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ABSTRACT. We establish the non degeneracy of bubbling solutions for
singular mean field equations when the blow-up points are either regu-
lar or involve non-quantized singular sources. This extends the results
from Bartolucci-Jevnikar-Lee-Yang [7], which focused on regular blow-
up points. As a consequence, we establish the strict convexity of the
Entropy in the large energy limit for a specific class of two-dimensional
domains in the Onsager mean field vortex model with singular sources.

1. INTRODUCTION

In this article, we shall investigate the non degeneracy property of the
following mean field equation with singular sources defined on the Rie-
mann surface M

he? 1 N 1 )

along with the corresponding Dirichlet problem

e¥ N
Av+p———=> 4naid, in Q,
(1.2) Joherdx 57

v=20 on d(),

where (M, g) in (1.1) represents a Riemann surface with metric g, and Q
in (1.2) is an open, bounded domain in R? with a C? boundary 9Q), A, de-
notes the Laplace-Beltrami operator on M, while A stands for the classical
Laplacian operator in Euclidean space, the potential function h is a posi-
tive C° function and the parameter p is strictly positive in both equations,
the points g1, - - - ,qn are distinct in the respective ambient space, the coef-
ficients a; > —1, and J;; represents the Dirac measure at g;. The volume of

Date: January 29, 2026.
Key words and phrases. Liouville equation, blow up, non quantized singular source, non
degeneracy.
1



2 D. BARTOLUCCI, W. YANG, AND L. ZHANG

(M, g) is denoted by vols(M), and we assume throughout the article that
volg(M) = 1.

Both equations have a rich background in Differential Geometry and
Physics, including topics such as conformal geometry [50, 80], Electroweak
and Self-Dual Chern-Simons vortices [2, 71, 76, 77, 88], the statistical me-
chanics approach to turbulent Euler flows, plasmas, and self-gravitating
systems [7, 25, 51, 38, 70, 81, 86], Cosmic Strings [18, 68], the theory of hy-
perelliptic curves and modular forms [26], and CMC immersions in hy-
perbolic 3-manifolds [79]. These factors motivated the significant efforts
dedicated to studying (1.1), focusing on existence results [6, 11, 14, 20, 39,
27,31, 32, 34, 35, 40, 41, 43, 59, 59, 62, 63, 64, 66], uniqueness [8, 9, 10, 12,
13, 28, 48, 53, 56, 58, 74, 87], and concentration-compactness and bubbling
behavior [16, 17, 22, 45, 46, 47, 52, 54, 55, 75, 78, 82, 83, 84, 89, 90]. Notably,
groundbreaking work initiated in [33, 60] has recently advanced the under-
standing of the flat two-torus with singular sources, see [36, 57] and related
references.

By using the classical Green function Gu(z, p), which satisfies

—AeGm(x,p) =0, —1 in M

fM Gm(x,p)dp =0,

we can rewrite (1.1) as follows,

He% .
(1.3) Agw + p<f1v1 Hevd 1) =0 in M,
where
(1.4)
N N
w(x) =v(x)+ 47TszjGM(x,qj) and H(x He 470 Gua (x,45)

j=1 j=1
Using the local isothermal coordinates z = z(x) centered at p, 0 = z(p),
G(z,0) = Gm(x(z),p) can be decomposed by
1
G(z,0) = —Elog]z| + R(z,0),

where R(z,0) denotes the regular part of G(z,0), and Ry(x(z),p) = R(z,0)
stands for the regular part of Gy(x(z),p). As a consequence, near each
singular point g;, j =1,---,N, we can write

(1.5) H(z) =hj(z)|z|*, |z]<1, 1<j<N, whereh;(z)>0nearO0.

The equation (1.3) possesses a variational structure, as it can be derived
as the Euler-Lagrange equation of the functional:

1
Ip(w):2/M]Vw\2+p/Mw—plog/MHew, w € HY(M).
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Since adding a constant to any solution of (1.3) still yields a solution, we
can, without loss of generality, define I, on the following subspace

(M) = {fe Hl(M)|/Mfdy :o}.

A detailed analysis of the variational structure of (1.3) can be found in [64].
Typically, we say that w in (1.3) (or v in (1.1)) is non-degenerate if the lin-
earized equation corresponding to the solution w of (1.3) admits only the
trivial solution. Specifically, the following equation

He" He“¢ .
1. A " (e— | /T )=
10 Ao (0, ) 0
has only the solution ¢ = 0.

Similarly, for the Dirichlet problem (1.2), we recall the standard Green'’s
function

—AGq(x,p) =94, in Q,

Gal(x,p)=0 on 9Q).

Using G (x,p), equation (1.2) can be rewritten as follows

He"™ .
AW v 0 O
1.7)
w=0 on 9dQ),
with
N N
w(x) =v(x)+ 47rZoajGQ(x,q]-) and H(x He 47 Go (x,0;)

j=1 j=1

It is well known that Gn(x, p) can be decomposed by

1
Ga(x,p) = —5_log|x — p| + Ra(x,p),

where Rq(x,p) denotes the regular part. Then near each singular point g,
we have

H(z) = hj(x)|x — i, x # g
with k;(x) > 0 in a small neighbourhood of g;. The linearized equation
associated with a solution w of (1.7) takes the form

He" He%¢ P

As the equation (1.1) defmed on the Riemann surface, we say that a solution
v of (1.2) is non degenerate if (1.8) admits only the trivial solution.
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In two-dimensional space, the loss of compactness phenomenon occurs
for both equations (1.1) (or (1.3)) and (1.2) (or (1.7)), primarily due to the ex-
ponential nonlinearity is critical in the sense of Sobolev embedding. Con-
sequently, studying the qualitative behavior of blow-up solutions, such as
their uniqueness and non-degenerate properties, becomes a natural and
important question. For example, consider equation (1.1), we say that vy (or
wg) is a sequence of bubbling solutions of (1.1) (or (1.3)) if the L* norm of
the corresponding wy, defined by (1.4), tends to infinity as k approaches in-
finity. Through a series of seminal works (see [16, 17, 54]), it is well-known
that once blow-up phenomenon occurs, the function wy blows up at a fi-
nite number of points. To say that the set of blow-up points is p1,---, pm,
means that there exist m sequences of points py1,-- -, prm such that, pos-
sibly along a subsequence, wi(p) — +oco and py; — p; as k — +oo for
j=1,---,m. If none of the blow-up points are singular sources, the local
uniqueness of the bubbling solutions has been established in [8]. Here, the
local uniqueness means that once the blow-up points of the bubbling so-
lution are determined, the solution is unique. While the non degeneracy
property was proved in [7]. A natural question arises: are the results on
uniqueness and non degeneracy still true when the set of blow-up points
contains singular points? In a recent paper, we have proved uniqueness
in the case where at least one blow-up point is a singular source [19]; see
also [9, 87] for related results. By assumption, the strength of the singular
source at a point p is 47a,, where &, = 0 if p is a regular point. We use
a1, , &y to denote the strengths at the points py,- - -, pm, respectively, and
assume that the first m; > 1 of these points are singular blow-up points:

(19) le‘>—1, “ig]N/ 1§1§m1/ “m1+1:"':“m20-

Here, IN represents the set of natural numbers including 0, and a»; denotes
the maximum of ay,---,a,,. We say that the singular source at p is non-
quantized if aj, is not a positive integer. Throughout this work, we assume
all singular sources, when they occur at blow-up points, are non-quantized.
In the first part of this work, we shall prove that the non degeneracy result
holds true in this more general setting.

In order to state our results, we need the following definitions. First of
all, let us set:

(1.10) Gi(x) =8m(1+aj)Rm(x, pj) + 87'[2(1 +a;)Grm(x, pr),
LI

where Ry (-, pj) is the regular part of Gu(-, pj),
1 Gf(l’j)

111)  L(p) =Y _[Alogh(p;) + p« — N* = 2K(p;)]h(p;) Fme o,
jeh
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and
apy =max;e;, Lh={ie{l,---,m};, a=am},
(1.12)
pe=8m3 0 (1+a)), N =43, a;
As mentioned above, some blow-up points being non-quantized singular
sources while others being regular points, we can assume, without loss of

generality, that py,-- -, py, are singular sources and py;, 41, -+, pm are regu-
lar points. For (X, 41, ,Xm) € M X --- x M, we define:

m my+1,--,m
F (Xmy1, e Xm) = Z [logh(x;) +4mRp(xj,x;)] +4m Z Gm(x1,xj)
j=mi+l I#]
m mq
+ Z ZSH(l—i—D&i)GM(Xj,pi).
j=mi+1i=1

We remark that for the set of regular blow-up points (py,+1,- -+, pm), Chen-
Lin in [31] proved that it is a critical point of f*. In this article, we will
examine all possible combinations of blow-up points. Dividing them into
two categories:

Class One: «ap; >0, Class Two: ap <0.

In Class One, the set of blow-up points includes at least one positive sin-
gular source, while in Class Two, the blow-up set either consists of regular
blow-up points and negative singular sources (axp; = 0) or contains only
negative singular sources (ap; < 0). Our first result addresses Class One:

Theorem 1.1. Let vy be a sequence of bubbling solutions of (1.1) and assume that

the blow-up set {p1,- -, pm} satisfies {p1,--+, pm} N {q1,- -+ ,qn} # D. Suppose
(a1,---,an) satisfies (1.9), aps > 0, L(p) # 0 and, as far as my < m,

det (D*f* (pm 1,/ pm)) # 0.
Then there exists ng > 1 such that vy is non degenerate for all k > ny.

Here D?f* denotes the Hessian tensor field on M. At each regular blow-
up point pj for j=m; +1,---,m, using conformal normal coordinates where
X is the conformal factor and satisfies the conditions

Ag=eXA, xi(0)=|Vyxj(0)|=0, e MAx;=-2K,

we can compute det(D?f*) at these points. Here, /i is interpreted as /;eXi
in a small neighborhood of each p; (j =my +1,---,m). If m; = m, meaning
all blow-up points are singular sources, then as long as a); > 0 we see that
the unique relevant assumption is L(p) # 0.

To present the result concerning Class two, we begin by noting that the
set of blow-up points consists only of regular points and negative sources.
We introduce some new quantities. Let B(g,7) represent the geodesic ball
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of radius r centered at g € M, and let Q)(g,r) denote the pre-image of the
Euclidean ball of radius r, B,(g) C R?, in a suitably defined isothermal co-
ordinate system. If m > 2, we choose a collection of open, mutually disjoint
sets M, with the closure of their union covering the entire manifold M.

In this case let us remark that if g; is a regular blow-up point, then it is
automatically a critical point of

G/ (x) — G;(g) +loghj(x) —logh;(0)

and we make this assumption for any blow-up point (remark that if g, is
singular blow-up point, since a; < 0, then the corresponding a; € (—1,0)).
So for all blowup points we assume that,

(1.13) \Y (G]*(X) + logh]-(x)> lx=g, = 0.
Then we define,
(1.14)
Dlp) = hmzm:hi(o)ecﬂqj) (/ ¥ dp(x) — r72_2a1>,
70 j=1 MA\Q(q;17) 1+ o ]

where My = Mifm=1, h]- is defined in (1.5),

e 172
r <8hj(0)ecf (”7/)) , my <j<m,
rj=
7, 1<7<my,

and

(1.15)  ®j(x,q) =) 87(1+a))Gu(x,41) — G (4;)
1=1
+logh;(x) —logh;(0) + 4ma;(Rm(x,q;) — Gm(x,9;))-

Remark 1.1. In local isothermal coordinates centered at q;, 0 = z(q]-), we have
47taj(R(z,0) — G(z,0)) = 2a;log |z| and, as far as «j # 0, we have a; € (—1,0).
Although the expansion term is not absolutely integrable, we can handle the leading-
order term after integration by using the term 1/ r]%za" .
integrable term in the definition of D(p) cancels out due to (1.13), ensuring that
the limit in (1.14) is well-defined.

The remaining non-

Our second main result concerns Class Two, i.e. ap < 0.

Theorem 1.2. Under the same hypothesis of Theorem 1.1 but assuming apr < 0
and (1.13), then in any one of the following situations:

(1) ap =0, L(p) 7'é 0, det (sz*(pm1+1/' o /pm)) 7é 0,
(2) ap =0, L(p) =0, D(p) 7£ 0, det (sz*(pm1+1/' o /pm)) 7é 0,
(3) am <0, D(p) #0,

the same non degeneracy property as in Theorem 1.1 holds true.
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The proof of the above two theorems is highly dependent on the refined
estimates recently obtained in [19], which notably allow us for Class One
problems to avoid the requirement that singular blow-up points must be
critical points of specific Kirchoff-Routh type functionals. In the second
part of this paper we apply the results about Class Two problems to the On-
sager mean field vortex model with singular sources. Since long-lived vor-
tex structures are generally expected to concentrate at the critical points of
Kirchoff-Routh type functionals ([25],[61]), we will focus on the physically
more interesting situation where a negative source (co-rotating vortex) sat-
isties this property. However we need the counterpart conclusions of the
above results (in particular Theorem 1.2) for the Dirichlet problem (1.7) (or
(1.2)). To present these results, we first introduce some local and global
quantities that are appropriate for describing the combinations of blow-up
points. We define the following:

1, ,m
]*Q(x) =8m(1+ lXj)RQ(X, pj) + 87 Z (14 a;)Gal(x,p1),
I#j
and, similar to notations for the first part, assume (1.9) for (ay,- -, &),
where we keep the same conventions about I; and a ). Next let us define,

* .
1 G]-,Q(P])

jeh
- my+1,---,m
f;z(xm1+1,- .. ,Xm) = Z [logh(xj) +47TR(xj,xj)] + 47 Z G(xl,Xj),
j=mi+1 —
m n
T Z ZSH(1+“i)G(Xj,pi),
j=mi+1i=1

and let D? 14 be the Hessian on (). Of course, in this case ( Prig+1,"" ", Pm) is
a critical point of £ ([61]). Concerning Class one we have,

Theorem 1.3. Let vy be a sequence of bubbling solutions of (1.2) and assume that
the blow-up set {p1,---,pm} satisfies {p1, -+, pm} NV {q1, -, qn} # D. Sup-
pose (aq,---,an) satisfies (1.9), apr > 0, La(p) # 0 and, as far as my; < m,
det (D?f*(pmy+1,+ -+ ,Pm)) # 0. Then there exists ng > 1 such that vy is non
degenerate for all k > n.

Consider the case of Class two we set
®ja(q):= > 87(1+a)Ga(x,q1) — Gio(q;) +logh;(x) —logh;(q;)

I=1
+ 2a;log|x — g,
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and
m

* . 7T —2u;—2
Dq(p) =lim h(p-)erﬂ(pf)</ e®in(@ gy — r. ),
0 0,\B, (1)) 1+a )

. o172
where 7; =1 <8h(p]-)err0(pf)) ifj>myandr;=rfor1 <j<my; Q1 =0

if m = 1, otherwise we have (), N Qs = @ for | # s and U;.”:mlﬂﬁj = Q. The

counterpart result of Theorem 1.3 in the case of Class two reads as follows
Similar to the previous case we require

(1.16) V(Gj*,Q(x) + logh]'(x)> =0, 1<j<m.

x:q/-

Then we have,

Theorem 1.4. Under the same hypothesis of Theorem 1.3 but assuming ap; < 0
and (1.16), then for any one of the following situations:

(1) Xy = 0, LQ(p) 7'é 0, det (szf'k)) (pm1+1/' o /pm) 7é 0,
(2) am =0, La(p) =0, Da(p) # 0, det (D*f3)) (Pmy 41, Pm) #0,
(3) ap <O, DQ(p) 7é 0,

the same non degeneracy property as in Theorem 1.3 holds true.

In the second part of this paper, we apply our non degeneracy results
to the analysis of mean field theory within the Onsager ([67] and [24],[25])
statistical mechanics description of the vortex model with singular sources.
We consider the case where the mean field vorticity w interacts with one
fixed co-rotating vortex, whose total vorticity (proportional to |B|) has the
same sign as that of w, alongside N counter-rotating vortices. These sin-
gularities act as a fixed external potential in the model (see Remark 5.1 for
further details). Compared to earlier findings in [25], [28], [11] and [12], a
key nuance is that the critical threshold for the existence of solutions in the
canonical mean field model is no longer 87, but rather 87(1 + ). Phys-
ically, this suggests that entropy maximizers (i.e., thermodynamic equi-
librium states satisfying the microcanonical variational principle, as dis-
cussed in section 5.2) are expected to concentrate at the vortex centered at
the B-sink in the large energy limit. Consequently, we need to extend first
the results from [25] and [28] regarding the existence of negative temper-
ature thermodynamic equilibrium states and the equivalence of statistical
ensembles for a specific class of domains (domains of the first kind) see
Definition 6.1 and sections 5 and 6. This extension relies on adaptations of
known ([85]) dual variational methods, a sharp singular version ([1]) of the
Moser-Trudinger inequality [65], recent findings in [10] and [3], as well as
arguments from [24] and [25], which is why we will be rather sketchy about
some of these proof.

However, as in [25] and [7], the situation for domains of second kind (again
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see Definition 6.1) is much more subtle as it requires, among other things,
the understanding of the existence/non existence of solutions of the mean
tield equation (which is (5.4) below) exactly at the critical (with respect to
the singular Moser-Trudinger inequality [1]) threshold 877(1 + ) and a full
description of the set of solutions in a small enough supercritical region be-
hind 87(1 4 B), where uniqueness of solutions fails. It is worth to remark
that a full description of the thermodynamic equilibrium states is very in-
volved and still open in general for domains of second kind also in the
regular (without B-sources) case, see [3] for partial results concerning this
point and the very interesting counterexamples recently found in [21]. Here
we are able to generalize various results in [25], [28] and [7], [11], including
the existence and asymptotic behavior of entropy maximizers for large en-
ergies (see Lemma 6.3) and the characterization of domains of second kind
in terms of D (p) (see Theorem 6.2) which is in turn crucial to the existence
of a full unbounded interval of strict convexity of the Entropy (negative
specific heat states, see Theorem 6.5). Few rigorous proof of the existence
of negative specific heat states are at hand for these models ([25],[7]) which
in our case require the description of the monotonicity of the energy as a
function of the inverse temperature in a supercritical (behind 87(1 + B))
interval. This is not at all trivial and we succeed here by using the local
uniqueness result in [19], Theorem 1.4 above and the local uniqueness and
non degeneracy results in [44] about the naturally associated Gel'fand-type
problem. These results are neither enough on their own which is why we
purse a generalization (for B-sources) of independent interest of former es-
timates obtained in the regular case in [31], see Theorem 2.2, Proposition
2.1 and (2.27) below.

The proof of Theorem 6.2 requires careful consideration, especially in
cases where Dq (p) might vanish. Theorem 6.2 itself is of independent in-
terest as it generalizes results previously established for semilinear ellip-
tic equations with critical nonlinearity in three dimensions ([42]) and for
mean field type equations when g = 0 ([28], [11]). Additionally, we derive
an intriguing sufficient condition for the non-existence of solutions at the
critical parameter, which extends a similar result found in [11], as detailed
in Corollary 6.2.

At last, interestingly enough, as an application of these refined analysis,
we come up with the exact counting of the number of solutions for the
mean field equation (5.4) in a small supercritical region behind 877(1 + ),
see Theorem 6.6.

Throughout the article, B = B;(0) will always represent a ball centered
at the origin in some local isothermal coordinates y € Br. Whenever B,
refers to such a ball centered at 0 =y(p), p € M, we will denote by Q(p, T) C
M the pre-image of Br. On the other hand, B(p,7) C M will always refer to
a geodesic ball. Additionally, many estimates will involve a small positive
number €y > 0 and generic constant C, which may vary from line to line.
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Note that while the letter p is commonly used in physics to denote density,
we will use w to represent the density starting from section 5, where we dis-
cuss the statistical mechanics of the Onsager model with singular sources.
This choice is made because p is already used as a parameter in equations
(1.3) and (1.7).

This paper is organized as follows: Section 2 presents preliminary results
essential for proving non degeneracy, including a precise estimate for the
difference between the parameter p; and the critical value p., as well as a
uniqueness lemma. Sections 3 and 4 revisit the asymptotic analysis from
[19] and provide a proof of the non degeneracy result. The final two sec-
tions apply this non degeneracy result to demonstrate the strict convexity
of the entropy in the large energy limit of the Onsager mean field vortex
model with sinks.
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2. PRELIMINARY ESTIMATES

Since the proof of the main theorems requires delicate analysis, in this
section we list some estimates established in [5, 16, 17, 18, 31, 34, 54, 89, 90].

Let wy be a sequence of solutions of (1.3) with p = py and assume that
wy blows up at m points {p1,---,pm}. Since (1.3) is invariant after adding
a constant to the solution. Without loss of generality, we may assume that

(2.1) / HeYrdpy =1.
M
Then we can rewrite the equation for wy as,
(2.2) Agwi + ox(He"  —1) =0 in M.

From well known results about Liouville-type equations ([18, 54]),

wi— Wk — Y _8m(1+a))G(x,p;)) in Cho(M\{p1,---,pu}),
j=1
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where Wy is the average of wy on M: Wy = | A Widp. For later convenience
we fix rg > 0 small enough and M; C M,1 < j < m such that

m
M= JM; MnM=g,ifj#l; B(p,3r)CM;, j=1,-,m
j=1
According to this definition M; = M, if m = 1.
The notation about local maximum is of particular relevance in this con-
text. If p; is a regular blow-up point (i.e. a; = 0) we define p;; and Ay ; as
follows,

Akj = ur(pr;) 1= max uy,
B(pjr0)

while if p; is a singular blow-up point (i.e. a; # 0), then we define,
Pej:=p; and  Agj:=u(pk;)-
Next, let us define the so called ”standard bubble” Uk,j to be the solution of
AUy + oxhj(pij)|x = prj[*Ve =0 in R?
which takes the form ([29, 30, 69]),
Uyj(x) = Ay — 2log (1 + M(e’\k’f |x — pk,j‘z(l"'“f)).

It is well-known ([5, 18, 54]) that uj can be approximated by the standard
bubbles Uy ; near p; up to a uniformly bounded error term:

{uk(x) - Uk,]-(x)] <(C, x¢ Br(pj,ro).

As a consequence, in particular we have,

Aki —Akjl <C, 1<4q,j<m,
for some C independent of k.

In case m1 < m, it has been shown in [31] that,

(2.3) V(logh+ G)(prs) = O(Agje i), my+1<j<m,
which, in view of the non degeneracy condition

det (D f* (Pmy 11,7+, Pm)) #0,
readily implies that,
24) Ik — pjl = O(Agje ™), my+1<j<m.

Later, sharper estimates were obtained in [34, 90] for 1 < j < m; and in
[31,47,89] form; +1 <j<m.

By using Af to denote the maximum of uif, i = 1,2 which share the same
value of the parameter py, then it is a simple consequence of L(p) # 0 (see
[8, 87]) that

(2.5) IAF— A8 < Ce M for some €y > 0.
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Let us also recall that it has been established in [16, 17] that (see (1.12))
Ox = klim pk. Concerning the difference between py and p., we set
—r+o00

Pkj = pk/ He%k.
Q(p;,7)

The following estimates hold (see [31], [34],[19]):
Theorem 2.1. There exists €y > 0 and d; > 0 such that,

Ak 1+¢p

ki _lreg,
prj —8m(1+aj) =2mdie "9 +0(e "), a;>0,

ok — 87(1 4 aj) = O(e ™) aj <0,

Px,j — 87 = O(/\k,je_Ak'/'), T+1<j7<m.

It has been proved in [34] that
Ak

1+e
(2.6) Ok — Px = L(p)eiﬁ 4 O(E*ﬁ/\kd‘)

for some €y > 0 and L(p) as defined in (1.11).

For later study, we need a general theorem describing p; — p« when the
set of blow-up points is a mixture of regular points and singular sources
with negative strength. Here we let py,---,pn, be singular sources with
negative strength: a; € (=1,0) (I =1,---,m;) and let a; = 0 for [ = my +
1,---,m. That is, pkmlH, e ,pﬁ are regular blow-up points. If m > m;, we
recall that

m

Lip)= > [Alogh(p;) +ps — N* — 2K(p;)|h(p;)e ",
]=m1+1

where
myp nmy
p*:8nZ(1+ocj)+87T(m—m1), N*:Z4mx]-.
j=1 j=1
Now we define two terms which involves global integration. Let

Dg :=1lim h'(O)eG;(qf) </ P dy — nr._2>,
r—0 Z J M]'\Q(Qj/rk) ]

]:m1+1
where :
rp=r <8hj(0)eG;(qf)> ’ j=m+1,---,m,

and
my

D :=lim h.(o)eGj (ry) (/ e<1>j(xrbi)d‘u _ 7_2_2“/) ‘
r—0 = ] M\O(g;,7) 1+ o
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Theorem 2.2. Suppose a; € (—1,0) for [ =1,---,my, a; =0 for | = my +
1,---,mand that (1.13) holds true. Then we have,
167ten
p15,(0)eCintpm)
64en
p*h%(O)gG;z(an)

Pk — s = L(p)[Ay, + log(h7,(0)eP)r?p, ) —2]

+ (Dr +0O(r))

2\ 2
-i-e*AI{p*e*GT(Pl) <8£)12_€8))> (Ds +O(reo)) _i_o(ef(ljteo)/\’lf)/
*1]

where € is a positive small number. If both reqular and singular blow-up points
exist, then A’l‘ and /\'fn satisfy,

hm(o)(l 0‘1)2
2k 2k Tm\YV)\ - T R1L)
Ay = —A7 +2log 1 0)

Remark 2.1. The sum of the last two terms in the expansion of py — ps« can be
written either as follows,

+ Gy (pm) — Gi(p1) + O(e~0M).

k * 14 2 2
e—Alp*e—Gl(Pl) <W) (D(p) + O(r%)),

whenever there exists at least one singular source or as follows,

64e—n
A

if at least one regular blow-up point exists.

(D(p) +0O(r)),

Proof of Theorem 2.2. Here for convenience we define
m

2.7) ®(x) =) 87m(1+a;)G(x,p;),
j=1

and recall the equation for wy in (2.2) and the normalization (2.1). We carry
out the analysis around p;. Let fi be defined in a neighborhood of p; by

(2.8)  Agfi=pxinB(p;,T), fi(p1) =0, fi = constanton dB(p;,T).
Then we set
U = Wi — fi
and have
Aguy + pyHelve" =0, in  B(p,T).

Using the conformal factor function yx, which in local coordinates centered
at p; satisfies,

(2.9) x(0) =[Vx(0)|=0, Ag=e*A, Ax(0)=—-2K(p),
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we have
(2.10) Auy + ppHeX e =0 in B!

To avoid cumbersome notations, for the time being we use the same nota-
tion for p; in local and global coordinates. Recall the definition (1.5) of h;,
then in local coordinates around p; we have, if 1 <[ <mj,

(211)  hy(x) =h(p; + x)exp < Z (—4mw;)G(x,pj) — 47mlR(x,pl)>,
=Ll

and

hl(O)Zh(Pl)eXP< > (—47T“jG(P1/Pj))—47T061R(P1/P1)>/

j=1j#l
while if [ > m; we have,
my
(2.12) hy(x) = h(p; + x) exp <Z(—47ij(x, pj)>, my <I<m,
j=1
and
my
h;(0) = h(p;)exp <Z(—47m]-G(pl,p]-))>, my <1 <m.
j=1

Here we also note that around p; for [ > my, by (1.12),
(2.13) A(logH + x + fi)(0) = Alogh(p;) + pxr — N* — 2K(py).

Let ¢, be the harmonic function that eliminates the oscillation of u; on 0B,
that is Ay = 0 in B; and

1
= — — das 0B..
P = g 2T /a 5 U on dbr
Then, in local coordinates centered at p;, a rough estimate for u; in B is,
uk(x) :Uk+¢k+O(ef’k), X € B;

where

h(0)
Ue(x) = AF =210 1—|—‘0k7€)‘1 x|FH2 )
(1) = — 21og (14 AL e
i
€ x =e T In particular for x € B¢ \ By, we have

hi(0)
— _ Ak 9o PKUY)
(2.14) () LT OB (1 w2

+ ll)k(x) + O(elélk)/

—4(1+ ;) log | x|

IHere we use the same notation for uy and fj in both B(p;, T) (the geodesic ball on the
Riemann manifold) and B (0) (in the local isothermal coordinates).
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for some § > 0. On the other hand, the Green representation of wy gives
(2.15) wi(x) = Wi + @(x) + O(e]y),

for x away from singular sources, where @ is defined in (2.7). By using the
notation G (x) in (1.10), this expression can be written as follows,

wi(x) = Wi — 4(1+ay) log |x — pi| + Gi (x) + O(el).
By the definition of f, in local coordinates around p; we have,
u(x) = wi — 4(1+ ) log|x| + G/ (p1)
+GJ (%) = G/ (p1) — fic + O(el)-

Comparing (2.16) and (2.14), by the definition of G;, and recalling that
¥ (0) = 0, we have that,

i(x) = G (x) = Gi (p1) — fic + Olef)

(2.16)

and

— 2k pxhi(0) _ —egk —1...
(217) Wy = —A, 210g78(1+1x1)2 G/(p) +O0(e 1), 1=1,---,m.

In particular
ok pehi(0) —ephk

(2.18) Wi = —A7 210g8(1+a1)2 Gi(p1) +O(e M),

By using (2.18) and (2.17), for [ =1, -- ,m, we have that

VY pe(0) ph1(0) Kl N o —epk
M =M 2log gy 2By gy T CT ()~ G O,

and consequently,

_xx (L4 a1)*hE(0) Reill

(1+a;)*h(0)

for some €y > 0. Remark that the estimate (2.19) holds for regular points as
well. Next we evaluate o, = [, pxHe"dy as follows,

pk:zz_;/B(

where E = M\ (U, B(p1,11)). First we evaluate gy for j=1,---,my. For
each j let (); be a neighborhood of p; such that the (); are mutually disjoint
and their union is M. In each B(p;,7;),l =1,--- ,m7, we use Theorem 3.2 of
[19] as follows,

/ pkHeWkdy:/ ok x [P hyefit et dy
B(Per) B

(2.19) e M—p¢ p1)—=Gi(p1) +O<e*(1+€o)ft’{), I=1,---,m

4

pkHeWkdpt+/pkHeWkdy:Zpk,ﬁ—/pkHeWkdy,
perl) E 1=1 E

(2.20)

_ 8(1 4 w)? 224y Ak
=8m(1+«a) (1 o (0) T e M|+ Lot
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Remark that the lower order terms in the r.h.s. of (2.20) include factors of

order e~ which are 0(1) in 7, as T — 0. On the other side, by (2.15) and
(2.17) we have that,

/ o He™rdy = / peHee®dp + O(e~ 1+t
O\B(p1,7) ON\B(p17)

2

_ o (80t w)? cmm/ @

=e l< od1(0) e QI\B(pllr)PkHe du
+ O(e’(HeO))‘I{).

By using local coordinates around p; to evaluate the last integral, we see
that,

/ oxHe®dyu = oxHe®du + / oy x| 420G () gy
Q\B(p1,7) O\B(p1,9) B(p1,0)\B(p1,7)

7.[.[.727206[

= / pkHeq)d‘u —+ thl(O)EGI*(p’) < + 0(5—2—204,)> ,
QI\B(PI"S) 1 + IXZ

where, in view of (1.13), the remaining non integrable term in the expansion

vanishes, while the rest can be safely included in the O(5~272%). Therefore
we have,

8(1+ 1)\’

pcHe" dy = 8m(1+ ap) + e—/\fp*e—Gl*(Pl) ( O ) (Dl + 0(5—200))

(0]

where we used once more (1.13) and

G (p1)
D;= lim He®dy — MT—Z—ZM/

Zzll"'/mll
=0+ Jo\B(p,7) I+a

and we can replace A¥ by Af to deduce that,

8(1+a)2\°

He"rdu=8n(1+uw +e‘A}1< *e—GT(P1)< ) D; + O(5724)).,
/lek u ( 1) o 0.11(0) (D; + O )

At this point, for [ = m; +1,---,m, we set T, = 1/8¢% (P} (0)7, and in-
voke Theorem 3.3 and Remark 3.2 of [19] as follows,

/ pkHeWkdy:/ ohyefitXetdx
B(pl/Tl) BTI

e —(2—eg)A¥
8 —8n—C 4 O
e M+ ay1?

_ 2k
e~ M
2

(A(loghy)(0) + px — 2K(p1))exhi(0)bo,
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where €p > 0 is a small constant and

1
Y A e PRV
0,k 0 (1+akr2)3 ’ k 3 .

Elementary arguments show that,

1
5.2 (A —log(at?) +2) + O ).
k

For m; 4+ 1 <1 <m, using this expression of b,y we have,

/ oxHe™ dy
B(PI/TI)

box =

167 _
= 8~ (Aog (0) + pi — 2K(pr))e
Iy (0) 7 6471 5 (e
% —/\k—lo Pk l +2| - T2€ AI+O€ (2 60))\]
-~ ( R ok (0) ( )
=87 - el (0)eCintm) ¢ nhy (0)e™ P (Aloghy (0) + px — 2K(pi))

KT

Gy (p1)
X (—/\',; —2loghu(0) — Gy, (pm) + 1088}11(?621 + 2)

B 647t
pkh% (O)eczl (Pm)

It is well known that ([31]) that the non degeneracy assumption det(D?f*) #
0 implies (2.4), that is,

e_/\ifnhl(o)ecl*(pl)'l—l_2 + O(e_(Z_e())/\ifn).

_ 2k
[P = pil = O(Afe™)
so pf can be replaced by p;. Next we evaluate fO:\B( — pxHe"rdu as fol-
lows,

/ pxHeVkdy = ol e du
\B(p1,7) Q\B(p1,7)

64 .
= h eiA;Cie*Gl (P1)+¢’d
(222) Ok /QI\B(p[,TI) 1 (thl(o))z U

_)\K
— 6481/ eq’l(xfﬁz)dyl
01 (0) JopB(p,m)

where ®;(x, p;) has been defined in (1.15). Concerning the last integral we
have,

/ P gy
ON\B(p1, 1)

— / eCDl(x/pl)dy —+ / eq:'/(x/pl)d‘u
O\B(p1,9) B(p1,0)\B(p1,w)
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_ / PP gy / M| | =4¢Gi (-G () g
Q\B(p1,9) B(p1,o)\B(pi,m) 1(0)

= / e Py 4 (172 - 572)
O\B(p1,9)

T 1)
+ E(Aloghl(o) + ox — 2K(p1)) 108;1 +0(7).
Then we see that

pxHe“rdy = 8 — 167 ~Nuy (0)eCi (1) (Alogh;(0) + px — 2K(p;))

o pkh%(O)ngn(pm)e
-2
X <—A’,§1 —2loghu(0) — G;,(pm) + log (2}() +2>

7)‘];1 G*(Pl)
n 64e ; hl(o) / D (x, pl)d]/l 7‘[T _|_ O(Tl)
0h?,(0)eGinlpm) O:\B(pz,n)

Putting the estimates on regular points and singular sources together, we
have

ok — s
_ 167t
o p*hz ( )eG;I(Pm)

7T
]’ll / eq)l(xrpl)d‘u - — 4+ O(Tl))
h2 eG* Pm) Z ( O\B(p1,1) le

P* I=my+1

B . T4 a1)? [ & 7th (0)eCs (Ps)
+ 6deMo*e Gilp >(< / He®dy — —— 2
3 p2h2( ) SZ_; Qs\B(ps,Ts) ro (1 + 0‘5) 2

e WL(p) - (AX + 210gh (0) + G (pm) + log(T20x) — 2)

+0(t%)e ™M),

where ¢ > 0 is a small positive number. By using the relation between A
and A],§1, we can rewrite the above as follows,

or — P
1671— Y S *
= me ML(p) - (A, + log(oxh?, (0)eCn(Pm)g?) — 2)
IR h / eq)l(xrpl)d _ L
p*h2 eG* pm) Z 10 ( Q\B(p, ) : (14 o)

+o(T%)e M O(e*(HGOMIf).

Thus, Theorem 2.2 is established. [l



NON DEGENERACY OF BLOW-UP SOLUTIONS 19

2.1. An estimate about a Dirichlet problem. In this subsection we esti-
mate an integral in the following Dirichlet problem:

h(x)ewk(x)

Tohtoer =0 G

Awy + px
(2.23)

wi(x) =0, on 0Q.

where Q) is a bounded smooth domain in R? and /(x) is a positive C° func-
tion in ), py tends to a constant p and maxwy(x) — co. Set
9)

Ly, =log [ h(x)e"*dx,
Oy

and we assume that #1(x) > 0 may be zero at some blow-up points. Suppose
p1,---,Pm are blow-up points, p1,-- -, pm, are singular sources and around
pr(l=1,---,m), h(x) = |x — p;|*h;, while the remaining blow-up points,
Pmi+1," -+, Pm, are regular blow-up points in (). So if we use a; to denote
the strength of singularity at each blow-up point, we have

o #0, 1<I<mqy, a;=0, m+1<I<m.

We set
U = Wi — L,

and /\’Z‘ to be the maximum of vy around p;, and aj; to be the largest index.
Then we have

Proposition 2.1.

2k pkhl(o) * —eoAk _
Iwk—/\l+210gm+Gz(Pl)+o(€ ), I=1,---,m

for some small €y > 0.
Proof. Clearly vy = wy — I, satisfies,
Avg + pxh(x)e™ =0, in Q,

and vy = —Iy, on d(). By the Green representation formula for vy, for x
away from the singular sources we have,

() = > 87(1+ ;) Ga(x,pj) — L, +O(e™M), x € Q\ | JBe(p))
j=1 j=1

for some small € > 0. Around each p;, the harmonic function that eliminates
the oscillation of vy on 9B (p;) takes the form,

¢F(x) = G} (x) — G} (p;) + O(e™0M).



20 D. BARTOLUCCI, W. YANG, AND L. ZHANG

On the other hand the expansion around p; reads as follows,
AK
vk (x) = log ° + ¢ (x) + I
Ak ochi(0) oN\2 T
(14 e tp e = pif )
where (see either section 3 below or [47, 89, 19]),

O(eM/0Fmm)) if ap >0,

I = O(e*)‘ﬁc)\i), if apm=0,
O(e™), if ay <O.
The comparison between the two expressions shows that,
(2.24)
i)

_ &
Ly, = Aj +210g8(1+le)

Proposition 2.1 follows from (2.24).

5+ G/ (p1) + 1T + O(e_EO)‘Il(), l1=1,---,m.

O

As particularly relevant case for applications to be discussed in sections
5 and 6 is when we have just one blow-up point placed on a negative source
p with strength p € (—1,0). Around the blow-up point p we write h(x) =
|x — p|*Ph(x). We shall need an accurate estimate about px — 87t(1 + B)

under the assumption (1.16). Let
(o Iwk ’

we recall that, for x far away from p, we have that,

ve(x) = /()G(x,wy)pkhevkdiy — Ck,
and a rough evaluation shows that,
(2.25) op(x) = 87(1+ B)Gal(x,p) —ck +O(e™™), x€Q\ Be(p)
On the other hand, since fQ he’s =1 and setting
G"(x) =87(1+ B)Ra(x,p),

we can use Theorem 3.2 of [19] as follows,

o= [ el pPPR s+ [ = pPR(en
B:(p)

O\Be(p)
647t (1+B)° 5 25
=8n(1+p)— ——= -7 Pe=M
1+8) pih(0)
(2.26) + eck/ |x — p| 4 %eC ¥ o h(x)dx + 0. (1) (e™)
O\B-(p)

= 87‘[(1 + ,3) - ﬁfkj_l(ﬁ()) oG (P) r=2-2B o=k

+ e‘ck/ x — p| 4% X o h(x)dx + 00 (1),
O\B:(p)
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where we have used (2.24)-(2.25) and 0.(1) is a uniformly bounded quan-
tity such that 0(1) — 0 as T — 0. Thus, we get

(2.27) i — 87(1+ B) = e %p(Dp + 0:(1)),
where Dy is defined as follows,
(2.28) Dp:= rh—>r{)l+ﬁ(0)ec*(p) </Q\BT(P) s - HnﬁTZZﬁ)
and
] h(x)
(2.29) ®qp(x) =8m(1+ B)Ga(x,p) — G*(p) + log 7(0) + 2Blog|x — p|.

Remark that the limit defining Dy is well defined due to (1.16), see also
Lemma 5.4 in section 5.

2.2. Auniqueness lemma. The proof of the following Lemma can be found
in [34, 87], for & > 0 and in [19] for a < 0.

Lemma 2.1. Let &« > —1, & € N U {0} and ¢ be a C? solution of
AP+ 8(1+ a)?|x[*?*ehp =0 in R?,

p(x)] <C(1+ |x])7, x€R?
where
Uy (x) :log(l_i_‘xl’szJrZ)z and T€]0,1).
Then there exists some constant by such that
1— |x‘2(1+a)
¢(x) = OW.

The following lemma has been proved in [31].
Lemma 2.2. Let ¢ be a C? solution of
Ap+elp=0 in R?,

| <c(1+]x))" in R?

where U (x) = logﬁ and x € [0,1). Then there exist constants by, by, by

such that

@ =Dbopo + b1g1 + bagpa,
where
X1

¢1(x) = Tmzr Pa(x) =
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3. SOME RESULTS IN [19] ABOUT THE LOCAL ASYMPTOTIC ANALYSIS
NEAR A BLOW-UP POINT

In this section we summarize the asymptotic expansions of a sequence
of blow-up solutions near a blow-up point as recently derived in [19]. We
assume that 1, denotes a sequence of blow-up solutions of

Aty + |x|* i (x)e"™ =0 in By,

where B; C R? for T > 0 is the ball centered at the origin with radius T > 0,

(3.1) % <h(x) <C, |ID"hyllpop, SC VX € Bar, Ym<5,
and
(3.2) / x|y (x)e™* < C,

B2T

for some uniform C > 0. The sequence {u;} has its only blow-up point at
the origin:

(3.3) there exists z; — 0, such that klim ug(zy) — o0
— 00

and for any fixed K € By \ {0}, there exists C(K) > 0 such that

(34) ug(x) <C(K), xeKk.
It is also standard to assume that u;, has bounded oscillation on dB;
(3.5) lug(x) —ur(y)| <C, Vx,y €9B,

for some uniform C > 0. As before, we set ), to be the harmonic function
which encodes the boundary oscillation of :

All]k - O ln BT/
(3.6)
l,Uk = Ui — % fBBT ude on BBT.

Since uy has a bounded oscillation on dB; (see (3.5)), uy — i is constant
and uniformly bounded on 0B; and ||D™yx||,,, < C(m) for any m € IN.

The mean value property of harmonic functions also gives 1 (0) = 0. For
the sake of simplicity let us define,

u(0)
Vi(x) = hk(x)elpk(x)/ & = e_ﬁ

and
(3.7) vr(y) = ur(exy) +2(1 4+ ) loger — Pr(exy), ¥ € Ok := Brye,.
Obviously we have Vi (0) = I (0), Alog Vi (0) = Aloghy(0). Let

(3.8) Ui(y) = —2log (1 + %IW““) ,
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be the standard bubble which satisfies
AU + |y|* 1 (0)e™¥) =0 in R2
In the remaining part of this section we split the results into three sub-

sections according to the sign of & (¢ > 0, « <0 and a = 0).

3.1. Asymptotic analysis for « > 0. We say that a function is separable if
it is the product of a polynomial of two variables P(x3,x;) times a radial
function with certain decay at infinity, where P is the sum of monomials
x}x3' where n,m are non-negative integers and at least one among them is
odd. Let us define:

(39)  c1x(y) = exgk(r)V(log Vi) (0) - 6, 6= (64,62), 0;=y;/r, =12,

where

2(1+«) r
(3.10) K\r) = — ’
gx(7) o 1+ sgkﬁ))ﬂz”z

co,x to be the unique solution of
i 1d 2a 5l
2300k + 3 grCok + Vi(0)rekey

= —%Vk(O)rz"‘euk ((gk + r)2|V10ng(0)|2 + Alog Vk(O)r2>,

cox(0) =c(0) =0, 0<r<T/e
2k a separable function which satisfies,
Acy i+ Vi (0)r**elkcy = —e2r? et @,
(r)cos260 + Epo(r)sin20)

,1
(i(anaogvk)( ) — 222105 Vi) (0)) 2
(

(9110g Vi (0))? — (921og Vi (0))?) (gx + r)2> cos26

2 2
d12(log Vi) (0) = 7 + a%/‘:l((é())) a%/‘;l({(()())) (gk;_ ) )sinZG).

and

(3.11) Cox = €1 faq(1) cOs(20) + €3 fop (1) sin(26),
where

(3.12) ()| + | fr(r)| =01 +7)72, 0<r<e

In the statement below €y > 0 is a suitable positive number allowed to
change even line to line.
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Theorem 3.1. ([19])

[ ) lxPren = (1 ) [ 1 —
c(x)|x|*“ e =8 o —
B. e—ue(0) Sﬁki%z T20+2

+dyAlog i (0)e} + Ty (Vi)eh + O(ebt<),

for some €9 > 0, where,
1
P 2772 <8(1+u¢)2)1+“
Lk (1+a)sinZ \ Vi(0)

N 167(1+a)? |ViogVi(0)>  167(1+a)* 2
w Vi (0)Alog Vi (0) 2V (0) ke

and Ty(Vy) is a bounded function of DV, (0) for |B| =0,1,2,3,4.
Moreover for |y| < T/¢ex, we have,

ok(y) = Ue(y) + c1(y) + O(eg (1 + [y))®),
vk(y) = Uk(y) + c1x(y) + cox(y) + cox(y) + O™ (1 + y|)®),

Ok(y) = Uk(y) + c1k(y) + cox(y) + c2x(y) +coply) + O (1 + |y))®),
for some €9 > 0.

We refer to [19] for the definition of c, .

3.2. Asymptotic analysis around a negative pole. In this case we use 8 €
(—1,0) to denote the strength of a negative pole and define,

_ Ak
g =e 209P),

We use the same notations to approximate vy, where c; i is defined as in
(3.9) with a replaced by f in the definition of g in (3.10). In the statement
below 6 > 0 is a suitable small positive number allowed to change even line
to line.

Theorem 3.2. ([19])

Vi 2B e — 877(1 1 e_uk(O)
/B i (x) |x|[Fe = 87(1+ B) _e*”k(0)+ he(0) -2p+2

T 8(1+B)?
+ bk(T, B) + Lk(T, B) + O (e 200 (0))
for some €y > 0, where both bi(t,B) and lx(t,B) depend on |VlogVi(0)| and
Alog Vi (0), b(T,B) ~ e "), fi(t,B) ~ e=240) for T > 0, and

_b(T.B) _ U(T,B)
-1r—>0 e—ur(0) =0, ¥£>r(1) e—2u(0)

Moreover for |y| < T/¢ex, we have,

~2+2,37<5(

ok (y) = Uk(y) + c1x(y) + O(& 1+ y)°),
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A+4p— 5(

ok(y) = Ur(y) + c1x(y) + cox(y) + cox(y) + cope(y) + O(E; 1+1y])%),

for some small § > 0.

3.3. Asymptotic analysis around a regular blow-up point. In this subsec-
tion we analyze the solution near a regular blow-up point and consider the
equation,
Aug + hi(x)e" =0 in  Byy.

We use A, = maxg,, 1y to denote the height of the bubble and set &, = e~
We assume in particular (3.3), (3.4), (i.e. 0 is the only blow-up point in
By:), that the standard uniform bound f By, hie*s < C holds and finally that
(3.5) holds, implying by well known results ([54]) that the blow -up point
is simple. We assume that (3.1), (3.3), (3.4), (3.5) and |, By hi(x)e" < C are

satisfied and define 1 as in (3.6). Let Vi(x) = hy(x)e? () and we have the
following estimates, see [19, Theorem 3.3 and Remarks 3.2, 3.5]

A2

Theorem 3.3.
(3.13)
— 87&2 7'(82
U — _ k _ 4— 260
Brhk(x)e dx =8m Zvar 2 A(logh) (i) i (gx)box + O(E, ).

for some €9 > 0, where
e 3 (1 — apr? _
= gt /e
Moreover we have,
15(y) — (Ui + cox + ) ()| < CEFO (14 Jy))* @ in O,

and
V(0 — Ux — cox — c20) ()| SCT8, ye Oy, |yl ~5

4. PROOF OF THE NON DEGENERACY RESULT

In this section, we prove Theorems 1.1-1.4. Since the proof of these theo-
rems are almost the same, we shall only focus on Theorem 1.1. To simplify
our discussion, we assume there are only three blow-up points: g, p1, p2,
where g is a regular blow-up point,p; is a positive singular source with
a = ap > 0, p is a negative singular source with g € (—1,0). Let vx be a
blow-up sequence of (1.1),

Wi = Vg + 4mtaG(x, p1) + 47BG(x, p2),

He%k
A —  —1}=0,

which satisfies

where & = ap; > 0 and
H(x) — h(x)ef4me(x,p1)f4nﬁG(x,p2)‘
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Since by adding any constant to wy in (4) we still come up with a solution,
without loss of generality we may assume that wy satisfy

/ HeYtdVy = 1.
M

We argue by contradiction and assume that ¢ is a non trivial sequence of
solutions to

Ag¢* + pHe™ (<pk — /M Hewkgbk) =0 in M.

Let us set AK = wi(p1), A¥ = wi(p2) and Ak = lrg?ax) wyg, then it is well
q,T

known that
(4.1) AF_AR=0(1), AF—Ak=0(1).

We work in local isothermal coordinates around pj, p2, 4, where the met-
ric locally takes the form,

ds?* = X ((dx1)? + (dx2)?),

for some yx that satisfies,

(4.2) Ax+2Ke*=0 in By, x(0)=|Vx(0)|=0.
Then we define fi to be any solution of,
(43) Afk = e"pk in B-L—, fk(O) =0.

In particular we choose local coordinates so that p;, g are locally the origin
of aball x € By = B;(0). Remark that in our setting we have,

p« =24+ 8t + 8B, N* =4mn(a+ ),
(4.4)
Gi(x) =8m(14+ a)R(x,p1) +87(1+ B)G(x,p2) + 87G(x,q).

Remark 4.1. Throughout this section, Br = B;(0) (or B¢(q)) will represent the
ball centered at the origin (or q) of some local isothermal coordinates x € B,
while Q(p,T) C M denotes a geodesic ball. Additionally, if By is the ball in local
isothermal coordinates centered at some point 0 = x(p),p € M, we will denote
by Q(p,T) C M the pre-image of Br. We can always choose T small enough to
ensure that Q(p;,7), i = 1,2 and Q(q,T) are simply connected and at positive
distance one from each other. After scaling, x = ey for some & > 0, we will denote
B:/e = B;/¢(0). By a slightly abuse of notations, we will use the same symbols, say
Wy, Gk, to denote functions when expressed in different local coordinate systems.
However, the context will clarify the meaning of the symbols as needed.

Thus, working in these local coordinates centered at pi, p2, g respectively,
we have the local variables x € B; and we define

(4.5) T = pich(x)e4maRCop) —47mBG (xp2) +x()+fi

(4.6) fix = peh(x) e~ 4G (xp1) ~4mBR(xp2) +x () fe
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P —4raG(x,p1)—4tBG(x,p2)+x(x)+
(47) hk _pkh(x)e (x,p1) BG(x,p2)+x(x) fk'

Obviously flk,flk, Ry satisfy (3.1) and clearly (2.6) holds as well. Indeed
from o = p* |, v He''s we first evaluate the integrals around blow-up points
and then check that the integrals outside the bubbling disks are of order

O(e™™).

Remark 4.2. Concerning (4.7), for technical reasons, it will be useful to define
gk — 0 to be the maximum points of uy in By and work in the local coordinate
system centered at @*. In particular ¥ € M will denote the pre-images of these
points via the local isothermal map and we will work sometime, possibly taking a
smaller T, with (4.7) where 0 = x(g").

By using also (4.2) we see that the assumption L(p) # 0 takes the form

Aglogh(p1) +ps — N* = 2K(p1) #0,

which, for any k large enough, is equivalent to (see (4.4))
Aloghi(0) # 0.
At this point let us define,
<o [ e a= et <o i,
and
Gk = (¢"— < ¢ >1) /o,

Then in local coordinates around p;, so that 0 = x(p1), x € B = B-(0), &
satisfies,

AZi(x) + [x Iy (x) & (x)Gk(x) =0 in By,
where /iy, is defined in (4.5) and & (x) denotes the local coordinates expres-
sion of ¢"(*)  that is,
Ge(x) = "),

In local coordinates around p», so that 0 = x(p2), x € By = B (0), { satisfies,
A& (x) + |x Pl (x)éx(x)E(x) =0 in B,

where fi;. is defined in (4.6) and ¢ (x) denotes the local coordinates expres-
sion of ¢"(*) that is,
8e(x) = "),

In local coordinates around g, so that 0 = x(q), x € By = B7(0), {; satisfies,
Aék(x) + I_zk(x)c‘k(x)ék(x) =0 in By,

where Ji;. is defined in (4.6) and ¢;(x) denotes the local coordinates expres-
sion of ¢"«(*)  that is,
G (x) = ),
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As in [19], after a suitable scaling in local coordinates, we see that the limits
of ¢y takes the form

1 A|}/|2“ 2 : flk(o)
. TZ Alyaie A=1lm——;
(4.8) b01 yPr near p1, klm 801 e
1 B‘y‘zﬁ 2 . I:lk(o)
4. — = ——n B=1lm ———~—;
(4.9) bol [y P72 ear py, k1 801 7
1 C’;’/P Y1 Y2 . ]:lk(())
. b 7 == 1 .
(4.10) bol ClyP + b11 ClyP + 27 ClyP neargq, C klm

In the following two subsections, we shall show that all these coefficients
are zero.

4.1. Proof of by = 0. First of all, locally around p; the rescaled function
Zx(exy) converges on compact subsets of IR? to a solution of the following
linearized equation

AE + |y|*h(0)eME =0, h(0) = Jim h(0),
—00
where U is the limit of the standard bubble Uy, then we have that
L—cly*? ()

W) =iy T8

As a first approximation, we choose

4.11)

kol —alyt?

4.12 W =byp———m——,
(4.12) 08 = P07 1 g, |y[272

ay = ’:lk(O)/S(l + 0()2.

It is well known that w& is a solution of
(4.13) Awz + [y|* i (0)e g - = 0,

where bt is chosen such that w’élg(O) = ((0). Let lpg be the harmonic func-
tion which encodes the oscillation of ¢, on 9B,

L / Cx(s)ds for x € 0B,
3B

AEUE =0in B, 1/J§(x) = G (x) — oy

then we see that ¢ — 1,[)2 satisfies,

(4.14) A&k — ) + |x[** Ty (& — ) = — |x[** Tyl

In order to show that the leading term of (& — 1p’é)(sky) is w’érg, we write
(4.13) as follows,

Awf g + |y [y (exy ) €5 Ci(exy)wp ¢

= 170 (e ) — e ol )

(4.15)
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Next, we set
(4.16) W (y) == Erlexy) — PE(exy) — whe(y).
From (4.14) and (4.15) we have

A+ |y hu(exy e

u17) (0 (¢ - D g ) )

242

) 2+2ack (Sky)

— |y P (exy) 7 2 e (exy) Wk (exy)-
By the construction of @y, it is readily seen that,
wi(0) =0, W, =constant on 0B,,.

Remark that the last term of (4.17) is of order O(ex)(1 + r)~3~2* whence we
obtain a first estimate about @y:

(4.18) [@(y)| < C(6)ex(1+ [y])° in By,

The analysis around p is similar, we define (recall that now we have local
coordinates where 0 = x(pz)),

(4.19) () = Ee(y) — PE(Exy) — D (),

/\
where & =e X 2T 1,[7 is the harmonic function that encodes the oscilla-
tion of ¢ on 0By, wo,g is the same as wo, just with B replacing a and the

local limit of {x(éxy) is now (4.9) which replaces (4.11). By using the same
argument adopted above for @y, we have that,

420) |@(y)| <C0)8, P(1+y))’ =C@)e M 21+ |y)° in By

Next, we describe the expansion of i near ¢. In this case (4.11) is re-
placed by (4.10). As before, we denote ¢* the maximum points of u* in B;
and work in the local coordinate system centered at *. In particular ¢* € M
will denote the pre-image of these points via the local isothermal map and
we will work with the equation with 0 = x(g*). As usual the kernel func-
tions are the first terms in the approximation of & (g* + &),

Rs (0
ok (y) = ‘kl - %MZ Bk Y1 B Y2
e By T By B

Then we have
E(7°) — @ (0) =0 and V(& (7" + &) — @ £ (Ey)) ly=0 = 0.

Next we set 1/3’5 to be the harmonic function which encodes the oscillation
of & (7* + &ry) — u‘;’ég(éky) on dB; ;. Let us define,

(4.21) e(y) = & (7" + &) — D (y) — PE(Ery),
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then we have,

- D /7 = - ~ . O(g .

AWy (y) + & (hier) (75 + ey) @i (y) = @ +(|yk|))3 in B,
(4.22)

wi(0) =0 and @ = constant on 0B, s, .
By using the fact that 1ﬁé§ is a harmonic, it is not difficult to check that
W (0) = 0 and Vi (0) = —Vl/_Jg(O) = O(&). Then, using the Green rep-
resentation formula and standard potential estimates, we have that,
(4.23) @(y)| < C(O&(1+y])° in Brye,.
Next we present the following improved estimate on the oscillation of ¢
Lemma 4.1.
(429)  Gln) — Gelxa) = O(ef +¢ M%) = O(ef +¢,™),
Vxy,x2 € M\ {Q(p1,7) UQ(p2,T) UQ(g,7)}.

Proof. We shall divide our proof into two steps, in the first step we derive
the following estimate

(4.25) Ck(x1) — Ck(x2) = O(ex),
for any x1,x2 € M\ {Q(p1,7) UQ(p2,7) UQ(q,7)}. Then in the second
step we shall improve (4.25) and obtain (4.24).

Step 1. Using the Green representation formula for ¢, we have, for x €

M\ {Q(p1,7) UQ(p2,T) UO(g,T)},
Ee(x) = Ea + / G(x,m)pcH()e™ N (3)dy

—émZ/ G(x, 1) picH (7)™ D & 1)y

(pit/2)

+ /Q o COMPLHE 3 )

+ G ) ()™ Ve )y
M\{Q(p1,7/2)UQ(p2,7/2)UQ(q,7/2)}

:(:k,u+11—|—12+l3+14,

with obvious meaning and

a= [ ([ compen ey ) Hixje s,

Clearly 14 is of order O(e*)‘k). For the other terms we write,

h=Glep) [ g+ [ (Glan) - Glxp)pcHe
Q(p1,1/2) O(p1,1/2)
= I + L.
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Concerning Iy, by the Mean Value Theorem, in local coordinates after scal-
ing we have

G(x,1) = G(x,p1) = ex(a0 - y) + O(ex|y[?),
then in view of (4.18), we see that,

A /B i (0) (a0 - ) [yt (9 (exy) + pilery) + 0l ()

2¢p

+O0(ex(1+[y])°) + O(e})

e [ (O lyPetuly(y) +0() = Oled)
U
where we used gb’g(eky) = O(erly|) and i (exy) = O(ekly|). We notice that

the first term on the right vanishes due to the fact that wf ¢ is a radial func-
tion and the integrand is separable. Consider I;; we have

hi=Glrp) [ pHe (G- )+ Glap) [ prHeyk
Q(p1,7/2) Q(p1,7/2)

= lg + L1y,

where, writing l[)’é(sky) = gy -y + O(e2|y|?), we have

Ly = O(1) / i (0) [y 2 el (egy) = O(e2),

2¢

again because the term of order O(¢y ) is the integral of a separable function.
On the other side, I, = O(¢,) since we can write,

Lo e @y = [ IyPR)ethedy +O(er)
Q(p1,1/2) B ’

£
2¢p

(4.26) _ /a |l + 0

2£k
= 0(e77) + O(er) = O(ey),

where in the first equality we used (4.18) and at last the equation for w’é,g
and the fact that avwg,é = O(r~372%) on the boundary. It is important to
remark that I, is the only term of order ¢, and all the other terms are
either of order €2 or e /2 = ei“". While for the integral I, by (4.20) and a

similar argument we deduce that I, = O(e*/\k/ 2). Concerning I3 we have,

I = / G(x,17)oxHe" & + O(e})
Q(gk,t/2)

— [ (Gl ~ Glrg et s+ Glua’) [ e
0(q*7/2) 0(q7/2)
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+0(e7)
=1+ I+ O(S%).

where we also used (4.1) and §* — 7 = g~ = O(e_/_\k/_\k ), see (2.4). By arguing
as for I}, above we find that I3, = O(e*Ak/ 2). Also, by using (4.23) instead
of (4.18), the same argument adopted for I;; shows that I3; = O(e~*"/2).

We skip these details to avoid repetitions. As a consequence, one can show
that

Ek(x1) = & (x2)| = O(ex) + O(e™/2) = O(ex + &™),
for any x1,x2 € M\ {Q(p1,7) UQ(p2,T) UQ(q,7T)}, that is exactly the esti-
mation (4.25). Therefore, we see immediately that l/)’g satisfies,

(4.27) [pE(ery)| < Ceg(1+[yl) in Brye,.

We will use these facts in a sort of bootstrap argument to improve the es-
timates about the integration of I;, and the oscillation of {; far away from
blow-up points later.

Step 2. We invoke the intermediate estimate in Theorem 3.1 about the ex-
pansion of vy near p;:

(4.28) p = Ug + Cog + €1k + cox + O(e) (1 + [y])°
Around 0 = x(p;) we make the following expansion
e (exy)ex i (ery)

= I (0) exp {Uk +1log Vkisky) } (1+ O(giJreU))

v (O)
A(log Lk)(O)’yIZS% 5%,k>
4+ —=£

(4.29)
= hye(0)ellk <1 +cok+ Crxt+Cop + >

+ E,

where ¢( is a radial function corresponding to the 8,2( order term in the
expansion of vy (see section 3.1), Vi = he¥s and Y is the harmonic function
that encodes the boundary oscillation of u; on 0B, ¢;x and & are given
below:

3 - 2(1+«) r . 22
C1x = e V1oghi(0) - 6 <r T 1% akrz"‘“) , G =k + Ooeir?,
where a; = g (ElkJ(roa))Z and O are the collection of projections of log % onto

non-radial modes. The left error term Ej in (4.29) satisfies,
|Ek’ < C€i+€0(1 + |y|)—2+eo—2a_

At this point, around p; we define wk ¢ the next term in the approximation
of ¢y, to be a suitable solution of,

(4.30) Nwy e+ |y (0)e ey o = —[y[** T (0)e ey g
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It turns out that (4.30) can be explicitly solved in terms of a function. In-
deed, let c1 x be defined as in (3.9) and we set,

& (x) = cix (x/ex),
that is,

A 2(1+a) . e M|
Kooy .
&(x) = X (Vlogh(0) - 0) (g_/\k+fjlk7(()))z‘x‘2a+2>.

(14w

Putting A = A¥ and differentiating with respect to A we have that,

d fzk(O) - e*Ak|x|2“+3
—C(x) = ————(Vloghi(0) - 6 .
A 1(%) 4a(1+o¢)( g/ (0) )<e—A"+8(h~1ki°))z|x|2a+2)2
Setting
Ak
w]f,r';(y) = b’é <d€;é’1‘> (exy) with g = e*z(liia),
we have
flk(o) ~ 8k72ﬂ+3
@31)  why) = bt (Viogh(0) - ) —— .
' 4a(1 5
a(1+a) (1 + Sﬁki(l))z 1,2+204>

It is not difficult to check that wlf,g satisfies (4.30),
W} (0) = [V} (0)| =0, and [wf4(y)| < Cex(1+[y|)~" in Bre,.-
Next, let us we write the equation for w’l‘ : in the following form:

AW ¢+ |y P i (e )& E(ery)wh ¢

®T, Ijl € o~ ~
= |y[** I (0) [<£((gyj)€12f2 C(exy) — eu") w]f,g - eukcl,kwlé,g ,
k

(4.32)

and then set

ze(y) = Wie(y) — wh 2 (y) = G(ery) — P (exy) — wiz(y) — whg(y).
Therefore, in view of (4.17), (4.27) and (4.32), the equation for z; reads:

Az + |y Ry (exy)er > & (exy) zx

- hi(e .
= Oy (e = SO G ) ) (o +

+ I (0) [y e ke a2 + O (e 0) (1 + Jy]) 224+
=0 (et) (1 + [y =272~

By using the usual argument based on Green’s representation formula, we
have

(4.33) lzk(y)| < C(8)ex(1+ |y)°,
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it implies that the oscillation of z; on 9B, ,, is of order O(slz;‘s). In view of
(4.33), I, can be improved as follows

I, = G(xlpl)/ ] prHe™ (S — ’Plé)

B(p1,3)

—G(x,p1) / Fi(exy) e (wh 2 + wk 2)dy + O().

2¢p

Then we make a Taylor expansion for /i (exy), its zero-th order term relative
to w’élg has already been shown above to be of order O(eiJreO) (see (4.26)),
the one relative to w’f,g vanishes since the integrand is separable, the term
proportional to ekw’&g vanishes again because the integrand is separable,

while the one proportional to e;w’ ¢ is already of order O(€2). On the other
hand, we have already mentioned in Step 1 that all the terms except for I,
are of order either z—:% or 8}(“‘. Therefore, we derive that

Ek(x1) — & (x2)| = O(e}) + O(e7/?),

Vxy,x2 € M\ {Q(p1,7) UQ(p2,7) UQ(g,7)}, which is (4.24). Hence, we
finish the proof. |

Based on (4.24), we can get a better estimate for 1/Jé§:

(4.34) |5 (exy)| < Cer 0 (1 + |y).

We will see that this estimate implies that all the terms in the expansions
involving 1[]’5 are in fact negligible.
By using (4.29), the equation of z; can be written as follows,

Az + |y hyc(exy)ex & (exy) zx
- . 1 - 1,.
= —hi(0)[y[*e™ <w75,§ (Cox + 2 + 7A(log ) (0) ly[Pei + E(Cl,k)z)

Tk op + O ) (14 |y|>““+€°).

By using separable functions to remove separable terms, we can write the
equation of the radial part of z;, which we denote Z,

Az + |y R (0)elrz,

" A(loghy) (0)y|2ef | (&14)?
= —hy(0)|y[*et [wég (Co,k 4 alle kzl( Nyl | 1;%) + (wlf,§51,k)r] ,
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where we let (A)y, (A), denote the angular part and radial part of A respec-
tively. Corresponding to these terms we construct z to solve

d? d N
-k LK 2 (0)ezk = FE, 0<r<1/¢,
7290 T ¥ 7,70 0 0
(4.35)
25(0) = 425(0) =0,
where

~ " 1 ~
FE() = = ROl (1 ox-+ 1A 1og ) 0) Ly

1 ~ ~
+ V0B O (gi+ 1)) + (w10, )

and we used

1 1 -
(3(e) = jéVIoghu(0) e+ 1%
T

By standard potential estimates it is not difficult to see that
|z8| < Ce2(1+471)"**log(1 +7).

Next, we introduce wh & which is used for removing the separable terms of
the order O(€?) in @y,

Aw’% + |y|2"‘hk(0)eu’<w§/€

. 1 . .
RO CHISECANEACIERN
Using (3.12) we see that
(4.37) |wl§,§‘ < Ce%(l + ‘y‘)iza in Brye,.

(4.36)

By standard potential estimates as usual we have

< Car 1+ [y) e,

2

- k k

Wk — sz‘,g —z5(y)
i=1

Next, following a similar argument about wé,é in (4.26), we evaluate the
integral around p; as follows,

| P et e o) 2uter)dy

T/Sk

3 1 3
= hk(o)/ ly|** exp{Uy + cox + E1x + Ea + EA(IOghk(O))EJ%WF

BT/sk

—_

+ 5 (E1)*Hwh g + wh e +20) + O(g;, ™)

2



36 D. BARTOLUCCI, W. YANG, AND L. ZHANG

/Br/sk

(e ) + zés) L o).

1 1 -
OlyPes((1-+ cos+ (02 + ;o (ogh) Oy

Remark that, by using the equation for 276 in (4.35), we have,

. N 9z e
&2y P iue)e)Eledy = [ T2+ 0 ).

‘r/ek aBT/S
We set Af(x) = bficox(|x|/ex), then
_ |x|2e —AK
AAE + 1 (0) o S A
_ Ak
(e A +8(1k+“ ‘x|21x+2>
_ Ak
— bkhk(o) A ’x|20(+2
4 B i 2
(e A 8(1k+uc |x|2(x+2>
2
2(1 —Af 3 3
o | (1202 — V1ogFi (0)|% + Alog i (0)
O Mg 8(1k+a |x[20+2

1\}Ilow we define AX(x) = £ AK(x) and after a lengthy calculation we see
that

(4.39) 20(y) = Ax(exy)-
By using (4.39) we deduce that,

/B Azk =& / AAK (ey)dy

T/£k BT/Sk

k k
[ sationen= & [ as

Since
AAY(x >—boAc0k<"“')sk2,
€
we have
1
bk/ AA(x)dx :/ Acox(y)dy
0 B: BT/sk
_ aCO,k _ T 24-€p
= T —dllkAIOghk( )Sk+O( ),
BBT/Sk v
and

ozk B
/ %0 _ / Azf = —Lb’gdl,kA(loghk)( 0)ez 4 O(be 2+60),
aBT/Sk Br/s 1 + &
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which, in view of (4.38) eventually implies that

1
1+a

(4.40) / pxHeYeg = — bdy xA(loghy)(0)e2 + O(bge?eo)-
Q(p1,7)

On the other side, the contribution of the integral around p; is very small,
(4.41) | e =0 ).
Q(p27)

The process is almost the same as what we did for p;. Indeed, we make
an expansion of ¢ around p», w’{ : is set for ¢y ; in the expansion of uy, Zlé is

used for treating the second order radial term in the expansion of ¢ and ¢ x
1+a

of uy. The only difference is that the scaling is now with respect to &y =¢,*,

then O(&2) = O(e?eo). We skip these details to avoid repetitions.
Concerning the integral on (g, T), we first improve the estimate of @y
(see (4.23)). At first, we can show that

The oscillation of gﬁg(y) on 0B, is of order O(e + &),

where we used Lemma 4.1 and the explicit formula of w’glg(y). As a con-
sequence, by a standard argument we could derive an estimate like (4.34)
holds for 1/_775(£ky) as well, i.e.,

(4.42) |PE(exy)| < Clepe + &) (1+ |yl), ¥ € Brye,-

While at ¥, by standard elliptic estimate for harmonic function we have
|V1ﬁ’é(0)\ = O(Si%o). Therefore, in local foordinates such that 0 = x(g) and
after scaling x = g~ + &y, where &, = e /2
Wy as follows,

, we can write the equation for

AWy + T (75 + &) Erci(§ + ay) @ = O ) (1 + y|) ™ in Byyg,.

Here we remark that, compared with (4.22), the improvement in the esti-
mates of the right hand side is obtained because of the vanishing rate of the
gradient of the coefficient function for regular blow-up points (see (2.3))
and the improved estimate (4.42) for 1/375 On the other hand, we have

wi(0) =0, Vwr(0)= O(si+€°) and @ is a constant on 0B, ;, .
As a consequence, by the usual potential estimates, we conclude that,
[@(y)| < COE U+ ) Iyl <7/8

Next, by using the expansion of ¢, in we have,

/ ( )PkH(x)eWk“)Ck: / T (7° + &y)e & (7 + Ey) + O (7).
Q(g,t

BT/Ek
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Remark thate=""/2 = =0(e 1+60) then by (4.21)-(4.23) we see that all the terms

including tpg(sky) are of order O(e 2+€°) Also, neglecting terms which van-
ish due to the integrand is separable, we have

/B (7 + Ey)e e (7 + )

T/sk
_ _ euk l_g .
= / Iy (") e (¢ + ) + / (Vlogh(7") -wrz(('fk)y)
Bty By 1+ 2y P2
s / (V1ogh(7") - y)etimy + O(e2™)
BT/ék
= [ R [ (Tiogh) >% Lot
Berey Berg |y|2
— O( 2+€0),

where by, = (DX, bY) and we used the same argument as in (4.26) to show that
| B, hy(GF) el ¢ is of order O(e 2+60)‘ Therefore we eventually deduce
that,

(4.43) /Q ( )PkHCk(x)‘: =0(e;™).
q,T

In view of (4.40), (4.41), (4.43), we come up with a contradiction as follows,

0:/ PkHCka:/ HCkékar/ HCka-i-/ HeyCr
M Q(p1,7) Q(p2,7) Q(q7)

+ / HCkgk
M\{Q(p1,7)UQ(p2,T)UOQ(q,7) }

= CboA]Oghk(p1)€% + 0(€%),
for some constant C # 0, since in particular the integrals on Q(p2, T), (g, T)

and M\ {Q(p1,7) U Q(p2,T) UQ(q,7)} are all of order o(e2). Since for k

large L(p) # 0 is the same as Aloghi(p1) # 0, we obtain a contradiction as
far as by # 0.

4.2. Proof of by = by, = 0. In this subsection, we shall prove that by = b, =
0. At the beginning of this part we recall that in local coordinates around
7, 0= x(q), uy satisfy

Auy + l_lk(x)e”k =0 in By,
and ¢y satisfies .

ACx + hiCr =0 in Bs.

We shall divide our argument into several steps as below, first, we would
like to get some estimation on 7y :

Step one: Intermediate estimates for 7y
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We work in local coordinates centered at g, 0 = x(g), with & = e N2 As
before, by a slightly abuse of notation we set ¢ to be the function which
encodes the boundary oscillation of uy in B-(q). We set

(444) ?7k(y) = uk(qk + Eky) =+ 210g§k — ll)k(éky), ye Qk = BT/gk,

and

(4.45) Cr(y) = (@ + &), ye
Obviously, 7 is constant on 9(). By Theorem 3.3 we have
(4.46) k(y) = Uk + cox + cox + O(E0) (1 + [y)°,

then we can write

&0k HE (7" + 8xy) 8k = hao (7° + &) e™ &y,
where Tt o = ige?. According to our setting, AF = u(7) and & = e 1"/,
Now we set

@ (y) = 0(y) — cox(y) — 2 (y)-
where ¢;; i = 0,1,2, are defined as in the proof of Theorem 3.3. Different
from the expansion of vy in the neighborhood of p;, the term ¢ can be

regarded as error term, this is due to that Vi (g5) = O(Ake™"). After
direct calculation one can find that @ satisfies,

AT + Ty () ek = O(8) <) (1+ |y|)~?

@*(0) = [Va*(0)| =0,
and the oscillation of @* on () is of order O(g2). By Theorem 3.3 we get
@ (y)] < CEO(1+ [y,
which implies
(4.47) [0 — Ui — cox — Copl S CET(1+ [y, y € Oy
As a consequence,
(4.48) Vo = VUi + Vegr + Ve +0(1)8E, yey, |yl ~ é,;l.

Based on (4.46), we also have

hyo (7° + Ey)
1 AN AT
(4.49) O(y) + log hio (%)

A(loghyo)(7)E2r?
4

+0(&)r +O(‘2+‘5)(1 + 7).

= Uy + cop + o +

Step two: Improved estimate on the oscillation of {; away from blow-up
points and vanishing rates of bf, b§ and bf. From Lemma 4.1 we have

(4.50) |E(x1) — Ek(x2)] < Clef + &)
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The new estimate (4.50) implies that the harmonic function l[)'g that encodes
the oscillation of & on dQ)(p;, T) satisfies

(4.51) |9E(ery)| < Cled +ex@i)lyl, |yl < /e

In the following lemma, we shall prove that the oscillation of ¢ far away
from blow-up points is of order O(&y).

Proposition 4.1. For any x1,x2 € M\ {Q(p1,7) UQ(p2,T) UQ(q,7)},

|Gk (x1) — Gi(x2)| < Ce
for some C > 0 independent by k.

Remark 4.3. Since the conclusion holds automatically by Lemma 4.1, it suffices
to study the case for o > 1.

Proof. As we can see that, Proposition (4.1) can be seen as an improvement
of Lemma 4.1. The crucial point is to get a better estimate for l[Jlé around p;.

By (4.51) and the fact that 1/J§(O) = 0 we have

PE(exy) = Y ajleg +exdi)y; + Ok +exgn)lyl, Iyl < t/ex,
j
for suitable a;,j = 1,2. In local coordinates around p1, 0 = x(p1), the first
term of the approximation of ¢ around p; is still wlé,é defined as in (4.12)
that satisfies (4.13). Using the expansion of vy around p; (4.28), we write

|y[**h(0)exp <Uk +log hh((l(f)];) )

= |y[** T (0)exp{ U + cox + E1x + Cox
+ 1A (loghs) )]y 6} +O(e7) (1 + [y])>))

= |y hu(0)e™ (1 + cox + €15 + Eop + ;LA(logﬁk)(O) ly%et
2 (@) +OE ) (1 + ly) 22,

for some small €y > 0 depending by & > 0. Then we can write the equation
of wg,é as follows,

A « flk(fk )
Awgrg+hk(0)|y|2 exp <0k+log flk(OJ; wlé,g
7 A(loghy)(0)|y[2e2 &
G52y P )etak <C0,k+51,k+52,k+ (log "ZL( lyles +12'k>

—I—O( 2+€0)bk(1+’y’) —2—€9— 204
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The next term in the expansion is w¥ ¢ defined as in (4.30). Now we need to
include bf in the estimate of w} %

i ¢ ()] < Chier (1 + [y]) ",

where we used wlé,g(o) = bf. At this point we write the equation for w® ¢in
the following form:

7 hic(exy)
AWz + e (0) |y ** exp <Uk + log fzk(oz wh ¢
T = O(bked

k.2
Writing the last two term as ( Olboey)

Ay then the above equation can be

rewritten as

Aw’l‘,g + 7 (0) [y |** exp <v + log D (ex y)> wllé

(4.53) ot ((;)
- B €
= —hi(0) y[*"e ey pvfyz + UW%
Let

= k(y) — wh e — wi e — PE(ery),
then from (4.52) and (4.53) we see that the equation for w’{ takes the form,

(a4 i 0)esp (o + 105858 ) )

_ O(ék) O(bOSk) O(Si + gkék)
(T4 [y (1 + Jy[)3+2 - (T4 [y])>+2

The three terms on the right hand side of (4.54) come from the expansion
of ¢y, w’{ ¢ and l[J’é respectively. On the other hand, wé ¢ is constant on d()

(4.54)

and wk ¢ has an oscillation of order O(bke?). To eliminate this oscillation we
use another harmonic function of order O(bfe} |y|). For simplicity and with
an abuse of notations we include this function in wg. As a consequence
standard potential estimates show that,

(4.55) [wi ()| < C(8) (bex + i + &) (1 + ly])°.

In order to further improve the estimate about ng we point out that, in

view of (4.50), then around p, and g we have almost the same improved
estimates. First of all, around p,, we recall that @y, is defined in (4.19) and
satisfies (4.20). Then we have,

/ prHe"Y ¢, = O(&).
B(p2,7)
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Moreover, around qk, we recall that @y is defined in (4.21) and satisfies
(4.23). By using (4.23) and the expansion of @y we have

/ prHe" ¢ = O(&).
B(gk,7)

At this point we move back to the evaluation of the oscillation of {; away
from blow-up points. From the Green’s representation formula of ¢y, as in
the proof of (4.24), by using (4.51) for l/)'é, (4.55) for Q’{, (4.20) for @y and

(4.23) for Wy we can further improve the estimate of ¢ as follows,

(4.56) |&(x) — & (y)| < C(bler + €t + &),

for x,y € M\ {Q(p1,7) UQ(p2,7) UQ(g,7)}. Then (4.56) further improves
the estimate of w¥, so that, by a bootstrap argument which does not involve
the leading term proportional to be? (which in fact comes just from the

integration over Q)(pj, 7)), after a finite number of iterations, we deduce
that,

@i (y)| < C(0)(be +20) (L +|y])°,
and the estimate about the oscillation of ¢y takes the form,
(457) 18k(x1) = E(x2)| < C(bER + &),
for all x1,x, € M\ {Q(p1,7),UQ(p2,7) UO(q,T) }.

As an immediately consequence of (4.57) for ¢’§ we have
(4.58) [ (exy)| < C(BGER + exio) yl.

In the following lemma, we shall prove that
k k
bk| < Ce~THim if a>1.
As a consequence, we deduce that Proposition 4.1 holds. 0

Lemma 4.2. There exists C > 0 independent of k such that
k k
(4.59) bk| < Ce~Ttim if a> 1.

Proof. Recall that wgl ¢ was defined in (4.36) and the estimate of this term is

given in (4.37), but now we include the dependence of b’(j. So (4.37) takes
the form,

w5 e (y)| < Clier (1 + |yl) >
In order to take care of the radial part of order O(e2)bk in the expansion of
Cr, we set zg  to be the radial function satisfying
;TZZZO,k + 140+ 2 (0)ezo ) = Fog, 0<r<7T/eg,

2ox(0) = 420,(0) =0,
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where

~ 1 ~
For(r) = =T (0) [yt <w’6,¢ (co + 5 A(loghi) (0)ly[*e;

1 . .
+ 1V I0g O (g + 1) + (i) ),
and
1 - 1,.
1 10gu(0) P+ 17 = (3(e0?)

.
Observe carefully that we already considered this function, see (4.35), but
in that case the underlying assumption was b — by # 0. Concerning zo
we have,

20(r)] < CO)bhet(1+7)",
and then, by defining z; as follows,

2 (y) = C(exy) — YE(ery) — wis(y) — wh £ (y) — wh () — zox(y),
we have
Azi + [y1* hi(exy)eg P ei(exy) zi = Exa
with z;(0) =0 and

|Exa] < CEE(E2H + &) (1 + [y) >,

for some €y > 0. By standard potential estimates we have,

2k ()] < C(8) (boey " + &) (1 + [yl)°.

At this point, by using the estimate about z;, we deduce that,
[ pasi= [ Rele)yPren @lew) - vhlew)dy
Q(p1,7) Qy

4 /Q i ey)ly e (exy)
k

= cbf(Aloghi(0) + O())ez + O(&y),

for some suitable constant c. Here the derivation of the above is similar
to the derivation of (4.40) except that we keep track of bf in this estimate.
Therefore the integral around p; reads,

/ pxHerle = et (A(log i) (0) + O(e2)) + O(8y), ¢ #0.
Q(per)

From [y, pxHcrly = 0 we readily obtain (4.59) by splitting the domain of in-
tegration in the three regions near the blow-up points plus the correspond-

ing complement in M. Lemma 4.2 is established. O

With Proposition 4.1, we are able to get an estimate on bf§ and bf as well.
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Lemma 4.3. There exists C > 0 independent by k, such that
|B§| + || < Cere,? = Ce™ Y

Proof. In the proof of Proposition 4.1 we already established (4.59) for b,
Also the oscillation of ¢ far away from blow-up points is of order O(&)
(Proposition 4.1). In the expansion of & around g* we have

&(x) = —bE+O(&), x<€aB(d~,1).
On 9B(pk, T) we have
& = —bg + O(bge) = —bg + O(&x),
and similarly on 9B(p2, T),
Gr(x) = B + O(&x).
Thus |bf — Bf| + |bk — bf| < Cgy. Lemma 4.3 is established. O

Step three: an improved expansion for &.

As a consequence of Proposition 4.1, the fact that V1og iy o(7°) = O(Ake ")
and the expansion of 7y in (4.46), we have

A (y) + T (7)e G = O(&*) (1 + |y~
Then by standard potential estimates, we get
(4.60) 18k(y) — gl < CO(L+ [y])°.
As before, we set 1/3’5 is set to be a harmonic function which encodes the
bounded oscillation of & (y) — w’glg in B; ¢, . Using Proposition 4.1, we have

Pk (8ky)| < Cerlyl.
Let
Zl(g,i; =G — ZDI({),,;,
we have

461)  (A+Tyo(d)e) (2 — PE(ay) = O(F ) A +[y) ™2 in O
for some ¢y > 0. Note that Zélé has the same value on the boundary, and
(20,6 (y) — PE(&ky)) ly=0=0 and  V(z§+(y) — P£(Ey)) ly=0= O(&}).

By the standard argument (see [19, Proposition 3.1]) for equation (4.61) we
deduce that

(4.62) 26, — PEEY)| < CEOFET A+ Iy)’. Iyl < /e,

for some ¢y > 0. Then we apply standard elliptic estimates based on (4.61)
and (4.62) to obtain,

(4.63) |V (26 — Pk(ex))| < CE.™ on 9B

28
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for some ¢g > 0. From (4.63) we see that for r ~ ?:,;1, the leading term in V
is w’(;,g + c’ag:

_ bk 1 2 ) bk bk R
018 = 1(Itar?) —20 (Bys +b3y2) | O(z—:i*‘s(’),

(1+a41?)?
(4.64)
= bk (1+axr?) —2axy, by, + b 22+
0o = )(1+ﬂ];<y7’§§22y2 i O(&"™),
Tk
where a; = h"'OT(q) and 4y is a small positive constant.

Step four: Evaluation of a simplified Pohozaev identity
In a local coordinates system around g, 0 = x(g), we have
Auy + Ijlkeuk =0,

where
e = pih( x) e 4GP —4mpG (v pa) tatfi

and f; is any solution satisfying that
Afk = pkEX in BT, fk(O) =0.
Here we can choose,

fix) = 5755 (R(x,4%) - R(32)

T 3tatp
(4.65) g (1 0(Gp) = 6@ m)
5t p (1 +BGp) = G@p2)).

Remark 4.4. In the general case the corresponding definitions around a regular
blow-up point q; would be,

fejt)=—F— 3" (G(xqh) - G(3a)
My wg (A l=mi+1
j=1
my
S 1+ ) (Gl p) — G )
m 4+ Z [J(j i=1
j=1
+ B (R(oa) ~ R@aD)
m+ Z tX]'
j=1

In the following we shall apply an easier version of Pohozaev identity to
verify that the coefficients b; and b, are zero. We first recall that, for the har-
monic function ¢y which was used to cancel out the boundary oscillation
of uy, by the expression of fi as in (4.65), we have

i (Exy) | < Cerezlyl.
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Then for j = 1,2, we use the standard Pohozaev identity for
Aé_k + flk,oeﬁkgk =0 in Q= BZ;.
€k

Multiplying both sides by 9;0; we get
— / ajﬁkavék + / aj(Vﬁk)ng
01 Q1
(4.66) = / ]:lklo(qk + éky)eﬁkvjds — ék/ ajljlklo(qk + éky)eﬁk
A0 Opa

- ho (7" + &)™ i,
Qi

where v; is the j-th direction of outer normal vector on d(); ;. By the equa-
tion
Ay + Ty (7° + Ey)e™ =0,
we can rewrite the last term on the right hand side of (4.66) as ka/l A@kajg‘k.
Together with the integration by parts we get that
1

= (—0y %08k — 0,8k0jTx + (VT - VE)v;)dS
€k Joaoy,

_ o 1 _ _
=— | Oiluo(7" +Ey)e" G + — / hieo(7° + &y )™ v;dS.
Qk/] Ek an/]

(4.67)

It is not difficult to see that the last term can be bounded by é}f‘so. Concern-
ing V7, we use

Vouly) = ~(4+0e ) (%,5), Iyl =/ ().
Then (4.67) is reduced to

1 4 _ . - o
ae o[ Tade=— | o+ o)
€k Jaoy, T (078
To evaluate the left hand side of (4.68) we use (4.64) to deduce that,
1

4. =1+¢€
- *a' k — O € 0 .
€ Jooy, T ]C ( k )

To evaluate the right hand side of (4.68), we use,

2
ajflk,o(qk +&y) = ajflk,o(qk) + Zajsflk,o(‘?k)ékys +O(&) lyl%,
s=1

ok — (1+111k]y|2)2(1 + O((logex)’er))

and (4.62) for &. Then by a straightforward evaluation we have,

Onho(q5) 01ahio(d5) (Y _ a1+
€k " -k k O(Sk ).
012k 0(qy)  Onhio(q3)) \b5
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Since the underlying assumption is (b%,b%) — (b1,b2) # (0,0) and since the
non degeneracy condition is det(D?h(0)) # 0, then we readily obtain a
contradiction. Up to now, we have proved Theorem 1.1 under the assump-
tion that @ > 1 and three different type of blow-up points consisting of
one positive singular source, one negative singular source and one regu-
lar point. When m; = m, the situation is easier and we omit the details to
avoid repetitions. The more general case can be addressed with minor ad-
justments, primarily involving changes in notation, which completes the
proof of Theorem 1.1 as far as « > 1. While for « € (0,1), we observe that

S% _ e—A"/(l—Hx) _ 0(6—)\"/2)’
then the proof of b; = b, = 0 around each regular blow-up point follows as
in [7]. While the general case can be argued similarly. Hence we finish the

whole proof. O

Proof of Theorem 1.1. Once we have shown that all the coefficients by, b; and
by are zero, then we can follow the arguments in [7] to show that ¢, = 0.
Hence we finish the proof. O

Remark 4.5. The proof of Theorem 1.2 follows by a similar approach. The key
difference is that if L(p) = 0, we use D(p) # 0 to show that the projection on
the radial kernel vanishes. If all blow-up points are negative singular points, there
is no projection on the translation kernels, allowing us to omit the assumption
det(D?f*(puy+1,-+ ,pm)) # 0. The proof of the non degeneracy result for the
Dirichlet problem (1.7) (Theorems 1.3 and 1.4) closely mirrors the process used for
the case on Riemann surfaces, so we omit the details.

5. MEAN FIELD THEORY OF THE VORTEX MODEL WITH SINGULAR
SOURCES

Let Q) C R? be a bounded domain of class C2, we define the mean field
theory ([25]) of the vortex model with singular sources. Let P(Q2) be the
space of vorticity densities,

(5.1 P(OQ) = {w cL(Q) | w>0ae, /dex =1, /leog(w) < +oo},

by definition the energy of a fixed w € P(Q) is,
£(w) = % / w(x)Glw](x)dx, where Glw](x)= / G(x,y)w(y)dy.
Q O

Let us denote by i = G[w] the stream function, then ¢ € Wé’q(Q), q€[1,2)
is the unique solution ([72]) of

—AYp=w in (),
©-2) {l[) =0 on 0Q).
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Actually, since [,wlog(w) is bounded, it is well known ([73]) that ¢ €

W&’z(Q) N L®(Q) and the energy of the density w is readily seen to be the
Dirichlet energy of :

1 1 1
2/0|le|2de2/0(—A1p)1pdx=Z/QWG[w]dng(w)-

Let us define

N
H(x) 747-[‘BGQ (x,0) He drta;Gao(x,q;) |x]2ﬁh0( )
j=1

where,

ho(x) 47r/3RQ (x,0) ﬁe 4rta;Ga( xq]
j=1
and we assume that,
(5.3) x=0€Q, Be(-1,0), aj€(0,+c0),je{l,---,N}.
Closely related to the mean field theory we have the so called Mean Field
Equation,

W

H

Aw+pf ;ew =0 in O
Q

(5.4)

w=0 on d(),

which is just the Euler-Lagrange equation relative to the natural variational
principles for the vortex model, see [24], [25] for the regular case and the
discussion below for the case with sinks. Here

He%e
Jo He™
is the vorticity density corresponding to a solution w, = pGq[w,]. The sin-
gularity at the origin describes a vortex of total vorticity 47tp~!|B|, whence
co-rotating with the flow, i.e. of the same sign of w,. The remaining N
singularities describe counter-rotating vortices of total vorticity —47rp*104]'
each. See Remark 5.1 below for more details about this point.

wp:

A subtle problem in the analysis of (5.4) is the existence/non existence
of solutions for p = 87t(1 + ), which is critical with respect to the singu-
lar ([1]) Moser-Trudinger ([65]) inequality, see Theorem 5.1 and Section 6
below. Interestingly enough, this problem is strictly related to that of the
description of the thermodynamic equilibrium in the mean field theory of
the vortex model and it has been solved in the regular case, see [24, 25], [28],
[12], [15] showing that the geometry of the domain plays a crucial role. See
[11] for the case of positive singular sources. In the regular case or either
if the singular sources are positive, a crucial point for the characterization
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of the existence/non existence of solutions in terms of the geometry of ()
is the fact that the critical threshold is 87t and that solutions blowing-up as
p — 87 make 1-point blow-up where the concentration point is a maximum
point of the Robin function of (), see [24], [25],[28], [12], [11]. Both these
features are drastically modified when adding negative singular sources.
In particular, in the model case which we pursue here, where we have only
one negative singular source with strength g € (—1,0), the critical threshold
is 87t(1 + B) and solutions blowing-up as p — 87(1 + p) make one point
blow-up, but the concentration point is the singular source, which in prin-
ciple need not be located at a maximum point of the Robin function. There-
fore our results about mean field theory with sinks are two-fold. Indeed, on
one side we extend the results about equivalence of the statistical ensem-
bles and about the non concavity of the entropy ([25], [7]) on the other side
we extend the characterization of the existence/non existence of solutions
([28], [12], [11]) of (5.4) to the case p = 87(1 + B). Compared to [28], [12],
[11], among other things we have to prove that entropy maximizers have
to concentrate on the singular source in the limit of large energies. We will
not go into details of those proof which can be worked out by a standard
adaptation of known arguments in [25], [28] and [7]. On the other side, the
characterization (Theorem 6.2) of the so called pairs (Q), B) of first/second
kind (see Definition 6.1) is more subtle. Another point which requires some
care arises in the proof of the existence of negative specific heat states (The-
orem 6.5) where we also use some recent results in [44].

5.1. The Canonical Variational Principle. To simplify the exposition, with
an abuse of terminology (see Remark 5.1) we define the Free Energy func-
tional as follows,

Folw) = /Q w(x)(logw(x) ~ log H(x))dx — & /Q w(x)Glw] (x)dx,

where w € P(Q)), and since we are interested in negative temperature states
([25, 67]), modulo some minor necessary exceptions, we will consider only
the case p > 0. Indeed, in the statistical mechanics formulation ([24, 25]) we
would have — KTlstat = p where T, is the statistical Temperature and x the
Boltzmann constant.

Due to the inequality ab < e” + b(log(b)), a > 0,b > 1, it is readily seen that
Fp(w) is well defined on P ((2). The thermodynamic equilibrium states are
by definition those vorticity densities w which solve the Canonical Varia-
tional Principle ((CVP) for short),

flo) = inf{Fy(w) |w e P(Q)} (CVP)

Remark 5.1. According to standard conventions ([25]) the physical free energy
functional should be —p~'F,(w) and the free energy thus would take the form
—07 1 f(p). As mentioned above, p = —%sm where x is the Boltzmann constant
and Tgat the statistical temperature.
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Actually, in this mean field model, the flow of positive vorticity w is interact-
ing with N + 1 fixed vortices whose total vorticities are 47t|B|/p, —4ma;/p re-
spectively. This particular formulation has the advantage that the Euler-Lagrange
equations take the form (1.7), whose solutions are widely used to describe vortex
equilibria of stationary Euler equations in vorticity form, see [38, 81] and refer-
ences quoted therein.

However, the more realistic model where the vorticities of the singular sources
are fixed (i.e. they do not depend by p) should be defined via the standard en-
tropy — | w(x)logw(x)dx, while the energy should contain the contribution
due to the fixed vortices. In other words, we should use the same F,(w) as above
where [wlog(w/H) should be replaced by [wlogw while the energy part
would be § [ wGlw] — p [qwlog(H). This formulation in turn would yield an
Euler-Lagrange equation as (1.7) where B and a; would be replaced by pB and
pa;. On the other side, as far as the blow-up at singular sources is concerned,
some care is needed in the generalization to these equations of known results, such
as concentration-compactness-quantization ([16],[17]) and in particular pointwise
estimates ([18]), ([90]), local uniqueness ([9],[19],[87]) and asymptotic non degen-
eracy (see Theorem 1.4 above) which will be discussed elsewhere ([4]).

We will often use the following consequences of recent results in [10] and
[3].

Lemma 5.1. Let wyg be a solution of (5.4) for some p = po and assume that the
corresponding linearized equation admits only the trivial solution. For any p €
(1,|B|71) there exist open neighborhoods Iy C R of po and By C Woz’p(Q) of wo
such that solutions of (5.4) in Iy x By describe a real analytic curve Gy of the form
Ih> pr=WwWp € By.

Proof. Based on the real analytic implicit function theorem ([23]), this is a
straightforward generalization of Lemma 2.4 in [3]. O

Lemma 5.2.

(i) ([10]) For any p € [0,87(1 + B)) there exists a unique solution w, of (5.4);
(ii)([10]) For any p € [0,87t(1 + B)), the linearized operator of (5.4) evaluated at
its unique solution has strictly positive first eigenvalue;

(iii) If a solution of (5.4) exists for p = 8m(1 + B) then it is unique and the
linearized operator evaluated at this solution has strictly positive first eigenvalue;
(iv) The map [0,87t(1+B)) 3 pr—=wp € Wg’p(Q), p € (1,|B|71) is real analytic;
(v) Forany p € [0,87t(1+ B)) the map p — E(p), where

He™r
p—=E(p) =E(wp), wp= T He™’
is real analytic and di—;p) > 0. In particular wo(x) = 1;0(2/

(vi) If a solution of (5.4) exists for p = 87t(1 + B) then the curve of unique so-
lutions for p € [0,87(1 + B)] can be continued as a real analytic curve in a right
neighborhood of 87t (1 + B).
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Proof. By definition the map in (iv) is said to be real analytic at p = 0 if it
can be extended to a real analytic map in a neighborhood of p = 0. The
claim in (i), (ii) and (iii) have been recently proved in [10]. Based on (i),
(ii), (iii) and Lemma 5.1, the proof of (iv), (v) and (vi) follow from a rather
standard generalization of recent results in [3]. O

Remark 5.2. Actually, due to the strict convexity of the corresponding variational
functional, the uniqueness of the solution of (5.4) holds as well for fixed p <0, in
which case the positivity of the first eigenvalue of the linearized problem relative
to (5.4) is trivial. As a consequence, in view of Lemma 5.2, it is not too difficult

to see that the map p — E(p), is well defined and smooth and di—ﬁf) > 0 for any
p € (—00,8m(1+p)).

Before stating the first theorem of this section, we need the following
lemma, which is well known in the regular case, see [37, 85]. Let us define,

Jo(w) = 1/ |Vw|?dx — log / He" ), we WS’Z(Q),
20 Ja 0
for p € (0,+00).
Lemma 5.3. For any p > 0 we have
f(p) = inf{Fy(w) | w € P(Q)} = inf{J,(w) | w € Wy (Q)}.

In particular we have:
a) For any w € P(Q) let w = 0G|w]. Then w € W2(Q) and
Y P 0

]p(W) < ]:p(w)/

where the equality holds if and only if w is a solution of (5.4);

(b) For any w € Wy (Q) let w = fHIi’IVZW' Then w € P(Q) and
Q

Jo(w) = Fp(w),
where the equality holds if and only if w is a solution of (5.4).

Proof. We suppress the x dependence for the sake of simplicity. Obviously
the first claim follows from (a) and (b).

(a) Let w = pG[w], we have ([73]) w € Wé'Z(Q) N L*(Q)) and consequently
He"

/Hew<—|—oo and wy =
Q

Thus it is easy to check that,

Jo(w) = / w (logwy —logH) — 1/ ww,
o) 2 Ja
implying that,

Folw) = Jo(w) = /Q(U(lng —logwy) >0
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where the inequality follows from the Jensen inequality

/Qs(f(x))ww(x)dx >s </Qf(x)ww(x)dx) ,

s(t) =tlog(t), t>0 and f(x)= ;Uw(zcx))

Remark that, since s(t) is strictly convex, the equality holds if and only if
f(x) is constant a.e., that is, since {w,ww} C P(Q), if and only if w = wyy,
a.e. in Q). However this is the same as to say that w = pG|wy], that is, by
standard elliptic estimates, that w is a solution of (5.4).

(b) Letw = f iw, by the Moser-Trudinger inequality ([65]) and the Holder

inequality He"dx € LP(Q) for any p € [1,]|8|7!) whence w is well defined.
Observe that, putting c,, = log( [ He"), we have

where

/wlogw:—cw—i—/w(w—i—logH),
o o

where by the Sobolev embedding w + log H € L(Q)) for any g € [1,+0),
implying that w € P(Q). Let w,, = pG|w], then we have ([73])

/\wa\z—p/www, /wa Vw = p/ww

Therefore we deduce that,
1
() = Folw) = 5 [ 9w =) 20
0 Ja

where, since {w,w,,} € Wé'Z(Q), the equality holds if and only if w = wy,
a.e., that is, by standard elliptic estimates, if and only if w is a solution of
(5.4). O

Now we are able to state the first result about the (CVP), which general-
izes the corresponding results in [25] and [28].

Theorem 5.1. Forany p € (0,87(1+ B)) the (CVP) admits a unique minimizer
wp. In particular w, = pG[w,] is the unique solution of (5.4).

Proof. The uniqueness part is readily seen to be a straightforward conse-
quence of Lemma 5.2-(i), whence we are just left to prove the existence
part of the claim. By the Moser-Trudinger inequality ([65]) and the Holder
inequality, ], is well defined. Furthermore, for any fixed p € [0,877(1 + 8)),
by the singular ([1]) Moser-Trudinger inequality, ], is coercive and weakly
lower semi-continuous on W&'Z(Q). By the direct method we get that it ad-
mits a minimizer. The corresponding Euler-Lagrange equation is just (5.4)
and the conclusion follows by Lemma 5.3. 0
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To proceed further we restrict our attention to the physically meaningful

situation where the singular source x = 0 € () satisfies (1.16), that is, setting,
7*(x) =8m(1+ B)Ra(x,0) +1log(ho(x)), x€Q,

we assume that
(5.5) Vv*(0) = 0.
With the same notations as in (2.29) let us set,
DPa,0(x) =87(1+ B)(Ga(x,0) — Ra(0,0)) + log(ho(x) /ho(0)) + 2Blog|x],
which satisfies

2
(2000 _ X )
|x|4+4ﬁ

Then, in view of (5.5) the following quantity, is well defined,

— 1 Dao(x) _ L;
(5-:6) Dp %r&c* (/Q\B,e (1+B) rz(1+ﬁ)> ’

and we remark that Dg was already introduced in (2.28) above. Next, to
simplify the evaluations, let us set,

_ ho(0) _ (0 _ 871(1+5)Rn (0,0)
Cﬁ_S(l—i—ﬁ)z' Cy=¢e = ho(0)e ,

and choose any T > 0 such that B; € ). Then we define,

— 41+ p)1 21 2D + o B:
Wg(X) - ( + :B) Og(’f) + 0og g2(1+ﬁ) + Cﬁ(T71|X|)2(1+ﬁ) , X &b,

and

—4(1+ B)log|x| +87(1+ B)Ra(x,0), x€Q\ B,
We(x) =
we(x) +87(1+4 B)Ra(x,0), x € By,

so that in particular w, =87 (1 + B)Gq(x,0) in QO \ B;. At this point, we are
ready to deduce a generalization of former results in [25], [28], [11], [12],
which in particular provides an estimate for f(877(1 + B)) in terms of Djg.

Lemma 5.4. Assume (5.5) and set

Ya(x) =47(1+ B)Ra(x,x) +log(ho(x)),

then we have,
L 1 T
Jsrn(1+p)(We) = —1—log 138/~ 7a(0)

(PO LEL (Do) 10,
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as ¢ — 0, where 0,(1) — 0 as e — 0, uniformly with respect to T. Then we have

5.7 8m(1 <-1-1 - 70(0),
67) Fs(1+)) < ~1~log (155 ~ 700
where the inequality is strict as far as Dg > 0.

Proof.

2 v = U5 ¥ (s nma(s0) - o
+47(1 + B)? (/ Vlogi4 - VR (x,0) + 87r/ ]VRQ(x,O)]2>
Q\B., |x| Q
+ ;/B Z’;;Z;figiﬁﬁ‘;!ij 2+87r(1 +ﬁ)/T Vw, - VR (x,0)
:_(1;%;)2/331 (log L +87'cRQ(x,O)> ai <log \x1|4> do

—4n(1+ ,B)z/aBT <log ’xl|4> aRVQ( ,0)do — 167t(1 + B)log(e)

—87(1+ B)(1 —log(cp)) + 167(1 + B)cg ') + O HF)
= —167(1 + B)*log(t) + 3277*(1 + B)*Ra(0,0) — 167(1 + B)*log(e)
—87(1 4 B)(1 —log(cp)) + 167(1 4 B)cg ' HF) + O(11F)),

as ¢ — 0, where we used:

/ Vlogl-VRQ(x,0)+27'c/ VR (x,0)P :/ (log \xy)aR (x,0)do =0,
0\B; |x| 0 9B, ov

),
2/,

ase — 0, and

CﬁT72(1+5)4(1 + B)|x[1 2P 2
e2(1+B) 4 Cﬁ(’l——l |x|)2(1+/3)

= —167(1 + B)*log(e) — 87(1 + B)(1 — log(cp))

+167(1+ p)cg ') + O(H1F)),

Vwe - VRa(x,0) = / wgiRg(x,O)da =0;
B, 9B, OV

9 1 327 )
e = — 0,0).
/E;BTSTITRQ(X 0)a 1 |X|4 p /aBT RQ(X,O)dU’ 647 RQ( )

Next observe that, recalling the definitions of c. and ®q  above, we have

/ |x’2ﬁh0(x)ewf — C*/ quQ,O(x) = C*/ e(DQ,O(x) — C*/ ecDQ,O(x)
0\B. 0\B, 0\B, B.\B:
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_ Doo(x) 4 T 1 1 28
&A%eo +u+m<ﬂW” ey ) 0T )

where we used

26
Do(x) _ X S TBIRA(x0)
- /BT\BS ‘ /BT\BS FREEI

Cy 7T 1 1 _2p
B < 2176) 2(1+ﬁ)> + 0.

Moreover we have,

B+ B: B \Be Be

- TG >11+,s> (cp +0P +0(x2)),

where, putting
1

Tp = (cﬁ)72(1+ﬁ) T,
we used

2
/ |x|2Per () gwe = T4(1+ﬁ)/ |x[?Per ) b + ‘B
B B, 2(14F) + cg(T—1x])2(1+F)

2
<c5 + 82(1+/3)> ’Z‘Zﬁ )
 cp(en)2HP) /B (1+ 2P0y

<Cl3+8 Hﬁ)z TTCs ( 1
a )

cﬁ(er) (1+8) (14 B) 2(1+P) + O((ST)Z)) ,

T

and similarly

B:\B:

_<C5+£2(1+ﬁ))2 . ( o )

O(12e2(1+B)y | .
cp(eT)20+A) (1 +B) Cﬂ+£2(1+ﬁ) 1 ﬁ(Hﬁ) +O(t’% )

Therefore we have

I e A AL

/ Do () T 1 TTCy 1
= C* e 2 — +
0\B, (1+ B) 2(1+p) (1+ B) 72(1+8)

TTCx 1

(1+ B) (7e)?1+P)

+

(cﬁ +204B) 4 O(T*Zﬁ)) +O(t %)
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(171:*1%)( )11+ﬁ) <Cﬁ+<(n+cf) e <Dﬁ+0£<1>>+2+O<T2ﬁ>>‘°'2(1+5)>’

where 0,(1) — 0 as ¢ — 0 uniformly with respect to 7.
At this point, putting together these estimates, we see that,

Jsrn(+p)w) = — 2(1+ B)log(T) —2(1 + B)log(e) + 2c,g152<1+ﬁ>
+4m(14 B)Ra(0,0) — 1 +log(cp) + 0(84(1+5))

7TC*C‘B 1
_10g<(1+[3)( ) 1_,_/3))

—log (1 + <(1 + [5) 2(14B) (Dﬁ +0:(1)) + zcﬁ—l 4 O(r—zﬁ)> 82(1+,5)>

7TC*C/3
=
O(t

)), ase —0

= —1—47(1+ B)Rn(0,0) —lo (

(20 1B
(Te) TTCCh (Dﬁ +oe(1) +

as claimed. Passing to the limit we obtain the inequality for f(87(1+ B)),
where if Dy > 0 then obviously the inequality must be strict. t

5.2. Microcanonical Variational Principle. With the definitions above, for
E > 0 we define the Microcanonical Variational Principle (M VP) for short),

S(E) =sup{6(w) |w e P(Q), E(w)=E} (MVP)
where
&(w) = — /Q w(x) (logw(x) — log H(x))dx.

As remarked above, due to the inequality ab < e 4 b(log(b)),a >0,b > 1, it
is readily seen that S(w) is well defined on P(Q}). Concerning the (MVP)
we have the following generalization of a result in [25].

Theorem 5.2. (j) For any E > 0, S(E) < +o0 and there exists w, which solves

the (MVP), S(E) = &(w, ). In particular there exists p, € R such that w,

p;Glw,]| is a solution of (5.4) for p = p, and wo(x) := If{(H) is the unique entropy

maximizer for E = Ey := £ (wy) and pg, = 0.
(jj) There exists E. € (Eg,+o0] such that for any E € [Ey,E.) the map E — p, is
smooth and invertible with inverse E=E(p), p € [0,87(1+ B)) and E(p) /" E,

asp/‘87r(1—|—[3) )> 0in [0,87T(1+4 B)).

Proof. (j) Observe that, putting duy = T H) and f(x) = (i), then by
or s(t) =

a standard approximation argument and the ]ensen inequality
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—tlog(t),t >0, we have,

6(w) _ log [o H(x)dx
Fre = s <5 ([ roodus ) =Bl

where the equality holds if and only if f is constant a.e., that is, if and only if

w=wp(x) = %, which is therefore the unique maximizer of the entropy

at E = Ej := &(wy). For E # Ey, let H, be any sequence of smooth positive
functions such that H, — H in L¥(Q), for some p € (1,|B|~!) and define

Sn(w) = —/Qw(x)(logw(x) “logHy(x))dx, w € P(Q).

Modulo minor modifications due to the weight H,;, by the same argument
adopted in [25] we see that for any E > 0, S,(E) < +o0 and there exists
w; n € P(Q) which maximizes &, (w) at fixed energy £(w, ») =E, Sy(E) =
S(w, ). In particular there exists p,, € R such that w, , = p,,G|w, x| is
a solution of (5.4) for p = p,» and H = H,. By standard elliptic regular-
ity theory and the Sobolev embedding, for each fixed n, we have w, , €
Wg’p (Q)NCo7(Q)), for some 7 € (0,1). Since ) is simply connected and of
class C!, with the aid of a conformal map, by a well known trick based
on the Pohozaev identity we can find p such that p, , < p,, for any n
and E. Therefore, for a fixed E, by the equation (5.4) we readily deduce
that [|[Vw,.||2 < pnE, implying by the Moser-Trudinger inequality that
e"e is uniformly bounded in L7(Q)) for any g > 1 and in particular that
H,e"er is uniformly bounded in L!(Q) for some t € (1,p). Actually by
the Sobolev embedding w, ,, is uniformly bounded in L7(Q2) for any g > 1,
implying by the Jensen inequality that [, H,e"t" is bounded below away
from 0. Therefore the right hand side of (5.4) with p = p,», H = H, and
W = w,, is uniformly bounded in L!(Q)) and by standard elliptic esti-
mates and the Sobolev embedding w, , is uniformly bounded in w,, €
W' (Q) N C*7(Q), for some 7 € (0,1). At this point it is readily seen that,
possibly along a subsequence, as n — +0o0, w, , converges uniformly and
in Wy?(Q) to a solution w, of (5.4) for some p, € R, with £(w, ) = E, where
He"e
Jo He"e
S(E) = 6(w, ), which, excluding pg, = 0, concludes the proof of ().

w, = . Clearly w, is a maximizer of the entropy at fixed energy,

(jj) Remark that if p, < 0 then ], is strictly convex and consequently (5.4)
admits a unique solution, which therefore is just w,. By Lemma 5.2 and
Remark 5.2 solutions of (5.4) are in fact unique and the first eigenvalue
of the linearized problem relative to (5.4) is strictly positive as far as p <
871(1+ B). In particular the inverse of E — p,, say E = E(p), is well defined

and smooth and “£?) > 0 as far as p € (—o0,8m(1+ B)). As a consequence

dp
p=p, <0ifand only if E(p) < Eg = £(wp), where wy = fHISIx(L). However
Q
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w, = Heiiv = wy if and only if w, = 0 implying that pg, = 0. By mono-
Jo He"r

tonicity the limit of E(p) as p — 87t(1 + B)~ is well defined which we take

as defining E.. O

6. THE EXISTENCE/NON EXISTENCE OF SOLUTIONS FOR p = 87(1 + B).
DOMAINS OF FIRST /SECOND KIND.

As mentioned above, the existence/non existence of solutions of (5.4) for
p = 8m(1+ B) is a subtle problem, since Jg,;(1. p) is bounded below ([1]) but
not coercive, implying that in general minimizing sequences need not be
compact. We discuss hereafter the case where a negative singular sink is
described in the sense defined above.

First of all, as in [25], the critical value of the energy E. defined in Theo-
rem 5.2 plays a crucial in the rest of the argument.

Definition 6.1. A pair (Q),8), where Q) is a simply connected and bounded do-
main of class C?, B € (—1,0) and q = 0 € Q satisfies (5.5) is said to be of first
kind if E. = E.(Q), B) = +00, of second kind otherwise.

Any disk centered at the origin, Q = B,(0), with H(x) = e~ #™Ca(x0) =
|f2|;ﬁ is of first kind for any € (—1,0). In fact, by dilation invariance we are

free to take r = 1 and deduce that

Dy=—+—,
0 T+ B
1+ 0
—2log | ——— o S <1.
Wp(x) Og (1 _’_,yp’x|2(1+,5)) 4 ,yﬂ 87T(1 +‘B) _p/ ‘x’ =
Then
x| (1+B)  (147,)]x*
wp(x) = T xPPe™ ~  n 214p)\2
0 (T4, |x[20+P)
and

E(w,) = ; (1 4 <1 - ;) log(1 + m) .

0

It is readily seen in particular that E(p) = £(w,) — +o0 as p / 8m(1 +
B). Our first result concerning domains of first kind is a generalization of
analogue results in the regular case, see Theorem 7.1 in [24] and Proposition
3.3 in [25].

Theorem 6.1. Let (C), B) be of first kind, then we have:
(i) f(p) is smooth, strictly convex and increasing for any p € (0,87t(1+ B)). In
particular

E(p) :_df;;m:;/ﬂwpc[wp], o€ (0,87(1+B)),
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where w, denotes the unique solution of the (CVP) and di—g}) > 0;
(ii) for E € (Eo,+o0) we have that,

S(E) = inf{~f(¢) ~ pE}

is smooth and concave;

(iii) [Equivalence of Statistical Ensembles] If w(E) solves the (MVP) then
w(E(p)) = wp, that is, w(E) coincides with the unique solution of the (CVP) for
p = pg, where p, is the inverse of E(p).

(iv) Asp /' 87(1+ B),

F(o) = F(8(1+B)) = —1 1og( —000),

)
1+p8
and wy — 6y—0.

Proof. The proof of (i) — (ii) — (iii) goes as in [25], with the exception that
the smoothness of f(p) as well as E(p) = df ( ) and ( ) > 0 both follow

from Lemma 5.2-(v). Actually, in view of Lemma 5.2- ( ) we also deduce
that (see section 4 in [3] for details)

dS(E) ?S(E) _ dp, _ (dE(p)\"
I~ P T 2z TR T dp <0, E¢ (B Feo).

We are left with the proof of (iv). By definition of domain of first kind,
E(p) — 4o as p / 87(1 + B). Consequently, according to well known
blow-up results ([16]), we have that w, — §;—0. It is not difficult to prove
(see for example Proposition 7.3 in [24]) that f(p) is continuous in [0,87(1 +
B)]. Let o,/ 87m(1+ B) and w), be any sequence of minimizers of ],,, then
we have from Lemma 5.3,

Jou(Wn) = f(on) = f(8T(1+B)), as pun /87(1+B).

In particular, since w;, is a blow-up sequence, by using the pointwise esti-
mates in [18] together with Proposition 2.1 and (2.27) we find that,

Jou(wi) = F(87(1+ B)) = —1 —1og( —10(0).

%)
1+pB
The evaluation is very similar to that worked out in the proof of Lemma 5.4

where one also uses the mean field equation (5.4), and we omit it to here to
avoid repetitions. The proof is completed. U

As an immediate consequence of Theorem 6.1-(iv) and Lemma 5.4 we
have,

Corollary 6.1. Let (Q), ) be of first kind, then Dg < 0.
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To prove the converse of this fact is more subtle, see Theorem 6.2 below.

Theorem 6.1 shows that for pairs (), B) of first kind we have a complete
description of the thermodynamic equilibrium, in the sense that for any
E > 0 there exists a unique wg which solves the (MVP) and there exists a
unique p, such that there exists a unique solution of the (CVP) at p = p,
which satisfies w, = p,G[wg]. In other words the two variational princi-
ples describe the same thermodynamic equilibrium state.

For pairs (Q),B) of second kind the situation is much more involved,
since entropy maximizer with E > E; correspond to values of p = p, >
871(1 + B) where the (CVP) has no solution (since it can be shown by stan-
dard arguments that ], is not bounded below) and moreover solutions of
(5.4) are not unique, see Theorem 6.6 below. Concerning this point we gen-
eralize first some results in [25]. We refer to [3], [7], [21] for other recent
progress in this direction in the regular case.

We will need hereafter a generalization of former results in [28] and [12].
We omit the proof which follows in part from known blow-up arguments
([22, 17, 16]) and otherwise from the invertibility of the linearized operator
at p =8m(1+ B), see Lemma 5.2-(iii), (vi), and the implicit function theo-
rem (see for example Proposition 6.1 in [28] for a proof in the regular case).

Lemma 6.1. Let p € [0,87(1 + B)) and w,, be the unique solution of (5.4). Then,
the following facts are equivalent:

(-) (©), B) is of second kind;

(-) For p =8m(1+ B), equation (5.4) admits a solution denoted by w;

(-) wo — we in C2(Q)NCY Q) as p 7 87r(1+ B);

(-) a subsequence w,, — w in C2(Q) N CY(QY) as p, /" 87(1+ B);

(=) Jsr(14p) admits a minimizer.

Moreover, the following facts are equivalent:

(-) (Q), B) is of first kind;

() [Wolleo = +00,a5 0,7 87(1 + B);

(-) wp = % — 8,0 weakly in the sense of measures;
Q

(-) a subsequence || Wy, ||eo — 400, as p, /* 8(1+ B);
(-) Equation (5.4) has no solution at p = 87t(1 + B);
(-) Jsr(14p) has no minimizer.

Remark 6.1. Clearly if (Q), B) is of second kind we deduce from Lemma 6.1 and
Lemma 5.2-(vi) that as p /* 87t(1 + B) the unique solutions of (5.4) converge to
we in C3(Q) N CH(QY) and then in particular € (w,) = E(p) — E. = E(87(1 +
B)) = E(w.) where w, = ffewc and (recall Theorem 6.1) &(w,) = S(E) —

Hewe
S(E.), implying that f(p) — f(8t(14+ B)) = —S(E.) — 8m(1+ B)E..

We will also need the following generalizations of results in [25] about
domains of second kind.
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Lemma 6.2. Let (Q), B) be of second kind and E > E.. Then
Cy — 87(1+ B)E < S(E) < C, — 87(1 + B)E,

where
C, =S(E;) +8m(1+ B)E. = f(87(1+ B)).

Proof. In view of Remark 6.1 the same argument adopted in Proposition 6.1
in [25] works fine, in this case as well. Il

Lemma 6.3. Let (Q), B) be of second kind and denote by w, any entropy maximizer
defined by Theorem 5.2. Then, as E — +oc0 we have p, — 87(1+ B) and

w, — 0p—o, weakly in the sense of measures in C).

Proof. Let Ey, wy = wg, be any pair of sequences such that E; — +oco where
wy is any entropy maximizer at energy Ej, put px = pg,, we prove that in
fact wy — dp—¢ weakly in the sense of measures and o, — 871(1 + B). We
argue by contradiction and assume that along a subsequence any one of
these properties is not satisfied.

As remarked in the proof of Theorem 5.2, by the Pohozaev identity we
have that p is uniformly bounded, and since E; — +oo, then it is not diffi-
cult to see that necessarily ||wy||c — +00, where wy = pxG[wy|. Therefore
wj blows up as k — 4-c0 and then necessarily along a subsequence py — poo
where ([16, 17, 54])

N
Poo = 87(1+ B)ng + SHZni(l +a;) + 8mn,,
i=1
with

N
n€{0,1},i=0,1,---,N, n, €N, no+ > nj+n >1.
j=1
Observe that if supp{w;} =, i=1,2and O N =D, then &(w; +wy) =
S (w1) + S (wy) while the energy € (w) is exactly the same as the one in [25].
Therefore it is readily verified that the argument adopted in Theorem 6.1 in
[25] works fine, showing that, possibly along a subsequence,

Wi — Ox=p, as k— +oo,

weakly in the sense of measures in (), for some p € (). Assume first that
along a subsequence we reach a blow point p satisfying p ¢ {0,4;}. Since wy
is a regular 1-point blow-up sequence, then the subtle balance obtained in
Lemma 5.4 breaks down and, by using the first order pointwise estimates
in [54] together with equation (6.8) in [31], we would find that,

1
]8n(1+,5) (Wk) = 167‘L’(1—|—,3)/Q ‘Vwkfz —log </Q Hewk)

2
T 1+ B log(&x) + 2log(&x) + O(1) — 400, as k — +oo,
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for a suitably defined & — 0. Assume next that p € {g;}, since again wy
is a 1-point blow-up sequence at a positive singular source, say of strength
a; > 0, then by using the first order pointwise estimates in [5] together with
Proposition 2.1, we would find that,

1
Jsr(1+8) (Wi) = 167r(1+/3)/0 IVwk\2 —log (/Q Hewk)

2(1 i
= — gig])log(sk) + 2log(ex) + O(1) — 400, as k — +oo,

for a suitably defined e, — 0. On the other side, since wy = wg, is an entropy
maximizer we have, from Lemma 6.2 and Lemma 5.3

Jsr(1+p)(Wk) = Far(14p) (wi) = —S(Ex) —87m(1+ B)Ex < —Cy,

which is the desired contradiction. Therefore necessarily p = 0 in which
case Poo = 871(1 4+ B), as claimed. O

Our first result concerning domains of second kind is a generalization
of the analogue characterization in the regular case as first pursued in [24]
and then completed in [28], [12], [15], see also [11]. Here Dy as defined
in (5.6) plays a crucial role and in particular we will keep the notations of
Lemma 5.4 whenever needed.

Theorem 6.2. The following facts are equivalent:
(a) (9, B) is of second kind;
(b) D/g > 0;

() f(87(1+B)) < —1—1log (5) — 710(0);
(d) (5.4) has a solution for p = 87 (1 + B).

Proof. If (b) holds, then, in view of Lemma 5.4, (¢) holds as well.

Assume that (c) holds, we show that a solution exists for p = 87(1 + ). If
not, by Lemma 6.1, any sequence of solutions w,, = w, blows up as p,,
87(1 + B). However, as remarked above, it is not difficult to prove that
(see for example Proposition 7.3 in [24]) f(p) is continuous in [0,87(1+ B)],
therefore

Jou(Wn) = f(pn) = f(87(1 4 B)), as pn 7 87(1+ P).
In particular, since w,, is a 1-point blow-up sequence with blow up point
g =0, by arguing as in the proof of Theorem 6.1-(iv) we would find that,

F8m(1+ ) = 1~ log (155 ) ~ 700},

which is the desired contradiction to the strict inequality in (c).
Since by Lemma 6.1 we have that (a) and (d) are equivalent, we are just
left to prove that if (2) and (d) hold then (b) holds as well, that is, Dg > 0.
By contradiction assume that a solution exists at p = 87t(1 + 8), say we,
that E. < 4-cobut Dg <0. By Lemma 6.2, as E;, — +oc0 and if w;, = 0, G [wy]
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is a sequence defined by the entropy maximizers of Theorem 5.2, then wy,
makes 1-point blow-up and the blow-up point is in fact the singular point
g = 0. Since from (2.27) we have that p, — 87(1 + ) has the same sign as
Dg, then Dg > 0. In fact, if otherwise Dg < 0, then we would have p, <
87(1 4+ B) implying that the unique solutions for p, < 87(1+ ) blow-up,
which contradicts Lemma 6.1. Therefore we have that necessarily Dg = 0.
At this point observe that, in view of (5.5), and with the notations of Lemma
5.4, Dg can be written equivalently as follows

2 2
T () | x| () _/ X[
(6.1) Dj:=c;'Dg=c /Q|xy4<1+ﬂ> (e ) Mren

(e gy [
a |x|*A+A) Qc |x[40+B)7

where ¢, = ¢7 (0 and

Do (x) =77 (x) = 77(0).
For any € > 0 there exists § > 0 such that

28 .
/ | ‘|Z(’1+/3) (ed)Q(X) B 1) ’ <€ Vr<s
B, |x

and we define

* Tk ’.X|2‘B @ (x)
Dpe=Dp — 5, [x[*1P) <e “ _1)

2 2
:/ | x| (ecpg(x) _1) _/ |x|* .
0\35 |x|4(1+ﬁ) Q) ’x|4(1+ﬁ)
For any such ¢ fixed, let 0 < 6 < T < R such that By € Q) € Byg and NV €
C*([—1,1] x R%;R?) be any vector field such that

~ [(0,0), if x¢ B \ Bar,
Nt x) = {—g(x)v(x), if xeaQ,

where v(x) = v,,(x) is the unit outer normal at x and g a smooth function.
Then it is well known ([49]) that the unique solution of £/1(x,t) = N (x,t),
x €O, te (—1,1), h(x,t) = x, defines for t near t =0 a C* “curve of do-
mains” Q(t) := h(Q,t) such that Q(0) = Q) and in particular the map

\ X|* e () / |x|?
t— Dg (t):= o\ 1) —
pell) /om\Bo- |x|[4(0+A) (e ) Qe(r) |x[40+P)

is of class C! near f = 0 and

d N
Ig(x;aQ) = i ((87‘[ + 47Tﬁ)GQ(t)(X,0) - 47TZ£KJGQ(t)(X,q])>
=1

t=0
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— (sr-+arp) [ 2RI SN (5,0) - v(y)

_ [9Ga(vy) y,q
=/ ! 1+ z:: T |SY

where we used the following formula, see [49, Example 3.4]

d dGa(x,y) Ga(v, p)

—G X, =— N(y,0)-v(y)dy, Vx, peQ.
dt Q(t)( p) 0 o av(y) av(y) (y ) (y) y p
Then

6.2)

d

D500

t=0

X,
= g it (720 =) N 0)- v
(0
- | N ) el

90 |x|4(1
|x\2ﬁe%<f>() d
5
= _— (t) . Q(t) .
/BQ |x|4(1+ﬁ)e N(x,0) - v(x) + /Q\Bé |x|4(1+ﬁ)e Lg(x;0Q2)
=— e Q) e o0 [, (x;00)
L e s+ [ e (500

= [+ [ et a0
20 o\B [[HIHR) TS

Let

- X e,
Ds(t) = || worm (%20 —1)

and remark that

O N N S I
D) = /Q(t) [+ (e ! 1) /cm FEGE) = Dpe(t) + De(t),

and that

|Ds(t)| < 2e,
for any t small enough.

t=0
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To proceed our discussion, we need the following claim:

Claim: There exists function g such that DE( t) <0 for any t small enough.

We shall prove the claim by dividing our discussion in various cases. Let

W= v (y) v(y)

9Ga(y,0) Y 9Ga(y,q))
(8 +4np)——F~—= — 4712204]'8 , Yy €00
j=

Assume at first that,
Iy ={yeod:G*(y) >0} #0,

then for any ¢ > 0 we can find g > 0 with compact support in I';, such that
fr+ g(x) > o, which is always possible since I';. is relatively open in 0Q).

Therefore, since by the strong maximum principle 3(3?((530) < 0fory e dQ),
we deduce that I, (x,0Q) < 0 and consequently that

d
—Dj (t < —/ x) < —0.
dt B, ( ) —o aﬂg( )

Therefore, for any t small enough we have,
Dl’gle(t) < Dgle(O) —ot,

and then we choose ¢ large enough such that,
Dg(t) < Dg(0) — ot +2¢ <0.
Therefore we are left with the case where G*(y) < 0 and we assume that
I ={yed:G"(y) <0} #0Q,

otherwise the proof is easier. Assume that ¢ < 0 then I;(x,0Q2) < 0 and
then, as far as I,(0,0Q0) < 0, we have,

X% e +

/0\35 |x\4(1+ﬁ)e 0o (x;000) = —c0asd —0".
In this case we would deduce from (6.2) that, for any ¢ > 0, possibly taking
a smaller 9,

d
EDO/G(t) o < _(T,

implying as above that Dy(t) < 0 for any f small enough. Therefore we are
left with showing that there exists ¢ < 0 such that I;(0,0Q2) # 0. However

this an easy consequence of

G (0,y)
v (y)

G*(y)g(y) = aGQi(o’y)G*(y)g(y)

1,(0,000) = 0

and the fact that agﬂj((;)sy ) > 0in T_. This fact completes the proof of the

Claim.
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Therefore, since Q)(¢) is simply connected and of class C? and since Dj(t)

is just proportional via a positive constant to the Dy relative to ()(t), and
for £ > 0 small enough Dg(#) <0, we see from Theorem 2.1 that the unique
solutions on Q)(t) blow-up as o,/ 87(1+ B). Let t; \, 0" and w,, ;(x) be the
unique solutions for p < 87t(1+ ) on Q)(t;). By assumption there exists a

solution w, on Q) at p = 87(1 + ) which is also unique by Lemma 5.2- (iii)
and we define M, = m(e)ax w.. Remark that for fixed j, w, ; is a smooth func-

tion of p, see Lemma 5.2-(iv). Therefore for any M > M, and for any j there
exists pj v < 87(1+ B) such that m(a>)<wp wj = M. Thus, along a diagonal

subsequence, p;m — pm < 87(1 + B) and w,,,, i — wy,, uniformly, where
W), is a solution of (5.4) for p = ppr on () with Maxwp,, = M. However,

since w, is the unique solution for p = 87t(1 + B), then pps € (0,87t(1 + B)).
Since M is arbitrary we can take My — +o0 and construct a sequence of so-
lutions of (5.4) which blows up with pas, < 87(1+ ), implying necessarily
([16]) that par, — 87t(1 + B). This contradicts Lemma 6.1 which would im-
ply that (Q), ) is of first kind. O

As an immediate consequence of Theorem 6.2, Proposition 2.1 and (2.27),
we have the following generalization of a result in [11].

Corollary 6.2. Let wy be a sequence of solutions of (5.4) where q = 0 satisfies
(5.5), which makes one point blow-up at g = 0 as px — 87t(1+ B).
If |ox — 87(1 + B)| = o(e ) then py < 87(1+ B).

Remark 6.2. As far as p = 0, Corollary 6.2 is false on the flat two-torus, see [60].

Even with Theorem 6.2 at hand is not easy to find explicit examples of
domains of pairs (), B) of second kind. It is an interesting open problem to
check whether or not symmetric dumbbell type domains () with a negative
pole sitting at the saddle point of the Robin function can be constructed to
match the requirement Dg > 0. Another possibility could be that of drop-
ping (5.5), which, although not very meaningful from the physical point of
view, seems to be at hand for g € (-1, —%) We will discuss these issues
elsewhere. In any case, as an immediate consequence of Theorem 6.2 and
Lemma 6.1, we have the carachterization of pairs ((, §) of first kind.

Theorem 6.3. The following facts are equivalent:
(a) (O, B) is of first kind;
(b) Dg <0;
() f(87(1+B)) = =1~ log (55 ) — 70 (0);
(d) (5.4) has no solution for p = 87 (1 + B).
Among other things, for (), B) of second kind, the following Theorem

shows that, locally near (877(1 + ))*, large energy solutions are unique
and define a smooth curve.
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Theorem 6.4. If (), B) is of second kind, there exists &, > 0 such that:
(i) there exists one and only one solution w, of (5.4) with p € (87(14B),87(1+

ﬁ) —+ 8*) ﬂ]’ld 8 (%) > (8*)71;
(ii) Let Goo denote the set of solutions of (5.4) determined in (i). Then, for any

fixed p € (1,|B] 1), G is a real analytic curve
(87(1+ B),87(1 + B) +¢.) 3 p = w, € W (Q);

(iii) along Ge we have that the map E(p) = & (%) is real analytic and
Q

strictly decreasing with inverse E — pg, E € ((e.) 1, 400) as determined by The-

orem 5.2. In particular d%p) <0.

(iv) along Geo we have that the map u?(p) = p (Jq HeWP)_1 is real analytic and
strictly increasing in (87(1+ B),87(1 + B) + €.) with u(p) — 0" as p —
87t(1+ B)™. In particular the inverse map u — p(u) is well defined and strictly
increasing in (0, p), where pe = imy,_g7(14p)1e, H(0)-

Proof. (i) In view of Theorem 6.2 and (2.27), if this was not the case we
could find sequences w1 # wg, solving (5.4) with the same value py —
8m(1+B)* and

HeWk2 HeWka
Sl VB> B =6 e ) = too.
<f0 Hewk/2dx> k2= "k <f0 Hewkfldx) e

It is readily seen that both wy ;, i = 1,2 make 1-point blow-up at the negative
singular source, which for k large contradicts the local uniqueness result in
[19]. This observation proves ().

(ii) The claim about G in (ii) follows immediately from Theorem 1.4,
Lemma 5.1 and (7).

(iii) We first prove that, by taking a smaller e, if needed, the map E — p,
as determined by Theorem 5.2 for solutions on G is injective. If not, there
exist sequences Ex1 > Ex, /* +oco such that there exists px ~\, 87(1 + B)
such that oy = pg,, = pg,,- Let wy 1, wy, be the solutions of (5.4) with en-
ergies Ey 1 > Ej,, by the uniqueness result in [19] for k large we have that
W1 = Wi, implying that E; ; = Ej», which is the desired contradiction.
Therefore, since the map E — p, is continuous and injective in ( é,—koo)
then it must be strictly monotone and since by Lemma 6.1 p, — 871(1+ B)*
as E — oo then it must be strictly decreasing. Next observe that by (ii)
the inverse map p — E(p) is well defined and real analytic, whence we also

have d%ﬁ) <0.

(iv) The fact that p(p) is well defined and real analytic along G, obviously
follows from (ii). Let u — p(u) be defined as follows. Let u, be a solution
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of

—Auy, = p2He""  inQ,
(6.3)

u, =0 on 0Q),

and U, be the set of all solutions of (6.3). We define the multivalued func-

tion
Alp) = {‘uz/ He"r,uy, GZ/{V}.
0

1
Let (p,w,) € G, then setting p := p(p) = (p (Jo HeWP)%) " and u, 1= w,,
then u, solves (6.3) for this y, whence in particular p(u) = p? [ He'r €
A(p). We prove that, possibly taking a smaller ¢, this argument defines an
injective function p — p(p), u € (0,p1+) with y, as defined in the claim. If
not there exists a sequence i — 0 such that we could find py 1 # p > shar-
ing the same value of y such that (pox;, wp,,) € Geo, i =1,2and 871(1+ B) <
pr1 < pk2 — 87(1+ B)*. Since both solutions belong to Ge, they both
have to blow-up at the negative singular source which for k large con-
tradicts the local uniqueness result in [44]. This shows that u — p(y) is
a well defined function. However it is also injective because otherwise
we would have that there exists 0 < pig < pxo — 07 corresponding to
the same py := p(pr1) = p(Hr2), while the solutions uyq1 # ug,. This is
again in contradiction with the uniqueness result in [19] which implies
Wi 1= U1 = Uk = Wgo. U

With the above Theorem, we are able to deduce a generalization of a
recent result about the convexity of the entropy for domains of second kind
in the regular case, see Theorem 1.4 in [7].

Theorem 6.5. [Negative Specific Heat States] If (), B) is of second kind, then
there exists E,. > E. such that S(E) is smooth and strictly convex in (E,,+o0). In
particular

dS(E) d*S(E)  dp

TaE PP Tap a7

where pg is smooth and strictly decreasing in (E.,+o0) and pg \, 87(1 + B) as
E N 4o,

Proof. By Theorem 6.4 we can adapt an argument in [7]. Let u € (0, u.), p(1)
as defined in Lemma 6.4-(iv) and u, = w,(,) the corresponding unique
solution of (6.3) in . By the non degeneracy of u, ([44]) we have that

du, . . .
vy = dl;f is well defined and satisfies,

—Avy =2uHe"" + p?He'o,  inQ
(6.4)
v, =0 on 0()
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and since by definition p(u) = ? [, He"#, then
dp(p) u u
(65) W = Zﬂ/ He™# + ‘u / He VUH

He"r Wp

Remark that by definition E(p) = 5; Lo oo, Whence in particular
Q

2
Ey:=E(p(n)) = ZPZ(V)/QHeu””M-

Multiplying the equation in (6.4) by u,, integrating by parts and using (6.3)
we have

],tz/QHe”Vvy:2y/QHeuP‘uH+y2/QHe”P‘vyuH,

which readily implies that

(6.6) dd (;42/ Heuﬂuy> :2],12/ He”%vﬂ.
K o) Q

We deduce from (6.5) and (6.6) that
dE 2(u) d do(p)
ac A OT\H) 4 (2 Uy B PLH) 2 Uy
O e <P‘ /He uu) o) =g ¥ /QHE iy
/He””vy )—p(ﬂ)dp(wyz/He””uy
dp Q
dp( 2 d
( p(1) P(V)>p2(y)_p(y) f;(ﬂ)ﬂz/ He'“u,
K 0
p(

dP(dy) s >(1)
= < ()~ 142/ H@”“Mu) —29;1-

dp
At this point, by using the fact that ( ) >, T He" My = 20*(u)E, —

+o0, p(u) = 87t(1+ B) and u — 07 we deduce that d’f — —oo0. Observe
moreover that (6.5) and (6.6) together imply that

dp(u u u u
dV_Z/HeP‘—i—zd < /Hef‘uy) Zy/HeV—F 0> (#)Ew),

that is
d dp(p) _
<1‘@<P2E(P>)> = [ He,

which shows, since % d(y “) > 0 and since from (ii) db;l(pp ) is well defined, that

()

in f p
act T

([44]) we see from (6.5) that dp—() is bounded, whence we have % =

—7= < 0. At this point the conclusmn follows from the fact that d(E )
—p, which is done as in (4.1) in [3].

> 0. Remark also that, because of the non degeneracy of u,

DII
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Finally, by Lemma 5.2 and Theorem 6.4, we provide the exact counting
of solutions in a right neighborhood of 87t(1 + B) for domains of second
kind.

Theorem 6.6. If (Q), B) is of second kind, there exists €, > 0 such that there exists
exactly two solutions of of (5.4) with p € (87t(1+ B),87(1 + B) + €4).

Proof. By Lemma 5.2-(vi) the branch of unique solutions for p = 87 (1 + )
can be continued in a small enough right neighborhood of p = 87(1 + B),
say I, = (87t(1+ B),87(1+ B) + &+). By Lemma 6.4-(i)-(ii), possibly taking
a smaller &, there exists a smooth branch of solutions in I, whose energy
is larger than (e.)~!. If the claim were false we could find a third distinct
sequence of solutions, say wy for some p — 87(1 4 B)T. Possibly along a
subsequence there are only two possibilities, either wy — Wo, Where weo
is the unique solution at 871(1 + B) or ||[wi||cc — +0c0. The former case is
ruled out since then p = 87(1 + B) would be a bifurcation point, which
contradicts Lemma 5.1 and Lemma 5.2-(iii). The latter case is ruled out by
the local uniqueness Theorem in [19]. O
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