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Abstract

We consider the motion of a large number of heavy particles in a Newtonian fluid occupying
a bounded spatial domain. When we say “heavy”, we mean a particle with a mass density that
approaches infinity at an appropriate rate as its radius vanishes. We show that the collective
effect of heavy particles on the fluid motion is similar to the Brinkman perturbation of the
Navier—Stokes system identified in the homogenization process.
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1 Introduction

We study the behavior of a fluid in the presence of a large number of small bodies, aiming to
understand the emerging behaviour as the number of bodies increase simultaneously with their
size decreasing. It was Albert Einstein in his Ph.D. thesis and afterwards in [10] who first pointed
out that in such a setting there can be an emerging effect of the bodies onto the fluid. Specifically
in the case considered by Einstein one obtains a more viscous fluid, with the additional viscosity
explicitly identified in terms of the parameters of the bodies involved.



Einsteins seminal work [10] on the effective viscosity of dilute suspensions laid the theoretical
groundwork for a wide array of mathematical investigations into fluid-particle interactions. Build-
ing on this foundation, researchers have rigorously extended and refined his setting, particularly
in the context of deriving, correcting, and justifying the effective viscosity formula for various sus-
pension models. For instance, in [26], the authors provided a rigorous proof of Einsteins formula,
while the papers [24, 23, 35] introduced corrections under mild assumptions and examined the
influence of particle distribution on macroscopic flow properties. More recently, in [11, 12], the
authors have contributed significantly by addressing the corrector equations and effective viscos-
ity in colloidal suspensions, offering both analytical insights and homogenization frameworks that
connect microscopic dynamics to macroscopic fluid behavior.

In parallel, there has been a rapidly growing body of literature devoted to understanding the
homogenization effects that emerge when a fluid interacts with a large number of small particles
or perforations. In [22] investigated suspensions beyond the dilute regime, identifying nonlinear
viscosity effects, while the authors in [29] analyzed the hindered settling phenomenon in well-
separated particle systems. The articles [34, 31] have been dedicated to developing methods to
study convergence and filament interactions in Stokes flows, while [21] examined vortex dynamics
in the zero-radius limit. The recent contribution [47] delves into complex suspension behaviors like
orientation mixing, further enriching the theoretical landscape. Collectively, these works highlight
the sophistication of modern homogenization theory in fluid dynamics and underscore its relevance
in both applied and theoretical settings.

At the same time, considerable effort has been devoted to showing that a cloud of small parti-
cles can be effectively described by the VlasovNavierStokes model. Currently, only partial results
are available. In [2], the VlasovNavierStokes system was derived from a coupled system of Boltz-
mann equations, one modeling the fluid and the other modeling the rigid bodies. In [18, 19], the
authors started with an intermediate system in which the fluid occupies the entire domain, and
the influence of the rigid bodies is represented by an external force resembling the Stokes drag. In
the asymptotic limit, they obtained the VlasovNavierStokes system. Finally, in [36, 37], under the
assumption of vanishing Reynolds number for the fluid, the authors derived, in the limit where the
number of rigid bodies tends to infinity and the particle inertia tends to zero, a transportStokes
type equation. They further demonstrated that the resulting model is well-approximated by an
appropriate VlasovStokes system.

A common theme of most of the existing literature seems to be the focus on cases in which the
fluid is restricted to be of Stokes type. Our current exploration takes the flow to be a general time-
dependent Navier-Stokes. We highlight that in [14, 15] we examined the case of a compressible or
nearly compressible fluid with a single immersed body. It was shown that the body has a negligible
effect on the fluid, in the limit of vanishing size. This required the construction of a specific type
of test function adapted to the geometry of the body within the fluid.

Furthermore, we consider in [16] the case of several bodies with the number of bodies increasing
proportionally with their size decreasing. This involved a delicate management of interactions of
the bodies in a manner largely independent of the relative velocities of the bodies. We were able to



show that under suitable assumptions concerning the relationship between the size of the bodies
and their number, the overall effect of the bodies is negligible, that is in the limit one recovers the
standard fluid equations. Similar results hold also for a large class of non-Newtonian fluids [17].

The results of the present paper are complementary to those obtained in our previous work [16],
where the motion of a large number of “light” particles was considered. Here “light” means the
mass density of each particle is uniformly bounded. In the case of the planar 2d-motion, the result
is in a sharp contrast with the homogenization problem, where the particles are fixed and produce
an additional friction (Brinkman perturbation) of the limit Navier—Stokes system. Intuitively, the
particles have less influence on the fluid motion if they are allowed to move together with the fluid.
Previously, this phenomenon had also been observed in [39] for a single moving “light” particle by
Lacave, Takahashi.

We consider the motion of a large number of heavy particles in a Newtonian fluid. By “heavy”
we mean that the mass density of the particle is large approaching infinity at an appropriate
rate when the radius of the particle vanishes. Furthermore, the bodies are assumed to have
suitably small initial velocity. We show that the collective effect of the heavy particles on the
fluid motion is similar to the Brinkman perturbation of the Navier-Stokes system identified in
the homogenization process. We want to mention that in the case of a single “heavy” particle,
Iftime and He demonstrate in [27, 28] that the solution of the fluid-rigid body system approaches
a solution of the Navier-Stokes equations (without Brinkman perturbation) in whole space as the
diameter of the rigid body approaches zero. The influence of a small rigid body moving in a
compressible fluid has recently been analyzed in [14, 15, 3|. In comparing with the literature we
note that the setting of “heavy” bodies provides a significant difference with the Einstein quasi-
stationary setting, where the mass is irrelevant, and where the result is obtained not in the limit,
but to a first order. The heaviness allows to slow the bodies movement and our assumptions in
terms of the initial particle distribution are closer in spirit to those of [8] while also allowing to
provide a full treatment of the inertial terms.

Let us emphasize that our results concern the genuine fluid—structure interaction problem of a
system of rigid bodies immersed in a Newtonian fluid avoiding any simplifying assumptions leading
to the Stokes-like quasistatic approximation of the fluid equations commonly used in the literature.
Our approach is based on a new result in “dynamic homogenization”, where the particles move
with a prescribed velocity, which may be of independent interest. The main idea is conceptually
simple, namely the particles will approach a static position in the asymptotic limit. However, its
implementation generates complex issues, related fundamentally with the proper velocity decay in
relationship with the size of the particle and their mutual distances.

First, we transform the problem to a fixed spatial domain by means of the change of variables
introduced by Inoue and Wakimoto [38] and later elaborated by a number of authors, see e.g.
Cumsille, Takahashi [7], and [44], [3] for the most recent treatment. The resulting problem is
no longer of Navier—Stokes type containing a perturbation of the velocity in the time derivative.
Next, time regularization is used to obtain a stationary homogenization problem at each fixed time
level. At this stage, homogenization limit is performed for any fixed time. It is important that the



limit is actually the same for any time depending solely on the spatial distribution of the particles
and their radius, see Desvilletes, Golse, and Ricci [8], Marchenko and Khruslov [40], or a more
recent treatment in [13]. Finally, we relax the time regularization by means of a modification of
the Aubin—Lions argument.

The paper is organized as follows. In Section 2, we provide a precise formulation of the problems
under consideration and state the main results. This includes the governing equations, specifying
the assumptions on the fluid and the particles, and outlining the key mathematical statements that
will be rigorously proved in later sections. Section 3 collects the necessary is dedicated to collecting
essential background material on the homogenization of the stationary Stokes problem. We review
relevant theoretical results and techniques that play a crucial role in our analysis, particularly in
handling the presence of a large number of small bodies in the fluid. The change in variables
is introduced in Section 4 and the problem is transformed to a fixed spatial domain in Section
5. Since the presence of many small moving bodies introduces a complex and evolving geometry,
transforming the problem into a fixed reference domain allows for a more tractable mathematical
approach. This step is crucial for establishing uniform estimates and passing to the limit in the
subsequent sections. The core analytical work is carried out in Section 6, where we derive the
asymptotic limit and rigorously prove the main results of the paper. This involves justifying the
homogenization process, establishing convergence results, and demonstrating how the presence of
the small bodies affects the overall fluid behavior in the limit. A priori estimates of the velocity
of small rigid bodies are established in Section 7. The paper is concluded by a short discussion
concerning the extension of the result to the space dimension d = 2.

2 Problem formulation, main result

We consider a system of N rigid balls {B,. = B(h,.,r.)})_;, N = N(e), centered at points

n=1»
h,. = h, (t) and with the common radius r. immersed in an incompressible Newtonian fluid

occupying a bounded domain Q2 C R3. To avoid technicalities, we always assume € is sufficiently
smooth, at least of class C?*”. The balls move with the rigid velocities

Wne(t,z) =h) (1) + wn(t) A (z —h,(t), t€[0,T], n=1,...,N(e). (2.1)
The fluid occupies the domain
Qep = Q\ U B(h,., ) (2.2)
at each time ¢ € [0, T]. The fluid velocity u. = u.(¢, x) satisfies the incompressibility constraint
div,uc(t,-) = 0 for any ¢t € [0, 7. (2.3)
The fluid motion is governed by the Navier—Stokes system

o, +divy(u: @ u.) + V,II. = Aju, in Ueor) Qe (2.4)
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For the sake of simplicity, we have set the fluid density as well the viscosity coefficient to be one.
We impose the no-slip boundary conditions at the fluid—body interface

us‘ag = 0, 1,15’,3]971_’E :Wn’gyaBn’E, n — 1,...,N(€). (25)
Accordingly, we consider the initial velocity distribution ug. € L*(Q; R?) satisfying
divxuﬂ,a = 07 Upe - n’@Q =0 and Upe - n‘@Bn,E = Wn,8(07 ) : Il|aBn,5, n = 17 s 7N(E)‘ (26)

Remark 2.1. We neglect the influence of gravitational force for two main reasons. First, the
result should be understood as the counterpart of [FRZ] (where no gravitation was considered).
Secondly, in the presence of gravitational forces, the rigid bodies accelerate toward the boundary
under gravity at a constant rate in the limit when the radius of the rigid bodies tends to zero. As
the rigid bodies approach the boundary, we lose control over their evolution, and analyzing this
scenario presents significant difficulties.

2.1 Dynamic homogenization

We consider the initial configuration of the particles of critical type, where the total (Stokes)

capacity of the whole ensemble of particles is bounded, while their mutual distance is large enough

to keep the collective effect of drag forces balanced with the external forces driving the fluid motion.
Specifically, we assume

Te

;—)1&88—)0, (2.7)

while the initial positions of the rigid bodies satisfy

|h; .(0) —h;(0)] > 2e, i # j, dist[h,.(0);09Q] > ¢; i,5,n e {1,...,N(¢)} (2.8)
In addition, we require the translational components of rigid velocities w,, . to be small,

by, | 2o 0,1

sup —0ase—0. (2.9)

n=1,...N(e) g2
Note carefully that condition (2.9) prevents collisions of the bodies in a fixed time interval [0, 7]
as well as collision of a rigid body with the boundary 0f2.
We say that a velocity field u. is a weak solution of the problem (2.3), (2.4) with initial condition
u.(0,-) = ug . satisfying (2.6) if the following holds:

u. € L=(0,T; L*(Q; R®)) N L*(0, T; W, *(Q; R?)), (2.10)
U(t, )| B (t)re) = Wne(t,), n=1,...,N, foraa. t € (0,7), (2.11)
div,u. = 0 in (0,T) x Q, (2.12)
T T
/ / [ug cOp + [u. ®@u. - chp] drdt = / / V.u. : Ve doedt — / up. - p(0,-) dz
0o Ja o Jo Q
(2.13)



for any test function ¢ € C1([0,T) x Q; R?), div, = 0, satisfying
cp(t, ‘)’B(hnyg(t),frg) =0, n=1,...,N, te [0, T]. (2.14)

Remark 2.2. Unlike the fluid-structure interaction problem considered in Section 2.2 below, the
rigid velocities are given a priori in (2.10)—(2.11). Accordingly, the eligible test functions in the
momentum equation (2.13) vanish on the rigid bodies.

We claim the following result.

Theorem 2.3 (Dynamic homogenization). Let Q C R3 be a bounded domain of class C**.
Suppose the initial distribution of the rigid bodies satisfies

Te . . . ..
= —1ase—0, |h;.(0) —h;(0)] > 2¢, i #j, dist[h,.(0);09] >¢; i,5,n e {1,...,N(¢)}.

(2.15)
In addition, let the rigid body velocities satisfy
[, | o 0,7)
sup ———5——— =0, ase =0, sup rf|wncllreor) —0ase—0. (2.16)
n=1,..N(e) € n=1,..N(e)
Let u. be a weak solution to the moving boundary problem (2.11)—(2.13),
us(07 ) = Upe
such that
< .
1zl Lo 0,7 02(0,m3)) + ||u€|]L2(07T;WO1,2(Q;R3)) ~ 1 uniformly for e — 0. (2.17)
Then, up to a suitable subsequence
NG) B
g Z Oh,.0) = R € L(Q) weakly-(*) in M(£2) (2.18)
n=1
and
u. — u in L2((0,T) x Q; R®) and weakly in L*(0,T; Wy (% R?)),
where the limit u is a weak solution of the Navier—Stokes problem with Brinkman friction,
div,u = 0, (2.19)

T T
/ /[u-@t<p+[u®u]:vxcp] dxdt:/ /[quzvmcp%—GWSRu-cp dx dt
0o Ja 0o Ja
—/uo-go(O,-) dz (2.20)
Q

for any ¢ € CH([0,T) x Q; R3), div,ep = 0.



Remark 2.4. Note that hypothesis (2.15) yields
ENE)NQ = NiEe) = A>0

at least for a suitable subsequence. Accordingly, (2.18) can be written in the form

N(e) 1 N(e)
&Y " 0n,.0) = 'N(e) N > Oh. | -
n=1 n=1

where
N(e

)
1
— E )
N(e) ~— fin.e(0)

is the empirical measure introduced by Desvilletes, Golse, and Ricci [8].

Remark 2.5. A restrictive assumption we make concerns the initial velocities of the bodies. It
is known that in related contexts (see [8, 30]) allowing for higher initial velocity can generate
additional corrections. We cannot treat this case since we expect that in the case of heavy bodies,
a large enough velocity will determine the body to move linearly (as shown in the case of a singled

body in [4]).

Remark 2.6. We note that one could attempt to consider the case when the viscosity also goes
to zero proportional to €, as done for instance, in the case of fixed obstacles, in [32]. It is not
immediately clear if one would obtain a similar result in our setting.

2.2 Fluid—structure interaction problem

In the fluid—structure interaction problem, the velocities of the particles are determined by the
mutual interaction with the fluid. Specifically, in addition to the no—slip condition (2.5), continuity
of the momenta is imposed.

For the sake of simplicity, we suppose all particles have the same mass density o. s > 0. The

weak formulation of the fluid-structure interaction problem reads as follows, see e.g. [16, Section
2.1].

e Regularity.
0. >0, 0. € L=((0,T) x R®)nC([0,T); L*(Q)),
u. € L=(0,T;9Q) N L*(0,T; W, (), diveu, =0,
h,. € Wh([0,T); R?), wn. € W"([0,T); R*), n=1,...,N. (2.21)
e Compatibility.

0.5 if v € B(h, .(t),r.), t € [0,T]
1 otherwise,

Q&(tax) - {
u€<t, ')‘B(hn,s(t)yrs) = Wn’e(t>, n=1,...,N, fora.a.t e (0, T) (222)

8



e Mass conservation.

T
/ / [Qeatswr o-u. - stz?] dedt = —/ 00,:¢(0, ) dzx (2.23)
0 R3 R3

for any ¢ € CL([0,T) x R?).

e Momentum balance.
T
/ / [ - d1p + 0:fue ®u): Vagp] do
o Ja

T
:/ /]Dxuaz]Dmgo dxdt—/g€70u57090(0,-) dz (2.24)
0 Ja Q

for any test function ¢ € C1([0,T) x ), div,¢ =0,
D,¢(t,-) = 0 on an open neighbourhood of B(h, .(t),r.), n=1,...,N, t € [0,T]. (2.25)

The symbol D, denotes the symmetric part of the gradient,

Dw_%(varv;).

e Energy dissipation.

1 T 1
—/Q€|u€|2(7',~) dx+/ /|]D>mu6\2 dr dt < -/g5,0|u5,oy2 de (2.26)
2 Q 0 Q 2 Q

for a.a. 7 € (0,7).

The following result is a consequence of Theorem 2.3.
Theorem 2.7. (Fluid—structure interaction with heavy particles.) Let O C R? be a
bounded domain of class C*T. Suppose the initial distribution of the rigid bodies satisfies

r
—§—>1a35%0,
€

|h; .(0) —h;(0)] > 2¢, i # j, dist[h,.(0);09] >¢; i,5,n e {1,...,N(¢)}.
Let the rigid densities and the initial velocity of the rigid body satisfy
19 by, . (0)]

0e,g€2 — 00  and sup 5
neN((g) €

— 0 ase — 0. (2.27)
Let (0, u.) be a weak solution to the fluid—structure interaction problem (2.21)—(2.26) with bounded
wmatial energy,

/ 0-0lu-o)? dz <~ 1 uniformly for e — 0. (2.28)
Q

9



Then, up to a suitable subsequence

N(e)
8N O, = R € L™(Q) weakly-(*) in M(Q) (2.29)
n=1

and
u. — u in L2((0,T) x Q; R®) and weakly in L*(0,T; Wy*(2; R?)),

where the limit u is a weak solution of the Navier—Stokes problem with Brinkman friction,

div,u = 0, (2.30)

T T
/ / [u O+ u®ul: chp] dedt = / / [Vmu : Ve +6mRu - | dadt (2.31)
0o Ja o Jao

—/uo-cp(O,.) dz
Q
for any ¢ € CX([0,T) x Q; R3), div,e = 0.

Theorem 2.7 follows directly from Theorem 2.3 combined with the following result providing
control of the velocity of a small rigid body based on the ideas of [4].

Proposition 2.8. Let (0., u.) be a weak solution to the fluid—structure interaction problem (2.21)-
(2.26) with bounded initial energy (2.28). If

h/ O 1/2
sup M —0 and sup i
neN (e) € neN(e) €M

—0 ase—0, (2.32)

then, there exists € > 0 such that for any 0 < e < &, it holds

[y, . =y, (0)[|z(0,7) + 7el|wne = Wne(0)|| Lo 0,) < C m— (2.33)

where C does not depends on n or € and we denoted m, := 7‘?95,5.

Proof of Theorem 2.7. The boundedness of the initial energy (2.28) implies that the velocity field
u. satisfies the uniform bound (2.17). Moreover, assumption (2.27) together with 25 — 1 ase — 0
imply (2.32). Thus, we have verified the hypothesis of Proposition 2.8. We deduce from (2.33)
and (2.27) that

[Ih, |l o< 0.7

sup — 0, ase — 0. (2.34)

2
n=1,...N(g) €

Furthermore, from the bound [, o.[u.|? dz ~ 1, we have
/ 0-.5|Wne|?dz X 1 for any n=1,..., N(e). (2.35)
B(hp,e,re)

10



Moreover, we have

merZlwn |,

(G2 V)

2
/ 9573|Wn,6|2 = m€|h/n,e‘2 + ‘]E‘wn,EP = mslh;75|2 T gm5T§|wn,6|2 >
B(hnp,e,re)

where J. is the moment of inertia of B(h,, .(t),7:).
As s — lase—0and g5 = 75, we get m. = 0-.5¢°. Thus we obtain from (2.35) that

1 gl/?
9,.2 2 2 2
O¢,5€ ra’wnﬁ’ S l = 715|w":5| 5 9 = 19/2°
Q¢,SE€ O¢,SE

Hence,
sup TsH‘"n,sHL(’O(O,T) —0ase—0. (236)
n=1,...N(e)
Thus the relations (2.36) and (2.34) give us (2.16). Now we can apply Theorem 2.3 in order to
deduce Theorem 2.7.
[l

3 Homogenization of the stationary Stokes problem

We collect some known results concerning homogenization of the stationary Stokes problem. The
distributions of the particles is the same as in (2.15). To simplify the notation, we write h,,
instead of h,, .(0). Similarly, we write €2, instead of €. .

First, we claim that under the hypotheses of Theorem 2.3 on the initial distribution of the
obstacles, there exists a subsequence (not relabelled) such that

N(e)
g Z On, . — R weakly-(*) in M(), (3.1)

n=1

where % € L>(Q). Indeed, in view of hypothesis (2.8), we have e3N () ~ |Q|, in particular, the
limit (3.1) exists for a suitable subsequence. Moreover, as any cube of the side € can contain at
most one point h,, ., we conclude

N(e) N(e)
<a3 Z Ohy s ¢> =¢3 Z o(h, ) ~ /gb(x) dx for any ¢ € C(Q), ¢ >0,
n=1 n=1 Q

which yields fR is bounded absolutely continuous with respect to the Lebesgue measure. This
provides the claimed implication (2.18) in Theorem 2.3

11



3.1 Stokes problem

Consider the Stokes problem

Ayve + Vep. =1, divyv, =01in Q.
Veloo. = 0. (3.2)
Proposition 3.1. (Homogenization of Stokes problem.)

Let Q C R? be a bounded domain of class at least C*T. Let the particles and their positions
satisfy (2.7), (2.8). Finally, let

f.— £ in W12 (Q; R?), (3.3)
N(e) B
8y " On,. — R weakly-(*) in M(Q) (3.4)
n=1

as € — 0, where the limit R coincides with an L™ function on 2. Then the Stokes problem (3.2)
admits a unique solution (v, p.), and

Ve = v weakly in W, (Q; R%), (3.5)
where v is the unique solution of the Stokes problem

A,v+ Vep =1+ 67Rv in €,
V]ga = 0. (3.6)

For the proof see Desvillettes, Golse, and Ricci [8, Theorem 1]. A quantitative estimate in
LP norms is provided in [41]. One of the earliest results, in a periodic setting was obtained by
G. Allaire in [1]. A more general setting with obstacles of different radii and mutual distances
was treated in the monograph [40, Chapter 4, Theorem 4.7]. Obstacles of arbitrary shape were
considered in [13, Proposition 5.1]. Various random settings were considered in [6, 20, 33].

3.2 Perturbation of the boundary velocity

We extend Proposition 3.1 to functions that do not necessarily vanish on 0f)..

Proposition 3.2 (Boundary velocity). Under the hypotheses of Proposition 3.1, suppose that
(Ve,pe) s the unique solution of the Stokes problem

Ayv, + Vep. =1, divy,ve =0 in €,

Velan. = Welaq., (3.7)

where
div,w. = 0, w. — 0 in W, 2(Q; R?).

12



Then
v. — v weakly in W,?(Q; R®), (3.8)

where v is the unique solution of the Stokes problem

A,v+ Vep=f+ 6mRv in €,
v]ao = 0. (3.9)

Proof. Apply Proposition 3.1 to the sequence v, — w..

4 Change of variables

Let the assumptions (2.15)(2.17) of Theorem 2.3 hold. Our goal is to introduce a suitable change
of variables to transform the problem to a fixed domain. To this end, we introduce a suitable
cut—off function

1if0< 2z <3,
X €CT0,1), x(2) =4 €[0,1]if <2<,
0if z > %,
together with the vector field
N(e)
—h, (0
At ) = curl, |3 x (M) T(r —h,.(0)) - W,.(0)] (4.1)
n=1 € 7
where
0 I3 —X2
T(I) = —X3 0 T s (4 2)
) — T 0

see Cumsille and Takahashi [7].
The following properties of A, can be verified by a direct calculation.

o A(t,-) € C®(R3; R?) for a.a. t € [0,T].
e div,A.(t,-) =0 for a.a. t € [0,T].
e Under the hypotheses of Theorem 2.3, notably (2.16),

I DEAN e (0,7 x 33001
e2—k

—0ase—0, k=0,1,2. (4.3)

In the definition of A., we consider rigid velocity that have zero angular velocities. Actually
any rigid velocities admit an extension onto €2 similar to (4.1). In the following lemma we present
the extension. Moreover we show a bound in VVO1 (€2) which we will use to apply Theorem 3.2.
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Lemma 4.1. Let a family of rigid velocities
Wpe =hy  +wne A(y—hy,.) on Blhye,r.), n=1,...,N(e)
be given. Then there exists a velocity field w. € Wol’Q(Q; R3) enjoying the following properties:

div,w. =0 in Q;

..........

Proof. Consider the velocity field

N(e) 9
|y_hn€| / |y_hns| ’y_hns’
(y) = L, 2——— | T(y—h,.) -h _— 2 : : ne
w(y) nzlcur {x ( (y—h,o) b, —x S wn,

Te Te

Then div,w. =0, w. = w, . on B(h,.,r.) forn=1,..., N(¢) and

N(e)
IV Wy S D el + rfwnel

n=1

SN(e)re  sup (|h,s,n|2 + T§|wn,a|2) .

n=1,...,N(¢)

4.1 Flow generated by A.

In view of (4.3), the vector field A, generates a flow X.. Specifically, X.(¢,y) is the unique solution
of the non-linear ODE system

d
EXe(t,y) = A(t, Xc(t,y)), Xo(0,y) =y, y e (4.4)

As the velocities h!, _ are of order o(e?), we have

Ac(t,z) =h), (t) if v € B(h,(t),r.), n=1,...,N(e). (4.5)
Moreover,
Ac(t,z) = 0 whenever dist [z;{h; .(0),...,hx(0)}] > Zs. (4.6)
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4.2 Estimates on the flow mapping
Differentiating equation (4.4) in y, we get

LID,X) = [Dault Xelt0)] 0 [D,X, DX0,) = T (4.7

In view of the bound (4.3), we may infer that
|D,X.(t,y) — I| ~ ¢ uniformly for ¢ € [0,T], y € Q. (4.8)

Next, differentiating (4.7), we obtain

102, X = [Daelt, Xelt0)] 0 (D3, X + [ D2 A X1, 0)] o [D,Xc] o [D,X,
D: X (0,-) = 0. (4.9)

Consequently, in accordance with (4.3),

2 . .
’DMXE(t,y)‘ — 0 as ¢ — 0 uniformly in t € [0,T], y € Q. (4.10)

4.3 Inverse of the flow mapping

Together with the flow mapping X. = X.(¢,y) determined by (4.4), we introduce its inverse
Y. (t,x) such that,

Y. (t,X(t,y) =y, ye Q and X.(t,Y.(t,x)) ==z, €. (4.11)
In particular, differentiating (4.11) yields
DY (t,X.(t,y)) o D,X.(t,y) =1 and D,X.(t,Y.(t,2)) o DY (t,x) =L (4.12)
Writing
D, Y. (t,X.(t,y)) —1=D,Y.(t,X.(t,y)) o (I — D,X.(t,y))
— [DIYS(t,XS(t, ) —11} ° {]1— DyXE(t,y)} + [}1 ~ D,X.(t,y)].
In view of (4.8), we conclude
‘DIYE(t,w) - ]I‘ X & uniformly for ¢ € [0, 7], = € . (4.13)
Finally, differentiating once more (4.12) we obtain, by virtue of (4.10),

)DivaE(t,x)‘ — 0 as ¢ — 0 uniformly in ¢ € [0, 7], x € Q. (4.14)
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4.4 Estimates of the time derivative

Finally, we estimate the time derivative of the flow mapping. To this end, differentiate equation
(4.4) to obtain

[&DyXe] (t,y) = DoAc(t, X (t,y)) 0 DX (t,y) ~ ¢ uniformly for t € [0,7], y € Q, (4.15)

where we have used (4.3), (4.8).
Furthermore, differentiating (4.12) in time and using (4.15), (4.13) and (4.8) we conclude

9,D, Y. (t,z)| X & uniformly for ¢ € [0,T], = € . (4.16)

4.5 Change of variables

We consider again the change of variables

(t,(E) = (tvy)v Yy = Ye(t,ZE),

where Y. is the inverse of the flow mas X, defined via (4.4). As div,A. = 0, the Jacobian of the
transformation is equal to 1. Note that the transformation maps the time dependent domains €2, ;
on 2. o, whereas the moving rigid particles B(h,, .(t), r-) are mapped onto static ones B(h,, .(0),7.).

Any function f = f(t, ) is transformed to f(¢,vy),

Y e(t2) = f(t,2) or f(t,y) = f(t,Xc(t,y)) (4.17)

/Qf(T, y) dy = /Qf(T, z) dx for a.a. 7 € (0, 7). (4.18)

This type of change of variables “freezing” the moving objects is frequently used in the literature
devoted to the fluid-structure interaction problems, see e.g. [3], Cumsille and Takahashi [7], Glass
et al. [25], Roy and Takahashi [44] among others.

5 Navier—Stokes system in the new variables

Our next goal is to rewrite the Navier-Stokes system in the (¢,y) variables introduced in Section
4.5.

5.1 Transformed velocity field

Revisiting the weak formulation of the problem (2.11)—(2.13) we introduce the transformed velocity

ﬁzs(t? Ys(t> .CE)) = ua(t> .T)
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Accordingly,

V. (1Yo (t,2) ) [D, Y] (1, 2) = Vo (t, @),
As the original velocity coincides with the rigid velocities on the particles (cf. (2.11)), we get

u.(t,y) = wy(t,X.(t,y)) for y € B(h,.(0),7.), n=1,...,N(e). (5.1)

5.2 Weak formulation in the new variables

Applying the change of variables to a test function ¢ mentioned in (2.13), we get

¢<t7 Yz—:(tv m)) = 90(t7 :C)

Consequently,
V,? (t, Y. (t, :c)) (D, Y.](t.2) = Vap(t,z),

and

03 (1,Y-(t,1)) + [V, @It Yelt, 2) Y1, ) = Op(t, ).

The transformed test functions are smooth in the spatial variable x and continuously differen-
tiable in time. Moreover, in accordance with (2.14),

@ € C([0,T) x Qep). (5.2)

Rewriting the weak formulation (2.13) in the new variables (¢, y) we obtain

/OT/Q [ﬁg(t,y) - 0,p(t,y) + Uc(t,y) - <Vy§5(t,y)[8tYE](t’X€(t’ y)))}dydt
—i—/OT/Q[ﬁs(t,y) ®@u.(t,y)] : [Vy{B(t,y)[DIYg](t,XE(@y))}dydt

_ /OT /Q (VL) DY X )| - [VB () DY Xl ) | dydt (5.3)

provided ¢(0,-) = ¢(0,-) = 0.
The apparent drawback of (5.3) is that neither u. nor ¢ are solenoidal. To overcome this
problem, we introduce a new velocity field

ve(t,y) = DY (X (L, y))ue(t, ). (5.4)
Similarly, we consider a new class of test functions,
Y(t,y) = D Ye(t, Xc(t, y) (L, y).- (5.5)
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It is easy to check that (see, for instance [45, Lemma 4.4])
div,v. =0, div,p = 0. (5.6)

Moreover, in accordance with (5.1),
Veloa. , = We, (5.7)

where w, is the extension of the rigid velocities constructed in Lemma 4.1. Finally, by virtue of
(5.2),
W € CL{0,T) x Do), (5.8)

The ultimate goal of this part is rewriting the weak formulation (5.3) in terms of the new vari-
ables v. and 1. This is a bit tedious but rather straightforward process, where we systematically
use the identity

Dst(t7 y) oD,Y. (t, X (tv y)) =1L (59>

Moreover, for any vector w and any matrix M, we denote by [Dzng]W the matrix with entries
3
([D2,XJw)ig = 0,0, Xciw,. (5.10)
n=1
and by M © [D} X.] the vector with entries

3
(M ®[D},X])i = > Myd,,0,Xcp (5.11)

l,k=1

Now we want to write down several steps in order to calculate several terms of the weak formulation
(5.3) in terms of the new variables v. and .

Step 1
The integral on the right-hand side of (5.3) reads

/OT/Q [Vyﬁa(t,y)[Dst](t,Xs(t,y))} : [Vy%z(t;y)[Dst](t,Xg(t,y)) dy dt

- /0 /Q ([Dyxg] (t,y)Vyve(t,y)[DY (8, Xc(t, y)) + (D2, X (8, y)ve(t, v)) D Y] (E, X, y)))
: <[DyX£]<t, y)vy¢(t, y) [DngKt, Xa(t, y)) + ([D;yXE] (t7 y)1,b(t, y)) [DxYa] (t’ X, (t, y))> dy dt

T
:/0 /QVyvg(t, y) : Vyap(t,y) dydt

[ [Tt s (Tipten) ~ DXV DD 0K ) dyc
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# [ [vete) X.]( )1 )DL V(1 X (1)) ) dy
_/0 /Q vyve t7y) - [Dyxa](t,y)vyve(t,y)[Dng](t,Xa(t,y))>

 (IDXA(E ) VDY (1 Kot ) + (D2, X6 )t ) (DY) (8 Xolty)) ) dydt

w0 (192Xt )0 0 Xelr0)
: ([Dst]( )V [DY (8 X (E,y) + ([Di,yXe](t,y)ﬂb(t,y))[DxYa](qu(t,y))) dy dt.
(5.12)
Step 2
Similarly,

| e [vaenD.ye X0 aya
- [ [Ee e vy
- [ o (Tl - DX 0T 0D Xl )y
[ el (03X DY X ) )yt (513)

Step 3
Finally, the remaining integral on the left-hand side of (5.3) can be handled as follows:

/OT / Gt y) - 0p(ty) + elty) - (V@0 DY) (1 Xt 1)) ) [ dy at
- /OT/Q 1D,X(Ey) - (DX y)ve(tn) | - Ot )yt
/ ' / W.(t,y) - (D, X (t y)p(t,y))dy dt
/ / (t) D X:(t,y)¥(t, y)] [0, Y.](t, X< (t,y))dy dt. (5.14)

Summing up the previous identities, we obtain the weak formulation in the new coordinates:

/OT /Q [[Dyxg]@,y) . ([pyxe] (t,y)v. (1, y>)] Ob(t, y)dy dt
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T T
s [ [y oue) Vi = [ [ Vo) Vo) iR (6.1
0o Ja o Ja
for any 1 € C((0,T) X Q.p), divep = 0. The remainder term R. reads
T
Ro== [ [ Gt @IDXI(Esble )y
0

- /O ' /Q U.(t,y) -V, [DyXE(t,y)ip(t,y)] [0:Y ](t, X (2, y))dy dt

+
!

i@ ] (ty) : (V,2b(ty) — DX 9) Vbt y)[Da Y] (1 Xt y) ) dy

!

|
No\hc\o\,
S— T S 5— 5—

. @ @)(t) ¢ ((1D2, X))t ) DY Xt y)) )dy dt

V,va(t.y) s (Yl ) = (DX )V, (8 y) DY (1 Xt y) ) dydt

+
N

Vva(t.y) s (D2, Xyt y) (DY) (X (ty)) ) dy e

S

(Vyvelty) = [D,X(Ey)V,v- 6 9) DL Y] (1. X (1))

—
S

X () Vb (8, )DL Y] (8, Xt ) + (D], X (8 y)eb(t,y)) [De Yo (8, Xc(t, y))) dy dt

+
o\¢
N~

(D5, X )velt. ) ) DY) (0 Xel )

X, y) VDY (8 X (8, y)) + (D2, X y) (1, y) DY (8, Xc(t, y))) dy dt.
(5.16)

-

(1

6 Asymptotic limit

We complete the proof of Theorem 2.3 by performing the limit ¢ — 0 in the transformed system
(5.16). As the position of the particles are fixed, we shall write

(2. instead of €., and h,, . instead of h,, .(0).

6.1 Remainder term

Our first goal is to show that the remainder term R. tends to zero. To this end, first observe that
both u., v, inherit the uniform bounds from hypothesis 2.17, specifically, uniformly for ¢ — 0,

~ ~ <
Hus||L°°(0,T;L2(Q;R3)) + ||u6||L2(O,T;W01’2(Q;R3)) ~ 1,
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<
HVEHLOO(O,T;LQ(Q;R?’)) + HVEHLZ(O,T;WS’Q(Q;R3)) ~ 1. (61)

Combining the uniform bounds established on the flow mapping established in Sections 4.2-4.4,
notably (4.8), (4.10), (4.15) for X., (4.13), (4.14), (4.16) for Y., with (6.1) and the notation (5.10),
(5.11), we easily deduce:

u. - 9,[D,X.] — 0 in L*(0,T; L5(Q; R?)),
[atYE ® ﬁg] [D,X.] — 0 in L*(0, T; LS(Q; R?)),
u. - [D} X.][0,Y.] — 0 in L*(0,T; L°(; R?)),

[]1 - [DyXa]] @ ® W] = 0 in L0, T; LL(Q; R®)) N LY(0, T; L3(Q; R

[]1 - [Dyxg]} [ ® ] []1 . [D;YE]] — 0 in L®(0, T; L B) N LY(0, T; L3(9; R
[]1 - [Dyxg]] [V, ve] = 0in L2(0,T; L*(Q; R?

[[Vyvg][D;Ys]] ® [D2,X.] = 0 in L2(0, T; LA(9; R®
Vyve — [D,X]V,ve[D,Y.] = 0 in L*(0, T; L*(Q; R®

)

)

)

)

)

[[ﬁs ® U.] [DZYE]} ® [D2,X.] — 0 in L®(0, T; L'(Q; R*)) N L}(0, T; L*(%; R?)
)

)

)

)

([Di,yXe]vs) [D,Y.] = 0in L®(0,T; L*(; R®)) N L*(0,T; L°(; R®)

)
( ( )

( ( )

( ( )

1 [D,X.]| - [9,v.] [T [DLYL]] = 0 in L2(0, T3 12(2; BY)
( ( )

( ( )

( ( )

(6.2)

as ¢ — 0. Here, we have used the Sobolev embedding W2 « LS.

6.2 Strong convergence of the velocity field

Using the uniform bounds (2.17), (6.1) to obtain, up to a suitable subsequence,
u. — u weakly-* in L>=(0,T; L*(Q; R*)), and weakly in L*(0,T; W, *(Q; R?)), (6.3)
U. — U weakly-* in L>(0, T; L*(Q; R*)), and weakly in L*(0,T; W, *(Q; R%)),  (6.4)
ve = v weakly-* in L>(0,T; L*(Q; R%)), and weakly in L2(0,T; Wy (; R%)). (6.5)

Moreover, it is easy to see that the three limits coincide, u = u = v. Indeed, in view of (5.4),

Va(ta y) = ﬁa(ta y) + <[DxY8](ta Xa(tvy)) - H) ﬁa(ty)';

whence, by virtue of (4.13), @ = v. To show u = 1 first observe

/OT/QﬁE(t,y)~S5(t,y) dydt_/oT/Que(t’x)'Lp(t’I) dz dt,
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where
o(t,y) = o(t, X(t,y)).
Consequently, fixing the test function ¢, we get

T
/ /ﬁ(t,y)- (t,y) dydt—hm/ /uety p(t,y) dydt
0o Jo

T
:lim/ /ﬁs(t,y)- p(t,y) — p(t, X (t,y) dydt+hm/ /u6 (t,x) ,x) dadt
Q

e—0 0

:/OT/Qu(t,x)-cp(t,x) dz dt,

where we have used bounded of u. in L*>(0,T; L*(Q; R?), together with

sup  |e(t,y) — (t, X (t, y)’ —0ase—0
t€[0,T],yeQ

for any ¢ € C1((0,T) x Q; R?). As ¢ was arbitrary, we conclude u = u.
Our next goal is to establish the strong convergence, specifically,

v. — vin L*((0,T) x Q; R?). (6.6)

Repeating the above arguments, we can show easily that (6.6) yields the same for the original
velocity,
u. — uin L*((0,7) x Q; R%). (6.7)

To this end, we need a restriction operator R, enjoying the following properties:
R. : Wy (; R®) — Wy *(Q; RY),
<
[ R:[p]llwr2i@) ~ lellwrzire),
divyp =0 = div, R[] =0,

R.[p] = ¢ in L*(Q; R®) as € — 0 for any @ € W;?(Q). (6.8)
There are several constructions of a restriction operator available, see e.g. Allaire [1], Diening et. al
[9], Tartar [46]. Note that these constructions of the restriction operator adapt to the non—periodic

distribution of obstacles in a straightforward manner.
Now, consider a function

Y = R[g]x, x = x(t),x € C(0,T), ¢ € CZ(% R?), divyg = 0.

By virtue of the properties of the restriction operator, the function 1) is an eligible test function
in the weak formulation (5.15). In view of the uniform bounds (6.1), (6.2), we deduce that the
function

e [ [IDXd(t0)- (1D X0 ovett))] - Refelitnxdy, ¢ € 0.7
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has a bounded time derivative in L(0,7T) for some ¢ > 1 uniformly for ¢ — 0.
Next,

e [ (DX (Xdve) |- Refelx) oy = [ ([ (1,Xdve)] - o) (e
D Xa ' Dst € : Rs - ) d )
+ [ ([Dxd- (1D,Xav.)] - (Relel = 0)x) (e
where, by virtue of (6.8) and the bounds (6.1),
[ (2% (D) |- (Refé) = 003 )y = 0 10 L2(0.)
Q
Consequently, using Arzeld—Ascoli theorem and the bounds on D, X, established in (4.8), we obtain
D,X.- (D, X.v.)] - y)d ol (ty)dy| in L=[0,T
oo [ ([ (0xv)] - on) | > e [ x| in 207
for any ¢ € C°(Q; R?), divgp = 0 and x € C>°(0,T) . Finally, using again (4.8), we may infer that
oo [ onditaan] - o [ onlisar] w01 (6.9)
Q Q
for any ¢ € C°(Q2), divg = 0. Consequently for any ¢ € [1,00),

v. = vin LY0,T; L2 .. (5 R?)) = v. — vin L*(0,T; W™ 1%(Q; RY)).

weak

(the last implication is a straightforward modification of Lemma 6.4 in [42]). In the above expres-
sion v. — v in L0, T; L2, (Q; R?)) if for any ¢ € L*(Q)

oo [ vleann] oo [ vl .7

The convergence of v. — v in L*(0,T; W~52(Q; R3)) together with (6.5), yields

T T
/ /\vg|2 dxdt—>/ /]V|2 dz dt
o Ja o Jo

Thus we have proved (6.6).

Finally, observe that the same argument yields also the convergence of the initial values

ug. = v.(0,-) = ug weakly in L*(Q; R%).
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6.3 Time regularization and homogenization

Following the idea of [5] we regularize (5.15) by means of a convolution with a time dependent
families of regularizing kernels {0s}s~0. This means we consider the functions

05(1 — t)p(x), ¢ € Wy (Q; R?), divyp =0, 7€ (6,T —9),

as test functions in (5.15). We denote

[f]a(T,y)=95*f(T,y):/0 Os(1 — 1) f(t,y) dt.

The weak formulation (5.15) gives rise to a family of stationary Stokes problems for any fixed

dand 7 € (0,7):

| Vaidir: 9o dy == [ (DX - (1D, X)) () oy
+ /Q[iis ® Uels 1 Vyd dy + (ge5(7,7); ) (6.10)

for any
¢ € W, ?(Q; R?), divye = 0.

Moreover, in view of the bounds established in (6.2),
g.5(7,-) = 0in W 12(; R?) as ¢ — 0 for any fixed § > 0,7 € (0,7T).

Seeing that the regularized velocity [v.]s still satisfies the boundary conditions (5.7) (with
regularized rigid boundary velocities), we may apply Proposition 3.2 for any fixed 7 > 0. Keeping
d>0and 7€ (0,T) fixed, we let ¢ — 0 in (6.10) obtaining

/V Ve dy = — /at )¢ dy

+ /Q[V ® vl]s(7,:) : Vyo dy + /Q 6mR[v]s(T,-) - ¢ dy dt (6.11)

for any
¢ € W, (Q; R?), div,¢ = 0.

Here we have used the strong convergence of v. (hence also u.) established in (6.6) to pass to the
limit in the quadratic term [u. ® u.|s.

Finally, we let § — 0 in (6.11), and use the identity of the limits u = v established in Section
6.2 to conclude the proof of Theorem 2.3.
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7 A priori estimate of the velocity of small rigid bodies

We prove Proposition 2.8, that implies a control of the velocity of a the rigid bodies using an idea
from [4].

Proof of Proposition 2.8. Suppose that there exists £ > 0 such that for any 0 < e < &

1
sup |h;.(t) —h;.(t)| > €, i # j, dist[h,.(0); 0Q] > 3¢ (7.1)

t€[0,T]

Then for 0 < € < &, we start by recalling a cut—off function introduced in Section 4.

1if0<z< %,
X €CZ0,1), x(z) =4 €[0,1]if 5 <2<,
0if z > 3.
Moreover for z € R?, we define the velocity field
U, _[z](z) = curl, {X (2@) T(z) - z] , (7.2)
/rff
where T is defined in (4.2).
Let v € C°[0,T) and testing (2.24) with
1 T
Yoo = 0, [ JAREGS df} (2 = B,.(1)), (7.3)
e ¢

we deduce
T T
/ (h;,a(t) - h;z,a(o)) : ’Y(t) dt = / / u. - atwn,a + [ua & ue] . wan,a dxdt
0 0 Qe

T
—/ V.. : Vb, . dedt +/ U0 Une(0,.) do.
0 Q&t QO,&

We compute
1
8twn,€(t7$) = - E\Dra [P)/(t)] (l’ - hﬂﬁ(t))

- h;@) v (v | ) |} (e = (o).

We deduce, for a constant C' independent of € and n

3/2 1/2
r T
[0ctone(t, )| 1 0,522(R3y)) < C m 0 +C m 105, Nz 17 er o) (7.4)
&€ €
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and similarly

12
| Vatbne(t, )| oo 0,522 (%) (0,T)- (7.5)
Korn inequality together with the Sobolev inequality imply that
el L2010 0)) < CllDuc||r207522(0)) < C, (7.6)
by the energy estimates. The bounds (7.4)-(7.5)-(7.6) imply
T 32 1/2
/ (b, . (t)=h;, (0)) - () dt < C ( el z2,mizz ) + —— Il Z20,7i25(0)
0 Mme me
12 312
+ \/_ |2 0,7:02(0)) + 7; a0l 220

£

1/2
.
+ = ||Uls||L2(0,T;L2(Q))T|h%,s(0)|> V]2 0,7
me
172
13
+C — ucl| 20,752 0n T, . =, (0|l 2o 0,09 Y]] 21 0,1

Dividing by ||v|[z1(0,r) and taking the sup over all v € C:°[0,T), we deduce

1/2 1/2

In,s - h',n,e<0)||L°°(OvT)'

From hypothesis (2.32), we can absorb the second term of the right hand side and deduce the
desired result.
Similarly for the angular velocity, we consider, for z € R?, a auxiliary function

P, [z](x) = curl, {—x (2m) %4 , (7.7)

£

1 T
e =y, | [ 0) ar] (0= .0 (75)

In the spirit of (7.4) and (7.5), we have

312 172
10en.e(t, )| 10,752 (r3)) nellzromllvllzorn (7.9)
and similarly
i

[V (t, @)oo o mi22(ry)) < C - Y[l 01)- (7.10)
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We deduce that

2re | @) =l 0) 2 (0)

1/2 1/2

.
zcmmmm<; el

/2
e
<Ol luon =

el 220,522 Ty, (0] LOO(O,T)>

8

()

Dividing by ||v|[z1(0,r) and taking the sup over all possible vy, we deduce the result.

We conclude the proof by showing that hypothesis (7.1) holds by contradiction. Suppose by
contradiction that (7.1) does not hold. There exists a sequence £, — 0 such that (7.1) is not
satisfied. By (2.32) there exists k such that for any k > k we have

ril? 1
h < = d LI g 7.11
b O < g and i< (7.11)

Let now ¢ the infimum in [0, 7] such that (7.1) with € = ) does not hold. By continuity of h,, .,
and the fact that N(ex) < oo the infimum is a minimum. In [0, ;) the bound (2.33) holds. We
deduce that

(i, (tr) — hje, ()| = [hye, (0) — Jsk ‘/ ZEk ) dr| = ‘/ Jsk
gk k
22— o g TR T = 7.12
T 8 8 8 25’“ (7.12)

Similarly we have

dist[h,... (£); 99 > dist[hy,., (0): Q] — > Zsk. (7.13)

ti

Then (7.12) and (7.13), contradict that (7.1) does not holds. The proof is then completed.

8 Concluding remarks
The results were stated in the space dimension d = 3. Extension to d = 2 can be done with the
appropriate scaling of the radius r., specifically,

—e%log(r.) — C € (0,00).

The homogenization limit for the stationary Stokes problem stated in Proposition 3.2 can be
extended to the periodic distribution of obstacles by the method of Allaire [1]. Rather general
distribution of obstacles and their radii was considered by Marchenko and Khruslov [40, Chapter
4, Theorem 4.7], cf. also Namlyeyeva et al. [43]. We leave the details to the interested reader.
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