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Abstract. Let {Pt}t>0 be the Dunkl-Poisson semigroup associated with a root system
R ⊂ RN and a multiplicity function k ≥ 0. We say that a bounded measurable function f

defined on RN belongs to the inhomogeneous Lipschitz space Λβ
k , β > 0, if

sup
t>0

tm−β
∥∥∥ dm

dtm
Ptf

∥∥∥
L∞

< ∞,

where m = [β] + 1. We prove that the spaces Λβ
k coincide with the classical Lipschitz spaces.

In order to prove the theorem, we provide other characterizations of the space and apply
the K-interpolation method.

1. Introduction

The aim of this paper is to study inhomogeneous Lipschitz spaces in the Dunkl setting. On
the Euclidean space RN equipped with a root system R and a multiplicity function k ≥ 0,
we consider the Dunkl Laplace operator

(1.1) ∆k =
N∑
j=1

D2
j ,

where

Djf(x) = ∂jf(x) +
∑
α∈R

k(α)

2
⟨α, ej⟩

f(x)− f(σα(x))

⟨α,x⟩

are the Dunkl operators. These operators were introduced by C. F. Dunkl in [5] in the late
1980s to study special functions and spherical harmonics with symmetries given by finite
Coxeter groups. They were later applied in physics to investigate the quantum many-body
Calogero-Moser-Sutherland model, particularly enabling the proof of its integrability. In
recent years, they have been used in quantum physics problems of a symmetric nature, in-
cluding anyons, supersymmetry, noncommutative geometry, and PT-symmetry (see e.g., [25]
for more details about CMS model and the other applications). Beyond physics, these oper-
ators have applications in probability theory (e.g., Feller processes with jumps, see e.g., [18]
for the probabilistic point of view) and algebra (Hecke algebras). Replacing classical deriva-
tive operators with Dunkl operators in differential equations allows for the study of various
physics problems and operators with symmetries, e.g., Dunkl versions of the harmonic oscil-
lator operator and Schrödinger operators. The function spaces which are frequently used in
these types of problems are Sobolev spaces, as well as the related Lipschitz spaces discussed
in the current article.
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For 0 < β < 1, the classical inhomogeneous Lipschitz space Λβ(RN) on the Euclidean
space RN is defined as

(1.2) Λβ(RN) =
{
f : RN → C : ∥f∥L∞ + sup

x̸=x′

|f(x)− f(x′)|
∥x− x′∥β

=: ∥f∥Λβ(RN ) <∞
}
.

In Taibleson [21], the author used the Poisson integral (semigroup)

(1.3) f(x, t) = c−1
N

∫
RN

f(y)
t

(t2 + ∥x− y∥2)(N+1)/2
dy

to study properties of the Lipschitz spaces on Λβ(RN) (see also [20]). To be more precise, for
any fixed positive integer m, the norm ∥f∥Λβ(RN ) is equivalent to

(1.4) ∥f∥L∞ + sup
t>0

tm−β
∥∥∥ dm
dtm

f(x, t)
∥∥∥
L∞
,

see [21, Theorems 3 and 4] and [20, Chapter V, Proposition 7 and Lemma 5] .
The theorem motivates extending the notion of Lipschitz spaces for all positive parameters

β > 0. So, for β > 0, let m be the smallest integer bigger than β. We say that f ∈ Λβ(RN),
if (1.4) is finite (then (1.4) is taken as the norm in the space). Furthermore, one can consider
the heat semigroup {et∆}t≥0 and take

(1.5) ∥f∥L∞ + sup
t>0

tm−β/2
∥∥∥ dm
dtm

et∆f
∥∥∥
L∞

as an equivalent norm in the Lipschitz space Λβ(RN) (see [21, Theorem 7]).
It turns out (see [21, Theorem 4]) that if 0 < β < 2, then the norm (1.4) (with any fixed

m ≥ 2) is equivalent to

(1.6) ∥f∥L∞ + sup
x∈RN

sup
0̸=y∈RN

∥f(x+ y) + f(x− y)− 2f(x)∥
∥y∥β

.

Such spaces can be thought as inhomogeneous generalized Zygmund classes.
Furthermore, if β > 1, then f ∈ Λβ(RN) if and only if f ∈ L∞ and ∂jf ∈ Λβ−1(RN) for

j = 1, 2, ..., N (see e.g., [20, Chapter V, Proposition 9]). Moreover,

(1.7) ∥f∥Λβ(RN ) ∼ ∥f∥L∞ +
N∑
j=1

∥∂jf∥Λβ−1(RN ).

Additionally, the Bessel potential (I −∆)γ/2 is an isomorphism of the space Λβ(RN) onto
Λβ+γ(RN) (see [21, Theorem 5]).

Let us now discuss the Dunkl counterparts of the theorems and objects described above.
The operator ∆k (see (1.1)) generates a contraction semigroup Ht = et∆k on Lp(dw), 1 ≤
p ≤ ∞ (strongly continuous for 1 ≤ p <∞), where

dw(x) =
∏
α∈R

|⟨α,x⟩|k(α) dx.

The semigroup has a unique extension to a uniformly bounded holomorphic semigroup on
any sector Sδ = {z ∈ C : | arg z| < δ}, 0 < δ < π/2. Let

(1.8) Pt := Γ(1/2)−1

∫ ∞

0

e−uHt2/(4u)

du√
u
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be the subordinate (Dunkl-Poisson) semigroup. We say that a measurable function f defined

on RN belongs to the inhomogeneous Lipschitz space Λβ
k , if

(1.9) ∥f∥Λβ
k
:= ∥f∥L∞ + sup

t>0
tm−β

∥∥∥ dm
dtm

Ptf
∥∥∥
L∞

<∞,

where m is the smallest positive integer greater than β. We are in a position to state our
main result, which is obtained at the very end of the paper.

Theorem 1.1. For any β > 0, the Lipschitz space Λβ
k coincides with the classical Lipschitz

space Λβ(RN) and the corresponding norms (1.9) and (1.4) are equivalent.

Analyzing objects defining Lipschitz spaces in the Dunkl context, it is easy to observe that
many of the properties of these objects differ from the classical ones. This was one of the
reasons why we opted for a different approach than classical ones in some places. We utilize
them to bypass difficulties arising from the specificity of the Dunkl context. Our proofs
use elements of abstract theory of function spaces associated with generators of uniformly
bounded holomorphic semigroups. We want to note that some of theorems in the theory of
Lipschitz spaces (including those from the classical theory) can be obtained in this way. For
example, the equivalence of the definitions of Lipschitz spaces by subordinate and original
semigroups can be obtained by means of holomorphic functional calculi. We present this
general approach in Part 1 of the paper.

The proof of Theorem 1.1 goes by a detailed examination of properties of the Λβ
k spaces.

Let us shortly describe its main steps.
The first milestone in proving Theorem 1.1 is to obtain the equality Λβ

k = Λβ(RN) for
0 < β < 1. Let us remark that the characterizations of the classical Lipschitz spaces are given
by the behavior of convolutions which use Euclidean translations, natural to study Hölder’s
regularities (see e.g., [20, Chapter V, Proposition 7]). In the Dunkl setting the action of the
Poisson semigroup is by means of generalized translations and full understanding of these
operations is far from satisfactory. In particular, one of the well-known open problems is
the question of the boundedness of the Dunkl translation on Lp. However, recent results
concerning behavior and regularity of the integral kernels of the heat and Poisson Dunkl
semigroups allow us to prove that for 0 < β < 1 the space Λβ

k and the classical Lipschitz
space Λβ(RN) coincide (see Theorem 8.5).
Another important component of the proof is Theorem 8.3, which states that the Bessel-

type potentials ((I − ∆k)
−γ/2)∗ and ((I +

√
−∆k)

−γ)∗ are isomorphisms of Λβ
k onto Λβ+γ

k ,

β, γ > 0, and, moreover, for β > 1, f ∈ Λβ
k if and only if f ∈ L∞ and D∗

jf ∈ Λβ−1
k ,

j = 1, 2, ..., N . We emphasize that the results of Theorem 8.3 are consequences of the
abstract approach mentioned above.

Since the L∞-norms of the Dunkl derivatives are controlled by the L∞-norms of the classical
ones, the inclusions Λβ(RN) ⊆ Λβ

k seem to be expected at this moment. However, the inverse

inclusions Λβ
k ⊆ Λβ(RN) are not at all obvious, because the Dunkl operators introduce non-

local effects, and their behavior is influenced by actions of the reflections. To this end, we
study the operators ∂

∂xj
((I+

√
−∆k)

−γ)∗. The results stated above, combined with properties

of the Bessel potential kernels, allow us to verify that Λβ
k = Λβ(RN) for all β > 0, β /∈ Z (see

Theorems 9.2 and 9.5).

Our final step is the equality Λβ
k = Λβ(RN) for β ∈ Z, β ≥ 1. Let us recall that in the case

of β = 1, the Zygmund condition (1.6) occurs and we face difficulties in handling it in the
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Dunkl setting. In order to overcome these major obstacles, we use an interpolation argument
to complete the proof of Theorem 1.1.

Such an approach to interpolation spaces associated with powers of generators of strongly
continuous semigroups can be found e.g., in [2], [23], and references therein. For readers who
are not familiar with the theory and for the sake of completeness, we present all abstract
results used in the proofs of the theorems.

We remark that our approach to the interpolation differs a little from that described in
[2, 23], because we interpolate between the spaces defined by means of actions of semigroups
which are not strongly continuous on the Banach spaces under consideration. So, motivated
by the approach to the classical Lipschitz spaces, which is based on the action of either the
Poisson or the heat semigroup on L∞-functions, which form the dual space of L1, in Part 1
we consider an analytic strongly continuous semigroup Tt = etA on a Banach space (X, ∥ · ∥),
which is uniformly bounded in a sector around the positive axis and the dual semigroup
{T ∗

t }t≥0 acting on the dual space (X∗, ∥ · ∥X∗). We do not assume that X is reflexive, so
the semigroup T ∗

t is not necessarily strongly continuous in general. For such a semigroup the

space Λβ
A is defined as follows.

Definition 1.2. For β > 0, let m be the smallest positive integer such that m > β . We say
that x∗ ∈ X∗ belongs to Λβ

A, if

(1.10)
∥∥∥ dm
dtm

T ∗
t x

∗
∥∥∥
X∗

≤ Ctβ−m.

We equip the space Λβ
A with the norm

(1.11) ∥x∗∥Λβ
A
:= ∥x∗∥X∗ + sup

t>0
tm−β

∥∥∥ dm
dtm

T ∗
t x

∗
∥∥∥
X∗
.

It is easy to prove that (Λβ
A, ∥ · ∥Λβ

A
) is a Banach space. Furthermore, the subordinate

semigroup is defined by {Pt}t≥0 according to the formula

(1.12) Pt := Γ(1/2)−1

∫ ∞

0

e−uTt2/(4u)

du√
u

acting on the Banach space (X, ∥ · ∥). We denote by −
√
−A the infinitesimal generator

of {Pt}t≥0. The semigroup {Pt}t≥0 is strongly continuous and has a unique extension to a
uniformly bounded holomorphic semigroup in the same sector. Again, we consider the dual
semigroup {P∗

t }t≥0 and define the related Λβ

−
√
−A spaces, namely for β > 0 and m as above,

we say that x∗ ∈ X∗ belongs to Λβ

−
√
−A if

(1.13)
∥∥∥ dm
dtm

P∗
t x

∗
∥∥∥
X∗

≤ Ctβ−m.

Then, as in the previous case, we set

∥x∗∥Λβ

−
√

−A
= ∥x∗∥X∗ + sup

t>0
tm−β

∥∥∥ dm
dtm

P∗
t x

∗
∥∥∥
X∗
.

We are now in a position to state the first result which is obtained by means of holomorphic
functional calculi.
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Theorem 1.3. For β > 0, the spaces Λβ
A and Λ2β

−
√
−A coincide. Moreover, there is C > 1

such that for all x∗ ∈ X∗, we have

(1.14) C−1∥x∗∥Λβ
A
≤ ∥x∗∥Λ2β

−
√

−A
≤ C∥x∗∥Λβ

A
.

Next, for γ > 0, we consider the Bessel type potentials

((I −A)−γ)∗, ((I +
√
−A)−γ)∗

(see (2.17) and (2.18)).

Theorem 1.4. Let β, γ > 0. The operator ((I−A)−γ)∗ is an isomorphism of Λβ
A onto Λγ+β

A .

The theorem applied to the semigroup {Pt}t>0 gives the following corollary.

Corollary 1.5. Let β, γ > 0. The operator ((I +
√
−A)−γ)∗ is an isomorphism of Λβ

−
√
−A

onto Λβ+γ

−
√
−A.

In order to prove Theorem 1.4, we first establish the following relation between the spaces
Λβ+1

A and Λβ
A and the action of A∗.

Fix x∗ ∈ X∗. We say that y∗ = A∗x∗ ∈ X∗ in the mild sense, if for all x ∈ X and all t > 0,

⟨y∗, Ttx⟩ = ⟨x∗,ATtx⟩.

Theorem 1.6. Assume that β > 0, x∗ ∈ X∗. Then x∗ ∈ Λβ+1
A if and only if A∗x∗ ∈ Λβ

A,
where the action of A∗ on x∗ is understood in the mild sense. Moreover, the norms

∥x∗∥Λβ+1
A

and ∥x∗∥X∗ + ∥A∗x∗∥Λβ
A

are equivalent.

We finish Part 1 of the paper with the following theorem, which will play a crucial role
in the completion of the proof of Theorem 1.1. For the Banach spaces Λβ0

A and Λβ1

A and

0 < θ < 1, let (Λβ0

A ,Λ
β1

A )θ and ∥x∗∥θ denote the intermediate interpolation space and the
interpolation norm obtained by the K-method of Peetre (see Section 6 for details).

Theorem 1.7 (cf. [23, Section 2.7 for the classical Lipschitz spaces]). For 0 < β0 < β1 and
0 < θ < 1, let β = (1− θ)β0 + θβ1. Then

(1.15) (Λβ0

A ,Λ
β1

A )θ = Λβ
A

and there is a constant C > 1 such that for all x∗ ∈ X∗ we have

(1.16) C−1∥x∗∥Λβ
A
≤ ∥x∗∥θ ≤ C∥x∗∥Λβ

A
.

In Part 2, we apply the results of Part 1 together with properties of the Dunkl heat and the
Dunkl Poisson kernels to study inhomogeneous Lipschitz spaces associated with the Dunkl
operators on the Euclidean space RN .
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Part 1 Semigroup approach to Λβ-spaces

2. Analytic semigroups of linear operators

2.1. Analytic semigroups. In the present section we collect some facts concerning holo-
morphic (analytic) semigroups of operators on Banach spaces (see e.g., [3], [13]).

Let {Tt}t≥0 be a strongly continuous semigroup of linear operators on a Banach space
(X, ∥ · ∥), which, for certain 0 < δ < π/2, has an extension to a uniformly bounded holomor-
phic semigroup {Tz}z∈Sδ

in the sector

Sδ = {z ∈ C : |arg z| < δ}
about the positive axis.

Let (X∗, ∥ · ∥X∗) be the dual space of the Banach space (X, ∥·∥) and let T ∗
t ∈ L(X∗) denote

the dual operator to Tt. Then {T ∗
t }t≥0 has a unique extension to a uniformly bounded

holomorphic semigroup (which is in general not strongly continuous). It follows from the
theory of analytic semigroups that if (A,D(A)), where D(A) denotes the domain of A, is
the infinitesimal generator of {Tt}t≥0, then

(1) Tt(X) ⊆
⋂

n∈N D(An) for all t > 0,
(2) the functions (0,∞) ∋ t 7→ Tt ∈ L(X), (0,∞) ∋ t 7→ T ∗

t ∈ L(X∗) are differentiable
(even holomorphic in Sδ) and

(2.1)
d

dt
Tt = ATt,

d

dt
T ∗
t = (ATt)

∗,

(2.2) ∥ATt∥ = ∥(ATt)
∗∥X∗ ≤ Ct−1,

(2.3) ATt+s = TtATs, (ATt+s)
∗ = T ∗

t (ATs)
∗.

In particular, if t = t1 + t2 + ...+ tn, tj > 0, then

(2.4)
dn

dtn
Tt = AnTt = ATt1ATt2 ...ATtn ,

dn

dtn
T ∗
t = (AnTt)

∗ = (ATt1)
∗(ATt2)

∗...(ATtn)
∗.

Consequently, there is C > 0 such that for all n ∈ N and t > 0 we have

(2.5)
∥∥∥ dn
dtn

Tt

∥∥∥ ≤ Cnt−n,
∥∥∥ dn
dtn

T ∗
t

∥∥∥
X∗

≤ Cnt−n.

By ρ(A), we denote the resolvent set ofA, that is, the set of all λ ∈ C such that the operator
λI−A : D(A) → X is one to one and onto, and its inverse, denoted by R(λ : A), is bounded
on X. The resolvent set ρ(A) is open and the mapping ρ(A) ∋ λ 7→ R(λ : A) ∈ L(X) is
holomorphic, so is R(λ : A)∗. Moreover, for all λ, µ ∈ ρ(A),

R(λ : A)−R(µ : A) = (µ− λ)R(λ : A)R(µ : A),
d

dλ
R(λ : A) = −R(λ : A)2,

R(λ : A)∗ −R(µ : A)∗ = (µ− λ)R(λ : A)∗R(µ : A)∗,
d

dλ
R(λ : A)∗ = −R(λ : A)∗2.

(2.6)

If {Tt}t≥0 is a holomorphic semigroup, uniformly bounded in Sδ, then

(2.7) Σδ :=
{
λ ∈ C : |argλ| < π

2
+ δ

}
⊆ ρ(A),

(2.8) ∥R(λ : A)∥ ≤ C ′

|λ|
, for λ ∈ Σδ.
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2.2. Λβ
A-spaces - basic properties. Let {Tt}t≥0 be a semigroup of linear operators gener-

ated by A which has an extension to a uniformly bounded holomorphic semigroup in a sector
Sδ. In this section we state elementary properties of the space Λβ

A (see Definition 1.2).
The following easily proved proposition asserts that, as in the classical case (cf. [20, Chapter

V, Lemma 5]), the integer m in Definition 1.2 can be replaced by any integer n > β.

Proposition 2.1. Let x∗ ∈ X∗. Fix β > 0. If n > m > β are integers, then the following
two conditions

(2.9)
∥∥∥ dm
dtm

T ∗
t x

∗
∥∥∥
X∗

≤ Cmt
β−m,

∥∥∥ dn
dtn

T ∗
t x

∗
∥∥∥
X∗

≤ Cnt
β−n,

are equivalent. Moreover, there is C > 1 (which depends on m and n and is independent of
x∗ ∈ X∗) such that the smallest constant Cm and Cn holding in the above inequalities satisfy:

C−1Cm ≤ Cn ≤ CCm.

Remark 2.2. It is worth emphasizing that, as in the classical case, the estimates (2.9) are
of interest only for 0 < t ≤ 1, because, for t > 1, in virtue of (2.5), the following better
estimates always hold, namely ∥∥∥ dn

dtn
T ∗
t x

∗
∥∥∥
X∗

≤ Cnt−n∥x∗∥X∗ .

Remark 2.2 together with Proposition 2.1 imply that

(2.10) Λβ1

A ⊆ Λβ2

A and ∥x∗∥
Λ
β2
A

≤ Cβ1,β2∥x∗∥Λβ1
A

for β1 ≥ β2 > 0.

Lemma 2.3. Suppose β > 0. If x∗ ∈ Λβ
A, then

(2.11)
∥∥∥ dn
dtn

T ∗
t x

∗
∥∥∥
X∗

≤ Cn∥x∗∥Λβ
A

for n < β;

(2.12) lim
t→0

∥x∗ − T ∗
t x

∗∥X∗ = 0.

Proof. The proof of (2.11) follows from integration of (1.10). To prove (2.12), there is no
loss of generality if we assume that 0 < β < 1. Let 0 < t1 < t2 < 1. We write

∥Tt2x
∗ − T ∗

t1
x∗∥X∗ =

∥∥∥∫ t2

t1

d

ds
T ∗
s x

∗ ds
∥∥∥
X∗

≤ C

∫ t2

t1

sβ−1 ds = C ′(tβ2 − tβ1 ).

Hence, T ∗
t x

∗ satisfies the Cauchy condition as t → 0. Let x∗0 = limt→0 T ∗
t x

∗ in the ∥ · ∥X∗–
norm. Then

⟨x∗0, x⟩ = lim
t→0

⟨T ∗
t x

∗, x⟩ = lim
t→0

⟨x∗, Ttx⟩ = ⟨x∗, x⟩,

because {Tt}t≥0 is strongly continuous. So x∗0 = x∗. □

Proof of Theorem 1.6. Suppose that x∗ ∈ X∗ is such that y∗ := A∗x∗ ∈ Λβ
A. Let m > β + 1.

Then m− 1 > β and

(2.13)
∥∥∥ dm−1

dtm−1
T ∗
t y

∗
∥∥∥
X∗

≤ tβ−(m−1)∥y∗∥Λβ
A
.
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Since {Tt}t≥0 is a strongly continuous and uniformly bounded semigroup of linear operators,
using (2.4) and (2.12), we get∥∥∥ dm

dtm
T ∗
t x

∗
∥∥∥
X∗

≤ sup
s>0, ∥x∥≤1

∣∣∣〈 dm
dtm

T ∗
t x

∗, Tsx
〉∣∣∣

= sup
s>0, ∥x∥≤1

|⟨x∗,ATt/m(ATt/m)
m−1Tsx⟩|

= sup
s>0, ∥x∥≤1

|⟨y∗, Tt/m(ATt/m)
m−1Tsx⟩|

= sup
s>0, ∥x∥≤1

∣∣∣〈 dm−1

dtm−1
T ∗
t y

∗, Tsx
〉∣∣∣ ≤ C∥y∗∥Λβ

A
t(β+1)−m,

(2.14)

where in the last inequality we have used (2.13).

We now turn to prove the converse implication. Suppose that x∗ ∈ Λβ+1
A . Let m be an

integer, such that 1 ≤ m− 1 ≤ β +1 < m. We start by proving that A∗x∗ exists in the mild
sense. Let u(t) := T ∗

t x
∗, v(t) := u′(t) = (ATt)

∗x∗. Then, by our assumption,

(2.15) ∥v(m−1)(t)∥X∗ = ∥u(m)(t)∥X∗ ≤ ∥x∗∥Λβ+1
A
t(β+1)−m.

Consider the Taylor expansion of the function v(t) around the point t0 = 1:

(2.16) v(t) =
m−2∑
ℓ=0

1

ℓ!
v(ℓ)(1)(t− 1)ℓ +

∫ t

1

(t− s)m−2

(m− 2)!
v(m−1)(s) ds.

It follows from (2.15) that v(t) converges in the X∗-norm to a vector y∗ ∈ X∗, as t tends
to 0, and ∥y∗∥X∗ ≤ C∥x∗∥Λβ+1

A
. To see that y∗ = A∗x∗, we write

⟨y∗, Tsx⟩ = lim
t→0

⟨v(t), Tsx⟩ = lim
t→0

⟨(ATt)
∗x∗, Tsx⟩ = lim

t→0
⟨x∗,ATtTsx⟩ = ⟨x∗,ATsx⟩,

where in the last equality we have used (2.3) and the strong continuity of {Tt}t≥0.

It suffices to verify that y∗ ∈ Λβ
A. To this end, we recall that β < m − 1 and, for t > 0,

applying (2.4), we obtain∥∥∥ dm−1

dtm−1
T ∗
t y

∗
∥∥∥
X∗

= lim
s→0

∥((ATt/(m−1))
∗)m−1v(s)∥X∗ = lim

s→0
∥((ATt/(m−1))

∗)m−1(ATs)
∗x∗∥X∗

= lim
s→0

∥∥∥ dm

dτm
Tτx

∗∣∣τ=t+s

∥∥∥
X∗

≤ t(β+1)−m∥x∗∥Λβ+1
A

= tβ−(m−1)∥x∗∥Λβ+1
A
.

□

2.3. Bessel potentials. For γ > 0, the potential operator is defined by

(2.17) (I −A)−γ := Γ(γ)−1

∫ ∞

0

tγe−tTt
dt

t

and its conjugate operator

(2.18) ((I −A)−γ)∗ := Γ(γ)−1

∫ ∞

0

tγe−tT ∗
t

dt

t
.

The integrals in (2.17) and (2.18) converge in the operator norm topology and define bounded
operators on X and X∗ respectively. Moreover, for γ1, γ2 > 0,

(2.19) (I−A)−γ1(I−A)−γ2 = (I−A)−γ1+γ2 , ((I−A)−γ1)∗((I−A)−γ2)∗ = ((I−A)−γ1+γ2)∗.
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Proof of Theorem 1.4. We start by proving that for any β > 0, the operator ((I −A)−γ)∗ is

bounded from Λβ
A to Λβ+γ

A . Clearly, for x∗ ∈ Λβ
A, we have

(2.20) ∥(I −A)−γ)∗x∗∥X∗ ≤ C∥x∗∥X∗ ≤ C ′∥x∗∥Λβ
A
.

To verify that y∗ := ((I − A)−γ)∗x∗ indeed belongs to Λβ+γ
A , and ∥y∗∥Λβ+γ

A
≤ C∥x∗∥Λβ

A
, we

fix n > β + γ and 0 < t ≤ 1. Then, using (2.4) and our assumption, we obtain∥∥∥ dn
dtn

T ∗
t y

∗
∥∥∥
X∗

= Γ(γ)−1
∥∥∥∫ ∞

0

sγe−s((ATt/n)
∗)nT ∗

s x
∗ds

s

∥∥∥
X∗

= Γ(γ)−1
∥∥∥∫ ∞

0

sγe−s((AT(t+s)/n)
∗)nx∗

ds

s

∥∥∥
X∗

≤ C∥x∗∥Λβ
A

∫ t

0

sγe−stβ−nds

s
+ C∥x∗∥Λβ

A

∫ ∞

t

sγe−ssβ−nds

s

≤ C ′∥x∗∥Λβ
A
tβ+γ−n.

(2.21)

Thus, we have shown that ((I − A)−γ)∗ is a continuous linear transformation of Λβ
A into

Λβ+γ
A .
According to the Banach closed graph theorem, it remains to prove that the mapping

((I − A)−γ)∗ : Λβ
A → Λβ+γ

A is injective and onto. Using (2.19), by standard functional
analysis arguments, it suffices to prove this for γ = 1, cf. [20, Chapter V, Section 4.4] for
the proof in the case of the classical Lipschitz spaces. Since R(1 : A)(X) = D(A), which is
a dense space in X, we conclude that ((I − A)−1)∗ = R(1 : A)∗ is injective. To verify that

R(1 : A)∗ is onto, consider x∗ ∈ Λβ+1
A . Then y∗ = x∗ − A∗x∗ belongs to Λβ

A, where A∗x∗ is
understood in the mild sense, that is, ⟨y∗, Ttx⟩ = ⟨x∗, (I −A)Ttx⟩. Now,

⟨R(1 : A)∗y∗, Ttx⟩ = ⟨y∗, R(1 : A)Ttx⟩ = ⟨y∗, TtR(1 : A)x⟩
= ⟨x∗, (I −A)TtR(1 : A)x⟩ = ⟨x∗, Ttx⟩,

(2.22)

and, consequently, R(1 : A)∗y∗ = x∗. □

3. Subordinate semigroup

In this section, for a holomorphic uniformly bounded semigroup {Tt}t≥0 = {etA}t≥0 on a
Banach space (X, ∥ · ∥), we consider the subordinate semigroup {Pt}t≥0 defined by (1.12).
The integral in (1.12) is convergent in the operator norm topology L(X) and it defines

a strongly continuous, uniformly bounded (in any sector Sδ, 0 < δ < π/2) holomorphic
semigroup on X. Our aim is to prove Theorem 1.3. The relations

(3.1) Λβ
A ⊆ Λ2β

−
√
−A with ∥x∗∥Λ2β

−
√
−A

≤ C∥x∗∥Λβ
A

for all x∗ ∈ Λβ
A

will be proved by utilizing (1.12). For the converse, namely for

(3.2) Λ2β

−
√
−A ⊆ Λβ

A with C−1∥x∗∥Λβ
A
≤ ∥x∗∥Λ2β

−
√
−A

for all x∗ ∈ Λ2β

−
√
−A,

we shall apply a holomorphic functional calculus. For the reader who is not familiar with
these methods, we provide details in Section 4.
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3.1. Inclusion Λβ
A ⊆ Λ2β

−
√
−A. We start with the following lemma.

Lemma 3.1. Suppose that (0,∞) ∋ t 7→ ϕ(t) is a bounded C∞-function taking values in a
Banach space such that for any n ∈ N there is Cn > 0 such that for all t > 0 we have

(3.3) ∥ϕ(n)(t)∥ ≤ Cnt
−n.

Then the function

(0,∞) ∋ t 7→ ψ(t) :=

∫ ∞

0

e−uϕ
( t2
4u

) du√
u

is C∞ and satisfies

ψ(2n+1)(t) = (−1)n
∫ ∞

0

e−u t

2u
ϕ(n+1)

( t2
4u

) du√
u
,

ψ(2n)(t) = (−1)n
∫ ∞

0

e−uϕ(n)
( t2
4u

) du√
u
.

Proof. Clearly,

ψ′(t) =

∫ ∞

0

e−u t

2u
ϕ′
( t2
4u

) du√
u
.

For any smooth function (0,∞) ∋ t 7→ g(t), we have

(3.4)
d

dt
[g(t2/(4u))] = −2u

t

d

du
[g(t2/(4u))] =

t

2u
g′(t2/(4u)).

Hence,

ψ′′(t) =

∫ ∞

0

e−u 1

2u
ϕ′
( t2
4u

) du√
u
+

∫ ∞

0

e−u t

2u

d

dt

[
ϕ′
( t2
4u

)] du√
u

=

∫ ∞

0

e−u 1

2u
ϕ′
( t2
4u

) du√
u
−

∫ ∞

0

e−u d

du

[
ϕ′
( t2
4u

)] du√
u
,

where in the last identity we have used (3.4). Integrating by parts and using (3.3), we obtain

ψ′′(t) =

∫ ∞

0

e−u 1

2u
ϕ′
( t2
4u

) du√
u
+

∫ ∞

0

d

du

[
e−uu−1/2

]
ϕ′
( t2
4u

)
du = −

∫ ∞

0

e−uϕ′
( t2
4u

) du√
u
.

The proof for higher order derivatives follows by iterating the above argument. □

Proof of the inclusion Λβ
A ⊆ Λ2β

−
√
−A. Assume that x∗ ∈ Λβ

A. Consider the functions

ϕ(t) = Γ(1/2)−1T ∗
t x

∗ and ψ(t) = P∗
t x

∗ =

∫ ∞

0

e−uϕ
(t2
u

) du√
u
,

which take values in X∗. If n > β then, by Proposition 2.1, ∥ϕ(n)(s)∥ ≤ sβ−n∥x∗∥Λβ
A
. Thus,

applying Lemma 3.1, we get

∥ψ(2n)(t)∥X∗ ≤
∫ ∞

0

e−u∥ϕ(n)(t2/4u)∥X∗
du√
u

≤
∫ ∞

0

e−u∥x∗∥Λβ
A

( t2
4u

)β−n du√
u
≤ Ct2β−2n∥x∗∥Λβ

A
,

which proves the inclusion and the second inequality in (1.14). □
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4. Holomorphic calculi

This section is devoted to the proof of the inclusion Λ2β

−
√
−A ⊆ Λβ

A. To this end, we

utilize holomorphic functional calculi for generators of semigroups. For the reader who is not
familiar with this topic, we provide full details. We refer to [11] and references therein for
more results.

4.1. Admissible holomorphic functions in C− = {z ∈ C : Re(z) < 0}.

Definition 4.1. We say that f belongs to the space of admissible holomorphic functions
H∞

a if it satisfies the following conditions:

(A) f is bounded and holomorphic on C− = {z ∈ C : Re(z) < 0};
(B) for all x ≤ 0 and for all θ such that π

2
< θ < π, we have

(4.1)

∫ ∞

0

|f(x+ re±iθ)| dr <∞.

It is straightforward to verify that f1(z) = ez and f2(z) = e−
√
−z belong to H∞

a . Here
√
z

denotes the branch of the square root defined on C \ R−.
Let π

2
< θ < π. We define the parameterized path:

(−∞,∞) ∋ t 7→ Γθ(t) =

{
|t|e−iθ if t ≤ 0,

|t|eiθ if t > 0.

We then define the right and the left sides of Γθ:

(4.2) Γ+
θ := {λ+ x : λ ∈ Γθ, x > 0}, Γ−

θ := {λ+ x : λ ∈ Γθ, x < 0}.

For ε > 0 we define a modification Γθ, ε of the path Γθ by replacing its piece corresponding
to the two intervals for parameters 0 ≤ |t| ≤ ε by the part of the circle εeiω, θ ≤ |ω| ≤ π,
explicitly,

(−∞,∞) ∋ t 7→ Γθ,ε(t) =


|t|e−iθ if t ≤ −ε,
εe−it(π−θ)/ε−iπ if − ε < t ≤ ε,

|t|eiθ if t > ε.

Similarly,

(4.3) Γ+
θ,ε = {λ+ x : λ ∈ Γθ,ε, x > 0, }, Γ−

θ,ε = {λ+ x : λ ∈ Γθ,ε, x < 0}.

To unify our notation, we set Γθ,ε := Γθ if ε = 0.

Lemma 4.2 (cf. [11, Lemma 8.2]). For f ∈ H∞
a and λ ̸∈ Γθ,ε, ε ≥ 0, π/2 < θ < π, let

(4.4) f̃(λ) =
1

2πi

∫
Γθ,ε

f(z)

z − λ
dz.

Then f̃ is holomorphic on C \ Γθ,ε and

(4.5) f̃(λ) =

{
f(λ) if λ ∈ Γ−

θ,ε,

0 if λ ∈ Γ+
θ,ε.
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Proof. We present the proof for ε > 0. The proof for ε = 0 is obtained by letting ε→ 0.
Case λ ∈ Γ+

θ,ε. It follows from (4.4) that

f̃
′
(λ) =

1

2πi

∫
Γθ,ε

f(z)

(z − λ)2
dz.

We will show that f̃
′
(λ) = 0. To this end we fix λ ∈ Γ+

θ,ε. For x < 0 and R > 2ε, we define

the closed path γx,R =
⋃4

j=1 γ
x,R
j , oriented counterclockwise, which consists of two curves:

γx,R
1 = {Γθ,ε(t) : t ∈ [−R,R]}, γx,R

2 = γ1
x,R + x,

and two line segments:

γx,R
3 = {(Reiθ + x)(1− s) +Reiθs : s ∈ [0, 1]},

γx,R
4 = {(Re−iθ + x)(1− s) +Re−iθs : s ∈ [0, 1]}.

Since the function z 7→ f(z)(z−λ)−2 is holomorphic in an open neighborhood of the compact
region bounded by γx,R, we have

(4.6)

∮
γx,R

f(z)

(z − λ)2
dz =

4∑
j=1

∫
γx,R
j

f(z)

(z − λ)2
dz = 0.

From the condition (A) we conclude that for each (fixed) x < 0, we have

(4.7) lim
R→∞

∫
γx,R
j

f(z)

(z − λ)2
dz = 0 for j = 3, 4,

and, consequently, by (4.6), for each (fixed) x < 0, one has

(4.8)

∫
Γθ,ε

f(z)

(z − λ)2
dz −

∫
Γθ,ε+x

f(z)

(z − λ)2
dz = 0.

Next, applying (A), we obtain

(4.9) lim
x→−∞

∫
Γθ,ε+x

f(z)

(z − λ)2
dz = 0.

Hence, from (4.8) and (4.9) we conclude that f̃
′
(λ) = 0. Therefore, f̃ is constant on Γ+

θ,ε. To
determine its value, applying the condition (B), we get

lim
λ∈R, λ→∞

∫
Γθ,ε

f(z)

z − λ
dz = 0,

so f̃(λ) = 0 on Γ+
θ,ε.

By the same argument we also conclude that

(4.10)
1

2πi

∫
Γθ,ε+x

f(z)

z − λ
dz = 0 for all x < 0 and λ ∈ (Γθ,ε + x)+.

Case λ ∈ Γ−
θ,ε. Let us consider γx,R as above such that λ stays inside the bounded region

with the boundary γx,R. The Cauchy integral formula asserts that

(4.11) f(λ) =
1

2πi

∮
γx,R

f(z)

z − λ
dz =

4∑
j=1

1

2πi

∫
γx,R
j

f(z)

z − λ
dz.
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From the condition (A), we obtain

(4.12) lim
R→∞

∫
γx,R
j

f(z)

z − λ
dz = 0 for j = 3, 4.

Hence, letting R → ∞ in (4.11), we obtain

(4.13) f(λ) =
1

2πi

∫
Γθ,ε

f(z)

z − λ
dz − 1

2πi

∫
Γθ,ε+x

f(z)

z − λ
dz.

But, for x < 0, |x| large enough (such that λ stays on the right side of the curve Γθ,ε + x),
(4.10) gives

(4.14)
1

2πi

∫
Γθ,ε+x

f(z)

z − λ
dz = 0.

Consequently, (4.13) and (4.14) yield the identity f̃(λ) = f(λ) for λ ∈ Γ−
θ,ε. □

4.2. Properties of resolvent. In this subsection, we assume that A is a closed operator on
a Banach space such that

(4.15) ρ(A) ⊇ Σδ ∪ {0} = {z ∈ C : |arg(z)| < π

2
+ δ} ∪ {0}

and there is C > 0 such that for all λ ∈ Σδ, λ ̸= 0, we have

(4.16) ∥R(λ : A)∥ ≤ C

|λ|
.

Since 0 ∈ ρ(A), there is r > 0 such that B(0, r) = {z ∈ C : |z| < r} ⊆ ρ(A) and

(4.17) sup
z∈B(0,r)

∥R(z : A)∥ <∞.

Lemma 4.3. Let π < θ < 2π and ε ≥ 0 be such that Γθ,ε ⊆ Σδ ∪B(0, r). Suppose z ∈ Γ+
θ,ε.

Then

(4.18) R(z : A) =
1

2πi

∫
Γθ,ε

1

z − λ
R(λ : A) dλ.

In addition, if z1, z2 ∈ Γ+
θ,ε, then

(4.19) R(z1 : A)R(z2 : A) =
1

2πi

∫
Γθ,ε

1

(z1 − λ)(z2 − λ)
R(λ : A) dλ.

Proof. We begin by proving (4.18). Let z ∈ Γ+
θ,ε. Let us consider the following parameter-

ized (closed) contour,

(−R, 2R) ∋ t 7→ Γθ,ε,R(t) =

{
Γθ,ε(t) =: γR,1(t) if −R < t ≤ R,

Re−2itθ/R+i3θ =: γR,2(t) if R ≤ t < 2R.

The contour Γθ,ε,R is oriented clockwise. Hence, taking R large enough and using the Cauchy
formula, we get:

R(z : A) = − 1

2πi

∫
Γθ,ε,R

1

λ− z
R(λ : A) dλ

=
1

2πi

∫
γR,1

1

z − λ
R(λ : A) dλ+

1

2πi

∫
γR,2

1

z − λ
R(λ : A) dλ.

(4.20)
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By virtue of (4.16) we have

lim
R→∞

∣∣∣∣∣ 1

2πi

∫
γR,2

1

z − λ
R(λ : A) dλ

∣∣∣∣∣ ≤ lim
R→∞

C

R
= 0.

Moreover, by the definition of Γθ,ε, we have

lim
R→∞

1

2πi

∫
γR,1

1

z − λ
R(λ : A) dλ =

1

2πi

∫
Γθ,ε

1

z − λ
R(λ : A) dλ.

Therefore, (4.18) follows from (4.20) by letting R → ∞.
In order to prove (4.19), we use (2.6) together with the identity

(z1 − λ)−1(z2 − λ)−1(z2 − z1) = (z1 − λ)−1 − (z2 − λ)−1

and apply the first part of the theorem. □

4.3. Holomorphic calculi. Let A be a closed linear operator satisfying (4.15) and (4.16).
Let r > 0 be such that (4.17) holds. For f ∈ H∞

a , let

(4.21) f(A) :=
1

2πi

∫
Γθ,ε

f(λ)R(λ : A) dλ,

where Γθ,ε ⊆ Σδ ∪ B(0, r), π/2 < θ < π/2 + δ. It follows from (B), (4.16), and (4.17) that
the integral (4.21) converges absolutely and defines a bounded operator on X. The next
proposition asserts that the integral does not depend on the path Γθ,ε.

Proposition 4.4. Suppose A satisfies (4.15) and (4.16). Let Γθ1,ε1 ,Γθ2,ε2 ⊆ Σδ ∪ B(0, r),
ε1, ε2 ≥ 0. Then

(4.22)
1

2πi

∫
Γθ1,ε1

f(λ)R(λ : A) dλ =
1

2πi

∫
Γθ2,ε2

f(λ)R(λ : A) dλ.

Proof. By holomorphy, for Γθ,ε, Γθ,ε′ ⊆ Σδ ∪B(0, r), we have

(4.23)
1

2πi

∫
Γθ,ε

f(λ)R(λ : A) dλ =
1

2πi

∫
Γθ,ε′

f(λ)R(λ : A) dλ.

Consider π/2 < θ1 < θ2 < π/2 + δ. Let 0 ≤ ε1 < ε2 be such that Γθ1,ε1 ,Γθ2,ε2 ⊆ Σδ ∪B(0, r).
Then, using (4.18), we write

1

2πi

∫
Γθ1,ε1

f(λ)R(λ : A) dλ =
1

2πi

∫
Γθ1,ε1

f(λ)
1

2πi

∫
Γθ2,ε2

1

λ− z
R(z : A) dz dλ.(4.24)

Since the double integral on the right-side of (4.24) is absolutely convergent, we apply Fubini’s
theorem together with Lemma 4.2 and get the proposition. □

Proposition 4.5 (cf. [11, Theorems 8.3 and 9.6]). Suppose f, g ∈ H∞
a . Then

(4.25) (f · g)(A) = f(A)g(A).
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Proof. It is clear that if f, g ∈ H∞
a , then f · g ∈ H∞

a . Fix π/2 < θ1 < θ2 < θ < π and
0 ≤ ε1 < ε2 < ε, such that Γθ,ε ⊆ Σδ ∪B(0, r). Then, using Lemma 4.2, we get

(f · g)(A) =
1

2πi

∫
Γθ,ε

f(λ)g(λ)R(λ : A) dλ

=
1

2πi

∫
Γθ,ε

( 1

2πi

∫
Γθ1,ε1

f(z1)

z1 − λ
dz1

)( 1

2πi

∫
Γθ2,ε2

g(z2)

z2 − λ
dz2

)
R(λ : A) dλ.

(4.26)

Since the triple integral is absolutely convergent, we utilize Fubini’s theorem together with
(4.19) and obtain (4.25). □

Remark 4.6. Since the mapping L(X) ∋ B 7→ B∗ ∈ L(X∗) is an isometric injection and
the integral (4.21) converges absolutely, we deduce that

(4.27) f(A)∗ =
1

2πi

∫
Γθ,ε

f(λ)R(λ : A)∗ dλ,

provided Γθ,ε ⊆ Σδ ∪B(0, r) and f ∈ H∞
a .

4.4. Subordinate semigroups and holomorphic calculi. Recall that for a uniformly
bounded and strongly continuous semigroup {Tt}t≥0 its subordinate semigroup {Pt}t≥0 is
defined by (1.12). For the convenience of the reader, we provide a short proof that {Pt}t≥0

is obtained by the holomorphic calculi.

Lemma 4.7. Let {Tt}t≥0 be an analytic, uniformly bounded semigroup on a Banach space
(X, ∥ · ∥). Let A denote its generator. Assume that 0 ∈ ρ(A). There exists π

2
< δ < π such

that for all π
2
< θ < δ we have

(4.28) Pt =
1

2πi

∫
Γθ

e−t
√
−λR(λ : A) dλ.

Proof. Let δ, r > 0 be such that the conditions (4.15), (4.16), and (4.17) hold. Then [13,
Theorem 2.5.2] asserts that

(4.29) Tt =
1

2πi

∫
Γθ

eλtR(λ : A) dλ.

Substituting (4.29) into (1.12), we obtain

(4.30) Pt =
1

Γ(1/2)2πi

∫ ∞

0

∫
Γθ

e−ue
t2

4u
λR(λ : A)

1√
u
dλ du.

It is not difficult to check that the double integral (4.30) is absolutely convergent. Hence, by
Fubini’s theorem, we get

Pt =
1

Γ(1/2)2πi

∫
Γθ

∫ ∞

0

e−ue−
t2

4u
(−λ) 1√

u
duR(λ : A) dλ =

1

2πi

∫
Γθ

e−t
√
−λR(λ : A) dλ.

□

Corollary 4.8. Under the assumptions of Lemma 4.7, for all non-negative integers n and
0 ≤ ε < ε0, where ε0 is sufficiently small, we have

(4.31)
dn

dtn
Pt =

1

2πi

∫
Γθ,ε

(−
√
−λ)ne−t

√
−λR(λ : A) dλ.
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Remark 4.9. The formulae (4.28), (4.29), and (4.31) hold for T ∗
t and P∗

t by replacing
R(λ : A) by R(λ : A)∗.

Proposition 4.10. Assume that A is an infinitesimal generator of a uniformly bounded
holomorphic semigroup {Tt}t≥0 in a sector satisfying (4.15) and (4.16). Fix a positive integer
n. Then there is a constant Cn > 0, which depends only on n, δ, and the constant C in (4.16),
such that for all x∗ ∈ X∗, if η(t) = T ∗

t x
∗ and ζ(t) = P∗

t x
∗, then

(4.32) ∥η(n)(t)∥X∗ ≤ Cnt
−n/2∥ζ(n)(

√
t)∥X∗ .

Proof. Using (4.29), the holomorphic calculus (Proposition 4.5), and Corollary 4.8, we have

η(n)(t) =
1

2πi

∫
Γθ

λnetλR(λ : A)∗x∗ dλ

= (−1)n
1

2πi

∫
Γθ

(−
√
−λ)netλ+

√
t
√
−λ(−

√
−λ)ne−t

√
−λR(λ : A)∗x∗ dλ

= t−n/2m(tA)∗ζ(n)(t),

(4.33)

where m(λ) = (
√
−λ)neλ+

√
−λ. Observe that m(t·) ∈ H∞

a and ∥m(tA)∥ ≤ Cn, where Cn

depends on n ≥ 1 and the constant C in (4.16), but is independent of t > 0. □

4.5. Proof of the inclusion Λ2β

−
√
−A ⊆ Λβ

A. In this subsection we complete the proof of

Theorem 1.3. We assume that A is an infinitesimal generator of a uniformly bounded holo-
morphic c0-semigroup {Tt}t≥0 on a Banach space (X, ∥ · ∥). Thus, λI − A is an invertible
operator for λ ∈ Σδ \ {0} and

∥R(λ : A)∥ ≤ C

|λ|
for λ ∈ Σδ \ {0}.

Let us remark that we do not assume that 0 ∈ ρ(A).
Consider the approximation semigroups T ω

t = e−ωtTt, 0 < ω < 1, generated by Aω =
A− ωI and the associated Poisson semigroups

Pω
t = Γ(1/2)−1

∫ ∞

0

e−uT ω
t2/4u

du√
u
.

Clearly, 0 ∈ ρ(Aω), R(λ : Aω) = R(ω + λ : A) and assuming that 0 < δ < π/2, we have

(4.34) ∥R(λ : Aω)∥ ≤ C ′

|λ|
for λ ∈ Σδ \ {0}

with C ′ independent of ω ∈ (0, 1).
It is not difficult to prove that for each non-negative integer n,

(4.35) lim
ω→0

dn

dtn
T ω
t =

dn

dtn
Tt, lim

ω→0

dn

dtn
Pω

t =
dn

dtn
Pt

in the operator norm topology uniformly for t being in any compact subset of (0,∞). The
same convergences hold in the operator norm topology of X∗ for T ω∗

t , T ∗
t , Pω∗

t , and P∗
t .

Proof of the inclusion Λ2β

−
√
−A ⊆ Λβ

A and the first inequality in (1.14). Suppose x∗ ∈ Λ2β

−
√
−A.

Fix a positive integer n > 2β. Then, for all t > 0,

(4.36)
∥∥∥ dn
dtn

P∗
t x

∗
∥∥∥
X∗

≤ t2β−n∥x∗∥Λ2β

−
√
−A
.
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Set ηω(t) = T ω∗
t x∗, ζω(t) = Pω∗

t x∗. Then

(4.37) lim
ω→0

η(n)ω (t) =
dn

dtn
T ∗
t x

∗,

(4.38) lim
ω→0

ζ(n)ω (t) =
dn

dtn
P∗

t x
∗,

where the convergences are in the norm in X∗ and are uniform on any interval [a, b] ⊂ (0,∞).
Applying Proposition 4.10, we have

(4.39) ∥η(n)ω ∥X∗ ≤ Cn∥ζ(n)ω (
√
t)∥X∗ , ω ∈ (0, 1), t > 0.

Now, from (4.37) and (4.39), we conclude that∥∥∥ dn
dtn

T ∗
t x

∗
∥∥∥
X∗

= lim
ω→0

∥∥∥η(n)ω (t)
∥∥∥
X∗

≤ lim
ω→0

CCnt
−n/2∥ζ(n)ω (

√
t)∥X∗

≤ CCnt
−n/2

√
t
2β−n∥x∗∥Λ2β

−
√
−A

= CCnt
β−n∥x∗∥Λ2β

−
√

−A

where in the last inequality we have used (4.38) and (4.36). The required inclusion and the
first inequality in (1.14) is established. □

5. Λβ
A-spaces associated with special forms of operators

Let {Tt}t≥0 be a uniformly bounded strongly continuous analytic semigroup on a Banach
space (X, ∥ · ∥). We introduce the space of test vectors D = {Ttx : x ∈ X, t > 0}, which, by
the strong continuity, is dense in X. We assume that its infinitesimal generator A has the
following special form:

(5.1) ATtx =
n∑

j=1

ϵjDjDjTtx, t > 0, x ∈ X,

where ϵj ∈ C, n ∈ N, and the linear operators Dj : D → D satisfy

(5.2) DjTt+sx = TtDjTsx, x ∈ X;

(5.3) ∥DjTtx∥ ≤ Cjt
−1/2∥x∥, x ∈ X.

The conditions (5.2) and (5.3) imply that the mappings (0,∞) ∋ t 7→ DjTt ∈ L(X) are
C∞-functions of t, and

d

dt
DjTt = DjTt1ATt2 = ATt2DjTt1 , t1 + t2 = t.

The same conclusions hold for (DjTt)
∗, namely for all 1 ≤ j ≤ n and all t, s > 0, we have

(5.4) (DjTt+s)
∗ = T ∗

t (DjTs)
∗,

(5.5) ∥(DjTt)
∗∥X∗ ≤ Cjt

−1/2,

(5.6)
d

dt
(DjTt)

∗ = (DjTt1)
∗(ATt2)

∗ = (ATt2)
∗(DjTt1)

∗, t1 + t2 = t.

For x∗ ∈ X∗, we say that D∗
jx

∗ belongs to X∗ in the mild sense, if there is y∗j ∈ X∗ such that

(5.7) ⟨y∗j , Ttx⟩ = ⟨x∗,DjTtx⟩
for all x ∈ X and t > 0. Then we write y∗j = D∗

jx
∗.
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Example 5.1. On R2, consider the operator A = −(∂1)
4 + (∂2)

2. It is a generator of

an analytic semigroup {Tt}t≥0 on L2(dx) such that Ttf = f ∗ kt, where k̂t(ξ) = e−tξ41+tξ22 ,
ξ = (ξ1, ξ2). One can prove that the operator A and the semigroup {Tt}t≥0 fit the framework

described above. Moreover, for 0 < β < 1, one can check that f ∈ Λβ
A if and only if there

exists a constant C > 0 such that for all x, h ∈ R2, h = (h1, h2) we have

|f(x)− f(x+ h)| ≤ C(|h1|β + |h2|β/2).

Our aim is to prove the following theorem.

Theorem 5.1. Assume that β > 1/2. Then x∗ ∈ Λβ
A if and only if D∗

jx
∗ ∈ Λ

β−1/2
A for all

1 ≤ j ≤ n, where the action of D∗
j on x∗ is understood in the mild sense. Moreover, there is

a constant C > 1 such that for all x∗ ∈ X∗, we have

C−1∥x∗∥Λβ
A
≤ ∥x∗∥X∗ +

n∑
j=1

∥D∗
jx

∗∥
Λ
β−1/2
A

≤ C∥x∗∥Λβ
A
.

Proof. The proof mimics that of Theorem 1.6. Assume that x∗ ∈ Λβ
A. Fix a positive integer

m > β and 1 ≤ j ≤ n. Consider the C∞ function

(0,∞) ∋ t 7→ vj(t) = (DjTt)
∗x∗ ∈ X∗.

Then

(5.8) ∥v(m)
j (t)∥X∗ ≤ C∥x∗∥Λβ

A
tβ−m−1/2.

We write the Taylor expansion of vj at t0 = 1:

vj(t) =
m−1∑
ℓ=0

1

ℓ!
vℓj(1)(t− 1)ℓ +

∫ t

1

(t− s)m−1

(m− 1)!
v
(m)
j (s) ds.

It follows from (5.8) that vj(t) converges in the X∗-norm, as t tends to 0, to a vector which

we denote by y∗j . To prove that y∗j ∈ Λ
β−1/2
A , we write

∥∥∥ dm
dtm

T ∗
t y

∗
j

∥∥∥
X∗

= sup
∥x∥=1

∣∣∣〈y∗j , dmdtmTtx
〉∣∣∣ = sup

∥x∥=1

lim
s→0

∣∣∣〈(DjTs)
∗x∗,

dm

dtm
Ttx

〉∣∣∣
= sup

∥x∥=1

lim
s→0

|⟨x∗,AmTt/2DjTt/2Tsx⟩|

≤ sup
∥x∥=1

lim sup
s→0

∥(AmTt/2)
∗x∗∥X∗∥DjTt/2Tsx∥ ≤ ∥x∗∥Λβ

A

( t
2

)β−m( t
2

)−1/2

,

where in the last inequality we have used (5.5). Hence, the claim is proved, sincem > β−1/2.
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We now prove the converse implication. Suppose y∗j = D∗
jx

∗ ∈ Λ
β−1/2
A , j = 1, 2, ..., n. Fix

m > β + 1/2. Then,∥∥∥ dm
dtm

T ∗
t x

∗
∥∥∥
X∗

= sup
∥x∥=1

|⟨x∗,AmTtx⟩| = sup
∥x∥=1

|⟨x∗,
n∑

j=1

ϵjDjTt/2Am−1DjTt/2x⟩|

≤
n∑

j=1

sup
∥x∥=1

|⟨y∗j ,Am−1Tt/2DjTt/2x⟩| ≤
n∑

j=1

sup
∥x∥=1

|⟨(Am−1Tt/2)
∗y∗j ,DjTt/2x⟩|

≤
n∑

j=1

∥y∗j∥Λβ−1
A

2mtβ−1/2−(m−1)Cjt
−1/2 =

(
2m

n∑
j=1

Cj∥y∗j∥Λβ−1
A

)
tβ−m.

□

6. Interpolation

For 0 < β0 < β1, consider the interpolation couple {Λβ0

A ,Λ
β1

A }. Clearly, by (2.10), Λβ0

A +

Λβ1

A = Λβ0

A . For 0 < t <∞, set

(6.1) K(t, x∗) := inf
x∗=x∗

0+x∗
1

(∥x∗0∥Λβ0
A

+ t∥x∗1∥Λβ1
A
), x∗0 ∈ Λβ0

A , x
∗
1 ∈ Λβ1

A .

Since Λβ1

A ⊆ Λβ0

A , we conclude that there exists a constant c ∈ (0, 1] such that

(6.2) c∥x∗∥
Λ
β0
A

≤ K(t, x∗) ≤ ∥x∗∥
Λ
β0
A

for all t ≥ 1 and x∗ ∈ Λβ0

A .

Indeed, there is 0 < c ≤ 1 such that if x∗ = x∗0 + x∗1, x
∗
0 ∈ Λβ0

A , x∗1 ∈ Λβ1

A , then

∥x∗0∥Λβ0
A

+ t∥x∗1∥Λβ1
A

≥ ∥x∗0∥Λβ0
A

+ c∥x∗1∥Λβ0
A

≥ c∥x∗0 + x∗1∥Λβ0
A

= c∥x∗∥
Λ
β0
A
,

which proves K(t, x∗) ≥ c∥x∗∥
Λ
β0
A

for t ≥ 1. The second inequality in (6.2) is obvious, by

taking x∗0 = x∗ and x∗1 = 0.
For 0 < θ < 1, the interpolation intermediate space defined by the K-method of Peetre is

given by

(6.3) (Λβ0

A ,Λ
β1

A )θ = (Λβ0

A ,Λ
β1

A )θ,∞ = {x∗ ∈ Λβ0

A : sup
t>0

t−θK(t, x∗) =: ∥x∗∥θ <∞},

see e.g., [2, Chapter III], [23, Section 1.3.3].

Proof of Theorem 1.7. We start by proving the relations

(6.4) (Λβ0

A ,Λ
β1

A )θ ⊆ Λβ
A, ∥x∗∥Λβ

A
≤ C∥x∗∥θ.

Let x∗ ∈ (Λβ0

A ,Λ
β1

A )θ. Then,

(6.5) ∥x∗∥θ ≥ K(1, x∗) ≥ C∥x∗∥
Λ
β0
A

≥ C ′∥x∗∥X∗ .

Fix a positive integer m > β1. It suffices to prove that there is C > 0 such that, for all t > 0,
we have

(6.6) ∥(ATt/m)
∗mx∗∥X∗ ≤ Ctβ−m∥x∗∥θ.

To this end, we consider K(tβ1−β0 , x∗). By the definition of K(tβ1−β0 , x∗), there are x∗0 ∈ Λβ0

A
and x∗1 ∈ Λβ1

A such that x∗ = x∗0 + x∗1 and

(6.7) t−(β1−β0)θ(∥x∗0∥Λβ0
A

+ tβ1−β0∥x∗1∥Λβ1
A
) ≤ 2∥x∗∥θ.
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Consequently,

∥(ATt/m)
∗mx∗∥X∗ ≤ ∥(ATt/m)

∗mx∗0∥X∗ + ∥(ATt/m)
∗mx∗1∥X∗

≤ tβ0−m∥x∗0∥Λβ0
A

+ tβ1−m∥x∗1∥Λβ1
A

= tβ−m(t−(β1−β0)θ∥x∗0∥Λβ0
A

+ t(β1−β0)(1−θ)∥x∗1∥Λβ1
A
)

≤ 2tβ−m∥x∗∥θ,

(6.8)

where in the last inequality we have used (6.7). Thus, (6.4) follows from (6.5) and (6.8).

We now turn to prove the inverse relations to (6.4). Let x∗ ∈ Λβ
A. Our first goal, for any

fixed 0 < t < 1, is to decompose

(6.9) x∗ = x∗0 + x∗1, t−θ(∥x∗0∥Λβ0
A

+ t∥x∗1∥Λβ1
A
) ≤ C∥x∗∥Λβ

A

with a constant C > 0 independent of x∗ ∈ X∗ and 0 < t < 1. Set v(s) := T ∗
s x

∗. Let m be
the smallest integer satisfying m ≥ β. Let τ = t1/(β1−β0). Using the Taylor expansion of v(s)
at τ , we get

(6.10) x∗ = v(0) =
{m−1∑

ℓ=0

1

ℓ!
v(ℓ)(τ)(−τ)ℓ

}
+
{∫ 0

τ

(−s)m−1

(m− 1)!
v(m)(s) ds

}
=: x∗1 + x∗0.

We will prove that

(6.11) ∥x∗1∥Λβ1
A

≤ Ct−(1−θ)∥x∗∥Λβ
A

for 0 < t < 1.

For this purpose, it suffices to verify that for 0 ≤ ℓ ≤ m− 1, one has

(6.12) ∥v(ℓ)(τ)τ ℓ∥
Λ
β1
A

≤ Ct−(1−θ)∥x∗∥Λβ
A

for 0 < t < 1.

First observe that by Lemma 2.3,

(6.13) ∥v(ℓ)(τ)∥X∗ ≤ C∥x∗∥Λβ
A
, 0 ≤ ℓ ≤ m− 1.

Fix an integer n > β1. Then, by Proposition 2.1, for 0 < s < 1, we get∥∥∥ dn
dsn

T ∗
s (v

(ℓ)(τ))τ ℓ
∥∥∥
X∗

≤ ∥v(ℓ+n)(τ + s)τ ℓ∥X∗

≤ (τ + s)β−ℓ−nτ ℓ∥x∗∥Λβ
A

= (τ + s)−(1−θ)(β1−β0)+(β1−n)−ℓτ ℓ∥x∗∥Λβ
A

≤ sβ1−n(τ + s)−(1−θ)(β1−β0)−ℓτ ℓ∥x∗∥Λβ
A

≤ sβ1−nτ−(1−θ)(β1−β0)∥x∗∥Λβ
A

= sβ1−nt−(1−θ)∥x∗∥Λβ
A
.

(6.14)

Now (6.12) follows from (6.13) and (6.14). So, (6.11) is established.
We now turn to examine x∗0 defined in (6.10). Fix 0 ≤ ε ≤ β0 such that β − ε /∈ Z and

0 < m− (β − ε) < 1 (if β /∈ Z, then we take ε = 0). Then x∗ ∈ Λβ−ε
A . Consequently,

∥x∗0∥X∗ ≤ C
(∫ τ

0

sm−1sβ−ε−m ds
)
∥x∗∥Λβ−ε

A
≤ Cτβ−ε∥x∗∥Λβ

A

= Ct(β−ε)/(β1−β0)∥x∗∥Λβ
A
≤ Ctθ∥x∗∥Λβ

A
,

(6.15)
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provided ε is sufficiently small. Furthermore, let n be a fixed positive integer such that
n > β0. Then, by Proposition 2.1,∥∥∥ dn

dun
T ∗
u x

∗
0

∥∥∥
X∗

≤ C

∫ τ

0

sm−1∥v(m+n)(s+ u)∥X∗ ds

≤ C
(∫ τ

0

sm−1(s+ u)β−m−n ds
)
∥x∗∥Λβ

A

= C
(∫ τ

0

sm−1(s+ u)θ(β1−β0)−m(s+ u)β0−n ds
)
∥x∗∥Λβ

A

≤ C ′uβ0−n
(∫ τ

0

sm−1sθ(β1−β0)−m ds
)
∥x∗∥Λβ

A

≤ C ′uβ0−nτ θ(β1−β0)∥x∗∥Λβ
A
= Cuβ0−ntθ∥x∗∥Λβ

A
.

(6.16)

From (6.15), (6.16), and Proposition 2.1, we conclude that

(6.17) ∥x∗0∥Λβ0
A

≤ Ctθ∥x∗∥Λβ
A
, 0 < t < 1.

Combining (6.17) and (6.11), we obtain (6.9). Consequently, we have proved that

sup
0<t<1

t−θK(t, x∗) ≤ C∥x∗∥Λβ
A
.

If t ≥ 1, then using (6.2), we get supt≥1 t
−θK(t, x∗) ≤ ∥x∗∥

Λ
β0
A

≤ C∥x∗∥Λβ
A
. Consequently,

∥x∗∥θ = supt>0 t
−θK(t, x∗) ≤ C∥x∗∥Λβ

A
. □

Part 2 Lipschitz spaces in the Dunkl setting

7. Preliminaries

7.1. Dunkl theory. In this section, we present basic facts concerning the theory of the
Dunkl operators. For more details, we refer the reader to [5], [15], [17], and [19].

We consider the Euclidean space RN with the scalar product ⟨x,y⟩ =
∑N

j=1 xjyj, where

x = (x1, ..., xN), y = (y1, ..., yN), and the norm ∥x∥2 = ⟨x,x⟩.
A normalized root system in RN is a finite set R ⊂ RN \ {0} such that R ∩ αR = {±α},

σα(R) = R, and ∥α∥ =
√
2 for all α ∈ R, where σα is defined by

(7.1) σα(x) = x− 2
⟨x, α⟩
∥α∥2

α.

The finite group G generated by the reflections σα, α ∈ R, is called the Coxeter group
(reflection group) of the root system.

A multiplicity function is a G-invariant function k : R → C, which will be fixed and
non-negative throughout this paper.

The associated measure dw is defined by dw(x) = w(x) dx, where

(7.2) w(x) =
∏
α∈R

|⟨x, α⟩|k(α).

Let N = N +
∑

α∈R k(α). Then,

(7.3) w(B(tx, tr)) = tNw(B(x, r)) for all x ∈ RN , t, r > 0.
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Observe that there is a constant C > 1 such that for all x ∈ RN and r > 0, we have

(7.4) C−1w(B(x, r)) ≤ rN
∏
α∈R

(|⟨x, α⟩|+ r)k(α) ≤ Cw(B(x, r)),

so dw(x) is doubling.
For ξ ∈ RN , the Dunkl operators Dξ are the following k-deformations of the directional

derivatives ∂ξ by difference operators:

(7.5) Dξf(x) = ∂ξf(x) +
∑
α∈R

k(α)

2
⟨α, ξ⟩f(x)− f(σα(x))

⟨α,x⟩
.

We simply write Dj, if ξ = ej, where {ej}Nj=1 stands for the canonical basis in RN .
The Dunkl operators Dξ, which were introduced in [5], commute with each other and are

skew-symmetric with respect to the G-invariant measure dw. Furthermore, if f, g ∈ C1(RN)
and at least one of them is G–invariant, then

(7.6) Dξ(fg) = (Dξf) · g + f · (Dξg).

For multi-index β = (β1, β2, . . . , βN) ∈ NN
0 , we denote

(7.7) |β| = β1 + . . .+ βN , ∂
0 = I, ∂β = ∂β1

1 ◦ . . . ◦ ∂βN

N , D0 = I, Dβ = Dβ1

1 ◦ . . . ◦DβN

N .

Let f be a bounded measurable function. Fix a multi-index β. We say that Dβf belongs
to L∞ in the sense of distribution S ′

Dunkl(RN), if there is a bounded function g such that

(7.8)

∫
RN

g(x)φ(x) dw(x) = (−1)|β|
∫
RN

f(x)Dβφ(x) dw(x) for all φ ∈ S(RN),

where S(RN) denote the class of Schwartz functions on RN .

7.2. Dunkl kernel. For any fixed y ∈ RN , the Dunkl kernel x 7−→ E(x,y) is a unique
analytic solution to the system

Dξf = ⟨ξ,y⟩f, f(0) = 1.

The function E(x,y), which generalizes the exponential function e⟨x,y⟩, has a unique extension
to a holomorphic function E(z,w) on CN × CN .

7.3. Dunkl transform. Let f ∈ L1(dw). The Dunkl transform Ff of f is defined by

(7.9) Ff(ξ) = c−1
k

∫
RN

f(x)E(x,−iξ) dw(x), where ck =

∫
RN

e−
∥x∥2

2 dw(x)> 0.

The Dunkl transform is a generalization of the Fourier transform on RN . It was introduced
in [6] for k ≥ 0 and further studied in [4] in a more general setting. It possesses many
properties analogous to those of the classical Fourier transform, for example,

(7.10) F(Djf)(ξ) = iξjFf(ξ) for all f ∈ S(RN) and j ∈ {1, . . . , N}.

Moreover, it was proved in [6, Corollary 2.7] (see also [4, Theorem 4.26]) that it extends
uniquely to an isometry on L2(dw). Furthermore, the following inversion formula holds ([4,
Theorem 4.20]): for all f ∈ L1(dw) such that Ff ∈ L1(dw) one has

f(x) = (F)2f(−x) for almost all x ∈ RN .
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7.4. Dunkl translations. Suppose that f ∈ S(RN). The Dunkl translation τxf of f is
defined by

(7.11) τxf(−y) = c−1
k

∫
RN

E(iξ,x)E(−iξ,y)Ff(ξ) dw(ξ) = F−1(E(i·,x)Ff)(−y).

The Dunkl translation was introduced in [14]. The definition can be extended to functions
which are not necessarily in S(RN). For instance, using the Plancherel’s theorem, one can
define the Dunkl translation of L2(dw) function f by

(7.12) τxf(−y) = F−1(E(i·,x)Ff(·))(−y)

(see [14] and [22, Definition 3.1]). In particular, the operators f 7→ τxf are contractions on
L2(dw). Here and henceforth, for a reasonable function g(x), we write g(x,y) := τxg(−y).
Moreover, it follows from (7.10) and (7.11) that for φ ∈ S(RN),

(7.13) Dj,x{φ(x,y)} = (Djφ)(x,y) = −Dj,yφ(x,y), x,y ∈ RN , j = 1, 2, . . . , N.

The following specific formula for the Dunkl translations of (reasonable) radial functions

f(x) = f̃(∥x∥) was obtained by Rösler [16]:

(7.14) τxf(−y) =

∫
RN

(f̃ ◦ A)(x,y, η) dµx(η) for x,y ∈ RN .

Here

A(x,y, η) =
√

∥x∥2 + ∥y∥2 − 2⟨y, η⟩ =
√
∥x∥2 − ∥η∥2 + ∥y − η∥2

and µx is a probability measure, which is supported in the set convO(x), where O(x) =
{σ(x) : σ ∈ G} is the orbit of x.

Formula (7.14) implies that for all radial f ∈ L1(dw) and x ∈ RN , we have

∥τxf∥L1(dw) ≤ ∥f∥L1(dw).(7.15)

7.5. Dunkl convolution. Assume that f, g ∈ L2(dw). The generalized convolution (or the
Dunkl convolution) f ∗ g is defined by the formula

(7.16) f ∗ g(x) = ckF−1
(
(Ff)(Fg)

)
(x),

and equivalently, by

(7.17) (f ∗ g)(x) =
∫
RN

f(y) τxg(−y) dw(y) =

∫
RN

g(y) τxf(−y) dw(y).

Generalized convolution of f, g ∈ S(RN) was considered in [14] and [24], the definition was
extended to f, g ∈ L2(dw) in [22].
It follows from (7.15) that if f ∈ L1(dw) is radial, then for any g ∈ Lp(dw), 1 ≤ p ≤ ∞,

we have

(7.18) ∥g ∗ f∥Lp(dw) ≤ ∥f∥L1(dw)∥g∥Lp(dw).
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7.6. Dunkl Laplacian, Dunkl heat semigroup, and Dunkl heat kernel. The Dunkl
Laplacian associated with R and k is the differential-difference operator

(7.19) ∆k =
N∑
j=1

D2
j .

It was introduced in [5], where it was also proved that ∆k acts on C2(RN) functions by

(7.20) ∆kf(x) = ∆f(x) +
∑
α∈R

k(α)δαf(x), where δαf(x) =
∂αf(x)

⟨α,x⟩
− f(x)− f(σα(x))

⟨α,x⟩2
.

Here ∆ =
∑N

j=1 ∂
2
j . It follows from (7.10) that for all ξ ∈ RN and f ∈ S(RN), we have

(7.21) F(∆kf)(ξ) = −∥ξ∥2Ff(ξ).

The operator (−∆k,S(RN)) in L2(dw) is densely defined and closable. Its closure generates
a strongly continuous and positivity-preserving contraction semigroup on L2(dw), which is
given by

(7.22) Htf(x) = f ∗ ht(x) =
∫
RN

ht(x,y)f(y) dw(y),

where

(7.23) ht(x,y) = ht(y,x) = c−1
k (2t)−N/2e−(∥x∥2+∥y∥2)/(4t)E

(
x√
2t
,

y√
2t

)
is so called the generalized heat kernel (or the Dunkl heat kernel), see [14] . The integral
kernels ht(x,y) are the generalized translations of the Schwartz-class functions:

ht(x,y) = τxht(−y), ht(x) = c−1
k (2t)−N/2e−∥x∥2/4t.

Moreover, for all t > 0 and x,y ∈ RN , one has ht(x,y) > 0 and∫
RN

ht(x, z) dw(z) = 1.

The semigroup {Ht}t>0 on L2(dw) can be expressed by means of the Dunkl transform, that
is,

(7.24) F(Htf)(ξ)= F(ht ∗ f)(ξ) = ckF(ht)(ξ)Ff(ξ) = e−t∥ξ∥2Ff(ξ), f ∈ L2(dw).

Note that in the case k ≡ 0 the Dunkl heat kernel is the classical heat kernel.
Formula (7.22) defines contraction semigroups on the Lp(dw)-spaces, 1 ≤ p ≤ ∞, which

are strongly continuous for 1 ≤ p <∞.

7.7. Estimates for generalized translations of some functions. For the purpose of this
work, we need bounds for the Dunkl heat kernel and its derivatives. For x,y ∈ RN , let

(7.25) d(x,y) = min
σ∈G

∥σ(x)− y∥

be the distance of the orbit of x to the orbit of y. For x,y ∈ RN and t, r > 0, we denote

(7.26) V (x,y, r) := max{w(B(x, r)), w(B(y, r))}, Gt(x,y) =
1

V (x,y,
√
t)
e−

d(x,y)2

t .
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It follows by the standard arguments, using the G-invariance of w, that there is a constant
C > 0 such that for all x ∈ RN and t > 0 we have

(7.27)

∫
RN

Gt(x,y) dw(y) ≤ C.

The following theorem was proved in [7], see also [1, Theorem 4.1]. For more detailed upper
and lower bounds for ht(x,y) we refer the reader to [8].

Theorem 7.1 (Theorem 4.1, [7]). For every nonnegative integer m and for all multi-indices
α,β ∈ NN

0 there are constants Cm,α,β, c > 0 such that

(7.28) |∂mt ∂αx ∂βyht(x,y)| ≤ Cm,α,βt
−m− |α|

2
− |β|

2

(
1 +

∥x− y∥√
t

)−2

Gt/c(x,y).

Moreover, if ∥y − y′∥ ≤
√
t, then

|∂mt ht(x,y)− ∂mt ht(x,y
′)| ≤ Cmt

−m∥y − y′∥√
t

(
1 +

∥x− y∥√
t

)−2

Gt/c(x,y).(7.29)

We have the following estimate for generalized translations of Schwartz class functions.

Theorem 7.2. [1, Theorem 4.1 and Remark 4.2] Let φ ∈ S(RN) and M > 0. There is a
constant C > 0 such that for all x,y ∈ RN and t > 0, we have

(7.30) |φt(x,y)| ≤ C

(
1 +

∥x− y∥
t

)−1 (
1 +

d(x,y)

t

)−M 1

w(B(x, t))
,

where φt(x) = t−Nφ(x/t).

The following corollary is a simple consequence of (7.13) and Theorem 7.2.

Corollary 7.3. For any non-negative integer m and any multi-indices β,β′ ∈ NN
0 , and any

M > 0 there is a constant C > 0 such that
(7.31)

|∂mt Dβ
xD

β′

y ht(x,y)| ≤ Ct−m−(|β|+|β′|)/2V (x,y,
√
t)−1

(
1 +

∥x− y∥√
t

)−1(
1 +

d(x,y)√
t

)−M

.

Estimates of the form (7.30) for the generalized translation allows us to extend the defini-
tion of the Dunkl convolution by using the formula

f ∗ φ(x) =
∫
RN

f(y)φ(x,y) dw(y)

to broader classes of functions. In particular, it follows from (7.13) and Theorem 7.2 that if
f ∈ Lp(dw), 1 ≤ p ≤ ∞ and φ ∈ S(RN), then f ∗ φt ∈ C∞(RN) ∩ Lp(dw) ∩ L∞(RN),

DI(f ∗ φt)(x) = t−|I|(f ∗ (DIφ)t)(x)

and

(7.32) ∥DI(f ∗ φt)∥Lp(dw) ≤ Cφ,It
−|I|∥f∥Lp(dw).

Especially,

(7.33) DjHt+sf = Dj(f ∗ ht+s) = f ∗ (Dj(ht ∗ hs)) = f ∗ ht ∗ (Djhs) = Ht(DjHs)f.
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7.8. k-Cauchy kernel and Dunkl Poisson semigroup. Let x,y ∈ RN and t > 0. The
k–Cauchy kernel pt(x,y) is defined as the integral kernel of the operator Pt = e−t

√
−∆k . It is

related to the Dunkl heat kernel by the subordination formula

(7.34) pt(x,y) = Γ(1/2)−1

∫ ∞

0

e−uht2/(4u)(x,y)
du√
u
.

Clearly,

(7.35) pt(x,y) = pt(y,x) for all x,y ∈ RN and t > 0,

(7.36)

∫
RN

pt(x,y) dw(y) = 1 for all x ∈ RN and t > 0.

The kernel pt(x,y) was introduced and studied in [18].

Theorem 7.4 ([18, Theorem 5.6]). Let f be a bounded continuous function on RN . Then
the function given by u(x, t) = Ptf(x) is continuous and bounded. Moreover, it solves the
Cauchy problem

(7.37)

{
∂2t u(x, t) + ∆k,xu(x, t) = 0 on RN × (0,∞),

u(x, 0) = f(x) for all x ∈ RN .

The k-Cauchy kernel is also called the generalized Poisson kernel (or the Dunkl-Poisson
kernel) by the analogy with the classical Poisson semigroup. It follows from (7.24) and (7.34)
that

(7.38) F(Ptf)(ξ) = e−t∥ξ∥Ff(ξ), f ∈ S(RN), ξ ∈ RN , t > 0.

We shall use the following bounds of the integral kernel pt(x,y) of the Dunkl-Poisson semi-
group.

Proposition 7.5 ([1, Proposition 5.1]). For any non-negative integer m and for any multi-
index β ∈ NN

0 , there exists a constant C > 0 such that, for all t > 0 and for all x,y ∈ RN ,

(7.39)
∣∣∂mt ∂βy pt(x,y)∣∣ ≤ C pt(x,y)

(
t+ d(x,y)

)−m−|β| ×

{
1 if m= 0,

1 + d(x,y)
t

if m> 0.

Moreover, for any non-negative integer m and for all multi-indices α,β, there is a constant
C > 0 such that for all t > 0 and for all x,y ∈ RN ,

(7.40)
∣∣∂mt ∂αx ∂βy pt(x,y)∣∣ ≤ C t−m−|α|−|β| pt(x,y) .

Proposition 7.6 ([7, Proposition 3.6]). There is a constant C > 0 such that for all t > 0,
x,y ∈ RN , we have

(7.41) pt(x,y) ≤ C
t

V (x,y, d(x,y) + t)
· d(x,y) + t

∥x− y∥2 + t2

if N ≥ 2. If N = 1, then

(7.42) pt(x,y) ≤ C
t

V (x,y, d(x,y) + t)
· d(x,y) + t

∥x− y∥2 + t2
· ln

(
1 +

∥x− y∥+ t

d(x,y) + t

)
.
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Proposition 7.6 implies that

(7.43) pt(x,y) ≤ CV (x,y, t+ d(x,y))−1
(
1 +

∥x− y∥
t

)−1

, x,y ∈ RN , t > 0.

Let us note that if X = L1(dw), then pt(x,y) is the integral kernel of the dual operator P
∗
t

acting on X∗ = L∞ (see (7.35)). Therefore, we occasionally omit ’∗’ and write Ptf instead
of P ∗

t f for f ∈ L∞.
The following corollary of (7.40) will be used later on.

Corollary 7.7. Let α be a multi-index and let m be a non-negative integer. There is a
constant C > 0 such that for all f ∈ L∞, t > 0, and x ∈ RN we have:

(a) the function

u(t,x) : = Ptf(x) =

∫
RN

pt(x,y)f(y) dw(y)

is C∞ as a function of the variables (t,x) ∈ (0,∞)× RN ;
(b)

(7.44) ∂mt ∂
α
x u(t,x) =

∫
RN

{
∂mt ∂

α
x pt(x,y)

}
f(y) dw(y);

(c)

(7.45) |∂mt ∂αx u(t,x)| ≤ Cm,αt
−m−|α|∥f∥L∞ .

8. Lipschitz spaces in the Dunkl setting

8.1. Preface. Consider Tt = Ht, X = L1(dw), X∗ = L∞(RN). In the present subsection
we apply the abstract approach presented in Part 1 to list basic properties of the Lipschitz
spaces Λ∆k

and Λβ

−
√
−∆k

.

From a general theory of semigroups (see e.g., Davies [3]) we conclude that the semigroup
{Ht}t≥0 is holomorphic and uniformly bounded in a sector Sδ for some δ > 0.

Proposition 8.1. Let X = L1(dw), Tt = Ht, and Dj = Dj. Then properties (5.1)–(5.3)
hold.

Proof. Property (5.1). It is a consequence of the explicit form of ∆k (see (7.19)).
Property (5.2). It follows from (7.33).
Property (5.3). It is a consequence of the estimates (7.32). □

Definition 8.2. Consider X = L1(dw) and its dual X∗ = L∞ = L∞(RN). For β > 0, we

set Λβ
k = Λβ

−
√
−∆k

and ∥f∥Λβ
k
= ∥f∥Λβ

−
√

−∆k

.

We are now in a position to state some results concerning Λβ
k which follow from the general

approach described in Part 1 of the paper (see Theorems 1.3, 1.4, 5.1, and Corollary 1.5).

Theorem 8.3. (a) Λ2β
k = Λβ

∆k
, β > 0.

(b) For β, γ > 0, the Dunkl type Bessel potentials (see (2.17))

f 7→ ((I −∆k)
−γ/2)∗f = Γ(γ/2)−1

∫ ∞

0

tγ/2e−tH∗
t f
dt

t
,
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f 7→ ((I +
√

−∆k)
−γ)∗f = Γ(γ)−1

∫ ∞

0

tγe−tP ∗
t f
dt

t
,

are isomorphisms of Λβ
k onto Λβ+γ

k .

(c) Suppose β > 1 and f ∈ L∞. Then f ∈ Λβ
k if and only if D∗

jf ∈ Λβ−1
k . Moreover, there is

a constant C > 1 such that for all f ∈ Λβ
k , we have

C−1∥f∥Λβ
k
≤ ∥f∥L∞ +

N∑
j=1

∥D∗
jf∥Λβ−1

k
≤ C∥f∥Λβ

k
.

Here D∗
jf is understood in the mild sense (see (5.7)).

A remark is in order. The action of D∗
j on f in the mild sense used in the characterization

stated in part (c) of the theorem can be equivalently understood in the distributional sense
expressed in the proposition below.

Proposition 8.4. Suppose f ∈ L∞(RN) = L1(dw)∗. Then D∗
jf exists in the mild sense and

belongs to L∞(RN) if and only if there is g ∈ L∞(RN) such that for all φ ∈ C∞
c (RN) one has

(8.1)

∫
RN

g(x)φ(x) dw(x) =

∫
f(x)Djφ(x) dw(x).

Then D∗
jf = g. In particular, if f is a bounded C1 function such that Djf is bounded, then

D∗
jf exists in the mild sense and D∗

jf = −Djf .

Proof. Assume that g = D∗
jf ∈ L∞(RN) in the mild sense. Let φ ∈ C∞

c (RN). Then,

Htφ = ht ∗ φ ∈ S(RN) and DjHtφ = Dj(ht ∗ φ) = ht ∗Djφ = HtDjφ. Since the Dunkl heat
semigroup is strongly continuous on L1(dw), we have∫

RN

g(x)φ(x) dw(x) = lim
t→0

∫
RN

g(x)Htφ(x) dw(x) = lim
t→0

∫
RN

f(x)Dj(Htφ)(x) dw(x)

= lim
t→0

∫
RN

f(x)(HtDjφ(x)) dw(x) =

∫
RN

f(x)Djφ(x) dw(x),

where in the second equality, we have used g = D∗
jf in the mild sense.

Conversely, assume that for f ∈ L∞(RN) and for a certain j ∈ {1, 2, . . . , N}, there is
g ∈ L∞(RN) such that (8.1) holds for all φ ∈ C∞

c (RN). Fix a radial function ψ ∈ C∞
c (RN)

such that ψ(x) = 1 for ∥x∥ ≤ 1. Set ψn(x) = ψ(x/n). Let ϕ ∈ L1(dw). Then Htϕ = ht ∗ ϕ ∈
C∞(RN)∩L1(RN) (see Subsection 7.6). Consequently, ψnHtϕ ∈ C∞

c and, by the Leibniz rule
(7.6),

Dj(ψnHtϕ)(x) = (Djψn(x))Htϕ(x) + ψn(x)Dj(Htϕ)(x) =
1

n
(∂jψ)(x/n) + ψn(x)Dj(Htϕ)(x).

Applying the Lebesgue dominated convergence theorem two times, we obtain∫
RN

f(x)Dj(Htϕ)(x) dw(x) = lim
n→∞

∫
RN

f(x)ψn(x)Dj(Htϕ)(x) dw(x)

= lim
n→∞

(∫
RN

f(x)Dj(ψnHtϕ)(x) dw(x)−
∫
RN

f(x)
1

n
(∂jψ)(x/n)(Htϕ)(x) dw(x)

)
= lim

n→∞

∫
RN

f(x)Dj(ψnHtϕ)(x) dw(x).
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Now, using (8.1) and the Lebesgue dominated convergence theorem, we get∫
RN

f(x)Dj(Htϕ)(x) dw(x) = lim
n→∞

∫
RN

g(x)ψn(x)Htϕ(x) dw(x) =

∫
RN

g(x)Htϕ(x) dw(x).

□

8.2. Case 0 < β < 1.

Theorem 8.5. For 0 < β < 1, the spaces Λβ(RN) and Λβ
k coincide and the corresponding

norms ∥ · ∥Λβ(RN ) and ∥ · ∥Λβ
k
are equivalent.

We start with the following lemma.

Lemma 8.6. There is a constant C > 0 such that for all f ∈ L∞, x,x′ ∈ RN , and t > 0 we
have

|Ptf(x)− Ptf(x
′)| ≤ Cmin

(
1,

∥x− x′∥
t

)
∥f∥L∞ .

Proof. Using (7.45) it suffices to consider ∥x− x′∥ < t. Then∫
RN

|pt(x,y)− pt(x
′,y)| dw(y) =

∫
RN

∣∣∣ ∫ 1

0

∂s
{
pt(x

′ + s(x− x′),y)
}
ds
∣∣∣ dw(y)

≤
∫
RN

∫ 1

0

∥x− x′∥∥∇xpt(x
′ + s(x− x′),y)∥ ds dw(y)

≤ Ct−1∥x− x′∥,

(8.2)

where in the last inequality we have used (7.40) (with m = 0, |α| = 1, and β = 0) together
with (7.43). Now the lemma follows from (8.2). □

Proof of Theorem 8.5. For x,y ∈ RN and t > 0, we set

qt(x) :=
d

dt
pt(x), qt(x,y) :=

d

dt
pt(x,y).

Then, by (7.35) and (7.36), qt(x,y) = qt(y,x) and

Q∗
tf(x) :=

d

dt
P ∗
t f(x) =

∫
RN

qt(x,y)f(y) dw(y),

(8.3)

∫
RN

qt(x,y) dw(y) = 0.

Let 0 < β < 1. Suppose f ∈ Λβ(RN). Applying (8.3) together with (7.40) combined with
Proposition 7.6 with m = 1 and β = 0, we have∣∣∣ d
dt
P ∗
t f(x)

∣∣∣ = ∣∣∣ ∫
RN

qt(x,y)(f(y)− f(x)) dw(y)
∣∣∣

≤ ∥f∥Λβ(RN )

∫
RN

|qt(x,y)|∥x− y∥β dw(y)

≤ C∥f∥Λβ(RN )

∫
RN

tβ−1V (x,y, t+ d(x,y))−1
(
1 +

∥x− y∥
t

)−1∥x− y∥β

tβ
dw(y)

≤ C∥f∥Λβ(RN )t
β−1.

Hence, ∥f∥Λβ
k
≤ C∥f∥Λβ(RN ).
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The converse implication will be proven if we show that Λβ
k ⊆ Λβ(RN) and there is a con-

stant C > 0 such that for all f ∈ Λβ
k we have

(8.4) ∥f∥Λβ(RN ) ≤ C∥f∥Λβ
k
.

For this purpose, observe that, by virtue of Lemma 2.3, the functions P ∗
t f (which are con-

tinuous on RN) converge uniformly to f , as t tends to 0. Hence, f is function on RN . We
now turn to prove the Lipschitz regularity (1.2) of f and (8.4). Fix x,x′ ∈ RN such that
0 < ∥x− x′∥ ≤ 1. Set δ := ∥x− x′∥. Then

|f(x′)− f(x)| =
∣∣ lim
ε→0

(P ∗
ε f(x

′)− P ∗
ε f(x))

∣∣
≤ lim

ε→0

∣∣∣ ∫ 1

ε

d

ds

(
P ∗
s f(x

′)− P ∗
s f(x)

)
ds
∣∣∣+ ∣∣∣P ∗

1 f(x
′)− P ∗

1 f(x)
∣∣∣

≤ lim
ε→0

∫ δ

ε

(∣∣∣ d
ds
P ∗
s f(x)

∣∣∣ + ∣∣∣ d
ds
P ∗
s f(x

′)
∣∣∣) ds

+

∫ 1

δ

∣∣∣ d
ds

(
P ∗
s f(x

′)− P ∗
s f(x)

)∣∣∣ ds+ C∥x− x′∥∥f∥L∞ ,

(8.5)

where in the last inequality we have used Lemma 8.6. Since f ∈ Λβ
k , we have

(8.6)

∫ δ

ε

(∣∣∣ d
ds
P ∗
s f(x)

∣∣∣+ ∣∣∣ d
ds
P ∗
s f(x

′)
∣∣∣) ds ≤ 2∥f∥Λβ

k

∫ δ

ε

sβ−1 ds ≤ C∥f∥Λβ
k
∥x− x′∥β.

Recall that, by the semigroup property, d
ds
P ∗
s = Qs = P ∗

s/2Q
∗
s/2. Hence, using Lemma 8.6 and

the assumption f ∈ Λβ
k , we get∫ 1

δ

∣∣∣ d
ds

(P ∗
s f(x

′)− P ∗
s f(x))

∣∣∣ ds = ∫ 1

δ

∣∣∣P ∗
s/2(Q

∗
s/2f)(x

′)− P ∗
s/2(Q

∗
s/2f)(x)

∣∣∣ ds
≤ C

∫ 1

δ

∥x′ − x∥
s

∥Q∗
s/2f∥L∞ ds ≤ C ′

∫ 1

δ

∥x′ − x∥
s

sβ−1∥f∥Λβ
k
ds ≤ C ′′∥x′ − x∥β∥f∥Λβ

k
.

If ∥x − x′∥ > 1, then |f(x) − f(x′)| ≤ 2∥f∥L∞ ≤ 2∥x − x′∥β∥f∥L∞ . Thus, the proof of the
theorem is complete. □

Remark 8.7. For 0 < β < 1 the homogeneous Lipschitz spaces

Λ̇β(RN) =
{
f : RN → C : sup

x̸=y

|f(x)− f(y)|
∥x− y∥β

<∞
}

associated with the Euclidean metric and the spaces

Λ̇β
d =

{
f : RN → C : sup

x̸=y

|f(x)− f(y)|
d(x,y)β

<∞
}

related to the orbit distance d(x,y) (see (7.25)) where studied in [10]. One of the results
of [10] asserts that the space Λ̇β(RN) is characterized by the condition

sup
B

1

diam(B)β

( 1

w(B)

∫
B

|f(x)− fB|qdw(x)
)1/q

<∞

for any/all 1 ≤ q < ∞, where the supremum is taken over all balls B ⊂ RN and fB =
w(B)−1

∫
B
f dw. We also refer the reader to [10] for results which relates the Triebel-Lizorkin
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spaces in the Dunkl setting and the commutators of Lipschitz functions b with the Dunkl-
Riesz transforms or the Dunkl-Riesz potentials (−∆k)

−γ.
It is worth emphasizing that in the Dunkl setting one can consider Lipschitz spaces in

which regularity conditions are measured by means of the generalized translations, namely,
by ∥τxf − f∥Lq(dw) for 1 ≤ q ≤ ∞. In dimension one, in which the translations are bounded
operators on Lp(dw), such spaces were studied in [12].

9. Proof of Theorem 1.1

The following theorem, which follows by an iteration of (1.7), will be used in the proof of
Theorem 1.1.

Theorem 9.1 ([21, Theorem 10]). Let β > 0, n ∈ N0, 0 ≤ n < β. Then f ∈ Λβ(RN) if and
only if f ∈ Cn(RN), ∂γf are bounded functions for |γ| ≤ n, and ∂γf ∈ Λβ−n(RN) for all
γ ∈ NN

0 such that |γ| = n. Moreover, there is a constant C > 0 such that for all f ∈ Λβ(RN)
we have

(9.1) C−1∥f∥Λβ(RN ) ≤
∑
|γ|<n

∥∂γf∥L∞ +
∑
|γ|=n

∥∂γf∥Λβ−n(RN ) ≤ C∥f∥Λβ(RN ).

Theorem 9.2. Let β > 0, β ̸∈ N. Then Λβ(RN) ⊆ Λβ
k and there is a constant C > 0 such

that for all f ∈ Λβ(RN) we have ∥f∥Λβ
k
≤ C∥f∥Λβ(RN ).

Proof. Assume that 0 ≤ n < β < n + 1. The proof of the inclusion proceeds by induction
on n. If n = 0, the equality Λβ(RN) = Λβ

k and the equivalence of the norms follow from
Theorem 8.5. Suppose that 1 ≤ n < β < n + 1 and our induction hypothesis holds for
β − 1 < n. Let f ∈ Λβ(RN). Then f ∈ Cn(RN) and ∂jf ∈ Λβ−1(RN) for j = 1, . . . , N .
According to part (c) of Theorem 8.3 combined with the induction hypothesis, it suffices to
prove that D∗

jf exists in the mild sense and belongs to Λβ−1(RN) for j = 1, . . . , N . Since

f ∈ Cn(RN) with n ≥ 1, and ∂jf are bounded continuous functions for all j = 1, 2, . . . , N ,
and

Djf(x) = ∂jf(x) +
∑
α∈R

k(α)

2
αj
f(x)− f(σα(x))

⟨α,x⟩

= ∂jf(x) +
∑
α∈R

k(α)

2
αj

∫ 1

0

⟨α,∇f(σα(x) + s(x− σα(x)))⟩ ds,
(9.2)

we conclude that D∗
jf exists in the mild sense and D∗

jf = −Djf (see Proposition 8.4). As

∂jf ∈ Λβ−1(RN) and ∥∂jf∥Λβ−1(RN ) ≤ C∥f∥Λβ(RN ), it remains (by (9.2)) to consider the
functions

fα,ℓ(x) :=

∫ 1

0

(∂ℓf)(σα(x) + s(x− σα(x))) ds =

∫ 1

0

(∂ℓf)(As,α(x))) ds,(9.3)

for ℓ = 1, 2, ..., N , where As,α(x) := σα(x) + s(x − σα(x)). Now the Cn−1(RN)-function fα,ℓ
belongs to Λβ−1(RN) if and only if ∥fα,ℓ∥Λβ−1(RN ) is finite, i.e.,

(9.4) ∥fα,ℓ∥Λβ−1(RN ) ∼
∑

|γ|<n−1

∥∂γfα,ℓ∥L∞ +
∑

|γ|=n−1

∥∂γfα,ℓ∥Λβ−n(RN ) <∞.

Note that the linear mappings As,α on the Euclidean space RN satisfy

∥As,α∥ = 1, 0 ≤ s ≤ 1, α ∈ R.
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Thus, by the chain rule, we obtain

|∂γ({∂ℓf} ◦ As,α)(x)| ≤ Cγ∥f∥Cn(RN ) ≤ C ′
γ∥f∥Λβ(RN ) for |γ| ≤ n− 1

and

|∂γ({∂ℓf} ◦ As,α)(x)− ∂γ({∂ℓf} ◦ As,α)(x
′)| ≤ C∥f∥Λβ(RN )∥x− x′∥β−n for |γ| = n− 1.

Hence, from (9.3), we conclude (9.4). Consequently Djf ∈ Λβ−1(RN) and ∥Djf∥Λβ−1(RN ) ≤
C∥f∥Λβ(RN ). Thus, by Theorem 8.3, f ∈ Λβ

k and ∥f∥Λβ
k
≤ C∥f∥Λβ(RN ). □

Lemma 9.3. Let β ∈ (0, 1) and let m be a positive integer. There are positive constants

Cm,β, C
′
m,β such that for all α ∈ NN

0 such that |α| = m, f ∈ Λβ
k , x,x

′ ∈ RN , and t > 0 such
that ∥x− x′∥ < t, we have

(9.5) ∥∂αPtf∥L∞ ≤ Cm,βt
β−m∥f∥Λβ

k
,

(9.6) |∂αPtf(x)− ∂αPtf(x
′)| ≤ C ′

m,β∥x− x′∥tβ−m−1∥f∥Λβ
k
.

Proof. By virtue of (7.45), it is enough to check (9.5) for 0 < t < 1. For f ∈ Λβ
k and

0 < t < 1 we have

Ptf = P1f −
∫ 1

t

∂sPsf ds.

By (7.45), ∥∂αP1f∥L∞ ≤ Cα∥f∥L∞ , so it remains to estimate

(9.7) ∂α
∫ 1

t

∂sPsf ds =

∫ 1

t

∂α∂sPsf ds.

Furthermore,

(9.8) ∂α∂sPsf(x) =

∫
RN

∂αps/2(x, z)

∫
RN

qs/2(z,y)f(y) dw(y) dw(z).

Since f ∈ Λβ
k , there is C > 0 such that for all s > 0 and z ∈ RN , we have

(9.9)

∣∣∣∣∫
RN

qs/2(z,y)f(y) dw(y)

∣∣∣∣ ≤ Csβ−1∥f∥Λβ
k
.

From (7.45) we conclude that there is Cα > 0 such that for all s > 0 and x ∈ RN , we have

(9.10)

∫
RN

|∂αps/2(x, z)| dw(z) ≤ Cαs
−m.

Combining (9.8), (9.9), and (9.10) together with (9.7), we get (9.5). Finally, (9.6) is a
consequence of (9.5) and the mean value theorem. □

Lemma 9.4. Let m ∈ N. There is a constant C > 0 such that for all α ∈ NN
0 such that

|α| = m, f ∈ L∞, x,x′ ∈ RN , and t > 0 such that ∥x− x′∥ < t, we have

(9.11) |∂αPtf(x)− ∂αPtf(x
′)| ≤ C∥x− x′∥t−m−1∥f∥L∞ .

Proof. The lemma follows directly from the estimates (7.45). □

Theorem 9.5. Let γ > 1, γ ̸∈ N. We have Λγ
k ⊆ Λγ(RN) and

(9.12) ∥g∥Λγ(RN ) ≤ Cγ∥g∥Λγ
k
.
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Proof. Fix γ > 1, γ /∈ N. Let m be such that m < γ < m + 1. We fix γ1, γ2 > 0 such that
γ1 ∈ (0, 1) and m < γ2 < m+ 1, γ1 + γ2 = γ. Consider g ∈ Λγ

k. Our goal is to verify (9.12).
For this purpose, by Theorem 9.1, it is enough to show that

(9.13)
∑

|α|<m

∥∂αg∥L∞ +
∑

|α|=m

∥∂αg∥Λγ−m(RN ) ≤ C∥g∥Λγ
k
.

Let us recall that ((I+
√
−∆k)

−γ2)∗ is an isomorphism of the space Λγ1
k onto Λγ

k (see Theorem
8.3). Let f ∈ Λγ1

k be such that ((I +
√
−∆k)

−γ2)∗f = g. Clearly, ∥g∥Λβ
k
∼ ∥f∥Λγ1

k
. Hence,

instead of (9.13), it is enough to verify that

(9.14)
∑

|α|<m

∥∂α((I+
√

−∆k)
−γ2)∗f∥L∞+

∑
|α|=m

∥∂α((I+
√
−∆k)

−γ2)∗f∥Λγ−m(RN ) ≤ C∥f∥Λγ1
k
.

First, let us take α ∈ NN
0 such that |α|≤m and estimate ∥∂α((I +

√
−∆k)

−γ2)∗f∥L∞ . By
Lemma 9.3, we get

∥∂α((I +
√

−∆k)
−γ2)∗f∥L∞ ≤ Γ(γ2)

−1

∫ ∞

0

e−ttγ2∥∂αP ∗
t f∥L∞

dt

t

≤ C∥f∥Λγ1
k

∫ ∞

0

e−ttγ2tγ1−|α|dt

t
≤ C∥f∥Λγ1

k
.

(9.15)

Then, let α ∈ NN
0 be such that |α|=m and estimate ∥∂α((I +

√
−∆k)

−γ2)∗f∥Λγ−m(RN ). Since
γ −m ∈ (0, 1), it is enough to verify the following Lipschitz condition:

(9.16)
∣∣∣∂α((I +√

−∆k)
−γ2)∗f(x)− ∂α((I +

√
−∆k)

−γ2)∗f(x′)
∣∣∣ ≤ C∥f∥Λγ1

k
∥x− x′∥γ−m.

For x,x′ ∈ RN such that ∥x− x′∥ ≤ 1, we write∣∣∣∂α((I +√
−∆k)

−γ2)∗f(x)− ∂α((I +
√
−∆k)

−γ2)∗f(x′)
∣∣∣

≤ Γ(γ2)
−1

∫ ∞

0

e−ttγ2
∣∣∣∂αP ∗

t f(x)− ∂αP ∗
t f(x

′)
∣∣∣dt
t

≤ C

∫ ∥x−x′∥

0

· · ·+ C

∫ 1

∥x−x′∥
· · ·+ C

∫ ∞

1

=: I1 + I2 + I3.

From Lemma 9.3 we get

I1 ≤ C

∫ ∥x−x′∥

0

e−ttγ2∥∂αP ∗
t f∥L∞

dt

t
≤ C∥f∥Λγ1

k

∫ ∥x−x′∥

0

e−ttγ2tγ1−mdt

t
≤ C∥f∥Λγ1

k
∥x− x′∥γ−m.

(9.17)

Furthermore, using (9.6), we obtain

I2 ≤ C∥x− x′∥∥f∥Λγ1
k

∫ 1

∥x−x′∥
e−ttγ2tγ1−m−1dt

t

≤ C∥x− x′∥∥f∥Λγ1
k
∥x− x′∥γ−m−1 = C∥x− x′∥γ−m∥f∥Λγ1

k
.

(9.18)

Finally, utilizing Lemma 9.4, we have

I3 ≤ C∥x− x′∥∥f∥L∞

∫ ∞

1

e−ttγ2−m−1dt

t
= C ′∥x− x′∥∥f∥Λγ1

k
≤ C∥x− x′∥γ−m∥f∥Λγ1

k
.

(9.19)
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Collecting (9.17), (9.18), and (9.19), we get (9.16), which, together with (9.15), proves (9.14).
□

Completing the proof of Theorem 1.1. By virtue of Theorems 9.2 and 9.5, it remains to prove
the theorem for β being any positive integer. To this end, we consider the identity operator
and apply Theorems 9.2 and 9.5 together with the interpolation Theorem 1.7.

□
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