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Abstract. In this paper we study higher even Gaussian maps of the canonical bundle
on hyperelliptic curves and we determine their rank, giving explicit descriptions of their
kernels. Then we use this descriptions to investigate the hyperelliptic Torelli map jh

and its second fundamental form. We study isotropic subspaces of the tangent space
THg,[C] to the moduli space Hg of hyperelliptic curves of genus g at a point [C], with
respect to the second fundamental form ρHE of jh. In particular, for any Weierstrass
point p ∈ C, we construct a subspace Vp of dimension b g2c of THg,[C] generated by higher
Schiffer variations at p, such that the only isotropic tangent direction ζ ∈ Vp for the
image of ρHE is the standard Schiffer variation ξp at the Weierstrass point p ∈ C.

1. Introduction

The purpose of this paper is twofold. On the one hand we study higher even Gaussian
maps of the canonical bundle on hyperelliptic curves and we determine their rank, giving
an explicit description of their kernels. On the other hand, we use this description to
investigate the local geometry of the image via the Torelli map of the moduli space Hg

of hyperelliptic curves of genus g in the moduli space Ag of principally polarised abelian
varieties of dimension g.

Let C be a hyperelliptic curve of genus g ≥ 3. Denote by I2 the kernel of the multipli-
cation map

µ0 : S2H0(C,KC)→ H0(C,K⊗2
C )+,

where H0(C,K⊗2
C )+ denotes the invariant subspace of H0(C,K⊗2

C ) under the action of
the hyperelliptic involution. The canonical map is the composition of the 2 : 1 map
π : C → P1 with the (g − 1)− th Veronese embedding νg−1 : P1 → Pg−1, hence the space
I2 is identified with the vector space of quadrics containing the rational normal curve
νg−1(P1) in Pg−1. The second Gaussian map µ2 is a linear map

µ2 : I2 = Ker(µ0)→ H0(C,K⊗4
C ),

and more generally, for any k ≥ 1, the 2k-th Gaussian map is a linear map

µ2k : Ker(µ2k−2)→ H0(C,K⊗2k+2
C ).

These maps were introduced by Wahl in [18]. One can also define odd Gaussian maps,
each one being defined on the kernel of the previous one. The most important and studied
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one is the first Wahl map:

µ1 : ∧2H0(C,KC)→ H0(C,K⊗3
C ).

It was proven by Wahl that if C sits on a K3 surface, then the first Wahl map µ1 is
not surjective (see [18], see also [1]). On the other hand, Ciliberto, Harris and Miranda
proved that for the general curve of genus g ≥ 10, g 6= 11, µ1 is surjective (see [2], [16]
for another proof).

If C is a hyperelliptic curve, it was proven in [17], [3] that the rank of µ1 is 2g − 3,
while in [4] it was shown that the rank of µ2 is 2g − 5.

Our first main result is the following

Theorem 1.1. (See Theorem 3.1) Let C be a hyperelliptic curve of genus g ≥ 3 . Then
for every 0 ≤ k ≤ g−1

2

(1) Rank(µ2k) = 2g − (4k + 1),

(2) dim(Ker(µ2k)) =
(g − 1)(g − 2)

2
− k(2g − 2k − 3).

Then, for every k > bg−1
2
c the domain of µ2k is 0, hence Rank(µ2k) = 0.

From this we immediately see (Remark 3.2) that if g is odd we have the following chain
of inclusions:

0 = Ker(µg−1) ( Ker(µg−3) ( ... ( Ker(µ2) ( I2;

while if g is even we have

0 = Ker(µg−2) ( Ker(µg−4) ( ... ( Ker(µ2) ( I2.

Denote by Hg the hyperelliptic locus inMg and by

jh : Hg → Ag

the restriction of the Torelli map to Hg.
The map jh is an orbifold immersion (see [15]). The main tool for studying the local

geometry of the hyperelliptic Torelli locus jh(Hg) ⊂ Ag is the second fundamental form
of the map jh. Recall that the moduli space Ag is the quotient of the Siegel space
Sp(2g,R)/U(g) under the action of Sp(2g,Z). We endow Ag with the Siegel metric, that
is the orbifold metric induced by the symmetric metric on the Siegel space. The second
fundamental form of jh is a map

ρHE : N∗Hg |Ag → Sym2Ω1
Hg ,

where N∗Hg |Ag denotes the conormal bundle of jh(Hg) in Ag. At a point [C] ∈ Hg, ρHE is
therefore a linear map

ρHE : I2 → Sym2(H0(C,K⊗2
C )+).
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One of the main problems in the study of the local geometry of the image of the
hyperelliptic locus in Ag under the Torelli map is to investigate the existence of totally
geodesic subvarieties of Ag contained in the hyperelliptic locus.

This is related with the hyperelliptic Coleman-Oort conjecture, that says that for g ≥ 8

there do not exist positive dimensional special subvarieties of Ag generically contained in
the hyperelliptic Torelli locus, namely contained in the closure of jh(Hg) and intersecting
jh(Hg). This conjecture was recently proven by Moonen [14], generalising a previous
result of Lu and Zuo [13].

In fact, special subvarieties are totally geodesic, hence the study of the second funda-
mental form is related with the above problem.

Here we take a different viewpoint, namely, we are interested in the behaviour of the
second fundamental form of the map jh in relation with higher even Gaussian maps.

In [5] it was proven that the map ρHE can be expressed in terms of the Hodge Gaussian
map ρ introduced in [8] and that it is injective. An important property proven in [8] is a
formula computing, for any Q ∈ I2, the Hodge Gaussian map ρ(Q) on Schiffer variations
at points p on any curve C in terms of the second Gaussian map µ2(Q).

This property is one main tool used in [11, Theorem 6.2] to show that the maximal
dimension of a germ of a totally geodesic subvariety of Ag contained in the hyperelliptic
locus is g + 1.

In the case of hyperelliptic curves, the result of [5, section 5] gives an expression for
ρHE(Q) on the Schiffer variation ξp ∈ H1(C, TC)+ at a Weierstrass point p ∈ C, in terms
of the second Gaussian map. This allows to show that ρHE(Q)(ξp � ξp) = 0, for any
Weierstrass poin p (see Remark 6.13).

In [9], a relation between higher even Gaussian maps µ2k of the canonical bundle on
a smooth projective curve of genus g ≥ 4 and the Hodge Gaussian map ρ is given,
generalising the above result.

Here we exploit similar techniques to compute ρHE(Q) for quadrics Q contained in the
kernel of higher Gaussian maps on certain tangent directions given by odd higher Schiffer
variations ξ2k+1

p ∈ H1(C, TC)+ at a Weierstrass point p ∈ C. We refer to Section 4 for
the definition of higher Schiffer variations. In a local coordinate centered at a point p,
the element ξnp ∈ H1(C, TC) has a Dolbeault representative given by ∂̄ρp

zn
∂
∂z
, where ρp is a

bump function in p which is equal to one in a small neighborhood U containing p. If p
is a Weierstrass point and n is odd, one immediately sees that ξnp is invariant under the
hyperelliptic involution, hence it is tangent to the hyperelliptic locus.

So, for any k ≤ 2g − 3, consider the (k + 1)-dimensional subspace

Vk := 〈ξ1
p , ξ

3
p , ..., ξ

2k+1
p 〉 ⊂ H1(TC)+.

We prove the following

Theorem 1.2. (See Theorems 6.6, 6.7).
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(1) Let 0 ≤ k ≤ bg−3
2
c and let Q ∈ Ker(µ2k). Then we have

ρHE(Q)(ξlp � ξmp ) = 0 ∀l +m ≤ 4k + 3, l,m odd.

This implies that the subspace Vk = 〈ξ1
p , ξ

3
p , ..., ξ

2k+1
p 〉 ⊂ H1(TC)+ is isotropic for

ρHE(Q), ∀Q ∈ Ker(µ2k).

(2) There exists Q ∈ Ker(µ2k) such that ρ(Q)(ξ2k+1
p � ξ2k+3

p ) 6= 0. Hence the subspace
Vk+1 = 〈ξ1

p , ..., ξ
2k+1
p , ξ2k+3

p 〉 ⊂ H1(TC)+ is not isotropic for ρHE(Ker(µ2k)).

Following [7] we call a nonzero direction ζ ∈ H1(TC)+ asymptotic if

ρHE(Q)(ζ � ζ) = 0, ∀Q ∈ I2.

Clearly tangent directions to totally geodesic subvarieties are asymptotic directions. No-
tice that saying that a nonzero element ζ ∈ H1(TC)+ is an asymptotic direction means
that the point [ζ] ∈ PH1(TC)+ is in the base locus of the linear space of quadrics
ρHE(I2) ⊂ Sym2(H1(TC)+)∨. In [5] it is shown that ρHE is injective, hence the im-
age of ρHE in Sym2(H1(TC)+)∨ has dimension (g−1)(g−2)

2
. So ρHE(I2) is a linear system

of quadrics in P(H1(C, TC)+) ∼= P2g−2 of dimension (g−1)(g−2)
2

.
Thus if g ≤ 5, there are asymptotic directions, in fact there are also examples of special

subvarieties of Ag of positive dimension generically contained in the hyperelliptic locus
(see e.g. [10]).

On the other hand, for g sufficiently high one would expect that the intersection of a
space of quadrics of dimension (g−1)(g−2)

2
in P2g−2 would be empty, hence that asymptotic

directions would not exist. This is not true because Schiffer variations at Weierstrass
points are asymptotic directions (see Remark 6.13). On the other hand we prove the
following

Theorem 1.3. (See Theorem 6.14).
Let C be a hyperelliptic curve of genus g ≥ 3 and p ∈ C be a Weierstrass point. Then

the asymptotic directions in the space Vb g−2
2
c are exactly the Schiffer variations ξp = ξ1

p.

Finally, we show that Theorem 6.14 also allows us to deduce Corollary 6.16, which gives
a bound for the dimension of a germ of a totally geodesic submanifold of Ag, generically
contained in the Hyperelliptic Torelli locus. Nevertheless this is weaker than the one
already proven in [11, Theorem 6.2].

The structure of the paper is as follows.
In Section 2 we recall the definition and basic properties of Gaussian maps. In Section

3 we determine the kernel of all even higher Gaussian maps on the hyperelliptic locus and
we compute their rank, proving Theorem 1.1. In Section 4 we define and give the basic
properties of higher Schiffer variations. In Section 5 we recall the definition and some
results on the second fundamental form of the hyperelliptic Torelli map jh. Finally in
Section 6 we prove Theorems 1.2, 1.3 and their consequences (Remark 6.15 and Corollary
6.16).
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2. Gaussian maps

Let C be a smooth curve of genus g, and let L and M be two line bundles on C. In
this section we recall the definition of the (higher) Gaussian maps on C associated with
the line bundles L and M .

Set S := C×C and let ∆ ⊂ S be the diagonal. Take a non-negative integer k, then the
k-th Gaussian (or Wahl map) associated with L and M is the map given by restriction
to the diagonal

H0(S, L�M(−k∆))
Φk,L,M−→ H0(S, L�M(−k∆)|∆) ∼= H0(C,L⊗M ⊗K⊗kC ).

We will only consider the case L = M , and we set Φk,L := Φk,L,L. Since we have
the identification H0(S, L �M) ∼= H0(C,L) ⊗ H0(C,M), the map Φ0,L is given by the
multiplication map of global sections

H0(C,L)⊗H0(C,L)→ H0(C,L⊗2),

which vanishes identically on ∧2H0(C,L). Then we have

ker Φ0,L = H0(S, L� L(−∆)) ∼= ∧2H0(C,L)⊕ I2(L),

where I2(L) is the kernel of the multiplication map µ0,L : S2H0(C,L) → H0(C,L⊗2).
Since Φ1,L vanishes on symmetric tensors, one writes

µ1,L := Φ1,L|∧2H0(L) : ∧2H0(L)→ H0(KC ⊗ L⊗2).

Take a local frame l for L, local coordinate z and two sections s1, s2 ∈ H0(C,L) with
si = fi(z)l. Then we have

µ1,L(s1 ∧ s2) = (f ′1f2 − f ′2f1)dz ⊗ l2.(3)

Consequently, the zero divisor of µ1,L(s1∧ s2) is 2B+R, where B is the base locus of the
pencil 〈s1, s2〉 and R is the ramification divisor of the associated morphism.

Again H0(S, L�L(−2∆)) decomposes as the sum of I2(L) and the kernel of µ1,L. Since
Φ2,L vanishes on skew-symmetric tensors, we write

µ2,L := Φ2,L|I2(L) : I2(L)→ H0(C,L⊗2 ⊗K⊗2
C ).

We will denote by µ2 the second gaussian map of the canonical line bundle KC on C:

µ2 := µ2,KC : I2(KC)→ H0(K⊗4
C ).

In general, since even Gaussian maps vanish on antisymmetric tensors and odd Gauss-
ian maps vanish on symmetric tensors, for all k ≥ 1, we set

(4) µ2k,L := Φ2k,L|Ker(µ2k−2,L)
: Ker(µ2k−2,L)→ H0(L⊗2 ⊗K⊗2k

C ).

(5) µ2k+1,L := Φ2k+1,L|Ker(µ2k−1,L)
: Ker(µ2k−1,L)→ H0(L⊗2 ⊗K⊗2k+1

C ).



6 D. FARO, P. FREDIANI, AND A. LACOPO

We will now give a local expression for these Gaussian maps.
Choose a basis η1, ..., ηr of H0(L), whose local expressions is ηi = fi(z)l, where l is a

local frame for L. Assume now that Q =
∑

ij aijηi ⊗ ηj ∈ I2(L), with aij = aji. Then we
have: ∑

ij

aijfi(z)fj(z) = 0,

since Q ∈ I2(L). Derivating we get
∑

ij aijf
′
i(z)fj(z) = 0, and taking another derivative,

we obtain ∑
ij

aijf
(2)
i (z)fj(z) = −

∑
ij

aijf
′
i(z)f ′j(z).

Then

µ2,L(Q) =
∑
ij

aijf
(2)
i (z)fj(z)dz⊗2 ⊗ l⊗2 = −

∑
ij

aijf
′
i(z)f ′j(z)dz⊗2 ⊗ l⊗2.

In general Q =
∑

ij aijηi ⊗ ηj ∈ Ker(µ2k−2,L) if and only if

(6)
∑
i,j

aijf
(h)
i (z)f

(n)
j (z) ≡ 0, ∀h, n, such that h+ n ≤ 2k − 1.

Moreover, ∀n = 0, ..., 2k, we have:

(7) µ2k,L(Q) = (−1)n
∑
i,j

aijf
(2k−n)
i (z)f

(n)
j (z)dz⊗2k ⊗ l⊗2.

Analogously, α =
∑

i<j aij(ηi ∧ ηj) ∈ Ker(µ2k−1,L) if and only if∑
i<j

aij(f
(h)
i (z)f

(n)
j − f

(n)
i (z)f

(h)
j )(z) ≡ 0, ∀h, n, such that h+ n ≤ 2k

and we have

(8) µ2k+1,L(α) = (−1)n
∑
i<j

aij(f
(2k+1−n)
i (z)f

(n)
j (z)− f (2k+1−n)

j (z)f
(n)
i (z))dz⊗2k+1 ⊗ l⊗2.

for every n = 0, ..., 2k + 1.

Remark 2.1. Observe that for every k ≥ 1

(9) Ker(Φ2k,L) = Ker(µ2k,L)⊕Ker(µ2k−1,L),

and from the definition of µk,L we have the inclusions:

... ⊂ Ker(µ2k,L) ⊂ Ker(µ2(k−1),L) ⊂ ... ⊂ Ker(µ2,L) ⊂ I2 = Ker(µ0,L);(10)

... ⊂ Ker(µ2k+1,L) ⊂ Ker(µ2k−1,L) ⊂ ... ⊂ Ker(µ1,L).(11)
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3. Rank of higher order Gaussian maps on hyperelliptic curves

Let C be a hyperelliptic curve of genus g ≥ 3, L be the line bundle giving the g1
2. Set

M = KC ⊗ L∨ and π : C → P1 the map induced by |L|. Denote by νn : P1 ↪→ Pn the nth

Veronese embedding. Recall that the canonical map is given by the composition νg−1 ◦π,
so

KC
∼= π∗(OP1(g − 1)) ∼= L⊗(g−1)

and M ∼= L⊗(g−2). Then H0(C,M) ∼= H0(P1,OP1(g − 2)) has dimension g − 1.
Denote by Φk, µk, the Gaussian maps Φk,KC and µk,KC . The main result of this section

is the computation of the rank of higher Gaussian maps for any hyperelliptic curve of
any genus. More precisely we are going to prove the following:

Theorem 3.1. Let C be a hyperelliptic curve of genus g ≥ 3 . Then for every 0 ≤ k ≤ g−1
2

(12) Rank(µ2k) = 2g − (4k + 1),

(13) dim(Ker(µ2k)) =
(g − 1)(g − 2)

2
− k(2g − 2k − 3).

Then, Rank(µ2k) = 0 for every k > bg−1
2
c.

Notice that the result was already known for µ2 (see [4]).

Remark 3.2. By Theorem 3.1, it is immediate to see that if g is odd we have the following
chain of inclusions:

0 = Ker(µg−1) ( Ker(µg−3) ( ... ( Ker(µ2) ( I2(KC);

while if g is even we have

0 = Ker(µg−2) ( Ker(µg−4) ( ... ( Ker(µ2) ( I2(KC).

Notice that if g is odd, dim(Ker(µg−3)) = 1, and if g is even dim(Ker(µg−4)) = 3.

Let us first recall the following well known result (see for example [4]).

Lemma 3.3. Let C be a hyperelliptic curve of genus g ≥ 3. Let |L| be the g1
2. Set

M = KC ⊗ L∨, let ω1, ..., ωg−1 be a basis for H0(M) and let 〈s, t〉 be a basis for H0(L).
Then the map defined by

Λ2H0(M)
ψ−→ I2

ωi ∧ ωj → Qij := sωi � tωj − sωj � tωi,

is an isomorphism. In particular, observe that {Qij} gives a basis for I2.

In [4, Lemma 4.1] it is shown the following

Lemma 3.4. For any Qij as in the previous lemma:

µ2(Qij) = µ1,L(s ∧ t)µ1,M(ψ−1(Qij)),
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where with the expression

(14) µ1,L(s ∧ t)µ1,M(ψ−1(Qij))

we mean the image of µ1,L(s ∧ t)⊗ µ1,M(ψ−1(Qij)) under the multiplication map

(15) H0(KC ⊗ L⊗2)⊗H0(KC ⊗M⊗2)→ H0(K⊗4
C ).

Observe that from Lemma 3.4 it follows that Rank(µ2) = Rank(µ1,M) since µ1,L(s ∧ t)
is a nonzero section in H0(KC ⊗L⊗2). Indeed the zero locus of µ1,L(s∧ t) is given by the
base locus of |L| together with the ramification divisor of the induced morphism (recall
(3)).

We start generalizing Lemma 3.4 to any higher-order Gaussian maps. We use the same
notations as in Lemma 3.3

Lemma 3.5. Let k ≥ 0 be an integer and let

Q =
∑

1≤i<j≤g−1

aijQij ∈ Ker(µ2k).

Then

(i) for any k ≥ 1 ∑
1≤i<j≤g−1

aij(ωi ∧ ωj) ∈ Ker(µ2k−1,M),

(ii) for any k ≥ 0

µ2k+2(Q) = (k + 1)µ1,L(s ∧ t)µ2k+1,M(
∑

1≤i<j≤g−1

aij(ωi ∧ ωj)) ∈ H0(K⊗2k+4
C ),

Proof. Let us proceed by induction. When k = 0 (ii) is Lemma 3.4, and when k = 1 (i)

it is an immediate consequence of the hypothesis µ2(Q) = 0 together with Lemma 3.4.

Now take n ≥ 2 and suppose that (ii) holds for every 0 ≤ k < n − 1 and (i) holds
for every 1 ≤ k < n. We are going to prove that (ii) holds for k = n − 1, which
automatically implies that (i) holds for k = n. Set k = n− 1 and suppose that

Q =
∑

1≤1<j≤g−1

aijQij ∈ Ker(µ2k).

On some open sets write

ωi = fidz ⊗ T∨, t = fT and s = gT,

where fi is a holomorphic function and T is a local generator on L. From the definition
of Qij in Lemma 3.3, it follows that we can write locally Q as

(16)
∑

1≤1<j≤g−1

aijQij =
∑

aij(ffidz � gfjdz − ffjdz � gfidz),
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where we can take z to be a local coordinate on C. Then, by definition

µ2k+2(
∑

1≤1<j≤g−1

aijQij)

=
∑

1≤1<j≤g−1

aij((ffi)
(k+1)(gfj)

(k+1) − (ffj)
(k+1)(gfi)

k+1)dz⊗(2k+4).(17)

Observe that the latter expression can be written as

=

[ ∑
1≤i<j≤g−1

aij

k+1∑
h=0

(
k + 1

h

)
f (k+1−h)f

(h)
i

k+1∑
l=0

(
k + 1

l

)
g(k+1−l)f

(l)
j

]
dz⊗(2k+4)

(18)

−

[ ∑
1≤i<j≤g−1

aij

k+1∑
h=0

(
k + 1

h

)
f (k+1−h)f

(h)
j

k+1∑
l=0

(
k + 1

l

)
g(k+1−l)f

(l)
i

]
dz⊗(2k+4)

=

[
k+1∑
h,l=0

(
k + 1

h

)(
k + 1

l

)
f (k+1−h)g(k+1−l)

∑
1≤i<j≤g−1

aij(f
(h)
i f

(l)
j − f

(h)
j f

(l)
i )

]
dz⊗(2k+4)

(19)

By hypothesis Q ∈ Ker(µ2k) and hence from the inductive hypothesis

µ2k−1,M(
∑

1≤i<j≤g−1

aij(ωi ∧ ωj)) = 0.

Then using (6) and (17) it follows that for every h+ l ≤ 2k∑
1≤i<j≤g−1

aij(f
(h)
i f

(l)
j − f

(h)
j f

(l)
i ) ≡ 0.

Then (19) becomes[(
k + 1

k

)
fg(1)(

∑
1≤i<j≤g−1

aij(f
(k+1)
i f

(k)
j − f

(k+1)
j f

(k)
i )

]
dz⊗(2k+4)+[(

k + 1

k

)
f (1)g(

∑
1≤i<j≤g−1

aij(f
(k)
i f

(k+1)
j − f (k)

j f
(k+1)
i )

]
dz⊗(2k+4).

This is just[(
k + 1

k

)
(fg(1) − f (1)g)(

∑
1≤i<j≤g−1

aij(f
(k+1)
i f

(k)
j − f

(k+1)
j f

(k)
i )

]
dz⊗(2k+4),

which is equal to

(k + 1)µ1,L(t ∧ s)µ2k+1,M(
∑

1≤i<j≤g−1

aij(ωi ∧ ωj)),

and so (ii) holds. �
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In the following lemma, we are going to describe the equations of the loci

... ⊂ Ker(µ2k) ⊂ Ker(µ2(k−1)) ⊂ ... ⊂ Ker(µ2) ⊂ I2 = Ker(µ0).

Consider a hyperelliptic curve given by the affine equation:

(20) y2 =

2g+2∏
i=1

(x− ti).

For simplicity from now on we will assume t1 = 0, so |M | = |KC(−2p)|, where p is the
Weierstrass point (0, 0) in affine coordinates. Consider the basis

(21) {α0 =
dx

y
, α1 =

xdx

y
, ..., αg−1 =

xg−1dx

y
}

of H0(KC). Then a basis of H0(M) is given by

(22) {α1 =
xdx

y
, ..., αg−1 =

xg−1dx

y
}.

Set S = C × C, and let ∆ be the diagonal as usual. Then we have the following
commutative diagram of exact sequences

(23)
0 (M �M)(−(k + 1)∆) (M �M)(−k∆) (M �M)(−k∆)|∆ 0

0 (KC �KC)(−(k + 1)∆) (KC �KC)(−k∆) (KC �KC)(−k∆)|∆ 0

So, taking global sections we get

(24)

H0(S, (M �M)(−k∆)) H0(S, (M �M)(−k∆)|∆

H0(S, (KC �KC)(−k∆)) H0(S, (KC �KC)(−k∆)|∆)

Φk,M

Φk

Hence the corresponding diagram for the even order Gaussian maps:
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(25)

Ker(µ2k−2,M) H0(C,M⊗2 ⊗K⊗2k
C )

Ker(µ2k−2) H0(C,K⊗2k+2
C )

µ2k,M

µ2k

Hence to compute the Gaussian maps µ2k,M , we compute the restriction of the Gaussian
maps of the canonical bundle µ2k to the subspace Ker(µ2k−2,M) of Ker(µ2k−2).

The equations of Ker(µ2) in I2 in terms of this basis have already been described in
the proof of [4, Proposition 4.2]. Indeed we have the following

Lemma 3.6. Let
Q =

∑
1≤i<j≤g−1

aijQij ∈ I2,

Qij as in 3.3, with respect to the basis of H0(M) given by αi = xi dx
y
, for i = 1, ..., g − 1.

Then Q ∈ Ker(µ2) if and only if for all 3 ≤ l ≤ 2g − 3

(26)
∑

1≤i<j
i+j=l

aij(j − i) = 0.

Now we generalize the approach in [4]. The strategy is to use Lemma 3.5 together with
the explicit description of the basis α0, ..., αg−1 of the H0(C,KC) for a hyperelliptic curve
C. We have the following result.

Lemma 3.7. Let
Q =

∑
1≤i<j≤g−1

aijQij ∈ I2,

with Qij = sαi�tαj−sαj�tαi as in 3.3, for i = 1, ..., g−1. For any k ≥ 2, Q ∈ Ker(µ2k)

if and only if

• ∀ 3 ≤ l ≤ 2g − 3, ∑
1≤i<j
i+j=l

aij(j − i) = 0,

• ∀ 2 ≤ m ≤ k, ∀ 2m− 1 ≤ l ≤ 2g − 3,

(27)
∑

1≤i<j
i+j=l
i≥m−1,
j≥m−1

aij(j − i)ij(i− 1)(j − 1)...(i− (m− 2))(j − (m− 2)) = 0.

Proof. We will argue locally. Take the basis of H0(C,KC) given in (21) and the one
for H0(C,M) given in (22). We will proceed by induction on k. The thesis holds for
k = 1 by Lemma 3.6. Now we suppose that the thesis holds for k − 1, k ≥ 2 and take
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Q ∈ Ker(µ2k−2). Since Q also belongs to the previous kernels, proving the lemma is
equivalent to prove that Q ∈ Ker(µ2k) if and only if

(28)
∑

1≤i<j
i+j=l
i≥k−1,
j≥k−1

aij(j − i)ij(i− 1)(j − 1)...(i− (k − 2))(j − (k − 2)) = 0,

for all 2k − 1 ≤ l ≤ 2g − 3. Using lemma 3.5 we have that µ2k(Q) = 0 if and only if
µ2k−1,M(

∑
1≤i<j≤g−1

aij(αi ∧ αj)) = 0, that is if and only if

(29)
∑

1≤i<j≤g−1

aij((x
i)(k−1)(xj)(k) − (xi)(k)(xj)(k−1)) ≡ 0,

where we are taking x as local coordinate. Observe that (29) is equal to∑
1≤i<j≤g−1
i≥k−1
j≥k

aiji...(i− (k − 2))x(i−(k−1))j...(j − (k − 1))xj−k(30)

−
∑

1≤i<j≤g−1
i≥k

j≥k−1

aiji...(i− (k − 1))x(i−k)j...(j − (k − 2))xj−(k−1),(31)

which can be written after some simple algebraic manipulations as

(32)
∑

1≤i<j≤g−1
i≥k−1
j≥k−1

x(i+j−(2k−1))aiji...(i− (k − 2))j...(j − (k − 2))(j − i).

So we have shown that for Q ∈ Ker(µ2k−2), µ2k(Q) = 0 if and only if for every 2k − 1 ≤
l ≤ 2g − 3 ∑

1≤i<j≤g−1
i+j=l
i≥k−1
j≥k−1

aij(j − i)i...(i− (k − 2))j...(j − (k − 2)) = 0.

This concludes the proof. �

Now we come to the proof Theorem 3.1. The strategy of the proof is clear: we have to
determine the number of linearly independent equations in (27).

Proof of Theorem 3.1. We will start introducing some notations. For every i, j such that
1 ≤ i < j ≤ g − 1, for every l = 3, ..., 2g − 3, let (wl)

2 the vector whose coordinates are

(wl)
2
ij =

(j − i) if i+ j = l

0 if i+ j 6= l

which are the coefficients of the l-th equation of the set of equations given in Lemma
3.7, describing Ker(µ2), ordered by increasing values of i. For every 2 ≤ r ≤ k and
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l = 2r − 1, ..., 2g − 3, let w(2r)
l be the vector whose coordinates are

(33)

(wl)
(2r)
ij =

(j − i)ij(i− 1)(j − 1)...(i− (r − 2))(j − (r − 2)) if i+ j = l, i, j ≥ r − 1

0 if i+ j 6= l, or 1 ≤ i ≤ r − 2.

which are the coefficients of the l-th equation of the set of equations which describe
Ker(µ2r) inside (Ker(µ2(r−1))), ordered by increasing values of i.

For any 3 ≤ l ≤ 2g − 3 set

(34) nl = #{(i, j) : 1 ≤ i < j ≤ g − 1, i+ j = l}.

and let B′k,l be the k × nl matrix whose rth row, 1 ≤ r ≤ k, are the nl coordinates of
w

(2r)
l corresponding to the indexes (i, j) such that i+ j = l.

Observe that B′k,l is just the matrix with rows w(2)
l , ..., w

(2k)
l where we have removed

the entries corresponding to i + j 6= l. Notice that these entries are all 0 for all the
vectors w(2r)

l .

Define ck,l = min{nl, k} and let Bk,l be the minor of B′k,l of order ck,l given by the first
ck,l rows and ck,l columns. We are going to prove that it is not zero for all 3 ≤ l ≤ 2g− 3

by induction on k.

Consider first the case k = 2. Observe that if l = 3, 4, 2g − 4, 2g − 3, then nl = 1.
In this case B2,l = j − i > 0 where (i, j) is the only pair such that i + j = l. If
5 ≤ l ≤ 2g − 5 then nl ≥ 2 and c2,l = min(2, nl) = 2 and we have

B2,l =

(
j − i j − i− 2

ij(j − i) (j − i− 2)(i+ 1)(j − 1)

)
where i is the minimum such that i+ j = l. Observe that

det(B2,l) = (j − i)(j − i− 2)det

(
1 1

ij (i+ 1)(j − 1)

)
Set

A2,l :=

(
1 1

ij (i+ 1)(j − 1)

)
Subtracting the first column of A2,l from the second we obtain the matrix(

1 0

ij j − i− 1

)
whose determinant is j − i− 1 > 0. Now assume that for every 2 ≤ k0 ≤ k and for every
3 ≤ l ≤ 2g − 3, Bk,l is not zero. We want to prove that the same holds for k + 1. If
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nl ≤ k, then nl < k+ 1, ck+1,l = min{nl, k} = nl and Bk+1,l = Bk,l. In this case, we have
nothing to prove. Assume then nl > k. Then ck+1,l = min{nl, k + 1} = k + 1. Then
Bk+1,l is the following (k + 1)× (k + 1) matrix



j − i j − i− 2 ... j − i− 2k

(j − i)ji (j − 2− i)(i+ 1)(j − 1) ... (j − i− 2k)(j − k)(i+ k)

. . . .

. . . .

. . . .

(j − i)ji...(j − (k + 1− 2))(i− (k + 1− 2)) ... (j − i− 2k)(j − k)(i+ k)...(j − 2k + 1)(i+ 1)


where i is the minimum such that i + j = l and where we mean that every entry in the
r-th row, 1 ≤ r ≤ k + 1 (corresponding to an index (i, j)) is zero whenever i ≤ r − 1.

The determinant of the above matrix is equal to the product of (j − i)...(j − i − 2k)

by the determinant of the following matrix



1 1 ... 1

ji (i+ 1)(j − 1) ... (j − k)(i+ k)

. . . .

. . . .

. . . .

(j − i)ji...(j − (k + 1− 2))(i− (k + 1− 2)) ... (j − k)(i+ k)...(j − 2k + 1)(i+ 1)


Now consider the matrix above and subtract each column to the previous one. Then

one gets a matrix



1 0 ... 0

ji (j − 1)− i ... (j − 1)− i− 2(k − 1)

. . . .

. . . .

. . . .

(j − i)ji...(j − (k + 1− 2))(i− (k + 1− 2)) ... (j − 1− i− 2(k − 1))(j − 1− (k − 1))(i+ k − 1)...(j − 2(k − 1) + 1)(i+ 1)


.

Observe that


(j − 1)− i ... (j − 1)− i− 2(k − 1)

. . .

. . .

. . .

(j − 1− i)(j − 1)i...((j − 1− (k − 2)))(i− ((k − 2))) ... (j − 1− i− 2(k − 1))(j − 1− (k − 1))(i+ k − 1)...(j − 2(k − 1) + 1)(i+ 1)

 .

is Bk,l−1 (where as we have already said, we mean that every entry corresponding to a
index (i, j) in the r-th row, 1 ≤ r ≤ k is zero whenever i ≤ r − 1. The matrix has not
zero determinant by the inductive hypothesis. Hence we have shown, by induction, that
for any 3 ≤ l ≤ 2g − 3 and for any k ≥ 2, (wl)

2,...,(wl)2k impose exactly ck,l linearly
independent conditions.

Now let sk be the number of the indexes l such that ck,l > ck−1,l. Observe that the
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condition ck,l > ck−1,l is equivalent to say that l-th equations of Ker(µ2k) are indepen-
dent from the l-th equations of Ker(µ2), ..., Ker(µ2(k−1)). Then we have

(35) dim(Ker(µ2k) = dimKer(µ2(k−1))− sk.

Notice that ck,l > ck−1,l if and only if k− 1 < nl. We claim that this happens if and only
if 2k + 1 ≤ l ≤ 2g − (2k + 1).

In fact, if 2k + 1 ≤ l ≤ 2g − (2k + 1), we have at least k coordinates (i, j) such that
i+ j = l. Indeed write l as l = 2k + 1 +m, 0 ≤ m ≤ 2g − 2(2k + 1) (where we are using
the assumption 2g − 2(2k + 1) ≥ 0).
If l is odd (equivalently m is even), these are given by

(i, j) = (1 +
m

2
, 2k +

m

2
), ..., (k +

m

2
, k + 1 +

m

2
)

These are easily seen to be admissible indexes (i, j), that is they satisfy 1 ≤ i < j, i+j = l

and j ≤ g − 1. If l is even (equivalently m is odd), these are given by

(i, j) = (1 + bm
2
c, 2k + bm

2
)c, ..., (k + bm

2
c, k + 2 + bm

2
c).

This shows that nl ≥ k.
On the other hand, if l ≤ 2k or l ≥ 2g − 2k, it is easy to see that the number of

admissible indexes (i, j) such that i+ j = l is strictly less than k. We then conclude that
sk = 2g−(2k+1)−2k = 2g−(4k+1) and hence dim(Ker(µ2k) = dimKer(µ2(k−1))−sk =

dimKer(µ2(k−1))− (2g − (4k + 1)). So we have proven that Rank(µ2k) = 2g − (4k + 1).
By the equality: dim(Ker(µ2k)) = dimKer(µ2(k−1))− (2g − (4k + 1)), and using that

dim(I2) = (g−1)(g−2)
2

, we get

dim(Ker(µ2k)) =
(g − 1)(g − 2)

2
−

k∑
i=1

(2g − (4i+ 1)) =
(g − 1)(g − 2)

2
+ k(2k− 2g + 3),

for every k ≤ g−1
2
. So if g is odd and k = g−1

2
, we have dim(Ker(µ2k)) = dim(Ker(µg−1)) =

0, hence for k > g−1
2
, µ2k ≡ 0. If g is even, and k = g−2

2
, we have dim(Ker(µ2k)) =

dim(Ker(µg−2)) = 0, hence for k > g−2
2
, µ2k ≡ 0, since the domain is 0.

�



16 D. FARO, P. FREDIANI, AND A. LACOPO

4. Schiffer variations and Weierstrass points

In this section we recall the definition and the basic properties of (higher) Schiffer
variations.

Let C be a smooth curve of genus g > 1, take a point p ∈ C and fix a local coordinate
z centred in p. For 1 ≤ n ≤ 3g − 3, we define the nth Schiffer variation at p to be the
element ξnp ∈ H1(C, TC) ∼= H0,1

∂̄
(TC) whose Dolbeault representative is given by ∂̄ρp

zn
∂
∂z
,

where ρp is a bump function in p which is equal to one in a small neighborhood U

containing p, ξnp = [ ∂̄ρp
zn

∂
∂z

]. Clearly ξnp depends on the choice of the local coordinate z.
Take 1 ≤ n ≤ 3g − 3. Consider the exact sequence

0→ TC → TC(np)→ TC(np)|np → 0,

and the induced exact sequence in cohomology:

0→ H0(TC(np))→ H0(TC(np)|np)
δnp→ H1(TC).

By Riemann Roch, if n < 2g − 2, or n ≤ 3g − 3 and p is a general point, we have:

h0(TC(np)) = 0.

Hence we have an inclusion

δnp : H0(TC(np)|np) ∼= Cn ↪→ H1(TC)

and the image of δnp in H1(C, TC) is the n-dimensional subspace generated by ξ1
p , ..., ξ

n
p

(see [9]) for more details).
Given an element ζ ∈ H1(C, TC), consider the map given by cup product:

∪ζ : H0(C,KC)→ H1(C,OC).

The rank of ζ is by definition the rank of the map ∪ζ.

Remark 4.1. Notice that H0(KC(−np)) ⊂ Ker(∪ξnp ), for n ≤ g. In fact, ω ∈ ker(∪ξnp )

if and only if for any α ∈ H0(KC), we have ξnp (ωα) = 0. So if z is a local coordinate
around p and ω = f(z)dz, α = g(z)dz are local expressions, by [9, Lemma 2.2] we have:

ξnp (ωα) =
2πi

(n− 1)!
(fg)(n−1)(p) = 0,

if ω ∈ H0(KC(−np)), ∀α ∈ H0(KC). Hence ξnp has rank ≤ n.

Let Hg be the moduli space of hyperelliptic curves of genus g. If C is a hyperelliptic
curve, then the tangent space of Hg at [C] is H1(TC)+, that is the invariant subspace
with respect to the hyperelliptic involution σ.
Assume p ∈ C is a Weierstrass point. From the Dolbeault representation of the Schiffer
variations, one immediately sees that the elements ξ2k+1

p are σ-invariant, hence they
belong to H1(TC)+. So we have a subspace

〈ξ1
p , ξ

3
p , ..., ξ

2g−3
p 〉 ⊂ H1(TC)+
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of dimension g − 1.
Denote as usual by |L| the g1

2. We conclude this section giving a basis of H0(KC ⊗L∨)
that will be useful in the next sections.

Remark 4.2. Consider the hyperelliptic curve C with equation (20). Fix the Weierstrass
point p = (0, 0). For the computations of the next section it is more convenient to use
the basis of H0(M) given by ωi := αg−i = xg−idx

y
, i = 1, ..., g − 1. Notice that we have

ordpωk = 2g − 2k − 2, for all k = 1, ..., g − 1.

Hence we get:

• H0(M) = 〈ω1, ..., ωg−1〉.
• H0(M(−p)) = H0(M(−2p)) = 〈ω1, ..., ωg−2〉.

...
• H0(M(−(2g − 4)p)) = H0(M(−(2g − 5)p)) = 〈ω1〉.

So if we take a quadric Q =
∑

1≤i<j≤g−1

aij(sαi� tαj − sαj � tαi) ∈ I2, as in Lemma 3.6

or Lemma 3.7, we have:

Q =
∑

1≤i<j≤g−1

aij(sαi� tαj − sαj � tαi) = −
∑

1≤k<h≤g−1

ag−h,g−k(sωk � tωh− sωh� tωk) =

=
∑

1≤k<h≤g−1

bk,h(sωk � tωh − sωh � tωk),

with bk,h = −ag−h,g−k.

5. Second fundamental form of the Hyperelliptic Torelli locus

Let C be a hyperelliptic curve of genus g ≥ 3, L be the line bundle giving the g1
2. Set

M = KC ⊗ L∨ and π : C → P1 the map induced by |L|.
Denote by σ the hyperelliptic involution and consider the decomposition H0(C,K⊗2

C ) ∼=
H0(C,K⊗2

C )+ ⊕ H0(C,K⊗2
C )− of H0(C,K⊗2

C ) in invariant and anti-invariant subspaces
under the action of σ.

Denote by Hg the hyperelliptic locus inMg and by

jh : Hg → Ag

the restriction of the Torelli map to Hg. We endow Ag with the Siegel metric, that is
the orbifold metric induced by the symmetric metric on the Siegel space Sp(2g,R)/U(g)

of which Ag is the quotient under the action of Sp(2g,Z). The map jh is an orbifold
immersion (see [15]) and we have the following tangent bundle exact sequences
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(36)

0

0 THg TAg |Hg NHg/Ag 0

TMg |Hg TAg |Hg NMg/Ag |Hg
0

=

Denote by

(37) ρHE : N∗Hg |Ag → Sym2Ω1
Hg ,

the dual of the second fundamental form of jh.
At a point [C] ∈ Hg, the dual of (36) is

0 I2 S2H0(KC) H0(K⊗2
C )

0 I2 S2H0(KC) H0(K⊗2
C )+ 0

=

µ0

µ0

where m is the multiplication map and I2 can be identified with the vector space of
quadrics containing the rational normal curve.

So at a point [C] the map ρHE is a linear map

I2 → Sym2(H0(C,K⊗2
C )+).

In [5, Prop. 5.1] it is proven that ∀Q ∈ I2, ∀v, w ∈ H1(TC)+ we have

(38) ρHE(Q)(v � w) = ρ(Q)(v � w),

where ρ is the Hodge Gaussian map introduced in [8, Proposition-Definition 1.3].
In [11] the second fundamental form ρHE of the hyperelliptic locus has been studied

using the Hodge Gaussian map ρ and the second gaussian map of the canonical bundle.
In [11, Theorem 6.2] it has been proven that if Y is a germ of totally geodesic subvariety
of Ag generically contained in the hyperelliptic Torelli locus, then its dimension is at most
g + 1.

In [9] a relation between higher even Gaussian maps of the canonical bundle on a
smooth projective curve of genus g ≥ 4 and the second fundamental form of the Torelli
map is given. This is a generalisation of a result obtained by Colombo, Pirola and Tortora
on the second Gaussian map and the second fundamental form in [8] (see also [6, Theorem
2.2]). In fact, in [6, Theorem 2.2]) it is proven that for any p ∈ C, and for any Q ∈ I2,
we have

(39) ρ(Q)(ξp � ξp) = −2πiµ2(Q)(p).
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More precisely, the computations of ρ(Q) on Schiffer variations given in [9, Proposition
3.1 and Remark 3.2], for quadrics Q ∈ Ker(µ2k) will be the main tool in the next section.

6. Isotropic subspaces

In this section, given a hyperelliptic curve C of genus g ≥ 3 and a Weierstrass point
p ∈ C, we will determine for any k ≤ bg−3

2
c, the maximum m ≤ bg−1

2
c, such that the

subspace Vm = 〈ξ1
p , ξ

3
p , ..., ξ

2m+1
p 〉 ⊂ Vb g−1

2
c ⊂ H1(TC)+ is isotropic with respect to all the

quadrics ρ(Q), ∀Q ∈ Ker(µ2k). We will show that m = k, namely that Vk is isotropic for
ρ(Q), ∀Q ∈ Ker(µ2k), while Vk+1 is not (see Theorems 6.5, 6.7).

In order to do this we recall that, by (38), it suffices to compute ρ(Q)(ξrp� ξnp ), for odd
r, n.

To do this we will use [9, Remark 3.2], that we now recall for the reader’s convenience.

Remark 6.1. ([9, Remark 3.2]) Let Q =
u∑

α,β=1

bαβγα � γβ be a quadric in I2, where

γ1, ..., γu are elements of H0(KC). Choose a local coordinate z around p and take a local
expression of γα around p: γα = gα(z)dz.

Assume moreover that∑
α,β

cαβg
(h)
α (0)g

(l)
β (0) = 0, ∀h, l ≥ 0, h+ l ≤ m,

then we have

ρHE(Q)(ξnp � ξrp) = ρ(Q)(ξnp � ξrp) = 0, if r + n ≤ m, ∀ odd r, n ≥ 1,

and if r + n = m+ 1

ρHE(Q)(ξnp�ξrp) = ρ(Q)(ξnp�ξrp) = 2πi

(
n−1∑
k=0

(
u∑

α,β=1

cαβg
(m+1−k)
α (0)g

(k)
β (0)

)
(n− k)

k!(m+ 1− k)!

)
.

Recall that a basis of I2 is given by the following quadrics (see Lemma 3.3):

(40) Qij := sωi � tωj − sωj � tωi

for 1 ≤ i < j ≤ g − 1, where L is the g1
2, H0(L) = 〈s, t〉, and H0(M) = H0(KC ⊗ L∨) =

〈ω1, ..., ωg−1〉, where the sections ωi are as in Remark 4.2. Let Q be a quadric in I2, then

Q =
∑

1≤i<j≤g−1

bijQij =
u∑

α,β=1

cαβγα � γβ,

where γ1, ..., γu are elements of H0(KC). Choose a local coordinate z around p and take
a local expression of γα around p: γα = gα(z)dz.
Now let k ≥ 0 and assume Q ∈ Ker(µ2k). Recall from Section 2 that

Q ∈ Ker(µ2k)⇔
u∑

α,β=1

cαβg
(h)
α g

(l)
β ≡ 0 ∀h+ l ≤ 2k + 1.

Moreover by Lemma 3.5 we have
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µ2k+2(Q) =
u∑

α,β=1

cαβg
(h)
α g

(l)
β (dz)2k+4 = µ1,L(s∧ t)µ2k+1,M(

∑
1≤i<j≤g−1

bij(ωi ∧ ωj))(dz)2k+4 =

= (f ′g−fg′)
∑

1≤i<j≤g−1

bij(f
(r)
i f

(s)
j −f

(s)
i f

(r))
j )(dz)2k+4 ∀h+ l = 2k+ 2, ∀r+ s = 2k+ 1,

where in a local coordinate we have s = f(z)T , t = g(z)T , ωi = fi(z)dz ⊗ T∨, ∀i.
It follows that

u∑
α,β=1

cαβg
(h)
α g

(l)
β (p) = 0 ∀h+ l = 2k + 2,

because (f ′g − fg′)(p) = 0, since p is a Weierstrass point.

Now we want to determine the least m ≥ 2k + 3 such that

u∑
α,β=1

cαβg
(h)
α g

(l)
β (p) 6= 0,

for some h, l with h+ l = m.

Lemma 6.2. Let Q =
∑

1≤r<m≤g−1

br,mQr,m ∈ I2, where the quadrics Qr,m are considered

with respect to the basis {ωi}i=1,...,g−1 given in Remark 4.2. If Q ∈ Ker(µ2k), we have

br,m = 0 ∀ r +m ≥ 2g − (2k + 2) (hence m ≥ g − k).

Proof. Recall that we have Q =
∑

1≤i<j≤g−1

aij(sαi� tαj− sαj� tαi), where aij = −bg−j,g−i

(see Remark 4.2). We will prove by induction on k that

(41) aij = 0 ∀ i+ j ≤ 2k + 2.

Notice that this finishes the proof. Indeed, putting r = g − j,m = g − i we have

i+ j ≤ 2k + 2⇔ r +m = 2g − (i+ j) ≥ 2g − (2k + 2).

We also get m ≥ g − k, because if m ≤ g − k − 1, r < m implies r +m < 2g − 2k − 2.
Recall that in Lemma 3.6 we have shown that Q ∈ Ker(µ2) if and only if for every
3 ≤ l ≤ 2g − 3,

(42)
∑

1≤i<j
i+j=l

aij(j − i) = 0.

By Lemma 3.7, Q ∈ Ker(µ2k), k ≥ 2, if and only if Q ∈ Ker(µ2) and and for every m, l
such that 2 ≤ m ≤ k, 2m− 1 ≤ l ≤ 2g − 3,

(43)
∑

1≤i<j
i+j=l
i≥m−1,
j≥m−1

aij(j − i)ij(i− 1)(j − 1)...(i− (m− 2))(j − (m− 2)) = 0.
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So let us prove (41). The case k = 1 is trivial, since 2k+ 2 = 4 and we only have l = 3, 4.
From equations (42) we have a12 = a13 = 0. Now assume that the result is true for k− 1,
where k ≥ 2. Hence if Q ∈ Ker(µ2(k−1)), we have aij = 0 ∀l = i + j ≤ 2k. Now if
Q ∈ Ker(µ2k) then Q ∈ Ker(µ2k−2), hence aij = 0 ∀l ≤ 2k. So we only have to check
the cases l = 2k + 1, 2k + 2.

• If l = 2k + 1, then we claim that i ≤ k. Otherwise, if i ≥ k + 1, we have
j > i ≥ k + 1, hence i + j ≥ 2k + 3, a contradiction. In the equations (43) with
l = 2k+ 1, we have a1,2k, a2,2k−1, ..., ak,k+1 as variables, since i ≤ k. The equations
given by (42) and (43) form = 2, ..., k, l = 2k+1, are then a system of k equations
in k variables, which are linearly independent by the proof of Theorem 3.1. So we
get ai,j = 0 for i+ j = 2k + 1.
• If l = 2k+2, we get i ≤ k exactly as in the previous case. Hence again in (43) with
l = 2k + 2, we have exactly k linearly independent equations in the k variables
a1,2k+1, a2,2k, ..., ak,k+2. So aij = 0 if i+ j = 2k + 2.

�

Remark 6.3. Let ω1, ..., ωg−1 be our basis of H0(M) and let z be a local coordinate
centered in the Weierstrass point p. Assume that we locally have ωi = fi(z)dz ⊗ T∨, by
abuse of notation we will write ω(h)

i (p) instead of f (h)
i (0). Then by Remark 4.2 we have

ω
(h)
i (p) = 0 ∀h ≤ 2g − (2i+ 3).

Lemma 6.4. With the above notation, we have∑
1≤i<j≤g−1

bij(ω
(h)
i ω

(l)
j − ω

(l)
i ω

(h)
j )(p) = 0 ∀h+ l ≤ 4k + 1.

Proof. We may assume h > l, since if h = l we have trivially zero. From Remark
6.3, ω(l)

j (p) = 0 ∀j such that 2j + 3 ≤ 2g − l. Moreover, since i < j, this also implies
ω

(l)
i (p) = 0, so the terms in the sum with 2j+3 ≤ 2g− l are identically zero. Then we can

assume that the indexes j that appear in the sum are those satisfying 2j+ 3 ≥ 2g− l+ 1,
which gives j ≥ g − l+2

2
. Denote by l̃ := l+2

2
. Hence we have∑

1≤i<j≤g−1

bij(ω
(h)
i ω

(l)
j − ω

(l)
i ω

(h)
j )(p) =

∑
1≤i<j≤g−1,j≥g−l̃

bij(ω
(h)
i ω

(l)
j − ω

(l)
i ω

(h)
j )(p) =

=
∑

1≤i<g−1

bi,g−1(ω
(h)
i ω

(l)
g−1 − ω

(l)
i ω

(h)
g−1)(p) +

∑
1≤i<g−2

bi,g−2(ω
(h)
i ω

(l)
g−2 − ω

(l)
i ω

(h)
g−2)(p)

+ · · ·+
∑

1≤i<g−l̃

bi,g−l̃(ω
(h)
i ω

(l)

g−l̃ − ω
(l)
i ω

(h)

g−l̃)(p).

Let us focus on the first term of the above sum. From Lemma 6.2, Q ∈ Ker(µ2k) implies
bi,g−1 = 0 ∀g − (2k + 1) ≤ i ≤ g − 2. Then we have
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(44)
∑

1≤i<g−1

bi,g−1(ω
(h)
i ω

(l)
g−1 − ω

(l)
i ω

(h)
g−1)(p) =

g−2k−2∑
i=1

bi,g−1(ω
(h)
i ω

(l)
g−1 − ω

(l)
i ω

(h)
g−1)(p).

Moreover, again by Remark 6.3, if 2i + 3 ≤ 2g − h < 2g − l, then ω(h)
i (p) = ω

(l)
i (p) = 0.

But in the above sum we have 2i + 3 ≤ 2(g − 2k − 2) + 3 = 2g − 4k − 1. Hence, if
h ≤ 4k+ 1 (so l < 4k+ 1), then 2g− 4k− 1 ≤ 2g−h < 2g− l, so 2i+ 3 ≤ 2g−h < 2g− l
in all summands in (44), so the sum is identically zero.

Let us now consider the general term, where j = g − s. From Lemma 6.2, we have
bi,g−s = 0 ∀g − (2k + 2 − s) ≤ i < g − s. Hence the i’s that actually appear in the sum
are those satisfying i ≤ g− (2k+ 2− s)− 1 = g− 2k− 3 + s. In the same way as we did
for the first term, for h ≤ 4k + 3 − 2s, we have 2i + 3 ≤ 2(g − 2k − 3 + s) ≤ 2g − h, so
ω

(h)
i (p) = ω

(l)
i (p) = 0 and the term is zero.

It remains to look at the cases when h ≥ 4k+4−2s. Since h+l ≤ 4k+1 by assumption,
we must have 4k + 4− 2s ≤ h + l ≤ 4k + 1, which gives l ≤ 2s− 3. For these values of
l, we have ω(l)

g−s(p) = 0 by Remark 6.3. Hence the term is zero again, because i < j, so
ω

(l)
i (p) = 0. Thus we have shown that all terms are zero. �

We are now ready to state and prove our result.

Theorem 6.5. Let C be an hyperelliptic curve of genus g, p ∈ C a Weierstrass point.
Let γ1, ..., γr ∈ H0(KC) where locally γα = gαdz and let

Q =
u∑

α,β=1

cαβγαγβ =
∑

1≤i<j≤g−1

bijQij ∈ Ker(µ2k).

Then
u∑

α,β=1

cαβg
(h)
α g

(l)
β (p) = 0 ∀h+ l ≤ 4k + 3.

Proof. We have to compute the following expression ∀h+ l ≤ 4k + 3:

(45)
u∑

α,β=1

cαβg
(h)
α g

(l)
β (p) =

=
∑

1≤i<j≤g−1

bij[(sωi)
(h)(tωj)

(l) + (tωj)
(h)(sωi)

(l) − (sωj)
(h)(tωi)

(l) − (tωi)
(h)(sωj)

(l)](p).

We have

(sωi)
(h)(tωj)

(l) − (sωj)
(h)(tωi)

(l) =
h∑

n=0

l∑
m=0

(
h

n

)(
l

m

)
s(h−n)t(l−m)(ω

(n)
i ω

(m)
j − ω(n)

j ω
(m)
i ).

Hence the term inside the square brackets of Equation (45) becomes
h∑

n=0

l∑
m=0

(
h

n

)(
l

m

)
(ω

(n)
i ω

(m)
j − ω(n)

j ω
(m)
i )(s(h−n)t(l−m) − t(h−n)s(l−m)).
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So equation (45) is
(46)

h∑
n=0

l∑
m=0

(
h

n

)(
l

m

)
(s(h−n)t(l−m) − t(h−n)s(l−m))(p)

∑
1≤i<j≤g−1

bij(ω
(n)
i ω

(m)
j − ω(n)

j ω
(m)
i )(p).

From Lemma 6.4 we have that∑
1≤i<j≤g−1

bij(ω
(n)
i ω

(m)
j − ω(n)

j ω
(m)
i )(p) = 0 ∀m+ n ≤ 4k + 1.

Since n ≤ h,m ≤ l we have m + n ≤ h + l, so this implies that the expression in (46) is
zero for all h, l such that h+ l ≤ 4k + 1.
Now assume h + l = 4k + 2. If n + m ≤ 4k + 1 the expression is zero exactly as before,
so the only case to consider is n + m = 4k + 2 and we must have n = h,m = l. But in
this case we have trivially zero, because (st− ts) = 0.
We are only left to the case h + l = 4k + 3. Now again, if m + n ≤ 4k + 1 we get
zero and if m + n = 4k + 3 we get zero as in the previous case (this would imply again
n = h,m = l). So we can only have n+m = 4k+ 2. This implies either n = h− 1,m = l

or n = h,m = l−1. In both cases, the first factor of (46) is (up to scalar) (s′t−t′s)(p) = 0

since p is a Weierstrass point. Hence we have proven that (46) is zero ∀h + l ≤ 4k + 3

and this concludes the proof.
�

For any k ≤ 2g−3, consider the (k+1)-dimensional subspace Vk := 〈ξ1
p , ξ

3
p , ..., ξ

2k+1
p 〉 ⊂

H1(TC)+. We have the following

Theorem 6.6. Let 0 ≤ k ≤ bg−3
2
c and let Q ∈ Ker(µ2k). Then we have

ρHE(Q)(ξlp � ξmp ) = ρ(Q)(ξlp � ξmp ) = 0 ∀l +m ≤ 4k + 3.

This implies that the subspace Vk = 〈ξ1
p , ξ

3
p , ..., ξ

2k+1
p 〉 ⊂ H1(TC)+ is isotropic for ρHE(Q),

∀Q ∈ Ker(µ2k).

Proof. The second assertion follows directly from the first one. The first one follows
immediately by Remark 6.1 ([9, Remark 3.2]) and by Theorem 6.5. �

We have the following theorem.

Theorem 6.7. Assume 0 ≤ k ≤ bg−3
2
c. Then there exists Q ∈ Ker(µ2k) such that

ρ(Q)(ξ2k+1
p � ξ2k+3

p ) 6= 0. Hence the subspace Vk+1 = 〈ξ1
p , ..., ξ

2k+1
p , ξ2k+3

p 〉 ⊂ H1(TC)+ is
not isotropic for ρHE(Ker(µ2k)).

Proof. Let Q =
r∑

α,β=1

cα,βγαγβ, where γ1, ..., γr ∈ H0(KC). We will prove that there exists

Q such that ρ(Q)(ξ2k+3
p � ξ2k+1

p ) 6= 0. By Remark 6.1, we know that

(47) ρ(Q)(ξ2k+3
p � ξ2k+1

p ) = 2πi
2k∑
u=0

[
r∑

α,β=1

cα,βγ
(4k+4−u)
α (0)γ

(u)
β (0)

]
(2k + 1− u)

u!(4k + 4− u)!
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Let us focus our attention on the term inside the square brackets, which is

(48)
r∑

α,β=1

cα,βγ
(4k+4−u)
α (0)γ

(u)
β (0).

We see that we must compute the derivatives of order (h, l) of Q where h + l = 4k + 4

and 0 ≤ l ≤ 2k. In order to do this, we will again use our basis of H0(KC ⊗ L∨) given
by the ωi’s, exactly as in (45) and (46). Hence we must compute

h∑
n=0

l∑
m=0

(
h

n

)(
l

m

)
(s(h−n)t(l−m) − t(h−n)s(l−m))(p)

∑
1≤i<j≤g−1

bij(ω
(n)
i ω

(m)
j − ω(n)

j ω
(m)
i )(p)

where h + l = 4k + 4. If n + m ≤ 4k + 1, we know that it is zero by Lemma 6.4. If
n+m = 4k + 4, then in the equation above, we have n = h, m = l, so the first factor is
(up to scalar) (st − ts) = 0. If n + m = 4k + 3, we have either n = h − 1 and m = l or
n = h and m = l − 1. In both cases, the first factor is (up to scalar) (s′t − t′s)(p) = 0,
because p is a Weierstrass point. So we can only have n+m = 4k + 2, where h = n and
m = l − 2 or h = n − 2 and m = l, since if n = h − 1 and m = l − 1, the first factor is
(s′t′ − t′s′) = 0.
Summarising, in the above equation we only have to consider the following terms:

(1) n = h and m = l − 2, which only works if l ≥ 2 and gives

(st′′ − ts′′)(p)
∑

1≤i<j≤g−1

bij(ω
(h)
i ω

(l−2)
j − ω(h)

j ω
(l−2)
i )(p).

(2) n = h− 2 and m = l, which gives

(s′′t− t′′s)(p)
∑

1≤i<j≤g−1

bij(ω
(h−2)
i ω

(l)
j − ω

(h−2)
j ω

(l)
i )(p).

Let us consider the first case. By Remark 6.3, we have ω(l−2)
j (p) = 0 if 2j+3 ≤ 2g−l+2,

which gives 2j ≤ 2g − l − 1. We have two subcases here: l odd or l even.

• Assume l is odd. We claim that we get zero. In fact, if j ≤ g − l+1
2
, then

ω
(l−2)
j (p) = 0 by Remark 6.3. Hence we can assume j ≥ g − l+1

2
+ 1 = g − l−1

2
.

Let j := g − u, hence u ∈ {1, ..., l−1
2
}. From Lemma 6.2 we have bi,g−u = 0 for

i ≥ g − 2k − 2 + u, so we may assume i ≤ g − 2k − 3 + u.
We know that ω(l−2)

i (p) = 0 if i ≤ g − l+1
2
, but i ≤ g − 2k − 3 + u ≤ g − l+1

2

if and only if u ≤ 3 + 2k − l+1
2
. Observe that this is true since u ≤ l−1

2
and

l−1
2
≤ 3 + 2k − l+1

2
, since l ≤ 2k. Hence ω(l−2)

i (p) = 0.
Now let us consider ω(h)

i (p). We know that ω(h)
i (p) = 0 if 2i ≤ 2g − h − 3, but

i ≤ g−2k−3+u implies 2i ≤ 2g−4k−6+2u. Now, 2g−4k−6+2u ≤ 2g−h−3

if and only if 2u ≤ 4k + 3 − h, which gives l − 1 ≤ 4k + 3 − h, which is true if
l + h = 4k + 4, that is our assumption. Hence ω(h)

i (p) = 0, for all i and hence
every term vanishes.
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• Now assume l is even. If j ≤ g− l+1
2

= g− l
2
− 1

2
< g− l

2
, we get ω(l−2)

j (p) = 0 by
Remark 6.3. So we may assume j ≥ g− l

2
. Setting j = g−u, we get u ≤ l

2
. As in

the odd case, we may assume i ≤ g−2k−3+u. Now ω
(l−2)
i (p) = 0 if i ≤ g− l

2
−1

and g− 2k− 3 + u ≤ g− l
2
− 1 if and only if u ≤ 2k + 2− l

2
. Since u ≤ l

2
, we get

that the last inequality is true if and only if l ≤ 2k+ 2, which is the case because
l ≤ 2k. Hence ω(l−2)

i (p) = 0.
We have that ω(h)

i (p) = 0 if i ≤ g − h
2
− 3

2
< g − h

2
− 1, so ω

(h)
i (p) = 0 if

i ≤ g − h
2
− 2. Hence we can assume i ≥ g − h

2
− 1, but i ≤ g − 2k − 3 + u and

g − 2k − 3 + u − (g − h
2
− 1) = u − 2 − 2k + h

2
≤ l

2
+ h

2
− 2 − 2k = 0 because

h+ l = 4k+4. Hence if u = l/2, there is a unique nonzero term, which is precisely
bg−h

2
−1,g− l

2
ω

(h)

g−h
2
−1

(p)ω
(l−2)

g− l
2

(p).

Let us now consider the second case. Again, we should distinguish the cases l odd and
l even. However, arguing exactly in the same way as in the previous case, we again get
that if l is odd every term is zero.

So let us assume l even, then also h is even. By Remark 6.3, ω(l−2)(p)
j = 0 if j ≤

g− l
2
− 3

2
< g− l

2
−1, so we may assume j ≥ g− l

2
−1. As usual we put j = g−u and we

have u ≤ l
2

+1. We have ω(l)
i (p) = 0 if 2i ≤ 2g− l−3, but, as in the previous case, we can

assume i ≤ g−2k−3+u. Since l ≤ 2k, and u ≤ l
2
+1, we have 2g−6−4k+2u ≤ 2g−l−3.

So 2i ≤ 2g − 6− 4k + 2u ≤ 2g − l − 3, and hence ω(l)
i (p) = 0.

Again, by Remark 6.3, ω(h−2)
i (p) = 0 if 2i ≤ 2g − h − 1. As usual we may assume

2i ≤ 2g − 6− 4k + 2u. We have u ≤ l
2

+ 1. We claim that the only nonzero term occurs
for u = l

2
+ 1 and i = g − h

2
. In fact, if u ≤ l

2
, we have 2g − 6− 4k + 2u ≤ 2g − h− 1, so

ω
(h−2)
i (p) = 0. So u = l

2
+ 1, i = g− h

2
and the only term is bg−h

2
,g− l

2
−1ω

(h−2)

g−h
2

(p)ω
(l)

g− l
2
−1

(p)

We have computed all the non-zero terms of (48). These are

• (st′′− ts′′)(p)[
(
l
2

)
bg−h

2
−1,g− l

2
ω

(h)

g−h
2
−1

(p)ω
(l−2)

g− l
2

(p)−
(
h
2

)
bg−h

2
,g− l

2
−1ω

(h−2)

g−h
2

(p)ω
(l)

g− l
2
−1

(p)]

if l ≥ 2 and h, l even;
• −(st′′ − ts′′)(p)

(
h
2

)
bg−h

2
,g− l

2
−1ω

(h−2)

g−h
2

(p)ω
(l)

g− l
2
−1

(p) if l = 0 and h = 4k + 4.

We are now ready to complete the proof. Since h+ l = 4k+4, this implies h
2

= 2k+2− l
2
,

so that g − h
2

= g − 2− 2k + l
2
. We have

ρ(Q)(ξ2k+3
p , ξ2k+1

p ) = 2πi
∑

2≤l≤2k
l even

(2k + 1− l)
l!(4k + 4− l)!

(st′′ − ts′′)(p)·

[(
l

2

)
bg−3−2k+ l

2
,g− l

2
ω

(4k+4−l)
g−3−2k+ l

2

(p)ω
(l−2)

g− l
2

(p)−
(
h

2

)
bg−2−2k+ l

2
,g− l

2
−1ω

(4k+2−l)
g−2−2k+ l

2

(p)ω
(l)

g− l
2
−1

(p)

]
−

− 2πi(st′′ − ts′′)(p) 2k + 1

(4k + 4)!

(
4k + 4

2

)
bg−2k−2,g−1ω

(4k+2)
g−2k−2(p)ωg−1(p)

Notice that every term in the equation is a linear combination of br,u where r + u =

2g − 2k − 3.
Let λk,u be the coefficient of bg−2k−3+u,g−u where u = 1, ..., k + 1. We will now see that
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λk,u 6= 0 for every k, u. For 1 ≤ u ≤ k, we have

λk,u = ω
(4k+4−2u)
g−3−2k+u(p)ω

(2u−2)
g−u (p)

[
2k + 1− 2u

(4k + 4− 2u)!

(
2u

2

)
−
(

4k + 6− 2u

2

)
2k + 3− 2u

(4k + 6− 2u)!

]
=

= ω
(4k+4−2u)
g−3−2k+u(p)ω

(2u−2)
g−u (p)

−8u3 + 8u2(k + 1)− 4ku− 2k − 3

2(4k + 4− 2u)!

where the last equality follows after some easy computations. Notice that

−8u3 + 8u2(k + 1)− 4ku− 2k − 3 6= 0

because it is odd for every k, u. Moreover, ω(4k+4−2u)
g−3−2k+u(p)ω

(2u−2)
g−u (p) 6= 0 because ω(4k+4−2u)

g−3−2k+u(p)

has order 4k + 4− 2u at p and ω(2u−2)
g−u has order 2u− 2 at p (see Lemma 4.2).

Finally, if u = k + 1 we have

λk,k+1 = − 1

2(2k + 2)!
ω

(2k+2)
g−2−k(p)ω

(2k)
g−k−1.

Hence λk,u 6= 0, for all u = 1, ..., k + 1.
So assume by contradiction that

(49) ρ(Q)(ξ2k+3
p � ξ2k+1

p ) =
k+1∑
u=1

λk,ubg−2k−3+u,g−u = −
k+1∑
u=1

λk,uau,2k+3−u = 0

for every Q ∈ Ker(µ2k), where aij = −bg−j,g−i by Remark 4.2. Recall that Q ∈ Ker(µ2k)

if and only if the coefficients aij satisfy the equations given in Lemma 3.7. Moreover
observe that from Theorem 3.1 it follows that we have k linearly independent equa-
tions in the variables au,2k+3−u with u = 1, ..., k + 1. We have shown that each coef-
ficient λk,u in equation (49) is different from zero and up to scalar it is the product
ω

(4k+4−2u)
g−3−2k+u(p)ω

(2u−2)
g−u (p). So we can multiply the sections ωg−u by a non zero scalar mul-

tiple, hence equation (49) cannot be linearly dependent from the k equations giving
Ker(µ2k). Hence there exists a quadric Q ∈ ker(µ2k) such that ρ(Q)(ξ2k+3

p � ξ2k+1
p ) 6= 0.

�

Remark 6.8. Notice that we have shown that the equation (49) gives a hyperplane in
Ker(µ2k) that we denote by

Ak,0 := {Q ∈ Ker(µ2k) : ρ(Q)(ξ2k+3
p � ξ2k+1

p ) = 0}.

Moreover we have just proven that a quadric Q ∈ Ak,0 iff satisfies the system of k +

1 linearly independent equations in k + 1 variables, given by the equations in Lemma
3.7 defining Ker(µ2k) and equation (49). In particular the coefficients of Q satisfy the
equations bg−2k+3+u,g−u = −au,2k+3−u = 0 ∀u = 1, ..., k + 1.

Example 6.9. If k = 0 we have a very concrete description of A0,0. In fact, we have
ρ(Qij)(ξp, ξ

3
p) = 0, ∀(i, j) 6= (g − 2, g − 1) and ρ(Qg−2,g−1)(ξp, ξ

3
p) 6= 0. Hence we get that

A0,0 = 〈Qi,j | 1 ≤ i < j ≤ g − 1, (i, j) 6= (g − 2, g − 1)〉.
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Theorem 6.10. Let 0 ≤ k ≤ bg−3
2
c and let us now assume Q ∈ Ak,0. Then there exist

coefficients αk,u, all non-zero such that

ρ(Q)(ξ2k+3
p � ξ2k+3

p ) =
k+1∑
u=1

αk,ubg−4−2k+u,g−uω
(4k+6−2u)
g−4−2k+u(p)ω

(2u−2)
g−u (p),

Moreover,

ρ(Q)(ξ2k+3
p � ξ2k+3

p ) = 0⇔ bg−4−2k+u,g−u = 0 ∀u = 1, ..., k + 1.

Proof. The proof is very similar to the one given in Theorem 6.7, where by Remark 6.1
we must now compute

ρ(Q)(ξ2k+3
p � ξ2k+3

p ) = 2πi[
2k+2∑
u=0

r∑
α,β=1

cα,βγ
(4k+6−u)
α (0)γ

(s)
β (0)]

(2k + 3− u)

u!(4k + 6− u)!
.

By looking at the term inside the square brackets, we see that we must compute the
derivatives of order (h, l) of Q where h + l = 4k + 6 and 0 ≤ l ≤ 2k + 2. Hence we have
to compute

(50)
h∑

n=0

l∑
m=0

(
h

n

)(
l

m

)
(s(h−n)t(l−m) − t(h−n)s(l−m))(p)

∑
1≤i<j≤g−1

bij(ω
(n)
i ω

(m)
j − ω(n)

j ω
(m)
i )(p)

where h+ l = 4k + 6.
The first step is analogous to Lemma 6.4: if Q ∈ Ak,0 we have∑

1≤i<j≤g−1

bij(ω
(n)
i ω

(m)
j − ω(m)

i ω
(n)
j )(p) = 0 ∀m+ n ≤ 4k + 3.

Then one immediately sees that in (50) we only have to consider the case n+m = 4k+4.
Now, after some computations which are analogous to the ones in Theorem 6.7, we get

ρ(Q)(ξ2k+3
p � ξ2k+3

p ) =
k+1∑
u=1

αk,ubg−4−2k+u,g−uω
(4k+6−2u)
g−4−2k+u(p)ω

(2u−2)
g−u (p),

where αk,u 6= 0 for every u. Then we conclude as in Theorem 6.7 that

ρ(Q)(ξ2k+3
p � ξ2k+3

p ) = 0⇔ bg−4−2k+u,g−u = 0 ∀u = 1, ..., k + 1.

�

Remark 6.11. Let Q ∈ Ak,0. By Theorem 6.10, the linear condition ρ(Q)(ξ2k+3
p �

ξ2k+3
p ) = 0 gives a hyperplane in Ak,0. Let us denote by

Ak,0,0 := {Q ∈ Ak,0 : ρ(Q)(ξ2k+3
p � ξ2k+3

p ) = 0}.

Following [7] we give the following definition

Definition 6.12. A nonzero direction ζ ∈ H1(TC)+ is said to be asymptotic if ρHE(Q)(ζ�
ζ) = ρ(Q)(ζ � ζ) = 0, ∀Q ∈ I2.
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Notice that saying that a nonzero element ζ ∈ H1(TC)+ is an asymptotic direction
means that the point [ζ] ∈ PH1(TC)+ is in the base locus of the linear space of quadrics
ρHE(I2) ⊂ Sym2(H1(TC)+)∨.

Remark 6.13. Recall that by Theorem 6.6 putting k = 0, a Schiffer variation at a
Weiestrass point ξp is asymptotic. Moreover, moving a branch point in P1, one can see
that there exist algebraic curves in the hyperelliptic locus having these Schiffer variations
as tangent directions (see [12]).

Theorem 6.14. Let C be hyperelliptic of genus g ≥ 3 and p ∈ C be a Weierstrass point.
Then the asymptotic directions in the space Vb g−2

2
c, which is equal to 〈ξ1

p , ξ
3
p , ..., ξ

g−1
p 〉 if

g is even, and equal to 〈ξ1
p , ξ

3
p , ..., ξ

g−2
p 〉 if g is odd, are exactly the Schiffer variations

ξp = ξ1
p.

Proof. By Remark 6.13 we know that the Schiffer variations at the Weierstrass points are
asymptotic.

To show that these are the only ones, we will prove the result when g is even, the case
g odd being very similar.

Let v ∈ 〈ξ1
p , ξ

3
p , ..., ξ

g−1
p 〉, then v =

g−2
2∑
i=0

λ2i+1ξ
2i+1
p and let l be the maximum odd integer

such λl 6= 0. We may assume l ≥ 3, since ρ(Q)(ξp � ξp) = −2πiµ2(Q)(p) = 0 for all
Q ∈ I2. Then we have v ∈ 〈ξ1

p , ..., ξ
l
p〉. Since l is odd, we have l = 2k+ 1 for some integer

1 ≤ k ≤ g−2
2
. From Theorem 6.7 we know that there exists Q ∈ Ker(µ2k−2) such that

ρ(Q)(ξ2k+1
p � ξ2k−1

p ) 6= 0 and ρ(Q)(ξip � ξjp) = 0 for every i, j ≤ 2k − 1, i, j odd integers.
Then we have

ρ(Q)(v � v) = 2λ2k−1λ2k+1ρ(Q)(ξ2k−1
p � ξ2k+1

p )+

+λ2
2k+1ρ(Q)(ξ2k+1

p � ξ2k+1
p ).

First, notice that for every k ≤ g−2
2

we have Ak−1,0 ( Kerµ2k−2
and Ak−1,0,0 ( Ak−1,0. In

fact, dim Ker(µ2k−2) ≥ 3, since dim Ker(µg−4) = 3 by Theorem 3.1 and 2k− 2 ≤ g − 4.
If λ2k−1 = 0, we simply take Q ∈ Ak−1,0\Ak−1,0,0 and we get ρ(Q)(v�v) 6= 0 as desired.

If λ2k−1 6= 0, we choose Q ∈ Ker(µ2k−2) \ Ak−1,0 and Q′ ∈ Ak−1,0 \ Ak−1,0,0. Hence, for a
linear combination Q+ aQ′, we get

ρ(Q+ aQ′)(v � v) = 2λ2k−1λ2k+1ρ(Q)(ξ2k−1
p � ξ2k+1

p )+

+λ2
2k+1[ρ(Q)(ξ2k+1

p � ξ2k+1
p ) + aρ(Q′)(ξ2k+1

p � ξ2k+1
p )].

By the choice of Q′, we have ρ(Q′)(ξ2k+1
p � ξ2k+1

p ) 6= 0, so if we take

a = −
ρ(Q)(ξ2k+1

p � ξ2k+1
p )

ρ(Q′)(ξ2k+1
p � ξ2k+1

p )

we get ρ(Q+ aQ′)(v � v) = 2λ2k−1λ2k+1ρ(Q)(ξ2k−1
p � ξ2k+1

p ) 6= 0 since Q /∈ Ak−1,0.
�
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Remark 6.15. In [5, Corollary 3.4] it is shown that ρHE is injective, so

dim ρHE(Kerµ2k) = dimKerµ2k =
(g − 1)(g − 2)

2
− k(2g − 2k − 3),

for all k. For any hyperelliptic curve C of genus g ≥ 3 and for any Weiestrass point
p ∈ C, we have proven in Theorems 6.6, 6.7 that we have the following chain of subspaces
of quadrics in PH1(TC)+ and of corresponding maximal isotropic subspaces in Vb g−1

2
c.

If g is odd:

ρHE(Ker(µg−3)) ( ρHE(Ker(µg−5))... ( ρHE(Ker(µ2)) ( ρHE(I2);

V g−3
2

) V g−5
2

) ... ) V1 ) V0 = 〈ξp〉,

while if g is even we have

ρHE(Ker(µg−4)) ( ρHE(Ker(µg−6))... ( ρHE(Ker(µ2)) ( ρHE(I2),

V g−4
2

) V g−6
2

) ... ) V1 ) V0 = 〈ξp〉.

Theorem 6.14 also allows us to give a bound for the dimension of a germ of a totally ge-
odesic submanifold of Ag, generically contained in the Hyperelliptic Torelli locus. Notice
that, nevertheless this bound is weaker than the one proven in [11, Theorem 6.2].

Corollary 6.16. Let Y be a germ of a totally geodesic submanifold of Ag generically
contained in j(Hg) passing through j(C), where C is a hyperelliptic curve of genus g.
Then we have

dim(Y ) ≤ b3g + 1

2
c.

Proof. We will prove it for g even, the case g odd is analogous.
Set W := Tj(C)Y ⊂ H1(TC)+ and V := V g

2
−1 = 〈ξ1

p , ξ
3
p , ..., ξ

g−1
p 〉. We have dim(V ) = g

2
.

We claim that dim(V ∩W ) ≤ 1. Indeed, take v ∈ V ∩W , then v is asymptotic, since Y
is totally geodesic. So, by Theorem 6.14 we know that v is a multiple of ξ1

p . Hence we
have

dim(V )+dim(W )− 1 ≤ dim(V+W)≤ dimH1(TC)+ = 2g − 1,

so dim(Y )= dim (W ) ≤ 2g − g
2

= 3
2
g. �
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