus, det A/ # 0.
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Now, for every § € H?(D),

0 ... 0 @

G ... aw @ )
4.1) det | T — (C1)k0 det AN

ag1 -.. Gk Qrg

In particular, if  # 0, by (3.3), ey & R(A) and, hence R(A) # H. Note that this also implies
that dim(H/R(A)) = co—hence, dim(R(A))* = oo and hence dim(N, ;)* = co—because
[0eq] = [0] in H/R(A) if and only if § = 0 and thus H%(D) > 0 — [fey] € H/R(A) is a linear
injective operator.

We know that Ny ; C ¢paR(A) and, clearly, paR(A) C R(A). Thus, if Ny, # R(A),
we can take M = R(A) and we are done since R(A) is a closed S-invariant subspace of H.
Therefore, we can assume that

Naj=R(A).
Now, let # be an inner function and consider the matrix B € M (d X d) given by
0 e 0 0
any coo Q14— 14
B = )
ag—11 -+ QAa—1d-1 Qd-1d

By (4.1), the rank of B is k + 1.
1. Case k+1 < d.

We claim that R(A) C R(B) ¢ H. If this is so, taking into account that R(B) is closed
and S-invariant, we can take M/ = R(B) and we are done. Indeed, arguing as before, we see
that R(B) € H. On the other hand, let fie; + ... + fseq € R(A). By (3.3), we have for
m=k+1,...,d—1,

i o e fm Ja
0O ... 0 0 6 5{1 (;f’“ J’"
~ ~ ~ ~ k
det | @11 ... Qi Qim  Qiq :(_1)k6det H ' i =0,
. R . a .a a
r1 - Qrk Qm Gk M ke Sk

which, by (4.1) and Kronecker’s Theorem (see Remark 3.9) implies that

fi o Jaa fa
0 e 0 0
rank | @11 ... Gia1 Qg | =k 41,

dg-11 --- Gd-1,4-1 Qd—1,4d
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thatis, fie; + ...+ fseq € R(B). Hence, R(A) C R(B). Itis clear that R(A) # R(B), since
fe, € R(B) but fe; € R(A).

1. Case k +1=d.
Since k = d — 1, we have that J = {1,...,d — 1} (and we are assuming det A/ # 0).

Let 0 be a non-invertible inner function coprime with the inner part I(det A””) of det A*” (for
instance, if I(det A”7)(zy) # 0 and for some 2, € D, we can take 0(z2) = 2==, ~ € D). Let

1—2zp2°

N Lz (0H(D)).

J=1

M :

Note that M is a determinantal space, so it is closed and S-invariant. We have

0 - 0 1
ai; ... Qig-1  Qig .
Lpi(eg) =det | . , , = (=1)"'det A,
dd—1,1 -+ Q4-14-1 Gd-14

Taking into account that 6 is coprime with I(det A%”), it follows that L ,(eq) ¢ 0H?(D).
Thus, M # H.
Clearly, fe; € M, since Lp j(0eq) = 0for j =2,...,d and

Lpi(feq) = (—1)*0det A € 0H*(D).

While, as we already noticed, fe; ¢ R(A). Therefore, M # R(A). So, in order to complete
the proof, we are left to show that

R(A) C M.

Let fie; + ...+ fseqa € R(A). Hence, by Kronecker’s Theorem (see Remark 3.9), L 1(fie; +
...+ faeq) = 0. While, for j € {2,...,d} we have

A~

a1 e dl,dfl
. aj—11 - Qj_14-1 ,
LB,j(flel 4+ ...+ fded) = (—1) 10 det fl R fd—l c0H (D)
Aj+11 oo Aj41,d-1
ag—1,1 --- Qd—1,d-1
Therefore, fie1 + ...+ fqeq € M, and we are done. O

Proposition 4.2. Let A € M (d x d), det A # 0 and suppose that im(N4)* > 2. Then there
exists a closed S-invariant subspace M C H such that Ny C M.



14 F. BRACCI AND E. A. GALLARDO-GUTIERREZ

Proof. Let
d

0, = L; (pa*(D)).
j=1
By the very definition, N := ¢4 Q,,,.
Suppose first that Q,,, = H. Hence, Ny = ¢4H. Since we are assuming that dim(N4)* >
2, it follows that ¢ 4 is not invertible. If d = 1, the result follows from Lemma 2.1, so we can
assume d > 2. In this case, let

M := (¢paH*(D)) e, ® H*(D) & ... ® H*(D).
Clearly M is closed, S-invariant, p 4lH C M C H, and we are done.

Therefore, we can assume that Q,, # H. Hence, there exists j such that L;ilj(@ AH?(D)) #
H. Without loss of generality, we can assume j = d. Since Ny C qﬁAL;ild(go 4H?(D)) and
clearly d)AL;i}d(goAHQ(D) C L;i}d(gpAHZ(]D)), if Ny # de(goAHQ(]D))), we can take M =
L;lld(go AH?*(D)). By Corollary 3.4, M is closed and S-invariant, and we are done.

Therefore, we are left to assume

N = L3\ (paH*(D)).

Fix j € {1,...,d}andlet S; = {1,...,d} \ {j}. Let J = {1,...,d — 1}. Also, let §, be
the (inner function) greatest common divisor of ¢ 4 and the inner part I (det A7) of det A%,
Let 0; be an inner function (unique up to multiplication by a unimodular constant) such that

(4.2) A =0,0,.
Hence

~

aiq Ce a1,5—-1 Q1,5 a1 5+1 . a1.d

L; (0;e;) =det | A . . .
4.3) AT ad—1,1 --- Qd—1,45-1 Qd—1,; QAd—1j+1 --- Qd—1d
0 e 0 0; 0 e 0
= (=1)%70; det A% €, H*(D).
This in particular implies that

(4.4) 7 :=0HD)D...®0,H*(D)C de(@ AH?*(D)).
Case 1. There exists j € {1,...,m} such that 6; is neither invertible nor a Blaschke product
with a simple pole.

We can assume j = 1, the other cases being similar. In this case, by Lemma 2.1, there exists
a not invertible inner function (; such that ¢, divides ¢; and 8, does not divide ;. Let

M = de(cleQ(D)).
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Note that M is closed and S-invariant. Since ¢; divides 6, and hence, by (4.2), it divides 4,
it follows easily that L:ild(gp 4H?(D)) C M. Moreover, since for every h € H*(D),

Lj(her) = (=1)*hdet A",

and since oy and I (det A%51) are coprime, it follows that pye; € M but e, & L;ild(goAH2(]D))),
and thate; ¢ M. Thatis, M # H and M properly contains L:ild(cpAHz(ID))).

Case 2. For all j € {1,...,m} either 6, is a Blaschke product with a simple pole or 6; is
invertible.

Since de(ap AH*(D)) # H, there exists at least one j such that 6; is not invertible. To
simplify readability, we assume that 61, ..., 0,, are Blaschke products with a simple pole and
Omat, - -, 04 are invertible, for some 1 < m < d (the other cases are similar).

Let Q) := Li’ld(gpAHQ(}D))). By (4.4), Z C Q. Since Z is an orthogonal direct sum, it is easy
to see that there is a natural isometrical isomorphim between H/Z and

E:= (H*D)/(0:H*(D))) e1 + ...+ (H*(D)/(0,H*(D))) e,
given by
Es|filer + ...+ [fumlem = [fie1 + ... + fmen] € H/Z.

Since 6; is a Blaschke product with a simple pole it follows that H*(D)/(0; H*(D)) is a one-
dimensional space for j = 1,...,m,. Hence, dimH/Z = dim F = m. Taking into account
that H/Z is isometrically isomorphic to Z*, it follows that dim Z+ = m.

From Z C @, we have that Q- C Z*, hence, dim Q+ < m. Note that Q* # {0} (because
Q # H) and Q-+ is S*-invariant (because () is S-invariant).

Therefore, S*|g. : Q+ — Q% is a linear endomorphism of a finite dimensional space and
2 < dim Q+ < m. Hence, there exists a subspace V # {0} such that V' C Q* and S*(V) C V.
Given such a V, we let M = V+. Thus, M is a closed S-invariant subspace of H, Q C M and
M # H. O

5. THE BEURLING-LAX MATRIX OF AN INVARIANT SUBSPACE

Let M C H be a closed S-invariant subspace. By the Beurling-Lax Theorem [5, 13] (see
also, e.g. [18, Section 1.12]), there exists a bounded linear operator () : H — H (called an
S-inner operator) such that:

1
(1) there is a closed S-invariant orthogonal decomposition H = /o @ ker @),
(2) Alp, 1 Ig — Q(Ig) = Q(H) = M is an isometry,
(B) QoS=500Q.
The following proposition can be deduced also from [18, Theorem B Section 1.15], but we
give a proof both for the sake of completeness and in order to fix some notations.
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Proposition 5.1. Let M C H be a closed S-invariant subspace. Then there exist a;, € H* (D),
with |||l < 1, 7,k =1,.... k, such that

d
M = {Z hj(ajlel + ...+ ajded) : hj € H2(]D))}
j=1

— span{S™(ajie; + ...+ a14eq), ..., S"(ager + ... + aggeq) 1 n € N} .

Proof. Let () be a S-inner operator such that M/ = Q(H). Letk = 1,...,d. Since QoS = SoQ),
it turns out that for every polynomial g,

Q(qer) = qQ(ex).

If f € H*(D) and {q¢;} is a sequence of polynomials converging to f in H*(ID), since @ is a
S-inner operator, we have

lim ||g;Q(er) — Q(fer)|lx = lim [|Q(gjex — fer)||m
j—00 j—o0
< lim ||gjer — fexllw = lim |¢; — fllm2@) = 0.
j—00 j—00

Therefore {q;(Q)(er)} converges to Q(fe) in H.

Now, as a matter of notation, if F' € H, we write F' = p;(F)e; + ...+ pa(F')eq. Note that, if
g € H*(D) and gF € H then p,,(gF) = gpn(F),m=1,...,d.

Since {q;Q(e)} converges to Q( fey,) in H it follows that {p,, (¢;Q(ex))} converges in H*(D)
to P (Q(fex)), m = 1,...,d. Therefore, {p,,(q;Q(ex))} converges uniformly on compacta to

Now we show that {p,,(¢;@Q(ex))} converges uniformly on compacta of D to p,,,(fQ(ex)),
m = 1,...,d, from which it follows that Q(fer) = fQ(er). Indeed, let K CC D. Let
Cr, = maxcer |pm(Q(ex))(C)|, m =1,...,d. Since {g;} converges uniformly to f on K, we
have

max |pm(q;(2)Q(er)(2)) — pm(f(2)Q(er)(2))|

jr(nealg |4 (2)pin (Q(er) (2)) — f(2)pm(Qer) (2))| < Crmax|g;(2) — f(2)] = 0.
Therefore,
5.1) Q(fer) = fQ(er) Vfe H*D),k=1,...,d
Now, for j = 1,...,d, we write

Q(ej) = a;1€1 + ...+ A;d€q-
By (5.1), for all f € H*(D),
pl(Q(fel)) = fai.
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Hence, taking into account that () is S-inner we have for every f € H*(D),

I fanllfem) < 1fanllfew + -+ | faalieo = 1Q(fe)llk
<|Ifellz = 1172y

Therefore, the multiplication operator H*(D) > f +— ay;f € H?*(D) is continuous and with
(operator) norm < 1. By a standard result, a;; € H*(D) and ||a11||oo < 1. A similar argument
works for aji, j. k € {1,...,d}.

Now, every f € M is given by f = Q(h) for some h € H (actually, h € I4). If we write
h = hie; + ...+ hgeyq, we have

(5.2)

d
f = Q(h) = th(el) + ...+ hdA(ed) = Z hj(ajlel + ... ajded),

J=1

and this proves the first part of the formula. As for the second, by Beurling theorem,

H = span{S™(e;),...,S™(eq) : n € N}m
Since () o S = S o (), we have
Q(H) = span{S"(Q(e1)), ..., 5" (Qle))) : n € N},

and we are done. O

There are a couple of interesting corollaries we need. Before that, we need a definition. Let
Hy = {f1e1+...—|—fded : fj € HOO(]D)),] = 17,d}

Corollary 5.2. Let M, N be two closed S-invariant subspaces of H. Then M C N if and only
if M NH,, C N.

Proof. Assume first that M NH,, C N. Let {a;};x=1,..q4 be the bounded functions given by
Proposition 5.1 for M. Hence a;ie; + ... +ajqeq € N for j = 1,...,d. Since N is S-invariant
and by Proposition 5.1, we have

M = span{S™(ajie1 + ...+ a1q€q), ..., S™(agre1 + ... + age€q) : n € N}H C N.
The other implication of the corollary is trivial. U
Proposition 5.3. Let M be a S-invariant subspace of H. Let O € H* (D) be outer. Then
OM" = M.

Proof. First we show that O M " C M. Since M is closed, it is enough to show that OM C M.
Let I' € M. By Proposition 5.1, there exist sequences of polynomials {p, j }nen. 7 = 1,...,d
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such that F is the limit in H of the sequence {Q,, := Z;l:l Pnjlaner + ...+ ajqae;)}. Now,

again by Proposition 5.1,

d d
OQn =0 (me(aﬂel 4+ ...+ ajdej)> = mej (O(ajlel + ...+ ajdej)) € M’
j=1

j=1
therefore OQ,, € M for every n. Since ||OQ,, — OF||g < ||O||||@n — F||m. it follows that
{0Q,} C M converges to OF in H, hence OF € M, and we are done.

Now we prove that M C OM ¥, Since the multiplication by O commutes with S, we have
that OM is S-invariant, and so is OM " Therefore, by Corollary 5.2 it is enough to show that

MNH, C O_MH. To this aim, let /' € M N H,,. Since O is outer, hence a cyclic vector
for S}, there exists a sequence of polynomials {p, } such that {p,O} converges to 1 in H*(D).
Since (p,O)F = O(p,F) and p,F' € M, it follows that p,OF € OM for all n. Now, write
F = fieq + ...+ faeq, with f; € H®(D), 5 =1,...,d. Let C > 0 be such that || f;||c < C
for j =1,...,d. Hence,

d d
IpeOF = Flli = > 1 0a0 = D) fillew) < D 155121200 = 132w,
j=1

j=1
< dC?|lpnO = 132y

Since lim,, o0 [|pnO—1]|3 )y = 0, itfollows that {p, OF'} converges to F in H. But {p,OF'} C

OM, hence F' € OMH, and we are done. O

Definition 5.4. Let // C H be a closed S-invariant subspace, and let {a; };x—1...,
Proposition 5.1. The matrix Ay, = (aj;) € M is a Beurling-Lax matrix of M.

4 be given by

6. THE STRUCTURE THEOREM

Let N C H be a closed S-invariant subspace. Let A be a Beurling-Lax matrix associated to
N (see Definition 5.4). Note that A is the zero matrix if and only if N = {0}.

In case A is not the zero matrix, and det A # 0, we can associate to A the closed S-invariant
subspace N4 (see Definition 3.7). In case det A = 0 we can associate the closed S-invariant
subspace N4 ; for every good multi-index of A (see Definition 3.16).

The main result of this section (from which Theorem 1.1 follows at once) is the following:

Theorem 6.1. Ler {0} C N C H be a closed S-invariant subspace. Let A be a Beurling-Lax
matrix associated to N. Then,

o ifdet A #£ N0,

(6.1 N = Nj.
e While, if det A = 0,

6.2) N =N,
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for every good multi-index J of A In particular, Ny ; = Ny y for every J, J' good
multi-indices of A.

Proof. Since N # {0}, A is not the matrix identically zero. Let A be the reduced matrix of A
(see Definition 3.6). Hence, by Proposition 5.1

N = span{S”(auel + ...+ alded), ey Sn(ad1e1 + ...+ added) n e N}“

= span{paS™(G11€1 + ... + G14€4), - -, P4S™(Gg1€1 + . .. + Qggeq) : 1 € N}M.
Let

W .= span{Sn(&nel + ...+ dlded), .. ,S”(dd1e1 + ...+ &dded) n e N}u.
Bering in mind that the multiplication by ¢ 4 is an isometry in H, we have

N = ¢W.

Case A:det A # 0.

Fix j € {1,...,d}. Let L,  be the determinantal operator associated to A (see Defini-
tion 3.2). Since S; 0 Ly ; = Laj o S, it follows that, for k € {1,...,d} \ {j},

LA,]‘ (span{S”(dklel + ...+ dkded) n € N}) — {0}7

hence, since L4 ; is continuous,

LAJ(W> = LAJ (span{S"(djlel 4+ ...+ djded) n e N}M) .
Now, for every n € N we have
La,(S™(ajier + ...+ ajeeq)) = S7(det A).

Recall that, by definition (and since det A # 0) ¢ 4 is the inner part of det A. We let O to be the
outer part of det A. Therefore, by Beurling theorem,

H2(D)

) H
=La; (span{S"(gpAO) :n € N} )
H2(D)

= {span{S7(¢40) : n € N} = s H*(D).

From this it follows that W C L% (94 H?*(D)) and then N C gL' (paH* (D)), j =1...,d,
that is, N C Nj4.

Now, we show that Ny C N. Since N = ¢,W and Ny = ¢4 ﬂ?zl L (paH?* (D)) , it is
enough to show that

Z = (VL) oal*D)) € W

Jj=1



20 F. BRACCI AND E. A. GALLARDO-GUTIERREZ

To this aim, let F' = fie; + ... fseq € H. By (3.1), F' € Z if and only if
d
Laj(F) =Y (=) fydet(A*) € o4 H*(D), j=1,...d.

k=1
Since by Beurling theorem the closure of span{S7'(p40) : n € N} is o4 H*(D), there exist
sequences of polynomials {p,; }nen, j = 1,...,d, such that
d
(6.3) lim | aOpa; — Y (=1 fidet(A™) |12y =0, j=1,....d.
k=1

Taking into account that a;, € H>*(D), j,k € {1,...,d}—and hence if a sequence {h,} C
H?*(D) converges to h in H?(D) then {a;xh,, } converges to a;;h in H*(D)—from (6.3) we have
foreverym =1,...,d

d d d
©4)  lim [| Y ampaOpu; = D fi (Z(—l)’”j&jm det(fv*’)> lz22) = 0.
j=1 k=1

j=1
Now we claim that

d
, oy O k=m
6.5 3 (— 1)k, det (A) = { 7
(6.5) jl()ay et(A™) {() kA m

Assuming the claim for the moment, from (6.4) we have

d
]:

Since @4 is inner, this implies that {O E?lenjdjm} converges to Of,, in H*(D), m =

1,...,d. In other words, if we let

Qn = pn1(@rier + ...+ argeq) + ... + pra(Garr + . .. + Gaqea),
then {OQ,,} converges to O(fie; + ... + fseq) = OF in H. Note that @), € W, so that
0Q,, € OW for all n. By Proposition 5.3, OW C W, hence, OQ,, € W for all n. It follows
that OF € W. By the arbitrariness of F, this means that OZ C W and, since W is closed,
0z" C W. Since Z is S-invariant, by Proposition 5.3 we have Z = WH, hence Z C W as
wanted.
We are thus left to prove (6.5). Let

U:={zeD:det A(z) # 0}.

Since det A £ O0—hence det A # (0—the set U is open, connected and dense in D. Let B the
d x d matrix whose (j, k) entry is (—1)7** det A*/. Then it follows from classical linear algebra
that, forall z € U

~

A(z) - B(z) = (det A(2))ld,
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where Id is the d x d identity matrix. Expanding the previous equality one obtains (6.5) for all
z € U. By analytic extension, it holds thus in D and we are done.

Case B: det A = 0.
Let

T(A) = ﬂ L}é,(@j’J(SOJ,AHz(D)) NR(A).
Sed (A),j=1,..k
Since
Na,y = ¢aT(A)
(see Definition 3.16) and N = ¢4V, it is enough to show that W = T'(A).

To simplify the readability, we can assume that J = {1,... k}. This would not affect the
proof since, switching the columns j and m in A corresponds to see the problem under the
isometric automorphism of H which switches the coefficients of e; and e,,.

Now, we claim that W C T'(A). To this aim, because of the (multi-)linearity of the determi-
nant, it is enough to show that a,, := ay1€1 + ... + dmeeq € T(A) form = 1,...,d. So, fix
m € {1,...,d}. Obviously, a,, € R(A). Next,let S = {1 < 51 < ... < s < d} € Jj(A)
and j € {1,...,k}. We need to show that LASJJJ(QM) € ¢ 4H?*(D). Now,

Agq1 . Ak
CLSj_ll Ce asj_lk
Ljssj(@y) =det | Qmi ... amk
a5j+11 N astk
Qsy 1 c. Qg k

There are two possibilities: either the determinant is identically zero—so that L zs.; ; ,(a,,) €
¢ j4H?*(D)—or it is not identically zero. In the latter case it means that, up to reordering in
increasing way, the multi-index {si,...,s;_1,m,Sj41,..., 5%} € J;(A). Hence, by definition
of ¢4, it follows that ;4 divides the inner part of L js. ; ;(Gy,), that is, L sy ; ;(a,,) €
QOJVAHQ (]D) . .

In order to show that T'(A) C W,let S = {1 < s; < ... < s, <d} € J;(A) and let

CLSll e aslk
AS,J —
Qg1 - Ak

Since det A5/ # 0 and det A7 € H>(D), the inner part pg := I(det AS7) of det A5 is
well defined (and ¢ 4 divides g by definition).
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We first prove that
(6.6) Ts = ( ﬂ ngﬂ,,j’ J(¢SH2(D))> NR(A) C W.
j=1,...,k
Let fie; + ...+ fqeq € Ts. Hence,
fi o Ja
ds;1 --. Qg4
(6.7) rank ) . = k.
as, 1 - G

Let Ug be the open dense set of ID such that det A%7(z) # 0. Then, for every z € Ug, by
classical linear algebra, there exist )\j(z) € C,j=1,...,ksuch that

(6.8) fi(z) = M(2)as,i(2) + ...+ Me(2)as,, F=1,...,d.
Since det(A57(z)) # 0 (for z € Us), it follows by Cramer’s rule that for j = 1, ... k,

as;1 -..  Ggk

o g, g1 - Oy i
det(A7 (2)Aj(z) =det | fi ... fi

a8j+11 Ce ds]-_,_lk

Asy1 - Gsk

Since a;,, € H*(D) and f; € H*(D) (for all indices j, m), the right hand side of the previous
equation is in H*(ID) and, since Ljs.s ; (fies+ ...+ faeq) € osH*(D) for j = 1,...,k by
hypothesis, it follows that it is actually in @5 H?(D). Thus, if Og € H*(D) denotes the outer
part of det A5, we have that Og\; € H2(D) forj = 1,..., k.

Therefore, from (6.8), we have that

s
Os(fier + ...+ faea) = Z OgAm(as,181 + ... + Q5,,qeq) € W.

m=1

In particular, it follows that OgTs C W. Taking into account that T is a closed, S-invariant
subspace of H by Lemma 3.3 and Lemma 3.12, equation (6.6) follows at once from Corol-
lary 5.3.

Hence,

— M
P .= Z Ts CW.
SGJJ(A)
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On the other hand, note that P is closed and S-invariant (since it is the closure of the sum of
S-invariant spaces). Also, note that a,, := a,,1€1 + ... + Gpmqeq belongs to some T (indeed,
if m is part of some multi-index S € J. J(A) then a,, € T, while, if m does not belong to any
multi-index S € J;(A) then Ljs. j s(am) = 0forall S € Js(A)and j € {1,...,k}, so that
Gy, € Ts forall S € J;(A)). Thus, W C P and therefore
P=W.
We are thus left to show that
T(A) CP.
By Corollary 5.2, it is enough to show that T(A) N H,, C P. To this aim, let F' := fie; +

~

.+ faea € T(A) NHy. Forevery S € J;(A) let 65 be the inner function (unique up to
multiplication by a unimodular constant) such that o5 = ¢ 40s. Note that the (inner function)
greatest common divisor of {5} se,(A) is 1 (for otherwise ;4 would not be the greatest
common divisor gf the ©g’s).
Fix S € J;(A) and j € {1,...,k}. Since by hypothesis L s, ; ;(F) € ¢ aH*(D), it
follows by the (multi-)linearity of the determinant that
Ljss ;,(0sF) € psH*(D).

Thus, fsF € P and, in particular, since F' € H,,, we have hfsF € P for all h € H*(D).
Hence, if for each S € J;(A) we take a function h® € H%(DD), we have

> K9 | FeP.
SeJs(A)
Now, let {h7} C H?*(D) be the sequences given by Lemma 2.3 such that {4 71(A) h0s}
converges to 1 in H%(ID), and let

Foi={ Y hibs|FeP
SeJs(A)
Taking into account that ' € H., it follows that { F},} converges to F'in H and hence F' € P,
and we are done. U
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