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Abstract. We prove endpoint and sparse-like bounds for Bergman projectors on nonho-
mogeneous, radial trees X that model manifolds with possibly unbounded geometry. The
natural Bergman measures on X may fail to be doubling, and even locally doubling, with
respect to the right metric in our setting. Weighted consequences of our sparse domina-
tion results are also considered, and are in line with the known results in the disk. Our
endpoint results are partly a consequence of a new Calderón-Zygmund theory for discrete,
non-locally doubling metric spaces.

Introduction

Discrete models of continuous objects are omnipresent in harmonic analysis. Many oper-
ators of interest can often be difficult to study directly due to issues related to convergence
in their definition, subtle singular behavior, or other measure theoretic/functional analytic
complications. Discrete models can remedy all these by providing objects which are easier
to handle and that are defined and act on a measure space that can be identified with
N. This allows one to isolate the questions that one is interested in answering from the
technicalities that surround them. Examples of successful discrete models include Haar
shifts and other dyadic objects like square functions or martingale transforms (see [24] for
a general account or [17] for an outstanding result), wavelet transforms [14], or weighted
graphs that model weighted manifolds [18].

We are interested in discrete models of the hyperbolic disk and other noncompact sym-
metric manifolds. The natural discrete structure to use in that case is that of infinite trees.
Trees are connected, loop-free graphs which may have a distinguished vertex 0. They are
called homogeneous when all vertices have the same number of neighbors. It is known
that homogeneous trees can be thought of as a discrete analogue of the hyperbolic disk, as
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made precise in, for example, [8]. In the same spirit, more general trees can be thought of
as discrete counterparts of more general Riemannian manifolds. In this work, we consider
trees X that are radial. We say that X is radial when each vertex x has exactly q(x) + 1
neighbors in X , and there exists q̃ : Z+ → Z+ such that

q(x) = q̃(|x|) for all x ∈ X ,

where |x| denotes the distance from x to 0. Therefore, all vertices x at the same distance
from 0 have the same number of neighbors. Radial trees can be seen as analogues of
noncompact rotationally symmetric Riemannian manifolds (see [25, Section 2.3]), and so
our results might shed light on their analysis at infinity.

Radial trees X can be equipped with a measure from a natural class. Fix α > 1. We
consider a measure on X given by

µ({x}) =

|x|−1∏
`=0

1

q̃(`)α
, x ∈ X .

We assume q̃(`) ≥ 2 for all `, so µ is a finite measure. The measure spaces that one
obtains by making α = 0 or α = 1, which do not fall under the scope of our work,
correspond to the well known cases of the counting measure and the canonical flow measure,
respectively. The case of α > 1 has also been considered before, albeit most often in a
special situation described above, the homogeneous one. The measures introduced above
are indeed a generalization of a class of the measures introduced in [9], where harmonic
Bergman spaces on homogeneous trees were first considered. In turn, those are the natural
discrete counterpart of the natural Bergman measures in the continuous hyperbolic disk,
with the case of α = 2 corresponding to the Lebesgue measure.

We aim to understand the behavior of certain integral operators on (X , µ) and its asso-
ciated Lp-spaces. An outstanding example of such an operator of interest in the hyperbolic
disk —and other hyperbolic manifolds— is the Bergman projector P , the projection from
L2 to the subspace of holomorphic functions. In our real variable, discrete context, P is the
orthogonal projection from L2(X ) to the Bergman space A2(X ), the subspace of functions
which are harmonic with respect to the combinatorial Laplacian on X . We are interested
in the Lp and endpoint behavior of P . In addition, understanding weighted inequalities
for P is important in the study of Toeplitz operators in the continuous case, and we shall
make a contribution in that direction in the discrete case. The work [13] already considers
Lp-boundedness for P in the homogeneous case, but weighted inequalities do not seem
to follow easily from the approach taken there. In addition, our mild assumptions on X
imply that its geometry may be unbounded. In terms of harmonic analysis, this means
that the measure µ is not only nondoubling with respect to the natural graph metric, but
it is also nondoubling —even non-locally doubling— with respect to the Gromov metric
[30, p. 245], which is the right one to study P as indicated by the results in [23]. The lack
of the doubling property of µ is one of the main challenges that we have to overcome in
our setting.
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The last few years have seen the development of a new technique within harmonic
analysis that entails (usually sharp) weighted inequalities: sparse domination. Initially
developed to provide a simpler proof of the so-called A2 theorem [19, 20], it has later evolved
to become a widespread tool to prove sharp estimates for many operators of interest. One
can consult the survey [24] and the references therein for an extensive account of the
developments in the area. A collection of sets S is sparse if for each Q ∈ S there exists
EQ ⊆ Q such that µ(EQ) ≥ 1

2
µ(Q), and the family {EQ : Q ∈ S} is pairwise disjoint. The

sparse operator associated with S is an averaging operator

ASf(x) =
∑
Q∈S

〈f〉Q1Q(x),

where 〈f〉Q denotes the integral average of f over the set Q. A sparse domination result
for an operator T —in the dual sense— is an inequality like

〈Tf1, f2〉 . 〈ASf1, f2〉,

where the sparse collection of sets S may depend on f1 and f2. We intend to follow that
trend and look for an appropriate sparse domination result for P . Like we said, the main
obstacle that we shall encounter is that, even with the right choice of metric structure on
X , µ fails to be doubling over the relevant family of sets that are candidates to belong
to a sparse family S. In the nondoubling context, the existing sparse literature is either
unsatisfactory [6, 29] or requires a substantial modification of the concept of sparse form
[7]. This modification consists in adding an extra bilinear form to the right hand side of the
inequality which accounts for certain off-diagonal interactions between the two functions
f1 and f2. Despite the fact that this extra form cannot be bounded by a sparse one —for
the original operator does not admit sparse domination itself—, one can still recover useful
quantitative information, including Lp boundedness results, from the resulting domination.
We follow this and term our extra form ES .

Theorem A. Let f1, f2 ∈ L1(X ). There exists a sparse collection S such that

|〈Pf1, f2〉| . 〈ASf1, f2〉+ ES(f1, f2).

We postpone the definition of ES to Section 2 (see formula (2.1)). It captures the local
behavior of the operator, accounting for interactions between vertices in X —and hence
sets in S— that are close to one another. ES cannot be avoided in the general case, but
it is not needed when q is a bounded function. In that case, our argument can be easily
modified to yield a domination of P involving only a usual sparse form. It should be noted
that in that case the result can be achieved using one of the existing sparse domination
principles, like that in [22]. However, as we already explained, the nondoubling context
poses significant difficulties making all previously existing approaches unapplicable. In
order to prove Theorem A, we avoid writing down a explicit formula for the kernel of P ,
and instead we look at it as a variant of a Haar shift. The analogy is far from perfect and
we still need to account for tail issues and lack of localization, but it allows us to loosely
follow an approach reminiscent of the beautiful proof in [11].
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Our sparse domination result for P is of course tailored to the operator under analy-
sis. However, a more general principle lies behind it that can be applied to any discrete
nondoubling setting, where small sets and local singularities do not play any role. Indeed,
given a general linear operator T , our sparse domination procedure can always be carried
out, leading to the identification of the right analogue of ES if it is needed. One can see the
dyadic results of [7] and Theorem A above as instances of this general strategy, of which
more details are given in Section 2.

We next identify the weighted inequalities for P that follow from our sparse domination
result. As we explained above, we are forced to include the form ES as part of our domi-
nating term. This enters the definition of our classes of weights: the right one to dominate
sparse operators is the Muckenhoupt class, while we necessarily need a larger one. For
each 1 < p < ∞, we denote the Muckenhoupt-like class of weights associated to the sets
that form the families S by Bp(µ). Additionally, a —generally larger— quantity [w]B̃p(µ) is
introduced in order to bound the term ES of the sparse domination. Then, our weighted
inequalities for P read as follows:

Theorem B. Let 1 < p <∞. If w ∈ B̃p(µ), then

‖Pf‖Lp(X ,w) .[w]B̃p(µ)
‖f‖Lp(X ,w).

The dependence on [w]B̃p(µ) in the inequality above can be traced. For example, if p = 2

one gets [w]B2(µ)[w]
1/2

B̃2(µ)
, which does not reduce to the optimal one in the classical case,

as we explain below. In our proof, the extra power comes from the estimate of the term
ES and does not seem to be avoidable in the nondoubling setting. We have decided to
term B̃p(µ) the class of weights that appears in Theorem B, because the class of sets over
which weights w are tested in the definition of [w]Bp(µ) makes it the exact discrete analogue
of the Bekollé-Bonami class of weights [1], which is known to characterize the weighted
bounds for the Bergman projection on the disk. In addition, our quantitative results are
in line with their continuous counterpart from [26] —in the doubling setting—. The proof
of Theorem B follows the standard argument that deduces weighted bounds from sparse
domination (see, for instance, [10]), that we adapt to deal with the new term ES in our
sparse domination result. We emphasize again that our scheme of proof for Theorems A and
B has a wider applicability: we identify conditions under which an operator defined on a
discrete structure that is equipped with a martingale filtration admits a sparse domination
result and a family of nontrivial weighted inequalities.

We finally study the endpoint behavior of P . At this point, we prefer to formulate our
results in two separate ways. First, we study the endpoint behavior of general integral
operators T whose kernels K satisfy adequate Hörmander-like and integral size conditions,
that we term respectively (HörmCond) and (SizeCond). These should be compared to
those naturally arising in nonhomogeneous Calderón-Zygmund theory [28, 27]. Our results
hold for any tree equipped with any measure, and can be thought of as a general Calderón-
Zygmund theory for non-locally doubling trees.
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Theorem C. Let (X , µ) be a tree equipped with any measure. Let T be an L2-bounded
integral operator with symmetric kernel K. If K satisfies conditions (SizeCond) and
(HörmCond), then T satisfies the following endpoint bounds:

(a) T maps L1(X ) to L1,∞(X ).
(b) T maps H1(X ) to L1(X ).
(c) T maps L∞(X ) to BMO(X ).

The spaces BMO(X ) and H1(X ) that appear in the statement of Theorem C are the
martingale ones adapted to the natural filtration induced by the Gromov metric, and are
introduced in Section 1. In particular, we have H1(X )∗ = BMO(X ) and interpolation with
the Lp(X ) scale. In our radial setting, the kernel of P satisfies (SizeCond) and (HörmCond),
and so we can apply Theorem C to it and we obtain its Lp-boundedness as a consequence.
We also recover the weak L1-estimates obtained in [13, 12] in the homogeneous case and
extend it to the unbounded branching setting. We expect that Theorem C will be applicable
to other integral operators on —non-necessarily radial— trees with unbounded branching
behavior. Our nondoubling results do not fit the framework of [16], because µ does not
satisfy an appropriate growth condition. Some elements in the proof of Theorem C are
reminiscent of the arguments that naturally appear in nonhomogeneous Calderón-Zygmund
theory [28], adapted to our specific discrete setting.

Our study of P allows us to prove pointwise estimates for its kernel that resemble the
classical Lipschitz smoothness ones for Calderón-Zygmund operators. This and the fact
that P1X = 1X suggests that the H1 and BMO endpoint estimates are suboptimal.

Theorem D. The following endpoint results hold for P :

(a) P maps H1(X ) to H1(X ).
(b) P maps BMO(X ) to BMO(X ).

The BMO estimate for P is new even in the homogeneous setting, although the slightly
weaker L∞ − BMO one had already been noted explicitly and could be deduced from the
known results of Calderón-Zygmund theory in homogeneous spaces. The scheme of proof
of the H1−H1 estimate seems entirely new. We emphasize once more that our framework
is significantly different from all those previously studied in nonhomogeneous harmonic
analysis: the measure µ does not exhibit polynomial (or upper doubling) growth (so [15]
cannot be followed for the BMO estimate), it is not balanced —in the sense of [21]—, and
even if it clearly satisfies the isoperimetric property, it is not locally doubling, ruling out
the techniques of [3, 4].

The rest of the paper is organized as follows: in Section 1 we explain our setting, the
martingale filtration that we will be working with and some examples of operators that
fit our framework. We also collect there some useful kernel estimates for P that we use
later in the paper. These are deduced from a novel decomposition of the operator into
localizing projections. Section 2 contains our sparse domination result for P and the
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weighted inequalities that descend from it, in terms of the appropriate Bekollé-Bonami-
like weight classes. Finally, in Section 3 we develop our discrete non-locally doubling
Calderón-Zygmund theory and prove Theorems C and D.

1. Trees with unbounded geometry

1.1. Radial trees of (possibly) unbounded degree. A tree X is a connected graph
without loops. We denote the natural graph distance on X by d. Two vertices x, y ∈ X
are called adjacent if d(x, y) = 1. We choose a vertex in X that we call origin and denote
by 0. For each x ∈ X , we write

|x| := d(x, 0).

For each x ∈ X \ {0}, we denote

q(x) + 1 = #{y ∈ X : d(x, y) = 1},
and we declare q(0) = #{y ∈ X : |y| = 1}. In that way, q(x) denotes the number of
children of x ∈ X , i.e. the vertices adjacent to x whose distance from 0 is |x| + 1. As we
stated in the Introduction, we work with radial trees. This means that we postulate the
existence of a function q̃ : Z+ → {2, 3, 4, . . .} such that

q(x) = q̃(|x|) for all x ∈ X .
Given 0 6= x ∈ X with |x| = ` and 1 ≤ k ≤ `, we denote by x(k) the only vertex y in the
geodesic merging 0 and x such that |y| = ` − k. Conversely, the family of vertices y such
that y(1) = x is denoted D1(x). Fix α > 1. We consider the radially decreasing measure
on X defined by

µ({x}) :=

|x|∏
k=1

1

q(x(k))α
=

|x|−1∏
`=0

1

q̃(`)α
.

Often, we abuse notation and write µ(x) = µ({x}) for measures µ on X . Without loss of
generality, we may assume that µ has been normalized to be a probability measure. The
sector generated by x ∈ X is the set

Sx =
{
y ∈ X : y(k) = x for some k ≥ 1

}
∪ {x}.

Due to the fast decay of µ, we have, and will repeatedly use, the fact that µ(Sx) ∼ µ(x).
The point x is called the vertex of the sector Sx. Given a sector S, we will sometimes use
the notation xS to denote the vertex of S. Given x, y ∈ X , their confluent x ∧ y is the
point z that belongs both to the chain (x(k))k and (y(`))` such that |z| is largest.

Remark 1.1. An alternative construction of a tree can be carried over without distinguishing
an origin 0, by hanging X by (a point in) its boundary ∂X . ∂X can be constructed as
follows: let G(X ) be the space of infinite geodesics —infinite sequences (xn)n of adjacent
points such that xn+2 6= xn for every n—. On G(X ), we define the equivalence relation
(xn)n ∼ (ym)m if and only if there exists N ∈ Z and n0 ∈ N such that xn = yn+N for every
n > n0. Then

∂X := G(X )/ ∼ .
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Once we fix a hanging point ω ∈ ∂X , we can define a level structure and then a non-finite,
σ-finite measure adapted to it on X . We proceed along the lines of [12], but we need to
make some modifications because our tree is no longer homogeneous, and the property
of being radial is (can be) conditional on the choice of the boundary point over which
X hangs. Indeed, assume ω ∈ ∂X has been picked and for each y ∈ X denote by (yn)n
the (unique) representative of ω such that y0 = y. We then set y(n) = yn for all y. Fix
x0 ∈ X . We proclaim that x0 belongs to the 0-th horocycle and xn belongs to the (−n)-th
horocycle, for n ≥ 1. All other points y are assigned a horocycle as follows: if n1 and n2 are
the smallest numbers such that y(n1) = x(n2) then y belongs to the (n1 − n2)-th horocycle.
Having fixed ω, X is radial if for each k ∈ Z, the following holds: for all y in the k-th
horocycle the set {z ∈ X : z(1) = y} has the same number q(y) = qk of elements. Then
we may define a measure µ on X as follows: we set µ({x0}) = 1, and then we impose the
relation

µ({y}) =
µ({y(1)})
q(y(1))α

,

which defines µ over the whole X .

The measure µ is not finite, but all sectors have finite measure and are very similar to the
trees we consider below. In fact, any tree with origin can be seen as a sector in a non-finite
measure tree as the ones constructed above. All of our results below can be generalized to
radial trees of infinite measure writing X as an increasing limit of sectors. We leave the
concrete details and adjustments needed in each estimate to the interested reader.

1.2. Martingale structure. H1 and BMO. We construct a (one-sided) martingale fil-
tration induced by the Gromov metric in X . Each σ-algebra is generated by a partition
Dk, which is trivial for k = 0 and is constructed as follows for k ≥ 1:

Dk =
{
{x} : |x| < k

}⋃{
Sy : |y| = k

}
.

We use notation inherited from that of the usual dyadic system: we use the letters Q,R, S
to denote elements of D , and the only S ∈ Dk that contains a given Q ∈ Dk+s is denoted
by Q(s). When Q = {x} is a singleton, we sometimes write x = xQ. Clearly, if {x} ∈ Dk

for some k, then {x} ∈ D` for all ` > k. It will be useful for us to always view singletons
as points elements in the dyadic generation D` with the smallest possible value of `. This
means that we will always think that {x} ∈ Dk if

min {` : {x} ∈ D`} = k.

Also, when needed, we will denote

Dt(Q) = {R ∈ D : R(t) = Q},

and

D≤t(Q) =
t⋃

k=0

Dk(Q).
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The conditional expectations induced by D = {Dk}k≥0 are denoted

EDkf = Ekf :=
∑
Q∈Dk

〈f〉Q1Q,

while martingale differences are

Dkf = Ekf − Ek−1f.

In our endpoint estimates we use the spaces H1(X ) and BMO(X ) defined with respect to
the filtration generated by D . The norm in the latter is given by

‖f‖BMO = ‖E0f‖∞ + sup
k≥1
‖Ek |f − Ek−1f |‖∞ ,

We will use the following useful expression to compute BMO norms in the sequel:

‖f‖BMO ∼ sup
Q∈D

1

µ(Q)

∑
x∈Q

|f(x)− 〈f〉Q|µ(x) + sup
Q∈D
Q 6=X

|〈f〉Q − 〈f〉Q(1)|+

∣∣∣∣∣∑
x∈X

f(x)µ(x)

∣∣∣∣∣ . (1.1)

The norm in H1(X ) is defined via the martingale square function:

‖f‖H1 =

∥∥∥∥∥∥
(∑
k≥1

|Dkf |2
) 1

2

∥∥∥∥∥∥
1

.

It will be useful to work with atomic descriptions of H1(X ). In what follows, an algebraic
atom is a function b ∈ L1(X ) which is supported on some Q(1) ∈ Dk for some k —which
cannot be a single point— and has vanishing integral. Following [5], an algebraic atom is
an atomic block if b =

∑
i λiai, where supp(ai) ⊆ Qi for some Qi ∈ Dki , ki ≥ k and

‖ai‖∞ ≤ µ(Qi)
−1 1

ki − k + 1
.

Every ai is said to be a subatom. For every atomic block we define

|b|1 = inf
b=

∑
i λiai

ai subatoms

∞∑
i=1

|λi|.

Then f ∈ H1(X ) if and only if f =
∑
j

bj, where each bj is an atomic block, and

‖f‖H1 = inf
f=

∑
j bj

bj atomic block

∞∑
j=1

|bj|1 = inf
f=

∑
j bj

bj=
∑
i λj,iai

∞∑
j,i=1

|λj,i|.

Atomic blocks can be assumed to adopt a simpler form than those, as we show next. An
algebraic atom s is called a simple algebraic atom if there exists a : X → R such that
supp(a) ⊆ Q and

s = a− 〈a〉Q(1)1Q(1) .
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Lemma 1.2. Every function f ∈ H1(X ) can be written as

f =
∑
j

λjsj,

where each simple atomic block sj = aj − 〈aj〉Q(1)
j

1
Q

(1)
j

is such that

‖aj‖∞ ≤ µ(Qj)
−1.

Moreover, we have

‖f‖H1 ∼ inf
f=

∑
j λjsj

sj simple atomic block

∞∑
j=1

|λj| =: ‖f‖H1
sb
.

Proof. Clearly, ‖f‖H1 . ‖f‖H1
sb

, for simple atomic blocks are atomic blocks. Indeed, if

b = a − 〈a〉Q1Q is a simple atomic block then a1 = a and a2 = −〈a〉Q1Q are subatoms
satisfying the right size condition. Therefore, the infimum defining ‖ · ‖H1 ranges over a
larger set than that defining ‖ · ‖H1

sb
.

Conversely, let b be an atomic block supported on Q ∈ Dk with |b|1 = 1. It is enough
to show that ‖b‖H1

sb
. 1. Let b =

∑
j

λjaj be a decomposition of b into subatoms such that∑
j

|λj| ∼ 1. For each j, denote the support of aj by Qj ∈ Dkj and write

aj = aj − 〈aj〉Q(1)
j

1
Q

(1)
j

+

kj−k−1∑
`=1

[
〈aj〉Q(`)

j
1
Q

(`)
j
− 〈aj〉Q(`+1)

j
1
Q

(`+1)
j

]
+ 〈aj〉Q1Q.

Since ∑
j

λj〈aj〉Q = 0

because of the mean 0 of b, we can write

b =
∑
j

λj

[
aj − 〈aj〉Q(1)

j
1
Q

(1)
j

]

+
∑
j

λj
1

kj − k + 1

kj−k−1∑
`=1

(kj − k + 1)
[
〈aj〉Q(`)

j
1
Q

(`)
j
− 〈aj〉Q(`+1)

j
1
Q

(`+1)
j

]
,

which we claim is a decomposition of b into simple atomic blocks. Indeed, for each j and
1 ≤ ` ≤ kj − k + 1,∥∥∥(kj − k + 1)〈aj〉Q(`)

j
1
Q

(`)
j

∥∥∥
∞
≤ (kj − k + 1)µ(Qj)

µ(Q
(`)
j )

‖aj‖∞ ≤
1

µ(Q
(`)
j )

,
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as required. An entirely similar estimate holds for the terms of the form aj − 〈aj〉Q(1)
j

1
Q

(1)
j

.

Therefore,

‖b‖H1
sb
.
∑
j

|λj|

1 +

kj−k−1∑
`=1

1

kj − k + 1

 .∑
j

|λj| ∼ 1,

which concludes the proof. �

Remark 1.3. The proof of Lemma 1.2 can clearly be done in any probability space, and not
only in one whose associated filtration is atomic. We do not need that level of generality
here and so we omit the details.

Remark 1.4. Above, we have dealt with atoms satisfying an L∞ size condition. Equivalent
norms and notions of both atomic blocks and simple atomic blocks can be constructed for
each 1 < p <∞ replacing said size condition by

‖aj‖p ≤
1

µ(Qj)
1
p′
.

Lemma 1.2 holds as well for Lp-atomic blocks. We use the case p = 2 below in Section 3.

1.3. Operators acting on X : Bergman spaces and projection-like operators. The
combinatorial Laplacian on X is the operator defined by

∆f(x) = f(x)− 1

q(x) + 1

∑
y:d(x,y)=1

f(y).

A function f is called harmonic at a point x if ∆f(x) = 0, and is called harmonic if it is
harmonic at all x ∈ X . The (real) Bergman space is

A2(X ) =
{
f ∈ L2(X ) : f is harmonic

}
.

This is a real-variable version of the classical Bergman space. A2(X ) is a reproducing
kernel Hilbert space for which an explicit orthonormal basis can be exhibited. To do so,
we start defining a family of auxiliary functions. For each k ≥ 0, we denote by ϕk the
only function on X such that ϕk(x) = 0 if |x| < k, ϕk(x) = 1 if |x| = k, that is harmonic
at all points x such that |x| > k, and is radial: ϕk(x) = ϕk(y) if |x| = |y|. The function
ϕk encodes the decay properties of the kernels studied below, in terms of the following
quantity:

νkj :=
k∏
`=j

1

q̃(`)
, k ≥ j

with the convention that νkj = 1 if j > k. Many times, the trivial estimate νkj ≤ 2−(k−j+1)

will be enough for our purposes, but the unboundedness of q will often force us to use
the larger decay captured by νkj . We will sometimes use the multiplicative identity νkj =
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νmj ·νkm+1 for j ≤ m ≤ k. The following explicit formula, which can be checked by induction,
allows one to compute the values of ϕk:

ϕk(x) =

|x|−k+1∑
`=1

ν
|x|−`
k , |x| ≥ k. (1.2)

Formula (1.2) immediately implies that 1 ≤ ϕk(x) ≤ 2 for all x ∈ supp(ϕk), a fact that we
will use repeatedly. The following more precise estimate will be useful in the sequel:

Lemma 1.5. Let k ≥ 0. If x, y are such that |x| ≥ |y| = m ≥ k, then

ϕk(x)− ϕk(y) . νmk .

Proof. Indeed,

ϕk(x)− ϕk(y) =

|x|−k+1∑
`=1

ν
|x|−`
k −

|y|−k+1∑
`=1

ν
|y|−`
k

=

|x|−k+1∑
`=|x|−|y|+1

ν
|x|−`
k −

|y|−k+1∑
`=1

ν
|y|−`
k +

|x|−|y|∑
`=1

ν
|x|−`
k

= νmk

|x|−|y|∑
`=1

ν
|x|−`
m+1 . νmk ,

using ν
|x|−`
m+1 . 2−|x|+`+m. �

Given a sector Q ∈ Dk−1 and a function e : Q ∩ {|x| = k} → R with mean zero, the
function

EQ(e)(x) =

{
ϕk(x)e(y) x ∈ Sy for some y ∈ D1(xQ),

0 otherwise,

is harmonic on X and we call it the radial harmonic extension of e. For each x ∈ X , denote

Q = Sx and pick an orthonormal basis {e`}q(x)−1
`=1 of the hyperplane

WQ =

{
v = (vj) ∈ Rq(x) :

∑
j

vj = 0

}
.

Let D1(x) = {yj : j = 1, . . . , q(x)}. For each `, define the function e`Q as the one supported

in the successors of x that satisfies e`Q(yj) = e`j. Finally, for each ` and Q set

h`Q(z) =
EQ(e`Q)(z)

‖EQ(e`Q)‖2

, z ∈ X .

When Q ∈ D is a singleton, by convention we define hQ ≡ 0. The next result uses a key
property of the functions h`Q: they are not only orthogonal to constants, but moreover they
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are orthogonal to all radial functions (and they themselves behave like radial functions in
almost all sectors).

Proposition 1.6. The family

U =
{
h`Q : Q ∈ D , 1 ≤ ` ≤ q(xQ)− 1

}
∪ {1X}

is an orthonormal basis of A2(X ).

Proof. The functions under consideration are L2-normalized, so we have to check orthog-
onality and completeness. First, if Q ∈ Dk−1 and ` 6= `′ then

〈h`Q, h`
′

Q〉 =
∑

x∈D1(xQ)

∑
y∈Sx

e`Q(x)e`
′

Q(x)ϕk(y)2µ(y)

=
∑

x∈D1(xQ)

e`Q(x)e`
′

Q(x)
∑
y∈Sx

ϕk(y)2µ(y)

= Ck,Q
∑

x∈D1(xQ)

e`Q(x)e`
′

Q(x) = Ck,Q

q(xQ)∑
j=1

e`je
`′

j = 0,

by the orthogonality of the vectors that generate h`Q and h`
′
Q. Second, since supp(h`Q) ⊆ Q

for all Q, the following —similar— computation for Dr−1 3 Q ( R ∈ Dk−1 deals with all
the remaining cases:

〈h`Q, h`
′

R〉 =
∑

x∈D1(xQ)

∑
y∈Sx

e`Q(x)e`
′

R(x0)ϕr(y)ϕk(y)µ(y)

= e`
′

R(x0)
∑

x∈D1(xQ)

e`Q(x)
∑
y∈Sx

ϕr(y)ϕk(y)µ(y)

= Ck,r,Qe
`′

R(x0)
∑

x∈D1(xQ)

e`Q(x) = 0.

Above, the point x0 ∈ D1(xR) is the only one such that Q ⊆ Sx0 . Finally, all functions h`Q
have mean zero so they are orthogonal to constants.

It remains to show that U generates the whole space. Suppose f ∈ A2(X ) is orthogonal
to every element of U . In particular, f is orthogonal to constants and it can then be
checked that f(0) = 0. We assume by induction that f(x) = 0 if |x| < n and we prove
that f(y) = 0 for all y with |y| = n. Fix x with |x| = n − 1 and denote Q = Sx. Since
f(x) = f(x(1)) = 0, we have ∑

y∈D1(x)

f(y) = 0.

But then, for all `

0 = 〈h`Q, f〉 =
∑

y∈D1(x)

∑
z∈Sy

e`Q(y)f(z)ϕn(z)µ(z)
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=
∑

y∈D1(x)

e`Q(y)
∑
z∈Sy

f(z)ϕn(z)µ(z)

=
∑

y∈D1(x)

e`Q(y)
∞∑
j=1

∑
z∈Sy
|z|=|x|+j

f(z)ϕn(z)µ(z)

=
∑

y∈D1(x)

e`Q(y)
∞∑
j=1

Cj,nf(y)

= Cn
∑

y∈D1(x)

e`Q(y)f(y),

using the radiality of µ and ϕn. This implies that f(y) = 0 for all y ∈ D1(x). �

Since pointwise evaluation is a bounded functional, A2(X ) is a closed subspace of L2(X ),
as in the continuous case. The Bergman projector P is the orthogonal projection L2(X ) 7→
A2(X ). Because of Proposition 1.6, P has the explicit expression

Pf(x) = 〈f〉X1X (x) +
∑
Q∈D

q(xQ)−1∑
`=1

〈f, h`Q〉h`Q(x).

P is an integral operator with a kernel that can be written explicitly. But as we said in the
Introduction, it is better to work with it adopting a different point of view. To that end,
the following definition does not only ease our notation in the sequel, but it also encodes
the right way of manipulating the pieces of the kernel of P . For each Q ∈ D which is not
a singleton, we set

DQf(x) :=

q(xQ)−1∑
`=1

〈f, h`Q〉h`Q(x).

When Q is a singleton we set DQf = 0. Clearly, for any f we have supp(DQf) ⊆ Q \ {xQ}
and DQf has vanishing mean. We will sometimes work with truncated versions of P , which
we denote

PRf :=
∑
T∈D
T⊆R

DTf,

in the case of the localized truncation inside R ∈ D , and for a disjoint family F ⊆ D

PFf := 〈f〉X1X +
∑
T∈D

T 6⊆R if R∈F

DTf.

Remark 1.7. Following the classical definition of Haar shifts, given a pair (r, s) ∈ N2
+ we

define

Pr,sγ f(x) =
∑
Q∈D

∑
R∈Dr(Q)

∑
S∈Ds(Q)

q(vR)−1∑
k=1

q(vS)−1∑
`=1

γQR,S,k,`〈f, h
k
R〉h`S(x).
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with γ ∈ `∞. We call Pr,sγ a Bergman shift of complexity (r, s). The Bergman projector

corresponds to the case P0,0
γ0

, where

γ0 = γQQ,Q,k,` = δk,`.

It should be observed that, unless r = s = 0, Pr,sγ cannot be expressed as a sum involving
only the operators DQ. This is one way to see that, when q is unbounded, one should not
expect to prove Lp-boundedness results for Pr,sγ if p 6= 2. The heuristic reason comes from
[21], where the family of measures such that a Haar shift and its adjoint are Lp-bounded is
characterized. The measure µ does not belong to that class, and in an analogous way one
should expect Lp-boundedness to fail. It is possible to prove positive boundedness results
for Pr,sγ when q is bounded.

1.4. Kernel estimates for P. We next collect two key estimates involving the operators
DR that will be useful in the following sections. By definition, DR is an integral operator
with kernel KR given by

KR(x, y) =

q(xR)−1∑
j=1

hjR(x)hjR(y).

On the other hand, the space WR introduced above is a reproducing kernel Hilbert space.

Denoting by kR(w,w′) =
q(xR)−1∑
j=1

ejR(w)ejR(w′) its reproducing kernel, for R ∈ Dk−1 we have

KR(x, y) =

q(xR)−1∑
j=1

hjR(x)hjR(y) =
q(xR)ϕk(x)ϕk(y)

‖ϕk1R‖2
2

q(xR)−1∑
j=1

ejR(x(|x|−|xR|−1))ejR(y(|y|−|xR|−1))

=
q(xR)ϕk(x)ϕk(y)

‖ϕk1R‖2
2

kR(x(|x|−|xR|−1), y(|y|−|xR|−1)). (1.3)

Finally, a direct computation shows that kR is uniquely determined by

kR(w,w′) =


− 1

q(xR)
, if w 6= w′,

1− 1

q(xR)
, if w = w′.

(w,w′) ∈ WR ×WR.

Lemma 1.8. If Q ∈ Dk is not a single point, the following two estimates hold:

(1) For all ` ≥ 1 and every z ∈ Q(`) we have

sup
x,y∈Q

|KQ(`)(z, x)−KQ(`)(z, y)| .


1

µ(Q(`−1))
νkk−`+1, if z ∈ Q(`−1),

1

µ(Q(`−1))
νkk−`, otherwise.
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(2) For all x, y ∈ Q(1) \ {x(1)
Q },

|KQ(1)(x, y)| .


1

µ(Q)
, if x ∧ y 6= x

(1)
Q ,

1

q(x
(1)
Q )µ(Q)

, otherwise.

Proof. (1) By the triangle inequality, it is enough to prove the assertion for y = xQ.
Since 1 ≤ ϕk−`+1 < 2, using (1.3) and Lemma 1.5 yields

KQ(`)(z, x)−KQ(`)(z, xQ)

=
q(x

(`)
Q )ϕk−`+1(z)(ϕk−`+1(x)− ϕk−`+1(xQ))

‖ϕk−`+11Q(`)‖2
2

kQ(`)(z(|z|−k+`−1), x
(`−1)
Q )

∼ νkk−`+1

1

µ(Q(`−1))
kQ(`)(z(|z|−k+`−1), x

(`−1)
Q )

∼


1

µ(Q(`−1))
νkk−`+1, if z ∈ Q(`−1),

− 1

q(x
(`)
Q )µ(Q(`−1))

νkk−`+1, otherwise.

(2) Again by (1.3),

KQ(1)(x, y) =
q(x

(1)
Q )ϕk(x)ϕk(y)

‖ϕk1Q(1)‖2
2

kQ(1)(x(|x|−k), y(|y|−k))

∼


1

µ(Q)
, if x ∧ y 6= x

(1)
Q ,

− 1

q(x
(1)
Q )µ(Q)

, otherwise.

�

We next prove an estimate for truncations of P . Given a family F of disjoint sets in D
contained in a sector Q0, we denote the kernel of the truncation PQ0

F by KQ0

F , which clearly
can be written as

KQ0

F =
∑

Q∈D , Q⊆Q0
Q6⊆R∈F

KQ. (1.4)

In the particular case when Q0 = X , we slightly abuse notation and exclude KX from the
sum —and will deal with it separately below—.
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Proposition 1.9. Let Q ∈ Dk be such that Q ⊆ Q0 and Q 6⊆ R for any R ∈ F . For every
z ∈ Q(`) \Q(`−1) ⊆ Q0, we have

sup
x,y∈Q

|KQ0

F (z, x)−KQ0

F (z, y)| .


1

µ(Q(`))
νkk−`, if z = x

(`)
Q ,

1

µ(Q(`−1))
νkk−`, if z 6= x

(`)
Q .

Proof. We have

|KQ0

F (z, x)−KQ0

F (z, y)| ≤
k−∑̀
j=0

|KQ(`+j)(z, x)−KQ(`+j)(z, y)|,

where the first term of the sum vanishes whenever z = x
(`)
Q . By part (1) of Lemma 1.8,

one has

|KQ0

F (z, x)−KQ0

F (z, y)| .



k−∑̀
j=1

1

µ(Q(`+j−1))
νkk−`−j+1, if z = x

(`)
Q

1

µ(Q(`−1))
νkk−` +

k−∑̀
j=1

1

µ(Q(`+j−1))
νkk−`−j+1, if z 6= x

(`)
Q .

The statement follows from the fact that both sums are geometric and hence controlled by
their first term, and the one appearing in the term below is in turn controlled by the one
on its left. �

The following notation will sometimes be used in the sequel: if Q ∈ D , Q is the smallest
sector that contains it —it is only different from Q if the latter is a singleton—. Our last
estimate is particularly useful when controlling local terms.

Proposition 1.10. Let b be a simple algebraic atom associated to Q ∈ Dk. For every
1 ≤ ` ≤ |xQ|,

D
Q

(`)(b)(x) .


νkk−`+1

µ(Q(`−1))
‖b‖1, if x ∈ Q(`−1)

, (1.5a)

νkk−`
µ(Q(`−1))

‖b‖1, if x ∈ Q(`) \Q(`−1)
. (1.5b)

Furthermore, if Q is a single point, then DQb ≡ 0.

Proof. The case ` > 1 follows from the fact that b has null mean and Lemma 1.8 applied

to Q
(1)

. Indeed,

|D
Q

(`)b(x)| =

∣∣∣∣∣∣
∑
y∈Q(1)

(
K
Q

(`)

(
x, y
)
−K

Q
(`)

(
x, x

Q
(1)

))
b(y)µ(y)

∣∣∣∣∣∣



SPARSE DOMINATION IN NONHOMOGENEOUS TREES 17

≤ sup
y∈Q(1)

∣∣∣K
Q

(`)

(
x, y
)
−K

Q
(`)

(
x, x

Q
(1)

)∣∣∣ ‖b‖1

≤


νkk−`+1

µ(Q(`−1))
‖b‖1, if x ∈ Q(`−1)

,

νkk−`
µ(Q(`−1))

‖b‖1, if x ∈ Q(`) \Q(`−1)
,

regardless of whether Q = Q or not. For ` = 1, if Q is a single point one can argue
similarly as above. Otherwise, denote by R the element so that x ∈ R ∈ D1(Q(1)). By (2)
of Lemma 1.8, one has

|DQ(1)b(x)| ≤
∑

y∈Q(1)\{x(1)Q }

|KQ(1)(x, y)||b(y)|µ(y)

.
1

µ(Q)

[
‖b1R‖1 +

1

q(x
(1)
Q )
‖b1

Q(1)\(R∪{x(1)Q })
‖1

]
.

If R = Q, then clearly |DQ(1)b(x)| . ‖b‖1µ(Q)−1. Otherwise, since b = a− 〈a〉Q(1)1Q(1) we
have that

|DQ(1)b(x)| . 1

µ(Q)

[
µ(R)|〈a〉Q(1)|+

1

q(x
(1)
Q )
‖b‖1

]
.

‖b‖1

q(x
(1)
Q )µ(Q)

.

Finally, the fact that DQb ≡ 0 when Q = {v} follows from

DQb(x) = − a(v)

µ(Q)

∑
y∈Q\{v}

KQ(x, y)µ(y)

= − a(v)

µ(Q)

∑
z∈D1(v)

kQ(x|x|−|v|−1, z)
∑
y∈Sz

ϕ|v|+1(x)ϕ|v|+1(y)

‖ϕ|v|+11Q‖2
2

µ(y) = 0, (1.6)

by the definition of kQ and the radiality of ϕ|v|+1. �

Remark 1.11. The key to obtaining the estimates above is to exploit the joint cancellation
enjoyed by the family {h`Q}` for each fixed Q. We do that by studying the operators DQ
as a whole instead of considering the individual products 〈f, h`Q〉h`Q, of which there can be
arbitrarily many within each cube Q, and for which size estimates are not precise enough.
This is a key difference with respect to the usual point of view that one adopts in dyadic
harmonic analysis, in which the action of each function in the Haar basis is dealt with
separately. In a sense, one can interpret our point of view as a way to dealing with the
fact that X may be infinite-dimensional.
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2. Sparse forms associated with P

This section is devoted to the proof of Theorems A and B. We start defining the form
ES that appears in the statement of Theorem A. If S ⊆ D is a sparse family we put

ES(f1, f2) :=
∑

Q=Q∈S

〈f1〉Q

(
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈f2〉R

)
µ(Q). (2.1)

We need to use the following variant of the Calderón-Zygmund decomposition for general
measures, both in the next Subsection and in Section 3.

Lemma 2.1. Let R ∈ D , 0 ≤ f ∈ L1(R) and λ > µ(R)−1‖f‖L1(R). Let {Qj}j ⊆ D be a
disjoint family such that

{MDf > λ} ⊆
⋃
j

Qj,

and Q
(1)
j 6⊆

⋃̀
Q` for any j. Then, if we define b =

∑
j

bQj , where

bQj := f1Qj − 〈f1Qj〉Q(1)
j

1
Q

(1)
j
,

and f = g + b, the following properties are satisfied:

(1) Localization:

supp(bQj) ⊆ Q
(1)
j ,

∑
x∈Q(1)

j

bQj(x)µ(x) = 0.

(2) L1-bounds:

‖g‖1 . ‖f‖1,
∑
j

‖bQj‖1 . ‖f‖1.

(3) Higher integrability for g:

‖g‖2
2 . λ‖f‖1, ‖g‖BMO . λ.

The statement above is different from the usual one in that the Calderón-Zygmund cubes
can be taken to be as large as desired, so long as they are still disjoint (and so smallness of
the measure of the exceptional set is not claimed). We take advantage of this additional
feature below in the proof of Theorem A, as is usually done in sparse domination proofs.
The proof of Lemma 2.1 is a straightforward adaptation from [6, 2], and is hence omitted.
The key BMO estimate is proven in [7].
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2.1. Sparse domination. In the proof of Theorem A we will need to use the uniform
L2-boundedness of truncations of P , that we record below:

sup
Q0∈D , F⊆D

∥∥∥PQ0

F

∥∥∥
L2(X )→L2(X )

<∞. (2.2)

The proof of (2.2) follows immediately from the orthogonality and normalization of the
operators DQ and we omit it.

Proof of Theorem A. Since we will have X ∈ S for all pairs (f1, f2), it is enough to prove
sparse domination for the operator P − 〈f〉X1X . Let f1, f2 ∈ L1(X ) be nonnegative, and
set Q0 = X . We have

〈Pf1, f2〉 = 〈f1〉Q0‖f2‖1 +

〈∑
Q∈D

DQf1, f2

〉
= 〈f1〉Q0〈f2〉Q0µ(Q0) + 〈PQ0f1, f2〉.

Since Q0 ∈ S, the first term in the right hand side above is acceptable, and we focus on
estimating the second for the remainder of the proof. We denote

Ω0
i = {MDfi > 4‖MD‖L1(X )→L1,∞(X )〈fi〉Q0}, i ∈ {1, 2},

and Ω0 = Ω0
1 ∪ Ω0

2. We cover Ω0 with a disjoint family F1 ⊆ D , maximal with respect to
inclusion. For i = 1, 2, we apply the Calderón-Zygmund decomposition from Lemma 2.1
to fi at height λi = 4‖MD‖L1(X )→L1,∞(X )〈fi〉Q0 . We next estimate the non localizing part
of P , namely the truncation

PQ0

F1 f = PQ0f −
∑
Q∈F1

PQf.

We claim

|〈PQ0

F1 f1, f2〉| . 〈f1〉Q0〈f2〉Q0µ(Q0) +
∑
Q∈F1

〈f1〉Q〈f2〉Qµ(Q)

+
∑

Q=Q∈F1

〈f1〉Q
(

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R
)
µ(Q). (2.3)

We split according to the Calderón-Zygmund pieces:

|〈PQ0

F1 f1, f2〉| ≤ |〈PQ0

F1 g1, g2〉|+ |〈PQ0

F1 b1, g2〉|+ |〈PQ0

F1 g1, b2〉|+ |〈PQ0

F1 b1, b2〉|
=: I + II + III + IV,

and we analyze separately the four cases. For term I, Cauchy-Schwarz’s inequality and
(2.2) yield

I ≤ ‖PQ0

F1 g1‖2‖g2‖2 . ‖g1‖2‖g2‖2 . (〈f1〉Q0‖f1‖1 〈f2〉Q0‖f2‖1)1/2 = 〈f1〉Q0〈f2〉Q0µ(Q0).
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To analyze the terms involving the bad parts in the Calderón-Zygmund decomposition, we
write

PQ0

F1 (b1,Q) =
∑

D=D∈D
D∩Q(1) 6=∅

DDb1,Q −
∑

R=R∈F1

R∩Q(1) 6=∅

∑
T=T∈D
T⊆R

T∩Q(1) 6=∅

DT b1,Q

=

|xQ|∑
k=1

DQ(k)b1,Q +
∑

T=T∈D
T⊆Q(1)\Ω0

DT b1,Q. (2.4)

For every T ⊆ Q(1) \Ω0, we have b1,Q|T ≡ 〈f1Q〉Q(1) , and so the last sum in (2.4) vanishes.
Using that DQb1,Q ≡ 0 when Q is a singleton, the above formula reduces to

PQ0

F1 (b1,Q) =

|xQ|∑
k=1

D
Q

(k)b1,Q. (2.5)

Since PQ0

F1 is self-adjoint, it is enough to study II and the estimate for III will follow. For

every 1 ≤ k ≤ |xQ|, we put g
(k)
2 = g2 − 〈g2〉Q(k) . By (1.1), we have 〈g(k)

2 〉R . ‖g2‖BMO for

every R ∈ D1(Q
(k)

). Then, by the vanishing mean of D
Q

(k)(b1,Q) and Proposition 1.10 we

have

〈D
Q

(k)(b1,Q), g2〉 = 〈D
Q

(k)(b1,Q), g2 − 〈g2〉Q(k)〉

= ‖D
Q

(k)(b1,Q)1
Q

(k−1)‖∞‖g(k)
2 1

Q
(k−1)‖1 +

∑
z∈D1(x

(k)
Q )

z 6=x(k−1)
Q

‖D
Q

(k)(b1,Q)1Sz‖∞‖g
(k)
2 1Sz‖1

. ν
|xQ|
|xQ|−k+1‖b1,Q‖1‖g2‖BMO

(
1 +

1

q(x
(k)
Q )

∑
z∈D1(x

(k)
Q )

z 6=x(k−1)
Q

1
)

. ν
|xQ|
|xQ|−k+1‖b1,Q‖1‖g2‖BMO.

Summing over k yields

∑
Q∈F1

〈PQ0

F1 (b1,Q), g2〉 .
∑
Q∈F1

‖b1,Q‖1‖g2‖BMO

|xQ|∑
k=1

ν
|xQ|
|xQ|−k+1 . ‖f1‖1,Q0‖f2‖1,Q0µ(Q0).

We are left with term IV, that we need to further split as follows:

〈PQ0

F1 b1, b2〉 =
∑

Q,R∈F1

〈PQ0

F1 b1,Q, b2,R〉 ≤ 2
∑
Q∈F1

∑
R∈F1

µ(R)≤µ(Q)

〈PQ0

F1 b1,Q, b2,R〉 = 2
∑
Q∈F1

IVQ,
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where

IVQ =
∑
x∈X

PQ0

F1 (b1,Q)(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

=
∑
x∈Q(1)

PQ0

F1 (b1,Q)(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

+

|xQ|∑
k=2

∑
x∈Q(k)\Q(k−1)

PQ0

F1 (b1,Q)(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

= : IVQ,1 +

|xQ|∑
k=2

IVQ,k.

For k ≥ 2 we have b2,R(x
(k)
Q ) = 0 because µ(R) ≤ µ(Q). Therefore,

|IVQ,k| =
∣∣∣ ∑
x∈Q(k)\Q(k−1)

PQ0

F1 (b1,Q)(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)
∣∣∣

=
∣∣∣ ∑
x∈Q(k)\(Q(k−1)∪{x(k)Q })

∑
y∈Q(1)

(KQ0

F1(x, y)−KQ0

F1(x, xQ))b1,Q(y)µ(y)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)
∣∣∣

≤ ‖b1,Q‖1 sup
y∈Q(1)

∑
x∈Q(k)\(Q(k−1)∪{x(k)Q })

|KQ0

F1(x, y)−KQ0

F1(x, xQ)|
∑
R∈F1

µ(R)≤µ(Q)

|b2,R(x)|µ(x)

≤ ‖b1,Q‖1

( ∑
Q(k−1) 6=S=S∈D

S(1)=Q(k)

∑
x∈S

sup
y∈Q(1)

|KQ0

F1(x, y)−KQ0

F1(x, xQ)|
∑

R∈F1, R(S
µ(R)≤µ(Q)

|b2,R(x)|µ(x)

)

. ‖b1,Q‖1

( ∑
Q(k−1) 6=S=S∈D

S(1)=Q(k)

1

µ(Q(k−1))
ν
|xQ|
|xQ|−k

∑
x∈S

∑
R∈F1, R(S
µ(R)≤µ(Q)

|b2,R(x)|µ(x)

)

≤ ‖b1,Q‖1ν
|xQ|
|xQ|−k

( ∑
Q(k−1) 6=S=S∈D

S(1)=Q(k)

〈f2〉S

)
. ‖b1,Q‖1ν

|xQ|
|xQ|−k+1〈f2〉Q0 ,

by Proposition 1.9 and the maximality of the Calderón-Zygmund cubes Q. For IVQ,1 we
use (2.5) to get

IVQ,1 =
∑
x∈Q(1)

PQ0

F1 (b1,Q)(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)
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=
∑
x∈Q(1)

|xQ|∑
k=1

D
Q

(k)b1,Q(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

=
∑
x∈Q(1)

D
Q

(1)b1,Q(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

+
∑
x∈Q(1)

|xQ|∑
k=2

D
Q

(k)b1,Q(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

=: IVa
Q,1 + IVb

Q,1.

We next use Proposition 1.10 to get

|IVb
Q,1| ≤‖b1,Q‖1

|xQ|∑
k=2

ν
|xQ|
|xQ|−k+1

µ(Q(k−1))

∑
x∈Q(1)

∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

≤‖b1,Q‖1

|xQ|∑
k=2

ν
|xQ|
|xQ|−k+1〈f2〉Q(1)

.‖b1,Q‖1〈f2〉Q0

|xQ|∑
k=2

ν
|xQ|
|xQ|−k+1

.‖b1,Q‖1〈f2〉Q0 .

To estimate IVa
Q,1 we proceed differently depending on whether Q = Q or not. In the latter

case, we use Proposition 1.10 and the fact that µ(Q) ∼ µ(Q(1)) to get

|IVa
Q,1| ≤

ν
|xQ|
|xQ|

µ(Q)
‖b1,Q‖1

∑
x∈Q(1)

∑
R∈F1

µ(R)≤µ(Q)

|b2,R(x)|µ(x)

. ‖b1,Q‖1
1

µ(Q(1))

∑
R∈F1

R(Q(1)

‖b2,R‖1

. ‖b1,Q‖1〈f2〉Q(1) . ‖b1,Q‖1〈f2〉Q0 .

If Q = Q, then we split again as

IVa
Q,1 =

∑
x∈Q

D
Q

(1)b1,Q(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x) +
∑

x∈Q(1)\Q
x6=x(1)Q

D
Q

(1)b1,Q(x)
∑
R∈F1

µ(R)≤µ(Q)

b2,R(x)µ(x)

=: IVa,1
Q,1 + IVa,2

Q,1.
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Hence Proposition 1.10 yields

|IVa,1
Q,1| ≤

∑
x∈Q

|D
Q

(1)b1,Q(x)|
∑
R∈F1

R(1)=Q(1)

|b2,R(x)|µ(x)

.‖b1,Q‖1
1

µ(Q)

∑
x∈Q

∑
R∈F1

R(1)=Q(1)

|b2,R(x)|µ(x)

≤‖b1,Q‖1

( ∑
S∈D1(Q(1))

S 6=Q

〈f21S〉Q(1) + 〈f2〉Q

)

≤‖b1,Q‖1

(
〈f2〉Q(1) + 〈f2〉Q

)
. ‖b1,Q‖1

(
〈f2〉Q0 + 〈f2〉Q

)
.

Finally, for the last term, again by applying Proposition 1.10 and using the fact that if
µ(R) ≤ µ(Q) and Q(1) = R(1) then R = R,

|IVa,2
Q,1| ≤

∑
x∈Q(1)\Q
x 6=x(1)Q

|D
Q

(1)b1,Q(x)|
∑
R∈F1

µ(R)≤µ(Q)

|b2,R(x)|µ(x)

. ‖b1,Q‖1
1

µ(Q)

1

q(x
(1)
Q )

∑
x∈Q(1)\Q
x 6=x(1)Q

∑
R∈F1

µ(R)≤µ(Q)

|b2,R(x)|µ(x)

≤ ‖b1,Q‖1
1

µ(Q)

1

q(x
(1)
Q )

( ∑
S∈D1(Q(1))

S/∈F1

∑
R∈F1

R(1)⊆S

∑
x∈S

|b2,R(x)|µ(x) +
∑

R=R∈F1

R(1)=Q(1)

∑
x∈Q(1)\Q

|b2,R(x)|µ(x)

)

≤ ‖b1,Q‖1

(
1

q(x
(1)
Q )

∑
S∈D1(Q(1))

S/∈F1

〈
∑
R∈F1

R(1)⊆S

|b2,R|〉S +
∑

R=R∈F1

R(1)=Q(1)

1

q(x
(1)
Q )

‖b2,R‖1

µ(Q)

)

. ‖b1,Q‖1〈f2〉Q0

(
1

q(x
(1)
Q )

∑
S∈D1(Q(1))

S/∈F1

1

)
+ ‖b1,Q‖1

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R

≤ ‖b1,Q‖1

(
〈f2〉Q0 +

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R

)
.

So, when Q is a sector, we control the term IVQ,1 by

|IVQ,1| . ‖b1,Q‖1

(
〈f2〉Q0 + 〈f2〉Q +

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R
)
.
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Collecting all the estimates together yields

|IVQ| ≤ |IVQ,1|+
|xQ|∑
k=2

|IVQ,k|

. ‖b1,Q‖1

(
〈f2〉Q0

(
1 +

|xQ|∑
k=2

ν
|xQ|
|xQ|−k+1

)
+ 〈f2〉Q +

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R

)

. ‖b1,Q‖1〈f2〉Q0 + ‖b1,Q‖1〈f2〉Q + ‖b1,Q‖1
1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R,

whenever Q = Q, and
|IVQ| . ‖b1,Q‖1〈f2〉Q0

in the singleton case. Finally, we obtain

|IV| .
∑
Q∈F1

|IVQ|

.
∑
Q∈F1

‖b1,Q‖1

(
〈f2〉Q0 + 〈f2〉Q

)
+

∑
Q=Q∈F1

‖b1,Q‖1
1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R

≤〈f1〉Q0〈f2〉Q0µ(Q0) +
∑
Q∈F1

〈f1〉Q〈f2〉Qµ(Q)

+
∑

Q=Q∈F1

〈f1〉Q
(

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R
)
µ(Q).

This concludes the estimate for IV and yields (2.3), which in turn implies

|〈PQ0f1, f2〉| ≤C

(
〈f1〉Q0〈f2〉Q0µ(Q0) +

∑
Q∈F1

〈f1〉Q〈f2〉Qµ(Q)

+
∑

Q=Q∈F1

〈f1〉Q
(

1

q(x
(1)
Q )

∑
R=R∈F1

R(1)=Q(1)

〈f2〉R
)
µ(Q)

)
+
∑
R∈F1

〈PR(f11R), f21R〉,

because supp(PRf) ⊆ R for each R ∈ D . On the other hand,

µ(Ω0) ≤ µ(Ω0
1) + µ(Ω0

2)

≤ ‖MD‖L1(X )→L1,∞(X )

( ‖f1‖1

4‖MD‖L1(X )→L1,∞(X )〈f1〉Q0

+
‖f2‖1

4‖MD‖L1(X )→L1,∞(X )〈f2〉Q0

)
=
µ(Q0)

2
.
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We may then declare that Q0 ∈ S and choose EQ0 = Q0 \Ω0, because we have just proved
that µ(EQ0) ≥ 1

2
µ(Q0). The proof then ends by iteration. Indeed, for every R ∈ F1 we

can now estimate

|〈PR(f11R), f21R〉| ≤ C

(
〈f1〉R〈f2〉Rµ(R) +

∑
T∈F1(R)

〈f1〉T 〈f2〉Tµ(T )

+
∑

T=T∈F2(R)

〈f1〉T
(

1

q(x
(1)
T )

∑
S=S∈F2(R)

S(1)=T (1)

〈f2〉S
)
µ(T )

)
+

∑
T∈F2(R)

〈PT (f11T ), f21T 〉,

applying (2.3). We then proclaim that F1 ⊆ S and construct the corresponding sets ER
for each R ∈ F1 as before. The procedure can be iterated and yields the assertion after
summing all the estimates for each cube. �

Remark 2.2. We have chosen to write down the proof of Theorem A specifically for P , but
we could have formulated our result in a much more general way. Clearly, the iterative
scheme of proof and the construction of S do not rely on the specific definition of P and
could have been carried over with any operator. Then, the core of the proof consists
in estimating the action of the truncations PQ0

F1 over the parts of the Calderón-Zygmund
decomposition of f1 and f2. Those estimates in turn rely on uniform L2-boundedness
of truncations (good-good term), which can be formulated in a general way, and kernel
estimates (good-bad and bad-bad terms). The kernel estimates and the form ES are what
is specific of P and of the way in which we choose to split our operator into scales. It is
absolutely conceivable that the same scheme of proof can be applied to the study of other
operators whose structure is tied to that of a martingale filtration in any filtered space,
finding wider applicability. In the nondoubling situation, however, one should expect that
additional terms like ES play a role in the study of most sparse domination results to
compensate the lack of regularity of the underlying filtration.

Remark 2.3. Theorem A recovers the standard sparse domination result for P when q :
X → N is bounded. Indeed, in that case µ(Q(1)) ≤ Cdoubµ(Q) for all Q and so

ES(f1, f2) =
∑

Q=Q∈S

〈f1〉Q
1

q(x
(1)
Q )

( ∑
R=R∈S
R(1)=Q(1)

〈f2〉R

)
µ(Q)

≤
∑

Q=Q∈S

〈f1〉Q
1

q(x
(1)
Q )
〈f2〉Q(1)µ(Q(1))

.
∑

Q=Q∈S

〈f1〉Q(1)〈f2〉Q(1)µ(Q(1)).
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But

µ(EQ) ≥ 1

2
µ(Q) ≥ 1

2Cdoub

µ(Q(1)),

which means that if S is sparse, then the family S̃ = {Q(1) : Q ∈ S} is 1/(2Cdoub)-sparse
—we have called 1/2-sparse families just sparse in the rest of the paper—, and that the
bound given by Theorem A becomes

〈Pf1, f2〉 . 〈ASf1, f2〉+ 〈AS̃f1, f2〉.
This is a sparse estimate, because the union of two sparse families is sparse.

2.2. Discrete Bekollé-Bonami weights. We now study the weighted inequalities that
follow from Theorem A. In the doubling setting, the natural class of weights is the (dyadic)
Muckenhoupt one: for 1 < p <∞, set

Bp(µ) :=
{
w : X → (0,∞) : [w]Bp(µ) := sup

Q∈D
〈w〉Q〈w−

p′
p 〉

p
p′

Q <∞
}
.

AS satisfies weighted inequalities for weights belonging to the Muckenhoupt class. Indeed,
for w ∈ Bp(µ), AS is bounded on Lp(X , w) and (see, for example, [10])

‖AS‖Lp(X ,w)→Lp(X ,w) . [w]
max{1, p

′
p
}

Bp(µ) .

Due to the presence of ES in the sparse domination, the Muckenhoupt class is too large
and so we introduce

B̃p(µ) :=
{
w : X → (0,∞) : [w]B̃p(µ) := sup

Q,R∈D
Q(1)=R(1)

〈w〉Q〈w−
p′
p 〉

p
p′

R <∞
}
.

It is clear that [w]Bp(µ) ≤ [w]B̃p(µ), and so B̃p(µ) ⊆ Bp(µ). In the proof of Theorem B, we

will use the following fact –satisfied by B̃p(µ) weights–: if E ⊆ S and µ(E) ∼ µ(S), then

w(S) . [w]Bp(µ)w(E). (2.6)

Proof of Theorem B. Let 1 < p <∞, f ∈ Lp(X , w) and g ∈ Lp′(X , w). By Theorem A we
have that there exists a sparse collection S such that

〈Pf, gw〉 . 〈ASf, gw〉+ ES(f, gw).

Furthermore, we already know that AS is bounded on Lp(X , w), so that we only have to
deal with ES(f, gw):

ES(f, gw) =
∑

Q=Q∈S

〈f〉Q

(
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈gw〉R

)
µ(Q)

=
∑

Q=Q∈S

〈fw
p′
p 〉

Q,w
− p
′
p

(w−
p′
p (Q))

1
p

(
1

q(x
(1)
Q )

(w−
p′
p (Q))1− 1

p

∑
R=R∈S
R(1)=Q(1)

〈gw〉R

)
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≤

( ∑
Q=Q∈S

〈fw
p′
p 〉p

Q,w
− p
′
p

w−
p′
p (Q)

) 1
p
( ∑

Q=Q∈S

w−
p′
p (Q)

(
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈gw〉R

)p′) 1
p′

.

Concerning the first factor, by (2.6) and the fact that [w−
p′
p ]Bp′ (µ) = [w]

p′
p

Bp(µ), we obtain( ∑
Q=Q∈S

〈fw
p′
p 〉p

Q,w
− p
′
p

w−
p′
p (Q)

) 1
p

.[w−
p′
p ]

1
p

Bp′ (µ)

( ∑
Q=Q∈S

〈fw
p′
p 〉p

Q,w
− p
′
p

w−
p′
p (EQ)

) 1
p

≤[w]
p′

p2

Bp(µ)

(∑
x∈X

(
M

D ,w
− p
′
p

(fw
p′
p )

)p
(x)w−

p′
p (x)µ(x)

) 1
p

≤[w]
p′

p2

Bp(µ)

(∑
x∈X

fp(x)wp
′− p
′
p (x)µ(x)

) 1
p

=[w]
p′

p2

Bp(µ)‖f‖Lp(X ,w).

For the second one we use Jensen’s inequality to get( ∑
Q=Q∈S

w−
p′
p (Q)

(
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈gw〉R

)p′) 1
p′

=

( ∑
Q=Q∈S

w−
p′
p (Q)

µ(Q)p′

(
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈g〉R,ww(R)

)p′) 1
p′

≤

( ∑
Q=Q∈S

w−
p′
p (Q)

µ(Q)p′
1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈g〉p
′

R,ww(R)w(R)p
′−1

) 1
p′

.

(
sup
Q,R∈D

Q(1)=R(1)

w−
p′
p (Q)

µ(Q)

w(R)p
′−1

µ(R)p′−1

) 1
p′

×

( ∑
Q=Q∈S

1

q(x
(1)
Q )

∑
R=R∈S
R(1)=Q(1)

〈g〉p
′

R,ww(R)

) 1
p′

≤

(
sup
Q,R∈D

Q(1)=R(1)

〈w−
p′
p 〉

1
p′

Q 〈w〉
1
p

R

)( ∑
Q=Q∈S

〈g〉p
′

Q,ww(Q)

) 1
p′
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. [w]
1
p

B̃p(µ)
[w]

1
p′

Bp(µ)‖g‖Lp′ (X ,w),

where in the last step we proceeded as we did for the first factor. Finally, gathering all the
estimates together

ES(f, gw) . [w]
1
p

B̃p(µ)
[w]

p′

p2
+ 1
p′

Bp(µ) ‖f‖Lp(X ,w)‖g‖Lp′ (X ,w)

and then

〈Pf, gw〉 . [w]
1
p

B̃p(µ)
[w]

p′

p2
+ 1
p′

Bp(µ) ‖f‖Lp(X ,w)‖g‖Lp′ (X ,w).

�

Remark 2.4. Our Muckenhoupt-type conditions can be viewed as natural counterparts of
the conditions found by Bekollé and Bonami [1] in the continuous setting. Indeed, there the
only balls that appear in the condition on the weights are those whose radii are comparable
to their distance to the boundary. Using the usual embedding of X in the hyperbolic disk
(as in [8]), the sets that correspond to those balls in the tree are precisely the elements of
D which are not singletons, which are the ones that appear in the definition of the class
B̃p(µ).

Remark 2.5. When q is bounded, P admits sparse domination in the usual sense and we
recover the linear dependence on [w]B2(µ) in its L2-bound. This would be in line with the
sharp result in [26]. Our proof does not provide that because of ES , which gives a power
of 3/2 in the L2-case. We suspect that this is not an artifact of the proof but we leave it
as an interesting open problem.

3. Endpoint estimates

3.1. General Calderón-Zygmund theory in X . In this section we work with L2-
bounded integral operators T of the form

Tf(x) =
∑
y∈X

K(x, y)f(y)µ(y),

for some kernel K : X × X → C which satisfies K(x, y) = K(y, x) for all x, y ∈ X . K is
said to satisfy Hörmander’s condition if

sup
Q∈D

sup
x,y∈Q

∑
z∈X\Q

|K(z, x)−K(z, y)|µ(z) <∞. (HörmCond)

The above is just the classical Hörmander’s condition rewritten in our setting. The fol-
lowing estimate can be viewed as an integral size condition in the spirit of the one in [6]
—already present in [27], albeit in a more implicit fashion—:

sup
Q∈D

sup
x∈Q

∑
z∈Q(1)\Q

|K(x, z)|µ(z) <∞. (SizeCond)
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Remark 3.1. The symmetry condition K(x, y) = K(y, x) for the kernel can be dropped
but then (HörmCond) and (SizeCond) have to be modified accordingly to adjust the proof
below. In particular, H1 and L1 estimates require the integration to run over the first
variable of the kernel, while BMO ones require that it runs over the second.

Throughout this subsection, we do not need to assume that X is radial, nor do we need
any assumption on the measure µ.

Proof of Theorem C. We proof the three claimed estimates in turn.

Weak-type bound. Let 0 ≤ f ∈ L1. If 0 < λ ≤ ‖f‖1, then

λµ ({x ∈ X : |Tf(x)| > λ}) ≤ λ ≤ ‖f‖1,

and there is nothing to prove. Otherwise, fix λ > ‖f‖1. We apply Lemma 2.1 to the
Calderón-Zygmund cubes {Qj}j —that is, to the smallest disjoint cubes in D that cover
{MDf > λ}—. Denote Ωλ =

⋃
j

Qj and write

µ
({
x ∈ X : |Tf(x)| > λ

})
≤ µ(Ωλ) + µ

({
x ∈ X : |Tg(x)| > λ

2

})
+ µ
({
x ∈ X \ Ωλ : |Tb(x)| > λ

2

})
=: I + II + III.

The weak-type of MD immediately gives

I .
‖f‖1

λ
.

Chebyshev’s inequality, the L2-boundedness of T , and property (3) of Lemma 2.1 yield

II .
1

λ2
‖Tg‖2

2 .
1

λ2
‖g‖2

2 .
1

λ
‖f‖1.

Finally, by Chebyshev’s inequality again,

III ≤ 1

λ

∑
x∈X\Ωλ

|Tb(x)|µ(x) ≤ 1

λ

∑
j

∑
x∈X\Qj

|Tbj(x)|µ(x) =:
1

λ

∑
j

IIIj.

To estimate each term, we first split into two regions:

IIIj =
∑

x∈X\Qj

∣∣∣ ∑
y∈Q(1)

j

K(x, y)bj(y)µ(y)
∣∣∣µ(x)

=
∑

x∈X\Q(1)
j

∣∣∣ ∑
y∈Q(1)

j

K(x, y)bj(y)µ(y)
∣∣∣µ(x) +

∑
x∈Q(1)

j \Qj

∣∣∣ ∑
y∈Q(1)

j

K(x, y)bj(y)µ(y)
∣∣∣µ(x).
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For the first one, we use the mean zero of bj and (HörmCond):∑
x∈X\Q(1)

j

∣∣∣ ∑
y∈Q(1)

j

K(x, y)bj(y)µ(y)
∣∣∣µ(x) =

∑
x∈X\Q(1)

j

∣∣∣ ∑
y∈Q(1)

j

(K(x, y)−K(x, xQj))bj(y)µ(y)
∣∣∣µ(x)

≤
∑
y∈Q(1)

j

|bj(y)|
(

sup
z∈Q(1)

j

∑
x∈X\Q(1)

j

|K(x, y)−K(x, z)|µ(x)
)
µ(y) . ‖bj‖1.

For the remaining term, we further use the definition of bj:∑
x∈Q(1)

j \Qj

∣∣∣ ∑
y∈Q(1)

j

K(x, y)bj(y)µ(y)
∣∣∣µ(x)

≤
∑

x∈Q(1)
j \Qj

∣∣∣∑
y∈Qj

K(x, y)bj(y)µ(y)
∣∣∣µ(x) +

∑
x∈Q(1)

j

∣∣∣T(〈f1Qj〉Q(1)
j

1
Q

(1)
j

)
(x)
∣∣∣µ(x)

=: αj + βj.

We deal with βj using Hölder’s inequality and the L2-bound:

βj ≤ µ(Q
(1)
j )

1
2

∥∥∥T (〈f1Qj〉Q(1)
j

1
Q

(1)
j

)∥∥∥
2
. µ(Q

(1)
j )

1
2

∥∥∥〈f1Qj〉Q(1)
j

1
Q

(1)
j

∥∥∥
2

= ‖f1Qj‖1.

For αj we use Fubini’s theorem and (SizeCond):

αj ≤
∑

x∈Q(1)
j \Qj

∑
y∈Qj

|K(x, y)||f(y)|µ(y)µ(x)

≤
∑
y∈Qj

|f(y)|µ(y) sup
y′∈Qj

∑
x∈Q(1)

j \Qj

|K(x, y′)|µ(x) . ‖f1Qj‖1.

Finally, we collect all estimates together and by property (2) of Lemma 2.1,

III .
1

λ

∑
j

(
‖bj‖1 + ‖f1Qj‖1

)
.

1

λ
‖f‖1,

as desired.

L∞ − BMO bound. We use the characterization of the BMO norm given in (1.1). Let
f ∈ L∞(X ). The estimate

sup
Q∈D

1

µ(Q)

∑
x∈Q

|Tf(x)− 〈Tf〉Q|dµ . ‖f‖∞

is standard and we omit its proof. On the other hand, for each Q ∈ D we use the kernel
representation to write∣∣〈Tf〉Q − 〈Tf〉Q(1)

∣∣ =
1

µ(Q)µ(Q(1))

∣∣∣µ(Q(1))
∑
x∈Q

Tf(x)µ(x)− µ(Q)
∑
z∈Q(1)

Tf(z)µ(z)
∣∣∣
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=
1

µ(Q)µ(Q(1))

∣∣∣ ∑
x∈Q
z∈Q(1)

∑
y∈X

(K(x, y)−K(z, y))f(y)µ(y)µ(x)µ(z)
∣∣∣

≤ sup
x∈Q
z∈Q(1)

∑
y∈X\Q(1)

|K(x, y)−K(z, y))| |f(y)|µ(y)

+ 〈|T (f1Q)|〉Q + 〈|T (f1Q(1))|〉Q(1) + sup
x∈Q

∑
y∈Q(1)\Q

|K(x, y)||f(y)|µ(y)

=:I + II + III + IV.

The estimate I . ‖f‖∞ follows directly from (HörmCond). Next, by the L2-bound for T

II ≤ µ(Q)−
1
2‖Tf‖L2(Q) . µ(Q)−

1
2‖f‖L2(Q) . ‖f‖∞,

and a similar estimate holds for III. Finally, (SizeCond) implies IV . ‖f‖∞ and completes
the proof.

H1 − L1 bound. It is enough to prove that ‖Tb‖1 . 1 for every simple atomic block b.
Fix one such b, so that

b = a− 〈a〉Q1Q,

where supp(a) ⊆ R ∈ D1(Q) and ‖a‖∞ ≤ µ(R)−1. We write

‖Tb‖1 ≤ ‖Tb‖L1(Q) + ‖Tb‖L1(X\Q),

and handle each term in turn. For the first one, we further split

‖Tb‖L1(Q) ≤ ‖Ta‖L1(R) + ‖Ta‖L1(Q\R) + |〈a〉Q|‖T1Q‖L1(Q).

The first term on the right hand side above is dealt with using the L2-bound of T and the
size estimate on a:

‖Ta‖L1(R) ≤ µ(R)
1
2‖Ta‖L2(R) . µ(R)

1
2‖a‖L2(R) ≤ 1.

Similarly, for the third term on the right hand side above we obtain

|〈a〉Q|‖T1Q‖L1(Q) ≤ ‖a‖∞
µ(R)

µ(Q)
‖T1Q‖L2(Q)µ(Q)

1
2 . 1,

using supp(a) ⊆ R. The second term on the right hand side above requires (SizeCond):

‖Ta‖L1(Q\R) ≤
∑
x∈Q\R

∑
y∈R

|K(x, y)||a(y)|µ(y)µ(x)

≤ ‖a‖1 sup
y∈R

∑
x∈Q\R

|K(x, y)|µ(x)

. ‖a‖1 ≤ ‖a‖∞µ(R) ≤ 1.

Finally, using (HörmCond) and the mean zero of b in Q yields

‖Tb1X\Q‖1 =
∑

x∈X\Q

∣∣∣∑
y∈Q

K(x, y)b(y)µ(y)
∣∣∣µ(x)
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=
∑

x∈X\Q

∣∣∣∑
y∈Q

(K(x, y)−K(x, xQ))b(y)µ(y)
∣∣∣µ(x)

≤ ‖b‖1 sup
y∈Q

∑
x∈X\Q

∣∣∣K(x, y)−K(x, vQ)
∣∣∣µ(x)

. ‖b‖1 ≤ ‖b‖H1 ≤ 1,

which finishes the proof. �

3.2. Endpoint results for P. We start checking the Hörmander and size conditions for
the kernel of P . As one could have expected, they are weaker than the estimates in Section
1 and can be deduced from them. For instance, (HörmCond) can be checked as follows: fix
a non-singleton Q ∈ D —otherwise, there is nothing to prove— and x 6= y ∈ Q. Summing
in annuli and using Proposition 1.9 yields

∑
z∈X\Q

|K(z, x)−K(z, y)|µ(z) =

|xQ|∑
`=1

∑
z∈Q(`)\Q(`−1)

|K(z, x)−K(z, y)|µ(z)

≤
|xQ|∑
`=1

µ(x
(`)
Q )

ν
|xQ|
|xQ|−`+1

µ(Q(`))
+

|xQ|∑
`=1

µ(Q(`) \ (Q(`−1) ∪ {x(`)
Q }))

ν
|xQ|
|xQ|−`

µ(Q(`−1))

.
|xQ|∑
`=1

ν
|xQ|
|xQ|−`+1 +

|xQ|∑
`=1

µ(Q(`−1))q(x
(`)
Q )

ν
|xQ|
|xQ|−`+1

q(x
(`)
Q )µ(Q(`−1))

. 1.

A similar computation using Lemma 1.8, part (2) gives (SizeCond) forK. As a consequence,
we can apply Theorem C to P and deduce the corresponding endpoint estimates. We finish
proving the stronger H1 − H1 and BMO− BMO endpoint bounds.

Proof of Theorem D. Even if the H1 estimate implies the BMO one, we prove both directly,
without using duality.

BMO→ BMO estimate: Let f ∈ BMO. Since P1X = 1X∣∣∣∑
x∈X

Pf(x)µ(x)
∣∣∣ =

∣∣∣∑
z∈X

f(z)µ(z)
∣∣∣ ≤ ‖f‖BMO,

and we just have to bound the two suprema in (1.1). Fix Q ∈ D and split f as f =

f − 〈f〉Q(1) + 〈f〉Q(1) =: f̃ + 〈f〉Q(1) . Since P sends constants to constants, it is enough

estimate the BMO norm of P f̃ . Since f̃ has mean 0 over Q(1), we have

|〈f̃〉Q(`)|+ sup
R∈D`(Q)

|〈f̃〉R| . (`+ 1)‖f‖BMO, ` ≥ 0. (3.1)
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To estimate the norm of P f̃ , we study separately the two suprema in (1.1). For the first,

we fix Q ∈ D and write f̃ = f̃1Q+ f̃1X\Q and we denote by I and II the corresponding asso-
ciated terms after applying triangle inequality. Concerning the first part, John-Nirenberg
inequality and the L2-boundedness of P give

I =
1

µ(Q)

∑
x∈Q

|P(f̃1Q)(x)− 〈P(f̃1Q)〉Q|µ(x)

.

(
1

µ(Q)

∑
x∈Q

|P(f̃1Q)(x)|2µ(x)

) 1
2

.

(
1

µ(Q)

∑
x∈X

|f̃1Q(x)|2µ(x)

) 1
2

=

(
1

µ(Q)

∑
x∈Q

|f(x)− 〈f〉Q(1)|2µ(x)

) 1
2

≤ ‖f‖BMO.

For II, if Q is a single point there is nothing to do. Otherwise, we decompose it into annuli:

II =
1

µ(Q)

∑
x∈Q

|P(f̃1X\Q)(x)− 〈P(f̃1X\Q)〉Q|µ(x)

=
1

µ(Q)

∑
x∈Q

∣∣∣∣∣∣
∑
z∈X\Q

K(z, x)f̃(z)µ(z)− 1

µ(Q)

∑
y∈Q

∑
z∈X\Q

K(z, y)f̃(z)µ(z)µ(y)

∣∣∣∣∣∣µ(x)

≤ 1

µ(Q)2

∑
x∈Q

∑
y∈Q

∑
z∈X\Q

|K(z, x)−K(z, y)||f̃(z)|µ(z)µ(y)µ(x)

≤ sup
x,y∈Q

∑
z∈X\Q

|K(z, x)−K(z, y)||f̃(z)|µ(z)

≤
|xQ|∑
`=1

sup
x,y∈Q

∑
z∈Q(`)\Q(`−1)

|K(z, x)−K(z, y)||f̃(z)|µ(z) =:

|xQ|∑
`=1

II`.

We now estimate each term using Lemma 1.9 and (3.1):

II` . |f̃(x
(`)
Q )|µ(x

(`)
Q )

ν
|xQ|
|xQ|−`+1

µ(Q(`))
+

ν
|xQ|
|xQ|−`

µ(Q(`−1))

∑
z∈Q(`)\(Q(`−1)∪{x(`)Q })

|f̃(z)|µ(z)

≤ ν
|xQ|
|xQ|−`+1〈|f̃ |〉Q(`) + ν

|xQ|
|xQ|−`+1

1

q(x
(`)
Q )

∑
R∈D1(Q(`))

〈|f̃ |〉R

≤ 2 · ν |xQ||xQ|−`+1〈|f̃ |〉Q(`) + ν
|xQ|
|xQ|−`+1

1

q(x
(`)
Q )

∑
R∈D1(Q(`))

〈|f̃ |〉R − 〈|f̃ |〉Q(`)

. ` · ν |xQ||xQ|−`+1‖|f̃ |‖BMO . ` · ν |xQ||xQ|−`+1‖f‖BMO.
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The resulting quantity is acceptable due to the geometric decay of ν
|xQ|
|xQ|−`. To bound the

second term in (1.1), we split

|〈P f̃〉Q − 〈P f̃〉Q(1)| ≤|〈P(f̃1Q)〉Q|+ |〈P(f̃1Q(1))〉Q(1) |
+ |〈P(f̃1Q(1)\Q)〉Q|+ |〈P(f̃1X\Q(1))〉Q − 〈P(f̃1X\Q(1))〉Q(1)|.

The first two terms above are estimated similarly. Indeed, by the L2-boundedness of P ,

|〈P(f̃1Q(1))〉Q(1) | .
(
〈|f̃ |2〉Q(1)

) 1
2

=
(
〈|f̃ − 〈f̃〉Q(1)|2〉Q(1)

) 1
2 ≤ ‖f̃‖BMO,

and a similar computation applies to |〈P(f̃1Q)〉Q|. The third term above is estimated using
Lemma 1.8, part (2), as follows:

|〈P(f̃1Q(1)\Q)〉Q| ≤
1

µ(Q)

∑
x∈Q

∑
y∈Q(1)\Q

|K(x, y)||f̃(y)|µ(y)

≤ sup
x∈Q

∑
y∈Q(1)\Q

|K(x, y)||f̃(y)|µ(y) .
∑

y∈Q(1)\Q

|K(xQ, y)||f̃(y)|µ(y)

≤
∑

y∈Q(1)\Q

|xQ|∑
`=1

|KQ(`)(xQ, y)||f̃(y)|µ(y)

≤

 |xQ|∑
`=1

1

µ(Q(`))

 f(x
(1)
Q )µ(x

(1)
Q )

+

 1

q(x
(1)
Q )µ(Q)

+

|xQ|∑
`=1

1

µ(Q(`))

 ∑
y∈Q(1)\(Q∪{x(1)Q })

|f̃(y)|µ(y)

.〈|f̃ |〉Q(1) +
1

q(x
(1)
Q )

∑
R∈D1(Q(1))

〈|f̃ |〉R . ‖f‖BMO,

finishing the computation as with II` before. Finally, for the last term we write

|〈P(f̃1X\Q(1))〉Q − 〈P(f̃1X\Q(1))〉Q(1) |

≤ 1

µ(Q)

1

µ(Q(1))

∑
x∈Q

∑
y∈Q(1)

|P(f̃1X\Q(1))(x)− P(f̃1X\Q(1))(y)|µ(y)µ(x)

≤ 1

µ(Q)

1

µ(Q(1))

∑
x∈Q

∑
y∈Q(1)

∑
z∈X\Q(1)

|f̃(z)||K(z, x)−K(z, y)|µ(z)µ(y)µ(x)

≤ sup
x,y∈Q(1)

∑
z∈X\Q(1)

|f̃(z)||K(z, x)−K(z, y)|µ(z),

and we split into annuli as with term I above to conclude.
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H1 → H1 estimate: Let b ∈ H1 be a simple atomic block supported on Q(1) ∈ D , i.e.
b = a − 〈a〉Q(1)1Q(1) , with a supported in Q satisfying the size condition. It is enough to
check that ‖Pb‖H1 . 1, and we do it by finding a decomposition of it into atomic blocks
that need not be simple, by the equivalence in Lemma 1.2. Because of cancellation, we
have

Pb =
∑
R∈D

DRb =
∑
R∈D
R(Q(1)

DRb+
∑
R∈D
R⊇Q(1)

DRb

=
∑
R∈D
R(Q(1)

∑
`

〈
a− 〈a〉Q(1) , h`R

〉
h`R +

|Q|∑
k=1

DQ(k)b = PQa+

|Q|∑
k=1

DQ(k)b.

Clearly, supp(PQa) ⊆ Q and has mean zero, so it is an atomic block. By the L2-
boundedness, ‖PQa‖2 . ‖a‖2 ≤ µ(Q)−1/2, so ‖PQa‖H1 . 1.

We next claim that, for each k, DQ(k)b is an atomic block. It is supported on Q(k), where
it has zero mean, and we can write it as

DQ(k)b = 1Q(k−1)DQ(k)b+
∑

T :T (1)=Q(k)

T 6=Q(k−1)

1TDQ(k)b.

We have

‖1Q(k−1)DQ(k)b‖2 ≤ µ(Q(k−1))
1
2‖1Q(k−1)DQ(k)b‖∞

.
µ(Q(k−1))

1
2ν
|xQ|
|xQ|−k+1

µ(Q(k−1))
‖b‖1

≤
ν
|xQ|
|xQ|−k+1

µ(Q(k−1))
1
2

,

by Hölder’s inequality, Proposition 1.10 and the fact that ‖b‖1 ≤ ‖b‖H1 ≤ 1. Analogously
we get

‖1TDQ(k)b‖2 .
ν
|xQ|
|xQ|−k

µ(Q(k−1))
1
2

for every T ∈ D such that T (1) = Q(k), T 6= Q(k−1). It follows that DQ(k)b is an atomic
block for every k = 1, . . . , |Q| and

‖DQ(k)b‖2 .
ν
|xQ|
|xQ|−k+1

µ(Q(k−1))
1
2

+ (q(x
(k)
Q )− 1)

ν
|xQ|
|xQ|−k

µ(Q(k−1))
1
2

∼
ν
|xQ|
|xQ|−k+1

µ(Q(k−1))
1
2

.

Finally, we get

‖Pb‖H1 . 1 +

|Q|∑
k=1

ν
|xQ|
|xQ|−k+1 . 1.
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�

Remark 3.2. It is natural to ask whether the above estimates apply to the Bergman shifts
introduced in Remark 1.7. It is not difficult to see that this is the case if q is bounded, be-
cause in that case the corresponding kernels satisfy (HörmCond) and (SizeCond). However,
in the general radial case µ fails to be balanced (in the sense of [7]), so one cannot expect a
general result to hold, and therefore there is no hope of a richer Calderón-Zygmund theory
via representation as in [17, 14].
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