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Abstract. We prove restriction type estimates for sub-Laplacians on general

two-step stratified Lie groups. The core of our approach is to use spectral
cluster estimates to effectively control the eigenvalue distribution of a family

of anisotropic twisted Laplacians.

1. Introduction

1.1. Restriction estimates. Let S ⊆ Rn be a smooth hypersurface. The concept
of Fourier restriction estimates was introduced by Stein in the seventies (for general
sub-manifolds), which are a priori estimates of the form

∥f̂ |S∥Lq(S,σ) ≤ Cp∥f∥Lp(Rn) for all f ∈ S(Rn) (1.1)

where p, q ∈ [1,∞], σ is the surface measure on S, and S(Rn) is the space of
Schwartz functions. For the sphere S = Sn−1 = {ξ ∈ Rn : |ξ| = 1} and n ≥ 2, the
restriction conjecture [Ste79,Tao04] states that the restriction estimate (1.1) holds
if and only if

1 ≤ p <
2n

n+ 1
and 1 ≤ q ≤ n− 1

n+ 1
p′,

where p′ = (1−1/p)−1 is the dual exponent of p. The restriction conjecture for the
sphere is solved in dimension n = 2, but is widely open for n ≥ 3, although many
partial results are available, including work by Bourgain [Bou91], Tao [Tao03], and
Guth [Gut16]. In the range 1 ≤ p ≤ 2(n+1)/(n+3), due to the work of Stein and
Tomas [Ste86,Tom75] (see also [Str77,Gre81]), the restriction conjecture, which is
then the estimate

∥f̂ |S∥L2(S,σ) ≤ Cp∥f∥Lp(Rn) for all f ∈ S(Rn),
is known to hold for the sphere, and also for more general classes of surfaces with
non-vanishing Gaussian curvature. (Note that (n−1)p′/(n+1) = 2 for the endpoint
p = 2(n+ 1)/(n+ 3). The Lp-Lq restriction estimate (1.1) follows from the Lp-L2

estimate via interpolation with the trivial L1-L∞ estimate.)
It is by now well-known that restriction estimates are closely related to many

other problems in harmonic analysis and PDE, such as spectral multiplier estimates
and Bochner–Riesz summability for the Laplacian, the Kakeya conjecture, and local
smoothing, see [Tao99].
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Given these close connections for the Laplacian, one hopes that many of these
will carry over to elliptic or even sub-elliptic differential operators. One class of
operators that has received a lot of attention in the last few decades are second-
order differential operators which are a sum of squares of the form

L = −(X2
1 + · · ·+X2

k), (1.2)

where X1, . . . , Xk are some vector fields on a smooth manifold M . These operators
can be seen as a natural replacement for the Laplacian when passing to a sub-
elliptic setting. Due to a celebrated theorem of Hörmander [Hör67], the operator
in (1.2) is hypoelliptic whenever the iterated commutators

Xj1 , [Xj1 , Xj2 ], [Xj1 , [Xj2 , Xj3 ]], . . . where ji ∈ {1, . . . , k}

up to a certain order span the tangent space of the underlying manifoldM at every
point. Rothschild and Stein [RS76] pointed out that operators of the form (1.2)
satisfying Hörmander’s bracket generating condition can be locally approximated by
left-invariant sub-Laplacians on stratified Lie groups, after the initial vector fields
X1, . . . , Xk on M are lifted to vector fields X̃1, . . . , X̃k on some larger space M̃ by
some freeing procedure.

When asking for analogs of restriction estimates in the setting of stratified Lie
groups, things change dramatically compared to the Euclidean setting. For in-
stance, for the sub-Laplacian on the Heisenberg group, the only possibility of having
restriction estimates is the case where p = 1 (unless one passes to mixed Lp-norms),
which is due to the fact that the Heisenberg group admits a one-dimensional cen-
ter [Mül90]. However, the situation improves for left-invariant sub-Laplacians on
Heisenberg type groups with center of dimension d2 > 1, where it is possible to
prove restriction estimates for the Stein–Tomas range 1 ≤ p ≤ 2(d2 + 1)/(d2 + 3),
see [Tha91,LW11], but it is not yet known if such restriction estimates hold beyond
the class of Heisenberg type groups. Attempts to prove restriction estimates for the
larger class of Métivier groups where the group satisfies a certain non-degeneracy
condition have unfortunately failed so far (see the remarks in [Cal] and [Nie22a] on
[CC13,LZ18]).

1.2. Statement of the main results. The purpose of this paper is to establish
restriction type estimates for the whole class of two-step stratified Lie groups.

Before stating the main results, we need to introduce some notation. Let G be
a two-step stratified Lie group, that is, a connected, simply connected nilpotent
Lie group whose Lie algebra g (which is the tangent space at the identity of G)
admits a decomposition g = g1 ⊕ g2 into two non-trivial subspaces g1, g2 ⊆ g,
where [g1, g1] = g2 and g2 ⊆ g is contained in the center of g. In the following, we
refer to g1 and g2 as being the first and second layer of g, respectively. Let

d1 = dim g1 ≥ 1, d2 = dim g2 ≥ 1 and d = dim g. (1.3)

Given a basis X1, . . . , Xd1 of the first layer g1, we identify each element of the
basis by a left-invariant vector field on G via the Lie derivative, and consider the
associated sub-Laplacian L, which is the second-order differential operator

L = −(X2
1 + · · ·+X2

d1). (1.4)

We also choose a basis U1, . . . , Ud2 of the second layer g2. Let ⟨·, ·⟩ be the inner
product rendering X1, . . . , Xd1 , U1, . . . , Ud2 an orthonormal basis of g. The inner
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product ⟨·, ·⟩ induces a norm on the dual g∗2 which we denote by | · |. For µ ∈ g∗2,
let Jµ be the skew-symmetric endomorphism such that

µ([x, x′]) = ⟨Jµx, x′⟩, x, x′ ∈ g1. (1.5)

Then G is a Heisenberg type group if the endomorphisms Jµ are orthogonal for all
µ ∈ g∗2 of length 1, which means that

J2
µ = −|µ|2 idg1

for all µ ∈ g∗2.

The restriction type estimates in Theorem 1.1 are stated in terms of the norms

∥F∥M,2 =

(
1

M

∑
K∈Z

sup
λ∈[K−1

M ,KM )

|F (λ)|2
)1/2

, M ∈ (0,∞)

which were introduced by Cowling and Sikora in [CS01]. We introduce an additional
truncation along the spectrum of the operator

U = (−(U2
1 + · · ·+ U2

d2))
1/2.

Due to this additional truncation, we also refer to the corresponding restriction
type estimates as truncated restriction type estimates. A similar truncation is used
in [Nie22a] for sub-Laplacians in Heisenberg type groups, and in [Nie22b] in the
related setting of Grushin operators.

Our truncated restriction type theorem reads as follows. Given any Euclidean
space of dimension n ∈ N \ {0}, we denote by

pn :=
2(n+ 1)

n+ 3

the Stein–Tomas exponent associated with that space.

Theorem 1.1. Let G be a two-step stratified Lie group, and, as in (1.4), let L be a
sub-Laplacian on G. Suppose that 1 ≤ p ≤ min{pd1 , pd2} with dimensions d1, d2 as
in (1.3). If F : R → C is a bounded Borel function supported in a compact subset
A ⊆ (0,∞) and χ : (0,∞) → C is a smooth function with compact support, then

∥F (L)χ(2ℓU)∥p→2 ≤ CA,p,χ2
−ℓd2( 1

p−
1
2 )∥F∥1−θp2 ∥F∥θp

2ℓ,2
for all ℓ ∈ Z, (1.6)

where θp ∈ [0, 1] satisfies 1/p = (1− θp) + θp/min{pd1 , pd2}.

As we will see later in Remark 5.2, one has F (L)χ(2ℓU) = 0 for ℓ being small
enough in (1.6), so Theorem 1.1 should actually be read as a statement for all
ℓ ∈ [−ℓ0,∞), where ℓ0 ∈ N is a constant depending on the matrices Jµ, the inner
product ⟨·, ·⟩ on g, and the compact subset A ⊆ (0,∞) above.

Although the above theorem is valid for all two-step stratified Lie groups, the
presence of the norm ∥F∥2ℓ,2 in (1.6) imposes a slight drawback. By (3.19) and
(3.29) of [CS01] (or alternatively Lemma 3.4 of [CHS16]), for s > 1/2, the norm
∥ · ∥M,2 can be estimated by

∥F∥L2 ≤ ∥F∥M,2 ≤ Cs
(
∥F∥L2 +M−s∥F∥L2

s

)
, (1.7)

which means that ∥ · ∥M,2 is stronger than the L2-norm. Ignoring for a moment
the additional truncation, the restriction type estimate (1.6) with ∥F∥2ℓ,2 replaced
by ∥F∥L2 would be equivalent (see for instance [SYY14, Proposition 4.1]) to a
restriction type estimate for the Strichartz projectors Pλ, which are formally given
by Pλ = δλ(L), where δλ is the Dirac delta distribution at λ ∈ R. This would recover
some of the results of the (erroneous) article [CC13]. However, in its current form,
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(1.6) is not sufficient to push restriction estimates beyond the class of Heisenberg
type groups.

On the other hand, the truncated restriction type estimates can still be used to
prove spectral multiplier estimates for the whole class of Métivier groups (which is
the class of two-step stratified Lie groups where the matrices Jµ are invertible for
all µ ∈ g∗2 \ {0}), by exploiting the fact that the dimension d1 of the first layer is
in general much larger than the dimension d2 of the second layer if G is a Métivier
group. This is done in a follow-up paper.

1.3. Structure of the paper. In Section 2, we briefly sketch the proof of Theo-
rem 1.1. In Section 3, we analyze the spectral decomposition of the sub-Laplacian
L and the vector fields −iU1, . . . ,−iUd2 , which admit a joint functional calculus. In
particular, we show that the sub-Laplacian L corresponds to a family of anisotropic
twisted Laplacians by a partial Fourier transform along the second layer.

In Section 4, we derive spectral cluster estimates for those anisotropic twisted
Laplacians, which are then subsequently exploited in Section 5 to prove the restric-
tion type estimates of Theorem 1.1.

1.4. Notation. We let N = {0, 1, 2, . . . }. The indicator function of a subset A of
some measurable space will be denoted by 1A. We write A ≲ B if A ≤ CB for a
constant C. If A ≲ B and B ≲ A, we write A ∼ B. Given two suitable functions f
and g on a two-step stratified Lie group G, let f ∗ g denote their group convolution
given by

f ∗ g(x, u) =
∫
G

f(x′, u′)g
(
(x′, u′)−1(x, u)

)
d(x′, u′), (x, u) ∈ G,

where d(x′, u′) denotes the Lebesgue measure onG. The space of Schwartz functions
on Rn will be denoted by S(Rn). For s ≥ 0 and q ∈ [1,∞], we denote by Lqs(R) ⊆
Lq(R) the Sobolev space of fractional order s.

1.5. Acknowledgments. I am deeply grateful to my advisor Detlef Müller for
his unwavering support and many fruitful discussions about the subject of this
work. I also wish to express my thanks to Alessio Martini for kindly hosting me
for a week at the Mathematics Department of the Politecnico di Torino and for
the many mathematical discussions during my visit. I would also like to thank the
anonymous referee for carefully reading the paper and making a number of helpful
suggestions.

2. Sketch of the proof

As in [LW11,CO16,Nie22b,Nie22a], the proof of the truncated restriction type
estimate in Theorem 1.1 relies on combining two restriction (type) estimates, namely
an Lp-L2 estimate for the spectral projections associated with the twisted Lapla-
cian on the first layer, and a restriction estimate for the sphere on the second layer,
whence we require 1 ≤ p ≤ min{pd1 , pd2} as a condition for the range of p. More
precisely, conjugating the sub-Laplacian L by the partial Fourier transform given
by

fµ(x) =

∫
g2

f(x, u)e−i⟨µ,u⟩ du, x ∈ g1, µ ∈ g∗2

transforms the sub-Laplacian L into a family (Lµ)µ∈g∗
2
of twisted Laplacians Lµ

on the first layer g1. Assuming here for the sake of simplicity that G is a Métivier
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group, then, at least on some non-empty Zariski-open subset g∗2,r ⊆ g∗2, each twisted
Laplacian Lµ admits an orthonormal basis of eigenfunctions associated with the
eigenvalues

λb
µ,r

k =

N∑
n=1

(2kn + rn) b
µ
n, k = (k1, . . . , kN ) ∈ NN

where N ∈ N \ {0} and r = (r1, . . . , rN ) ∈ (N \ {0})N are fixed parameters inde-
pendent of µ, and µ 7→ bµ = (bµ1 , . . . , b

µ
N ) ∈ (0,∞)N is a function homogeneous of

degree 1, which is smooth on g∗2,r and extends to a continuous function on g∗2.
The special case where G is a Heisenberg type group corresponds to taking N = 1

and bµ = |µ|. Then the eigenvalues of the twisted Laplacian Lµ are given by |µ|[k],
k ∈ N, where [k] := 2k + d1/2. In [LW11,Nie22a] (and similar in [CO16,Nie22b]),
the proofs of the restriction type estimates there rely on Lp-L2 spectral projection
estimates of the form

∥1{|µ|[k]}(L
µ)∥Lp(g1)→L2(g1) ≤ Cp |µ|

d1
2 ( 1

p−
1
2 ) [k]

d1
2 ( 1

p−
1
2 )−

1
2 , k ∈ N, (2.1)

where 1{|µ|[k]} : R → {0, 1} denotes the indicator function of the point |µ|[k].
Writing µ ∈ g∗2 in polar coordinates, that is, µ = ρω, where ρ ∈ [0,∞) and

ω ∈ Sd2−1, note that bµ does not depend on ω in the Heisenberg type case. To
adapt the approach of [Nie22a] to setting of arbitrary two-step Lie groups and
handle the dependence on the parameter ω, we employ spectral cluster estimates
of the form

∥1[K|µ|,(K+1)|µ|)(L
µ)∥Lp(g1)→L2(g1) ≤ Cp |µ|

d1
2 ( 1

p−
1
2 ) (K + 1)

d1
2 ( 1

p−
1
2 )−

1
2 (2.2)

for K ∈ N. These spectral cluster estimates are inspired by the work of Sogge
[Sog93, Chapter 5]. Although the spectral projection estimates (2.1) and the spec-
tral cluster estimates (2.2) are equivalent in the case of Heisenberg type groups,
using spectral cluster estimates in the setting of arbitrary two-step Lie groups leads
to restriction type estimates in terms of the Cowling–Sikora norms ∥ · ∥M,2 in place
of the L2-norm.

3. Sub-Laplacians on two-step stratified Lie groups

3.1. Joint functional calculus. Let G be a two-step stratified Lie group. Then
its Lie algebra g, which is the tangent space TeG at the identity e ∈ G, admits
a decomposition g = g1 ⊕ g2, where [g1, g1] = g2 and g2 ⊆ g is contained in the
center of g. Using exponential coordinates, we identify G with its Lie algebra g.
The group multiplication is then given by

(x, u)(x′, u′) =
(
x+ x′, u+ u′ + 1

2 [x, x
′]
)
, x, x′ ∈ g1, u, u

′ ∈ g2.

We choose bases X1, . . . , Xd1 and U1, . . . , Ud2 of g1 and g2, respectively. By means
of these bases, we identify g1 ∼= Rd1 and g2 ∼= Rd2 . Let ⟨·, ·⟩ denote the inner
product with respect to which X1, . . . , Xd1 , U1, . . . , Ud2 becomes an orthonormal
basis of g. As usual, the Lie algebra g will also be identified with the Lie algebra
of smooth left-invariant vector fields on G via the Lie derivative. Then, given a
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smooth function f on G, we have

Xjf(x, u) =
d

dt
f
(
(x, u)(tXj , 0)

)∣∣
t=0

= ∂xjf(x, u) +
1

2

d2∑
k=1

⟨Uk, [x,Xj ]⟩ ∂uk
f(x, u),

Ukf(x, u) = ∂uk
f(x, u).

The sub-Laplacian L associated with the vector fields X1, . . . , Xd1 is given by

L = −
(
X2

1 + · · ·+X2
d1

)
.

For f ∈ L1(G) and µ ∈ g∗2, let f
µ denote the µ-section of the partial Fourier

transform along the second layer g2 given by

fµ(x) =

∫
g2

f(x, u)e−i⟨µ,u⟩ du, x ∈ g1.

Up to some constant, this defines an isometry F2 : L2(g1 × g2) → L2(g1 × g∗2).
Given f ∈ L2(G), we also write fµ = (F2f)(·, µ) (for almost all µ ∈ g∗2) in the
following. For f ∈ S(G), we have (Xjf)

µ = Xµ
j f

µ, where

Xµ
j = ∂xj

+ i
2ωµ(x,Xj),

where ωµ denotes the bilinear form given by

ωµ(x, x
′) = µ([x, x′]), x, x′ ∈ g1.

Moreover, let Lµ be the second order differential operator defined by

Lµ = −
(
(Xµ

1 )
2 + · · ·+ (Xµ

d1
)2
)
.

We call Lµ the µ-twisted Laplacian on g1. Direct computation shows that

(Lf)µ = Lµfµ =
(
−∆x +

1
4 |Jµx|

2 − i ωµ(x,∇)
)
fµ,

where Jµ is again the endomorphism given by

⟨Jµx, x′⟩ = ωµ(x, x
′), x, x′ ∈ g1,

and ωµ(x,∇) is a short-hand notation for the operator

ωµ(x,∇) =

d1∑
j=1

ωµ(x,Xj)∂xj .

The operators L,−iU1, . . . ,−iUd2 form a system of formally self-adjoint, left-
invariant and pairwise commuting differential operators, whence they admit a joint
functional calculus [Mar11]. Let U be the vector of differential operators

U = (−iU1, . . . ,−iUd2).

Since the joint functional calculus is compatible with unitary representation theory,
the µ-sections of the partial Fourier transform and the joint functional calculus of
L and U are compatible as well.

Proposition 3.1. If F : R× Rd2 → C is a bounded Borel function, then

(F (L,U)f)
µ
= F (Lµ, µ)fµ (3.1)

for all f ∈ L2(G) and almost all µ ∈ g∗2.
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Proof. This follows from the arguments of [Mül90, Section 1]. Let U(L2(g1)) denote
the group of unitary operators on L2(g1). Applying Proposition 1.1 of [Mül90] to
the unitary representation πµ : G→ U(L2(g1)) given by(

πµ(x, u)φ
)
(x′) = e−i⟨µ,u⟩−

i
2ωµ(x,x

′)φ(x′ − x), (x, u) ∈ G, x′ ∈ g1

yields (3.1) if F : R × Rd2 → C is of the form F (λ, µ) = G(λ)H(µ), where λ ∈ R
and µ ∈ Rd2 . By a standard density argument, we obtain (3.1) for any bounded
Borel function F . □

3.2. Decomposition into blocks of twisted Laplacians. Next, we transform
the twisted Laplacian Lµ into a more accessible form by choosing an appropriate
basis with respect to which Lµ turns into a differential operator consisting of blocks
of rescaled twisted Laplacians with standard symplectic form.

Definition 3.2. For m ∈ N \ {0} and λ > 0, we call the operator

∆
(λ)
R2m = −∆z +

1
4λ

2|z|2 − iλω(z,∇z), z ∈ R2m

the λ-twisted Laplacian on R2m, where

ω(z, w) = ωR2m(z, w) = ⟨Jz, w⟩R2m (3.2)

is the standard symplectic form induced by the 2m× 2m matrix

J = JR2m =

(
0 −idRm

idRm 0

)
.

Definition 3.3. Let d1 ∈ N \ {0}. Given parameters b = (b1, . . . , bN ) ∈ [0,∞)N

and r = (r1, . . . , rN ) ∈ (N \ {0})N with N ∈ N \ {0} and 2 |r|1 ≤ d1, we call

∆b,r
Rd1

= (−∆Rr0 )⊕∆
(b1)

R2r1
⊕ · · · ⊕∆

(bN )

R2rN

the anisotropic twisted Laplacian of type (b, r) on Rd1 = Rr0 ⊕ R2r1 ⊕ · · · ⊕ R2rN ,
where r0 = d1− 2 |r|1 = d1− 2 (r1 + · · ·+ rN ) and ∆Rr0 is the Euclidean Laplacian
on Rr0 .

Proposition 3.4. There exist a non-empty, homogeneous Zariski-open subset g∗2,r
of g∗2, numbers N ∈ N \ {0}, r0 ∈ N, r = (r1, . . . , rN ) ∈ (N \ {0})N , a function µ 7→
bµ = (bµ1 , . . . , b

µ
N ) ∈ [0,∞)N on g∗2, functions µ 7→ Pµn on g∗2,r with Pµn : g1 → g1,

n ∈ {1, . . . , N}, and a function µ 7→ Rµ ∈ O(d1) on g∗2,r such that

−J2
µ =

N∑
n=1

(bµn)
2Pµn for all µ ∈ g∗2,r, (3.3)

with PµnRµ = RµPn, Jµ(ranP
µ
n ) ⊆ ranPµn for the range of Pµn and

ωµ(P
µ
n x, P

µ
n x

′) = bµn ωR2rn (PnR
−1
µ x, PnR

−1
µ x′) for all x, x′ ∈ g1 (3.4)

for all µ ∈ g∗2,r and all n ∈ {0, . . . , N}, where Pn denotes the projection from

Rd1 = Rr0 ⊕ R2r1 ⊕ · · · ⊕ R2rN onto the n-th layer, and, for all bounded Borel
functions F : R → C and all ϕ ∈ L2(g1),

(F (Lµ)ϕ) ◦Rµ = F
(
∆bµ,r

Rd1

)
(ϕ ◦Rµ) in L2(Rd1) (3.5)

for almost all µ ∈ g∗2,r, where
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(i) the functions µ 7→ bµn are homogeneous of degree 1 and continuous on g∗2,
real analytic on g∗2,r, and satisfy bµn > 0 for all µ ∈ g∗2,r and n ∈ {1, . . . , N},
and bµn ̸= bµn′ if n ̸= n′ for all µ ∈ g∗2,r and n, n′ ∈ {1, . . . , N},

(ii) the functions µ 7→ Pµn are (componentwise) real analytic on g∗2,r, homo-
geneous of degree 0, and the maps Pµn are orthogonal projections on g1 of
rank 2rn for all µ ∈ g∗2,r, with pairwise orthogonal ranges,

(iii) µ 7→ Rµ is a Borel measurable function on g∗2,r which is homogeneous of
degree 0, and there is a family (Uℓ)ℓ∈N of disjoint Euclidean open subsets
Uℓ ⊆ g∗2,r whose union is g∗2,r up to a set of measure zero such that µ 7→ Rµ
is (componentwise) real analytic on each Uℓ.

Remark 3.5. Given an anisotropic twisted Laplacian ∆b,r
Rd1

, the parameters b and
r are clearly not unique, but they are, up to a permutation of the blocks, if one
additionally requires bn > 0 and bn ̸= bn′ if n ̸= n′ for all n, n′ ∈ {1, . . . , N}.
However, in property (i) above, it may happen that bµn = 0 or bµn = bµn′ for n ̸= n′

if µ lies in the Zariski closed set g∗2 \ g∗2,r.

Proof. Since Jµ is skew-symmetric, the endomorphism −J2
µ = J∗

µJµ is self-adjoint

and non-negative. Let pµ(λ) = det(λ+J2
µ) be the characteristic polynomial of −J2

µ.
Then, by [MM14, Lemma 4], there exists a non-empty, homogeneous Zariski-open
subset g∗2,r of g∗2 and numbers N ∈ N \ {0}, r0 ∈ N, r1, . . . , rN ∈ N \ {0} such that

pµ(λ) = λr0(λ− (bµ1 )
2)2r1 · · · (λ− (bµN )2)2rN

for all µ ∈ g∗2,r, with functions µ 7→ bµn that satisfy the properties of (i). Note
that d1 = r0 + 2r1 + · · · + 2rN . As in [MM14, Lemma 5], the factorization of the
characteristic polynomial yields

−J2
µ =

N∑
n=1

(bµn)
2Pµn for all µ ∈ g∗2,r, (3.6)

where the Pµn are orthogonal projections on g1 of rank 2rn for all µ ∈ g∗2,r, with
pairwise orthogonal ranges. The Pµn are real analytic functions of µ ∈ g∗2,r, which
are homogeneous of degree 0. From the spectral decomposition (3.6), one de-
duces that Pµn = Fn,µ(−J2

µ) for any (Borel) function such that Fn,µ(0) = 0 and

Fn,µ((b
µ
n′)2) = δn,n′ for all n ∈ {1, . . . , N}. Choosing for instance Fn,µ as an in-

terpolation polynomial shows that Jµ and all the projections Pµn = Fn,µ((−iJµ)2)
commute. Thus, Jµ(ranP

µ
n ) ⊆ ranPµn for the range of Pµn , and by (3.6),

−
(
Jµ
∣∣
ranPµ

n

)2
= (bµn)

2 idranPµ
n
. (3.7)

Let Jµn denote the restriction of Jµ onto ranPµn . We consider Jµn as an operator on
the complexification (ranPµn )

C of ranPµn . Then iJ
µ
n is self-adjoint and according to

(3.7), it admits only the eigenvalues ±bµn. The spectral projections associated with
these two eigenvalues are given by

Pµn,± =
1

2

(
idranPµ

n
± i (bµn)

−1Jµn
)
.

Note that the functions µ 7→ Pµn,± are real analytic on g∗2,r. We take some arbitrary
basis v1, . . . , vd1 of g1 and consider for each n ∈ {1, . . . , N} the set of vectors

Pµn,+v1, . . . , P
µ
n,+vd1 ∈ (ranPµn )

C.
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We may find for any point µ0 ∈ g∗2,r a neighborhood Uµ0
⊆ g∗2,r and a set of

indices In,µ0 ⊆ {1, . . . , d1} with |In,µ0 | = rn such that the vectors Pµn,+vj , j ∈ In,µ0

are linearly independent. We denote these vectors (whose choice depends on µ0)
by wµn,1, . . . , w

µ
n,rn . Then the maps µ 7→ wµn,m are (componentwise) real analytic

functions on Uµ0 . Moreover, due to the homogeneity of the projections Pµn,±, the
functions µ 7→ wµn,m are homogeneous of degree 0. Now applying the Gram-Schmidt

process to the basis wµn,1, . . . , w
µ
n,rn yields an orthonormal basis w̃µn,1, . . . , w̃

µ
n,rn of

the eigenspace associated with the eigenvalue bµn of iJµn . Together with the complex
conjugates of the orthonormal basis w̃µn,1, . . . , w̃

µ
n,rn , we obtain an orthonormal basis

vµn,1, . . . , v
µ
n,2rn

of ranPµn such that

ωµ(v
µ
n,m, v

µ
n,m′) = bµn ωR2rn (em, em′) for all m,m′ ∈ {1, . . . , 2rn}, (3.8)

where em is the m-th standard basis vector of R2rn and ωR2rn denotes the standard
symplectic form (3.2). Note that ωµ(v

µ
n,m, v

µ
n′,m′) = 0 for n ̸= n′ by construction.

Let Pµ0 := idg1
− (Pµ1 + · · ·+ PµN ). Then the radical rµ of ωµ is given by

rµ = {x ∈ g1 : ωµ(x, x
′) = 0 for all x′ ∈ g1}

= ker Jµ = ker J2
µ = ranPµ0 .

Hence we may choose vµ0,1, . . . , v
µ
0,r0

∈ rµ such that all the vµn,m, n ∈ {0, . . . , N}
form an orthonormal basis of g1. Note that the functions µ 7→ vµn,m are just locally
defined on neighborhoods of a fixed point µ0 ∈ g∗2,r. These neighborhoods yield a
covering of g∗2,r. Using this covering, we obtain a family (Uℓ)ℓ∈N disjoint Euclidean
open subsets Uℓ ⊆ g∗2,r whose union is g∗2,r up to a set of measure zero, and we may
define measurable functions µ 7→ vµn,m on g∗2,r that are real analytic on each Uℓ.

When decomposing Rd1 = Rr0 ⊕ R2r1 ⊕ · · · ⊕ R2rN and sending the (n,m)-th
standard basis vector of Rd1 onto vµn,m, we obtain a map

Rµ : Rr0 ⊕
N⊕
n=1

R2rn →
N⊕
n=0

ranPµn

such that

PµnRµ = RµPn for all n ∈ {0, . . . , N},
where Pn denotes the projection from Rd1 = Rr0 ⊕R2r1 ⊕ · · · ⊕R2rN onto the n-th
layer. If we let bµ = (bµ1 , . . . , b

µ
N ), we obtain(

Lµ(ϕ ◦R−1
µ )
)
◦Rµ = ∆bµ,r

Rd1
ϕ (3.9)

for any ϕ ∈ S(Rd1), say. This can be seen, for instance, via direct computation,
or, more conceptually, as follows: If δ denotes the Dirac measure at the identity
element of the Lie group G, then, in distributional sense,

Lf = L(f ∗ δ) = f ∗ (Lδ), f ∈ S(G),
where ∗ denotes the group convolution on G. Let ∆g1

denote the Euclidean Lapla-
cian on g1. Since Xjδ = ∂xjδ for each of the vector fields Xj , we get

Lf = f ∗ (−∆g1
δ). (3.10)

Given ϕ, ψ ∈ S(g1), we consider their µ-twisted convolution given by

ϕ×µ ψ(x) =
∫
g1

ϕ(x′)ψ(x− x′)e
i
2ωµ(x,x

′) dx′, x ∈ g1.
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Then, for f, g ∈ S(G), we have

(f ∗ g)µ = fµ ×µ gµ.

Let δ0 be the Dirac measure at the origin of g1. Then (3.10) yields

Lµϕ = ϕ×µ (−∆g1
δ0).

Thus, interpreted in distributional sense, we have

Lµ(ϕ ◦R−1
µ )(Rµy) =

∫
g1

ϕ(R−1
µ x′)(−∆g1δ)(Rµy − x′)e

i
2ωµ(Rµy,x

′) dx′

=

∫
Rd1

ϕ(y′)(−∆g1
δ)(y − y′)e

i
2ωµ(Rµy,Rµy

′) dy′,

which, in view of (3.8), gives (3.9).
Finally, since the rotation Rµ intertwines the operators Lµ and ∆bµ,r

Rd1
via conju-

gation in (3.9), it also intertwines their functional calculi, that is,

(F (Lµ)ϕ) ◦Rµ = F
(
∆bµ,r

Rd1

)
(ϕ ◦Rµ)

for all bounded Borel functions F : R → C and all ϕ ∈ L2(g1), which is (3.5). □

Remark 3.6. For our later purposes, we actually only need the function µ 7→ Rµ
to be measurable without relying on the smoothness properties of (iii). This is
due to the facts that the convolution kernels KF (L,U) of the operators F (L,U) are
rotational invariant on each of the blocks given by the projections Pµn , see Propo-
sition 3.10 and (3.14), and that the proof of the Lp-L2 restriction type estimate
relies in particular on a Plancherel argument.

3.3. Spectral properties of anisotropic twisted Laplacians. Let again d1 ∈
N \ {0}, N ∈ N \ {0}, b = (b1, . . . , bN ) ∈ [0,∞)N , r = (r1, . . . , rN ) ∈ (N \ {0})N
and r0 = d1 − 2 |r|1. Since the anisotropic twisted Laplacian

∆b,r
Rd1

= (−∆Rr0 )⊕∆
(b1)

R2r1
⊕ · · · ⊕∆

(bN )

R2rN

acts as a Laplacian on the layer Rr0 , we introduce a second partial Fourier transform

f (τ)(y) =

∫
Rr0

f(t, y)e−i⟨τ,t⟩ dt, (τ, y) ∈ Rr0 × Rd1−r0 . (3.11)

If we let d̄1 = d1 − r0 = 2 |r|1, then(
∆bµ,r

Rd1
f
)(τ)

=
(
|τ |2 +∆bµ,r

Rd̄1

)
f (τ).

Arguing similar to the proof of Proposition 1.1 of [Mül90] (by comparing the gen-

erators of the corresponding semigroups of ∆bµ,r
Rd1

and |τ |2 + ∆(r,bµ) on Rd̄1), one
can verify that the functional calculus of the two operators is compatible with the
partial Fourier transform, whence(

F
(
∆bµ,r

Rd1

)
f
)(τ)

= F
(
|τ |2 +∆bµ,r

Rd̄1

)
f (τ) in L2(Rd̄1) (3.12)

for all bounded Borel functions F : R → C, all f ∈ L2(Rd1) and almost all τ ∈ Rd0 .
Hence, by Proposition 3.4 and (3.12), spectral properties of the twisted Laplacian

Lµ are those of the operators |τ |2 + ∆bµ,r

Rd̄1
modulo an orthogonal transformation

and the partial Fourier transform (3.11).
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If the parameter b = (b1, . . . , bN ) satisfies bn > 0 for all n ∈ {1, . . . , N}, the
spectral projections of the anisotropic twisted Laplacian ∆b,r

Rd̄1
can be written down

in terms of twisted convolutions with Laguerre functions.

Definition 3.7. Let b = (b1, . . . , bN ) ∈ (0,∞)N , r = (r1, . . . , rN ) ∈ (N \ {0})N
with N ∈ N \ {0}, and d̄1 = 2r1 + · · ·+ 2rN .

For ϕ, ψ ∈ L2(Rd̄1), we call the function ϕ×(b,r) ψ given by

ϕ×(b,r) ψ(y) =

∫
Rd̄1

ϕ(z)ψ(y − z)Ēb,r(y, z) dz, y ∈ Rd̄1

the (b, r)-twisted convolution of ϕ and ψ, where Ēb,r is given by

Ēb,r(y, z) =

N∏
n=1

exp
(
i
2 bn ωR2rn

(
y(n), z(n)

))
, (3.13)

with y = (y(1), . . . , y(N)), z = (z(1), . . . , z(N)) ∈ R2r1 × · · · × R2rN .

We define the (b, r)-rescaled Laguerre functions φb,r
k via

φb,r
k = φ

(b1,r1)
k1

⊗ · · · ⊗ φ
(bN ,rN )
kN

, k = (k1, . . . , kN ) ∈ NN ,

where φ
(λ,m)
k denotes the λ-rescaled Laguerre function given by

φ
(λ,m)
k (z) = λmLm−1

k

(
1
2λ|z|

2
)
e−

1
4λ|z|

2

, z ∈ R2m, (3.14)

and Lm−1
k is the k-th Laguerre polynomial of type m− 1.

Proposition 3.8. If b ∈ (0,∞)N , the spectrum of ∆b,r

Rd̄1
on L2(Rd̄1) consists of

the eigenvalues

λb,rk =

N∑
n=1

(2kn + rn) bn, k = (k1, . . . , kN ) ∈ NN ,

and the associated orthogonal projections Πb,r
k given by

Πb,r
k f = f ×(b,r) φ

b,r
k , f ∈ L2(Rd̄1)

decompose L2(Rd̄1) into subspaces of eigenspaces of ∆b,r

Rd̄1
.

Remark 3.9. In general, Πb,r
k is only a projection onto a subspace of an eigenspace

as two eigenvalues λb,rk and λb,rk′ might coincide for k ̸= k′. The projection onto
the corresponding eigenspace is given by

f 7→
∑

k′∈NN :λb,r
k =λb,r

k′

Πb,r
k′ f.

Proof. We briefly recall the spectral properties of twisted Laplacians. We refer the
reader to [Tha93] for further details. For λ > 0, the Schrödinger representation πλ
of the Heisenberg group Hm = Cm × R on L2(Rm) is given by

πλ(a, b, t)φ(ξ) = eiλteiλ(aξ+
1
2ab)φ(ξ + b),

where a, b, ξ ∈ Rm, t ∈ R and φ ∈ L2(Rm). For ν ∈ Nm, let Φλν be the λ-rescaled
Hermite function given by

Φλν (ξ) = λm/4
m∏
j=1

hνj (λ
1/2ξj), ξ ∈ Rm,
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where hνj shall denote the νj-th Hermite function on R (as, for instance, defined
in [Tha93, Equation (1.1.18)]). It is well know [Tha93, pp. 16] that the matrix
coefficients Φα,β , α, β ∈ Nm given by

Φλα,β(z) = (2π)−m/2λm/2
(
πλ(z, 0)Φ

λ
α,Φ

λ
β

)
, z ∈ R2m (3.15)

form a complete orthonormal system of eigenfunctions of the λ-twisted Laplacian

∆
(λ)
R2m , with

∆
(λ)
R2mΦλα,β = (2 |β|1 +m)λΦλα,β . (3.16)

Thus, for k ∈ N, the orthogonal projection associated with the eigenvalue (2k +m)λ
is given by

P
(λ,m)
k f =

∑
α∈Nm

∑
|β|1=k

(
f,Φλα,β

)
L2(R2m)

Φλα,β .

The projection P
(λ,m)
k can be written in a more explicit form via the λ-twisted

convolution given by

f ×(λ,m) g(z) =

∫
R2m

f(w)g(z − w)e
i
2λωR2m (z,w) dw, z ∈ R2m,

where ωR2m shall again denote the standard symplectic form of (3.2). Since

Φλν,ν′(z) = λm/2 Φ1
ν,ν′(λ1/2z),

the identities (1.3.41) and (1.3.42) of [Tha93, pp. 21] imply

φ
(λ,m)
k (z) = (2π)m/2λm/2

∑
|ν|1=k

Φλν,ν(z). (3.17)

Hence, by (2.1.5) of [Tha93, p. 30], P
(λ,m)
k may be rewritten as

P
(λ,m)
k f = f ×(λ,m) φ

(λ,m)
k . (3.18)

Writing down the eigenfunctions of the anisotropic twisted Laplacian ∆b,r

Rd̄1
is now

immediate, as the functions

Φb,r
ν,ν′ = Φ

(b1)

ν(1),(ν′)(1)
⊗ · · · ⊗ Φ

(bN )

ν(N),(ν′)(N)

with ν = (ν(1), . . . , ν(N)), ν′ =
(
(ν′)(1), . . . , (ν′)(N)

)
∈ Nr1 ×· · ·×NrN = Nd̄1/2 form

a complete orthonormal system of Rd̄1 , with

∆b,r
Rd1

Φb,r
ν,ν′ =

( N∑
n=1

(
2 |(ν′)(n)|1 + rn

)
bn

)
Φb,r
ν,ν′ .

Hence L2(Rd̄1) decomposes into eigenspaces of ∆b,r

Rd̄1
. Using (3.18) on every block

shows that the projections defined by

Πb,r
k f = f ×(b,r) φ

b,r
k

satisfy

Πb,r
k f =

∑
ν∈Nd̄1/2

∑
ν′∈Ak

(
f,Φb,r

ν,ν′

)
L2(Rd1 )

Φb,r
ν,ν′ ,
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where Ak is the set of all ν′ ∈ Nd̄1/2 such that |(ν′)(n)|1 = kn for all 1 ≤ n ≤ N .

Hence Πb,r
k projects onto a subspace of the eigenspace of ∆b,r

Rd̄1
that is associated

with the eigenvalue

λb,rk =

N∑
n=1

(2kn + rn) bn, k ∈ NN ,

which finishes the proof. □

3.4. Convolution kernels. Recall that the sub-Laplacian

L = −(X2
1 + · · ·+X2

d1)

and the vector U = (−iU1, . . . ,−iUd2) of differential operators, where U1, . . . , Ud2
is the chosen basis of the second layer of the stratification g = g1⊕g2, admit a joint
functional calculus which is compatible with the partial Fourier transform along g∗2
by Proposition 3.1. For suitable functions F : R× Rd2 → C, the operator F (L,U)
possesses a convolution kernel KF (L,U), that is,

F (L,U)f = f ∗ KF (L,U) for all f ∈ S(G).

As in [MM13, Corollary 8], we show that the convolution kernel KF (L,U) can be
explicitly written down in terms of the Fourier transform and rescaled Laguerre
functions. To that end, recall that Proposition 3.4 yields the spectral decomposition

−J2
µ =

N∑
n=1

(bµn)
2Pµn

for all µ in the Zariski open subset g∗2,r ⊆ g∗2 of Proposition 3.4. We use the notation
of Proposition 3.4 in the next proposition.

Proposition 3.10. If F : R × Rd2 → C is a Schwartz function, then F (L,U)
possesses a convolution kernel KF (L,U) ∈ S(G). For x ∈ g1 and u ∈ g∗2, we have

KF (L,U)(x, u) =(2π)−r0−d2
∫
g∗
2,r

∫
Rr0

∑
k∈NN

F (|τ |2 + λµk, µ)

×
[ N∏
n=1

φ
(bµn,rn)
kn

(R−1
µ Pµn x)

]
ei⟨τ,R

−1
µ Pµ

0 x⟩ ei⟨µ,u⟩ dτ dµ, (3.19)

where Pµ0 = idg1 − (Pµ1 + · · ·+ PµN ) and

λµk = λb
µ,r

k =

N∑
n=1

(2kn + rn) b
µ
n.

Proof. Since F is a Schwartz function, we have KF (L,U) ∈ S(G) due to a result of
Hulanicki [Hul84] (see also [Mar10, Proposition 4.2.1]). The formula for KF (L,U)

can be proved as in [Mar15, Proposition 4] by using the Fourier inversion formula
of the group Fourier transform on G and computing the matrix coefficients of
the Schrödinger representations, but can also be derived as follows. Recall from
Proposition 3.4 that

PµnRµ = RµPn for all µ ∈ g∗2,r and n ∈ {0, . . . , N},
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where Pn denotes the projection from Rd1 = Rr0 ⊕R2r1 ⊕ · · · ⊕R2rN onto the n-th
layer. Let P̄ = idRd1 − P0 and P̄µ = idg1 −P

µ
0 . Then

P̄µRµ = RµP̄ for all µ ∈ g∗2,r.

Using the Fourier inversion formula, Propositions 3.1 and 3.4, and (3.12), we obtain

(2π)r0+d2F (L,U)f(x, u) = (2π)r0
∫
g∗
2

F (Lµ, µ)fµ(x)ei⟨µ,u⟩ dµ

= (2π)r0
∫
g∗
2,r

(
F (∆bµ,r

Rd1
, µ)(fµ ◦Rµ)

)
(R−1

µ x)ei⟨µ,u⟩ dµ

=

∫
g∗
2,r

∫
Rr0

(
F (|τ |2 +∆bµ,r

Rd̄1
, µ)f (τ,µ)

)
(P̄R−1

µ x) ei⟨τ,P0R
−1
µ x⟩ei⟨µ,u⟩ dτ dµ,

=

∫
g∗
2,r

∫
Rr0

∑
k∈NN

F (|τ |2 + λµk, µ)
(
Πbµ,r

k f (τ,µ)
)
(P̄R−1

µ x)

× ei⟨τ,P0R
−1
µ x⟩ei⟨µ,u⟩ dτ dµ, (3.20)

where we put

f (τ,µ) = (fµ ◦Rµ)(τ).
By Proposition 3.8, we have(

Πbµ,r
k f (τ,µ)

)
(y) =

∫
Rd̄1

f (τ,µ)(z)φbµ,r
k (y − z) Ēb,r(y, z) dz, (3.21)

where Ēb,r is defined by (3.13), that is,

Ēb,r(y, z) =

N∏
n=1

exp
(
i
2 bn ωR2rn

(
y(n), z(n)

))
,

with y = (y(1), . . . , y(N)), z = (z(1), . . . , z(N)) ∈ R2r1 × · · · × R2rN .
Unboxing the definition of f (τ,µ) yields

f (τ,µ)(z) =

∫
Rr0

∫
g2

f
(
Rµ(t, z), u

′) e−i⟨τ,t⟩e−i⟨µ,u′⟩ du′dt. (3.22)

Note that

f ∗ KF (L,U)(x, u) =

∫
G

f(x′, u′)KF (L,U)

(
(x′, u′)−1(x, u)

)
d(x, u)

=

∫
G

f(x′, u′)KF (L,U)

(
x− x′, u− u′ + 1

2 [x, x
′]
)
d(x, u).

Inserting (3.21) and (3.22) into the last line of (3.20) and rearranging the order of
integration yields the expression∫

Rd̄1

∫
Rr0

∫
g2

∫
g∗
2,r

∫
Rr0

∑
k∈NN

f
(
Rµ(t, z), u

′)F (|τ |2 + λµk, µ)

× φbµ,r
k (P̄R−1

µ x− z) Ēb,r(P̄R−1
µ x, z)

× ei⟨τ,P0R
−1
µ x−t⟩ei⟨µ,u−u

′⟩ dτ dµ du′dt dz.

Recall that (3.4) asserts

ωµ(P
µ
n x, P

µ
n x

′) = bµn ωR2rn (PnR
−1
µ x, PnR

−1
µ x′).
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Since ωµ(x, x
′) = ⟨Jµx, x′⟩ and

Jµ(ranP
µ
n ) ⊆ ranPµn

by Proposition 3.4, we have

ωµ(P
µ
n x, P

µ
n′x

′) = 0 for n ̸= n′.

This yields

Ēb,r(P̄R−1
µ x, P̄R−1

µ x′) = exp
(
i
2ωµ(P̄

µx, P̄µx′)
)

= exp
(
i
2ωµ(x, x

′)
)
.

Hence, substituting x′ = Rµ(t, z) in the formula above, that is,

t = P0R
−1
µ x′ and z = P̄R−1

µ x′,

and using P̄µRµ = RµP̄ and Pµ0 Rµ = RµP0, we obtain (3.19). □

4. Spectral cluster estimates

Throughout this section, we fix d1 ∈ N \ {0} and r = (r1, . . . , rN ) ∈ (N \ {0})N
with N ∈ N \ {0} and consider the anisotropic twisted Laplacians

∆b,r
Rd1

= (−∆Rr0 )⊕∆
(b1)

R2r1
⊕ · · · ⊕∆

(bN )

R2rN

for parameters b = (b1, . . . , bN ) ranging in a compact subset B of [0,∞)N . In
the following, we deviate slightly from the notation of the previous section (where
we generally denoted coordinates on g1 by x and coordinates on Rd1 under the
orthogonal transformation Rµ : Rd1 → g1 of Proposition 3.4 by y) and will denote
the coordinates on Rd1 again by x in this section.

Given n ∈ N \ {0}, we again write pn = 2(n + 1)/(n + 3) for the Stein–Tomas
threshold. The main result of this section are the following spectral cluster esti-
mates, which are inspired by [Sog93, Chapter 5].

Theorem 4.1 (Spectral cluster estimates). Let B ⊆ [0,∞)N be a compact subset.
If 1 ≤ p ≤ pd1 , then

∥1[K,K+1)(∆
b,r
Rd1

)∥p→2 ≤ CB,r,p (K + 1)
d1
2 ( 1

p−
1
2 )−

1
2 (4.1)

for all K ∈ N and b ∈ B.

We give two proofs of these estimates. The first one relies on a Mehler type
formula and subordination by the heat semigroup associated with the anisotropic
twisted Laplacian, but only works for the smaller range 1 ≤ p < pd1−1.

4.1. First proof via subordination by the heat semigroup.

Proposition 4.2. The cluster estimate (4.1) holds true for 1 ≤ p < pd1−1.

The proof of Proposition 4.2 is essentially that of Proposition II.8 of [COSY16]
combined with a Mehler type formula. However, the uniformity of the constants is
crucial here, so we give full details.

Proof. Given b ∈ [0,∞)N , the heat semigroup

Tb,r(t) = exp(−t∆b,r
Rd1

), t ≥ 0
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admits an analytic extension ζ 7→ Tb,r(ζ) = exp(−ζ∆b,r
Rd1

) to the complex right
half-plane. By [MM16, Proposition 4], it can be written as a twisted convolution

with the heat kernel pb,rζ , which is given by

pb,rζ (x) =
1

(4πζ)d1/2
exp

(
− 1

4ζ

∣∣x(0)∣∣2)
×

N∏
n=1

S(iζbn)
rn exp

(
− 1

4ζ
T(iζbn)

∣∣x(n)∣∣2), (4.2)

where x = (x(0), . . . , x(N)), x′ = ((x′)(0), . . . , (x′)(N)) ∈ Rr0 ⊕R2r1 ⊕· · ·⊕R2rN , and

S,T : C \ {kπ : 0 ̸= k ∈ Z} → C

are the meromorphic functions given by

S(ζ) =
ζ

sin ζ
and T(ζ) =

ζ

tan ζ
.

Then, if we define Eb,r via

Eb,r(x, x′) =

N∏
n=1

exp
(
i
2 bn ωR2rn

(
x(n), (x′)(n)

))
, (4.3)

the operator Tb,r(ζ) is given by

Tb,r(ζ)f(x) =

∫
Rd1

f(x′)pb,rζ (x− x′)Eb,r(x, x′) dx′. (4.4)

Note that the parameters bn are actually allowed to be zero, in which case the
twisted convolution is just the Euclidean convolution on the n-th block. Note that

1

ζ
T(iζ) = coth ζ =

sinh(2Re ζ)− i sin(2 Im ζ)

2 |sinh ζ|2
,

whence

Re
(1
ζ
T(iζ)

)
≥ 0 if Re ζ ≥ 0.

Thus, neglecting all oscillations of the twisted convolution above, (4.4) yields

∥Tb,r(ζ)f∥∞ ≤ ∥f∥1∥pb,rζ ∥∞ ≲B,r |ζ|−d1/2∥f∥1 (4.5)

for all ζ ∈ C lying in the rectangle

R = {ζ ∈ C : 0 < Re ζ ≤ 1 and | Im ζ| ≤ αB,r},

where the constant αB,r > 0 is chosen small enough such that αB,r < π/bn for all
b ∈ B and all n ∈ {1, . . . , N}. Interpolating between (4.5) and the trivial L2-L2

estimate, we get

∥Tb,r(ζ)∥p→p′ ≲B,r |ζ|−
d1
2 ( 1

p−
1
p′ ) for all ζ ∈ R and 1 ≤ p ≤ 2. (4.6)

Given κ ≥ 0, we define

F̂κ(ξ) = (1− |ξ|)2+ e−iκξ, ξ ∈ R.

Then Fκ is given by

Fκ(λ) =
2

π

λ− κ− sin(λ− κ)

(λ− κ)3
, λ ∈ R.
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In particular, Fκ : R → C is a positive function with supp F̂κ = [−1, 1]. For K ∈ N,
we put

FB,r
K (λ) = F 1

2αB,rK

(
1
2αB,rλ

)
and GB,r

K (λ) = FB,r
K (λ) e−

1
2αB,rλ/(K+1).

Note that λ ∈ [K,K + 1) implies 0 ≤ 1
2αB,rλ − 1

2αB,rK < 1
2αB,r. Hence, there is

some constant CB,r > 0 independent of K such that

inf
λ∈[K,K+1)

GB,r
K (λ) ≥ inf

λ∈[K,K+1)
FB,r
K (λ)e−

1
2αB,r ≥ CB,r.

This implies

CB,r ∥1[K,K+1)(∆
b,r
Rd1

)f∥2 ≤ ∥GB,r
K (∆b,r

Rd1
)f∥2.

Using a TT ∗ argument, we obtain

C2
B,r

∥∥1[K,K+1)(∆
b,r
Rd1

)
∥∥
p→p′

≤
∥∥(GB,r

K )2(∆b,r
Rd1

)
∥∥
p→p′

. (4.7)

Note that

supp F̂B,r
K ⊆ [− 1

2αB,r,
1
2αB,r].

The Fourier inversion formula yields

(GB,r
K )2(λ) =

1

(2π)2

∫ αB,r

−αB,r

F̂B,r
K ∗ F̂B,r

K (ξ) e−(αB,r/(K+1)−iξ)λ dξ. (4.8)

Moreover, note that there is a constant C̃B,r > 0 independent of K such that∥∥F̂B,r
K ∗ F̂B,r

K

∥∥
∞ ≤ C̃B,r. (4.9)

Altogether, (4.7), (4.9) and (4.6) yield∥∥1[K,K+1)(∆
b,r
Rd1

)
∥∥
p→p′

≲B,r

∥∥(GB,r
K )2(∆b,r

Rd1
)
∥∥
p→p′

≲
∫ αB,r

−αB,r

∣∣F̂B,r
K ∗ F̂B,r

K (ξ)
∣∣ ∥∥e−(αB,r/(K+1)−iξ)∆b,r

Rd1
∥∥
p→p′

dξ

≲B,r

∫ ∞

−∞
(α2

B,r(K + 1)−2 + ξ2)
− d1

4 ( 1
p−

1
p′ ) dξ

∼B,r (K + 1)
d1
2 ( 1

p−
1
p′ )−1

.

Note that the last integral converges since 1 ≤ p < pd1−1. Hence∥∥1[K,K+1)(∆
b,r
Rd1

)
∥∥
p→2

≤ CB,r (K + 1)
d1
2 ( 1

p−
1
2 )−

1
2 ,

which is (4.1). □

Remark 4.3. In fact, formulas for heat kernels on two-step stratified Lie groups of
the form (4.2) are well-known, see for instance [Hul76], [Cyg79, Corollary (5.5)],
[MR03, Theorem 5.2], and [MM16] for further references. Alternatively, (4.2) could
also be verified directly from Proposition 3.8 by applying the Mehler type formula
for Laguerre functions of [Tha93, p. 37] on each block of Rr0 ⊕ R2r1 ⊕ · · · ⊕ R2rN .
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4.2. Second proof via the dispersive estimates of Koch and Tataru. The
proof of (4.1) for the full range 1 ≤ p ≤ pd1 relies on interpolation between p = 1
and the endpoint p = pd1 . For p = 1, we just resort to our previous result. Let
B ⊆ [0,∞)N be the compact subset of Theorem 4.1.

Lemma 4.4. The cluster estimate (4.1) holds true for p = 1, i.e.,∥∥1[K,K+1)(∆
b,r
Rd1

)
∥∥
1→2

≤ CB,r (K + 1)
d1
4 − 1

2 (4.10)

for all K ∈ N and b ∈ B.

Proof. Note that d1 = r0 + 2 |r|1 ≥ 2 and N ≥ 1. We distinguish the cases d1 = 2
and d1 > 2. If d1 > 2, then pd1−1 = 2d1/(d1 + 2) > 1, and the statement follows
directly from Proposition 4.2. If d1 = 2, we have r0 = 0, N = 1, r = 1, and b = b1,
so the anisotropic twisted Laplacian admits only one block

∆b,r
Rd1

= ∆
(b1)
R2 .

By (3.16), the spectrum of ∆
(b1)
R2 consists of the eigenvalues (2k + 1) b1, k ∈ N.

Then, similar to Lemma 3.1 in [Nie22a], (4.10) follows from [KR07]. □

For p = pd1 , the exponent on the right-hand side of (4.1) is given by

d1
2

( 1

pd1
− 1

2

)
− 1

2
=
d1
2

( d1 + 3

2(d1 + 1)
− 1

2

)
− 1

2

= − 1

2(d1 + 1)
.

Hence, via interpolation with p = 1 from Lemma 4.4, it suffices to prove∥∥1[K,K+1)(∆
b,r
Rd1

)
∥∥
pd1→2

≤ CB,r (K + 1)
−1/(2(d1+1))

. (4.11)

Similar to [KR07, Lemma 2], we first reduce (4.11) to some localized form. Let
B1, B2 ⊆ Rd1 denote the open balls of radius 1 and 2 centered at the origin.

Lemma 4.5. There is a constant γ = γB,r > 0 such that

κ2/(d1+1)∥u|B1
∥p′d1 ≤ CB,r κ ∥u|B2

∥2 + κ−1∥f |B2
∥2 (4.12)

for all b ∈ B, all κ ≥ 1 and all u ∈ L2(Rd1) and f ∈ L2(Rd1) such that(
∆γ2κ2b,r

Rd1
− γ2κ4

)
u = f. (4.13)

Before we prove Lemma 4.5, we show how the endpoint cluster estimate (4.11)
(and thus Theorem 4.1) can be derived from it. We will apply Lemma 4.5 with
κ = (K + 1)1/2. The parameter γ = γB,r > 0 exists only for technical reasons and
will be chosen later to be sufficiently small, depending on the set B.

Proof of (4.11). Given K ∈ N, let Pb,r
K denote the projection given by

Pb,r
K = 1[K,K+1)(∆

b,r
Rd1

).

We reduce (4.11) to (4.12). Let κ = (K + 1)1/2. Suppose we have the estimate

κ1/(d1+1)∥u∥p′d1 ≲B,r ∥u∥2 + ∥f∥2 (4.14)

for all b ∈ B and all u ∈ L2(Rd1) and f ∈ L2(Rd1) such that

(∆b,r
Rd1

− κ2)u = f. (4.15)
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Then, given u0 ∈ L2(Rd1), we can put

u := Pb,r
K u0 and f := (∆b,r

Rd1
− κ2)Pb,r

K u0,

and (4.14) would yield

κ1/(d1+1)∥Pb,r
K u0∥p′d1 ≲B,r ∥Pb,r

K u0∥2 + ∥(∆b,r
Rd1

− κ2)Pb,r
K u0∥2

≤ 2 ∥u0∥2 ,

which implies (4.11) by duality. So it remains to reduce (4.14) to (4.12).
Let κ̃ = γκ. We cover the space with Euclidean balls Bκ̃(xj) with centers

xj ∈ Rd1 such that the dilated balls B2κ̃(xj) have only bounded overlap. Then, in
place of (4.14), it suffices to show

κ1/(d1+1)∥u|Bκ̃(xj)∥p′d1 ≲B,r ∥u|B2κ̃(xj)∥2 + ∥f |B2κ̃(xj)
∥2. (4.16)

Indeed, using (4.16) in combination with Minkowski’s inequality and the bounded
overlap of the balls B2κ̃(xj), we get

κ1/(d1+1)∥u∥p′d1
≤ κ1/(d1+1)

(∑
j

∥∥u|Bκ̃(xj)

∥∥p′d1
p′d1

)1/p′d1

≲B,r

(∑
j

(∥∥u|B2κ̃(xj)

∥∥
2
+
∥∥f |B2κ̃(xj)

∥∥
2

)p′d1 )1/p′d1

≲B,r ∥u∥2 + ∥f∥2.

For v ∈ L2(Rd1), we consider the twisted convolution given by

v ×(b,r) u(x) =

∫
Rd1

v(x′)u(x− x′)Eb,r(x, x′) dx′, x ∈ Rd1

where Eb,r is defined by (4.3), that is,

Eb,r(x, x′) =

N∏
n=1

exp
(
i
2 bn ωR2rn

(
x(n), (x′)(n)

))
,

with x = (x(0), . . . , x(N)), x′ = ((x′)(0), . . . , (x′)(N)) ∈ Rr0 ⊕R2r1 ⊕ · · · ⊕R2rN , and
where ωR2rn is the standard symplectic form of (3.2). Then

∆b,r
Rd1

(v ×(b,r) u) = v ×(b,r) (∆
b,r
Rd1

u) for all v ∈ L2(Rd1).

This implies

∆b,r
Rd1

(
u(x− x′)Eb,r(x, x′)

)
=
(
∆b,r

Rd1
u
)
(x− x′)Eb,r(x, x′).

As a consequence, substituting

u(x) = ũ(x− x′)Eb,r(x, x′) and f(x) = f̃(x− x′)Eb,r(x, x′)

shows that we may assume without loss of generality xj = 0. Hence, in place of
(4.16), it suffices to show

κ1/(d1+1)∥u|Bκ̃
∥p′d1

≲B,r ∥u|B2κ̃
∥2 + ∥f |B2κ̃

∥2 (4.17)
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for all u satisfying (4.15) (where we just write Bκ and B2κ for the centered balls
Bκ(0) and B2κ(0)). On the other hand, rescaling with κ̃ = γκ shows that (4.17) is
equivalent to

κ1/(d1+1)+d1/p
′
d1 ∥u|Bκ̃

(κ̃ · )∥p′d1
≲B,r κ

d1/2 ∥u|B2κ̃
(κ̃ · )∥2

+ κd1/2 ∥f |B2κ̃
(κ̃ · )∥2 . (4.18)

Since ∆κ̃2b,r
Rd1

(
u(κ̃ · )

)
= κ̃2(∆b,r

Rd1
u)(κ̃ · ), (4.15) is equivalent to

∆κ̃2b,r
Rd1

(
u(κ̃ · )

)
− γ2κ4u(κ̃ · ) = γ2κ2f(κ̃ · ). (4.19)

Moreover,

1

d1 + 1
+

d1
p′d1

− d1
2

=
1

d1 + 1
+ d1

d1 − 1

2(d1 + 1)
− d1

2

=
2

d1 + 1
− 1.

Substituting u(κ̃ · ) and κ̃2f(κ̃ · ) by new functions ũ and f̃ shows that (4.18) and
(4.19) are equivalent to (4.12) and (4.13), which finishes the proof. □

Similar to [KR07, Lemma 2] and [KT05b, Lemma 3.4], the local estimate of
Lemma 4.5 is a consequence of the results in [KT05a] by Koch and Tataru. To
state their result, we need to introduce some notation. Given λ > 0 and j ∈ N, let
Sjλ be the class of all symbols a ∈ C∞(Rn × Rn,C) satisfying

|∂αx ∂
β
ξ a(x, ξ)| ≤ Cα,β

{
λ−|β| for |α| ≤ j,

λ
|α|−j

2 −|β| for |α| > j.
(4.20)

For λ ≥ 1, let λkSjλ = {λka : a ∈ Sjλ}. (Note that [KT05a] requires λ > 1, but this
restriction is insignificant, as we will see in the sketch of the proof of Theorem 4.6
below.) Given a symbol a ∈ Sjλ, we denote by a

w = aw(x,D) the pseudo-differential
operator defined by the Weyl calculus, that is,

aw(x,D)u(x) = (2π)−n
∫
Rn

∫
Rn

a
(
1
2 (x+ y), ξ

)
ei⟨x−y,ξ⟩u(y) dy dξ.

We denote the characteristic set of a given symbol p ∈ C∞(Rn × Rn,C) by

char p = {(x, ξ) ∈ Rn × (Rn \ {0}) : p(x, ξ) = 0},

and set Σ = char p ∩Bλ, where Bλ denotes the ball

Bλ = {(x, ξ) ∈ Rn × Rn : |x| < 1 and |ξ| < λ}.

Then, for |x| < 1, the x-section of Σ is given by

Σx = {ξ ∈ Rn \ {0} : |ξ| < λ and p(x, ξ) = 0}.

We will use the following special case of Theorem 2.5 (i) from [KT05a]:

Theorem 4.6. Let k ∈ {0, . . . , n− 2} and

q =
2(n+ 1− k)

n− 1− k
and ρ(q) =

n− 1 + k

2(n+ 1− k)
. (4.21)

Suppose that p ∈ λS2
λ is a real symbol satisfying the following conditions:
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(i) The symbol p is of principal type, that is,

|∇ξ p(x, ξ)| ≳ 1 for all (x, ξ) ∈ Σ.

(ii) The set Σx has n − 1 − k non-vanishing curvatures for all |x| < 1. More
precisely, for all |x| < 1 and ξ ∈ Σx, the second fundamental form of Σx at
ξ admits an (n− 1− k)-minor M such that

|detM | ≳ λk−n+1,

where the constant is independent of x and ξ.

Let χ ∈ S0
λ be compactly supported in Bλ. Then

λ−ρ(q)∥χwu∥q ≲ ∥pwu∥2 + ∥u∥2. (4.22)

An inspection of the proof of Theorem 2.5 (i) in [KT05a], whose parts can be
found in Sections 3 and 4 there, shows that the constant in (4.22) depends only
on the constants in (4.20) and the constants in the conditions (i) and (ii) above.
This observation is fundamental to the proof of Theorem 4.1, where we apply
Theorem 4.6 to a whole family of operators. We provide a brief walkthrough of
the relevant arguments in [KT05a] to convince the reader of the uniformity of the
estimates.

Sketch of the proof. Following the arguments of [KT05a, Lemma 3.8 (i)], one first
reduces the operator pw to some canonical form. Given (x0, ξ0) ∈ Σ, we have
|∂ξkp(x, ξ)| ∼ 1 in an εBλ-neighborhood of (x0, ξ0) for some k ∈ {1, . . . , n}. Similar
to [KT05a, Lemma 3.6], covering Bλ by dilates of such balls and using a partition
of unity, it suffices to prove (4.22) with χ on the left-hand side replaced by a smooth
cut-off function χε supported on one of the εBλ-balls, and p replaced by pε = χε p.
Assuming without loss of generality that k = 1, the implicit function theorem yields

{(x, ξ) : p(x, ξ) = 0} = {(x, ξ) : ξ1 + a(x, ξ) = 0}
on a given εBλ-ball, with a ∈ λS2

λ. Let e be the symbol defined by

e(x, ξ) = χ̃ε(x, ξ)
ξ1 + a(x, ξ)

p(x, ξ)
,

where χ̃ε = 1 on the support of χε. Since |∂ξ1p(x, ξ)| ∼ 1 on the chosen εBλ-ball,
we have e ∈ S2

λ, whence it suffices to show (4.22) with pε on the right-hand side
replaced by p̃ε = epε, see [KT05a, Lemma 3.3]. Note that the bounds for the
derivatives of a and e depend only on the corresponding bounds for the derivatives
of p and the constant in condition (i). Moreover, both the characteristic set and the
conditions (i) and (ii) remain invariant when replacing the p by the microlocalized
symbol p̃ε. In summary, it suffices to prove Theorem 4.6 for the special case where
p is of the form

p(x, ξ) = ξ1 + a(x, ξ′),

where ξ = (ξ1, ξ
′) ∈ Rn and a ∈ λS2

λ.
We make a slight change in notation. As in the beginning of Section 4.1 of

[KT05a], we write t = x1 and denote henceforth the component x′ ∈ Rn−1 again
by x. The idea is to interpret the first coordinate as a time parameter. With this
notation, we are led to consider the operator Dt+ aw, where Dt = −i∂t. It suffices
to prove

λ−ρ(q)∥χw(x,D)u∥Lq(Rn) ≲ ∥(Dt + aw)u∥L2(Rn) + ∥u∥L2(Rn) (4.23)
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for any smooth cut-off function χ on Rn−1 × Rn−1 compactly supported where
|x| ≤ 1 and |ξ| ≤ λ and all operators Dt + aw whose symbol satisfies (i) and
(ii). Via functional calculus, the (real) symbol a generates the isometric evolution
operator

S(t, s) = exp(−i(t− s)aw), t, s ∈ R.
The idea is to derive (4.23) from appropriate decay estimates associated with the
evolution operator S(t, s), which in turn follow from corresponding L1-L∞ decay
estimates by the methods of Keel and Tao [KT98]. To prove (4.23), it suffices to
show the following special case of Proposition 4.8 in [KT05a] (with f1 = 0 and
r = s there), which is the estimate

λ−ρ(q)∥χw(x,D)u∥Lq(Rn) ≲ ∥f∥L1([0,1],L2(Rn−1)) + ∥u0∥L2(Rn−1), (4.24)

where u solves the initial value problem

(Dt + aw)u = f, u(0, ·) = u0 (4.25)

on the interval [0, 1]. Due to Duhamel’s formula, the solution of (4.25) can be
represented as

u(t, ·) = S(t, 0)u0 + i

∫ t

0

S(t, s)f(s) ds.

Thus, to show (4.24), it suffices to show that the operators χwS(t, s) are bounded
from L2 to Lq with operator norm

∥χwS(t, s)∥2→q ≲ λρ(q). (4.26)

As argued in the proof of Proposition 4.8 of [KT05a] (note that d = n − 1 there),
(4.26) follows by a TT ∗ argument and by the results of [KT98] by Keel and Tao
from the decay estimates

∥χwS(t, s)χw∥1→∞ ≲ λ(n−1+k)/2 |t− s|−(n−1−k)/2
.

An inspection of the arguments in [KT98] shows that the decay estimates they
derive actually depend only on the constant of the initial L1-L∞ estimates, which
up to the endpoint are the arguments of Section 3 there, while the estimate for the
endpoint is treated in Sections 4 and 5 there.

Following the arguments of the proof of Proposition 4.7 of [KT05a], to prove the
decay estimate

∥S(t0, 0)χwu0∥∞ ≲ λ(n−1+k)/2 |t0|−(n−1−k)/2 ∥u0∥1. (4.27)

at time t0 (one can assume without loss of generality s = 0), one passes to a
normalized setup with new frequency parameter µ =

√
t0λ by rescaling via

(t, x, ξ) 7→
(
t0t,

x
√
t0√
λ
,
ξ
√
λ√
t0

)
.

Let u(t, ·) := S(t, 0)χwu0. We consider the functions

v(t, x) := u

(
t0t,

x
√
t0√
λ

)
and v0(x) := u0

(
x
√
t0√
λ

)
.

Then (4.27) is equivalent to

∥v(1, ·)∥L∞(Rn−1) ≲ µk∥v0∥L1(Rn−1). (4.28)
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(In [KT05a], one actually has to replace the rescaling t/t0 by t0t, since we want

v(1, x) = u(t0,
x
√
t0√
λ
).) Let

ã(t, x, ξ) = t0 a

(
t0t,

x
√
t0√
λ
,
ξ
√
λ√
t0

)
and χ̃(x, ξ) = χ

(
x
√
t0√
λ
,
ξ
√
λ√
t0

)
.

Note that

v(0, x) = (χwu0)

(
0,
x
√
t0√
λ

)
= χ̃w(x,D)v0.

Thus, the function v solves the initial value problem

(Dt + ãw(t, x,D))v = 0, v(0, ·) = χ̃w(x,D)v0.

To prove (4.28), we write

v(t, y) =

∫
Rn−1

K(t, y, ỹ)(χwv0)(ỹ) dỹ.

Using Proposition 4.3 of [KT05a], we want to derive an L∞-bound for the kernel K.
To that end, we need to introduce some further notation of [KT05a, p. 235]. For
fixed (x, ξ), let (xt, ξt) denote the Hamiltonian flow given by the solution of the
initial value problem

d

dt
xt = ãξ(x

t, ξt),
d

dt
ξt = −ãx(xt, ξt), (x0, ξ0) = (x, ξ),

where ãξ and ãx denote the partial derivatives with respect to ξ and x. Let ψ(t, x, y)
be the phase shift given by

d

dt
ψ(t, x, ξ) = (−ã+ ξtãξ)(x

t, ξt), ψ(0, x, ξ) = 0.

Then, using Proposition 4.3 of [KT05a] for the special case s = 0, we get the
representation

K(t, y, ỹ) =

∫
Rn−1

∫
Rn−1

e−
1
2 (ỹ−x)

2

eiΦ(t,x,ξ,y)G(t, x, ξ, y) dx dξ

for t ∈ [0, 1] and y, ỹ ∈ Rn−1, with

Φ(t, x, ξ, y) = −ξ(ỹ − x) + ψ(t, x, ξ) + ξt(y − xt)

and some function G satisfying∣∣(xt − y)γ∂αx ∂
β
ξ ∂

ν
yG(t, x, ξ, y)

∣∣ ≤ Cγ,α,β,ν , (4.29)

where the constant Cγ,α,β,ν only depends on the corresponding bounds for the
derivatives of ã.

Returning to the arguments of the proof of Proposition 4.7 in [KT05a], we con-
sider the ball

B̃ = {(x, ξ) : |x| ≤ µt−1
0 , |ξ| ≤ µ}.

Then, since supp χ̃ ⊆ B̃, there is some constant C > 0 such that

v(t, y) =

∫
R3(n−1)

1CB̃(x, ξ)G(t, x, ξ, y)e
− 1

2 (ỹ−x)
2

eiΦ(t,x,ξ,y)(χ̃wv0)(ỹ) dx dξ dỹ.

up to some error term that can be estimated by CNµ
−N∥v0∥L1(Rn−1), see [KT05a,

p. 241]. Then (4.28) follows once we have shown the bound∫
Rn−1

1CB̃(x, ξ)|G(1, x, ξ, y)| dξ ≲ µk. (4.30)
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By (4.29), we may bound the above integral by a constant CN times

sup
|x|≤Cµt−1

0

∫
Rn−1

1CB̃(x, ξ)(1 + |xt − y|)−N dξ. (4.31)

As in [KT05a, p. 241], a linear approximation of t 7→ ∂xt/∂ξ shows that

∂x1

∂ξ
=
∂xt

∂ξ

∣∣∣∣
t=1

= ãξξ(0, x, ξ) +O(
√
t0), (4.32)

where ãξξ denotes the Hessian matrix of ξ 7→ ã(0, x, ξ). Now the curvature condition
of (ii) yields that ãξξ(0, x, ξ) admits a non-degenerate (n − 1 − k)-minor, whence
one may locally choose coordinates ξ = (ξ′, ξ′′) with ξ′ = (ξ1, . . . , ξn−1−k) so that
the matrix ãξ′ξ′(0, x, ξ) is non-degenerate. As in [KT05a, p. 242], estimating the

integral (4.31) in ξ′′ via the support of CB̃ and in ξ′ via (4.32), we get∫
CB̃

(1 + |xt − y|)−N dξ ≲ µk,

which yields (4.30) and thus (4.28). □

With Theorem 4.6 at hand, we now prove Lemma 4.5, which completes the proof
of the spectral cluster estimates of Theorem 4.1. Recall that B ⊆ [0,∞)N denotes
the compact subset of Theorem 4.1.

Proof of Lemma 4.5. Let B1, B2 ⊆ Rd1 denote the open balls of radius 1 and 2
centered at the origin. We have to show that there is some γ = γB,r > 0 such that,
for all b ∈ B and all κ ≥ 1, we have

κ2/(d1+1)∥u|B1
∥p′d1 ≤ CB,r κ ∥u|B2

∥2 + κ−1∥f |B2
∥2 (4.33)

whenever u ∈ L2(Rd1) and f ∈ L2(Rd1) satisfy(
∆γ2κ2b,r

Rd1
− γ2κ4

)
u = f.

Let κ ≥ 1. The parameter γ = γB,r > 0 will be chosen later in the proof. Recall
that b = (b1, . . . , bN ) ∈ [0,∞)N , r = (r1, . . . , rN ) ∈ (N \ {0})N , N ∈ N \ {0}, and

∆γ2κ2b,r
Rd1

= (−∆Rd1−2|r|1 )⊕∆
(γ2κ2b1)

R2r1
⊕ · · · ⊕∆

(γ2κ2bN )

R2rN
.

By definition, on each block, we have

∆
(γ2κ2bn)
R2rn = −∆z +

1
4

(
γ2κ2bn

)2 |z|2 − i
(
γ2κ2bn

)
ωR2rn (z,∇z), z ∈ R2rn ,

where ωR2rn (z, w) = ⟨JR2rn z, w⟩R2rn is the standard symplectic form induced by

JR2rn =

(
0 −idRrn

idRrn 0

)
∈ R2rn×2rn .

In the Weyl calculus, the symbol σb = σb,r
κ,γ of ∆γ2κ2b,r

Rd1
− γ2κ4 is given by

σb(x, ξ) =
∣∣ξ + 1

2γ
2κ2Jbx

∣∣2 − γ2κ4, x, ξ ∈ Rd1 ,
where

Jb =


0 0 . . . 0

0 b1JR2r1

. . .
...

...
. . .

. . . 0
0 . . . 0 bNJR2rN

 ∈ Rd1×d1 . (4.34)
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In the following, given λ > 0, we use again the notation

Bλ = {(x, ξ) ∈ Rd1 × Rd1 : |x| < 1 and |ξ| < λ}.

We decompose the phase space into a non-elliptic region, where we will apply
Theorem 4.6, and an elliptic region, where even better estimates are available.

(1) The non-elliptic region. We apply Theorem 4.6 with parameters

k = 0 and λ = κ2.

Let η0 : Rd1 × Rd1 → C be a smooth cut-off function such that η0(x, ξ) = 1 for
(x, ξ) ∈ B1 and η0(x, ξ) = 0 for (x, ξ) /∈ 2B1. We define η via

η(x, ξ) = η0(x, ξ/λ).

Let pb and ab be the symbols given by

pb(x, ξ) = λ−1
(
σbη

)
(x, ξ) and ab(x, ξ) = λ−2

(
σbη

)
(x, ξ).

Since σb is a polynomial of degree 2, we have

∂αx ∂
β
ξ σ

b(x, ξ) = 0 for |α|+ |β| > 2.

Moreover, for all (x, ξ) ∈ Bλ and |α|+ |β| ≤ 2,

λ−2
∣∣∂αx ∂βξ σb(x, ξ)

∣∣ = ∣∣∣∣∂αx ∂βξ (∣∣∣ ξλ +
1

2
γ2Jb x

∣∣∣2 − γ2
)∣∣∣∣ ≲B,r,α,β λ

−|β|.

Hence, via Leibniz rule, we have in particular∣∣∂αx ∂βξ ab(x, ξ)∣∣ ≤ Cα,β

{
λ−|β| for |α| ≤ 2,

λ
|α|−2

2 −|β| for |α| > 2.

Thus, pb = λab ∈ λS2
λ, which matches the requirements of Theorem 4.6.

Next, to apply Theorem 4.6, we verify the conditions (i) and (ii) from there. We
consider Σ = char pb ∩Bλ. For fixed x ∈ Rd1 , the set

{ξ ∈ Rd1 : σb(x, ξ) = 0}

is a sphere of radius γκ2 = γλ with center − 1
2γ

2κ2Jbx = − 1
2γ

2λJbx ∈ Rd1 . Note
that η|Bλ = 1. Thus, by choosing γ = γB,r > 0 small enough, we can ensure that

{(x, ξ) ∈ Rd1 × Rd1 : σb(x, ξ) = 0 and |x| < 1} ⊆ Bλ

and that for |x| < 1 the x-section Σx is the whole sphere of radius γλ with center
− 1

2γ
2λJbx ∈ Rd1 . For condition (i) of Theorem 4.6, we observe that (x, ξ) ∈ Σ

implies that σb(x, ξ) = 0 since η|Bλ = 1. Thus,∣∣∇ξ p
b(x, ξ)

∣∣ = λ−1
∣∣(∇ξ σ

b(x, ξ)
)
η(x, ξ) + σb(x, ξ)∇ξ η(x, ξ)

∣∣
= 2λ−1

∣∣ξ + 1
2γ

2λJbx
∣∣ = 2γ for all (x, ξ) ∈ Σ.

On the other hand, condition (ii) of Theorem 4.6 follows from the fact that for
|x| < 1 the sphere Σx has d1 − 1 non-vanishing curvatures. Note that the required
bound associated with the second fundamental form of Σx in condition (ii) actually
does not depend on b ∈ B.

Now, for k = 0, the exponents q and ρ(k) in (4.21) are given by

q =
2(d1 + 1)

d1 − 1
= p′d1 and ρ(q) =

d1 − 1

2(d1 + 1)
.
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To show (4.33), suppose that u ∈ L2(Rd1) and f ∈ L2(Rd1) satisfy(
∆γ2κ2b,r

Rd1
− γ2κ4

)
u = f.

Let ψ : Rd1 → C be a smooth cut-off function with ψ|B1
= 1 and compact support

in B2. Then, applying Theorem 4.6 with k = 0 and λ = κ2 yields

λ−ρ(q)∥χw(ψu)∥p′d1 ≲B,r ∥ψu∥2 + ∥(pb)w(ψu)∥2.

Multiplying both sides by λ1/2, we obtain

λ1/(d1+1)∥χw(ψu)∥p′d1 ≲B,r λ
1/2∥u|B2∥2 + λ1/2∥(pb)w(ψu)∥2. (4.35)

We show that

λ1/2∥(pb)w(ψu)∥2 ≲B,r λ
1/2∥u|B2

∥2 + λ−1/2∥f |B2
∥2. (4.36)

Recall that pb = λ−1σbη. We want to use the calculus of pseudo-differential oper-
ators. We use the symbol classes Sm, which are defined as follows: Given m ∈ R,
we say that p0 ∈ C∞(Rd1 × Rd1 ,C) lies in Sm if

|∂αξ ∂βxp0(x, ξ)| ≲α,β ⟨ξ⟩m−|α| for all x, ξ ∈ Rd1 , α, β ∈ Nd1 , (4.37)

where ⟨ξ⟩ = (1 + |ξ|2)1/2. (Note that we have changed from ∂αx ∂
β
ξ to ∂αξ ∂

β
x in

our notation compared to the definition of the symbol classes Sjλ of [KT05a].) If
p0 ∈ Sm for all m ∈ R, we write p0 ∈ S−∞.

Note that the symbols σb and η satisfy the bounds

λ−2
∣∣∂αξ ∂βxσb(x, ξ)

∣∣ = ∣∣∣∣∂αξ ∂βx(∣∣∣ ξλ +
1

2
γ2Jbx

∣∣∣2 − γ2
)∣∣∣∣

≲B,r,α,β

〈 ξ
λ

〉2−|α|
λ−|α| for |x| ≤ 1

and

|∂αξ ∂βxη(x, ξ)| ≲M,α,β

〈 ξ
λ

〉−M−|α|
λ−|α| for all M ∈ N.

In particular, we have λ−2σb ∈ S2 and η ∈ S−∞. Now, the calculus of pseudo-
differential operators yields

λ−2(σbη)w = λ−2ηw(σb)w + (τb)w, (4.38)

where the symbol τb ∈ S−∞ satisfies the bounds

|∂αξ ∂βx τb(x, ξ)| ≲B,r,M,α,β

〈 ξ
λ

〉−M−|α|−1

λ−|α|−1. (4.39)

For details, see Section 3 of Chapter 2 in [Fol89] and in particular Theorem 2.49
and Corollary 2.51 of [Fol89, pp. 107]. More precisely, by Corollary 2.51 of [Fol89,
p. 109], since λ−2σb is a polynomial in ξ and x of degree 2, the remainder term τb

is given by a constant times

∂ξ(λ
−2σb) (∂xη)− ∂x(λ

−2σb) (∂ξη),

which implies (4.39) by using Leibniz rule.
More generally, (4.39) can also be derived without using the fact that λ−2σb is

a polynomial. (We will use this fact several times later, for example when deriving
the bounds (4.50) and (4.53).) The bound in the more general situation can be
obtained, for instance, by inspecting the proof of Theorem 2.49 in [Fol89, p. 107]
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in combination with the rescaling (x, ξ) 7→ (x/λ, λξ). More precisely, suppose that
ς1 ∈ Sm1 and ς2 ∈ Sm2 satisfy

|∂αξ ∂βx ςj(x, ξ)| ≲mj ,α,β

〈 ξ
λ

〉mj−|α|
λ−|α|, j ∈ {1, 2},

where we momentarily omit the dependence on B, r from the notation. Let the
number Cmj ,α,β(ςj) denote the best constant for which the bound above holds;

note that it does not depend on λ. For ς ∈ Sm, set ςλ(x, ξ) = ς(x/λ, λξ), and let
∥ · ∥m,α,β be the seminorm on Sm defined by

∥ς∥m,α,β = sup
x,ξ∈Rd1

|∂αξ ∂βx ς(x, ξ)| ⟨ξ⟩−m+|α|.

Then ∥ςλj ∥mj ,α,β = λ−|β|Cmj ,α,β(ςj). We may write ς1 ♯ ς2−ς1ς2 = T (ς1, ς2) for some

bilinear operator T : Sm1 × Sm2 → Sm1+m2−1, where ς1 ♯ ς2 denotes the twisted
product in the sense of [Fol89, p. 103]. The map T is bounded between the corre-
sponding Fréchet spaces defined by the seminorms above. Moreover, an inspection
of the proof of Theorem 2.49 in [Fol89, p. 107] shows that, in the remainder term of
the Taylor expansion for k = 0, at least one of the symbols is always differentiated
in the x-variable. Consequently,

∥T (ςλ1 , ςλ2 )∥m1+m2−1,α,β ≤ CT,α,β
∑

α1,β1,α2,β2

∥ςλ1 ∥m1,α1,β1
∥ςλ2 ∥m2,α2,β2

,

where the sum runs over a finite index set depending on α, β, and with |β1|+ |β2| ≥
|β|+ 1. Finally, note that T (ςλ1 , ς

λ
2 ) = (T (ς1, ς2))

λ. Hence,

sup
x,ξ∈Rd1

∣∣∣〈 ξ
λ

〉−m1−m2+|α|+1

λ|α|+1 ∂αξ ∂
β
x (T (ς1, ς2))(x, ξ)

∣∣∣
= sup
x̃,ξ̃∈Rd1

∣∣⟨ξ̃⟩−m1−m2+|α|+1λ|β|+1 ∂α
ξ̃
∂βx̃ (T (ς

λ
1 , ς

λ
2 ))(x̃, ξ̃)

∣∣
≤ CT,α,β

∑
α1,β1,α2,β2

λ|β|+1−|β1|−|β2|Cm1,α1,β1
(ς1)Cm2,α2,β2

(ς2).

This shows that (4.39) can also be obtained without relying on the fact that λ−2σb

is a polynomial.
Next, we derive L2 bounds for the operators ηw and (τb)w following the argu-

ments of the proof of Corollary 2.56 of [Fol89, p. 112]. (Note that this is essentially
the statement of the Calderón–Vaillancourt theorem, but we give a direct argument
here since our symbols are sufficiently regular.) Let K(τb)w denote the integral ker-

nel of (τb)w, that is,

K(τb)w(x, y) = (2π)−d1
∫
Rd1

τb( 12 (x+ y), ξ)ei⟨x−y,ξ⟩ dξ.

Then, via integration by parts,

(x− y)αK(τb)w(x, y) = Cα

∫
Rd1

∂αξ τ
b( 12 (x+ y), ξ)ei⟨x−y,ξ⟩ dξ.
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Using (4.39), we obtain

|(x− y)αK(τb)w(x, y)| ≲B,r,M,α

∫
Rd1

〈 ξ
λ

〉−M−|α|−1

λ−|α|−1 dξ

∼ λ−|α|+d1−1

∫
Rd1

〈
ξ̃
〉−M−|α|−1

dξ̃.

Since the last integral converges if we choose M > 0 large enough, we get

|K(τb)w(x, y)| ≲B,r,M,β (λ |x− y|)−β λd1−1 for all β ≥ 0.

Thus, Young’s convolution inequality shows that (τb)w is bounded on L2 with

∥(τb)w∥2→2 ≲B,r λ
−1. (4.40)

Similarly, ηw is bounded on L2 with

∥ηw∥2→2 ≲ 1. (4.41)

Hence, the left-hand side of (4.36) can be dominated by

λ1/2∥(pb)w(ψu)∥2 = λ−1/2∥(σbη)w(ψu)∥2
≤ λ−1/2∥ηw(σb)w(ψu)∥2 + λ3/2∥(τb)w(ψu)∥2
≲B,r λ

−1/2∥ηw(σb)w(ψu)∥2 + λ1/2∥u|B2
∥2. (4.42)

To prove (4.36), it remains to bound the first summand of (4.42). Recall that
λ = κ2 and (σb)wu = f by assumption, where

(σb)w = ∆γ2κ2b,r
Rd1

− γ2κ4.

We choose a smooth cut-off function ψ̃ : Rd1 → C with ψ̃|suppψ = 1 and compact
support in B2. Via Leibniz rule, we obtain

(σb)w(ψu) = fψ − u
(
∆Rd1 + iγ2κ2⟨Jb· ,∇⟩

)
ψ − 2⟨∇u,∇ψ⟩, (4.43)

where Jb is the d1 × d1 matrix of (4.34). For the first two summands, using that
ψ is supported in B2, we observe that (4.41) implies

∥ηw(fψ)∥2 ≲ ∥f |B2
∥2 (4.44)

and, since κ2 = λ, we also have∥∥ηw(u (∆Rd1 + iγ2κ2⟨Jb· ,∇⟩
)
ψ
)∥∥

2
≲B,r λ ∥u|B2

∥2. (4.45)

Let ũ := uψ̃. Then, since ψ̃|suppψ = 1, we have

ηw⟨∇u,∇ψ⟩ =
d1∑
j=1

ηw((∂jψ)∂j ũ).

Note that the j-th summand on the right-hand side is the concatenation of the
pseudo-differential operators associated with the symbols η, (x, ξ) 7→ ∂jψ(x) and
(x, ξ) 7→ iξj . Note that η ∈ S−∞, ∂jψ ∈ S0, and

(
(x, ξ) 7→ iξj

)
∈ S1. Since the

concatenation of pseudo-differential operators is the pseudo-differential operator
associated with their twisted product, we have

ηw((∂jψ)∂j ũ) = ωwj ũ,

where ωj ∈ S−∞ satisfies the bounds

|∂αξ ∂βxωj(x, ξ)| ≲M,α,β

〈 ξ
λ

〉−M−|α|+1

λ−|α|+1,
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which follows by a similar argument as for (4.39). Similar arguments as we used
for (4.40) show that

∥ωwj ∥2→2 ≲ λ.

Thus, we obtain
∥ηw⟨∇u,∇ψ⟩∥2 ≲ λ ∥ũ∥2 ≲ψ̃ λ ∥u|B2∥2 (4.46)

Combining the estimates (4.44), (4.45), and (4.46), we get

∥ηw(σb)w(ψu)∥2 ≲B,r ∥f |B2∥2 + λ ∥u|B2∥2.
Together with with (4.42), we obtain (4.36). Then, using (4.35) together with (4.36)
finally yields

λ1/(d1+1)∥χw(ψu)∥p′d1
≲B,r λ

1/2∥u|B2
∥2 + λ−1/2∥f |B2

∥2.

Thus, we are done with the proof once we have verified that

λ1/(d1+1)∥(1− χw)(ψu)∥p′d1
≲B,r λ

1/2∥u|B2∥2 + λ−1/2∥f |B2∥2. (4.47)

(2) The elliptic region. The estimate (4.47) follows from the ellipticity in the
region of the phase space where |x| ≤ 1 and |ξ| ≥ λ. Even though this estimate
may not be surprising to experts, we provide a brief sketch of a proof for the
convenience of the reader. The following arguments are essentially borrowed from
[Fol89, Chapter 2], but they can also be found in other places in the literature, for
instance [Tay74,Sog93].

First, by choosing the constant γ = γB,r > 0 smaller if necessary, we can assume
that γ < 1/10 and∣∣∣1

2
γ2Jbx

∣∣∣ ≤ 1

10
|x| for all |x| ≤ 1 and b ∈ B.

Then, if |x| ≤ 1 and |ξ| ≥ λ, we have

λ−2|σb(x, ξ)| =
∣∣∣∣ ξλ +

1

2
γ2Jb x

∣∣∣∣2 − γ2 ∼ 1 +
∣∣∣ ξ
λ

∣∣∣2 =
〈 ξ
λ

〉2
.

Then one can argue as follows. Note that d1 = r0 + 2 (r1 + · · ·+ rN ) ≥ 2, so in
particular p′d1 <∞. Thus, if we put

s := d1

(1
2
− 1

p′d1

)
= d1

(1
2
− d1 − 1

2(d1 + 1)

)
=

d1
d1 + 1

,

then, by Sobolev’s embedding theorem,

∥(1− χw)(ψu)∥p′d1 ≲ ∥(1− χw)(ψu)∥L2
s

= ∥(1−∆)s/2(1− χw)(ψu)∥2

≤ λs
∥∥∥(1− ∆

λ2

)s/2
(1− χw)(ψu)

∥∥∥
2
. (4.48)

We can assume without loss of generality that the symbol χ of Theorem 4.6 sat-
isfies χ(x, ξ) = χ0(x, ξ/λ) for some smooth cut-off function χ0 which is compactly
supported in the ball B1. Note that∣∣∣∂αξ 〈 ξλ〉s∣∣∣ ≲α 〈 ξλ〉s−|α|

λ−|α|,

|∂αξ ∂βx (1− χ(x, ξ))| ≲α,β
〈 ξ
λ

〉−|α|
λ−|α|.
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In particular,
〈 ·
λ

〉s ∈ Ss and 1− χ ∈ S0, where Sm denotes again the symbol class
as defined in (4.37). Let the symbol ω be given by

ω(x, ξ) :=
〈 ξ
λ

〉s
(1− χ(x, ξ))ψ(x).

Then ω ∈ Ss and

|∂αξ ∂βxω(x, ξ)| ≲α,β
〈 ξ
λ

〉s−|α|
λ−|α|.

Similar to (4.38), the calculus of pseudo-differential operators yields(
1− ∆

λ2

)s/2
(1− χw)ψ = ωw + ρw1 , (4.49)

where ρ1 ∈ Ss−1 is an error term with

|∂αξ ∂βxρ1(x, ξ)| ≲α,β
〈 ξ
λ

〉s−|α|−1

λ−|α|−1. (4.50)

Let τb be the symbol given by

τb(x, ξ) =
ω(x, ξ)

σb(x, ξ)
= λ−2 ω(x, ξ)

| ξλ − 1
2γ

2Jbx|2 − γ2
.

Then τb ∈ Ss−2 and

|∂αξ ∂βx τb(x, ξ)| ≲α,β
〈 ξ
λ

〉s−|α|−2

λ−|α|−2. (4.51)

As in the first part of the proof, let ψ̃ : Rd1 → C be a smooth cut-off function
with ψ̃|suppψ = 1 and compact support in B2. Moreover, we may assume that
there is another smooth cut-off function ψ0 : Rd1 → C such that ψ0|suppψ = 1 and
ψ̃|suppψ0

= 1. Then we have in particular suppψ ⊆ suppψ0 ⊆ supp ψ̃.
Then, since ψ0|suppψ = 1, we have ωψ0 = ω and thus τbψ0 = τb. Thus, again

by the calculus of pseudo-differential operators, we can write

ωw = (τb)wψ0(σ
b)w + (ρb2 )

w, (4.52)

where ρb2 ∈ Ss−1 is a symbol such that

|∂αξ ∂βxρb2 (x, ξ)| ≲B,r,α,β

〈 ξ
λ

〉s−|α|−1

λ−|α|−1. (4.53)

Similar to (4.40), using the bounds (4.51), we see that the operator (τb)w is bounded
on L2. However, note that

|(x− y)αK(τb)w(x, y)| ≲B,r,α

∫
Rd1

〈 ξ
λ

〉s−|α|−2

λ−|α|−2 dξ

∼ λ−|α|+d1−2

∫
Rd1

〈
ξ̃
〉s−|α|−2

dξ̃

and that the last integral converges if |α| > d1 + s− 2. Since s = d1/(d1 + 1) < 1,
we get

|K(τb)w(x, y)| ≲B,r,β (λ |x− y|)−β λd1−2 for all β ≥ d1 − 1. (4.54)

Altogether, by Young’s inequality, we obtain

∥(τb)w∥2→2 ≲B,r λ
−2. (4.55)

Moreover, one can show that ρw1 and (ρb2 )
w are bounded on L2 with

∥ρw1 ∥2→2 ≲ λ−1 and ∥(ρb2 )w∥2→2 ≲B,r λ
−1. (4.56)



RESTRICTION TYPE ESTIMATES ON TWO-STEP LIE GROUPS 31

However, this does not follow immediately as in the arguments above from the
bounds (4.50) and (4.53), since we only get (4.54) for β ≥ d1, in which case the
function x 7→ |x|−β is not locally integrable. However, since both symbols are in
particular in the class S0, they satisfy the regularity assumptions of the Calderón–
Vaillancourt theorem, see for instance [Fol89, Chapter 2, Section 5]. Note that, in
particular, both remainder terms satisfy bounds of the form ≲B,r,α,β ⟨ξ⟩s−1−|α|λ−1.
Therefore, the bounds in (4.56) follow, for instance, by applying the Calderón–
Vaillancourt theorem to the operators λρw1 and λ(ρb2 )

w.
Let ũ := uψ̃. Recall that s = d1/(d1+1). Using (4.49) and (4.52), and gathering

the estimates (4.48), (4.55) and (4.56), we obtain

λ1/(d1+1)∥(1− χw)(ψu)∥p′d1 ≲ λ
∥∥∥(1− ∆

λ2

)s/2
(1− χw)(ψu)

∥∥∥
2

≲ λ ∥(ωw + ρw1 )ũ∥2
≤ λ

(
∥(τb)wψ0(σ

b)wũ∥2 + ∥(ρb2 )wũ∥2 + ∥ρw1 ũ∥2
)

≲B,r λ
−1∥ψ0(σ

b)wũ∥2 + ∥u|B2∥2. (4.57)

Similar to (4.43), we have

(σb)w(ψ̃u) = fψ̃ − u
(
∆Rd1 + iγ2κ2⟨Jb· ,∇⟩

)
ψ̃ − 2⟨∇u,∇ψ̃⟩.

Since ψ̃|suppψ0
= 1, we have ψ0⟨∇u,∇ψ̃⟩ = 0. Thus, using similar bounds as in

(4.44) and (4.45), that is,

∥fψ̃∥2 ≲ ∥f |B2
∥2

and ∥∥u (∆Rd1 + iγ2κ2⟨Jb· ,∇⟩
)
ψ
∥∥
2
≲B,r λ ∥u|B2∥2,

we see that the last line of (4.57) is in particular bounded by the right-hand side
of (4.47), which finishes the proof. □

5. Truncated restriction type estimates

In this section, we prove Theorem 1.1. Recall that L = −(X2
1 + · · · + X2

d1
)

denotes a sub-Laplacian on an arbitrary two-step stratified Lie group G, where
X1, . . . , Xd1 is a basis of the first layer of the stratification g = g1 ⊕ g2. We write
again U = |U|1/2 for the square root of the Laplacian on g2, where U is the vector
of differential operators U = (−iU1, . . . ,−iUd2) and U1, . . . , Ud2 is a basis of g2.
The restriction type estimates of Theorem 1.1 are stated in terms of the norms
∥ · ∥M,2 given by

∥F∥M,2 =

(
1

M

∑
K∈Z

sup
λ∈[K−1

M ,KM )

|F (λ)|2
)1/2

, M ∈ (0,∞).

By [CHS16, Lemma 3.4], for every bounded Borel function F : R → C,

∥F∥L2 ≤ ∥F∥M,2 ≤ Cs
(
∥F∥L2 +M−s∥F∥L2

s

)
for s > 1/2, (5.1)

whence ∥ · ∥M,2 is stronger than the L2-norm.
To prove Theorem 1.1, we need to show that

∥F (L)χ(2ℓU)∥p→2 ≤ Cp,χ2
−ℓd2( 1

p−
1
2 )∥F∥1−θp2 ∥F∥θp

2ℓ,2
for all ℓ ∈ Z (5.2)
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and all 1 ≤ p ≤ min{pd1 , pd2} = min{2d1+1
d1+3 , 2

d2+1
d2+3}, where θp ∈ [0, 1] satisfies

1

p
= (1− θp) +

θp
min{pd1 , pd2}

.

As our notation indicates, (5.2) is derived by interpolation between the endpoints
p = 1 and p = min{pd1 , pd2}. The case p = 1, where we have only the L2-norm on
the right-hand side, follows from a Plancherel estimate for the integral kernel (see
also Section III.5 of [COSY16]).

Lemma 5.1. The restriction type estimate (5.2) holds true for p = 1, i.e.,

∥F (L)χ(2ℓU)∥1→2 ≤ Cχ2
−ℓd2/2∥F∥2 for all ℓ ∈ Z.

Proof. Let Kℓ denote the convolution kernel of the operator F (L)χ(2ℓU). Then

∥F (L)χ(2ℓU)f∥2 = ∥f ∗ Kℓ∥2 ≤ ∥f∥1∥Kℓ∥2.

By [MM14, Corollary 8], using the notation of Proposition 3.10,

∥Kℓ∥22 = (2π)|r|1−(d1+d2)

∫
g∗
2,r

∫ ∞

0

∑
k∈NN

∣∣F (s+ λµk)χ(2
ℓ|µ|)

∣∣2
×

N∏
n=1

[
(bµn)

rn

(
kn + rn − 1

kn

)]
dσr0(s) dµ,

(5.3)

where σr0 is the Dirac delta at 0 if r0 = 0, and

dσr0(s) =
πr0/2

Γ(r0/2)
sr0/2

ds

s
if r0 > 0.

Recall from Proposition 3.10 that

λµk =

N∑
n=1

(2kn + rn) b
µ
n,

where the function µ 7→ bµ = (bµ1 , . . . , b
µ
N ) ∈ [0,∞)N is homogeneous of degree 1,

see Proposition 3.4. Using on the one hand that

bµn (kn + 1) ≤ λµk ≲A 1

whenever s + λµk ∈ suppF ⊆ A, where A ⊆ (0,∞) is the fixed compact subset of
Theorem 1.1, and using on the other hand(

kn + rn − 1

kn

)
∼ (kn + 1)rn−1,

the right-hand side of (5.3) can be bounded by a constant times∫ ∞

0

∫
g∗
2,r

∑
k∈NN

∣∣F (s+ λµk)χ(2
ℓ|µ|)

∣∣2 N∏
n=1

bµn dµ dσr0(s). (5.4)

We rewrite the integral over µ in polar coordinates, that is,

µ = ρω for ρ ∈ [0,∞) and |ω| = 1.

Then, since µ 7→ bµ is homogeneous of degree 1,

λµk = ρλωk .
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Thus, using ρ = |µ| ∼ 2−ℓ, (5.4) is bounded by a constant times

2−ℓ(d2+N)

∫ ∞

0

∫
Sd2−1

∫ ∞

0

∑
k∈NN

∣∣F (s+ ρλωk)χ(2
ℓρ)
∣∣2

×
N∏
n=1

bωn
dρ

ρ
dσ(ω) dσr0(s).

Substituting ρ = (λωk)
−1λ in the inner integral, we see that the above term equals

2−ℓ(d2+N)

∫ ∞

0

∫
Sd2−1

∫ ∞

0

∑
k∈NN

∣∣F (s+ λ)χ(2ℓ(λωk)
−1λ)

∣∣2
×

N∏
n=1

bωn
dλ

λ
dσ(ω) dσr0(s).

If 2ℓ(λωk)
−1λ ∈ suppχ, then

(2kn + rn)b
ω
n ≤ λωk ∼ 2ℓλ.

Thus, kn ≲ 2ℓλ(bωn)
−1 for the non-vanishing summands in the above sum over k.

Hence, the above term is bounded by a constant times

2−ℓd2
∫ ∞

0

∫ ∞

0

|F (s+ λ)|2 λN dλ
λ
dσr0(s),

which is comparable to 2−ℓd2∥F∥22 since F is compactly supported. □

It remains to show (5.2) for p = min{pd1 , pd2}. Our arguments will show that∥∥F (L)χ(2ℓU)
∥∥
p→2

≤ Cp,χ2
−ℓd2( 1

p−
1
2 )∥F∥2ℓ,2 for all ℓ ∈ Z (5.5)

and all 1 ≤ p ≤ min{pd1 , pd2}, so (5.2) is in fact just (5.5) enhanced by interpolation
with the L1-L2 estimate of Lemma 5.1, where we have the L2-norm of the multiplier
instead of the Cowling–Sikora norm ∥ · ∥2ℓ,2 on the right-hand side.

Remark 5.2. The support conditions on the multipliers F and χ actually imply

F (L)χ(2ℓU) = 0 for all ℓ < −ℓ0, (5.6)

where ℓ0 ∈ N depends on the matrices Jµ of (1.5), the inner product ⟨·, ·⟩ on g,
and the compact subset A ⊆ (0,∞) of Theorem 1.1 where F is supported, which
means that the restriction type estimate (5.5) is trivial for ℓ < −ℓ0. More precisely,
using the formula (3.19) of Proposition 3.10 for the convolution kernel KF (L)χ(2ℓU)

of F (L)χ(2ℓU), we have

KF (L)χ(2ℓU)(x, u) =(2π)−r0−d2
∫
g∗
2,r

∫
Rr0

∑
k∈NN

F (|τ |2 + λµk)χ(2
ℓ|µ|)

×
[ N∏
n=1

φ
(bµn,rn)
kn

(R−1
µ Pµn x)

]
ei⟨τ,R

−1
µ Pµ

0 x⟩ ei⟨µ,u⟩ dτ dµ,

Recall from Proposition 3.10 that

λµk =

N∑
n=1

(2kn + rn) b
µ
n,
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and from Proposition 3.4 that the function µ 7→ bµ = (bµ1 , . . . , b
µ
N ) ∈ [0,∞)N is

homogeneous of degree 1. Now, if |τ |2 + λµk ∈ suppF ⊆ A and 2ℓ|µ| ∈ suppχ, then

1 ≳A |τ |2 + λµk ≥ λµk ≥
N∑
n=1

rnb
µ
n = |µ|

N∑
n=1

rnb
µ̄
n ∼ 2−ℓ

N∑
n=1

rnb
µ̄
n, (5.7)

where µ̄ = |µ|−1µ. Due to (3.6), we have

N∑
n=1

rnb
µ
n ∼r

( N∑
n=1

2rn
(
bµn
)2)1/2

= (tr(J∗
µJµ))

1/2. (5.8)

As the latter expression is the pullback of the Hilbert-Schmidt norm via the injective
map µ 7→ Jµ, the left-hand side of (5.8) does not vanish for all µ ̸= 0. On the other
hand, by Proposition 3.4, all maps µ 7→ bµn are continuous on g∗2. Thus (5.7) implies
2−ℓ ≲A 1, which yields (5.6). Note that the constants occurring in (5.7) and (5.8)
depend only on the spectral properties of the matrices Jµ, the inner product ⟨·, ·⟩,
and the set A ⊆ (0,∞).

By Proposition 3.1, we have(
F (L)χ(2ℓU)f

)µ
= F (Lµ)χ(2ℓ|µ|)fµ (5.9)

for all µ ∈ g∗2 and all Schwartz functions f on G, where fµ denotes the µ-section
of the partial Fourier transform along g2 and Lµ is the µ-twisted Laplacian on g1.
The idea is to apply a spectral cluster estimate for the twisted Laplacian Lµ and
the classical Stein–Tomas restriction estimate [Tom75] on the second layer g2. The
spectral cluster estimate for Lµ is derived from the spectral cluster estimate (4.1)
of the previous section.

Lemma 5.3. If 1 ≤ p ≤ pd1 , then∥∥1[K|µ|,(K+1)|µ|)(L
µ)
∥∥
p→2

≤ Cp |µ|
d1
2 ( 1

p−
1
2 )(K + 1)

d1
2 ( 1

p−
1
2 )−

1
2 (5.10)

for all K ∈ N and almost all µ ∈ g∗2.

Proof. Let N ∈ N \ {0}, r0 ∈ N, r = (r1, . . . , rN ) ∈ (N \ {0})N , bµ = (bµ1 , . . . , b
µ
N ) ∈

[0,∞)N , and µ 7→ Rµ ∈ O(d1) be as in Proposition 3.4. By (3.5), we have(
F (Lµ)ϕ

)
◦Rµ = F

(
∆bµ,r

Rd1

)
(ϕ ◦Rµ) (5.11)

for almost all µ lying in a (non-empty) Zariski-open subset g∗2,r ⊆ g∗2. Moreover,

|µ|−1∆bµ,r
Rd1

ϕ =
(
∆bµ̄,r

Rd1

(
ϕ(|µ|− 1

2 · )
))

(|µ| 12 · ), where µ̄ =
µ

|µ|
,

and thus

1[K|µ|,(K+1)|µ|)(∆
bµ,r
Rd1

)ϕ =
(
1[K,K+1)(∆

bµ̄,r
Rd1

)
(
ϕ(|µ|− 1

2 · )
))

(|µ| 12 · ). (5.12)

As stated in Proposition 3.4, the function µ 7→ Rµ ∈ O(d1) is in particular measur-
able. Hence, using (5.11) and (5.12), we obtain∥∥1[K|µ|,(K+1)|µ|)(L

µ)
∥∥
p→2

=
∥∥1[K|µ|,(K+1)|µ|)(∆

bµ,r
Rd1

)
∥∥
p→2

= |µ|
d1
2 ( 1

p−
1
2 )
∥∥1[K,K+1)(∆

bµ̄,r
Rd1

)
∥∥
p→2
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for almost all µ ∈ g∗2,r. Let S = {µ ∈ g∗2 : |µ| = 1} and B be the image of S under

the map µ 7→ bµ. Since this map is continuous, the parameter set B ⊆ [0,∞)N is
compact. Hence we may apply Theorem 4.1 and get∥∥1[K,K+1)(∆

bµ̄,r
Rd1

)
∥∥
p→2

≲B,r,p (K + 1)
d1
2 ( 1

p−
1
2 )−

1
2

for all µ ∈ g∗2, which yields (5.10). □

With the spectral cluster estimate (5.10) we now prove the restriction type esti-
mate (5.5), which in combination with Lemma 5.1 yields Theorem 1.1.

Proof of (5.5). Suppose that 1 ≤ p ≤ min{pd1 , pd2}. We have to show (5.5) for
F : R → C and χ : (0,∞) → C being smooth cut-off functions, with F being
supported in the fixed compact set A ⊆ (0,∞) of Theorem 1.1. Let f be a Schwartz
function on G. Using (5.9) and the Plancherel theorem on L2(g2), we obtain∥∥F (L)χ(2ℓU)f

∥∥2
L2(G)

∼
∫
g∗
2

∥∥F (Lµ)χ(2ℓ|µ|)fµ∥∥2
L2(g1)

dµ

≲
∫
|µ|∼2−ℓ

∥F (Lµ)fµ∥2L2(g1)
dµ. (5.13)

Moreover, orthogonality on L2(g1) yields

∥F (Lµ)fµ∥2L2(g1)
=

∞∑
K=0

∥∥F |[K|µ|,(K+1)|µ|)(L
µ)fµ

∥∥2
L2(g1)

≤
∞∑
K=0

∥∥F |[K|µ|,(K+1)|µ|)
∥∥2
∞

∥∥1[K|µ|,(K+1)|µ|)(L
µ)fµ

∥∥2
L2(g1)

. (5.14)

We may assume that K|µ| ≲A 1 and (K+1)|µ| ≳A 1 since F |[K|µ|,(K+1)|µ|) = 0 for

[K|µ|, (K + 1)|µ|) ∩ A = ∅. Then, for |µ| ∼ 2ℓ, we have K ≲A |µ|−1 ∼ 2ℓ, and the
spectral cluster estimate (5.10) implies∥∥1[K|µ|,(K+1)|µ|)(L

µ)fµ
∥∥
L2(g1)

≲ |µ|
d1
2 ( 1

p−
1
2 ) (K + 1)

d1
2 ( 1

p−
1
2 )−

1
2 ∥fµ∥Lp(g1)

≲ |µ|
1
2 ∥fµ∥Lp(g1)

. (5.15)

Moreover, for |µ| ∼ 2−ℓ, we have

|µ|
∞∑
K=0

∥∥F |[K|µ|,(K+1)|µ|)
∥∥2
∞ ∼ ∥F∥22ℓ,2.

Combining this estimate with (5.13), (5.14) and (5.15), we get∥∥F (L)χ(2ℓU)f
∥∥2
L2(G)

≲ ∥F∥22ℓ,2
∫
|µ|∼2−ℓ

∥fµ∥2Lp(g1)
dµ. (5.16)

Since 2/p ≥ 1, Minkowski’s integral inequality yields∫
|µ|∼2−ℓ

∥fµ∥2Lp(g1)
dµ ≤

(∫
g1

(∫
|µ|∼2−ℓ

|fµ(x)|2 dµ
) p

2

dx

) 2
p

. (5.17)

Let fx := f(x, ·) and ·̂ denote the Fourier transform on g2. Using polar coordi-
nates and applying the Stein–Tomas restriction estimate [Tom79] for the Euclidean
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sphere, we get∫
|µ|∼2−ℓ

|fµ(x)|2 dµ =

∫
r∼2−ℓ

∫
Sd2−1

|f̂x(rω)|2 dσ(ω) rd2−1 dr

=

∫
r∼2−ℓ

∫
Sd2−1

∣∣(fx(r−1 · )
)∧

(ω)
∣∣2 dσ(ω) r−d2−1 dr

≲
∫
r∼2−ℓ

∥∥fx(r−1 · )
∥∥2
Lp(g2)

r−d2−1 dr

=

∫
r∼2−ℓ

r2d2(
1
p−

1
2 )−1 dr ∥fx∥2Lp(g2)

∼ 2−2ℓd2(
1
p−

1
2 )∥fx∥2Lp(g2)

.

In combination with (5.16) and (5.17), we obtain∥∥F (L)χ(2ℓU)f
∥∥
L2(G)

≲A,χ 2−ℓd2(
1
p−

1
2 )∥F∥2ℓ,2 ∥f∥Lp(G),

which yields (5.5). □
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