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ABSTRACT. Let L be a second-order, homogeneous, constant (complex) coefficient elliptic
system in R™. The goal of this article is to provide a qualitative and quantitative study
of the nature of the Green function associated with the system L in the upper-half space.
Starting with a definition of the Green function which brings forth the minimal features which
identify this object uniquely, we establish optimal nontangential maximal function estimates
and regularity results up to the boundary for said Green function. The main tools employed
in the proof include the Agmon-Douglis-Nirenberg construction of a Poisson kernel for the
system L, the Agmon-Douglis-Nirenberg a priori regularity estimates near the boundary, and
a new brand of Divergence Theorem in which the boundary trace of the corresponding vector
field is taken in nontangential pointwise sense.

1. INTRODUCTION

Fix a space dimension n € N and, unless otherwise stated, assume n > 2. Pick an integer
M € N and consider the second-order, homogeneous, M x M system, with constant complex
coefficients, written (with the usual convention of summation over repeated indices in place)
as

(1.1)

naturally acting on vector-valued (or matrix-valued) distributions defined in (open subsets
of) R™. Examples to keep in mind are the Laplacian and the Lamé system. Typically, two
types of ellipticity conditions are considered. First, we shall say that L expressed as in (1.1)
is strongly elliptic provided there exists a real number ¢ > 0 such that the following
Legendre-Hadamard condition is satisfied:

L= (afff@r@s)

1<a,B<M’

Re [a7d &:&:7ans | > cl¢Inf” for every )

§= (fr)lérén €R™ and n= (na)ISaSM e CM,

Second, we shall say that L is weakly elliptic if

det [(G?Efrfs)lgaﬁgﬂ/j} #0 for every &= (& )i<r<n € R™\ {0}. (1.3)

Obviously, any strongly elliptic system is weakly elliptic. For example, considering the one-
parameter family of scalar differential operators in R™ given by

Ly=8 4402, +22,  AeC, (1.4)

then L) satisfies the Legendre-Hadamard ellipticity condition (1.2) if and only if ReA > 0,
whereas L) is weakly elliptic if and only if A € C\ (—o0,0]. For more on this and related topics
the reader is referred to [20]-[22].
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As is known from the classical work of S. Agmon, A. Douglis, and L. Nirenberg in [1]-[2] (cf.
the discussion in [11, p.24] as well as [12, §10.3], [14], [25], [27], [28]), every operator L as in
(1.1)-(1.2) has a Poisson kernel, denoted by P (an object whose properties mirror the most
basic characteristics of the classical harmonic Poisson kernel). For details, see Theorem 2.6
below.

Our main result is Theorem 1.2 elaborating on the nature of the Green function associated
with a given elliptic system. Prior to formulating this result, some comments on the notation
used are in order. Throughout, R” := {(2/,2,) € R" ' x R : z,, > 0} will denote the upper-

RM\K
half space. Given a set K C R”} along with a function u defined in R} \ K, by N T we
shall denote the nontangential maximal function of v with aperture ; see (2.4) for a precise

k—n.t.
definition. Next, by u‘ srn We denote the (k-)nontangential limit of the given function v on the
+

boundary of the upper half-space (canonically identified with R"!), as defined in (2.3). Given
any n € N, the Lebesgue measure in R” will be denoted by .£". Also, we shall denote by D'(R"})
the space of distributions in R’}. Finally, we agree to abbreviate diag := {(z,z) : € R} for
the diagonal in the Cartesian product R’} x R’}.

To set the stage, we make the following definition.

Definition 1.1. Fizn, M € N withn > 2. Let L be an M x M system with constant complex
coefficients as in (1.1) and (1.3). Call GE(-,-) : R? x R \ diag = CM**M g Green function
for L in R provided for eachy = (y',yn) € RY} the following properties hold (for some aperture
parameter k > 0):

n\]M XM
G"(-,y) € [Lic®Y)] 7, (1.5)
GE(- ,y)‘;ﬂ;t =0 at L™ '-a.e. pointin R"' =0R", (1.6)
+
RUNB(Y.yn/2) ~L,. ' dx’
[ GHeo0) ) @) e <+ (1.7)
L[GE(-,y)] = 8y Inrxar in [D'(R)], (1.8)

where the M x M system L acts in the “dot” variable on the columns of G, and d, denotes
Dirac’s distribution with mass at y.

A few comments pertaining to the nature of Definition 1.1 are appropriate. We remark
that (1.5) and (1.8) simply amount to saying that the matrix-valued function G(-,y) is a
fundamental solution for the system L the upper-half space which is adapted to this domain,
in the sense that it has a vanishing boundary trace (considered in nontangential sense, in the
“dot” variable; cf. (1.6)). As a byproduct, elliptic regularity guarantees that

G(-,y) € [¢°(R]\ {y})]MXM for each y € R’. (1.9)

This being said, G(-,y) has a singularity at the pole y which, in particular, explains why the
nontangential maximal function in (1.7) is restricted over R} \ B(y, y»/2), a region which avoids
the singular point y. Of course, instead of this region we could have considered (with the same
effect) R’ \ K for any compact subset K of R’ whose interior, denoted by K , contains the
pole .

Since for each € > 0 there exists C' = C(n, k,&,y) € (0,00) such that (cf. (3.96))

(NHRi\B(yzyn/2)<1 4 ’ . |)—E> (x/> S C(l + ’I'/D_E for au CC/ c RTL—]., (110)
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it follows that the finiteness condition in (1.7) is automatically satisfied if, for each fixed pole
y € RY,
GE(-,y) is bounded away from the pole and there

exists € > 0 so that GL(z,y) = O(|z| %) as |z]| — oo. (1.11)

Properties (1.5)-(1.6) and (1.8) are staple features of any notion of Green function, but
these alone do not identify said Green function uniquely. For example, adding any constant
multiple of z,, to such a Green function does not affect properties (1.5)-(1.6) and (1.8). We
have imposed the finiteness condition in (1.7) in order to (eventually) ensure uniqueness.

That the conditions stipulated in Definition 1.1 indeed identify the Green function uniquely
makes the object of our main result, stated in Theorem 1.2 below. In addition to existence
and uniqueness, this elaborates on a wealth of other basic properties of our brand of Green
function. Among other things, it is shown that our integral finiteness condition formulated in
(1.7) self-improves to the pointwise properties stated in (1.11), at least if n > 3; see (1.17). It
should also be noted that this is the first time when nontangential maximal operator estimates
for Green functions associated with systems of complex elliptic operators are obtained.

Before stating the aforementioned theorem, we make two conventions regarding notation.
First, given a generic function G(-,-) of two vector variables, (z,y) € R’} x R’} \ diag, for each
k€ {1,...,n} we agree to write Ox, G and Jy, G, respectively, for the partial derivative of
G with respect to xx, and yi. This convention may be iterated, lending a natural meaning
to 83"(856’, for each pair of multi-indices «, 8 € N{. Second, we shall interpret VxG and
VyG as the gradients of G(x,y) with respect to x and y, respectively. Lastly, as usual, we set
log, t := max {0, lnt} for each t € (0, 00).

Theorem 1.2. Fix n,M € N with n > 2. Assume L is a strongly elliptic M x M system
with constant complex coefficients as in (1.1)-(1.2). Then there exists a unique Green function
GE(-,-) for L in R, in the sense of Definition 1.1. Moreover, this Green function also satisfies
the following additional properties:

(1) Given k > 0, for each y € R} and each compact subset K of R} with y € K there
exists a finite constant Cy g > 0 such that for every «’ € R™1 one has

RTAK 1+ log, |2/
(W e e) @) < un (Tms ) (1.12)

Moreover, for any multi-indices o, f € Ny such that |o| + |B] > 0, there exists some
constant Cy g € (0,00) such that

C
QU ﬂ L . / y7K
KNG )) ) < e (1.13)

R7\K
KR

(W

In particular,

N @galahy oy e () LPR™Y,  Va,BeN. (1.14)
1<p<oo
(2) For each fized y € R} one has
GL(- ,Y) € [‘KOO(M\ B(y,a))]MXM for every e > 0. (1.15)

(8) For each o, € Ny the function 83“(81’6;(;’: is translation invariant in the tangential
variables, in the sense that

(8?‘(85GL) (z—(¢,0),y — (¢/,0)) = (8%85(%)(37,3/)

(1.16)
for each (x,y) € RT x R" \ diag and 2’ € R"1,
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and is positive homogeneous, in the sense that
(9305 GF) (A, Ay) = N2 1el=181 (9505 G 1) (, )
for each x,y € R} with x#y and X € (0,00), (1.17)
provided either n > 3, or |a| + |3] > 0.

(4) With WkP denoting the LP-based Sobolev space or order k and with Tr denoting the
Sobolev trace on OR (cf. (2.37)-(2.39)), one has

Greaen N [Wrr@AK)]"Y and T [GE(Ly)] =0,
keEN o <p<oo (1.18)

for every y € Rt and every compact K C Rl with y € K.

(5) If GLT(-, -) denotes the (unique, by the first claim in the statement) Green function for
LT in R then

L LT T
GL(z,y) = [G (y,x)} . VY(z,y) €R" xR \ diag. (1.19)
Hence, as a consequence of (1.19), (1.6), and (1.15), for each fived x € R"! and e >0,
G (z,) € [¢*(RT\ B(z,))]"" and G¥x,)| =0 on R*L. (1.20)

OR™

(6) If E* denotes the fundamental solution of L from Theorem 2.8, then the matriz-valued
function

RL(-T,?/) = EL(x_y)_GL(:E7y)’ V(l',y) GRQ XR?—\dla’gv (121)

extends to a function

Ri() € [€= (R} x R}
which satisfies the following estimate: for any multi-indices o, 3 € Nij there exists a
finite constant Cop > 0 with the property that for every (x,y) € R} x R,

(1.22)

Cag |z =g if o] + 18] > 0, or n > 3,
|(89(65RL)(%9)| < (1.23)
C+Clln|z—7|| if|o| =18/ =0 and n =2,

where C € (0,00), and § := (¥, —yn) if y = (¥',yn) € RY.
(7) For any multi-indices o, B € N there ezists a finite constant Coz > 0 such that

9205GL) (2,y)| < Caplz — y[2~n~lol-18l
(ai e w.) o
V(z,y) € R x R\ diag, if either n > 3, or |a| + |B] > 0,
and, corresponding to || = || =0 and n = 2, there exists C' € (0,00) such that
|GH(z,y)| < C(1+ |z —7l|), V(z,y) € RE xR3 \ diag. (1.25)
(8) For each o, B € Ny one has
s (R ),
yERi

if either n >3, or |a| + 5] > 0.

Ln72+ra|+|5|’m(Ri)]MXM < +OO7 (126)

In particular, in a uniform fashion with respect to y € R”

the entries of GL(-,y) are in L#’W(Rﬁ) if m>3, (1.27)
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the entries of VxG¥(-,y) and VyG¥(-,y) are in L%’OO(R’}F), (1.28)
the entries of V4G (-, y), VxVyGE(-,y), VEGE(-,y) are in LYo (R™). (1.29)
(9) If p € [1,-1=), then for each scalar function ¢ € €2°(R™) one has

)}MXM for each y € R’

CGH(y) € [WHP(RY
(1.30)
and SUpPyeRrn HgGL('7y)H[Wl,p(R’i)]JWX]W < 400,

where Wl’p(Rﬁ) stands for the closure of €>°(R™) in W1P(RT).

(10) For every x = (2',x,) € R" and every y € R™ \ {z} one has (with PL denoting the
Poisson kernel for L in R"} from Theorem 2.6)

Gh(a,y) = B (@ —y) = PF s ([B2C =) om ) @), (1.31)
with the convolution applied to each column of the matrix inside the round parentheses.

Our strategy for proving Theorem 1.2 involves the following steps.

In Step 1 we use the fundamental solution E* for L in R™ from Theorem 2.8 and the Agmon-
Douglis-Nirenberg Poisson kernel P for the system L in R’ from Theorem 2.6 in order to
define GL(-,-) in the spirit of (1.31), with a caveat. Specifically, at this early stage in the proof
we find it convenient to enhance the decay of the fundamental solution at infinity by working
with EX(- —y) — E¥(- —7) in place of EL(- — y) (see (3.2)). Based on the properties of the
fundamental solution and the Poisson kernel we then see that this function satisfies (1.12).
Using elliptic regularity, in Step 2 we then establish (1.15).

In Step 3 we obtain a pointwise estimate for the error R¥(-,-) defined as in (1.21), which
amounts to the case |a| = |f] = 0 in (1.23). This is already delicate as it makes use of more
specialized properties of the fundamental solution E¥ and the Poisson kernel PZ, as well as the
uniqueness for the L°°-Dirichlet boundary value problem for the Laplacian in R’}. Estimating
higher order derivatives of R"(-,-) is significantly more challenging, and requires a circuitous
approach. First, in Step 4, we make use of the full force of the Agmon-Douglis-Nirenberg
estimates near the boundary (cf. Proposition 2.13) to deal with (0%Rz)(,-). In turn, this

allows us to estimate in Step 5 the nontangential maximal function J\/’,{Ri\K((é??(GL )(-,y)) as
in (1.13) with |5| = 0. With this in hand, in Step 6 we are able to invoke the brand of
Divergence Theorem developed in [18] (presently recalled in Theorem 2.14 and subsequently
used to establish Lemma 2.15) to conclude that G*(-,-) is the unique Green function for L in
the sense of Definition 1.1. As detailed in Step 7, Lemma 2.15 and the quantitative aspects
of GE(-,-) from Step 1 and Step 5 play a crucial role in justifying the transposition formula
(1.19). The idea now is to estimate (0%0%Rr)(:,-) based on what we have shown in Step 4
for (0% Ry 7)(:,-) and the transposition formula (1.19). In Step 8 we implement this strategy
by once more relying heavily on the Agmon-Douglis-Nirenberg estimates near the boundary,
in the format recalled in Proposition 2.13. At this stage, we have enough to justify the claims
made in items (1)-(9) in the statement of Theorem 1.2, and we do so in Steps 9-10. Finally,
making use of the well-posedness result established from [15, Theorem 1.21], in Step 11 we
show that the initial formula for GL(-,-) in (3.2) actually simplifies to (1.31).

Here is a very useful uniqueness result for the Dirichlet boundary value problem for Legendre-
Hadamard elliptic systems in the upper-half space:
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Corollary 1.3. Let L be a strongly elliptic M x M system with constant complex coefficients
as in (1.1)-(1.2), and fiz some aperture parameter k > 0. Then

we [¢*®)]Y, Lu=0 in R?

dx’
/ - . n
/. Wet) (&) et <00 (= w =0 in R (1.32)
K—n.t.
u|6Ri =0 at L -a.e. pointin R* 1

As noted in (3.66), this is a consequence of the existence of a Green function as in Theo-
rem 1.2. Bearing this in mind, from Corollary 1.3 and [22, (2.6.13), p.104] we conclude that
the weakly elliptic n X n system

Lp:=A—2Vdiv in R" (1.33)

does not possess a Green function of the sort described in Theorem 1.2 (since there are actually
infinitely many linearly independent null-solutions for the LP-Dirichlet boundary value problem
for Lp in R? whenever 1 < p < o0). In particular, this shows that Legendre-Hadamard
ellipticity (cf. (1.2)) cannot be relaxed to mere weak ellipticity (cf. (1.3)) in the context of
Theorem 1.2.

There is a version of Theorem 1.2, stated in Theorem 1.4 below, which assumes a different
set of hypotheses for the system L, and in which the conclusions regarding the Green function
GF are fine-tuned differently. Before presenting a formal statement, we need some definitions.
Given a second-order, homogeneous, complex constant coefficient, M x M system L in R"”,
written as in (1.1), along with a matrix W = (wji)1<jr<n € C**", define the second-order,
homogeneous, complex constant coefficient, M x M system in R", formally written as

LoW := (a;“,f(WV)j(WV)k) (1.34)

1<a,B<M
We shall say that L is invariant under W if Lo W = L. A direct computation reveals that if
L is written as in (1.1) then L is invariant under W if and only if

for each o, 8 € {1,..., M} and jake{l"&é’n} (1.35)

one has (af«f + a?f)wrjwsk = ajf + Uy -
Of a particular importance to us is the case when W is the reflection in R™ across the horizontal
plane x, = 0, i.e., when Wx = T for each x € R™. In such a scenario, in lieu of saying that L
is invariant under W we shall simply call L reflection invariant. As seen from (1.35), if L
is written as in (1.1) then L is reflection invariant if and only if

for each o, B € {1,..., M} one has

8 5 . (1.36)
ajy, +ap; =0 whenever 1<j <n.
In particular,
the system L is reflection invariant if it may be written as in (1.1)
using a coefficient tensor A = (a;‘,f ) 1<j,k<n Which has the follow- (1.37)
1<a,B<M '
ing block-structure: ajo.f = azf =0 for each j € {1,...,n —1}.

We wish to remark that if the system L is invariant under rotations, then L is reflection
invariant. Finally, as noted in (2.35), a weakly elliptic system L is rotation invariant if and
only if the fundamental solution E canonically associated with L as in Theorem 2.8 is rotation
invariant, hence a radial function in R™ \ {0}.
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The point of the theorem below is that in the aforementioned scenario the logarithm in the
right side of (1.12) may actually be omitted, and one has better decay in (1.13) (at least when
B = 0). Another notable feature is the fact that, under the assumption that L is reflection
invariant we may relax the strong ellipticity assumption from Theorem 1.2 and only demand
that L is weakly elliptic. These assumptions no longer guarantee the existence of a Poisson
kernel for L, so a new formula for the Green function is required (compare (1.31) with (1.38)).

Theorem 1.4. Fizn, M € N, withn > 2, and consider a second-order, homogeneous, complex
constant coefficient, M x M system L in R™. If L is weakly elliptic and reflection invariant,
then there exists a unique Green function G*(-,-) for L in R", in the sense of Definition 1.1.

Specifically, with EY denoting the fundamental solution canonically associated with L as in
Theorem 2.8, the aforementioned unique Green function is given by
GE(z,y) = EX(x —y) — E¥(x —7) for all (z,y) € R" x R" \ diag. (1.38)

Moreover, one has the following partial improvement of (1.12)-(1.13): given any aperture
parameter k > 0, any pole y € R't, any compact subset K of R} with y € K, and any
multi-index o € Nij, there exists a finite constant C;K’R > 0 such that

n c>
(W @M )) @) £ e (1:39)

=14 [/l

for every o' € R"~1. In addition, one has the following refinement of (1.19): ifGLT(-, -) denotes
the (unique, by the first claim in the present statement) Green function for LT in R’ then

-
GH(a,y) = GH(y,x) and G(z,y) = |G (z,y)] (1.40)
for all pairs (x,y) € R} x R} \ diag.

Finally, if L is as in (1.1)-(1.2) and also reflection invariant, then the Green function con-
structed in (1.38) coincides with the Green function from Theorem 1.2.

For example, the operator Ly := 87 + -+ + 9>_; + A2 from (1.4) has a Green function as
in Theorem 1.4 if A € C\ (—o0,0], and this Green function also satisfies the conclusions in
Theorem 1.2 whenever Re A > 0.

Our next result in this section describes the rather precise relationship between the Agmon-
Douglis-Nirenberg Poisson kernel and the Green function considered in Theorem 1.2.

Corollary 1.5. Assume L is a strongly elliptic M x M system with constant complex coeffi-
cients as in (1.1)-(1.2). Then there exists a unique Poisson kernel PL for L in R"} in the sense
of Definition 2.4. Moreover, one may recover PY = (PWLQ)K,Y w<n Jrom the Green function

G according to the formula
Piala') = =l (04,G35) (@, 1,0), ¥a' eR"7 (141)
for each pair of indices o,y € {1,...,M}.

In addition, if the fundamental solution E¥ = (E"[//B)lﬁ’Y,ﬁSM

function, then for each a,y € {1,..., M} one has
Pl (2') = 2a00(0.ELy) (2!, 1),  Va' e R"L (1.42)

of L from Theorem 2.8 is a radial

Historically, Green function estimates and related regularity results have played a funda-
mental role in partial differential equations. Theorem 1.2 is particularly useful in the treatment
of those boundary value problems for systems in which the size of the solution is measured
by means of the nontangential maximal operator. For a multitude of examples of Dirichlet
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boundary problems for elliptic systems in the upper-half space formulated in this spirit the
reader is referred to [13], [15], [22], [23].

To illustrate this link, here we present a Fatou-type theorem and a Poisson’s integral formula
for elliptic systems.

Theorem 1.6. Let L be a strongly elliptic M x M system with constant complex coefficients
as in (1.1)-(1.2), and fiz some aperture parameter k > 0. Then

we [¢=@®)]Y, Lu=0 in R,
4y (1.43)

/
/Rn—l (M) (2) Tt < 00,
implies that

u‘:;ﬂ%:t exists at L 1-a.e. point in R,
+
K—n.t. 1 -1 dx/ M
u‘aR:L_ belOngS to |:L (Rn 5 W)} y (144)
u(z',t) = (PtL * (u‘;;;))(a:’) for each (2',t) € R,

where PL = (PBLa)lgﬁ,chM
in R% and PF(z') :=t'""PE(2//t) for each ' € R"™! and t > 0.
Moreover, under the additional assumption that L is also reflection invariant, whenever
we [¢=®)]Y, Lu=0 in R,
da’ (1.45)
/ (N',{u) (z) - 00,
Rn—1 1 + ‘$/|n

1s the Agmon-Douglis-Nirenberg Poisson kernel for the system L

it follows that

UBHQt exists at L -a.e. point in R,
+
K—n.t. 1 1 dx/ M
u’aRi belongs to [L (R” , m)} , (1.46)
\ u(x' t) = (PtL * (u‘;};;t»(x’) for each (2',t) € RY}.

This refines [15, Theorem 6.1, p. 956]. We also wish to remark that even in the classical case
when L := A, the Laplacian in R", Theorem 1.6 is more general (in the sense that it allows
for a larger class of functions) than the existing results in the literature. Indeed, the latter
typically assume an LP integrability condition for the harmonic function which, in the range
1 < p < oo, implies our weighted L' integrability condition for the nontangential maximal
function demanded in (1.43). In this vein see, e.g., [6, Theorems 4.8-4.9, pp.174-175], [29,
Corollary, p.200], [30, Proposition 1, p.119].

A remarkable feature of Theorem 1.6 is that while its statement is phrased exclusively in
terms of the Agmon-Douglis-Nirenberg Poisson kernel P, its proof is actually carried out
largely in terms of the Green function associated with the system L in the upper-half space.

It is of interest to identify a rather inclusive setting in which the current machinery yields
well-posedness results. With M denoting the Hardy-Littlewood maximal operator in R?~!,
for each m € N consider the linear space

T = {f :R" —» C: #" '-measurable and Mf € L'(R"', %)} (1.47)
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equipped with the norm

72 = IMA s sy VS € 2o (1.48)

71+‘m/‘m

Corollary 1.7. Let L be a strongly elliptic M x M system with constant complex coefficients
as in (1.1)-(1.2), and fix an aperture parameter k > 0. Then the following boundary-value
problem is well-posed:

we [¢2®)]Y, Lu=0 in R,

, dx’
/Rnl Wie) (&) 1t < o (1.49)

k—n.t.

“‘am =fe[Z-1".

Furthermore, under the additional assumption that L is also reflection invariant, the follow-
ing boundary-value problem is well-posed as well:

we [¢=®)]Y, Lu=0 in R,

/ (Nu)(2) _ < 0 (1.50)
Rnfl 1 + ‘J},’n ’ ’
ugpn = f € (2.

As a very special case, (1.50) contains the well-posedness of the LP-Dirichlet problem, with
1 < p < o0, for the Laplacian in the upper-half space, via a proof which does not make use of
the Maximum Principle (as in Stein’s 1970 book [29]), or Schwarz’s Reflection Principle (as in
the 1991 book of Garcia-Cuerva and Rubio de Francia [6]).

The relevance of the fact that (1.43) implies (1.44) in the context of the boundary value

k—n.t.

problem formulated in (1.49) is that the nontangential boundary trace u‘ srn 1S guaranteed to
+

exist by the other conditions imposed on the function u in the formulation of said problems,
and that the solution may be recovered from the boundary datum via convolution with the
Poisson kernel canonically associated with the system L. Similar remarks apply in relation to
the fact that (1.45) implies (1.46), for the boundary value problem formulated in (1.50).

The type of boundary value problems treated here, in which the size of the solution is mea-
sured in terms of its nontangential maximal function and its trace is taken in a nontangential
pointwise sense, has been dealt with in the particular case when L = A, the Laplacian in R™, in
a number of monographs, including [3], [6], [29], [30], and [31]. In all these works, the existence
part makes use of the explicit form of the harmonic Poisson kernel, while the uniqueness relies
on either the Maximum Principle, or the Schwarz reflection principle for harmonic functions.
Neither of the latter techniques may be adapted successfully to prove uniqueness in the case
of generic strongly elliptic systems treated here, and our approach is more in line with the
work in [15] (which involves Green function estimates and a sharp version of the Divergence
Theorem), with some significant refinements. A remarkable aspect is that our approach works
for the entire class of strongly elliptic systems L as in (1.1)-(1.2).

In closing, we note that constructing Green functions in relation to various classes of partial
differential operators (or systems) in certain geometric settings remains a relevant topic of
active research, and that additional information and references may be found in [5], [7], [10],
4], [32].
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2. PRELIMINARIES

Throughout, N stands for the collection of all strictly positive integers, and Ny := N U {0}.
As such, for each k € N, we denote by N’g the collection of all multi-indices o = (aq, ..., ax)
with a; € Ng for 1 < j < k. Also, fix n € N with n > 2. We shall work in the upper-half
space R, whose topological boundary OR"} = R~ x {0} will be frequently identified with
the horizontal hyperplane R"~! via (/,0) = z’. The origin in R"~! is denoted by 0’ and we let
By,_1(«',7) stand for the (n — 1)-dimensional Euclidean ball of radius r centered at 2’ € R" 1.
Having fixed k£ > 0, for each boundary point ' € JR? introduce the conical nontangential
approach region with vertex at x’ as

Du(a) :={y=(,t) eRY: |2’ — /| < Kt} (2.1)

Given a vector-valued function u : R} — CM | the nontangential maximal function of u is
defined by

(New) (@) == |lull ooy,  Va' € OR} =R*, (2.2)

where the essential supremum norm is taken with respect to the Lebesgue measure .Z". When-

ever meaningful, we also define the nontangential trace of a function w which is continuous
near the boundary of R’} as

K—n.t. L . n n—1
(u‘aRi ) (@) = Fn(x’)lalgryri)(x/,O)U(y) for 2’ € OR} =R". (2.3)

In the sequel, we shall need to consider a localized version of the nontangential maximal
operator. Specifically, given any £ C R}, for each u : £ — CM we set

(NEU) (wl) = HuHLoo(pK(x/)mE), Va2 e 8Ri = Rnil. (24)

Hence, N;Fu = N.i where @ is the extension of u to R} by zero outside E. In the scenario
when wu is defined in the entire upper-half space R’ to begin with, we may therefore write

NEy = N, (1gu). (2.5)
Later on, we shall also need the following result.

Proposition 2.1. For each number k > 0 and exponent p € (0,00) there exists some finite
constant C = C(n,p, k) > 0 with the property that for each measurable set E C R} and each
measurable function u : R} — C one has

el 2z ) < CINS w1

L (2.6)

Rnfl)‘

Proof. When E = R}, this is a particular case of a more general estimate proved in [9,
Proposition 3.24, p.2647]. As stated, (2.6) then follows from this and (2.5). O

The action of the Hardy-Littlewood maximal operator in R”~! on any Lebesgue measurable
function f defined in R~ is given by

(Mf) (x/) = Sup][; ( ) ) ‘f| dg"*17 vx/ e R’nfl’ (27)

r>0
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where the barred integral denotes mean average (for functions which are C*-valued the aver-
age is taken componentwise). Also, we shall follow the customary notation A ~ B in order to
indicate that each quantity A, B is dominated by a fixed multiple of the other (via constants in-
dependent of the essential parameters intervening in A, B). Recall that log, ¢ := max {O , lnt}
for each t € (0,00). For a proof of the following lemma the reader is referred to [15, Lemma 2.1].

Lemma 2.2. Consider f : R"™1 — R given by f(z') := (1+2|)*~" for each ' € R*~. Then
1 +logy |2']

(Mf) (.’L‘l) ~ W, .’1:/ € Rn717 (28)

where the implicit constants depend only on n.

We also recall a useful weak compactness result [20, Lemma 4.6.1, p. 822].

Lemma 2.3. Letw : R"™! — (0, 00) be a Lebesque measurable function and consider a sequence
{fitjen C LY R w1 such that

F:=sup|f;] € L*R" 1, wg™ ). (2.9)
JEN
Then there exists a subsequence {fjk}keN of {fj}jen and a function f € LY R w1t
with the property that

s owdL N — wd?" " as k— oo,
/Rnl Tive A (2.10)

for every function ¢ € €O(R"~1) N LR, #n~1).

We next discuss the notion of Poisson kernel in R’} for an operator L as in (1.1)-(1.2).

Definition 2.4. Let L be an M x M system with constant complex coefficients as in (1.1)-(1.2).
A Poisson kernel for L in R’ is a matriz-valued function
L L -1 MxM
P* = (Pys R — CYX (2.11)

o )1§a,,3§M :

such that the following conditions hold:

(a) there exists C' € (0,00) such that |P*(z')] < for each x' € R"™1;

1+ )

(b) the function P is Lebesque measurable and PE(2')da' = Ingwng, the M x M identity
Rn—1
matriz;

(¢) if K*(a',1) -
function K* =

PE(2") = 17" PL(a/t), for each ' € R"! and t € (0,00), then the
(Krfb’)lga,,@gM satisfies (in the sense of distributions)
LK_LB =0 in R} foreach fe{l,..., M}, (2.12)

where KLﬂ = (Kéﬁ)lgagM'

Remark 2.5. The following comments pertain to Definition 2.4.
(i) Condition (a) ensures that the integral in part (b) is absolutely convergent.

(#7) Condition (¢) and the ellipticity of the operator L ensure (cf. [17, Theorem 10.9, pp. 363-
364]) that K* € ¢°°(R7). In particular, (2.12) holds in a pointwise sense. Also, given
that PL(2') = KL (a/,1) for each 2’ € R"~!, we deduce that P € ¥>°(R"1).
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MxM

(i4i) Condition (b) is equivalent to tl_i>%1+ Pl(z') = 6p/(2') Ingxr in [D/(R™)] , where o

is Dirac’s distribution with mass at the origin 0/ of R"1.

(iv) For all z € R” and A > 0 we have KL(\z) = N1 7" KE(x).

Poisson kernels for elliptic boundary value problems in a half-space have been studied ex-
tensively in [1], [2], [12, §10.3], [26], [27], [28]. Here we record a corollary of more general work
done by S. Agmon, A. Douglis, and L. Nirenberg in [2].

Theorem 2.6. Any M x M system L with constant complex coefficients as in (1.1)-(1.2) has
a Poisson kernel Pl in the sense of Definition 2.4, which has the additional property that the
function

K2 t) == PE(2')  for all (2,t) € R™, (2.13)

satisfies K* € [‘500 (@ \ B(O,e))]MXM for every € > 0, and has the property that for each
multi-index a € N there exists Co € (0,00) such that

|((9°‘KL)(J:)’ < Cy |zl for every = e R7 \ {0}. (2.14)

We shall henceforth refer to the function K* defined in (2.13) as the Agmon-Douglis-
Nirenberg kernel associated with L.

To continue, we make the convention that the convolution between two functions which are
matrix-valued and vector-valued, respectively, takes into account the algebraic multiplication
between a matrix and a vector in a natural fashion. The next result we recall has been proved
in [15, Theorem 3.1, p. 934].

Proposition 2.7. Let L be an M x M system with constant complex coefficients as in (1.1)-
(1.2), and recall the Poisson kernel P% for L in R™ from Theorem 2.6. Also, fix some arbitrary
aperture parameter k > 0. Given a function

dx’ M
c [Ll (R"—l, 7>] : 2.15
/ ERF (215

set
u(2',t) == (PF « f)(«)), V(2 t) € RY. (2.16)

Then u is meaningfully defined via an absolutely convergent integral,

u € [%m(Ri)]Mv Lu=0 in RY, u};;; =f at L" l-a.e point in R (2.17)
(with the last identity valid in the set of Lebesgue points of ), and there exists a constant
C =0C(n,L,k) € (0,00) with the property that

(Neu)(2') < C(M[)(2), va' e R*L (2.18)

We next record the following result, detailing a construction of a fundamental solution for
second-order, homogeneous, constant (complex) coefficient, weakly elliptic systems, which is a
special case of [17, Theorem 11.1, pp.393-396]. Throughout, the summation convention over

repeated indices is in effect. Also, H"~! denotes the (n — 1)-dimensional Hausdorff measure in
R™.
Theorem 2.8. Fixn, M € N, withn > 2, and let

L = (a570,0;)

| capenr (2.19)
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be a homogeneous M x M second-order system in R™, with complex constant coefficients, which
1s weakly elliptic in the sense that its M x M characteristic matrix

L(§) == ((lgffrgs)lga,BSM’ V&= (&)1<r<n € R, (2.20)
satisfies
det[L(§)] #0, veEeR™\ {0}, (2.21)
Consider the M x M matriz-valued function B = (Eéﬁ)1<a < defined at each x € R™\{0}
by* -
([ A(m-1)/2 . .
T - n— . .
Sn—1
El(z) = (2.22)
An=2)/2 . )
_xi 1 L - n— . . ]
ey [ @Ol O]y ifn s even
Sn—1
In relation to the CM>M _yalued function (2.22), the following properties hold:

(1) For each o, € {1,..., M} one has
Els e R\ {0}) N L

loc

(R™),
Loy . (2.23)
Eys(—x) = Eqop(x) for all z € R™\ {0}

In fact, each entry Eig is a real-analytic function in R™"\{0}. Moreover, each Eéﬁ s an
even tempered distribution in R™ (induced via integration against Schwartz functions).
In addition, each Eéﬁ is positive homogeneous of degree 2 —n if n > 3.

(2) If for each y € R™ one denotes by 6, Dirac’s delta distribution with mass at y in R",
then in the sense of tempered distributions in R™ one has

Ly [E¥(z — y)] = 0y(x) Inxcs Vy e R", (2.24)

where Inrxpr @ the M x M identity matriz, and the subscript x indicates that the
operator L in (2.24) is applied to each column of the matriz EX(x —y) in the variable
x.

(3) For each multi-index v € N§ with |y| > 0, the tempered distribution O EL is positive
homogeneous of degree 2 —n — |y| in R™. This is also true for |y| = 0 provided n > 3,
i.e., the tempered distribution EL is positive homogeneous of degree 2 — n in R™ if
n > 3. Finally, corresponding to n =2 and |y| =0, one may express

In|z|

EL(z) = ®(z) + (L] an(€),  VaeR*\{0}, (2.25)

47T2 S1
where ® : R?\ {0} — CM>M " given by
1 _
Ba) = 15 [ n (6| [m@)  ante, Ve e\ foy, (2.26)
S1

is a function of class € °° and positive homogeneous of degree 0 in R?\ {0}.

*for each m € N, we let A" denote the m-fold application of the Laplacian in the variable z
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(4) For each ~y € Njj there exists a finite constant C-, > 0 such that for each x € R™ \ {0}
% if either n >3, orn =2 and |y| > 0,

(@ EY) ()] < § =" (2.27)
Co(1+ ‘ In |x|’) whenever m =2 and |y| =0.

(5) The fundamental solution E* defined in (2.22) satisfies
(EX)T = BL", (BEL)=EL, (EY)" =EY,

(2.28)
as well as EM = A\"YEL for each X € C\ {0}.

where T, =, * denote, respectively, transposition, complex conjugation, and complex (or
Hermitian) adjunction.

(6) Let ‘hat’ denote the Fourier transform in R™ (originally defined on Schwartz functions,

then extended to tempered distributions via duality). Then E is a tempered distribution
in R™ (which is positive homogeneous of degree —2 if n > 3), whose restriction to
R™\ {0} is a (matriz-valued) function of class €. In fact,

=~ -1
E() = [L(f)] for every £ € R™\ {0}. (2.29)
We augment the above theorem with a couple of remarks.

Remark 2.9. As it may be easily seen from definitions, two systems are equal (as linear map-
pings acting on the space of distributions in R") if and only if their characteristic matrices
coincide (as matrix-valued functions defined in R™), i.e., with the piece of notation introduced
in (2.20),
Ly =1Ly — Ll(f) = Lg(g) for each € € R™. (230)
Alternatively,
(azf0,0,)

(as mappings on vector distributions) if and only if

- (agfaras) (2.31)

1<, <M 1<a,f<M

a®P 4+ a2 =3P + 7% for all o, €{1,...,M}, r,s€{1,...,n}. (2.32)

Remark 2.10. With notation introduced in (1.34) and (2.22), one has

EL°R — EL o R for any unitary transformation R in R™. (2.33)
Indeed, this is seen from definitions, the invariance of integral over the unit sphere under
unitary transformations (cf., e.g., [8], [19]), and the invariance of the Laplacian under unitary
transformations (cf., e.g., [17, Exercise 7.77, (7.14.3), p.319]). Consequently, from (2.33),
(2.30), and (2.29) we see that

given a unitary transformation R in R”, it follows that E'
is invariant under R if and only if L is invariant under R.

(2.34)

In particular,

ET is rotation (respectively, reflection) invariant if and

e T . . . . . 2.35
only if L is rotation (respectively, reflection) invariant. ( )

Moving on, we shall now record the following versatile version of interior estimates for
second-order elliptic systems. A proof may be found in [17, Theorem 11.12, p.415].
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Theorem 2.11. Consider a homogeneous, constant coefficient, second-order, system L sat-
isfying the weak ellipticity condition det [L(§)] # 0 for each & € R™\ {0}. Then for each
null-solution u of L in a ball B(z,R) (where x € R™ and R > 0), p € (0,00), A € (0,1),
¢ € Ny, and r € (0, R), one has

1/p
swp (V)| < G ([ apae) (2.36)
z€B(z,\r) r B(z,r)

where C' = C(L,p,l,\,n) > 0 is a finite constant.

Q

Given u : R} — C which is absolutely integrable over bounded Lebesgue measurable subsets
of R, define (whenever meaningful) the Sobolev trace

(Tru)(2') == lim udZL", e R (2.37)
r=0%J B((2/,0),r) R
Then for each u € WHP(R'), 1 < p < oo, the trace Tru exists a.e. on R} and belongs to
Bf’pl/ (R"~1), where for each p € (1,00) and s € (0,1) the Besov space BYP(R"™1) is defined
as the collection of all measurable functions f : ]R”_l — C with the property that

FQOIP 0 VP
| fll gpr@n—1y = || fllLr@n-1) - ’x — |n Trap 0 dy) < +o0. (2.38)
In fact, for each p € (1,00) the operator

Tr: WHP(RY) — BYY (R™) (2.39)

is well defined, linear and bounded, and has a linear and bounded right-inverse. The proposition
recorded below is a particular case of a more general result proved in [4, Theorem 5.6, p. 4372].

Proposition 2.12. For every u € WHP(RY) with p € (1,00) and every M > 1 one has

(Tru)(2’) = lim wdZ" at a.e. 2’ € R"L (2.40)
r=0"J B((@!,r),r/M)

The following result, which may be found in [16, Corollary 2.4], is a consequence of the a
priori regularity estimates obtained in [2] and Sobolev embeddings.

Proposition 2.13. Let L be an M x M system with constant complex coefficients as in (1.1)-
(1.2). Consider a function u : Rt — CM with the property that u € [W2(R" N B(0, R))]M
for each R > 0 and such that

Lu=0 in RY,
(2.41)
Tru=f on R}
for some f € [%ﬁjl(R” 1)]M, where k € N. Then for any z € M and p > 0,
k+1
sup VRl <C (o7 sup ful+ Do Vi), a2)
RYNB(z,p) RYNB(2,2p) OR" NB(z,2p)

where C' € (0,00) is a constant independent of p, z, u and f.

Below we record a version of the Divergence Theorem obtained in [18], which is particularly
suitable for the purposes we have in mind. Stating it requires a few preliminaries which we
dispense with first. We shall write £(R") for the space of smooth functions in R’} equipped
with the topology of uniform convergence on compact sets for derivatives of any order. Its
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dual space, £'(R"), may then be identified with the subspace of D'(R"}) consisting of those
distributions which are compactly supported. Hence,

E'RY) — D'(R%) and Li (R%}) < D'(R). (2.43)
For each compact set K C R":, define £ (R%) := {u € &'(R}) : suppu C K} and consider
Ex(RY) + LY RY) := {u € D'(R}) : Jvy € Ei(RY) and vy € LH(RY)
such that u=wv; +vp in D'(R})}. (2.44)
Also, introduce €°(R%) := €>°(R%) N L>®°(R%) and let (6°(R"%))" denote its algebraic dual.

Moreover, we let (€0° (R ))* < >(/oo B denote the natural duality pairing between these spaces.
It is useful to observe that for every compact set K C R"} one has
E(RY) + L (RY) C (65°(RY))" (2.45)

As a consequence of the last part of [18, Corollary 1.4.2, pp.40-41] we have the following:

Theorem 2.14. Assume that K C R} is a compact set and that Fe [L%OC(R” )]n s a vector

field satisfying the following conditions (for some aperture parameter k > 0):

(a) divF E(R™) + LY (R™), where the divergence is taken in the sense of distributions;

(b) the nontangential maximal function NRi\Kﬁ belongs to L' (R"1);

—, k—n.t.

(c) the nontangential boundary trace F}aRn exists (in C") at L™ '-a.e. point in R*~1.

Then, with e, := (0,...,0,1) € R"™ and “dot” denoting the standard inner product in R™,
— — k—n.t. _
(o @) (Vo 1) e ) = /Rn_1 en (Flogy )AL (2.46)

In turn, Theorem 2.14 is used to justify an integration by parts formula which is a key
technical step in the proof of Theorem 1.2.

Lemma 2.15. Assume that L is an M x M constant complex coefficient system as in (1.1) and
(1.3), and fiz an aperture parameter k> 0. Pick two points z; € R, and two radiir; € (0, 00),

Jj €{1,2}, satisfying

r; < dist (2}, ORY) for 7€ {1,2}, and |x] — a5 > 11 + 1o, (2.47)

K
V1+ K2
then abbreviate K := B(x7,7;) for j € {1,2}.

Next, consider two vector-valued functions

1,1 1,1
U= (ua)1§a§M € [Wipe (R} )] v= (Ua)lgagM € [Wine (Rn)] (2.48)
satisfying
N2 R () e LL RPY), LTw e [, ®RD)]M) (2.49)
- n R, (Vo) emist n R 2.50
U|B]R" =0 a.e in . U)IBRi exists a.e. in , (2.50)
Lu e [Ekl(Rﬁ)]M, u‘ngt exists a.e. in R (2.51)

and (N W) - (V2 (90)) € LY RDY), (2.52)
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Finally, select two scalar functions,

¢ € €X(RY) such that ¢ =1 near Ky and ¢ =0 near Ko,

2.53
e €(RY) such that ¢ =1 near Ky and 1 =0 near K;. (2.53)
Then
-
(£ (R})]M <Lu’ ¢U>[S(R1)]M ~[ERM <L v, ¢U>[5(R1)}M

K—n.t. Ba |: i| k—n.t. d 1 2 4
+ /Rnl (uoé}aR?}r )am (E)nvﬁ) omy L (2.54)
Proof. Note that the ellipticity of LT (entailed by that of L) and the fact that v € [Lllo . (R’}r)] M

satisfies LTv € [E] (Rﬁ)]M imply that
v e [€(RY \Kg)]M and L'v =0 pointwise in R" \ Ks. (2.55)

Likewise, the conditions on u give

ue [¢°(RY \Kl)]M and Lu =0 pointwise in R’} \ K. (2.56)

We shall first establish formula (2.54) under the additional assumption that

Ri\Kl k—n.t.

(NHRTJLF\KQU) . (Nn (VU)) c Ll(Rn_l) and (Vu) 5 exists a.e. in R"~1L. (2.57)

R%
Assuming that this is the case define
i 8 B :
F .= (Ua a;“k Opug — uaakfak%) L<i<n in RY. (2.58)
Then (2.58) entails
|F| < C(jv]|Vu| + |u]|[Vv]) ae. in R (2.59)

Note that |v| is locally absolutely integrable (by (2.48)), while |Vu| is bounded in a neighbor-
hood of K3 (by (2.56) and the fact that K; N Ky = @), hence the product |v||Vu| is absolutely
integrable in a neighborhood of Ky. Away from K3, we have that |v] is locally bounded (by
(2.55)), while |Vu| is locally integrable (by (2.48)). Thus, the product |v||Vu| is also locally
absolutely integrable away from Kj. In summary, |v||Vu| € L{ (R7). In a similar manner, we
also obtain that |u||Vv| € Ll _(R), hence ultimately,

loc
F e [ (R)]"™. (2.60)
In particular, it makes sense to consider divF in the sense of distributions in R%. In fact, a
direct calculation gives
divF = —uo (LT0)o + va (Lu)s in D'(RD). (2.61)

Consequently, if K, := K; U K3 then K, is a compact subset of R} and, as seen from (2.61),
the last membership in (2.49), the membership in (2.51), (2.55)-(2.56), we have

divF € Ej (R). (2.62)
Furthermore, (2.59) gives

N F < oA N () A A () i R (268)
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From (2.63), the first working assumption made in (2.57), and (2.52) we therefore obtain
(also bearing in mind that the nontangential maximal function is lower-semicontinuous, hence
measurable)

NI F e pHrn. (2.64)
Finally, from (2.58), (2.50), the second working assumption made in (2.57), and the middle

— k—n.t.
condition in (2.51), we see that F’ ‘BR" exists a.e. in R"~! and, in fact,
+

k—n.t. k—n.t. K—n.t.
o = ((w ) (0
BRi Ua ak] ( kvﬁ)

Then Theorem 2.14 applies and on account of (2.61) and (2.65) yields, for any two given
functions 1, ¢ as in (2.53),

a.e. on R, (2.65)

OR™ OR™ >1§j§n

— e (L0 ) g+ ey (L 90) (g gnyu
= (go ) (AVE, 1) oy = —/Rn_l en (Flogy )d2"!

= /Rn_l (ua\;@‘)afﬁ [(@cvﬁ)} aRi A7 (2.66)

K—n.t.

At this stage, we claim that
=0 ae. on OR} = R 1,

{(8;{1)5)} OR™ (2.67)
Vke{l,...,.n—1} and VB e {l,...,M}.

To see that this is the case, fix k € {1,...,n — 1} along with g € {1,..., M}, and pick an
arbitrary function

© € €°(R") such that K Nsupp e = 0. (2.68)
Next, consider the vector field
H = ((Gkvﬁ)cp + Uﬂ8k<p> en — ((8nv5)<p + v/m?mp) er, in RY. (2.69)
Note that
H € [¢>(R})]" and divH =0 in D'(R}), (2.70)

by (2.69), (2.68), and (2.55). Also, since Nyp, N, (V) are bounded functions with compact
support in R" !, we have

N.H e LYR") (2.71)
by (2.69), (2.68), and (2.49). In addition, thanks to (2.50),
K—n.t. K—n.t. K—n.t.
Ay = Clowy) [005)]| o, en = (lomy) [@u0s)] |, e (2.72)

at a.e. point on R"~!. Granted this and keeping in mind that k € {1,...,n — 1}, we therefore
obtain

k—n.t.

[ (H‘BR:{ ) = (90|8R1) [(Okv/g)} ‘;;;L a.e. in R"7L, (2.73)

Collectively, (2.70)-(2.72) ensure that Theorem 2.14 is applicable to the vector field H. Based
on the second condition in (2.70) and (2.73) we may therefore write

0= ((gf"(RIﬁ))*<diVHv 1>‘K§°(R1) - /}Rn1

— k—n.t.

€n - (H ‘BRQ‘_ )dgnil
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K—n.t.
. /R (@) [(@r5)] ey X (2.74)
On the other hand,
{(‘0|<9R" t € €°(R™) such that KoNsuppp = @} = ¢>°(R"1) (2.75)
n
while from (2.49)-(2.50) we have
[(akuB)} o © LL_(R™D). (2.76)

K—n.t.

Together, (2.76), (2.74) and (2.75) ultimately prove that [(Jyvg)]|spn = 0 ae. in R™71,
+

finishing the justification of the claim made in (2.67). In turn, (2.66) and (2.67) prove (2.54)
under the additional assumption (2.57).

To dispense with (2.57), fix ¢, as in (2.53). For each ¢ > 0 define u® = (u5,)1<a<m by
u () == u(z + ceyp), Vo eRY. (2.77)

Then u® € [I/Vlicl (]RZLF)]M and u® extends to a € function in a two-sided neighborhood of

OR" provided € > 0 is small enough. In particular, both ue};@'t' and (Vu® )‘gﬂ;'t' exist a.e. in
+ +
R~ 1. Also, if 0 < ¢ < dist (K7, OR?" ) it follows that K — e, is a compact subset of R’} and
M
Luf € [, _... RD)]T.

Moving on, fix k, € (0, k) such that
rj < dist (a3, OR?)——2— for j € {1,2}. (2.78)

V14 K2
Kk—n.t.
Let us now choose 2/ € R"~! = 9R" with the property that (U‘QR" )(z') = 0. We claim that
+

lv(y)] < Cyp - (/\/',.QM\K2 (Vv))(:z") for each y = (v, yn) € Ty, (2') \ Ko. (2.79)
To see this, let y be as in (2.79) and choose a rectifiable path ~ : [0,1] — R joining (2’,0)
with y, whose length is < C'y,,, and such that v((0,1)) C T'x_(2’)\ K2. Then, for some constant
C € (0,00) independent of z’ and y, we may estimate

=| [ At

Kk—n.t.

P = [o) = (V] ) @)

= /0 (o)) ) at| < ( sup ; (Vo)(©)) /O o) d

£ev((0,1

< Oy - (N2 (V0)) (@) < Oy - (N2 (V0)) (), (2.80)

using the Fundamental Theorem of Calculus, Chain Rule, and (2.4). This establishes (2.79).

For the remainder of the proof assume that the parameter € > 0 is sufficiently small, say
e < 3 dist (K7,0R"%), and define

Ki:={z e R": dist (2, K1 —ee,) < €}. (2.81)

This is a compact subset of R’!. Next, choose some sufficiently small parameter a € (0,1).
Specifically, start with some parameter a satisfying

K — Ko
1+k

0<a< (2.82)
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and which is small enough so that

B(y,a-yn) N (K —ce,) =@ for each y e R\ K7. (2.83)
To see why this may be arranged, pick R := 2 sup{z, : z = (?/,2,) € K1 — e, } then take
a < min{1/2, ¢/R}. Pick an arbitrary point y = (3',y,) € R} \ K. On the one hand, if
Yn > R then B(y,a-yy) lies above the strip {z = (2/,2,) € R} : 2z, < (1 —a)R} and the latter
strip contains the set K1 — ee,,. Thus, the disjointness condition in (2.83) holds in this case.
On the other hand, if y, < R then a -y, < a- R < ¢, and since B(y,e) does not intersect
Ky — ee, (given that dist (y, K1 — €e,) > € since y € R’ \ K7), the disjointness condition in
(2.83) holds in this case as well.

Having chosen a as in (2.82) so that (2.83) holds, we now fix an arbitrary point y € I';; (2) \
K¢. Observe that having z = (2/, z,) € B(y,a - y,) entails

Yn < zn+lz—yl<znta -y, =y, < (1—a) 2, (2.84)
which, bearing in mind the current location of y, permits us to conclude that

]z'—x’\S]z’—y’\—i—\y’—x’]ﬁ]z—y\+mo-yn<a-yn+no-yn

= (Ko + a)yn < lilojaazn < KZp, (2.85)

where the last inequality is guaranteed by (2.82). From (2.85) we see that z € I';(z’). Together
with (2.83), this proves that

B(y,a-y,) CTk(z")\ (K1 —€e,) for each y ey, (2')\ K5. (2.86)
Using interior estimates (cf. Theorem 2.11) for the function u® we may then write
C
VI [ )
yn B(yva'yn)
< Cy, ' sup [u (2)]

z€lg (2 )\ (K1—een)

< Oyt W) @)

<oyt (N ) (@), (2.87)
where C = C(L,n,a) € (0,00). Combining (2.79) with (2.87) then gives
W) 0 9 (2f) < N (90) @) (VR ) @), (2.88)
Also, it is clear that
N () () < O (T0) @ N ) @), (2.89)
In concert with (2.52), these ultimately show that if we now define
Fe .= (Ua a?,f Opuj — uiai?@kvg) L<jen in RY, (2.90)
then (KUK
Nt FNITURR) e 1=ty (2.91)

Granted this, the same type of argument as in the first part of the proof relying on Theorem 2.14
(now applied to F¢ in place of F with K7 U K> in place of K,, and with for the aperture
parameter ,) gives that

_ T
[/ (R7)]M (Lu®, ¢”>[5(R1)]M — &' ®Rp)IM (L', ¢“6>[5(R1)]M
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Ken.t. ﬁ Kk—n.t. 1
+ /Rnl (uilmn )aii | (9uvs)] o L 29
There remains to eliminate €. To this end, observe that
[S/(Ri)]M <LUE, ¢v>[S(R1)]M = [gl(Ri)]]VI <LU, qb( - €€n)’U(' - 6en)>[£(R1)]M’ (293)
and that (as seen from the smoothness properties of the functions involved)
lim [¢(- — een)v(- —cey)] = v and hm [Yuf] =vu in E(RY). (2.94)
e—0+ e—
Hence,
Jimn, ey (LS, $0) gy = ey (Lt 60) g oo (2.95)
and
T
El_lfél [ (R )M s (LT v, yput >[g R)M T [5’(Ri)}M<L ”ku>[5(R1)}M‘ (2.96)

Moreover, we have |u(- + eep)| < N, R on R"~! and for each a € {1,..., M} the last
condition in (2.51) implies that

K—n.t.

lim uq n) = ta|ypn a.e. in R™7L 2.97
E_li%lu(—l—se) u}aR a.e. in (2.97)
Consequently, formula (2.54) follows by letting e — 0T in (2.92), on account of (2.93)-(2.97),
(2.52), and Lebesgue’s Dominated Convergence Theorem. O

We conclude this section by establishing a regularity result which is going to play an impor-
tant role in the proof of Theorem 1.2.

Lemma 2.16. Assume that L is an M x M system with constant complex coefficients as
n (1.1)-(1.2), and recall the Agmon-Douglis-Nirenberg kernel K* : R? — CM*M gssociated

with L as in Theorem 2.6. Also, suppose i € [%W(R”_l)]M is a CM-yalued function with

the property that there exists N > —1 such that for each multi-index ~' € Ng_l one can find
C, € (0,00) for which

(07 ¢) ()| < Cy[IZ]+ 17N v er (2.98)
Finally, define
u(z',t) == (PL s ) (') = - KE@ —y Oy dy, V(2 t) € RY. (2.99)
Then
e [e=®7)]M. (2.100)

Proof. Fix 9 as in the statement, and select some scalar-valued function § € ¢*°(R"~!) such
that
=1 on B,_1(0,1) and suppf C B,_1(0',2). (2.101)
For each R € [1,00), define g : R"~! — C by setting 0r(z') := 6(2'/R) for each 2’ € R* 1,
As a consequence,
lim Ar(z') =1 for each z’ € R" L. (2.102)
R—o0

To proceed, for each R € [1,00) introduce ¥p := O and note that
Yp € CX(R"). (2.103)
In addition, for each o/ € Nj~! with |o/| > 0 we have

(0%vr) (@) = (099) (+")0r(a") (2.104)
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Ck’! @ / ’ n—
+ ) B/W!R 5107 0) (2 /R) (& ) (2),  Va' e R"L.
B/ 4~'=a’
18'1>0
In concert with (2.102) this readily implies that for each o’ € Ngil,
Lim (0%"yR)(2') = (0°"¥)(«)),  Va' eR"L (2.105)
—00

Next, observe that R < |2/| < 2R whenever 2/ € R~ and # € Nj~! are such that |8/| > 0
and (0%0)(2'/R) # 0. Based on this, (2.104), (2.98), and the properties of 6, we deduce that
the following decay condition holds:

Va' e Ny~ there exists Cp o € (0,00) so that for each R € [1,00)
‘(80‘/1#3)(3:’)‘ < Cyqr [|x’| + 1]

Switching gears, we shall need a structure result, proved in [2, pp.56-57, and Lemma 4.1
on p. 58] (cf. also [1, pp. 636-637]), to the effect that for each

2.1
—N—la’| VJ,‘/ c Rn—l' ( 06)

g € N with the same parity as n (2.107)
there exists a CM*M_yalued function
K, € [¢ (R ) ne™(®T\ BO,e)]"Y,  ve>o0 (2.108)

(in fact, K, € [¢1(R™ )M
Cy, € (0,00) for which
[(0°K,) ()| < Calz|” 1l (1 + |In|2|]),  VaeRY, (2.109)

(moreover, if |a| > g + 1 then 0“K, is positive homogeneous of degree ¢ — |a| in R’} and the
logarithmic term in (2.109) may be omitted), and such that

KL ) = AP (Y], Y, t) e RY, (2.110)

if n > 3), with the property that for each o € Njj there exists

where A, denotes the (n — 1)-dimensional Laplacian in the variable 2’ € R"~!.

Granted this, if u is defined as in (2.99) for some CM-valued function ¢ € € (R"!)
satisfying (2.98), then for every ¢ as in (2.107) and for each fixed (2/,t) € R". we may write

w0 = [ KM =y e dy = | AP R -y 0] e) dy

:/R » A:(JIH"])/2 [Kq(a:/—y’,t)}d)(y/) dy/

— lim AUTORR (2 — o )] br(y) dyf

R—o0 Rn—1

— lim Koo' — o AT [gr(y))] dy’

R—o0 Rn—1

= [ K =y Al )y (2.111)
Rn—1
by (2.110), Lebesgue’s Dominated Convergence Theorem (which, in turn, is based on (2.105)-
(2.106) and (2.109)) used twice, and integration by parts (which relies on (2.103) and (2.108)).
Thus, for any ¢ as in (2.107), we have

u@ = Ko(a' —y )OA Pl dy, V(1) e RY. (2.112)
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Differentiating under the integral sign in (2.112) (using (2.109), (2.98), and Lebesgue’s Domi-
nated Convergence Theorem) then shows that at each point (2/,¢) € R’ we have, for every ¢
as in (2.107),

(0*u)(a',1) = /R (0K @ o AT dy, Vo e NG (2.113)

This proves that u € [‘KOO(RS‘F)] M, with a useful accompanying integral representation formula
for derivatives.

As far as the full force of the claim in (2.100) is concerned, in a first stage we shall show
that

d“u extends continuously to R for each o € Nj. (2.114)

With this goal in mind, fix an arbitrary o € Njj and consider the representation of 9% in
R" given by (2.113) in which we now make the additional assumption that the parameter g
satisfies ¢ > || + 1. In particular, this ensures that

Ky € [¢°(RY
by (2.108). Consider the issue of the existence of the limit

li 0K "ot A(?-HI)/Q N o/ 9116
Ria(x’,lgl%(z’,l)) /]Rnl( q)(lU v, ) Y W(y )] v, ( )

)M (2.115)

where 2z’ € R"! is an arbitrary fixed point. In this regard, observe that (2.109) implies that
for each € € (0, N + 1) there exists a finite constant C' = C(z/,¢) > 0 with the property that
for each 4/ € R"! we have

sup ((0°K )« — o, t)] < C[ly'| + 1)7 1 (2.117)
(z’,t)EB((z’,O),l)ﬁRi

Collectively (2.115), (2.117), (2.98), and Lebesgue’s Dominated Convergence Theorem give
that, on the one hand,

li %K 'yt A(?-HI)/? NP
Ri%(w'}{?a(zam/wl( )@ =y A, T ()] dy

- /Rn_l ("K' =y 0) A [ ()] dy/, (2.118)

where the last integral is absolutely convergent. This analysis proves that given any o € Nj

the limit lim (0%u)(a',t) exists and is finite for each 2z’ € R"~1. Moreover, the same
R 3 (2/,t)—(2',0)

type of analysis may also be employed to show that the function
U() = / (0K (2 —y 0 ALT Pl dy, 2 e RV (2.119)
Rnfl

is continuous on R, Thus, (2.114) is established.

The end-game in the proof of the lemma is the justification of the fact that (2.114) implies
(2.100). Specifically, from (2.114) we deduce that for each 2’ € R"~! and r > 0, the restriction
of u to B;f () :== B((#/,0),r) NR" belongs to the Sobolev space [W*P (B (2'))] M for every
exponent p € (1,00) and k € N. Using, e.g., Stein’s universal extension operator as well as
standard Sobolev embedding results, it is therefore possible to find U/, € [‘KOO(R”)]M with
the property that U/, . Finally, gluing together such local extensions via a

BF(z) — “‘Bi(z/) v e
smooth partition of unity yields a 4> extension of u to a neighborhood of R}. O
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3. PROOFS OF THE MAIN RESULTS
First, we take on the task of presenting the proof of Theorem 1.2.

Proof of Theorem 1.2. Recall from Theorem 2.6 that L has a Poisson kernel P (in the sense
of Definition 2.4) which satisfies by PY(2') = K¥(a2/,1) for each 2’ € R"! (cf. item (i) in
Remark 2.5). In particular (cf. item (¢) in Definition 2.4),

PR —2) = Kl — 2 1), Vo', e R V> 0. (3.1)
Throughout the proof, given an arbitrary point y = (y1,...,¥n) € R’} we shall denote by 7 its

reflection across OR, i.e., ¥ = (y1,...,Yn—1, —Yn) € R? :=R" \m Also, Ey, will denote the
fundamental solution for L from Theorem 2.8.

The strategy is to use the Poisson kernel P in order to construct a particular Green function,
which is seen to enjoy considerably stronger properties than those stipulated in Definition 1.1.
In turn, this special Green function will be employed to show that there is precisely one Green
function in the sense of Definition 1.1. This is accomplished in a series of steps, starting with:

Step 1: For each y € R and each x = (2',t) € R \ {y} define
GHe,y) = B a —y) — BHe - 7) - BEx ([BHC — )~ BHC 9]y ) (&), (32)

where the convolution with PF is applied to each column of the matriz inside the round paren-
theses. Then GL(-,-) : R x R \ diag — CM*M s a Green function for L in R™ (in the sense
of Definition 1.1) which also satisfies
1,1
G"(-,y) € Wy (RY

loc )]MXM

for each y € R, (3.3)

and
for each point y € R, each compact K C R"} with y € K,

and each k > 0, there exists a constant Cy x € (0,00) such that (3.4)

RTA\K

V™G0 @) < Gy (

'

1+log, |z

T Jo/[n T ) at each z' € R"L.
x

To get started, fix some k > 0 along with a point * € R, and consider the compact set

K, :=B(z*,r) CR?  where r:= 1dist (z* ORY). (3.5)
We then claim that for any N > 0 we have

sup [Iy — :L'*|_N} ~ ‘(w', 0) — ZE*‘_N, uniformly for 2’ € R*!. (3.6)
yel'c (z/)\ Ky
To justify (3.6) fix 2’ € R"~! and note that, in one direction,
—-N : x| —N / x| —N
sup [y—lﬂ* }Z lim [y—:c }: z,0) —x : (3.7
yEFn(w/)\K* ’ ’ FK(I’)\K*3y~>(x’,O) ’ ’ ‘< ) ‘ )

In the opposite direction, consider first the case when

2" — (&) > 8(1 + (1 + &%)Y/?)r. (3.8)
Given y = (v/,t) € T'x(2') it follows that |y’ — 2'| < kt, hence
26) — (&, 0)] < (1+ K221 < (L 62)Y2|(/1) — (7', 0)]. (3.9)

Based on this and (3.8) we may then write
2" = (@) = |(2,0) = (@), 0)| < |(2",0) = (v, )| + (¥, £) — ((=¥)', 0)]
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<[+ 0+ )W) — ((27),0)]

< [T+ (1 + )Yy — 2*| +4r)

2" — (z*)']
2(1+ (1+k2)1/2) } (8.10)

IN

[T+ (1+xHY?] {yy -t +
Consequently,
2" — (2*)] < 2[1+ (1 + )2y — 27| (3.11)
In turn, (3.11) allows us to estimate
|(',0) = 2*| < |a' = (@) | + (2%)n = |2’ = (27) | + 4
|2 — (=*)']

2(1+ (1 + &2)1/2)

S ‘IE/ o (1‘*)/‘ 4

< (3421 + V) |y — ¥ (3.12)
With this in hand we may now conclude that
sup [\y — 1:*|_N} < Cnpi|(2,0) — x*’_N for all ' € R"™! asin (3.8). (3.13)
yelx(z’)

There remains to establish a similar estimate in the case when
|2 — (2*)] <8(1+ (14 &2)V2)r. (3.14)

To this end, pick an arbitrary y € R} \ K, and note that this forces |y —2*| > r. On the other
hand,

|(2',0) — a*| < |2/ — ()| + (@%) < 4(3+2(1 + H)V?)r, (3.15)
hence |(2/,0) — 2*| <4(3+2(1 + K2)1/2)|y — 2*| which goes to show that
sup [\y - m*]_N} < Cnkl(a',0) — ac*|7N for all 2/ € R"! asin (3.14). (3.16)

In concert, (3.13) and (3.16) prove the left-pointing inequality in (3.6). This finishes the proof
of (3.6).
In turn, (3.6) readily self-improves to an estimate of the following sort.
for each point z* € R}, each compact K C R’} with 2* € f(,
each N > 0, and each k > 0, there exists a constant C' = C'(z*, K, N, k) € (0, 00) such that

Ri\K

(Nn (| . —l’*’_N))([E/) <C(1+ |:1:’|)_N for each 2’ € R* 1.

(3.17)
Gooing further, having fixed any y € R’} along with some compact set K C R’} such that
y € K, for any multi-index v € Nj we may estimate

(@7 EY (z — ) — (@ EY (@ —g)] < S KY)

for some finite constant C(n,~, K) > 0, by the Mean Value Theorem and Theorem 2.8. In
particular, if we consider

f(a') = E*((2',0) —y) — E*((2/,0) - 7), Vo e RV, (3.19)
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then f € [CKOO(R"_I)]M

and (3.18) allows us to conclude that for each v/ € Nj~! we have
/ Cly,7")
Y / < )
(0 1) < T2t
Together with Lemma 2.2, the version of (3.20) corresponding to v’ = (0,...,0) ensures that

(Mf) () < o

for each 2’ € R"™1. (3.20)

'

1+ log, |z 1l

W) for each .’13/ S R . (321)

At this stage, return to (3.2) and, for each y € R} and = = (2/,t) € R \ {y}, express
G*(z,y) = GY(z,y) + G5 (z,y), (3.22)

where
GHa,y) = B4 —y) — B*(z —F) and

Gh(@,y) = —PE s+ ([EXC = y) = BXC = 7)) |ny ) @),
Then from (3.18) and (3.17) we see that

(3.23)

for each point y € R}, each compact K C R} with y € K ,
and each x > 0, there exists a constant Cy, x € (0,00) such that
LUAV S , Cy,K
W Grew)) < e
while from (2.18), (3.19), and (3.21) we see that

(3.24)

for each 2’ € R"!,

for each point y € R"}, each compact K C R’} with y € K ,

and each k > 0, there exists a constant Cy x € (0,00) such that (3.25)
1 +log, |2/

R\ K
W™ G(y) () < Cy,K(W

Collectively, (3.24) and (3.25) prove (3.4).

Pressing on, the membership in (3.3) is a consequence of (3.22), the fact that the function

G%(-,y) belongs to [CKOO(]RQL_)]MXM (thanks to (3.19)-(3.20) and the first property in (2.17)),
and Theorem 2.8 (cf. item (4) in particular).

To show that GL(-, ) from (3.2) is a Green function for L in R} in the sense of Definition 1.1,
observe that (1.5) is contained in (3.3), while (1.6) follows from (3.2) and the last property
recorded in (2.17). Also, (1.7) is implied by (3.4), whereas (1.8) is seen from Theorem 2.8 and
(2.17).

) for each 2’ € R* 1.

Step 2: For each y € R we have GE(-,y) € [¢> (R \ B(y,a))]MXM for each € > 0.
This is a direct consequence of Lemma 2.16 (keeping in mind (3.1)) and the fact that, as
seen from (3.18), for each fixed y € R’} the function ) : R~ — CM*M given by
(') = EX((2,0) —y) — EX((2/,0) —57), VZeR"! (3.26)
is smooth and satisfies (2.98) with N :=n — 1 (see (3.19)-(3.20)).

Step 3: If Rp(z,y) := Bl (x —y) — G¥(x,y) for each x,y € R" with x # y, then this extends

to a function

Rp(-) € [ (RY x R (3.27)
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which satisfies
[Re(z,y)| < Cle —g* " +co|lnfe —7l[,  V(z,y) € R} xR, (3.28)
where ¢, =0 if n > 3.

To justify this claim, use (3.2) in order to decompose

Ry(wy) = Ry (@.y) + B (x.9), (3:29)
where, for each « = (2/,2,,) € R" and each y = (v, y») € R} \ {z} we have set
R (z,y) = BX(z — 7), (3.30)

and
R( )(119 y) =P} ([EL( y) — E"(: _@)”am)(x,)

:/Rnl Pan(x/ _ Z’) [EL((Z’,O) — y) _ EL((Z/,O) _g)] ds. (3.31)

It is then clear from (3.30) and the first condition in (2.23) that the function R(Ll) (+,-) belongs to
(€ (R7. x R’j_)]MXM, while (3.19)-(3.20) and the first property in (2.17) imply that R(LZ)(-, )
also belongs to [¢>°(R" x RS‘F)]MXM. As such, (3.27) follows, in light of (3.29).

Moving on, from part (8) in Theorem 2.8 we know that

EL(z) = ®(2) + ¢, In|z], Vz e R™\ {0}, (3.32)

where ® = (®as), ., s<nt € [€>°(R"\ {0})] MM s a function which is positive homogeneous

of degree 2 — n, and €, € CM*M i5 3 matrix which is identically zero when n > 3, and when
n = 2 is given by
1

&= 7z [ 1) @ (3.33)

In relation to R%)(-, -) we claim that there exists a finite constant C' > 0 with the property
that

IRP(z,y)| < Cle—7)>",  V(z,y) €RL xRL. (3.34)
To see that this is the case, note that ‘( (/,0) — | = ‘ 2',0) — ’ for each 2/ € R 1. Based
on this and (3.32) it follows that, on the one hand

‘EL((Z,,O) — y)—EL((z’,O) —Q)} = ‘@((z’,O) — y) — @((z’,O) —@)‘

((#,0)—y)["*

On the other hand, part (a) in Definition 2.4 guarantees the existence of a constant C' € (0, c0)
such that

v e R"L (3.35)

Ct
\PE(Z) < —————, VZeR"l  vi>o. (3.36)
(|27 +12)2
Granted (3.35)-(3.36), we may then estimate
IR (2, )| < / IPL (2! — )||[E*((,0) — y) — EX((,0) )| d2’ < CU (),  (337)

where for each fixed y = (v, y,) € R, we have set

2 ¢ 1
Uy(a',t) == / w iz 47 (3.38)
Wn-1 Jre-t (Jo" = 22 +12)2 (|2/ —y/|2 +42) 2
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for each (2/,t) € R%. Hence, if n = 2 then Uy(2’,t) < 1 for all (2/,t) € R" which, in view of
(3.37), yields (3.34) in this case. To prove (3.34) when n > 3, fix y € R and denote by P>
the Poisson kernel for the Laplacian in R, i.e.,

2 1
PA(2) = o
Wn—1 (1 4 |x/‘2) 2
Then, as seen from (3.38) and (3.39),
Uy(a't) = (P + fy)(a),  V(2,1) €RL,

, Va2 eR"L (3.39)

(3.40)

2—n

where f,(2/):= (| =y +¢2) 2, VZeR"L

Since f, € L>®(R"!) it follows from Proposition 2.7 (used for L := A) and (3.40) that (for
each fixed x > 0) we have

AU, =0 in R?, U, € L®RY), Uy =f, ae in R (3.41)
+
Then the function given by
u(x',t) = Uy(2',t) — |z — 9> ", Vo = (/,t) e RY, (3.42)

is harmonic in R, and for a.e. 2/ € R"! satisfies

(u . )@ =h) - |60 -5

K—n.t.

R
2—n 2—n
=(l2" =y +yn) = — (' —yP+yn) 2 =0, (3.43)
thanks to (3.42), (3.41), and (3.40). Since from (3.42) and (3.41) we also have that
u € L>®(RY), (3.44)

we may conclude from the above analysis and [29, Proposition 1, p. 199] (also bearing in mind
the last property in (2.17)) that v = 0 in R’}. Upon recalling (3.42), this further implies that

U, (' t) = |z — 5>, Vo = (a,t) € RY, (3.45)
and (3.34) now follows from (3.37) and (3.45).
To finish the proof of (3.28), observe that by (3.30) and (3.32) we also have
1 _ _2-n _
(R (@,9)] = [BY @ = 7)| < @] e snny|e ~ TP + [€] [Infe 7. (3.46)
Now (3.28) follows from (3.29), (3.34), and (3.46).

Step 4: If Rp(-,-) is as in Step 3, then
for each o € N§ with || > 0 there exists Co € (0,00) such that
|(0%RL)(z,y)| < Calz — 7> 71 for each (z,y) € R x R7.

To obtain pointwise estimates for derivatives in the first set of variables for the function
Rp(-,-), we shall rely on the local estimates near the boundary from Proposition 2.13. To set
the stage, recall R(Ll)(-, ), R(LQ)(-, -) from (3.30)-(3.31). Also, fix an arbitrary point y € R’} and
observe that, thanks to (3.20) and Lemma 2.16,

(3.47)

2 oo (om \ 1M XM
R(L)(wy) € [¢>(RL)] . (3.48)
In particular,
R () e WY ®R2 N B(0, R))]™Y for each R > 0. (3.49)
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In addition, by (3.31) and Proposition 2.7, we have
L[R(LZ)(-,y)] =0 in R7} and

k—n.t. (350)
= [E*(-—y)— E*(-—7)] ‘OR” a.e. in R,
+

(RP ()]

for each k > 0. In fact, thanks to (3.48), the last condition above may be reformulated as

OR

2 _ 00 rrym—1y1 M x M
T [RP (- y)] = [EL(- —y) — EX(- =) |omn € [€R")] M (3.51)
We claim that
for each multi-index a € Njj there exists C, € (0,00) such that (3.52)
3.52

‘(8§‘(R(LQ))(Q:,y)‘ < Cylz —g> 1ol for each (z,y) € RT x R7.
To prove this claim assume that two arbitrary points x,y € R} have been given. Introduce
the quantity
p:i=lr—7/5>0 (3.53)
and pick some z € R such that |z — z| = p/2. It follows that for any w € R N B(z,2p) we
have

[z =Y <z — 2+ |z —w[+ |w—7]
<p/2+2p+w -7 = o —71/2+ |w - 7] (3.54)
In particular,
|z —7|/2 < |w—7y| =|w—y| forevery we IR} N B(z,2p). (3.55)
Let us also observe that by (3.32), given any ¢ € Ny, we may write
Ve [EX((€,0) —y)—E*((€,0) — )]
<[(V')((¢,0) — )| + [(V'®)((£,0) - 7)|
< 2|V P oo (1)
— n—2+L°
|((§/a0) - y)’ -
Based on (3.53) and (3.55)-(3.56), for each ¢ € Ny we may therefore estimate

pf*l . sup ‘Vg, [EL((ﬁl,O)—y) —EL((S/,O)—@)”
(¢,0)€0RT NB(2,2p)

Ve e RV (3.56)

Colz — g/ Cy
< sup 0 — [T < Tt (3.57)
weIRT NB(z,2p) Yy Yy

With this in hand, for each £ € N we may write (keeping in mind that = € R’} N B(z, p))

(VR (@,9)| < sup |(VERD)(,v)|
RYNB(z,p

SCp"“< sup \R(LQ)(-,Z/)D
R NB(z,2p)

k+1

S (s [SREHE0 - 9) - B0 - 7))
£=0

(¢,0)€0RT NB(z,2p)

<CpFla -y "+ Cp' Flz -y = Cla — g, (3.58)
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by virtue of (3.49)-(3.54), Proposition 2.13, (3.34), and (3.57). This establishes (3.52) in the
case when a € Njj has |a| > 0. Since the case when |a| = 0 is already contained in (3.34), the

proof of (3.52) is complete. As regards R(Ll)(-, -), by combining (3.30) and (2.27) we see that
given «, 5 € Ny with |a| +|5]| > 0 there exists Cyp € (0,00) so that

(3.59)
!(8§8€R(Ll))(m,y)‘ < Cypplz — g2 1el=18l for each (z,y) € RT x R7.
Then (3.47) follows from (3.29), (3.52), and (3.59).
Step 5: We have that
for each point y € R"}, each compact K C R} with y € [O(,
and each k > 0, there exists a constant Cy i € (0,00) such that (3.60)

WS OXGE (-, 9) (@) < Cu@+ /)" at cach o' € RA.

Having fixed two arbitrary points x,y € R’} with z # y, we may estimate
[(VxGF)(2,9)] <|(VxE")(z —y)| + [(VxRL) (z,9)|
<Clz —y[" "+ Cla —g|" " < Cle —y['™, (3.61)

making use of Theorem 2.8, (3.47), and the fact that

1/2 1/2 _
=yl = [l =P+ |20 —val?]* < [|2 =P+ (@0 +9a)] P =z =7,  (362)

for each x = (2/,2,) € R and y = (3, yn) € R}. Then (3.60) is a consequence of (3.61) and
(3.17).

Step 6: There exists precisely one Green function for L in R, in the sense of Definition 1.1.

From Step 1 we know that L has at least one Green function in R}, in the sense of Defini-
tion 1.1. To show that this is unique, suppose G1(-,-), Ga(+,-), are two such Green functions
and fix an arbitrary point y € R. If v := G (-,y) — G2(-,y) in R} \ {y}, then properties (1.5)

and (1.8) imply that u € [L%OC(R?F)]MXM and Lu =0 in [D’(Rﬁ)}MXM. In particular,
u € [CKOO(R:L_)}MXM and Lu =0 pointwise in R, (3.63)
by elliptic regularity. Furthermore, (1.6) implies that there exists £ > 0 such that
K—n.t.
=0 ae in R" 1 3.64
u‘al& a.e. in (3.64)
In addition, from (1.7) and the first condition in (3.63) we deduce that
dx’
/
/Rnl (Neu) (z )71 T < +o0. (3.65)
To proceed, we make the claim that
any function u satisfying (3.63)-(3.65) vanishes identically in R’. (3.66)
To justify this claim, let GLT(-, )= (Gﬁ;(, '))1§a,v§M be the Green function constructed as

in Step 1 in relation to the operator LT, and fix an arbitrary point y € R?. In particular, by

Step 1, Step 2, and Step 5 o(all invoked with LT in place of L) we know that for each compact

subset K of R} with y € K there exists a constant Cy x € (0,00) with the property that
R?\K d

(Nn GLT(-,y))(x’) < Cy,K<1 +log |

— >+ ) ateach z’ e R"1, 3.67
1+| /|n—1
X
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WG () () < m at each ' € R"L, (3.68)
GV () € RN GE ] =0 me o BT (309)
and (VXGLT)(- ) ;R;t' exists at a.e. point on R"!, (3.70)
Having fixed an index v € {1,..., M}, we now invoke Lemma 2.15 with the function u as

above and with v := G_LJ(-,y). Properties (3.63)-(3.65) and (3.67)-(3.70) guarantee that all
hypotheses of Lemma 2.15 are presently satisfied. Granted this, we obtain from (2.54) and
(3.63)-(3.64) that for each aperture parameter £ > 0 we have

w == [ (vl ) et [(0x.GE) )

Since y and v are arbitrary, this proves that u = 0 in R’}, finishing the proof of (3.66). In
the present case, this further implies that Gi(-,y) = G2(-,y) in R’} \ {y} which shows that
Gi(-,-) = Ga(+,-) in R} x R} \ diag, as wanted.

K—n.t.

dy™t =o. (3.71)

OR™

Step 7: Denote by GLT(-, -) the Green function for LT in R constructed in a similar manner
to (3.2), with L replaced by LT. Then G (z,y) = [GLT(y,x)]T for all x,y € R with x # y.

The strategy for proving this symmetry condition is to apply Lemma 2.15 in the following
setting. Choose two arbitrary distinct points z,y € R, and pick some aperture parameter
k > 0. Take z} := =z, x5 := y, and fix two positive numbers r1, ry which are sufficiently
small (such that the conditions in (2.47) are satisfied). Let us also select ¢, as in (2.53) for
these specifications. Next, fix an arbitrary n,v € {1,..., M} and consider the vector-valued

functions u := (Gén(-,m)) and v := (Gé@:(,y))

1<a<M 1<B<M*

Since LT enjoys similar properties to those of L, from Step 1, Step 2, and Step 5, we deduce
that (3.67)-(3.70) hold with K := B(y,r2). Similarly, (3.67)-(3.70) written with GL(-,z) in
place of GLT(-,y) and for K := B(y,r1) are also valid. As such, conditions (2.49)-(2.52) are
satisfied by the functions u,v. Consequently, (2.54) yields in this case

LT L
S’(Ri)<5,37751‘7 o GB"/ ('v y)>5(Ri) = &'(RY) <5Oc’¥5y7 (0 Gom(‘a x)>

E(RT)

Kk—n.t.

dem L. (3.72)
OR™

(G als [0x.65) ()]

Upon recalling that Gﬁn(-, x) ‘;H;Zt‘ = 0 a.e. in R""! and keeping in mind that ¢(z) = ¥(y) = 1,
+

formula (3.72) simply becomes G%T (z,y) = Gﬁn(y, x), proving the desired symmetry condition.

Step 8: If Rr(-,-) is as in Step 3, then for any o, B € Nij there exists Cpp € (0,00) such that
for every (z,y) € R} x R} one has

|(0%0YRL) (2, 9)| < Caglz — > 1= if |a| + 18] > 0, or n > 3. (3.73)
In light of (3.29) and (3.59) it suffices to show that
for each multi-indices «, 5 € Njj there exists Cqg € (0,00) such that

3.74
|(8§8€R22))($,y)‘ < Coplz — g2 1el=18l for each (z,y) € R% x R™. (3.74)
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To this end, we first observe that in concert with (2.28) and (3.27), the transposition law
proved in Step 7 implies

T n n
RL(-’E,?/) = [RLT(yax)} 5 V(CL‘,y) € R+ X R+' (375)
Fix an arbitrary multi-index 5 € N{j and note that (3.75) entails
T

(2R (z,y) = [(8§RLT)(y,a})] . V(z,y) ERT xR (3.76)
Hence, if RS.JQ(-, -) and Rf%(-, -) are defined analogously to Rg)(-, -) and Rg)(~, ), with LT

playing now the role of L, then for each (z,y) € R} x R’ we obtain

2 1 T 2 T 1

PRI @,y) = [ RN W] + [(0FRD) o] - @) RD) @y, (3717)

Observe that R(Ll%(-, -) and R(LQT)(-, -) have properties similar to those of R(Ll)(-, -) and R(LQ)(-, s
respectively. Granted this, from (3.77), (3.52), and (3.59) written for LT in place of L, as well
as (3.59) as originally stated, we obtain (upon noticing that |y —Z| = |z — 7| for all z,y € R")

(07 RD) (2,9)| < Cola — 71> "181, ¥ (2,y) € RE x R,

(3.78)
for every multi-index S € Nj with length |5]| > 0.

Let us also point out that by differentiating (3.31) with respect to y we obtain

(@7 RY) @.y) = (~LIIPE » ([(0PEE) (-~ ) = (7B")( = 9)] gy ) (@),

for each x = (2, x,) € R, each y € R", and each § € Nj.

(3.79)

Much as before, this implies that for each 8 € Np,

(B}B/R(l?))(,y) c [Wl’Q(Ri N B(O,R))]MXM

Ly RP)(y)] =0 in R, (3.80)

T (Y RY) ()] = (-1 [(85EL)(-—y)—(8ﬂEL)(-—y)]‘6Rn on R™L

With (3.78) and (3.80) in place of (3.34) and (3.49)-(3.51), respectively, we can now run the
same program that has led to (3.52) and obtain (3.74) in the case in which |3 > 0. There
remains to observe that, in the case when |3| = 0, the claim in (3.74) is already contained in
(3.52). Hence, (3.74) holds as stated.

for each R > 0,

Step 9: Proof of claims in parts (6)-(9) in the statement of Theorem 1.2.

In the case when |a| = || = 0 and n = 2, estimate (1.23) is contained in (3.28), while the
case when either |a|+ |5| > 0, or n > 3, follows from (3.29), (3.59), and (3.74). Moreover, that
GE(.,-) satisfies (1.24)-(1.25) is a consequence of (1.21)-(1.23), (2.27), and (3.62).

Next, the fact that the Green function G*(-,-) satisfies the property displayed in (1.26)
follows from (1.24) and the observation that given N € (0,00) and z, € R™ the function f
defined by f(z) := |z — 2|~ for each z € R” has the property that

N/n

HfHL"/NvOO(]Ri) < (nwp—1) (3.81)

Indeed, for each A\ > 0 we have

2 ({reRL: f@)|>A}) =2 ({r e RL: o -] <A™V}
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<" (B(x*, xl/N)) _ ”;;];1, (3.82)

hence (3.81) follows upon writing

N/n n
i Py——— " {Af"({x ER" : |f(z)| > A}) A > o} < (nwa )V (3.83)

Moving on, the goal is to show that if p € [1, %) then the properties listed in (1.30) hold
for each ¢ € €>°(R™). To see that this is the case pick ( € €>°(R"™) and fix an arbitrary
y € R} Then by (1.24)-(1.25) we have

VG ()| <lICl poe @y [(VxGP) )| + IVCGE ()]
<C[¢][ oo (rr) Lsuppc] - —y|' "

|- —y|?2" it n>3,

84
1+ |In|-—gl| if n=2, (3.84)

+ CHVCHLOO(R")]-suppC {

and, hence, V(¢G¥(-,y)) has components in LP(R") for each p € [1, #), uniformly in .

In a similar fashion, (G*(-,y) € [LP(Rﬁ)]MXM for each p € [1, %), uniformly in y, which
concludes the proof of the inequality in (1.30). Finally, the fact that the membership in (1.30)
also holds is a consequence of what we have just proved, (1.6), and Step 2.

Step 10: Proof of the claims in parts (1)-(5) and (10) in the statement of Theorem 1.2.

The membership in (1.14) in the case when |a| = |3] = 0 is contained in (3.4), while the
case when |a|+|5| > 0 follows from (1.24) and (3.17). The regularity property (1.15) has been
established in Step 2, while the claims in (1.18) are consequences of (1.14), Proposition 2.1, and
(1.6). As regards the translation invariance property (1.16), for each (z,y) € R} x R”} \ diag
and 2’ € R"~! we may write, based on (3.2),

GL ({E - (Z/a 0)7y - (2/7 0)) (385)
:EL('T - (2/70) ) + (2,70)) - EL(x - (Z,?O) - Y- (Z/,O))
— Pl ([EL( c—y+(£,0)) = EX (- —y = (2,0))] ‘aRi) (== (¢,0))).
Note that the translation invariance of the reflection y — ¥ readily gives
EL(x - (Z/,O) —-Y + (Z/7O>) - EL(x - (Z/7O) - Y- (Z,70))
=Elz —y) - Bz —7) (3.86)
while the translation invariance of the convolution permits us to write

P+ ([EL( Y+ (,0)) — EX (- =7+ (£,0))] \am)(x' _ )
=PE ([BHC = 9) = BH = )] gy (+2)) @ = 2)

=P+ ([BH( = y) = B = 9)]| o ) @), (3.87)
Hence, (1.16) follows from (3.85)-(3.87).

Finally, the homogeneity property recorded in (1.17) follows from (3.2), item (1) in Theo-
rem 2.8, and item (4v) from Remark 2.5 (bearing in mind the manner in which P* and K*
are related; cf. part (¢) of Definition 2.4).
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Step 11: The Green function G*(-,-) for L in R may be written as in (1.31).

To see that this is the case fix y € R’} and observe that (2.27) gives

1 .
Lt _ Li¢../ = 1+’x/|n—2 if n>3,
|EF((«,0) —y)| + [EX((«",0) =) < C (3.88)

1+ |In|||] if n=2,

for each 2/ € R""1, for some C € (0,00) depending only on y. In concert with the estimate
in item (a) of Definition 2.4, this shows that the convolution in the last term in (3.2) may be
decoupled. This allows us to write, for each y € R} and each z = (2',t) € R} \ {y},

G (a,y) =B ( — y) = P+ ([B = 1)] | ) (@)

—Ee—g)+PEx ([EL(-—g)HaM)(m’). (3.89)

As such, matters have been reduced to proving that the two terms in the last line above cancel.
To this end, define u,v : R} — CM by setting for each z = (o',t) e R}

u(z) = EL(z —7) and v(z) = PE« ([EL(. ~7)] ’am) (). (3.90)
Henceforth, let us assume that n > 3. Then, with
fi= B = 7)) yay. (3.9)
from (2.27) we have
1f(2)| < C(1 4+ |2[)>™™ for each 2’ € R"7L (3.92)
In particular,
! MxM
fe p!;:; [Lr@et, Lo MM e [t (Rt de';,'n)} (3.93)

so Proposition 2.7 and the properties of E¥ from Theorem 2.8 give that for each x > 0 we
have

K—n.t. K—n.t.
MxM
= f =V

u,v € [€°(R})] , Lu=Lv=0 in R}, and u (3.94)

OR™ OR™

Also, from (3.90), (2.18), (3.93), and the boundedness of the Hardy-Littlewood maximal oper-
ator we see that

dx’
Nnv c ﬂ 1 LP(Rnfl,ﬁnfl) C Ll (Rnfl7 W) (395)
p>n=

Consequently, we may conclude that v = v in R, as wanted, by (3.66) as soon as we show
that the current function w satisfies (3.65). In turn, this is going to be a direct consequence
of (3.90), (2.27) and a general fact to the effect that for any dimension n € N with n > 2, any
exponent N > 0, any compact set K C R", any point z € K , and any aperture parameter
k > 0, there exists a finite constant C'(n, N, K, k, z) > 0 with the property that

sup [|y - z|_N} < C(n,N,K,k,2)[|a'| +1] N foreach 2/ € R" L. (3.96)
Yl (2" )\K
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To justify the claim made in (3.96), note that it suffices to show that there exists a finite
constant C(n, K, k, z) > 0 for which

yerir(laf')\K ly — 2| > C(n, K, K, z) max {|2'|,1} for each 2’ € R"'. (3.97)
With this goal in mind, we first estimate
yEFiI(l:ﬂf’)\K ly — z| > dist (2,0K) =: C(n, K, K, z) € (0,00). (3.98)
Thus, there remains to show that there exists a constant C'(n, K, k, z) € (0,00) such that

inf |y —z|>C(n, K,k 2)z'| for each 2’ € R"1, (3.99)
YEL s (z/)\K

To prove (3.99), fix 2/ € R*~! and define the angle a € (0,7/2) to be half the aperture of the
cone I',;(2') (note that o depends exclusively on k). Also, pick Rk € (0,00) sufficiently large
so that K C B(0, Rx) and define
2Rk
cos « - dist (2, 0K)
We next consider two cases. First, if [2/| < C, - dist (2, 0K) then
inf — z| > dist (2, 0K) > |2'|/C, 3.101
ity 2] > dist (2,08) 2 [¢]/ (3.10)
s0 (3.99) holds in this situation. Second, if |2/| > C, - dist (z, 0K) then (3.100) implies |2/| >
21 Hence dist (0,T(2')) = |2/|cosa > Ry, which forces B(0, Rx) to be disjoint from
I'w(2’). In particular, K is disjoint from I'y(2’). Let us also observe that since z € K C
B(0, Ri) we have |z| < Rg. Bearing these two properties in mind, we may then estimate

2’| cos o = dist (O,Fn(w/)) < dist (Za F,{(:v’)) + |2]

C, =

€ (0,00). (3.100)

. Rk .
<t ly =2+ (dist (2, 8K)>d18t (2,0K)
: Ry |2'|

£ _ YK
< yEFiI(lg;’)\K ly =2+ (dist (z,@K)) Ci
|2/| cos

= inf |y—z|+

.102
YL, (z')\ K 2 ’ (3.102)

which shows that (3.99) also holds in this case. At this stage, the proof of (3.99) is complete,
so (3.96) has been justified. As noted earlier, having justified (3.96) concludes the proof of
(1.31) when n > 3.

A proof of (1.31) which works for n > 2 goes as follows. Fix an exponent n € (0,1) along
with a point y = (¥, y») € R’ and note that for each x = (2/,z,) € R’} we may use (2.27) to
estimate

1 L C.Tl_n
z, "(VE")(z —7)| < . -
" (|2 =y 2 + (0 + ya)?] "V
Cap " C
= Gyt = yz_%n. (3.103)
As such,

1-—n L — C

sup [xn (VE")(x — y)\} < =y < oo (3.104)

x:(x’,xn)GRi Yn
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In addition,

EX(-—7) € [¢™(RY and L[E*(-—7)] =0 in R7. (3.105)
From (3.105) and (3.104) we then conclude (see, e.g., [18, (5.11.78), p.490]) that

FEX(-—7%) belongs to [%”7 (@)]MXM, (3.106)

)]MXM

where € (@) denotes the homogeneous Hoélder space of order n in @ In particular, if f is
as in (3.91), then

f e [ m—hH]M" M (3.107)
which readily implies that, with the supremum taken over all cubes Q C R*~1,
1
sup 6@ (f 176) — fof ar')* < o (3.108)
QCRn—1 Q

where £(Q) stands for the side-length of @ and fp denotes the integral average of f over Q.
From (3.103) we also deduce that if @ is an arbitrary cube in R”~! then

g(Q)n(]é (/OZ(Q)‘(VEL)((a:’,t) —y)]Qtdt) da;’)é

clQ)"n “Q) 1 1 e
- W</g aaytd)” = g (3.109)
hence
Q) , :
sup ﬁ(Q)‘ﬂ(f (/ ‘(VEL)((;U/’t) — y)’ tdt) dZE/) < +oo. (3110)
QCR”*I Q 0

Granted (3.105), (3.91), (3.108), and (3.110), we conclude from the well-posedness result es-
tablished in [15, Theorem 1.21] that the functions « and v defined in (3.90) coincide in R’} . In
view of this and (3.89), formula (1.31) is now established whenever n > 2.

The proof of Theorem 1.2 is therefore complete. (Il
Second, we present the proof of Theorem 1.4.

Proof of Theorem 1.4. Work under the assumption that the system L is weakly elliptic and
reflection invariant. Then, as noted in (2.35), the fundamental solution E* canonically associ-
ated with L as in Theorem 2.8 is reflection invariant. In such a scenario, having fixed a point
y € R, we have

(B =9) = B = 9)]| gy =0 (3.111)

since (2/,0) —y = (2/,0) — 7 for each 2’ € R"~!. Consequently, the function G*(-,-) defined in
(1.38) satisfies (1.5), (1.6), and (1.8) in Definition 1.1.

The next step is to show that the function G¥(-,-) defined in (1.38) also satisfies (1.39). To
this end, fix a compact set K contained in R’} and pick a multi-index o € Njj. We claim that

for each y € K there exists a constant C(L, K, o, y) € (0, 00) such that

(@R —y) — (@ EY) @ - 7)| < D)

=Yy

To see why this is true, pick y = (y1,...,yn) € K along with z € R} \ K, and consider two
cases.

The first case corresponds to |z — y| > 4y,. Since for any £ between y and y we have
lz—y| < |z =&+ —y| < |z — & + 2y, < |z — & + 3|z — y|, it follows that for all points &
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between y and § we have |z — £| > Z|z — y| > 0. This, the Mean Value Theorem, and (2.27)
then imply

(0" EY) (& —y) — (0" EY)(x —9)| < 200 sup |(VO"EL)(z — &)

£€ly,y]
C(L, )
<2y, sup ———
cefy.g) |z — Pl
C(L,a,y)

In the second case, suppose |z — y| < 4y,. Since also |z — y| > dist(y, 0K ) > 0, it follows
that
|x — y| &~ 1 with proportionality constants depending only on K and y. (3.114)
Moreover, |z — 7| > dist(y,R") =y, and |z — 7| < |z — y| + |y — Y| < 4y, + 2y, = 6y,, thus
|x — 7| & 1 with proportionality constants depending only on . (3.115)
From (2.27) and (3.114)-(3.115), we see that there exists C(L, K, a,y) € (0,00) such that
(0°E%) (@ —y) - (°BX) (@ — )| < [(0°E¥) (@ — )| + |(0°E)a — 7)

C(L7 K’ a? y)

Together, (3.113) and (3.116) take care of the estimate in (3.112). In turn, (3.112) and (1.38)
imply

(053G ) ()| < L1

With this in hand, for each 2’ € R"~! we may invoke (3.96) to estimate

<NKR1\K(6?(GL)(" y)> (o)) < <N;€R1\K (%)) (+)
CLK,anry

as claimed in (1.39). In turn, from (1.39) (used with |a| = 0) it clear that (1.7) is also satisfied.
As such, we may now conclude that G(,-) defined in (1.38) is a Green function for L in R7,
in the sense of Definition 1.1.

Moving on, let us prove that there exists precisely one Green function for L in R, in the

sense of Definition 1.1. The argument so far shows that if L = (a?‘s’g 8T88)1< e is assumed
<a,8<
to be weakly elliptic and reflection invariant then it has at least one Green function in R”}, in

the sense of Definition 1.1. To establish that this is unique, assume Gi(-,), Ga(-,-) are two
such Green functions. Fix an arbitrary point y € R’} and define

u:=Gi(-,y) — Ga(,y) in RY\ {y}. (3.119)

Then (1.5) and (1.8) guarantee that u € [L] (Ri)]MXM )]MXM

loc and Lu = 0 in [D'(R"
regularity therefore ensures that

. Elliptic

we [¢2®)]"M and Lu=0 pointwise in R”. (3.120)
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In addition, (1.6) guarantees that there exists x > 0 such that
K—n.t.
ulppy =0 ae. in R, (3.121)
Furthermore, from the finiteness condition in (1.7) and the first property in (3.120) we see that
Jrn—1 (./\/',{u) (l‘”# < +o00. In particular,
/ (Nuw) (x')dixl < +o0. (3.122)
Rn—1 ]. ‘l— |l‘"n

Next, we claim that

if L is weakly elliptic and reflection invariant then any func-

tion u satisfying (3.120)-(3.122) vanishes identically in R}. (3.123)

To justify this claim, observe from (1.36) that L is reflection invariant if and only if LT is
reflection invariant. Also, it is clear from definitions that L is weakly elliptic if and only if L™
. . . . . T T

is weakly elliptic. Thus, it makes sense to consider G¥ () = (Gé7 (-, '))1§a,v§M’ the Green
function defined as in (1.38) in relation to the operator L', i.e.,

G' (z,y) = EY (z—y)— E* (x —7) forall (z,y) € R? x R" \ diag. (3.124)

To proceed, fix an arbitrary point y € R’}. Results established in the first part in the current

proof (with LT in place of L) show that for each compact subset K of R? with y € K there
exists a constant Cy g € (0,00) with the property that

(NﬁRi\KGLT(-,y))(:E’) < 1~|—C|17;’I|<”_1 for each ' € R"71, (3.125)
(N,{Ri\K(VXGLT)(- ) (@) < I_C:yé(/‘n for each 2’ € R"7L, (3.126)
GL (- y) e WE MMM @t (L) ;R;t' =0 ae on R (3.127)
and (VXGLT)(-,y) ;;;: exists on R"71, (3.128)

L' [GLT(' vy)] =0y Imxm in [D’(Rﬁ_)]MXM

with the last property visible from (3.124).

; (3.129)

At this stage, fix an indexn € {1,..., M} and, with u as in (3.119), define w := (tUyy)1<+,n<M-
Next, fix v € {1,..., M} and introduce v := G.LJ(-, y). We apply Lemma 2.15 with u replaced
by w and v as above. Properties (3.120)-(3.122) and (3.125)-(3.128) ensure that the hypotheses
of Lemma 2.15 are verified. As such, we obtain from (2.54) and (3.120)-(3.121) that for each
aperture parameter x > 0 we have

Uy (y) = _/Rn_l (uan‘gﬂ_&h)aﬁg [(aXnGIﬁJWT)(vy)}

In view of the fact that y and ~, n are arbitrary, this forces v = 0 in R’} finishing the proof of
(3.123). Presently, this further implies G (-,-) = Ga(:,-) in R’} x R’} \ diag, as desired.

Going further, the properties claimed in (1.40) are clear from the definition of G(-,-)
given in (1.38), the fact that the fundamental solution E canonically associated with L as in
Theorem 2.8 is even (cf. (2.23)), reflection invariant, and satisfies the transposition property
recorded in item (5) of Theorem 2.8. Finally, that in the case when L is asin (1.1)-(1.2) and also

K—n.

Ayt =0, (3.130)

aR™
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reflection invariant the Green function constructed in (1.38) coincides with the Green function
from Theorem 1.2 is clear from the uniqueness properties enjoyed by said Green functions.
The proof of Theorem 1.4 is therefore complete. O

Next we give the proof of Corollary 1.5.

Proof of Corollary 1.5. Fix some function f = (fa)i<a<m € [CKCOO(R”_l)]M, along with some
point x = (2/,t) € R, and some index v € {1,...,M}. Specializing (2.54) to the case
when u(z', s) := (PF x f)(2/) at each (2/,s) € R, and v := (G{;WT (-, (x’,t)))1<ﬁ<M yields the
conclusion that for each v € {1,..., M} and each (2’,t) € R, we have (for any chosen aperture
parameter > 0)

[ (PR =)l = (P ) = e (0')

k—n.t.

=~ [ i ([on OB 0]

/ /
omz )(z ,0)dz

= — /Rnl fa(z/)agg(ﬁXnGé’;) ((2/70)’ (x/,t)) ds
T / (e (9n,G) (1), (2,0) 4/

= —/ fa(#)ale (v, GL) (2 — 2/,t),0) d2’, (3.131)
Rn—1

on account of (1.19), (1.15), and (1.16). The arbitrariness of f then forces that for every
a,v€{1,..., M} we have

(PL), (2 — =) = —al (v, GLy) (' — 2,1),0) (3.132)

for each 2’ € R® !, ¢t > 0, and a.e. 2/ € R"!. Given the continuity properties of the functions
involved, it follows that (3.132) actually holds for every 2/ € R"~!. Further specializing this
identity to the case when 2’ := 0" and ¢t := 1 then yields (1.41).

Since the Green function for L is unique (cf. Step 6 in the proof of Theorem 1.2) we conclude

from (1.41) that the Poisson kernel for L in R”} (whose existence is guaranteed by Theorem 2.6)
is unique as well.

Finally, the last claim in the statement of Corollary 1.5 (pertaining to (1.42)) is a consequence
of (1.41) and (1.38). O

We continue by proving Theorem 1.6.

Proof of Theorem 1.6. Throughout, assume L is an M x M system with constant complex
coefficients as in (1.1)-(1.2). In a first stage, suppose u is as in (1.43) and satisfies the additional
assumption

k—n.t.

u‘aRi exists at Z" !-a.e. point in R""1. (3.133)

Then for each z = (2/,t) € R} and any v € {1...., M} we have

w@) == [ (ol )i ([(0x.G5) () ) 0ya

+
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K—n.t.

== /I‘Q”l (ualaRi )(Z/)agg (8YRG'[y/,3) ((.%'/ — Z’,t),()) dz’

K—n.t.

- /Rn1 (PvLa)t(x/ —2') (ua|3R’i )(z/) dz'. (3.134)

Above, the first equality is a consequence of (2.54) (used with v := G,LVT(-, x) and K9 a small
compact neighborhood of = in R’} ), whose applicability in the present context is ensured by
(1.43), (3.133), as well as (1.15) and (1.12)-(1.13) (written for LT in place of L). The second
equality in (3.134) may be justified much as in the case of (the last part of) (3.131). Lastly, the
final equality in (3.134) comes from (3.132). Having established (3.134), all desired conclusions
(in (1.44)) readily follow.

To dispense with the additional assumption made in (3.133), suppose u is precisely as in
(1.43). Running the previous argument with u(-, -+ ¢) in place of u, where € > 0 is arbitrary,
we obtain that

u(@' t+¢) = / Pl — o) f-(y/)dy for each z = (2',t) € RY, (3.135)
Rn—1
where we have abbreviated
fer=u(-,e) : R — CM for each &> 0. (3.136)
If we also consider the weight

w: R — (0,00) defined as

3.137
w(x') = (1 + |2/|" 1)~ for each 2’ € R 1 ( )

then the last condition in (1.43) entails
sup|f:| < Neu e L' (R, we™ ). (3.138)

e>0

Granted this, the weak-* convergence result from Lemma 2.3 may be used for the sequence
{f5}6>0 cL! (R"il , w.i”"fl) to conclude that there exists some f € L' (R”fl , w.i””fl) and
some sequence {€;}jen C (0,00) which converges to zero with the property that

im [ o)) — / o)) — (3.130)
j—oo JRrn-1 & 1+ ]y’|”‘1 Rn—1 1+ |y’|”_1 ’

for every bounded continuous function ¢ in R®~!'. The fact that there exists a constant
C € (0,00) for which

C

P < ——

for each 2’ € R"! (3.140)

(see item (a) of Definition 2.4) ensures for each fixed point (z',t) € R’} the assignment
R 5y = oY) = L+ |y|" )P —y) e CPM (3141)
is a bounded continuous function in R™~1. .

At this stage, from (3.135) and (3.139) used for the function ¢ defined in (3.141) we obtain
(bearing in mind that u is continuous in R’}) that

(2’ t) = Pl —y)f(y)dy for each z = (2/,t) € R'}. (3.142)
Rn—1
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d /
With this in hand, and since L* (Rn_l , wZ”_l) cr! (R”_l , ﬁ) , we may invoke Propo-
x
sition 2.7 to conclude that
Kk—n.t.
u|8R” exists and equals f at Z" '-a.e. point in R™ !, (3.143)

Once this has been established, all conclusions in (1.44) are implied by (3.142)-(3.143).

In the second part of the proof, make the additional assumption that L is reflection invariant
and assume now that u is as in (1.45). As before, we first work under the additional hypothesis
made in (3.133). Granted this, all equalities in (3.134) continue to be valid. Most notably, while
now u satisfies the weaker integrability property in (1.45), the fact that L is reflection invariant
ensures that the Green function enjoys the stronger property listed in (1.39). In concert, these
ultimately allow us to invoke the integration by parts formula (2.54). Everything else in
(3.134) is justified as before, given the compatibility between the Green functions constructed
in Theorems 1.2-1.4.

To dispense with the additional hypothesis made in (3.133), we employ the same weak-x

argument as before, with the caveat that in place of (3.137) we now choose the weight
w: R = (0,00) defined as

1 1 (3.144)

w(z') = (1 + |2'|™)~" for each 2’ € R,

Such a choice works well with the last condition in (1.45), since it guarantees that (3.138)

continues to be presently valid. This opens the door for applying the weak-* convergence

result from Lemma 2.3 to the sequence { f5}€>0 c Lt (R”fl , w.i””fl) and conclude that there

exists f € L* (R”fl , w.f”fl) along with a sequence {¢;};en C (0, 00) which converges to zero
such that i i
. ’ ’ Y ’ ’ Y

jlggo - Py fe; ()7 T /Rn1 Py (Y7 T (3.145)

for every bounded continuous function ¢ in R*~!. Recall the estimate for the Poisson kernel

recorded in (3.140). This presently implies that for each fixed point (2’,¢) € R’} the assignment

Rn—l = y/ — so(y') — (1 + |y/|n)PtL(lj _ yl) c CMXM
is a bounded continuous function in R™~1.

At this stage, from (3.135) and (3.145) used for the function ¢ defined in (3.146) we obtain

(in view of the continuity of w in R’) that the Poisson integral representation formula from

(3.142) is presently true. Granted this property, and keeping in mind that we now actually
/

have L} (R*!, wen!) = L (RL, _

1+ [a!|™

conclude (3.143). This establishes the first property in (1.46).

The second property in (1.46) follows from the first and the second line in (1.45) (bearing in

(3.146)

>, we may rely on Proposition 2.7 to once again

mind that u‘ orn 1S @ measurable function, as seen from (3.143)). The final property in (1.46)
+
is clear from (3.143) and (3.142). O

We conclude this section with the proof of Corollary 1.7.

Proof of Corollary 1.7. Generally speaking, for each m > 0 the membership f € %, entails
felLt (R”_l, %), since f is measurable and |f| < Mf a.e. in R""!. Thus, for each
m > 0 we have a continuous embedding

L LNRY, ). (3.147)
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As far as the boundary value problem (1.49) is concerned, a solution is obtained by defining
u(z) == (PF * f)(a') for each x = (2/,t) € RL. Since f € [2,-1]M, the embedding in

(3.147) (with m :=n — 1) entails f € [Ll(]R"_l, %)]M . Granted this, Proposition 2.7
guarantees that u is a meaningfully defined smooth function in R’} satisfying Lu = 0 in R}

and

dx’ dx’
foo s W0 e <€ [ MNE
= CHfH[;?Z’n,ﬂM < Q. (3.148)

These properties show that u is indeed a solution of (1.49). The fact that this solution is
unique then follows from (3.66).

Under the additional assumption that L is also reflection invariant, the well-posedness of the
boundary value problem (1.50) is justified in a similar fashion, with uniqueness now guaranteed
by (3.123). O
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