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Abstract

The question at stake in Lagrangian controllability is whether one can move a patch
of fluid particles to a target location by means of remote action in a given time interval.
In the last two decades, positive results have been obtained both for the incompressible
Euler and Navier-Stokes equations. However, for the latter, the case where the fluid is
contained within domains bounded by solid boundaries with the no-slip condition has
not been addressed, with respect to the difficulty caused by viscous boundary layers.
In this paper, we investigate the Lagrangian controllability of viscous incompressible
fluid in perforated domains for which the fraction of volume occupied by the holes
is sufficiently small. Moreover, we quantitatively distinguish situations depending on
the parameters for holes (diameter and distance) and for fluid (size of the initial data).
Our approach relies on recent results on homogenization for evolutionary problems
and on weak-strong stability estimates in measure of flows, alongside classical results
on Runge-type approximations for elliptic equations and on Cauchy-Kowalevsky-type
theorems for equations with analytic coefficients. Here, homogenization refers to the
vanishing viscosity limit outside a porous medium, where (after scaling in time) the
Navier-Stokes equations are homogenized to the Euler or Darcy equations. Indeed, in
the proof, we act on the Navier-Stokes equations by strong and fast forcing to leverage
inviscid approximations, which is a standard technique in the theory of controllability.
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1 Introduction

A classical problem in the controllability of the partial differential equations (PDEs) is
determining if it is feasible to navigate the state of a physical system described by a PDE to
a desired or specified target state within an imparted time. For instance, if one considers the
incompressible Euler or Navier-Stokes equations, the problem is to ask if the state of the
fluid velocity field can be modified; see in particular [44, 12, 13, 23, 14, 15].

On the other hand, a more recent problem under consideration is the Lagrangian con-
trollability. This problem seeks to determine whether it is feasible to navigate a patch of
fluid particles to a target location within an imparted time by means of a remote action,
typically imposed on a portion of the boundaries surrounding the fluid. In these last two
decades, positive results for the Lagrangian controllability have been obtained both for the
incompressible Euler and Navier-Stokes equations; see [31, 25, 26, 27, 32, 42].

Let us briefly summarize the known results for the Lagrangian controllability of the
Navier-Stokes equations with macroscopic bodies with solid boundaries. For the case of
Navier-slip conditions on the boundaries, substantial progress has been achieved in [42];
see also [43] studying the MHD equations. However, for the case of the no-slip boundary
condition, no results have been reported even in the analytic framework.

A significant challenge arising from the no-slip boundary condition is the considerable
difficulty in estimating the impact of viscous boundary layers near boundaries. The standard
method for addressing controllability, as in [16, 15, 42, 41], involves time scaling to intro-
duce small viscosity in the Navier-Stokes equations, thereby leveraging the controllability
of the inviscid equations. The underlying idea is to act on the viscous equations by a strong
and fast control to bring them closer to the inviscid counterparts. Therefore, the method
requires studying the vanishing viscosity limit of the Navier-Stokes equations, a problem
recognized as notably difficult when the no-slip conditions are imposed on macroscopic
boundaries; see, for example, [45].

In this paper, we consider the Lagrangian controllability for non-analytic boundaries
with the no-slip condition, focusing on the case when boundaries are small. In fact, the
limit of vanishing viscosity has been studied outside a porous medium, that is, in a domain
perforated by holes with no-slip condition whose proportion in the total fluid is sufficiently
small relative to viscosity [33, 39, 30]. In these situations, the local Reynolds number
is bounded and thus the viscous boundary layers are negligible, enabling us to perform a
simple energy computation similar to that in [35] and to avoid the Prandtl boundary layers.
A prototypical result [33, Theorem 1] says that a Leray-Hopf weak solution of the Navier-
Stokes equations with viscosity ν converges to the solution to the Euler equations in the limit
ν → 0 when the fluid domain is the exterior to a single body whose volume is sufficiently
smaller than ν. This result is extended by [39] quantitatively by introducing parameters
for holes (diameter and distance) and for fluid (viscosity and size of the initial data), and
by [30] to the critical and supercritical cases of parameters where the limit equations are
shown to be the Euler-Brinkman and Darcy equations, respectively, contrasting with the
Euler equations in the subcritical case. The quantitative estimates in [39, 30] are pivotal
when considering the Lagrangian controllability in a perforated domain.

This paper is organized as follows. In Section 2, we present a problem of the Lagrangian
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controllability in partially perforated domains, and prove the main result Theorem 2.1. In
Section 3, we present a problem of the Lagrangian controllability in fully perforated do-
mains, and prove the main result Theorem 3.2. In Appendix A, we collect several notions
from differential geometry. In Appendix B, we recall the notion of a flow associated with a
Leray-type solution of the Navier-Stokes equations. The materials in Appendices A–B will
be referenced throughout this paper.
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2 Lagrangian controllability in partially perforated domains

Let us consider the 3d Navier-Stokes equations with viscosity 1 and forcing F ε
∂tU

ε −∆U ε + U ε · ∇U ε +∇P ε = F ε in (0, T )× Ωε,
∇ · U ε = 0 in (0, T )× Ωε,
U ε = 0 on (0, T )× ∂Ωε,
U ε = U ε0 on {0} × Ωε.

(2.1)

Assuming Ωε to be a partially perforated domain, we are interested in the following La-
grangian controllability problem: move fluid particles that are initially in a polluted zone
P ε0 in a set K toward a safe zone P1 without pollution away from K in some time Tc > 0.
The way to move the particles is by remote action: regard the term F ε in (2.1) as a control
forcing moving P ε0 to P1 and assume that F ε is smooth and supported in a control zone Ωc.
The control zone Ωc is supposed to be away from both K and P1.

An intrinsic feature of this problem is that one cannot hope to move all the fluid par-
ticles, not even the full Lebesgue measure of the patch of particles. This occurs because
the particles close to the no-slip boundaries are unable to escape from their, yet shrinking,
connected component. Hence, we will focus on the goal of moving most of the particles.

The precise definitions of Ωε, P ε0 , P1, and Ωc are as follows. In this paper, we regard
the 3-torus T3 as the cube [0, 1]3 with identified sides. It is equivalent to regard T3 as the
orbit space of R3 under the action of translations by Z3. Then we can equip T3 with a
Riemannian metric g for which the quotient mapping π : R3 → T3 is a local isometry. This
remark is useful when lifting up notions defined in subspaces of R3 to T3; see Appendix A.

• Definition of a partially perforated domain Ωε

Let K be a closed set in T3. To avoid technicality, we assume that K is a closed
cube with length 0 < L < 1. Take α > 3/2 and sufficiently large N ∈ N, and
decompose K as K =

⋃
iQε

i with N3 small open disjoint cubes Qε
i with center xεi

and sidelength

ε =
L

N
. (2.2)
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Choose a reference particle T from R3 such that T is homeomorphic to the closed
three-dimensional unit ball, with smooth boundary, containing 0 in its interior, and
contained in B1/8(0). Then we consider N3 particles T ε

i = xεi + εαT ⊂ Qε
i and let

Ωε = T3 \
⋃
i

T ε
i .

The set Ωε obtained in this way is called a partially perforated domain.

• Definition of a polluted zone P ε0 and a safe zone P1

Let each of P0 and P1 be a Jordan domain in T3, that is, the interior of a Jordan surface
in T3; see Appendix A for the definition of a Jordan surface and its properties. Let γ0
and γ1 denote the Jordan surfaces of P0 and P1, respectively. Assume that γ0 and γ1
are isotopic in T3 and surround the same volume. We then assume that P0 ⊂ K and
that P1 ∩K = ∅. Finally, we set P ε0 = P0 ∩ Ωε.

• Definition of a control zone Ωc
Let Ωc ̸= ∅ be an open set in T3 such that Ωc ∩K = Ωc ∩P1 = ∅. Notice that γ0 and
γ1 above are isotopic in T3 \ Ωc. Since one can always pick a sufficiently small ball
with a smooth boundary in Ωc, to avoid complicating descriptions, we may assume
that Ωc itself is a ball with a smooth boundary.

T3

Ωc

K

P1

P ε
0

T ε
i

K

Figure 1: on the left: K, Ωc and P1; on the right: zoom on K, with P ε
0 and (T ε

i )i

Then we consider the Leray-Hopf weak solutions of (2.1) which satisfy the energy in-
equality. The existence of a Leray-Hopf weak solution is elementary and can be proved by
the Galerkin method, e.g., in Temam [50, Section 3.1, Chapter III].

Now let us state a result of the Lagrangian controllability for Leray-Hopf weak solutions
of the Navier-Stokes equations (2.1). Theorem 2.1 below says that in a nutshell, one can
achieve the Lagrangian approximate controllability in a short time for initial data that are
not necessarily small if the subparameter β in the statement is suitably chosen. It is worth
highlighting that Theorem 2.1 does not require the uniqueness of Leray-Hopf weak solu-
tions; see also Remark 2.2 (i). Denote by L2

σ(Ω
ε) the subspace of L2(Ωε)3 whose elements

are divergence-free in the sense of distributions and have a vanishing normal trace in ∂Ωε.
Define

pE = pE(α, β) = min
{
α+ β − 3, α− 3

2
, β

}
. (2.3)
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Theorem 2.1 Let α > 3/2 and choose β > 0 so that 3 − α < β < α, which ensures that
pE in (2.3) is positive. For given 0 < η < 1, we define

ε0 =
L

⌊η−2/pE⌋+ 1
, (2.4)

where 0 < L < 1 refers to the length ofK, ⌊ · ⌋ the floor function. Then, for any 0 < ε ≤ ε0
of the form (2.2) and initial data U ε0 ∈ L2

σ(Ω
ε) satisfying

∥U ε0∥L2(Ωε) ≤ εpE−β, (2.5)

the Lagrangian controllability of (2.1) holds within the time εβ: there exists a smooth
control forcing F ε supported in Ωc with ∥F ε∥L∞

t Hs
x

≤ C0ε
−2β for any s ∈ N and a

constant C0 = C0(s) > 0 depending on s such that⋃
t∈[0,εβ ]

Φε(t, P ε0 ) ⊂ Ωε \ Ωc, L(P1 \ Φε(εβ, P ε0 )) ≤ Cη, (2.6)

where L refers to the Lebesgue measure and Φε the flow for a corresponding Leray-Hopf
weak solution U ε to (2.1). The constant C > 0 is independent of η and ε.

P1

Φε(εβ , P ε0 )

T ε
i

Figure 2: position at time εβ of the particles initially in P ε
0

Remark 2.2 (i) We emphasize the possibility that a Leray-Hopf weak solution U ε in
Theorem 2.1 may not be unique, since no smallness or structural conditions are im-
posed on the force F ε. However, the statement of Theorem 2.1 holds true regardless
of the selection of the solutions. It should be noted that, for any selection of U ε, the
flow Φε is uniquely determined almost everywhere due to the regularity of U ε; see
Appendix B.

(ii) We point out that the limit as ε goes to 0 in Theorem 2.1 is a singular limit. This
singularity is due to the scaling of (U ε, P ε, F ε) in (2.7) and not to the appearance
of boundary layers near the boundaries of Ωε, triggered by large forcing F ε. In fact,
boundary effects are limited due to the small volume occupied by the holes in Ωε, and
can be treated after scaling (2.7) by homogenization as in [30].

(iii) The question of “the best choice” of the free parameter β is interesting when opti-
mizing the trio of cost (the size of control forcings), time, and the size of initial data.
However, note that there should be different relevant choices of β depending on which
of the three characteristics we are focusing on.
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Outlined proof of Theorem 2.1.

We outline the proof of Theorem 2.1 by dividing it into four steps. The order in which the
contents are described in the steps differs from that of this paper. This is to highlight ideas
in each step more conceptually, which may have an advantage for future extension to isolate
the blocks of argument; any improvement such as higher-order asymptotics or norms in the
homogenization in Step 2 should allow us to try other types of stability in Step 3.

Step 1. Scaling. Assume that the control forcing F ε is obtained. Motivated by the vanish-
ing viscosity limit in Ωε in Step 2 below, we perform a scaling in time

U ε(t, x) = ε−βuε(ε−βt, x),

P ε(t, x) = ε−2βpε(ε−βt, x),

F ε(t, x) = ε−2βf ε(ε−βt, x),

(2.7)

and consider (2.41) instead of (2.1), that is, the Navier-Stokes equations with vis-
cosity εβ instead of the ones with viscosity 1. Since the flows Φε and ϕε for U ε and
uε, respectively, are in relation (2.49), it is advantageous to work on the Leray-Hopf
weak solutions uε solving (2.41) during the proof of Theorem 2.1.

Step 2. Homogenization. We approximate Leray-Hopf weak solutions uε of (2.41) by a
solution uE of the Euler equations in the torus T3. Here, uE is constructed in Step
4 below. The proof of the convergence rate in L∞

t L
2
x is inspired by quantitative

analysis in Höfer [30]. However, unlike [30], the perforation in Ωε is localized in a
subset K in our problem. Thus, we construct new correctors in partially perforated
domains Ωε by revisiting [30] and Allaire [1, 2]. Then, following [30, Proof of
Theorem 1.2], we obtain the convergence rate between uε and uE in L∞

t L
2
x.

Step 3. Stability. By a weak-strong stability argument for flows, we convert the conver-
gence rate between uε and uE obtained in Step 2 to the estimate of the difference
between flows ϕε and ϕE , where ϕE refers to the flow for uE .

Step 4. Limit equations. We construct a smooth triplet (uE , pE , fE) solving the Euler
equations in T3 such that the initial zone P0 moves by uE to the zone P1, up to an
arbitrarily small error in measure. Moreover, we take f ε by f ε := fE |Ωε and define
the control forcing F ε through (2.7). Our construction of (uE , pE , fE) is inspired
by Glass-Horsin [26] for the controllability of the 3d Euler equations in smooth
bounded domains. We adapt the argument in [26] to the case of the torus T3. It is
emphasized that the precise value or structure of fE is not important in the whole
proof; only the uniformity of its bounds on its norm counts.

Remark 2.3 The corresponding sections in this paper are as follows: Section 2.1 for Step
4, Section 2.2 for Step 2, and Section 2.3 for Step 1 and Step 3.

Before proceeding with the proof of Theorem 2.1, which is the Lagrangian controlla-
bility by an Euler homogenization, let us discuss the controllability by an Euler-Brinkman
homogenization. The Euler-Brinkman equations in T3 are written as

∂tuEB + uEB · ∇uEB +R1KuEB +∇pEB = fEB in (0, 1)× T3,
∇ · uEB = 0 in (0, 1)× T3,
uEB = 0 on {0} × T3,

(2.8)
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where R refers to the resistance matrix in (2.29) and 1K to the indicator function of K in
which the holes are located. These equations appear as limit equations in Steps 2 and 4
when the parameters α, β satisfy 3/2 < α < 3 and β = 3− α; see [30, Theorem 1.1].

In Step 1 of the proof, one just needs to modify the scaling (2.7) according to the ho-
mogenization process in Step 2. In Step 2, one can obtain the convergence rate between uε

and uEB following [30, Proof of Theorem 1.1], that is, Proposition 2.11 with uE replaced
by uEB and pE by the exponent pEB = min{α − 3/2, 3 − α}. Step 3 is the same as the
one for Theorem 2.1. Hence, new considerations are required only in Step 4, which are
for the controllability of the Euler-Brinkman equations. However, even in the case where
the matrix R is a homothety, the presence of 1K prevents us from making direct use of
(forced) potential flows, as in Proposition 2.4 below. Note that, if one allows the time in-
tervals for the controllability shorter in algebraic order of ε than that in Theorem 1.1, one
may try another time and amplitude rescaling to (2.8), such as in (2.7), to recast the system
as a perturbation of the Euler equations by a lower-order perturbation due to the Brinkman
term, to rely on the controllability by an Euler homogenization. We will not explore both
directions further in this paper.

Notation In the remainder of this section, we will adopt the following notation.

• We write A ≲ B if there is some constant C > 0, called the implicit constant, such
that A ≤ CB. We also write A ≈ B if there is some implicit constant C ≥ 1 such
that C−1A ≤ B ≤ CA. Unless stated, any implicit constant C is independent of ε.

• For x, y ∈ T3, let us agree that dist(x, y) denotes the distance between x and y if
there is no ambiguity. For x ∈ T3 and A,B ⊂ T3, in the same manner, dist(x,A)
and dist(A,B) denote the distances between x and A, and A and B, respectively.

• For A ⊂ T3 and ξ > 0, as long as there is no ambiguity, we let

Vξ[A] = {x ∈ T3 | dist(x,A) < ξ}.

2.1 Controllability of Euler equations in torus

In this section, we prove the remote controllability of the Euler equations in T3. For notions
such as Jordan surface and isotopicity, we refer to Appendix A.

Proposition 2.4 Assume that Jordan surfaces γ0 and γ1 are isotopic in T3 \ Ωc and sur-
round the same volume. For any η > 0 and k ∈ N, there exist smooth (uE , pE , fE) and
d0 > 0 satisfying 

∂tuE + uE · ∇uE +∇pE = fE in (0, 1)× T3,
∇ · uE = 0 in (0, 1)× T3,
uE = 0 on {0} × T3,

(2.9)

and the conditions

supp fE(t, ·) ⊂ Ωc, t ∈ (0, 1); (2.10)

dist(ϕE(t, γ0),Ωc) ≥ d0, t ∈ [0, 1]; (2.11)

∥ϕE(1, γ0)− γ1∥Ck(S2) < η, (2.12)

up to reparameterization. Here, ϕE denotes the flow of uE .
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In fact, this proposition is an adaptation of [26, Theorem 1.5] stated for bounded do-
mains in R3. Nevertheless, we will provide the proof with a certain degree of detail for the
sake of completeness, emphasizing the differences due to our periodic setting.

In the proof, we need Lemma 2.5 below, whose proof is postponed for a moment.

Lemma 2.5 Assume that Jordan surfaces γ0 and γ1 are isotopic in T3 \ Ωc and surround
the same volume. For any η > 0 and k ∈ N, there exist smooth θ supported in (0, 1) × T3

and d0 > 0 satisfying the conditions

supp∆θ(t, ·) ⊂ Ωc, t ∈ (0, 1); (2.13)

dist(ϕ∇θ(t, γ0),Ωc) ≥ d0, t ∈ [0, 1]; (2.14)

∥ϕ∇θ(1, γ0)− γ1∥Ck(S2) < η, (2.15)

up to reparameterization. Here ϕ∇θ denotes the flow of ∇θ.

Proof of Proposition 2.4: Let η > 0 and k ∈ N be given. Take θ in Lemma 2.5 and define

vE = ∇θ, qE = −∂tθ −
1

2
|∇θ|2, gE = ∆θ.

Then, since

vE · ∇vE = ∇
(1
2
|∇θ|2

)
,

we see that (vE , qE) satisfies the Euler equations with inhomogeneous divergence
∂tvE + vE · ∇vE +∇qE = 0 in (0, 1)× T3,
∇ · vE = gE in (0, 1)× T3,
vE = 0 on {0} × T3.

(2.16)

We claim that there is a smooth vector field wE such that

suppwE ⊂ Ωc, ∇ · wE = gE . (2.17)

For demonstrating the claim, it suffices to show that∫
T3

gE =

∫
Ωc

gE = 0. (2.18)

Indeed, a Bogovskii operator Bog = Bog[ · ] is applicable to gE and wE := Bog[gE ]
meets (2.17); see, e.g. [7] for the properties of Bog. To prove (2.18), we use the structure
gE = ∆θ = ∇ · (∇θ). Since supp∆θ ⊂ Ωc, the Gauss divergence theorem gives

0 =

∫
T3\Ωc

∆θ = −
∫
∂Ωc

(∇θ) · n dσ,

where n denotes the outward unit normal vector to ∂Ωc and dσ the surface measure of ∂Ωc.
Then (2.18) follows from another application of the Gauss divergence theorem∫

Ωc

gE =

∫
Ωc

∆θ =

∫
∂Ωc

(∇θ) · n dσ = 0.
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Now define uE = vE − wE , pE = qE , and

fE = −∂twE − vE · ∇wE − wE · ∇vE + wE · ∇wE .

Then (uE , pE , fE) satisfies the properties in Proposition 2.4 thanks to (2.16)–(2.17). 2

The rest of this section focuses on proving Lemma 2.5. We apply the two lemmas below.

Lemma 2.6 Assume that Jordan surfaces γ0 and γ1 are isotopic in T3 \ Ωc and surround
the same volume. Then the following hold.

(1) There exists a volume-preserving diffeotopy h ∈ C∞([0, 1] × T3;T3) such that ∂th is
supported in (0, 1)× T3, h(0, γ0) = γ0, h(1, γ0) = γ1, and

⋃
t h(t, γ0) ⊂ T3 \ Ωc.

(2) The vector field
X(t, x) := ∂th(t, h

−1(t, x))

is smooth and supported in (0, 1) × T3 \ Ωc. Moreover, X satisfies ∇ · X = 0 and
ϕX(1, γ0) = γ1. Here, ϕX denotes the flow of X .

Proof: The first result (1) is due to Krygin [37] and the second (2) to Glass-Horsin [26,
Section 2]. Although these results are presented for smooth bounded domains Ω ⊂ R3

rather than those in T3, replacing Ω with T3 \Ωc leaves the proof essentially unaffected. 2

The following lemma shares similarity to [24, Lemma A.1] applied in the study of
controllability of the Vlasov–Poisson equations in a periodic domain.

Lemma 2.7 Let K be a closed subset of T3 such that K ∩Ωc = ∅, and such that T3 \K is
connected. Then, for any harmonic function φ in a neighborhood of K, η > 0 and k ∈ N,
there exists a smooth ψ on T3 such that supp∆ψ ⊂ Ωc and ∥φ− ψ∥Ck(K) < η.

Proof: Fix a point p ∈ Ωc and take an open subset Ω1 of T3 such that p ∈ Ω1 and Ω1 ⋐
Ωc. By the Runge theorem in Bagby-Blanchet [4, Theorem 9.2], there exists a harmonic
function ψ̃ defined on T3 \ {p} such that ∥φ− ψ̃∥L∞(K) < η. Since φ, ψ̃ are harmonic in a
neighborhood of K, according to Schauder estimates, it is possible to improve the topology
of the approximation to ∥φ − ψ̃∥Ck(K) < η. Now take a smooth cut-off function χ on T3

such that χ = 1 on T3 \Ωc and χ = 0 on Ω1. Then ψ := χψ̃ satisfies the desired properties.
2

We are now in a position to give the proof of Lemma 2.5.

Proof of Lemma 2.5: The proof is inspired by Glass-Horsin [26, Proposition 2.2]. It suf-
fices to prove the statement under the assumptions that γ0, γ1 are real analytic in T3. In ad-
dition, we can assume that there exists a real analytic vector field X ∈ C0([0, 1];Cω(T3)3)
such that ∇ · X = 0 and the flow ϕX for X , which is a volume preserving real analytic
isotopy between γ0 and γ1, satisfies ϕX(1, γ0) = γ1 and, for some d0 > 0,

dist(ϕX(t, γ0),Ωc) ≥ 2d0, t ∈ [0, 1]. (2.19)
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Indeed, then an approximation procedure as in [26, Section 2] adopting Whitney’s approx-
imation theorem [36, Proposition 3.3.9] and stability of flows, and Lemma 2.6 provide the
conclusions of Lemma 2.5. In the following, we take γ0, γ1, X, ϕX described as above.

Let η > 0 and k ∈ N be given. Set

γ(t) = ϕX(t, γ0), t ∈ [0, 1].

By [26, Lemmas 2.4], there exist ξ > 0 and

ψ ∈ C
(
[0, 1];C∞(Vξ[int(γ(t))])

)
,

where we refer to Appendix A for the definition of int(γ(t)) and Vξ[int(γ(t))] denotes the
ξ-neighborhood of int(γ(t)) in T3, such that, for each t ∈ [0, 1], ∆ψ = 0 in Vξ[int(γ(t))],

∂ψ

∂ν
= X · ν on γ(t).

Here ν is the unit outward normal vector field on γ(t). The proof is based on the Cauchy-
Kowalevsky theorem and unique continuation. Moreover, we may assume that

dist(Vξ[int(γ(t))],Ωc) ≥ d0, t ∈ [0, 1] (2.20)

by choosing ξ small enough if necessary.
Then, as in [26, Proof of Proposition 2.3], by compactness of [0, 1], there exist 0 ≤ t1 <

· · · < tN ≤ 1 and δ1, . . . , δN > 0 such that

[0, 1] ⊂
N⋃
i=1

(ti − δi, ti + δi); (2.21)

γ(t) ⊂ Vξ/2[γ(ti)], t ∈ [ti − δi, ti + δi]; (2.22)

∥ψ(s, ·)− ψ(t, ·)∥
Ck+2(Vξ[γ(ti)])

< η, s, t ∈ [ti − δi, ti + δi]. (2.23)

For each i ∈ {1, . . . , N}, we set

Ki = Vξ/2[int(γ(ti))], ψi(x) = ψ(ti, x).

Notice that Ki ∩ Ωc = ∅ by (2.20). Choosing ξ small enough again if necessary, we may
assume that T3 \Ki is connected for each i ∈ {1, . . . , N}. Then, for any η̃ > 0, applying
Lemma 2.7 with K = Ki and ψ = ψi, there exists smooth ψ̂i defined on T3 such that

supp∆ψ̂i ⊂ Ωc; (2.24)

∥ψi − ψ̂i∥Ck+2(Ki) < η̃. (2.25)

Taking a partition of unity {χi}Ni=1 subordinate to the covering of [0, 1] in (2.21), we define

θ(t, x) =

N∑
i=i

χi(t)ψ̂i(x).

Then θ satisfies (2.13) thanks to (2.24). We will show that θ satisfies (2.14)–(2.15).
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According to (2.23) and (2.25), by choosing η̃ > 0 small depending on η, we have

∥∇θ(t, ·)−∇ψ(t, ·)∥
Ck(Vξ/3[γ(t)])

≲ η, t ∈ [0, 1]. (2.26)

Let ϕ∇θ and ϕ∇ψ denote the flows of ∇θ and ∇ψ, respectively. Note that, provided that
ϕ∇θ(t, γ0) remains in Vξ/3[γ(t)], Grönwall’s inequality leads to

∥ϕ∇θ(t, γ0)− ϕ∇ψ(t, γ0)∥C0

≤ ∥∇θ(t, ·)−∇ψ(t, ·)∥
C0(Vξ/3[γ(t)])

exp

(∫ 1

0
∥∇ψ(s, ·)∥

C1(Vξ/3[γ(t)])
ds

)
.

(2.27)

Using (2.26) and replacing η by smaller ones if needed, we verify that this inequality holds
for all t ∈ [0, 1]. Remark that the fact that η and ξ are independent is important here. In
particular, it is ensured that ϕ∇θ(t, γ0) remains in Vξ/3[γ(t)] for all t ∈ [0, 1]. Hence (2.14)
now follows from (2.20). Finally, by differentiating ϕ with respect to spatial variables and
applying Grönwall’s inequality again, we see that, for all t ∈ [0, 1],

∥ϕ∇θ(t, γ0)− ϕ∇ψ(t, γ0)∥Ck

≤ ∥∇θ(t, ·)−∇ψ(t, ·)∥
Ck(Vξ/3[γ(t)])

exp

(∫ 1

0
∥∇ψ(s, ·)∥

Ck+1(Vξ/3[γ(t)])
ds

)
,

(2.28)

which implies (2.15) after replacement of η. This completes the proof of Lemma 2.5. 2

2.2 Homogenization to Euler equations

The aim of this section is to prove Proposition 2.11 below, which provides the rate of conver-
gence of solutions uε of the Navier-Stokes equations (2.41) to the solution uE of the Euler
equations (2.9) in Proposition 2.4. The proof is an adaptation of [30, Proof of Theorem 1.2]
to our setting where the holes of Ωε are localized in the closed subset K.

2.2.1 Correctors in partially perforated domains

We introduce the corrector wε for the vector fields on a partially perforated domain Ωε that
have non-zero values on ∂Ωε. The estimates of wε in this section are needed in the proof of
Proposition 2.11. Here we follow the presentations mainly in Höfer [30, Section 2] where
it is assumed that the holes are distributed periodically in R3 and in Allaire [1, 2].

Recall from Section 2 that T ⊂ R3 denotes a closed set such that T is homeomorphic
to the three-dimensional closed unit ball, with smooth boundary, containing 0 in its interior,
and contained in B1/8(0). Then we consider the unique solutions (wk, qk) ∈ Ḣ1(R3) ×
L2(R2) to the following steady exterior problem in R3 \ T for k = 1, 2, 3:

−∆wk +∇qk = 0 in R3 \ T ,
∇ · wk = 0 in R3 \ T ,
wk = ek on ∂T .

Define the resistance matrix R = (Rjk) ∈ R3×3 by

Rjk =

∫
R3\T

∇wk · ∇wj , (2.29)
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which is a positive definite symmetric matrix; see [1, Proposition 1.1.2].
Let α > 1. Introducing an intermediate lengthscale

εα ≤ ηε ≤ ε, (2.30)

we make the decomposition of K =
⋃
iQε

i finer by decomposing Qε
i as

Qε
i = T ε

i ∪ Cεi ∪ Dε
i ∪ Kε

i ,

Cεi := Bηε/4(x
ε
i ) \ T ε

i ,

Dε
i := Bηε/2(x

ε
i ) \Bηε/4(xεi ),

Kε
i := Qε

i \Bηε/2(xεi ).

The reader may consult [30, Figure 2] for visualization.
Define (wεk, q

ε
k) for k = 1, 2, 3 by

wεk = ek − wk

(x− xεi
εα

)
, qεk = −εαqk

(x− xεi
εα

)
in Cεi ,

−∆wεk +∇qεk = 0, ∇ · wεk = 0 in Dε
i ,

wεk = ek, qεk = 0 in Kε
i

and by (wεk, q
ε
k) = (ek, 0) outside K. It is emphasized that the boundary condition is

imposed on ∂Dε
i which is induced by wεk on Cεi and Kε

i . Then we define in Ωε

wε = (wε1, w
ε
2, w

ε
3), qε = (qε1, q

ε
2, q

ε
3). (2.31)

One can check that ∇ ·wεk = 0 for k = 1, 2, 3, wε ∈W 1,∞
0 (Ωε)3×3, and qε ∈ L∞(Ωε)1×3,

and moreover, that the following pointwise estimates hold

|Id− wε(x)| ≲ εα

|x− xεi |
in Cεi ∪ Dε

i ,

|∇wε(x)|+ |qε(x)| ≲ εα

|x− xεi |2
in Cεi ∪ Dε

i ,

which in particular lead to

∥wε∥L∞(Ωε) + εα
(
∥∇wε∥L∞(Ωε) + ∥qε∥L∞(Ωε)

)
≲ 1.

The proof is omitted since it is similar to [30, Proof of Lemma 2.1 (i)] where holes are
distributed periodically in R3. We extend (wε, qε) to T3 by zero without changing notation.

In the following, we collect the estimates of (wε, qε) needed in the subsequent sections.
Lemma 2.8 below corresponds to [30, Lemma 2.1 (ii), (iii)].

Lemma 2.8 The following hold.

(1) For 3/2 < p < 3 and φ ∈W 2,p(T3),

∥(Id− wε)φ∥Lp(T3) ≲ (ηε)
3
p
−1
ε
α− 3

p ∥φ∥W 2,p(T3). (2.32)

For φ ∈W 2,3(T3),

∥(Id− wε)φ∥L3(T3) ≲ εα−1| log ε| 13 ∥φ∥W 2,3(T3). (2.33)
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For φ ∈ H2(T3),

∥|∇wε|φ∥L2(T3) + ∥|qε|φ∥L2(T3) ≲ ε
α−3
2 ∥φ∥H2(T3), (2.34)

∥|∇wε| 12φ∥L2(T3) + ∥|qε| 12φ∥L2(T3) ≲ (ηε)
1
2 ε

α−3
2 ∥φ∥H2(T3). (2.35)

(2) For φ ∈ H1
0 (Ω

ε),

∥|∇wε| 12φ∥L2(Ωε) + ∥|qε| 12φ∥L2(Ωε) ≲ (ηε)
1
2 ∥∇φ∥L2(Ωε). (2.36)

Proof: The proof relies on the scaling properties of the correctors. Indeed, near the holes,
the difference Id−wε scales like the solution w to the Stokes problem in the exterior of the
reference particle T . Thus the pointwise bounds for wε are derived by the standard decay
estimates |w(y)| ≲ |y|−1 and |∇w(y)| ≲ |y|−2 as |y| → ∞. We then obtain the desired
estimates by integrating these bounds over T3, taking into account the total number of holes
N3 ≈ ε−3. See [30, Proof of Lemma 2.1] for the complete details. 2

Lemma 2.9 below corresponds to [30, Lemma 2.2].

Lemma 2.9 There exists a matrix-valued distribution M ε ∈ W−1,∞(Ωε)3×3 supported in
K such that the following hold.

(1) For V ε ∈W 1,∞
0 (Ωε)3×3,

⟨−∆wε +∇qε, V ε⟩L2(Ωε) = ⟨εα−3M ε, V ε⟩L2(Ωε). (2.37)

(2) For φ ∈ H3(T3)3 and ψ ∈ H1(T3)3,

|⟨(M ε −R1K)φ,ψ⟩L2(Ωε)|
≲

(
(ηε)−1εα∥ψ∥L2(T3) + (ηε)−

1
2 ε

3
2 ∥ψ∥H1(T3)

)
∥φ∥H3(T3),

(2.38)

where R denotes the resistance matrix in (2.29).

Proof: We only give the outline since it is almost parallel to [30, Lemma 2.2]. Thus we
only highlight the parts that are concerned with the localization of holes in K.

(1) By definition, −∆wε +∇qε is supported on
⋃
i(∂Cεi ∪ ∂Dε

i ) =
⋃
i ∂Dε

i ∪ ∂Ωε. We
define εα−3M ε to be the part of it that is supported on

⋃
i ∂Dε

i . Then (2.37) holds true.
(2) Recall from [1, Subsection 2.3.2] that M ε = (M ε

1 ,M
ε
2 ,M

ε
3 ) is expressed as

M ε
k = ε3−α

∑
i

(
mε
k,i +∇ ·

(
1Dε

i
(−∇wεk + qεkId)

))
, k = 1, 2, 3.

The vector-valued distribution mε
k,i is given by mε

k,i = mε,1
k,i +mε,2

k,i and

mε,1
k,i :=

εα

2

(
Rk + 3(Rk · n)n

)
δiηε/4, mε,2

k,i :=
(ηε)−1ε2α

2
rεk,iδ

i
ηε/4.
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Here n, δiηε/4 and rεk,i denote the outward unit normal vector to ∂Bηε/4(xεi ), the unit mass
measure concentrated on ∂Bηε/4(xεi ), and a term satisfying ∥rεk,i∥W 1,∞(∂Bηε/4(x

ε
i ))

≲ 1,
respectively. Then (2.38) follows from the following three estimates:∣∣∣∣〈(ε3−α∑

i

mε,1
k,i −Rk1K

)
φ,ψ

〉
L2(T3)

∣∣∣∣
≲ (ηε)−

1
2 ε

3
2 ∥ψ∥H1(T3)∥φ∥H3(T3),∣∣∣∣〈(ε3−α∑

i

mε,2
k,i

)
φ,ψ

〉
L2(T3)

∣∣∣∣
≲ (ηε)−1εα

(
∥ψ∥L2(T3) + (ηε)−

1
2 ε

3
2 ∥ψ∥H1(T3)

)
∥φ∥H3(T3),∣∣∣∣〈(ε3−α∑

i

∇ ·
(
1Dε

i
(−∇wεk + qεkId)

))
φ,ψ

〉
L2(T3)

∣∣∣∣
≲ (ηε)−

1
2 ε

3
2 ∥ψ∥H1(T3)∥φ∥H3(T3),

combined with (ηε)−1εα ≤ 1 due to the definition of ηε in (2.30). The reader is referred to
[30, Proof of Lemma 2.2] for the necessary details. We conclude the proof. 2

Lemma 2.10 below corresponds to [30, Lemma 2.3].

Lemma 2.10 Let 1 < p < +∞. There exists a linear operator Bε mappingφ ∈W 1,p(T3)3

with ∇ · φ = 0 to an element of Bε(φ) ∈W 1,p(T3)3 such that the following hold:

∇ · Bε(φ) = wε · ∇φ (2.39)

and
∥∇j Bε(φ)∥Lp(T3) ≲ (ηε)1−j∥(Id− wε) · ∇φ∥Lp(T3), j = 0, 1. (2.40)

Proof: The operator Bε is constructed by summing local Bogovskii operators defined on
the annuli Cεi ∪ Dε

i . Standard results on the dependence of the Bogovskii operator on the
domain imply that the operator norm scales with the domain size. Specifically, on a domain
of characteristic length ηε, the norm from Lp toW 1,p

0 is uniformly bounded, while the norm
from Lp to Lp scales linearly with ηε due to the Poincaré inequality. Combining these local
properties concludes the proof. See [30, Proof of Lemma 2.3] for the complete details. 2

2.2.2 Rate of convergence

Let (uE , pE , fE) be the triplet satisfying the Euler equations in Proposition 2.4. Set

f ε = fE |Ωε .

Then we consider the Navier-Stokes equations in Ωε with viscosity εβ and forcing f ε
∂tu

ε − εβ∆uε + uε · ∇uε +∇pε = f ε in (0, 1)× Ωε,
∇ · uε = 0 in (0, 1)× Ωε,
uε = 0 on (0, 1)× ∂Ωε,
uε = uε0 on {0} × Ωε.

(2.41)
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For this section, we will work with general initial data uε0 ∈ L2
σ(Ω

ε) and Leray-Hopf weak
solutions of (2.41) that satisfy the energy inequality

1

2
∥uε(t)∥2L2(Ωε) + εβ

∫ t

0
∥∇uε(s)∥2L2(Ωε) ds

≤ 1

2
∥uε0∥2L2(Ωε) +

∫ t

0

∫
Ωε

f ε · uε dx ds, t ∈ [0, 1].

(2.42)

The following proposition shows that Leray-Hopf weak solutions uε of (2.41) converge
to uE in the L2-sense under smallness in ε on the norm of initial data ∥uε0∥L2(Ωε).

Proposition 2.11 For 0 < ε < 1, we have

∥uε(t)− uE(t)∥L2(Ωε) ≲ ∥uε0∥L2(Ωε) + εpE , t ∈ [0, 1], (2.43)

where the exponent pE is defined in (2.3).

Proof: We only give the outline since it is almost parallel to [30, Proof of Theorem 1.2].
Thus estimates such as embeddings used in [30] will not be repeated here. Also, we focus
solely on the case when ε is sufficiently small; otherwise, the statement is trivial.

Define
ǔε = wεuE − Bε(uE), vε = ǔε − uε,

where wε is the corrector in (2.31) and Bε( · ) the operator in Lemma 2.10. From

uε − uE = −(Id− wε)uE − Bε(uE)− vε,

we see that, by using Lemmas 2.8 and 2.10,

∥uε(t)− uE(t)∥L2(Ωε) ≲ (ηε)
1
2 εα−

3
2 + ∥vε(t)∥L2(Ωε) ≲ εα−1 + ∥vε(t)∥L2(Ωε). (2.44)

Recall that ηε ≤ ε is the intermediate lengthscale introduced in (2.30).
Thus we focus on estimating ∥vε(t)∥L2(Ωε). We first observe that ǔε satisfies

∂tǔ
ε − εβ∆ǔε + wε(uE · ∇uE) +∇pE = wεf ε + gε in (0, 1)× Ωε,

∇ · ǔε = 0 in (0, 1)× Ωε,
ǔε = 0 on (0, 1)× ∂Ωε,
ǔε = 0 on {0} × Ωε

with the term gε involving qε in (2.31) defined by

gε = (Id− wε)∇pE − εβ∆(wεuE)− (∂t − εβ∆)Bε(uE)
= (Id− wε)∇pE − εβ(∆wε −∇qε)uE
− εβ

(
2∇wε · ∇uE + wε∆uE + (∇qε)uE

)
− (∂t − εβ∆)Bε(uE).

Here the term ∆wε − ∇qε should be understood in the sense of distributions. Then, by
direct computation and ǔε(0) = 0, we see that vε satisfies

∂tv
ε − εβ∆vε +∇(pE − pε) = Gε in (0, 1)× Ωε,

∇ · vε = 0 in (0, 1)× Ωε,
vε = 0 on (0, 1)× ∂Ωε,
vε = −uε0 on {0} × Ωε
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with
Gε = (ǔε − vε) · ∇(ǔε − vε)− wε(uE · ∇uE)− (Id− wε)f ε + gε.

Hence we obtain the inequality

1

2
∥vε(t)∥2L2(Ωε) + εβ

∫ t

0
∥∇vε(s)∥2L2(Ωε) ds ≤

1

2
∥uε0∥2L2(Ωε) + |I1(t)|+ |I2(t)|, (2.45)

where

I1(t) :=

∫ t

0

∫
Ωε

(
− vε · ∇ǔε + ǔε · ∇ǔε − wε(uE · ∇uE)

)
· vε dx ds,

I2(t) :=

∫ t

0

∫
Ωε

(
− (Id− wε)f ε + gε

)
· vε dx ds.

Notice that some cancellations in nonlinearity are implicitly used in I1(t).
Then, by smoothness of uE , pE and the estimates for wε, qε in Section 2.2.1, we verify

|I1(t)|+ |I2(t)|

≤ C

∫ t

0
∥vε(s)∥2L2(Ωε) ds+

(εβ
4

+ Cηε
)∫ t

0
∥∇vε(s)∥2L2(Ωε) ds

+ C
(
ηεε2α−β−3 + (ηε)−1ε2α+β−3 + ε2α+2β−6 + ε2β + (ηε)2

) (2.46)

for some C > 0 independent of ε. The details are omitted since they are similar to those in
[30, Proof of Proposition 3.1 (ii)] where the holes are distributed periodically in R3.

Now we choose the intermediate lengthscale εα ≤ ηε ≤ ε in (2.30) so that

ηε ≃ o(εmax{β,1})

to ensure that εβ/4 + Cηε ≤ εβ/2 and that

ηεε2α−β−3 + (ηε)−1ε2α+β−3 + (ηε)2 ≲ ε2α+2β−6 + ε2α−3 + ε2β.

Then the estimates (2.45)–(2.46) lead to

∥vε(t)∥2L2(Ωε) + εβ
∫ t

0
∥∇vε(s)∥2L2(Ωε) ds

≲
∫ t

0
∥vε(s)∥2L2(Ωε) ds+ ∥uε0∥2L2(Ωε) + ε2α+2β−6 + ε2α−3 + ε2β.

Moreover, Grönwall’s inequality and taking square root give

∥vε(t)∥L2(Ωε) ≲ ∥uε0∥L2(Ωε) + εα+β−3 + εα−
3
2 + εβ. (2.47)

Hence the assertion follows from the inequalities (2.44) and (2.47). 2

2.3 Proof of Theorem 2.1

In this section, we prove Theorem 2.1. Define (U ε, P ε, F ε) by the scaling (2.7). Then
(U ε, P ε, F ε) satisfies the Navier-Stokes equations in Ωε with viscosity 1 and forcing F ε

∂tU
ε −∆U ε + U ε · ∇U ε +∇P ε = F ε in (0, εβ)× Ωε,

∇ · U ε = 0 in (0, εβ)× Ωε,
U ε = 0 on (0, εβ)× ∂Ωε,
U ε = U ε0 on {0} × Ωε.

(2.48)
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Let ϕε,Φε denote the flows on Ωε for uε, U ε, respectively, and let ϕE denote the flow
on T3 for uE . Since uε(t, x) = εβU ε(εβt, x) by (2.7), we have

ϕε(t, x) = Φε(εβt, x), t ∈ [0, 1]. (2.49)

We first prove the following lemmas for ϕε, ϕE . Recall that pE is defined in (2.3).

Lemma 2.12 For 0 < ε < 1, we have

∥ϕε(t)− ϕE(t)∥L2(Ωε) ≲ εβ∥U ε0∥L2(Ωε) + εpE , t ∈ [0, 1]. (2.50)

Proof: We compute

ϕε(t, x)− ϕE(t, x) =

∫ t

0
uε(s, ϕε(s, x)) ds−

∫ t

0
uE(s, ϕE(s, x)) ds

=

∫ t

0

(
uε(s, ϕε(s, x))− uE(s, ϕ

ε(s, x))
)
ds

+

∫ t

0

(
uE(s, ϕ

ε(s, x))− uE(s, ϕE(s, x))
)
ds.

Smoothness of uE leads to

|uE(t, ϕε(t, x))− uE(t, ϕE(t, x))| ≤ ∥∇uE(t)∥L∞(T3)|ϕε(t, x)− ϕE(t, x)|,

which results in

|ϕε(t, x)− ϕE(t, x)| ≲
∫ t

0
|uε(s, ϕε(s, x))− uE(s, ϕ

ε(s, x))|ds

+

∫ t

0
|ϕε(s, x)− ϕE(s, x)|ds.

By Grönwall’s inequality, there is C > 0 such that, for almost every x ∈ T3, we have

|ϕε(t, x)− ϕE(t, x)|

≤ C

∫ t

0
eC(t−s)|uε(s, ϕε(s, x))− uE(s, ϕ

ε(s, x))|ds.
(2.51)

Take the L2-norm in space in (2.51) and use the fact that

∥uε(t, ϕε(t, · ))− uE(t, ϕ
ε(t, · ))∥L2(Ωε) = ∥uε(t)− uE(t)∥L2(Ωε),

which follows from incompressibility of the velocity fields and the boundary condition of
uε entailing the consistency of integral region. Then we see that, for t ∈ [0, 1],

∥ϕε(t)− ϕE(t)∥L2(Ωε) ≤ C

∫ t

0
∥uε(s)− uE(s)∥L2(Ωε) ds.

Hence, with
uε0 = εβU ε0 ,

the assertion follows from Proposition 2.11. 2

Recall that 0 < L < 1 denotes the length of the set K where the holes are distributed.
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Lemma 2.13 For given 0 < η < 1, take ε0 defined in (2.4). Then, for any 0 < ε ≤ ε0 of
the form (2.2) and U ε0 satisfying ∥U ε0∥L2(Ωε) ≤ εpE−β , we have

L
(
{x ∈ Ωε | |ϕε(t, x)− ϕE(t, x)| > η}

)
≲ η, t ∈ [0, 1].

Proof: By Markov’s inequality, Hölder’s inequality and Lemma 2.12, we have

L
(
{x ∈ Ωε | |ϕε(t, x)− ϕE(t, x)| > η}

)
≤ η−1∥ϕε(t)− ϕE(t)∥L1(Ωε)

≲ η−1
(
εβ∥U ε0∥L2(Ωε) + εpE

)
≲ η−1εpE .

The assertion follows from the definition of ε0. 2

Now we prove Theorem 2.1.

Proof of Theorem 2.1: Let η > 0 be given. We aim at proving that L(P1\Φε(εβ, P ε0 )) ≲ η.
By the relation (2.49), it suffices to prove that L(P1 \ ϕε(1, P ε0 )) ≲ η.

Observe that

L
(
P1 \ ϕε(1, P ε0 )

)
≤ L

(
P1 \ ϕE(1, P0)

)
+ L

(
ϕE(1, P0) \ ϕE(1, P ε0 )

)
+ L

(
ϕE(1, P

ε
0 ) \ ϕε(1, P ε0 )

)
.

(2.52)

The properties of ϕE in Proposition 2.4 show that

L(P1 \ ϕE(1, P0)) ≤ η. (2.53)

Thanks to ∇ · uE = 0, the volume of a set A is preserved by ϕE(t, A):

L
(
ϕE(1, P0) \ ϕE(1, P ε0 )

)
= L(P0 \ P ε0 )

≤ L
(⋃

i

T εi

)
≲

(L
ε

)3
ε3α ≲ ε

pE
2 ≲ η.

(2.54)

To estimate the last term in the right of (2.52), we use

L
(
ϕE(1, P

ε
0 ) \ ϕε(1, P ε0 )

)
= L

(
ϕε(1, P ε0 ) \ ϕE(1, P ε0 )

)
,

which follows from the combination of

L(P ε0 ) = L
(
ϕε(t, P ε0 )

)
= L

(
ϕE(t, P

ε
0 )
)
,

valid thanks to ∇ · uε = ∇ · uE = 0, and

L
(
ϕε(t, P ε0 )

)
= L

(
ϕε(t, P ε0 ) \ ϕE(t, P ε0 )

)
+ L

(
ϕε(t, P ε0 ) ∩ ϕE(t, P ε0 )

)
,

L
(
ϕE(t, P

ε
0 )
)
= L

(
ϕE(t, P

ε
0 ) \ ϕε(t, P ε0 )

)
+ L

(
ϕε(t, P ε0 ) ∩ ϕE(t, P ε0 )

)
.

Then we have

L
(
ϕE(1, P

ε
0 ) \ ϕε(1, P ε0 )

)
= L

(
ϕε(1, P ε0 ) \ ϕE(1, P ε0 )

)
≤ L

(
ϕε(1, P ε0 ) \ Vη[ϕE(1, P ε0 )]

)
+ L

(
Vη[ϕE(1, P ε0 )] \ ϕE(1, P ε0 )

)
.
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Using the inclusion

ϕε(t, P ε0 ) \ Vη[ϕE(t, P ε0 )] ⊂ {x ∈ P ε0 | |ϕε(t, x)− ϕE(t, x)| ≥ η},

an estimate valid thanks to smoothness of uE

L
(
Vη[ϕE(1, P ε0 )] \ ϕE(1, P ε0 )

)
≲ η,

and Lemma 2.13, we obtain

L
(
ϕE(1, P

ε
0 ) \ ϕε(1, P ε0 )

)
≲ L

(
{x ∈ P0 | |ϕε(1, x)− ϕE(1, x)| ≥ η}

)
+ η ≲ η.

(2.55)

The assertion of Theorem 2.1 follows from (2.52)–(2.55). The proof is complete. 2

3 Lagrangian controllability in fully perforated domains

Let us consider the 3d Navier-Stokes equations with viscosity 1 and forcing F ε, namely
(2.1). Assuming Ωε to be a domain fully perforated, we are interested in the following
Lagrangian controllability problem: move the fluid particles which are initially in a zone
P ε0 toward a target zone P ε1 in some time Tc > 0. The way to move the particles is by
remote action: regard the term F ε in (2.1) as a control forcing moving P ε0 to P ε1 and assume
that F ε is smooth and supported in a control zone Ωεc. The control zone Ωεc is supposed to
be away both from P ε0 and P ε1 . The precise definitions Ωε, P ε0 , P

ε
1 , and Ωεc are as follows.

• Definition of a fully perforated domain Ωε

Take 1 < α < 3 and sufficiently large N ∈ N, and decompose T3 as T3 =
⋃
iQε

i

with N3 small open disjoint small cubes Qε
i with center xεi and sidelength

ε =
1

N
. (3.1)

Choose the same reference particle T as in Section 2. Then we consider N3 particles
T ε
i = xεi + εαT ⊂ Qε

i and let

Ωε = T3 \
⋃
i

T ε
i .

The set Ωε obtained in this manner is called a fully perforated domain.

• Definition of a polluted zone P ε0 and a safe zone P ε1
Let each of P0 and P1 be a Jordan domain in T3. Let γ0 and γ1 denote the Jordan
surfaces of P0 and P1, respectively. Assume that γ0 and γ1 are isotopic in T3 and
surround the same volume. Then we set P ε0 = P0 ∩ Ωε and P ε1 = P1 ∩ Ωε.

• Definition of a control zone Ωεc
Let Ωc ̸= ∅ be an open set in T3 such that Ωc ∩ P0 = Ωc ∩ P1 = ∅. Notice that γ0
and γ1 above are then isotopic in T3 \Ωc. By the same reasoning as in Section 2, we
assume that Ωc is a ball with smooth boundary. Then we set Ωεc = Ωc ∩ Ωε.

Now let us state two results of the Lagrangian controllability for Leray-Hopf weak so-
lutions of the Navier-Stokes equations (2.1) in a fully perforated domain Ωε.
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Theorem 3.1 Let α > 3/2 and choose β > 0 so that 3 − α < β < α, which ensures that
pE in (2.3) is positive. For given 0 < η < 1, we define

ε0 =
1

⌊η−2/pE⌋+ 1
, (3.2)

where ⌊ · ⌋ refers to the floor function. Then, for any 0 < ε ≤ ε0 of the form (3.1) and initial
data U ε0 ∈ L2

σ(Ω
ε) satisfying

∥U ε0∥L2(Ωε) ≤ εpE−β, (3.3)

the Lagrangian controllability of (2.1) in the time εβ holds: there exists a smooth control
forcing F ε supported in Ωεc with ∥F ε∥L∞

t Hs
x
≤ C0ε

−2β for any s ∈ N and a constant
C0 = C0(s) > 0 depending on s such that⋃

t∈[0,εβ ]

Φε(t, P ε0 ) ⊂ Ωε \ Ωεc, L(P ε1 \ Φε(εβ, P ε0 )) ≤ Cη, (3.4)

where L refers to the Lebesgue measure and Φε the flow for a corresponding Leray-Hopf
weak solution U ε to (2.1). The constant C > 0 is independent of η and ε.

Proof: Theorem 3.1 corresponds to the limit case of Theorem 2.1 when L → 1. Recall
that L represents the size of the cube K in which the holes are located. This limit is not
singular if one allows the control zone Ωc to have intersections with K. Actually, all the
estimates in Lemmas 2.8–2.10 and Proposition 2.11 are independent of 0 < L < 1. Hence,
by reproducing the proof of Theorem 2.1, we conclude the proof of Theorem 3.1. 2

Notice that the cases where 1 < α < 3/2, which corresponds to larger sizes of holes,
are not treated by Theorem 3.1. For these cases, we have the following result. Define

pD = pD(α, β) = min
{3− 2β

3
,
α− 1

2
, 3− α, 6− 2α− 2β

}
. (3.5)

Theorem 3.2 Let 1 < α < 3 and choose β > 0 so that β < min{3/2, 3 − α}, which
ensures that pD in (3.5) is positive. For given 0 < η < 1, we define

ε0 =
1

⌊η−2/pD⌋+ 1
, (3.6)

where ⌊ · ⌋ refers to the floor function. Then, for any 0 < ε ≤ ε0 of the form (3.1) and initial
data U ε0 ∈ L2

σ(Ω
ε) satisfying

∥U ε0∥L2(Ωε) ≤ εpD−β, (3.7)

the Lagrangian controllability of (2.1) in the time εα+2β−3 holds: there exists a smooth
control forcing F ε supported in Ωεc with ∥F ε∥L∞

t Hs
x

≤ C0ε
−2β for any s ∈ N and a

constant C0 = C0(s) > 0 depending on s such that⋃
t∈[0,εα+2β−3]

Φε(t, P ε0 ) ⊂ Ωε \ Ωεc, L(P ε1 \ Φε(εα+2β−3, P ε0 )) ≤ Cη, (3.8)

where L refers to the Lebesgue measure and Φε the flow for a corresponding Leray-Hopf
weak solution U ε to (2.1). The constant C > 0 is independent of η and ε.
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Remark 3.3 (i) The definition of the exponent pD in (3.5) is based on the rate of conver-
gence in Proposition 3.7 in Section 3.2, which is due to [30, Theorem 1.3]. However,
the exponent suggested by [30, Theorem 1.3] is slightly different and given by

min
{3− 2β

3
,
α− 1

2
,
9− 3α

2
, 6− 2α− 2β

}
.

The difference is due to our correction of [30, (3.16)]: ε9−3α is corrected to ε6−2α.

(ii) It is not clear to the authors whether the cases where 1 < α < 3/2 can be treated
in partially perforated domains in Section 2, since the proof of Theorem 3.2 is based
on the Poincaré inequality (3.20) only valid in fully perforated domains. Indeed an
energy estimate does not work, at least directly, in the absence of (3.20).

(iii) As in Remark 2.2 (iii), one can ask “the best choice” of β when optimizing the trio of
the cost (the size of control forcings), the time, and the size of initial data.

Outlined proof of Theorem 3.2.

We outline the proof of Theorem 3.2 according to the four steps introduced in the outlined
proof of Theorem 2.1. However, the scaling in Step 1 is just a replacement of (2.7) with

U ε(t, x) = ε−(α+2β−3)uε(ε−(α+2β−3)t, x),

P ε(t, x) = ε−2βpε(ε−(α+2β−3)t, x),

F ε(t, x) = ε−2βf ε(ε−(α+2β−3)t, x).

(3.9)

In addition, the homogenization in Step 2 just uses the same corrector and the energy esti-
mates as in [30]. Thus we omit Steps 1 and 2, and describe Steps 3 and 4.

Step 3. Stability. By a weak-strong stability argument for flows, we convert the conver-
gence rate obtained in Step 2 between uε and uD with the estimate between ϕε and
ϕD, where ϕD refers to the flow of uD obtained in Step 4 below.

Step 4. Limit equations. We construct a smooth triplet (uD, pD, fD) solving the Darcy
equations in T3 such that the initial zone P0 moves by uD to the zone P1, up to
arbitrarily small error in the measure. Moreover, we take f ε by f ε := fD|Ωε and
define the control forcing F ε through (3.9). Our construction of (uD, pD, fD) is
new. Unlike the proof of Theorem 2.1, a simple adaptation of Glass-Horsin [26]
does not suffice. We apply Runge type approximations for elliptic equations in [9]
and Cauchy–Kowalevsky type theorems for equations with analytic coefficients.

For the same reason as in Section 2, we do not pursue the Lagrangian controllability by
an Euler-Brinkman homogenization in fully perforated domains.

Notation In the rest of this section, we will adopt the same notation as in Section 2.

3.1 Controllability of Darcy equations in torus

In this section, let A = (Ajk) ∈ R3×3 denote a positive definite symmetric matrix. We will
prove the following remote controllability of the Darcy equations in T3.
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Proposition 3.4 Assume that Jordan surfaces γ0 and γ1 are isotopic in T3 \ Ωc and sur-
round the same volume. For any η > 0 and k ∈ N, there exist smooth (uD, pD, fD) and
d0 > 0 satisfying 

AuD +∇pD = fD in (0, 1)× T3,
∇ · uD = 0 in (0, 1)× T3,
uD = 0 on {0} × T3

(3.10)

and the conditions

supp fD(t, ·) ⊂ Ωc, t ∈ (0, 1); (3.11)

dist(ϕD(t, γ0),Ωc) ≥ d0, t ∈ [0, 1]; (3.12)

∥ϕD(1, γ0)− γ1∥Ck(S2) < η, (3.13)

up to reparameterization. Here ϕD denotes the flow of uD.

In the proof, we need Lemma 3.5 below, whose proof is postponed for a moment.

Lemma 3.5 Assume that Jordan surfaces γ0 and γ1 are isotopic in T3 \ Ωc and surround
the same volume. For any η > 0 and k ∈ N, there exist smooth θ supported in (0, 1) × T3

and d0 > 0 satisfying the conditions

supp∇ · (A−1∇θ(t, ·)) ⊂ Ωc, t ∈ (0, 1); (3.14)

dist(ϕ∇θ(t, γ0),Ωc) ≥ d0, t ∈ [0, 1]; (3.15)

∥ϕ∇θ(1, γ0)− γ1∥Ck(S2) < η, (3.16)

up to reparameterization. Here ϕ∇θ denotes the flow of ∇θ.

Proof of Proposition 3.4: Let η > 0 and k ∈ N be given. Take θ in Lemma 3.5 and define

vD = A−1∇θ, qD = −θ, gD = ∇ · (A−1∇θ).

Then, we see that (vD, qD) satisfies the Darcy equations with inhomogeneous divergence
AvD +∇qD = 0 in (0, 1)× T3,
∇ · vD = gD in (0, 1)× T3,
vD = 0 on {0} × T3.

(3.17)

By the same reasoning as in the proof of Lemma 2.4, we see that a Bogovskii operator
Bog = Bog[ · ] is applicable to gD and wD := Bog[gD] satisfies

suppwD ⊂ Ωc, ∇ · wD = gD. (3.18)

Now define uD = vD − wD, pD = qD, and

fD = −AwD.

Then (uD, pD, fD) satisfies the properties in Proposition 3.4 thanks to (3.17)–(3.18). 2

The rest of this section focuses on proving Lemma 3.5. We apply the lemma below.
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Lemma 3.6 LetK be a closed subset of T3 such thatK∩Ωc = ∅ and T3 \K is connected.
Then, for any distribution φ satisfying ∇·(A−1∇φ) = 0 in a neighborhood ofK, η > 0 and
k ∈ N, there exists smooth ψ on T3 such that supp∇·(A−1∇ψ) ⊂ Ωc and ∥φ−ψ∥Ck(K) <
η.

Proof: According to Schauder estimates, φ is smooth in the neighborhood of K. Fix an
open subset Ω1 of T3 such that Ω1 ⋐ Ωc. Let K := T3 \ Ω1 be embedded in the Euclidean
space R4 and take an open neighborhood G in R4. Then G \ K has no components with
compact closure in G. By the Runge theorem in Browder [9, Theorem 3.22], there exists a
function ψ̃ defined on T3\Ω1 such that ∇·(A−1∇ψ̃) = 0 in T3\Ω1 and ∥φ−ψ̃∥L∞(K) < η.
By Schauder estimates applied to φ − ψ̃, it is in fact possible to improve the topology of
approximation to ∥φ − ψ̃∥Ck(K) < η. Now take a smooth cut-off function χ on T3 such
that χ = 1 on T3 \ Ωc and χ = 0 on Ω1. Then ψ := χψ̃ satisfies the desired properties. 2

Proof of Lemma 3.5: As in the proof of Lemma 2.5, we can assume that γ0, γ1 are real
analytic in T3 and that there exists a real analytic vector fieldX ∈ C0([0, 1];Cω(T3)3) such
that ∇·X = 0 and the flow ϕX for X satisfies ϕX(1, γ0) = γ1 and (2.19) for some d0 > 0.
Then, as described in the proof of Lemma 2.5, the combination of an approximation proce-
dure adopting Whitney’s approximation theorem and Lemma 2.6 provides the conclusions
of Lemma 3.5. Notice that stability of flows can be verified by Grönwall’s inequality even
if ∆ is replaced with ∇ · (A−1∇) since A is a positive definite symmetric matrix.

Let η > 0 and k ∈ N be given and set γ(t) = ϕX(t, γ0) for t ∈ [0, 1]. Fix t ∈ [0, 1]. In
the same manner as in [26, Proof of Lemma 2.4], one can find a solution ψ in H2 of ∇ · (A−1∇ψ) = 0 in int(γ(t)),

∂ψ

∂ν
= X · ν on γ(t)

such that ψ can be analytically extended to a connected open neighborhood Ut of γ(t). This
is essentially due to the Cauchy–Kowalevsky type theorem [46, Thoerem 5.7.1’]. Then, by
the unique continuation of ∇ · (A−1∇ψ) on Ut, one concludes that ∇ · (A−1∇ψ) vanish
everywhere on Ut. The construction of ψ above can be made uniform in time, by using the
compactness of the time interval [0, 1], that is, there exists ξ > 0 and

ψ ∈ C
(
[0, 1];C∞(Vξ[int(γ(t))];R)

)
such that, for each t ∈ [0, 1], ∇ · (A−1∇ψ) = 0 in Vξ[int(γ(t))],

∂ψ

∂ν
= X · ν on γ(t).

Then the same argument as in the proof of Lemma 2.5, but with an application of Lemma
3.6, asserts the existence of θ. This completes the proof of Lemma 3.5. 2
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3.2 Homogenization to Darcy equations

Let (uD, pD, fD) be the triplet satisfying the Darcy equations in Proposition 3.4 with A
now being the resistance matrix R defined in (2.29).

f ε = fD|Ωε .

Then we consider the Navier-Stokes equations in Ωε with viscosity εβ and forcing f ε
ε6−2α−2β(∂tu

ε + uε · ∇uε)− ε3−α∆uε +∇pε = f ε in (0, 1)× Ωε,
∇ · uε = 0 in (0, 1)× Ωε,
uε = 0 on (0, 1)× ∂Ωε,
uε = uε0 on {0} × Ωε.

(3.19)

We omit the proof of the following proposition for Leray-Hopf weak solutions of (3.19),
since it is completely parallel to [30, Theorem 1.3] based on the estimates for the corrector
in [30, Section 2] along with the Poincaré inequality for φ ∈ H1

0 (Ω
ε) in [2, Lemma 3.4.1]

∥φ∥L2(Ωε) ≲ ε
3−α
2 ∥∇φ∥L2(Ωε). (3.20)

Proposition 3.7 For 0 < ε < 1, we have

∥uε − uD∥L2(0,1;L2(Ωε)) ≲ ε3−α−β∥uε0∥L2(Ωε) + εpD , (3.21)

where the exponent pD is defined in (3.5).

Remark 3.8 As noted in Remark 3.3 (i), the rate of convergence in Proposition 3.7 is
slightly different from the one in [30, Theorem 1.3] due to a correction of [30, (3.16)].

3.3 Proof of Theorem 3.2

In this section, we prove Theorem 3.2. Define (U ε, P ε, F ε) by the scaling (3.9). Then
(U ε, P ε, F ε) satisfies the Navier-Stokes equations in Ωε with viscosity 1 and forcing F ε

∂tU
ε −∆U ε + U ε · ∇U ε +∇P ε = F ε in (0, εα+2β−3)× Ωε,

∇ · U ε = 0 in (0, εα+2β−3)× Ωε,
U ε = 0 on (0, εα+2β−3)× ∂Ωε,
U ε = U ε0 on {0} × Ωε.

(3.22)

Let ϕε,Φε denote the flows on Ωε for uε, U ε, respectively, and let ϕD denote the flow
on T3 for uD. Since uε(t, x) = εα+2β−3U ε(εα+2β−3t, x) by (3.9), we have

ϕε(t, x) = Φε(εα+2β−3t, x), t ∈ [0, 1]. (3.23)

We first prove the following lemmas for ϕε, ϕD. Recall that pD is defined in (3.5).

Lemma 3.9 For 0 < ε < 1, we have

∥ϕε(t)− ϕD(t)∥L2(Ωε) ≲ εβ∥U ε0∥L2(Ωε) + εpD , t ∈ [0, 1]. (3.24)
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Proof: The same argument as in the proof of Lemma 2.12 leads to, for t ∈ [0, 1],

∥ϕε(t)− ϕD(t)∥L2(Ωε) ≲
∫ t

0
∥uε(s)− uD(s)∥L2(Ωε) ds.

Hence, with
uε0 = εα+2β−3U ε0 ,

the assertion follows from the Cauchy-Schwarz inequality and Proposition 3.7. 2

Lemma 3.10 For given 0 < η < 1, take ε0 defined in (3.6). Then, for any 0 < ε ≤ ε0 of
the form (3.1) and U ε0 satisfying ∥U ε0∥L2(Ωε) ≤ εpD−β , we have

L
(
{x ∈ Ωε | |ϕε(t, x)− ϕD(t, x)| > η}

)
≲ η, t ∈ [0, 1].

Proof: The same argument as in the proof of Lemma 2.13 leads to, for t ∈ [0, 1],

L
(
{x ∈ Ωε | |ϕε(t, x)− ϕD(t, x)| > η}

)
≲ η−1

(
εβ∥U ε0∥L2(Ωε) + εpD

)
≲ η−1εpD .

The assertion follows from the definition of ε0. 2

With the previous materials in hand, we can now conclude the proof of Theorem 3.2
following the same lines as in the proof of Theorem 2.1 as described in Section 2.3.

Proof of Theorem 3.2: The proof follows the same four-step strategy as in Theorem 2.1.
First, we apply the scaling (3.9). Second, we rely on the homogenization result in Propo-
sition 3.7. Third, we use the stability estimates for flows in Lemma 3.9 and in Lemma
3.10. Finally, we invoke the solvability of the limit problem established in Proposition 3.4.
Combining these results yields the control of the fluid particles as stated in (3.8). 2

A Definitions from differential geometry

In this appendix, we recall the definitions from differential geometry needed in this paper.
We follow the presentation in [26, Section 1.2] where the main reference is [29]. Here-
after, unless otherwise stated, all the geometrical objects will be considered in the smooth
category.

We say that γ is a Jordan surface if γ embedded in R3 is the image of the 2-sphere S2
by a smooth embedding h : S2 → R3. Thanks to the Jordan–Brouwer theorem [8, 28],
the complement R3 \ γ has two connected components, one of which is bounded in R3 and
denoted by int[γ]. The unit outward normal vector field on int[γ] is denoted by ν.

Let Ω be a connected set of R3. Two Jordan surfaces γ0 and γ1 embedded in R3 are
said to be isotopic in Ω if there exists a continuous mapping I : [0, 1]× S2 → Ω, called an
isotopy, such that I(0) = γ0, I(1) = γ1 and that I(t, ·) is a homeomorphism of S2 into its
image for each t ∈ [0, 1]. We say that I is a smooth isotopy if the homeomorphism I(t, ·)
is a C∞-diffeomorphism with respect to the space variable for each t ∈ [0, 1]. Finally, an
one-parameter continuous family of diffeomorphism of Ω is called diffeotopy of Ω.
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These notions are naturally modified to their versions in the 3-torus T3. Recall that T3

is equipped with a Riemannian metric g for which the quotient mapping π : R3 → T3 is
a local isometry. Then a Jordan surface γ in T3 can be defined by starting with a Jordan
surface γ embedded in R3 and contained in [0, 1)3. The meaning of int[γ] for a Jordan
surface γ in T3 should be clear in this context. To avoid redundancy, we omit more details
for the definitions of geometrical objects in T3 such as isotopicity of Jordan surfaces in T3.

B Flows on a perforated domain

Let Ωε be a partially or fully perforated domain defined in Section 2 or 3, respectively. Let
T > 0 and a sufficiently regular vector field u : [0, T ]× Ωε → R3 satisfy ∇ · u = 0 in the
sense of distributions. Then, reformulating the definition in Glass-Horsin [26, Section 1.2]
for smooth and bounded domains Ω ⊂ R3, we say that a mapping ϕu : [0, T ] × Ωε → R3

is a flow for u if ϕu is a solution of the following integral equation for a.e. x ∈ Ωε:

ϕ(t, x) = x+

∫ t

0
u(s, ϕ(s, x)) ds, t ∈ [0, T ]. (B.1)

For our application, we are interested in the existence and uniqueness of flows ϕu for a
Leray-Hopf weak solution u of the Navier-Stokes equations with initial data in L2

σ(Ω
ε).

Indeed, the existence of ϕu in the class CtL2
x is provided by Foiaş-Guillopé-Temam [21,

Theorem 2.1] using the L2/3(0, T ;H2(Ωε)) a priori estimates of u in [20], and moreover,
these flows ϕu can be assumed to be volume-preserving by [21, Theorem 3.1].

The uniqueness of ϕu on R3 in the class CtL2
x in the sense of path-by-path is re-

cently provided by Galeati [22] who revisits earlier works for more regular initial data by
Robinson-Sadowski [48, 49]. The proof of [22] is done in the framework of regular La-
grangian flows [19, 3, 17, 10, 34]. Note that the uniqueness by [22] is different from the
uniqueness of regular Lagrangian flows, e.g., Crippa-De Lellis [17, Corollary 3.7]. The
notion of the latter involves a global constraint due to the definition; see [10]. In our prob-
lems, the path-by-path uniqueness ϕu on Ωε in the class CtL2

x can be proved by following
the ideas in [10, 22]. In fact, the proof is just a reproduction of [10, Proof of Corollary
10.1] based on the asymmetric Lusin–Lipschitz estimate of the form [22, Corollary 4.3] for
Leray-Hopf weak solutions in Ωε. We briefly outline the argument highlighting the minor
differences with respect to [22]. The key ingredient is the asymmetric Lusin-Lipschitz esti-
mate derived from the regularity of Leray-Hopf weak solutions. Specifically, it is known that
u ∈ L2/3(0, T ;H2(Ωε)) (see e.g. [20] or [47, Lemma 8.15]), which implies via Sobolev
embedding and properties of Lorentz spaces that ∇u ∈ L1(0, T ;L3,1(Ωε)). This regu-
larity ensures the existence of a nonnegative function g ∈ L1

loc(0, T ;L
3,∞(Ωε)) such that

|u(t, x) − u(t, y)| ≤ g(t, x)|x − y| for almost every t, x, y. Although [22] considers R3,
the zero extension of u to T3 preserves the Sobolev regularity thanks to the no-slip con-
dition, allowing us to apply the quantitative stability results established in [10], thereby
concluding the uniqueness. For further context and recent developments on the uniqueness
of flows and transport equations for non-smooth vector fields, we refer the interested reader
to [40, 18, 5, 6, 38, 11].
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[12] J.-M. Coron, Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits
incompressibles bidimensionnels, C. R. Acad. Sci. Paris Sér. I Math. 317 (1993), 271–
276.

[13] J.-M. Coron, On the controllability of the 2-D incompressible Navier-Stokes equa-
tions with the Navier slip boundary conditions, ESAIM Control Optim. Calc. Var. 1
(1995/96), 35–75.

[14] J.-M. Coron, “Control and nonlinearity”, Math. Surveys Monogr. 136, American
Mathematical Society, Providence, RI, 2007.

[15] J.-M. Coron, F. Marbach, and F. Sueur, Small-time global exact controllability of
the Navier-Stokes equation with Navier slip-with-friction boundary conditions, J. Eur.
Math. Soc. (JEMS) 22 (2020), 1625–1673.

27



[16] J.-M. Coron, F. Marbach, F. Sueur, and P. Zhang, Controllability of the Navier-Stokes
equation in a rectangle with a little help of a distributed phantom force, Ann. PDE 5
(2019), Paper No. 17, 49.

[17] G. Crippa and C. De Lellis, Estimates and regularity results for the DiPerna-Lions
flow, J. Reine Angew. Math. 616 (2008), 15–46.

[18] G. Crippa, C. Nobili, C. Seis, and S. Spirito, Eulerian and Lagrangian solutions to
the continuity and Euler equations with L1 vorticity, SIAM J. Math. Anal. 49 (2017),
3973–3998.

[19] R. J. DiPerna and P.-L. Lions, Ordinary differential equations, transport theory and
Sobolev spaces, Invent. Math. 98 (1989), 511–547.
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