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Abstract

In this paper, we study that the nearly critical nonlocal problem
−∆u = (|x|−(n−2) ∗ up−ε)up−1−ε in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where Ω is a smooth bounded domain in Rn for n = 3, 4, 5, ∗ denotes the standard convolution,
ε > 0 is a small parameter and p = n+2

n−2 is energy-critical exponent. We study the asymptotic
behavior of least energy solutions as ε → 0. These solutions are shown to blow-up at exactly
one point x0 and location of this point is characterized. In addition, the shape and exact rates for
blowing-up are studied. Finally, in order to further locate the blowing-up point x0, we prove that
x0 is a global maximum point of the Robin’s function of Ω.
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1 Introduction

1.1 Motivation and main results

In this paper, we are concerned with the following nonlocal equation:
−∆u = (|x|−µ ∗ up−ε)up−1−ε in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(1)
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where Ω is a smooth bounded domain in Rn for n ≥ 3, µ ∈ (0, n), ε > 0 is a small parameter,
the exponent p = 2n−µ

n−2 is a threshold on the existence of a solution to (1). If ε > 0, one can
find a solution to (1) by applying the standard variational argument with the compact embedding

H1(Ω) ↪→ L
2n(p−ε)
2n−µ (Ω). If ε = 0 and Ω is star-shaped, then an application of the nonlocal-type

Pohozaev identity in [17] gives nonexistence of a nontrivial solution for (1). The problem (1) can be
understood as the nonlocal version of the following problem with nonlinearities of slightly subcritical
growth

−∆u = u
n+2
n−2
−ε, u > 0, in Ω, u = 0, on ∂Ω. (2)

Atkinson and Peletier [2] studied the asymptotic behavior of radial solutions of (2) by using ODE
technique in the unit ball of R3. Later, Brezis and Peletier [4] used the method of PDE to obtain the
same results as that in [2] for the spherical domains. Moreover, they conjectured that the same kind of
results hold for non spherical domains. This question was answered affirmatively in the general case
by Han [23] (independently by Rey [34]), in which they independently proved that if ε small enough,
uε blows-up at the unique point x0 that is a critical point of the Robin function of Ω, and analysis of
the shape and exact rates for blowing up. Moreover, for the classical local Brezis-Nirenberg problem,
Rey [35] constructed a family of solutions for this problem which asymptotically blow up at a non-
degenerate critical point of the Robin function. After these seminal works, numerous results of a
similar nature appeared in the literature, and the following represents only a extension of them: for
the number of blow-up point k > 1 [32, 3], the related eigenvalue problem [8, 21], the uniqueness of
positive solutions [13, 19, 25], the fractional Laplacian [9], and references therein. See [15, 29] for the
existence of positive solutions to the conformal scalar curvature equation by applying the perturbation
method.

In the spirit of Rey [35], Chen and Wang [7] proved that if a solution uε of (1) satisfies

|∇uε|2 → C
2n−µ
n+2−µ
HLS δ(x− x0) as ε→ 0

for n ≥ 3 and µ ∈ (0,min{n, 4}), where CHLS > 0 is a constant depending on the dimension n
and parameters µ (see (5)) and δ(x) denotes the Dirac measure at the origin, then the concentrate
point x0 ∈ Ω is a critical point of Robin function φ (see below). In addition, they also used the finite
dimensional reduction method to give a kind of converse result, i.e., for ε sufficiently small, (1) has a
family of solutions uε concentrating around x0 under the restriction of some dimensions.

In this line of research, motivated by the works of Han [23] and Rey [34] on the classical local
problem, the aim of this paper is to study the asymptotic behavior of least energy solutions uε for
nonlocal problem (1) when p = n+2

n−2 > 2 is the Ḣ1-energy-critical exponent and ε > 0 is close to
zero.

To state the result, we recall from [24, 36] that the classical Hardy-Littlewood-Sobolev inequality∫
Rn

∫
Rn
f(x)|x− y|−µg(y)dxdy ≤ C(n, r, t, µ)‖f‖Lr(Rn)‖g‖Lt(Rn) (3)

with µ ∈ (0, n), 1 < r, t < ∞ and 1
r + 1

t + µ
n = 2. Moreover, in the general diagonal case

t = r = 2n
2n−µ , Lieb in [28] classified the extremal function of HLS inequality with sharp constant by

rearrangement and symmetrisation, and obtained the best constant

Cn,r,t,µ := Cn,µ =
Γ((n− µ)/2)πµ/2

Γ(n− µ/2)

(
Γ(n)

Γ(n/2)

)1−µ
n

, (4)
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and the equality holds if and only if

f(x) = cg(x) = a
( 1

1 + λ2|x− x0|2
) 2n−µ

2

for some a ∈ C, λ ∈ R\{0} and x0 ∈ Rn. The classical Hardy-Littlewood-Sobolev inequality and
Sobolev inequality tell us that

CHLS

(∫
Rn

(|x|−µ ∗ |u|p)|u|pdx
) 1
p

≤
∫
Rn
|∇u|2dx, u ∈ Ḣ1(Rn), (5)

for some positive constant CHLS depending only on n and µ, where n ≥ 3, µ ∈ (0, n) and
Ḣ1(Rn) := D1,2(Rn), the completion of C∞0 (Rn) under the norm ‖∇u‖L2(Rn). It is well-known
that the Euler-Lagrange equation of (5), up to scaling, is given by

−∆u = (|x|−µ ∗ |u|p)|u|p−2u in Rn. (6)

Furthermore, the authors in [14, 16, 22] independently classified all positive solutions of (6) are
functions of the form

W [ξ, λ](x) = c̃n,µ
( λ

1 + λ2|x− ξ|2
)n−2

2 , λ ∈ R+, ξ ∈ Rn, (7)

and obtained the optimal constant in (5)

CHLS = S

[
Γ((n− µ)/2)πµ/2

Γ(n− µ/2)

(
Γ(n)

Γ(n/2)

)1−µ
n

](2−n)/(2n−µ)

.

Here the constant c̃n,µ is given by

c̃n,µ := [n(n− 2)]
n−2
4 S

(n−µ)(2−n)
4(n−µ+2) C

2−n
2(n−µ+2)
n,µ , (8)

S is the best Sobolev constant and Cn,µ is defined in (4).
Our main result is in the following:

Theorem 1.1. Assume that n = 3, 4, 5, p = n+2
n−2 and ε is sufficiently small. Let uε be a solution of

(1) such that ∫
Ω |∇uε|

2dx[∫
Ω(|x|−(n−2) ∗ |uε|p−ε)|uε|p−εdx

] 1
p−ε

= CHLS + o(1) as ε→ 0. (9)

Then

(a) there exists x0 ∈ Ω such that, after passing to a subsequence, we have

uε → 0 ∈ C1(Ω \ {x0}) as ε→ 0

and
|∇uε|2 →

[
CHLS

]n+2
4 δ(x− x0) as ε→ 0

in the sense of distributions and where δ(x) denotes the Dirac measure at the origin.
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(b) x0 is a critical of φ(x) := H(x, x) (Robin’s function of Ω) for x ∈ Ω. The function H(x, y) is
given as follows: for any y ∈ Ω, H(x, y) satisfies

∆H(x, y) = 0 in Ω, H(x, y) = − 1

(n− 2)ωn|x− y|n−2
on ∂Ω.

The functionH is nothing but the regular part of the Green function. Indeed, ifG(x, y) denotes
the Green’s function of the Laplacian on H1

0 (Ω), then we have

H(x, y) = G(x, y)− 1

(n− 2)ωn|x− y|n−2
, (10)

where ωn is the area of the unit sphere in Rn.

The next two theorems make more precise the behavior of solutions. First we give the rate of
blow-up of the maximum of the solutions.

Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Then

lim
ε→0

ε‖uε‖2L∞(Ω) = α̃2
n

n+ 2

n− 2

[ 1

CHLS

]n+2
4
∥∥W∥∥2(2∗−1)

L2∗−1(Rn)
|φ(x0)|

with

α̃n =

[
n(n− 2)√

S

]n−2
4 π

n
2 Γ(1)

Γ(n+2
2 )

{
Γ(1)π(n−2)/2

Γ((n+ 2)/2)

(
Γ(n)

Γ(n/2)

)2/n
} 2−n

8

,

where 2∗ := 2n
n−2 , W := W [0, 1](x), Γ(s) =

∫ +∞
0 xs−1e−x dx and S is the best Sobolev constant in

Rn. Moreover, for any x ∈ Ω \ {x0}, it holds that

uε(x)√
ε
→
√
α̃n(n− 2)

n+ 2

[
CHLS

]n+2
8
G(x, x0)√
|φ(x0)|

.

Th first result of Theorem 1.2 is a consequence of the following the behavior if solutions in terms
of the Green’s function.

Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied. Then

lim
ε→0+

‖uε‖L∞(Ω)uε(x) = α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
G(x, x0).

where α̃n is defined in Theorem 1.2 and where the convergence is in C1,α(ω) with ω any subdomain
of Ω not containing x0.

As in [23], we note that author used the moving plane method as a key tool in the proof of
uniform boundedness of uε near ∂Ω, which requires the convexity of the domain. In present paper,
we shall remove the convexity assumption and make use of the local Pohozaev-type identity and
sharp point-wise estimates of uε to obtain that xε stays away from the boundary. We also observe
that one of the key points in the proof of our main results is to find decay estimate of rescaled least
energy solutions for Choquard equation (1) by combining the Kelvin transform. We refer the readers
to [6, 10, 11, 30, 31] for some relevant studies on nonlinear Choquard equations.

In the following, we hope to further locate the blow-up point x0 and to give a precise asymptotic
expansion of the least energy solutions. More precisely, we shall show that x0 is a global maximum
point of φ(x).
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Theorem 1.4. Let the assumptions of Theorem 1.1 be satisfied. Then φ(xε) → maxx∈Ω φ(x) as
ε→ 0.

In what follows, we consider the minimization problem

SεHL = inf
{ ∫

Ω |∇u|
2dx[∫

Ω(|x|−(n−2) ∗ |u|p−ε)|u|p−εdx
] 1
p−ε

: u ∈ H1,2
0 (Ω), u 6≡ 0

}
. (11)

In fact, we use the same framework and methods as in [33, 39, 38]. Choosing xε ∈ Ω and the number
λε > 0 by

λ
2(n−2)

4−(n−2)ε
ε = ‖uε‖L∞(Ω) = uε(xε). (12)

We define a family of rescaled functions

vε(x) = λ
− 2(n−2)

4−(n−2)ε
ε uε(λ

−1
ε x+ xε) for x ∈ Ωε := λε(Ω− xε).

Then we find (see (16)),
−∆vε(x) =

(
|x|−(n−2) ∗ vp−εε

)
vp−1−ε
ε in Ωε,

0 ≤ vε(x) ≤ 1 in Ωε,

vε(x) = 0 on ∂Ωε,

vε(0) = max
x∈Ωε

vε(x) = 1.

It is noticing that the authors of [14, 16, 22] independently classified the extremal function of (5) are
the bubbles W [ξ, λ] in (7) and which is all positive solution to (1), and combined with ‖vε‖L∞(Ω) is
uniformly bounded by some constant M , by elliptic regularity, we have that

‖vε‖C2+α(Ω̄) ≤M with α ∈ (0, 1).

Therefore, it is not hard to see that

vε →W [0, 1](x) in C2
loc(Rn)

by combining the elliptic interior estimates and where W [ξ, λ](x) are the only positive solutions of
the equation (6). We establish the following asymptotic expansion of uε.

Theorem 1.5. Let the assumptions of Theorem 1.1 be satisfied. Then

vε(y) = W [0, 1](y) + λ−(n−2)
ε H̃(xε, λ

−1
ε y + xε) + λ−(n−2)

ε φ0(y) + o(λ−(n−2)
ε ) as ε→ 0,

where H̃(x, y) = −(n − 2)ωnH(x, y), o(1) is uniform in B(0,Mλε) with M > 0 depending only
on Ω, and φ0 ∈W 2,q′(Rn) for q′ > n is the unique bound solution of

−∆φ0 =p
(
|y|−(n−2) ∗W p−1φ0

)
W p−1 + (p− 1)

(
|y|−(n−2) ∗W p

)
W p−2φ0

− κ(n, x0)
(
|y|−(n−2) ∗W p

)
W p−1 logW − κ(n, x0)

(
|y|−(n−2) ∗W p

)
W p−1 logW

− (p− 1)c̃n,µ
(
|y|−(n−2) ∗W p

)
W p−2H̃(x0, x0)

− pc̃n,µ
(
|y|−(n−2) ∗W p−1H̃(x0, x0)

)
W p−1 in Rn, with W (x) = W [0, 1](x).
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Remark 1.6. The proof of Theorems 1.1-1.5 adapt the methods inspired by [23, 33, 39, 38]. By using
the decay estimate of rescaled least energy solutions, local Pohozaev identity and an asymptotic
expansion of ground energy SεHL, one could extend the results to dimensions n = 3, 4, 5 and we
consider the Newtonian potential instead of the Riesz potential because we need to use the Kelvin
transform. Therefore, in the following parameter region:

µ = n− 2 and n ≥ 6, or n ≥ 3 and n− 2 6= µ ∈ (0, n) with (0, 4], (13)

these methods do not seem to lead to any improvement of Theorems 1.1-1.5. Taking this as inspiration
allows us to ask an open question: whether the asymptotic behavior of the solution of problem (1) as
ε→ 0 in the results of this paper continue to hold in the case n and µ satisfying (13).

On the other hand, we also consider the nonlocal problem

−∆uε = (|x|−µ ∗ upµε )u
pµ
ε + εuε, uε > 0 in Ω, uε = 0 on ∂Ω (14)

for n ≥ 3, pµ = 2n−µ
n−2 , µ ∈ (0, n) with µ ∈ (0, 4] and ε > 0 is a small parameter and Ω is a smooth

bounded domain of Rn. The existence if positive solutions for this problem can be found in [17] and
related topics, we refer the readers to [12] and reference therein. They also proved that if N ≥ 3 and
ε = 0, (14) admits no solutions when Ω is star-shaped. Similarly to the problem (1), we can define
the least enengy solutions for (14). The authors in [41] proved that a result for this nonlocal problem
to locate the blow up point x0 (that is ∇φ(x0) = 0 and x0 ∈ Ω) by employing the finite dimensional
reduction method. If the blow-up points satisfy a certain non-degeneracy condition, [40] provided a
kind of converse result for Theorem 1.1 in [41]. However, the problem of the asymptotic character
of {uε}ε>0 and exact rates of blowing-up for problem (14) has not been investigated so far. We shall
address this gap by proving the following result.

Theorem 1.7. Assume that n ≥ 3, pµ = 2n−µ
n−2 , µ ∈ (0, n) with µ ∈ (0, 4] and ε is sufficiently small.

Let uε be a least energy solution of (14). Then the conclusions of Theorem 1.1 hold, and for n ≥ 4
we have

lim
ε→0+

ε
∥∥uε∥∥ 2(n−4)

n−2

L∞(Ω) =
(n− 2)α̃2

n,µ

2ωn · σn
∥∥W∥∥2(2∗−1)

L2∗−1(Rn)
|φ(x0)| if n > 4,

and

lim
ε→0+

ε log
∥∥uε∥∥L∞(Ω)

=
α̃2
n,µ

ωn

∥∥W∥∥2(2∗−1)

L2∗−1(Rn)
|φ(x0)| if n = 4,

where ωn = 2π
n
2

Γ(n/2) , σn =
∫∞

0
rn−1

(1+r2)n−2dr and

α̃n,µ = [n(n− 2)]
n−2
4 S

(2−n)(n−µ)
4(n−µ+2)

π
n
2 Γ(n−µ2 )

Γ(2n−µ
2 )

{
Γ((n− µ)/2)πµ/2

Γ(n− µ/2)

(
Γ(n)

Γ(n/2)

)1−µ
n

} 2−n
2(n−µ+2)

.

Moreover, for any x ∈ Ω \ {x0}, we have

lim
ε→0+

‖uε‖L∞(Ω)uε(x) = α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
G(x, x0),

where the convergence is in C1,α(ω) with ω any subdomain of Ω not containing x0.
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1.2 Structure of the paper.

The paper is organized as follows. In section 2, we establish a decay estimate of rescaled least energy
solutions vε. Section 3 is devoted to proof uniform bounded of least energy solutions uε near ∂Ω
which makes use of a local Pohozaev-type identity and sharp pointwise estimates of uε, and here not
applying the moving plane method. Based on these results, we then study the blow-up points and
behavior of blow-up rates by exploiting the Green-type identity and complete the proof of Theorem
1.1, Theorem 1.2 and Theorem 1.3 in section 4. In section 5, we give the proof of Theorem 1.7.
In section 6, we obtain an upper bound for SεHL by taking a good trial function and we further find
a lower bound for SεHL by combining Proposition 6.3. These results are used in next subsection to
prove Theorems 1.4-1.5. Finally, in section 7, we conclude that the proof of Proposition 6.3. In the
appendices we collect a series of technical lemmata which is required in the previous sections.

1.3 Notations.

Throughout this paper, C and c are indiscriminately used to denote various absolutely positive con-
stants. a ≈ b means that a . b and & b, and we will use big O and small o notations to describe the
limit behavior of a certain quantity as ε→ 0.

2 Decay estimate of rescaled least energy solutions

In this section, we are devoted to prove that an adequate decay estimate for least energy solutions to
(1). Since uε become unbounded as ε→ 0 then we choose xε ∈ Ω and the number λε > 0 by

λ
2(n−2)

4−(n−2)ε
ε = ‖uε‖L∞(Ω) = uε(xε). (15)

We define a family of rescaled functions

vε(x) = λ
− 2(n−2)

4−(n−2)ε
ε uε(λ

−1
ε x+ xε) for x ∈ Ωε := λε(Ω− xε).

Then we have

−∆vε(x) = λ
−(

2(n−2)
4−(n−2)ε

+2)
ε (−∆uε)

(
λ−1
ε x+ xε

)
=
(
|x|−(n−2) ∗ vp−εε

)
vp−1−ε
ε in x ∈ Ωε. (16)

Now the Kelvin transform wε of vε defined by

wε(x) =
1

|x|n−2
vε
( x

|x|2
)

in Ω∗ε :=
{
x :

x

|x|2
∈ Ωε

}
satisfies

−∆wε(x) =
1

|x|n+2
(−∆vε)

( x

|x|2
)

=
1

|x|ε(n−2)

(∫
Ω∗ε

wp−εε (y)

|x− y|(n−2)|y|ε(n−2)
dy
)
wp−1−ε
ε in x ∈ Ω∗ε .

(17)

Remark 2.1. It is necessary to point out (16) is not valid when µ 6= n− 2 in (1).
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Lemma 2.2. Let λε > 0 be the number introduced in (15) and the minimizing sequence uε of (9) is
such that

λε =
∥∥uε∥∥ 4−(n−2)ε

2(n−2)

L∞(Ω) →∞ as ε→ 0.

Proof. In view of (1) and (9), we have

lim
ε→0

∫
Ω

(|x|−(n−2) ∗ |uε|p−ε)|uε|p−εdx =
(
CHLS

)n+2−ε(n−2)
4−ε(n−2) . (18)

Now, assume that {uε}ε>0 is uniformly bounded in Ω. Then there exists a function u0, up to subse-
quence, uε → u0 uniformly in C2(Ω̄) as ε→ 0, and it hold that u0 6= 0 due to (18). Hence by taking
the limit in (9), we obtain

0 6=
∫

Ω
|∇u0|2dx = CHLS

(∫
Ω

(|x|−(n−2) ∗ |u0|p)|u0|pdx
) 1
p

,

which contradicts that CHLS cannot be achieved by a minimizer in a bounded domain, see [17].
Hence it should hold that λε →∞ as ε→ 0.

Lemma 2.3. It holds that

lim
ε→0

λεdist(xε, ∂Ω) =∞ and lim
ε→0

λεε = 1.

In addition, vε →W [0, 1] = ( 1
1+|x|2 )(n−2)/2 in D1,2(Rn) as ε→ 0.

Proof. It is noticing that λε →∞ as ε→ 0 and so we have that λεε → 1 as ε→ 0. If λεdist(xε, ∂Ω)→
c ∈ [0,∞) as ε→ 0, then one may assume that Ωε converges to Rn+. Otherwise, i.e., if

lim
ε→0

λεdist(xε, ∂Ω) =∞,

then Ωε converges to Rn. In fact, we notice that, by global compactness lemma [40], this is always
the case. Moreover, W attains in Rn and combining (9), we get

vε →W [0, 1] =
( 1

1 + |x|2
)n−2

2 in D1,2(Rn) (19)

as ε→ 0. Concluding the proof.

We first state the following lemma which is useful in our analysis (see [23, 37] for the proof).

Lemma 2.4. Assume that u ∈ H1
loc(Ω) be a positive solution of−∆u = a(x)uq with 1 < q ≤ 2∗−1.

Then there exists ε0 > 0 depending on n, such that if∫
B(Q,r)

|a(x)uq−1|
n
2 dx ≤ ε0,

then

‖u‖
L(2∗)2/2(B(Q,r))

≤ c(n)r−
2
2∗ ‖u‖L2∗ (Q,2r), (20)
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with c(n) depending on n only. Furthermore, if there exists 0 < δ′ < 2 such that

a(x)uq−1 ∈ L
n

2−δ′
(
B(Q, 2r)

)
, (21)

then

sup
B(Q,r)

u ≤ cr−n
(∫

B(Q,2r)
u2∗dx

) 1
2∗
, (22)

where c depends only on n, δ′ and rδ
′‖auq−1‖Ln/(2−δ′)(B(Q,2r)).

The following lemma will play a key role in our analysis.

Lemma 2.5. There exists a positive constant c, independent of ε, such that

vε(x) ≤ cW (x) for x ∈ Rn, (23)

where W (x) = W [0, 1](x).

Proof. Let us recall the problem (16),
−∆vε(x) =

(
|x|−(n−2) ∗ vp−εε

)
vp−1−ε
ε in Ωε,

0 ≤ vε(x) ≤ 1 in Ωε,

vε(x) = 0 on ∂Ωε,

vε(0) = max
x∈Ωε

vε(x) = 1,

and problem (17), we have−∆wε(x) = 1
|x|ε(n−2)

( ∫
Ω∗ε

wp−εε (y)

|x−y|n−2|y|ε(n−2)dy
)
wp−1−ε
ε in Ω∗ε ,

wε(x) = 0 on ∂Ω∗ε .

By definition of wε and 0 ≤ vε(x) ≤ 1, we have

wε ≤
1

|x|n−2
, for x ∈ Ω∗ε. (24)

Thus to conclude the proof of (23), it is sufficient to obtain

‖wε‖L∞(B(0, r
2

)) ≤ c (25)

for some c > 0 depending on n and µ and where B(0, r2) is a ball near 0. In virtue of Lemma 2.4,
letting a(x) be given by

a(x) :=
1

|x|ε(n−2)

(∫
Ω∗ε

wp−εε (y)

|x− y|n−2|y|ε(n−2)
dy
)
.

In the following, we claim that ‖a(x)‖L∞(Ω∗ε) ≤ c1 where c1 independent of ε > 0 provided ε is
sufficiently small. It is notice that

|x|ε(n−2)a(x) =

∫
Ω∗ε

wp−εε (y)

|x− y|n−2|y|ε(n−2)
dy.

9



Then we have, for any r > 0,

|x|ε(n−2)a(x) ≤
∫
B(0, r

2
)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy +

∫
Ω∗ε\B(0, r

2
)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy. (26)

For any x ∈ B(0, r), a direct computation by Hölder inequality we get∫
B(0, r

2
)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy ≤

∫
B(0, r

2
)

|wε(y)|p−ε

|y|(ε+1)(n−2)
dy +

∫
B(x, 3

2
r)

|wε(y)|p−ε

|x− y|(ε+1)(n−2)
dy

≤
∥∥wε∥∥p−ε

L
(p−ε)q′
q′−1 (B(0, r

2
))

∥∥∥ 1

|y|(ε+1)(n−2)

∥∥∥
Lq′ (B(0, r

2
))

+
∥∥wε∥∥p−ε

L
(p−ε)q′
q′−1 (B(x, 3

2
r))

∥∥∥ 1

|x− y|(ε+1)(n−2)

∥∥∥
Lq′ (B(x, 3

2
r))
<∞,

(27)

where 1 < q′ < n
(ε+1)(n−2) . For any x ∈ Ω∗ε \B(0, r), we have |x− y| > |y|. Therefore, it holds that∫

B(0, r
2

)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy ≤

∫
B(0, r

2
)

|wε(y)|p−ε

|y|(ε+1)(n−2)
dy

≤
∥∥wε∥∥p−ε

L
(p−ε)q′
q′−1 (B(0, r

2
))

∥∥∥ 1

|y|(ε+1)(n−2)

∥∥∥
Lq′ (B(0, r

2
))
<∞,

(28)

where 1 < q′ < n
(ε+1)(n−2) . On the other hand, we deduce that∫

Ω∗ε\B(0, r
2

)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy ≤

∫
Rn\B(0, r

2
)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy

=

∫
(Rn\B(0, r

2
))∩B r

2
(x)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy +

∫
(Rn\B(0, r

2
))∩(Rn\B r

2
(x))

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy.

(29)

Similar to argument of (27), we first obtain∫
(Rn\B(0, r

2
))∩B r

2
(x)

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy ≤ c

rε(n−2)

∫
(Rn\B(0, r

2
))∩B r

2
(x)

|wε(y)|p−ε

|x− y|n−2
dy

≤ c

rε(n−2)

∫
B r

2
(x)

|wε(y)|p−ε

|x− y|n−2
dy <∞.

(30)

Moreover, Hölder inequality gives that∫
(Rn\B(0, r

2
))∩(Rn\B r

2
(x))

|wε(y)|p−ε

|x− y|n−2|y|ε(n−2)
dy

≤ c

rn−2

∥∥wε∥∥p−ε
L

(p−ε)q′
q′−1 (Rn\B(0, r

2
))

∥∥∥ 1

|y|ε(n−2)

∥∥∥
Lq′ (Rn\B(0, r

2
))
<∞,

(31)
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where q′ > n
ε(n−2) . By now plug (27)-(28) and (29)-(59) in (26) we finally get

|x|ε(n−2)a(x) ∈ L∞(Ω∗ε),

where the bound independent of ε > 0 provided ε is sufficiently small. Therefore, if we have
|x|−ε(n−2) ∈ L∞(Ω∗ε) and where c independent of ε > 0, the claim follow. Indeed, by Lemma
2.2, we have ‖|x|−ε(n−2)‖L∞(Ω∗ε) ≤ c where c independent of ε > 0.

Using Lemma 2.4 and since vε → W [0, 1] in D1,2(Rn) by Lemma 2.3, we can easily show that
for any ε1 > 0 there exists R0 > 0 such that∫

B(0,2R0)
wpε (x)dx ≤ ε1, (32)

where we used that p > 2. By (20) of Lemma 2.4 choosing ε1 = ε0 and δ′ = 2 − 2n(p−2−ε)
p2

, we
deduce that

wε ∈ L
n(p−2−ε)

2−δ′
(
B(0, R0)

)
. (33)

Therefore,∫
Ω∗ε

|a(x)wp−2−ε
ε |

n
2−δ′ dx ≤ c

∫
Ω∗ε\B(0,R0)

|wp−2−ε
ε |

n
2−δ′ dx+

∫
B(0,R0)

|wp−2−ε
ε |

n
2−δ′ dx ≤ c.

It follows from (22) of Lemma 2.4 that wε ∈ L∞(B(0, R0)), and hence combining this bound with
(24), we conclude that (24), as desired.

3 Estimates for uε near the blow-up point

Let {uε}ε>0 be a family of least enegy solutions to (1) and xε the blow-up point given in (15). The
goal of this section is to deduce uniform bounded of least energy solutions uε near ∂Ω from a local
Pohozaev-type identity and sharp point-wise estimates of uε. More precisely, we prove that

Theorem 3.1. Let Ω be a smooth bounded domain in Rn. Suppose that {uε}ε>0 be a family of least
enegy solutions to (1) and satisfying (9). Then uε are uniformly bounded near ∂Ω with respect to
ε > 0 small and blow-up point an interior point of Ω.

Here the proof of our result will use a local Pohozaev-type identity and pointwise estimates of uε
and ∇uε.

3.1 The local Pohozaev-type identity

Next, we will prove a local Pohozaev-type identity for functions in an arbitrary smooth open subset
of Ω.

Lemma 3.2. Assume that uε ∈ C2(Ω) is a solution of (1). Then for an arbitrary smooth open subset
B′ ⊂ Ω, one has the following identity

−
∫
∂B′

∂uε
∂xj

∂uε
∂ν

dSx +
1

2

∫
∂B′
|∇uε|2νjdSx =

2

p− ε

∫
∂B′

∫
B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx

+
1

p− ε

∫
∂B′

∫
Ω\B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx +

n− 2

p− ε

∫
B′

∫
Ω\B′

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx,

(34)
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for j = 1, · · · , n, where ν = ν(x) denotes the unit outward normal to the boundary ∂B′. Moreover,
we have ∫

∂Ω

(∂uε
∂ν

)2
(ν, x− z)dSx =

(n− 2)2

n+ 2− ε(n− 2)
· ε ·

∫
Ω

(|x|−(n−2) ∗ up−εε )up−εε dx (35)

Proof. To prove (34), We multiply (1) by ∂uε
∂xj

and integrating on B′, we have

−
∫
B′

∆uε
∂uε
∂xj

dx =

∫
B′

∂uε
∂xj

(∫
Ω

up−εε (ξ)

|x− z|µ
dz
)
up−εε (x)dx. (36)

Then, a direct computation shows that∫
B′

∂uε
∂xj

(∫
B′

up−εε (z)

|x− z|n−2
dz
)
up−1−ε
ε (x)dx = −(p− 1− ε)

∫
B′

∂uε
∂xj

(∫
B′

up−εε (z)

|x− z|n−2
dz
)
up−1−ε
ε (x)dx

+ (n− 2)

∫
B′

∫
B′

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx+

∫
∂B′

∫
B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx.

Therefore, we have∫
B′

∂uε
∂xj

(∫
B′

up−εε (z)

|x− z|µ
dξ
)
up−1−ε
ε (x)dx

=
1

p− ε

∫
∂B′

∫
B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx +

n− 2

p− ε

∫
B′

∫
B′

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx.

(37)

Analogously, we also have∫
B′

∂uε
∂zj

(∫
B′

up−εε (x)

|x− z|n−2
dx
)
up−1−ε
ε (z)dz

=
1

p− ε

∫
∂B′

∫
B′

up−εε (z)up−εε (x)

|x− z|n−2
νjdxdSz +

n− 2

p− ε

∫
B′

∫
B′

(zj − xj)
up−εε (x)up−εε (z)

|x− z|n
dxdz.

Thus we eventually get that∫
B′

∂uε
∂xj

(∫
B′

up−εε (ξ)

|x− z|n−2
dz
)
up−1−ε
ε (x)dx =

2

p− ε

∫
∂B′

∫
B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx. (38)

Moreover, similar to the calculations of (37), we deduce that∫
B′

∂uε
∂xj

(∫
Ω\B′

up−εε (z)

|x− z|n−2
dz
)
up−1−ε
ε (x)dx

=
1

p− ε

∫
∂B′

∫
Ω\B′

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx +

n− 2

p− ε

∫
B′

∫
Ω\B′

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx.

(39)

On the other hand, we have

−
∫
B′

∆uε
∂uε
∂xj

dx = −
∫
∂B′

∂uε
∂ν

∂uε
∂xj

dSx +

n∑
l=1

∫
B′

∂uε
∂xj

∂u2
ε

∂xlxi
dx. (40)
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Hence, combining (36), (38), (39) and (40), we conclude that (34).
Finally, it is clear that

0 =
(
∆uε + (|x|−(n−2) ∗ up−εε )up−1−ε

ε

)
x · ∇u.

By symmetry and integrating by parts, we obtain

1

2

∫
∂Ω

(∂uε
∂ν

)2
(x− z, n)dSx =

n+ 2

2(p− ε)

∫
Ω

(|x|−(n−2) ∗up−εε )up−εε dx+
2− n

2

∫
Ω
|∇uε|2dx. (41)

Therefore we get the conclusion (35) by (1) and (41).

3.2 Sharp pointwise estimates of uε and ∇uε
We first prepare a preliminary lemma which are needed to prove Lemma 3.4.

Lemma 3.3 ([1]). For all x 6= y ∈ Ω, there exists a positive constant c such that

0 < G(x, y) <
c

|x− y|n−2
and |∇xG(x, y)| ≤ c

|x− y|n−1
.

Assume that dε = 1
4dist(xε, ∂Ω)→ 0 and the constant AW is given by

AW :=

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz.

Then we have the following pointwise estimates of uε and first-order derivatives of uε.

Lemma 3.4. Suppose that u be a solution of the equation (1). Then for each point x ∈ ∂B′(xε, 2dε),
there holds

uε(x) = λ
−n−2

2
ε AWG(x, xε) + o(λ

−n−2
2

ε d−(n−2)
ε ),

and

∇uε(x) = λ
−n−2

2
ε AW∇xG(x, xε) + o(λ

−n−2
2

ε d−(n−1)
ε ).

Proof. We set

I1 := G(x, xε)

∫
Ω

∫
Ω

up−εε (z)up−1−ε
ε (y)

|y − z|n−2
dydz,

I2 :=

∫
Ω

∫
Ω

up−εε (z)up−1−ε
ε (y)

|y − z|n−2
[G(x, y)−G(x, xε)]dydz.

Then we get the integral representation of uε from (1):

uε = I1 + I2. (42)

Note that

lim
ε→0+

λ
n−2
2

ε

∫
Ω

∫
Ω

up−εε (z)up−1−ε
ε (y)

|y − z|n−2
dydz = lim

ε→0+

∫
Ωε

∫
Ωε

vp−εε (z)vp−1−ε
ε (y)

|y − z|n−2
dydz

=

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz = AW .
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where we have used Lemma 2.3, Lemma 2.5 and the dominated convergence theorem. Therefore,
with the help of Lemma 3.3 and a straightforward computation we obtain

I1 = λ
−n−2

2
ε AWG(x, xε) + o(λ

−n−2
2

ε d−(n−2)
ε ).

To estimate I2, we split Ω as Ω = B′(xε, dε) ∪ [B′(xε, 4dε) \ B′(xε, dε)] ∪ [Ω \ B′(xε, 4dε)] =:
Ω1 ∪ Ω2 ∪ Ω3. Then the following decomposition holds

I2 =

∫
Ω

∫
Ω

up−εε (z)up−1−ε
ε (y)

|y − z|n−2
[G(x, y)−G(x, xε)]dydz

=

∫
Ω1

∫
Ω1

· · ·+
∫

Ω1

∫
Ω2

· · ·+
∫

Ω1

∫
Ω3

· · ·+
∫

Ω2

∫
Ω1

· · ·+
∫

Ω2

∫
Ω2

· · ·+
∫

Ω2

∫
Ω3

· · ·

+

∫
Ω3

∫
Ω1

· · ·+
∫

Ω3

∫
Ω2

· · ·+
∫

Ω3

∫
Ω3

· · · =: I21 + I22 + · · ·+ I28 + I29.

It is sufficient to analysis integrals I21, · · · , I29.
Estimate of I21. We first note that |x− xε| and for any y ∈ Ω1, it holds that |x− y| ≥ dε. Thus

Lemma 3.3 gives

|G(x, y)−G(x, xε)| ≤ c
|y − xε|
dn−1
ε

for every y ∈ Ω1. (43)

By virtue of Lemma 2.3, Lemma 2.5 and (43), we compute

I21(x) ≤ c

dn−1
ε

λ
2(n−2)

4−(n−2)ε
[2(p−ε)−1]

ε

∫
Ω1

∫
Ω1

vp−εε (λε(z − xε))vp−1−ε
ε (λε(y − xε))

|y − z|n−2
|y − xε|dydz

≤ cλ
−(n−2)/2
ε

dn−2
ε

1

λεdε

∫
B′(0,λεdε)

∫
B′(0,λεdε)

vp−εε (z)vp−1−ε
ε (y)

|y − z|n−2
|y|dydz = o

(λ−(n−2)/2
ε

dn−2
ε

)
,

where we have used λεdε →∞ as ε→ 0 and the following the estimate:∫
B′(0,λεdε)

∫
B′(0,λεdε)

vp−εε (z)vp−1−ε
ε (y)

|y − z|n−2
|y|dydz

≤ c
∥∥∥ 1

1 + |y|

∥∥∥(n−2)(p−ε)

L
2n(p−ε)

p (B′(0,λεdε))

∥∥∥ |y|
1 + |y|

∥∥∥(n−2)(p−1−ε)

L
2n(p−1−ε)

p (B′(0,λεdε))

≤


c, when n < 4− 2(n− 2)ε,

c log(λεdε), when n = 4− 2(n− 2)ε,

c(λεdε)
n(n+4)−2n(n−2)(p−1−ε)

n+2 , when n > 4− 2(n− 2)ε,

by Hardy-Littlewood-Sobolev inequality, and Lemma 2.5 and since ε is small enough.
Estimate of I22. In the region y ∈ Ω1 and z ∈ Ω2, similar to estimate of I21, we get first∫

B′(0,λεdε)

∫
B′(0,4λεdε)\B′(0,λεdε)

vp−εε (z)vp−1−ε
ε (y)

|y − z|n−2
|y|dydz

≤


c(λεdε)

−[
2n(p−ε)

p
−n]

, when n < 4− 2(n− 2)ε,

c(λεdε)
−[

2n(p−ε)
p
−n]

log(λεdε), when n = 4− 2(n− 2)ε,

c(λεdε)
2n[2(p−ε)−1]

p
+

2n(n+3)
n+2 , when n > 4− 2(n− 2)ε,
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Consequently,

I22(x) ≤ c

dn−1
ε

λ
2(n−2)

4−(n−2)ε
[2(p−ε)−1]

ε

∫
Ω1

∫
Ω2

vp−εε (λε(z − xε))vp−1−ε
ε (λε(y − xε))

|y − z|n−2
|y − xε|dydz

≤ cλ
−(n−2)/2
ε

dn−2
ε

1

λεdε

∫
B′(0,λεdε)

∫
B′(0,4λεdε)\B′(0,λεdε)

vp−εε (z)vp−1−ε
ε (y)

|y − z|n−2
|y|dydz

= o
(
λ−(n−2)/2
ε d−(n−2)

ε

)
.

Estimate of I23. As the previous computation, for y ∈ Ω1 and z ∈ Ω3, we have

I23 = o
(
λ−(n−2)/2
ε d−(n−2)

ε

)
.

Estimate of I24. When y ∈ Ω2 and x ∈ ∂B′(xε, 2dε), we obtain that |x − y| ≤ 6dε. Then by
Lemma 3.3 we deduce that

|G(x, y)−G(x, xε)| ≤ |G(x, y)|+ |G(x, xε)| ≤
c

|x− y|n−2
. (44)

Moreover, for each y ∈ Ω2 and by Lemma 2.5 imply that

uε(y) ≤ cλ
2(n−2)

4−(n−2)ε
ε vε

(
λε(y − xε)

)
≤ cλ

2(n−2)
4−(n−2)ε
ε (λεdε)

−(n−2). (45)

Combining this bound and (44), we deduce that

I24 ≤ c
∫

Ω2

∫
Ω1

up−εε (z)

|y − z|n−2

up−1−ε
ε (y)

|x− y|n−2
dydz

≤ cλ−(n−2
2

+4)
ε d−(n+6)

ε

∫
Ω2

∫
Ω1

1

|y − z|n−2

1

|x− y|n−2
dydz = o

(
λ−(n−2)/2
ε d−(n−2)

ε

)
as ε→ 0.

Estimate of I25. Similarly, we conclude that

I25 = o
(
λ−(n−2)/2
ε d−(n−2)

ε

)
.

Estimate of I26. For y ∈ Ω1 and z ∈ Ω3, we have uε(z) ≤ cλ
2(n−2)

4−(n−2)ε
ε vε(λε(z−xε)). Hence, ap-

plying this estimate, Hardy-Littlewood-Sobolev inequality and (44)-(45), and Lemma 2.5, we deduce
that

I26 ≤ c
∫

Ω2

∫
Ω3

up−εε (z)

|y − z|n−2

up−1−ε
ε (y)

|x− y|n−2
dydz

≤ c λ
2(n−2)

4−(n−2)ε
[2(p−ε)−1]

ε

λ
(n−2)(p−1−ε)+n
ε d

(n−2)(p−1−ε)
ε

∥∥∥ 1

|x− y|n−2

∥∥∥
L

2n
n+2 (Ω2)

∥∥∥vp−εε (y)
∥∥∥
L

2n
n+2 (Rn\B′(0,4λεdε))

= o
(
λ
−n−2

2
ε d−(n−2)

ε (λεdε)
− 6−n

2
)

= o
(
λ
−n−2

2
ε d−(n−2)

ε

)
,

since the following inequality holds

2n

p
< n <

2n(p− ε)
p

as ε→ 0.
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Estimate of I27. In the region Ω3, we have |x−y| ≥ 2dε and |x−xε| = 2dε for x ∈ ∂B′(xε, 2dε).
Then

|G(x, y)−G(x, xε)| ≤ |G(x, y)|+ |G(x, xε)| ≤
c

dn−2
ε

. (46)

By a direct computation, it follows that

I27 ≤ cd−(n−2)
ε

∫
Ω3

∫
Ω1

up−εε (z)up−1−ε
ε (y)

|y − z|n−2
dydz

≤ cλ
2(n−2)

4−(n−2)ε
[2(p−ε)−1]

ε

λn+2
ε dn−2

ε

∥∥∥vp−εε (y)
∥∥∥
L

2n
n+2 (B′(0,λεdε))

∥∥∥vp−1−ε
ε (y)

∥∥∥
L

2n
n+2 (Rn\B′(0,4λεdε))

= O
(
λ
−n−2

2
ε d−(n−2)

ε (λεdε)
−(

2n(p−1−ε)
p

−n))
= o
(
λ
−n−2

2
ε d−(n−2)

ε

)
,

since n < 2n(p−1−ε)
p as ε→ 0.

Estimate of I28. Similar to the argument of I27, we also obtain

I28 = o
(
λ−(n−2)/2
ε d−(n−2)

ε

)
.

Estimate of I29. We now proceed similarly to I27. Fo y ∈ Ω3 and z ∈ Ω3, we find

I29 ≤ cλ
−n−2

2
ε d−(n−2)

ε

∥∥∥vp−εε (y)
∥∥∥
L

2n
n+2 (Rn\B′(0,4λεdε))

∥∥∥vp−1−ε
ε (y)

∥∥∥
L

2n
n+2 (Rn\B′(0,4λεdε))

= O
(
λ
−n−2

2
ε d−(n−2)

ε (λεdε)
−[

2n[2(p−ε)−1]
p

−2n])
= o
(
λ
−n−2

2
ε d−(n−2)

ε

)
.

Summarizing, combining these estimates, we conclude that

I2 = o
(
λ
−n−2

2
ε d−(n−2)

ε

)
.

We now plug estimate of I1 and estimate of I2, we get the first identity in Lemma 3.4.
To prove the second identity in Lemma 3.4, we first note that for x ∈ ∂B′(xε, 2dε), by (43)-(44)

and (46), there holds

|∇G(x, y)−∇G(x, xε)| ≤


c |y−xε|dnε

, when y ∈ Ω1,

c 1
|x−y|n−1 , when y ∈ Ω2,

c 1
dn−1
ε

, when y ∈ Ω3.

By exploiting this bound and similar to the computation of I1 and I2, it is easy to see that the second
conclusion of Lemma 3.4 holds. Concluding the proof.

3.3 Proof of Theorem 3.1

In this subsection, we can now prove Theorem 3.1.

Proof of Theorem 3.1. Assume now by contradiction that the conclusion of Theorem 3.1 does not
hold true, in other words that, up to a subsequence,

dε =
1

4
dist(xε, ∂Ω)→ 0 as ε→ 0. (47)
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Recall that a local Pohozaev-type identity in Lemma 3.2, for any 1 ≤ j ≤ n, we denote in what
follows

Fj,ε := −
∫
∂B′(xε,2dε)

∂uε
∂xj

∂uε
∂ν

dSx +
1

2

∫
∂B′(xε,2dε)

|∇uε|2νjdSx,

Kj,ε =
2

p− ε

∫
∂B′(xε,2dε)

∫
B′(xε,2dε)

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx

+
1

p− ε

∫
∂B′(xε,2dε)

∫
Ω\B′(xε,2dε)

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx

+
n− 2

p− ε

∫
B′(xε,2dε)

∫
Ω\B′(xε,2dε)

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx

and compute each term in the right-hand side of Fj,ε and Kj,ε.
Estimate of Fj,ε. Due to |x − xε| = 2dε, it follows from Lemmas 3.3-3.4 and λεdε → ∞ as

ε→ 0 that

Fj,ε =− λ−(n−2)
ε A2

W

∫
∂B′(xε,2dε)

[∂G(x, xε)

∂xj

∂G(x, xε)

∂ν
− 1

2
|∇xG(x, xε)|2νj

]
dSx

+ o
(
|∂B′(xε, 2dε)|λ−(n−2)

ε d−2(n−1)
ε

)
=: F ′j,ε + o

(
λ−(n−2)
ε d−(n−1)

ε

)
.

We now proceed similarly to [5] for Fj,ε. Then we have

F ′j,ε = −λ−(n−2)
ε A2

W

∂H

∂xj
(x, xε)

∣∣∣
x=xε

.

For unique unit vector νxε = (α1, α2, · · · , αn)νxε ∈ Sn−1 such that xε + dist(xε, ∂Ω) ∈ ∂Ω, then
there exists some positive c such that for 1 ≤ j ≤ n, there holds

−
n∑
j=1

αjFj,ε = λ−(n−2)
ε A2

W

∂H

∂xj
(x, xε)

∣∣∣
x=xε

+ o
(
λ−(n−2)
ε d−(n−1)

ε

)
≥ c λε

(λεdε)n−1
. (48)

Estimate of Kj,ε. It is noticing that for x ∈ ∂B′(xε, 2dε), we have

uε(x) ≤ cλ
2(n−2)

4−(n−2)ε
ε vε

(
λε(x− xε)

)
≤ cλ

2(n−2)
4−(n−2)ε
ε (λεdε)

−(n−2). (49)

Therefore, combining Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, a direct computation
gives that∫

∂B′(xε,2dε)

∫
B′(xε,2dε)

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx

≤ cλ
2−n
2

ε

∥∥∥vp−εε (y)
∥∥∥
L

2n
n+2 (B′(0,2λεdε))

∣∣∂B′(xε, 2dε)∣∣n+2
2n λ

(n−2)p
2

ε (λεdε)
−(n−2)p

≤ cλ2
εd

(n+2)(n−1)
2n

ε (λεdε)
−(n−2)p ≤ cλε(λεdε)1−(n−2)p.

(50)

Analogously, we also have∫
∂B′(xε,2dε)

∫
Ω\B′(xε,2dε)

up−εε (x)up−εε (z)

|x− z|n−2
νjdzdSx ≤ cλε(λεdε)1−(n−2)p. (51)
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Applying (49), we finally compute∫
B′(xε,2dε)

∫
Ω\B′(xε,2dε)

(xj − zj)
up−εε (z)up−εε (x)

|x− z|n
dzdx

≤ cλ
n+2
2

ε (λεdε)
−(n−2)p

∫
B′(xε,2dε)

(∫
Rn\B′(xε,2dε)

(xj − zj)
|x− z|n

dz
)
up−εε (x)dx

≤ cλ
n+2
2

ε (λεdε)
−(n−2)p

∫
B′(xε,2dε)

(∫ ∞
2λεdε

∫
ω∈Sn−1

rωj
rn
· rn−1dωdr

)
up−εε (x)dx = 0.

(52)

From (50), (51) and (52), we conclude that

|Kj,ε| ≤ cλε(λεdε)1−(n−2)p.

As a consequence, by (48) and estimates of |Kj,ε|, we obtain that

c
λε

(λεdε)n−1
≤ −

n∑
j=1

αjFj,ε ≤ −
n∑
j=1

|αj ||Kj,ε| ≤ cλε(λεdε)1−(n−2)p,

which means that n − 1 ≤ 1 − (n − 2)p as ε → 0, that is, p ≤ n
n−2 , a contradiction and concluding

the proof.

4 Proof of Theorems 1.1, 1.2 and 1.3

We first give a lemma which is used in the proof of Theorems 1.1 and 1.2.

Lemma 4.1. There exists M > 0, such that

ε ≤Mλ
−[n+2− 2(n−2)

4−(n−2)ε
(2(p−ε)−1)]

ε . (53)

Proof. By (35) and (18), it suffices to check that∫
∂Ω

(∂uε
∂ν

)2
(ν, x)dSx ≤ λ−(n−2)

ε . (54)

From Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, we calculate∫
Ω

(|x|−(n−2) ∗ up−εε )up−1−ε
ε dx ≤ Cλ

−[n+2− 2(n−2)
4−(n−2)ε

(2(p−ε)−1)]
ε

∫
Rn

∫
Rn

W p−ε(y)W p−1−ε(x)

|x− y|n−2
dxdy

≤ Cλ
−[n+2− 2(n−2)

4−(n−2)ε
(2(p−ε)−1)]

ε .

(55)

Furthermore, using Lemma 2.5 again we obtain

(
1

|x|n−2
∗ up−εε )up−1−ε

ε ≤ c

λ
[n−2− 2(n−2)

4−(n−2)ε
](2(p−ε)−1)

ε

×
(∫

Rn

1

|x− y|n−2

1

1 + |y − x0|(n−2)(p−ε)dy
) 1

|x− x0|−(n−2)(p−ε)
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for x 6= x0. We now establish the following key result:∫
Rn

1

|x− y|n−2

1

1 + |y − x0|(n−2)(p−ε)dy ∈ L
∞(Rn). (56)

Moreover we note that

[n+ 2− 2(n− 2)

4− (n− 2)ε
(2(p− ε)− 1)] < [n− 2− 2(n− 2)

4− (n− 2)ε
](2(p− ε)− 1) as ε→ 0.

Then using this bound and (56), there exists M > 0 such that

(
1

|x|n−2
∗ up−εε )up−1−ε

ε ≤Mλ
−[n+2− 2(n−2)

4−(n−2)ε
(2(p−ε)−1)]

ε
1

|x− x0|(n−2)(p−ε) (57)

for x 6= x0 and some M > 0. Combining (55), (57) and Lemma A.1, the estimate (54) follows.
Therefore, the conclusion holds.

We now turn to proof of (56). For any r > 0, we have∫
Rn

1

|x− y|n−2

1

1 + |y − x0|(n−2)(p−ε)dy =
( ∫

B(0,r)
+

∫
Rn\B(0,r)

)(1 + |y|(n−2)(p−ε))−1

|x− x0 − y|n−2
dy.

If x− x0 ∈ Rn \B(0, 2r), we have∫
B(0,r)

1

|x− x0 − y|n−2

1

1 + |y|(n−2)(p−ε)dy ≤
∫
B(0,r)

1

|y|n−2

1

1 + |y|(n−2)(p−ε)dy

≤
∥∥ 1

|y|n−2

∥∥
Lζ(B(0,r))

∥∥∥ 1

1 + |y|(n−2)(p−ε)

∥∥∥
L

ζ
ζ−1 (B(0,r))

<∞,

by Hölder inequality and where 1 < ζ < n
n−2 . If x− x0 ∈ B(0, 2r), we get∫

B(0,r)

1

|x− x0 − y|n−2

1

1 + |y|(n−2)(p−ε)dy

≤
∫
B(0,r)

1

|y|n−2

1

1 + |y|(n−2)(p−ε)dy +

∫
B(x−x0,3r)

1

|x− x0 − y|n−2

1

1 + |x− x0 − y|(n−2)(p−ε)dy

≤
∥∥ 1

|y|n−2

∥∥
Lζ(B(0,3r))

∥∥∥ 1

1 + |y|(n−2)(p−ε)

∥∥∥
L

ζ
ζ−1 (B(0,3r))

<∞,

where 1 < ζ < n
n−2 . Furthermore, we find∫

Rn\B(0,r)

1

|x− x0 − y|n−2

1

1 + |y|(n−2)(p−ε)dy

=
( ∫

(Rn\B(0,r))∩B(x−x0,r)
+

∫
(Rn\B(0,r))∩(Rn\B(x−x0,r))

)(1 + |y|(n−2)(p−ε))−1

|x− x0 − y|n−2
dy.

Similar to the previous argument, we deduce that∫
(Rn\B(0,r))∩B(x−x0,r)

1

|x− x0 − y|n−2

1

1 + |y|(n−2)(p−ε)dy

≤ C

r(n−2)(p−ε)

∫
B(x−x0,r)

1

|x− x0 − y|n−2
dy <∞,

(58)
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and ∫
(Rn\B(0,r))∩(Rn\B(x−x0,r))

1

|x− x0 − y|n−2

1

1 + |y|(n−2)(p−ε)dy

≤ C

rn−2

∫
Rn\B(0,r))

1

|y|(n−2)(p−ε)dy <∞.
(59)

Thus, we conclude (56) by the previous estimates.

Lemma 4.2. It holds that

|λ−εε − 1| = O(λ
−n−2

2
ε log

1

λε
) as ε→ 0. (60)

Proof. It can be derived by Lemmma 4.1 and the theorem of mean.

4.1 Proof of Theorem 1.3

We shall give the proof of Theorem 1.3.

Proof of Theorem 1.3. We have

−∆(‖uε‖L∞(Ω)uε) = ‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε in Ω. (61)

We integrate the right-hand side of (61)

∫
Ω

∫
Ω
‖uε‖L∞(Ω)

up−εε (y)up−1−ε
ε (x)

|x− yn−2
dxdy =

λ
4(n+2)

4−(n−2)ε
ε

λn+2
ε

λ
− 4(n−2)ε

4−(n−2)ε
ε

∫
Ωε

∫
Ωε

vp−εε (y)vp−1−ε
ε (x)

|x− y|n−2
dxdy.

Therefore, combining (23) by dominated convergence, Lemma 4.2 and the following identity (see
[18])

|x|−(n−2) ∗W p =

∫
Rn

W p(y)

|x− y|n−2
dy = α̃nW

2∗−p(x), (62)

with α̃n = I(γ)S
(2−n)

8 C
2−n
8

n [n(n− 2)]
n−2
4 , we get

lim
ε→0+

∫
Ω
‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε =

∫
Rn

∫
Rn

W p(y)W p−1(x)

|x− y|n−2
dxdy

= α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
<∞.

Here and several times in the sequel, we use the elementary identity (62). Due to (56) and using
Lemma 4.2 again, we obtain

‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε

≤Mλ
−(n−2)(2p−1)+

4(n+2)
4−(n−2)ε

ε · λ
2(n−2)[1− 2

4−(n−2)ε
]

ε
1

|x− x0|(n−2)(p−ε)

for x 6= x0 and some M > 0. It is noticing that

−(n− 2)(2p− 1) +
4(n+ 2)

4− (n− 2)ε
< 0.
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Thus, combining Lemma 2.2 and lemma 2.3, we conclude that

‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε → 0 for x 6= x0. (63)

From (61) and (63) we deduce that

−∆(‖uε‖L∞(Ω)uε)→ α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
δx=x0

in the sense of distributions in Ω. Coming back to Lemma A.1, we set ω as a neighborhood of ∂Ω
and x0 6∈ ω. Then, inequality (108) tells us that∥∥‖uε‖L∞(Ω)uε

∥∥
C1,α(ω′)

≤ C
∥∥‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε

∥∥
L1(Ω)

+ C
∥∥‖uε‖L∞(Ω)

(
|x|−(n−2) ∗ up−εε

)
up−1−ε
ε

∥∥
L∞(ω)

in C1,α(ω) asε→ 0.

In conclusion, we have

‖uε‖L∞(Ω)uε → α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
G(x, x0) in C1,α(ω)

for any neighborhood ω of ∂Ω, not containing x0. The result follows.

4.2 Proof of Theorem 1.2

In this subsection, we are position to prove Theorem 1.2.

Proof of Theorem 1.2. Recall that the Pohizave identity in Lemma 3.2 and applying the identity (35)
to functions ‖uε‖L∞(Ω)uε, we obtain

(n− 2)2

n+ 2− ε(n− 2)
· ε‖uε‖2L∞(Ω)

∫
Ω

(|x|−(n−2) ∗ up−εε )up−εε dx

=

∫
∂Ω

(
‖uε‖L∞(Ω)∇uε, ν

)(
‖uε‖L∞(Ω)∇uε, ν

)
(ν, x− z)dSx.

(64)

In view of Theorem 1.3 and (18), and taking the limit in (64), we obtain

lim
ε→0

ε‖uε‖2L∞(Ω) = α̃2
n

n+ 2

(n− 2)2

( 1

CHLS

)n+2
4
∥∥W∥∥2(2∗−1)

L2∗−1(Rn)

∫
∂Ω

∂G(x, x0)

∂ν

∂G(x, x0)

∂ν
(ν, x−x0)dSx.

Since we have the following identity (see [4])∫
∂Ω

∂G(x, x0)

∂ν

∂G(x, x0)

∂ν
(ν, x− x0)dSx = −(n− 2)H(x0, x0). (65)

Moreover, it is easy to check from the maximum principle that H(x, x) < 0 for any x ∈ Ω. Conse-
quently, the first result of theorem follows by the above identities. Hence, via this result and Theorem
1.3, we get limit of uεε−

1
2 and as desired.
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4.3 Proof of Theorem 1.1

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. From Lemma A.1 we deduce that

‖uε‖C1,α(ω) ≤ C
(
‖(|x|−(n−2) ∗ up−εε )up−1−ε

ε ‖L1(Ω) + ‖(|x|−(n−2) ∗ up−εε )up−1−ε
ε ‖L∞(ω)

)
.

Coupling this bound and (57), we conclude that the first result of Theorem 1.1.
Furthermore, it holds that∫

Rn
|∇uε|2 =

∫
Rn

∫
Rn

upε (x)upε (y)

|x− y|n−2
dxdy

→
∫
Rn

∫
Rn

W p(x)W p(y)

|x− y|n−2
dxdy =

(
CHLS

)n+2
4 as ε→ 0.

From here and the first result of Theorem 1.1, we have

|∇uε|2 →
(
CHLS

)n+2−ε(n−2)
4−ε(n−2) δx0 as ε→ 0

in the sense of distributions.
Finally, we note that from (35), the equality

∫
∂Ω(∂uε∂ν )2νdS = 0. In the limit, we obtain∫

∂Ω
(∇G(x, x0), ν)(∇G(x, x0), ν)νdSx = 0 for every x0 ∈ Ω. (66)

By exploiting the following identity (see [4])∫
∂Ω

(∇G(x, x0), ν)(∇G(x, x0), ν)νdSx = −∇φ(x0) for every x0 ∈ Ω. (67)

Then, the conclusion follows and hence Theorem 1.1 is proved.

5 Proof of Theorem 1.7

In this section, we are devoted to show that Theorem 1.7. As in the previous Pohozaev-type identity
(35), we have

2n− µ
2pµ

∫
Ω

(
1

|x|µ
∗upµε )u

pµ
ε dx+

2− n
2

∫
Ω
|∇uε|2dx+

n

2
ε

∫
Ω
|uε|2dx. =

1

2

∫
∂Ω

(∂uε
∂ν

)2
(x−z, n)dSx,

whence
ε

∫
∂Ω

(∂uε
∂ν

)2
(ν, x− z)dSx = ε

∫
Ω
u2
εdx. (68)

In what follows xε ∈ Ω and the number λε > 0 are given by

λ
n−2
2

ε = ‖uε‖L∞(Ω) = uε(xε). (69)

Observe that, coupling rescaled function

vε(x) = λ
−n−2

2
ε uε(λ

−1
ε x+ xε),
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and the Kelvin transform wε of vε, we have
−∆vε(x) =

(
|x|−µ ∗ vpµε

)
v
pµ−1
ε + εvε in Ωε := {x : λ−1

ε x+ xε ∈ Ω},
0 ≤ vε(x) ≤ 1 in Ωε,

vε(x) = 0 on ∂Ωε,

vε(0) = max
x∈Ωε

vε(x) = 1,

and {
−∆wε(x) =

( ∫
Ω∗ε

w
pµ
ε (y)
|x−y|µ dy

)
w
pµ−1
ε + ε 1

λ2ε |x|4
wε in Ω∗ε := {x : |x|−1 ∈ Ωε},

wε(x) = 0 on ∂Ω∗ε

for n ≥ 3, pµ = 2n−µ
n−2 ≥ 2 and µ ∈ (0, n). Then we proceed similarly to Lemma 2.5. There exists a

constant c > 0 independently of ε > 0 provided ε is sufficiently small, such that

vε(x) ≤ c
( 1

1 + |x|2
)n−2

2 in Ωε. (70)

Therefore, similarly to the computation of Theorem 1.3, using (70) by dominated convergence we
also deduce that

‖uε‖L∞(Ω)uε → α̃n
∥∥W∥∥2∗−1

L2∗−1(Rn)
G(x, x0) in C1,α(ω) (71)

for any neighborhood ω of ∂Ω, not containing x0. Recalling (68), and by (71) yields

lim
ε→0

ε‖uε‖2L∞(Ω)λ
−2
ε

∫
Ωε

v2
ε (y)dy =

α̃2
n

2

∥∥W∥∥2(2∗−1)

L2∗−1(Rn)

∫
∂Ω

∂G(x, x0)

∂ν

∂G(x, x0)

∂ν
(ν, x− x0)dSx.

Consequently, a direct calculation shows that

lim
ε→0

ε
∥∥uε∥∥ 2(n−4)

n−2

L∞(Ω)

∫
Ωε

v2
ε (y)dy =

(n− 2)α̃2
n

2

∥∥W∥∥2(2∗−1)

L2∗−1(Rn)
|φ(x0)|.

where we have used (69) and identity (65). Consequently, combining this equality and (19) yields the
conclusion. On the other hand, the conclusions of Theorem 1.1 for problem (14) follows by Lemma
A.1 and (66)-(67).

6 Proofs of Theorems 1.4-1.5

We denote by PWξ,λ the projection of a function Wξ,λ onto H1
0 (Ω), namely,

∆PW [ξ, λ] = ∆W [ξ, λ] in Ω, PW [ξ, λ] = 0 on ∂Ω. (72)

To prove Theorem 1.5, we will use W [ξ, λ] (see (7)) as an approximate solution and so we write

vε = λ−(n−2)/2
ε PW [0, 1] + λ−(n−2)

ε φε.
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6.1 An upper bound for SεHL

For the simplicity of notations, we write W (x) and W1(x) instead of W [0, 1](x) and W [x1, λε] in
the sequel, respectively. We deduce the following important estimate.

Lemma 6.1. Suppose that the assumptions of Theorem 1.1 be satisfied and xε → x0 as ε→ 0. Then
for any point x1 ∈ Ω, it holds that

SεHL

λ
(n−2)ε
p−ε

ε

≤ CHLS + λ−(n−2)
ε

[
H̃(x1, x1)C

−n−2
4

HLS F
′ +

2

p
C
−n−2

4
HLS D

′ − n+ 2

4p2
CHLSE ′

]
+ o(λ−(n−2)

ε ).

Here H̃(x, y) = −(n− 2)ωnH(x, y) and

D′ := κ(n, x0)

∫
Rn

∫
Rn

W p(y)W p(z) logW

|y − z|n−2
dydz, E ′ := κ(n, x0) logCHLS ,

F ′ := c̃n,µ

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz, κ(n, x0) := α̃2

n

n+ 2

n− 2

[ 1

CHLS

]n+2
4
∥∥W∥∥2(2∗−1)

L2∗−1(Rn)
|φ(x0)|.

Proof. For any x1 ∈ Ω and we set u(x) = PW1(x). Then, since (72), Lemma A.3 and Ωε :=
λε(Ω− x1), a direct calculation shows that∫

Ω
|∇u|2dx =

∫
Ω
|∇PW1(x)|2dx

=

∫
Ω

(
|x|−(n−2) ∗W p

1

)
W p−1

1 (x)
[
W1(x)− c̃n,µλ

−n−2
2

ε H̃(x1, x)− fλε ,
]
dx

=

∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz − c̃n,µ

λn−2
ε

∫
Ωε

∫
Ωε

W p(z)W p−1(y)H̃(x1, x1 + λ−1
ε y)

|y − z|n−2
dydz +O(

1

λnε
)

= C
n+2
4

HLS −
c̃n,µ

λn−2
ε

∫
Ωε

∫
Ωε

W p(z)W p−1(y)H̃(x1, x1 + λ−1
ε y)

|y − z|n−2
dydz +O(

1

λnε
).

(73)

Note that,∫
Ωε

∫
Ωε

W p(z)W p−1(y)

|y − z|n−2
=

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz − 2

∫
Rn\Ωε

∫
Ωε

W p(z)W p−1(y)

|y − z|n−2

−
∫
Rn\Ωε

∫
Rn\Ωε

W p(z)W p−1(y)

|y − z|n−2
.

Then using (62), Lemma 3.3 and the fact that |H̃(x1, x1 +λ−1
ε y)− H̃(x1, x1)| ≤ Cλ−1

ε y, we deduce
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that ∫
Ωε

∫
Ωε

W p(z)W p−1(y)H̃(x1, x1 + λ−1
ε y)

|y − z|n−2
dydz

=

∫
Ωε

∫
Ωε

W p(z)W p−1(y)

|y − z|n−2
[H̃(x1, x1 + λ−1

ε y)− H̃(x1, x1)]dydz

+ H̃(x1, x1)

∫
Ωε

∫
Ωε

W p(z)W p−1(y)

|y − z|n−2
dydz

= H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz +O

(
λ−1
ε

∫
Ωε

W 2∗−1|y|(y)dy
)

= H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz +O(

1

λε
).

(74)

Consequently, combining this estimate and (73) entails that∫
Ω
|∇u|2dx = C

n+2
4

HLS −
c̃n,µ

λn−2
ε

H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + o(

1

λn−2
ε

) =: Iε. (75)

On the other hand, in view of PW [x1, λε] = W [x1, λε]− ψ[x1, λε] > 0, one has 0 ≤ ψ[x1,λε]
W [x1,λε]

≤
1. As the result, combining the estimate

PW p−ε
1 = W p−ε

1 +O(W p−1−ε
1 ψ[x1, λε]), ‖ψ[x1, λε]‖L∞(Ω) = λ

−n−2
2

ε (dist(x1, ∂Ω))n−2,

and Lemma A.3, we have that

λ
(n−2)ε
p−ε

ε

[ ∫
Ω

(|x|−(n−2) ∗ PW p−ε
1 )PW p−ε

1 dx
] 1
p−ε

=λ
(n−2)ε
p−ε

ε

[ ∫
Ω

∫
Ω

(
|x− y|−(n−2)

[
W1(y)− c̃n,µ

λ
n−2
2

ε

H(x1, y)− fλε(y)
]p−ε)

×
[
W1(x)− c̃n,µ

λ
n−2
2

ε

H(x1, x)− fλε(x)
]p−ε

dxdy
] 1
p−ε

=

[
λ(n−2)ε−(n+2)
ε

∫
Ωε

∫
Ωε

|y − z|−(n−2)
(
λ
n−2
2

ε W (z)− c̃n,µ

λ
n−2
2

ε

H̃(x1, x1 + λ−1
ε z)− fλε(z)

)p−ε
×
(
λ
n−2
2

ε W (y)− c̃n,µ

λ
n−2
2

ε

H̃(x1, x1 + λ−1
ε y)− fλε(y)

)p−ε
dydz

] 1
p−ε

=

[ ∫
Ωε

∫
Ωε

W p−ε(y)W p−ε(z)

|y − z|n−2
dydz − p c̃n,µ

λn−2
ε

∫
Ωε

∫
Ωε

W p(z)W p−1(y)H(x1, x1 + λ−1
ε y)

|y − z|n−2
dydz

− p c̃n,µ
λn−2
ε

∫
Ωε

∫
Ωε

W p−1(z)H(x1, x1 + λ−1
ε z)W p(y)

|y − z|n−2
dydz

+ p2
c̃2
n,µ

λ
2(n−2)
ε

∫
Ωε

∫
Ωε

W p−1(z)H(x1, x1 + λ−1
ε z)W p−1(y)H(x1, x1 + λ−1

ε y)

|y − z|n−2
dydz + o(

1

λn−2
ε

)

] 1
p−ε

.
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Recalling the previous computation in (74), we have

λ
(n−2)ε
p−ε

ε

[ ∫
Ω

(|x|−(n−2) ∗ PW p−ε
1 )PW p−ε

1 dx
] 1
p−ε

=

[ ∫
Rn

∫
Rn

W p−ε(y)W p−ε(z)

|y − z|n−2
dydz − p c̃n,µ

λn−2
ε

H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz

− p c̃n,µ
λn−2
ε

H̃(x1, x1)

∫
Rn

∫
Rn

W p−1(z)W p(y)

|y − z|n−2
dydz + o(

1

λn−2
ε

)

] 1
p−ε

as ε→ 0, where the equality holds since∫
Ωε

∫
Ωε

W p−1(z)H̃(x1, x1 + λ−1
ε z)W p(y)

|y − z|n−2
dydz

= H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz +O(

1

λε
),

and

1

λ
2(n−2)
ε

∫
Ωε

∫
Ωε

W p−1(z)|H|W p−1(y)|H|
|y − z|n−2

dydz =


O
(

1

λ
2(n−2)
ε

)
, when n = 3,

O
( log λε

λ
2(n−2)
ε

)
, when n = 4,

O
(

1
λ4ε

)
, when n = 5.

Moreover,∫
Rn

∫
Rn

W p−ε(y)W p−ε(z)

|y − z|n−2
dydz =

∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz + o(λ−(n−2)

ε )

− κ(n, x0)λ−(n−2)
ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz

− κ(n, x0)λ−(n−2)
ε

∫
Rn

∫
Rn

W p(z) logW (z)W p(y)

|y − z|n−2
dydz

+ κ2(n, x0)λ−2(n−2)
ε

∫
Rn

∫
Rn

W p logW (y)W p logW (z)

|y − z|n−2
dydz,

(76)

where we have exploited the fact that

W p−ε = W p(1− ε logW +O(ε2)) = W p − εW p logW +O(ε2W p))

= W p − κ(n, x0)λ−(n−2)
ε W p logW +O(λ−2(n−2)

ε W p)

by Taylor’s theorem and Theorem 1.2. One has

λ
(n−2)ε
p−ε

ε

[ ∫
Ω

(|x|−(n−2) ∗ PW p−ε
1 )PW p−ε

1 dx
] 1
p−ε

=

{∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz − 2

κ(n, x0)

λn−2
ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz

− 2pc̃n,µλ
−(n−2)
ε H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + o(

1

λn−2
ε

)

} 1
p−ε

,

(77)
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by virtue of

κ2(n, x0)

∫
Rn

∫
Rn

W p logW (y)W p logW (z)

|y − z|n−2
dydz <∞.

Thus we only need to deal with main terms A, B and C which are given by

A :=

∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz, B := 2κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(y)W p(z) logW

|y − z|n−2
dydz,

C := pc̃n,µλ
−(n−2)
ε H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz.

Also, the elementary inequality

(1 + t)−1 = 1− t+ t2 − · · · , as |t| < 1,

one has
1

p− ε
=

1

p
(1− ε

p
)−1 ≈ 1

p
+

ε

p2
as ε→ 0.

Therefore, from Taylor’s theorem ez = 1 + z + z2

2! + · · · (z ∈ C) imply that(
A+ B + C + o(λ−(n−2)

ε )
) 1
p−ε ≈ e

1
p

log
(
A+B+C+o(λ−(n−2)

ε )
)
· e

ε
p2

log
(
A+B+C+o(λ−(n−2)

ε )
)

≈
(
A+ B + C + o(

1

λn−2
ε

)
) 1
p
[
1 +

ε

p2
log
(
A+ B + C + o(

1

λn−2
ε

)
)]
.

Furthermore, we note that

A+ B + C + o(
1

λn−2
ε

) ≈ A

as ε > 0 small enough. Thus, thanks to Theorem 1.2 and λ−(n−2)
ε → 0 as ε→ 0,

ε

p2

(
A+ B + C + o(

1

λn−2
ε

)
) 1
p log

(
A+ B + C + o(

1

λn−2
ε

)
)
≈ κ(n, x0)λ−(n−2)

ε

1

p2
A

1
p logA

as ε > 0 small enough. As the result,(
A+B+C+o(λ−(n−2)

ε )
) 1
p−ε ≈

(
A+B+C+o(

1

λn−2
ε

)
) 1
p +κ(n, x0)λ−(n−2)

ε

1

p2
A

1
p logA+o(

1

λn−2
ε

).

Finally, combining all this together, from (77) we conclude that

λ
(n−2)ε
p−ε

ε

[ ∫
Ω

(|x|−(n−2) ∗ PW p−ε
1 )PW p−ε

1 dx
] 1
p−ε

=
[ ∫

Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz − 2κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(z)W p(y) logW

|y − z|n−2
dydz

− 2p
c̃n,µ

λn−2
ε

H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + o(λ−(n−2)

ε )
] 1
p

+ κ(n, x0)λ−(n−2)
ε

1

p2

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2

) 1
p log

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2

)
+ o(

1

λn−2
ε

).
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Using Taylor’s theorem again, we obtain

λ
(n−2)ε
p−ε

ε

[ ∫
Ω

(|x|−(n−2) ∗ PW p−ε
1 )PW p−ε

1 dx
] 1
p−ε

=

{∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz

} 1
p

− 1

p

{∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz

} 1
p
−1

×
{

2κ(n, x0)

λn−2
ε

∫
Rn

∫
Rn

W p(z)W p logW

|y − z|n−2
dydz + 2p

c̃n,µ

λn−2
ε

H̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1

|y − z|n−2
dydz

}
+
κ(n, x0)

λn−2
ε

1

p2

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dxdy

) 1
p log

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz

)
+ o(λ−(n−2)

ε )

= C
n+2
4p

HLS −
1

p
C
n+2
4

( 1
p
−1)

HLS 2κ(n, x0)λ−(n−2)
ε

∫
Rn

∫
Rn

W p(y)W p(z) logW

|y − z|n−2
dydz

− 2C
n+2
4

( 1
p
−1)

HLS H̃(x1, x1)c̃n,µλ
−(n−2)
ε

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz

+ κ(n, x0)
1

p2
C
n+2
4p

HLSλ
−(n−2)
ε logC

n+2
4

HLS + o(λ−(n−2)
ε ) =: Jε.

Then as a consequence,

SεHL

λ
(n−2)ε
p−ε

ε

≤
∫

Ω |∇u|
2dx

λ
(n−2)ε
p−ε

ε

[∫
Ω(|x|−(n−2) ∗ |uε|p−ε)|uε|p−εdx

] 1
p−ε

=
Iε
Jε
. (78)

In what follows, we consider the each term of Iε and Jε, respectively. By a direct computation, it
follows that

Iε

C
(n+2)/4p
HLS

=
C
n+2
4

HLS

C
(n+2)/4p
HLS

− c̃n,µ

λn−2
ε

H(x1, x1)

C
(n+2)/4p
HLS

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz +

o(λ
−(n−2)
ε )

C
(n+2)/4p
HLS

. (79)

Thanks to the identity
1

1− t
= 1 + t+ t2 + · · · for |t| < 1,

Then, by a direct computation, we deduce that( Jε

C
(n+2)/4p
HLS

)−1
=

1

1− C−
n+2
4

HLS λ
−(n−2)
ε D + λ

−(n−2)
ε E − 2C

−n+2
4

HLS λ
−(n−2)
ε F + o(λ

−(n−2)
ε )C

−n+2
4p

HLS

= 1 +
λ
−(n−2)
ε

C
n+2
4

HLS

D − λ−(n−2)
ε E + 2

λ
−(n−2)
ε

C
n+2
4

HLS

F − o(λ
−(n−2)
ε )

C
n+2
4p

HLS

+O(λ−2(n−2)
ε ),

(80)

where

D :=
1

p
2κ(n, x0)

∫
Rn

∫
Rn

W p(y)W p(z) logW

|y − z|n−2
dydz, E :=

1

p2
κ(n, x0) logC

n+2
4

HLS ,

F := c̃n,µH̃(x1, x1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz.
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Hence, combining (78), (79) and (80) yields

SεHL

λ
(n−2)ε
p−ε

ε

≤
C
n+2
4

HLS − λ
−(n−2)
ε F + o(λ

−(n−2)
ε )

C
n+2
4p

HLS − C
n+2
4

( 1
p
−1)

HLS λ
−(n−2)
ε D + C
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4p

HLSλ
−(n−2)
ε E − C
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4

( q
p
−1)

HLS λ
−(n−2)
ε F + o(λ

−(n−2)
ε )
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C
n+2
4

HLS

C
n+2
4p

HLS

+ λ−(n−2)
ε

[
F

C
n+2
4p

HLS

+
D

C
n+2
4p

HLS

− E

C
n+2
4

( 1
p
−1)

HLS

]
+ o(λ−(n−2)

ε )

= CHLS + λ−(n−2)
ε

[
F

C
n−2
4

HLS

+
D

C
n−2
4

HLS

− E
C−1
HLS

]
+ o(λ−(n−2)

ε ).

This concludes the proof.

6.2 Proofs of Theorems 1.4-1.5

In order to prove our results, we first recall that the problem
−∆vε(x) =

(
|x|−(n−2) ∗ vp−εε

)
vp−1−ε
ε in Ωε,

vε(x) > 0 in Ωε := λε(Ω− xε),
vε(x) = 0 on ∂Ωε,

vε(0) = max
x∈Ωε

vε(x) = 1.

(81)

Suppose
vε(y) = λ−(n−2)/2

ε PW [xε, λε](λ
−1
ε y + xε) + λ−(n−2)

ε φε(y).

Then

−∆φε(y) = p
(
|y|−(n−2) ∗W p−1φε

)
W p−1 + (p− 1)

(
|y|−(n−2) ∗W p

)
W p−2φε + fε(φε), (82)

where

fε(φε) := λn−2
ε

{(
|y|−(n−2) ∗ vp−εε

)
vp−1−ε
ε −

(
|y|−(n−2) ∗W p

)
W p−1

− λ−(n−2)
ε

[
p
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|y|−(n−2) ∗W p−1φε

)
W p−1 + (p− 1)

(
|y|−(n−2) ∗W p

)
W p−2φε

]}
.

For fε(φε), we need the following useful result.

Lemma 6.2. It holds that

|fε(φε)| ≤ C
[
|y|−(n−2) ∗W p−1−ε|φε|

]
W p−2−ε|vε −W |+
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+ C
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(
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)
W p−1

]
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[
λ−(n−2)
ε
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|y|−(n−2) ∗W p

)
W p−2−ε| logW |+
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)
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+ C
[(
|y|−(n−2) ∗W p−ε(| logW |+ 1)
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Proof. We note that

λ−(n−2)/2
ε PW [a, λ](x) = W (y)− c̃n,µλ−(n−2)H̃(x0, x0 + λ−1

ε y) + o(λ−(n−2)
ε ) (83)

by Lemma A.3. Direct calculation shows that∣∣λ−(n−2)
ε fε(φε)

∣∣ =
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ε −
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)
W p−1

− λ−(n−2)
ε
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)
W p−1 + (p− 1)

(
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)
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≤
∣∣∣(|y|−(n−2) ∗ vp−εε

)
vp−1−ε
ε

− λ−(n−2)
ε

[
(p− ε)

(
|y|−(n−2) ∗W p−1−ε(φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

))
W p−1−ε

+ (p− 1− ε)
(
|y|−(n−2) ∗W p−ε)W p−2−ε(φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

)]
−
(
|x|−(n−2) ∗W p−ε)W p−1−ε

∣∣∣+
∣∣∣(|x|−(n−2) ∗W p−ε)W p−1−ε −

(
|x|−(n−2) ∗W p

)
W p−1

∣∣∣
+ λ−(n−2)

ε

∣∣∣p(|y|−(n−2) ∗W p−1φε
)
W p−1

− (p− ε)
[
|y|−(n−2) ∗W p−1−ε(φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

)]
W p−1−ε

∣∣∣
+ λ−(n−2)

ε

∣∣∣(p− 1)
(
|y|−(n−2) ∗W p

)
W p−2φε

− (p− 1− ε)
(
|y|−(n−2) ∗W p−ε)W p−2−ε(φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

)∣∣∣
:= J1 + J2 + J3 + J4.

In the following, we shall estimate values of both J1 − J2 and J3 − J4. For J1, we first note that for
ε small enough, there holds

at(1 +
b

a
)t ≈ at(1 + t

b

a
) as | b

a
| � 1. (84)

Du to (84), we get

J1 ≤ Cλ−2(n−2)
ε

[
|y|−(n−2) ∗W p−1−ε(φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

)]
×W p−2−ε[φε − c̃n,µH(x0, x0 + λ−1

ε z) + o(λ−(n−2)
ε )

]
≤ Cλ−(n−2)

ε

[
|y|−(n−2) ∗W p−1−ε|φε|

]
W p−2−ε[1 + |vε −W |+ λ−(n−2)

ε

]
+ Cλ−2(n−2)

ε

[
|y|−(n−2) ∗W p−1−ε]W p−2−ε[1 + |φε|

]
,

as ε→ 0. We compute

|J2| ≤ κ(n, x0)λ−(n−2)
ε

[(
|y|−(n−2) ∗W p

)
W p−1−ε| logW |+

(
|y|−(n−2) ∗W p−ε| logW |

)
W p−1−ε]

by the mean theorem and Theorem 1.2. For J3, we have

J3 ≤ Cλ−(n−2)
ε

[(
|y|−(n−2) ∗W p−1|φε|

)
W p−1 −

(
|y|−(n−2) ∗W p−1−ε|φε|

)
W p−1−ε

+ Cλ−(n−2)
ε

[
ε
(
|y|−(n−2) ∗W p−1−ε|φε|

)
W p−1−ε +

(
|y|−(n−2) ∗W p−1−ε)W p−1−ε

]
≤ Cλ−(n−2)

ε

[
λ−(n−2)
ε

(
|y|−(n−2) ∗W p−1−ε| logW ||φε|

)
W p−1 +

(
|y|−(n−2) ∗W p−1−ε)W p−1−ε

]
+ Cλ−(n−2)

ε

[
λ−(n−2)
ε

(
|y|−(n−2) ∗W p−1−ε|φε|

)
W p−1−ε(| logW |+ 1)

]
,
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by the mean theorem and Theorem 1.2. Analogously to estimate of J3, we also have

J4 ≤ Cλ−(n−2)
ε

[
λ−(n−2)
ε

(
|y|−(n−2) ∗W p

)
W p−2−ε| logW ||φε|+

(
|y|−(n−2) ∗W p−ε)W p−2−ε

]
+ Cλ−(n−2)

ε

[
λ−(n−2)
ε

(
|y|−(n−2) ∗W p−ε(logW + 1)

)
W p−2−ε|φε|

]
.

Combined with (23), hence the conclusion follows.

We will need the following crucial result.

Proposition 6.3. Let n = 3, 4, 5 and there exists a constant M > 0 depending only on Ω such that
B(x0, 3M) ⊂ Ω, there holds

φε → φ0 in L∞(B(0,Mλε))

as ε→ 0, where φ0 ∈W 2,q′(Rn)( for q′ > n) is a bounded solution of

−∆φ0 = p
(
|y|−(n−2) ∗W p−1φ0

)
W p−1 + (p− 1)

(
|y|−(n−2) ∗W p

)
W p−2φ0

− κ(n, x0)
(
|y|−(n−2) ∗W p

)
W p−1 logW − κ(n, x0)

(
|y|−(n−2) ∗W p logW

)
W p−1

− (p− 1)c̃n,µ
(
|y|−(n−2) ∗W p

)
W p−2H̃(x0, x0)

− pc̃n,µ
(
|y|−(n−2) ∗W p−1H̃(x0, x0)

)
W p−1 in Rn.

(85)

Its proof is postponed to Section 7, but use it to show Theorems 1.4-1.5 in section 6.4.

6.3 A lower bound for SεHL

This subsection is devoted to the derivation of a lower bound for SεHL.

Proposition 6.4. It holds that

SεHL

λ
(n−2)ε
p−ε

ε

= CHLS + λ−(n−2)
ε

[
H̃(x0, x0)C

−n−2
4

HLS F
′ +

2

p
C
−n−2

4
HLS D

′ − 1

p2
CHLSE ′

]
+ o(λ−(n−2)

ε ),

where the above notations F ′, D′ and E ′ are defined in Lemma 6.1.

Proof. We compute

λ−(n−2)ε/(p−ε)
ε SεHL = λ−(n−2)ε/(p−ε)

ε SεHL(uε)

= λ−(n−2)ε/(p−ε)
ε

[∫
Ω

(|x|−(n−2) ∗ |uε|p−ε)|uε|p−εdx
]1− 1

p−ε

=

[∫
Ωε

(|y|−(n−2) ∗ |vε|p−ε)|vε|p−εdy
]1− 1

p−ε
.

(86)

Owing to Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, we have[∫
Ωε

∫
Ωε

|vε|p−ε|vε|p−ε

|y − z|n−2
dydz

]1− 1
p−ε

=

[∫
BMλε

∫
BMλε

|vε(y)|p−ε|vε(z)|p−ε

|y − z|n−2
dydz +O(

1

λ4
ε

)

]1− 1
p−ε

,

(87)
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where we have used the fact that

2

∫
Ωε\BMλε

∫
Ωε

W p(z)W p(y)

|y − z|n−2
dydz +

∫
Ωε\ BMλε

∫
Ωε\ BMλε

W p(z)W p(y)

|y − z|n−2
dydz = O(

1

λ4
ε

).

Furthermore, we note that

vε(y) = W (y) + λ−(n−2)
ε [φε− c̃n,µH(x0, x0 + λ−1

ε y))] + o(
1

λn−2
ε

) := W (y) +Hφε(y) + o(
1

λn−2
ε

).

Then, combing (83) and (86)-(87) entail that

λ−(n−2)ε/(p−ε)
ε SεHL

=

[∫
BMλε

∫
BMλε

|vε(y)|p−ε|vε(z)|p−ε

|y − z|n−2
dydz +O(

1

λ4
ε

)

]1− 1
p−ε

=

[∫
BMλε

∫
BMλε

(W +Hφε + o( 1
λn−2
ε

))p−ε(W +Hφε + o( 1
λn−2
ε

))p−ε

|y − z|n−2
dydz

]1− 1
p−ε

+ o(
1

λn−2
ε

).

(88)

We note that

∫
BMλε

∫
BMλε

W p−1(z)Hφε(z)W p−1(y)Hφε(y)

|y − z|n−2
dydz =


O
(

1

λ
2(n−2)
ε

)
, when n = 3,

O
( log λε

λ
2(n−2)
ε

)
, when n = 4,

O
(

1
λ4ε

)
, when n = 5.

Therefore, using Hardy-Littlewood-Sobolev inequality, (76), Proposition 6.3 and (62), a direct calcu-
lation shows that[∫

BMλε

∫
BMλε

(W (z) +Hφε(z))p−ε(W (y) +Hφε(y))p−ε

|y − z|n−2
dydz

]1− 1
p−ε

=

[ ∫
Rn

∫
Rn

W p−ε(z)W p−ε(y)

|y − z|n−2
dydz + p

∫
BMλε

∫
BMλε

W p(z)W p−1(y)Hφε(y)

|y − z|n−2
dydz

+ p

∫
BMλε

∫
BMλε

W p−1(z)Hφε(z)W p(y)

|y − z|n−2
dydz

+ p2

∫
BMλε

∫
BMλε

W p−1(z)Hφε(z)W p−1(y)Hφε(y)

|y − z|n−2
dydz + o(λ−(n−2)

ε )

]1− 1
p−ε

=

[ ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz − κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz

− κ(n, x0)λ−(n−2)
ε

∫
Rn

∫
Rn

W p(z) logW (z)W p(y)

|y − z|n−2
dydz

+
p

λn−2
ε

∫
BMλε

∫
BMλε

W p(z)W p−1(y)[φε − c̃n,µH(x0, x0 + λ−1
ε y)]

|y − z|n−2
dydz

+
p

λn−2
ε

∫
BMλε

∫
BMλε

W p−1[φε − c̃n,µH(x0, x0 + λ−1
ε z)]W p

|y − z|n−2
+ o(

1

λn−2
ε

)

]1− 1
p−ε

+ o(
1

λn−2
ε

)
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=

[ ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz − κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz

− κ(n, x0)

λn−2
ε

∫
Rn

∫
Rn

W p(z) logW (z)W p(y)

|y − z|n−2
dydz +

p

λn−2
ε

∫
Rn

∫
Rn

W p(z)W p−1(y)φ0(y)

|y − z|n−2
dydz

+
p

λn−2
ε

∫
Rn

∫
Rn

W p−1(z)φ0(z)W p(y)

|y − z|n−2
dydz − pc̃n,µ

λn−2
ε

H̃(x0, x0)

∫
Rn

∫
Rn

W p−1(z)W p(y)

|y − z|n−2
dydz

− pc̃n,µλ−(n−2)
ε H̃(x0, x0)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + o(λ−(n−2)

ε )

]1− 1
p−ε

+ o(λ−(n−2)
ε ),

where we have used the fact that |H̃(x0, x0 + λ−1
ε y)− H̃(x0, x0)| ≤ Cλ−1

ε y. Moreover, one has∫
Rn

∫
Rn

W p(z)W p−1(y)φ0

|y − z|n−2
dydz +

∫
Rn

∫
Rn

W p−1(z)φ0W
p(y)φ0

|y − z|n−2
dydz

=
1

p− 1

{
κ(n, x0)

∫
Rn

∫
Rn

W p(y)W p logW

|y − z|n−2
dydz + κ(n, x0)

∫
Rn

∫
Rn

W p(z)W p logW

|y − z|n−2
dydz

+ c̃n,µH̃(x0, x0)
[
(p− 1)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + p

∫
Rn

∫
Rn

W p−1(z)W p(y)

|y − z|n−2
dydz

]}
by (85). Consequently, recalling (88) and combined with the above identities, straightforward com-
putations show that

λ−(n−2)ε/(p−ε)
ε SεHL

=

{∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz +

2

p− 1
κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz

+
p

p− 1
c̃n,µλ

−(n−2)
ε H̃(x0, x0)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz + o(λ−(n−2)

ε )

}1− 1
p−ε

+ o(λ−(n−2)
ε ).

Since (84) and by
p− 1− ε
p− ε

=
p− 1

p
+
−ε
p2

+O(ε2) as ε→ 0,

the conclusion of Theorem 1.2 and Taylor’s expansion, we have(
a′+ b′+ c′+o(λ−(n−2)

ε )
) p−1−ε

p−ε ≈
(
a′+ b′+ c′+o(

1

λn−2
ε

)
) p−1

p − κ(n, x0)

λn−2
ε

1

p2
a
′ 1p log a′+o(

1

λn−2
ε

).

As a consequence, coupling this bound and (1 + t)m ≈ 1 +mz as z small enough, we use the same
idea as in the proof for Lemma 6.1 to get

λ−(n−2)ε/(p−ε)
ε SεHL

=

{∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2
dydz +

p

p− 1
c̃n,µλ

−(n−2)
ε H̃(x0, x0)

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz

+
2

p− 1
κ(n, x0)λ−(n−2)

ε

∫
Rn

∫
Rn

W p(z)W p(y) logW (y)

|y − z|n−2
dydz + o(λ−(n−2)

ε )

}1− 1
p

− κ(n, x0)λ−(n−2)
ε

1

p2

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2

) p−1
p log

( ∫
Rn

∫
Rn

W p(y)W p(z)

|y − z|n−2

)
+ o(λ−(n−2)

ε )

= CHLS + λ−(n−2)
ε

[
H̃(x0, x0)C

−n−2
4

HLS F
′ +

2

p
C
−n−2

4
HLS D

′ − n+ 2

4p2
CHLSE ′

]
+ o(λ−(n−2)

ε )
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as ε→ 0, wehere

D′ := κ(n, x0)

∫
Rn

∫
Rn

W p(y)W p(z) logW

|y − z|n−2
dydz, E ′ := κ(n, x0) logCHLS ,

F ′ := c̃n,µ

∫
Rn

∫
Rn

W p(z)W p−1(y)

|y − z|n−2
dydz,

as desired.

6.4 Proofs of Theorems 1.4-1.5

We can now prove Theorems 1.4-1.5 by using Lemma 6.1, Proposition 6.3 and Proposition 6.4.

Proof of Theorem 1.4. By virtue of Lemma 6.1 and Proposition 6.4, we obtain

CHLS + λ−(n−2)
ε

[
H̃(x0, x0)C

−n−2
4

HLS F
′ +

2

p
C
−n−2

4
HLS D

′ − 1

p2
CHLSE ′

]
+ o(λ−(n−2)

ε ).

≤ CHLS + λ−(n−2)
ε

[
H̃(x1, x1)C

−n−2
4

HLS F
′ +

2

p
C
−n−2

4
HLS D

′ − n+ 2

4p2
CHLSE ′

]
+ o(λ−(n−2)

ε ).

As a result,
H̃(x0, x0) ≤ H̃(x1, x1) for any x1 ∈ Ω,

which implies that H(x0, x0) ≥ H(x1, x1) and the conclusion follows.

Proof of Theorem 1.5. Owing to

vε(y) = λ
−n−2

2
ε PW [xε, λε](λ

−1
ε y + xε) + λ−(n−2)

ε φε(y)

= W (y)− c̃n,µλ−(n−2)H̃(xε, xε + λ−1
ε y) + λ−(n−2)

ε φ0(y) + o(λ−(n−2)
ε ).

Combining this equality with Proposition 6.3 yields the conclusion.

7 Proof of Proposition 6.3

This section is devoted to the proof of Proposition 6.3. As a first step, we introduce the nondegeneracy
property of the positive solutions of equation (6) at Wλ := W [ξ, λ].

Proposition 7.1 (Non-degeneracy [26]). Assume n ≥ 3, 0 < µ ≤ n with 0 < µ ≤ 4 and p∗ = 2n−µ
n−2 .

Then the solution W [ξ, λ](x) of the equation

−∆u = (|x|−µ ∗ up∗)up∗−1 in Rn

is non-degenerate in the sense that all bounded solutions of linearized equation

−∆φ− p∗
(
|x|−µ ∗ (W p∗−1

λ φ)
)
W p∗−1
λ − (p∗ − 1)

(
|x|−µ ∗W p∗

λ

)
W p∗−2
λ φ = 0

are the linear combination of the functions

∂λWλ[ξ, λ], ∂ξ1Wλ[ξ, λ], · · · , ∂ξnWλ[ξ, λ].
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We need the following result.

Lemma 7.2. Up to subsequence, there exists a sequence of εj such that for j large, there holds∥∥ηj(y)
∥∥
W 2,q′ ≤ C, where we denote ηj(y) :=

∥∥φεj (y)
∥∥−1

Lq′ (Ωεj )
φεj (y) in Ωεj .

Proof. We argue by contradiction, similarly to [39]. Assume that there exists a sequence of εj such
that

∥∥φεj∥∥Lq′ (Ωεj )
→∞. Let us denote Ωj := Ωεj , λj := λεj , φεj := φj and fj := fεj for simplicity.

Then ηj satisfies
−∆ηj(y) = p

(
|y|−(n−2) ∗W p−1ηj

)
W p−1

+(p− 1)
(
|y|−(n−2) ∗W p

)
W p−2ηj + fεj (φε)

∥∥φj(y)
∥∥−1

Lq′ (Ωj)
= 0, in Ωj ,

ηj(y) = 0, on ∂Ωj .

(89)

By regularity theorem [37], we infer that∥∥ηj(y)
∥∥
W 2,q′ ≤ C

(∥∥ηj(y)
∥∥
Lq′

+
∥∥fε(φε)∥∥Lq′∥∥φj(y)

∥∥−1

Lq′
)

+ C
∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1 +

(
|y|−(n−2) ∗W p

)
W p−2ηj

∥∥∥
Lq′
.

(90)

Here and after we drop the domain Ωj if there is no confusion for simplicity. In order to get the
boundedness ηj(y) in W 2,q′(Ωj), it is sufficient to estimate the two rightmost terms in the above
inequality. Then, since

1

r
− 1

2q′
=

2

n
and

1

q∗
+

2n

4q′ + n
= 1,

Hardy-Littlewood-Sobolev inequality and Hölder inequality give that∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1

∥∥∥
Lq′
≤ C

∥∥W p−1ηj
∥∥
Lr

∥∥W 8
n−2
∥∥ 1

2

Lq′

≤ C
∥∥W p−1

∥∥
Lq∗r

∥∥ηj∥∥ 2n
(4q′+n)r

Lq′

∥∥W 8
n−2
∥∥ 1

2

Lq′
<∞.

(91)

Similarly, we have ∥∥∥(|y|−(n−2) ∗W p
)
W p−2ηj

∥∥∥
Lq′

<∞. (92)

Furthermore, by virtue of Lemma 6.2, we get∥∥fj∥∥Lq′ (Ωj) ≤ C∥∥∥[|y|−(n−2) ∗W p−1−εj |φj |
]
W p−2−εj |vεj −W |

∥∥∥
Lq′

+C
∥∥∥(|y|−(n−2) ∗W p−1−εj

)
W p−2−εj (1 + λ

−(n−2)
j )

∥∥∥
Lq′

+C
∥∥∥[(|y|−(n−2) ∗W p

)
W p−1−εj | logW |+

(
|y|−(n−2) ∗W p−1−εj | logW |

)
W p−1

]∥∥∥
Lq′

+C
∥∥∥[λ−(n−2)

j

(
|y|−(n−2) ∗W p−1−εj

)
W p−1−ε(logW + 1)

]∥∥∥
Lq′

+C
∥∥∥[(|y|−(n−2) ∗W p

)
W p−2−εj | logW |+

(
|y|−(n−2) ∗W p−εj | logW |

)
W p−1−εj

]∥∥∥
Lq′

+C
∥∥∥[(|y|−(n−2) ∗W p−εj (| logW |+ 1)

)
W p−2−εj

]∥∥∥
Lq′
.

(93)
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Applying Hardy-Littlewood-Sobolev inequality, Hölder inequality and (23), we obtain that, for ε
small ∥∥∥[|y|−(n−2) ∗W p−1−εj |φj |

]
W p−2−εj |vεj −W |

∥∥∥
Lq′

≤ C
∥∥W p−1−εj

∥∥
Lq∗r

∥∥φj∥∥ 2n
(2q′+n)r

Lq′

∥∥W p−2−εj |vεj −W |
∥∥
Lq′

≤ C
∥∥φj∥∥ 2n

(2q′+n)r

Lq′
.

(94)

For the remaining terms, since q′ > n and using (62) together with the fact that logW ≤ W , a
straightforward computations shows that∥∥∥(|y|−(n−2) ∗W p−1−ε)W p−2−εj (1 + λ

−(n−2)
j )

∥∥∥
Lq′

+
∥∥∥[(|y|−(n−2) ∗W p

)
W p−1−ε| logW |+

(
|y|−(n−2) ∗W p−1−εj | logW |

)
W p−1

]∥∥∥
Lq′

+
∥∥∥[λ−(n−2)

j

(
|y|−(n−2) ∗W p−1−εj

)
W p−1−ε(logW + 1)

]∥∥∥
Lq′

+
∥∥∥[(|y|−(n−2) ∗W p

)
W p−2−εj | logW |+

(
|y|−(n−2) ∗W p−εj | logW |

)
W p−1−εj

]∥∥∥
Lq′

+
∥∥∥[(|y|−(n−2) ∗W p−εj (| logW |+ 1)

)
W p−2−εj

]∥∥∥
Lq′

<∞

(95)

by Hardy-Littlewood-Sobolev inequality and Hölder inequality as ε → 0. Combining the previous
estimates together, we get

∥∥ηj(y)
∥∥
W 2,q′ ≤ C

(∥∥ηj(y)
∥∥
Lq′

+ C
(
1 +

∥∥φj∥∥ 2n
(2q′+n)r

Lq′
))∥∥φj(y)

∥∥−1

Lq′
≤ C (96)

as j →∞. By Lemma A.2, we can extend ηj to Rn in such a way that∥∥ηj(y)
∥∥
W 2,q′ (Rn)

≤ C
∥∥ηj(y)

∥∥
W 2,q′ . (97)

Therefore, combined with the Sobolev imbedding therorem, we infer that∥∥ηj(y)
∥∥
L∞(Rn)

≤ C.

The result follows.

Lemma 7.3. Up to a subsequence, there exists a function φ0 in W 2,q′ such that φεj → φ0 weakly in
W 2,q′(Rn) for every q′ > n and φεj → ω0 in C1

loc(Rn).

Proof. To conclude the proof of Lemma 7.3, we establish now the following key estimate:∥∥φε∥∥Lq′ (Ωε) ≤ C(q′) for every n < q′ <∞. (98)

Once this is done, as in (90), a well-known regularity argument show that
∥∥φε∥∥W 2,q′ (Ωε)

≤ C(q′)

for every q′ > n. Furthermore, we can extend φε to Rn in the same way similarl to (97). Then
up to subsequence, we may extract a sequence-which we still call φεj -which converges weakly in
W 2,q′(Rn), and strongly convergence to a limit φ0 in C1

loc(Rn). This concludes the proof of Lemma.
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Assume now by contradiction that (98) does not hold true, in other words that, up to a subse-
quence, there exists a sequence of εj such that

∥∥φεj∥∥Lq′ (Ωεj )
→ ∞. In order to have the desired

contradiction with ‖ηj‖Lq′ (Ωj) = 1, it is sufficient to obtain∥∥ηj∥∥W 2,q′ (Rn)
= o(1) as j →∞, (99)

which we prove next. Since Lemma 7.2, then up to a subsequence, we have ηj → ω0 weakly in
W 2,q′(Rn) for every q′ > n and ηj → ω0 in C1

loc(Rn).
We claim now that ω0 = 0. Indeed, recalling (96), and Lemma 6.2 entail that∥∥fj∥∥L∞∥∥φj(y)

∥∥−1

L∞
≤ C

∥∥φj(y)
∥∥−1

L∞

∥∥∥[|y|−(n−2) ∗W p−1−εj |φj |
]
W p−2−εj |vεj −W |

∥∥∥
L∞

+C
∥∥φj(y)

∥∥−1

L∞

∥∥∥(|y|−(n−2) ∗W p−1−εj
)
W p−2−εj (1 + λ

−(n−2)
j )

∥∥∥
L∞

+C
∥∥φj(y)

∥∥−1

L∞

∥∥∥[(|y|−(n−2) ∗W p
)
W p−1−εj | logW |+

(
|y|−(n−2) ∗W p−1−ε| logW |

)
W p−1

]∥∥∥
L∞

+C
∥∥φj(y)

∥∥−1

L∞

∥∥∥[λ−(n−2)
j

(
|y|−(n−2) ∗W p−1−εj

)
W p−1−εj (logW + 1)

]∥∥∥
L∞

+C
∥∥φj(y)

∥∥−1

L∞

∥∥∥[(|y|−(n−2) ∗W p
)
W p−2−εj | logW |+

(
|y|−(n−2) ∗W p−εj | logW |

)
W p−1−εj

]∥∥∥
L∞

+C
∥∥φj(y)

∥∥−1

L∞

∥∥∥[(|y|−(n−2) ∗W p−εj (| logW |+ 1)
)
W p−2−εj

]∥∥∥
L∞
→ 0

for ε → 0 sufficiently small and j → ∞ by Hardy-Littlewood-Sobolev inequality and Hölder in-
equality and the fact that ‖vεj −W‖L∞(Ωj) → 0 as ε→ 0 and j →∞. This means ω0 is a classical
solution of−∆ω0(y) = p

(
|y|−(n−2) ∗W p−1ω0

)
W p−1

+(p− 1)
(
|y|−(n−2) ∗W p

)
W p−2ω0 for all ω0 ∈W 2,q′(Rn).

(100)

From the non-degeneracy of W in Proposition 7.1, we have

ω0 = ω = c0
∂W [0, λ]

∂λ

∣∣∣
λ=1

+

n∑
i=1

ci
∂W [ξ, 1]

∂ξi

∣∣∣
ξ=0

, i = 1, · · · , n.

On the other hand, owing to (83) and (81) entails that

ηj(0) = c̃n,µ
∥∥φj∥∥−1

Lq′ (Ωj)
H̃(x0, x0) + o(1), ∇ηj(0) = o(1).

Therefore, we infer that

0 = ω0(0) = c0
∂W [0, λ](0)

∂λ

∣∣∣
λ=1

+
n∑
i=1

ci
∂W [ξ, 1](0)

∂ξi

∣∣∣
ξ=0

=
n− 2

2
c0,

and

0 = ∇ω0(0) = c0∇
∂W [0, λ](0)

∂λ

∣∣∣
λ=1

+

n∑
i=1

ci∇
∂W [ξ, 1](0)

∂ξi

∣∣∣
ξ=0

,
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which gives us c0 = 0 and c1, · · · , cn = 0 because ∇∂Wξ1 [ξ, 1](0)
∣∣
ξ=0

, · · · ,∇∂Wξn [ξ, 1](0)
∣∣
ξ=0

is linearly independent and ∇∂Wλ[0, λ](0)
∣∣
λ=1

= 0. Thus, the claim follows, and so that ηj → 0

weakly in W 2,q′(Rn) for every q′ > n.
Now we are position to prove (99). Owing to Lemma A.2,∥∥ηj(y)

∥∥
W 2,q′ ≤ C

∥∥fε(φε)∥∥Lq′∥∥φj(y)
∥∥−1

Lq′
+ C

∥∥fj(φε)∥∥Lr′∥∥φj(y)
∥∥−1

Lr′

+ C
∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1 +

(
|y|−(n−2) ∗W p

)
W p−2ηj

∥∥∥
Lq′

+ C
∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1 +

(
|y|−(n−2) ∗W p

)
W p−2ηj

∥∥∥
Lr′

:= P1 + P2 + P3 + P4.

(101)

Similarly to the previous discussion in (90), we apply Hardy-Littlewood-Sobolev inequality, Hölder
inequality and dominated convergence theorem to estimate each term on the right-hand side of the
above inequality. Recalling (93)-(95), since 2n

(2q′+n)r < 1, we obtain

P1 ≤ C
(

1 +
∥∥φj∥∥ 2n

(2q′+n)r

Lq′ (Ωj)

∥∥W p−2−ε|vεj −W |
∥∥
Lq′ (Ωj)

)∥∥φj∥∥−1

Lq′ (Ωj)
= o(1) (102)

as j →∞. Similarly to (94)-(95), we have

P2 ≤ C
(

1 +
∥∥φj∥∥ 2n

(2q′+n)r

Lr′ (Ωj)

∥∥W p−2−ε|vεj −W |
∥∥
Lr′ (Ωj)

)∥∥φj∥∥−1

Lr′ (Ωj)
= o(1) (103)

as j →∞. Next we ready to estimate P3 and P4. We obtain that∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1

∥∥∥
Lr′
≤ C

∥∥∥|y|−(n−2) ∗W p−1ηj

∥∥∥
L2r′

∥∥∥W p−1
∥∥∥
L2r′

≤ C
(( ∫

Ωj∩BR(0)
|W p−1(y)ηj(y)|rdy

)1/r
+
( ∫

Ωj∩BcR(0)
|W p−1(y)ηj(y)|rdy

)1/r)
,

where R > will be fixed subsequently and r = 2nr′

n+4r′ . Writing the Hölder conjugate of q′

r as ζ, we
find( ∫

Ωj∩BR(0)
|W p−1(y)ηj(y)|rdy

)1/r ≤ C( ∫
Rn
|W p−1|ζrdy

)1/ζr( ∫
BR(0)

|ηj(y)|q′dy
)1/q′

= o(1),

by ηj → 0 strongly in W 2,q′(BR(0)) for any fixed R. Furthermore, for ε > 0, we can choose R > 0
such that ( ∫

Rn\BR(0)
|W p−1(y)|ζrdy

)1/(ζr) ≤ ε.
Then we have( ∫

Ωj∩BcR(0)
|W p−1(y)ηj(y)|rdy

)1/r
≤ C

( ∫
Rn\BR(0)

|W p−1(y)|ζrdy
)1/(ζr)( ∫

Ωj

|ηj(y)|q′dy
)1/q′

= o(1).
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Similarly, we also have∥∥∥(|y|−(n−2) ∗W p
)
W p−2ηj

∥∥∥
Lr′

= o(1) as j →∞.

Combining the previous estimates together, we get∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1 +

(
|y|−(n−2) ∗W p

)
W p−2ηj

∥∥∥
Lr′

= o(1) (104)

as j →∞. Analogously, we also get

C
∥∥∥(|y|−(n−2) ∗W p−1ηj

)
W p−1 +

(
|y|−(n−2) ∗W p

)
W p−2ηj

∥∥∥
Lq′

= o(1) (105)

as j →∞. From (97), (101), (102), (103), (104) and (105) we conclude that∥∥ηj(y)
∥∥
W 2,q′ (Rn)

= o(1) as j →∞,

a contradiction.

We can now prove Proposition 6.3 by using Lemma 7.3 and Lemma A.2.

Proof of Proposition 6.3. We shall prove that φ0 is a bounded solution of equation (85). To show this
fact, we first set

Ψ(y) =− κ(n, x0)
(
|y|−(n−2) ∗W p

)
W p−1 logW − κ(n, x0)

(
|y|−(n−2) ∗W p

)
W p−1 logW

− (p− 1)c̃n,µ
(
|y|−(n−2) ∗W p

)
W p−2H̃(x0, x0)

− pc̃n,µ
(
|y|−(n−2) ∗W p−1H̃(x0, x0)

)
W p−1.

Then we only need to show that fj → Ψ(y) in L∞(Rn) as j →∞. It is immediate to have that∣∣λ−(n−2)
j (fj −Ψ(y))

∣∣ ≤ ∣∣∣(|y|−(n−2) ∗ vp−εjεj

)
v
p−1−εj
ε −

(
|x|−(n−2) ∗W p−εj

)
W p−1−εj

− λ−(n−2)
j

[
(p− εj)

(
|y|−(n−2) ∗W p−1−εj

(
φεj − c̃n,µH̃(x0, x0 + λ−1

j z)
))
W p−1−εj

+ (p− 1− εj)
(
|y|−(n−2) ∗W p−εj

)
W p−2−εj

(
φεj − c̃n,µH̃(x0, x0 + λ−1

j z)
)]∣∣∣

+
∣∣∣(|x|−(n−2) ∗W p−εj

)
W p−1−εj −

(
|x|−(n−2) ∗W p

)
W p−1

− κ(n, x0)λ
−(n−2)
j

[(
|y|−(n−2) ∗W p

)
W p−1 logW −

(
|y|−(n−2) ∗W p logW

)
W p−1

]∣∣∣
+ λ

−(n−2)
j

∣∣∣p(|y|−(n−2) ∗W p−1φj
)
W p−1 − pc̃n,µ

(
|y|−(n−2) ∗W p−1H̃(x0, x0)

)
W p−1

− (p− εj)
[
|y|−(n−2) ∗W p−1−εj

(
φj − c̃n,µH̃(x0, x0 + λ−1

j z)
)]
W p−1−εj

∣∣∣
+ λ

−(n−2)
j

∣∣∣(p− 1)
(
|y|−(n−2) ∗W p

)
W p−2φj − (p− 1)c̃n,µ

(
|y|−(n−2) ∗W p

)
W p−2H̃(x0, x0)

− (p− 1− εj)
(
|y|−(n−2) ∗W p−εj

)
W p−2−εj

(
φj − c̃n,µH̃(x0, x0 + λ−1

j z)
)∣∣∣

:= E1 + E2 + E3 + E4.
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Arguing as in Lemma 6.2 for J1, we get that

‖E1‖L∞ ≤ C‖λ−2(n−2)
j

[
|y|−(n−2) ∗W p−1−εj |φj − c̃n,µH̃|

]
W p−2−εj |φj − c̃n,µH̃)|‖L∞ = o(1).

Analogously to J2, we deduce that

‖E2‖L∞ ≤o(1)‖λ−(n−2)
j

(
|y|−(n−2) ∗W p

)
W p−1−εj | logW |2 +

(
|y|−(n−2) ∗W p−εj | logW |2

)
W p−1−εj‖L∞

+ o(1)‖
(
|y|−(n−2) ∗W p| logW |

)
W p−1−ε| logW |‖L∞ = o(1).

Recalling |H̃(x0, x0 + λ−1
j y)− H̃(x0, x0)| ≤ Cλ−1

j y and |φj |L∞(Rn) ≤ C, we deduce that

‖E3‖L∞ ≤ Cλ−(n−1)
j ‖

(
|y|−(n−2) ∗W p−1|z|

)
W p−1‖L∞ = o(1),

and similarly, we get that

‖E4‖L∞ ≤ Cλ−(n−1)
j ‖

(
|y|−(n−2) ∗W p

)
W p−2|y|‖L∞ = o(1).

Therefore, we obtain φ0 is a weak solution W 2,q′ and hence a classical solution of equation (85).
Furthermore, we can consider as a test function in (82) and (85) a function of the form zj =

ξ̃(λ−1
j y)φ0(y) with the cut-off function ξ̃ equal to 1 in B(x0,M) and vanishing outside B(x0, 3M).

Then, a simple computation gives that

−∆(φj − zj) = p
[(
|y|−(n−2) ∗W p−1φj

)
W p−1(y)−

(
|y|−(n−2) ∗W p−1φ0

)
W p−1(y)ξ̃(λ−1

j y)
]

+ (p− 1)
(
|y|−(n−2) ∗W p

)
W p−2(φj − zj) +

[
fj(φj)−Ψ(y)

]
− (1− ξ̃(λ−1

j y))κ(n, x0)
[(
|y|−(n−2) ∗W p

)
W p−1 logW +

(
|y|−(n−2) ∗W p logW

)
W p−1

]
− (1− ξ̃(λ−1

j y))c̃n,µH̃(x0, x0)
[
(p− 1)

(
|y|−(n−2) ∗W p

)
W p−2 + p

(
|y|−(n−2) ∗W p−1

)
W p−1

]
+
[
∆y ξ̃φ0 + 2∇y ξ̃∇φ0

]
:= I1 + I2 + I3 + I4 + I5 + I6.

We aim to show that
φj → zj in L∞(B(0,Mλε)). (106)

In view of Sobolev imbedding theorem, to conclude (106), it is sufficient to verify that as j → ∞,
there holds ∥∥φj − zj∥∥W 2,q′ (Ωj)

= o(1). (107)

Exploiting Lemma A.2, we next have to estimate each term of I1 − I6 in Lq
′
-norm and Lr

′
-norm on

Ωj , respectively. For I3, we have using the above conclusion of the proof, ‖fj − Ψ(y)‖Lq′ + ‖fj −
Ψ(y)‖Lr′ = o(1). For I2, similar to the argument of (104)-(105), we deduce that

‖I2‖Lq′ = o(1), ‖I2‖Lr′ = o(1),

as j →∞ and R→∞. We similarly compute and gives that

‖I1‖Lq′ = p
(
|y|−(n−2) ∗W p−1(φj − φ0)

)
W p−1(y)

+ p(1− ξ̃(λ−1
j y))

(
|y|−(n−2) ∗W p−1φ0

)
W p−1(y)

≤ o(1) + Cλ
n
2q′
ε

[ ∫
Ωj

W 2(p−1)q′(λεy)dy
] 1
2q′
[ ∫

Ωj

W (p−1)r(λεy)dy
] 1
r

= o(1) +O(λ
−(8− n

2q′ )
ε ) = o(1),
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where r = 2nq′

n+4q′ and so we also have

‖I1‖Lr′ = O(λ
−(8− n

2r′ )
ε ) = o(1).

In same way, we deduce that

‖I4‖Lq′ = O(λ
−(2n− n

q′ )
ε ) = o(1), ‖I4‖Lr′ = O(λ

−(2n− n
r′ )

ε ) = o(1),

and that
‖I5‖Lq′ = O(λ

−(4− n
q′ )

ε ) = o(1), ‖I5‖Lr′ = O(λ
−(4− n

r′ )
ε ) = o(1).

To estimate I6, we write right hand side of (85) as F (y). Then we consider the integral equation

φ0 =

∫
Rn

F (y)

|x− y|n−2
dy.

By virtue of the boundedness of φ0, recalling the right hand side of (85), we have the following
estimates hold:

∫
Rn

1

|x− y|n−2

1

(1 + |y|)4
dy ≤


C

(1+|y|)2 , when n = 3,
C(1+log |y|

(1+|y|)2 , when n = 4,
C

(1+|y|)3
)
, when n = 5,

and ∫
Rn

1

|x− y|n−2

1

(1 + |y|)2n
dy ≤ C

(1 + |y|)n−2
.

Therefore, it is not hard to get that

|F (y)| ≤ C

|y|4
for |y| ≥ 1.

By estimate of the Newtonian potential given in F (y) (see [27, lemma 2.3]), then we get

|φ0| ≤
C

|y|4
for |y| ≥ 1,

and so we similarly compute and gives that |∇φ0| ≤ C
|y|4 for |y| ≥ 1. Combining this bound, then we

get

‖I6‖Lq′ + ‖I6‖Lr′ = O(λ−1
ε ‖φ0‖W 2,q′ (Rn)) +O(λ

−(1− n
r′ )

ε (‖∇φ0(λ−1
ε y)‖Lr′ + λ−1

ε ‖φ0(λ−1
ε y)‖Lr′ )

= o(1).

This, combined with the previous estimates together, gives the conclusion.
Finally, there exist two sequences εj and ε̃j such that for j large, up to subsequence, there holds

φεj → φ0 and φε̃j → φ̃0 in L∞(B(0,Mλε)).

Then, similarly to the first claim in the proof of Lemma 7.3, we can verify that φ0 − φ̃0 = 0 holds.
The conclusion of Proposition follows easily.

Acknowledgments: The authors would like to thank the anonymous referee for his/her useful
comments and suggestions which help to improve the presentation of the paper greatly.
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A Technical lemmata

Lemma A.1 ([23]). Let u solve {
−∆u = f in Ω ⊂ Rn,
u = 0 on ∂Ω.

Then
‖u‖W 1,q(Ω) + ‖∇u‖C0,α(ω′) ≤ C

(
‖f‖L1(Ω) + ‖f‖L∞(ω)

)
(108)

for q < n/(n−1) and α ∈ (0, 1). Here ω be a neighborhood of ∂Ω and ω′ ⊂ ω is a strict subdomain
of ω.

The following lemma in [39] will play a crucial role in the proof of Proposition 6.3.

Lemma A.2. Let u solve {
−∆u(y) = f(y) in Ωε,

u = 0 on ∂Ωε.

Then
‖u‖W 2,q′ (Ωε)

≤ C
(
‖f‖Lr′ (Ωε) + ‖f‖Lq′ (ωε)

)
(109)

for q′ > 2 and 1/r′ = 1/q′ + 2/n.

Lemma A.3 ([35]). Assume that a ∈ Ω and λ ∈ R+, then we have the following property:

ψ[a, λ](x) =
c̃n,µ

λ
n−2
2

H̃(a, x) + fλ with PW [a, λ](x) = W [a, λ](x)− ψ[a, λ](x),

where c̃n,µ is defined in (8) and fλ verifies the uniform estimates

fλ = O
( 1

λ
n+2
2 dn

)
,

∂fλ
∂xi

= O
( 1

λ
n+2
2 dn+1

)
.
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