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Abstract

In this paper, we study that the nearly critical nonlocal problem

—Au= (|27 %P~ )P in Q,

u>0 in €

u=0 on 09,
where € is a smooth bounded domain in R™ for n = 3,4, 5, * denotes the standard convolution,
€ > 0 is a small parameter and p = Z—f% is energy-critical exponent. We study the asymptotic

behavior of least energy solutions as ¢ — (0. These solutions are shown to blow-up at exactly
one point xy and location of this point is characterized. In addition, the shape and exact rates for
blowing-up are studied. Finally, in order to further locate the blowing-up point zy, we prove that
xg is a global maximum point of the Robin’s function of €.
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1 Introduction

1.1 Motivation and main results
In this paper, we are concerned with the following nonlocal equation:
— Au = (Jz| " *uP" P17 in Q,

u>0 in €, (D
u=0 on 01,
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where () is a smooth bounded domain in R" for n > 3, u € (0,n), € > 0 is a small parameter,
the exponent p = 2;:2“ is a threshold on the existence of a solution to (1). If ¢ > 0, one can
find a solution to (1) by applying the standard variational argument with the compact embedding

HY(Q) — L%j(ﬂ) If ¢ = 0 and (2 is star-shaped, then an application of the nonlocal-type
Pohozaev identity in [17] gives nonexistence of a nontrivial solution for (1). The problem (1) can be
understood as the nonlocal version of the following problem with nonlinearities of slightly subcritical
growth

—Au:u%g_‘g, u>0, in Q, u=0, on ON. )
Atkinson and Peletier [2] studied the asymptotic behavior of radial solutions of (2) by using ODE
technique in the unit ball of R3. Later, Brezis and Peletier [4] used the method of PDE to obtain the
same results as that in [2] for the spherical domains. Moreover, they conjectured that the same kind of
results hold for non spherical domains. This question was answered affirmatively in the general case
by Han [23] (independently by Rey [34]), in which they independently proved that if € small enough,
ue blows-up at the unique point zq that is a critical point of the Robin function of €, and analysis of
the shape and exact rates for blowing up. Moreover, for the classical local Brezis-Nirenberg problem,
Rey [35] constructed a family of solutions for this problem which asymptotically blow up at a non-
degenerate critical point of the Robin function. After these seminal works, numerous results of a
similar nature appeared in the literature, and the following represents only a extension of them: for
the number of blow-up point £ > 1 [32, 3], the related eigenvalue problem [8, 21], the uniqueness of
positive solutions [13, 19, 25], the fractional Laplacian [9], and references therein. See [15, 29] for the
existence of positive solutions to the conformal scalar curvature equation by applying the perturbation
method.

In the spirit of Rey [35], Chen and Wang [7] proved that if a solution u. of (1) satisfies

2n—p

[Vue|? = Chis™6(x — 20) ase — 0

forn > 3 and p € (0, min{n,4}), where Crs > 0 is a constant depending on the dimension n
and parameters p (see (5)) and d(x) denotes the Dirac measure at the origin, then the concentrate
point gy € € is a critical point of Robin function ¢ (see below). In addition, they also used the finite
dimensional reduction method to give a kind of converse result, i.e., for e sufficiently small, (1) has a
family of solutions u, concentrating around zy under the restriction of some dimensions.

In this line of research, motivated by the works of Han [23] and Rey [34] on the classical local
problem, the aim of this paper is to study the asymptotic behavior of least energy solutions u. for
nonlocal problem (1) when p = Z—fg > 2 is the H !_energy-critical exponent and € > 0 is close to
Zero.

To state the result, we recall from [24, 36] that the classical Hardy-Littlewood-Sobolev inequality

/ A f(@)|x =yl g(y)dzdy < C(n,r,t, w)|| fllor@eyllgll e @y 3)
with p € (0,n), 1 < r,t < oo and % + % + L& = 2. Moreover, in the general diagonal case
t=r= Zgﬁu, Lieb in [28] classified the extremal function of HLS inequality with sharp constant by

rearrangement and symmetrisation, and obtained the best constant
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and the equality holds if and only if

1 2n—p

f(x) =cg(x) = a(m) ’

for some a € C, A € R\{0} and 29 € R™. The classical Hardy-Littlewood-Sobolev inequality and
Sobolev inequality tell us that

1
Crrvs ( / <|x|“*ru|p>\u|f’dx)”s [ IVafds, we i@, )
Rn Rn

for some positive constant Cprs depending only on n and g, where n > 3, u € (0,n) and
HY(R") := DY2?(R"), the completion of C§°(R™) under the norm ||Vul| r2(rny- 1t is well-known
that the Euler-Lagrange equation of (5), up to scaling, is given by

— Au = (x| 7" * ‘u|p)|u|p_2u in R". (6)

Furthermore, the authors in [14, 16, 22] independently classified all positive solutions of (6) are
functions of the form

A n=2

WIE N(z) = En,u(m) 2, AeR", £eRY, @)

and obtained the optimal constant in (5)

o |0 = /2y Ty \
Chyrs =S [ T'(n— pu/2) (F(n/2)> ]

(2-n)/(2n—p)

Here the constant ¢, , is given by

nep  (nmw)(@-—n) _2=n__

Gn = [n(n — 2)]" T8 Tw-nrm) O ®)

S is the best Sobolev constant and C), , is defined in (4).
Our main result is in the following:
Theorem 1.1. Assume that n = 3,4,5, p = Z—fg and e is sufficiently small. Let u. be a solution of
(1) such that
Vu|?dx
Jo |Vl — =Cphrs+o(l) as €—0. )
Lo (2102 s uelp=€) fue|[p=<da] 7=

Then

(a) there exists xo € §) such that, after passing to a subsequence, we have
ue — 0 CHQ\ {z0}) as e€—0

and s
Vue|* = [Curs] @ 6(x —20) as e—0

in the sense of distributions and where §(x) denotes the Dirac measure at the origin.



(b) xq is a critical of p(x) := H(x,x) (Robin’s function of Q) for x € . The function H(x,y) is
given as follows: for any y € Q, H(x,y) satisfies
1

AH(z,y)=0 in €, H(z,y)=— (7= Danls — g2 on 0N.

The function H is nothing but the regular part of the Green function. Indeed, if G(x,y) denotes
the Green’s function of the Laplacian on H& (Q), then we have
1

H(l’,y) = G(l‘,y) - (n _ 2)wn|x — y|n,27

10)

where wy, is the area of the unit sphere in R™.

The next two theorems make more precise the behavior of solutions. First we give the rate of
blow-up of the maximum of the solutions.

Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied. Then

on+2 1 n+2 *_
—ar e [ WIS S 6 (o))

- 2—n
_ [n(n - 2)] T T [ TR/ < T'(n) )2/" s
Qp = )
VS r(232) | I(n+2)/2) \I'(n/2)
where 2% := 22 W := W[0,1](z), T'(s) = 0+°° 25" Le™® dx and S is the best Sobolev constant in
R™. Moreover, for any x € Q \ {x¢}, it holds that

with

ue(x) an(n —2) ni2 G(x,7)

C .
Ve nta (CHLs] V16(0)]

Th first result of Theorem 1.2 is a consequence of the following the behavior if solutions in terms
of the Green’s function.

Theorem 1.3. Let the assumptions of Theorem 1.1 be satisfied. Then

2*—1
L2*71(R7L)G('r’ ‘TO)’

li €| Loe € :~n w
Tl gy e(z) =

where au,, is defined in Theorem 1.2 and where the convergence is in C1“(w) with w any subdomain
of S not containing x.

As in [23], we note that author used the moving plane method as a key tool in the proof of
uniform boundedness of u, near 9€), which requires the convexity of the domain. In present paper,
we shall remove the convexity assumption and make use of the local Pohozaev-type identity and
sharp point-wise estimates of u. to obtain that x. stays away from the boundary. We also observe
that one of the key points in the proof of our main results is to find decay estimate of rescaled least
energy solutions for Choquard equation (1) by combining the Kelvin transform. We refer the readers
to [6, 10, 11, 30, 31] for some relevant studies on nonlinear Choquard equations.

In the following, we hope to further locate the blow-up point x and to give a precise asymptotic
expansion of the least energy solutions. More precisely, we shall show that xg is a global maximum
point of ¢(z).



Theorem 1.4. Let the assumptions of Theorem 1.1 be satisfied. Then ¢(x.) — maxyeq ¢(z) as
e — 0.

In what follows, we consider the minimization problem

Vul?d
S;IL:inf{ Jo|Vul*dx ——:ue HY(Q), u¢o}. (11)
[y =02 s [ulp=0)ufp—<da] 7

In fact, we use the same framework and methods as in [33, 39, 38]. Choosing x. € {2 and the number
Ae > 0 by

2(n—2)

A2 = [tell oo (@) = Ue(e). (12)

We define a family of rescaled functions

2(n—2)

V() = Ae TP U N4 2) for x € Q= A(Q — z0).

Then we find (see (16)),
—Av(x) = (2]~ ol Pl in Q
0<wv.(z) <1 in €,
ve(z) =0 on 0f),
v:(0) = maxv.(x) = 1.

€N,

It is noticing that the authors of [14, 16, 22] independently classified the extremal function of (5) are
the bubbles W[¢, A] in (7) and which is all positive solution to (1), and combined with |[ve|| o (@) is
uniformly bounded by some constant M, by elliptic regularity, we have that

[vellc2ta@y < M with o € (0,1).
Therefore, it is not hard to see that
ve = WI0,1)(z) in Cp.(R")

by combining the elliptic interior estimates and where W[, A](x) are the only positive solutions of
the equation (6). We establish the following asymptotic expansion of ..

Theorem 1.5. Let the assumptions of Theorem 1.1 be satisfied. Then
ve(y) = W[0,1](y) + A= H(we, A\ 'y + 2) + A2 Po(y) +o(A-"7Y) as e =0,
where H(x,y) = —(n — 2)w, H(z,y), o(1) is uniform in B(0, M\.) with M > 0 depending only
on Q, and ¢y € W24 (R™) for ¢’ > n is the unique bound solution of
A0 =p (917" = W gg )W 4 (p— 1) Iyl « WP)WP—%O
— k(n, zo) (|y|~ (n=2) *Wp)Wp Nog W — k(n, a:o)(\y| *Wp)WpfllogW
—(p— 1)Cnu(’y| 2 s WPYWPH (o, )
— penu(ly|™ (=2) 5 WP H (x, mo))I/Vp_1 in R"™ with W(x) =W]|[0,1](z).



Remark 1.6. The proof of Theorems 1.1-1.5 adapt the methods inspired by [23, 33, 39, 38]. By using
the decay estimate of rescaled least energy solutions, local Pohozaev identity and an asymptotic
expansion of ground energy S§;;, one could extend the results to dimensions n = 3,4,5 and we
consider the Newtonian potential instead of the Riesz potential because we need to use the Kelvin
transform. Therefore, in the following parameter region:

u=n—2and n>6, or n>3 and n—2# p € (0,n) with (0,4], (13)

these methods do not seem to lead to any improvement of Theorems 1.1-1.5. Taking this as inspiration
allows us to ask an open question: whether the asymptotic behavior of the solution of problem (1) as
€ — 0 in the results of this paper continue to hold in the case n and p satisfying (13).

On the other hand, we also consider the nonlocal problem

— Aue = (Jz|* * ul*)ut* +eue, ue>0 in Q, wu,=0 on 0N (14)
forn > 3, p, = 27?%2“, w € (0,n) with € (0,4] and € > 0 is a small parameter and (2 is a smooth
bounded domain of R™. The existence if positive solutions for this problem can be found in [17] and
related topics, we refer the readers to [12] and reference therein. They also proved that if N > 3 and
€ = 0, (14) admits no solutions when () is star-shaped. Similarly to the problem (1), we can define
the least enengy solutions for (14). The authors in [41] proved that a result for this nonlocal problem
to locate the blow up point x( (that is Vé(zp) = 0 and g € 2) by employing the finite dimensional
reduction method. If the blow-up points satisfy a certain non-degeneracy condition, [40] provided a
kind of converse result for Theorem 1.1 in [41]. However, the problem of the asymptotic character
of {u,}e>0 and exact rates of blowing-up for problem (14) has not been investigated so far. We shall
address this gap by proving the following result.

Theorem 1.7. Assume thatn > 3, p,, = 27? 2, 1€ (0,n) with € (0,4] and € is sufficiently small.

Let u. be a least energy solution of (14). Then the conclusions of Theorem 1.1 hold, and for n > 4
we have

(n_2) T, 2 —1 .
glggeHuEHLoo(m THWHLQ* e le@o)| i n>4,
and .,
lim_elog |[ue]| .y = —2|[W|[2Z 50 |6(@o)]  if n=4
et €ll Lo () Wn L2 —1(R) 0 5
where w,, = 22/22 fo 1+f)n_ﬂlr and
2—n
e n)(n _ /2 1-£Y 3-ntD)
G = [ — 27 § S TS [T((n = 0)/2) () |
L(254) L(n— p/2) I'(n/2)

Moreover, for any © € Q \ {xo}, we have

el ooy ue(x) = &nHWHiZIL(Rn)G(x, z0),

where the convergence is in C1®(w) with w any subdomain of §) not containing .



1.2 Structure of the paper.

The paper is organized as follows. In section 2, we establish a decay estimate of rescaled least energy
solutions ve. Section 3 is devoted to proof uniform bounded of least energy solutions u,. near 052
which makes use of a local Pohozaev-type identity and sharp pointwise estimates of u., and here not
applying the moving plane method. Based on these results, we then study the blow-up points and
behavior of blow-up rates by exploiting the Green-type identity and complete the proof of Theorem
1.1, Theorem 1.2 and Theorem 1.3 in section 4. In section 5, we give the proof of Theorem 1.7.
In section 6, we obtain an upper bound for S%;; by taking a good trial function and we further find
a lower bound for S%;; by combining Proposition 6.3. These results are used in next subsection to
prove Theorems 1.4-1.5. Finally, in section 7, we conclude that the proof of Proposition 6.3. In the
appendices we collect a series of technical lemmata which is required in the previous sections.

1.3 Notations.

Throughout this paper, C' and ¢ are indiscriminately used to denote various absolutely positive con-
stants. a ~ b means that a < b and 2 b, and we will use big O and small o notations to describe the
limit behavior of a certain quantity as € — 0.

2 Decay estimate of rescaled least energy solutions
In this section, we are devoted to prove that an adequate decay estimate for least energy solutions to
(1). Since u. become unbounded as ¢ — 0 then we choose x. € (2 and the number A, > 0 by

2(n—2)
Aél—(n—Q)e

= HUEHLOO(Q) = Ue(Te). (15)

We define a family of rescaled functions

2(n—2)

ve(z) = Ae 47("72)5u5(/\;1m +xz) for x€ Q= A(Q—z).

Then we have

— (=249

—Ave(z) = A TV (Au) (AN +ae) = (]a:\*("*Q) x 0P )P in z € Q. (16)

Now the Kelvin transform w, of v, defined by

1 x . % z
'U)e(x) = WUE(W) m Q€ = {.’I,' . W S Qe}

satisfies

—Awe(x) = M}M(_Ave)(::\?)

1 wp—E(y) p—1—c . "
- W(/ﬂ |z — y|(n=D]yn=2) dy)“’G in z €.

Remark 2.1. It is necessary to point out (16) is not valid when . # n — 2 in (1).

A7




Lemma 2.2. Let \c > 0 be the number introduced in (15) and the minimizing sequence u. of (9) is
such that

4—(n—2)e

)\E:HueHLii?;s) — 00 as €—0.

Proof. In view of (1) and (9), we have

n+2—e(n—2)

lim [ (|27 s jueP ) judP~Cda = (Crrs) =2, (18)
e—0 0

Now, assume that {u}e~0 is unifor_mly bounded in €2. Then there exists a function ug, up to subse-
quence, u, — ug uniformly in C2(Q) as € — 0, and it hold that ug # 0 due to (18). Hence by taking
the limit in (9), we obtain

1
07 [ 1Vunfds = Coaps ( [ (el s fwoPfuole)
Q Q
which contradicts that C';7;,¢ cannot be achieved by a minimizer in a bounded domain, see [17].

Hence it should hold that A\, — oo as € — 0. O]

Lemma 2.3. It holds that

lim Acdist(ze, 02) =00 and lim A{ = 1.
e—0 e—0

In addition, v — W10,1] = ( )=2)/2 jn DL2(R™) as € — 0.

_1
1tz

Proof. Itis noticing that \c — oo as € — 0 and so we have that \¢ — lase — 0. If A dist(xz., 0Q2) —
¢ € [0,00) as € — 0, then one may assume that {2, converges to R? . Otherwise, i.e., if

lim Acdist(ze, 002) = oo,
e—0

then (). converges to R™. In fact, we notice that, by global compactness lemma [40], this is always
the case. Moreover, W attains in R and combining (9), we get

1 n—=2

———) 2 in DM?*(R" 1
e ¢ DR (19)

ve — WI0,1] = (

as € — 0. Concluding the proof. O
We first state the following lemma which is useful in our analysis (see [23, 37] for the proof).

Lemma 2.4. Assume that u € H\ () be a positive solution of —Au = a(z)ud with1 < q < 2*—1.

Then there exists €g > 0 depending on n, such that if

/ la(z)u?™t 2 dx < e,
B(Qyr)
then

_2
[ull 22 gy < clm)r™ > [lullp2s (@2 (20)



with c(n) depending on n only. Furthermore, if there exists 0 < 0’ < 2 such that

a(z)ut' € L5 (B(Q,2r)), @21)
then
1
sup u<cr " (/ u2*d1:> - (22)
B(Q.r) B(Q,2r)

where ¢ depends only onn, & and r? ||au?! ||L"/(2*5/)(B(Q,2r))'
The following lemma will play a key role in our analysis.
Lemma 2.5. There exists a positive constant c, independent of €, such that
ve(x) < W(z) for xe€R", (23)

where W (x) = W0, 1](x).
Proof. Let us recall the problem (16),

—Av(z) = (\93|_(”_2) * vf_e)vf_l_€ in Q,,

0<w.(x)<1 in Q.,

ve(z) = on 082,

v:(0) = Crcré%xvs(m) =1,

£

and problem (17), we have

[z—y[n=2y|<(n=2)

we(x) =0 on 0.

_Awﬁ(:c)z,x‘eé_m(fg: we (v) dy)wf‘l_e in Q,

By definition of w, and 0 < v.(z) < 1, we have
1 *
we < 7|m|”*2’ for z € Q. (24)

Thus to conclude the proof of (23), it is sufficient to obtain
lwell L= (B(0,5)) < ¢ (25)

for some ¢ > 0 depending on n and y and where B(0, 5) is a ball near 0. In virtue of Lemma 2.4,

letting a(z) be given by
1 we“(y)
@ = g [, )

In the following, we claim that [a(7)[| e (qx) < c1 where ¢; independent of € > 0 provided e is
sufficiently small. It is notice that

p—e
e(n—2) ):/ w (y) d
x a(z y.
g ( oz |z — y["=2[y|n=2)

9



Then we have, for any r > 0,

p—e€ p—e
2| Pa(x) < / e+ / ey (6)
B(0,5) |z — y["2[y[™ Q\B(0,3) |z — y|"2|y|"

For any x € B(0,r), a direct computation by Holder inequality we get

[we(y) [P~ / [we(y) [P~ / [we(y) [P~
dy < ———dy + dy
/B(o,;> |z — y[n=2[y[n=2) B(,z) lycHD®=2) B(z,3r) |z —y|(HD=2)

L e et T
L 71 (B(0,%)) Y L7 (B(0,3))
+ Hwe} p?i*ﬁ)q/ H (1+1)( —2) ’ / 3 < o9,
L -1 (B(z,3r)) |z — yllet D=2 lLd (B2, 5r))
(27)
where 1 < ¢’ < m For any x € Qf\ B(0,r), we have |z — y| > |y|. Therefore, it holds that
|we (y) [P~ / [we(y) P~
dy < T Y
/B(o,;) |z —y|n2y|<n=2) B(,z) ly[c+Dn=2) %)
e L
LT (B, I I (50,5))
where 1 < ¢’ < m On the other hand, we deduce that
we(y) [P~ we(y) [P
/ | n(72)| e(n—2) dy < / | n(72)| e(n—2) dy
Q:\B(0,%) |z -y Yl R\ B(0,%) |z -y ]
_ |we(y) P~ lwe(y)[P~¢
= Sy W —2 -2 Y-
(Rm\B(0,5))NBy (x) [& = y|"2[y|" (RP\B(0,5)(B"\By () [& — "~ 2|y|"
(29)
Similar to argument of (27), we first obtain
/ ”we(y)‘pie dy < C / ”we(y)‘pie
(Rr\B(0,5))NBy (x) [ — y|n 2y =2 T =) Jigny o,z By (x) £ —y[" 2 0
c we (y) [P~
— pe(n—2) n—2 dy < 0.
r Br(z) ‘ZL’ - y‘
2
Moreover, Holder inequality gives that
/ |we(y) [P~
(B\B(O,5)N(®"\ By () [T = y[" 2y =2 a1
c e 1
< el ooy I, <%0
" LT @B,z I LT ®@\BO,5))

10



where ¢/ > ( 3y By now plug (27)-(28) and (29)-(59) in (26) we finally get
|2 a(x) € L(Q0),

where the bound independent of ¢ > 0 provided e is sufficiently small. Therefore, if we have
|z|~€("=2) ¢ LOO(Q*) and where ¢ independent of ¢ > 0, the claim follow. Indeed, by Lemma
2.2, we have |||z <"~ Q)HLOQ (z) < ¢ where c independent of € > 0.

Using Lemma 2.4 and since v, — W0,1] in D*?(R™) by Lemma 2.3, we can easily show that
for any ¢; > 0 there exists Ry > 0 such that

/ wl(z)dr < €, (32)
(0,2Rq)

where we used that p > 2. By (20) of Lemma 2.4 choosing € = ¢g and §' = 2 — 2n
deduce that

n(p—2—e)

we € L =7 (B(0, Ry)). (33)

Therefore,

/ |a(:p)wf_2_€]ﬁdm < c/ |wf_2_e|ﬁdx + / |w§_2_e|#d1’ <ec.
: Qz\B(0,Ro) B(0,Ro)

It follows from (22) of Lemma 2.4 that w. € L*(B(0, Ryp)), and hence combining this bound with
(24), we conclude that (24), as desired. ]

3 Estimates for u. near the blow-up point

Let {u,}e>0 be a family of least enegy solutions to (1) and z. the blow-up point given in (15). The
goal of this section is to deduce uniform bounded of least energy solutions u, near 952 from a local
Pohozaev-type identity and sharp point-wise estimates of u.. More precisely, we prove that

Theorem 3.1. Let ) be a smooth bounded domain in R™. Suppose that {u.}c~o be a family of least
enegy solutions to (1) and satisfying (9). Then u. are uniformly bounded near 0S) with respect to
€ > 0 small and blow-up point an interior point of (1.

Here the proof of our result will use a local Pohozaev-type identity and pointwise estimates of u,
and Vu,.

3.1 The local Pohozaev-type identity

Next, we will prove a local Pohozaev-type identity for functions in an arbitrary smooth open subset
of Q).

Lemma 3.2. Assume that u. € C%(Q) is a solution of (1). Then for an arbitrary smooth open subset
B’ C ), one has the following identity

€ € 1 € 6 576
L[ Ouedueyg (1 / Vuel?v;dS, = / / %dezdsx
aB’ 8:1:] aV 2 OB’ P —€ Jop ’ |£E—Z|n
,6 p—e p—€
/ / n— 2( )Vﬂ ue (Z)uen(x)dwx’
— € JoB JO\B’ |$ - Z| B Q\B’ |z — 2|

(34)

11



forj=1,--- n, where v = v(x) denotes the unit outward normal to the boundary OB'. Moreover,
we have

19} € 2 _22 o - B
/ (&) (V’x_z>dsf“:n+(2n—e(r)z—2) ’6'/9(‘” 2 eyl de (35)

Proof. To prove (34), We multiply (1) by g“€ and integrating on B’, we have

Ou, . Oue Ufie(g) p—e
-/ Augaxjdx_/B/ C,)%j(/Q |$7Z|udz)u€ (2)dz. (36)

Then, a direct computation shows that
0 pe ) pe
/ Ue (/ ui(z)zdz) uP 1 (z)dr = —(p— 1 — 6)/ e (/ %dz)ufflfe(x)dx
B 833] B’ ’CL’ — Z|n7 B’ 333] B’ |ZE — Z|n7

(n—2 // O dzd:z—i—/ /“E ug @e (2) g,
/ ’ |1E—Z‘n OB’ ’ |CC—Z|n 2

Therefore, we have
p—e
/ Ouc (/ ue " (2) d§) ufflfe(x)dx
B’ aJI] B’ |x — Z|M

6 —€ p—€
/ / ue @ue (2), 15, 47 / / ve (eue (@) g g,
P —€ Jop ’ ’JZ‘—Z|n p—€ / / ‘IIZ-Z’”
(37)

Analogously, we also have
/ due (/ ue ‘() dm)up_l_E(Z)dz
B 8zj BT — z]"_Q ¢

6 p—e —€ p—e
/ / ue (@ @), g, 4" / / ue (@ue (2) g,
pP—€Jop JB ‘.’IJ—Z‘ pP—€ Jp Jp ’.’I,'—Z|n

Thus we eventually get that

Que ue“(§) p—1— ul ™ (x)ul " (2)
Tz — 2|2 ‘ .38
/B/ Ox;j </B, |z — Z’n—2d2>ue (z) . /(‘)B/ /, |x e —— 5 v;dzdS, (38)

Moreover, similar to the calculations of (37), we deduce that
0 pe
/ Ue (/ e %) (212 dz)uﬁ’*l*e(ac)da:
B 8xj o\ |z — 2"

P (w)ul ™" —2 P ()ul e
/ / ue “(z)u Q(Z)yjdzdsgg + 2 / / (2 — 2 Bue (@) 4
— € Jop Jo\B ’fb“ - Z|" p—e€Jp Jop |z — 2["

(39

On the other hand, we have

Oue Oue Oue " Ou, 8u
A = - e ys,
w0, T o 0w 00, T 2y 0y G

dx. (40)
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Hence, combining (36), (38), (39) and (40), we conclude that (34).
Finally, it is clear that

0= (Auc+ (=~ (n=2) e P~ )P~ V- Vu.

By symmetry and integrating by parts, we obtain

1 8“5 2 _ni” _(n—2) p—¢€ p—e€ 2_”‘/ 2
2/89<8V) (x—2,n)dS; = /Q(|x| s« ul” Y ul ™ dr + 5 Q|Vu6| dz. (41)

2(p—¢)
Therefore we get the conclusion (35) by (1) and (41).

3.2 Sharp pointwise estimates of v, and Vu,
We first prepare a preliminary lemma which are needed to prove Lemma 3.4.

Lemma 3.3 ([1]). For all x # y € §Q, there exists a positive constant ¢ such that

0< G(z,y) < —°  and VG2, y)| <

|z — y|n2 |z —y[n

Assume that d. = %dist(we, 022) — 0 and the constant Ay is given by

P p—1
Ay = / WPEAWP ) 44
n Rn

ly — z|"2

Then we have the following pointwise estimates of u. and first-order derivatives of ..

O

Lemma 3.4. Suppose that u be a solution of the equation (1). Then for each point x € OB’ (x., 2d.),

there holds

_n—2

_n=2
uc(z) = A 2 AwG(z, ) +o(he 2 d-"72)),

€

and
n—2

_n=2 a2
VUE(CU):)\E 2 vaxG(x,xe)_FO()\e 2 d*(nfl))'

€

I .= G(z,x. //uE ue (y)dydz,

Ue

Ue 6 —1- E(y)
I —// ]y—z[" G2, y) — G(z,z.)]dydz.

Then we get the integral representation of u, from (1):

Proof. We set

ue = I + 1.

Note that

€ —1—e —1—e
ue “(2)ue“(y) (y)
li )\ dydz = 1 dyd
e—1>r(I)1+ / / |y — Z|n 2 s = e—lgl‘*‘/ / \y — Z’n 2 yaz

z)Wr—t
—/ y )dydz:AW.
n RTL

\y—Z!” 2

13
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where we have used Lemma 2.3, Lemma 2.5 and the dominated convergence theorem. Therefore,
with the help of Lemma 3.3 and a straightforward computation we obtain

n—2 _n=2
I =X 2 AwG(z,z) 4+ oA 2 d-("2),

To estimate I, we split 2 as Q@ = B'(z,,de) U [B'(zc,4d,) \ B'(ze,de)| U [Q\ B'(z,,4d)] =
Q1 U Q9 U Q3. Then the following decomposition holds

uf~ (2)uf " (y)
IQ—// |y [G(x,y) — G(z,x.)]dydz

Z|n 2

o[ [ [ [ [ [ [ [ [
0 Joy 01 J0, 0 Jas 0y Joy 0y J0s 0y J0s
+//+// // c=tIo1 + Iop + -+ + Iog + Ioo.

Q3 J Q3 J Qo Q3 JQ3

It is sufficient to analysis integrals Iy, - - - , Iag.
Estimate of I5;. We first note that ]m — x| and for any y € €y, it holds that |z — y| > d.. Thus

Lemma 3.3 gives

|G(z,y) — G(z,z)| < ¢ forevery y € Q. (43)

By virtue of Lemma 2.3, Lemma 2.5 and (43), we compute

2(n—2) —o)—1 e N p—1—e A -
I (x) < ¢ )\E4—<n—2>e - ]/Q /Q ve (2 = o)) Ay xe))|y—x€|dydz
1/

— dn—l ’y _ Z|n—2
e —(n—2)/2 ,Ug— (Z)’Ue 1- e(y) /\€—(n—2)/2
= n—2 )\ d n—2 |y|dydz = 0( n—2 )’
de B(0Ad) JBO0Nd) Y= 2] de

where we have used A.d. — 0o as € — 0 and the following the estimate:

p—1—¢
Z ) Ve Yy
[ e >|y,dydz
1(0,\ede) (0,Xede) Z\

|y| (n 2 p 1—¢)
R =
T+ o5 mopan T+ [y 12255 mr0aa)
¢, whenn < 4 — 2(n — 2)e,
< { clog(Acde), whenn =4 — 2(n — 2)e,
n(n+4)—2n(n—2)(p—1—¢)
c(Aede) n+2 , whenn >4 —2(n — 2)e,

by Hardy-Littlewood-Sobolev inequality, and Lemma 2.5 and since e is small enough.
Estimate of /5. In the region y € 4 and z € )y, similar to estimate of I, we get first

v;g € 2ok —1—e¢
/ / (2)vé _ (y) yldydz
B(0Ade) B (0,40 d\B (0Ade) 1Y — 2]

(2n=0)

c(Aede) -l when n < 4 — 2(n — 2)e,
2n(p—e)
< 9§ c(Aede )_[ o log(A\ede), whenn =4 —2(n — 2)e,
o L 2n(n+3)
c(Aede) P nF2 whenn > 4 — 2(n — 2)e,

14



Consequently,

2(n—2) e 1—e
C (o 2=~ 1]/ / VT Ne(z — )P (Ne(y — o))
Ioo(x) < ——= ¢ Yy — xe|dydz
22( ) dn 1 o, Jo, ’y — Z‘n_2 | |
X, (A2 o ()0 (y)

ST - lyldyd=
a2 Aede /B’O)\d /B’04)\d)\B’(0>\d) ly — 22

_ O()\ (n— 2)/2d (n— 2))
Estimate of I53. As the previous computation, for y € €2 and z € )3, we have

[23_0()\ (n— 2)/2d (n— 2))

Estimate of I54. When y € Q9 and x € 9B’ (z, 2d.), we obtain that |x — y| < 6d.. Then by
Lemma 3.3 we deduce that

c

Gz, y) = G, zc)| < |G, y)[ + |Gz, z)| < =t (44)
Moreover, for each y € €25 and by Lemma 2.5 imply that
2(n—2) 2(n—2)
ue(y) < APy, ()\e(y — l‘e)) < N nme ()\ede)_(”_2). (45)

Combining this bound and (44), we deduce that

p—1—e
Iy < C/ / o 2 Ue iyl dydz
o, Jo, 1y — Z\ |z —y|
< C)\;(HT+4)d€_(n+6) / / 1 dydz = 0(/\;(“_2)/2616_(”_2))
- o \y—z\”‘Q [z —y|"?

ase — 0.
Estimate of I55. Similarly, we conclude that

125_0()\ (n— 2)/2d (n— 2))

2(n—2)
Estimate of I56. For y € 1 and z € Q3, we have u(z) < e e Ve(Ae(z — x¢)). Hence, ap-
plying this estimate, Hardy-Littlewood-Sobolev inequality and (44)-(45), and Lemma 2.5, we deduce

that
—1—e€
(y)
Iog < c/ / dydz
0, Jas [y — Z|" 2 |95 y[n—2

)\%[( —e)-1]

— C)\gn 2)(p—1— e)+nd£n 2)(p—1—e)

2n

1
’ 2n W(Rn\B’(O,‘l)\édé))

|z —y[" 2l

)|

(Q22)
_n=2 —n _n=2
—o(A % d-I(N\d)T) = o(Ac 7 d Y,
since the following inequality holds

2 2 —
£<n<M as € — 0.

p p
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Estimate of I57. In the region (23, we have |z —y| > 2d, and |z —z| = 2d, forx € OB'(x, 2d.).
Then

G (x,y) — G(x,z.)| < |G(z,y)| + |Gle,2)| < —

< s (46)

By a direct computation, it follows that

p—e p—1—e
Iy < Cde_(n_Q)/ / Ue (Z)Ue (y) dydz
Q3 J

ly — 2["2
A43((;:2;)6[2<p—e>711
< e vPe n ’vpflfe ‘ n
B Aet2qe—2 < W Ltz (B do) Il © ) L2 R\ B/(0,4)cd.))

2n(p—1—e)

= O()\Z"Tﬁde—(n—z)()\ede)—(? n)) _ O(Az%d;("_”),

since n < 227179 40 0.

Estimate of I>g. Similar to the argument of I57, we also obtain
Ing = o(A;("72)/2g-(n=2)),

Estimate of /59. We now proceed similarly to I57. Fo y € (13 and z € 23, we find

_n=2
Iy < eAl 7 d )|

o ()]

P W)
LnF2 (R™\B'(0,4\ede)) Ln+2 (RPM\B/(0,4)cd.))

= O()\E_nT_Qde_(”_Q)(Aede)_[w_mﬂ) _ o()\;nT_Qde_(”_Q)).

Summarizing, combining these estimates, we conclude that

I =o(A T d-(2).

€

We now plug estimate of /7 and estimate of I, we get the first identity in Lemma 3.4.
To prove the second identity in Lemma 3.4, we first note that for x € 9B’ (z, 2d,), by (43)-(44)
and (46), there holds

ly—]

o when y € 1,
IVG(z,y) — VG(z,7)| < CW, when y € (2,
cdn%l, when y € Q3.

By exploiting this bound and similar to the computation of I; and I, it is easy to see that the second
conclusion of Lemma 3.4 holds. Concluding the proof. O

3.3 Proof of Theorem 3.1

In this subsection, we can now prove Theorem 3.1.

Proof of Theorem 3.1. Assume now by contradiction that the conclusion of Theorem 3.1 does not
hold true, in other words that, up to a subsequence,

1
de = Zdist(xg, 02) -0 as e—0. 47
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Recall that a local Pohozaev-type identity in Lemma 3.2, for any 1 < j < n, we denote in what

follows
Oue Oue 1

Fj. = —/ dS, + / Vuel*v;dS,,
” OB (wc,2d.) 0Tj OV 2 8B’(x5,2d5)’ v

Ko — 2 / u? " ()l (2)
" =€ Jomwpa) JBrwezay T — 2772
1 ue (x)ul “(2)

)
OB/ (z¢,2de) /Q\B (@2d) T — 2"

p—
— p—€ p—€
n / / xj — zj)—u6 (2)uc — (x)dzdx
(ze,2de) Q\B’(w€,2d5 |z — 2]

and compute each term in the right-hand side of F); . and K .
Estimate of F.. Due to |z — x| = 2d., it follows from Lemmas 3.3-3.4 and A.d. — oo as
€ — 0 that

v;dzdS;

vidzdS,

—(n— 0G(x,ze) 0G(x, ) 1
F'e:—)\ (n 2)A2/ : ’ —5lVz eQ'da:
e == A AR — T gy VeGP as

+O(’aB'(x6,2d )|)\ d 2(n— 1)) — FJ{,G_FO(/\;(an)d;(nfl))'

We now proceed similarly to [5] for F); .. Then we have

0H
Fl = -2""2A2, " (z,z,)
]’ W oz,

T=Te

For unique unit vector v,, = (a1, a9, - ,ap )z, € S"~1 such that z. + dist(x,0Q) € 91, then
there exists some positive ¢ such that for 1 < j < n, there holds

OH
_ (n—2) 42 —(n—2) 3—(n—1 €
—Z% je = AP A G wag)| oAV 2 ey @)
Estimate of K .. It is noticing that for z € 0B’(x., 2d.), we have
2(n—2) 2(n—2)
ue(z) < Al ()\e(m — a:E)) < e\ ()\ede)f("d). (49)

Therefore, combining Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, a direct computation
gives that

p—e€ p—e€
/ / Ye \FjBe 12) (x)u;_;z) vjdzdS;
OB (z¢,2de) J B (xe,2dc) |z — 2|

W) 2

(n+2)(n—1)

<eXde 2 (Mede)TIP < ed (Aed ) 2P,

2-n n+2 (n—2)p
<ceAe? \aB’(xE,ME)\ﬁ)\e 2 (Ad)~2r (0)

T (B/(0,2)de )

Analogously, we also have

p—e€ p—e€
/ / wujdzdsm < eAe(Aede) TP, 51
OB/ (we,2de) JONB (ze,2d) 1T — 2["
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Applying (49), we finally compute

p—e p—e
/ / (ZCj — Zj)wdzdx
B'(ze,2de) JO\B! (z.,2d.) |z — 2|"

< A (Ady) (2 / ( / Mdz>u§—f(x)d:c (52)
R

B (¢,2de) "\ B (ze,2d.) 1T — 2["

nt2 oo ,
<ere? (Aed) (2P / ( / / et iy r“*ldwdr)ufg*(x)dx —0.
B'(ze,2d) N J2Acde Jwesn-1 T

From (50), (51) and (52), we conclude that
K| < ede(Aed)t 2P,

As a consequence, by (48) and estimates of | K .|, we obtain that

CW < - Zaijﬁ < - Z |0 | Kl < eXe(Aede)! =207,
7=1 7j=1
which means thatn — 1 < 1 — (n — 2)pas e — 0, thatis, p < %, a contradiction and concluding
the proof. O

4 Proof of Theorems 1.1, 1.2 and 1.3

We first give a lemma which is used in the proof of Theorems 1.1 and 1.2.

Lemma 4.1. There exists M > 0, such that

—[nt2—-2n=2_(3(p—¢)—1
< I -] 3

Proof. By (35) and (18), it suffices to check that

/69 (%f)Q(% 2)dS, < A7("2. (54)

From Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, we calculate

—(n+2- 255 (29 -1) / WP W) g
n Rn

—(n—2) p—ey, p—1—¢
T w ul ™ )ul dr < CAe
/Q(| ’ ) ’.T _ y’n—Q

<c A—[n+2—4i§2‘_’%€(2<p—e)—1>}

(35

Furthermore, using Lemma 2.5 again we obtain

p—e\, p—1—e¢ c

* U U <

(I:EI”*2 ¢ e - )\[n—2—43((7;:22))6}(2(19—6)—1)
€

o (/ 1 1 d ) 1
Rn |:L‘ — y|”_2 1+ ’y — 1‘0‘(”_2)(17_6) y ’x — $0’_(n_2)(p_6)
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for z # xy. We now establish the following key result:

1 1
dy € L*(R™).
/]R” 2 — y" 21 1 |y — 20|20 Y (R™) (56)

Moreover we note that

2(n —2) 2(n —2)
2 ST (2p—e)—1 g 2= 2) b0 o 0.
[n+ 4_(n_2)6( (p—e) -1 <[n 4_(n_2)6]( (p—e)—1) as e —
Then using this bound and (56), there exists M > 0 such that
—[nt+2- 2222 (2(p—e)-1)] 1
- p—e€), p—l—€ ~ 1—(n—2)e
(s * e e = M e o=

for x # xp and some M > 0. Combining (55), (57) and Lemma A.l, the estimate (54) follows.
Therefore, the conclusion holds.
We now turn to proof of (56). For any » > 0, we have

1 1 (1 + [y|(n=D=a)~1
dy = / + / dy.
/R" [z —y["2 1+ |y — x| ("2 (P—e) y= BOr)  JRM\B(Or) ) @ —wg—yn2 Y

If v — 29 € R™\ B(0,2r), we have

/ 1 1 b / 1 1 ;
B 17— 20—y 2 1 D= Y = Jp o 2 T+ [y D= Y

’ 1

1+ |y|(n=2)(p—¢)

1
<[ g2 HLC(B(Om)) LT (B(0,)

< 00,

by Holder inequality and where 1 < ¢ < 5. If x — xg € B(0,2r), we get

1 1

d

/B(O,T’) @ — 20 — y["2 1 4 |y[-2—9 Y
1 1 1 1

g e ;

L(O,r} ‘y’n—Q 1+ ‘y’(n—Q)(p—e) Y B(x—x0,3r) ’.’B — 20 — y‘n—Q 1+ ’$ — 20 — y’(n—Z)(p—e) Y
1

1 IICEor

< 00,

1
< H W HLC(B(O,ST)) L%(B(o,gr))

where 1 < ¢ < 5. Furthermore, we find

J : e
R™\ B(0,r) |lv —xo —y|" 21+ |y|(”*2)(P*€) Y
/ / (1 + |y| (=D =9)-1
+ —
(R™\B(0,r))NB(z—z0,r) (R™\B(0,r))N(R™\ B(z—z0,r)) |z —zp — y|? 2

dy.

Similar to the previous argument, we deduce that

/ 1 1 dy
(RP\B(0,1))NB(z—zo,r) [T — T0 — y|" 72 1 4 |y|(n=2)(p=<)

C / 1
< ——— dy < o0,
r(n=2)(p—e) Bla—aor) 1T — T0 — y|n—2

19
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and

1 1
/(R”\B(O,r))ﬂ(R”\B(m:Jco,r)) |z —go —y"21+ |Z/!(”_12)(”_€) W (59)
= /R"\B(O,r)) Wdy =
Thus, we conclude (56) by the previous estimates. 0
Lemma 4.2. It holds that
ngpmkwmi)mpw. (60)

Proof. 1t can be derived by Lemmma 4.1 and the theorem of mean. O
4.1 Proof of Theorem 1.3
We shall give the proof of Theorem 1.3.
Proof of Theorem 1.3. We have

= A(lJuell e @yue) = lluel| ooy (|27 * ul=)ul ™7 in Q. QY

We integrate the right-hand side of (61)

4(n+2)
p—e p—1—e 4—(n—2)e 4(77, 2)e p 1—e
ue “(Yue (x) Ae e ve “(yve” " “(x)
/Q/QHueHLoo(Q) P—— dxdy = )\n+2 Ae |93— T= dxdy.

Therefore, combining (23) by dominated convergence, Lemma 4.2 and the following identity (see

[18])

(n— WP(y _
2= [ Oy G ), ©

(2—n) 2—n

with a,, = I(7)S 5 Cp°% [n(n — 2)] T , we get
; ~(n— —ey, p-1- WP(y)Wr~(x)
n—2 € 1—e __
i [ oy (02 <o = [ S aaay
|

2*—1
L2*—1(]Rn)

< 0.

Here and several times in the sequel, we use the elementary identity (62). Due to (56) and using
Lemma 4.2 again, we obtain

ey (2 ¢ )1

—(n—2)(2p—1)+ n+2) 2(n—2)[1

4—(n—2)e _47('”272)5] 1
S M)\e ' )\5

‘x — x0|(n_2)(17—€)

for x # xg and some M > 0. It is noticing that

4(n+2)

—— < 0.
- (n—2) °

—(n=2)(2p-1+
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Thus, combining Lemma 2.2 and lemma 2.3, we conclude that
el ooy (2]~ % P~ )uP 17 5 0 for  x # . (63)

From (61) and (63) we deduce that

—A(lluell o 0yue) = @[ W[[7a ) g S

in the sense of distributions in €2. Coming back to Lemma A.1, we set w as a neighborhood of 0f2
and x¢ ¢ w. Then, inequality (108) tells us that

H||“6||L°O(Q)“6H01»a(wf) = CH||“€||L°°(Q)(‘~’U|_(H_2) * “g_e)ui)_l_eHLl(Q)

+ CH HUeHLOO(Q)(\fI?r(n*Q) * Uffe)ufflfe in Ch*(w) ase — 0.

HLOO(w)

In conclusion, we have

2*—1

LQ*_I(Rn)G(:c, zg) in CH¥(w)

HueHLoo(Q)ue — &nHW
for any neighborhood w of 952, not containing x(. The result follows. O

4.2 Proof of Theorem 1.2

In this subsection, we are position to prove Theorem 1.2.

Proof of Theorem 1.2. Recall that the Pohizave identity in Lemma 3.2 and applying the identity (35)
to functions ||ue|| o (o) Ue, We Obtain

(n —2)° 2 / () ey
< €||uel|f o |7 ul ) Ul dr
=gy e | (] ) -
= /69 (||U€||L00(Q)vue, 1/) (Hue”Loo(Q)vue7 1/) (v, — 2)dS;.
In view of Theorem 1.3 and (18), and taking the limit in (64), we obtain
) 9 o n+2 1 | nt2 2(2* 1) 0G (z, x0) OG(x, z0)
1%6||u6||13°°(9) = (n —2)2 (CHLS) ! HWHL2**1(R") 0o OV o (v, 2=10)dS;.
Since we have the following identity (see [4])
/89 aG(g;xo) GG(;V,LEO) (v, x — x0)dS; = —(n — 2)H(x0, z0)- (65)

Moreover, it is easy to check from the maximum principle that H (z,z) < 0 for any = € ). Conse-
quently, the first result of theorem follows by the above identities. Hence, via this result and Theorem
1.3, we get limit of uee_% and as desired. O
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4.3 Proof of Theorem 1.1

We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. From Lemma A.1 we deduce that
el oy < C Nl ™" 5= Yul ™| L1y + (2]~ % =)l ™ poo o))

Coupling this bound and (57), we conclude that the first result of Theorem 1.1.
Furthermore, it holds that

/ |Vue|? = / / 2d zdy
R n nm—yW
(y) n+2
—>/ / | |n 5 dz:dy: (CHLS) 4 as € — 0.
nJgn |T—Y

From here and the first result of Theorem 1.1, we have

9 n+2—e(n—2)
[Vue|> = (Crrs) =<2 6, as €—0

in the sense of distributions.

Finally, we note that from (35), the equality [, ( 5 8“6 2pdS = 0. In the limit, we obtain
/BQ(VG(:B, x9),v)(VG(z,x0),v)vdS, =0 forevery xg€ Q. (66)
By exploiting the following identity (see [4])
/m(VG(fﬂ,IEo), v)(VG(z,xg),v)vdS, = —Vé(xg) forevery xg € Q. (67)
Then, the conclusion follows and hence Theorem 1.1 is proved. O

5 Proof of Theorem 1.7

In this section, we are devoted to show that Theorem 1.7. As in the previous Pohozaev-type identity
(35), we have

2n — p 1 AP Yo / / 1 / Oue\ 2
—_ € dr+—— € d € d S d T
2o /Q(|x|“* Ve + | V|2 ac+ e | |uc*de. (8u) (x—2z,n)dS

whence 5 )
U
€ ) (v,x —2)dS, = 6/ ugdx. (68)

In what follows z. € {2 and the number A, > 0 are given by

Ac? = HUEHLC’O(Q) = Ue(e)- (69)

Observe that, coupling rescaled function
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and the Kelvin transform w, of v., we have

—Ave(z) = (o] * v P heve  in Q= {z: 2\ 1z +2.€Q},

Ogvs()gl in €,
Ve(z) =0 on Of),
v:(0) = gé%fve(x) =1,
and
~wfo) = (Jor )l + e in 0= (a2 fal ™ € 0
we(z )— 0 on O

forn > 3, p, = 2:;__2“ (0,m). Then we proceed similarly to Lemma 2.5. There exists a
constant ¢ > 0 independently of € > 0 provided ¢ is sufficiently small, such that

1 n=2
Ue(x) < C(W) 2 m QG' (70)

Therefore, similarly to the computation of Theorem 1.3, using (70) by dominated convergence we
also deduce that -

1) G(@, o) in CH(w) (71)

el Lo (ye — @n||W

for any neighborhood w of 02, not containing x(. Recalling (68), and by (71) yields

(2*—1) / 0G(x,x9) OG(z, x0)

. 2 —2 n _
l%el\uelle(Q)Ae /QE v2(y )dy— HWHL2 1]R") 5 5 (v, — 20)dS;.

Consequently, a direct calculation shows that

2(n—4) _ _
gl 5 | 20 = =25 w50, ot

where we have used (69) and identity (65). Consequently, combining this equality and (19) yields the
conclusion. On the other hand, the conclusions of Theorem 1.1 for problem (14) follows by Lemma
A.1 and (66)-(67).

6 Proofs of Theorems 1.4-1.5
We denote by PW¢ \ the projection of a function W y onto H& (), namely,

APWIE N = AW[E,A] in Q, PW[E,A\] =0 on 09Q. (72)
To prove Theorem 1.5, we will use W[¢, A] (see (7)) as an approximate solution and so we write

ve = AZTD2PWI0,1] + A7V,
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6.1 An upper bound for S5,

For the simplicity of notations, we write W (z) and W (x) instead of W[0, 1](xz) and W{z1, A\¢] in
the sequel, respectively. We deduce the following important estimate.

Lemma 6.1. Suppose that the assumptions of Theorem 1.1 be satisfied and x. — xg as € — 0. Then

for any point x1 € §, it holds that

(n—2)e

AeP¢
€

S¢ 5
—HL < O+ A72) [H(m1,$1)CHLS F+ CHLS D — CHLSE +o(AZ("2)),

Here H(ZL’, y) = —(n —2)w,H(x,y) and

WPH)WP(z)logW
D' := k(n, x0) /n Rn (?\J?j - z(\n)_g 82 dydz, € = k(n,wo)log Cprs.

~ Wp(z)Wpil(y) —on—+2 1 nt2 (2* ,1
"=¢, dyd 2 W5
Frimtn [ [ PRI e, ) = 2 [ ) W o)

Proof. For any x; € 2 and we set u(x) = PWi(x). Then, since (72), Lemma A.3 and Q. :=

Ae(©2 — 1), a direct calculation shows that

/|Vu|2d:1::/ |V PW, (z)|*dx
Q Q
_n—2 _
:/ (Ia:HH)*W{’)Wf—l(x)[wl(x)—5WA€ > H(z1,2) — fr,|dx
Q

WP(y)WP(z2) // WP (2)WP(y)H (1,21 + A\ 'y) 1
— 2V 2 Gydy — dydz + O(—
/n rn |y — 2|72 A” 2 ly — 2|2 ves (A”)

n+2 Cn, WP(z)WP~ 1() (1,21 + A7 y) 1
=Cyls— )\nMQ/ / o — 22 dydz—kO(F).

€

€

(73)
Note that,

WP() WP~ (y) WP(2)WP~(y) WP() WP~ (y)
n—2 = n—2 dydz -2 n—2
Qe J Q. ly — 2| R |y—z\ R?\Qe J Q. ly — 2|

/ / 2)WP(y)
m\Qe JRM\Q. |Z/—Z|” 2

Then using (62), Lemma 3.3 and the fact that | H (1, z1 + A_'y) — H(z1,21)| < CAZ'y, we deduce
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that

P( pl AT
//W W | () |(f15“+ ) i
y—z

WP()WP 1 5 - )
- /Q 0 ,; 2 Z’n—Q(y) [H(z1, 21 + A" 'y) — H(z1, 21)]dydz

~ 14 p—1

+H(x1,z1)/ w (z)Wn72(y)dde (74)

oo ly—2
~ WP(2)WP~(y) 1/ 21
= H(z1,x / dydz 4+ O A, W d

o) [ = v+ O (0 W iy

2 WP(z)WP~(y) 1
@) [ Sy + 0(5)

Consequently, combining this estimate and (73) entails that

WP (2)WP~!(y)
n JRn |y—Z|n72

1
dydz + O(W) =:1.. (75

€

nt2  Fo
/Q‘V“Fdx:CHiS_ /\anH(lil’xl)/

On the other hand, in view of PW [z1, A] = W z1, A — ¥[z1, Ad] > 0, one has 0 < w[["j;; A]] <
1. As the result, combining the estimate

PWP™ = WP 4 OWP " Gler, Ad), [éler Aoy = Ae 7 (dist(x1, 00))"

and Lemma A.3, we have that

(n—2)c 1

AP [/(’x‘ (n—2) 4 PWp—E)PWp—de} p—

(n—2)e
e // -2 [Wy(y) — A;’;";Ff(am,y)—f&(y)]p6)

1

x [Wi(z) — =2k H(xl, z) — fo (o )]piedxdy} e

n-2 Cn.u = _ p—e
=[A£“>f<"+2> / [ = DT W) - S Ao+ 47 - f(2)
Qe J Qe A 2

1

= Cnp 7 -1 be h
X (Ae Wy) — =5 H(z, o+ A y) — fa (y)) dydz
A2
WP (y) WP~ (2 WP (z)Wr-! At
:[/ )Wr(z >dydz— 2/ / WH@L 7+ AY) 4 g,

. ly—=z" v ly — z[n

cnu wr( $1,$1+>\ 2)Wr(y)

)\n 2/ / Z‘n 2 dde

dydz + o

L) wrl(:)H xl,m+A;1z>wp*1<y>H<m,m+Azly>

2 u
+p -
A2 ly — 2|2

)\n—2)
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Recalling the previous computation in (74), we have

(n—2)e 1

o KR RN e T I

WP=¢(y)Wr=¢ Cryy ~ wWe()Wr—1
[/ / (2 )dydz—p;n’sz(xl,xl)/ (2) (y)dydz
n n n RTL

!y—ZI” 2 p ly — z|"—2

WP=L(2)WP(y) 1 Jre
R H (24, / dydz +
p}\n 5 H(x1,21) wJan g — 2" 2 yaz 0()\1%2)

€

as ¢ — 0, where the equality holds since

p— 1 D
//W H(xy,x1 + A\ T2)W (y)dydz

ly — 2|2

WP(z) WP~ (y)

£ 1
:Hl‘,:ﬂ / dydz+077
( 1 1) n JRn |y — Z|n72 ()\6)
and
wrl( \H\WP L(y)|H| O(/\%LQ)), when n = 3,
O(/\i‘g% when n = 5.
Moreover,
WP 6 Wp € W -
/ / " - )dydz :/ ij;)dydz—l—o()\g(n—w)
n Jgn ZI o Jon Ty — 2]
we WP 1 1%.%4
_ﬁ(n,xo))\e—(n—2)/ (2) (y)n:g (y)dydz
" JRe |y — 2]
—(n— WP(z)log W (z)WP
— ki(n, o) A; ¢ 2)/ i ( )’yfzvg—)z (y)dydz
WPlogc W (y)WPlog W
+ K% (n, mo) A2 2)/ og |y(y)2’n_20g (Z)dydz,
n JRn —

(76)
where we have exploited the fact that
WP=¢ = WP(1 — elogW + O(e?)) = WP — eWPlogW + O(e>WP))
= WP — k(n, 20) A" ""DWPlog W + OA 2 =2 Py
by Taylor’s theorem and Theorem 1.2. One has

(n—2)e 1

A [ a0 pw ]

([ ) g _grlnm) [ R g
n JRn n JR?

o dydz 77
ly — 2|2 AO2 ly — 2|2 (7
1
. WP () WrL 1\
_ 2p6n,u)‘;(n72)H(x1’ 1) / (2) 72(1/) dydz + o(——5) ! ,
nJre Yy — 2" e
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by virtue of

P P
W2(n, 960)/ WPlog W (y)W logW(z)dydz < .
n Rn

ly — 2|2
Thus we only need to deal with main terms .4, 5 and C which are given by

WP(y)WP(z)log W
wre o ly—2t?

WP (y)W?(z)

rn JRn |y — 2|"72

A=

dydz, B :=2k(n,zo)A "~ 2)/ dydz,

WP(2)WP~(y)

C :=pCn pAc (n=2) f T1,T1 / dydz.
s ( ) n JRn |y—Z‘n72
Also, the elementary inequality
A+t)y P =1—t4+t2 - as [t <1,
one has . 1 1
=-(1-9)x *—l-% as €— 0.
p—¢e P p p P
Therefore, from Taylor’s theorem e* = 1 + z + 5; —I— -+ (z € C) imply that

<.A+B—|—C+o( —(n— 2))>1€ ~ o1 18 (A+B+Cto(r: ")) op7los (At+B+Cro(r "))

~ (A+B+C+o(—— ))f‘l’[l+log(«4+5+c+0()\1 o))

€ €

Furthermore, we note that
1
A—l—B—l—C—i—o(}\n 2) A
—(n—2)

as € > 0 small enough. Thus, thanks to Theorem 1.2 and A¢ —0ase — 0,

1 1
]%(A+B+C+o( )7 log (A+ B+t ol ) & sln, o)A AplogA

n—2
€ €

as € > 0 small enough. As the result,

=

1 1 1 1 1
(A+B+C+o(A; "~ 2)))PE~(A+B+C+0(>\ —)) +n(n,x0)xg<n*2>ﬁf1p log.%H—o(W).

Finally, combining all this together, from (77) we conclude that

(n—2)e 1

A [ /Q (Jz| -2 *PWf—e)PWf‘edx} v

p P p ?() 1
n R ‘y_z‘n n R |y_Z‘n

Wp(z)Wpfl( ) 1
— 2p— (4, / dydz + o(A-(""?)
Pty [ f e o)

€

WP(y)WP(z), 1 WP(y)WP(z
wetnra 5[ I s ([ [ I et
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Using Taylor’s theorem again, we obtain

(n—2)e 1

AP [ / (|2 *PWP—E)PWf"de} P

WWWHz) 4 dz}’l’ - 1{/n N Wp(y)w(z)dydz}’l’l

{ Rn Iy—ZI” 2 p ly — 2"
2k(n, x0) WP(2)WPlogW - / WP(z)Wr-1 }
dydz +2p : H T1,T ————dydz
{ N oo Jon Ty a2 a2 T o e Ty — 2

nxou( / [N g ([ [ WOV ) 4 o0

a2 op? ly — 2|2 nJrn oy —2n72
nt2 1 nt2l_q) e WP(y)WP(z)log W
CHLS ’ H4LSP 2k(n, o)A, (n—2) /n - (‘; — z(]")Q dydz

(-1

WP (z)Wpr—1
— 20,5 ¢"  H(z1,21)én, 00" 2)/ (2) )

N T

n+2

1
+/@(n,xo)ﬁC’lf£S}\;( )logC’HLS—I—o()\ (n— 2)) =:J..

Then as a consequence,

S41 < fQ |Vu|?dz L
(n—2)e — (n—2)e 1 - 76 (78)
A P A 7€ [fQ(|x’—(n—2) % ’uE’p—e)’uE’p—edx] p—e

In what follows, we consider the each term of I, and J, respectively. By a direct computation, it
follows that

n+2
I _ Culs _ Cap H(wlafﬂl)/ WP () WP~ (y )d dz +7()\ ("—2)) (79)
n+2)/4p = ~(n+2)/4 n—2 (n+2)/4 — »n—2 n+2)/4
Ci'™ e NT o Jre ey =2 Cirid ™
Thanks to the identity
1
1—t21+t+t2+~- for |t| <1,
Then, by a direct computation, we deduce that
()™ = 1
(n+2)/4 N = (Y —(n— = (Y n— ni
Cirs ' 1= Cppp s XD 4 AT e — o0t AT F oM7)y,
)\;(”*2) o )\;(n*Q) 0 )\;(n*Q) .
=1+ DA e 25 F - ( s )+O(/\ 2n=2))
ChLs ChLs Culs
(80)
where
1 WP(y)WP(z)1 1 nt2
D:= 2/<a(n,:n0)/ ) (Z)_;gwdydz, & = —k(n,mo)log Oy s,
p nJrwn oy =2 p

N wWPr()Wwp-1
F = 6n7uH(x1,x1)/ (2) n_2(y) dydz.
wrely— 2|
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Hence, combining (78), (79) and (80) yields

o2 (n—2) (n—2)
Shr < Cyrs — Ae F +o(Ae )
(n—2)e —  n+2 nt2 1 _4 o204 1) . n—
AT Chtg— Crbg” A" )D+CH“ESA 2g _ oy AT F 4 o(a )
n+2
C F D &
= —HLS | )\~ 2>[ et o n+2<1_1)] +o(A-("2)
Cyls Cuis Cuis Curs”

oo F D £
= Cprs + A" [ iz T az
C

} T o(ATt),
b Ciis

T A=l
ChLs
This concludes the proof. O

6.2 Proofs of Theorems 1.4-1.5

In order to prove our results, we first recall that the problem

—Av(x) = (\x| =2) P~ e)vf_1_€ in €,
Us(x) >0 in Q. := )\e(Q - xe),

(81)
ve(x) =0 on 0f).,

v:(0) = grcré%i(va(x) =1.

Suppose
ve(y) = AP PW e AJOA Y + 2) + Ao (y).

Then
= A¢ely) = p(Jy D s WP )W 4 (p = D[y W) W2 + fi(00), (82)

where
fe(¢e) = A’:‘Q{(wr("‘?)*v?‘e)vf—l—f— (lyl =2 s wr et
fAe—(n—2)[ (|y\ « WP~ L, )Wp Ly (p 1)(’y|—(n—2)*Wp>Wp_2¢e}}‘

For f.(¢.), we need the following useful result.

Lemma 6.2. It holds that

[fe(@e)l < Cllyl™ "= 5 WP o [WP 2o — W|+(|y\ L | U C D W)
+C[(|y| (= 2)*W”)Wp = log W + (Jy|~™™2) « WP=L=¢| log W) WP~ 1]
+ O (Jy| "D s e e s f(logW+1)]

ly| = 2>*W”)Wp |log W |+ (ly|” (n=2) *Wp*]logW\)Wpflfe]

y|= "D s« WP (| log W| + 1)) WP—27].
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Proof. We note that
AR PWa, N () = W(y) = énph™ " H(zo, w0 + A y) + oA "7Y) (83)

by Lemma A.3. Direct calculation shows that
A 100] = | |yr*<“*2>*v§*>v§*“— (ly =2 s w2yt
AT [p (D W) W (p— 1)yl W) W20 ]|
’(\Z/| n—2) *,Up e),Up 1—c
— A7) [( — &) (lyl "2« WP (G, — G H (0, 0 + A7 2) + 0 A7) )P
+ (= 1=yl "« WP YWP 2 (b — nuH (20,20 + A '2) + o(A;<"—2>>)}

— (ja 2 e

+ ’(|$|7(”72) « WP ) WPmime - (]x\f("fz) * Wp)Wpfl‘
+A; 2 ’p(lyl‘(”‘” « WPl ) WP

—(p—&)[ly] "D WP (b — Enp H (w0, 20 + A 12) + oA, 7)) Wi

F AT (p = 1) (jy D W) W2,

_< _I_E)Uy‘ *Wp G)Wp 2= 6(¢e_cnuH($Oa$0+)‘ )+0()‘ (n= 2)))’
=J1+ Jo+ J3+ Jy.
In the following, we shall estimate values of both J; — J, and J3 — Jy. For Ji, we first note that for

€ small enough, there holds

b b b
d(1+ ) =ad(1+t-) as |- <1 (84)
a a a

Du to (84), we get
Ji < CAZ2O D[y~ D WP (b — Gy H (o, 0 + A7 2) + oA )]
X WP™2[ ¢ — G H (20, 20 + A '2) + oA, "))
< ON2 [l e WG [WP L+ foe = W4+ A7)
+ OA2n2) [|y‘—(n—2) % Wpflfe] TWP—2-¢ 1+ 6el],
as e = 0. We compute
o] < (n, 20)A- "2 [(Jy) "2 « WPYWP 1 log W + (|y| =2 % WP~<| log W|) WP~ 1~¢]

by the mean theorem and Theorem 1.2. For J3, we have

Jy < O [(|y|-<”—2> : Wp—lr¢e|)wp-1 — (ly Wp-1-€|¢e|)wp—1—€

FON eIy WP G WP (] e W]
< C)\ [ (n—2) |y| (n—2) * WP~ 1— €|logW|]¢6|)Wp 1 (|y|—(n—2) *Wp—l—e)Wp—l—e]
+ OAZ0D T2 (2w g YW [ log W 1),
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by the mean theorem and Theorem 1.2. Analogously to estimate of J3, we also have
Ji £ ONA AT (jy 70 s WY W log Wl + (Jyl =2« WP W]
+ OAZD A0 (g D W log W 1) WP
Combined with (23), hence the conclusion follows. O]

We will need the following crucial result.

Proposition 6.3. Let n = 3,4,5 and there exists a constant M > 0 depending only on ) such that
B(xg,3M) C Q, there holds

¢e = ¢o in L>®(B(0,M\.))
as € — 0, where ¢g € W24 (R™)( for ¢ > n) is a bounded solution of
gy =y~ Lo )Wt (p— 1) (Jyl = Wp)wp%o
— k(n, zo) (|y|~ (n=2) WP)WP tlog W — k(n, xo)(]y| )« WPlog wywe-t

— (p = Dényu [y~ « WPYWP™2H (0, 20)
— Penu(Jy) =D« WP H (29, 20)) WP in R,

(85)

Its proof is postponed to Section 7, but use it to show Theorems 1.4-1.5 in section 6.4.

6.3 A lower bound for S%;;

This subsection is devoted to the derivation of a lower bound for S ; .

Proposition 6.4. It holds that

(n—2)e

S - _n=2 9 _n2 1
M = Crps + A2 [ H(wo, 20)Cpp § F' + ,Cnis D= 5Cnst +o(A- "),
AP

where the above notations F', D' and E' are defined in Lemma 6.1.
Proof. We compute

A;(=2e/p= ) ge = A= (=2e/ =) g (y,)

—€

1—
p
= a2 | [ (ol 02 ¢ fu s (36

-7
= [ @ s ool a] T
Qe

Owing to Lemma 2.5 and Hardy-Littlewood-Sobolev inequality, we have
P—€|y |P—€ prrs )|P—e p—e 1
|:/ / |U6| |’U | 5 dde:| / / |v€ ‘ ’/UE(Z)| dydz+0(—4)
|y_z|n BA{>\6 BMU\E |y_2‘n )\E
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where we have used the fact that

wp 2)WP(y 1
2/ ()W — dydz+/ / — (Z)dydz:O(j).
Q\Bara, 0. Y — 2| Qc\ Bara, J90\ Baa, |y-d A

Furthermore, we note that

(n— - _ 1 1
ve(y) = W(y) + A7 "D ]e — énuH (w0, 70+ A 'y))] + O()\” 5) = W(y)+He. (y) + O(An_Q )-
Then, combing (83) and (86)-(87) entail that

A (=De/p=) ge
1— 1L
. p € . p—e 1 p—e
_ / / el el g s oL
Barae Y Buae ‘y - Z’ )‘e
1
(W +Ho, +0(57=2))" (W + Hy, +o(G=)r™ 177 1
10 o dydz| ol )
Barae Y Barae ly — 2| A
(83)
We note that
) ) O(/\Zé,%), when n = 3,
wpr= wpr— v
/ (2o (2) — (y)Hs. (y)dydz =20( 120(%1’_\;)), when n = 4,
Buyae Y Bua ly — 2| )\f
O(F)7 when n = 5.

Therefore, using Hardy-Littlewood-Sobolev inequality, (76), Proposition 6.3 and (62), a direct calcu-

lation shows that
1

1—
p—e p—e p—e
R LGRS U N
Burae Y By, ly — 2|
P— e p—€ 4 p—1
[ O gy [ ] W),
n n ’y_Z’n B]\/[>\6 B]VIAE ‘y_z‘n

we= 1 2)He, (2)WP
Burae Y Buae |y — 2"~

P=1( p—1 11
+p / / w (Z)W (y)H¢e( )dydz—i—o(A (n— 2)):| P
Barae Y Barae |y

_ z|n72
p P P(q)1
= [/ —W(z)d dz — k(n, m) A (n— 2)/ WP(2)WP(y) ?g;W(y)dydz
n JRn |y_Z|n n JRn ‘y_Z’n
?(2) loe W p
— k(n, zo) A7 " 2)/ WP(z)log W (= )2W @) gy
ly — z|"
Wp Wp ! e — Cn H Ail
— 2/ / ( )[(b C 7,1#_2 (.’L‘O,I’O"‘ € y)]dydz
>‘ Barae Y Buae ly — 2|
1
P WP pe — GnpH (0, 19 + A 12)|WP 1 1
= 0.2 vol)| T olis)
Aé Buyrae Y Baae ly — 2| Ae e
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p p p p
_ [/ Wdydz—ﬁ(n,xo)&("”/ WP(z)WP(y) 135 W(y)dydz
nJre |y —2z|" n Jrn ly — z|?

()1 14 P p—1
_ H(?j;_:r;o) / WP(z)log W(i)2W (y) dydz + L / WP(z)W @%(y) dydz
Ae n JRn" |y - Z|n Ae n JR" |y - Z|n

. WP (2)bo()WP(y) . pny [ W ()W (y)
dydz — —EH dyd
*xyﬂ/ o =z Wl @) | PR

p,

WP(z)WP~1(y)
nJrn |y — 22

+o(A- ("2,

- pén,u)\;(n_Q)g(an xO) / dydz + 0(/\ (n— 2)):|

where we have used the fact that | H (g, 2o + A\_'y) — H(z0,2z0)| < CAZ'y. Moreover, one has

p p—1 p—1 14
/ WP(2)W _(2?J)¢0dydz+/ W (Z)éf)OW_Q(y)%dydz
n Jrn ly — z|™ n Jgrn ly — z|™

1 P P] P P
= {m(n,xo)/ Why)W i);ng dz + k(n, a:o)/ Wiz W Ongdydz
p—1 n JRrn ly — z|™ RN \y—z\”

+ &n . H (0, 20) [(pl)/ Wz EIZZ 12 dydz+p/n/n W Wy )dydz]}

nJrn Y |y—z|" 2

by (85). Consequently, recalling (88) and combined with the above identities, straightforward com-
putations show that

A (=2e/ =) ge
WP(y)Wr(z) 2 (n-2) / WP(z)WP(y)log W (y)
= —_ z K(n, o) As V" dydz
{/n re |y — 2|72 Y p—1 w{m, 7o) n JRn ly — 2|2 Y

~ 14 p—1 1——=—
+ P 1Cnu)\ (n— )H(wo,afo)/ W’;Z)I/Zn 2( )dydz—i—o()\ (n— 2))} P +0<)\;(n72))_
- n Rn -

Since (84) and by
11— -1 =
b P TR 0(@) as e—0,
p—e p p

the conclusion of Theorem 1.2 and Taylor’s expansion, we have

p—1—c 1 p=1 1 /1 1
(o + 4 4o\ ) 7 & (a8 o)) ‘R(;ZO) g " loga ol )

As a consequence, coupling this bound and (1 + ¢)" &~ 1 4+ mz as z small enough, we use the same
idea as in the proof for Lemma 6.1 to get

n—2
€

)\;(”72)6/(7’76)5}6%

= {/ —Wp(y)Wp( )d dz —|— 1Cnu>\ (n— 2U‘I(:L“o,xo)/ Wp(z)Wp_l(y)dydz
n R’VL

ly — 2|2 R [T e
) p P(y) 1 1-2
+ ——k(n,z0)A; (" / WHz)WHy) log W(y)dydz+o(>\e—("_2))} ’
p—1 n Jrn ly — z["
—(n-2) 1 WP(y)WP(2), e=1 WP(y)WP(2) —(n—
— k(n, zo)A; ™ 2>/ M 7RSSR STA Bl P / — Y oA ()
N L A A e LY A S PR o AR

n+2

~ _n=2 2 _n—2
= Cnes +2:7 [H(xo’ 20)Cpps F' + ];CHLfg D' - CHLsg} +o(A-"2)
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as € — 0, wehere

P P(z)log W
D' = k(n, xo)/ R (z)_Qog dydz, &' := k(n,x0)logChLs,
wr(z)Wwr-1
F = En,“/ ) n—2(y) dydz,
as desired. -

6.4 Proofs of Theorems 1.4-1.5
We can now prove Theorems 1.4-1.5 by using Lemma 6.1, Proposition 6.3 and Proposition 6.4.

Proof of Theorem 1.4. By virtue of Lemma 6.1 and Proposition 6.4, we obtain

~ n—2 2 _n—2 1
Crrs+A; "2 [H(*Iova)CHLg F'+ ZCHLg D'~ ngHLscfl] +o(A- "),

—n=2)| P —n2 oy 2 -2, nt2 / —(n—2)
§CHL5+)\€ H((L‘l,xl)CHLS F +;CHLS D _WCHLSE +O()‘5 )
As aresult, . 3
H(xo,20) < H(z1,21) forany =z € Q,
which implies that H (xg, xg) > H(z1,21) and the conclusion follows. O

Proof of Theorem 1.5. Owing to
_n=2
Ue(y) =X * PW[xﬁ )‘e]()‘e_ly + xE) + >‘e_(n_2)¢6(y)
= W(y) — En )NV H (ze, ze + A7 ) + A7 Do (y) + oA D).

Combining this equality with Proposition 6.3 yields the conclusion. O

7 Proof of Proposition 6.3

This section is devoted to the proof of Proposition 6.3. As a first step, we introduce the nondegeneracy
property of the positive solutions of equation (6) at W) := W¢, )]

2n—p

Proposition 7.1 (Non-degeneracy [26]). Assumen > 3,0 < p < nwith0 < u < 4 and p* = -

Then the solution W [€, \|(x) of the equation
—Au = (Jzg| P« )P "t in R”
is non-degenerate in the sense that all bounded solutions of linearized equation
~8¢ = p* (Jal ™ (W 0)) W = o = 1) (Je s W) W6 =0
are the linear combination of the functions

8)\W)\[£7 )‘]a 8{1 W)\[fa )\]? T 7a§nW)\[£a )\]
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We need the following result.

Lemma 7.2. Up to subsequence, there exists a sequence of €; such that for j large, there holds

Hnj(y)HW2 o < C, where we denote 1;(y) = ||¢e, ( (y) in Q.

Wl ., %o

Proof. We argue by contradiction, similarly to [39]. Assume that there exists a sequence of ¢; such
that Hqﬁsj HLQ,(Q ) 00 Let us denote 25 := Qc,, Aj 1= A, ¢, := ¢; and f; := fe, for simplicity.
Then 7); satisfies

—An;(y) = p(lyl’(”’z) * W”’lnj)Wp’l
0= 1) Iyl "2 W)W 2+ 160|650 | o, =00 in Ry B9
n;(y) =0, on 09;.

By regularity theorem [37], we infer that

Hnj(y)HWZ S O HnJ HLq + Hf€ d)ﬁ HLq szql’)

R R TR

L’

Here and after we drop the domain €; if there is no confusion for simplicity. In order to get the
boundedness 7;(y) in W27 (Q;), it is sufficient to estimate the two rightmost terms in the above

inequality. Then, since
1 2 1 2n
-——=— and —+-——=1,
r 2¢ n qg* 49 +n

Hardy-Littlewood-Sobolev inequality and Holder inequality give that

H(Iylf(”fz)*Wp*lﬁj)Wple < Wty w2,
H . 1 1)
8 =
< O | e sl W21, < o
Similarly, we have
| (2w w2y | <o (92)
Furthermore, by virtue of Lemma 6.2, we get
1l ) < €| Iw=2 w Wiy WP 2=
—(n—2) —1—¢ —2—¢ —(n—2) ‘
+0|| Iyl ety wra (14 40|
(n—2) 1—e (n—2) 1—e 1
+O|| [y~ ™2 « WPy W14 | log W| + (|y]~®=2) 5 WP=1=%| log W|) WP~ ]Hm/
+C[| [ (I s W)W og W 1)]|
(n—2) —2—¢; —(n—2) —€; —1—¢j
|| [y WY W25 log W+ (|2« W log W)W 1s ]|
+C [(’y| n 2 *Wp EJ(“OgW’—’_]‘))Wp - 6]] Lq/‘
93)
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Applying Hardy-Littlewood-Sobolev inequality, Holder inequality and (23), we obtain that, for e
small

H [y~ « WP=Lci| g [| P2 |y, —

2n
(2q +n)r
9ill

< WP e
2n

< Cllsll

WP, = W[y O

For the remaining terms, since ¢’ > n and using (62) together with the fact that logW < W, a
straightforward computations shows that

‘(|y‘f(n72) % Wpflfe)Wp7275j(l + )\f(n72))‘

Lq'

‘y| (n—2) *WP)WP 1- EHOgW‘—}-(‘m * WP 1= 6J|10gVV|)VVp 1]HLQI

j(n 2)(|y| n—2) *Wp 1- e])Wp 1- E(lOgW+1 H 95)

\y| —2) *Wp)Wp 2= EJ|logVV!—|—(!y| (n=2) Wp_eﬂ|10gW|)Wp_1_€j]

/

+
+
+

La
+

— — o

(
A
(
(

ly| =2« WP ([ log W + 1)) WP 2]

L,<oo
q

by Hardy-Littlewood-Sobolev inequality and Holder inequality as ¢ — 0. Combining the previous
estimates together, we get

75 W) ||yproer < C(Hn] Wpw +C O+ [5]| +n>r )H@ e <C (96)

as j — oo. By Lemma A.2, we can extend 7; to R™ in such a way that

Hnj(y)HWQ#I'(]Rn) < CHWJ’(Z/)szq" o7
Therefore, combined with the Sobolev imbedding therorem, we infer that

75 )| o gy < C-

The result follows. O]

Lemma 7.3. Up to a subsequence, there exists a function ¢q in W24 such that Ge; — Qo weakly in
W24 (R™) for every ¢ > n and pe, — wo in CL(R™).

Proof. To conclude the proof of Lemma 7.3, we establish now the following key estimate:

H¢EHL4/(Q€) <C(q') forevery n<q < cc. (98)

Once this is done, as in (90), a well-known regularity argument show that H(bengyq/(Q ) < C(q)

for every ¢ > n. Furthermore, we can extend ¢, to R™ in the same way similarl to (97). Then
up to subsequence, we may extract a sequence-which we still call ¢¢;-which converges weakly in
W24 (R™), and strongly convergence to a limit ¢ in CL (R™). This concludes the proof of Lemma.
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Assume now by contradiction that (98) does not hold true, in other words that, up to a subse-

quence, there exists a sequence of ¢; such that || ¢, || L.y o0 In order to have the desired
<

contradiction with ||n;]| o (,) = 1, itis sufficient to obtain
5]l 2. gy = 0(1) as 5 — oo, (99)

which we prove next. Since Lemma 7.2, then up to a subsequence, we have 7; — wp weakly in
W24 (R") for every ¢’ > n and 1); — wp in CL_(R™).

loc
We claim now that wy = 0. Indeed, recalling (96), and Lemma 6.2 entail that

55l lls @l < Clles o [T~ w wr=t=slgywr=>=<spu, —wi|
+C 63 0) | o | (w= =2 e iy (14 A7) |

+C|¢5 () |

( -
|

sl |52 (w2 e w1 togw )|
|
[

(lyl= =2 s WP) WP [log W + (Jy| ")« WP~ log W) WP~ HL°°

J
+Cl 3 ()| e || (19172 5 WP WP =27 og W |+ (Jy[ =" 5 WP log W |) WP~

+C||¢5 () ||

-

(ly| == 5« WP (| log W] + 1)) WP 2] -0

.

for ¢ — 0 sufficiently small and j — oo by Hardy-Littlewood-Sobolev inequality and Holder in-
equality and the fact that [[ve; — W[ (q;) — 0 as e — 0 and j — oo. This means wy is a classical
solution of

~Awi(y) = p(lyl~2 = Wrlug et

, (100)
+(p— 1)(|y\—<n—2> 5 WP) W20, forall wye W27 (RY).

From the non-degeneracy of W in Proposition 7.1, we have

1=1,---,n.

 OW[0,)] —~ IWIE 1]
wo = W= Ty ’A:1+;c’ & ’5:0’

On the other hand, owing to (83) and (81) entails that

03(0) = |5 o 0, (0, @0) + 0(1), Vny(0) = o(1).

Therefore, we infer that

€o,

AW [0, \J(0) ‘ iy oW [¢,1)(0) n—2
A=1

0=wol0) =053 T o ’5:0: 2

i=1
and

0= Vup(0) = v DA 5 g WL

o\ -1 ¢ 0¢; ‘5:0’

i=1
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which gives us ¢cg = 0 and ¢1,--- ,¢, = 0 because VOW¢, £, 1](0)
is linearly independent and VOW) [0, A](0)

weakly in W24 (R") for every ¢’ > n.
Now we are position to prove (99). Owing to Lemma A.2,

lecor+ » VW, [€,1](0) |,

’)\:1 = 0. Thus, the claim follows, and so that n; — 0

Hnj(y)Hqu’ < CHfE HLq qul’ +0Hf](¢e)‘ ' gb](y) Zl
+ 0| (Jgt= =2 Wt YWt (gl e ) w2y

/

L (101)
+ CH <\y[7 (n=2) 4 Wpflnj)Wpfl + (]y\f(”*m * Wp> WPy, .

=P+ P+ P3+ Py

Similarly to the previous discussion in (90), we apply Hardy-Littlewood-Sobolev inequality, Holder
inequality and dominated convergence theorem to estimate each term on the right-hand side of the

above inequality. Recalling (93)-(95), since (Qq?#)?q < 1, we obtain

p<o(1 ol B

L (Q piZie‘”ej - W‘HM’(%)) HCbJ‘H;ql’(Qj) =o(1) (102)

as j — oo. Similarly to (94)-(95), we have

2q +n r
L™ (9;)

P < (146

o) 193]

as j — oo. Next we ready to estimate P3 and P;. We obtain that

-1
oy =o)  (03)

(G Gl PR T

o

L2'r/ L2r’

p—1 . r 1/r p—1 r 1/r
SC<(/nijR(0)’W (y)n; (y)|"dy) +(/MB((O)IW (y)n; (v)|"dy) )

where R > will be fixed subsequently and r = fﬁ;/. Writing the Holder conjugate of q?, as ¢, we
find
_ 1 _ 1 NV
([ wrwmla) <o [ werea) <[ ) = o),
QjﬂBR(O) R Bgr(0

by 1; — 0 strongly in W2 (Bg(0)) for any fixed R. Furthermore, for ¢ > 0, we can choose R > 0
such that

( / WP ()] dy) VO < e,
R™\BRr(0)

Then we have

( / WP () () dy) "
Q;NBS,(0)

< WP () Crdy) Y ( / iy )17 dy) 7 = o(1).
R”\Br(0) Q2
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Similarly, we also have
[l =2 ewn w2y || =o(1) as j oo

Combining the previous estimates together, we get

| (=2 ety Jwe =t (g =2 e w2y | = o(1) (104)
as j — oco. Analogously, we also get
Cf| (ly= =2 s ety YWt (=D )ty | <o) (105)

as j — oo. From (97), (101), (102), (103), (104) and (105) we conclude that

”nj(y)me’(Rn) =o(l) as j— oo,
a contradiction.

We can now prove Proposition 6.3 by using Lemma 7.3 and Lemma A.2.

Proof of Proposition 6.3. We shall prove that ¢ is a bounded solution of equation (85). To show this

fact, we first set

U(y) = — (n,z0) (Jy|~ "2« WPYWP~ og W — k(n, o) (|y| =" =2 = WP) WP~ log W
— (p = Dénu(Jyl "2 = WPYWP2H (w0, 20)
- pén,u(‘y’_(n_m « WP H (0, iUo))Wp_l'

Then we only need to show that f; — ¥(y) in L>°(R") as j — oco. It is immediate to have that

p\j—(n—Z)(fj — \P(y))‘ < ’(‘y’*(nf *Ug EJ)U? 1-¢; (|x‘7(n—2) % Wp*fj)Wp*lffj
_ )\j*(nf2) [(p _ ej)(!yI_("_2) " Wp—l—ej- (¢e . En,uﬁ(-TO,l‘O + A]flz)))wp—l—ej
—+ (p -1 6])(‘y| x WP™ 6J)I/Vp 2= ((ﬁe - Cn uH(x07x0 + Aj_lz)):| ‘
+ ‘(|x\7("72) « WP )WP1=4 — (2|~ (n=2) 4 wr)wr-t
— K(n,zo)A; (= 2)[(|y| n=2) *Wp)Wp Hog W — (\y|_(”_2)*WplogW)Wp_1H
T \p |~ WP ) WP — pe L (Jyl TR« WP H (0, @) ) WP
— (0= ep) [[yl" " s WP (¢ — G H (20,30 + Ayt 2)) JWPTIT

+ A;("_Z)‘(p — D) (I "2« WPYWP2¢; — (p — 1)énpu(|yI~ "2 5« WP)WP2H (0, 20)

— (= 1= &)y~ WP WP (9 — B (20,70 + X 12))|
=&+ E + &3+ &y
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Arguing as in Lemma 6.2 for .J;, we get that

—2(n—2)

[l < CIAT 2 gl =2 5 WP g5 — G HJWP 27565 — Gy H) [0 = 0(1).

Analogously to J2, we deduce that
€2 Lo SO(l)H/\;("_Q)(!y\*(”*Q) « WPYWP=1% | log W + (|y| ="~ 5 WP~ | log W |*) WP~ 1= | 1o
+ oD (Jyl= "2 « WP|log W) WP~ log W] || o = o(1).
Recalling |H (20, 2o + )\j_ly) — H(zo,z0)| < C)\j_ly and |@;] oo (rny < C, we deduce that
—(n—1 —(n— — —
€]l Lo < OXT DNyl =D e WP 2 ) WP Lo = (1),
and similarly, we get that
—(n—1 —(n— -
1€l < OOV (lyl= D 5 WRYWP 2y | e = o(1).

Therefore, we obtain ¢ is a weak solution W24 and hence a classical solution of equation (85).

Furthermore, we can consider as a test function in (82) and (85) a function of the form z; =
£ ()\j_ly)qbo(y) with the cut-off function € equal to 1 in B(xo, M) and vanishing outside B(xo, 3M).
Then, a simple computation gives that

~A (5 = z) = p| (Jy 2 W )W (y) = (gD w0 )W ()E( )|
=Dy W WP — 25) + [£(05) — ¥(w)]
g —EQ;y»HW¢m)“wrwrm*Wmﬁvwﬁbgwﬁ+Um_m_m*wmbgWﬁqu]
— (1= €0 ) H (0, 30) [(p = 1) (I~ « W W2 (|2 sy
+ [Ayédo + 2V eV o] :=T1 + Tp + T3 + Iy + Is + L.

‘We aim to show that
¢; — z; in L>(B(0, M\)). (106)

In view of Sobolev imbedding theorem, to conclude (106), it is sufficient to verify that as j — oo,
there holds

165 = 2l ) = o(1): (107)

Exploiting Lemma A.2, we next have to estimate each term of Z; — Zg in L9 -norm and L -norm on
€1}, respectively. For Z3, we have using the above conclusion of the proof, || f; — V(y)| ;o + || f; —
U(y)|| ;. = o(1). For I, similar to the argument of (104)-(105), we deduce that

1Z2ll Lo = o(1),  [[Z2ll = o(1),

as j — oo and R — oo. We similarly compute and gives that
T2l = (I~ 5 WP (65— 60) ) WP 1)
+p(1— €A\ 1y)) (\y|—<n—2) WP Lo WP

Y(y)
<o) + OAF | / W2E=07 () dy] 27 | /Q W (y)dy]

J

S =

:qm+ouJS%B:qm,
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2nq’

nA and so we also have

where r =

(8- )
||Il||Lr’ - O()\e r ) = 0(1)

In same way, we deduce that

(2n—77) —(2n—7)

IZall e = OO~ ) = 0(1), | Zull = O(Ae ) = o(1),

and that (4-2) ( :
-(4-5 —(4-5
1Zsll o = O 7 7) =0(1), || Tl = O 77) =o0(1).

To estimate Zg, we write right hand side of (85) as F'(y). Then we consider the integral equation

F(y)
— [ = gy
Po /IR{" o —y2

By virtue of the boundedness of ¢, recalling the right hand side of (85), we have the following
estimates hold:

1 1 W, when n = 3,

C(1+log |y —
/R" ey A )Y = CATI whenn =4,
W)’ when n = 5,

and

1 1 C
n—2 2n dy < n—2"
re 2 —y|" 72 (1+ y]) (1+ ly[)
Therefore, it is not hard to get that
<
lyl*
By estimate of the Newtonian potential given in F'(y) (see [27, lemma 2.3]), then we get

|F(y)] < for |yl > 1.

C
|po| < W for |y[ >1,

and so we similarly compute and gives that | V| < & for |y| > 1. Combining this bound, then we

get

1Z6 ]l or + 1Z6l o = O ol ) + O(Ae
= o(1).

This, combined with the previous estimates together, gives the conclusion.
Finally, there exist two sequences ¢; and €; such that for j large, up to subsequence, there holds

¢, = do and ¢g, — do in  L>(B(0,MA.)).

(1=77) - - -
"IV ) + AT G0 (AT Y) )

Then, similarly to the first claim in the proof of Lemma 7.3, we can verify that ¢g — ¢o = 0 holds.
The conclusion of Proposition follows easily. O
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A Technical lemmata
Lemma A.1 ([23]). Let u solve

-Au=f in QCR",
u=20 on 0f).
Then
ullwra) + 1Vullcoa@wy < CUIfIL@) + 1]l w)) (108)
forq<n/(n—1)and «a € (0,1). Here w be a neighborhood of 9 and ' C w is a strict subdomain
of w.

The following lemma in [39] will play a crucial role in the proof of Proposition 6.3.

Lemma A.2. Let u solve

u=20 on 0f)..

Then
HUHW2,q’(Q€) < C(HfHLT'(Qe) + Hf”Lq’(we)) (109)

forqd >2and1/r" =1/¢' +2/n.

Lemma A.3 ([35]). Assume that a € Q and X\ € R™, then we have the following property:

Pla, Al(z) = /\C:%ff(aax) + fx with PWa, N(z) = Wla, A|(z) — ¢[a, A|(),

2

where ¢y, , is defined in (8) and f verifies the uniform estimates

=) om0 G
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