ON LIPSCHITZ SPACES IN THE DUNKL SETTING -
SEMIGROUP APPROACH

JACEK DZIUBANSKI AND AGNIESZKA HEJNA-LYZWA

ABSTRACT. Let {P;}:~¢ be the Dunkl-Poisson semigroup associated with a root system
R c RY and a multiplicity function & > 0. We say that a bounded measurable function f
defined on RY belongs to the inhomogeneous Lipschitz space A’Z , B>0,if

|

sup t™ || —
5 dtm

PtfH < 00,
t>0 Le

where m = [8] + 1. We prove that the spaces Af: coincide with the classical Lipschitz spaces.
In order to prove the theorem, we provide other characterizations of the space and apply
the K-interpolation method.

1. INTRODUCTION

The aim of this paper is to study inhomogeneous Lipschitz spaces in the Dunkl setting. On
the Euclidean space RY equipped with a root system R and a multiplicity function k& > 0,
we consider the Dunkl Laplace operator

N
(1.1) A=Y D3,
j=1

where
(x) = f(oa(x))

(@, x)

D,f(x) = 0,£(x) + 3 MM 0o
aER

are the Dunkl operators. These operators were introduced by C. F. Dunkl in [5] in the late
1980s to study special functions and spherical harmonics with symmetries given by finite
Coxeter groups. They were later applied in physics to investigate the quantum many-body
Calogero-Moser-Sutherland model, particularly enabling the proof of its integrability. In
recent years, they have been used in quantum physics problems of a symmetric nature, in-
cluding anyons, supersymmetry, noncommutative geometry, and PT-symmetry (see e.g., [25]
for more details about CMS model and the other applications). Beyond physics, these oper-
ators have applications in probability theory (e.g., Feller processes with jumps, see e.g., [18]
for the probabilistic point of view) and algebra (Hecke algebras). Replacing classical deriva-
tive operators with Dunkl operators in differential equations allows for the study of various
physics problems and operators with symmetries, e.g., Dunkl versions of the harmonic oscil-
lator operator and Schrodinger operators. The function spaces which are frequently used in
these types of problems are Sobolev spaces, as well as the related Lipschitz spaces discussed
in the current article.
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For 0 < 8 < 1, the classical inhomogeneous Lipschitz space A?(RY) on the Euclidean
space RY is defined as

12 MR =R S C e s T TIEN ) <o),

xx[|lx = x[|P
In Taibleson [21], the author used the Poisson integral (semigroup)
t
1.3 x,t) = cy > d
( ) f( ) N RN f(Y) (t2 + ||X y” ) (N+1)/ Yy

to study properties of the Lipschitz spaces on A?(RY) (see also [20]). To be more precise, for
any fixed positive integer m, the norm || f||ss®~y is equivalent to

m—p1| =
(1.4) I +sup e | S s
see [21, Theorems 3 and 4] and [20, Chapter V, Proposition 7 and Lemma 5] .

The theorem motivates extending the notion of Lipschitz spaces for all positive parameters
B> 0. So, for 8 > 0, let m be the smallest integer bigger than 3. We say that f € A?(RY),
if (1.4) is finite (then (1.4) is taken as the norm in the space). Furthermore, one can consider
the heat semigroup {e'®};>¢ and take

(1.5) £l + sup ™72
t>0

tAfH

as an equivalent norm in the Lipschitz space AP(RY) (see [21, Theorem 7]).
It turns out (see [21, Theorem 4]) that if 0 < 8 < 2, then the norm (1.4) (with any fixed
m > 2) is equivalent to

dtm

(16) Il + sup sup LAY+ —y) = 27CI]
xeR OyeR vIP

Such spaces can be thought as inhomogeneous generalized Zygmund classes.
Furthermore, if 3 > 1, then f € A?(RY) if and only if f € L> and 9,f € A’"L(RY) for

j=1,2,...,.N (see e.g., [20, Chapter V, Proposmon 9]). Moreover,
(17) £ llasyy ~ /1l + Z 10 llas-1@)-
j=1

Additionally, the Bessel potential (I — A)?/2 is an isomorphism of the space A%(RY) onto
APHY(RYN) (see [21, Theorem 5)).

Let us now discuss the Dunkl counterparts of the theorems and objects described above.
The operator A, (see (1.1)) generates a contraction semigroup H; = ek on LP(dw), 1 <
p < oo (strongly continuous for 1 < p < c0), where

= ] [, x) ") dx
a€ER

The semigroup has a unique extension to a uniformly bounded holomorphic semigroup on
any sector S5 ={z € C: |argz| <}, 0 < <7/2. Let

du

1.8 P:=r12—1/ e Hyp /(g ——
(1.8) t (1/2) i /() 7
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be the subordinate (Dunkl-Poisson) semigroup. We say that a measurable function f defined
on RY belongs to the inhomogeneous Lipschitz space Ag, if

(1.9) 191y o= 1 + supen= | S pes

where m is the smallest positive integer greater than 5. We are in a position to state our
main result, which is obtained at the very end of the paper.

‘ < 00,
LOO

Theorem 1.1. For any 8 > 0, the Lipschitz space Af coincides with the classical Lipschitz
space AP(RN) and the corresponding norms (1.9) and (1.4) are equivalent.

Analyzing objects defining Lipschitz spaces in the Dunkl context, it is easy to observe that
many of the properties of these objects differ from the classical ones. This was one of the
reasons why we opted for a different approach than classical ones in some places. We utilize
them to bypass difficulties arising from the specificity of the Dunkl context. Our proofs
use elements of abstract theory of function spaces associated with generators of uniformly
bounded holomorphic semigroups. We want to note that some of theorems in the theory of
Lipschitz spaces (including those from the classical theory) can be obtained in this way. For
example, the equivalence of the definitions of Lipschitz spaces by subordinate and original
semigroups can be obtained by means of holomorphic functional calculi. We present this
general approach in Part 1 of the paper.

The proof of Theorem 1.1 goes by a detailed examination of properties of the A’g spaces.
Let us shortly describe its main steps.

The first milestone in proving Theorem 1.1 is to obtain the equality A} = AP(RY) for
0 < B < 1. Let us remark that the characterizations of the classical Lipschitz spaces are given
by the behavior of convolutions which use Euclidean translations, natural to study Holder’s
regularities (see e.g., [20, Chapter V, Proposition 7]). In the Dunkl setting the action of the
Poisson semigroup is by means of generalized translations and full understanding of these
operations is far from satisfactory. In particular, one of the well-known open problems is
the question of the boundedness of the Dunkl translation on LP. However, recent results
concerning behavior and regularity of the integral kernels of the heat and Poisson Dunkl
semigroups allow us to prove that for 0 < g < 1 the space Af and the classical Lipschitz
space A?(RY) coincide (see Theorem 8.5).

Another important component of the proof is Theorem 8.3, which states that the Bessel-
type potentials ((I — Ag)™/2)* and ((I + v/—Aj)™)* are isomorphisms of A} onto AL,
B,y > 0, and, moreover, for § > 1, f € Af if and only if f € L*™ and Djf € Affl,
jg = 1,2,..., N. We emphasize that the results of Theorem 8.3 are consequences of the
abstract approach mentioned above.

Since the L*°-norms of the Dunkl derivatives are controlled by the L**-norms of the classical
ones, the inclusions A?(RY) C Af seem to be expected at this moment. However, the inverse
inclusions Af C AP(RY) are not at all obvious, because the Dunkl operators introduce non-
local effects, and their behavior is influenced by actions of the reflections. To this end, we
study the operators 5 (([ ++/—Ag)77)*. The results stated above, combined with properties

of the Bessel potentlal kernels, allow us to verify that Af = AP(RY) for all B> 0, B ¢ 7Z (see
Theorems 9.2 and 9.5).

Our final step is the equality Af = AP(RY) for B € Z, B > 1. Let us recall that in the case
of B8 = 1, the Zygmund condition (1.6) occurs and we face difficulties in handling it in the
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Dunkl setting. In order to overcome these major obstacles, we use an interpolation argument
to complete the proof of Theorem 1.1.

Such an approach to interpolation spaces associated with powers of generators of strongly
continuous semigroups can be found e.g., in [2], [23], and references therein. For readers who
are not familiar with the theory and for the sake of completeness, we present all abstract
results used in the proofs of the theorems.

We remark that our approach to the interpolation differs a little from that described in
[2, 23], because we interpolate between the spaces defined by means of actions of semigroups
which are not strongly continuous on the Banach spaces under consideration. So, motivated
by the approach to the classical Lipschitz spaces, which is based on the action of either the
Poisson or the heat semigroup on L*®-functions, which form the dual space of L!, in Part 1
we consider an analytic strongly continuous semigroup 7; = e on a Banach space (X, |- ||),
which is uniformly bounded in a sector around the positive axis and the dual semigroup
{T; }+>0 acting on the dual space (X*|| - ||x~). We do not assume that X is reflexive, so
the semigroup 7,* is not necessarily strongly continuous in general. For such a semigroup the
space Aﬁ is defined as follows.

Definition 1.2. For g > 0, let m be the smallest positive integer such that m > 5 . We say
that x* € X* belongs to Aﬁ, if

% *

(1.10) <o,

H dtm "t
We equip the space Ai with the norm

k%K

* L * m—_ _m
(1.11) s = la” e +sup =2 | Z2 7|

It is easy to prove that (A%, | - || A% ) is a Banach space. Furthermore, the subordinate
semigroup is defined by {P;}:>o according to the formula

du
Vu
acting on the Banach space (X, | - ||). We denote by —v/—.A the infinitesimal generator
of {P;}i>0. The semigroup {P;}i>0 is strongly continuous and has a unique extension to a

uniformly bounded holomorphic semigroup in the same sector. Again, we consider the dual
semigroup {P; }+>o and define the related A[j /= Spaces, namely for § > 0 and m as above,

(1.12) P, = T(1/2)"! / T
0

we say that z* € X* belongs to AB 1f

* *

Hdtm e

Then, as in the previous case, we set

(1.13) <o,

el = ll27]

dm
« 4+ su tm’BH—P*x* .
X t>g dtm” X+

We are now in a position to state the first result which is obtained by means of holomorphic
functional calculi.
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Theorem 1.3. For > 0, the spaces Ai and AQ_ﬁm coincide. Moreover, there is C' > 1
such that for all x* € X*, we have

(1.14) CHla™llye, < 2™l pze _ < Cllellas,

Next, for v > 0, we consider the Bessel type potentials
(I =A)7) (I+V=A)7)
(see (2.17) and (2.18)).
Theorem 1.4. Let 3,7 > 0. The operator (I —.A)~")* is an isomorphism of A% onto A .
The theorem applied to the semigroup {P;};~o gives the following corollary.

Corollary 1.5. Let 8,y > 0. The operator (I + /—A)"")* is an isomorphism of A

B+
AP

In order to prove Theorem 1.4, we first establish the following relation between the spaces

Aiﬂ and Ai and the action of A*.
Fix z* € X*. We say that y* = A*z* € X* in the mild sense, if for all x € X and all ¢t > 0,

(", Tex) = (z7, ATx).

Theorem 1.6. Assume that f > 0, x* € X*. Then z* € Aﬁ“ if and only if A*z* € A5,
where the action of A* on x* is understood in the mild sense. Moreover, the norms

xo A7

Vv—A
onto

[2* ][ yorrand 27|

are equivalent.
We finish Part 1 of the paper with the following theorem, which will play a crucial role
in the completion of the proof of Theorem 1.1. For the Banach spaces Aﬁf and Aﬁf and

0<6<1,let (A% A%)y and [2*||s denote the intermediate interpolation space and the
interpolation norm obtained by the K-method of Peetre (see Section 6 for details).

Theorem 1.7 (cf. [23, Section 2.7 for the classical Lipschitz spaces]). For 0 < 5y < 1 and
0<0<1,letB=(1—0)By+0B. Then

(1.15) (AR Ao = Ay
and there is a constant C' > 1 such that for all x* € X* we have
(1.16) CH ™ lle, < ll2*llo < Clla|l s

In Part 2, we apply the results of Part 1 together with properties of the Dunkl heat and the
Dunkl Poisson kernels to study inhomogeneous Lipschitz spaces associated with the Dunkl
operators on the Euclidean space RY.
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Part 1 Semigroup approach to A’-spaces

2. ANALYTIC SEMIGROUPS OF LINEAR OPERATORS

2.1. Analytic semigroups. In the present section we collect some facts concerning holo-
morphic (analytic) semigroups of operators on Banach spaces (see e.g., [3], [13]).

Let {7:}+>0 be a strongly continuous semigroup of linear operators on a Banach space
(X, ]| - |I), which, for certain 0 < § < 7/2, has an extension to a uniformly bounded holomor-
phic semigroup {7, }.cs, in the sector

Ss={z€C:l|argz| < d}

about the positive axis.

Let (X*,|| - |[x~) be the dual space of the Banach space (X, ||-||) and let 7, € £L(X*) denote
the dual operator to 7;. Then {7,*};>0 has a unique extension to a uniformly bounded
holomorphic semigroup (which is in general not strongly continuous). It follows from the
theory of analytic semigroups that if (A, D(A)), where ®(A) denotes the domain of A, is
the infinitesimal generator of {7;}:>o, then
(1) Ti(X) € ),en DO (A") for all t > 0,

(2) the functions (0,00) 3 t — T; € L(X), (0,00) 3t — T,* € L(X*) are differentiable
(even holomorphic in S5) and

21) ST= AT, ST = (AT
(2:2) JATE] = (AT - < O,
(2.3) ATivs = ToAT, (ATis) = TA(AT))"
In particular, if £ = t; + to + ... + t,, t; > 0, then
(24) LT AT = ATLAT, AT, LT Z (AT = (AT ) (ATL) (AT,

dtn dtn
Consequently, there is C' > 0 such that for all n € N and ¢ > 0 we have

dr ar __,
H dt”ﬁ dt”’]; b'e

By p(.A), we denote the resolvent set of A, that is, the set of all A € C such that the operator
M —A:D(A) — X is one to one and onto, and its inverse, denoted by R(A : A), is bounded
on X. The resolvent set p(A) is open and the mapping p(A) 2 A — R(A : A) € L(X) is
holomorphic, so is R(\ : A)*. Moreover, for all A\, u € p(.A),

(2.5)

<Ccn, ‘

<Cc"tT.

RAN:A)—R(p:A)=(pu—NRAN: A)R(u: A, iR()\ cA) = —R(\: A,

(2.6) dA .
RAN:A)"—R(p:A)=(pu—ANRA: AR : A, aR()\ C A = —R(\: A
If {7:}+>0 is a holomorphic semigroup, uniformly bounded in Sy, then
(2.7) Y = {)\ € C:larg )| < g+5} C p(A),
(2.8) |IR(A: A < ¢ for A € Xs.

Al
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2.2. Ai—spaces - basic properties. Let {7;}:>0 be a semigroup of linear operators gener-
ated by A which has an extension to a uniformly bounded holomorphic semigroup in a sector
Ss. In this section we state elementary properties of the space Aﬁ (see Definition 1.2).

The following easily proved proposition asserts that, as in the classical case (cf. [20, Chapter
V, Lemma 5]), the integer m in Definition 1.2 can be replaced by any integer n > (.

Proposition 2.1. Let x* € X*. Fix § > 0. Ifn > m > [ are integers, then the following
two conditions

LN

(2.9) x

<Ct5m H — T "

< C P,
Hdtm t X*

are equivalent. Moreover, there is C' > 1 (which depends on m and n and is independent of
x* € X*) such that the smallest constant C,, and C,, holding in the above inequalities satisfy:

cc,<C,<CC,.

Remark 2.2. It is worth emphasizing that, as in the classical case, the estimates (2.9) are
of interest only for 0 < ¢ < 1, because, for ¢ > 1, in virtue of (2.5), the following better
estimates always hold, namely

* >k

H dtn 't
Remark 2.2 together with Proposition 2.1 imply that

(2.10) A% C A% and |2y < Ciy pulla”llye for By = B2 > 0.
Lemma 2.3. Suppose 3> 0. If z* € A%, then

* Lk

(2.11)

| Fae| < Cullrll for < 5

(2.12) lin [l — 7,7

x- = 0.

Proof. The proof of (2.11) follows from integration of (1.10). To prove (2.12), there is no
loss of generality if we assume that 0 < g < 1. Let 0 < t; <ty < 1. We write

to d
. = e *d
X H/tl dstﬂlj °

Hence, 7,*z* satisfies the Cauchy condition as ¢t — 0. Let zf = lim;_,o 7,2z* in the || - |
norm. Then

702" = T,

to
LS O/ 7V ds = (85 — ).

t1

X*

(ah.2) = lim(T7"0" 2) = lim(a", Toa) = (a", ),
because {T;}+>0 is strongly continuous. So zf = z*. O

Proof of Theorem 1.6. Suppose that z* € X* is such that y* := A*x* € Ai. Let m > 5+ 1.
Then m — 1 > 3 and

dm 1
(2.13) H

dtml t

< B—(m—1) |, *
P <t |y ||Ai'
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Since {T;}+>0 is a strongly continuous and uniformly bounded semigroup of linear operators,
using (2.4) and (2.12), we get

k Lk

|7

)

m
< sup <_ t
X >0, ||z||<1 dtm

= sup \(x*, Aﬁ/m(Afﬁ/m)milﬁl‘H

>0, [|lz[<1

= sup  [(y*, Toym(ATim)™ " Toz)]

>0, [|lz[<1

(2.14)

m—1
= sup
5>0, [|z]|<1

(G Ty Toa)| < Clly g 50,

where in the last inequality we have used (2.13).

We now turn to prove the converse implication. Suppose that z* € Aiﬂ. Let m be an
integer, such that 1 < m —1 < g+ 1 < m. We start by proving that A*z* exists in the mild
sense. Let u(t) := T*z*, v(t) := u'(t) = (AT;)*z*. Then, by our assumption,

(2.15) [ O)llx = [u™ (@)l]xe < ] gt

Consider the Taylor expansion of the function v(¢) around the point ¢y = 1:

v :n%Q lv(z) — 1) t—(t_s)m_2v(m_1) s)ds
(2.16) (1) ;:;ﬂ (Dt —1) +/1 D] (s) ds.

It follows from (2.15) that v(t) converges in the X*-norm to a vector y* € X* as t tends
to 0, and ||y*||x- < C||:13*||Ai+1. To see that y* = A*z*, we write

(' Tea) = lim(0(t), Taa) = i {(AT))"a", Tea) = lim (e, AT o) = (@, AToa),

where in the last equality we have used (2.3) and the strong continuity of {7;}+>o.
It suffices to verify that y* € Ai. To this end, we recall that 5 < m — 1 and, for t > 0,
applying (2.4), we obtain

dm 1 * . s\ m—1 . *\m—1 * %
|G 7w = AT ) () e = B (AT o))" (AT e
_ }QEI(%HCZ,]__mﬁI*T:t_i_S . < t(ﬂ+1)_m||x*||Ai“ _ tﬁ_(m_l)Hx*HAiﬂ'
O

2.3. Bessel potentials. For v > 0, the potential operator is defined by
(2.17) (I—-A)"7:=r(y)! /OO t”’e_t’ﬁ%

and its conjugate operator :

(2.13) (1= A7y =re) [ToeT

The integrals in (2.17) and (2.18) converge in the operator norm topology and define bounded
operators on X and X* respectively. Moreover, for v;,7, > 0,

(219) (T—A) P (I=A)7 = (T=A) 2, (= A) ) (I=A)2) = (I—A) 2
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Proof of Theorem 1.4. We start by proving that for any § > 0, the operator ((I —.A)~7)* is
bounded from Aﬁ to Aiﬂ. Clearly, for z* € A, we have

(2.20) I = A7) " xe < Clla|lxe < Ol

To verify that y* := ((I — A)™7)*z* indeed belongs to A%, and "y*"AZ+’y < CHm*HAi, we
fix n > 5+ v and 0 <t < 1. Then, using (2.4) and our assumption, we obtain

o d
|7y wwl/ *WMMWﬁ%EW
Lds
(2.21) H/ R CE DR

d &0 d
SWﬂW/F“W”3+WMW/8W%Mﬁ
A Jo t S

< ' 1 ,3+'y—n‘
< Ol

Thus, we have shown that ((I —.A)77)* is a continuous linear transformation of Ai into
ABHY.

AAccording to the Banach closed graph theorem, it remains to prove that the mapping
(I — A)™)* : A% — A9 is injective and onto. Using (2.19), by standard functional
analysis arguments, it suffices to prove this for v = 1, c¢f. [20, Chapter V, Section 4.4] for
the proof in the case of the classical Lipschitz spaces. Since R(1 : A)(X) = D(A), which is
a dense space in X, we conclude that ((I — A)~")* = R(1 : A)* is injective. To verify that
R(1: A)* is onto, consider z* € A%, Then y* = 2* — A*z* belongs to A%, where A*z* is
understood in the mild sense, that is, (v*, Tix) = (z*, (I — A)Tiz). Now,

(R(1: Ay, Tex) = (y*, R(1 : A)Tx) = (y", TLR(1 : A)x)

(2.22) = (25, (I - AT,R(1 : A)x) = (z*, Tyx),

and, consequently, R(1: A)*y* = z*. O

3. SUBORDINATE SEMIGROUP

In this section, for a holomorphic uniformly bounded semigroup {7;};>0 = {€"}i>0 on a
Banach space (X, || - ||), we consider the subordinate semigroup {P;}:>¢ defined by (1.12).

The integral in (1.12) is convergent in the operator norm topology £(X) and it defines
a strongly continuous, uniformly bounded (in any sector S5, 0 < § < 7/2) holomorphic
semigroup on X. Our aim is to prove Theorem 1.3. The relations

(3.1) Ay S AP

s~ Wwith |z ||Azfa\/j < Oz HAZ for all z* € A7)

will be proved by utilizing (1.12). For the converse, namely for

(3.2) AQ'B 5 C A% with C71|z* ||A5 < ||=* ||A25\/7 for all z* € Aiﬁm,

we shall apply a holomorphic functional calculus. For the reader who is not familiar with
these methods, we provide details in Section 4.
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3.1. Inclusion AB Aw . We start with the following lemma.

Lemma 3.1. Suppose that (0, o0) 3t ¢(t) is a bounded C*-function taking values in a
Banach space such that for any n € N there is C,, > 0 such that for all t > 0 we have

(3.3) o™ (D) < Cut ™™
Then the function
> 2\ du
0,00 Btl—H/Jt::/ e o —
(0,0) 0= o)
18 C'°° and satisfies
o t 2\ du
1) —u_ " (n+l) 2 ) 2%
( )/0 ¢ 2u¢ <4u) Vu'

2N\ du

v = e [T e (1) T

¥(t) = /O ) e—“%w(%)%

For any smooth function (0,00) 3 ¢t — ¢(t), we have

<
—
N
3
+
=
—
~
N—
Il

Proof. Clearly,

(3.4) 1o/ (au))) = 2L 1g( ) (au))] = -l () (4w)).
Hence,
() _/0 ( )% /Oooe 221&[41’ (zlu)]\d/li

[ @ [ al @

where in the last identity we have used (3.4). Integrating by parts and using (3.3), we obtain

o= [Tege Qe [l e oo

The proof for higher order derivatives follows by iterating the above argument. O

Proof of the inclusion Ai - AQ_ﬂ Vvt Assume that x* € Ai. Consider the functions

o) =2 e and o) = Pia = [ o D) AL,

which take values in X*. If n > 8 then, by Proposition 2.1, [|¢(™ (s)| < sﬁ*”Hx*HAi. Thus,
applying Lemma 3.1, we get

[ (0)]x- < / e*“\|¢(")(t2/4u)|x du
0

*\/ﬂ
o —n du
| el ()5 < oy

which proves the inclusion and the second inequality in (1.14). 0J
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4. HOLOMORPHIC CALCULI

This section is devoted to the proof of the inclusion A*’ A S Ai. To this end, we

utilize holomorphic functional calculi for generators of semigroups. For the reader who is not
familiar with this topic, we provide full details. We refer to [11] and references therein for
more results.

4.1. Admissible holomorphic functions in C_ = {z € C : Re(z) < 0}.

Definition 4.1. We say that f belongs to the space of admissible holomorphic functions
Hge if it satisfies the following conditions:

(A) f is bounded and holomorphic on C_ = {z € C : Re(z) < 0};
(B) for all # <0 and for all ¢ such that § < 6 < 7, we have

(A1) /OO 1z + re)| dr < oo.
0

It is straightforward to verify that fi(z) = e* and fy(2) = e"V~* belong to H®. Here /z
denotes the branch of the square root defined on C\ R_.
Let § < 6 < . We define the parameterized path:

itle=® ift <0,
|t|e® if t > 0.
We then define the right and the left sides of I'y:
(4.2) Iy ={\+2z: Xy, 2>0}, Ty:={A+z: Nely x<0}

(—00,00) Dt Ty(t) = {

For € > 0 we define a modification I'y . of the path I'y by replacing its piece corresponding
to the two intervals for parameters 0 < |¢| < € by the part of the circle ee™, 0 < |w| < 7,
explicitly,

|t]e=% if t < —¢,
(—00,00) Dt s Ty (t) = gemm=0/e=im if o<t <eg,
|t|e® if t > e.

Similarly,
(4.3) Ty.={\+z: ATy, 2>0,}, Ty.={A+z: A ely., z<0}.
To unify our notation, we set I'g . := 1"y if € = 0.

Lemma 4.2 (cf. [I1, Lemma 8.2]). For f € H® and A ¢ Ty, e >0, 1/2 <6 <, let
r 1 f(2)

4.4 A)=— —dz.

(4.4 =g I

Then, f is holomorphic on C \ Ty, and

- \) ifael;
(45) JA) = {(J)C( ) ;fAEFiN
O,e"
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Proof. We present the proof for € > 0. The proof for € = 0 is obtained by letting ¢ — 0.
Case A € T'j. Tt follows from (4.4) that

f/(A) = % /Fe,e (Zf_(z/)\)g dz.

We will show that ]7/(/\) = 0. To this end we fix A € F;ﬁ. For z < 0 and R > 2¢, we define
the closed path v*F = szl 'y]x-’R, oriented counterclockwise, which consists of two curves:
it ={Toe(t) - t€[-R.R]}, " ="+,
and two line segments:
yol = {(Re" + z)(1 — 5) + Re¥s : s € [0,1]},
v = {(Re™™ + 2)(1 — s) + Re s : s € [0,1]}.

Since the function z — f(2)(z — )72 is holomorphic in an open neighborhood of the compact
region bounded by 4%, we have

(4.6) ?ﬁzﬁ —(foz))\)Q dz = Z:; /7“.””"" —<Zf_(z>)\)2 dz = 0.

From the condition (A) we conclude that for each (fixed) x < 0, we have

. f& L
(4.7) }%grolo e oA dz=0 for j = 3,4,

and, consequently, by (4.6), for each (fixed) z < 0, one has

= [ T e Ll

Next, applying (A), we obtain
f(z) dz = 0.

(4.9) lim -

T——00 Fg’g—l—x (Z — )\)

Hence, from (4.8) and (4.9) we conclude that fvl()\) — 0. Therefore, f is constant on Iy.. To
determine its value, applying the condition (B), we get

lim (2) 4. —

AER, Ao Jp, 2 — A

so f(A) =0 on Iy
By the same argument we also conclude that

(4.10) L 1) g

=0 f 1x<0 d X | P +,
gl or all an € (Tpe+2)

Case A € I'y .. Let us consider ~*% as above such that A stays inside the bounded region
with the boundary 4%. The Cauchy integral formula asserts that

1 z 1 z
(.11) =g d Loy L[ S,
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From the condition (A), we obtain

(4.12) lim ) dz=0 for j=3,4.
R—oo ,y;c,R 2=\

Hence, letting R — oo in (4.11), we obtain

(4.13) o= [ 1@ L/ 1) g

2w Jr, 2 — A 2mi z— A

But, for < 0, |z| large enough (such that X stays on the right side of the curve I'y. + ),
(4.10) gives

1
(4.14) — G —
21 Jry 42 2= A

Consequently, (4.13) and (4.14) yield the identity f()\) = f(A) for A € I'y .. O

4.2. Properties of resolvent. In this subsection, we assume that A is a closed operator on
a Banach space such that

(4.15) p(A) DT U{0) = {z € C : |arg(2)] < g +8}U {0}
and there is C' > 0 such that for all A € X5, A # 0, we have
(4.16) IR A) < |—(A’|
Since 0 € p(A), there is r > 0 such that B(0,7) ={z € C: |z|] <r} C p(A) and
(4.17) sup ||R(z: A)| < 0.
z€B(0,r)

Lemma 4.3. Let 7 < 6 <27 and € >0 be such that I'y. C X5 U B(0,r). Suppose z € F;E.
Then

1 1
(418) R(Z : .A) = % /F&E o _ /\R(A : .A) dA.
In addition, if z1, z3 € Fefg, then
1 1
(4.19) R(ar: ARz A) = o /F e ee L

Proof. We begin by proving (4.18). Let z € F(‘;E. Let us consider the following parameter-
ized (closed) contour,

—R,2R)>t— Ty .pr(t) = L oy )
( ) 0, 7R( ) {Re—taO/R-H?)G —- PYR,Q(t) if R S t < 2R.

The contour I'y . g is oriented clockwise. Hence, taking R large enough and using the Cauchy
formula, we get:
1 1

R(Z . ./4) == _2_7'[‘i - )\ _ ZR()\ : .A) d\

1 1 1 1
= — RA: A)d\+ —

271 1 2T A 271 Yrs 2T A

(4.20)

RO\ : A)d.
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By virtue of (4.16) we have

lim
R—o0

i/ L ROy Ay i

271 Z— A
R,2

< lim — = 0.
=

Moreover, by the definition of I'g ., we have

1 1 1 1
lim — / RO\ : A)d) = —
TYR,1

R—c0 2771 z—A 210 Jp, 2 — A

R(\: A)dA.

Therefore, (4.18) follows from (4.20) by letting R — oc.
In order to prove (4.19), we use (2.6) together with the identity

(Zl — )\)_1(22 — )\>_1(2’2 — Zl) = (Zl — )\>_1 — (ZQ — /\)_1

and apply the first part of the theorem. O

4.3. Holomorphic calculi. Let A be a closed linear operator satisfying (4.15) and (4.16).
Let 7 > 0 be such that (4.17) holds. For f € H®, let

(4.21) FA) = [ FOVRO: A an,

2 Jp,.

where I'y. C X5 U B(0,r), 7/2 < 0 < 7/2+ 4. It follows from (B), (4.16), and (4.17) that
the integral (4.21) converges absolutely and defines a bounded operator on X. The next
proposition asserts that the integral does not depend on the path I'y ..

Proposition 4.4. Suppose A satisfies (4.15) and (4.16). Let T'p, o1, g, e, € X5 U B(0,7),
€1,E€9 Z 0. Then

(4.92) Ll RO = [ FO)RO: A)Yd.

27ri - 2mi

F91 €1 F@Q €2

Proof. By holomorphy, for I'y., I'y . C X5 U B(0,7), we have

(4.23) L roRO Ay = = [ FOVRO: AYdn

271 T 211 Ty

Consider 7/2 < 0; < 0y < w/24 9. Let 0 < g1 < g9 be such that Iy, .,, Ty, ., € X5U B(0,7).
Then, using (4.18), we write

1 1 1 1
(4.24) 5= J)RA: A)dA = — f) 5=

2w 2m 2w A—z
02,e2

R(z: A)dzdA.

F91,£1 Fglvsl

Since the double integral on the right-side of (4.24) is absolutely convergent, we apply Fubini’s
theorem together with Lemma 4.2 and get the proposition. O

Proposition 4.5 (cf. [11, Theorems 8.3 and 9.6]). Suppose f,g € H®. Then
(4.25) (f - 9)(A) = F(A)g(A).
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Proof. Tt is clear that if f,g € HX, then f-g € HX®. Fix 7/2 < 0; < 0y < 6 < m and
0 <e; <eg <eg,such that I'y, € X5 U B(0,r). Then, using Lemma 4.2, we get
1
(9 =5 [ FNgNIRO )i
F&,s

271

1 1 f(z1) 1 / g(z2)
— — —d — dze | R(A: A)dA
T 2mi o (2772’ /1“91,51 21— A Zl) <2m’ Toyey 22— A ZQ) (A:A)

Since the triple integral is absolutely convergent, we utilize Fubini’s theorem together with
(4.19) and obtain (4.25). O

(4.26)

Remark 4.6. Since the mapping £(X) 2 B — B* € L(X*) is an isometric injection and
the integral (4.21) converges absolutely, we deduce that

(4.27) FA == [ FOVRO: A dx,

2mi Jr, .
provided I'y. € X5 U B(0,r) and f € H.

4.4. Subordinate semigroups and holomorphic calculi. Recall that for a uniformly
bounded and strongly continuous semigroup {7:}:>o its subordinate semigroup {P;}:>o is
defined by (1.12). For the convenience of the reader, we provide a short proof that {P;}:>o
is obtained by the holomorphic calculi.

Lemma 4.7. Let {T;}i>0 be an analytic, uniformly bounded semigroup on a Banach space
(X, |- 1). Let A denote its generator. Assume that 0 € p(A). There exists = < 0 < 7 such
that for all 5 < 6 < 6 we have

(B

(4.28) Pr=— [ e™WVARM: A)dA

2mi Jp,

Proof. Let 6,7 > 0 be such that the conditions (4.15), (4.16), and (4.17) hold. Then [13,
Theorem 2.5.2] asserts that

(4.29) T = —

MR A)d)
271 ¢ ( A)

Substituting (4.29) into (1.12), we obtain

—u 4u/\ -
(4.30) P, = T1/2) 2m/ /1“9 et R(\ : A)\/_d)\du

It is not difficult to check that the double integral (4.30) is absolutely convergent. Hence, by
Fubini’s theorem, we get

4 R L _t —A .
P, = 1/22 ’z/pe/ ue duR()\ A)dr= 5 VIAR(A A dA
0

Corollary 4.8. Under the assumptions of Lemma 4.7, for all non-negative integers n and

0 < e < g9, where gy is sufficiently small, we have
dr 1
(4.31) — P, =— / (—vV=N)"e" VRN : A) dA
FG,E

dtn 271
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Remark 4.9. The formulae (4.28), (4.29), and (4.31) hold for T} and P; by replacing
R(A: A) by R(\: A)*.

Proposition 4.10. Assume that A is an infinitesimal generator of a uniformly bounded
holomorphic semigroup {T;}+>0 in a sector satisfying (4.15) and (4.16). Fiz a positive integer
n. Then there is a constant C,, > 0, which depends only onn, 8, and the constant C' in (4.16),
such that for all z* € X*, if n(t) = T,*z* and ((t) = P;a*, then

(4.32) 1™ ()|l x- < Cot ™1™ (V)]
Proof. Using (4.29), the holomorphic calculus (Proposition 4.5), and Corollary 4.8, we have
1
00 =5 [ NPROG A
27TZ Ty

(4.33) _(—1pr / (—V/ 2NV (LAY e VAR - A) " d

271

X*.

2 m(tA) ¢ (1),

where m()\) = (V=X)"e*VY=*. Observe that m(t-) € H® and ||m(tA)| < C,, where C,
depends on n > 1 and the constant C' in (4.16), but is mdependent of t > 0. O

4.5. Proof of the inclusion Aiﬁ A C Af‘. In this subsection we complete the proof of

Theorem 1.3. We assume that A is an infinitesimal generator of a uniformly bounded holo-
morphic co-semigroup {7;}:+>o on a Banach space (X, || - ||). Thus, Al — A is an invertible
operator for A € ¥; \ {0} and

C
RA: A < —
IRO: Al < o

Let us remark that we do not assume that 0 € p(A).
Consider the approximation semigroups 7,* = e
A — wI and the associated Poisson semigroups

> du
Py = F(1/2)—1/ Y I pp—
t 0 t2/4 \/a
Clearly, 0 € p(Ay), R(A: A,) = R(w+ A : A) and assuming that 0 < § < 7/2, we have

for A € 35\ {0}.

T 0 < w < 1, generated by A,

!/

(4.34) IR : Ayl < % for A € 35\ {0}

with C” independent of w € (0, 1).
It is not difficult to prove that for each non-negative integer n,
dr dr dm dm
4.35 lim —7%=—7,, lim—PY=_——P
(4:35) e din”"
in the operator norm topology uniformly for ¢ being in any compact subset of (0,00). The
same convergences hold in the operator norm topology of X* for 7% 7T, Py’*, and P;.

Proof of the inclusion Az_ﬁm C Aﬁ and the first inequality in (1.14). Suppose z* € AQ_*BM.
Fix a positive integer n > 23. Then, for all ¢ > 0,

(4.36) Pt

o N 08
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Set n,(t) = T, x*, (,(t) = Pi*z*. Then
(n) d"

(4.37) lm M (t) = 2T
. (n) — L Prg*
(433) i (1) = 0 pr

where the convergences are in the norm in X* and are uniform on any interval [a, b] C (0, c0).
Applying Proposition 4.10, we have

(4.39) 87+ < Cull S (VD)
Now, from (4.37) and (4.39), we conclude that

x+, we(0,1), t>0.

17—’* *

~ lim ng") (t)HX* < lim CCt 2| (V)

X* w—0

< CO™E 2| or = COP||2*| 25
_V=A —Vv=A

X*

|

where in the last inequality we have used (4.38) and (4.36). The required inclusion and the
first inequality in (1.14) is established. O

5. Ai—SPACES ASSOCIATED WITH SPECIAL FORMS OF OPERATORS

Let {7:}+>0 be a uniformly bounded strongly continuous analytic semigroup on a Banach
space (X, || - ||). We introduce the space of test vectors © = {T;x : x € X, t > 0}, which, by
the strong continuity, is dense in X. We assume that its infinitesimal generator A has the
following special form:

n

(5.1) ATz = ;DD Tir, t>0, z€ X,
j=1

where ¢; € C, n € N, and the linear operators D; : ® — D satisfy

(5.2) D;Tivsx =T D;Tx, x€X;

(5.3) ID,Texll < Gt 2z, = € X.

The conditions (5.2) and (5.3) imply that the mappings (0,00) 3 t — D,;7; € L(X) are
C>°-functions of ¢, and

d

%’Djﬁ = DjﬁlAﬁQ - ./47222)3‘7;1, tl —|— tz - t

The same conclusions hold for (D;7;)*, namely for all 1 < j <n and all ¢, s > 0, we have

(5.4) (DiTers)" = T (D To)
(5.5) (D) l|x- < Ct ™2,
d
(5.6) 2 (DiT)" = (DjT0) (ATe)" = (ATw) (DiT0)", itz =t.

For z* € X*, we say that Djz* belongs to X* in the mild sense, if there is y; € X* such that
(5.7) (v, Tex) = (=", D; Tyx)
for all z € X and ¢ > 0. Then we write y; = Djz".
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Example 5.1. On R? consider the operator A = —(0\)* + (0;)?. It is a generator of
an analytic semigroup {T; =0 on L2(dx) such that T,f = f * ki, where ky(§) = e &+,
¢ = (&,&). One can prove that the operator A and the semigroup {T;}i>o0 fit the framework

described above. Moreover, for 0 < B < 1, one can check that f € Ai if and only if there
exists a constant C > 0 such that for all x,h € R*, h = (hy, hy) we have

f(x) = fF(x+h)| < C(m|” + |ha|*/?).
Our aim is to prove the following theorem.
Theorem 5.1. Assume that § > 1/2. Then x* € Ai if and only if Djz* € Ai_lﬂ for all

1 <j < n, where the action of D} on x* is understood in the mild sense. Moreover, there is
a constant C' > 1 such that for all z* € X*, we have

n
X+ D52 ys-172 < Ol s
Jj=1

Ol < o]

Proof. The proof mimics that of Theorem 1.6. Assume that z* € Ai. Fix a positive integer
m > [ and 1 < j < n. Consider the C*° function

(0,00) 2t = v;(t) = (D;Ty)" " € X"
Then

(5.8) [o8™ ()]

J

< * B—m—1/2
x < Cllafl st .

We write the Taylor expansion of v; at ¢, = 1:

)t —1) +/1 %vj(m)(s) ds.

Nlp_k

It follows from (5.8) that v;(t) converges in the X *-norm, as t tends to 0, to a vector which

~1/2

we denote by y;. To prove that y; € Ai , We write

m

= 1) = s (07 )
Hdtm Yillx ”il,,ngyﬂ dtmT$>‘ sup lin |\ Py T, G Ti
= sup lim [(z*, A" 7T;/2D; T2 Tsx)|
Jlz)|=1 570

X*

. t\B—m s\ —1/2
DT Tl < ol (5) (5) -

< sup limsup ||(A™T;2) x| 5

lef=1 50

where in the last inequality we have used (5.5). Hence, the claim is proved, since m > 3—1/2.
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We now prove the converse implication. Suppose y; = Djz* € Aﬁ_l/Q, 7=12..n. Fix
m > [+ 1/2. Then,

H dtm "t

= sup (2", A" Ti)| = sup (2", ) &D;Tip A" D Typox)|
j=1

X* 0 el=1 [lz]l=1
n

<Y sup [y, A" D Tipr)| <Y sup [((A™ M Tyy) ), D Tijam))|

j=1 [lzll=1 j=1 llzll=1
<Dl 2P NG — (273 Gl )
j=1 j=1

6. INTERPOLATION

For 0 < By < f1, consider the interpolation couple {Aif,/\il}. Clearly, by (2.10), Aﬁ{) +
Ail :Aﬁo. For 0 <t < o0, set

(6.1) K(t,z*):= inf (

* — ik *
r*=zq+T]

whllyzo +tllzillye ) @5 € AR, 2t € AR

Since Ail - Aé{], we conclude that there exists a constant ¢ € (0, 1] such that
(6.2) clla*|| o0 < K(t,2%) < [|2*]| 0 forallt>1 and z* € A
A A
Indeed, there is 0 < ¢ <1 such that if 2* = a§ + 7, 2 € AP0, x] € Aﬁl, then
gl + il e > Nl + ellaillp > ellas + aillyso = ellall o
which proves K (t,z*) > c[|x*|| s for t > 1. The second inequality in (6.2) is obvious, by
A
taking x; = 2* and x7 = 0.

For 0 < 6 < 1, the interpolation intermediate space defined by the K-method of Peetre is
given by

63) (AR AL = (A2 Ao = {07 € A2 s supt " K(8,0) = [a*]lo < o0}
see e.g., [2, Chapter III], [23, Section 1.3.3].

Proof of Theorem 1.7. We start by proving the relations

(6.4 (A% A6 € A5, lla s < Clla o

Let 2* € (A%, A%)y. Then,

(6.5) lz*llo = K (1,27) = Clla™]| o = C"|27]

X*-.

Fix a positive integer m > (. It suffices to prove that there is C' > 0 such that, for all t > 0,
we have

(6.6) I(ATe )™ 2 < CE™ |2 .

To this end, we consider K (t#1=% z*). By the definition of K (t#1=% x*), there are x € Aﬁo
and z] € Ale such that z* = z{ + ] and

(6.7) t—(m—ﬁo)G(HxSHAio + tﬂl—ﬂo”x»{”Ail) < 2|z lo.
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Consequently,
(AT )™ "]

xo S AT m) ™ | x4 [ (ATrjm) ™ 21

< gy + £

X*
(68) —m(1—(B1— * - - *

= 5y + PO g )
< 2tﬂ_m||x*”97

where in the last inequality we have used (6.7). Thus, (6.4) follows from (6.5) and (6.8).
We now turn to prove the inverse relations to (6.4). Let z* € Aﬁ. Our first goal, for any
fixed 0 < t < 1, is to decompose

(6.9) v =apt+a), (gl + el < Cllallyg

with a constant C' > 0 independent of z* € X* and 0 < t < 1. Set v(s) := T x*. Let m be
the smallest integer satisfying m > . Let 7 = t%/(%1=5) Using the Taylor expansion of v(s)
at 7, we get

(6.10) ¥ =wv(0) = {m_l %v(z)(T)(—T)é} + { /0 ﬂv(m)(s) ds} =: 2] + x5

(m —1)!

We will prove that

(6.11) 2]l < Ct_(1_9)||x*||Ai for 0 <t < 1.

For this purpose, it suffices to verify that for 0 < ¢ < m — 1, one has

(6.12) [0 (7)) o0 < CETDN|a*|| s for 0 <t < 1.
A A

First observe that by Lemma 2.3,

(6.13) (7))

Fix an integer n > ;. Then, by Proposition 2.1, for 0 < s < 1, we get

o <Ol 0<C<m—1.
A

dTL
| 7@ < 10 + 97 x-
< (r 4 8P o e

_ (7' + 3)—(1—9)(51—50)+(51—n)—£7_zHx*HAi

(6.14)
< 351_”(7— + 3)—(1—9)(51—60)—€7—€||m*||AB
A

< Sﬁl_n,]—_(l_e)(ﬁl_ﬁo)||:L»*||Ai‘
_ Brng—(1-0) %
S t ||z ||AZ.

Now (6.12) follows from (6.13) and (6.14). So, (6.11) is established.
We now turn to examine zj defined in (6.10). Fix 0 < e < fy such that § — ¢ ¢ Z and
0<m—(B—¢)<1(if 5 ¢7Z, then we take ¢ = 0). Then z* € A/’B[E. Consequently,

"
—1 B—e— —
<0 / S s ) [ e < Oy

_ OB BB | ¥ 5 < O ||
Ct lo*lls, < CHlle" s

5]
(6.15) ’
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provided ¢ is sufficiently small. Furthermore, let n be a fixed positive integer such that
n > [y. Then, by Proposition 2.1,

.
| G T

= C/ s H " (s w) |- ds
X* 0

" m—1 B—m—n *
< C(/O s" (s +u) dS)IIl" as,
(6.16) _ e 6(816o)—m fo—n "
C< i s (s +u) (s+u) ds)Hx HAE\

< C’uﬁo_”</ sm 10 (B1=Po)=m dS)H-T*HAﬁ
0 A
—n,_0(B1— * —n 40 *

< O yPo—n,9(B1 50)Hx HA& — Cufo—¢ [E HAi'

From (6.15), (6.16), and Proposition 2.1, we conclude that
* 0 *

(6.17) il < C¥llallyy 0 <t <.
Combining (6.17) and (6.11), we obtain (6.9). Consequently, we have proved that

sup t K (t,2*) < Clla*|| s -
0<t<1 A

If t > 1, then using (6.2), we get sup,s, t K (t,z*) < ||z 5 < C||x*||Ai. Consequently,
- A
l2*[lo = supyso t K (t, ) < Clla*]| s 0

Part 2 Lipschitz spaces in the Dunkl setting

7. PRELIMINARIES

7.1. Dunkl theory. In this section, we present basic facts concerning the theory of the
Dunkl operators. For more details, we refer the reader to [5], [15], [17], and [19].

We consider the Euclidean space RY with the scalar product (x,y) = Zjvzl x;y;, where
x = (z1,..,2Zn), ¥ = (Y1, .., yn), and the norm ||x[|? = (x, x).

A normalized root system in RY is a finite set R C RN \ {0} such that RN aR = {+a},
0o(R) = R, and ||a| = V2 for all a € R, where o, is defined by

(x.a)
fal?

(7.1) Oa(X) =x—2

The finite group G generated by the reflections o,, a € R, is called the Coxeter group
(reflection group) of the root system.

A multiplicity function is a G-invariant function k£ : R — C, which will be fixed and
non-negative throughout this paper.

The associated measure dw is defined by dw(x) = w(x) dx, where

(7.2) w(x) =[] I(x, e)**).

a€ER

Let N= N+ .pk(a). Then,
(7.3) w(B(tx, tr)) = tNw(B(x,r)) for all x € RN, ¢, > 0.
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Observe that there is a constant C' > 1 such that for all x € RY and r > 0, we have
(7.4) Clw(B(x,r) < ™ T (10}l + 1)@ < Cu(Bx,r)),
a€ER

so dw(x) is doubling.
For £ € RY, the Dunkl operators D¢ are the following k-deformations of the directional
derivatives 0¢ by difference operators:

(75) Def(x) = def(x) + 3 O (o, g L0 S]]

(o, %)

aER

We simply write Dy, if £ = e;, where {e;}}_, stands for the canonical basis in R

The Dunkl operators D, which were introduced in [5], commute with each other and are
skew-symmetric with respect to the G-invariant measure dw. Furthermore, if f, g € C*(R")
and at least one of them is G—invariant, then

(7.6) De(fg) = (Def) g+ [+ (Deg)-
For multi-index 3 = (84, Ba, . .., By) € NI, we denote
(77) 1Bl=Bi+... 48y, =1, P =0"0...00% D°=1I DP=D"o. oD

Let f be a bounded measurable function. Fix a multi-index 3. We say that DPf belongs
to L™ in the sense of distribution Spq(RY), if there is a bounded function g such that

18 [ e dut) = (-0 [ f0D%edux) forall € SEY)
RN RN
where S(RY) denote the class of Schwartz functions on R¥.

7.2. Dunkl kernel. For any fixed y € RY, the Dunkl kernel x — FE(x,y) is a unique
analytic solution to the system

Def =(&y)f, [f(0) =

The function E(x,y), which generalizes the exponential function e®¥), has a unique extension
to a holomorphic function E(z, w) on C¥ x CV.

7.3. Dunkl transform. Let f € L'(dw). The Dunkl transform Ff of f is defined by

\xn2

(7.9) Ff)=c;' - f(x)E(x, —i&) dw(x), where ¢ :/ dw(x)> 0.

RN

The Dunkl transform is a generalization of the Fourier transform on RY. It was introduced
n [6] for £k > 0 and further studied in [4] in a more general setting. It possesses many
properties analogous to those of the classical Fourier transform, for example,

(7.10) F(D;f)(€) = i&Ff(€) for all f € S(RY) and j € {1,...,N}.

Moreover, it was proved in [6, Corollary 2.7] (see also [4, Theorem 4.26]) that it extends
uniquely to an isometry on L?(dw). Furthermore, the following inversion formula holds ([4,
Theorem 4.20]): for all f € L'(dw) such that Ff € L'(dw) one has

f(x) = (F)*f(—x) for almost all x € RY.



LIPSCHITZ SPACES IN DUNKL SETTING 23
7.4. Dunkl translations. Suppose that f € S(RY). The Dunkl translation 7. f of f is
defined by

1) iy - |

R

B, %) B(—i8,y) FF(E) dw(g) = FHUEG@x)Ff)(~y).

The Dunkl translation was introduced in [14]. The definition can be extended to functions
which are not necessarily in S(RY). For instance, using the Plancherel’s theorem, one can
define the Dunkl translation of L?(dw) function f by

(7.12) e f (=y) = FHEG@ x)Ff()(-y)
(see [141] and [22, Definition 3.1]). In particular, the operators f +— 7y f are contractions on
L?*(dw). Here and henceforth, for a reasonable function g(x), we write g(x,y) := 7xg(—y).

Moreover, it follows from (7.10) and (7.11) that for ¢ € S(RY),

(7.13) D {o(x,y)} = (Do) (x,y) = —Dj,y0(x,y), x,y€eRY j=12... N.

The following specific formula for the Dunkl translations of (reasonable) radial functions
f(x) = f(]|x]|) was obtained by Rosler [16]:

(7.14) ref(—y) = / (oAl y,m)dual) for x,y € Y.

Here

Ay = VI + Iy 2 = 20y, m) = VIxl2 = [In]]> + lly — 7l

and px is a probability measure, which is supported in the set conv O(x), where O(x) =
{o(x) : 0 € G} is the orbit of x.
Formula (7.14) implies that for all radial f € L'(dw) and x € RY, we have

(7.15) 7 f |2t (aw) < N FIlLt (duw)-

7.5. Dunkl convolution. Assume that f,g € L?(dw). The generalized convolution (or the
Dunkl convolution) f * g is defined by the formula

(7.16) fxg(x) = e FH((FF)(Fg))(x),

and equivalently, by

11 o) = [ @ mey)duy) = [ o) nsy) du)

Generalized convolution of f,g € S(RY) was considered in [14] and [24], the definition was
extended to f, g € L*(dw) in [22].

It follows from (7.15) that if f € L'(dw) is radial, then for any g € LP(dw), 1 < p < oo,
we have

(7.18) g * fllzeawy < 1121w 19| 2p (dw)-
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7.6. Dunkl Laplacian, Dunkl heat semigroup, and Dunkl heat kernel. The Dunkl
Laplacian associated with R and k is the differential-difference operator

N
(7.19) Ap=) D
j=1

It was introduced in [5], where it was also proved that Ay acts on C?*(RY) functions by

Oaf(x) _ f(x) = floa(x))
(7.20)  Apf(x) x) + (;k: ), where 6, f(x) = s T
Here A = ZJ L 02 Tt follows from (7.10) that for all £ € RV and f € S(RY), we have

(7.21) F(ALF)(E) = —[EIPF £ (&)

The operator (—Ag, S(RY)) in L?(dw) is densely defined and closable. Its closure generates
a strongly continuous and positivity-preserving contraction semigroup on L?(dw), which is
given by

(7.22) 1) = i) = [ bl y)f () duy).
where

_ o1 (5 - N/2 = (Il /(1) ( Y)
(7.23) hi(x,y) = h(y,x) = ¢, (2t) e E NoTIGT:

is so called the generalized heat kernel (or the Dunkl heat kernel), see [14] . The integral
kernels h;(x,y) are the generalized translations of the Schwartz-class functions:

he(x,y) = e (—Y),  he(x) = cgl(Qt)*N/%*HXHQ/M_

Moreover, for all t > 0 and x,y € RY, one has h;(x,y) > 0 and

/RN hi(x,z) dw(z) = 1.

The semigroup {H;}s~o on L*(dw) can be expressed by means of the Dunkl transform, that
is,

(7.24)  F(Hf) (€)= F(h* [)(€) = exF(h)(OF (&) = eI Ff(),  fe L*(dw).
Note that in the case k = 0 the Dunkl heat kernel is the classical heat kernel.

Formula (7.22) defines contraction semigroups on the LP(dw)-spaces, 1 < p < oo, which
are strongly continuous for 1 < p < oo.

7.7. Estimates for generalized translations of some functions. For the purpose of this
work, we need bounds for the Dunkl heat kernel and its derivatives. For x,y € R¥, let

(7.25) d(x,y) = min [jo(x) — v

be the distance of the orbit of x to the orbit of y. For x,y € RY and ¢,r > 0, we denote
1 _dxy)?

(726)  Vixy,r):=max{u(B(xr),w(Bly.,r)}, Gxy)=———7c *

V(x,y, V1)
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It follows by the standard arguments, using the G-invariance of w, that there is a constant
C > 0 such that for all x € RY and ¢ > 0 we have

(7.27) Gi(x,y) dw(y) < C.
RN
The following theorem was proved in [7], see also [1, Theorem 4.1]. For more detailed upper

and lower bounds for hy(x,y) we refer the reader to [8].

Theorem 7.1 (Theorem 4.1, [7]). For every nonnegative integer m and for all multi-indices
o, 3 € NYY there are constants Cyy, 0 8,¢ > 0 such that

. I e
(7.28) 00208 (%, ¥)| < Coopt ™™ 5 z(1+ = ) Gye(x,y):

Moreover, if |y —y'|| < Vt, then

m m / 7m||y_y/|| HX_yH -2
_ < - - _ .
(7.29) |07 hy(%,y) — O hy(x,y")| < Cput i (1 + 7 ) Gie(x,y)

We have the following estimate for generalized translations of Schwartz class functions.

Theorem 7.2. [I, Theorem 4.1 and Remark 4.2] Let ¢ € S(RY) and M > 0. There is a
constant C' > 0 such that for all x,y € RY and t > 0, we have

(7.30) lpe(x,y)| < C <1 - th;ynyl (1 + d<xz; y>)_Mw(B(1x, t))’

where pi(x) =t Np(x/t).
The following corollary is a simple consequence of (7.13) and Theorem 7.2.
Corollary 7.3. For any non-negative integer m and any multi-indices 3,3 € N, and any

M > 0 there is a constant C' > 0 such that
(7.31)

m DB DP < op-m—(BI+18)/2 1 [x —y\ ! d(x,y)\—M
|at Dny ht(X, y)| < Ct V(ij’ \/1_5) <1+ \/¥ ) (1+ \/% ) .

Estimates of the form (7.30) for the generalized translation allows us to extend the defini-
tion of the Dunkl convolution by using the formula

frp(x) = . FW)e(x,y) dw(y)

to broader classes of functions. In particular, it follows from (7.13) and Theorem 7.2 that if
felP(dw), 1 <p<ooand g€ SRY), then f*¢; € C®(RN)N LP(dw) N L=(RY),

D'(f @) (x) =t M(f % (D")y) (%)
and

(7.32) 1D*(f * @0)llotaw) < Court™ ™ f o).
Especially,

(7.33)  DjHysf = Di(f % hivs) = [ (Dj(he % hs)) = f 5 hy = (Djhs) = Hy(D; H,) f.
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7.8. k-Cauchy kernel and Dunkl Poisson semigroup. Let x,y € RY and ¢t > 0. The
k—Cauchy kernel p;(x,y) is defined as the integral kernel of the operator P, = e7'V=2%, It is
related to the Dunkl heat kernel by the subordination formula

o du
7.34 p(x,y) =TI(1 21/ e hyz ) (X, Y ) —=.
(7.34) t(x,y) = I'(1/2) i 22/ (au) >\/ﬂ
Clearly,
(7.35) p(x,y) = pi(y, x) for all x,y € RY and ¢ > 0,
(7.36) / p(x,y) dw(y) = 1 for all x € RY and ¢ > 0.
RN

The kernel p;(x,y) was introduced and studied in [18].

Theorem 7.4 ([18, Theorem 5.6]). Let f be a bounded continuous function on RY. Then
the function given by u(x,t) = P,f(x) is continuous and bounded. Moreover, it solves the
Cauchy problem

(7.37) OPu(x,t) + Apxu(x,t) =0 on RY x (0, 0),
' u(x,0) = f(x) for all x € RV,

The k-Cauchy kernel is also called the generalized Poisson kernel (or the Dunkl-Poisson
kernel) by the analogy with the classical Poisson semigroup. It follows from (7.24) and (7.34)
that

(7.38) FRHE =eTIFf(€), feSRY), ¢eRY, t>0.

We shall use the following bounds of the integral kernel p;(x,y) of the Dunkl-Poisson semi-
group.

Proposition 7.5 ([, Proposition 5.1]). For any non-negative integer m and for any multi-
index 3 € NYY, there exists a constant C'>0 such that, for all t >0 and for all x,y € RV,
1 if m=0,

. —m—|g|
(7.39) 1073 pi(x,¥)| < Cpulx,y) (t+d(x,y)) % {1 + A0 f 0.

Moreover, for any non-negative integer m and for all multi-indices o, 3, there is a constant
C >0 such that for all t >0 and for all x,y € RY,

(7.40) |07 0208 py(x,y)| < C el Rl py(x, ).
Proposition 7.6 ([7, Proposition 3.6]). There is a constant C' > 0 such that for all t > 0,
x,y € RY, we have

t d(x,y) +1t

7.41 y)<C :
(7:41) PxY) S O amy) 70 K=y + P

if N >2. If N =1, then

(7.42) p(xy) <C

t d(x,y) +t -m( IIX—yII+t>
Vix,y, dx,y)+1) [x—yl]*+ d(x,y)+t/°
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Proposition 7.6 implies that
Ix -yl

—1
(7.43) pi(x,y) < OV(x,y,t +d(x, y))*1(1 n )  xyeRY t>0

Let us note that if X = L'(dw), then p;(x,y) is the integral kernel of the dual operator P;
acting on X* = L (see (7.35)). Therefore, we occasionally omit ’«’ and write P, f instead
of P f for f € L*.

The following corollary of (7.40) will be used later on.

Corollary 7.7. Let o be a multi-index and let m be a non-negative integer. There is a
constant C' > 0 such that for all f € L™, t > 0, and x € RY we have:
(a) the function
u(tx): = P00 = [ pxy)f(y) duty)
R

is C™ as a function of the variables (t,x) € (0,00) x RY;

(b)

. O 0Su(t,x) = 0" 0%y (x, dw(y);
(744 pozu(t) = [ {oroznxy) } 1) duty)
(c)

(7.45) 9702 u(1.3)| < G~ f] 1.

8. LIPSCHITZ SPACES IN THE DUNKL SETTING

8.1. Preface. Consider T, = H;, X = L'(dw), X* = L>®°(R"Y). In the present subsection
we apply the abstract approach presented in Part 1 to list basic properties of the Lipschitz
B
spaces Ap, and A7 . |
From a general theory of semigroups (see e.g., Davies [3]) we conclude that the semigroup
{H,}+>0 is holomorphic and uniformly bounded in a sector S for some ¢ > 0.

Proposition 8.1. Let X = L'(dw), T, = H;, and D; = D;. Then properties (5.1)~(5.3)
hold.

Proof. Property (5.1). It is a consequence of the explicit form of Ay (see (7.19)).
Property (5.2). It follows from (7.33).
Property (5.3). It is a consequence of the estimates (7.32). O

Definition 8.2. Consider X = L'(dw) and its dual X* = L>* = L®(RN). For 8 > 0, we
set Ag = Aém and ||f”A§€3 = ||f||A3

—/—Ay

We are now in a position to state some results concerning Af which follow from the general
approach described in Part 1 of the paper (see Theorems 1.3, 1.4, 5.1, and Corollary 1.5).

Theorem 8.3. (a) A’ = Aik, B> 0.
(b) For B,~v > 0, the Dunkl type Bessel potentials (see (2.17))

Fro (= 82y g =Ty [T o g
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Fro (V=807 f =) [ ot p

are isomorphisms of Af onto A[,:ﬂ.
(c) Suppose B> 1 and f € L*. Then f € AB if and only if D} f € Af_l. Moreover, there is
a constant C' > 1 such that for all f € A , we have

Ml < Wl + S D lagr < Ol
j=1

Here D f is understood in the mild sense (see (5.7)).

A remark is in order. The action of D} on f in the mild sense used in the characterization
stated in part (c) of the theorem can be equivalently understood in the distributional sense
expressed in the proposition below.

Proposition 8.4. Suppose f € L™(RY) = L'(dw)*. Then D} [ exists in the mild sense and
belongs to L°(RY) if and only if there is g € L=°(RY) such that for all ¢ € C(RY) one has

(5.1) [ 0ot w0 = [ £ Dyolx) dui).

Then Dif = g. In particular, if f is a bounded C*' function such that D;f is bounded, then
D3 f exists in the mild sense and D} f = —D;f.

Proof. Assume that g = Dif € L®(R") in the mild sense. Let ¢ € C°(RY). Then,
Hyp=hyx o € SRY) and D;jH,p = Dj(hy * ) = hy * Do = H;Djp. Since the Dunkl heat
semigroup is strongly continuous on L'(dw), we have

/R L Ix)e(x) dw(x) =lim | g(x)Hep(x)dw(x) =lim [ f(x)D;(Hip)(x) dw(x)

= tim [ F0(HDsp(x)) dwo) = | F00) Dyolx) ().

where in the second equality, we have used g = D} f in the mild sense.

Conversely, assume that for f € L>®(RY) and for a certain j € {1,2,..., N}, there is
g € L=(R") such that (8.1) holds for all ¢ € C*(R"). Fix a radial function ¢ € C=°(RY)
such that ¥(x) = 1 for ||x|| < 1. Set 1, (x) = 1(x/n). Let ¢ € L'(dw). Then Hyp = hyx ¢ €
C=(RN)N L' (RY) (see Subsection 7.6). Consequently, 1, H;¢ € C° and, by the Leibniz rule
(7.6),

Dj(0nH9)(x) = (Djthn(x)) Hip(x) + ¥n(x) D; (Hi o) (x) = %(@W(X/n) + Un(x)D;j(Hi)(x).
Applying the Lebesgue dominated convergence theorem two times, we obtain

[ Dy ()00 o) = lim f<x>wn<x>Dj<Ht¢> () du()
= tim ([ 10D H) ) dulx) = [ 760 050)x/n) (i) () )

n—o0

= lim [ f(x)D;(¢nHi) (%) dw ().

n—oo RN
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Now, using (8.1) and the Lebesgue dominated convergence theorem, we get

[ 160Dy o)) dulo) = lim [ 00 o) du) = [ g Hio(x) o).
0
8.2. Case 0 < 8 < 1.

Theorem 8.5. For 0 < 3 < 1, the spaces A?(RY) and Af coincide and the corresponding
norms || - || xs @y and || - ||A£ are equivalent.

We start with the following lemma.

Lemma 8.6. There is a constant C > 0 such that for all f € L, x,x' € RN, and t > 0 we
have

: (g Ix=x]
[Pf(x) = Puf ()] < Cmin (1, 5= ) [ ]

Proof. Using (7.45) it suffices to consider ||x — x’|| < ¢. Then

/RN pe(x,y) — pe(x, )| dw(y) = /RN ‘/01 Os{p(x' + s(x—x),y)} ds‘ dw(y)

(82) < [ ] Ix = XU 0= ). ) ds oty

< CleX - Xl“a

where in the last inequality we have used (7.40) (with m = 0, |a| = 1, and B = 0) together

with (7.43). Now the lemma follows from (8.2). O
Proof of Theorem 8.5. For x,y € RY and ¢t > 0, we set
d d
a(x):=—2nx), axy):=2nxy).
Then, by (7.35) and (7.36), ¢:(x,y) = ¢:(y,x) and
* d *
Q100 i= LP 00 = [ alxy) ) duly)
RN
(8.3) | abxy)duy) =o.
RN

Let 0 < 8 < 1. Suppose f € AP(RY). Applying (8.3) together with (7.40) combined with
Proposition 7.6 with m =1 and 8 = 0, we have

5P 109] = | [ by ) - ) duy)

< Il [ laxoy)llx =yl duy)

- _ X — -1|lx — v||8
= C”fHAB(RM/NtB W(x,y,t +d(x,y)) 1(1+ | ; y”) ” tBYH dw(y)
R

< O fllas@myt™".
Hence, HfHAg < O fllas@yy-
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The converse implication will be proven if we show that Ag C AP(RY) and there is a con-
stant C' > 0 such that for all f € Af we have

(8.4) [f e @y < Cllf -

For this purpose, observe that, by virtue of Lemma 2.3, the functions P} f (which are con-
tinuous on RY) converge uniformly to f, as t tends to 0. Hence, f is function on RY. We
now turn to prove the Lipschitz regularity (1.2) of f and (8.4). Fix x,x’ € R" such that
0<|[x—% <1 Seté:=|x—x|. Then

) = £60) = [lim(P2 F(x') — P2 £(x)|

< tig| [ (P )~ P70 ds| + P76 - Pip o
0

e—0
) ds
d

o (PUFG) = PFG) | ds + Cllx = X 1],

< lim (

e—0 c

1
o
5
where in the last inequality we have used Lemma 8.6. Since f € Ag, we have
5
d d
CONN NP CIE s

Recall that, by the semigroup property, %Ps* =Qs = P;/2Q: J2- Hence, using Lemma 8.6 and

P )] + [P

19
s <20y [ 5t ds < Ol glix - %

the assumption f € Af , we get

[ |z = peson]as= [

:/2(Q:/2f)(xl) - :/Q(Q:/zfo) ds

1 / 1 /
x —x X —X _
<o [ g s <o [T ooty s < i Pl
5 )

If [|[x — x'|| > 1, then |f(x) — f(X)] < 2| fllz=~ < 2||x — X||®||f|lz>. Thus, the proof of the
theorem is complete. O]

Remark 8.7. For 0 < # < 1 the homogeneous Lipschitz spaces

AB(RN) = {f ‘RN - C:sup —|f(x) —fB)l < oo}

xry X =v°
associated with the Euclidean metric and the spaces
Ag = {f RY = C: sup—lf(x) — )l < oo}
XAy d(X, y)ﬁ
related to the orbit distance d(x,y) (see (7.25)) where studied in [10]. One of the results
of [10] asserts that the space A?(RY) is characterized by the condition
1 1 1/q
sp s (o [ 1760 = folrau()) ™ < o0

for any/all 1 < ¢ < oo, where the supremum is taken over all balls B ¢ RY and fz =
w(B)™! [ f dw. We also refer the reader to [10] for results which relates the Triebel-Lizorkin
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spaces in the Dunkl setting and the commutators of Lipschitz functions b with the Dunkl-
Riesz transforms or the Dunkl-Riesz potentials (—A) ™.

It is worth emphasizing that in the Dunkl setting one can consider Lipschitz spaces in
which regularity conditions are measured by means of the generalized translations, namely,
by ||7xf — f|Le(aw) for 1 < ¢ < oco. In dimension one, in which the translations are bounded
operators on LP(dw), such spaces were studied in [12].

9. PROOF OF THEOREM 1.1

The following theorem, which follows by an iteration of (1.7), will be used in the proof of
Theorem 1.1.

Theorem 9.1 ([21, Theorem 10]). Let 3 >0, n € Ny, 0 <n < 3. Then f € AP(RY) if and
only if f € C*(RYN), 87 f are bounded functions for |y| < n, and 07 f € AP~(RY) for all
~ € NI such that |y| = n. Moreover, there is a constant C' > 0 such that for all f € AP(RY)
we have

(9.1) CHI fllas @y < Z 107 fl| 2 + Z 107 fllas=n@ny < Cl fllas@n)-

lvI<n lv|=n

Theorem 9.2. Let 8> 0, 8 ¢ N. Then A°(RN) C AY and there is a constant C' > 0 such
that for all f € AP(RY) we have 1Fllap < Cllfllas @)

Proof. Assume that 0 < n < f < n+ 1. The proof of the inclusion proceeds by induction
on n. If n = 0, the equality A’(RV) = Af and the equivalence of the norms follow from
Theorem 8.5. Suppose that 1 < n < f < n + 1 and our induction hypothesis holds for
B—1<n. Let fe A’(RY). Then f € C*(RY) and 9;f € A" }(RY) for j = 1,...,N.
According to part (c) of Theorem 8.3 combined with the induction hypothesis, it suffices to
prove that D% f exists in the mild sense and belongs to AP~'(R") for j = 1,...,N. Since
f € CYRY) with n > 1, and 9;f are bounded continuous functions for all j = 1,2,..., N,
and

D, f(x) = 0,1 (x) + 3 g L T1ulec)

9.2) och @)
= 0,100+ 3 ", [ V(a0 + s - a(0)) s

we conclude that Djf exists in the mild sense and D} f = —D;f (see Proposition 8.4). As
9;f € AP"HRYN) and (|9, f| as-1®y) < C|f|las@ny, it remains (by (9.2)) to consider the

functions
1

(93)  fulx) = / (00f) (0a(x) + 5(x — 00 (x))) ds = / (00f) (Asal(x))) ds,

for £ =1,2,..., N, where A, (X) := 0,(x) + s(x — 04(x)). Now the C"~1(RY)-function f,,
belongs to AP~1(RY) if and only if || fa,¢||as-1®n) is finite, i.e.,

(9.4) I faclas-r@ny ~ Y 107 farllie + Y 107 farllas-n@y < oo
[v[<n—1 [v[=n—1

Note that the linear mappings A, on the Euclidean space RY satisfy
|Asall =1, 0<s<1, a€R.
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Thus, by the chain rule, we obtain
07({0ef} 0 Asa) X < Coll fllenmny < CLlIfllaswn)  for |y <n—1
and
07 ({0ef} 0 Asa)(x) = 0" ({0ef} 0 Asa) )] < Ol fllasemyllx = x||*=" for |y| =n — 1.
Hence, from (9.3), we conclude (9.4). Consequently D;f € A1 (RY) and ||D; f||as-1@yy <
Ol f|las ). Thus, by Theorem 8.3, f € A} and ||fllys < Ol f|lascen)- O

Lemma 9.3. Let § € (0,1) and let m be a positive integer. There are positive constants
Cop, C! 5 such that for all @ € N} such that |a] =m, f € Afj, x,x' € RY, and t > 0 such

m,B

that ||x — x'|| < t, we have
(9.5) 10 Pl < Crngt” "1 £l 2,
(9.6) 0% Pof (x) = 0% Pf (x)] < Cp gl = X [[#77™ | £ s

Proof. By virtue of (7.45), it is enough to check (9.5) for 0 < t < 1. For f € AY and
0 <t <1 we have

1
Rf=Pi- [ oPfds
t
By (7.45), |0*Pif|lz~ < Cql| fllz<, so it remains to estimate

1 1
(9.7) 80‘/ asPsfds:/ 0“0, P, f ds.
t t
Furthermore,
(9.8) 00, P, f (x) = 3“ps/z(x,2)/ 0s/2(z,y) f(y) dw(y) dw(z).
RN RN

Since f € Af, there is C' > 0 such that for all s > 0 and z € RY, we have

[ a3 1) duty)| < 05l

From (7.45) we conclude that there is Ci, > 0 such that for all s > 0 and x € R, we have

(9.9)

(9.10) / |0%ps/2(x,2)| dw(z) < Cos™™.

RN
Combining (9.8), (9.9), and (9.10) together with (9.7), we get (9.5). Finally, (9.6) is a
consequence of (9.5) and the mean value theorem. O

Lemma 9.4. Let m € N. There is a constant C > 0 such that for all @ € N such that
la|=m, feL>® x,x' € RY, and t > 0 such that ||x — x'|| < t, we have

(9.11) 0% Pf (x) — 0P f (x)] < Cllxx = X[t f ]| ov.

Proof. The lemma follows directly from the estimates (7.45). O
Theorem 9.5. Let v > 1, v ¢ N. We have A] C A7(RY) and

(9.12) 1gllar@yy < Cyllgllag-
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Proof. Fix v > 1, v ¢ N. Let m be such that m < v < m + 1. We fix 71,72 > 0 such that
7 € (0,1) and m <y, <m+1, v + 72 =7. Consider g € A]. Our goal is to verify (9.12).
For this purpose, by Theorem 9.1, it is enough to show that

(9-13) D 10%lle + Y 119%glav-m@y) < Cllgllag-
|ac]<m |a|=m

Let us recall that ((I++/—Ay)~72)* is an isomorphism of the space A" onto A} (see Theorem
8.3). Let f € A]' be such that ((I ++/—Ag) 2)*f =g. Clearly, ||g||A£ ~ [[flla;- Hence,

instead of (9.13), it is enough to verify that

(9:14) D 10U+ =2)72) fllzeet D 10TV =20)72)" fllar-m@an) < Ol fllyn-

loe|<m lajl=m

First, let us take a € N} such that |a|<m and estimate [|0%((I + v/—Ak)72)*f||r~. By
Lemma 9.3, we get

> dt
10%((1 + v/ =A%) ) iz < F(Vz)l/ SO f e
0

(9.15) .
et - |0t|d
<Clflp [ ool < oy
0

Then, let o € N{ be such that |a|=m and estimate [|[0*((I ++/—Ak)72)* f | ar-m®n). Since
~v—m € (0,1), it is enough to verify the following Lipschitz condition:

(9.16) (a‘* (I + /—Ap)™) 9T+ /=D )

For x,x’ € RY such that ||x — x/|| < 1, we write

’aa (I +/—Dp) ™) — (I + /=2 ™™)

smm*/'aWHWﬁﬂm—aww&s@

0
[lx—x"| 1 00

SC/ --+C'/ ---—f—C/ =11 + Iy + I5.
0 [|x—x"]] 1

From Lemma 9.3 we get
(9.17)

=l dt el di
heo [ e G <y [ e < Ol =X
0

Furthermore, using (9.6), we obtain

B < Clx= x|l [

=]

< Cllx = X[l fll g [x = X771 = Cllx = X7 [ fllaos-

1
e—ttw ri—m= 1 ﬁ

(9.18)

Finally, utilizing Lemma 9.4, we have
(9.19)

> m— d m
Iy < Cllx = X’HHfHLoo/ T = Cx = X[ flla < Cllxe =X fllan-
1
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Collecting (9.17), (9.18), and (9.19), we get (9.16), which, together with (9.15), proves (9.14).

0

Completing the proof of Theorem 1.1. By virtue of Theorems 9.2 and 9.5, it remains to prove
the theorem for § being any positive integer. To this end, we consider the identity operator
and apply Theorems 9.2 and 9.5 together with the interpolation Theorem 1.7.

1]
2]
8]

O
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