RESTRICTION TYPE ESTIMATES ON GENERAL TWO-STEP
STRATIFIED LIE GROUPS

LARS NIEDORF

ABSTRACT. We prove restriction type estimates for sub-Laplacians on general
two-step stratified Lie groups. The core of our approach is to use spectral
cluster estimates to effectively control the eigenvalue distribution of a family
of anisotropic twisted Laplacians.

1. INTRODUCTION

1.1. Restriction estimates. Let S C R"™ be a smooth hypersurface. The concept
of Fourier restriction estimates was introduced by Stein in the seventies (for general
sub-manifolds), which are a priori estimates of the form

1 flsllze(s.0) < Collfllzr@ny for all f € S(R™) (1.1)

where p,q € [1,00], o is the surface measure on S, and S(R™) is the space of
Schwartz functions. For the sphere S = S"~! = {¢ € R" : |[£| = 1} and n > 2, the
restriction conjecture [Ste79},Tao04] states that the restriction estimate holds
if and only if

n-— /

n -+ 1p 9

where p’ = (1 —1/p)~! is the dual exponent of p. The restriction conjecture for the
sphere is solved in dimension n = 2, but is widely open for n > 3, although many
partial results are available, including work by Bourgain [Bou91|, Tao [Tao03], and
Guth [Gutl6]. In the range 1 < p < 2(n+1)/(n+ 3), due to the work of Stein and
Tomas [Ste86), Tom75| (see also [Str77,Gre81]), the restriction conjecture, which is
then the estimate

||f|SHL2(s,a) <Gl fllprrny for all f e S(R™),

is known to hold for the sphere, and also for more general classes of surfaces with
non-vanishing Gaussian curvature. (Note that (n—1)p’/(n+1) = 2 for the endpoint
p=2(n+1)/(n+3). The LP-L9 restriction estimate follows from the LP-L?
estimate via interpolation with the trivial L'-L> estimate.)

It is by now well-known that restriction estimates are closely related to many
other problems in harmonic analysis and PDE, such as spectral multiplier estimates
and Bochner—Riesz summability for the Laplacian, the Kakeya conjecture, and local
smoothing, see [Ta099).
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Given these close connections for the Laplacian, one hopes that many of these
will carry over to elliptic or even sub-elliptic differential operators. One class of
operators that has received a lot of attention in the last few decades are second-
order differential operators which are a sum of squares of the form

L=—(X?+---+X}), (1.2)

where X1, ..., X are some vector fields on a smooth manifold M. These operators
can be seen as a natural replacement for the Laplacian when passing to a sub-
elliptic setting. Due to a celebrated theorem of Hérmander [Hor67), the operator
in is hypoelliptic whenever the iterated commutators

le? [ijij]? [Xj17 [ij st“v ... where j; € {17 SR k}

up to a certain order span the tangent space of the underlying manifold M at every
point. Rothschild and Stein [RS76] pointed out that operators of the form
satisfying Hormander’s bracket generating condition can be locally approximated by
left-invariant sub-Laplacians on stratified Lie groups, after the initial vector fields
Xq,..., X on M are lifted to vector fields Xl, . ,X’k on some larger space M by
some freeing procedure.

When asking for analogs of restriction estimates in the setting of stratified Lie
groups, things change dramatically compared to the Euclidean setting. For in-
stance, for the sub-Laplacian on the Heisenberg group, the only possibility of having
restriction estimates is the case where p = 1 (unless one passes to mixed LP-norms),
which is due to the fact that the Heisenberg group admits a one-dimensional cen-
ter [Mil90]. However, the situation improves for left-invariant sub-Laplacians on
Heisenberg type groups with center of dimension dy > 1, where it is possible to
prove restriction estimates for the Stein—Tomas range 1 < p < 2(ds + 1)/(d2 + 3),
see [Tha91l,[LW11], but it is not yet known if such restriction estimates hold beyond
the class of Heisenberg type groups. Attempts to prove restriction estimates for the
larger class of Métivier groups where the group satisfies a certain non-degeneracy
condition have unfortunately failed so far (see the remarks in [Cal|] and [Nie22a] on
[CC13l|[LZ18§]).

1.2. Statement of the main results. The purpose of this paper is to establish
restriction type estimates for the whole class of two-step stratified Lie groups.

Before stating the main results, we need to introduce some notation. Let G be
a two-step stratified Lie group, that is, a connected, simply connected nilpotent
Lie group whose Lie algebra g (which is the tangent space at the identity of G)
admits a decomposition g = g; @ g2 into two non-trivial subspaces g1,g2 C g,
where [g1,91] = g2 and go C g is contained in the center of g. In the following, we
refer to g1 and go as being the first and second layer of g, respectively. Let

di =dimgy >1, do=dimgs >1 and d=dimg. (1.3)

Given a basis Xi,...,Xq, of the first layer g1, we identify each element of the
basis by a left-invariant vector field on G via the Lie derivative, and consider the
associated sub-Laplacian L, which is the second-order differential operator

L=—(X{+-+X3). (1.4)

We also choose a basis Uy, ...,Uy, of the second layer go. Let (-,-) be the inner
product rendering Xi,...,Xq4,,U1,...,Uq, an orthonormal basis of g. The inner
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product (-,-) induces a norm on the dual g5 which we denote by |- |. For u € g3,
let J,, be the skew-symmetric endomorphism such that

,u([m,x’]) = <J#£L',£U/>, {E,IL'/ € g1- (15)

Then G is a Heisenberg type group if the endomorphisms J,, are orthogonal for all
i € g5 of length 1, which means that

Ji = —|u?idy, for all u € gj.

The restriction type estimates in Theorem [1.1] are stated in terms of the norms

1/2

1

||FM,2=(Z sup |F<A>2) . Me(0,00)
M Kez Ml 5,5

which were introduced by Cowling and Sikora in [CS01]. We introduce an additional
truncation along the spectrum of the operator

U= (—(UF+--+Uz)"2
Due to this additional truncation, we also refer to the corresponding restriction
type estimates as truncated restriction type estimates. A similar truncation is used
in |[Nie22a] for sub-Laplacians in Heisenberg type groups, and in |[Nie22b| in the
related setting of Grushin operators.
Our truncated restriction type theorem reads as follows. Given any Euclidean
space of dimension n € N\ {0}, we denote by

2(n+1)
n+3
the Stein—Tomas exponent associated with that space.

Theorem 1.1. Let G be a two-step stratified Lie group, and, as in , let L be a
sub-Laplacian on G. Suppose that 1 < p < min{pq,, pd, } with dimensions dy,ds as
n . If F: R — C is a bounded Borel function supported in a compact subset
A C(0,00) and x : (0,00) = C is a smooth function with compact support, then

IF(DXQ V)2 < Capx2 @S FI, " |IFllys, foraliteZ, (1)
where 0, € [0,1] satisfies 1/p = (1 — 0,) + 0,/ min{pa,, pa, }-

As we will see later in Remark one has F(L)x(2°U) = 0 for ¢ being small
enough in , so Theorem should actually be read as a statement for all
¢ € [—4y,00), where £y € N is a constant depending on the matrices .J,,, the inner
product (-,-) on g, and the compact subset A C (0, 00) above.

Although the above theorem is valid for all two-step stratified Lie groups, the
presence of the norm [|F|[y 5 in imposes a slight drawback. By (3.19) and
(3.29) of [CS01] (or alternatively Lemma 3.4 of [CHS16)), for s > 1/2, the norm
| - llaz,2 can be estimated by

IFllLe < [Fllarz < Cs(I1Fllze + M=%||F|

n ‘=

r2), (1.7)

which means that || - ||a2 is stronger than the L?-norm. Ignoring for a moment
the additional truncation, the restriction type estimate with ||F||z¢ o replaced
by ||F||L2z would be equivalent (see for instance [SYY14] Proposition 4.1]) to a
restriction type estimate for the Strichartz projectors Py, which are formally given
by Py = 0,(L), where ¢y is the Dirac delta distribution at A € R. This would recover
some of the results of the (erroneous) article [CC13]. However, in its current form,
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is not sufficient to push restriction estimates beyond the class of Heisenberg
type groups.

On the other hand, the truncated restriction type estimates can still be used to
prove spectral multiplier estimates for the whole class of Métivier groups (which is
the class of two-step stratified Lie groups where the matrices J,, are invertible for
all i € g5\ {0}), by exploiting the fact that the dimension d; of the first layer is
in general much larger than the dimension dsy of the second layer if G is a Métivier
group. This is done in a follow-up paper.

1.3. Structure of the paper. In Section 2] we briefly sketch the proof of Theo-
rem In Section [3] we analyze the spectral decomposition of the sub-Laplacian
L and the vector fields —iUy, ..., —iUq4,, which admit a joint functional calculus. In
particular, we show that the sub-Laplacian L corresponds to a family of anisotropic
twisted Laplacians by a partial Fourier transform along the second layer.

In Section [d] we derive spectral cluster estimates for those anisotropic twisted
Laplacians, which are then subsequently exploited in Section [5|to prove the restric-
tion type estimates of Theorem (1.1

1.4. Notation. We let N = {0,1,2,...}. The indicator function of a subset A of
some measurable space will be denoted by 14. We write A < B if A < CB for a
constant C. If A < B and B < A, we write A ~ B. Given two suitable functions f
and g on a two-step stratified Lie group G, let f * g denote their group convolution
given by

f e gla,u) = /G fa g (@) @ w) d(' ), () € G,

where d(2’,u’) denotes the Lebesgue measure on G. The space of Schwartz functions
on R™ will be denoted by S(R™). For s > 0 and ¢ € [1, 00|, we denote by L1(R) C
L%(R) the Sobolev space of fractional order s.

1.5. Acknowledgments. I am deeply grateful to my advisor Detlef Miiller for
his unwavering support and many fruitful discussions about the subject of this
work. I also wish to express my thanks to Alessio Martini for kindly hosting me
for a week at the Mathematics Department of the Politecnico di Torino and for
the many mathematical discussions during my visit. I would also like to thank the
anonymous referee for carefully reading the paper and making a number of helpful
suggestions.

2. SKETCH OF THE PROOF

As in [LW11,|CO16,|Nie22blNie22a], the proof of the truncated restriction type
estimate in Theoremrelies on combining two restriction (type) estimates, namely
an LP-L? estimate for the spectral projections associated with the twisted Lapla-
cian on the first layer, and a restriction estimate for the sphere on the second layer,
whence we require 1 < p < min{pg,,pa,} as a condition for the range of p. More
precisely, conjugating the sub-Laplacian L by the partial Fourier transform given
by

@)= | flru)e " du, z€gi, e g}
g2
transforms the sub-Laplacian L into a family (L"),eq; of twisted Laplacians L
on the first layer g;. Assuming here for the sake of simplicity that G is a Métivier
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group, then, at least on some non-empty Zariski-open subset g5 . C g3, each twisted
Laplacian L* admits an orthonormal basis of eigenfunctions associated with the
eigenvalues

N
sz + )b, k= (ki,...,ky) e NV

where N € N\ {0} and r = (rq,...,7n) € (N\ {0})" are fixed parameters inde-
pendent of u, and p+— b = (b,...,bk) € (0,00)" is a function homogeneous of
degree 1, which is smooth on g3, and extends to a continuous function on g3.

The special case where G is a Heisenberg type group corresponds to taking N =1
and b" = |pu|. Then the eigenvalues of the twisted Laplacian L* are given by |u|[k],
k € N, where [k] := 2k + d1/2. In [LW11,|Nie22a] (and similar in [CO16,Nie22b]),
the proofs of the restriction type estimates there rely on LP-L? spectral projection
estimates of the form

1_1 dy1 01 _1y_ 1
1ty B ooz < Colul TGP W ZFGD72 keN,  (21)

where 17,47} : R = {0,1} denotes the indicator function of the point |u|[k].

Writing p € g5 in polar coordinates, that is, u = pw, where p € [0,00) and
w € S%~1 note that b* does not depend on w in the Heisenberg type case. To
adapt the approach of |[Nie22a|] to setting of arbitrary two-step Lie groups and
handle the dependence on the parameter w, we employ spectral cluster estimates
of the form

dy 01 _1y_ 1
1Lt a0 E @)z < Colul 3G 78 (K +1)FG-D-E (2)

for K € N. These spectral cluster estimates are inspired by the work of Sogge
[Sog93, Chapter 5]. Although the spectral projection estimates and the spec-
tral cluster estimates are equivalent in the case of Heisenberg type groups,
using spectral cluster estimates in the setting of arbitrary two-step Lie groups leads
to restriction type estimates in terms of the Cowling—Sikora norms || - ||ar,2 in place
of the L?-norm.

3. SUB-LAPLACIANS ON TWO-STEP STRATIFIED LIE GROUPS

3.1. Joint functional calculus. Let G be a two-step stratified Lie group. Then
its Lie algebra g, which is the tangent space T.G at the identity e € G, admits
a decomposition g = g1 @ go, where [g1,91] = g2 and go C g is contained in the
center of g. Using exponential coordinates, we identify G with its Lie algebra g.
The group multiplication is then given by

(z,u)(z',u') = (x +2 u+u + %[m,z’}) , x,2 €gi,u,u € go.

We choose bases Xi,..., X4, and Uy,..., U, of g1 and gs, respectively. By means
of these bases, we identify g; = R% and gy = R?%. Let (-,-) denote the inner
product with respect to which Xj,...,Xq4,,Us,...,Us, becomes an orthonormal
basis of g. As usual, the Lie algebra g will also be identified with the Lie algebra
of smooth left-invariant vector fields on G via the Lie derivative. Then, given a
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smooth function f on G, we have

X;f(z,u) = %f((xau)(thvOMt:o
da

= awjf(x,u) + % Z <Uka [$7Xj]> aukf(l'7 u),

k=1
U f(x,u) = 0y, f(z,u).
The sub-Laplacian L associated with the vector fields X, ..., X4, is given by
L=—(X{+-+X3).
For f € LY(G) and u € g3, let f* denote the u-section of the partial Fourier

transform along the second layer go given by

)= | flz,u)e W du, € g.
g2
Up to some constant, this defines an isometry Fo : L?(g1 X g2) — L*(g1 x ¢3).
Given f € L?*(G), we also write f* = (Faof)(-, ) (for almost all p € g5) in the
following. For f € S(G), we have (X;f)* = X} f#, where

X]” =0y, + %wu(x,Xj),

where w,, denotes the bilinear form given by

wy(z,2") = p([z,2'), =2 € gi.
Moreover, let L* be the second order differential operator defined by

LM = — (X1 + -+ (X4)?).
We call L* the p-twisted Laplacian on g;. Direct computation shows that

(L) =L f* = (—Ap + §1Juz]® —iwu(z, V) f*,

where J,, is again the endomorphism given by

(Jyz,2") = wy(x,2'), x,2" € g,

and w,,(z, V) is a short-hand notation for the operator

dq
wy(x, V) = Zwu(x,X])a%
j=1
The operators L, —ilUy,...,—iUg, form a system of formally self-adjoint, left-

invariant and pairwise commuting differential operators, whence they admit a joint
functional calculus [Marll]. Let U be the vector of differential operators

U = (=ily, ..., —ilU).

Since the joint functional calculus is compatible with unitary representation theory,
the p-sections of the partial Fourier transform and the joint functional calculus of
L and U are compatible as well.

Proposition 3.1. If F: R x R% — C is a bounded Borel function, then
(F(L,U)fY" = F(L", 1) f* (3.1)
for all f € L*(G) and almost all p € g5.
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Proof. This follows from the arguments of [Miil90, Section 1]. Let ¢/(L?(g1)) denote
the group of unitary operators on L?(g;). Applying Proposition 1.1 of [Miil90] to
the unitary representation 7, : G — U(L?(g1)) given by

(T, w)p) (') = e~ =sen(@) o0 — ) (zu) € G2 € gy

yields (3.1) if F: R x R4 — C is of the form F(\,u) = G(A\)H (i), where A € R
and p € R%. By a standard density argument, we obtain (3.1)) for any bounded
Borel function F'. (]

3.2. Decomposition into blocks of twisted Laplacians. Next, we transform
the twisted Laplacian L* into a more accessible form by choosing an appropriate
basis with respect to which L* turns into a differential operator consisting of blocks
of rescaled twisted Laplacians with standard symplectic form.

Definition 3.2. For m € N\ {0} and A > 0, we call the operator

Aﬁé)m =-A, + i)\2|z|2 —idw(z, V.), z€R™

the A-twisted Laplacian on R?™, where
w(z,w) = wgzm (2, w) = (Jz, w)gem (3.2)

is the standard symplectic form induced by the 2m x 2m matrix

- (0 —idgnm
JJRzm(idRm 0 )

Definition 3.3. Let d; € N\ {0}. Given parameters b = (b1,...,by) € [0,00)"
and r = (r1,...,ry) € (N\ {0})Y with N € N\ {0} and 2|r|, < dy, we call
Ab,r _ (7AR7'0) P A]g)zlr)l PP A(bN)

]Rdl Rer
the anisotropic twisted Laplacian of type (b,r) on R4 = R™ o R?™ @ ... @ R?'N,
where ro =dy —2|r|; =di1 —2(r1 +--- + rn) and Agro is the Euclidean Laplacian
on R™,

Proposition 3.4. There exist a non-empty, homogeneous Zariski-open subset g ,.
of g5, numbers N € N\ {0}, 70 € N, r = (r1,...,7n) € (N\ {0}, a function p —
bt = (b,...,by) € [0,00)Y on g3, functions ju — P! on g5, with P¥ : g1 — g1,
n€{l,...,N}, and a function pp+— R, € O(dy) on g5, such that

N
—J2 =Y ()*PY forall p € g, (3.3)
n=1
with PR, = R, P,, J,(ran P*) C ran P!' for the range of P! and
wy(Plz, Pla’) = bl wpern (PoR, '@, PaR ') for all z,2” € gy (3.4)

for all p € g5, and all n € {0,..., N}, where P, denotes the projection from
R% = R™ ¢ R?™ @& --- @ R~ onto the n-th layer, and, for all bounded Borel
functions F: R — C and all ¢ € L?(g1),

(F(L*)¢) o R, = F (AP, ") (¢o R,) in L2(R™) (3.5)

for almost all 1 € g3 ., where
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(i) the functions p — bl are homogeneous of degree 1 and continuous on g3,
real analytic on g3 ., and satisfy bl >0 for all p € g3, andn € {1,..., N},
and bl # b, if n#n' for all p € g5, and n,n’ € {1,...,N},

(ii) the functions p +— P} are (componentwise) real analytic on g3 ,., homo-
geneous of degree 0, and the maps P! are orthogonal projections on g1 of
rank 2ry, for all p € g5 ., with pairwise orthogonal ranges,

(iii) p = R, is a Borel measurable function on g3, which is homogeneous of
degree 0, and there is a family (Up)een of disjoint Euclidean open subsets
Ue C 95, whose union is g5 . up to a set of measure zero such that p— Ry,
is (componentwise) real analytic on each Uj.

Remark 3.5. Given an anisotropic twisted Laplacian Ag:,& the parameters b and

r are clearly not unique, but they are, up to a permutation of the blocks, if one
additionally requires b, > 0 and b, # b, if n # n/ for all n,n’ € {1,...,N}.
However, in property (i) above, it may happen that b% = 0 or b = b/, for n # n’
if 41 lies in the Zariski closed set g5 \ g5 .-

Proof. Since J,, is skew-symmetric, the endomorphism —Jﬁ = J;Jy is self-adjoint
and non-negative. Let p,(A) = det(\+.J7) be the characteristic polynomial of —.J.
Then, by [MM14] Lemma 4], there exists a non-empty, homogeneous Zariski-open
subset g3 ,. of g5 and numbers N € N\ {0}, 70 € N, ry,...,rx € N\ {0} such that
Pu(X) = A0 = (07)?)* - (A = (y)?)*™
for all u € g3, with functions p +— bl that satisfy the properties of (i). Note
that dy =719 4+ 2r1 + -+ + 2ry. As in [MM14] Lemma 5], the factorization of the
characteristic polynomial yields
N
—J2 = (bh)?PY forall p€gj,, (3.6)
n=1
where the P} are orthogonal projections on gy of rank 2r, for all u € g3, with
pairwise orthogonal ranges. The P} are real analytic functions of y € g3 ., which
are homogeneous of degree 0. From the spectral decomposition (3.6), one de-
duces that P¥ = F, ,(—J2) for any (Borel) function such that F, ,(0) = 0 and
Fru((62)?) = 6, for all n € {1,...,N}. Choosing for instance F,, ,, as an in-

terpolation polynomial shows that J,, and all the projections P* = F, ,((—i.J,)?)
commute. Thus, J,(ran P¥) C ran P# for the range of P/, and by (3.6)),

*(Ju|ranp¢;)2 = (03)% idan Py - (3.7

Let J} denote the restriction of J,, onto ran P¥. We consider J/ as an operator on
the complexification (ran P*)® of ran P#. Then iJ# is self-adjoint and according to
, it admits only the eigenvalues +b/. The spectral projections associated with
these two eigenvalues are given by

1
Pie =5 (ideanp £ ()71 0) -

Note that the functions p +— P} | are real analytic on g5 .. We take some arbitrary
basis vy, ...,vq, of g1 and consider for each n € {1,..., N} the set of vectors

C
P} yv1,..., P} Lvg, € (ran P})~.
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We may find for any point uo € g5, a neighborhood U,, C g5, and a set of

indices I, 4, € {1,...,d1} with |I,, ;,)| = ry such that the vectors P}, v;, j € Iy,
are linearly independent. We denote these vectors (whose choice depends on 1)
by wf:’l, o wh .. Then the maps y — w} ,, are (componentwise) real analytic

functions on U,,. Moreover, due to the homogeneity of the projections P,‘L‘i, the
functions p — w}; ,, are homogeneous of degree 0. Now applying the Gram-Schmidt

process to the basis wf;l, ...,wy . yields an orthonormal basis u?fil, coywh . of
the eigenspace associated with the eigenvalue b% of i J¥. Together with the complex
conjugates of the orthonormal basis wj, ;,...,wk . , we obtain an orthonormal basis
Up 15+ Up oy, Of Tan P} such that

Wi (V8 s Uy pr) = by WR2rn (€ €) - for all mym” € {1,..., 27, }, (3.8)

where e,, is the m-th standard basis vector of R?*™» and wg2-, denotes the standard
symplectic form (3.2). Note that w,, (v} ,,, v} /) = 0 for n # n’ by construction.
Let P} :=idg, — (P{" + -+ + PJ). Then the radical t,, of w, is given by

v, ={z€g:w,(z,2)=0foral 2’ € g}
= kerJ, = ker J? =ran P}'.

Hence we may choose vf;,...,vp,, € t, such that all the v} .. n € {0,...,N}
form an orthonormal basis of g1. Note that the functions p +— v} ,,, are just locally
defined on neighborhoods of a fixed point po € g5 ,. These neighborhoods yield a
covering of g3 ,.. Using this covering, we obtain a family (U¢)gen disjoint Euclidean
open subsets Uy C g3, whose union is g5 ,. up to a set of measure zero, and we may
define measurable functions p — vl , on g5 . that are real analytic on each Uj.

When decomposing R4 = R™ @ R?™ @ ... @ R*~ and sending the (n,m)-th
standard basis vector of R% onto v¥, | we obtain a map

n,m’
N N

R, :R™ @ @Rzr" — @ ran P!
n=1 n=0

such that

PY'R, = R,P, forallne{0,...,N},
where P,, denotes the projection from R% = R™ @R?™t @ - .- & R?~ onto the n-th
layer. If we let b* = (bY,...,bY;), we obtain

(Lo R;Y)) o Ry = AP0 (3.9)

for any ¢ € S(R%), say. This can be seen, for instance, via direct computation,
or, more conceptually, as follows: If § denotes the Dirac measure at the identity
element of the Lie group G, then, in distributional sense,

Lf=L(f*0)=fx(Lo), [feSQ),
where * denotes the group convolution on G. Let Ay, denote the Euclidean Lapla-
cian on g;. Since X;0 = J,,0 for each of the vector fields X, we get

Lf =fx*(—Agy0). (3.10)
Given ¢, € S(g1), we consider their p-twisted convolution given by

b x, () = / (@i — ') @) de! | e gy,
g1
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Then, for f,g € S(G), we have
(frg) = 1" xug"
Let dg be the Dirac measure at the origin of g;. Then yields
LFe = ¢ %, (—Ag, 60).

Thus, interpreted in distributional sense, we have

LH(¢o RN(Ruy) = | o(R; ') (—Ag,0)(Ryy — a’)esnBuva’) gy
g1

= [, 96 Bg,8)(y =y ettt dy

which, in view of (3.8]), gives (3.9). .
Finally, since the rotation R,, intertwines the operators L* and Algdl’r via conju-
gation in (3.9)), it also intertwines their functional calculi, that is,
b*,
(F(L*)¢) o R, = F(ARdlr) (po Ru)
for all bounded Borel functions F : R — C and all ¢ € L?(g1), which is (3.5). O

Remark 3.6. For our later purposes, we actually only need the function u — R,
to be measurable without relying on the smoothness properties of (iii). This is
due to the facts that the convolution kernels Kp(r,uy of the operators F(L,U) are
rotational invariant on each of the blocks given by the projections P#, see Propo-
sition and , and that the proof of the LP-L? restriction type estimate
relies in particular on a Plancherel argument.

3.3. Spectral properties of anisotropic twisted Laplacians. Let again d; €
N\ {0}, N € N\ {0}, b = (by,...,bn) € [0,00)V, v = (r1,...,7n) € (N\ {ODV
and ro = d; — 2 |r|,. Since the anisotropic twisted Laplacian

APT = (-Apo) @ ALY, @@ ALY)

acts as a Laplacian on the layer R, we introduce a second partial Fourier transform

[y = flty)e ™ ™Pat, (r,y) € R x R4, (3.11)
R"0

If we let di = dy —ro = 2|r|,, then
b, (7) b#*, T
(A" f)7 = (I71* + Aga") £,
Arguing similar to the proof of Proposition 1.1 of [Miil90] (by comparing the gen-
erators of the corresponding semigroups of APT and |72 + ATY) on R%), one

R%1
can verify that the functional calculus of the two operators is compatible with the

partial Fourier transform, whence

(FALD) N = F(Ir? + AR5 5@ in L2(RD) (3.12)

for all bounded Borel functions F : R — C, all f € L2(R%) and almost all 7 € R%.
Hence, by Proposition and , spectral properties of the twisted Laplacian
L# are those of the operators |7|> + A;;l’r modulo an orthogonal transformation
and the partial Fourier transform .
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If the parameter b = (by,...,by) satisfies b, > 0 for all n € {1,..., N}, the
spectral projections of the anisotropic twisted Laplacian Aﬂz’;l can be written down
in terms of twisted convolutions with Laguerre functions.

Definition 3.7. Let b = (by,...,by) € (0,00)N, r = (ry,...,ry) € (N\ {0}V
with N € N\ {0}, and dy = 2ry +--- + 2rn.
For ¢, € L?(R™), we call the function ¢ X1, ) 1 given by
O X V() = [ olhily - 2)EP*(y,z)dz, ye RN
1
the (b, r)-twisted convolution of qS and v, where EP is given by

EP*(y, 2) H exp (% by, wgzrn (y("), z("))), (3.13)

with y = (y@,...,y"™), 2z = (z(l), oy 2ZM) ERIM X - x RN,
We define the (b, r)-rescaled Laguerre functions apE’r via

@E,r:sg(blarl)(g ®S0(bN’TN) k = (k}l,...,kN) ENNa
where go,?"m) denotes the \-rescaled Laguerre function given by
o () = ALY (AP e P s e R (3.14)

and L;Cn*l is the k-th Laguerre polynomial of type m — 1.

Proposition 3.8. If b € (0,00)", the spectrum of Aﬂgj;l on LQ(R‘%) consists of
the eigenvalues

N
A :Z (2kp + 1) bn, k= (k1,...,kn) € NV,

and the associated orthogonal projections HE’r given by
b b i
" = f *wm en’s [ €L R

decompose L? (Rgl) into subspaces of eigenspaces of Aﬂzdrl

Remark 3.9. In general H ¥ is only a projection onto a subspace of an eigenspace
as two eigenvalues A\ b,r and )\k,’r might coincide for k # k’. The projection onto
the corresponding eigenspace is given by

b,
fe > " f.
K ENNADT=ADT
Proof. We briefly recall the spectral properties of twisted Laplacians. We refer the

reader to |[Tha93| for further details. For A > 0, the Schrodinger representation 7y
of the Heisenberg group H,,, = C™ x R on L?(R™) is given by

7r>\(a,b, t)go(f) _ eiktei/\(a£+éab)(p<§ + b),

where a,b,& € R™,t € R and ¢ € L?(R™). For v € N™, let ®) be the A-rescaled
Hermite function given by

) (&) = A4 by (NV2E5), € €R™,
j=1
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where h,; shall denote the v;-th Hermite function on R (as, for instance, defined
in [Tha93, Equation (1.1.18)]). It is well know [Tha93, pp. 16] that the matrix
coefficients @, 3, o, 8 € N™ given by

D) 4(2) = (2m) 2N 2 (70 (2,0)0), @}), 2 € R (3.15)
form a complete orthonormal system of eigenfunctions of the A-twisted Laplacian
AI(R{}),,,,, with

AD @ 5 = (218, +m) A D2, (3.16)

Thus, for k € N, the orthogonal projection associated Wlth the eigenvalue (2k +m) A

is given by
(A,m)
Pk f Z Z f’q)o/ﬁ L2( Rzm) 5'
aeN™ |8, =k

The projection P,i)"m)

convolution given by

can be written in a more explicit form via the A-twisted

Fxoum9(z) = | flw)g(z —w)etremn ) gy 5 e R?™,
R2m,

where wpr2n shall again denote the standard symplectic form of . Since
), (2) = A" @, (AV22),
the identities (1.3.41) and (1.3.42) of [Tha93| pp. 21] imply
el (2) = @mm AT ST 8], (2). (3.17)

lvli=k

Hence, by (2.1.5) of [Tha93, p. 30], P()"m) may be rewritten as

PO f = f X () 00", (3.18)

Writing down the eigenfunctions of the anisotropic twisted Laplacian AHZ’;; is now
immediate, as the functions

b,r b
(I)u, (I)l(/(llg J(vH @ Q- ® (I)l(/(Ng J(v) ()

with v = (vW, . v = (@)D, () M)) e N x - x NV = N%/2 form
a complete orthonormal system of R, with

N
Azt o = (X @I+ )b )2
n=1

Hence L? (RJl) decomposes into eigenspaces of AD‘;;;. Using 1) on every block
shows that the projections defined by

D" f = f X(be) or"

= Y Y (H200) g 200

veENd1/2 vV €Ak

satisfy
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where Ay is the set of all v/ € N9/2 guch that |(z/)(")|1 =k, forall 1 <n < N.
Hence HE’F projects onto a subspace of the eigenspace of A]}zgl that is associated
with the eigenvalue

N
A :Z (2kn +70) by, k€N,

which finishes the proof. (I

3.4. Convolution kernels. Recall that the sub-Laplacian
L=—(X}+- 4 X3)

and the vector U = (—iUy,...,—iUy,) of differential operators, where Uy, ...,Uq,
is the chosen basis of the second layer of the stratification g = g1 ® g2, admit a joint
functional calculus which is compatible with the partial Fourier transform along g3
by Proposition For suitable functions F : R x R% — C, the operator F(L, U)
possesses a convolution kernel Kr(y, v, that is,

F(L,U)f:f*K:F(L’U) for alleS(G)

As in [MM13, Corollary 8], we show that the convolution kernel Kp(z y) can be
explicitly written down in terms of the Fourier transform and rescaled Laguerre
functions. To that end, recall that Proposition[3.4]yields the spectral decomposition

N

2= 3 ()P

n=1

for all  in the Zariski open subset g3, C g5 of Proposition[3.4] We use the notation
of Proposition [3:4] in the next proposition.

Proposition 3.10. If ' : R x R% — C is a Schwartz function, then F(L,U)
possesses a convolution kernel Kp(r, vy € S(G). For x € g1 and u € g3, we have

Kran(e) =@ [ 5 R+
95, /R0

keNN

H w](:;n 'f'n) 1P#£C)] e“‘ﬂR;lPé‘@ ei(y,,u) dr du, (3.19)

where P} =idg, — (Pl 4+ --- + PX) and
N
m
Me= A0 T = (2kn + 1) B

n=1

Proof. Since F is a Schwartz function, we have Kp(z,u) € S(G) due to a result of
Hulanicki [Hul84] (see also [Marl0, Proposition 4.2.1]). The formula for Kp(p u)
can be proved as in [Marl5, Proposition 4] by using the Fourier inversion formula
of the group Fourier transform on G and computing the matrix coefficients of
the Schrodinger representations, but can also be derived as follows. Recall from
Proposition [3.4] that

PI'R,=R,P, foralpuecg;, andne{0,...,N},
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where P, denotes the projection from R = R™ @ R*™* & --- &R~ onto the n-th
layer. Let P = idge, — Py and P* =idg, —P/'. Then

PYR, = R,P forall uegs,.
Using the Fourier inversion formula, Propositions and and ([3.12), we obtain

2m)7 = F(L,U) f(x,u) = (2m)™ [ F(L¥, p) f*(z)e’ ") dp
93

= (2m)"° / (F(Aﬂg:f’ 1) (f* o RM))(R;%)e“”m du
g

3,
/9

_ / F(rf? + M) (T F0) (PR )
95,

/ (F(|7’|2 + AHZZ;”, ,u)f(”‘)) (PR;lx) i PR, ) i) g du,
R7o

x el PoR ) i) g gy (3.20)

where we put
f(ml) =(fto Ru)(T)-
By Proposition 3.8 we have

Uﬁ“wﬁﬁwww:/,f“wvni“%y—aE“%%ada (3.21)
R
where EP* is defined by (3.13), that is,
N
EP*(y,2) = [] exp (4 bn wreen (v, 27)),
n=1

with y = (yM, ...,y 2= (zM, ... 20)) e R x ... x RV,
Unboxing the definition of f(™*) yields

Www=/./ﬂm@@ww“mfwwmw- (3.22)
R70 Jga
Note that
ﬂﬁmmumz/fwwmmwmﬂw*mwwww
G

:/Gf(x’,u’)lCF(L,U)(J:—ac’,u—u'—i— sz, 7)) d(z, u).

Inserting (3.21)) and (3.22)) into the last line of (3.20]) and rearranging the order of

integration yields the expression

Ll L L S ri o

keNN
X @E“’r(PRglx —2) Eb’r(PRl:lx, 2)
x T PR e—t) pilpu—u') gp dpdu'dtdz.
Recall that (3.4) asserts

wy(Pla, Pra') = bl wreen (Pu R, @, PR ).
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Since wy,(z,2") = (Jux,2") and
Ju(ran P#) C ran P¥
by Proposition we have
wy(Pla, Pha’y =0 forn#n'.
This yields
Eb’r(PRglx, PR;lx') = exp (w, (P'z, P'z’))
= exp (w,(z,2)).

Hence, substituting 2’ = R,,(t, z) in the formula above, that is,

t= POR;IJJ’ and 2z = PR;lx’,
and using P*R,, = R, P and P}'R,, = R, Py, we obtain (3.19). O

4. SPECTRAL CLUSTER ESTIMATES

Throughout this section, we fix d; € N\ {0} and r = (r1,...,7y5) € (N\ {0}V
with N € N\ {0} and consider the anisotropic twisted Laplacians
APF = (—Apo) @A) @ e Al

R91 R271 R2™N

for parameters b = (by,...,byx) ranging in a compact subset B of [0,00)". In
the following, we deviate slightly from the notation of the previous section (where
we generally denoted coordinates on g; by x and coordinates on R% under the
orthogonal transformation R, : R% — g; of Proposition by y) and will denote
the coordinates on R% again by x in this section.

Given n € N\ {0}, we again write p, = 2(n + 1)/(n + 3) for the Stein—Tomas
threshold. The main result of this section are the following spectral cluster esti-
mates, which are inspired by [Sog93, Chapter 5].

Theorem 4.1 (Spectral cluster estimates). Let B C [0,00)" be a compact subset.
If 1 <p < pq,, then

2
w‘,__
N

r 1_1y_1
k5041 (ARE ) lposz < Cprp (K +1) 2 57272 (4.1)

for all K €e N and b € B.

We give two proofs of these estimates. The first one relies on a Mehler type
formula and subordination by the heat semigroup associated with the anisotropic
twisted Laplacian, but only works for the smaller range 1 <p < pg,_1.

4.1. First proof via subordination by the heat semigroup.
Proposition 4.2. The cluster estimate (4.1)) holds true for 1 < p < pg, 1.

The proof of Proposition is essentially that of Proposition I1.8 of [COSY16]
combined with a Mehler type formula. However, the uniformity of the constants is
crucial here, so we give full details.

Proof. Given b € [0,00)", the heat semigroup

TP () = exp(—tARE), 20
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admits an analytic extension ¢ + TP¥(() = exp(— CARdl) to the complex right
half-plane. By [MM16|, Proposition 4], it can be written as a twisted convolution
with the heat kernel plg’r, which is given by

. 1 1
1) = oo (-~ )
N
x T S(icbn)™ exp ( ~ ¢ k) e ) (4.2)
n=1

where z = (2(?, ..., 20, 2" = ((2")©,..., (@) € RO GR?1 @---HR?"~ and
S,T:C\{kr:0#£keZ} -C

are the meromorphic functions given by

5(0) = siflg and T(¢) = tai(
Then, if we define EP* via
EPT(z,2) H exp (% by wpzrn (JJ(”), (3:’)(”))), (4.3)
the operator TP*(() is given by
T>*(¢) f(x) = g F@ et (x — ') EPF (z,2) da. (4.4)

Note that the parameters b, are actually allowed to be zero, in which case the
twisted convolution is just the Euclidean convolution on the n-th block. Note that

sinh(2Re () — isin(2Im )
2 |sinh ¢|*

%T(z() = coth( =

)

whence )
— ) > i > 0.
Re (CT(z()) >0 if Re¢ >0
Thus, neglecting all oscillations of the twisted convolution above, (4.4)) yields
r b, —d;
1T () Flloo < AP oo KBy €742 (1f I (4.5)
for all ¢ € C lying in the rectangle
R={(eC:0<Re(<1land|Im(|<ap.},

where the constant apg , > 0 is chosen small enough such that ap, < 7/b,, for all
b € B and all n € {1,...,N}. Interpolating between (4.5) and the trivial L?-L>
estimate, we get

TP () lposy <px (77 G 7 forallCe Rand1<p<2.  (4.6)
Given k > 0, we define
Fo(§)=(1—[ehie™, ¢eR.
Then F}; is given by

2 A=k —sin(A — k)

BN =20

A€eR.
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In particular, F}, : R — C is a positive function with supp ﬁ; =[-1,1]. For K € N,
we put

1
FRY() = Frop, i (30me)) and GRT(\) = FRr(y) em20ms /0540,

Note that A € [K, K + 1) implies 0 < %aB,r/\ — %aBmK < %aB,r. Hence, there is
some constant Cg, > 0 independent of K such that

inf  GBT(A) >  inf  FBT(\)e 298 > Cp,.

AE[K,K+1) NE[K,K+1)
This implies
b,r Br b,r
CBr Mk k41 (Api ) fll2 < NIGRT(Aga) fll2-

Using a TT* argument, we obtain

e L (AR, < |(G@BF AR, - (4.7)
Note that
Suppf’fKB? C-iaBr 3OBx)-
The Fourier inversion formula yields
(R0 = g [ FRT R ERT @m0 (4

Moreover, note that there is a constant C~’B7r > 0 independent of K such that
“Br . .Br ~
|FBT « FBY|| < C.. (4.9)

Altogether, (4.7)), (4.9) and (4.6]) yield

b,r

> B,r\2,/Ab,r
|‘1[K»K+1)(AR‘11)H17~>1)’ SJBJ‘ H(GK ) (ARdl)Hpap’
aB,r — — . b,r
< B,r B,r —(aB,r/(K+1)—i£)A>)
s e e e
° _di1_ 1
Sor [ (b 4124 THE e
dy1_ 1y
~B,r (K +1) > Gmy) L
Note that the last integral converges since 1 < p < pq, —1. Hence
b,r ‘Ll(l_i)_;
||1[KxK+1)(A]Rle)||pa2 <Cayr (K+1)2%72)77
which is (4.1)). O

Remark 4.3. In fact, formulas for heat kernels on two-step stratified Lie groups of
the form are well-known, see for instance |[Hul76], [Cyg79, Corollary (5.5)],
[MRO3, Theorem 5.2], and [MM16| for further references. Alternatively, could
also be verified directly from Proposition [3.8 by applying the Mehler type formula
for Laguerre functions of [Tha93| p. 37] on each block of R™ @ R* @ - .- @ R?"~.
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4.2. Second proof via the dispersive estimates of Koch and Tataru. The
proof of for the full range 1 < p < pg, relies on interpolation between p =1
and the endpoint p = pg,. For p = 1, we just resort to our previous result. Let
B C [0,00)" be the compact subset of Theorem [4.1

Lemma 4.4. The cluster estimate (4.1) holds true for p =1, i.e.,

sy (AR < Crr (K +1)
for all K € N and b € B.
Proof. Note that di = ro+2|r|; > 2 and N > 1. We distinguish the cases d; = 2
and dq > 2. If dy > 2, then pg,—1 = 2d1/(d1 +2) > 1, and the statement follows
directly from Proposition [£.2] If d; =2, we have ro =0, N =1, r =1, and b = by,
so the anisotropic twisted Laplacian admits only one block

b,r b
A]Rdl = A]ER;)'

4
4

3 (4.10)

By 1) the spectrum of A]g?) consists of the eigenvalues (2k +1)b;, k € N.
Then, similar to Lemma 3.1 in [Nie22a], (4.10) follows from |[KRO07). O

For p = pg4,, the exponent on the right-hand side of (4.1)) is given by
ﬂ(ifl)flfﬁ<ﬂfl>fl
2 2

2 \pa, 2 2\2(dy+1) 2/ 2
_ 1
S 2di+ 1)
Hence, via interpolation with p = 1 from Lemma [{:4] it suffices to prove
b,r —1/(2(d1+1
||1[K,K+1)(A]Rdl)||pdﬁ2 < Cpyr (K + 1) V/GA+D), (4.11)

Similar to |[KR07, Lemma 2], we first reduce (4.11)) to some localized form. Let
By, By C R™ denote the open balls of radius 1 and 2 centered at the origin.

Lemma 4.5. There is a constant v = ygr > 0 such that
RO Dl [y, < ek llulsylly + 5715 s (4.12)
for allb e B, all k > 1 and all u € L*(R%™) and f € L*(R%) such that
2.2 r
(AL br _ Ve u = f. (4.13)
Before we prove Lemma we show how the endpoint cluster estimate (4.11])
(and thus Theorem [4.1)) can be derived from it. We will apply Lemma with
k= (K+ 1)1/ 2. The parameter v = g > 0 exists only for technical reasons and
will be chosen later to be sufficiently small, depending on the set B.

Proof of . Given K € N, let P}z’r denote the projection given by
Pz’r = 1[K,K+1)(A]§’f1 )-
We reduce to (4.12). Let x = (K + 1)'/2. Suppose we have the estimate
ROl S llullz + [1F 12 (4.14)
for all b € B and all v € L?(R%) and f € L?(R%) such that

(ARt — k?)u = f. (4.15)
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Then, given ug € L?(R%), we can put
w:= PP uy and f:= (A]E’fl — K2) PRy,
and (4.14]) would yield
Hl/(d1+1)|‘P;7Puo||pél <p.r | PP uoll2 + ||(A]1‘§;f1 — K2 PR ug)|2
< 2uoll;,

which implies (4.11]) by duality. So it remains to reduce (4.14]) to (4.12).

Let & = k. We cover the space with Euclidean balls B(x;) with centers
z; € R% such that the dilated balls Baz(z;) have only bounded overlap. Then, in
place of (4.14]), it suffices to show

nl/(d1+1)IIUIBR<mj)||p;1 SBir UlBan oy llz + 11 Bare ll2- (4.16)

Indeed, using (4.16) in combination with Minkowski’s inequality and the bounded
overlap of the balls Bag(x;), we get

;o\ /P
1/(d1+1 1/(di+1 "
1/ (d )||u||p,d1 < gl )(ZHUIBR(M)Hp;i)
J

J
SBor flully + 1112

" 1/py,
1
o (32 (st e 1) ™

For v € L%(R%), we consider the twisted convolution given by
U X () u(T) = / v(@u(x — 2 )EPT (x,2')de’, =€ RH
Ré1

where EP* is defined by (#.3)), that is,
N
Eb,l’(x’ .’E/) = H exp (% bn WR2rn (x(n)7 (.%'l)(n))),
n=1

with z = (2(®,...,20), 2" = (") ©,..., (@))) e R §R** @ --- §R¥V, and
where wgzr, is the standard symplectic form of (3.2). Then

AR (0 X () 1) = 0 X () (Apiw)  for all v e L2(R™M).

This implies
Aﬂz:l (u(z — ') EPT (z, a')) = (A];;fl u)(z — ') EP* (z,2").
As a consequence, substituting

uw(z) = a(z — 2V EP*(z,2') and f(z) = f(z — 2')EP" (2, 2")

shows that we may assume without loss of generality z; = 0. Hence, in place of

(4.16), it suffices to show

R [N A (o P P (4.17)
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for all u satisfying (4.15) (where we just write B,, and Bs, for the centered balls
B (0) and B3, (0)). On the other hand, rescaling with # = yx shows that (4.17)) is
equivalent to

RYCELC AT (,?;.)||p;l1 < K92 |ulgys (R )|,
+ K12 flBas (R )l (4.18)
Since A%dll) "(w(E-)) = (A]gdr1 u)(%-), ([.15)) is equivalent to
AP (u(f)) = 2Rbulf) = 2R3 (R, (4.19)
Moreover,
1 d d 1 dy —1 d
+ ,71 - *1 == + 1 ! - *1
di+1 D, 2 di+1 2(d1 + ].) 2
— 2 _
B di +1
Substituting u( - ) and #2f(%-) by new functions @ and f shows that (4.18)) and
(4.19) are equivalent to (4.12) and (4.13), which finishes the proof. O

Similar to Lemma 2] and Lemma 3.4], the local estimate of
Lemma is a consequence of the results in by Koch and Tataru. To
state their result, we need to introduce some notation. Given A >0 and j € N, let
S{ be the class of all symbols a € C°(R™ x R", C) satisfying

A~1Al for |a| <7,

9200 a(e,€)| < caﬁ{ laj=i g (4.20)

A for |a] > j.

For A > 1, let \*S] = {M\a:a € S)}. (Note that requires A > 1, but this
restriction is 1ns1gn1ﬁcant as we W111 see in the sketch of the proof of Theorem [0
below.) Given a symbol a € S5, we denote by ¥ = a" (x, D) the pseudo-differential
operator defined by the Weyl calculus, that is,

a"(z, D)u( (2m)~ / / (x +y),¢) eHe=vu(y) dy de.
We denote the characteristic set of a given symbol p € C*°(R" x R™,C) by
charp = {(z,£) € R" x (R"\ {0}) : p(x,&) = 0},

and set ¥ = char p N B*, where B* denotes the ball

B* = {(z,6) e R" x R" : |z| < 1 and || < A}.
Then, for |z| < 1, the z-section of ¥ is given by

Yo = {6 €R"\ {0} : [¢] < A and p(x,§) = 0}.
We will use the following special case of Theorem 2.5 (i) from [KT05al:

Theorem 4.6. Let k € {0,...,n —2} and

2(n+1—k) n—1+k

g=————— and P(Q)=m~

4.21
n—1—k ( )

Suppose that p € AS3 is a real symbol satisfying the following conditions:
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(i) The symbol p is of principal type, that is,
Vep(x,§)| 21 for all (z,§) € X.

(ii) The set ¥, has n — 1 — k non-vanishing curvatures for all |x| < 1. More
precisely, for all |x| <1 and & € ¥,, the second fundamental form of ¥, at
& admits an (n — 1 — k)-minor M such that

|det M| > \k—nt1
where the constant is independent of x and .

Let x € S be compactly supported in B*. Then
ATPD I ullg S [l ull2 + - (4.22)

An inspection of the proof of Theorem 2.5 (i) in [KT05a], whose parts can be
found in Sections 3 and 4 there, shows that the constant in depends only
on the constants in and the constants in the conditions (i) and (ii) above.
This observation is fundamental to the proof of Theorem where we apply
Theorem [£.6] to a whole family of operators. We provide a brief walkthrough of
the relevant arguments in [KT05a] to convince the reader of the uniformity of the
estimates.

Sketch of the proof. Following the arguments of [KT05a, Lemma 3.8 (i)], one first
reduces the operator p* to some canonical form. Given (z9,&) € X, we have
|0¢, p(,€)| ~ 1 in an e B*-neighborhood of (g, &) for some k € {1,...,n}. Similar
to [KT05a, Lemma 3.6], covering B* by dilates of such balls and using a partition
of unity, it suffices to prove with x on the left-hand side replaced by a smooth
cut-off function x. supported on one of the e B*-balls, and p replaced by p. = x. p.
Assuming without loss of generality that k£ = 1, the implicit function theorem yields

{(2,8) : p(x,8) = 0} ={(2,8) : &1 +a(,§) = 0}
on a given e B*-ball, with a € AS3. Let e be the symbol defined by

51 + a(x,f)
p(x,€)

where Y. = 1 on the support of x.. Since |9¢, p(z,&)| ~ 1 on the chosen eB*-ball,
we have e € S%, whence it suffices to show with p. on the right-hand side
replaced by p. = epe, see [KT05a, Lemma 3.3]. Note that the bounds for the
derivatives of a and e depend only on the corresponding bounds for the derivatives
of p and the constant in condition (i). Moreover, both the characteristic set and the
conditions (i) and (ii) remain invariant when replacing the p by the microlocalized
symbol p.. In summary, it suffices to prove Theorem for the special case where
p is of the form

e(:v,f) = )25(55;5)

p(fl?, 5) = 51 + a(z,f’),
where ¢ = (&1,¢') € R™ and a € \S3.

We make a slight change in notation. As in the beginning of Section 4.1 of
[KT05a], we write t = x; and denote henceforth the component 2/ € R"~! again
by z. The idea is to interpret the first coordinate as a time parameter. With this
notation, we are led to consider the operator D; + a", where D; = —i0;. It suffices
to prove

AP (2, Dyl pagny S 1(De+ @ )ull pozny + llull 2 ny (4.23)
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for any smooth cut-off function x on R"~! x R®"~! compactly supported where
|z] < 1 and [¢|] < X and all operators D; + a* whose symbol satisfies (i) and
(ii). Via functional calculus, the (real) symbol a generates the isometric evolution
operator

S(t,s) =exp(—i(t — s)a"), t,seR.

The idea is to derive from appropriate decay estimates associated with the
evolution operator S(t,s), which in turn follow from corresponding L!-L° decay
estimates by the methods of Keel and Tao [KT98]. To prove , it suffices to
show the following special case of Proposition 4.8 in [KT05a] (with f; = 0 and
r = s there), which is the estimate

AP Dy (2, DYullazny S IFllz qo.,22@n-1)) + lluoll 2 @n-1), (424)
where u solves the initial value problem
(Dy+a®)yu=f, u(0,)=ug (4.25)

on the interval [0,1]. Due to Duhamel’s formula, the solution of (4.25) can be
represented as

u(t,) = S(t,0)ug + i/o S(t,s)f(s)ds.

Thus, to show (4.24)), it suffices to show that the operators x*S(t, s) are bounded
from L? to L? with operator norm

XSt 8) l2sg S N, (4.26)

~

As argued in the proof of Proposition 4.8 of [KT05a] (note that d = n — 1 there),
(4.26]) follows by a TT* argument and by the results of [KT98] by Keel and Tao
from the decay estimates

XS (8, )X 1ms0 S ACTHRIZ [p — 5 TR,

An inspection of the arguments in [KT98| shows that the decay estimates they
derive actually depend only on the constant of the initial L'-L°° estimates, which
up to the endpoint are the arguments of Section 3 there, while the estimate for the
endpoint is treated in Sections 4 and 5 there.

Following the arguments of the proof of Proposition 4.7 of [KT05a], to prove the
decay estimate

1S (to, 0)x i |oe < AP=1HRI/2 4| ==K 1 (4.27)

at time ¢; (one can assume without loss of generality s = 0), one passes to a
normalized setup with new frequency parameter p = +/tgA by rescaling via

(t,z,) (tot, x\\g\*@ 5\\/%)

Let u(t,-) :== S(t,0)x"ug. We consider the functions

o(t,7) :u(tgt,x\/%> and () :u0<x t°>.

VA VA
Then (4.27) is equivalent to

lv(1, ')HLOO(Rn—l) < Mk||voHL1(Rn—1)~ (4.28)
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(In [KTO5a], one actually has to replace the rescaling t/tg by tot, since we want
o(1,z) = u(ty, 242).) Let

vV
i _ ol SN e [V &
a(t,x,@toa(tot, ﬁ,ﬂ) 4 % ,E)x<ﬁ,\/t—0>~
Note that
0(0,2) = (x"uo) (o, ‘"”g) — (2, D)uo.

Thus, the function v solves the initial value problem
(Dy+a“(t,z,D))v =0, v(0,-)=x"(x,D)vy.
To prove (4.28]), we write

vty) = [ KLy )X ) () .
Using Proposition 4.3 of [KT05a], we want to derive an L>°-bound for the kernel K.
To that end, we need to introduce some further notation of [KT05al p. 235]. For
fixed (z,&), let (x%,&) denote the Hamiltonian flow given by the solution of the

initial value problem
N d .
%xt = a’&(‘rtvgt)? agt = _ax(xtagt)7 (x0’§0) = (ﬂf,f),
where a¢ and @, denote the partial derivatives with respect to £ and z. Let ¢(t, z,y)
be the phase shift given by
d - .
al/f(t,%f) = (7a+§ta§)(mta€t), 1/)(073%5) =0.

Then, using Proposition 4.3 of [KT05a] for the special case s = 0, we get the
representation

K(t,y,g) = / / e~ 2 ()" pi®(t. L) G(t,x, &, y) dx dE
Rrn—1 Jrn-1
for t € [0,1] and y, 5 € R, with
O(t,z,&y) = —E( —2) +¥(t,2,6) + ' (y — ")
and some function G satisfying
(2 — )" 0200 G (1, 2.€.9)| < Crap (4.29)

where the constant C., g, only depends on the corresponding bounds for the
derivatives of a.

Returning to the arguments of the proof of Proposition 4.7 in [KT05a], we con-
sider the ball

B ={(2,) : x| < ptg", €] < p}.
Then, since supp x C B, there is some constant C' > 0 such that

oty) = /ﬂw | Lop(@ Gt w, & y)em 20 I REN (R000) () du dE d

up to some error term that can be estimated by Cnpu™Njvg|| 11 rn-1), see [KT05a,
p. 241]. Then (4.28) follows once we have shown the bound

| testeoi60a gl de 5 i (4.30)
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By (4.29), we may bound the above integral by a constant Cn times

swp [ dep( et -y Ve (4.31)
|z|<Cptg * TR
As in [KT05a, p. 241], a linear approximation of ¢ — dx'/9¢ shows that
ozt Oxt
T G (0,3,6) + OV, 4.32
o€ o€ s 55( 5) ( 0) ( )

where a¢e denotes the Hessian matrix of £ — a(0, z,£). Now the curvature condition
of (ii) yields that aee(0,z,§) admits a non-degenerate (n — 1 — k)-minor, whence
one may locally choose coordinates £ = (£/,£") with & = (&,...,&u_1-k) so that
the matrix @g¢ (0,2, €) is non-degenerate. As in [KT05a, p. 242], estimating the
integral in & via the support of CB and in ¢ via @, we get

[ @kt —gh N de s ut,
CB
which yields (4.30) and thus (4.28]). O

With Theorem [£.6] at hand, we now prove Lemma [£.5] which completes the proof
of the spectral cluster estimates of Theorem Recall that B C [0, 00)" denotes
the compact subset of Theorem

Proof of Lemmal[f.9, Let By, By C R% denote the open balls of radius 1 and 2
centered at the origin. We have to show that there is some v = yg » > 0 such that,
for all b € B and all k > 1, we have

R luly [l < Ce sl lly + £ (4.33)
whenever u € L2(R%) and f € L?(R%) satisfy

(AL 3wty = 5.

Let k > 1. The parameter v = yg, > 0 will be chosen later in the proof. Recall
that b = (by,...,bx) € [0,00)Y, r = (r1,...,7n) € (N\ {0}, N € N\ {0}, and

2,2 2,2y 2,2p
A%d': br _ (—Agay—2pr); ) @ A]g;'f 1) DD AI%;T’;] N)

By definition, on each block, we have
A]gg;z?b") =-A.+1 (72,%21)”)2 1212 — i (*K%by) wgern (2, V), 2z € R,

where wgzr, (2, w) = (Jg2rn 2, W)g2r, is the standard symplectic form induced by

_ 0 —idgrn 2 X 2
JRQTn = (idan 0 ) eR .

2.2
In the Weyl calculus, the symbol o® = oPT of ALY br_ 244 g given by

2
o (@,6) = [¢ + Iy2R2 0Pl — P, a6 e R,

where
0 0 o 0

0 b1 JRer

JP = € RIxdi, (4.34)

0 e 0 bNJ]RQTN
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In the following, given A > 0, we use again the notation
B* = {(z,6) € R4 xR : |z| < 1 and €] < A}

We decompose the phase space into a non-elliptic region, where we will apply
Theorem and an elliptic region, where even better estimates are available.

(1) The non-elliptic region. We apply Theorem with parameters
k=0 and X\=&k%

Let no : RY x R4 — C be a smooth cut-off function such that ny(z,¢) = 1 for
(x,€) € B* and ng(x, &) = 0 for (x,€) ¢ 2B, We define 7 via

Let p? and aP be the symbols given by
pP(x,€) = A" (oPn)(2,€) and  aP(z,&) = A2 (oPn) (2, €).
is a polynomial of degree 2, we have
0207 (2,€) =0 for |a| + || > 2.
Moreover, for all (z,¢) € B* and |a| + |8 < 2,

1 2
020 (|5 + 302 o] =7 Smema A1

Since o®

A2 020 P (x,)| = T

Hence, via Leibniz rule, we have in particular

Pl for |a] <2,
el =2

60‘661) , < C,
‘$§a(x§)\_ ﬁ{)\ =18l for |a| > 2.

Thus, pP = AaP € )\Sf\, which matches the requirements of Theorem
Next, to apply Theorem we verify the conditions (i) and (ii) from there. We
consider ¥ = char p? N B*. For fixed 2 € R%, the set
{¢eRM :oP(2,6) =0}
is a sphere of radius yx? = A with center —372k2JP2 = —142XJP2 € R%. Note
that n|gx = 1. Thus, by choosing v = yg» > 0 small enough, we can ensure that
{(z,6) e RY xRY : ¢P(2,6) =0 and |z| < 1} C B

and that for |z| < 1 the z-section ¥, is the whole sphere of radius yA with center
—1~?AJPz € R%. For condition (i) of Theorem we observe that (z,€) € X
implies that oP(z,¢) = 0 since 5|g» = 1. Thus,

|v5 pb(x7 £)| = )‘_1 ’ (VE Ub(xv g)) 77(3776) + Ub(xv 5) Vf 7](957 5)‘
=227 [+ 37Nz =2y forall (z,€) € X
On the other hand, condition (ii) of Theorem [4.6] follows from the fact that for
|z| < 1 the sphere ¥, has d; — 1 non-vanishing curvatures. Note that the required
bound associated with the second fundamental form of ¥, in condition (ii) actually
does not depend on b € B.
Now, for k = 0, the exponents ¢ and p(k) in (4.21)) are given by
2(dy +1) , dy—1
= —— = d = —
dl _1 pdl an p(Q) 2(d1 +1)
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To show (4.33)), suppose that u € L2(R%) and f € L?(R%) satisfy
(™" )= 1

Let ¢ : R® — C be a smooth cut-off function with 9|, = 1 and compact support
in By. Then, applying Theorem with k = 0 and X\ = k2 yields

ATPD N ()|, Seere Iz + (%) ()2
Multiplying both sides by A!/2, we obtain
AV BV () [y, Spor A2l |z + A2 (0P)* (o) 2. (4.35)
We show that
AP (u)llz S A2 [lulally + A2 F |5, - (4.36)

Recall that pP = A~1oPr. We want to use the calculus of pseudo-differential oper-
ators. We use the symbol classes S™, which are defined as follows: Given m € R,
we say that pg € C°(R% x R% C) lies in S™ if

10205 po(x,€)| Says (€)™ 1% for all 2,¢ € R, B € N, (4.37)

where (&) = (1 + |¢]?)Y/2. (Note that we have changed from 80‘8ﬂ to 0202 in
our notation compared to the definition of the symbol classes SJ of [KT05a].) I
po € S™ for all m € R, we write pg € S—°°.

Note that the symbols o® and 7 satisfy the bounds

8£85(‘§+ 242 1P ‘2 72)‘

2ol
Buras <§> Alel for 2] < 1

2’80485 bl‘f’_

and

s E\TMlel g
|0g 0 (z, é)INMa5<A> A for all M € N.

In particular, we have A720P € 2 and € S~>°. Now, the calculus of pseudo-
differential operators yields

A2 (aP)? = AT (0P) 4 (TP)”, (4.38)
where the symbol 7P € S~ satisfies the bounds

298P < ¢
|6§ oy ($7§)| ~Bor,M,o,8 <>\>

For details, see Section 3 of Chapter 2 in |[Fol89] and in particular Theorem 2.49
and Corollary 2.51 of [Fol89, pp. 107]. More precisely, by Corollary 2.51 of [Fol89,
p. 109], since A=20P is a polynomial in ¢ and x of degree 2, the remainder term 7P
is given by a constant times

0e(A"20®) (0am) — 0x(A"20") (Dem),

which implies by using Leibniz rule.

More generally, (£.39) can also be derived without using the fact that A\~2¢P
a polynomial (We will use this fact several times later, for example when deriving
the bounds (| and - The bound in the more general situation can be
obtained, for mstance by inspecting the proof of Theorem 2.49 in [Fol89, p. 107]

—M—|a|-1
A~lel=t, (4.39)
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in combination with the rescaling (z,£) — (z/A, A£). More precisely, suppose that
¢1 € 8™ and ¢ € S™2 satisfy

o Eymi—lel .
080051 (@,6)] Smyas (3) AL jed{L2y,
where we momentarily omit the dependence on B,r from the notation. Let the
number ij7a,/3(§j) denote the best constant for which the bound above holds;
note that it does not depend on A. For ¢ € S™, set ¢*(z,&) = ¢(z/A, A\€), and let
I - llm,a,8 be the seminorm on S™ defined by

Illmas = sup |9g0]c(x, &)l (€)™,
z,£€RN

Then ||Cj\||m,-,a,/3 = )\"H‘ij7a)5(gj). We may write ¢ § o —<162 = T'(s1, $2) for some
bilinear operator 7' : ™ x §™2 — §mitm2—1l " where ¢ fi¢y denotes the twisted
product in the sense of [Fol89, p. 103]. The map T is bounded between the corre-
sponding Fréchet spaces defined by the seminorms above. Moreover, an inspection
of the proof of Theorem 2.49 in [Fol89, p. 107] shows that, in the remainder term of
the Taylor expansion for k = 0, at least one of the symbols is always differentiated
in the z-variable. Consequently,

|‘T(§1>\’<2)\)||m1+m2*17a;5 < CT@ﬁ Z ||§1)\||m1,a1,61 Hgé\llmmazﬁz?

ai,f1,a2,82

where the sum runs over a finite index set depending on «, 8, and with | 81| +|52| >
|3| + 1. Finally, note that T(s',s3) = (T'(s1,52))". Hence,

—mi—ma+|al+1
sup <§> N 920 (51, 2)) (2|
z,£ERN
= sup |<£>7m17m2+|a|+1/\‘5\+13?8§(T(C1)‘,§2>‘))(£,£)|
Z,6€RN

< Cr,a,8 Z )\lﬁH_l_lﬁl|_|52|Cm176¥1731 (gl)cmmazyﬁb (§2)'

a1,B1,a2,82

This shows that can also be obtained without relying on the fact that A=2¢®
is a polynomial.

Next, we derive L? bounds for the operators n* and (7P)* following the argu-
ments of the proof of Corollary 2.56 of [Fol89, p. 112]. (Note that this is essentially
the statement of the Calderén—Vaillancourt theorem, but we give a direct argument
here since our symbols are sufficiently regular.) Let K(,oyw denote the integral ker-
nel of ()", that is,

K(Tb)w(x,y) = (277)_d1 /Rd Tb(%(x + y),f)e“m_y’§> dg.
1
Then, via integration by parts,

(x — y)O‘K(Tb)w (z,y) = C, y (“)?Tb(%(x + ), f)e“‘”_y’£> dg.
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Using (4.39), we obtain

f -M—|a]-1
— ) " <B o Ma > A lel=14
@ =) K w.9)] Sorane [ (5) ¢

-~ )\7\O¢|+d171/ : fola\fldj

@ £
Since the last integral converges if we choose M > 0 large enough, we get
\K(royo (2,9)] Spears (Mo —y)) P AS"L for all > 0.

Thus, Young’s convolution inequality shows that (7P)" is bounded on L? with

1(72)" a2 SBar A% (4.40)
Similarly, n* is bounded on L? with
7" [[2—2 < 1. (4.41)

Hence, the left-hand side of can be dominated by
AN P (u)llz = A2 (0Pn)® () |2
< ATV (@) () ll2 + N2 (7P (Yu) |2
S A2 (0) (u) 2 + A2 [lul s, 2 (4.42)

To prove (4.36), it remains to bound the first summand of (4.42)). Recall that
A = k? and (oP)%u = f by assumption, where

(P = A%Qd'fb’r — 2K,

We choose a smooth cut-off function ¢ : R® — C with 9)|suppy = 1 and compact
support in Bs. Via Leibniz rule, we obtain
(™) (u) = fp —u (Agar +iV* K> (P, V) P = 2(Vu, V), (4.43)

where JP is the d; x d; matrix of (4.34). For the first two summands, using that
1) is supported in By, we observe that (4.41) implies

[ (f)ll2 S N1 1Bl (4.44)
and, since k2 = A, we also have
Hnw (u (ARdl + i72m2<Jb- , V)) z/J) H2 SBr AU,y (4.45)
Let @ := ut). Then, since 1/;|5upp¢, =1, we have
dy
0 (Vu, V) =y n"((9;4)0;7).
j=1

Note that the j-th summand on the right-hand side is the concatenation of the
pseudo-differential operators associated with the symbols 1, (z,&) — 0;¢(z) and
(z,€) > i&;. Note that n € ST, 9,9 € S°, and ((z,§) — i&;) € S*. Since the
concatenation of pseudo-differential operators is the pseudo-differential operator
associated with their twisted product, we have

n*((9;¥)0;u) = wi’a,

where w; € ST satisfies the bounds

leY 5 —M—|al+1 o
080w, )| Saras () A-lal 1,
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which follows by a similar argument as for (4.39). Similar arguments as we used

for show that
[} ll2—2 S A
Thus, we obtain
[7(Vu, Vi)l S Alallz Sy Alulz, [l (4.46)

Combining the estimates (4.44), (4.45)), and (4.46)), we get
17 (o) @w)ll2 SB.x 1f1B2 ]l + Alul, -

Together with with (4.42)), we obtain (4.36]). Then, using (4.35) together with (4.36)
finally yields

/\1/(d1“)llxw(¢U)||pgl S A2 Jlul g, [l + A2 £, -
Thus, we are done with the proof once we have verified that
A [C X)Wl Spr A2 lulg,ll2 + A2 fB, 2. (4.47)

(2) The elliptic region. The estimate follows from the ellipticity in the
region of the phase space where || < 1 and |§] > A. Even though this estimate
may not be surprising to experts, we provide a brief sketch of a proof for the
convenience of the reader. The following arguments are essentially borrowed from
Chapter 2], but they can also be found in other places in the literature, for
instance .

First, by choosing the constant v = yg » > 0 smaller if necessary, we can assume
that v < 1/10 and

‘2 2Jb’ |:r| for all |z| <1 and b € B.
Then, if |z] <1 and |§] > A, Wehave
§ §12 _ /8\?
A “'_‘ by 72””\}\ =(3)-

Then one can argue as follows. Note that d; = ro +2(r1+---+7ry) > 2, S0 in
particular p&l < 00. Thus, if we put

5 dl(% - pgli) - dl(% - 2(ddll+11)> - d1dj- U

then, by Sobolev’s embedding theorem,
11 =Xx") (Wu)llp, S 1= x")(u)] L2
= [1(1 = A)2(1 = x*) (u)2

(1-8)" 0 - x)ww). (4.48)

We can assume without loss of generality that the symbol x of Theorem sat-
isfies x(x, &) = xo(z,&/\) for some smooth cut-off function xo which is compactly
supported in the ball B'. Note that
<§
A

<

A~ led
)

)
e

<§>S

0207 (1 = x(x,
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In particular, *€ 8% and 1 — x € 5%, where S™ denotes again the symbol class
as defined in (4.37)). Let the symbol w be given by

_ /8
w(@,§) = (3) (1= x(@,0)¥().
Then w € S° and ¢ o
0¢08w(@,6)] Sap (3) ATl
Similar to (4.38]), the calculus of pseudo-differential operators yields

(1-5)"a—xw=w s, (1.49)
where p; € S*~! is an error term with
0002 (2. Sap (5) AT (4.50)
Let 7P be the symbol given by

w('r7§) _ )\—2 W(Z‘,f)

b —
T (mvf) - U'b(l'7§) |§ _ %72‘]13:142 _72.

Then 7° € $5—2 and

0200w, &) S (5) T A2 (451)
As in the first part of the proof, let 1/; : R4 — C be a smooth cut-off function
with 1/~)|Supp¢ = 1 and compact support in By. Moreover, we may assume that
there is another smooth cut-off function vy : R% — C such that 1/)0|suppw =1 and
|Supp vo = 1. Then we have in particular supp 1 C supp g C suppw
Then, since ¥g|suppy = 1, we have wyy = w and thus 7Py = 7P. Thus, again
by the calculus of pseudo—differential operators, we can write

W = (%) o (a®)" + ()", (4.52)
where pb € S571 is a symbol such that
o 5 s—|a]—1 ol
020205 (2. )| Soras () A~lel-1, (4.53)

Similar to (4.40]), using the bounds (4.51)), we see that the operator (7P)" is bounded
on L?. However, note that
é’ >sf|a\72 i
> A lel=2 4
G :

(2 = 1) K (roye (2, 1) SBorsa /
— | — nSs—|a|—2 =~
walz/ (€)1 2 g
R41

R
and that the last integral converges if |a| > dy +s—2. Since s =dy/(d1 +1) < 1
we get

|K(roye (2,9)] S Mo —y)) P22 forall §>dy — 1. (4.54)
Altogether, by Young’s inequality, we obtain
1(7P) a2 Spr A2 (4.55)

Moreover, one can show that p{’ and (p5)" are bounded on L? with

16z SA! and  [|(68)"llame S A (4.56)
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However, this does not follow immediately as in the arguments above from the

bounds (4.50) and (4.53)), since we only get (4.54) for 8 > d;, in which case the

function z + |z|~” is not locally integrable. However, since both symbols are in
particular in the class S°, they satisfy the regularity assumptions of the Calderén—
Vaillancourt theorem, see for instance Chapter 2, Section 5]. Note that, in
particular, both remainder terms satisfy bounds of the form <pg y 4.5 (€)1 71X,
Therefore, the bounds in follow, for instance, by applying the Calderén—
Vaillancourt theorem to the operators Ap%’ and A(p5)™.

Let @ := utp. Recall that s = dy /(dy +1). Using ([#.49) and (£.52), and gathering
the estimates (4.48]), (4.55) and (4.56)), we obtain

Nl $AJ(- )@ x|
S AW+ pr)alls
<A (I7P) w0 (o) all2 + 1 (p3) ll2 + [lp1 all2)
SBa A Wo(0P) all2 + [luls,l2. (4.57)
Similar to (4.43)), we have
(") () = [ = u (Dgas +i7*K*(J7, V) & = 2(Vu, V).
Since ¥|supp g, = 1, we have ¢o(Vu, Vi) = 0. Thus, using similar bounds as in
and , that is,
170ll2 S 11521l
and
[u (Agar + 7?62 (T, V)0, SBx Alulse s

we see that the last line of (4.57)) is in particular bounded by the right-hand side
of (4.47), which finishes the proof. |

5. TRUNCATED RESTRICTION TYPE ESTIMATES

In this section, we prove Theorem Recall that [ = —(X7 +--- 4+ X7 )
denotes a sub-Laplacian on an arbitrary two-step stratified Lie group G, where
Xi,...,Xq4, is a basis of the first layer of the stratification g = g; @® go2. We write
again U = |U|1/2 for the square root of the Laplacian on go, where U is the vector
of differential operators U = (—iUy,...,—iUy,) and Uy,..., Uy, is a basis of g.
The restriction type estimates of Theorem [1.1] are stated in terms of the norms
I a2 given by

1 1/2
|Flla2 = (M Z sup |F(/\)|2> , M €(0,00).

Kez el 5.5

By [CHS16, Lemma 3.4], for every bounded Borel function F : R — C,
IFz2 < IFllar2 < Cs(I1F |2 + M72(|F|12)  for s > 1/2, (5.1)

whence || - ||as,2 is stronger than the L2-norm.
To prove Theorem we need to show that

1

IF(L)X(2U) o2 < Cpp2 G DR, " (|F|l5s, foralleZ  (5.2)
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and all 1 < p < min{pg,,pa, } = min{28E 2L+ where 6, € [0, 1] satisfies

d1+37 d2+3
1 0
S R —
P min{pq, , pa, }

As our notation indicates, is derived by interpolation between the endpoints
p=1and p = min{pg,,pd, }- The case p = 1, where we have only the L?-norm on
the right-hand side, follows from a Plancherel estimate for the integral kernel (see
also Section II1.5 of |[COSY16]).

Lemma 5.1. The restriction type estimate (5.2)) holds true for p =1, i.e.,
[F(L)x(2°U)|[152 < C\ 27 2/2||F|ly  for all L € Z.
Proof. Let K, denote the convolution kernel of the operator F(L)x(2‘U). Then

IF(L)xU) fllz = 1f * Kell2 < £ 112 1Cell2-
By [MM14} Corollary 8], using the notation of Proposition

Hm@:@ﬁm*“@/ / S|P (s + M)X @)
95 .

keNN

T [ (50 oty

(5.3)

where o, is the Dirac delta at 0 if rg = 0, and

7ro/2 ds
doyy(s) = /22 :
Oro () F(TO/Q)S S | ro >0

Recall from Proposition [3.10] that

N
Z (2k,, +17) b

where the function = b= (bY,...,b) € [0,00)" is homogeneous of degree 1,
see Proposition [3.4] Using on the one hand that

b (kn+1) <M Sal

whenever s + A}l € supp F' C A, where A C (0,00) is the fixed compact subset of
Theorem and using on the other hand

kn nil —
(*,: >~<kn+1>rn g

the right-hand side of (5.3)) can be bounded by a constant times

o) N
/ / ST 1E(s + M@ )| TT o4 drdony (s). (5.4)
0 92 r n=1

3. keNN

We rewrite the integral over u in polar coordinates, that is,
p=pw for pel0,00)and |w| =1.
Then, since p — b* is homogeneous of degree 1,

A= pAL.
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Thus, using p = |p| ~ 27F, is bounded by a constant times

9—t(d2+N) F( A2 )y (2
//5@1/ > IR+ o)

keNN
N

w dp
X H by " do(w) doy,(s).

n=1

Substituting p = () 7'\ in the inner integral, we see that the above term equals

9—£(d2+N) £rywy—1
//Sd/ Z‘Fs—&—)\ (2¢O~ A)\

keNN
N
L dA
X };[1 by Y do(w) doy(s).

If 2¢(A¢) "1\ € supp x, then
(2K + 10)b2 < AL ~ 20N

Thus, k, < 2°A(b%)~! for the non-vanishing summands in the above sum over k.
Hence, the above term is bounded by a constant times

—ldz/ / +)\| )\Nd:\ TO(S)’

which is comparable to 27%2||F||2 since F is compactly supported. O
It remains to show (5.2]) for p = min{pg,, pa, }. Our arguments will show that
IF@XEO,, < Cpn2 G Dy, forall ez (5.5)

and all 1 < p < min{pg,, pa, }, so (5.2)) is in fact just (5.5)) enhanced by interpolation
with the L'-L? estimate of Lemmal|5.1] where we have the L?-norm of the multiplier
instead of the Cowling—Sikora norm || - |4 o on the right-hand side.

Remark 5.2. The support conditions on the multipliers F' and x actually imply
F(L)x(2'U) =0 for all £ < —4y, (5.6)

where ¢y € N depends on the matrices J, of (1.5), the inner product (-,-) on g,
and the compact subset A C (0,00) of Theorem where F' is supported, which

means that the restriction type estimate (5.5)) is trivial for £ < —£y. More precisely,
using the formula (3.19)) of Proposition for the convolution kernel Kp(1)y 20

of F(L)x(2U), we have

Kryxevy (@, u) =(2m) """ dz/
o

/R S PP XX )

2,r keNN
N
g { [Lei R, 1Pf;a:>} TR D) i) gy,

Recall from Proposition [3.10] that

N
Z (2k,, +17) b
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and from Proposition that the function p — b* = (bY,...,b) € [0,00)V is
homogeneous of degree 1. Now, if |7|2 + A}l € supp F' C A and 2¢|u| € supp x, then

124 |T|2—|—)\“>)\“>Z7‘n H |,u|2rnb“~2 ZZrn (5.7)

n=1

where ji = |u|~1p. Due to (3.6]), we have

N N 1/2
Fbt oy 2, (B ) = (e (T2 T,)) 2 (5.8)
St (35 2m) ;

As the latter expression is the pullback of the Hilbert-Schmidt norm via the injective
map (1 — Jy, the left-hand side of (5.8]) does not vanish for all 1 # 0. On the other

hand, by Proposition (3.4} all maps u — b# are continuous on g5. Thus (5.7) implies
27¢ <4 1, which yields (5.6). Note that the constants occurring in nd
depend only on the spectral properties of the matrices J,,, the inner product (., -),
and the set A C (0, c0).

By Proposition we have
(F(D)x(2°U) )" = F(L*)x (2" |u)) f* (5.9)

for all u € g5 and all Schwartz functions f on G, where f* denotes the u-section
of the partial Fourier transform along g, and L* is the p-twisted Laplacian on g;.
The idea is to apply a spectral cluster estimate for the twisted Laplacian L* and
the classical Stein-Tomas restriction estimate [Tom75] on the second layer go. The
spectral cluster estimate for L is derived from the spectral cluster estimate
of the previous section.

Lemma 5.3. If 1 <p <pg,, then
411y 1
Lt 01y O],z < Colul TG D (K 1) G0 (5.10)
for all K € N and almost all i € g5.

Proof. Let N € N\ {0}, 70 € N,r = (rq,...,rn) € (N\ {0}V, b = (b,...,0}) €
[0,00)", and p+— R, € O(dq) be as in Proposition By (3.5), we have

(F(L")¢) o R, = F(AR,") (¢ 0 R,) (5.11)

for almost all p lying in a (non-empty) Zariski-open subset g3 ,. C g5. Moreover,

pI7 AL = (AR (602 ) ) (ul# ), where o=

and thus
Lzl (4 1)) (Apa ") 6 = (l[K K+1)(ARd1 NCI(T ')))(|M|% °). (5.12)

As stated in Proposmon [3-4 the function yu — R, € O(dy) is in particular measur-
able. Hence, using and (5.12)), we obtain

||1[K|u|7(K+1)INI) Mo ma = 1y (A, s

= 1l % 6D L (AR,
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for almost all u € g3 ,.. Let S = {u € g5 : |u| = 1} and B be the image of S under
the map p — b*. Since this map is continuous, the parameter set B C [0, 00)" is

compact. Hence we may apply Theorem and get

for all p € g3, which yields (5.10). O

With the spectral cluster estimate ((5.10) we now prove the restriction type esti-
mate (5.5)), which in combination with Lemma [5.1] yields Theorem [1.1

Proof of (5.5). Suppose that 1 < p < min{pg,,p4,}. We have to show ([5.5)) for
F:R — Cand x : (0,00) = C being smooth cut-off functions, with F' being

supported in the fixed compact set A C (0, 00) of Theorem Let f be a Schwartz
function on G. Using (5.9) and the Plancherel theorem on L?(gs2), we obtain

PN gy ~ / EEX ) gy i

. /uwﬂ 1B (L) 1 2 g, di (5.13)
Moreover, orthogonality on L? (g1) yields
~
IFE) ey = D HFHKM’(KH)‘“‘)(L#)quiz(gl)
K=0
-
< D ME st oy 1 st sy (L oy (519)

K=0
We may assume that K|u| Sa 1 and (K +1)|u| 24 1 since F|x ), (k+1)|u)) = 0 for
[K|p|, (K +1)|u]) N A = 0. Then, for |u| ~ 2%, we have K <a |u|™! ~ 2, and the
spectral cluster estimate (5.10)) implies

1

dyc1_ 1 dy 1 _1y_1
VST (K )T

1
SN N e gy - (5.15)

Ll e+ 0 1) (L) P2 2 g,

Moreover, for |u| ~ 27¢, we have

o0
1l > | F itz | ~ 1150 .
K=0

Combining this estimate with (5.13), (5.14) and (5.15)), we get

2
1P ey S I1F U [ My e (5.16)
wl~2-

Since 2/p > 1, Minkowski’s integral inequality yields

mE o g < < y 2d)gd>p. |
[ s ([ ([ e e (5.17)

Let f, := f(z,-) and ~ denote the Fourier transform on go. Using polar coordi-
nates and applying the Stein—Tomas restriction estimate [Tom79] for the Euclidean
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sphere, we get

1 2 — ~ 9 a1
/wz (@) dp / . /S IR do) e ar

— [ ) @ o)
P2 ) gda—1
-1 2 —dy—1
S I gy

1_1y_
S e L

—20do>(2 -1 2
~ QT 2bd2(5 2)||fm||Lp(92).

In combination with (5.16)) and (5.17)), we obtain

1

_ 1_ 1
HF(L>X(2€U)JCHL2(G) /SA,X 2 ZdZ(p 2)HPj”Q[,Z ||f||Lp(G)7

which yields (5.5). O
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