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ABSTRACT. We prove that curve shortening flow on the round sphere displays sharp
chord-arc improvement, precisely as in the planar setting (Andrews—Bryan, Comm.
Anal. Geom., 2011). As in the planar case, the sharp estimate implies control on the
curvature, resulting in a direct and efficient proof that simple spherical curves either
contract to round points (in finite time) or converge to great circles (in infinite time).

1. INTRODUCTION

Curve shortening flow is the formal gradient flow of the length functional for im-
mersed curves in Riemannian manifolds. The behaviour of simple closed planar curves
under curve shortening flow is described by the theorems of Gage-Hamilton [7] and
Grayson [9]: any such curve must remain simple and shrink to an asymptotically round
point after a finite amount of time (a number of alternative proofs have since emerged,
see |1H3,/11,/12]). This result was extended to curve shortening flow of simple closed
curves on certain Riemannian surfaces by Gage [8] and Grayson [10] (for subsequent
approaches, see [5,[6/13]). In this setting, the curve either converges to a round point
in finite time, or converges (subsequentially) to a closed geodesic as t — oo. If the
ambient surface is the round sphere, the latter may be upgraded to full convergence:

Theorem 1.1 (Gage [8] and Grayson [10]). Let {I';}icor) be a mazimal curve short-
ening flow starting from a simple reqular closed curve Ty on S%. The curves I'y are
simple and either:

(a) T = oo, in which case T'y converges smoothly as t — oo to a great circle; or
(b) T < oo, in which case Ty converges uniformly to some z € S?, and

D e
1 — e—2(T-1)

converges smoothly ast — T to the unit origin-centred circle in T,S? C R3.

Our goal is to provide a direct and efficient proof of Theorem using the chord-
arc method introduced by Huisken [12] and developed by Andrews-Bryan [3] (see also
Edelen [6] and Johnson-Muraleetharan [13]). Andrews and Bryan observed that it
is possible to establish a sharp estimate for the chord-arc profile under planar curve
shortening flow — sharp enough to control the curvature — leading to a quick and
direct proof of Grayson’s theorem. We shall see that, remarkably, a sharp chord-arc
estimate also holds for spherical curve shortening flow; in fact, the same estimate as
the planar case! This estimate is again strong enough to control the curvature, leading
very quickly and directly to Theorem (in both cases).
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In Huisken’s distance comparison argument [12], as well as the work of Edelen [6]
and Johnson-Muraleetharan [13] for curve shortening flow on surfaces, one compares
the extrinsic distance (chordlength) in the ambient space to the intrinsic distance (ar-
clength) along a simple curve I'. It is shown that, under curve shortening flow, the
chord-arc profile has a positive lower bound, which is sufficient to control the behaviour
of the flow at the onset of a singularity, although via a rather more involved and indirect
route. This is also the approach taken in the recent distance comparison arguments
for free-boundary curve-shortening flow due to Langford-Zhu [15] and Ko [14].

A key motivation for the present work is the observation that the two asymptotic
profiles in Theorem are both circular (in the Euclidean sense), and hence have the
same chord-arc profile with respect to the Euclidean chordlength, when S? is regarded
as a subset of R?. This motivates us to define, in Section , a spherical chord-arc profile
which compares arclength to the Euclidean chordlength. In Section [3| we are able to
show (via a multi-point maximum principle method) that this chord-arc profile satisfies
precisely the same differential inequality obtained in the planar case. This means that
we are able to compare it to the Euclidean comparison profile found in Andrews—Bryan
[3]. The resulting estimate is sharp enough to control the curvature, at which point
the classification of long-time behaviour follows readily (see Sections [4] and [f)).
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DP220100067). M.L. was supported by the Australian Research Council (grant DE
200101834). J.Z. was supported in part by the Australian Research Council (grant
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2. PRELIMINARIES

A family {T;}s; of regular curves I'; on the unit two-sphere S? evolves by curve
shortening flow if there exists a smooth family v : M x I — S? of smooth immersions
y(+,t) : MY — S? of Ty = v(M?*, t) which satisfy

8157 = /'_{"a
where £ is the curvature vector of v. Denoting by 7' = +//|7/| the unit tangent vector
field, we choose the unit normal vector field N so that v = N x T (the cross product on

R3), and define the curvature according to & = —xN. If we parametrise v by arclength
s, this ensures that, as a map into R?,

d*>y dT

— = — =—kN — 7.

ds?  ds " R

In particular,
(1) =14+ K%,

where k is the space curvature.

Given x,y € ' C S?, we define the unit vector w(z,y) = é:z‘ and the Euclidean

chordlength d(x,y) = |x — y|. The latter is related to the spherical chordlength p by

(2) cospz(x,y}zl—;.
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Observe also that

d

3 (w,2) = —(w,y) = 5.
We denote by ¢(z,y) the arclength between z,y € " and by L the total length. At
any given pair of points, we may always orient our parametrisation so that 9,/ = —1

and 0,¢ = 1, where

Ol (x,y) = i l(x+h,y) and O0l(z,y) = i Ux,y+h).

dh h=0 dh h=0
We consider the chord-arc profile ¥r of I relative to the Euclidean chordlength,
(4) Yr(z) = inf{d(z,y) : l(z,y) = z}.

Observe that all parallels on S? have chord-arc profile 1/(z) = 2sin(%) = Zsin(%)

according to (not just arbitrarily small ones); since we must take into account great
circular limits, and since a sharp estimate should take equality on shrinking parallels,
this motivates consideration of the Euclidean (rather than spherical) chordlength.

Lemma 2.1 (Cf. [4, Proposition 3.12]). Given any simple spherical curve T,

(5) Yr(z) =z — i(mlgx K+ 1)2° +0(2°) as 2 — 0.

Proof. Given any pair of distinct points (z,y) on I', parametrise I' by arclength s from
a midpoint zy of (z,y) and consider the function

f(s) = 1(3) = (=3
Differentiating the Frenet—Serret formulae,
Ys =1, Ty =—KN —~, Ng=kKT,
yields
f(s) = 8" = §3R%(wo)s" + O(s°),
which implies that
d(z,y) = d(v(=3),7(3)) = € = 317%(20)€° + O(L).

The expansion follows since this gives an upper bound for the infimum, which is
certainly attained. 0

It is instructive to observe that, for any simple spherical curve T, implies that

2
S S T
max |i|%s? > (/ |/€|ds) = </ d
r 0 0

2
— ds) > (arccos(T'(s), T(0)))?
since T is itself a spherical curve. Defining K := maxr |k|, we may thus estimate

ds

d(z,y) > (1(3) =(=3), T(0)) = /; (T(s), T(0)) ds > /g cos(Ks)ds = % sin ()

‘ ‘
2 2

with equality only if % is constant. Note that 2 sin(%) =z— %z:% + O(z°).
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3. THE CHORD-ARC ESTIMATE

We shall establish a sharp estimate for the chord-arc profile. As in [3], this is achieved
by preserving non-negativity of the auxiliary function

ZGo0) = dlo) ~ 100 (L5250,

for a suitable barrier ¢ : [0,1] x [0,7) — R. Here ¢(z,y,t) is the arclength along I';
and L(t) is the total length of I';. The argument will hinge on the following properties
which we impose on ¢.

Properties 3.1. We assume, for every t € [0,T), that

(i) ¢(0,t) =0,
(i) p(1 — z,t) = ¢(z,t) for all z € [0, 1],
(i11) |¢'(-,t)| < 1 (where primes denote derivatives in z),
(v) z — ¢(z,t) is strictly concave, and
(v) given any L > 0 such that Lo(z,t) < 2 for all z € [0,1], the function z

h(Lo(z,t)) is strictly concave, where h(d) := arccos (1 - d;)
Note that, while the derivative of z — ¢(x,y,t) (and similarly y — ¢(x,y,t)) suffers

a jump discontinuity when ¢(x,y,t) = L/2, Property ensures that the composition

gb(%, -) is differentiable at such points.

3.1. Variation of Z. The temporal variation of Z is given by
l
(6) 8tZ = <’l,U7 _/ixNx + /ﬁ?yNy> — Lt ((b — z(b/) — L¢t — gt(b/.

The first spatial variation of Z is given by

0.7 = (w, T,) + ¢/,
0,7 = —(w,T,) — &,

while the second is given by

027 = 1(1 —(w, T,)?) + (w, —1 — K N,) — l i
d L

1 1 /!

aSZ = 8(1 - <w7Ty>2) - <w> -y - K’yNy> - Z )

1 1,

0,0,7 = ~H(L.T,) - (0. T) (w.1,) + 10"

In particular, at a (spatial) critical point of Z,

(7) (w,Tp) = (w,T,) = —¢'
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and hence, recalling ,

(8a) 2z -1(1- @ ¢ ) — (w, ke Ny) — 1¢"
v d 2 ’ L’

1 d? 1,

(8b) 827 = y (1 -5 - ¢/2> + (w, Ky Ny) — Z(b/,
1 Lo 1,

(8¢) 0,0,7 = —(T0, T,) + =0 + 70

at such a point.

3.2. Relative configuration of tangents at the critical point. If the critical point
is a minimum with value zero, then the relative configuration of the tangent lines in
space may be completely characterised (compare |4, Lemma 3.13] in the planar setting).

Lemma 3.2. At a zero minimum (x,y) of Z(-,-,t), if v # y then
(9) (T, T,y =2¢" — 1.

Proof. We first deal with the possibility that x4y = 0. In that case, z —y is orthogonal
to both 7,5% and T,,S?. But then, since the critical point is a minimum, the identities

and (§)) yield
0< (040,02 =~(1+(T:, T,))

and hence
-1= _|Tx||Ty| < <Tx’ Ty> < -1,
which, by @, is the claim in this case.
So we may assume that x + y # 0. In particular, z and y are not parallel, so
{z,y,e:=x x y} is a basis for R® and we may write
T, = oz + %y + 6%, T, = oz + Yy + Y.

Using (T, z) = (T,,y) = 0, |T| = |T,| = 1, and the critical point conditions (7)), one
may solve for the coefficients; we obtain

oo (1B _9 ooV
o = (1 2>d( _%)a 5_d(1—£)’

v___ ¢ v (1Y _¥
R O e}
. ” ¢/2
()2 =" =1- .
4

Thus, depending on whether 6* = +46Y, we have

1_£ ¢/2
o) = 0" G‘Tf@)

1 4

It remains to show that only the configuration with §* = —¢¥ is admissible at a
zero minimum of Z. The argument is inspired by the planar case [3] (see [4, Lemma
3.13]). We first claim that (N,,w) and (NV,,w) have opposite signs. Indeed, suppose
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that (N,,w) and (N,, w) have the same sign. In that case, since I'; bounds a disk, the
minimising great circular arc o : [0,1] — S? connecting y to x must contain another
point u of I'; (note that (N,,w) and (N,,w) have the same signs as (N,,0'(1)) and
(Ny,0'(0)), respectively). Since ¢(x,u,t) + l(u,y,t) = {(z,y,t) and p(x,u) + p(u,y) =
p(x,y), the strict concavity condition Properties ensures that

h(d(z,w)) + h(d(u, y)) = hd(z,y))

(a5
L e

o (5) 0 s (155))

Therefore either Z(x,u,t) or Z(u,y,t) is strictly less than Z(z,y,t), which contradicts
the assumption that the minimum of Z occurs at (z,y,t). So (N, w) and (N, w) must
indeed have opposite signs.

Now recall that

N, =T, xx=—0%+0"(e X x),
which implies that d{N,,w) = —0® det(e, z,y). By similar reasoning, we also find that
d(Ny, w) = —0Y det(e, z,y). This yields 6" = —¢¥, which completes the proof. O

3.3. The differential inequality. Recall that £ denotes the space curvature; by ,
we may estimate

1 2
(10) —L, = /FJZdS = —L+/Ez2ds > —L+— (/ |R\ds>
v v L v

(with strict inequality unless %, and hence also &, is constant) and, similarly,

1 2
—{, = / K2ds = —€+/ R2ds > —0 + ~ (/ !R|d5> ,
fa4] 2] €\ Sy

where [z : y] denotes the shorter of the two portions of v that join x to y.
By Fenchel’s theorem, we may estimate f7 |k|ds > 2, and so
4qr?
(11) Ly <L-— <
On the other hand, the unit tangent 7" defines a curve in S? joining 7} to T}, which has
speed |k| (when parametrised by the arclength on «); since the arclength f[x:y} |k|ds of

T is bounded below by the S?-distance p(T},T,), it follows from that
1
(12) b <0 — z(arccos(Tx,Tyﬂz.

Suppose now that Z reaches zero at some pair of off-diagonal points x # y at some
first time t > 0. Applying and to the temporal variation @, the gradient
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condition @ to the second spatial variation , and combining the results, we obtain

0>0,7—(0,—09,)°Z
> (4% — L) (gf) — éqﬁ’) — Loy + <%(arccos(2¢’2 —1))* — > ¢ +d+ 4%”

at (x,y,t) (note that ¢(z) > 2¢'(z) due to concavity and non-negativity of ¢). Using
d— Lo =7 =0 and arccos(2¢/* — 1) = 2arccos(¢'), and estimating (arccos(¢'))? as in
[4, Lemma 3.15], we arrive at the inequality

8¢/ 8w’

tan(r£)  sin(m)

(13) L2¢, > 4(¢" + 72¢) +

t (x,y,t), with strict inequality unless the curve is a Euclidean circle (due to the
strict concavity of ¢ and the application of Holder’s inequality to obtain ) This is
precisely the inequality arrived at in the planar case (see |4} (3.32)])!

3.4. Completing the proof of the chord-arc estimate. It remains only to show
that the Euclidean barrier,

. a(t) o —4m27(t)
) : -— W0
o(z,t) = ( ) arctan(“~sin(nz)), a(t) := age

satisfies (v]) of Properties [3.1]
Lemma 3.3. The function ¢(z,t) := (t) arctan(“~ 0 sin(wz)) satisfies Properties .

Proof. Note that each of the Properties [3.1] is a purely spatial condition — as such, we
will suppress the time-dependence of ¢, and a in this proof.

The first three properties are clear. To verify the final property, we set ¢, := L¢
and will show explicitly that (ho ¢r)” <0 for z € (0,1) (assuming Lo < 2).

To compute (h o ¢1)”, it is convenient to write (following |4, §3.4]) ¢ = ¥ o C,
where ¥(¢) := a ' arctan(a(), C(z) := Lsin(rz). Note that the function ¥ satisfies

v = 1+;2<2 = 1+mnlg(a\l,) and U’ = —%\If'(l —v) = %, and the function C'

satisfies C” = —72C and (C")? =1 — 72C?. Thus,

1 — T tan®(ag)
(0 ta(ag)?

2 tan(ag)? — 7% — 2a?

and ¢" = a ' tan(a¢) [+ tan’(ad))?

(¢')? =

Recalling that h(d) = arccos (1 — %2>, we thus obtain

(o 00)'(e) = ono) (LA 1 gy )

= LW (¢r(2)) (Lf_( L)E(Z;(Zz))) - d)ﬂ(z))

(14) = =N (¢L(2))
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where F'is defined by
(15) F(¢) = (% — & tan®*(ag))(L* — a*(4 — L%ﬁ%%)—(l + Z_Z)( L2¢2>tan (a0)

Note that ¢ is increasing for z € [0, %], so to prove strict concavity it is enough to
show that F(¢) < 0 for ¢ € (0, L arctan(2)). The argument will split into two cases,
depending on the total length:

Case 1: L < 2m. Note that ¢ < Zarctan(2) < lim, o+ arctan(£) = X, so in
particular L?¢? < 4.

Now using tan X < X for X > 0, we have = tan?(a¢) < ¢* < %, and so

F(9) < (& — & tan’(ag)) (L — a2(4 — L%6)) — (1 + )(4 - I*6).

If L? — a*(4 — L?¢*) < 0, then F(¢) < 0 as the second term is strictly negative.
Otherwise, we can estimate

F(¢) < (5 = °) (IP = d®(4 = L*¢%)) = (1 + &) (4 - L)

_ % A 2_2(4_[12(?2)(2_%2(?2)
<L _4<o.
Case 2: L > 2. Define ay > 0 and ¢g by
= % =: i arctan(?o)

The supposition that L¢(z) < 2 for all z € [0, 5] implies that a > ag. In this case,
it is convenient to consider the quotient of the two terms in , rather than their
difference F'. To see that this quotient is less than one, it suffices, by the definitions of
ag and ¢y, to show that the function (ag, a, ¢o, ®) = Qag.a)(¢0, @) defined by

<% tan?(ao(%) _ a% tanZ(aqﬁ)) (1 —a? (¢0 ¢2> tan(a¢ )
(1+ %) (68— 02) =52

is less than 1 for all 0 < ¢ < ¢g < % and 0 < ap < a. In fact, since () is decreasing in
a, it suffices to prove that Qqqa0)(P0,¢) < 1for 0 < ¢ < ¢ < %

We calculate (using 1 + Z—é =1+ tan®(ag¢y)) that

Q(a,ao) (¢7 ¢0) =

% tan®(aody) — a_lﬁ tan®(ao9) _ tan®*(agpgo) — tan*(apg)

B0 ) B o)) (0 — ) =8 L+ tan{aogn)

The last term is nonpositive, so substituting X = tan(ap¢), Y = tan(aggy), we have
Y? — X? arctan(X)
~ 1+4+Y?2(arctanY)? — (arctan X )2 X
It thus suffices to establish the inequality
1 Y?— X? arctan(X)
1+ Y? (arctanY)? — (arctan X )2 X

Q(a0,a0) (@, Do) <

<1

(16) q(X,Y) =
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forany 0 < X <Y < oo. To prove ([16)), we first observe that it holds at the extremes:

arctan(X)

X (% — (arctan X)2)

(17) (X,Y)=1 and lim ¢(X,Y) =
Y =00

y
v

The limiting values are clear. To establish the inequality for the second limit, set
X = cosf and estimate sinf < § and cosf > 2(Z — 6) to obtain

arctan(X) (5 —0)tand z

X(= — (arctan X)2)  O(m —0) m

Due to , for any X > 0 there is some Y € [X, 00) at which Y +— ¢(X,Y) attains
a global maximum. If Y > X at the maximum, then (note that g > 0)

0 ) 2Y n 2Y 2arctany’
= —— 10 = — —
gy 81 14Y2  Y2-X2 (1+4Y?)((arctanY)? — (arctan X)2)’

and hence

<1.

0

1 Y
_ 14+YZ arctanY
g(X,Y) = T Zarcany

1+ X2 arctan X

But the right-hand side is strictly less than 1 when Y > X, since the function
h(X) = —L X__ satisfies

14+X?2 arctan X
1 1 2X 1 1 2X —-X

logh) = —— — < - _ _ _
(logh) = = A X arctanX 110X O3 XOX 17X 17X °

for X > 0. This establishes , and thereby completes the proof of the lemma. [

0

Putting everything together, we can now establish the desired chord-arc estimate.

Theorem 3.4. [f% > %arctan (% sin (7%)) att =0 for some a > 0, then
d 1 —4r3T /
(18) 7 > e arctan <ae - sin <%)> at all t€[0,T),

where T(t) := fot L(t)~2dt'.

Proof. We may assume that [y is not a parallel in S?. Consider, for any ¢ € (0, 1),
the function ¢. := (1 — e)@. Observe that ¢. still satisfies Properties [3.1] Indeed,
properties H require only cursory inspection and property for ¢. follows from
property (v|) for ¢ (applied with L — (1 —¢)L).

Since ¢. satisfies the strict inequality ¢.(0) < 1, the difference Z. := d — Lqﬁg(%, )
is strictly positive near the diagonal on any simple spherical curve (since d(—3,3) =
s+o(s)as s — 0). Thus, if Z. ever attains a strictly negative value, then it must have
first reached zero at some off-diagonal point (z, y) at some interior time ¢. In particular,
I'; cannot be a parallel, in which case we have established that the inequality holds
strictly at (z,y,t). But this is impossible: ¢ satisfies with equality (see [4, p. 80]),

and it follows that ¢. satisfies the reverse inequality of . O
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4. THE CURVATURE ESTIMATE

As in the planar case, the sharp chord-arc estimate implies a bound on the curvature:

Corollary 4.1. If% > éarctan (% sin (’%)) att =0 for some a > 0, then

2\ 2 2 a2
(19) K241< (%) (1 4 2 S T) at all t €[0,7T).

Proof. Using , compare with
Larctan (¢ sin(rz)) = 2z — (% + %2> 2+ 0(2°). O

a

5. CONVERGENCE TO A ROUND POINT OR A GREAT CIRCLE

We conclude by outlining how the curvature estimate leads quickly and directly
to Theorem . The argument is very similar to that of the planar case (as presented,
e.g., in [4, §3.5].)

Note first that Lemma [2.1| ensures that some a > 0 satisfying the hypothesis of
Theorem can always be found when Ty is of class C%. (If [y is less regular, but a
suitable existence result is still available, then we may simply wait a short time ¢§ for
the flow to smooth I'y, while still remaining simple, and proceed with I's replacing I'y.)

5.1. Finite maximal time. In this case, a well-known argument employing Bernstein-
type estimates for the derivatives of x ensures that lim sup, ,, maxr, x* = oo (see, e.g.,
[8, Lemma 2.11]). So the curvature estimate and the monotonicity of L imply that
L(t) — 0 as t — T. In particular, since the diameter is controlled from above by L,
we see that each I'y must lie in some ball B,)(2(t)) such that r(t) — 0ast — T. As
the avoidance principle then also ensures that I'; is contained in B, ,)(2(to)) for every
t > to, we must have I', — z as t — T for some z € S2.

Applying the curvature estimate to the first variation for length , and then
using Holder’s inequality and Fenchel’s theorem gives

1d
L —an? (14+25) < S 2L < L7 —an”

As lim;_,7 L(t) = 0, integrating these inequalities yields the inequalities
27V 1 —e 200 < L < 2w\/(1 + 2—) (1 —e2T-0),
This in turn gives an estimate for 7 = fg L~2dt:

1 | 2= — 1 P 11 e2T=1) —
sr2+16a2 e\ er—1 )T =g %\ Tar—1 )

In particular, 7 — oo as t — T'. Feeding this estimate for 7 back into gives

(20) K24+1< (2%)2 <1 + O (2T - 1)6) 7
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where § = 1+12a2 and C = % (e — 1)_5. Applying to to again estimate
=

%LQ yields an improved upper bound for L:

(21) LP<Ar® (1—e?T9) (14 55T — 1))

feeding this into gives, in particular, that (1 — e 2(T=9)x2 < C2.
Note that /1 — e=2(T-t)x is precisely the curvature of the rescaled curve L2

A 1—e—2(T—t)"

By the (time interior) Bernstein estimates mentioned above, the bound on rescaled
curvature also implies bounds on all derivatives of (rescaled) curvature.
To see that the rescaled curvature converges to 1, consider

1 2 1
Z/‘\/1—9,—2<T—t>|/?;|—1‘ :Z/((l—e2(Tt))(fiz—i—l)—2\/1—6—2(T—t)|ﬁ|+1>.

Applying to the first term, Fenchel’s theorem to the second, and then recalling
the length estimates and L? > 47%(1 — e 2T=%)  we find that

2
%/’\/1—6—2(T—t)|/?;| —1) < 3C(eXT0 —1)3

Since k, is bounded after rescaling, interpolation now yields the desired decay esti-

mate
2
)1 /T e 2—0)|g| — 1‘ < O™ _ 1),

with possibly worse constants C' and ¢ (though the exponent can be improved by
iterating the bootstrapping process). Decay estimates for all derivatives of (rescaled)
curvature now also follow by interpolation.

Since k is the (normal) speed of the curve shortening flow, the decay estimates for
rescaled curvature and its derivatives may be converted into estimates for the rescaled
position vector and its derivatives (cf. |4, Lemmas 2.14 and 2.16]; note that curvature
and its derivatives control torsion and its derivatives for curves on the sphere). These

imply smooth convergence of the rescaled curves \/% to the unit circle in 73,52,

5.2. Infinite maximal time. In this case, the monotonicity of L (recall (10])) ensures
that L — L; as the lifespan is infinite, L., must be at least 27 since, by (|11)),

d o 2 2
dtL < 2(L° —477).
In particular, 7(t) = f[f 4 remains comparable to ¢ as ¢ — 00, so the curvature estimate
implies that L., = 27 and that x? decays exponentially in ¢ as t — oo.

The Bernstein estimates now provide bounds on all derivatives of k, and the exponen-
tial decay of k implies, by interpolation, that those derivatives also decay exponentially
in time.

Since k is the (normal) speed of the curve shortening flow, the exponential decay
estimates for x and its derivatives may be converted into estimates for the position
vector and its derivatives, which imply smooth convergence to a great circle.
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