
MULTIFRACTAL FORMALISM FOR LYAPUNOV EXPONENTS

OF FIBER-BUNCHED LINEAR COCYCLES
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Abstract. We develop a higher-dimensional extension of multifractal analysis for typical
fiber-bunched linear cocycles. Our main result is a relative variational principle, which
shows that the topological entropy of Lyapunov exponent level sets can be approximated
by the metric entropy of ergodic measures fully concentrated on those level sets, addressing
a question posed by Breuillard and Sert [17]. We also establish a variational principle for
the generalized singular value function. As an application to dynamically defined linear
cocycles, we obtain a multifractal formalism for open sets of C1+α repellers and Anosov
diffeomorphisms.

1. Introduction

The multifractal formalism in dynamical systems aims to describe the fine structures of
level sets, usually obtained by limit theorems, and has attracted significant interest from the
mathematics and physics communities. The most classic example is the level sets defined
by the convergence of Birkhoff averages, which we now detail. Given a continuous map T
on a compact metric space X and a continuous observable f : X → R, Birkhoff’s ergodic
theorem ensures that sequence

(
1
n

∑n−1
j=0 f(T

j(x))
)
n⩾1

is almost everywhere convergent,

with respect to any T -invariant probability measure. This motivates us to consider the
multifractal decomposition

X =
⋃
α∈R

Ef (α) ∪ If (1.1)

where

Ef (α) =
{
x ∈ X : lim

n→∞

1

n

n−1∑
j=0

f(T j(x)) = α
}

and the set If denotes the irregular set, constituted by points whose Birkhoff averages
do not converge. The complexity of the level sets Ef (α) can be measured in terms of
entropy (see e.g. [15]) or Hausdorff dimension (see e.g. [7]), just to mention a few.
Early contributions on the multifractal analysis can be traced back to Besicovitch and
the global picture is nowadays quite well understood especially in the case of hyperbolic
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and nonuniformly hyperbolic dynamical system and Hölder continuous observables (cf.
[6, 27, 33, 35, 34, 43, 44, 49] and references therein). Moreover, even though the set If is
negligible from the ergodic viewpoint, it can be a Baire generic set with full topological
entropy or full Hausdorff dimension (see e.g. [7, 11, 22], just to mention a few).

The multifractal formalism for Birkhoff averages of vector valued maps over the shift
was initiated in [6, 27], where the authors consider a higher-dimensional version of the
multifractal decomposition (1.1) by studying level sets Ef (α⃗), α⃗ ∈ Rk determined by

the Birkhoff averages of Hölder continuous observables f : X → Rk, k ⩾ 1. A first key
distinction arises between the one-dimensional and higher-dimensional settings, since when
k ⩾ 1, the higher-dimensional spectra may form a non-convex domain and may even have
empty interior (see [6] for more details).

In recent years, motivated by several applications to thermodynamic formalism, dimen-
sion theory, and large deviations, the classical notion of potential in dynamical systems has
been extended to more general frameworks that include sequences of continuous potentials
F = (fn)n⩾1, under mild additivity assumptions. Some contributions on the description of
the complexity of level sets

EF (α) =
{
x ∈ X : lim

n→∞

1

n
fn(x) = α

}
(1.2)

and irregular set IF include [12, 19, 20, 22, 26, 43], with important applications. Among
the more general results, we emphasize that Feng and Huang [28] computed the topolog-
ical entropy of level sets for sequences of vector valued asymptotically additive potentials
(we refer the reader to [28, Theorem 5.2] for the precise statements). Nevertheless, Cuneo
[24] revealed that asymptotically additive sequences of real-valued potentials do not funda-
mentally extend the scope of the theory beyond the standard additive case for continuous
observables.

Lyapunov exponents can be used to quantify the exponential rates of divergence or
convergence of nearby trajectories in smooth dynamical systems. They characterize chaos
and stability through the sensitivity of orbits to initial conditions and are used to study
the statistical properties of dynamical systems in ergodic theory. These exponents arise
from the exponential growth rates in derivative cocycles, which are our primary focus and
belong to the broader class of linear cocycles. For that reason, in this paper we address the
multifractal analysis of Lyapunov exponents for cocycles taking values on the non-abelian
Lie group GL(d,R) and applications to smooth dynamical systems. Given a linear cocycle
A : Σ → GL(d,R) over a two-sided subshift of finite type (Σ, T ), x ∈ X and n ⩾ 1 consider

An(x) := A
(
Tn−1(x)

)
. . .A(x)

and A−n(x) := A(T−n(x))−1A(T−n+1(x))−1 . . . A(T−1(x))−1. For each T -invariant proba-
bility measure µ such that log ∥A±1∥ ∈ L1(µ), Oseledets’ theorem ensures that for µ-almost

every x there exist k(x) ⩾ 1 and an A-invariant splitting Rd = E1
x ⊕ E2

x ⊕ · · · ⊕ E
k(x)
x so

that the Lyapunov exponents are well defined by the limits

λi(A, x) = lim
n→∞

1

n
log ∥An(x)v∥, for every v ∈ Ei

x \ {0} .
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We denote by χ1(A, x) ⩾ χ2(A, x) ⩾ . . . ⩾ χd(A, x) the Lyapunov exponents, counted with
multiplicity, of the cocycle A at x ∈ Σ. Set also χi(µ,A) :=

∫
χi(A, ·)dµ for 1 ⩽ i ⩽ d. We

note that the Lyapunov exponents χi(A, x) can be computed as

χi(A, x) = lim
n→∞

1

n
log σi(An(x))

where σ1, . . . , σd are the singular values, listed in decreasing order according to multiplicity
[32]. The Lyapunov spectrum of the linear cocycle A is the set

L⃗ =

{
α⃗ ∈ Rd : E(α⃗) ̸= ∅

}
(1.3)

where, for each α⃗ := (α1, . . . , αd) ∈ Rd, the α⃗-level set is defined by

E(α⃗) =

{
x ∈ Σ : lim

n→∞

1

n
log σi(An(x)) = αi for every 1 ⩽ i ⩽ d

}
. (1.4)

The level sets in (1.4) are substantially harder to describe than the level sets for the top
Lyapunov exponent of linear cocycles. Indeed, the behavior of the full vector of Lyapunov
exponents for matrix cocycles is much more intricate than that of the top Lyapunov ex-
ponent alone. We refer the reader to [39, 23, 4] for further background and references. To
overcome these difficulties, several works have focused on studying the sets E(α⃗) for matrix
cocycles that satisfy a strong condition called domination. This condition is open but not
generic and, in essence, requires a uniform gap between successive singular values of the
matrices An(x), independent of the base point x and the iterate n (see Subsection 6.1 for
a precise definition). The level sets E(α⃗) have been analyzed for certain restricted classes
of linear cocycles A satisfying additivity-type property, such as domination (see [5, 28]).

First results on the multifractal formalism of the α⃗-level sets for Lyapunov exponents
in (1.4) for generic matrix cocycles have been obtained by the first-named author in the
special case of locally constant linear cocycles [41, 40], where the analysis boils down
to understanding products of matrices. However, these results do not contribute to the
broader goal of describing the multifractal formalism of Lyapunov exponents in smooth
dynamics, as derivative cocycles are rarely locally constant.

We say that a Hölder continuous cocycle A : Σ → GL(d,R) over a topologically mixing
subshift of finite type (Σ, T ) is called fiber bunched if

∥A(x)∥∥A(x)−1∥ < 2α for every x ∈ Σ,

where the factor 2 appears in view of the metric on the shift space. The fiber-bunching
assumption is an open condition in the space of Hölder continuous cocycles, and it roughly
means that the cocycle is nearly conformal.

In this paper, we restrict our attention to an open and dense class of cocycles within
the space of Hölder continuous and fiber-bunched cocycles. More precisely, we consider
the class of typical cocycles - introduced by Bonatti and Viana [14] and Avila and Viana
[1] - which is known to form an open and dense subset within the set of fiber-bunched
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cocycles [1, 14, 45]. We will study the thermodynamic formalism of such cocycles, namely
by describing the topological entropy of Lyapunov level sets.

The multifractal formalism of linear cocycles has been considered before, under some
strong geometric constraints. More precisely, under a domination condition, the Lyapunov
exponents vary smoothly with the cocycle, and the multifractal formalism can be reduced
to that of Birkhoff averages (see e.g. [24, 5, 28, 38, 48] and references therein). In the
absence of a domination condition, the Lyapunov exponents are often discontinuous (cf.
[10]), and there is no reduction of the multifractal formalism for Lyapunov exponents to
the additive framework. Note that typical cocycles need not have a domination condition
(see e.g. [38]). In order to overcome the lack of domination, one of the key novelties of this
paper is the construction of special induced subsystems that resemble the construction of
horseshoes for nonuniformly hyperbolic dynamical systems due to Katok [37].

A similar idea in the context of the higher-dimensional multifractal formalism has been
previously considered by [18, 41, 29], in the setting of locally constant cocycles.

This construction - of independent interest - combined with a relation between the
entropy and the Lyapunov exponents of the original cocycle and the induced cocycle,
allowed us to provide a full characterization of the topological entropy of Lyapunov level
sets. Specifically, we establish a relative variational principle for the topological entropy
of level sets and for the topological pressure of the singular value function, as well as a
relative variational principle for the topological entropy of Lyapunov exponent level sets in
the case of typical cocycles (see Theorems A and B for the precise statements).

One of the key ingredients in the proof is that typical cocycles are simultaneously quasi-
multiplicative (see Proposition 5.4), which enables us to prove the existence of the limit of
the topological pressure associated with the generalized singular value function (see Lemma
5.3).

Considering this class of fiber-bunched linear cocycles offers a significant advantage in
terms of applications. Indeed, if f : M → M is a smooth map or diffeomorphism of a
closed Riemannian manifold M and E ⊂ TM is a Df -invariant sub-bundle, the derivative
map restricted to E is a cocycle generated by the map A(x) = Dxf : Ex → Ef(x). In
the special case that f is uniformly expanding or uniformly hyperbolic such a cocycle can
be modeled by a Hölder continuous cocycle over a subshift of finite type (see Section 8
for details). Hence, building over the results for more general linear cocycles, we derive a
multidimensional multifractal formalism for certain classes of Anosov diffeomorphisms and
repellers (see Theorems C and D for the precise statements).

This paper is organized as follows. Section 2 presents the statement of the main results.
In Section 3, we recall some preliminary results on symbolic dynamics, exterior powers,
and topological entropy of invariant but not necessarily compact sets, and we define fiber
bunched and typical cocycles in Section 4. In Section 5, we show that typical cocycles
are simultaneously quasi-multiplicative and prove the upper bound of Theorem A. We
introduce the concepts of domination and dominated subsystems in detail in Section 6.
The proofs of the main results are presented in Sections 7-9.
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2. Statement of the main results

2.1. Setting. Given a transition matrix Q ∈ Mk×k({0, 1}) the one-sided subshift of finite
type determined by Q is a left shift map T : Σ+

Q → Σ+
Q defined as T (xn)n∈N = (xn+1)n∈N,

acting on the space of sequences

Σ+
Q :=

{
x = (xi)i∈N : xi ∈ {1, ..., k} and Qxi,xi+1 = 1 for all i ∈ N

}
.

Similarly, we define a two-sided subshift of finite type (ΣQ, T ) on the space

ΣQ :=
{
x = (xi)i∈Z : xi ∈ {1, ..., k} and Qxi,xi+1 = 1 for all i ∈ Z

}
.

For notational simplicity, we shall omit the dependence of Q on the space ΣQ and Σ+
Q and

simply write Σ and Σ+, respectively. We denote by Ln the set of all admissible words of
length n of ΣQ and write L =

⋃
n⩾1 Ln. For each I ∈ L let |I| denote the length of the

word I and let

[I] =

{
x ∈ ΣQ : xj = ij for every 0 ⩽ j ⩽ |I| − 1

}
be the cyclinder set in ΣQ determined by I. The case where all entries of the matrix Q are
equal to 1 corresponds to the full shift. We denote by Minv(T ) the space of T -invariant
probability measures.

For any linear cocycle A : Σ → GL(d,R) and I ∈ L, we define

∥A(I)∥ := max
x∈[I]

∥∥∥A[I](x)
∥∥∥ . (2.1)

In order to describe the level sets of Lyapunov exponents for linear cocycles we shall
need a generalization of Falconer’s singular value function. Given A ∈ Md×d(R), Falconer’s
singular value function φs(A) (s ⩾ 0) is defined by

φs(A) =

{
σ1(A) · · ·σk(A)σk+1(A)

s−k, if 0 ⩽ k ⩽ d− 1 and s ∈ [k, k + 1]

det(A)
s
d if s ⩾ d

.

Given a vector q := (q1, q2, . . . , qd) ∈ Rd, we define the generalized singular value function
ψq1,...,qd : Md×d(R) → [0,∞) as

ψq1,...,qd(A) := σ1(A)
q1 · · ·σd(A)qd =

(
d−1∏
i=1

∥∥A∧i∥∥qi−qi+1

)∥∥∥A∧d∥∥∥qd . (2.2)

When s ∈ [0, d], the singular value function φs(A) coincides with the generalized singular
value function ψq1,...,qd(A) where

(q1, . . . , qd) = (1, . . . , 1︸ ︷︷ ︸
m times

, s−m, 0, . . . , 0) and m = ⌊s⌋.

For notational simplicity we shall write ψq(A) := ψq1,...,qd(A) for each A ∈ Md×d(R).
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Remark 2.1. We should notice that even though some similarity between the previous ex-
pressions, Falconer’s singular value function φs(A) is sub-multiplicative whereas the gener-
alized singular value function ψq(A) is neither sub-multiplicative nor supermultiplicative.

The main goal of this paper is to contribute to the multifractal formalism of a wide class
of GL(d,R)-valued and Hölder continuous matrix cocycles over Σ. In [14], Bonatti and
Viana introduced the notion of typical cocycles and showed that the set of typical cocycles
forms an open and dense subset of the space of fiber-bunched Hölder continuous linear
cocycles (see Section 3 for the definitions). Given a cocycle A : Σ → GL(d,R) and q ∈ Rd

we will consider the family of potentials

logΨq(A) :=
(
logψq(An(·))

)
n⩾1

, (2.3)

which is well defined because ψq(An(x)) ⩾ 0 for every x ∈ Σ.

The topological pressure of the generalized singular value potential (2.3) is defined by

P ∗(logΨq(A)) := lim sup
n→∞

1

n
logZn(q), ∀q ∈ Rd, (2.4)

where

Zn(q) :=
∑
I∈Ln

ψq(A(I)) and ψq(A(I)) := max
x∈[I]

ψq(An(x)). (2.5)

The function Zn(q) is often referred to as the partition function. In case A is a typical
cocycle one can replace lim sup by a limit in (2.4) and we denote it by P (T, logΨq(A)) (cf.
Section 5).

2.2. General statements. The first main result guarantees that the topological entropy

of vector-valued Lyapunov exponent spectra (recall that L⃗ stands for the Lyapunov spec-
trum of the linear cocycle (cf. (1.3)), which is closed and convex (cf. [45])) can be computed
using a Legendre-type transform of the topological pressure of the generalized singular value
potential. More precisely:

Theorem A. Let A : Σ → GL(d,R) be a typical cocycle. Then, for each α⃗ ∈ ˚⃗
L,

htop(T,E(α⃗)) = inf
q∈Rd

{
P (T, logΨq(A))− ⟨q, α⃗⟩

}
= sup

{
hν(T ) : ν ∈ Minv(T ), χi(ν,A) = αi, ∀1 ⩽ i ⩽ d

}
.

The relative variational principle in Theorem A provides an affirmative answer to a
problem raised by Breuillard and Sert [17, Problem (7)].

A different problem would be to obtain a variational principle for the topological pressure
function logΨq(A) involving the space of T -invariant probability measures. Variational
principles for sub-additive and for super-additive potentials have been obtained in [20, 21].
However, logΨq(A) is neither sub-additive nor super-additive. In case A is a typical
cocycle and µ ∈ Minv(T ), limn→∞

1
n

∫
logψq(An(x))dµ(x) exists (cf. Remark (6.9)). In
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the following theorem, we overcome the lack of such additive properties for logΨq(A) and
establish the following variational principle.

Theorem B. Let A : Σ → GL(d,R) be a typical cocycle. Then, the following variational
principle holds: for any q ∈ Rd,

P (T, logΨq(A)) = sup

{
hµ(T ) + lim

n→∞

1

n

∫
logψq(An(x)) dµ(x) : µ ∈ Minv(T )

}
.

2.3. Applications to smooth dynamical systems. The previous results have a wide
range of applications. In what follows we shall focus on the multifractal analysis for Anosov
diffeomorphisms. Recall that f is a C1 Anosov diffeomorphism of a closed manifold M if
there exist a Df -invariant splitting TM = Es ⊕ Eu and constants C > 0, ν ∈ (0, 1) such
that ∥∥∥Dxf

n|Es
x

∥∥∥ ⩽ Cνn and
∥∥∥Dxf

−n∣∣
Eu

x

∥∥∥ ⩽ Cνn

for every x ∈ M and n ∈ N. The restrictions of the derivative cocycle of a C1+α Anosov
diffeomorphism to the stable and unstable subbundles can be modeled by a Hölder contin-
uous cocycle over a subshift of finite type. Indeed, for a C1+α Anosov diffeomorphism f ,
the unstable and stable bundles Es and Eu are β-Hölder continuous, for some β ∈ (0, α]
(cf. [30]). Denoting the dimension of the unstable bundle Eu by d, one can realize Df |Eu

as a GL(d,R)-cocycle over a suitable subshift of finite type (Σ, σ). Indeed, the existence
of a Markov partition for f [16] results in a Hölder continuous surjection π : Σ →M such
that f ◦ π = π ◦ σ. By choosing a Markov partition of sufficiently small diameter, one may
assume that the image of each cylinder [j] of Σ, 1 ⩽ j ⩽ q, is contained in an open set on
which Eu is trivializable. For x ∈ [j], we let Lj(x) : Rd → Eu

π(x) be a fixed trivialization

of Eu over π([j]). We define the α-Hölder GL(d,R)-cocycle A over the subshift (Σ, σ) by

A(x) := Lk(σ(x))
−1 ◦Dπ(x)f

∣∣
Eu ◦ Lj(x),whenever σ(x) ∈ [k]. (2.6)

We will say the derivative cocycle Df |Eu is fiber-bunched if there exists N ∈ N such that∥∥∥Dxf
N
∣∣
Eu

x

∥∥∥ · ∥∥∥∥(Dxf
N
∣∣
Eu

x

)−1∥∥∥∥ ·max

{∥∥∥Dxf
N
∣∣
Es

x

∥∥∥β ,∥∥∥∥(Dxf
N
∣∣
Eu

x

)−1∥∥∥∥β
}
< 1. (2.7)

When Df |Eu is fiber-bunched, the canonical stable and unstable holonomies for the cocycle
Df |Eu converge and are β-Hölder continuous (see Subsection 4.2 for the definition of
holonomy maps).

Theorem C. Let f be a transitive C1+α Anosov diffeomorphism of a closed manifold M
such that Df |Eu is fiber-bunched. If Df |Eu is a typical cocycle then

htop(E(α⃗)) = inf
q∈Rd

{
P (f, logΨq(Df |Eu))− ⟨α⃗, q⟩

}
= sup

{
hµ(f) : µ ∈ Minv(f), χi(µ, Df |Eu) = αi for 1 ⩽ i ⩽ d

}
.
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for every α⃗ ∈ L̊.

Some comments are in order. Both the bunching and typicality requirements in Theo-
rem C are C1-open conditions. Moreover, as the bunching condition (2.7) is satisfied by
a C1-open set of C1+α-diffeomorphisms sufficiently C1-close to a C1+α Anosov diffeomor-
phism whose unstable direction is conformal, there exist C1-open sets of C1+α Anosov
diffeomorphisms satisfying the requirements of the theorem.

Our main results also find applications to the Lyapunov multifractal formalism of ex-
panding repellers. Given a d-dimensional Riemannian manifold M and a C1 map h on M ,
a compact h-invariant subset Λ ⊂M is a repeller if

(1) there exists an adapted norm ∥ · ∥ and λ > 1 such that

∥Dxh(v)∥ ⩾ λ∥v∥ for all x ∈ Λ and v ∈ TxM ,

(2) there exists a bounded open neighborhood V of Λ such that

Λ =
{
x ∈ V : hnx ∈ V for all n ⩾ 0

}
.

Given such a repeller Λ and α ∈ (0, 1], we say that h|Λ is α-bunched if∥∥∥(Dxh)
−1
∥∥∥1+α

· ∥Dxh∥ < 1 for all x ∈ Λ.

Remark 2.2. A natural class of α-bunched repellers are small perturbations of conformal
repellers. The 1-bunching assumption for repellers was studied first in [25].

The next theorem provides a variational principle for the entropy of the Lyapunov spec-
trum level sets of most α-bunched repellers. More precisely:

Theorem D. Let M be a Riemannian manifold, r > 1 and h : M → M be a Cr map.
Suppose Λ ⊂ M is an α-bunched repeller defined by h for some α ∈ (0, 1) with r − 1 > α.
Then there exist a C1-neighborhood V1 of h in Cr(M,M) and a C1-open and Cr-dense

subset V2 of V1 such that for every g ∈ V2 and α⃗ ∈ ˚⃗
L,

htop(E(α⃗)) = inf
q∈Rd

{
P (g, logΨq(Dg|Λg

))− ⟨α⃗, q⟩
}

= sup

{
hµ(g) : µ ∈ Minv(g), χi(µ, Dg|Λg

) = αi for 1 ⩽ i ⩽ d

}
.

We observe that the open set V2 in the previous theorem is formed by maps that generate
typical repellers, whose definition will be given in Section 9.

3. Preliminaries

In this section, we shall introduce some terminology and recall some basic concepts
concerning subshifts of finite type, exterior powers, topological pressure and capacity of
sets. The reader familiar with these topics may choose to skip this section, returning to it
if necessary.
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3.1. Subshifts of finite type. Assume that Q ∈ Mk×k({0, 1}) is a transition matrix and
(ΣQ, T ) is the corresponding subshift of finite type. It is well known that the primitivity
of Q (i.e. the existence of an integer n ⩾ 1 such that all the entries of Qn are positive) is
equivalent to the property of the subshift of finite type (ΣQ, T ) to be topologically mixing.
Endow the space Σ = ΣQ with the following metric d: for x = (xi)i∈Z, y = (yi)i∈Z ∈ Σ

d(x, y) = 2− inf {k⩾0: xi ̸= yi for some |i| ⩽ k}, (3.1)

The local stable set at x = (xi)i∈Z is the set W s
loc(x) = {(yn)n∈Z : yn = xn for all n ⩾ 0}

while the local unstable set at x = (xi)i∈Z is defined by W u
loc(x) = {(yn)n∈Z : yn =

xn for all n ⩽ 0}. The global stable (resp. global unstable) set of x ∈ Σ is

W s(x) := {y ∈ Σ : Tny ∈W s
loc(T

n(x)) for some n ⩾ 0} ,
(resp. W u(x) := {y ∈ Σ : Tny ∈W u

loc(T
n(x)) for some n ⩽ 0}).

The two-side subshift of finite type (Σ, T ) equipped with the metric d in (3.1) is a hyperbolic
homeomorphism (see [2, Subsection 2.3] for more details) and, in particular, it has a local
product structure defined by

[x, y] :=W u
loc(x) ∩W s

loc(y) (3.2)

for any x = (xi)i∈Z, y = (yi)i∈Z ∈ Σ so that x0 = y0.

3.2. Multilinear algebra. Given A ∈ GL(d,R) and an integer 1 ⩽ l ⩽ d recall that the
lth exterior power of A is the invertible linear map A∧l : ∧lRd → ∧lRd satisfying

A∧l(ei1 ∧ ei2 ∧ ... ∧ eil) = Aei1 ∧Aei2 ∧ ... ∧Aeil ,
where ei’s are the standard vectors in the classical orthonormal basis of Rd. The linear
map A∧l can be represented by a

(
d
l

)
×
(
d
l

)
real valued matrix whose entries are the l × l

minors of A (see e.g. [31]). In particular, for each 1 ⩽ l ⩽ d, the matrix A∧l has

dℓ :=

(
d

l

)
(3.3)

generalized eigenvalues. It can also be shown that

(AB)∧l = A∧lB∧l and ∥A∧l∥ = σ1(A) . . . σl(A), (3.4)

where σ1, ..., σd are the singular values of the matrix A. The right hand-side in (3.4) is
extremely useful and allows to relate the potential logΨq(A(·)) with singular values and
products of norms of exterior powers.

3.3. Sequences of potentials. Let T : X → X be a continuous map an let Φ = {ϕn}n⩾1

be a sequence of continuous potentials ϕn : X → R. The sequence Φ is additive (with
respect to T ) if ϕn+m(x) = ϕn(x) + ϕm(Tn(x)) for every m,n ⩾ 1 and every x ∈ X. If
this is the case, a simple computation shows that ϕn =

∑n
j=1 ϕ1 ◦ T j for every n ⩾ 1. The

sequence of potentials Φ = {ϕn}n⩾1 is sub-additive (with respect to T ) if

ϕn+m(x) ⩽ ϕn(x) + ϕm(Tn(x)) ∀x ∈ X, ∀m,n ⩾ 1,

and it is called super-additive if −Φ = {−ϕn}n⩾1 is sub-additive.
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Finally, the sequence Φ = {ϕn}n⩾1 is said to be an almost additive (with respect to T )
if there exists a constant C > 0 such that for any m,n ⩾ 1, x ∈ X, we have

ϕn(x) + ϕm(Tn)(x)− C ⩽ ϕn+m(x) ⩽ ϕn(x) + ϕm(Tn(x)) + C.

3.4. Topological pressure and entropy. In the context of matrix cocycles it appears
naturally some sequences of sub-additive real valued cocycles. In what follows we recall
some notions from the thermodynamic formalism of non-additive sequences of potentials,
including notions of entropy and pressure using Caratheodory structures.

3.4.1. Topological pressure. Let (X, d) be a compact metric space and T : X → X be a
continuous map. For any n ∈ N, we define a metric dn on X by

dn(x, y) = max
{
d(T k(x), T k(y)) : 0 ⩽ k ⩽ n− 1

}
. (3.5)

Given ε > 0 we say that E ⊂ X is an (n, ε)-separated subset if dn(x, y) ⩾ ε for any two
points x ̸= y ∈ E.

Let Φ = {ϕn}∞n=1 be a sub-additive potential over (X,T ). Given ε > 0 and n ⩾ 1 define

Pn(T,Φ, ε) = sup

{∑
x∈E

eϕn(x) : E is (n, ε)-separated subset of X

}
.

The topological pressure of Φ is defined by

P (T,Φ) = lim
ε→0

lim sup
n→+∞

1

n
logPn(T,Φ, ε), (3.6)

where the limit in ε exists by monotonicity. In [20], Cao, Feng and Huang established
a variational principle for the topological pressure of sub-additive families of continuous
potentials:

P (T,Φ) = sup

{
hµ(T ) + χ(µ,Φ) : µ ∈ Minv(T )

}
, (3.7)

where hµ(T ) is the measure-theoretic entropy and

χ(µ,Φ) := lim
n→∞

1

n

∫
ϕn(x)dµ(x). (3.8)

Any invariant measure µ ∈ Minv(T ) achieving the supremum in (3.7) is called an equilib-
rium state of Φ.

Remark 3.1. By upper semi-continuity of the functional (3.8) with respect to µ, in the
weak+ topology, one concludes that if the entropy map µ 7→ hµ(T ) is upper semi-continuous
(e.g. in case T is a subshift of finite type) then there exists at least one equilibrium state
for each sub-additive family of continuous potentials Φ.

Remark 3.2. If (Σ, T ) is a subshift of finite type endowed with the metric d defined in (3.1)
then T is an expansive map with expansivity constant 1, meaning that for any x ̸= y ∈ Σ
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there exists n ∈ Z so d(Tn(x), Tn(y)) ⩾ 1. In particular the pressure P (T,Φ) coincides
with

P ∗(Φ) = lim sup
n→∞

1

n
log sup

{∑
x∈E

eϕn(x) : E is (n, 1)-separated subset of Σ

}
,

meaning that one can drop the limit in ε from the definition of the pressure (3.6) (see e.g.
[50]).

3.4.2. Topological entropy of subsets. Let T be a continuous map on a compact metric
space X. For any n ∈ N and ε > 0 we define Bowen ball Bn(x, ε) as follows:

Bn(x, ε) =
{
y ∈ X : dn(x, y) < ε

}
,

where dn is the metric defined in (3.5).
Fix a subset Y ⊂ X and ε > 0. We define a covering of Y as a countable collection

of dynamic balls Y := {Bni (yi, ε)}i such that Y ⊂
⋃

iBni (yi, ε). Given a collection
Y = {Bni (yi, ε)}i, we define n(Y) as the minimum value of ni among all indices i. Let
s ⩾ 0 and define

S(Y, s,N, ε) = inf
∑
i

e−sni ,

where the infimum is taken over all collections Y = {Bni(xi, ε)}i that cover Y and satisfy
n(Y) ⩾ N . As S(Y, s,N, ε) is non-decreasing with respect to N , the limit S(Y, s,N, ε)
exists

S(Y, s, ε) := lim
N→∞

S(Y, s,N, ε).

There is a critical value of the parameter s, which we denote by htop(T, Y, ε) such that

S(Y, s, ε) =

{
0, s > htop(T, Y, ε),
∞, s < htop(T, Y, ε).

Since htop(T, Y, ε) does not decrease with ε, the following limit exists,

htop(T, Y ) = lim
ε→0

htop(T, Y, ε). (3.9)

We say that htop(T, Y ) is the topological entropy of T at Y (we shall denote it simply by
htop(Y ) for notational simplicity). We denote htop(X,T ) = htop(T ) (see e.g. [47]). Again,
in case T is subshift of finite type it is enough to take ε = 1 above.

4. Bunching and typicality for linear cocycles

Through this section, we will set some notation, collect some necessary results on the
existence of holonomies for fiber-bunched cocycles, and define a notion of typicality for
linear cocycles. We will always assume that T : Σ → Σ is a topologically mixing subshift
of finite type, where Σ ⊂ {1, 2, . . . , k}Z is the symbolic space, endowed with the metric d
defined in (3.1), and T (xn)n∈Z = (xn+1)n∈Z for any (xn)n∈Z ∈ Σ.
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4.1. One-step cocycles. The simplest example of a linear cocycles A : Σ → GL(d,R) is
a Locally constant one, meaning that for each x ∈ Σ there exists an open neighborhood
Vx ⊂ Σ of x such that A(y) = A(x) for every y ∈ Vx.

A simple class of such linear cocycles are the so-called one-step cocycles defined as
follows. Given a k-tuple of matrices A = (A1, . . . , Ak) ∈ GL(d,R)k , we associate with it
the locally constant map A : Σ → GL(d,R) given by A(x) = Ax0 . This means the matrix
cocycle A depends only on the zero-th symbol x0 of (xl)l∈Z. It is clear that

An(x) = Axn−1 · · · · ·Ax1 ·Ax0

for any x = (xn)n∈Z ∈ Σ, and it models a random product of the finite collection of
matrices.

4.2. Fiber bunching and holonomies. Given α > 0, a linear cocycle A : Σ → GL(d,R)
over a topologically mixing subshift of finite type (Σ, T ) is α-Hölder continuous function if
there exists C > 0 such that

∥A(x)−A(y)∥ ⩽ Cd(x, y)α ∀x, y ∈ Σ. (4.1)

We denote by Cα(Σ, GL(d,R)) the vector space of α-Hölder continuous cocycles over the
topologically mixing subshift of finite type (Σ, T ).

The action of a cocycle A can be observed by the skew-product F : X × Rk → X × Rk

given by

F (x, v) = (T (x),A(x)v), (x, v) ∈ X × Rk, (4.2)

as the n-th iterate of F is Fn(x, v) = (Tn(x),An(x)v), for each n ⩾ 1. We say that the
cocycle A ∈ Cα(Σ, GL(d,R)) over T is fiber bunched if

∥A(x)∥∥A(x)−1∥ < 2α for every x ∈ Σ (4.3)

(note that the constant 2 appearing above comes from (3.1)). In rough terms, the fiber-
bunching condition ensures the skew-product F in (4.2) is partially hyperbolic (see [14]
for more details). Let Cα

b (Σ, GL(d,R)) denote the space of α-Holder continuous and
fiber-bunched cocycles over T , and note that Cα

b (Σ, GL(d,R)) is a C0-open subset of
Cα(Σ, GL(d,R)).

Definition 4.1. Given A ∈ Cα(Σ, GL(d,R)), x ∈ Σ and y ∈ W s
loc(x) the local stable

holonomy Hs
y←x ∈ GL(d,R) is defined by the limit (in case the limit exists)

Hs
y←x := lim

n→+∞
An(y)−1An(x).

Similarly, the local unstable holonomy Hu
y←x is likewise defined as (in case the limit exists)

Hu
y←x := lim

n→−∞
An(y)−1An(x)

for any x ∈ Σ and y ∈W u
loc(x).
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Some comments are in order. First, even though the stable and unstable holonomies
depend on the linear cocycle A, we shall omit its dependence on A whenever possible, for
notational simplicity. Second, it follows from [14] that stable and unstable holonomies exist
for fiber-bunched linear cocycles, that stable holonomies satisfy

a) Hs
x←x = Id and Hs

z←y ◦Hs
y←x = Hs

z←x for any z, y ∈W s
loc(x).

b) A(y) ◦Hs
y←x = Hs

T (y)←T (x) ◦ A(x).

c) (x, y, v) 7→ Hs
y←x(v) is continuous.

and similar properties hold for unstable holonomies (with s and T replaced by u and T−1,
respectively). Third, one can use item b) above to extend the definition to the global stable
holonomy Hs

y←x for y ∈W s(x) not necessarily in W s
loc(x):

Hs
y←x = An(y)−1 ◦Hs

Tn(y)←Tn(x) ◦ A
n(x), (4.4)

where n ∈ N is large enough such that Tn(y) ∈W s
loc(T

n(x)) (the global unstable holonomy
can be defined similarly). Finally, the canonical holonomies vary α-Hölder continuously
(see [36]), which means that there exists a constant C > 0 such that

d) ∥Hs
y←x − I∥ ⩽ Cd(x, y)α for every y ∈ W s

loc(x) (and an analogous statement for
unstable holonomies).

Remark 4.2. It is worth mentioning that stable and unstable holonomies always exist for
one-step cocycles (see [14, Proposition 1.2] and [38, Remark 1]).

In the remainder of this subsection, we will introduce one of the key objects to be used
in this paper. Assume that x, y ∈ Σ, x′ ∈ W u

loc (x), and y
′ := Tn(x′) ∈ W s

loc (y) for some
n ∈ N. We can describe these points as forming a path from x to y via x′ and y′, which
can be represented as:

x
Wu

loc (x)
−→ x′

Tn

−→ y′
W s

loc (y)
−→ y (4.5)

(see Figure 4.1 below). To such a path and a linear cocycle A : Σ → GL(d,R) that admits
canonical holonomies, one associates the matrix

Bx,x′,y′,y := Hs
y←y′An

(
x′
)
Hu

x′←x. (4.6)

When the context is clear, we will simply use the terminology “path from x to y” while
referring to Bx,y.

4.3. Typical cocycles. Let T : Σ → Σ be a topologically mixing subshift of finite type.
Suppose that p ∈ Σ is a periodic point of T . We say z ∈ Σ \ {p} is a homoclinic point
associated to p if z ∈ W s(p) ∩W u(p). We denote the set of all homoclinic points of p by
H(p). For each z ∈W s

loc(p) ∩W u
loc(p) consider the matrix

H̃z
p := Hs

p←z ◦Hu
z←p (4.7)

associated to the homoclinic loop. Such matrices have been used in a crucial way to prove
simplicity of the Lyapunov spectrum for typical fiber-bunched linear cocycles (cf. [14]). In
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Figure 4.1. Path from x to y as in (4.5).

general, given z ∈ H(p), up to replacing z by some backward iterate, we may suppose that
z ∈W u

loc(p) and T
n(z) ∈W s

loc(p) for some n ⩾ 1. Then, using (4.4), one defines

H̃z
p = A−n(p) ◦Hs

p←Tn(z) ◦ A
n(z) ◦Hu

z←p. (4.8)

Definition 4.3. Suppose that A ∈ Cα
b (Σ, GL(d,R)). We say that A is 1-typical with

respect to a pair (p, z), where p is a periodic point for T and z ∈ H(p) if:

(i) (pinching) the eigenvalues of Aper(p)(p) have multiplicity 1 and distinct absolute
value,

(ii) (twisting) the eigenvectors {v1, . . . , vd} of Aper(p)(p) are such that, for any I, J ⊂
{1, . . . , d} with |I|+ |J | ⩽ d, the set of vectors{

H̃z
p (vi) : i ∈ I

}
∪ {vj : j ∈ J}

is linearly independent.

Definition 4.4. We say A ∈ Cα
b (Σ, GL(d,R)) is typical if A∧t is 1-typical with respect to

the same pair (p, z) for all 1 ⩽ t ⩽ d− 1.

Remark 4.5. For simplicity, we will always assume that p in Definition 4.3 is a fixed point
by considering the map T per(p) and the cocycle Aper(p) if necessary (this is possible because
powers of typical cocycles are typical). Moreover, for any homoclinic point z ∈ H(p), Tn(z)
is a homoclinic point of p for any n ∈ Z.

Remark 4.6. The definition of typical cocycles described above is slightly stronger than
the notion of typical cocycles introduced by Bonatti and Viana [14]. In their definition,
they only require 1-typicality of A∧t for 1 ⩽ t ⩽ d/2, and they do not require the pair
(p, z) to be independent of t. Although our version of typicality is slightly more demanding



MULTIFRACTAL FORMALISM FOR LYAPUNOV EXPONENTS 15

than the one in [14], a minor modification of their arguments shows that the set of typical
cocycles remains open and dense (see e.g. [45, Remark 2.11] or [46, page 1962]).

4.4. Bounded distortion. We say that a family of continuous sub-additive real-valued
potentials Φ := {ϕn}∞n=1 over (Σ, T ) has bounded distortion if there exists C ⩾ 1 such that

C−1 ⩽
exp(ϕn(x))

exp(ϕn(y))
⩽ C (4.9)

for any x, y ∈ [I], every I ∈ Ln and every n ∈ N. Simple examples of sub-additive
potentials with bounded distortion are given by singular value potentials φs(A) of one-step
GL(d,R)-cocycles A, where φs(An(x)) = φs(An(y)) for any x, y ∈ [I].

5. Upper bound on the entropy of level sets

This section is devoted to the proof of the upper bound in the variational principle stated
in Theorem A. More precisely, in this section we shall prove the following:

Theorem 5.1. If A : Σ → GL(d,R) is a typical cocycle then, for each α⃗ ∈ ˚⃗
L,

htop(T,E(α⃗)) ⩽ inf
q∈Rk

{
P (T, logΨq(A))− ⟨q, α⃗⟩

}
. (5.1)

The proof of this theorem will occupy the remainder of this section. To this end, we will
start by proving that the pressure function P ∗ (logΨq(A)), defined by a lim sup in (2.4),
can be expressed as a limit in case of typical cocycles. Let us first recall some necessary
concepts. For any A : Σ → GL(d,R) and I ∈ L, recall that

∥A(I)∥ = max
x∈[I]

∥A|I|(x)∥ and ψq(A(I)) = max
x∈[I]

ψq(A|I|(x)).

Similarly, if Vt := Rdt , where dt =

(
d
t

)
, and At := A∧t : Σ → GL(Vt) is the t

th-exterior

power, for each 1 ⩽ t ⩽ d− 1, one defines

∥At(I)∥ := max
x∈[I]

∥∥∥A|I|t (x)
∥∥∥ and ψq(At(I)) := max

x∈[I]
ψq(A|I|t (x)). (5.2)

We say that a fiber bunched linear cocycle A : Σ → GL(d,R) is simultaneously quasi-
multiplicative if there exist c > 0 and k ∈ N such that for all I, J ∈ L, there is K =
K(I, J) ∈ Lk such that IKJ ∈ L and

∥A∧i(IKJ)∥ ⩾ c∥A∧i(I)∥∥A∧i(J)∥, for every 1 ⩽ i ⩽ d− 1. (5.3)

Remark 5.2. If A : Σ → GL(d,R) is a Hölder continuous and fiber-bunched cocycle over
a topologically mixing subshift of finite type (Σ, T ) then the sub-additive sequence of
potentials {log ∥An

t ∥}∞n=1 satisfies the bounded distortion property (4.9) for every 1 ⩽ t ⩽
d− 1 as a consequence of [45, Lemma 3.10].

The next lemma ensures that the simultaneous quasi-multiplicativity condition is itself
sufficient to guarantee that the pressure function is computed as a limit.
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Lemma 5.3. Assume that a fiber bunched cocycle A : Σ → GL(d,R) is simultaneously
quasi-multiplicative. Then the sequence in the definition of P ∗(T, logΨq(A)) is convergent,
for any q ∈ Rd.

Proof. By the simultaneous quasi-multiplicativity property of A, there exist c > 0 and
k ∈ N such that for all m,n > k, I ∈ Ln and J ∈ Lm, there is K ∈ Lk such that IKJ ∈ L
and ∥A∧i(IKJ)∥ ⩾ c∥A∧i(I)∥∥A∧i(J)∥, for each 1 ⩽ i ⩽ d− 1. Now, by definition of the
generalized singular value function (2.2) and the bounded distortion property (see Remark
5.2), for any q = (q1, . . . , qd) ∈ Rd there exists c0 > 0 such that

c−10

d∏
i=1

∥A∧i(IKJ)∥ti ⩾ ψq(A(IKJ)) ⩾ c0

d∏
i=1

∥A∧i(IKJ)∥ti︸ ︷︷ ︸
(⋆)

, (5.4)

where ti = qi − qi+1, and qd+1 = 0 for 1 ⩽ i ⩽ d. If ti < 0, then by sub-multiplicativity of
the norm of the cocycle A∧i, there is C0 > 0 (depending only on A) such that

∥A∧i(IKJ)∥ti ⩾ Cti
0 ∥A

∧i(I)∥ti∥A∧i(J)∥ti . (5.5)

If ti ⩾ 0, the simultaneous quasi-multiplicativity of A, ensures that

∥A∧i(IKJ)∥ti ⩾ cti∥A∧i(I)∥ti∥A∧i(J)∥ti . (5.6)

Altogether, Remark 5.2 and equations (5.5) and (5.6) imply that

(⋆) ⩾ C1

d∏
i=1

∥A∧i(I)∥ti
d∏

i=1

∥A∧i(J)∥ti ,

where C1 := C1(c0, C
ti , cti , Cti

0 ) > 0. The latter, combined with (2.5) and (5.4), guarantees
that ψq(A(IKJ)) ⩾ C2 ψ

q(A(I)) ψq(A(J)) where C2 := c0C1 > 0 and, consequently,

Zn+k+m(q) ⩾ C2Zn(q)Zm(q).

Hence the sequence an := logZn(q) + logC2 satisfies an+m+k ⩾ an + am for all m,n > k.
The convergence of the sequence (ann )n⩾1 follows as in the proof of Fekete’s lemma (cf.
[16]). This completes the proof of the lemma.

□

Now, consider the potential ΦA : Σ → Rd defined by

ΦA := (log σ1(A), . . . , log σd(A)) ,

and note that, denoting by ⟨·, ·⟩ the usual inner product on Rd, one has that

⟨q,ΦA⟩ = logΨq(A) for every q ∈ Rd.

We denote

Pn(T, ⟨q,ΦA⟩, 1) := sup

{∑
x∈E

ψq(An(x)) : E is (n, 1)-separated subset of Σ

}
. (5.7)
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According to Lemma 5.3,

P (T, logΨq(A)) = P (T, ⟨q,ΦA⟩) = lim
n→∞

1

n
logPn(T, ⟨q,ΦA⟩, 1).

In [45, Theorem 4.1], Park proved that typical cocycles satisfy a weaker notion of si-
multaneous quasi-multiplicativity, defined in a way that the connecting word K appearing
in (5.3) is bounded. We need the following strengthened version.

Proposition 5.4. Let A : Σ → GL(d,R) be a typical cocycle. Then A : Σ → GL(d,R) is
simultaneously quasi-multiplicative.

Proof. The proof of the proposition is inspired by the proof of Theorem 4.1 in [45], where
it is shown that if A : Σ → GL(d,R) is a typical cocycle then there exist c > 0 and k ∈ N
such that for all I, J ∈ L, there is K = K(I, J) ∈ L with |K| ⩽ k such that IKJ ∈ L and

∥A∧i(IKJ)∥ ⩾ c∥A∧i(I)∥∥A∧i(J)∥, for every 1 ⩽ i ⩽ d− 1. (5.8)

To prove the proposition one needs to show that (5.8) holds with words K of constant
length k, that is with words in Lk. We start by noticing that, if ℓ0 ⩾ 1 is the integer given
by [45, Lemma 4.13], for any ℓ ⩾ ℓ0 the transition word K = K(I, J) can be chosen such
that

|K(I, J)| = 2m+ 2τ̄ + n+ n̂+ 2ℓ (5.9)

where m = m(I, J), n = n(I, J) and n̂ = n̂(I, J) are constants determined by invariance
of cones (see Lemmas 4.22 and 4.12 in [45]) and τ̄ is a constant given by primitivity of the
subshift of finite type, all of them independent of ℓ. In particular, there exists C ⩾ 1 so
that |K(I, J)| ⩽ C + 2ℓ (cf. [45, page 1983]).

We now show that the length of the connecting wordsK ∈ L above can be chosen uniform
we use the same notations as in [45], for the reader’s convenience. Fix k0 = C+3ℓ0. Given
I, J ∈ L choose

ℓ(I, J) =
1

2
[C + 3ℓ0 − 2m(I, J)− 2τ̄ − n(I, J)− n̂(I, J)]

which, by construction, satisfies ℓ(I, J) ⩾ 3
2ℓ0. The argument described above guarantees

that there exists K = K(I, J) ∈ L satisfying equations (5.8) and (5.9) with ℓ = ℓ(I, J),
hence |K(I, J)| = k0. This completes the proof of the proposition.

□

Remark 5.5. The lack of control over the length of the connecting word K in quasi-
multiplicativity is a limitation when studying important applications (cf. [3, 42]). Propo-
sition 5.4 is the first result extending it beyond one-step cocycles. Indeed, Bárány and
Troscheit [3, Proposition 2.5] proved that if a one-step cocycle A is fully strongly irreducible
and proximal, then A is simultaneously quasi-multiplicative. Recently, Mohammadpour
and Park [42] generalized their result for the norm of linear cocycles under the ireducibility
assumption (see [42, Corollary 1.2]).
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Given a fiber bunched linear cocycle A : Σ → GL(d,R), α⃗ = (α1, . . . , αd) ∈
˚⃗
L and r > 0,

consider the set

G(α⃗, n, r) :=

{
x ∈ Σ :

∣∣∣∣ 1m log σi(Am(x))− αi

∣∣∣∣ < 1

r
for all 1 ⩽ i ⩽ d and m ⩾ n

}
. (5.10)

It is clear from the definition that, for any r > 0,

E(α⃗) ⊂
∞⋃
n=1

G(α⃗, n, r).

Lemma 5.6. Assume that A : Σ → GL(d,R) is fiber bunched and simultaneously quasi-

multiplicative, and that G(α⃗, n, r) ̸= ∅ for some α ∈ ˚⃗
L. Then, for any q = (q1, · · · , qd) ∈ Rd,

htop
(
T,G(α⃗, n, r)

)
⩽ P (T, logΨq(A))−

d∑
i=1

(
αiqi −

|qi|
r

)
.

Proof. Since T is a subshift of finite type, htop
(
T,G(α⃗, n, r)

)
= htop

(
T,G(α⃗, n, r), 1

)
(recall Subsection 3.4.2). Thus, if s < htop

(
T,G(α⃗, n, r)

)
then

∞ = S(G(α⃗, n, r), s, 1) = lim
N→∞

S(G(α⃗, n, r), s,N, 1)

and there exists N0 ⩾ 1 such that

S(G(α⃗, n, r), s,N, 1) ⩾ 1, ∀N ⩾ N0.

Now take N ⩾ max {n,N0} and let E ⊂ G(α⃗, n, r) be a (N, 1)-separated subset of maximal
cardinality. As G(α⃗, n, r) ⊂

⋃
x∈E BN (x, 1), it follows that

#E · exp(−sN) ⩾ S(G(α⃗, n, r), s,N, 1) ⩾ 1. (5.11)

Moreover, recalling (5.10), if x ∈ G(α⃗, n, r) then

d∑
i=1

qi log σi
(
AN (x)

)
⩾ N ·

d∑
i=1

(
αiqi −

|qi|
r

)
for each q ∈ Rd. Therefore, recalling (5.7),

PN (T, ⟨q,ΦA⟩, 1) ⩾
∑
x∈E

exp

(
d∑

i=1

qi log σi(AN (x))

)

⩾ #E · exp

(
N ·

d∑
i=1

(
αiqi −

|qi|
r

))
.

By (5.11) and Lemma 5.3

PN (T, ⟨q,ΦA⟩, 1) ⩾ exp

(
N

[
s+

d∑
i=1

(
αiqi −

|qi|
r

)])



MULTIFRACTAL FORMALISM FOR LYAPUNOV EXPONENTS 19

In consequence,

P (T, logΨq(A)) = P (T, ⟨q,ΦA⟩) ⩾ s+
d∑

i=1

(
αiqi −

|qi|
r

)
.

Since s < htop
(
T,G(α⃗, n, r)

)
was chosen arbitrary, this finishes the proof of the lemma. □

As a consequence, we obtain the following:

Corollary 5.7. Assume A : Σ → GL(d,R) is a typical cocycle. For any α⃗ ∈ ˚⃗
L, suppose

that
⋃
|β⃗−α⃗|<ε

E(β⃗) ̸= ∅, for some ε > 0. Then, for any q = (q1, · · · , qd) ∈ Rd and r < 1
ε ,

htop

T, ⋃
|β⃗−α⃗|<ε

E(β⃗)

 ⩽ P (T, logΨq(A))−
d∑

i=1

(
αiqi −

|qi|
r

)
.

Proof. By Proposition 5.4, the cocycle A is simultaneously quasi-multiplicative. Moreover,
for each r < 1

ε , one has
⋃
|β⃗−α⃗|<ε

E(α⃗) ⊂
⋃∞

n=1G(α⃗, n, r) and, consequently,

htop

T, ⋃
|β⃗−α⃗|<ε

E(α⃗)

 ⩽ htop

(
T,
∞⋃
n=1

G(α⃗, n, r)

)
= sup

n⩾1
htop(T,G(α⃗, n, r)).

The corollary follows directly from the above and the statement of Lemma 5.6. □

Proof of Theorem 5.1. Given a typical cocycle A : Σ → GL(d,R) the inequality (5.1) is a
direct consequence of Proposition 5.4 combined with Lemma 5.6. □

6. Dominated subsystems

The idea to obtain a lower bound for the entropy of Lyapunov level sets involves the
obtainance of dominated subsystems from the original cocycle, as defined below.

6.1. Construction of induced dominated subsystems.

Definition 6.1. Let X be a metric space. We say that a linear cocycle A : X → GL(d,R)
is dominated with index i if there exist constants C > 1, 0 < τ < 1 such that

σi+1(An(x))

σi(An(x))
⩽ Cτn, ∀n ∈ N, x ∈ X.

Moreover, the cocycle A is dominated if it is dominated with index i for all 1 ⩽ i ⩽ d− 1.

In the case that X is compact, Bochi and Gourmelon [8, Theorem A] proved that the
latter notion of the domination of index i is equivalent to the original definition of a
dominated splitting requiring an A-invariant splitting X × Rd = V ⊕W with dimW = i
and such that there exists k ⩾ 1 for which ∥Ak(x) |Vx ∥ ⩽ 1

2∥(A
k(x) |Wx)

−1∥−1 for every
x ∈ X (cf. [30]).



MULTIFRACTAL FORMALISM FOR LYAPUNOV EXPONENTS 20

Remark 6.2. According to the multilinear algebra properties, A is dominated with index i
if and only if A∧i is dominated with index 1. Therefore, the cocycle A is dominated if and
only if A∧i is dominated with index i for any 1 ⩽ i ⩽ d− 1.

We recall that Vt = Rdt , where dt =
(
d
t

)
and denote by P(Vt) its projective space.

We define the angular metric ρ on Pd−1 by ρ(u, v) := min{∡(u, v),∡(u,−v)}, for every
u, v ∈ Pd−1. Given any set S ⊆ Pd−1 and δ > 0, we denote the δ-neighborhood of S by

C(S, δ) :=
{
v ∈ Pd−1 : ρ(v, S) ⩽ δ

}
.

Let C̊(v, ε) denote the interior of the cone C(v, ε). For any A ∈ GL(d,R), we define

∥A∥ρ := sup
u ̸=v

ρ(Au,Av)

ρ(u, v)
.

Given a typical cocycle A and 1 ⩽ t ⩽ d− 1, for notational simplicity we shall write

Hs,t := (Hs)∧t and Hu,t := (Hu)∧t

for the stable and unstable holonomies of At, respectively (here Hs and Hu are stable and
unstable canonical holonomies of A, respectively).

In what follows we say that p = (p, x, σn(x), y) is a path (of length n) starting at a
periodic point p provided that x ∈W u

loc(p) and that σn(x) ∈W s
loc(y). In case y = p we say

that p is a loop starting at p.

A fiber-bunched cocycle A is called transverse if for any x, y ∈ Σ, any vector v ∈ Rd\{⃗0}
and any hyperplane W ⊂ Rd, there exists a path Bx,y from x to y such that Bx,yv /∈ W .

By the compactness of Σ and Pd−1, every transverse fiber-bunched cocycle is uniformly
transverse: there exist ε > 0 and N ∈ N such that the path Bx,y can be chosen to have its
length at most N and that

Bx,yv /∈ C(W, ε).

Theorem 6.3. Let A ∈ Cα
b (Σ,GL(d,R)) be typical with respect to a pair (p, z), where p

is a fixed point for T and z is an homoclinic point. There exists τ ′ > 0 so that, for any
τ1 ⩽ τ ′, τ2 > 0, the following holds: there exists K0 ∈ N such that for any x ∈ Σ and n ∈ N,
there exists ω := ωx ∈ Σ and integers m1 := m1(ω) ⩾ 1 and m2 := m2(ω) ⩾ 1 satisfying

(1) ω := ωx ∈W u
loc(p), T

m1(ω) ∈ [x]n, and T
m1+n+m2(ω) ∈W s

loc(p);
(2) the cocycle over the loop p = (p, ω, Tm1+n+m2(ω), p) defined by

Bt
p,ω,Tm1+n+m2 (ω),p := Hs,t

p←−Tm1+n+m2 (ω)
Am1+n+m2

t (ω)Hu,t
ω←−p (6.1)

satisfies

Bt
p,ω,Tm1+n+m2 (ω),pC(v

t
1, τ1) ⊂ C̊(vt1, τ2) (6.2)

for all t ∈ {1, . . . , d− 1}, where vt1 is the eigendirection At(p) corresponding to the
eigenvalue of the largest modulus; and

(3) 1 ⩽ mi ⩽ K0, for i = 1, 2.
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Proof. By assumption, the cocycle At : Σ → GL(Vt) is 1-typical cocycle with respect to
the distinguished fixed point p and its homoclinic point z, for all 1 ⩽ t ⩽ d− 1. Since the
argument resembles the construction in the proof of [46, Theorem 4.6], we just sketch the
proof. Let Vt be a real vector space of dimension dt ∈ N equipped with an inner product.

Assume, without loss of generality, that p ∈ Σ is a fixed point and that the homoclinic
point z ∈ H(p) lies in W u

loc (p). Let x ∈ Σ and n ∈ N be given. We denote the eigenvectors

of Pt := At(p) by
{
v
(t)
1 , . . . , v

(t)
dt

}
, listed in the order of decreasing absolute values for their

corresponding eigenvalues and consider the hyperplanes

W(t)
i := span

{
v
(t)
1 , . . . , v

(t)
i−1, v

(t)
i+1, . . . , v

(t)
dt

}
⊂ Vt.

The twisting assumption on the holonomy loop H̃t := H̃∧t
z

p (recall Definition 4.3) ensures

that all coefficients c
(t)
i,j in the linear combination

H̃tv
(t)
i =

dt∑
j=1

c
(t)
i,jv

(t)
j

are nonzero for any 1 ⩽ i, j ⩽ dt. In particular, by compactness of P(Vt) we can choose

δt > 0 depending only on At such that the projectivized matrix Ht := P(H̃t) satisfies

Ht

(
dt⋃
i=1

C
(
v
(t)
i , δt

))
⊆

(
dt⋃
i=1

C
(
W

(t)
i , δt

))c

where W
(t)
i := P

(
W(t)

i

)
. Set δ := min1⩽t⩽κ δt. The pinching assumption on Pt (cf.

Definition 4.3) ensures that, for any ε > 0, there exists ℓt(ε) ⩾ 1 such that

Pℓ
tHt

(
dt⋃
i=1

C
(
v
(t)
i , δ

))
⊆ C

(
v
(t)
1 , ε

)
(6.3)

holds for every 1 ⩽ t ⩽ d− 1 and every ℓ ⩾ ℓt(ε). Given ε > 0 take ℓ(ε) := max1⩽t⩽κ ℓt(ε).

For each q ∈ [p]1, we define the rectangle through p and q as

Rt
q := Hu,t

p←[p,q] ◦H
s,t
[p,q]←q ◦H

u,t
q←[q,p] ◦H

s,t
[q,p]←p.

By Hölder continuity of the cocycle for any δt > 0, there exists an integer m = m(δt) ∈ N
such that

max
{
d([p, q], p), d([p, q], q)

}
⩽ 2−m(δt) ⇒ (Rt

q)
±1C(S, c) ∪ C

(
(Rt

q)
±1 S, c

)
⊆ C(S, c+ δt)

for any S ⊂ Pd−1 and c > 0 (cf. [46, Lemma 2.2]). Fix m = max1⩽t⩽dm(δt/3). Using the
gluing orbit property of (Σ, T ) (see e.g. [13]) one can find y ∈ T−nW u

loc (T
nx) and n(x) ∈ N

such that |n(x)− n| ⩽ N0 is uniformly bounded (depending only on m), Tn(x)y belongs to

W s
loc(p) and satisfies d(Tn(x)y, p) ⩽ 2−m.



MULTIFRACTAL FORMALISM FOR LYAPUNOV EXPONENTS 22

For each 1 ⩽ t ⩽ d−1 consider the matrix gt := Hs
p←Tn(x)(y)

An(x)
t (y). By [46, Proposition

2.8], there exists c = c(gt) > 0 and a hyperplance Ugt ⊂ Rd so that

∥gt |Pd−1\C(Ugt ,ε)
∥ρ < c

The simultaneous uniform transversality for typical cocycles, proven in [46, Theorem 4.3],
ensures that there are N1 ∈ N and ε1 > 0 such that the following holds: taking p, y ∈ Σ,

the vectors v
(1)
1 , . . . , v

(d−1)
1 and the hyperplanes Ug1 , . . . ,Ugd−1

, there exists a path B
(t)
p,y :=

B
(t)

p,b,Tn(y)(b),y
from p to y via b and Tn(y)(b) of length 0 ⩽ n(y) ⩽ N1 such that

ρ
(
B(t)

p,yv
(t)
1 ,Ugt

)
⩾ ε1

for all 1 ⩽ t ⩽ d − 1. Set ut = gtB
(t)
p,yv

(t)
1 for 1 ⩽ t ⩽ d − 1. By [45, Lemma 4.22], there is

0 ⩽ a ⩽ N(δ/3) such that

Pa
t ut ∈

dt⋃
i=1

C
(
v
(t)
i , δ/3

)
for every t.

We set ℓ := ℓ(ε) as in (6.3) and take

ω := T−(a+n(x)+n(y)+ℓ)
[
T a+n(x)+n(y)+ℓ(b), z

]
∈W u

loc (p).

We can connect two paths Pa
t gtB

(t)
p,y and P ℓ

t (Ht) by [46, Lemma 3.3]. Then, we obtain the
path

B̃
(t)

p,ω,Ta+n(x)+n(y)+ℓ(ω),p
:= Hs,t

p←−Ta+n(x)+n(y)+ℓ(ω)
Aa+n(x)+n(y)+ℓ

t (ω)Hu,t
ω←−p

along the path

p
Hu

−−→ ω
Ta+n(x)+n(y)+ℓ

−−−−−−−−−−→ T a+n(x)+n(y)+ℓ(ω)
Hs

−−→ p

which, similarly to [46, Lemma 3.10] can be shown to satisfy the following property: there
exists τ ′ > 0 such that for any τ1 ⩽ τ ′, τ2 > 0, and ξ > 0, there exists ℓ1 ∈ N such that for
all ℓ ⩾ ℓ1,

B̃
(t)

p,ω,Ta+n(x)+n(y)+ℓ(ω),p
C
(
v
(t)
1 , τ1

)
⊆ C

(
v
(t)
1 , τ2

)
for all 1 ⩽ t ⩽ d− 1. This completes the proof of items (1) and (2) in the theorem.

We are left to prove item (3). Since a ⩽ N( δ3), n(y) ⩽ N1, and |n(x) − n| ⩽ N0, the

difference |a+ n(x) + n(y) + ℓ− n| is bounded from above by ℓ +N( δ3) +N0 +N1. Note
that this upper bound depends only on the base dynamical system (Σ, T ) and the cocycle
At (that is, depends on the mixing rate of T and the constant δ which depends on the
cocycle A but not on x and n). Thus, we choose K0 := 2(ℓ + N( δ3) + N0 + N1). This
finishes the proof of the theorem. □
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Remark 6.4. Observe that the matrix (6.1) over the loop p is given by the composition of
an unstable holonomy map departing from p, an (m1 +m2 + n)-iterate of the cocycle At

and a stable holonomy ending at p. Moreover, using the properties (a)-(d) of the canonical
holonomies, property (4.4) and Theorem 6.3 (1), one can write (6.1), in a way to highlight
the intervention of the point x ∈ Σ as

Bt
p,ω,Tm1+n+m2 (ω),p = P2,t H

u,t
Tn(z2)←−Tm1+n(ω)

Hs,t
Tm1+n(ω)←−Tn(x)

An
t (x) P1,t (6.4)

where z2 := [Tm1(ω), x] ∈ Σ (recall (3.2) for the definition of the bracket)

P1,t = Hu,t
x←−[x,Tm1 (ω)]H

s,t
[x,Tm1 (ω)]←−Tm1 (ω)A

m1
t (ω)Hu,t

ω←−p

and
P2,t = Hs,t

p←−Tm2 (Tn+m1 (ω))
Am2

t (Tn+m1(ω))Hu,t
Tm1+n(ω)←−Tn(z2)

.

Consider as well the path P−1i,t as the inverse of Pi,t, for i = 1, 2, and observe that, as a

consequence of item (3) in Theorem 6.3, there exists K > 0 such that

max
{
∥P−11,t ∥, ∥P

−1
2,t ∥, ∥P1,t∥, ∥P2,t∥

}
⩽ K, for every t ∈ {1, . . . , d}. (6.5)

For notational simplicity, we denote the holonomies Hu,t
Tn(z)←−Tm1+n(ω)

, Hs,t
Tm1+n(ω)←−Tn(x)

in (6.4) by Ht
1 and Ht

2, respectively.

We are now in a position to construct dominated cocycles as subsystems of the typical
cocycle A : Σ → GL(d,R). By Theorem 6.3, there exists K0 ∈ N such that for all n > 2K0

and x ∈ Σ, there exists ωx ∈ Σ and a loop p = (p, ω, Tm1(ωx)+n+m2(ωx)(ω), p) of length at
most n + 2K0 such that it shadows the forward orbit of x up to time n along its path,
and such that (6.2) holds. Fix n > 2K0 and collect all the finite words determined by the
points ωx ∈ Σ by taking

A = An :=
{
[ωx]

w
m1(ωx)+n+m2(ωx)

: x ∈ Σ
}
, (6.6)

where [ωx]
w
m1(ωx)+n+m2(ωx)

stands for the finite word determined by the first m1(ωx) + n+

m2(ωx) symbols (from the zeroth coordinate) of ωx. All words in A have length bounded
from above by n+ 2K0, hence there are finitely many of them. In particular

#An ⩽ #
( 2K0⋃

ℓ=0

Ln+ℓ

)
⩽ 2K0#Ln+2K0 . (6.7)

Corollary 6.5. Let A : Σ → GL(d,R) be a typical cocycle and A be given by (6.6). Then,
there exists a one-step cocycle cocycle B : AZ → GL(d,R) over the full shift (AZ, f) that is
dominated.

Proof. For each finite word a = (a0, a1, . . . , ak) ∈ A, we assign the matrix

Bp,ω,Tm1+n+m2 (ω),p := Hs
p←−Tm1+n+m2 (ω)A

m1+n+m2(ω)Hu
ω←−p,

where ω = ωa ∈ Σ is such that ωi = ai for every 0 ⩽ i ⩽ k and ωi = pi otherwise (here
p = (pi)i∈Z is the representation of the periodic point p). By construction, the cocycle
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B∧t
p,ω,Tm1+n+m2 (ω),p

= Bt
p,ω,Tm1+n+m2 (ω),p

satisfies the cone condition for each 1 ⩽ t ⩽ d− 1,

by Theorem 6.3 item (2).

Consider the cocycle over a full shift (AZ, f)

B : AZ → GL(d,R) given by B(a) := Bp,ωa0 ,Tm1+n+m2 (ωa0 ),p.

for every a = (ai)i∈Z ∈ AZ. This is clearly a one-step cocycle since it depends only on the
zeroth coordinate a0 of a ∈ AZ.

Since there exists a strongly invariant multicone for B∧t for each 1 ⩽ t ⩽ d − 1 by
Theorem 6.3, the cocycle B is dominated (cf. [8, Theorem B]). □

It is worth mentioning that Corollary 6.5 extends a similar result from [18, 41], which
was previously established in the two-dimensional case and in higher dimensions for one-
step cocycles. Moreover, the first named author proved that if a cocycle D is dominated
with index 1 (characterized by the existence of invariant cone fields, or multicones) then
the potential {log ∥Dn∥}∞n=1 is almost additive. More precisely:

Proposition 6.6 ([38, Proposition 5.8]). Let X be a compact metric space and let D :
X → GL(d,R) be a linear cocycle over a homeomorphism map (X,T ). Assume that the
cocycle D is dominated with index 1. Then, there exists κ > 0 such that for every m,n > 0
and for every x ∈ X we have

||Dm+n(x)|| ⩾ κ||Dm(x)|| · ||Dn(Tm(x))||.

6.2. Approximation of pressure and metric entropy. From the previous construc-
tion, to each typical cocycle A : Σ → GL(d,R) and integer n ⩾ 1 one can associate a
dominated cocycle B : AZ → GL(d,R) over a compact full shift (AZ, f) as in Corollary 6.5.
The topological pressure on the dominated sub-system A = An is defined by the expression

Pn,D(logΨ
q(B)) := lim

k→∞

1

k
log

∑
I1,...,Ik∈An

ψq(B(I1 . . . Ik)). (6.8)

Remark 6.7. For each n ∈ N the expression (6.8) coincides with the topological pressure of
the locally constant cocycle B over the full shift f : AZ → AZ (recall that the alphabet A
depends on n) and the potential logΨq(B). Moreover, one can write the potential logΨq(B)
using the potential ΦB : AZ → Rk defined by ΦB := (log σ1(B), . . . , log σd(B)) , observing
that ⟨q,ΦB⟩ = logΨq(B) for every q ∈ Rd.

The following result guarantees that the topological pressure of a typical cocycle is well
aproximated by the topological pressure of dominated sub-systems.

Theorem 6.8. If A : Σ → GL(d,R) is a typical cocycle then

lim
n→∞

1

n
Pn,D(logΨ

q(B)) = P (T, logΨq(A)),

for each q ∈ Rd (uniformly on compact subsets).
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Proof. Fix n ∈ N and the finite alphabet A = An determined by (6.6). Applying Proposi-
tion 6.6 to the 1-step cocycle B : AZ → GL(d,R), one concludes that there exists a constant
κ = κn > 0 such that

∥B∧t(IJ)∥ ⩾ κ ∥B∧t(I)∥∥B∧t(J)∥ (6.9)

for every I, J ∈
⋃∞

k=1Ak and 1 ⩽ t ⩽ d − 1. We claim that the constant κ can be chosen
uniform for all n. Indeed, this follows from the fact that the constant κ in Proposition 6.6
is guaranteed by the existence of a constant invariant cone-field (recall equation (6.2)),
and that if C, C0 ⊂ Rd are one-dimensional cones such that C0 ⊂ int(C) then there exists
κ0 > 0 so that ∥Dv∥ ⩾ κ0 ∥D∥ ∥v∥ for every v ∈ C0 and every matrix D ∈ GL(d,R) so
that D(C) ⊂ C0 (cf. [9, Lemma 2.2]). Therefore, there exists C(κ) > 0 so that

1

n
Pn,D(logΨ

q(B)) = lim
k→∞

1

nk
log

∑
I1,...,Ik∈A

e⟨q,ΦB(I1...Ik)⟩

⩾ lim
k→∞

1

nk
log

∑
I1,...,Ik∈A

e
∑k

ℓ=1⟨q,ΦB(Iℓ)⟩−C(κ)k

=
1

n
log
∑
I∈A

e⟨q,ΦB(I)⟩ − C(κ)

n︸ ︷︷ ︸
(1)

.

Recall that we denote At := A∧t for each 1 ⩽ t ⩽ d − 1. By the definition of the
one-step cocycle B and Remark 6.4, for any 2 ⩽ i ⩽ d, given I ∈ A in such a way that
[ωx]

w
m1(ωx)+n+m2(ωx)

= I for some x ∈ Σ, and given a = (an)n∈Z so that a0 = I,

σi(B(I)) =
∥B∧i(I)∥

∥B∧(i−1)(I)∥

=
∥B∧i

p,ωa0 ,Tm1+n+m2 (ωa0 ),p
∥

∥B∧i
p,ωa0 ,Tm1+n+m2 (ωa0 ),p

∥

=
∥P1,iH

i
1H

i
2An

i (x)P2,i∥
∥P1,i−1H

i−1
1 H i−1

2 An
i−1(x)P2,i−1∥

,

where m1 = m1(ω
a0) and m2 = m2(ω

a0) are the integers given by Theorem 6.3.

From the uniform continuity of the canonical holonomies H∗,ty←−x, with ∗ ∈ {s, u}, there
exists a uniform upper bound C0 > 1 for the norm of such holonomies whenever y ∈
W ∗loc(x). Therefore, for any n ∈ N, x ∈ Σ, and 1 ⩽ i ⩽ d,

C−20 ∥An
i (x)∥ ⩽ ∥H i

1H
i
2An

i (x)∥. (6.10)

Therefore, combining (6.5) and (6.10),

∥An
i (x)∥ ⩽ C2

0 ∥H i
1H

i
2An

i (x)∥ = C2
0 ∥P−11,i P1,iH

i
1H

i
2An

i (x)P2,iP
−1
2,i ∥

⩽ C2
0 K

2∥P1,iH
i
1H

i
2An

i (x)P
i
2∥.
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Using once more (6.5) and (6.10), we also obtain

∥P1,iH
i
1H

i
2An

i (x)P2,i∥ ⩽ C2
0K

2∥An
i (x)∥.

Altogether we conclude that if C ′ := C ′(C0,K) = 1
C4

0K
4 then

1

C ′
σi(An(x)) ⩾ σi(B(I)) ⩾ C ′σi(An(x)) (6.11)

for any 1 ⩽ i ⩽ d. Hence, there exists C ′′ > 0 so that ψq(B(I)) ⩾ C ′′ψq(An(x)) for each

q ∈ Rd, guarantees that (1) ⩾ 1
n log

∑
I∈Ln ψ

q(A(I))− C(κ)
n + C′′

n , and ultimately guarantees
that

lim inf
n→∞

1

n
Pn,D(logΨ

q(B)) ⩾ P (T, logΨq(A))

for each q ∈ Rd (uniformly on compact subsets).

We proceed to show the converse inequality. First note that the continuous map

π : Ln+2K0 → An defined by π(α1, α2, . . . , αn+2K0) = (α1, α2, . . . , αn)

is surjective and finite-to-one. Noting that for each J ∈ An there exist finitely many
elements I ∈ π−1(J) (recall (6.7)) and equations (6.9) and (6.11) one concludes that there
exists C ′′′ > 0 so that

1

n
Pn,D(logΨ

q(B)) = lim
k→∞

1

nk
log

∑
I1,...,Ik∈An

e⟨q,ΦB(I1...Ik)⟩

⩽ lim
k→∞

1

nk
log

∑
I1,...,Ik∈An

e
∑k

ℓ=1⟨q,ΦB(Iℓ)⟩+C(κ)k

=
1

n
log

∑
I∈An

e⟨q,ΦB(I)⟩ +
C(κ)

n

⩽
1

n
log

∑
J∈Ln+2K0

e⟨q,ΦA(J)⟩ +
C ′′′

n
,

for every q ∈ Rd. By taking n→ ∞,

P (T, logΨq(A)) ⩾ lim
n→∞

1

n
logPn,D(logψ

q(B)).

This ends the proof of the theorem. □

Remark 6.9. Let A : Σ → GL(d,R) be a fiber-bunched cocycle over a topologically mixing
subshift of finite type (Σ, T ). Let µ ∈ Minv(T ). By the bounded distortion property
(see Remark 5.2), for q ∈ Rd the observable ψq(A) is comparable to Πd

i=1∥A∧i∥ti up to
some constant, where ti = qi − qi+1 and qd+1 = 0 for 1 ⩽ i ⩽ d. Since ∥A∧i∥ti is either
sub-multiplicative or super-multiplicative (depending on the positivity of ti) then the limit
limn→∞

1
n

∫
log ∥(A∧i)n(x)∥tidµ(x) does exist, for each 1 ⩽ i ⩽ d. Hence, the limit

lim
n→∞

1

n

∫
logψq(An(x))dµ(x)
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is well-defined.

Proposition 6.10. Suppose that A : Σ → GL(d,R) is a typical cocycle. There exists K0 ⩾
1 so that, for each n > 2K0 there is a dominated one-step cocycle B : AZ → GL(d,R) over
a compact full shift (AZ, f) (depending on n) as in Corollary 6.5 satisfying the following:
given arbitrary q ∈ Rd and µ ∈ Minv(f) there exists ν ∈ Minv(T ) such that

(1) nhν(T ) ⩽ hµ(f) ⩽ (n+ 2K0)hν(T ) +
n+2K0

n log(2K0 + 1);

(2) n limk→∞
1
k

∫
logψq(Ak(·))) dν ⩽ limk→∞

1
k

∫
logψq(Bk(·))) dµ;

(3) limk→∞
1
k

∫
logψq(Bk(·))) dµ ⩽ (n+ 2K0) limk→∞

1
k

∫
logψq(Ak(·)))dν.

Proof. It follows from the proof of [40, Proposition 3.4]. □

7. Proof of Theorem A

Let A : Σ → GL(d,R) be a typical cocycle. By Corollary (6.5), to each large n ⩾ 1 one
can associate an alphabet A = An and a dominated cocycle BA : AZ → GL(d,R) over the
full shift (AZ, fA). Proposition 6.6 ensures that the family of potentials {log σi(Bn

A)}n∈N
is almost additive. We need the following notations for the proof. We denote by

˚⃗
LA the

Lyapunov spectrum corresponding to the cocycle BA, and set

Ω := {(χ1(µ,BA), . . . , χd(µ,BA)) : µ ∈ Minv(fA)}.

We also recall that L denotes the Lyapunov spectrum (see (1.3)).

By [28, Theorem 5.2 item (1)],
˚⃗
LA ⊂ Ω. Thus, since such cocycle is one-step and

dominated, combining [41, Theorem 5.4] and [28, Theorem 5.2] one concludes that

htop(fA, E
n,D(α⃗)) = inf

q∈Rd
{P (logΨq(BA))− ⟨q, α⃗⟩}

= sup
{
hµ(fA) : µ ∈ Minv(fA), χi(µ,BA) = αi, ∀1 ⩽ i ⩽ d

}
for every α ∈ ˚⃗

LA, where

En,D(α⃗) :=

{
x ∈ AZ : lim

n→∞

1

n
log σi(Bn

A(x)) = αi for 1 ⩽ i ⩽ d

}
.

The idea in the proof of Theorem A is to estimate the topological entropy of level
sets for the original typical cocycle by the one for one-step dominated systems, using the

known variational principle for induced subsystems. Fix α ∈ ˚⃗
L. On the one hand, using

Proposition 6.10 and the previous variational principles,

htop(fA, E
n,D(nα⃗)) = sup

{
hµ(fA) : µ ∈ Minv(fA), χi(µ,BA) = nαi, ∀1 ⩽ i ⩽ d

}
⩽ sup

{
(n+ 2K0)hν(T ) +

n+ 2K0

n
log(2K0 + 1):

ν ∈ Minv(T ), χi(ν,A) ∈
[ n

n+ 2K0
αi, αi

]
, ∀1 ⩽ i ⩽ d

}
.
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On the other hand, using Proposition 6.10 once more,

htop(fA, E
n,D(nα⃗)) ⩾ n · sup

{
hν(T ) : ν ∈ Minv(T ),

χi(ν,A) ∈
[ n

n+ 2K0
αi, αi

]
,∀1 ⩽ i ⩽ d

}
.

Therefore, there exists C > 0 so that, if n ⩾ 1 is large,

htop(fA, E
n,D(nα⃗)) ⩽ (n+ 2K0) htop

(
T,

⋃
β⃗∈Θn

E(β⃗)
)
+ C (7.1)

where the set Θn is formed by all vectors β⃗ so that βi ∈
[

n
n+2K0

αi, αi

]
for each 1 ⩽ i ⩽ d.

Notice that |βi − αi| ⩽ 2K0∥α⃗∥
n+2K0

for each 1 ⩽ i ⩽ d. Then, using Corollary 5.7, we obtain

htop

(
T,

⋃
β⃗∈Θn

E(β⃗)
)
⩽ P (T, logΨq(A))−

d∑
i=1

(
αiqi −

2|qi|K0∥α⃗∥
n+ 2K0

)
(7.2)

for any q ∈ Rd, in this way, combining the variational principle for the dominated cocycle
BA with inequalities (7.1) and (7.2),

inf
q∈Rd

{Pn,D (⟨q,ΦBA − nα⃗)⟩)} = htop(fA, E
n,D(nα⃗))

⩽
n+ 2K0

n
nhtop

(
T,

⋃
β⃗∈Θn

E(β⃗)
)
+ C

⩽
n+ 2K0

n

[
nP (T, logΨq(A))−

d∑
i=1

(
αiqi −

2|qi|K0∥α⃗∥
n+ 2K0

)]
+ C.

Dividing all terms by n, taking the limit as n tends to infinity, and noticing that

lim
n→∞

1

n
Pn,D (⟨q,ΦBA − nα⃗⟩) = P (T, ⟨q,ΦA − α⃗⟩)

(cf. Theorem 6.8) we conclude that

lim
n→∞

htop

(
T,

⋃
β⃗∈Θn

E(β⃗)
)
= lim

n→∞

1

n
htop(fA, E

n,D(nα⃗))

= inf
q∈Rd

{
P (logΨq(A))− ⟨q, α⃗⟩

}
= sup

{
hν(T ) : ν ∈ Minv(T ), χi(ν,A) = αi, ∀1 ⩽ i ⩽ d

}
⩽ htop(T,E(α⃗)).

As E(α⃗) ⊂
⋃

β⃗∈Θn
E(β⃗) for each n ⩾ 1, one concludes that

htop(T,E(α⃗)) = lim
n→∞

htop

(
T,

⋃
β⃗∈Θn

E(β⃗)
)
,
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and the proof of the theorem is now complete.

8. Variational principle for the pressure

In this section, we proceed to prove Theorem B. LetA : Σ → GL(d,R) be a fiber-bunched
cocycle over a topologically mixing subshift of finite type (Σ, T ). Let µ ∈ Minv(T ). By
Remark 6.9, the limit

lim
n→∞

1

n

∫
logψq(An(x))dµ(x)

is well-defined. We will prove the two inequalities separately.

Lemma 8.1. Let A : Σ → GL(d,R) be a typical cocycle. Then, for any q ∈ Rd,

sup

{
hµ(T ) + lim

n→∞

1

n

∫
logψq(An(x)) dµ(x) : µ ∈ Minv(T )

}
⩽ P (T, logΨq(A)).

Proof. We recall the following inequality (see e.g. [16]): given ci ∈ R, pi ⩾ 0 and
∑m

i=1 pi =
1 one has that

∑m
i=1 pi (ci − log pi) ⩽ log

∑m
i=1 e

ci . Assume that µ ∈ Minv(T ). Since∑
I∈Ln µ([I]) = 1, the inequality above implies that

1

n

∑
I∈Ln

µ([I])
(
− logµ([I]) + logψq(A(I))) ⩽

1

n
log

∑
I∈Ln

ψq(AI),

for any q ∈ Rd. By Lemma 5.3 and the fact that the limit that defines P (logψq(A)) does
exist for any q ∈ Rd, one concludes that

hµ(T ) + lim
n→∞

1

n

∫
logψq(An(x)) dµ(x) ⩽ P (logψq(A)).

Since µ was chosen arbitrary, we obtain the conclusion of the lemma. □

In order to complete the proof of Theorem B we are left to prove the converse inequality

sup

{
hµ(T ) + lim

n→∞

1

n

∫
logψq(An(x)) dµ(x) : µ ∈ Minv(T )

}
⩾ P (T, logΨq(A)).

We will use the existence of dominated cocycles. For each n ⩾ 1 let A = An be the finite
alphabet and let BA : AZ → GL(d,R) be a dominated cocycle as in Corollary 6.5. Since
{⟨q,ΦBA⟩}n∈N is almost additive for each q ∈ Rd (recall Proposition 6.6) and the measure
theoretical entropy function is upper semi-continuous we one has the variational principle

Pn,D(logΨ
q(BA)) = sup

{
hµ(f) + lim

k→∞

1

k

∫
logψq(Bk

A(x))dµ(x) : µ ∈ Minv(f)

}
,

and, for each q ∈ Rd, the supremum is attained by a unique ergodic equilibrium state
µqn ∈ Minv(f) which has the Gibbs property (cf. [4, Theorem 10.1.9] for more details).
Therefore,

Pn,D(logΨ
q(BA)) = hµq

n
(f) + lim

k→∞

1

k

∫
logψ(Bk

A(x))dµ
q
n(x) (8.1)
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By Proposition 6.10, to each µqn ∈ Minv(f) one can associate a T -invariant probability
measure νqn on Σ such that

lim
k→∞

1

k

∫
logψq(Bk(x))dµqn(x) ⩽ (n+ 2K0) lim

k→∞

1

k

∫
logψq(Ak(x))dνqn(x) (8.2)

and

hµq
n
(f) ⩽ (n+ 2K0)hνqn(T ) +

n+ 2K0

n
log(2K0 + 1). (8.3)

In consequence,

1

n
Pn,D(logΨ

q(BA))
(8.1)
=

1

n

(
hµq

n
(f) + lim

k→∞

1

k

∫
logψ(Bk(x))dµqn(x)

)
(8.3) and (8.2)

⩽
n+ 2K0

n

(
hνqn(T ) + lim

k→∞

1

k

∫
logψq(Ak(x))dνqn(x)

)
+
n+ 2K0

n2
log(2K0 + 1)

⩽
n+ 2K0

n
sup

{
hν(T ) + lim

k→∞

1

k

∫
logψq(Ak(x))dν(x) : ν ∈ Minv(T )

}
+
n+ 2K0

n2
log(2K0 + 1).

Taking the limit as n→ +∞ and recalling Theorem 6.8 we deduce

P (T, logΨq(A)) ⩽ sup

{
hν(T ) + lim

n→∞

1

n

∫
logψq(An(x)) dν(x) : ν ∈ Minv(T )

}
.

This finishes the proof of Theorem B.

9. Multifractal formalism of Anosov diffeomorphisms and repellers

The goal of this section is to describe a multifractal formalism for Anosov diffeomor-
phisms and repellers whose derivative cocycles fit our assumptions.

9.1. Proof of Theorem C. Assume that f is an Anosov diffeomorphism and that there
exists a periodic point p ∈M of period n ∈ N such that Dpf

n|Eu has simple eigenvalues of
distinct norms and there exist gives homoclinic points z± ∈M of p for fn whose holonomy
loops twist the eigendirections of Dpf

n|Eu .
By existence of a Markov partition for f [16] there exists a Hölder continuous surjection

π : Σ → M such that f ◦ π = π ◦ σ, where σ : Σ → Σ is a topologically mixing subshift of
finite type. The assumption on the periodic point p guarantees that, defining the cocycle
A : Σ → GL(d,R) by (2.6), the cocycle An : Σ → GL(d,R) over the shift (Σ, σn) is typical.
Then the proof follows from Theorem A.
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9.2. Proof of Theorem D. The strategy in the proof of the theorem is to introduce a
notion of typicality on repellers (similar to Definition 4.3), to show that this is satisfied
by a large set of repelllers and that it is a sufficient condition to obtain the variational
principles.

Definition 9.1. We say that an α-bunched repeller Λ associated to a C1+α-map h is
typical if the following conditions are satisfied:

1) There exists such a periodic point p0 ∈ Λ such that the eigenvalues of the ma-

trix A(p0) := Dp0h
per(p0) and all its exterior powers A(p0)

∧t (1 ⩽ t ⩽ d) have
multiplicity 1 and distinct absolute value;

2) There exists a sequence of points {zn}n∈N0
⊂ Λ such that

z0 = p0, h(zn) = zn−1, and zn
n→∞−−−→ p0

and so that, for each 1 ⩽ t ⩽ d, the eigenvectors
{
v
(t)
1 , . . . , v

(t)
dt

}
of A(p0)

∧t are such

that, for any I, J ⊂ {1, . . . , dt} with |I|+ |J | ⩽ dt, the set of vectors{
H̃
{zn},−
p0,t

(
v
(t)
i

)
: i ∈ I

}
∪ {vj,t : j ∈ J}

is linearly independent, where dt is defined as in (3.3) and

H̃
{zn},−
p0,t

:= lim
n→∞

(
(Dp0h)

∧t)n ((Dznh)
∧t)−1 . . . ((Dz1h)

∧t)−1 . (9.1)

As in the invertible setting, in case the periodic point p0 given by the previous definition
is not fixed, we can consider a power of the C1+α-map. In this way we will always assume
that p0 is a fixed point of h (see Remark 4.5).

Remark 9.2. It is worth noticing that the choice of a pre-orbit of p0 in item (2) replaces
the homoclinic loop in case of invertible maps and that the existence of the limit in (9.1)
is guaranteed by Cα-regularity of Dh and the α-bunching assumption on Λ. Indeed, given
p ∈ Σ so that π(p) = p0, an homoclinic point z, the identification L(πp) : Rd → Tp0M and

the cocycle C over
(
Σ, f−1

)
(cf. (9.4) below), the canonical holonomy Hs,−

p←z is given by

Hs,−
p←z = lim

n→∞
Cn(p)−1Cn(z) = lim

n→∞
L(πp)−1[(

(Dp0h)
∧t)n ((Dznh)

∧t)−1 . . . ((Dz1h)
∧t)−1]L(πz)

and, since L(πz) = L(πp), Hu,−
z←p = Id. In particular the holonomy loop for C, defined by

H̃
{z},−
p,t := Hs,−

p←z ◦Hu,−
z←p, relates to H̃

{zn},−
p0,t

in (9.1) by the conjugacy relation

H̃
{z},−
p,t = L(πp)−1 ◦ H̃{zn},−p0,t

◦ L(πp) (9.2)

Remark 9.3. The typicality of Λ implies the typicality of the cocycle C in the sense of
Definition 4.3. Indeed, C(p) is equal to the inverse of Dp0h up to the identification L(πp) :

Rd → Tp0M . This implies that C(p) satisfies the pinching condition ifDp0h does. Moreover,
since the eigendirections of C(p) are equal to the eigendirections of its inverse Dp0h, (9.2)

implies that H̃
{z},−
p,t satisfies the twisting condition if H̃

{zn},−
p0,t

does.
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Theorem 9.4. Let M be a Riemannian manifold, and let h : M → M be a Cr map with
r > 1. Suppose Λ ⊂M is an α-bunched repeller defined by h for some α ∈ (0, 1) satisfying
r − 1 > α. Then there exist a C1-open neighborhood V1 of h in Cr(M,M) and a C1-open
and Cr-dense subset V2 of V1 such that Λg is typical for every g ∈ V2 and

htop(E(α⃗)) = inf
q∈Rd

{
P (g, logΨq(Dg|Λg

))− ⟨α⃗, q⟩
}

= sup

{
hµ(g) : µ ∈ Minv(g), χi(µ, Dg|Λg

) = αi for 1 ⩽ i ⩽ d

}
.

for α⃗ ∈ ˚⃗
L.

Proof. Let h ∈ Cr(M,M) be as above. By [45, Lemma 5.10], there exists a C1-open
neighborhood V1 of h in Cr(M,M) and a C1-open and Cr-dense subset V2 of V1 such that
Λg is typical for every g ∈ V2. Hence we are left to prove the variational principles.

Let us first recall some general facts. As Λ is a repeller, there exists a finite Markov
partition R for Λ, a one-sided subshift of finite type (Σ+, f+), Σ+ ⊂ {1, 2, . . . , q}N, and a
Hölder continuous and surjective coding map

χ : Σ+ → Λ (9.3)

such that χ ◦ f+ = h ◦ χ. By fixing a Markov partition of sufficiently small diameter, we
may ensure that the χ-image of each cylinder [j] of Σ+, 1 ⩽ j ⩽ q, is contained in an open
set on which TM is trivializable.

Consider the natural extension (Σ, f) of (Σ+, f+), and its inverse
(
Σ, f−1 ). Let π :

Σ → Σ+ denote the natural projection. For each 1 ⩽ j ⩽ q and y ∈ [j] ⊂ Σ+, let
L(y) := Lj(y) : Rd → Tχ(y)M be a fixed trivialization of TM over an open neighborhood

containing χ[j]. We define a cocycle C over
(
Σ, f−1

)
by

C(x) := L
(
πf−1x

)−1 ◦ (Dχ(πf−1(x))h
)−1 ◦ L(π(x)), (9.4)

which can be thought of as the inverse of the derivative cocycle Dh |Λ over (Σ, f) defined
in the obvious way. For any n ∈ N, we have

Cn (fn(x)) = L(πx)−1
(
Dχ(πx)h

n
)−1

L (πfn(x)) .

Moreover, it relates to φs
Λ,n : Λ → R by

φs (Cn (fn(x))) = φs
Λ,n(χ(π(x))), ∀s ∈ R+.

We proceed to reduce the proof of the theorem to the invertible setting. By the proof
of [45, Lemma 5.8], for any µ ∈ Minv (f) and ν ∈ Minv(h) related by χ∗µ = ν, we have

hµ (f) = hν(h) and χi(µ, C) = χi(ν,Dh)

for each 1 ⩽ i ⩽ d. Now, given g ∈ V2 the repeller Λg is typical and, consequently, there
cocycle Cg defined by (9.4) is a typical cocycle. Therefore, using the latter and Theorem B,
we conclude that P (g, logΨq(Dg|Λg

)) = P (f, logΨq(Cg)). Then, the result follows from
Theorem A.
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□

We are now in a position to finish the proof of Theorem D. Let h ∈ Cr(M,M) be as in the
statement of the theorem and let g be a C1-small perturbation of h. If the perturbation is
sufficiently small, then one can use the same trivialization over TΛM to code the dynamics
of g on Λg via a conjugacy χg (cf. equation (9.3)), and take its natural extension. Then
we realize the perturbation h|Λ to g|Λg

as the perturbation of the cocycle C to Cg over the

same subshift of finite type
(
Σ, f−1 ). In this way, Theorem D is a direct consequence of

Theorem 9.4.
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[18] B. Bárány, T. Jordan, A. Käenmäki, and M. Rams. Birkhoff and Lyapunov spectra on planar self-affine

sets. Int. Math. Res. Not. IMRN, 2021(10):7906–8005, 2021.
[19] Y. Cao. Dimension spectrum of asymptotically additive potentials for C1 average conformal repellers.

Nonlinearity, 26:2441–2468, 2013.
[20] Y. Cao, D. Feng, and W. Haung. The thermodynamic formalism for sub-additive potentials. Discrete

Contin. Dyn. Syst., 20(3):639–657, 2008.
[21] Y. Cao, Y. Pesin, and Y. Zhao. Dimension estimates for non-conformal repellers and continuity of

sub-additive topological pressure. Geom. Funct. Anal., 29(5):1325–1368, 2019.
[22] M. Carvalho and P. Varandas. Genericity of historic behavior for maps and flows. Nonlinearity,

34(10):7030–7044, 2021.
[23] V. Climenhaga. The thermodynamic approach to multifractal analysis. Ergod. Theory Dyn. Syst.,

34(5):1409–1450, 2014.
[24] N. Cuneo. Additive, almost additive and asymptotically additive potential sequences are equivalent.

Comm. Math. Phys., 377(3):2579–2595, 2020.
[25] K. J. Falconer. Bounded distortion and dimension for non-conformal repellers. Mathematical Proceed-

ings of the Cambridge Philosophical Society, 115(2):315–334, 1994.
[26] K. J. Falconer. The multifractal spectrum of statistically self-similar measures. J. Theoret. Probab.,

7(3):681–702, 1994.
[27] A. Fan, D. Feng, and J. Wu. Recurrence, dimension and entropy. J. London Math. Soc., 64(1):229–244,

2001.
[28] D. Feng and W. Huang. Lyapunov spectrum of asymptotically sub-additive potentials. Comm. Math.

Phys., 297(1):1–43, 2010.
[29] D. Feng and P. Shmerkin. Non-conformal repellers and the continuity of pressure for matrix cocycles.

Geom. Funct. Anal., 24:1101–1128, 2014.
[30] B. Hasselblatt and Y. Pesin. Chapter 1 - partially hyperbolic dynamical systems. In B. Hasselblatt

and A. Katok, editors, Handbook of Dynamical Systems, volume 1 of Handbook of Dynamical Systems,
pages 1–55. Elsevier Science, 2006.

[31] K. Hoffman and R. Kunze. Linear algebra. Springer-Verlag, India, New Delhi, 2000.
[32] R. A. Horn and C. R. Johnson. Topics in Matrix Analysis. Cambridge University Press, 1994.
[33] G. Iommi and T. Jordan. Multifractal analysis of Birkhoff averages for countable markov maps. Ergod.

Th. Dynam. Sys., 35:2559–2586, 2015.
[34] J. Jaerisch and H. Takahasi. Mixed multifractal spectra of Birkhoff averages for non-uniformly expand-

ing one-dimensional markov maps with countably many branches. Adv. Math., 385:107778, 2021.
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