HIGHER GAUSSIAN MAPS ON THE HYPERELLIPTIC LOCUS AND
SECOND FUNDAMENTAL FORM

D. FARO, P. FREDIANI, AND A. LACOPO

ABSTRACT. In this paper we study higher even Gaussian maps of the canonical bundle
on hyperelliptic curves and we determine their rank, giving explicit descriptions of their
kernels. Then we use this descriptions to investigate the hyperelliptic Torelli map jp
and its second fundamental form. We study isotropic subspaces of the tangent space
Ty, [c) to the moduli space H, of hyperelliptic curves of genus g at a point [C], with
respect to the second fundamental form pgypg of j,. In particular, for any Weierstrass
point p € C, we construct a subspace V), of dimension | 4] of Ty, [c) generated by higher
Schiffer variations at p, such that the only isotropic tangent direction ( € V), for the
image of py g is the standard Schiffer variation £, at the Weierstrass point p € C.

1. INTRODUCTION

The purpose of this paper is twofold. On the one hand we study higher even Gaussian
maps of the canonical bundle on hyperelliptic curves and we determine their rank, giving
an explicit description of their kernels. On the other hand, we use this description to
investigate the local geometry of the image via the Torelli map of the moduli space H,
of hyperelliptic curves of genus ¢ in the moduli space A, of principally polarised abelian
varieties of dimension g.

Let C be a hyperelliptic curve of genus g > 3. Denote by I, the kernel of the multipli-
cation map

po : SHY(C, K¢) — H°(C, KE*)™,
where HO(C, KE?)* denotes the invariant subspace of H°(C, K§?) under the action of
the hyperelliptic involution. The canonical map is the composition of the 2 : 1 map
7 : C'— P! with the (g9 — 1) — th Veronese embedding v, : P! — P9~! hence the space
I, is identified with the vector space of quadrics containing the rational normal curve
vy—1(P') in P971. The second Gaussian map s is a linear map

pa Iy = Ker(uo) — HO(C, K&*),
and more generally, for any k£ > 1, the 2k-th Gaussian map is a linear map
piok : Ker(pgp_o) — HO(C, K§22).
These maps were introduced by Wahl in [18]. One can also define odd Gaussian maps,
each one being defined on the kernel of the previous one. The most important and studied
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one is the first Wahl map:
p s ANPHY(C, Ke) — HY(C, KS?).

It was proven by Wahl that if C' sits on a K3 surface, then the first Wahl map p; is
not surjective (see [18], see also [1]). On the other hand, Ciliberto, Harris and Miranda
proved that for the general curve of genus g > 10, g # 11, py is surjective (see 2], [16]
for another proof).

If C is a hyperelliptic curve, it was proven in [17], [3] that the rank of u; is 2¢g — 3,
while in [4] it was shown that the rank of uy is 29 — 5.

Our first main result is the following

Theorem 1.1. (See Theorem 3.1) Let C' be a hyperelliptic curve of genus g > 3 . Then
for every 0 < k < 9%1

(1) Rank(pax) = 29 — (4k + 1),
(2) dim(Ker(uap)) = W — k(29 — 2k — 3).

Then, for every k > L%J the domain of psy is 0, hence Rank(pax) = 0.

From this we immediately see (Remark 3.2) that if g is odd we have the following chain

of inclusions:
0= Ker(pug-1) C Ker(ug-3) S ... € Ker(uz) C I;

while if g is even we have
0= Ker(pg—2) C Ker(pg—a) S ... © Ker(uz) € L.
Denote by H, the hyperelliptic locus in M, and by
Jnt Hg — A,

the restriction of the Torelli map to H,.

The map jj, is an orbifold immersion (see [15]). The main tool for studying the local
geometry of the hyperelliptic Torelli locus j,(#H,) C A, is the second fundamental form
of the map j,. Recall that the moduli space A, is the quotient of the Siegel space
Sp(2g,R)/U(g) under the action of Sp(2g,Z). We endow A, with the Siegel metric, that
is the orbifold metric induced by the symmetric metric on the Siegel space. The second

fundamental form of jj is a map
pue Ny a4, = SmeQ%{g,

where Ny, | , denotes the conormal bundle of j,(H,) in Ay. At a point [C] € Hy, pup is

therefore a linear map

puE Iy — Sme(HO(C, K§2)+).
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One of the main problems in the study of the local geometry of the image of the
hyperelliptic locus in A, under the Torelli map is to investigate the existence of totally
geodesic subvarieties of A, contained in the hyperelliptic locus.

This is related with the hyperelliptic Coleman-Oort conjecture, that says that for g > 8
there do not exist positive dimensional special subvarieties of 4, generically contained in
the hyperelliptic Torelli locus, namely contained in the closure of j,(H,) and intersecting
Jn(Hy). This conjecture was recently proven by Moonen [14], generalising a previous
result of Lu and Zuo [13].

In fact, special subvarieties are totally geodesic, hence the study of the second funda-
mental form is related with the above problem.

Here we take a different viewpoint, namely, we are interested in the behaviour of the
second fundamental form of the map j, in relation with higher even Gaussian maps.

In [5] it was proven that the map pyp can be expressed in terms of the Hodge Gaussian
map p introduced in [8] and that it is injective. An important property proven in [8] is a
formula computing, for any @) € I5, the Hodge Gaussian map p((Q)) on Schiffer variations
at points p on any curve C' in terms of the second Gaussian map 15(Q).

This property is one main tool used in [11, Theorem 6.2] to show that the maximal
dimension of a germ of a totally geodesic subvariety of A, contained in the hyperelliptic
locus is g + 1.

In the case of hyperelliptic curves, the result of [5, section 5| gives an expression for
pre(Q) on the Schiffer variation &, € H'(C, Tx)™ at a Weierstrass point p € C, in terms
of the second Gaussian map. This allows to show that pyr(Q)(§, ® &) = 0, for any
Weierstrass poin p (see Remark 6.13).

In [9], a relation between higher even Gaussian maps pgr of the canonical bundle on
a smooth projective curve of genus g > 4 and the Hodge Gaussian map p is given,
generalising the above result.

Here we exploit similar techniques to compute pyg(Q) for quadrics @ contained in the
kernel of higher Gaussian maps on certain tangent directions given by odd higher Schiffer
variations ¥ € H'(C,Te)" at a Weierstrass point p € C. We refer to Section 4 for

the definition of higher Schiffer variations. In a local coordinate centered at a point p,

9y &

z" 0z°

bump function in p which is equal to one in a small neighborhood U containing p. If p

the element {) € H 1(C,T¢) has a Dolbeault representative given by where pj, is a

is a Weierstrass point and n is odd, one immediately sees that {; is invariant under the
hyperelliptic involution, hence it is tangent to the hyperelliptic locus.

So, for any k < 2g — 3, consider the (k + 1)-dimensional subspace

‘/k = <€Il)7 13)7 "”512)]{:+1> C HI(TC)+'

We prove the following

Theorem 1.2. (See Theorems 6.6, 6.7).
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(1) Let 0 < k < [52] and let Q € Ker(uox). Then we have
pre(Q)(E 0N =0 Vi+m<4k+3, I,m odd.

This implies that the subspace Vi = ( 11” ;’, ...,53”‘“) C HY(Tg)* is isotropic for
pue(Q), VQ € Ker(uay).

(2) There exists Q € Ker(pa) such that p(Q) (25 @ &2?) # 0. Hence the subspace
Vigr = (&, ..., ¥ EF3) € HY(Te)t is not isotropic for pyp(Ker(pax)).

Following [7] we call a nonzero direction ¢ € H*(T¢)" asymptotic if

pre(@)(C® () =0, VQ € I,.

Clearly tangent directions to totally geodesic subvarieties are asymptotic directions. No-
tice that saying that a nonzero element ¢ € H'(T¢)" is an asymptotic direction means
that the point [(] € PH'(T¢)" is in the base locus of the linear space of quadrics
pre(l) C Sym*(HY(To)*)Y. In [5] it is shown that pyp is injective, hence the im-
age of pyp in Sym?(H'(T¢)"™)Y has dimension W. So pugr(l>) is a linear system
of quadrics in P(H'(C,T¢)") = P29-2 of dimension &2(9_2).

Thus if g < 5, there are asymptotic directions, in fact there are also examples of special
subvarieties of A, of positive dimension generically contained in the hyperelliptic locus
(see e.g. [10]).

On the other hand, for g sufficiently high one would expect that the intersection of a

(9=D(g=2) :  m29-2 :
“—5"— in P*"* would be empty, hence that asymptotic

space of quadrics of dimension
directions would not exist. This is not true because Schiffer variations at Weierstrass
points are asymptotic directions (see Remark 6.13). On the other hand we prove the

following

Theorem 1.3. (See Theorem 6.14).
Let C' be a hyperelliptic curve of genus g > 3 and p € C' be a Weierstrass point. Then

the asymptotic directions in the space VLHJ are ezactly the Schiffer variations &, = 5;.
2

Finally, we show that Theorem 6.14 also allows us to deduce Corollary 6.16, which gives
a bound for the dimension of a germ of a totally geodesic submanifold of A,, generically
contained in the Hyperelliptic Torelli locus. Nevertheless this is weaker than the one
already proven in [11, Theorem 6.2].

The structure of the paper is as follows.

In Section 2 we recall the definition and basic properties of Gaussian maps. In Section
3 we determine the kernel of all even higher Gaussian maps on the hyperelliptic locus and
we compute their rank, proving Theorem 1.1. In Section 4 we define and give the basic
properties of higher Schiffer variations. In Section 5 we recall the definition and some
results on the second fundamental form of the hyperelliptic Torelli map j,. Finally in
Section 6 we prove Theorems 1.2, 1.3 and their consequences (Remark 6.15 and Corollary
6.16).



HIGHER GAUSSIAN MAPS 5
2. GAUSSIAN MAPS

Let C' be a smooth curve of genus g, and let L and M be two line bundles on C. In
this section we recall the definition of the (higher) Gaussian maps on C' associated with
the line bundles L and M.

Set S :=CxC and let A C S be the diagonal. Take a non-negative integer k, then the
k-th Gaussian (or Wahl map) associated with L and M is the map given by restriction
to the diagonal

H(S,LE M(—kA)) 2" HO(S, LR M(—kA)a) = H(C,L® M ® K&*).

We will only consider the case L = M, and we set ®;; := Py 1. Since we have
the identification H°(S,L X M) = H°(C,L) ® H°(C, M), the map @, is given by the
multiplication map of global sections
H°(C,L)® H°(C, L) — H°(C, L®?),
which vanishes identically on A2H°(C, L). Then we have
ker ®g; = H(S,LX L(—A)) 2 A*H?(C, L) ® I,(L),
where I(L) is the kernel of the multiplication map wugy : S?H°(C, L) — H°(C,L®?).
Since @, ;, vanishes on symmetric tensors, one writes
M1, = @1,L|A2H0(L) : /\QHO(L) — HO(KC ® L®2)~

Take a local frame [ for L, local coordinate 2 and two sections sy, s, € H°(C, L) with
si = fi(2)l. Then we have

(3) prn(s1 A sa) = (fifa — fofr)dz @ 12,

Consequently, the zero divisor of 1 1,(s1 A s2) is 2B + R, where B is the base locus of the
pencil (s1,s9) and R is the ramification divisor of the associated morphism.
Again H°(S, LK L(—2A)) decomposes as the sum of (L) and the kernel of y; 1. Since
®, ;, vanishes on skew-symmetric tensors, we write
pio,g = Pop gy ¢ 12(L) = HY(C, L @ K&P).
We will denote by s the second gaussian map of the canonical line bundle K¢ on C:

po = po ot Io(Ke) — HO(KEY).

In general, since even Gaussian maps vanish on antisymmetric tensors and odd Gauss-

ian maps vanish on symmetric tensors, for all £k > 1, we set

(4) fokr = Pog. 1, t Ker(pop—o,r) — HY(L®? @ K&PF).
|K€T(H2k_27L)

(5) tok+1,n = Port1r  Ker(por_1.) — HO(L®? @ K1),
IK@T(HgkflyL)
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We will now give a local expression for these Gaussian maps.

Choose a basis 7, ...,n, of HY(L), whose local expressions is n; = f;(z)l, where [ is a
local frame for L. Assume now that Q = Zij a;;n; ®n; € I(L), with a;; = a;;. Then we
have:

Z ai; fi(2) f;(z) = 0,

since Q) € Io(L). Derivating we get . a;; f;(2)f;(z) = 0, and taking another derivative,
we obtain

> a2 fi(2) = =D ay fi(2) fi(2).
i %]
Then

o (Q) =Y ai fP(2) fi(2)d="2 @ 19% = = ay f1(2) fi(2)d="? @ 12,

ij ij
In general Q) = Zij a;;n; @ n; € Ker(pog—2,1) if and only if

(6) Z aijfl-(h)(z)fj(")(z) =0, Vh,n, such that h+n <2k — 1.
1,

Moreover, Vn = 0, ..., 2k, we have:

(7) por,(Q) = (=1)" Z Clz'jfi(%fn)(Z)f;")(z)dz@k ® 1%2,

i?j

Analogously, o = ;. aij(n; Amj) € Ker(ugx-1,) if and only if

> ay (KR = (7)) (2) =0, Yh,n, such that h+n < 2k

i<j
and we have

ST ) = [T ) S (2))d P @12,
A J J

(8) poktr,(e) = (—1)" Zaij(

1<J
for every n =0, ...,2k + 1.
Remark 2.1. Observe that for every k > 1
9) Ker(®o ) = Ker(pok,) ® Ker(pok-1.1),
and from the definition of ju. 1, we have the inclusions:

(10) .. C Ker(pow,r) C Ker(pog—1y,0) C ... C Ker(par) C Iy = Ker(pio,1);

(11) .. C Ker(pops1.n) C Ker(uak—1.) C ... C Ker(uyz).
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3. RANK OF HIGHER ORDER (GAUSSIAN MAPS ON HYPERELLIPTIC CURVES

Let C be a hyperelliptic curve of genus g > 3, L be the line bundle giving the g3. Set
M = Kc® LY and 7 : C — P! the map induced by |L|. Denote by v, : P! < P" the n'*
Veronese embedding. Recall that the canonical map is given by the composition v,_; o,
SO

Ko 2" (Opi(g—1)) = L®6D
and M = L®=2) Then H°(C, M) = H°(P', Opi (g — 2)) has dimension g — 1.

Denote by ®y, i, the Gaussian maps @y, k. and p; k.. The main result of this section
is the computation of the rank of higher Gaussian maps for any hyperelliptic curve of
any genus. More precisely we are going to prove the following:

Theorem 3.1. Let C' be a hyperelliptic curve of genus g > 3 . Then for every (0 < k < %

(12) Rank(pox) = 29 — (4k + 1),
(13) dim(Ker(uap)) = W — k(29 — 2k — 3).

Then, Rank(por) = 0 for every k > |41 ].
Notice that the result was already known for sy (see [4]).

Remark 3.2. By Theorem 3.1, it is immediate to see that if g is odd we have the following

chain of inclusions:
0= Ker(ug-1) C Ker(pg—3) € ... € Ker(uz) C Ir(Kc);
while if g is even we have
0= Ker(pg—2) € Ker(pg—s) C ... € Ker(uz) C L(K¢).
Notice that if g is odd, dim(Ker(u,—3)) =1, and if g is even dim(Ker(pg—4)) = 3.
Let us first recall the following well known result (see for example [4]).

Lemma 3.3. Let C be a hyperelliptic curve of genus g > 3. Let |L| be the gi. Set
M = Kc® LY, let wy,...,wy—1 be a basis for H*(M) and let (s,t) be a basis for H°(L).
Then the map defined by

ANH M) S 1,
wi A wj — Qi = sw; © tw; — sw; O tw,
is an isomorphism. In particular, observe that {Q;;} gives a basis for I.

In [4, Lemma 4.1] it is shown the following

Lemma 3.4. For any Q;; as in the previous lemma:

12(Qi5) = pin,n(s At) (v (Qi)),
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where with the expression

(14) pan(s At (7 (Qy))
we mean the image of p1,1(s At) ® p (¢ ~1(Q;;)) under the multiplication map

(15) H(Ke® L¥?) @ H' (Ko @ M®?) — HY(K&).

Observe that from Lemma 3.4 it follows that Rank(us) = Rank(p ar) since py (s A't)
is a nonzero section in H(K¢ ® L®?). Indeed the zero locus of uy 1 (s At) is given by the

base locus of |L| together with the ramification divisor of the induced morphism (recall

(3))-

We start generalizing Lemma 3.4 to any higher-order Gaussian maps. We use the same

notations as in Lemma 3.3

Lemma 3.5. Let k > 0 be an integer and let
Q= Z a;jQij € Ker(puar).
1<i<j<g—1
Then
(i) for any k > 1
Z a;j(wi ANw;) € Ker(pok—1,m),
1<i<j<g-1
(ii) for any k >0
pon2(Q) = (b + Dpnp(s Atz Y ag(wi Awy)) € HO(KE™ ),
1<i<j<g-1

Proof. Let us proceed by induction. When k = 0 (éi) is Lemma 3.4, and when k =1 ()
it is an immediate consequence of the hypothesis ps(Q) = 0 together with Lemma 3.4.

Now take n > 2 and suppose that (iz) holds for every 0 < & < n — 1 and (¢) holds
for every 1 < k < n. We are going to prove that (i7) holds for & = n — 1, which
automatically implies that (i) holds for k = n. Set k =n — 1 and suppose that

Q= Z a;;Qi; € Ker(pa).

1<1<j<g—1

On some open sets write
wi = fidz@T", t = fT and s = ¢T,

where f; is a holomorphic function and 7' is a local generator on L. From the definition

of @;; in Lemma 3.3, it follows that we can write locally @ as

(16) Z aijQij = Z ai;(f fidz © gfjdz — [ fidz © g fidz),

1<1<j<g—1
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where we can take z to be a local coordinate on C'. Then, by definition

o2 Z a;;Qij)

1<1<j<g—-1

Z aij((ffi)(k+1)(gfj)(k+1) _ (ffj)(k+1)(gfi)k+1)d2®(2k+4).

1<1<j<g—1

(17)

Observe that the latter expression can be written as

(18)
r k+1 E+1 7
k+1 _ h k+1 _ l
_ Z aij Z ( N )f(k—H h)fi( )Z ( l )g(k+1 l)f]() d»®(2k+4)
[1<i<j<g—1  h=0 1=0 i
i k41 k+1 .
k+1 B k41 A
Y Wy ( ' ) jlteom 0 ( z ) 0410 £0 | g eCre
| 1<i<j<g—1  h=0 1=0 J
(19)
S 1 (k1

1"

h

! £ = fj(h)ff”)] 48k

[0

By hypothesis @ € Ker(us,) and hence from the inductive hypothesis

,U2k—1,M( Z

1<i<j<g—1

) f(k+1—h)g(k+1—l) Z aij(

1<i<j<g—1

az-j(wi N wj)) =0.

Then using (6) and (17) it follows that for every h + 1 < 2k

> aw(fE -1V =0
1<i<j<g-1
Then (19) becomes
_ k+1 1) (k+1) ¢(k) (k+1) £(k) ] ®(2k+4)
L0 D0 e (T EY = V)| a0
L 1<i<j<g-1 i
_ k1 (1) (k) ¢(k+1) (k) p(k+1) ] ®(2k—+4)
L )P0 D0 e (VT = AT de :
L 1<i<j<g—1 i

This is just

(

which is equal to

kE+1

2 fi(k)) dz®(2k+4),

)(fg“)—f(”g)( S (YR = g

1<i<j<g—1

(k+ Dpn(tAs)paeon (Y agwi Awy)),

1<i<j<g—1

and so (77) holds.
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In the following lemma, we are going to describe the equations of the loci
.. C Ker(ug) C Ker(pag-1y) C ... C Ker(us) C Iy = Ker(u).

Consider a hyperelliptic curve given by the affine equation:

2g+2
(20) v =[] @-t)
i=1
For simplicity from now on we will assume t; = 0, so |M| = |Kc(—2p)|, where p is the

Weierstrass point (0,0) in affine coordinates. Consider the basis

dz xdx 29 dx
(21) {aozg,al :7,...,%,_1:

}

of HY(K¢). Then a basis of H(M) is given by

xdx 9 dx
(22) {for =—, Loy =
Yy Yy

}.

Set S = C' x C, and let A be the diagonal as usual. Then we have the following

commutative diagram of exact sequences

(23)
0 — (MRM)(—(k+1)A) — (MR M)(—kA) — (MK M)(—kA)a — 0

! I !

So, taking global sections we get

(24)
HO(S, (M R M)(—kA)) —2 s HO(S, (M B M)(—kA) s

| l

H(S, (Ko R Ko)(—kA)) — HO(S, (Ko B Ko)(—kA)a)

Hence the corresponding diagram for the even order Gaussian maps:
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K2k, M

Ker(pog—on) —— HY(C,M®? @ K&*)

J I

(25) Ker(ugk_g) — HO(Ca KE?%H)

Hence to compute the Gaussian maps fiox 17, Wwe compute the restriction of the Gaussian
maps of the canonical bundle pgy to the subspace Ker(uog—2r) of Ker(pog—2).

The equations of Ker(us) in I, in terms of this basis have already been described in
the proof of [4, Proposition 4.2]. Indeed we have the following

Lemma 3.6. Let
Q= Z a;ijQij € I,
1<i<j<g-1

Qi; as in 3.3, with respect to the basis of H*(M) given by o; = xid?‘r, fori=1,....9—1.
Then Q € Ker(us) if and only if for all 3 <1<2g—3
(26) Z a;;(j —1i) =0.

1<i<j

itj=1
Now we generalize the approach in [4]. The strategy is to use Lemma 3.5 together with
the explicit description of the basis ay, ..., a1 of the H°(C, K¢) for a hyperelliptic curve
C. We have the following result.

Lemma 3.7. Let
Q= Y Qi €D,
1<i<j<g-1
with Q;; = so; Ota;—sa; Oty asin 3.3, fori=1,...,9—1. Forany k > 2, Q) € Ker(jay)
if and only of
e V3<1<2g—3,

> ay(j—i) =0,

1<i<j
itj=1
e V2<m<k, V2m—1<1<2g9—3,
(27) D ay(j—)ij(i = 1) = 1)...(i = (m = 2))(j — (m = 2)) = 0.
1§z‘<{
i+j=

i>m—1,
jzm—1

Proof. We will argue locally. Take the basis of H°(C, K¢) given in (21) and the one
for H°(C, M) given in (22). We will proceed by induction on k. The thesis holds for
k =1 by Lemma 3.6. Now we suppose that the thesis holds for £ — 1, £ > 2 and take
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Q € Ker(uog_2). Since @ also belongs to the previous kernels, proving the lemma is
equivalent to prove that @ € Ker(ug) if and only if

(28) Z aij(j —)ij(i = 1)(J = 1)..(0 = (k =2))(j — (k= 2)) =0,

for all 2k — 1 <[ < 2¢g — 3. Using lemma 3.5 we have that ps(Q) = 0 if and only if

/112]?,1’]\/[( Z Q45 (CYZ' VAN Oéj)) = O, that is if and only if
1<i<j<g—1

(29) Y ay(@)* @)W — (@)W () Y) =0,

1<i<j<g—1

where we are taking z as local coordinate. Observe that (29) is equal to

(30) »  agio(i— (k= 2)a G (= (k- 1))a
1<i<j<g—1
i>k—1
Jj>k

(31 = > ayieli— (k=12 = (k= 2))ad ¢,
1<i<j<g—1
iSk
JZk—1

which can be written after some simple algebraic manipulations as

(32) > g (i (k= 2))j..(F — (k= 2))(j — ).
1<i<j<g—1
i>k—1
Jjzk-1

So we have shown that for Q € Ker(ua,—2), tox(Q) = 0 if and only if for every 2k — 1 <
[ <29g—3
> ay(j—i)i(i— (k—2)j..(j — (k—2)) =0.
1<i<j<g—1
i+i=l
i>k—1
Jj=k—1

This concludes the proof. U

Now we come to the proof Theorem 3.1. The strategy of the proof is clear: we have to
determine the number of linearly independent equations in (27).

Proof of Theorem 3.1. We will start introducing some notations. For every i, j such that

1<i<j<g-—1,forevery | =3,..,2g — 3, let (w;)? the vector whose coordinates are

) (j—1) ifi+j=1
(w)i; = e
0 ifi4+75#I1

which are the coefficients of the [-th equation of the set of equations given in Lemma
3.7, describing Ker(us), ordered by increasing values of 7. For every 2 < r < k and
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l=2r—1,...,29 — 3, let wl(%) be the vector whose coordinates are

(33)

(=i =D =1 (= (r=2)—(r=2) ifi+j=1Lij=r—1
0 ifi+75#l orl1<i<r-—2.

which are the coefficients of the [-th equation of the set of equations which describe
Ker(pgy) inside (Ker(uar—1))), ordered by increasing values of i.

For any 3 <[ < 2g — 3 set
(34) m=#{(,j):1<i<j<g-1 i+j=1}

and let B,’i,,l be the k£ x n; matrix whose rth row, 1 < r < k, are the n; coordinates of

wl(%) corresponding to the indexes (i, 7) such that i + j = [.

Observe that B, is just the matrix with rows wl@), '--7“’1(%) where we have removed
the entries corresponding to ¢ + 7 # [. Notice that these entries are all 0 for all the

2
vectors wl( m.

Define ¢y = min{n;, k} and let By; be the minor of By, of order ¢;; given by the first
¢k rows and ¢ columns. We are going to prove that it is not zero for all 3 <1 <2g—3
by induction on k.

Consider first the case & = 2. Observe that if | = 3,4,29 — 4,29 — 3, then n; = 1.
In this case By; = j — 4 > 0 where (i,7) is the only pair such that i + j = [. If
5 <1<2g—5then n; > 2 and ¢y; = min(2,n;) = 2 and we have

= <z’j<y‘ =) U—1=2)@+1){ - ”)

where 7 is the minimum such that ¢ + 7 = [. Observe that

det(Bayy) = (j —i)(j — i — 2)det (ij (i+1)(j — 1))

1 1
s <J (i+1)0 - 1>>

Subtracting the first column of A,; from the second we obtain the matrix

10
ij j—i—1

whose determinant is j —i — 1 > 0. Now assume that for every 2 < ky < k and for every
3 <1< 2g—3, By, is not zero. We want to prove that the same holds for £ + 1. If

Set



14 D. FARO, P. FREDIANI, AND A. LACOPO

ny < k, then ny < k+1, cgy1, = min{n;, k} = n; and Bgi1; = By,. In this case, we have
nothing to prove. Assume then n; > k. Then cyy1, = min{n;, k + 1} = k + 1. Then
By11, is the following (k + 1) x (k + 1) matrix

i—i j—i—2 j—i—2k
(j —d)ji (G=2-9(+1)@G-1) .. (G —i=2k)( — k)i +Fk)
G )i (G — (41— 2))(— (k+1—2)) G- 2R - R) )= 2k D)4 1)

where 7 is the minimum such that ¢ + j = [ and where we mean that every entry in the
r-th row, 1 <r < k+ 1 (corresponding to an index (¢, 5)) is zero whenever i < r — 1.

The determinant of the above matrix is equal to the product of (j —)...(j — ¢ — 2k)
by the determinant of the following matrix

1 1 1
ji (+DG-1) .. G — k)i + k)
(G = )il — (b +1=2))( — (k+1-2)) e G R k) — 2k 1)+ 1)

Now consider the matrix above and subtract each column to the previous one. Then

one gets a matrix

1 0 0
ji G-1)—i .. (G—1)—i—2(k—1)
G —i)ji(G— (k+1—2))G — (k+1—2)) e (m1—i—2k—1)G—1—(k—1)(i+k—1).(j —2(k — 1) + 1)(i + 1)
Observe that
G—1)—i (G—1)—i—2(k—1)
G-1-90-Di(G-1-k=2))NE-((k-2) .. (G-1-i-2k-1))G-1-(F-D)G+k-1D..0-2k-1)+1)(E+1)

is By -1 (where as we have already said, we mean that every entry corresponding to a
index (7,7) in the r-th row, 1 < r < k is zero whenever ¢ < r — 1. The matrix has not
zero determinant by the inductive hypothesis. Hence we have shown, by induction, that
for any 3 < 1 < 2g — 3 and for any k > 2, (w;)?,...,(w;)?* impose exactly c; linearly
independent conditions.

Now let s; be the number of the indexes [ such that c;; > cz_1;. Observe that the
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condition ¢, > cx_1, is equivalent to say that [-th equations of Ker(ug;) are indepen-
dent from the I-th equations of Ker(us), ..., Ker(usx-1)). Then we have

(35) dim(Ker(pox) = dimKer (piae—1y) — s

Notice that cx; > cx_1, if and only if £ — 1 < n;. We claim that this happens if and only
if 2k +1<1<2g— (2k+1).

In fact, if 2k +1 < 1 < 2g — (2k + 1), we have at least k coordinates (i,j) such that
i+j =1. Indeed write [ as | =2k +1+m, 0 <m < 2g — 2(2k + 1) (where we are using
the assumption 29 — 2(2k 4 1) > 0).
If [ is odd (equivalently m is even), these are given by
. m m m m

(¢,7) = (1+5,2k+§),...,(k+5,k+1+5)
These are easily seen to be admissible indexes (7, j), that is they satisfy 1 <i < j, i+j =1
and j < g— 1. If [ is even (equivalently m is odd), these are given by

(5,9) = (L4 L1, 2%+ LZ0), o (R ] k2 | 2)).

This shows that n; > k.

On the other hand, if I < 2k or | > 2¢g — 2k, it is easy to see that the number of
admissible indexes (i, j) such that ¢+ j = [ is strictly less than k. We then conclude that
sp = 29— (2k+1) =2k = 29— (4k+1) and hence dim(Ker(uor) = dimKer(pp—1y) — sk =
dimKer(psk-1)) — (29 — (4k + 1)). So we have proven that Rank(par) = 29 — (4k + 1).

By the equality: dim(Ker(par)) = dimKer(pog—1y) — (29 — (4k + 1)), and using that
dim(Iy) = W, we get

lg-Dlg=2) 12(9_2) > (29— (4i+1)) = W+k(2k—2g+3),

i=1

dim(Ker(us)) =

for every k < 2. Soif g is odd and k = &1, we have dim(Ker (ua)) = dim(Ker(pg—1)) =

0, hence for k > &%, pgp = 0. If g is even, and k = 22, we have dim(Ker(ua)) =

dim(Ker(pg—s)) = 0, hence for k > %2, 1y, = 0, since the domain is 0.



16 D. FARO, P. FREDIANI, AND A. LACOPO
4. SCHIFFER VARIATIONS AND WEIERSTRASS POINTS

In this section we recall the definition and the basic properties of (higher) Schiffer
variations.

Let C' be a smooth curve of genus g > 1, take a point p € C and fix a local coordinate
z centred in p. For 1 < n < 3¢ — 3, we define the n'* Schiffer variation at p to be the
element £ € H YO, Te) = Hg’l(TC) whose Dolbeault representative is given by 2222

z" 0z
where p, is a bump function in p which is equal to one in a small neighborhood U
containing p, §; = [%%]. Clearly £ depends on the choice of the local coordinate z.

Take 1 <n < 3g — 3. Consider the exact sequence

0= Te — Te(np) = Te(np)pp — 0,
and the induced exact sequence in cohomology:

0 = HY(Te(np)) — HY(Te(np)my) > H'(Te).
By Riemann Roch, if n < 29 — 2, or n < 39 — 3 and p is a general point, we have:
R°(Te(np)) = 0.

Hence we have an inclusion

oy HO(TC(np)|np) ~ C" — H'(Tp)

and the image of ¢, in H Y(C,T¢) is the n-dimensional subspace generated by 557 s &
(see [9]) for more details).
Given an element ¢ € H'(C,T¢), consider the map given by cup product:

u¢ : H(C, K¢) — H*(C, O¢).
The rank of ¢ is by definition the rank of the map UC.

Remark 4.1. Notice that H*(Kc(—np)) C Ker(Ug)), forn < g. In fact, w € ker(Ug))
if and only if for any o € H°(K¢), we have & (wa) = 0. So if z is a local coordinate

around p and w = f(z)dz, a = g(z)dz are local expressions, by |9, Lemma 2.2| we have:

21

¢ (wa) = F’l)!qgw-”(m =0,

ifwe H'(Kc(—np)), Yo € H'(K¢). Hence & has rank < n.

Let H, be the moduli space of hyperelliptic curves of genus g. If C' is a hyperelliptic
curve, then the tangent space of H, at [C] is H'(T¢)", that is the invariant subspace
with respect to the hyperelliptic involution o.

Assume p € (' is a Weierstrass point. From the Dolbeault representation of the Schiffer
variations, one immediately sees that the elements fgk“ are o-invariant, hence they
belong to H'(T¢)*. So we have a subspace

<§[1)7 27".’€§g—3> - HI(TC)+
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of dimension g — 1.
Denote as usual by |L| the gi. We conclude this section giving a basis of H°(Kc® LV)

that will be useful in the next sections.

Remark 4.2. Consider the hyperelliptic curve C'" with equation (20). Fix the Weierstrass
point p = (0,0). For the computations of the next section it is more convenient to use
the basis of H'(M) given by w; ==, ; = =% i=1,....,g — 1. Notice that we have

Y )

ordywy, =29 —2k =2, forallk=1,..,9g—1.

Hence we get:

o HO(M) = (w1, ...,wy1).
o HO(M(—p)) = HY(M(=2p)) = (w1, ..., wy—2).

o H'(M(—(29 —4)p)) = H*(M(—(29 — 5)p)) = (w1)-

So if we take a quadric Q = Y a;(so; ©tay — so @ tay) € Iy, as in Lemma 3.6
1<i<j<g—1
or Lemma 3.7, we have:

Q= Z a;;(soy; ©toy — sa; Ota;) = — Z Ag—hg—k(Swy © twy, — swy, © twy) =

1<i<j<g—1 1<k<h<g—1

= Z bkjh(swk © twp — swp, © twk),
1<k<h<g—1

with bk,h = —Qg—h,g—k-

5. SECOND FUNDAMENTAL FORM OF THE HYPERELLIPTIC TORELLI LOCUS

Let C be a hyperelliptic curve of genus g > 3, L be the line bundle giving the g3. Set
M = K¢ ® LY and 7w : C — P! the map induced by |L|.

Denote by o the hyperelliptic involution and consider the decomposition H°(C, K, 22) =
HY(C,KE*) T @ HY(C, K&?)~ of H(C,K&?) in invariant and anti-invariant subspaces
under the action of o.

Denote by H, the hyperelliptic locus in M, and by

jh:Hg_>Ag

the restriction of the Torelli map to H,. We endow A, with the Siegel metric, that is
the orbifold metric induced by the symmetric metric on the Siegel space Sp(2¢g,R)/U(g)
of which A, is the quotient under the action of Sp(2¢g,Z). The map jj is an orbifold

immersion (see [15]) and we have the following tangent bundle exact sequences
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0

|

0 —— Ty, — Ta,p, — Nay,,, — 0

! 1 I 1

Tigpy — Tagmy — Naty ), 1y — 0

Denote by
(37) pue : Noja, = SymZQ%{g,
the dual of the second fundamental form of jj.
At a point [C] € H,, the dual of (36) is
0 > 1 » SPHO(Ko) —— HO(KS?)
0 e » SPHO(K¢o) —2— HY(KEHt —— 0
where m is the multiplication map and I, can be identified with the vector space of

quadrics containing the rational normal curve.

So at a point [C] the map pgg is a linear map

Iy — Sym*(H°(C, K§*)*).
In |5, Prop. 5.1] it is proven that VQ € Iy, Yv,w € H'(T¢)™ we have

(38) pre(Q)(v O w) = p(Q)(v O w),

where p is the Hodge Gaussian map introduced in [8, Proposition-Definition 1.3].

In [11] the second fundamental form py g of the hyperelliptic locus has been studied
using the Hodge Gaussian map p and the second gaussian map of the canonical bundle.
In [11, Theorem 6.2] it has been proven that if Y is a germ of totally geodesic subvariety
of A, generically contained in the hyperelliptic Torelli locus, then its dimension is at most
g+ 1

In [9] a relation between higher even Gaussian maps of the canonical bundle on a
smooth projective curve of genus g > 4 and the second fundamental form of the Torelli
map is given. This is a generalisation of a result obtained by Colombo, Pirola and Tortora
on the second Gaussian map and the second fundamental form in [8] (see also |6, Theorem
2.2]). In fact, in |6, Theorem 2.2]) it is proven that for any p € C, and for any Q € Iy,

we have

(39) p(Q)(&p © &) = —2mipa(Q)(p)-



HIGHER GAUSSIAN MAPS 19

More precisely, the computations of p(Q)) on Schiffer variations given in |9, Proposition
3.1 and Remark 3.2], for quadrics Q € Ker(ug,) will be the main tool in the next section.

6. ISOTROPIC SUBSPACES

In this section, given a hyperelliptic curve C' of genus g > 3 and a Weierstrass point
p € C, we will determine for any k < |%2|, the maximum m < [%}], such that the
subspace V,, = (£),&,....,&™) C Vie) C H'(T¢)™" is isotropic with respect to all the
quadrics p(Q), VQ € Ker(uay). We will show that m = k, namely that V} is isotropic for
p(Q), VQ € Ker(uzi), while Vi, is not (see Theorems 6.5, 6.7).

In order to do this we recall that, by (38), it suffices to compute p(Q)(§] © &), for odd
r,m.

To do this we will use [9, Remark 3.2|, that we now recall for the reader’s convenience.

Remark 6.1. (|9, Remark 3.2]) Let Q = Y bapVa © Vs be a quadric in Iy, where
a,B=1
Y1y - Yu are elements of HO(K¢). Choose a local coordinate z around p and take a local

expression of Yo around p: Y, = go(2)dz.
Assume moreover that

anf;ga 0)—0 Vh,l >0, h+1<m,

then we have

pur(Q)(& © &) =p(@Q)(& ©&) =0, if r+n<m, ¥V oddr,n>1,
and if r+n=m+1

pe(Q)(&08) = p(Q)(,08) = 2mi <i (Z asg" 7 (0) g (0>> " (n—k) ) |

=\ (m+1—k)!

Recall that a basis of I is given by the following quadrics (see Lemma 3.3):
(40) Qij = sw; © tw; — sw; © tw;

for 1 <i<j<g—1, where L is the g, H°(L) = (s,t), and H'(M) = H*(Kc ® L") =
(w1, ...,wg—1), where the sections w; are as in Remark 4.2. Let ) be a quadric in 5, then

u

Q= Z bijQij = Z CaBVa © V8,

1<i<j<g-1 a,f=1
where 71, ..., 7, are elements of H°(K¢). Choose a local coordinate z around p and take

a local expression of 7, around p: v, = ga(2)dz.
Now let £ > 0 and assume @) € Ker(usg,). Recall from Section 2 that

u

Q € Ker(ua) < Z caggghgﬁ =0 Vh+I1<2k+1
a,f=1

Moreover by Lemma 3.5 we have
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fhak+2(Q Z Caﬁg dz)2k+4 = p1.0(s A t) pragr1,m( Z bij (w; ij))(dz)2k+4 _
ap=1 1<i<j<g—1
= (f’g—fg’) Z bij(fi(r)f](s)_fi(S)f](r)))(dZ)Qk—&-zL Vh+l=2k+2 Vrts—2k+l,
1<i<j<g—1

where in a local coordinate we have s = f(2)T, t = g(2)T, w; = fi(2)dz @ TV, Vi.
It follows that

anﬁga )=0 Vh+1=2k+2,
a,B=1
because (f'g — fg¢')(p) = 0, since p is a Weierstrass point.

Now we want to determine the least m > 2k + 3 such that

u

> casggd (p) #0,

a,B=1
for some h,l with h+1=m
Lemma 6.2. Let ) = > by m@Qrm € Ia, where the quadrics Q) ,, are considered
1<r<m<g—-1

.....

brm =0 V r+m>29—(2k+2) (hence m > g — k).

Proof. Recall that we have Q = > a;;(so; ©taj —sa; ©ta;), where a;; = —b
1<i<j<g—1
(see Remark 4.2). We will prove by induction on & that

9—3,9—1

Notice that this finishes the proof. Indeed, putting »r = g — j,m = g — i we have
i+j<2k+2or+m=2g9—(i+7j)>29— (2k+2).

We also get m > g — k, because ift m < g —k — 1, r < m implies r +m < 29 — 2k — 2.
Recall that in Lemma 3.6 we have shown that @) € Ker(us) if and only if for every
3<1 <293,

(42) > ai(i—i)=0.

1<i<j
itj=1

By Lemma 3.7, Q € Ker(ua), k > 2, if and only if @ € Ker(us) and and for every m, 1
such that 2 <m <k, 2m —1<1<2g — 3,

(43) Z aij (7 = 1)ij(i = 1)(7 = 1)..(e = (m = 2))(7 — (m = 2)) = 0.
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So let us prove (41). The case k = 1 is trivial, since 2k + 2 = 4 and we only have [ = 3, 4.
From equations (42) we have ay3 = a;3 = 0. Now assume that the result is true for k£ — 1,
where k£ > 2. Hence if Q € Ker(pom—1)), we have a;; = 0 VI =i+ j < 2k. Now if
Q € Ker(usy) then @ € Ker(pug,—2), hence a;; =0 VI < 2k. So we only have to check
the cases | = 2k + 1,2k + 2.

e If | = 2k + 1, then we claim that ¢+ < k. Otherwise, if ¢ > k + 1, we have
j>1>k+1, hence i + j > 2k + 3, a contradiction. In the equations (43) with
[ = 2k +1, we have a; ok, a2 251, ---, Gk k41 as variables, since i < k. The equations
given by (42) and (43) for m = 2,...,k, | = 2k+1, are then a system of k equations
in k variables, which are linearly independent by the proof of Theorem 3.1. So we
get a;; =0 for i+ j =2k + 1.

o If | = 2k+2, we get i < k exactly as in the previous case. Hence again in (43) with
[ = 2k + 2, we have exactly k linearly independent equations in the k£ variables

a1.2k+1, A2,2ky -++y A +2- So Q5 = 0if ¢ +] =2k + 2.

g

Remark 6.3. Let wi,...,w,—1 be our basis of H*(M) and let z be a local coordinate
centered in the Weierstrass point p. Assume that we locally have w; = fi(2)dz @ TV, by
abuse of notation we will write w\" (p) instead of fi(h)(O). Then by Remark 4.2 we have

wM(p) =0 Vh<29—(2i+3).
Lemma 6.4. With the above notation, we have

Y by DM p) =0 YA+ 1< 4k + 1.

1<i<j<g—1

Proof. We may assume h > [, since if h = [ we have trivially zero. From Remark

6.3, w(.l)(p) =0 Vy such that 2j +3 < 2g — [. Moreover, since i < j, this also implies

J
w (p) = 0, so the terms in the sum with 2j+3 < 2¢g —1 are identically zero. Then we can

7

assume that the indexes j that appear in the sum are those satisfying 25 +3 > 29 —1+1,

which gives 7 > g — HTZ Denote by [ = l+72 Hence we have
h) (1 1) (h h) (1 ) (h
Yo e —aleM e = Y buwMe) - wu) ) =
Isi<jsg—1 1<i<j<g—1,j>g-1

h l l h h l l h
= 3 biga@PWl) w0l + Y bigea@Mwly — WPl ()
1<i<g—1 1<i<g—2

h) 1) (h
toee Tt Z bi,g—i(wz( )wf,l; - Wz( ! )~) (p)-

g—l1
1<i<g—1

Let us focus on the first term of the above sum. From Lemma 6.2, Q) € Ker(ug) implies
big-1=0 Vg—(2k+1) <i<g—2. Then we have
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g—2k—2
@ 3 bl -l = 3 b (e el )
1<i<g—1
Moreover, again by Remark 6.3, if 2 + 3 < 29 — h < 2¢g — [, then wi(h) (p) = wfl)(p) =0.
But in the above sum we have 2i + 3 < 2(g — 2k — 2) + 3 = 29 — 4k — 1. Hence, if
h<4k+1 (sol <4k+1),then2g—4k—1<29—h <2g9—1,802i4+3<2g—h <2g9—1
in all summands in (44), so the sum is identically zero.

Let us now consider the general term, where 7 = g — s. From Lemma 6.2, we have
big—s =0Vg—(2k+2—5) <i < g—s. Hence the i’s that actually appear in the sum
are those satisfying i < g— (2k+2—3s) —1 = g — 2k — 3+ s. In the same way as we did
for the first term, for h < 4k + 3 — 2s, we have 2i +3 < 2(g — 2k — 3+ s) < 2g — h, so
wi(h) (p) = wi(l) (p) = 0 and the term is zero.

It remains to look at the cases when h > 4k+4—2s. Since h+[ < 4k+1 by assumption,
we must have 4k +4 — 2s < h + 1 < 4k 4 1, which gives [ < 2s — 3. For these values of

[, we have wglls(p) = 0 by Remark 6.3. Hence the term is zero again, because ¢ < 7, so

wl-(l) (p) = 0. Thus we have shown that all terms are zero. O

We are now ready to state and prove our result.

Theorem 6.5. Let C be an hyperelliptic curve of genus g, p € C' a Weierstrass point.
Let i, ...y, € HY(K¢) where locally 7o = godz and let

Q= caprars= Y, byQij € Ker(ps).

a,f=1 1<i<y<g—1

Then
angga =0 Vh+1<4k+3.
a,f=1

Proof. We have to compute the following expression Vh + [ < 4k + 3:

(45) Y capgllgy’

a,f=1
=3 bl )+ (1)) — o101 — (1) 5) ).
1<i<j<g-1
We have
(swi)(h)(twj)(l) _ (sw] twl Z Z ( ) ( ) )t(l—m) (wi(n)w]('m) o w]('n)wi(m))‘

n=0 m=0

Hence the term inside the square brackets of Equation (45) becomes

h l I ;
22 ( ) ( )(w’(n)wﬂ('m) — WMy (st gl ) gli=m)y,
n m

n=0 m=0
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So equation (45) is

(46)
ho LN /)
Z Z <n) (m) (stmmgltmm) — (e g () Z bij (wi(n)wj(.m) — wj(-n)wi(m))(p).
n=0 m=0 1<i<j<g—1

From Lemma 6.4 we have that
Z bij (wz(")w](m) - wj(»")wfm))(p) =0 Vm+n<4k+1.
1<i<j<g—1

Since n < h,m <[ we have m +n < h + [, so this implies that the expression in (46) is
zero for all h,l such that h + 1 < 4k + 1.
Now assume h + [ = 4k + 2. If n +m < 4k + 1 the expression is zero exactly as before,
so the only case to consider is n + m = 4k + 2 and we must have n = h,m = [. But in
this case we have trivially zero, because (st — ts) = 0.
We are only left to the case h + 1 = 4k + 3. Now again, if m +n < 4k + 1 we get
zero and if m +n = 4k 4+ 3 we get zero as in the previous case (this would imply again
n = h,m =1). So we can only have n+m = 4k + 2. This implies either n = h—1,m =
orn = h,m = [—1. In both cases, the first factor of (46) is (up to scalar) (s't—t's)(p) =0
since p is a Weierstrass point. Hence we have proven that (46) is zero Vh + [ < 4k + 3
and this concludes the proof.

OJ

For any k < 2g—3, consider the (k+1)-dimensional subspace Vj, := (¢}, &3, ..., 28 C
H'(T¢)*. We have the following

Theorem 6.6. Let 0 < k < |%2] and let Q € Ker(uay,). Then we have

pue(Q)(E 08" = p(Q)(E &) =0 Vi+m <4k + 3.

This implies that the subspace Vi = (€, &3, ..., F) € HY(Te)™ is isotropic for pup(Q),
VQ € Ker(pax).

Proof. The second assertion follows directly from the first one. The first one follows
immediately by Remark 6.1 (|9, Remark 3.2|) and by Theorem 6.5. O

We have the following theorem.

Theorem 6.7. Assume 0 < k < |52|. Then there exists Q € Ker(usy) such that
P(Q)(EZFH © £2M3) £ 0. Hence the subspace Vi = (&), ..., 8, 2543 € H (To)t is
not isotropic for pyp(Ker(ua)).

Proof. Let Q = Y. Ca.gYaVs, Where 11, ...,7, € H°(K¢). We will prove that there exists
a,B=1

@ such that p(Q)(&£2F3 © £71) # 0. By Remark 6.1, we know that

T

2k
(47) p<Q>(£§k+3 ®© €£k+1) = 2m Z Z Cajﬁfy(g4k+4fu)(0)ﬁyéu)(o)

u=0 La,f=1

(2k+1—u)
Wl(dk + 4 — )]
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Let us focus our attention on the term inside the square brackets, which is

(48) > caprFHT0)757(0).

a,f=1
We see that we must compute the derivatives of order (h,l) of @ where h +1 = 4k +4
and 0 <[ < 2k. In order to do this, we will again use our basis of H°(Kc ® L") given
by the w;’s, exactly as in (45) and (46). Hence we must compute

" (b ! (h—n) 4(I—m) (h—n) (I-m) (n) (m) (n) (m)
> (2) () stmmttom — momygy X el 0
where h +1 = 4k + 4. If n+m < 4k + 1, we know that it is zero by Lemma 6.4. If
n + m = 4k + 4, then in the equation above, we have n = h, m = [, so the first factor is
(up to scalar) (st —ts) = 0. If n +m = 4k + 3, we have either n = h—1 and m = [ or
n =h and m = — 1. In both cases, the first factor is (up to scalar) (s't —t's)(p) = 0,
because p is a Weierstrass point. So we can only have n + m = 4k + 2, where h = n and
m=I[l—2orh=n—2and m =1 sinceif n =h —1 and m = [ — 1, the first factor is
(st —t's") =0.

Summarising, in the above equation we only have to consider the following terms:

(1) n =h and m = [ — 2, which only works if [ > 2 and gives

(st" = ts")p) D byl — ).

1<i<j<g—1

(2) n=h —2 and m = [, which gives

h—2 l h—2 l
(= t5)p) Y byl V) o)),

1<i<j<g—1

Let us consider the first case. By Remark 6.3, we have w§172) (p) =0if2j+3 < 2g—1+2,

which gives 25 < 2g — [ — 1. We have two subcases here: [ odd or [ even.

e Assume [ is odd. We claim that we get zero. In fact, if j < g — l+71’ then

w](-l_2) (p) = 0 by Remark 6.3. Hence we can assume j > g — &2 +1 =g — 1,

Let j := g — u, hence u € {1, ..., I’Tl} From Lemma 6.2 we have b; ;_, = 0 for
1> g — 2k — 2+ u, so we may assume ¢ < g — 2k — 3 + u.

We know that wgl_Q)(p) =0ifq Sg—l%l, but i <g—2k—3+u Sg—HTI
if and only if u < 3 4 2k — ”71 Observe that this is true since u < 1771 and
5L <342k — 131 since | < 2k. Hence %H) (p) =0.

Now let us consider wi(h) (p). We know that wgh) (p) =01if 26 <29 —h — 3, but
1 < g—2k—3+4wu implies 27 < 29 —4k—6+2u. Now, 29 —4k—6+2u <29—h—3
if and only if 2u < 4k 4+ 3 — h, which gives [ — 1 < 4k 4+ 3 — h, which is true if
(h)

[+ h = 4k + 4, that is our assumption. Hence w;’(p) = 0, for all i and hence

every term vanishes.
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e Now assume [ is even. Ifjgg—”Tl:g—%—%<g—é,wegetw§172)(p)20by

Remark 6.3. So we may assume j > g — % Setting j = g —u, we get u < é As in
the odd case, we may assume ¢ < g —2k —3+u. Now wgl_g)(p) =0ifi < g-— % —1
andg—2k—3+u§g—%—1ifandonlyifug 2/{;+2—%. Since u < é,we get
that the last inequality is true if and only if [ < 2k + 2, which is the case because
[ < 2k. Hence wEl_Q) (p) =0.

We have that wl(h)(p) =0ifi <g-4-3<g-L_1 sowfh)(p) = 0 if
igg—%—z Hencewecanassumez’Zg—%—l, but i« < g — 2k — 3+ u and
g—2k—-34+u—(9g—4—-1)=u—-2-2k+2 < L4222k =0 because
h+1 = 4k+4. Hence if u = [/2, there is a unique nonzero term, which is precisely

by 1yt (D)) 2 (p).

Let us now consider the second case. Again, we should distinguish the cases [ odd and
[ even. However, arguing exactly in the same way as in the previous case, we again get
that if [ is odd every term is zero.

So let us assume [ even, then also h is even. By Remark 6.3, w](.lﬁ)(p) =0if 5 <
g—é—g < g—%—l, SO we may assume j > g—é—l. As usual we put j = g —u and we
have u < é+ 1. We have wZ@ (p) = 0if 20 < 2g—1—3, but, as in the previous case, we can
assume ¢ < g—2k—34wu. Sincel < 2k, and u < é+1, we have 2g—6—4k+2u < 2g—1—3.
So 21 < 29 — 6 — 4k + 2u < 2g — [ — 3, and hence wgl)(p) =0.

(h—2)

Again, by Remark 6.3, w; (p) = 0if 20 < 29— h — 1. As usual we may assume
2t <29 — 6 — 4k + 2u. We have u < % + 1. We claim that the only nonzero term occurs

foru:%—i—landi:g—%. In fact, ifu§%,WehaveZg—G—élk—i—ng29—h—1,so

(h=2) ¢\ _ _ 1 C_ h : (h—2) ®
W, (p) =0. Sou = 5+1,7=g— 5 and the only term is bgf%,gf%flwg_% (p)wg_%_l(p)
We have computed all the non-zero terms of (48). These are
! h 1-2 h h—2 l
o (st"—ts")(p)[(3) bg_g_l,g_%w;_)@_l(p)w;_é)(P) - (z)bg—g,g—é—lw;_g )(p)“’;ié—l(p)]

if | > 2 and h,l even;
" " h (h—2) ) ] — —
o —(st" —ts")(p)( )bg_%g LW (pw. 1 (p)ifl=0and h =4k + 4.

2 L g—

2

N~

We are now ready to complete the proof. Since h+1 = 4k +4, this implies % =2k+2— é,
sothatg—%:g—Q—Qk:qLé. We have

2k+3 £2k+1N . (Qk +1- l) "oy
p(Q) (gp 751, ) = 2mi Z m(st ts )(p)
2l§l§2k
[ (4k-+4—1) (1-2) h (4k+2-1) )
9 bg—3—2k+é,g—%wg_3_2k+%(p)wg_% (p) — 9 bg—2—2k+%,g—é—1wg_2_2k+%(p)wg_%_l(p) -
. 2k+1 [(4k+4
— 2mi(st” — tS")(P)M ( 9 > bgf2kf2,gfl%(;4—k;1§2_)z (p)wg—1(p)

Notice that every term in the equation is a linear combination of b,, where r + u =
2g — 2k — 3.
Let Ay, be the coefficient of by_op_344,9-u Where v = 1,...,k + 1. We will now see that
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Mo 7 0 for every k,u. For 1 <u <k, we have

Now = | (HhHA=20) (p)w(2u_2) ) [(Qk +1—-2u (2u> B (4k: +6— Qu) (Qk +3—-2u } _

= Wy—3—2k+u\P)Wg—u Ak + 4 — 2u)! \ 2 2 4k + 6 — 2u)!
3 2
_ (4k+4—2u) (2u—2) —8u” + 8u (k + 1) —4ku —2k -3
Wg—3—2k+u( Jg—u () 2(4k + 4 — 2u)!

where the last equality follows after some easy computations. Notice that

—8u® + 8u?(k + 1) — 4ku — 2k — 3 #0

4k+4—2u 2u—2 4k+4—2u
LR 2 (p)wl? 2 (p) # 0 because w2 (p)

has order 2u — 2 at p (see Lemma 4.2).

because it is odd for every k, u. Moreover, w
has order 4k 4+ 4 — 2u at p and wéﬁ“f)
Finally, if u = k£ + 1 we have

1 2k+2
N1 = —mwézg@)wékr
Hence A, #0, forallu=1,...,k + 1.
So assume by contradiction that

k+1 k+1

(49) p(Q)(£§k+3 ® gzk—H) = Z )\k,ubgf2k73+u,gfu = - Z )\k,uau,2k+37u = 0
u=1 u=1

for every Q) € Ker(uak), where a;; = —b,_; ,—; by Remark 4.2. Recall that Q) € Ker(pox)
if and only if the coefficients a;; satisfy the equations given in Lemma 3.7. Moreover
observe that from Theorem 3.1 it follows that we have k linearly independent equa-
tions in the variables a,x+3— With w = 1,...,k + 1. We have shown that each coef-

ficient Ay, in equation (49) is different from zero and up to scalar it is the product
(4k+4—2u) (2u—2)
g7372k+u( )wgfu

tiple, hence equation (49) cannot be linearly dependent from the k equations giving
Ker(pgk). Hence there exists a quadric Q € ker (o) such that p(Q) (251 © £F1) # 0.
O

(p). So we can multiply the sections w,_, by a non zero scalar mul-

Remark 6.8. Notice that we have shown that the equation (49) gives a hyperplane in
Ker(pax) that we denote by

Ao = 1{Q € Ker(ua) : p(Q)(EM © &M =0}

Moreover we have just proven that a quadric Q) € Ay iff satisfies the system of k +
1 linearly independent equations in k + 1 wvariables, given by the equations in Lemma
3.7 defining Ker(us) and equation (49). In particular the coefficients of Q satisfy the
equations by_opy34ug—u = —Au2kts—u =0 Yu=1,.. k+ 1.

Example 6.9. If k = 0 we have a very concrete description of Ago. In fact, we have
p(Qij)(fpagg) =0,V(i,j) #(g—2,9—1) and p(Qg—Q,g—l)(fpafz) # 0. Hence we get that
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Theorem 6.10. Let 0 < k < L%J and let us now assume ) € Agpo. Then there exist
coefficients ay,,, all non-zero such that

k+1
4k+6—2u 2u—2
P O ) =3 apuby-t-strug-uto s e (P D (p),
u=1

Moreover,

p(Q) (€2k+3 © §5k+3) =0« bg—4—2k+u,g—u =0 Vu= L., k+ 1.

P

Proof. The proof is very similar to the one given in Theorem 6.7, where by Remark 6.1
we must now compute
2k+2 r

P 0 ) =2mi[ Y D capy{FTI(0)75(0)

u=0 o,f=1

(2k+3 —u)
ul(4k +6 —u)!

By looking at the term inside the square brackets, we see that we must compute the
derivatives of order (h,l) of @ where h+ 1 =4k + 6 and 0 <[ < 2k + 2. Hence we have

to compute

(50)
h l h I
ZZ@@%MWWW%MW>Z@MMWWWW>
n=0 m=0 1<i<j<g—1

where h + [ = 4k + 6.
The first step is analogous to Lemma 6.4: if Q) € Ay we have

Z bij (wz(")w](m) - wfm)wj(.”))(p) =0 Vm+n<4k+3.
1<i<j<g-1
Then one immediately sees that in (50) we only have to consider the case n+m = 4k +4.
Now, after some computations which are analogous to the ones in Theorem 6.7, we get
k41

4k+6—2u 2u—2
p(Q)(éﬁkJrS © £§k+3) = Z ak,’ubg7472k+u,g7uw!§_4+_2k;+12 (p)wg(y—u )(p>:
u=1

where ay,,, # 0 for every u. Then we conclude as in Theorem 6.7 that
p(Q)(fzk—'—g © fgIH_S) =0& bg—4—2kz+u,g—u =0 Yu=1,..,k+1
Il

Remark 6.11. Let Q € Ayo. By Theorem 6.10, the linear condition p(Q)(&F ©
E2F3) = 0 gives a hyperplane in Ayg. Let us denote by

Ak,o,o = {Q € Ak,o : P(Q)(@%HS © 5§k+3) = 0}-
Following [7] we give the following definition

Definition 6.12. A nonzero direction ( € H'(Tg)" is said to be asymptotic if prp(Q)(C®
() =p(@Q)(COC)=0,VQ € I.
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Notice that saying that a nonzero element ¢ € H'(T¢)" is an asymptotic direction
means that the point [(] € PH!(T¢)" is in the base locus of the linear space of quadrics

pue(ly) C Sym?(HY(T¢)™)Y.

Remark 6.13. Recall that by Theorem 6.6 putting k = 0, a Schiffer variation at a
Weiestrass point &, is asymptotic. Moreover, moving a branch point in P!, one can see
that there exist algebraic curves in the hyperelliptic locus having these Schiffer variations
as tangent directions (see [12]).

Theorem 6.14. Let C' be hyperelliptic of genus g > 3 and p € C' be a Weierstrass point.

Then the asymptotic directions in the space VLﬁJ’ which is equal to { Zl), g’, ...,fgil) iof
2

1

g 1s even, and equal to ( o

fp:%-

Proof. By Remark 6.13 we know that the Schiffer variations at the Weierstrass points are

3, ...,53_2> if g is odd, are exactly the Schiffer variations

asymptotic.
To show that these are the only ones, we will prove the result when g is even, the case

g odd being very similar.
q—2

Let v € (§),65,...,607"), then v = Z Agi1&2 ! and let [ be the maximum odd integer

such \; # 0. We may assume [ > 3 since p(Q)(& © &) = —2mipna(Q)(p) = 0 for all
Q € I,. Then we have v € (&, ...,§Il,>. Since [ is odd, we have | = 2k + 1 for some integer
1<k< %. From Theorem 6.7 we know that there exists @) € Ker(us,_2) such that
P(Q)EFT @& 1) # 0 and p(Q)(&, © &) = 0 for every i,j < 2k — 1, i,j odd integers.
Then we have

PQ)(v © ) = 2hak 1 akp(Q)E T O G+
+)‘zk+1p(Q)(5§k+1 o gik-i-l)'

First, notice that for every k < 222 we have Ay_19 C Ker,,, , and Ay_100 C Ap_10. In
fact, dim Ker(por—2) > 3, since dim Ker(u,—4) = 3 by Theorem 3.1 and 2k —2 < g — 4.

If Aog—1 = 0, we simply take @ € Ax_10\ Ax—1,0,0 and we get p(Q)(vOv) # 0 as desired.
If Aoj—1 # 0, we choose Q € Ker(pog—2) \ Ax—1,0 and Q" € Ax_10 \ Ak—1,0,0.- Hence, for a
linear combination @) + a@)’, we get

p(Q + aQ/)(v Ov) = 2)\2k,1/\2k+1p(@(€gk—1 ® £§k+1)+

+>‘2k+1[ (Q)(fﬁkﬂ ®© fzkﬂ) -+ ap(Q’)(ézkH o £§k+1)]'
By the choice of ¢, we have P(Q/)(éﬁkﬂ © fzkﬂ) # 0, so if we take

Q) o )
Q)T 0 )

we get p(Q + aQ) (v O v) = 21 Aap1p(Q) (251 © EF ) #£ 0 since Q ¢ Ag_10.
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Remark 6.15. In |5, Corollary 3.4] it is shown that pyg is injective, so

(g—Dg—2)
2
for all k. For any hyperelliptic curve C' of genus g > 3 and for any Weiestrass point

dim pgg(Kerpug,) = dim Kerpug, = — k(29 — 2k — 3),

p € C, we have proven in Theorems 6.6, 6.7 that we have the following chain of subspaces
of quadrics in PHY(T¢)" and of corresponding mazimal isotropic subspaces in VL%J'

If g is odd:

pue(Ker(pug-3)) C pup(Ker(pg—s))... © pup(Ker(pu2)) S pup(l2);
Vs 2Vas 2.2 V1 2V = (&),

while if g is even we have

pre(Ker(pg-1)) S pue(Ker(pg—))... € pup(Ker(uz2)) C pup(l2),

Vs 2 Vs 2. 2 V1 2 Vo = (&)

Theorem 6.14 also allows us to give a bound for the dimension of a germ of a totally ge-
odesic submanifold of A, generically contained in the Hyperelliptic Torelli locus. Notice
that, nevertheless this bound is weaker than the one proven in |11, Theorem 6.2].

Corollary 6.16. Let Y be a germ of a totally geodesic submanifold of A, generically
contained in j(H,) passing through j(C), where C' is a hyperelliptic curve of genus g.

Then we have
3g+1

2 J:

Proof. We will prove it for g even, the case g odd is analogous.

Set W := Tj)Y C Hi(To)* and V = Va4 = (£}, .., &57"). We have dim(V) = §.
We claim that dim(V N W) < 1. Indeed, take v € V N W, then v is asymptotic, since Y

is totally geodesic. So, by Theorem 6.14 we know that v is a multiple of 5;. Hence we

dim(Y) < |

have
dim(V)+dim(W) — 1 < dim(V+W)< dimH (T¢)t = 29 — 1,

so dim(Y)= dim (W) <2g — £ = 3g. O

REFERENCES

[1] A. Beauville and J.-Y. Mérindol, Sections hyperplanes des surfaces K3, Duke Math. J. 55 (1987),
no. 4, 873-878. 2

[2] C. Ciliberto, J. D. Harris and R. Miranda, On the surjectivity of the Wahl map, Duke Math. J. 57
(1988), no. 3, 829-858. 2

[3] C. Ciliberto and R. Miranda, Gaussian maps for certain families of canonical curves, In: “Complex
projective geometry” (Trieste, 1989/Bergen, 1989), 106-127, London Math. Soc. Lecture Note Ser.,
179, Cambridge Univ. Press, Cambridge. 2

[4] E. Colombo and P. Frediani, Some results on the second Gaussian map for curves, Michigan Math.
J. 58 (2009), no. 3, 745-758. 2, 7, 11



30 D. FARO, P. FREDIANI, AND A. LACOPO

[5] E. Colombo and P. Frediani, Siegel metric and curvature of the moduli space of curves, Trans. Amer.
Math. Soc. 362 (2010), no. 3, 1231-1246. 3, 4, 18, 29

[6] E. Colombo, P. Frediani and A. Ghigi, On totally geodesic submanifolds in the Jacobian locus, Inter-
nat. J. Math. 26 (2015), no. 1, 1550005, 21 pp. 18

[7] E. Colombo, P. Frediani and G. P. Pirola, Asymptotic directions in the moduli space of curves, J.
Reine Angew. Math. 825 (2025), 267-303. 4, 27

[8] E. Colombo, G. P. Pirola and A. Tortora, Hodge-Gaussian maps, Ann. Scuola Norm. Sup. Pisa Cl.
Sci. (4) 30 (2001), no. 1, 125-146. 3, 18

[9] P. Frediani, Second fundamental form and higher Gaussian maps, In: “Perspectives on four
decades of algebraic geometry. Vol. 1. In memory of Alberto Collino”, 289-311, Progr. Math., 351,
Birkh#user/Springer, Cham. 3, 16, 18, 19, 23

[10] P. Frediani, A. Ghigi and M. Penegini, Shimura varieties in the Torelli locus via Galois coverings,
Int. Math. Res. Not. IMRN 2015, no. 20, 10595-10623. 4

[11] P. Frediani and G. P. Pirola, On the geometry of the second fundamental form of the Torelli map,
Proc. Amer. Math. Soc. 149 (2021), no. 3, 1011-1024. 3, 4, 18, 29

[12] V. Gonzalez-Alonso and S. Torelli, Families of curves with Higgs field of arbitrarily large kernel,
Bull. Lond. Math. Soc. 53 (2021), no. 2, 493-506. 28

[13] X. Lu and K. Zuo, The Oort conjecture on Shimura curves in the Torelli locus of hyperelliptic curves,
J. Math. Pures Appl. (9) 108 (2017), no. 4, 532-552. 3

[14] B. Moonen, The Coleman-Qort conjecture: reduction to three key cases, Bull. Lond. Math. Soc. 54
(2022), no. 6, 2418-2426. 3

[15] F. Oort and J. H. M. Steenbrink, The local Torelli problem for algebraic curves, In: “Journées
de Géometrie Algébrique d’Angers, Juillet 1979/Algebraic Geometry, Angers”, 1979, pp. 157204,
Sijthoff & Noordhoff, Alphen aan den Rijn—Germantown, Md. 2, 17

[16] C. Voisin, Sur Uapplication de Wahl des courbes satisfaisant la condition de Brill-Noether-Petri,
Acta Math. 168 (1992), no. 3-4, 249-272. 2

[17] J. M. Wahl, Gaussian maps on algebraic curves, J. Differential Geom. 32 (1990), no. 1, 77-98. 2

[18] J. M. Wahl, The Jacobian algebra of a graded Gorenstein singularity, Duke Math. J. 55 (1987),
no. 4, 843-871. 1, 2

DARIO FARO, UNIVERSITA DEGLI STUDI DI MILANO STATALE, DIPARTIMENTO DI MATEMATICA,
VIA SALDINI 50, 20123 MILANO, ITALY

FE-mail address: dario.faro@unimi.it

PAoLA FREDIANI, UNIVERSITA DEGLI STUDI DI PAVIA, DIPARTIMENTO DI MATEMATICA, VIA FER-
RATA 1, 27100 Pavia, ITALY

FE-mail address: paola.frediani@unipv.it

ANTONIO LACOPO, UNIVERSITA DEGLI STUDI DI PAVIA, DIPARTIMENTO DI MATEMATICA, VIA
FERRATA 1, 27100 PaviA, ITALY

E-mail address: antonio.lacopoOl@universitadipavia.it



	1. Introduction
	2. Gaussian maps
	3. Rank of higher order Gaussian maps on hyperelliptic curves
	4. Schiffer variations and Weierstrass points
	5. Second fundamental form of the Hyperelliptic Torelli locus
	6. Isotropic subspaces
	References

