COMPUTING THE ROOTS OF TWISTING SHEAVES OVER THE PROJECTIVE
LINE ARISING FROM MONODROMY REPRESENTATIONS

DIEGO YEPEZ

ABSTRACT. Given a monodromy representation p of the projective line minus m points, one can
extend the resulting vector bundle with connection map, via the Deligne canonical extension, to a
vector bundle with logarithmic connection map over all of the projective line. Now, since vector
bundles split as twisting sheaves over the projective line, the focus of this work is to determine
the exact decomposition; i.e. to computing the roots. In Particular, we compute the roots for all
finite-dimensional p when m = 2 and for all p of dimension strictly less than 3 when m = 3.
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1. INTRODUCTION

1.1. Related Problems. Taking the m-punctured Riemann sphere P! — {p1,...,p,,} as a starting
point, it is a classical result that a representation of its fundamental group determines a holomorphic
connection (see, e.g., [24]). A fundamental result of Deligne [2] ensures that given a holomorphic
connection on P! — {p1, ..., p,, }, there exists a unique extension to a locally free sheaf V on P!, known
as the Deligne canonical extension, such that the connection map V has logarithmic poles and the
eigenvalues of the residues lie in a specified section of C/Z, which we refer to as the principal branch.

By the celebrated Birkhoff-Grothendieck theorem the underlying vector bundle of the logarithmic
connection must decompose as a direct sum of twisting sheaves. The looming question becomes: given
a representation of the fundamental group of P! —{py, ..., p,, } what is the decomposition of the ensuing
vector bundle on P!?

First, observe that in the case of a compact (no points removed) Riemann surface, the question
chiefly translates to which vector bundles admit holomorphic connections. This was settled by Weil
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[25]: a holomorphic vector bundle on a Riemann surface admits a holomorphic connection if and only
if each indecomposable summand has first Chern class 0.

Because the problem under scrutiny deals with monodromy representations and logarithmic con-
nections, a natural consideration is to examine the moduli of such objects. While the moduli spaces in
question have been studied for sufficiently nice varieties (see Simpson [22] and Nitsure [20]), and the
interactions between monodromy, mapping class groups, and motives have been surveyed by Litt [12],
these results are often too general to produce an answer to our specific question.

However, if we restrict the problem to only consider irreducible unitary monodromy representations
of P! — {p1, ..., pm }, then by the work of Narasimhan, Mehta, and Seshadri in [17] and [19], this essen-
tially amounts to the study of the moduli space of stable parabolic vector bundles on P'; particularly,
Narasimhan, Mehta and Seshadri showed that there is a one-to-one correspondence between irreducible
unitary monodromy representations and stable parabolic vector bundles with parabolic degree 0.

Regarding general properties of the moduli of stable parabolic vector bundles on P! one may consult,
for example, with the following papers [8, 9, 3, 4]. Of particular interest to us, are the result of [7], [16]
and [18]. The authors of [7] generalize some of the results from [14, 13] and provide the decomposition
of any rank 2 stable parabolic vector bundle of degree d over P! with 4 or more marked points. In
our setting, this means that the answer to our question is known when we remove 4 or more points
and take p to be an irreducible unitary representation of dimension 2. In [16], Matsumoto finds the
decomposition of any rank 3 stable parabolic vector bundle of degree —2 over P! with 3 marked points.
The degree —2 condition translates to the sum of the traces of the principal logarithms of the image
of the generators of the fundamental group being equal to 2. The authors of [18] find a bound for
all twisting parameters &; in the decomposition of a rank > 2 stable parabolic vector bundle with an
extra set of conditions; they state that for each &;, —m < §; < 0. Again, in our setting, this means
that the answer to our question is bounded when we remove m points and take p to be an irreducible
unitary representation of dimension two or greater that satisfies the extra set of conditions.

In this paper, we are not necessarily interested in the overall description of certain moduli spaces
but simply in the computation of the decomposition of the vector bundles over the projective line that
arise from a monodromy representation, as a result we take a rather algebraic approach and consider
generic representations. Particularly, we compute the decomposition for all finite-dimensional p when
m = 2 and for all representations p of dimension strictly less than 3 when m = 3. Lastly, we remark
that we use different terminology than that used in the setting of moduli of stable parabolic bundles
on P*.

1.2. Results. Let Y, . ) = Rlc —{p1,.-,Pm}. The fundamental group of Y, .,  is known
to be isomorphic to the free group on m — 1 generators, Z*(™~1) . Thus, a representation of the
fundamental group of Y, . ,..) is determined by the images of the generators, each of which we call
a local monodromy. A monodromy representation of Y, . is a representation of its fundamental
group.

We denote a holomorphic connection on Y, .,y with a pair (V, V) where V is a locally free sheaf
on Y, .py,and ViV =5 Ve Q%((pl is a morphism of sheaves satisfying the Leibniz Rule.
When we want to refer to V alone we call it the connection map.

Let S be a finite number of points of P' and Q3. (S) the sheaf of 1-forms with logarithmic poles
along S. We denote a connection with logarithmic poles along S on P! with a pair (£, V), where € is
a locally free sheaf on P!, and V: £ = € ®0 Q]}n (S) is a C-linear map satisfying the Leibniz Rule.

There is a equivalence of categories between finite-dimensional monodromy representations, p, of
, and holomorphic connections, (V,V), on Y(,, ., . Furthermore, we can extend a holo-
..,pm)» Via the Deligne canonical extension, to a connection WV, V)
on P! with logarithmic poles along {pi,...,pm} satisfying (V, V)|Y(m,__,pm) =~ (V,V) such that the
residue at each pole is the principal logarithm of the local monodromies. If (V,V) is the homolo-
morphic connection associated to p, then we refer to (V,V) as the associated extended logarithmic
connection and denote it as (Viog(p), Viog(p))-

Ypi,..om)
morphic connection (V,V) on Y,
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Thus, the question at hand is, given a monodromy representation of Y, . , ), extending the
resulting holomorphic connection, via the Deligne canonical extension, to a connection with logarithmic
poles on P!, and applying the Birkhoff-Grothendieck theorem, what is the explicit decomposition of
the ensuing vector bundle as a direct sum of twisting sheaves? In this context, we refer to the twisting
parameters of the twisting sheaves as the roots.

In the case of Y (g,o0) we can fully answer our question. When the monodromy representation is a
character, the root is the first Chern class. Given a locally free sheaf £ on P!, denote its first Chern
class by ¢1(£).

Theorem A (Theorem 3.3). Let p: Z — GL,(C) be an n-dimensional monodromy representation of
Y (0,00) With (Viog(p)s Viog(p)) the associated extended logarithmic connection. Allow ¢ = c1(Viog(p))-

(1) If p is an indecomposable representation determined by the Jordan block M with eigenvalue
A = re?™ yhere 0 < q <1, then

Y . JO)®"  wheng=0
Logle) = O(—1)®"  when q # 0.

(2) If p = @, pi where each p; is indecomposable, then
Viog(p) = O(—1)®~¢ & 0(0)®" €.

Observe that the theorem above closes the case on Y (o). As Theorem 2.11 shows, ci(Viog(p)) is
determined by p. Hence, Theorem A(2) reduces finding the roots to computing the first Chern class.

With regard to Y (g,1,00), We restrict ourselves to only consider monodromy representations of di-
mension strictly less than 3. When the monodromy representation is a character, the root is the first
Chern class. When p is a reducible 2-dimensional monodromy representation of Y (g1,,) we obtain
the following theorem:

Theorem B (Theorem 4.4). Suppose that 0 — p' — p — p” — 0 is a short exact sequence of
monodromy representations of Y (0,1,00) with p two-dimensional and p', p" one-dimensional. Let 0 —
O(&') = V0og(p) — O(&") — 0 be the short exact sequence of the underlying vector bundles from the
associated extended logarithmic connections.
, —2,0 respectively, then 0 — = VLos(n) — — 0 splits.
1) If&, 6" #-2,0 tively, then 0 = O(E') = Viog(p) — O(€”) — 0 split
(2) If &, &" = —2,0 respectively, then Viog(p) = O(=1) @ O(=1) or Vg = O(0) © O(-2).

In contrast with Y (g ), the fundamental group of Y (g 1 ) admits irreducible representations of
dimension greater than 1. Now, when p is an irreducible representation of Z * Z the methods we have
been using are not sufficient to find the roots as explained at the beginning of §5, so the problem
necessitates a more refined algebraic toolset. Observing the use of the Modular derivative in [1, §3 and
§4], we set out to construct a Modular derivative-like operator.

Take the character representation x : m1(Y(0,1,00)) — C* defined by mapping both generators
to —1, the resulting associated extended logarithmic connection is (Viog(y), Viog(y)) Over P! with
Veog(x) = O(—1). Next, we dualize, and obtain (O(1), V) with

(1) V:0(1) = O(1) @0 Qpa ([0] + [1] + [00])
where

(2) Q5 ([0] + [1] + [o0]) = O(1)

and so

(3) V:0(1) = 0(2).

Further, we take V®?2 to be the connection map on O(1)® O(1) such that for all sections s,t € O(1)
the following is satisfied: (V@ V)(s®1t) = V(s)®t+ s ® V(t). Observe that

(4) V&2 0(2) = O(2) @ Q. ([0] + [1] + [oc]),
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and so, inductively, we define V¢ := V¢ : O(&) — O(&) @0 Q1([0] + [1] + [00]). Hence, using the fact
that QF, ([0] + [1] + [oc]) = O(1), then

(5) Ve:0() = O(E+1).

We refer to V¢ as the auziliary connection map of weight & arising from Y (0,1,00)-
Thus, keeping in mind that QF, ([0] + [1] + [oc]) = O(1) we now have the extra tool

(6) VLog(p) QV: VLog(p) o O(l) — VLog(p) R0 0(2)
and more generally, considering an auxiliary connection map of arbitrary weight
(7) Viog(p) @ Ve : Viog(p) @0 O(§) = Viog(p) ®o O(§ + 1).

Let Ne(p) := HY (P, Viog(p) @0 O(§)), and furthermore define N'(p) := @,z Ne(p). We refer to N'(p)
as the twisted module of p.

Moreover, N(p) is a Z-graded module of global sections over the ring C|x,y] where of course P! =
Proj C[z,y]. On global sections, the new connection maps Vi (,) ® Ve give us a graded derivation
of degree one. Indeed, let us denote the connection maps Viog(,) @ Ve as D¢ when applied to global
sections, so that D¢ : Ne(p) — Nepi(p). Observe that each Dy satisfies the Leibniz rule as each
Viog(p) @ V¢ is a connection map and so

(8) D =P D
EEZ

is a graded derivation of degree one on N(p). We refer to D as the monodromy derivative of p.
With the use of the monodromy derivative of p we are able to prove the following theorem:

Theorem C (Theorem 5.10). Suppose that p : ZxZ — GLa(C) is an irreducible two-dimensional mon-
odromy representation of Y (0,1,00) and let (Viog(p)s Viog(p)) denote the associated extended logarithmic
connection. Allow ¢ = c1(Viog(p)). Then

VL ~ O(%)@Q when C is even
os(r) O(%) o O(%) when C is odd.

Witness that the theorem above does not make any assumptions regarding p aside from the fact
that it is an irreducible representation of dimension 2. Thus, this theorem along with Theorem B close
the case on two-dimensional monodromy representations of Y (1 oc)-

Remark 1.1. For a generalization of this result to very general curves of higher genus, see the work
of Landesman and Litt [11]. Moreover, Szabé [23] demonstrates that by varying the choice of integer
shifts of the residue eigenvalues, one may realize any splitting type permitted by the topology as the
underlying bundle of a logarithmic connection.

Conventions and Assumptions.

e All representations p are assumed to be over C.

e Throughout this paper, for any monodromy representation p, the associated extended bundle
with connection (VLOg(p), VLOg(p)) over P! is constructed via the Deligne canonical extension.
This means that we fix the section of the logarithm such that the exponents g; of the eigenvalues
Aj = rjegmqf of the local monodromies satisfy 0 < g; < 1, we refer to this choice of logarithm
as the principal branch. Unless otherwise stated, “the canonical extension” refers specifically
to this Deligne construction.

e We denote the generators of the free group on two generators with vo and ;.
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2. PRELIMINARIES

The purpose of this section is to formally provide some background, introduce notation, and state
a special case of the main result from [21], which is a fundamental tool in this work.

Let Yy, ..po) i= P! —{p1,...,pm}. The fundamental group of Y p1,....pn) 18 known to be isomorphic
to the free group on m — 1 generators, Z*(™~1)_ Thus, a representation of the fundamental group of

Y (... pm) 18 determined by the images of the generators, each of which we call a local monodromy.

Definition 2.1. A monodromy representation of Y, . ., ) is a representation of its fundamental
group.

Definition 2.2. A holomorphic connection on Y, , v is a pair (V,V) where V is a locally free
sheaf on Y(,, .y, and V:V = V® Q%((p ) is a morphism of sheaves satisfying the Leibniz
Rule. When we want to refer to V alone we call it the connection map. A morphism of connections
(V,V) — (V',V’) is a morphism of O-modules ¢ : V — V' making the diagram

VY5 Ve %,

----- Pm)

F J{aﬁ@id
;v 1
V V ® QY(m,

----- Pm)

commute.
Theorem 2.3. Every locally free sheaf onY (. ..y is free.
Proof. See [5, Theorem 30.4]. O

Lemma 2.4. The category of finite-dimensional monodromy representations of Y (... p,.) 5 equiva-
lent to the category of holomorphic connections on'Y (p, . p. )

Proof. Combine [24, Corollary 2.6.2] with [24, Proposition 2.7.5]. O

Definition 2.5. By Lemma 2.4, given a monodromy representation of Y, . , ), p, we obtain a
holomorphic connection on Y, . We call such a connection the associated complex connection
and denote it by (Q,,V,).

Definition 2.6. Let S be a finite number of points of P! and Qf,(9) the sheaf of 1-forms with
logarithmic poles along S. A connection with logarithmic poles along S on P! is a pair (€, V), where
€ is a locally free sheaf on P!, and V : £ — £ ®p Q(S) is a C-linear map satisfying the Leibniz Rule.

DPm)*

Lemma 2.7. Given a holomorphic connection (V,V) on Y (,, .. p,.), there is a unique connection
(V,V) on P! with logarithmic poles along {p1,...,pm} satisfying (V, v)h((p1 _____ oy = (V,V) such that

the residue at each pole is the principal logarithm of the local monodromies. Moreover, the extension
WV, V) of (V,V) is functorial and exact in (V,V). This extension is the Deligne canonical extension.

Proof. See Deligne’s work in [2, Proposition 5.4]. O

Definition 2.8. As a result of applying Lemma 2.7 to Lemma 2.4 we can associate to each monodromy
representation p of Y, ., ) a unique logarithmic connection over P'. We refer to such connections
as the associated extended logarithmic connection and denote it as (Viog(p)s Viog(p))-

Definition 2.9. In the setting of Definition 2.8, as Vigg(,) = @?i:ni(”) O(&;) we call the twisting

parameters &; the roots.

Lemma 2.10. The first Chern class of V € Vect(P!), denoted c1(V), is the sum of the twisting
parameters.
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Proof As every vector bundle over P! splits as a direct sum of tw1st1ng sheaves, it follows that V =

EB O(&;), and so det(V) = det(EB 0(&;)) = @1@(&) = (;f;) Thus, ¢1(V) = deg(det(V)) =

aeB(0(3 &) = X &

.
||Ma
L

Theorem 2.11. Let (V,V) be a connection on P' with logarithmic poles along {p1,...,pm}, then the
following holds:

(9) er(V) = = Tr(Res,, V)

where Resy,, V is the residue of V at the pole p;.
Proof. See [21]. O

Remark 2.12. Observe that Theorem 2.11 provides for us an explicit formula for computing the first
Chern class of any associated extended logarithmic connection. Moreover, observe that any higher
Chern class vanishes as we are over P*.

Definition 2.13. We refer to Equation (9) as Ohtsuki’s formula.

Remark 2.14. We note that Theorem 2.3, Lemma 2.7 and Theorem 2.11 are special cases of the
much more general statements proved in their respective sources.

3. PUNCTURED COMPLEX LINE

The goal of this section is to compute the roots arising from any monodromy representation of
Y(O,OO)‘

Proposition 3.1. Let x : Z — C* be a monodromy representation of Y (9,oc) given by 1+ re2™e with
0<q <1, and Viog(x)> Viog(x)) the associated extended logarithmic connection. Then

v ~ JOO)  whenqg=0
Logt) = O(—1) when q # 0.

Proof. Observe that the connection map has two poles, one at 0 and one at oo with respective residues
log(re?™@) and log(Le=2").

By Ohtsuki’s formula we have that ¢;(Viog(y)) = —log(re?™) — log(+e™2™4), choosing the branch
of log defined by 0 < g < 1 we see that if ¢ = 0, then ¢; (Viog(y)) = —log(r) — 0—1log(r=1)+0. However,
since € R then log(r~') = —log(r) and so ¢1 (Viog(y)) = —log(r)+log(r) = 0. If ¢ # 0, as —¢ & [0,1),
we must use —q + 1, thus, ¢;(Vpog(y)) = —log(r) — ¢ +log(r) +¢— 1= —1.

Hence,

1
r
r

0 wheng=20
c1(VLog(x)) = {_1 when g # 0

and the result follows as a consequence of Lemma 2.10. [J

Lemma 3.2. Suppose that p is a monodromy representation of Y (9 o) defined by 1 — M with Jordan
decomposition by blocks M; with eigenvalue \; = re* % where 0 < q; < 1. The first Chern class of
the associated extended logarithmic connection (Viog(p)s Viog(p)) 5

VLog(p) Z dlm Cl VLOg(Xq ))

where « is the number of Jordan blocks that make up M.
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Proof. Recall the fact that if S € GL,(C) and T' € Mat(n x n,C) then
(10) exp(STITS) = S~ texp(T)S.

Observe that as a consequence we may suppose that M is in Jordan form. Now, take an arbitrary

Jordan block M; with eigenvalue \; = re®*™4i. Note that by assumption ¢; € [0,1). Then since
dim(M;)
log(M;) =log(A;)I+ N where N is a nilpotent matrix, we have Tr(log(M;)) = > log(};). Next,
1
since we are only interested in the trace, we can choose a basis where M jﬁl is a Jordan matrix to easily

obtain the trace of log(M;l). It is clear that the eigenvalue of M{l is )\;1, and so
dim(M;)

Tr(log(M; 1)) = > log(A;h).
1

Observe that M; determines a subrepresentation p;, which by Lemma 2.4 and Lemma 2.7 we have
(VLog(p;)s VLog(p;))- Thus, by Ohtsuki’s formula we may write

1(Viog(o)) = —Tr(log(M;)) — Tr(log(M; ™))

dim(M;) dim(M;)

= X clog(h) - YD log(n)
1 1

dim(Mj)

= Z flog()\j)flog()\j_l)
1

dim(M;)

= Z Cl(VLOg(XqJ-))
1

= dim(Mj)Cl (vLog(qu))c

If M is an indecomposable Jordan block then we are done. If not, then it is clear that c; (VLog(p)) =

>~ dim(M;)e1(Viog(y,.)) Where a is the number of Jordan blocks that make up M. [J
7=1 ’

Theorem 3.3. Let p : Z — GL,(C) be an n-dimensional monodromy representation of Y (,oc) with
(VLog(p)» Viog(p)) the associated extended logarithmic connection. Allow ¢ = c1(Viog(p))-

(1) If p is an indecomposable representation determined by the Jordan block M with eigenvalue
A = re?™4 where 0 < q < 1, then
- JOW0)®"  when q=0
VLOg(p) = _1\®n
O(-1) when q # 0.

(2) If p = @, pi where each p; is indecomposable, then
Viog(p) = O(—1)®~¢ @ 0(0)®" <.

Proof. For part (1), we proceed by induction on the dimension of p. _
Base Case. Beginning with a character x : Z — C* determined by 1 — re?™¢  we know that by
Proposition 3.1

v ~JO(0) wheng=0
Logl) = O(—1) when ¢ # 0.

Inductive Step. Consider a representation of dimension n, p : Z — GL,(C) with p reducible but
indecomposable. It follows that p is determined by 1 — M, where M is a Jordan block with eigenvalue
A = re?™4, Without loss of generality we may write 0 — Xq — p — p/ — 0 which by Lemma 2.4 and
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Lemma 2.7 we obtain 0 — Viog(y,) = Viog(p) = Viog(pr) — 0. Moreover, Vigg(y,) = O(§,) by the
base case and Vyog(,) = (9(§q)@("_1) by the inductive assumption.
Hence, we have 0 — O(&;) — Viog(p) — 0(&,)®=1 — 0. Now, note that
H'(P', (0(E)*" V) 00(g)  =H'(PLO(=£)*" Ve 0o(g)
= H'(P', 00" V).
Further, by Serre-Duality we have
H'(BL,0(0)° D) = HO®(0(0)°" V)" © 0k’
= H'(P', 0(-2)®"" 1)~
Of course dim H°(P',O(—2)®=1)* = 0 and so 0 — O(

Thus, we have the desired result which is

] O0)®"  when g=0
VLog(P) =

fq) - VLOg(p) — O(fq)@(n—l) — 0 splits.

O(—1)®™  when q # 0.

For part (2), let p : Z — GL,(C) be a monodromy representation of Y (o,oc) With (Viog(p), Viog(p))
the associated extended logarithmic connection where p = @', p; such that each p; is indecomposable.
As a result of Lemma 2.4 and Lemma 2.7, we may write Viog(,) = D, VLog(p;)- Since each p; is
assumed to be indecomposable then we apply part (1) above to obtain that for each 4, Vigg(,) =
O(—=1)® dmed) or Vo, =2 O(0)® 4ime) dependent on the argument of the eigenvalue associated
with the image of the generator. Now, allow & to be the direct sum of all the subbundles Vi,og(,,)
whose root is —1, then £ = @?:1 O(—1)® dim(p;) = O(=1)®Xi=1 dimpi) = O(—1)®~c1(Veoe() where
the last equality follows from Lemma 3.2 combined with Proposition 3.1. The remaining subbundles
all have root 0 and the dimension of their direct sum must be n + c1(Viog(p)). O

Remark 3.4. Recall that Z does not admit irreducible representations of dimension greater than one.
As a consequence, Proposition 3.1 along with Theorem 3.3 close the case on monodromy representations
of Y(O 00)*

4. DOUBLE PUNCTURED COMPLEX LINE

The goal of this section is to compute the roots arising from any two-dimensional reducible repre-
sentation of Y (g 1 o0)-

Proposition 4.1. Let x : Z*Z — C* be a monodromy representation of Y (9,1,00) given by vo roe2mido
and ~y, = 12N with (VLog(x)s Viog(x)) the associated extended logarithmic connection. Then

0(0)  when q; =0
Viog(x) = § O(—=1) when Y q; <1 and not both q; =0
O(-2) when Y q; > 1.

Proof. Observe that the connection map has three poles, one at 0, one at 1, and one at oo with
respective residues log(roe?™®), log(rie?™1), log((ror1)~te~?(@0+a)) By Ohtsuki’s formula we
have that ¢1(Viog(y)) = —log(roe®™%) — log(r1e*™) —log(;-- e~2mia0+a1)) " consequently, choosing
the branch of log defined by 0 < ¢; < 1 we have the following set of cases.

Case 1. If ¢; = 0 it is clear that ¢;(Viog(y)) = 0.

Case 2. Suppose that Y ¢; < 1 and either ¢o # 0 or ¢; # 0. Since by assumption > ¢; < 1
and not both g; are zero, then —> ¢; ¢ [0,1) and so we must use —»_¢q; + 1, thus, c1(Viogr)) =
@ —q—(~@—q+1)=-1

Case 3. Suppose that Y ¢; > 1. Then, since > g; > 1 it follows that — )" ¢; € (—2,—1), so we
must use — ) q; +2 € (0,1). Thus, c;(Viogy) = 90 — @1 — (—q0 — q1 +2) = —2.

Observe that the result follows from Lemma 2.10. O
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Remark 4.2. Before introducing the main result of this section, we first prove the following lemma
regarding the first Chern class of associated extended logarithmic connections that arise from mon-
odromy representations with some specific constraints.

Lemma 4.3. Suppose that 0 — p' — p — p” — 0 is a short exzact sequence of monodromy represen-
tations of Y (0,1,00) With p two-dimensional. Allow p to be defined by o = Mo and v, — My where
Ao = m’oe%”‘qk0 and py = 7"#7062”‘1#»0 are the eigenvalues of My, while \y = m,leQ’”q*‘l and p =
r,t7le2’”'q“v1 are the eigenvalues of My with all q such that 0 < q < 1. Further, suppose that the As
determine p’ and the ps determine p”. Then, if Y g, > 1 and g, ; = 0, the first Chern class of the
associated extended logarithmic connection (Viog(p), Viog(p)) 1 ¢1(VLog(p)) = —2.

Proof. Note that by the classification of 2-dimensional representations of the free group with two
generators found in [10, Ch 2, Theorem 4.2.1], there are three conjugacy classes of p that fit the
assumptions that p is reducible, > ¢gx, > 1, and g, ; = 0 with 0 < ¢ < 1. The three conjugacy classes

are given by
My ()E)O /?0) , My < (?)1 £1> ;
My > ()(‘)0 50) , My < (/\01 u11> ;
My (‘60 AOO) .M, o (’“81 >\11> .
The connection map has three poles, one at 0, one at 1, and one at co with respective residues

log(My), log(My), log((MoM;)~'). By Ohtsuki’s formula, ¢1(Vpeg(p)) = —Tr(log(Mo)) —Tr(log(M)) —
Tr(log((MoM;)~1)). In the case where both My and M; are diagonalizable it is clear that

A(Viog(p)) = —log(ra0e®™0) — log(r,,0e*™ () — log(ry 1€>™ 1) — log(r,,1*™())
2T (2= ax,.) o2mi(0)
—log(i) — log( )
TX,0TA1 1,071

where 2 — > gy, arises from the fact that Y ¢y, > 1 along with the choice of log as in the proof of
Proposition 4.1. Moreover, note that all the rs cancel out. Thus,

ct(Viog(p)) = —log(Xo) —log(uo) — log(A1) —log(p1) —log((AoA—1)~") —log((uop1) )
= =00~ D1 — (00— a1 +2)
= 2.
For the second case, again by Ohtsuki’s formula, ¢;(Vieg(p)) = —Tr(log(Mp)) — Tr(log(My)) —

Tr(log((MoM;)~1)). The eigenvalues of log(My) are log(X\g) and log(po). By assumption > g, > 1,
qu,j = 0, and by the choice of log 0 < g < 1 for all g. As a result A\; # p1 and hence there exists a
basis T/ where M is diagonal. In the basis Y’, the trace of log(M7) is log(A1) + log(u1). With regards
to (MoM;)™!, we know that MyM; is upper triangular with diagonal entries A\gA\; and jigpu1, further,
as a consequence of » ¢qx, > 1 and ¢, ; = 0, with 0 < ¢ < 1, it follows that AgA;1 # popq. Hence,
there exists a basis, Y”, where MM, is diagonal. In the basis Y, the trace of log((MoM;)~1) is
log((AoA1)™1) + log((pop1) ™). Thus, this case reduces to the diagonal case. The third case follows
the exact same procedure as the second case. [

Theorem 4.4. Suppose that 0 — p' — p — p”’ — 0 is a short ezact sequence of monodromy rep-
resentations of Y (0,1,00) With p two-dimensional and p', p" one-dimensional. Now, let 0 — O(¢') —
Viog(p) = O(&"") — 0 be the short exact sequence of the underlying vector bundles from the associated
extended logarithmic connections.

(1) If &, &" # —2,0 respectively, then 0 — O(&') = Viog(p) — O(§") — 0 splits.
(2) If &, &" = —2,0 respectively, then Viog(p) = O(=1) ® O(=1) or Vieg(p) = O(0) © O(-2).
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Proof. Let p : Z xZ — GL2(C) be a reducible 2-dimensional representation defined by o — My
and v; — My, where Ag, o and A1, 1 are the eigenvalues of My and Mj respectively. Further, let
Ao = TA,OeQWiQA’O,MO = ru,oe%iq“vo,)\l = 7“)\’1627”.{1)"1, and p; = rﬂ’le%iq“»l. As p is reducible, then by
[10, Ch 2, Theorem 4.2.1] there exists a basis T in which
Ao o A1 m
My < and M7 <
0 ( 0 Ho ! 0 H1

and moreover, we may write 0 — p’ — p — p” — 0, where p’ is determined by the As and p” is
determined by the us.

For (1), using cohomology,
H'(P', (0(€") @ O(€))) (B!, 0(-¢") 2 O(¢))

(P',0(=¢" +¢)).

Hl
Hl

Further by Serre-Duality we have
H'(PLO(—¢"+¢))  =H(P"(O(-€"+¢&)" @ Qp))*
= H(P',0(" - ¢ - 2))"

Hence, if £” — &' < 2 then Vyog,) = O(¢') @ O(£”). At this point observe that by Proposition 4.1 we
know that
0 when ¢y ; =0
¢ =4¢-1 when > ¢n; <1 and not both g, =0

—2 when > qr; >1
and similarly,

0 wheng,;=0
6/' =< —1 when quhi < 1 and not both Qu,i = 0
—2 when > q,; > 1.

It is clear that the only case that does not satisfy the inequality £’ — & < 2, is when £ = —2 and
¢ =0.

For part (2), the event that £ = —2 and £” = 0 gives rise to the following short exact sequence
0 — O(=2) = V5og(p) — O(0) = 0. Looking at the long exact sequence in cohomology

0 — HO(P',0(=2)) = HO(P", Viog()) — H(P',0(0)) & H'(P',0(~2))
— H'(P", Viog(p) = H' (P, 0(0)) - --

we note that HO(P',O(-2)) and H'(P!,0(0)) are zero-dimensional complex vector spaces while
H'(P',O(-2)) is 1-dimensional. Hence, § is either an isomorphism or the 0 map.

If § is an isomorphism, then dim(H°(P*, Vig(,))) = 0, meaning that Vieg(,) = O(&1) @ O(&2) with
1,8 € Z7. If § is the 0 map, then H(P',Viog(,)) = C, meaning that Vieg(,) = O(0) & O(§) with
EeZ .

However, given that we are working in the scenario where ) g¢r; > 1 and g,; = 0, then by
Lemma 4.3, ¢1(Viog(p)) = —2. Thus, if § is an isomorphism then Viog(,) = O(—1) @ O(—1), whereas
if 0 is the 0 map, then Vi, = O(0) @ O(-2). O

5. THE MONODROMY DERIVATIVE

Examining the case of Y (g ), we recall that Z does not admit irreducible representations of di-
mension greater than one, as was highlighted by Remark 3.4. This meant that on every occasion we
considered representations p with dim(p) > 1 for which we were able to construct a short exact se-
quence 0 — p' — p — p” — 0. As a result of this short exact sequence we were allowed to apply sheaf
cohomology on the resulting short exact sequence of the underlying vector bundles of the associated
extended logarithmic connections.
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When studying Y (g,1,00), its fundamental group is Z * Z, which admits irreducible representations
of dimension greater than 1, particularly of dimension 2 as seen in [10, Ch 2, Theorem 4.2.1]. Thus,
the sheaf cohomology approach is not a fruitful approach when p is irreducible of dimension greater
than one.

With regard to the case when p is irreducible, the idea is to construct a Modular derivative-like
operator arising from Y (g 1,o0)-

5.1. Auxiliary Connection. The construction of the Modular derivative-like operator will be two
fold carried in this subsection and the next: concluding with Definition 5.5. The purpose of this
subsection is to develop what we will call an auziliary connection arising from Y (g1, oc)-

Take the character representation x : m; (Y(0,1,oo)> — C* defined by mapping both generators to —1,
applying Proposition 4.1, the resulting associated extended logarithmic connection is (VLOg(X), VLog(X))
over P! with Vioe(y) = O(—1). Moreover, we dualize and obtain (O(1), V; ). At this point we

Log(x)
make a simple change in notation and refer to Vfog(x) simply as V. Now globally,

(11) V:0(1) = O(1) @0 Qp: ([0] + [1] + [oc])
where
O ([0 + 1] + [o0]) = Q1 ®0 O([0] + [1] + [o0])
> 0(-2)®0 O(3)
~ O(1)
and so
(12) V:0(1) = 0(2).

Next, we take V&2 to be the connection map on O(1) ® O(1) such that for all sections s,t € O(1)
the following is satisfied: (V® V)(s®1t) = V(s) ®t+ s ® V(t). Observe that

(13) V&2 0(2) = 0(2) @ Qp ([0] + [1] + [oc]),

and so, inductively, we define V¢ := V¢ : O(€) — O(&) ®0 Q*([0] + [1] + [oc]). Hence, using the fact
that Qg ([0] + [1] + [o0]) = O(1), then

(14) Ve: 0 - OE+1).

Definition 5.1. In the construction above we refer to V¢ as the auziliary connection map of weight
§ arising from Y (01,00)-

Remark 5.2. The construction of the auxiliary connection map can be generalized as arising from
the mth punctured projective line. However, observe that as the number of removed points increases
so does the degree of the auxiliary connection arising from the space. To see this explicitly, let p; be
points of P!, then

oL (3lnl) =0 50 0(>ln)
=1 i=1
= 0(-2) ®o O(m)
~ O(m - 2)
and so arising from P! minus m points
(15) V:0(1)— O(m-—1).

Hence, which is why when the auxiliary connection map arises from Y g 1 o) the co-domain is O(2)
and whereas if it arises from Y g ) the co-domain would be O(1).
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Example 5.3. Consider Y (g ) whose fundamental group is Z. Let x be a character representation
that maps the generator to —1, then after dualizing, the associated extended vector bundle at hand is
O(1). It follows that the auxiliary connection arising from Y (g o is a map such that

(16) V:0(1) = O(1) ®0 Q([0] + [oc]).

2

Observe that Q1([0] + [o0]) = O(0) by ¢(%) = 1, which means that

(17) V:0(1) = O(1).

Over global sections, V gives rise to a degree preserving map 6 : C[z,y] — C[z,y], where z has a
zero at 0, and y has a zero at co. Now, since ¢ is a degree preserving map, we must have éz = a1z +asy
and 0y = byz + boy with a;,b; € C.

Let Uy := P* — {0} and Uy, := P! — {c0}. Restricting over U, gives, Res(dz) = Res(air + azy),

and hence, 6z = a1z + a2 as 6 commutes with restriction, where z = % is the local coordinate on Uy.

Moreover, as locally over Y (g o), V =d — %@ then

z )

dz
6z —dz—ﬂ(z)
_ L zdz
Tz 2z

1 .dz

=G5

however, after applying ¢ we are left with dz = %z At this point we compare coefficients, a1 = % and

ag = 0. Similarly for Uy, we arrive at by = 0 and by = —%‘ Thus, dx = %x and dy = —%y.

5.2. Monodromy Derivative. We now return to the case at hand, that is, considering irreducible
monodromy representations of Y (g 1 o of dimension 2. Justifying the naming in Definition 5.1 we have
the following: given a monodromy representation p, the associated extended logarithmic connection
(VLog(p)> Viog(p)) can be seen as a triple, (Viog(p), Viog(p)s V), Where V is the auxiliary connection
map arising from Y (g,1,00)-

Thus, keeping in mind that QF, ([0] + [1] 4 [oc]) = O(1), we now have the extra tool

(18) Viog(p) @ V 1 Viog(p) @0 O(1) = Viog(p) ®o O(2)
and more generally, considering an auxiliary connection map of arbitrary weight

(19) VLog;(,o) & v& : VLog(p) Ko 0(5) - VLog(p) Ko O(f + 1)

Definition 5.4. Let N¢(p) := HO(P', Viog(y) ®0 O(€)), and furthermore, define N'(p) := @,z Ne(p)-
We refer to N (p) as the twisted module of p.

Since Vyog(p) 18 a direct sum of twisting sheaves it is easy to see that there exists a iy such that
for any £; < &min we have N, (p) = 0. We refer to &min as the minimal weight of N (p).

Moreover, N (p) is a Z-graded module of global sections over the ring R := N(1) = C[z,y] where,
of course, P! = Proj C[z,y] and 1 is the trivial one-dimensional representation. By the Birkhoff-
Grothendieck theorem along with the fact that H° and direct sums commute, this module is free of
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rank equal to the dimension of the representation; indeed,

(20) N(p) = H P Viog(,) @0 O(8))
£EZ
dim(p)
(21) =P HF. P 0E+9)
13/ i=1
dim(p)
(22) =P P H®LOoE+9)
tez i=1
dim(p)
(23) =~ P R[-&]
i=1
thus, any choice of homogeneous generators gives an isomorphism

dim(p)

(24) N(p)= @ R[-¢]

i=1

where by R[a] we denote the rank one graded module over R obtained by shifting the grading by a. On
global sections, note that the new connection map Vy,q4(,) ® V¢ gives us a graded derivation of degree
one. Indeed, let us denote the connection map Vi,g(,) ® Ve as D¢ when applied to global sections, so
that

(25) Dg : Ne(p) — Neya(p)

where of course Dy satisfies the Leibniz rule as Vp,4(,) ® V¢ is a connection map and so
(26) D:=pD;

is a graded derivation of degree one on N (p).
Definition 5.5. We refer to the the graded derivation D as the monodromy derivative of p.

Remark 5.6. Analogous to Remark 5.2, it is not hard to see how to generalize the monodromy
derivative not only to any dimension of a monodromy representation of Y (g1 ), but to any monodromy
representation of an mth punctured projective line. We provide a rough sketch of how to generalize.
Let Y (;¢n) be the mth punctured projective line. Given a monodromy representation of Y (,,¢n) we
obtain the triplet (Viog(p), Viog(p)» V) wWhere V is the auxiliary connection map arising from Y (;,¢h)-
Next, we tensor the connection maps. However, as mentioned in Remark 5.2 the co-domain of the
connection map Vi, () @ V changes according to the number of removed points, hence,

(27) Viog(p) @V 1 Viog(p) ®0 O(1) = Viog(p) ®o O(m — 1).

We can take global sections as before and create N'(p). Further, denoting the connection map Viog(p)®
V¢ as D¢ when applied to global sections and defining D := EB&Z D¢ we have a graded derivation on
N(p).

Remark 5.7. Now that we have constructed the monodromy derivative we will use it to prove the
main theorem of this section, but first we direct our attention to the following two lemmas which will
be used in the proof of the main theorem.

Lemma 5.8. Let &, be the minimal weight of the twisted module N (p) for some n-dimensional
irreducible monodromy representation p of Y (o1,00) with n > 2. Let &min < k and suppose that

I € Ni(p) with f # 0, then Dy(f) # 0.
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Proof. For the sake of contradiction let us assume that Dy (f) = 0.

Restricting to Y (g,1,00), We see that f|y(0‘1,oc) is a global section of the associated complex bundle

Q, (see Definition 2.5) because (VLOg(p) ® O(k)) ¥ (0.1.00) = Qp- Denote with F C Q, the subbundle

generated by f |Y(011,00). It is clear that the following diagram commutes

Vios(n @Y
Viog(p) ® O(k) 5 Vigg(n) @ O(k + 1)
J{s@ 2

(ViLog(e) @V)I¥ (0.1 00y
p p

where ¢ denotes the restriction map.

Since by assumption Dy(f) = 0, then after restricting Di|v,, .., (flv,..)) = 0. Moreover, by
Theorem 2.3, Q, is free over Y(g1,,0) = Spec(A4). Hence, by Theorem 2.3, F can be viewed as a
free module of rank one over A whose generator is stable under D|Y(0Y1m). Ergo, as F is stable
under Dy, . =V, then F inherits a connection map V with (F,V) C (Q,,V,) as connections.
Now, since there is an equivalence of categories between holomorphic connections on Y (g 1,4 and
monodromy representations of Y (g1, it follows that p' C p where p’ corresponds to (F 7@) At
this point notice that (F, @) is nonempty which means that p’ # 0, moreover, since N'(p) is of rank
n it follows that (F,V) S (Q,,V,) which implies that p" & p. Consequently, p" must be a proper
subrepresentation of p, but this is impossible since p is irreducible. [

Lemma 5.9. Suppose that p : Z * Z — GL2(C) is an irreducible two-dimensional monodromy repre-
sentation of Y (01,00). Denote the minimal weight of N'(p) by Emin and let (Viog(p)> Viog(p)) denote
the associated extended logarithmic connection. Then either

VLOg(P) = C)(_gmin)e92 or
VLOg(p) = O(ffmin) S¥) O(*fmm — 1)

Proof. Since p is two-dimensional A (p) has rank two, so let F' and G be a pair of generators. Further,
let &min, &1 be the weights of F, G respectively, where by assumption £, is the minimal weight of
N(p) and &min < &. Observe that by construction Dg, . (F) € Ne,..+1(p) and so D¢ . (F) has
weight &min + 1. Moreover since F' and G generate N (p) we must have D, (F) = nF + 7G for some
n, 7 € Clz,y]. As a result of Lemma 5.8 it follows that D¢, (F') # 0. At this point we remark that
T # 0, as otherwise F is stable under D and an argument similar to that in the proof of Lemma 5.8
will lead to a contradiction. Ergo, 7G must have weight i, + 1. Thus, &nin + 1 = a + &1, where
deg(7) = a, implying that

£ = Emin+1 whena=0
b &min when a =1
since 0 < a with & < &§. O

Theorem 5.10. Suppose that p : Z+Z — GL2(C) is an irreducible two-dimensional monodromy repre-
sentation of Y (0,1,00) and let (Viog(p)s Viog(p)) denote the associated extended logarithmic connection.
Allow ¢ = c1(VLog(p))- Then

~ JO(
VLog(p) = {O(

Proof. Let ( = 20 for some o € Z, and where by Lemma 5.9, for the sake of contradiction, we assume
that Viog(p) = O(—&min) © O(—E&min — 1). Then, by Lemma 2.10 it follows that 20 = —2&,in — 1 which
is impossible as o, {min € Z. Hence, if  is even then Viog(,) = O(—&min)®2. Moreover, by Lemma 2.10

B2 when ¢ is even
Do O(C—;l) when ¢ is odd.

2SNt

2

the first Chern class is the sum of the roots, so —&nin = % A similar argument shows the desired

result for when ( is odd. O
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Remark 5.11. Witness that the theorem above does not make any assumptions regarding p aside
from the fact that it is an irreducible representation of dimension 2. Thus, this theorem along with
Theorem 4.4 close the case on two-dimensional monodromy representations of Y (g,1,cc)-

Remark 5.12. It is natural to inquire regarding alternative choices of the logarithm, i.e., those
differing from the Deligne canonical extension. Shifting the eigenvalues of the residues by integers
results in a corresponding shift in the first Chern class ¢;(Viog(,)) of the associated extended bundle,
which in turn shifts the degrees of the Grothendieck splitting.

As the character cases are determined by the first Chern class, and the auxiliary connection map V
is itself dependent on these character cases, the choice of logarithm directly impacts the definition of
the connection map. This implies that both the graded module N'(p) and the monodromy derivative
D may exhibit fundamentally different behavior under a different branch choice. Consequently, the
resulting constraints on the bundle decomposition could be quite drastic.

We note that Szabd [23] explores the flexibility of the correspondence when this constraint is relaxed,
demonstrating that integer shifts of the residue eigenvalues allow for the realization of logarithmic
connections on bundles of arbitrary splitting type.

Notably, the case m = 3 and rank(p) = 2 is closely related to the classical Gauss hypergeometric
equation, where the residue eigenvalues of the monodromy representation correspond directly to the
local exponents of the hypergeometric function. In this context, the choice of the principal branch aligns
with the standard treatment of hypergeometric differential equations and their associated monodromy.
This framework is utilized, for example, by Franc and Mason [6] to identify vector-valued modular
forms as sections of holomorphic vector bundles and to study their Fourier coefficients.

6. EXAMPLE FROM THE MODULAR GROUP

In this section we will explicitly compute the roots of an irreducible two-dimensional representation
of Z % Z that factors through SL2(Z) using the main result from the monodromy derivative. To remind
the reader of such representations we closely follow [15, §3].

We introduce standard matrices

-1 1 0 -1 11
=00 W)= )
of which any two of them generate SLy(Z); indeed
I:=SLy(Z) = (R,S,T|RS =T,R* = S* =I).

Further, we assume that given p : I' — GLy(C) the matrix p(7T') is semisimple and p is irreducible. For
such representations, as [15] shows, there exists a basis § in which the images of T, S and R are not

scalar matrices and
A 0
p(T) - (0 /\—10.) i

3 —a —-A
p(R?) =0 (0)\1((3 +03) aaAl) ’
where o is a sixth root of unity, o # A2, a = m, and a® # —o3.
In the basis § above, we choose A = 1, and 0 = —1. Observe then that the restrictions are satisfied
and
1 0 1 1 _ _1 -1
o= (5 )= (F 1) et = (0.
1 2 4 2

Now, as stated above, p(T) and p(S) give us an irreducible representation of I' and hence of Z x Z.
In other words, p is an irreducible two-dimensional monodromy representation of Y (g 1 ). Thus, the
representation above gives us the associated extended logarithmic connection (Viog(,)s Viog(p)) OVer
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The connection has three poles, one at 0, one at 1, and one at co with respective residues log(p(T)),

p(9)), log((p(T)p(S) ™).

By Ohtsuki’s formula we have

and

c1(Viog(p) = —Tr(log(p(T))) — Tr(log(p(S5))) — Tr(log((p(T)p(S)) ™))

as a result of Equation (10) combined with the fact that the trace is invariant under conjugation

we may use the Jordan form of each image. Denote by B; the Jordan form of the matrix B. First,
we have that p(S) = Hp(S),;H ! where

(28)
and

(29)

e2mi(3) 0 . -2 2
p(S)y = ( 0 22mi(0) with H = 1 f ,

further, we have (p(T)p(S))~* = K(p(T)p(S));' K~ where

. e2mi(3) 0 . _% %
(p(T)p(5));" = 0 e2mi(%) with K = ) .

It follows then that

Tr(log(p(T) 1)) =

Tr(log(p(S)))
Tr(log((p(T)p(5)) 1))

—_ N =N =

which implies that ¢;(Viog(s)) = —2. Thus, by Theorem 5.10 we must be in the case where

(30)

(1]
2]

(3]
(4]

(5]
[6]
[7]
(8]
(9]

(10]
(11]
(12]
(13]
(14]

[15]
(16]

Vies(n = O(-1)%.
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