POISSON SUMMATION FORMULA IN WEIGHTED
LEBESGUE SPACES

MIQUEL SAUCEDO AND SERGEY TIKHONOV

ABSTRACT. We characterize the parameters («, 3, p,q) for which the
condition f|z|* € L” and f|¢|° € LY implies the validity of the Poisson
summation formula, thus completing the study of Kahane and Lemarié-
Rieusset.

1. INTRODUCTION

The Fourier transform of an integrable function f : R — C, is defined by
f) = [ st
The classical Poisson summation formula (PSF) states that if
flel*, flelP € L%, o8> 1,
then f and fare both continuous and the formula

~

(PSF) lim Py (f) = lim Py (f)

is true, where

k|<N
By a classical example of Katznelson it is well known that there exist con-
tinuous functions with f, f € L' for which the Poisson summation formula
fails, in the sense that both sides of converge to different values.
In [4], Kahane and Lemarié-Rieusset obtained the following almost com-
plete characterization of the validity of under the condition f|z|* € LP
and fl¢|? e Lo
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Theorem 1.1. [/} Let 1 < p,q < o0 and o — %,ﬁ—% > 0. Let f be an
integrable function which satisfies

(1.1) 711, + || Flel?]| < oc.

Then,

(1) 4 (o = 5)(B = 55) > g, limwy Pr(f) = limy Py(f);

(2) if (a— Z%)(,B = %) < ﬁ, there exists a function f for which Py (f)

and PN(f) converge to different values.
Remark 1.2. In fact, by analyzing the proof in [4], we see that if either
o— ]% or ﬁ—% is not strictly positive, then both sides of (PSF)) can converge
to different values.

Kahane and Lemarié-Rieusset also considered the question of the absolute
convergence of the series Py (f) and obtained the following theorem

Theorem 1.3. [4] Let 1 < p,q < o0 and o — l,,ﬁ , > 0. Let f be an
integrable function which satisfies (|1 . Then,
(1) if (2= )03 — ) > max(s, 3, i (1) < oo
(2) ifg>2and (a—;)(ﬁ— q—) < %, there exists a function f for which
limy Py (|f]) =

In this paper we complete the missing cases in Theorems (1.1 - and |1.3 -
In particular, we show in Theorem that for (a — —)(6 — —) = pq,
(p,q) # (1,1) if one side of converges (to a finite or 1nﬁn1te value),
the other side must also converge to the same value. However, it is possible
for neither side to converge.

See also [2] and [3] for various conditions for to be true.

We will use the notation F' < G to mean that F' < CG with a constant
C = C(a, B,7,p,q) that may change from line to line; F' ~ G means that
both F' < G and G < F hold. Besides, ||F[|, = [[F[ ») -

2. MAIN RESULTS

Before stating our main results, we give two simple properties of the space
of functions which satisfy (1.1)).

Proposition 2.1. Let o — = and 8 — % > 0. Then the space of integrable

functions f which satisfy (1.1]) is a Banach space, and the Schwartz functions
are dense in it. Moreover,

171+ ||, < 1ttt + || Aler’]

Thus, || flz|*|, + f\§|5H is equivalent to the canonical norm in the space
of integrable functions whzch satisfy (1.1] .
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In particular, we have the equivalence
71l + || Pl ~ 17+ )l + |7+ je?)| -
As a consequence, for 1,69 > 0,

| Lz, + ‘ ﬂﬂBHq < | flefere] + Hﬂ&lﬂm q

Proof. The first statement of the proposition is clear. We now prove the
second one.
First, note that as a consequence of the Holder inequality we have

[Pzl < 7],
Second, defining Al( )z ):g( ) — g(z+1) and AJ = A(AI1), we have
AR < ||ra— e s,
where k = [a]. Thus,
171e < ||, S [ F1iease], + A% Prracisel], < 11alon, + | Ael?]) -

Similarly, we obtain the same estimate for

]?H , whence the result follows.
(o]

Our main results are the following extensions of Theorems and

Theorem 2.2. Let 1 < p,q < o0 and o — I%,B—% > 0. Let f be an
integrable function which satisfies (|1 . Then,

(1) if (a = 5) (B~ q)>* limy Py (f) = limy Py (f);

pq’ R

(2) if (e l/)( — ) = g and (p,q) = (1,1), limy Py (f) = limy Py (f);

~

(3) if (o — ?)(B - %) = p—lq and (p,q) # (1,1), neither limy Pn(f)
nor limy Py (f) need to exist, but if one does, then limy Py(f) =

limy Pn(f). Moreover, there exists v > 0 depending on («, 3,p,q)
such that

Aim (Py(f) = Py (1)) = 0;
4) if (a— ]%)(5 ) < ﬁ, there exists a function f for which Pn(f)
and PN(]‘A‘) converge to different values.

Theorem 2.3. Let 1 < p,qg < o0 and o — I%,B—% > 0. Let f be an
integrable function which satisfies (|1 . Then,

(1) if (o= ) (B~ 3) > maX(plqv 35), limy Px(|f]) < oo
(1,1), limy Pn(|f]) < o005

) if (a— 2)(5 - ;> — L and (p.q) =
(3) if (a— %)(5 — q—) < max(%,%) and (p, q) # (1,1), there exists a
function f for which limy Py(|f|) =
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Remark 2.4. In order that

lim Pxe(1f1) -+ lin P (| ]) < oo

for any integrable function f satisfying (L.1)), it is necessary and sufficient

that 1 1 1 1 1
a— — — —) > max(—, —, —), , 1,1
(0= DB ) >max(o o o) (ha)# (L)
and

af > 1, (p, Q) = (17 1)'

3. AUXILIARY LEMMA

In this section we obtain a lemma which provides us with useful estimates
for the norms of smooth step functions and their Fourier transforms.
For a sequence (c;), we denote

k N
Sk(§) = che_%ij& and Sk(¢) = Z cje—2m'j€'
Jj=0 j=k

In what follows we denote, abusing notation, the Dirac delta measure at xg
by 0(xz — x¢), that is,

/ 0(x — xo) f(x)dx = f(x0), f continuous.
R

Observe that the Fourier transform of §(x — ) is the function e=27%®o,

Lemma 3.1. Let 1 < p,q < oo. Let $ be a Schwartz, even, non-increasing
function which is equal to 1 on [—1/2,1/2] and supported on (—1,1). Let
(AR)72_, be an increasing sequence with A_y =0 <1 < Ag and Ay = Appq
for k> 0. For any integer N > 0 and any sequence (Ck)iz\]:o; we set

F(z) =) erlio((x — k)Ag)

k=0
and
N

Glz) = o (5(93 — k) - A ((z — k)Ak)).

k=0

Then, for any o, 8 € R and v > %, we have

1
N P
W) [1F (=l + D%, S (Z |ex [P (k + 1)’°O‘A§_1> ;
k=0

@ el +17 < (i ININEYNn] EA m) E
k=0
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1
Py

HG €l +1)"

<ZA (A1 — A0) 18619, T)>

v+l 1
+Ay 7 1SNl Lo () -
(4) for any M € N there exists a constant Ky such that

[F(n) = ¢(0)Ancn| < Kar [le] o (07" + AT, )M

for any integer n.

Proof. To prove the first item, observe that, by Holder’s inequality,

[F(z)| < <Zlck\pﬁp|¢((l’— )Ak) ) <Z!¢ (z —k)Ag) |> :
k=0

The rapid decay of ¢ and the assumption Ag > 1 imply that, for any x,

o0

3 1o((z — k)Ay)| S 1.

k=0

Hence,

P

N
IE (2] + D)%l < (Z e PAL [ (J2] + 1)%e((2 — /f)Ak)H§>
k=0

Finally, once again because of the rapid decay of ¢, we conclude the proof
of the first item by noting that

1
AP Iz + D)% ((z = k)AR)|, < (k+1)*.
To prove the second item, using the Abel transformation, we obtain that

N

Fe) = > cre k(¢ /Ay)

k=0
N
= So(&)p(E/D0) + D S(€)(A(&/Ak) — B(E/Ak-1))
k=1

N ‘
< [So(&)]6(¢/A0) + (Z )91o(&/Ar) — (é/Ak_1>>|),

k=1
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Where in the last inequality we used Holder’s inequality and the monotonicity
of ng Next, because of the periodicity of Sk, we have

N‘ La(T)

e+ e+ )"
La T)oiugl (%§+J ' ¢< Ay > ¢<Ak1>)> .

Finally, by the support assumption, the inequality \qﬁ(x) ( )| <
and the property Ap ~ Agy1, we conclude that for £ > 1
JEL

§+1J ~(E+7]
( ) ¢<Ak1>’
< Y GO - A

Ap_1/2<j+E6<A0
qB+2/ A —1 -1
5 Ak (Akfl - Ak )

|Paer+17) 5 a0t

(Sl

> IE+ 4l e

~ AP (AL — Ay ).

The third item follows in a similar way. Indeed, by the Abel transformation

N

G(E) = ke (1 — p(¢/Ax))

k=0

= Sn(§)(1 = $(6/AN)) +25k $(&/ A1) — BE/AR))

m\‘,_.

< ISn(I(1 = $(/AN)) <Z Sk G(¢/ Apy1) — (£/Ak)|>

Using the periodicity of Sk,

vt
LS8N

(Zskm p (Zm -

|Gaegl+ )~

1

(52)-2(52))
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Finally, repeating the previous arguments we conclude that

DI+l

JEZL

DS

Ap/2<6+5<Ap 1

SATRAL - AL R A

k+1

(50l

(E+5) A -

ALh)

—Ap).

To prove the fourth item, we use the estimate |p(z)| < (1 4 |z|)™ to

deduce that

A
F(n) — calnd(O)] < 3 Aplexd(Bx(n — k)| S lleloe 3 b
(Aglk —nl)
k#n k#n
% o0
Ak 1-M B
3 A _ Bk
S llello 2 (Ayn) AW?JZ \k kz;n (Agk)M

S llellog (= + AN

4. PROOFS OF MAIN RESULTS

4.1. Proof of Theorem [2.2] It is a standard approach to establish the con-
vergence of limy Py (f) for any function satisfying || f|z|*||, + Hf\ﬂﬂH < 00

through the uniform boundedness of Py (f) with respect to N. The follow—
ing lemma gives sufficient conditions under which Py and its modiﬁcations
are uniformly bounded:

Lemma 4.1. Let 1 < p,g < oo and a —1/p',—1/¢' > 0. For vy >0, we
set

1 N
Qn(f) =57 D cxf (k)
k=0

with a positive non-decreasing sequence (cx)32, satisfying ¢, S k7.
Then the inequality

(4.1) QDI S 11, + | el

holds uniformly on N in the following cases:

(1) if (e =1/p')(B—1/¢') = 1/(pq) and v > 0;
(2) ifp=q=1,aB8=1and~y > 0.



8 MIQUEL SAUCEDO AND SERGEY TIKHONOV

Proof. Let $ be a smooth, non-increasing function supported on (—1,1) and
equal to 1 on [—1/2,1/2]. Set

1/q
Ap=14+k8, B=_-"1_.
B-1/d
In the notation of Lemma[3.1|and by Plancherel and Holder’s inequalities,
we have

atn = ([ 17+ [ 5c)
(e )
v (Uptatt, + | 7)) (NP s, + |G +iep-2] ).

where in the last estimate we also used Proposition 2.1 Thus, the result
follows if we prove that

[FQ+[a)~®

y+|[Ga+1e?| s
q

To estimate | F'(1 + [z])~*[|,, we use item (1) in Lemma Since ¢ < kY
and (o —1/p')(8 —1/¢') = 1/(pq), we have
[F(+ )|, S N7

Next we deal with the quantity H@(l + |§])*5H for ¢ > 1. Since the se-
q/

quence (cg)g is non-decreasing, we can apply the Hardy-Littlewood inequal-
ity for monotone Fourier coefficients (see Chapter XII in [6]) to obtain that

1 k
[ 18l e gy
0 -
7j=1

If ¢ = 1, it is clear that ||Sk||,, < k7T!. Therefore, for any ¢ > 1 by using
item (3) in Lemma (3.1 we deduce that

|Ga+ien?] <
The proof is now complete. ([

Remark 4.2. If (a—1/p)(8—1/¢") > 1/(pq) and vy = 0, the same proof with
1 i

‘- < B< O:F shows that (4.1) holds true. This yields an alternative

_ L
-3 I

proof of item (1) in Theorems and[2.9

We are now in a position to prove our main results.

Proof of Theorem[2.3 The first and the forth statements are contained in
Theorem see also Remark for an alternative proof of the first one.
The second item follows from item (2) in Lemma with v = 0 by a
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standard density argument (see Proposition [2.1]). We now prove the positive
part of the third item.
Let ¢ be a smooth, even, non-increasing function supported on (—1,1)

/

~ B—1/ 1/
such that ¢(§) =1 for |{] < 1/2. Set M = [N i | = (Na—lz;f”] and let

P<I>N Zf o(k/N).

We show that both

(42) o (D) = Par(D)] < 1711, + || Flel?]
and

(4.3) o (D) = By (D] S 11l + | Tlel?]|

hold independently of N. By the density of the Schwartz functions, for
which (PSF)) clearly holds, one has

lim (Py (f) = Par(f)) =0
for any f satisfying (1.1)).

First, to prove inequality (4.2)), we observe that by Parseval and Hélder’s
inequality,

/f N6 ((z — k)N) da| =

k|<M

[ Fenute) (1 ate/m) ag
R
s | a7

Here for the Dirichlet kernel Dy (§) = - 1< e?™F¢ we have used the esti-

mate
1
!

(/ rDM@)rq’rf\q’ﬁdg) < MINTPHT,
N/2

A further application of Hélder’s inequality shows that

/ f@) S No((@ — k)N)dz| S 1L+ [2) ], No M ~ | £(1+ [2])°]], -

|k|>M

Hence, by the Poisson summation formula

Y S(k/N)e =" No (@ — k)N),

k€EZ keZ
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we deduce that

Puh) = Pa(P| = |Puth) = [ £@) S N6 (@ = B)N) da

keZ
<l + || Fier|

This proves inequality (4.2)).
Inequality (4.3]) follows by applying item (1) in Lemma with v =1 to

S Rk - 3(k/N)),

|k|<N

because 0 < 1 — ¢(k/N) < k/N and is ¢ is non-increasing.

We now prove the negative part of the third item. Without loss of gene-
rality, we can assume that p > 1 and ¢ > 1. We show that there exists a
function f such that

(4.4) limsup Py (f) = —liminf Py(f) = +o0.

Since we know that limy(Py(f) — Py+(f)) = 0 with some y(«, 8,p,q) > 0,

A~

the same divergence result holds for Py(f).
Let N > 0. We define

N
Fyn(z) =) enrg (Ag(z — k),
k=0
where
1
k= (k+ 1)1*Blog(k + 2)4
and

Ay = (k4 1)Plog(k +2)471,

with A = ﬁ%/q/ >1land B = a_l};p/ = ﬁE{[;q,. By using item (4) in Lemma
noting that

-1 -1 \M'
Z(n + ALY~

n

with large enough M’, we then have, for M, N large enough,
min(N,M)
(4.5) Py (Fn) =~ Z cnA,, ~ min(loglog N, loglog M).
n=0
Besides, Lemma [3.1| implies both
(4.6) [En|z|®], S 1

and

(4.7) |Fvigl?| <1087 108 N,
q
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where, in the last inequality, we also used the Hardy-Littlewood estimate
(see Chapter XII in [6])

1 N
18l = 3~ e 1) S P gk 2),
0 -
Jj=k

Finally, for (Nj)32, a rapidly increasing sequence, let
e ' F N; (33‘)

fay =3

. .
=1 77 logalog N;

Using the estimates of || Fyy|z|*||, and HF]\V’€|6’
G

We now show that
(4.8) lim (—1)F Py, (f) = 400

k—o00

, we arrive at | flz|*|, +
q

provided that NNy increases rapidly enough. Indeed,

k [e%S) j
Py () =D+ > Sl ACLT

2 T
j=1 j=k+1 J logq log Nj
Taking into account (4.5)), we derive

k—1
(_1)k11 > i PNk(FNk) i i PNk(FNj

~ 1
k? loga log N}, =17 log% log N;

1 _1 _1
pe ﬁlog1 7 log Ni, — log1 7 log Ni_1 — o0.

Using again (4.5)),

oS 1P (Rl
Bl > m
j:k—l—l’] 1qu logNj

oo
< Z lz logllog Ny < lolg log N
j=kt17 logalog Nj  loga log Nyi1
We have thus proved (4.8) and, therefore, (4.4]).

— 0.

O

4.2. Proof of Theorem The following lemma is based on the classical
Rademacher-Salem-Zygmund randomization technique:

Lemma 4.3. For any sequences (wi)h_, and (cx)N_o with wy, > 0, there
exists a choice of signs (5k)]kvzo such that, setting S, = > }_, crepe2mike

N
(Z Wi ”Sk”qu(T)>
k=0

1
q

N
S (Z Wi ”Sk|’%2('[r)> y g < 09,
k=0

1
q



12 MIQUEL SAUCEDO AND SERGEY TIKHONOV
and, for g = oo,
1kl ooy S (og(k+ 1)) [Sell 2y, 0 <k <N.

Proof. 1If ¢ < 0o, by Khintchin’s inequality (see, for instance, Theorem 6.2.3
in [1]), taking the average over all possible sign combinations we deduce that

(Zwkuskum T)> (Zwkuskum )

whence the result follows. If ¢ = oo, it is shown in [5, p. 271] that there
exists ¢ > 0 such that

1
log2 1 n
Ze 0g?2 n+ )HS Hoo —clog(n+1) S 1
[P

for some ch01ce of signs, whence the result follows at once. O

Proof of Theorem [2.3 In view of Theorems and it remains to con-
sider only three cases:

cg<2and (= 3)(B— ) < por (00) # (1,1),
p=q=1, (04—*)(5 %)Zﬁ
g>2 (a-2)F- L) = 4.
First, let ¢ < 2 and (p,q) # (1, 1) By Proposition it suffices to
consider the case (a — ]%)(5 — %) = pq In this case, by Theorem (3),

there exists a function f such that limy Py (f) does not exist, which unphes
that limpy PN(‘fD =
Second, if p=¢=1and aff =1, set A,, = n®. By the triangle inequality,

Sl < S| fm) - /R And(An(z — 1)) f(w)da

n=1

n®(An(z —n))f(x)dz|,

where, as usual, &5 is a smooth, even, non-increasing function supported on
(—1,1) such that ¢(&) =1 for |¢] < 1/2.

It is plain to see (for instance, by Lemma item (4)) that one can
estimate the second summand as follows:

/R F@)] Y [And(An(@ —n))| de S || f @)1+ |2])*],
n=1
For the first one, by Plancherel’s formula,

- /R And(An(z — n)) f(z)da

< /R FOIS 1= dle/Anlae

< A -
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where we used that, for M large enough,
i < _ < @ =
5= de/anl 3 min (1. (5) ) < IV < e

Let now q > 2. The counterexample is similar to the one used in Theorem
Assume first that ¢ < co. Set

1
(1+ k)1 *Blog(k +2)4’

Ci, — €k

and
A = (1+k)Blog(k +2)471,
. . Jé] _a=1/p _ 1/2
with A = ey and B = 7y = 17
For N € N, define Fy(z) = Z]kvzo ckApd (Ag(x — k)). Then we obtain

(compare with (4.5) and (4.6))

N
li ~ ~
im Py (| Fyy]) > Jenl Ay &~ loglog N
n=0
and
[ En ][], < 1.
, cf. , we observe that, in view of

q
Lemma [4.3] there exists a choice of signs e such that in item (2) of Lemma

the L9 norms can be replaced by L? norms, namely,

|Evier]| < (éAi%Ak -~ A |3 ;(T))q.

To derive the estimate of HE\VK'B‘

Since that
q
2

N
L [P ) g raetieg e 4 g,

54 scs

j=k
— 1
we deduce that HFN\QﬁH <logelog N.
q
Thus, in the case ¢ > 2, the inequality

(4.10) >o1fmI S kel + || Al

does not hold. Therefore, there is a function f satisfying (1.1)) for which
limN PN(|f’) = OQ.
Finally, we deal with the case ¢ = oo, for which we recall that 8 > 1 and

(0= 1/5)(5 — 1) = 1/2p. Set
o = {Skwl)lﬂs, if VN <k<N

0, otherwise
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and

Ap =14 (14 k)B(log N)p# 4(B7£1>’

WhereA:%andB:az}épl,p#:()ifp>landp#zlifpzl. It is

easy to see that

N
. #__L 1
lim Pa(|Fn]) =~ Y " lenlAn & (log N)P" G-,

n=0

Next, by item (1) in Lemma [3.1]
|Ewlel], S log? N.

Finally, in the same way as before, by Lemma [4.3| with ¢ = oo, we deduce
that there exists a choice of signs for which for all k&

N
Sk 1
|5 swetven | Y
j=max(k,v/N) J
< log%(N + 1) min (N*1/4*B/27 k*1/2*3> '

This implies that
— B
161 Fx|| 5 og )7 05 tog (N +1),
o0

Combining the above estimates, we see that inequality (4.10|) does not hold.
The proof is now complete. [l

5. POISSON FORMULA FOR GENERAL WEIGHTS

Lemma [3.I] can be easily generalized in the case of general weights.

Lemma 5.1. Under all the conditions of Lemma [3.1], assuming that w is
an even weight function, we have

N 5
(1) Fwll, S (Z ek P [lw(@)p((x — k) Ap)|D Ai) ;
k=0

(2) if w non-decreasing,

N Ag+2 %
|7l < ([ )
q 0

N q
T (Z w(d)" (e = M) || m) ;
k=1

5

La(T)
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(3) if w is non-increasing,

e

ql

(Z w? (g /2) (D1 — Ax) Skl (T>

L

0o q’
%</QN_1wq) 15wl 2o

2

15

As a consequence, we obtain a sufficient condition for the validity of (PSF))
in Lebesgue spaces with general weights. Recall that the Dirichlet kernel is

given by D,,(z) =Y p_  e?mike,

Theorem 5.2. Let u,v be even, non-decreasing weights and 1 < p,q <
00. Assume that the Schwartz functions are dense in the space with norm

[ full, + HfUH and that there exist two sequences A and A as in Lemma
q

[31 such that

N
sup (Z Hu_l(:r;)¢((x — k)AkH
N \k=0

L

P Ap Y
p,Ak < 003

1

ql

N-1
sup ( Z v (AR/2) (A1 — A) HDkHLq T)>
k=0

N
1
00 , q’
—q .
+<Auﬁ )'wWMm<”v

sup (i o™ @)@ — WA 5%’) "o
k=0

and

1
'Y
N

N-1
sup ( Z u P (AR/2)(Aps1 — Ap) ’Dk’Hip’(T)>
k=0

1

oo N7
-bp
+ /AN_IU ||DN||Lp/(T) < 00.

2

Then, for any [ with ||fu||p + va” < 00, the formula (PSF)) holds.
q

Remark 5.3. It is possible to obtain an analogue of Theorem for the
absolute convergence of Pn(|f|) by using the same ideas as in the proof of

Theorem [2.5, item (2).
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