
FOURIER–STIELTJES CATEGORY
FOR TWISTED GROUPOID ACTIONS

ALCIDES BUSS, BARTOSZ KWAŚNIEWSKI, ANDREW MCKEE, AND ADAM SKALSKI

Abstract. We extend the theory of Fourier–Stieltjes algebras to the category of twisted
actions by étale groupoids on arbitrary C∗-bundles, generalising theories constructed previously
by Bédos and Conti for twisted group actions on unital C∗-algebras, and by Renault and
others for groupoid C∗-algebras, in each case motivated by the classical theory of Fourier–
Stieltjes algebras of discrete groups. To this end we develop a toolbox including, among other
things, a theory of multiplier C∗-correspondences, multiplier C∗-correspondence bundles,
Busby–Smith twisted groupoid actions, and the associated crossed products, equivariant
representations and Fell’s absorption theorems. For a fixed étale groupoid G a Fourier–Stieltjes
multiplier is a family of maps acting on fibres, arising from an equivariant representation.
It corresponds to a certain fibre-preserving strict completely bounded map between twisted
full (or reduced) crossed products. We establish a KSGNS-type dilation result which shows
that the correspondence above restricts to a bijection between positive-definite multipliers
and a particular class of completely positive maps. Further, we introduce a subclass of
Fourier multipliers, that enjoys a natural absorption property with respect to Fourier–Stieltjes
multipliers and gives rise to ‘reduced to full’ multiplier maps on crossed products. Finally,
we provide several applications of the theory developed, for example to the approximation
properties, such as weak containment or nuclearity, of the crossed products and actions in
question, and discuss outstanding open problems.
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Introduction

The notions of Fourier–Stieltjes and Fourier algebras of general locally compact groups,
motivated by the concepts appearing earlier in classical, abelian harmonic analysis, were first
introduced sixty years ago in the thesis of Eymard [30]. Recall that the Fourier–Stieltjes
algebra B(Γ) of a given discrete group Γ can be viewed in at least three different guises:

(B1) as the algebra of functions given by coefficients of unitary representations of Γ, with
the pointwise multiplication;

(B2) as the dual of the universal group C∗-algebra C∗(Γ), equipped with the ‘convolution’
type product induced by the comultiplication of C∗(Γ);

(B3) as the span of completely positive (in short cp) Herz–Schur multipliers of C∗(Γ), with
the multiplication given as the composition of maps.

Similarly, the Fourier algebra A(Γ), which is an ideal in B(Γ), can be seen as the algebra
of coefficients of the left regular representation, as the predual of the group von Neumann
algebra vN(Γ), or as a certain subclass of Herz–Schur multipliers of C∗(Γ) (or of vN(Γ)). Note
that developing the equivalence between the first and last points of view displayed above
requires proving a version of a dilation result for positive-definite functions, which in this
context is nothing but the GNS construction. On the other hand, the fact that A(Γ) is an ideal
inside B(Γ) is a consequence of Fell’s absorption principle: the tensor product of a regular
representation and an arbitrary representation is unitarily equivalent to a multiple of the
regular representation.

This flexibility is one of the reasons why the aforementioned Banach algebras have played a
significant role in the study of operator algebras related to groups and in the noncommutative
harmonic analysis in general (we refer to the recent book [37] for an introduction to the
topic and several applications). It is thus natural that together with the development of
various generalisations of group operator algebras the literature has seen several attempts to
investigate analogues of Fourier–Stieltjes algebras in these new contexts. We would like to
mention here for example the study of Fourier–Stieltjes algebras of locally compact quantum
groups à la Kustermans–Vaes [41], as discussed for example in [21]. The study of Fourier
algebras, Fourier–Stieltjes algebras and related multiplier maps for measure groupoids was
initiated in the articles [59, 55, 50], with the main focus on trying to provide the equivalence
between the first and the third point of view offered above; in particular on proving suitable
versions of dilation and absorption results. The two specific cases which are most relevant
for our paper are however the ones encoding various types of non-commutative topological
dynamics, i.e. that of the étale groupoid C∗-algebras and that of the C∗-algebraic twisted
crossed products, which we will discuss next.

Locally compact Hausdorff étale grupoids were introduced to the C∗-algebraic world in the
early 1980s in [56], largely motivated by the developments related to equivalence relations
and von Neumann algebra theory, that later culminated in the celebrated characterisation of
Cartan inclusions [60]. An important special case of the étale groupoid C∗-algebra construction
is that of the crossed product C(X)⋊ Γ, where X is a compact space equipped with an action
of a discrete group Γ. It has however taken relatively long until the theory of Fourier–Stieltjes
algebras and related multiplier maps was developed in the context of general C∗-algebraic
crossed products (although [54, Section 7.6] provides a description of the state space of the
crossed product A⋊ Γ, and an attempt to introduce the algebraic structure on this space was
undertaken in [33]). During the last few years we have seen a flow of work, notably by Bédos
and Conti, see [8, 9] and references therein, which studied ‘multiplier type’ maps on crossed
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products by twisted actions of discrete groups on unital C∗-algebras. In particular, in the
articles [7, 8] both the dilation, for ‘kernels of positive type’, and the absorption results for
the so-called ‘induced representations’ were established. The new context necessitated the
use of Hilbert modules and C∗-correspondences, similarly to the quantum group framework
mentioned earlier, as seen for example in [22].

The articles [24] and [47] use multiplier maps similar to those considered by Bédos and
Conti to study approximation properties of the crossed products in question. We should
mention here that the key technique which makes the last application possible, and goes back
to the context of group C∗-algebras, is the so-called Haagerup trick, which provides a way
to ‘average’ arbitrary bounded linear maps on the crossed product algebra into multipliers.
In the context of twisted groupoid actions a version of the Haagerup trick was applied very
recently in [43] by two of the authors of this work, to study the relative Haagerup property of
C∗-algebras in connection with the UCT property. This was possibly the first time multiplier
type maps appeared for the groupoid crossed products. Multiplier
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Section 1
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Figure 1. Structure and relationship between developed steps/results

In this paper, inspired by the developments mentioned above, we undertake a systematic
study of Fourier–Stieltjes and Fourier multipliers for crossed products by twisted actions of
étale groupoids on arbitrary C∗-bundles. To include the work of Bédos and Conti [6, 7, 8] as
a special case, we consider here twisted groupoid actions á la Busby–Smith [12] with twists
taking values in multiplier bundles. Such actions appear in [18] but their crossed products,
apart from the group case, have not yet been studied. In particular, they are different from
the Green–Renault twisted groupoid actions considered in [57, 58], where the twist is abelian
(usually scalar valued). It has also occurred to us that, instead of looking at Banach algebras
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of multipliers for a single action, it is more natural and useful to study Banach categories of
multipliers between different actions of the same groupoid. The main steps in our development,
as well as the relationships between them, are schematically presented in Figure 1.

Apart from the novelties mentioned above we also for the first time consider crossed product
multipliers for actions on non-unital C∗-algebras. To do so we develop systematically a theory
of multiplier C∗-correspondences. It seems that so far this notion was considered only in the
special case of Hilbert bimodules [26, 62], and we believe that the results of this investigation
are of independent interest and will be applicable in a variety of contexts. With that tool in
hand, establishing a general framework of bundles of C∗-correspondences and of equivariant
correspondences that generalises notions appearing in [46, 25] and [23], we construct Banach
categories of Fourier–Stieltjes and Fourier multipliers between twisted actions of a fixed
groupoid. This is a far reaching generalisation of the first picture (B1) mentioned above for
groups. We prove three different absorption results to achieve our goals. The first of them
implies that the Fourier category is an ideal in the Fourier–Stieltjes category. The remaining
two provide different generalisations of the classical Fell’s absorption principle for groups. The
first implies that Fourier–Stieltjes multipliers act as completely bounded maps both on the
reduced and universal crossed product algebras, which provides functors into the respective
categories. The second one ensures that the Fourier multipliers even act ‘reduced-to-full’. In
the context of group actions similar versions of Fell’s absorption principle were proved in [6, 7].
For groupoid actions our second Fell’s absorption principle is closely related, but not exactly
comparable with, the corresponding recent results in [39] and [16].

Having proved the above results we then focus on (B3) — the third of the pictures
mentioned in the beginning of the introduction (as finding the right generalisation of the
second, ‘functional’ avatar is problematic even in the context of group crossed products, as can
be seen by looking at [54, Section 7.6]). In order to obtain the desired equivalence we prove a
dilation result, generalising simultaneously the KSGNS construction of Kasparov ([45]) and
Murphy’s Kolmogorov decomposition of positive kernels for Hilbert modules from [49], and
which might be of interest for its own sake. Using this we prove a core result of the paper. It
states that for any two twisted actions (α, uα) and (β, uβ) of a given étale groupoid G we have
natural bijections between the following objects:

(1) strict, bounded and positive-definite multipliers from (α, uα) to (β, uβ);
(2) strict completely positive fibre preserving maps between the reduced crossed products;
(3) strict completely positive fibre preserving maps between the full crossed products;
(4) Fourier–Stieltjes multipliers from (α, uα) to (β, uβ) of the form TE,L,ξ,ξ for some

equivariant correspondence (L, E) and a section ξ ∈ Cb(M(E)).

This together with the standard polarization formula applied to (4) gives the appropriate
generalisation of the equivalence between the guises (B1) and (B3). The strictness of completely
positive maps appearing in conditions (1)–(3) above is a very weak replacement for unitality
of the algebras and maps in question. In fact, for the approximation properties that we study
strictness plays no role, as we can always conjugate with approximate units to ‘strictify’ a given
map. Our categorical approach allows us to investigate approximation properties of arbitrary
multipliers. When applied to the identity this leads to a fruitful interaction between properties
of the Fourier–Stieltjes algebra and the approximation properties of the corresponding crossed
product algebra. For example, we provide natural approximation conditions guaranteeing that
the relevant universal and reduced crossed product C∗-algebras coincide and are nuclear.
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We also return to the Haagerup trick. For general groupoids and general cp maps it is
not completely clear what is the right replacement for this device, so we decided to consider
two cases where we know that it works (this is reflected in Figure 1 by the use of thinner
arrows). Namely, we assume that either the groupoid is discrete (which is still interesting,
as for example it covers the case of discrete groups) or the maps in question have a certain
bimodule property. Then we can use it to characterise the relevant approximation properties,
and in the discrete case to identify the natural Fourier–Stieltjes norm with the decomposable
norm of [34] of the associated decomposable map, as well as give full characterisations of
nuclearity of the associated crossed products.

The construction of the Fourier–Stieltjes category in the generality described above is not
yet the end of the story. One could think of further extensions to multipliers of Fell bundles,
with the latter already put to use for example in [28, 16]. On the other hand, even the context
of twisted crossed products given by groupoid actions offers many new perspectives. These
are on one hand related to the analysis of more subtle approximation properties, and on the
other to potential reconstruction results, related to the question: to what extent does the
Fourier–Stieltjes or Fourier algebra remember the underlying action? At the end of the text
we indicate several related avenues of future research and mention also specific problems left
open in our work.

The specific plan of the paper is as follows: in Section 1, we introduce multiplier modules,
C∗-correspondences and Hilbert bimodules. In Section 2 we prove a dilation result for a
particular form of ‘positive kernels’. Next, in Section 3, we return to correspondences in the
context of bundles over a locally compact space and describe direct sums, tensor products
and natural morphisms between the respective bundles. Section 4 passes to Fell bundles, and
specifically to those which arise from twisted groupoid actions and whose cross sectional C∗-
algebras give the relevant crossed products. Here we also connect the latter to twisted inverse
semigroup actions in the sense of [15]. In Section 5 we focus on equivariant correspondences
for a pair of twisted groupoid actions, setting up the appropriate framework and proving that
an equivariant correspondence induces representations from one crossed product to another.
The process of inducing representations from correspondences without equivariant action is
introduced in Section 6. Such representations are called induced regular because they always
descend to reduced crossed products, while for equivariant induction this holds only if the
equivariant representation is regular or if the representation from which we induce is regular.
Our two counterparts of Fell’s absorption principle describe the fundamental relationships
between the two types of induction. Section 7 uses the stage set up in the first part of the paper
to finally introduce the Fourier–Stieltjes Banach category and prove that Fourier–Stieltjes
multipliers act both on reduced and full crossed product C∗-algebras. The following Section 8
specialises to Fourier–Stieltjes multipliers of positive type; here we also establish the advertised
equivalence between different points of view on such multipliers. A short Section 9 treats
Fourier multipliers, using earlier absorption theorems to deduce that they form an ideal in the
class of Fourier–Stieltjes multipliers and extend to reduced-to-full maps. Section 10 introduces
the concepts of a Fourier and Fourier–Stieltjes approximation of a given multiplier and uses
it to provide applications to approximation properties of actions and the resulting crossed
products. In Section 11 we discuss appropriate versions of the Haagerup trick, apply them to
find other descriptions of approximation properties, as well as to provide an alternative view of
the Fourier–Stieltjes norm, which in turn again has certain consequences for the approximation
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properties. Finally, in Section 12, we set up open problems and present further research
perspectives.

Notation: We will introduce the notation gradually throughout the text, but the most
important conventions are as follows. We denote by X a locally compact Hausdorff space and
by G a Hausdorff étale groupoid with the unit space X. C∗-algebras are denoted by A, B, . . . ,
Fell bundles by A, B, . . . , modules by E, F , and bundles of modules by E , F . If p is a logical
statement — mostly an equality — then we use the symbol [p] to mean the boolean logical
value of p, that is [p] = 1 if p is true and [p] = 0 if p is false.

1. Multiplier C*-correspondences

In this section we discuss the notion of multiplier Banach bimodules, multiplier C∗-
correspondences and multiplier Hilbert bimodules, extending the theory from [21].

1.1. Multiplier Banach bimodules. Throughout this paper A and B will be C∗-algebras
(although in this particular subsection it suffices to assume that A and B are Banach algebras
with contractive approximate units). For Banach spaces E, F , we denote by B(E,F ) the
space of bounded operators E → F . Let E be a Banach A-B-bimodule. In this paper Banach
modules, by definition, will be nondegenerate, i.e. we always assume that AE = EB = E.
Note that, by the Cohen–Hewitt factorisation theorem, these products may be viewed either
purely algebraically or as closed linear spans. Then E is also naturally a Banach M(A)-M(B)-
bimodule, where M(A) and M(B) denote the multiplier algebras of A and B, respectively. We
recall the definition of the multiplier bimodule from [21] (note that [21] considers A-bimodules,
but the constructions and results there remain valid for A-B-bimodules).

Namely, the direct sum B(A,E) ⊕ B(B,E), equipped with the norm
∥(R,L)∥∞ = max{∥R∥, ∥L∥},

becomes a Banach M(A)-M(B)-bimodule with module actions given by
(aR)(a0) = R(a0a), (Rb)(a0) = R(a0)b, (Lb)(b0) = L(bb0), (aL)(b0) = aL(b0),

for (R,L) ∈ B(A,E) ⊕ B(B,E), a0 ∈ A, b0 ∈ B, and a ∈ M(A), b ∈ M(B). A multiplier for
E is a pair of maps (R,L), where R : A → E and L : B → E, satisfying

a0L(b0) = R(a0)b0, a0 ∈ A, b0 ∈ B.

By [21, Proposition 2.5], the set of all multipliers for E, denoted M(E), is a closed M(A)-
M(B)-sub-bimodule of B(A,E) ⊕ B(B,E).

We have an isometric M(A)-M(B)-bimodule map
E ∋ ξ 7−→ (Rξ, Lξ), Rξ(a) := aξ, Lξ(b) := ξb,

which allows us to view E as a sub-bimodule of M(E). We call the M(A)-M(B)-bimodule
M(E) the multiplier bimodule of the A-B-bimodule E. Below we will characterise it as the
largest essential multiplier extension of E.
Definition 1.1. We say that an M(A)-M(B)-bimodule F is a multiplier extension of an
A-B-bimodule E if E ⊆ F is a submodule such that AF = FB = E. We say that this
extension is essential if for every ξ ∈ F , we have Aξ = 0 only if ξ = 0 or equivalently, ξB = 0
only if ξ = 0 (the equivalence follows from the equality AF = FB = E).
Remark 1.2. If either of the algebras A or B is unital then F = 1AF = F1B = E for every
multiplier extension F of E.
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Lemma 1.3. For any A-B-bimodule E, the multiplier bimodule M(E) is the largest essential
multiplier extension of E. More precisely, M(E) is an essential multiplier extension of E
and for any other multiplier extension F of E there is a unique (necessarily contractive)
A-B-bimodule map µ : F → M(E) that extends the identity on E. Moreover, µ is injective if
and only if F is essential.

Proof. For any (R,L) ∈ M(E) and a ∈ A, b ∈ B we have a · (R,L) = (RR(a), LR(a)) and
(R,L) · b = (RL(b), LL(b)) (note that L is a right module map and R is a left module map,
see [21, Lemma 2.1]). Hence M(E) is a multiplier extension of E and clearly it is essential.
For any multiplier extension F we have the bimodule map F ∋ ξ 7→ (Rξ, Lξ) ∈ M(E) where
Rξ(a) := aξ and Lξ(b) := ξb, for ξ ∈ F . By nondegeneracy of bimodules this is the unique
bimodule map F → M(E) that restricts to the identity on E. By construction it is contractive,
and it is injective if and only if F is essential. □

Corollary 1.4. M(E) is the unique (up to an isometric isomorphism extending the identity
on E) multiplier extension of E with the property that for any multiplier extension F of E
there is a unique bimodule map F → M(E) that extends the identity E → E.

Proof. Follows from the usual universality considerations. □

We also need the following general morphism extension result. It is a common generalisation
of [21, Theorem 2.8] and the known fact that any contractive homomorphism π : A → M(B)
which is nondegenerate in the sense that π(A)B = B, extends uniquely to a homomorphism
π : M(A) → M(B) which is necessarily contractive.

Definition 1.5. A morphism from a Banach A-B-bimodule E to a Banach C-D-bimodule F
consists of a linear map π : E → M(F ) and nondegenerate homomorphisms πA : A → M(C),
πB : B → M(D) such that π(aξb) = πA(a)π(ξ)πB(b) for ξ ∈ E, a ∈ A, b ∈ B. We say that
this morphism is contractive if all the maps (π, πA, πB) are contractive.

Lemma 1.6. Any contractive morphism (π, πA, πB) : E → F extends uniquely to a morphism
(π, πA, πB) : M(E) → M(F ) which is necessarily contractive.

Proof. Take any (R,L) ∈ M(E). We claim that the formulas

R̃(cπA(a)) := cπ(R(a)), L̃(πB(b)d) := π(L(b))d, for a ∈ A, b ∈ B, c ∈ C, d ∈ D,

yield linear maps R̃ : C → F , L̃ : D → F . Indeed, letting {eAi }i∈I and {eBi }i∈I be approximate
units respectively in A and B, we get cπ(R(a)) = limi cπ(R(aeAi )) = limi cπ(aR(eAi )) =
limi cπA(a)π(R(eAi )) and similarly πB(b)d = limi π(L(eBi ))πB(b)d. This implies that R̃ and L̃
are well defined and contractive. We have

R̃(c) = lim
i
cπ(R(eAi )), L̃(d) = lim

i
π(L(eBi ))d, c ∈ C, d ∈ D.

Moreover, for a ∈ A, b ∈ B, c ∈ C, d ∈ D we get

cπA(a)L̃(πB(b)d) = cπ(aL(b))d = cπ(R(a)b)d = cπ(R(a))πB(b)d = R̃(cπA(a))πB(b)d.

Hence (R̃, L̃) ∈ M(F ). Thus putting π(R,L) := (R̃, L̃) we get a contractive extension π :
M(E) → M(F ) of π. It can be readily checked that for a ∈ A, b ∈ B and ξ = (R,L) ∈ M(E)
we have πA(a)π(ξ)πB(b) = π(aξb). This property determines π uniquely, as for any other
π̃ : M(E) → M(F ) with this property we have (π(ξ) − π̃(ξ))πB(B) = 0 which implies
(π(ξ) − π̃(ξ))D = 0 and therefore π(ξ) = π̃(ξ) because M(F ) is an essential extension of F .
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The above (in the special case where E = A = B and F = C = D are Banach algebras
and π = πA = πB) also proves the aforementioned fact that contractive nondegenerate
homomorphisms between Banach algebras extend uniquely to homomorphisms between their
multiplier algebras, and they are necessarily contractive. Thus we have unique (contractive)
homomorphic extensions πA : M(A) → M(C) and πB : M(B) → M(D) of πA and πB. We
immediately get that πA(a)π(ξ)πB(b) = π(aξb) for a ∈ M(A), b ∈ M(B) and ξ ∈ M(E).
Thus (π, πA, πB) is a unique morphism that extends (π, πA, πB). □

1.2. Multiplier C*-correspondences. Let E and F be (right) B-Hilbert modules. We use
the standard notation L(E,F ) for the Banach space of adjointable operators from E to F , and
K(E,F ) ⊆ L(E,F ) for the closed subspace of (generalised) compact operators, generated by
the ‘rank-one’ operators Θx,y(z) := x⟨y, z⟩B, x ∈ F, y, z ∈ E. In particular, K(E) := K(E,E)
is an ideal in the C∗-algebra L(E) := L(E,E). A C∗-correspondence from A to B (or
an A-B-C∗-correspondence) is a Hilbert module E over B together with a nondegenerate
∗-homomorphism from A to L(E), which introduces a left A-module structure on E. In
particular, an A-B-C∗-correspondence is a Banach A-B-bimodule (where both actions are
nondegenerate), so that the constructions of the previous subsection apply. Any C∗-algebra A
can be treated as a trivial C∗-correspondence from A to A where the bimodule structure comes
from A and the A-valued inner product is given by the formula ⟨a, b⟩ := a∗b, a, b ∈ A. Then
K(A) ∼= A and L(A) = M(A) is the multiplier algebra of A. For any A-B-C∗-correspondence
E the actions extend uniquely to multiplier algebras so that we may always treat E as a M(A)-
M(B)-C∗-correspondence. To relate it to the multiplier M(A)-M(B)-bimodule M(E), let us
note that whenever EB is a B-Hilbert module, then L(EB, E) is naturally a C∗-correspondence
from M(A) to L(EB) where

(aT )(x) := aT (x), (Tb)(x) := Tb(x), ⟨S, T ⟩L(EB) := S∗T,

for S, T ∈ L(EB, E), a ∈ M(A), b ∈ L(EB), x ∈ EB. In particular, L(EB, E) contains
K(EB, E) as a sub-C∗-correspondence. If EB = B is the trivial B-Hilbert module, then
L(B,E) is a C∗-correspondence from M(A) to M(B) = L(B) and K(B,E) is naturally
isomorphic to E; the isomorphism is determined by the map Θξ,b 7→ ξb∗, ξ ∈ E, b ∈ B.
Under the identifications B = K(B) and E = K(B,E) we have L(B,E) · B = E, but in
general A · L(B,E) is not contained in E, unless for instance E is proper, i.e. A acts on E by
compact operators. Hence in general L(B,E) is not a multiplier extension of E in the sense
of Definition 1.1. In fact,

MC∗(E) := {T ∈ L(B,E) : aT ∈ K(B,E) for all a ∈ A}
is the largest sub-bimodule of L(B,E) which is a multiplier extension of E = K(B,E).

Lemma 1.7. For any A-B-C∗-correspondence E, the projection M(E) ∋ (R,L) 7→ L ∈
MC∗(E) is an isomorphism of Banach M(A)-M(B)-bimodules.

Proof. If (R,L) ∈ M(E), then L is adjointable and L∗(aξ) = ⟨R(a∗), ξ⟩B, for a ∈ A and
ξ ∈ E, because for any b ∈ B we have

⟨L(b), aξ⟩B = ⟨a∗L(b), ξ⟩B = ⟨R(a∗)b, ξ⟩B = b∗⟨R(a∗), ξ⟩B = ⟨b, ⟨R(a∗), ξ⟩B⟩B.
Thus R is uniquely determined by L and ∥R∥ ≤ ∥L∗∥ = ∥L∥. Also for any a ∈ A, writing
R(a) = ξb∗ for ξ ∈ E and b ∈ B we get that aL = Θξ,b. Thus L ∈ MC∗(E) and we see that
M(E) ∋ (R,L) 7→ L ∈ MC∗(E) is an isometric embedding of bimodules. To show it is onto let
L ∈ MC∗(E). For any a ∈ A, aL ∈ K(B,E) and therefore for any approximate unit {ei}i∈I in
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B the limit limi∈I aL(ei) ∈ E exists (because aL can be approximated in the norm by a finite
sum

∑n
k=1 Θξk,bk

and limi∈I
∑n
k=1 Θξk,bk

(ei) =
∑n
k=1 ξkb

∗
k ∈ E). Putting R(a) := limi aL(ei)

one gets a multiplier (R,L). We leave the remaining straightforward details to the reader. □

In the sequel we shall use the above lemma to identify M(E) = MC∗(E) ⊆ L(B,E). The
advantage is that then we have also the following equality

M(E) = {T ∈ L(B,E) : ⟨S, aT ⟩M(B) ∈ B for a ∈ A, S ∈ L(B,E)},
see for instance [38, Proposition 1.3], which readily implies that M(E) is in fact a sub-C∗-
correspondence of the M(A)-M(B)-C∗-correspondence L(B,E).

Remark 1.8. A C∗-correspondence multiplier extension of an A-B-C∗-correspondence E is a
M(A)-M(B)-C∗-correspondence F such that E = FB and

⟨ξ, aη⟩M(B) ∈ B, for all a ∈ A, ξ, η ∈ F,

because the displayed condition is equivalent to AF = FB, by [38, Proposition 1.3]. Any
C∗-correspondence multiplier extension is automatically essential.

Proposition 1.9. The multiplier bimodule M(E) of an A-B-C∗-correspondence E has a
uniquely determined structure of an M(A)-M(B)-C∗-correspondence extending the one from
E. Moreover, M(E) is the largest among C∗-correspondences which are multiplier extensions
of E. Namely, for any C∗-correspondence multiplier extension F of E, the unique bimodule
map F → M(E) that extends the identity on E is necessarily an isometry (preserves inner
products).

Proof. We already observed that M(E) has the C∗-correspondence structure inherited from
L(B,E). By Lemma 1.3, the Banach A-B-bimodule structure of M(E) uniquely extends the
one from E, and the inner product ⟨·, ·⟩M(B) in M(E) is determined by the one ⟨·, ·⟩B in E
because for any approximate unit {ei}i∈I in B, and any ξ, η ∈ F we have

⟨ξ, η⟩M(B) = s- lim
i,j∈I

ej⟨ξ, η⟩M(B)ei = s- lim
i,j∈I

⟨ξej , ηei⟩B,

where s-lim denotes the strict limit. Let F satisfy the conditions in the second part of
the assertion. Then F is an essential multiplier extension of E, and so the identity on
E uniquely extends to a bimodule map u : F → M(E) by Lemma 1.3. It necessarily
preserves the inner products as for an approximate unit {ei}i∈I in B, and ξ, η ∈ F , as
above we have ⟨uξ, uη⟩M(B) = s-limi,j∈I ej⟨u(ξ), u(η)⟩M(B)ei = s-limi,j∈I⟨u(ξej), u(ηei)⟩B =
s-limi,j∈I⟨ξej , ηei⟩B = ⟨ξ, η⟩M(B). □

Remark 1.10. An A-B-Hilbert bimodule is an A-B-C∗-correspondence E which is also a
left A-Hilbert module and the inner products satisfy A⟨ξ, ζ⟩ · η = ξ · ⟨ζ, η⟩B, ξ, ζ, η ∈ E.
Equivalently, E is an A-B-C∗-correspondence such that the left action φ : A → L(E) restricts
to a ∗-isomorphism I ∼= K(E) where I is an ideal in A (we then necessarily have I = (kerφ)⊥).
If E is an A-B-Hilbert bimodule, then M(E) is M(A)-M(B)-Hilbert bimodule that agrees
with the multiplier Hilbert bimodule constructed in [62], and earlier for equivalence bimodules
in [26]. In particular, Proposition 1.9 together with Corollary 1.4, generalise and improve [62,
Proposition 3.6], [26, Proposition 1.2].

Example 1.11 (Matrix C∗-correspondences). Consider a C∗-A-B-correspondence E and
n ∈ N. Then, as described in [10, Section 3], the space

Mn(E) := {[ξij ]ni,j=1 : ξij ∈ E, i, j = 1, . . . , n}.
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becomes a Hilbert Mn(B)-C∗-module with the natural right matrix multiplication and the
inner product of ξ = [ξij ]ni,j=1, ζ = [ζij ]ni,j=1 ∈ Mn(E) given by

⟨ξ, ζ⟩Mn(B) =
[
n∑
k=1

⟨ξki, ζkj⟩B

]
i,j=1,...,n

.

If the left action of A on E is given by ϕ : A → L(E), then the left action of Mn(A) on
Mn(E) is given by ϕ(n) : Mn(A) → Mn(L(E)) ⊆ L(Mn(E)), where the last inclusion is given
by T = [Tij ]ni,j=1 ∈ Mn(L(E)) and ξ ∈ Mn(E) is as above, then

Tξ =
[
n∑
k=1

Tik(ξkj)
]
i,j=1,...,n

.

Furthermore, we have the expected identification M(Mn(E)) ∼= Mn(M(E)), compatible
with the standard isomorphisms M(Mn(A)) ∼= Mn(M(A)), M(Mn(B)) ∼= Mn(M(B)). This
is easiest to verify via Corollary 1.4. Indeed, if F is a multiplier extension of the Mn(A)-
Mn(B)-bimodule Mn(E), the desired map F → Mn(M(E)) can be constructed from entrywise
embeddings ψij : E → Mn(E) ⊆ F , which are compatible with the ‘diagonal’ actions of A
and B — so that via the universal property of M(E) one obtains unique maps γij : F → E.
Naturally combining these yields a bimodule map γ : F → Mn(E) which is a unique extension
of the identity.

Let E and F be C∗-correspondences from A to B and from B to C, respectively. The
(internal) tensor product E ⊗B F is a C∗-correspondence from A to C constructed as the
completion of the algebraic tensor product of E and F balanced over B, with inner product
determined by

⟨ξ1 ⊗ ζ1, ξ2 ⊗ ζ2⟩C = ⟨ζ1, ⟨ξ1, ξ2⟩B · ζ2⟩C ,
ξi ∈ E, ζi ∈ F , i = 1, 2. This readily implies that we have a natural C∗-correspondence
isomorphism M(E) ⊗M(B) F ∼= E ⊗B F that sends ξ ⊗ bζ to ξb⊗ ζ for ξ ∈ M(E), ζ ∈ F and
b ∈ B. Similarly, we also have the isomorphism E ⊗M(B) M(F ) ∼= E ⊗B F . Therefore we may
and we will assume the identifications

E ⊗B F = M(E) ⊗M(B) F = E ⊗M(B) M(F ) ⊆ M(E) ⊗M(B) M(F ).
Then M(E) ⊗M(B) M(F ) is clearly a multiplier extension of E ⊗B F .

Lemma 1.12. For C∗-correspondences E from A to B and F from B to C we have an
embedding of C∗-correspondences

M(E) ⊗M(B) M(F ) ↣ M(E ⊗B F )
which is given by the unique bimodule map that extends the identity on E⊗BF . More specifically,
the formula (ξ ⊗ ζ)(c) := ξ ⊗ ζ(c) ∈ M(E) ⊗M(B) F = E ⊗B F for c ∈ C, ξ ∈ M(E) and
ζ ∈ M(F ) defines an operator ξ ⊗ ζ ∈ L(C,E ⊗B F ) and this gives a map

M(E) × M(F ) ∋ (ξ, ζ) 7−→ ξ ⊗ ζ ∈ M(E ⊗B F ) ⊆ L(C,E ⊗B F )
that induces the aforementioned embedding.

Proof. The first part follows from Proposition 1.9. For the second part, note that the operator
ξ ⊗ ζ, for ξ ∈ M(E), ζ ∈ M(F ) is adjointable, where (ξ ⊗ ζ)∗(ξ0 ⊗ ζ0) = ζ∗(⟨ξ, ξ0⟩M(B)ζ0)
for ξ0 ∈ M(E), ζ0 ∈ M(F ). Hence ξ ⊗ ζ ∈ L(C,E ⊗B F ). Clearly, for b ∈ B we have
ξb ⊗ ζ = ξ ⊗ bζ ∈ E ⊗B F . In particular, for any a ∈ A we have a(ξ ⊗ ζ) = (aξ ⊗ ζ) ∈
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E ⊗M(B) M(F ) = E ⊗B F . Thus the map M(E) × M(F ) ∋ (ξ, ζ) 7−→ ξ ⊗ ζ ∈ M(E ⊗B F )
is well defined. Since it is bilinear, bimodule and B-balanced, it descends to a bimodule map
on the algebraic B-balanced tensor product of M(E) and M(F ), which in turn extends to
the embedding M(E) ⊗M(B) M(F ) ↣ M(E ⊗B F ) by the first part of the assertion. □

Remark 1.13. The above embedding is, in general, not surjective. For instance, let A
be a non-unital C∗-algebra, and let E = A and F = A be viewed as C∗-correspondences
from A to M(A) and from M(A) to A, respectively, so that M(E) = M(F ) = A. Then
M(E) ⊗M(A) M(F ) = E ⊗M(A) F = A ⊊ M(A) = M(E ⊗M(A) F ) as C∗-correspondences
from M(A) to M(A).

2. Dilation/Decomposition theorem

Let A,B be C∗-algebras. In the sequel we will study maps T : A → B that are of the
form T (a) = ⟨ξ, aζ⟩M(B) = ξ∗aζ for ξ, ζ ∈ M(E) ⊆ L(B,E), with E a C∗-correspondence
from A to B. To this end, we develop in this section the following common generalisation
of Kasparov’s Stinespring dilation theorem (called the KSGNS construction in [45, Theorem
5.6]) and Murphy’s Kolmogorov decomposition of positive kernels for Hilbert modules [49,
Theorem 2.3].

Theorem 2.1. Let k : S × S → B(A,L(EB)) be a map where A and B are C∗-algebras, EB
is a right B-Hilbert module, and S is a set. The following are equivalent:

(1) there exists an A-B-C∗-correspondence E and a map ζ : S → L(EB, E) such that
k(s, t)(a) = ζ(s)∗φE(a)ζ(t), s, t ∈ S, a ∈ A,

where φE : A → L(E) is the ∗-homomorphism defining the left action of A on E.
(2) k is a positive-definite kernel in the sense that for all n ∈ N, s1, . . . , sn ∈ S,

a1, . . . , an ∈ A and ξ1, . . . , ξn ∈ EB, we have
n∑

i,j=1
⟨ξi, k(si, sj)(a∗

i aj)ξj⟩B ≥ 0,

and in addition k is strict in the sense that for each s ∈ S the map k(s, s) : A → L(EB)
is strict, i.e. for an approximate unit {ei}i∈I in A, the net {k(s, s)(ei)}i∈I converges
strictly in L(EB).

If the above conditions hold, the C∗-correspondence E in (1) may be chosen so that {aζ(s)ξ :
a ∈ A, s ∈ S, ξ ∈ EB} is linearly dense in E; we call such pairs (ζ, E) minimal. Given
another minimal pair (ζ ′, E′) as above we have a uniquely determined unitary isomorphism of
C∗-correspondences U : E → E′ such that Uζ(s) = ζ ′(s), s ∈ S.

Proof. Assume (1). Using the notation in (2) we have
n∑

i,j=1
⟨ξi, k(si, sj)(a∗

i aj)ξj⟩B = ⟨
n∑
i=1

aiζ(si)ξi,
n∑
i=1

aiζ(si)ξi⟩B ≥ 0,

so k is positive-definite. Also for any ξ ∈ EB, s ∈ S and an approximate unit (ei)i∈I of A, the
net k(s, s)(ei)ξ = ζ(s)∗eiζ(s)ξ converges to ζ(s)∗ζ(s)ξ. Hence k is strict.

Now assume (2). Begin by defining a new positive-definite kernel, now in the usual sense of
[49], k̃ : (S ×A) × (S ×A) → L(EB), as follows:

k̃((s, a), (t, b)) := k(s, t)(a∗b), s, t ∈ S, a, b ∈ A.
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By [49, Theorem 2.3] there exists a Hilbert B-module E and a map ζ̃ : S × A → L(EB, E)
(with ∥ζ̃(s, a)∥ ≤ ∥k(s, s)∥1/2∥a∥ for all s ∈ S, a ∈ A) such that for each s, t ∈ S, a, b ∈ A we
have
(2.1) k(s, t)(a∗b) = k̃((s, a), (t, b)) = ζ̃(s, a)∗ζ̃(t, b).
Moreover, we may and we do assume that ζ̃ is minimal, i.e. the set

⋃
s∈S,a∈A ζ̃(s, a)EB is

linearly dense in E. We claim that there is a natural ∗-homomorphism φE : M(A) → L(E)
determined by the formula

φE(u)ζ̃(s, a)ξ := ζ̃(s, ua)ξ, u ∈ M(A), s ∈ S, a ∈ A, ξ ∈ EB.

To see that φE(u) exists, by linearity and the Russo–Dye theorem ([61]) it suffices to consider
the case when u ∈ M(A) is unitary. Let then u ∈ UM(A). It is then easy to see that the map
ζ̃u : S ×A → L(EB, E) given by

ζ̃u(s, a) = ζ̃(s, ua), s ∈ S, a ∈ A,

yields another minimal Kolmogorov dilation of the kernel k̃. Hence, by [49, Theorem 2.3], there
exists a unitary φE(u) ∈ L(E) such that φE(u)ζ̃(s, a) = ζ̃(s, ua) for all s ∈ S and a ∈ A. It is
then routine to check that the prescription u 7→ φE(u) extends to a unital ∗-homomorphism
from M(A) to L(E). Restriction of φE to A gives E the structure of a C∗-correspondence
from A to B. Indeed, as k is bounded-operator valued, we have for any approximate unit
{ei}i∈I in A, s, t ∈ S and a, b ∈ A that (k(s, t)(beia))i∈I converges (pointwise) to k(s, t)(ba).
This it suffices to verify that φE |A : A → L(E) is nondegenerate.

Fix an approximate unit {ei}i∈I in A and s ∈ S. For any ξ ∈ EB and i, j ∈ I, i ≥ j, using
(2.1), we get (noting that k(s, s) is positive)

∥ζ̃(s, ei)ξ − ζ̃(s, ej)ξ∥2 = ∥⟨ξ, k(s, s)
(
(ei − ej)2)ξ⟩B∥ ≤ ∥⟨ξ, k(s, s)(ei − ej)ξ⟩B∥.

Since {k(s, s)(ei)}i∈I is strictly Cauchy it follows that {ζ̃(s, ei)}i∈I is strictly Cauchy and hence
it is convergent to an operator ζ(s) ∈ L(EB, E). In this way we get a map ζ : S → L(EB, E),
and for any a ∈ A

k(s, t)(a) = lim
i,j∈I

k(s, t)(eiaej) = lim
i,j∈I

ζ̃(s, ei)∗φE(a)ζ̃(t, ej) = ζ(s)∗φE(a)ζ(t).

This proves (1). Once again using the convergence of {k(s, t)(aeib)}i∈I to k(s, t)(ab) we deduce
that aζ(s)ξ = ζ̃(s, a)ξ and hence the pair (ζ, E) is minimal in the sense described in the last
part of the assertion.

Suppose now that we are given another minimal pair (ζ ′, E′) that dilates k as in (1).
Putting ζ̃ ′(s, a) := a · ζ ′(s) for all s ∈ S, a ∈ A, we get a map ζ̃ ′ : S × A → E′ which is a
minimal Kolmogorov decomposition for the kernel k̃. So once again we have a unique unitary
U ∈ L(E;E′) such that U(ζ̃(s, a)) = ζ̃ ′(s, a) for all s ∈ S, a ∈ A. It is routine to check that
such a U necessarily intertwines the respective left actions of A on E and E′. □

Remark 2.2. When S is a singleton, Theorem 2.1 reduces to the KSGNS dilation of strict
completely positive maps ϱ : A → L(EB), [45, Theorem 5.6]. When A = C is trivial, then under
the identification B(C,L(EB)) ∼= L(EB), via the map B(C,L(EB)) ∋ T 7→ T (1) ∈ L(EB),
Theorem 2.1 reduces to Murphy’s Kolmogorov decomposition, [49, Theorem 2.3] (which was
used in the proof above).

Remark 2.3. If k(s, s) ∈ B(A,K(EB)) for all s ∈ S, then for any (minimal) decomposition
ζ : S → L(EB, E) as in Theorem 2.1 and any a ∈ A we have φE(a)ζ : S → K(EB, E). This
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follows for instance from [38, Proposition 1.3] applied to each φE(a)ζ(s). In particular, if the
kernel in Murphy’s theorem takes values in compact operators K(EB), then its Kolmogorov
decomposition is also compact valued.

We will need yet another version of dilation that follows from Theorem 2.1.

Corollary 2.4. Let k : S × S → B(A,B) be a map where A and B are C∗-algebras and S is
a set. The following are equivalent:

(1) there exists a C∗-correspondence E from A to B and a map ζ : S → M(E) such that
k(s, t)(a) = ⟨ζ(s), a · ζ(t)⟩M(B), s, t ∈ S, a ∈ A;

(2) k is a positive-definite kernel in the sense that for all n ∈ N, s1, . . . , sn ∈ S and
a1, . . . , an ∈ A the matrix

[k(si, sj)(a∗
i aj)]ni,j=1 ∈ Mn(B)

is positive, and k is strict in the sense that for each s ∈ S the map k(s, s) : A → B
is strict, i.e. for an approximate unit {ei}i∈I in A, the net {k(s, s)(ei)}i∈I converges
strictly in M(B).

Moreover, if the conditions above hold, then the C∗-correspondence E in (1) may be chosen
so that the set {aζ(s)b : s ∈ S, a ∈ A, b ∈ B} is dense in E; we call such pairs (ζ, E)
minimal. Given another minimal pair (ζ ′, E′) as above, we have a uniquely determined unitary
isomorphism of C∗-correspondences U : E → E′ such that Uζ(s) = ζ ′(s), s ∈ S.

Proof. Let EB := B be the trivial Hilbert module over B, so that B ∼= K(EB) ⊆ L(EB). Then
clearly (2) in Theorem 2.1 and (2) in Corollary 2.4 are equivalent. Also by Remark 2.3, one
readily sees that (1) in Theorem 2.1 is equivalent to (1) in Corollary 2.4. □

3. Bundles of C*-correspondences

Throughout this paper X will stand for a locally compact Hausdorff space. In this section
we introduce bundles of C∗-correspondences between two C∗-bundles over X and present
several relevant constructions.

A Banach bundle E over X is a topological space with an open continuous surjection
p : E → X such that each fibre Ex = p−1(x) is a Banach space whose topology agrees with
that of E , the linear operations are continuous, and the norm E ∋ a 7→ ∥a∥ ∈ [0,∞) is
upper semicontinuous and nondegenerate, see, for instance, [15, Definition 2.1] for a detailed
definition. If the norm is continuous then we say E is a continuous Banach bundle. We will
often write E = {Ex}x∈X for a Banach bundle. We denote by Cc(E), C0(E), Cb(E) the spaces
of continuous sections that are compactly supported, vanishing at infinity, and bounded,
respectively. By Fell’s reconstruction theorem, any of these spaces is enough to reconstruct
the topology of E . More specifically (see [31, Theorem II.13.18] or [15, Proposition 2.4]), for
any family of Banach spaces E = {Ex}x∈X and any linear space Γ of sections of E such that
{ξ(x) : ξ ∈ Γ} = Ex for each x ∈ X and X ∋ x 7→ ∥ξ(x)∥ ∈ [0,∞) is upper semicontinuous
for each ξ ∈ Γ, there exists a unique topology on E turning it into a Banach bundle with
Γ ⊆ C(E). A net {fi}i∈I of elements of E converges in this topology to f ∈ E if and only
if limi∈I p(fi) = p(f) and for every ε > 0 there is ξ ∈ Γ such that ∥f − ξ(p(f))∥ < ε and
∥fi − ξ(p(fi))∥ < ε for large enough i ∈ I.

It is well known that (upper semicontinuous) bundles of C∗-algebras A = {Ax}x∈X are
equivalent to C0(X)-C∗-algebras, see, for instance, [70, Appendix C]. More specifically, a
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C0(X)-C∗-algebra is a C∗-algebra A equipped with a nondegenerate homomorphism C0(X) →
Z(M(A)) turning A into a C0(X)-module. Given a bundle of C∗-algebras A we write
A = C0(A) for its C∗-algebra of C0-sections, equipped with the C0(X)-module structure given
by

(fa)(x) = f(x)a(x), f ∈ C0(X), a ∈ C0(A).
We now briefly explain how this equivalence extends to C∗-correspondences. We begin by
introducing a bundle version of Le Gall’s notion of a C0(X)-representation [46, Definition 4.1],
which was renamed a C0(X)-C∗-correspondence by Deaconu in [23, Definition 5.8].

Definition 3.1. A C∗-correspondence bundle from a C∗-bundle A = {Ax}x∈X to a C∗-bundle
B = {Bx}x∈X is a Banach bundle E = {Ex}x∈X , where each Ex is a C∗-correspondence from
Ax to Bx, and the sections

X ∋ x 7→ ⟨ζ(x), ξ(x)⟩Ex ∈ B, X ∋ x 7→ a(x)ξ(x) ∈ E , X ∋ x 7→ ξ(x)b(x) ∈ E

are continuous for every ζ, ξ ∈ Cc(E), a ∈ Cc(A), b ∈ Cc(B).

Proposition 3.2. For any C∗-correspondence bundle E = {Ex}x∈X from A = {Ax}x∈X to
B = {Bx}x∈X the space E := C0(E) is a C∗-correspondence from A := C0(A) to B := C0(B)
with the additional property that

(3.1) (fa) · ξ · b = a · ξ · (fb) for all f ∈ C0(X), a ∈ A, b ∈ B, ξ ∈ E,

i.e. E is a C0(X)-C∗-correspondence from A to B in the sense of [23]. Moreover, every
C0(X)-C∗-correspondence from A to B is of the above form for some C∗-correspondence
bundle E = {Ex}x∈X .

Proof. The first part of the assertion is straightforward. Let E be any C∗-correspondence
from A to B satisfying (3.1). Recall that the fibres of the corresponding bundles A and B
are given by Ax := A/IxA and Bx := B/IxB where Ix := {f ∈ C0(X) : f(x) = 0}, x ∈ X.
By (3.1) for each x ∈ X, we have (IxA)E ⊆ E(IxB). Thus the quotient Ex := E/(EIxB)
is naturally a C∗-correspondence from Ax = A/Ix to Bx = B/Ix, cf. [32, Lemma 2.3] (note
that Ex is canonically isomorphic to the Ax-Bx-C∗-correspondence E ⊗B Bx considered
in [46, 23]). Denoting by ξ(x) the image of ξ in the quotient Ex = E/(EIxB), we get
∥ξ(x)∥2 = ∥⟨ξ(x), ξ(x)⟩Bx∥ = ∥⟨ξ, ξ⟩(x)∥, where ⟨ξ, ξ⟩ is in the C0(X)-algebra B. Hence the
map X ∋ x 7→ ∥ξ(x)∥ is upper semicontinuous, vanishes at infinity and its maximum is ∥ξ∥.
Thus by Fell’s reconstruction theorem, there is a unique topology on E := {Ex}x∈X such that
sections X ∋ x 7→ ξ(x) ∈ Ex for ξ ∈ E are continuous. The proof of [70, Proposition C.24]
can be readily adapted to show that the image of E in C0(E) is dense. Since the embedding
E ↪→ C0(E) is isometric, and E is complete, we conclude it must be an isomorphism. □

Remark 3.3. For any C∗-correspondence bundle E = {Ex}x∈X from A = {Ax}x∈X to
B = {Bx}x∈X the space Cb(E) is naturally a C∗-correspondence from Cb(A) to Cb(B), and
so Cb(E) is also a Cb(X)-C∗-correspondence. Moreover, C0(E) can also be treated as a
C∗-correspondence from Cb(A) to Cb(B), a C∗-subcorrespondence of Cb(E).

Example 3.4. Every C∗-bundle A = {Ax}x∈X can be viewed as a (trivial) C∗-correspondence
bundle over A, by viewing each fibre Ax as the trivial C∗-correspondence. Proposition 3.2
applied to such C∗-correspondence bundles recovers the correspondence between C0(X)-C∗-
algebras and C∗-bundles, extending the arguments used to establish the latter fact.
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Example 3.5. If A = {C}x∈X is the trivial one-dimensional C∗-bundle, so that C0(A) =
C0(X), then a C∗-correspondence bundle from A to a C∗-bundle B = {Bx}x∈X (with the
associated C∗-algebra B = C0(B)), is simply a Hilbert module bundle over B = {Bx}x∈X , see
[40, 1.7], because we may ignore the left action of A (it carries no new information). In view
of Proposition 3.2 such Hilbert module bundles correspond to C0(X)-Hilbert modules, where
by a C0(X)-Hilbert module over a C0(X)-C∗-algebra B we mean a right Hilbert module E
over B which is also a C0(X)-module such that f · ξ · b = ξ · (fb), f ∈ C0(X), b ∈ B, ξ ∈ E.
If, in addition, B = {C}x∈X is a trivial bundle, then all Hilbert modules over B = C0(X)
are C0(X)-Hilbert modules and they correspond to continuous bundles of Hilbert spaces
H = {Hx}x∈X , see [31, Definition II.13.5] or [59].

Example 3.6. Let A = {Ax}x∈X be a C∗-bundle and let n ∈ N. The C0(X)-C∗-algebra picture
yields immediately that Mn(A) = {Mn(Ax)}x∈X is again a C∗-bundle; and if A is the C0(X)-
C∗-algebra associated to A, then Mn(A) is the one associated to Mn(A). Next, if E = {Ex}x∈X
is a C∗-correspondence bundle from A to B as in Definition 3.1, then Mn(E) = {Mn(Ex)}x∈X ,
with Mn(Ex) constructed as in Example 1.11 and the natural topology on Mn(E), becomes a
C∗-correspondence bundle from Mn(A) to Mn(B).

Definition 3.7. Let E = {Ex}x∈X be a C∗-correspondence bundle from A = {Ax}x∈X to
B = {Bx}x∈X . We say that a section ξ of the bundle M(E) := {M(Ex)}x∈X of multiplier
C∗-correspondences is strictly continuous if a · ξ, ξ · b ∈ C0(E) for any a ∈ C0(A), b ∈ C0(B).
We denote by Cb(M(E)) the set of all bounded strictly continuous sections of M(E).

For a C∗-bundle A = {Ax}x∈X , treated as a trivial correspondence bundle from A to A,
the above definition of the multiplier bundle M(A) = {M(Ax)}x∈X is consistent with the one
given in [1, Section 3]. In particular, the following proposition generalises [1, Theorem 3.3]
from C∗-bundles to C∗-correspondence bundles.

Proposition 3.8. Let E = {Ex}x∈X be a C∗-correspondence bundle from A = {Ax}x∈X to
B = {Bx}x∈X . Equipped with pointwise operations, the section algebras Cb(M(A)), Cb(M(B))
are C∗-algebras and Cb(M(E)) is a Cb(M(A))-Cb(M(B))-C∗-correspondence isomorphic to
the M(C0(A))-M(C0(B))-C∗-correspondence M(C0(E)), where the isomorphism

Cb(M(E)) ∼= M(C0(E))

is the unique morphism that extends the identities on C0(E), C0(A) and C0(B). In particular,
Cb(M(A)) ∼= M(C0(A)) and Cb(M(B)) ∼= M(C0(B)) as C∗-algebras.

Proof. It is immediate that bounded strictly continuous sections of M(E) form a Banach
C0(A)-C0(B)-bimodule with pointwise operations and norm ∥ξ∥ := sup ∥ξ(x)∥. When this
construction is applied to the C∗-bundle A, we also see that Cb(M(A)) is closed under
pointwise multiplication, involution, and contains the unit section. So Cb(M(A)) is naturally
a C∗-algebra that contains C0(A) as a C∗-subalgebra, in fact, an ideal. We have a unital ∗-
homomorphism πA : Cb(M(A)) → M(C0(A)) where [πA(b)a](x) = b(x) · a(x), b ∈ Cb(M(A)),
a ∈ C0(A), x ∈ X. It is isometric and extends the identity on C0(A). To show it is surjective,
let x ∈ X and note that the evaluation map πA,x : C0(A) → Ax, πA,x(a) = a(x), extends
(uniquely) to a ∗-homomorphism πA,x : M(C0(A)) → M(Ax). For a ∈ M(C0(A)) the formula
â(x) = πA,x(a) defines â ∈ Cb(M(A)) with πA(â) = a. Hence we have ∗-isomorphisms

Cb(M(A)) ∼= M(C0(A)), Cb(M(B)) ∼= M(C0(B))
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which are in fact given by unique homomorphisms extending the identities on C0(A) and C0(B),
respectively. A similar argument works for the Cb(M(A))-Cb(M(B))-bimodule Cb(M(E)).
Namely, the map Cb(M(E)) ∋ ξ 7→ (Rξ, Lξ) ∈ M(C0(E)) where Rξ(a) := aξ and Lξ(b) := ξb,
is a linear isometry π : Cb(M(E)) → M(C0(E)) that extends the identity on C0(E). To see
that π is surjective, note that, by Lemma 1.6, for any x ∈ X, the map πx : C0(E) → Ex,
πx(ξ) = ξ(x), extends (uniquely) to a linear map πx : M(C0(E)) → M(Ex) such that
πx(aξb) = πA,x(a)(x)πx(ξ)πB,x for a ∈ M(C0(A)), b ∈ M(C0(B)). For ξ ∈ M(C0(E))
the formula ξ̂(x) = πx(ξ) defines ξ̂ ∈ Cb(M(A)) with π(ξ̂) := ξ. Hence (π, πA, πB) is an
isometric isomorphism from the Cb(M(A))-Cb(M(B))-bimodule Cb(M(E)) to the M(C0(A))-
M(C0(B))-bimodule M(E). It is the unique morphism that extends the identity morphism on
C0(E). Its inverse maps the inner product in M(E) to the inner product in Cb(M(E)) defined
pointwise. □

For a C∗-bundle A = {Ax}x∈X , the canonical identification Cb(M(A)) ∼= M(C0(A)) from
Proposition 3.8 allows us to regard Cb(M(A)) as the multiplier algebra of C0(A). In particular,
this justifies writing informally M(C0(A)) = Cb(M(A)) in the sequel.

Remark 3.9. For a C∗-bundle A = {Ax}x∈X , the multiplier bundle M(A) = {M(Ax)}x∈X is
usually not a Banach bundle with the ‘strict topology’. It may also happen that Cb(M(A)) ̸=
Cb(A) even when M(A) = A as sets. For instance, let A be the bundle corresponding to the
C([0, 1])-algebra:

A =
{
a ∈ C([0, 1],M2(C)) : a(0) =

(
λ 0
0 0

)
, λ ∈ C

}
.

Then A = M(A) because all the fibres Ax, x ∈ [0, 1] are unital (A0 ≃ C, Ax ≃ M2(C) for
x > 0). But A = C0(A) = Cb(A) is not unital and so it is smaller than Cb(M(A)) = M(A).
In fact we have,

Cb(M(A)) = M(A) =
{
a ∈ C([0, 1],M2(C)) : a(0) =

(
λ 0
0 µ

)
, λ, µ ∈ C

}
.

In general, the strictly continuous sections of M(A) coincide with continuous sections of A if
and only if the bundle A has a continuous unital section, i.e. each fibre Ax, x ∈ X is unital
and the unit section X ∋ x 7→ 1x ∈ Ax ⊆ A is continuous. This latter condition was made a
standing assumption in [43].

The tensor product of C0(X)-C∗-correspondences is a C0(X)-C∗-correspondence, cf. [46,
Proposition 4.1]. In terms of bundles this corresponds to the following construction.

Example 3.10 (Tensor product of C∗-correspondence bundles). If E = {Ex}x∈X and F =
{Fx}x∈X are C∗-correspondence bundles from A = {Ax}x∈X to B = {Bx}x∈X and from
B = {Bx}x∈X to C = {Cx}x∈X respectively, then the collection of C∗-correspondence tensor
products E ⊗B F := {Ex ⊗Bx Fx}x∈X is naturally a C∗-correspondence bundle from A
to C. Indeed, for every ξi ∈ Cc(E), ζi ∈ Cc(F), i = 1, . . . , n, consider the section x 7→
(
∑n
i=1 ξi ⊗ ζi)(x) :=

∑n
i=1 ξi(x) ⊗ ζi(x) ∈ E ⊗B F . It follows from Definition 3.1 that the map

x 7→ ∥
∑n
i=1 ξi ⊗ ζi(x)∥2 = ∥

∑n
i,j=1⟨ζi(x), ⟨ξi(x), ξj(x)⟩Bxζj(x)⟩Cx∥ is upper semicontinuous.

Hence E ⊗ F can be equipped with a unique topology such that the sections ξ ⊗ ζ, ξ ∈ Cc(E),
ζ ∈ Cc(F), are continuous. Then E ⊗B F is a C∗-correspondence bundle from A to C and we
have a canonical isomorphism

C0(E ⊗B F) ∼= C0(E) ⊗C0(B) C0(F).
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of C∗-correspondences from C0(A) to C0(C). Combining Lemma 1.12 and Proposition 3.8
we also have the embedding Cb(M(E)) ⊗Cb(M(B)) Cb(M(F)) ↣ Cb(M(E ⊗B F)) of C∗-
correspondences from Cb(M(A)) ∼= M(C0(A)) to Cb(M(C)) ∼= M(C0(C)).

Example 3.11 (Direct sums of C∗-correspondence bundles). Let E = {Ex}x∈X and F =
{Fx}x∈X be C∗-bundles from A = {Ax}x∈X to B = {Bx}x∈X . We equip the family E ⊕ F :=
{Ex ⊕ Fx}x∈X of direct sums of C∗-correspondence bundles with the unique topology such
that for all ξ ∈ Cc(E), ζ ∈ Cc(F) the section x 7→ ξ⊕ ζ(x) := ξ(x) ⊕ ζ(x) is in Cc(E ⊕F). This
is a C∗-correspondence bundle from A = {Ax}x∈X to B = {Bx}x∈X and we have a canonical
isomorphism of C∗-correspondences

C0(E ⊕ F) ∼= C0(E) ⊕ C0(F), Cb(E ⊕ F) ∼= Cb(E) ⊕ Cb(F).

More generally, if {Ei}i∈I is a family of C∗-correspondence bundles from A to B, with
Ei = {Eix}x∈X for each i ∈ I, then we define the direct sum C∗-correspondence bundle
by putting ⊕i∈IEi := {⊕i∈IE

i
x}x∈X and equipping it with the unique topology such that

for sections ξi ∈ Cc(Ei), i ∈ I, such that
∑
i∈I ∥ξi(x)∥2 < ∞ for every x ∈ X, the section

X ∋ x →
∑
i∈I ξi(x) ∈ ⊕i∈IEi is continuous.

Finally we comment on morphisms between C∗-correspondence bundles.

Lemma 3.12. Let E = {Ex}x∈X and F = {Fx}x∈X be Banach bundles. The relation

L(ξ)(x) = Lx(ξ(x)), x ∈ X, ξ ∈ C0(E),

establishes a bijective correspondence between bounded C0(X)-linear maps L : C0(E) → C0(F)
and bundles {Lx}x∈X of linear operators Lx : Ex → Fx, such that supx∈X ∥Lx∥ < ∞ and the
map E ⊇ Ex ∋ ξ 7−→ Lx(ξ) ∈ Fx ⊆ F is continuous.

Proof. This is standard, see for instance (the proofs of) [42, Propositions 3.2, 3.5]. □

4. Fell bundles and twisted actions

In this section we introduce twisted actions of groupoids on C∗-bundles and describe the
associated crossed products. From now on, throughout this paper,

G is a locally compact Hausdorff étale groupoid with the unit space X := G(0).
We denote by r, s : G → X ⊆ G the range and source maps and by G(2) = {(g, h) ∈ G × G :
s(g) = r(h)} the set of composable pairs. Similarly we define composable triples G(3), and so
on. We refer to [56, 29, 64] for more information on étale groupoids. In this section we will
define their (twisted) actions on C∗-bundles. We will however begin the discussion in the
context of general Fell bundles.

Let A be a Fell bundle over the groupoid G, see [15, Section 2] or [40, 67]. For the
convenience of the reader we recall some basic facts here. By definition, A is an upper-
semicontinuous Banach bundle A = {Ag}g∈G equipped with a continuous multiplication
· : {(a, b) ∈ A × A : a ∈ Ag, b ∈ Ah, (g, h) ∈ G(2)} → A and a continuous involution
∗ : A → A such that for all g, h ∈ G with (g, h) ∈ G(2)

Ag ×Ah ∋ (a, b) 7→ ab ∈ Agh, A ∋ Ag ∋ a 7→ a∗ ∈ Ag−1 ,

satisfying the standard set of axioms (note that we write simply ab in lieu of a · b). The linear
space Cc(A) is naturally a ∗-algebra with algebraic operations coming from the Fell bundle:
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for a, b ∈ Cc(A) we put

(a ∗ b)(g) :=
∑

h∈Gs(g)

a(gh−1)b(h) =
∑

h∈Gr(g)

a(h)b(h−1g) and a∗(g) := a(g−1)∗.

Here, for x ∈ X, we put Gx := {g ∈ G : s(g) = x} and Gx := {g ∈ G : r(g) = x}.

Definition 4.1. The full section C∗-algebra C∗(A) of the Fell bundle A is the completion of
Cc(A) in the maximal C∗-norm.

One shows that the largest C∗-(semi)norm indeed exists on Cc(A), see [14]. To prove that it
is a C∗-norm, one constructs the reduced norm as follows. The restriction A|X = {Ax}x∈X of A
to X is a C∗-bundle and Cc(A|X) ⊆ Cc(A) is a ∗-subalgebra. The inclusion Cc(A|X) ⊆ Cc(A)
extends to a C∗-inclusion C0(A|X) ⊆ C∗(A). The restriction map a 7→ a|X , a ∈ Cc(A),
extends to a conditional expectation E : C∗(A) → C0(A|X). Consider the Hilbert Ax-module
direct sum

ℓ2(A)x :=
{
ξ : Gx → A : ξ(g) ∈ Ag, g ∈ Gx,

∑
g∈Gx

ξ(g)∗ξ(g) converges in Ax
}

=
⊕
g∈Gx

Ag.

Then we have a representation Λx : C∗(A) → L(ℓ2(A)x) determined by the formula

[Λx(a)ξ](g) =
∑
h∈Gx

a(gh−1)ξ(h), a ∈ Cc(A), ξ ∈ ℓ2(Ax), g ∈ Gx.

There is a unique topology on ℓ2(A) = {ℓ2(A)x}x∈X making it a Hilbert module bundle over
A|X , and such that C0(ℓ2(A)) contains x 7→

⊕
g∈Gx

a(g), for all a ∈ Cc(A), cf. [40, 3.3]. The
field of representations {Λx}x∈X induces a representation Λ : C∗(A) → L(C0(ℓ2(A)))(

Λ(a)ξ
)
(x) = Λx(a)ξ(x), a ∈ Cc(A), ξ ∈ C0(ℓ2(A)), x ∈ X,

that we call the regular representation of C∗(A). This representation is faithful on Cc(A),
but not on C∗(A), in general. When Λ is faithful we say that A has the weak containment
property. This is implied by amenability of G [65] or some sort of amenability of A [39, 16],
but there are examples of non-amenable groupoids with the weak containment property [69].

Notice that C0(ℓ2(A)) is a C∗(A)-C0(A|X)-C∗-correspondence that we call the regular
C∗-correspondence for A. It can be defined equivalently as the completion of the pre-Hilbert
module Cc(A) with respect to the inner product ⟨a, b⟩C0(A|X) := E(a∗b). Then Λ : C∗(A) →
L
(
C0(ℓ2(A))

)
is determined by the multiplication in Cc(A): Λ(a)b = a ∗ b for a ∈ Cc(A) ⊆

C∗(A) and b ∈ Cc(A) ⊆ C0(ℓ2(A)).

Definition 4.2. The reduced section C∗-algebra C∗
red(A) is the completion of Cc(A) in

the norm ∥a∥red := supx∈X ∥Λx(a)∥. Thus C∗
red(A) ∼= Λ(C∗(A)) and the restriction map

E : Cc(A) → Cc(A|X) extends to a faithful conditional expectation E : C∗
r(A) → C0(A|X).

We briefly comment on the relationship between Fell bundles over the groupoid G and Fell
bundles over inverse semigroups. This will be useful when studying representations of the
section C∗-algebras and also checking that twisted groupoid actions yield Fell bundles. To
this end recall that the family of (open) bisections of the groupoid G, i.e.

Bis(G) = {U ⊆ G : U is open and r|U , s|U are injective}.

with operations induced by composition and inverse from G forms naturally a unital inverse
semigroup. The unit space X is the unit for the inverse semigroup Bis(G).
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Let now S be any unital inverse semigroup with unit 1. A Fell bundle over the inverse
semigroup S is a family {At}t∈S of Hilbert A-A-bimodules, where A := A1 is a C∗-algebra,
and hence also a trivial Hilbert A-bimodule, equipped with a multiplication given by bimodule
embeddings At ⊗A Au → Atu, t, u ∈ S, which are associative in an appropriate sense and
induce isomorphisms At ⊗A At∗ ⊗A At ∼= At, t ∈ S. See [16] for details and relationship with
previous equivalent definitions. In particular, this data induces inclusion maps jt,u : At → Au
and involutions ∗ : At → At∗ compatible with the above structures.

Example 4.3 (Inverse semigroup Fell bundle from a groupoid Fell bundle). Every Fell bundle
A = {Ag}g∈G over G induces a Fell bundle Asem = {AU}U∈Bis(G) over Bis(G), where the fibres
are the spaces AU := C0(A|U ), U ∈ Bis(G), and multiplication maps AU × AV → AUV and
involution maps AU → AU∗ are given by multiplication and involution on A. We have natural
inclusions AU ⊆ AV for U ⊆ V . Moreover, A is saturated, that is Ag ·Ah = Agh for all
(g, h) ∈ G(2), if and only if Asem is saturated, that is AU ·AV = AUV for all U, V ∈ Bis(G).

In the saturated case we have the following elegant characterisation of inverse semigroup
Fell bundles coming from groupoid Fell bundles as described in Example 4.3:

Theorem 4.4 ([17, Theorem 6.1]). Let S := Bis(G) be the inverse semigroup of bisections of G.
A saturated Fell bundle Asem = {AU}U∈S over S is induced from a Fell bundle A = {Ag}g∈G
over G, as described in Example 4.3, if and only if the map X ⊇ U 7→ AU ◁AX from the lattice
of open sets in X to the lattice of ideals in AX preserves arbitrary suprema.

If this is the case, the Fell bundle A over G is unique up to an isomorphism.

Remark 4.5. For further reference we describe how the bundle A over G in Theorem 4.4 is
constructed from Asem in Theorem 4.4. If the map X ⊇ U 7→ AU ◁ AX preserves suprema,
then (since it automatically preserves infima) by general Stone duality AX is a C0(X)-algebra
where AU = AXC0(U) for every open U ⊆ X. In particular, AX ∼= C0({Ax}x∈X) where
Ax := AX/Ix and Ix := AXC0(X \ {x}) for x ∈ X. To extend this construction to AU for
U ∈ S, we use that AU is naturally a Morita equivalence Ar(U)-As(U)-bimodule. Namely, for
any g ∈ U we have AUIs(g) = Ir(g)AU = Ir(g)AUIs(g) and this subspace of AU denoted by IU,g
is naturally an Ir(g)-Is(g)-Hilbert bimodule. Hence the quotient AU,g := AU/IU,g is naturally
an Ar(g)-As(g)-Hilbert bimodule. Writing aU (g) for the image of a ∈ AU in AU,g we have a
unique topology on the bundle {AU,g}g∈U such that we have an isomorphism

AU ∼= C0({AU,g}g∈U ) where AU ∋ a 7−→ aU ∈ C0({AU,g}g∈U ).
Using the inclusion maps from Asem one may piece together the above structures to obtain
a Banach bundle A = {Ag}g∈G where Ag ∼= AU,g canonically for any U ∈ Bis(G) containing
g ∈ G. Then the formulas

aU (g)∗ := a∗
U∗(g−1), aU (g) · bV (h) := (a · b)UV (gh), for a ∈ AU , b ∈ AV ,

induce the desired Fell bundle structure on A.

Twisted actions. Most of the literature on groupoids only deals with the so-called Green–
Renault twisted actions, with the abelian twist, see [57, 58]. We need to consider here twisted
actions of G á la Busby–Smith ([12]), where the twist is not necessarily abelian. This type
of twisted action appeared in [18], where they are interpreted as certain functors between
2-categories.

If A is a C∗-algebra we denote by UM(A) the unitary group in M(A), and if A is a
C∗-bundle we write UM(A) := {UM(Ax)}x∈X ⊆ M(A) for the corresponding group bundle.
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A twisted groupoid action on a C∗-bundle A should be viewed as a ‘continuous twisted functor’
α from G to the category of ∗-isomorphisms between the fibres of A and the twist u is a
‘strictly continuous 2-cocycle in UM(A)’. A more precise interpretation is given in [18] where
one views twisted actions of G as ‘continuous morphisms’ (or weak functors) from G to the
2-category of C∗-algebras whose morphisms are nondegenerate homomorphisms A → M(B),
and 2-morphisms are certain unitary multiplier intertwiners between these homomorphisms.
We now make precise exactly what we need.

Definition 4.6. A twisted action of G on a C∗-bundle A = {Ax}x∈X is a pair (α, u) where
(1) α = {αg}g∈G is a family of ∗-isomorphisms αg : As(g) → Ar(g), g ∈ G, such that the

map s∗A ∋ (a, g) 7→ (αg(a), g) ∈ r∗A is continuous, where r∗A := {(a, g) ∈ A × G :
a ∈ Ar(g)} and s∗A := {(a, g) ∈ A × G : a ∈ As(g)} are the pullback bundles;

(2) u = {u(g, h)}(g,h)∈G(2) is a section of the pullback group bundle r(2)∗UM(A) =
{(w, (g, h)) ∈ M(A) × G(2) : w ∈ UM(Ar(g))}, such that for every continuous section
a of the pullback bundle r∗A(2) := {((a, g), (b, h)) ∈ r∗A × r∗A : s(g) = r(h)} the
formula au(g, h) := a(g, h)u(g, h) for g, h ∈ G defines a continuous section of r∗A(2).

In addition, we require this pair to satisfy the following algebraic conditions
(a) αx = idAx , u(x, x) = 1M(Ax) for all x ∈ X;
(b) Adu(g,h) ◦αgh = αg ◦ αh for all (g, h) ∈ G(2);
(c) αf (u(g, h))u(f, gh) = u(f, g)u(fg, h), for all (f, g, h) ∈ G(3);

where αf : M(As(f)) → M(Ar(f)) is the unique homomorphic extension of αf for f ∈ G.

Remark 4.7. Relations (a)–(c) have some standard consequences that we will sometimes use
without warning. For instance, α−1

g = Adu(g−1,g)∗ ◦αg−1 , u(g, s(g)) = u(r(g), g) = 1M(Ar(g))
and αg(u(g−1, g)) = u(g, g−1), g ∈ G.

We first note that a twisted action of G induces a twisted inverse semigroup action of Bis(G)
in the sense of Sieben [63]. This is a special case of the inverse semigroup twisted actions of
Buss–Exel [14, Section 5], which were also considered in [43, Section 2]. The latter actions are
more general and cover twists given by groupoid circle extensions, see [14, Theorem 7.2] or
[43, Theorem 2.16].

Lemma 4.8. Let (α, u) be a twisted action of G on A = {Ax}x∈X . For any open U ⊆ X
put AU := C0(A|U ). Then for any U, V ∈ Bis(G), the maps αU : As(U) → Ar(U) and sections
ω(U, V ) ∈ UM(Ar(UV )) = UCb(A|r(UV )) given by the formulas
αU (a)(r(g)) := αg(a(s(g))), ω(U, V )(r(g)) := u(g, h), g ∈ U, h ∈ V, r(h) = s(g),

form a twisted inverse semigroup action of Bis(G) on A = C0(A), in the sense of [63] and
hence also of [14]. In particular, it gives rise to a saturated inverse semigroup Fell bundle
A(α,u)

sem = {(a, U) : a ∈ Ar(U), U ∈ Bis(G)}, where writing aδU for (a, U) ∈ Asem we put

(aδU ) · (bδV ) := αU (α−1
U (a)b)ω(U, V )δUV , (aδU )∗ = α−1

U (a∗)ω(U∗, U)∗δU∗ ,

for all a ∈ Ar(U), b ∈ Ar(V ), U, V ∈ Bis(G).

Proof. By (1) and (2) in Definition 4.6, the maps αU are well-defined isometries, and ω(U, V )
are well defined elements of UM(AUV ). Thus we need to check that for any U, V,W ∈ S:

(T1) As(UV ) = As(V ) ∩ α−1
V (As(U)) and αU ◦ αV = Adω(U,V )αUV on this ideal;
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(T2) αU
(
aω(V,W )

)
ω(U, V W ) = αU (a)ω(U, V )ω(UV,W ) for a ∈ As(V ) ∩Ar(VW );

(T3) ω(U, V ) = 1M(Ar(UV )) if either U ⊆ X or V ⊆ Y .
Let a ∈ As(UV ), and g ∈ U , h ∈ V with s(g) = r(h). By Definition 4.6(b) we get

Adω(U,V )αUV (a)(r(g)) = u(g, h)αgh(a(s(h)))u(g, h)∗ = αg(αh(a(s(h))))
= αg(αV (a)(s(g))) = αU (αV (a))(r(g)).

This implies (T1), as the above calculation implies that Ar(UV ) = αU (Ar(V ) ∩ As(U)) =
αU (Ar(V )) ∩Ar(U), which by taking inverses is equivalent to As(UV ) = As(V ) ∩ α−1

V (As(U)).
To show (T2) let a ∈ As(V ) ∩Ar(VW ) and f ∈ U , g ∈ V , h ∈ W with (f, g, h) ∈ G(3). Using

Definition 4.6(c) we get

[αU
(
aω(V,W )

)
ω(U, V W )](r(f)) = αf

(
a(s(f))u(g, h)

)
u(f, gh)

= αf
(
a(s(f))

)
u(f, g)u(fg, h)

=
(
αU (a)ω(U, V )ω(UV,W )

)
(r(f)).

Property (T3) follows from Definition 4.6(a), see also Remark 4.7.
Every twisted inverse semigroup action naturally yields a saturated Fell bundle over the

inverse semigroup, see [14, page 250], which in the present context is as described in the
assertion. □

Corollary 4.9. Let (α, u) be a twisted action of G on A = {Ax}x∈X . Write the pullback
bundle A(α,u) := r∗A, as A(α,u) =

⊔
g∈G Ag where Ag := Ar(g) for g ∈ G. Then A(α,u) is a Fell

bundle over the groupoid G with multiplication and involution given by
Ag ×Ah ∋ (a, b) 7−→ a · αg(b)u(g, h) ∈ Agh,

Ag ∋ a 7−→ u(g−1, g)∗αg−1(a∗) = α−1
g (a∗)u(g−1, g)∗ ∈ Ag−1 .

Proof. One could check the conditions in [15, Definition 2.6], which is a tedious verification.
To avoid that we appeal to Lemma 4.8 and Theorem 4.4. Namely, by Theorem 4.4 there is a
unique Fell bundle A(α,u) over G, such that A(α,u)

sem is induced by A(α,u). By the description
in Remark 4.5, the bundle A(α,u) as a Banach bundle can be naturally identified with the
pullback bundle A(α,u) := r∗A, and then the multiplication and involution have to be as in
the statement. □

Note that we have in particular A(α,u)|X = A.

Definition 4.10. If (α, u) is a twisted action of G on A = {Ax}x∈X , we define the full and the
reduced crossed product for α as the cross-sectional C∗-algebras C∗(A(α,u)) and C∗

red(A(α,u))
for the Fell bundle A(α,u) described in Corollary 4.9.

More specifically, the full crossed product C∗(A(α,u)) is the maximal C∗-completion of the
∗-algebra Cc(A(α,u)) where for a, b ∈ Cc(A(α,u)), g ∈ G, we have

(a ∗ b)(g) =
∑

h∈Gs(g)

a(gh−1)αgh−1(b(h))u(gh−1, h), a∗(g) = u(g, g−1)∗αg(a(g−1)∗).

The regular representation Λ of C∗(A(α,u)) on ℓ2(A(α,u)) = ℓ2(r∗A) = {
⊕

g∈Gx
Ar(g)}x∈X is

determined by the representations Λx on the Hilbert Ax-modules ℓ2(r∗A)x =
⊕

g∈Gx
Ar(g),
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x ∈ X, where [ξ · ax](g) = ξ(g)αg(ax), ⟨ξ, ζ⟩Ax
=
∑
h∈Gx

α−1
h (ξ(h)∗ζ(h)), for ax ∈ Ax,

ξ, ζ ∈
⊕

h∈Gx
Ar(h), g ∈ Gx and

(4.1)
(
Λx(a)ξ

)
(g) =

∑
h∈Gx

a(gh−1)αgh−1(ξ(h))u(gh−1, h), a ∈ Cc(A(α,u)), g ∈ Gx.

Example 4.11. When G = G is a discrete group then a twisted action (α, u) of G is the same
as a twisted group action on a C∗-algebra A = A in the sense of Busby–Smith [12]; this has
been considered in many other papers, for example [51, 6, 7, 8], and the algebras C∗(A(α,u))
and C∗

red(A(α,u)) are the usual full and reduced crossed products, respectively, usually also
denoted by A⋊(α,u) G and A⋊(α,u),r G in the literature.
Example 4.12. Twisted actions of G on a trivial bundle A = {C}x∈X correspond to continuous
groupoid cocycles, i.e. for any such action (α, u) we necessarily have α = {idC}x∈X , and u is
a continuous normalised 2-cocycle on G, that is, u : G(2) → T is a continuous map satisfying
u
(
r(g), g

)
= 1 = u

(
g, s(g)

)
and u(f, g)u(fg, h) = u(g, h)u(f, gh) for every composable triple

(f, g, h) ∈ G(3). The algebras C∗(A(α,u)) and C∗
red(A(α,u)) are then the usual full and reduced

twisted groupoid C∗-algebras, usually also written as C∗(G, u) and C∗
red(G, u), see [56]. In

particular, the (left) regular representation (4.1) for x ∈ X specialises in this case to a
homomorphism λux : Cc(G, u) → L(ℓ2(Gx)), which on the canonical basis {δg}g∈Gx ⊆ ℓ2(Gx) is
given by
(4.2) λux(f)δh =

∑
g∈Gr(h)

f(g)u(g, h)δgh.

We use the superscript u above in order to differentiate λu from the ordinary (left) regular
representation λ, which coincides with λu if u = 1 is the trivial 2-cocycle.
Example 4.13. Consider a twisted action (α, u) of a groupoid G on a C∗-bundle A and let n ∈
N. The lifted action (α(n), u(n)) on Mn(A) is given by the isomorphisms α(n)

g from Mn(As(g))
to Mn(Ar(g)) and unitaries u(g, h)(n) = u(g, h) ⊗ In ∈ Mn(M(Ar(g))) ∼= M(Mn(Ar(g))).
The algebraic and topological conditions appearing in Definition 4.6 are clearly satisfied by
the lifted action. Further checks show that we have the isomorphisms Mn(C∗(A(α,u))) ∼=
C∗(Mn(A)(α(n),u(n))) and Mn(C∗

red(A(α,u))) ∼= C∗
red(Mn(A)(α(n),u(n))). Defining a matrix lift of

an abstract Fell bundle is more complicated. The question relates to the norm on the matrices
over fibres, and it can addressed via the C∗-condition, but we will not need it in this paper.
4.1. Representations of crossed products. Let us fix a twisted action (α, u) of G on
A = {Ax}x∈X , and recall the inverse semigroup Fell bundle A(α,u)

sem from Lemma 4.8. For every
U ∈ Bis(G), and a ∈ Cc(A|r(U)) we may identify aδU ∈ A(α,u)

sem with an element of Cc(A(α,u))
given by

(aδU )(g) := [g ∈ U ]a(r(g)), g ∈ G.
The product and involutions in A(α,u)

sem and Cc(A(α,u)) are compatible, and every element in
Cc(A(α,u)) is of the form

∑
U∈F aUδU where F ⊆ Bis(G) is finite and aU ∈ Cc(A|r(U)), U ∈ F .

This extends to an isomorphism between the algebras C∗(A(α,u)) and C∗
red(A(α,u)) and the

full and reduced algebras associated to the inverse semigroup Fell bundle A(α,u)
sem , respectively,

see [17, Theorem 5.5] and [15, Theorem 2.15, Theorem 4.11]. In particular, the relation

ψ(
∑
U∈F

aUδU ) =
∑
U∈F

ψU (aUδU )
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gives a bijective correspondence between representations ψ : C∗(A(α,u)) → B in a C∗-algebra
B and families {ψU}U∈Bis(G) of linear maps ψU : Ar(U) → B such that for all a ∈ Ar(U),
b ∈ Ar(V ), U, V ∈ Bis(G), we have

(SR1) ψU (aδU )ψV (bδV ) = ψUV (αU (α−1
U (aU )aV )ω(U, V )δUV );

(SR2) ψU (aδU )∗ = ψU∗(α−1
U (a∗)ω(U∗, U)δU∗).

If H is a Hilbert space then the relation

ψ(
∑
U∈F

aUδU ) =
∑
U∈F

π(aU )vU

gives a bijective correspondence between representations ψ : C∗(A(α,u)) → B(H) and covariant
representations of (α, u) on H, i.e. pairs (π, v) where π : A → B(H) is a representation (recall
that A denotes the C∗-algebra associated with the bundle A) and {vU}U∈Bis(G) ⊆ B(H) is a
family of partial isometries satisfying:

(CR1) vUπ(a)v∗
U = π(αU (a)) for all a ∈ As(U), U ∈ Bis(G);

(CR2) the ranges of vU and v∗
U are π(Ar(U))H and π(As(U))H, for all U ∈ Bis(G);

(CR3) π(a)vUvV = π(aω(U, V ))vUV for all a ∈ Ar(UV ), U, V ∈ Bis(G).

5. Equivariant correspondences

Throughout this section A and B will be C∗-bundles over X := G(0), carrying twisted actions
(α, uα) and (β, uβ) of G (where G is an étale locally compact Hausdorff groupoid). In the
untwisted case, the following notion was called an equivariant representation of G by Le Gall in
[46, Definition 4.6]. Bédos and Conti [7, 8] follow this naming, while Echterhoff, Kaliszewski,
Quigg and Raeburn [25, Definition 2.5] call such an object a compatible right-Hilbert module
(in the context of group actions). Deaconu [23, Definition 5.10] calls it a groupoid action on
a C0(X)-C∗-correspondence. Here we extend this notion to twisted actions, and call it an
equivariant correspondence.

Definition 5.1. Let (α, uα) and (β, uβ) be twisted actions of G on A and B, respectively.
An (α, uα)-(β, uβ) equivariant correspondence is a C∗-correspondence bundle E from A to B
endowed with an equivariant representation of G, meaning a family L = {Lg}g∈G satisfying

(1) for each g ∈ G the map Lg : Es(g) → Er(g) is an invertible isometry, Lx = idEx for
x ∈ X, and

Lg(Lh(ξ)) = uα(g, h)Lgh(ξ)uβ(g, h)∗, ξ ∈ Es(h), (g, h) ∈ G(2);

(2) for g ∈ G, ξ, ζ ∈ Es(g), a ∈ As(g), b ∈ Bs(g) we have

Lg(aξ) = αg(a)(Lgξ), Lg(ξb) = Lg(ξ)βg(b), βg(⟨ξ, ζ⟩Bs(g)) = ⟨Lgξ, Lgζ⟩Br(g) ;

(3) for each ξ, ζ ∈ Cc(E) the section G ∋ g 7−→ ⟨ξ(r(g)), Lgζ(s(g))⟩Br(g) ∈ r∗B is continu-
ous.

Remark 5.2. The relations in Definition 5.1 imply that L−1
g (·) = uα(g−1, g)∗Lg−1(·)uβ(g−1, g),

L−1
g (αg(a)ξ) = aL−1

g (ξ), L−1
g (ξβg(b)) = L−1

g (ξ)b and β−1
g (⟨ξ, ζ⟩Bs(g)) = ⟨L−1

g ξ, L−1
g ζ⟩Br(g) for

all ξ, ζ ∈ Es(g), a ∈ As(g), b ∈ Bs(g) and g ∈ G.

Lemma 5.3. Condition (3) in Definition 5.1, assuming (2), is equivalent to continuity of
(5.1) s∗E ⊇ Es(g) ∋ ξ 7−→ Lg(ξ) ∈ Er(g) ∈ r∗E .
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Proof. Clearly, continuity of (5.1) implies (3) in Definition 5.1. Conversely, assume (3) and
the last relation in (2) in Definition 5.1. The latter implies that all maps Lg : Es(g) → Er(g),
g ∈ G, are isometries and for all ξ, ζ ∈ Cc(E), the section

G ∋ g 7−→ βg(⟨ξ, ζ⟩Bs(g)) = ⟨Lgξ, Lgζ⟩Br(g) ∈ Br(g) ⊆ r∗B

is continuous (because β and the inner product are ‘continuous’). Let (ξi)i∈I be a net of
elements of s∗E convergent to ξ0 ∈ s∗E . This means that gi := p(ξi) → g := p(ξ0) in G and for
every ξ ∈ C0(s∗E) we have ∥ξi − ξ(gi)∥ → ∥ξ0 − ξ(g)∥. Choose ξ ∈ C0(s∗E) and ζ ∈ C0(r∗E)
such that ξ(g) = ξ0 and ζ(g) = Lg(ξ0). Then

∥Lgi(ξi) − ζ(gi)∥ ≤ ∥ξi − ξ(gi)∥ + ∥Lgi(ξ(gi)) − ζ(gi)∥
where the first summand tends to zero because ξ0 = ξ(g). To see the same for ∥Lgi(ξ(gi)) −
ζ(gi)∥ note that its square is the norm of the following element of Bgi ⊆ B:
⟨Lgi(ξ(gi)), Lgi(ξ(gi))⟩Br(g)−⟨Lgi(ξ(gi)), ζ(gi), ⟩Br(g)−⟨ζ(gi), Lgi(ξ(gi))⟩Br(g)+⟨ζ(gi), ζ(gi)⟩Br(g) ,

which tends to
⟨ζ(g), ζ(g)⟩Br(g) − ⟨ζ(g), ζ(g)⟩Br(g) − ⟨ζ(g), ζ(g)⟩Br(g) + ⟨ζ(g), ζ(g)⟩Br(g) = 0

by continuity of all the maps involved. This proves that Lgi(ξi) → Lg(ξ0) in r∗E . □

For a twisted groupoid action (α, uα) on A we may think of a pair (α, uα), where α :=
{αg}g∈G is a family of standard strict extensions of the ∗-isomorphisms α = {αg}g∈G , as
a ‘strictly continuous’ twisted action on M(A). Then any equivariant representation of G
extends to a ‘strictly continuous’ equivariant representation between the extended actions as
follows.
Proposition 5.4. Any (α, uα)-(β, uβ) equivariant representation L = {Lg}g∈G of G on E
extends to a ‘strictly continuous’ (α, uα)-(β, uβ) equivariant representation L = {Lg}g∈G on
M(E), in the sense that each isometry Lg extends uniquely to an isometry Lg : M(Es(g)) →
M(Er(g)), g ∈ G, such that L = {Lg}g∈G satisfies the obvious analogues of conditions (1) and
(2) in Definition 5.1, and the following analogue of (3):

(3’) the section G ∋ g 7−→ ⟨ξ(r(g)), a(r(g))Lgζ(s(g))⟩M(Br(g)) ∈ Br(g) ⊆ r∗B is continuous
for all strictly continuous sections ξ, ζ ∈ Cb(M(E)) and any a ∈ Cc(A).

Proof. For each g ∈ G, (Lg, αg, βg) is an isomorphism from the As(g)-Bs(g)-bimodule Es(g)
onto the Ar(g)-Br(g)-bimodule Er(g). Hence by Lemma 1.6, Lg extends uniquely to a linear
map Lg : M(Es(g)) → M(Er(g)) such that

Lg(aξ) = αg(a)(Lgξ), Lg(ξb) = Lg(ξ)βg(b),

for all a ∈ M(As(g)), b ∈ M(Bs(g)), ξ ∈ M(Es(g)). Moreover, Lg is necessarily an invertible
isometry, and it is strictly continuous. Strict continuity readily implies that the remaining
conditions in Definition 5.1(1), (2) remain valid when L is replaced by L. To show (3’)
note that any a ∈ Cc(A) may be written as the product a = bc for b, c ∈ Cc(A). Then for
ξ, ζ ∈ Cb(M(E)) we have

⟨ξ(r(g)), aLgζ(s(g))⟩M(Br(g)) = ⟨b∗(r(g))ξ(r(g)), Lg(αg−1(c(r(g)))ζ(s(g)))⟩M(Br(g)) ∈ Br(g)

and the section G ∋ g 7−→ ⟨ξ(r(g)), a(r(g))Lgζ(s(g))⟩M(Br(g)) ∈ r∗B is continuous because
b∗ξ ∈ Cc(E) and for each open bisection U ⊆ G the map s(U) ∋ s(g) 7→ αg−1(a(r(g)))ζ(s(g))
is a continuous section of E|s(U). □
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Example 5.5. For a twisted group action (A,G, α, u), that is, when X = {e} and G = G is
a discrete group, the C∗-correspondence bundle is a single C∗-correspondence E over A and
(α, u)-(α, u) equivariant representations of G on E, as in Definition 5.1, generalise equivariant
representations considered in [7] to the non-unital case.
Example 5.6. When the bundle A = {C}x∈X is trivial, so that a twisted action (α, u) on
A reduces to a continuous groupoid 2-cocycle u (i.e. α is trivial, see Example 4.12), then
(α, u)-(α, u) equivariant correspondences are precisely continuous Hilbert G-bundles, that is,
continuous bundles H = {Hx}x∈X of Hilbert spaces together with a continuous groupoid
homomorphism L from G to the unitary groupoid of H, meaning that Lg : Hs(g) → Hr(g) are
unitary isomorphisms satisfying LgLh = Lgh for all (g, h) ∈ G2, and such that for continuous
sections ξ, η ∈ Cc(H), the map

g 7−→ ⟨ξ(r(g)) |Lg(η(s(g)))⟩
is continuous on G.

In particular, we have the left and right regular continuous Hilbert G-bundles ({ℓ2(Gx)}x∈X , λ)
and ({ℓ2(Gx)}x∈X , ρ), where the topology is induced by the functions from Cc(G), and for each
g ∈ G the unitaries

λg : ℓ2(Gs(g))→ℓ2(Gr(g)), ρg : ℓ2(Gs(g))→ℓ2(Gr(g)),
are given by

λg(δh) := δgh, ρg(δh) := δhg−1 .

The inverse operation in G induces a unitary equivalence between these bundles. The rela-
tionship between the equivariant regular representations of G introduced here and the usual
regular representations of the associated C∗-algebra, as discussed in Example 4.12, does not
appear to be fully understood. This issue is related to the next remark.
Remark 5.7. Equivariant correspondences in Example 5.6 do not depend on the cocycle
u. This is compatible with [8, Remark 3.2]. We also note that our notion of equivariant
representation only deals with the “continuous part” of the representation theory of G. This
idea was already considered by Paterson in [52], while in [55] general measurable Hilbert
bundles are also taken into account by Ramsay and Walter in order to define Fourier–Stieltjes
algebras of general locally compact groupoids.
Example 5.8. Consider a 2-cocycle u ∈ Z2(G,T) on a group G and the trivial action id of G
on A = C, so that (id, u) is a twisted action of G on C. To the cocycle u we can assign its left
u-representation λu : G → L(ℓ2(G)) by λug (δh) := u(g, h)δgh (which is a special case of (4.2)).
This is a unitary (projective) u-representation in the sense that λugλuh = u(g, h)λugh for all
g, h ∈ G. Viewing ℓ2(G) as a correspondence from K(ℓ2(G)) to C, we may view (ℓ2(G), λu)
as an equivariant correspondence from the (untwisted) G-action (K(ℓ2(G)),Adλu) to the
twisted action (C, id, u). This is an equivariant Morita equivalence. Indeed, at least in the
separable case every twisted group action is Morita equivalent to an ordinary action by the
Packer–Raeburn stabilisation trick [51]. A version of this also holds for twisted groupoid
actions, see [18, Theorem 5.3].

The following canonical constructions apply to equivariant correspondences:
Example 5.9. Any twisted action (α, u) of G on A can be viewed as the (α, u)-(α, u)-
equivariant representation of G on the trivial bundle of C∗-correspondences E = A where
L = α. We call it the trivial equivariant representation of (α, u).
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Example 5.10 (Tensoring with Hilbert bundles). We may tensor any (α, uα)-(β, uβ) equi-
variant representation L = {Lg}g∈G of G on E with any continuous Hilbert G-bundle (H, ℓ) =
({Hx}x∈X , {ℓg}g∈G) to get another (α, uα)-(β, uβ) equivariant representation L⊗ ℓ on E ⊗ H.
Namely, for each x ∈ X the external tensor product Ex ⊗Hx is naturally a C∗-correspondence
from Ax ⊗ C ∼= Ax to Bx ⊗ C ∼= Bx, see [45]. We equip E ⊗ H := {Ex ⊗ Hx}x∈X with the
unique topology such that the sections X ∋ x → ξ(x) ⊗ h(x) ∈ Ex ⊗Hx are continuous for all
ξ ∈ C0(E) and h ∈ C0(H). Then the maps

Lg ⊗ ℓg(ξ ⊗ h) := Lg(ξ) ⊗ ℓg(h), ξ ∈ Es(g), h ∈ Hs(g), g ∈ G,
satisfy the conditions in Definition 5.1. Tensoring (E , L) with left or right regular Hilbert
bundles, viewed as a G-bundle, see Example 5.6, we get equivariant correspondences equivalent
to a regularised version of L, see Definition 6.8 and Example 6.12 below.

Example 5.11 (Amplifications of equivariant correspondences). Let (α, uα) and (β, uβ) be
twisted actions of G on C∗-bundles A and B, respectively. Let L = {Lg}g∈G be an (α, uα)-
(β, uβ) equivariant representation of G on a C∗-correspondence bundle E from A to B. Fix
n ∈ N. Then L(n) = {L(n)

g }g∈G , with L
(n)
g : Mn(Es(g)) → Mn(Er(g)) being the entry-wise

matrix lifting of Lg becomes an (α(n), u
(n)
α )-(β(n), u

(n)
β ) equivariant representation of G on a

C∗-correspondence bundle Mn(E) from Mn(A) to Mn(B) (see Examples 3.6 and 4.13). Once
again checking the algebraic and topological conditions is straightforward; moreover the strict
extensions L(n)

g constructed in Proposition 5.4 are the expected matrix liftings of Lg.

Example 5.12 (Tensor product of equivariant correspondences). Let L be an (α, uα)-(β, uβ)
equivariant representation of G on E and K a (β, uβ)-(γ, uγ) equivariant representation of G on
F where (α, uα), (β, uβ) and (γ, uγ) are twisted actions on A, B, and C respectively. In such
a situation we will say that L and K are ‘composable’. We have an (α, uα)-(γ, uγ) equivariant
representation L⊗K on the tensor product C∗-correspondence bundle E ⊗B F , discussed in
Example 3.10, determined by

(Lg ⊗Kg)(ξ ⊗ ζ) := (Lgξ) ⊗ (Kgζ), ξ ∈ Es(g), ζ ∈ Fs(g), g ∈ G.
Indeed, let us first note that Lg ⊗ Kg extends to an isometry from Es(g) ⊗Bs(g) Fs(g) to
Er(g) ⊗Br(g) Fr(g) because it satisfies the last relation from (2) in Definition 5.1 on elementary
tensors:

γg(⟨ξ1 ⊗ ζ1, ξ2 ⊗ ζ2⟩Cs(g)) = γg(⟨ζ1, ⟨ξ1, ξ2⟩Bs(g)ζ2⟩Cs(g))
= ⟨Kgζ1,Kg(⟨ξ1, ξ2⟩Bs(g)ζ2)⟩Cr(g)

= ⟨Kgζ1, βg(⟨ξ1, ξ2⟩Bs(g))Kgζ2⟩Cr(g)

= ⟨Kgζ1, ⟨Lgξ1, Lgξ2⟩Br(g)Kgζ2⟩Cr(g)

= ⟨(Lgξ1) ⊗ (Kgζ1), (Lgξ2) ⊗ (Kgζ2)⟩Cr(g)

= ⟨(Lg ⊗Kg)ξ1 ⊗ ζ1, (Lg ⊗Kg)ξ2 ⊗ ζ2⟩Cr(g) .

The remaining relations in (2) in Definition 5.1 are immediate, and the relation in (1) holds
because we consider balanced tensor products. Condition (3) holds because the section of r∗C
sending g ∈ G to ⟨(Lg ⊗Kg)ξ1 ⊗ ζ1, ξ2 ⊗ ζ2⟩Ar(g) = ⟨Lgζ1, ⟨Kgξ1, ξ2⟩Br(g)ζ2⟩Cr(g) is continuous
for every ξ1, ξ2 ∈ Cc(E), ζ1, ζ2 ∈ Cc(F).

Moreover, it is straightforward to see that the extension Lg ⊗Kg : M(Es(g) ⊗Bs(g) Fs(g)) →
M(Er(g) ⊗Br(g) Fr(g)) of Lg ⊗ Kg, as described in Proposition 5.4, is given on elementary
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tensors defined in Lemma 1.12 by
Lg ⊗Kg(ξ ⊗ ζ) = Lg(ξ) ⊗Kg(ζ), ξ ∈ M(Er(g)), ζ ∈ M(Fr(g)).

Example 5.13 (Direct sums of of equivariant correspondences). For any family of (α, uα)-
(β, uβ) equivariant representations {Li}i∈I of the groupoid G on C∗-bundles {Ei}i∈I from A
to B the direct sum ⊕i∈ILi := {⊕i∈I(Li)g}g∈G is a well-defined (α, uα)-(β, uβ) equivariant
representation of G on the direct sum C∗-bundle ⊕i∈IEi. Also we have a natural embedding
⊕i∈IM(Ei) ⊆ M(⊕i∈IEi), which is equality when I is finite, and the extended action ⊕i∈ILi
restricted to ⊕i∈IM(Ei) coincides with {⊕i∈I(Li)g}g∈G .

5.1. Representations induced by equivariant correspondences. Equivariant represen-
tations allow us to transfer representations of the crossed product for (β, uβ) to the crossed
product for (α, uα). Firstly, let us notice that any such equivariant representation (E , L) can
be interpreted in terms of inverse semigroups as follows. For every open V ⊆ X we put
EV := C0(E|V ). For every U ∈ Bis(G) we have an isometry LU : Es(U) → Er(U) where

LU (ξ)(r(g)) = Lg(ξ(s(g))), g ∈ U, ξ ∈ Es(U),

see Lemma 5.3. Conditions (1) and (2) in Definition 5.1 imply that
LU (LV (ξ)) = ωα(U, V )LUV (ξ)ωβ(U, V )∗

for ξ ∈ Es(UV ), and for ξ, ζ ∈ Es(U), a ∈ As(U) and b ∈ Bs(U) we have
LU (aξ) = αU (a)LU (ξ), LU (ξb) = LU (ξ)βU (b), βU (⟨ξ, ζ⟩Bs(U)) = ⟨LU (ξ), LU (ζ)⟩Br(U) .

In particular, for any ξ ∈ C0(E) and a ∈ Ar(U) we have a naturally defined element aLU (ξ) ∈
Er(U), which agrees with LU (α−1

U (a)ξ).

Proposition 5.14. Let L = {Lg}g∈G be an (α, uα)-(β, uβ) equivariant representation of G on E
and let ψ : C∗(B(β,uβ)) → L(H) be a representation of C∗(B(β,uβ)) on a right Hilbert C-module
H. Let C0(E) ⊗ψ H be the tensor product of C∗-correspondences where the left action of C0(B)
on H is given by ψ. Then we get a representation L -Ind(ψ) : C∗(A(α,uα)) → L(C0(E) ⊗ψ H)
determined by the formula

L -Ind(ψ)(aδU ) ξ ⊗ ζ := aLU (ξ) ⊗ ψ(δU )ζ, ξ ∈ C0(E), ζ ∈ H, a ∈ Ar(U), U ∈ Bis(G),

where aLU (ξ) ⊗ ψ(δU )ζ := limi LU (α−1
U (a)ξ) ⊗ ψ(er(U)

i δU )ζ for an approximate unit {er(U)
i }i

in Br(U). This limit exists and does not depend on the choice of {ei}i.

Proof. If H were a Hilbert space (equivalently C = C), then we could disintegrate ψ into a
covariant representation (π, v), as described in Subsection 4.1, and then put L -Ind(ψ)(aδU ) ξ⊗
ζ = aLU (ξ) ⊗ vUζ where the corresponding partial isometry vU ∈ B(H) is given by the strong
limit of ψ(er(U)

i δU ). Here we work with a general Hilbert module H (with a view towards
one of our versions of the Fell absorption principle — see Theorem 6.15 below) where such a
strong limit does not necessarily exist, so we need to struggle with approximate units.

Let us first note that the limit limi LU (α−1
U (a)ξ) ⊗ ψ(er(U)

i δU )ζ exists and does not depend
on the choice of the approximate unit. Indeed, we may write aLU (ξ) = κb where κ ∈ Er(U)

and b ∈ Br(U), and then limi aLU (ξ)⊗ψ(er(U)
i δU )ζ = limi κ⊗ψ(ber(U)

i δU )ζ = κ⊗ψ(bδU )ζ. Let
ξj ∈ C0(E) and ζj ∈ H for j = 1, . . . , n. A simple calculation shows that for j, k ∈ {1, . . . , n}
we have

⟨L -Ind(ψ)(aδU ) ξj ⊗ ζj , L -Ind(ψ)(aδU ) ξk ⊗ ζk⟩C = ⟨ζj , ψ(⟨ξj , α−1
U (a∗a)ξk⟩)ζk⟩C .
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Since
∑n
j,k=1⟨ζj , ψ(⟨ξj , α−1

U (a∗a)ξk⟩)ζk⟩C ≤
∑n
j,k=1⟨ζj , ψ(⟨ξj , ∥a∗a∥ξk⟩C)ζk⟩ it follows that∥∥∥∥∥L -Ind(ψ)(aδU )

(
n∑
i=1

ξi ⊗ ζi

)∥∥∥∥∥
2

≤ ∥a∥2
∥∥∥∥∥

n∑
i=1

ξi ⊗ ζi

∥∥∥∥∥
2

.

Hence L -Ind(ψ)(aδU ) is a well defined contractive map on C0(E) ⊗ψ H. As in Remark 5.2 we
get L−1

U (ξ) = ωα(U∗, U)∗LU∗(ξ)ωβ(U∗, U) for ξ ∈ Er(U). Thus for ξ, ξ′ ∈ E = C0(E) we have

⟨aLU (ξ), ξ′⟩B = lim
i

⟨aLU (ξ), er(U)
i ξ′⟩B = lim

i
⟨LU (α−1

U (a)ξ), LU (L−1
U (er(U)

i ξ′))⟩Br(U)

= lim
i
βU
(
⟨ξ, α−1

U (a∗)L−1
U (er(U)

i ξ′)⟩Bs(U)

)
= βU

(
⟨ξ, α−1

U (a∗)ωα(U∗, U)∗LU∗(ξ′)⟩Bs(U)ωβ(U∗, U)
)
.

Hence

lim
i

(er(U)
i δU )∗⟨aLU (ξ), ξ′⟩B = lim

i
β−1
U (er(U)

i )ωβ(U∗, U)∗δU∗⟨aLU (ξ), ξ′⟩B

= β−1
U (⟨aLU (ξ), ξ′⟩B)ωβ(U∗, U)∗δU∗

= ⟨ξ, α−1
U (a∗)ωα(U∗, U)∗LU∗(ξ′)⟩Bs(U)δU∗ .

Using this for ζ, ζ ′ ∈ H we get

⟨aLU (ξ) ⊗ ψ(δU )ζ, ξ′ ⊗ ζ ′⟩C = lim
i

⟨ψ(er(U)
i δU )ζ, ψ(⟨aLU (ξ), ξ′⟩B)ζ ′⟩C

= lim
i

⟨ζ, ψ((er(U)
i δU )∗⟨aLU (ξ), ξ′⟩B)ζ ′⟩C

= ⟨ζ, ψ(⟨ξ, α−1
U (a∗)ωα(U∗, U)∗LU∗(ξ′)⟩Bs(U)δU∗)ζ ′⟩C

= ⟨ξ ⊗ ζ, α−1
U (a∗)ωα(U∗, U)∗LU∗(ξ′) ⊗ ψ(δU∗)ζ ′⟩C .

This shows that L -Ind(ψ)(aδU ) ∈ L(C0(E) ⊗ψ H) and

L -Ind(ψ)(aδU )∗ = L -Ind(ψ)(α−1
U (a∗)ωα(U∗, U)∗δU∗) = L -Ind(ψ)((aδU )∗).

Now if b ∈ Ar(V ) for V ∈ Bis(G), then

L -Ind(ψ)(aδU )[L -Ind(ψ)(bδV )ξ ⊗ ζ] = lim
i

lim
j
aLU (bLV (ξ)) ⊗ ψ(er(U)

i δU )ψ(er(V )
j δV )ζ

= lim
i

lim
j
αU (α−1

U (a)b)LU (LV (ξ)) ⊗ ψ
(
βU
(
β−1
U (er(U)

i )er(V )
j

)
ωβ(U, V )δUV

)
ζ

= lim
i
αU (α−1

U (a)b)ωα(U, V )LUV (ξ) ⊗ ψ
(
ωβ(U, V )∗e

r(UV )
i ωβ(U, V )δUV

)
ζ

= L -Ind(ψ)[(aδU ) · (bδV )](ξ ⊗ ζ).

Thus L -Ind(ψ)(aδU ) ·L -Ind(ψ)(bδV ) = L -Ind(ψ)((aδU ) · (bδV )), and the assertion now follows,
cf. Subsection 4.1. □

Example 5.15. For group actions on unital C∗-algebras as in [6, 7, 8, 9], the above proposition
takes the following form, see [6, Lemma 4.9] for its progenitor. Let (α, uα) and (β, uβ) be
two twisted actions of a group G on unital C∗-algebras A and B, let L be an equivariant
representation on an A-B-C∗-correspondence E. Given a representation ψ : B⋊(β,uβ)G → L(H)

28



on a Hilbert C-module H, there is a representation L -Ind(ψ) : A ⋊(α,uα) G → L(E ⊗ψ H)
which on the generators aδg ∈ A⋊(α,uα) G, a ∈ A, g ∈ G, is given by the formula

L -Ind(ψ)(aδg)(ξ ⊗ ζ) = aLg(ξ) ⊗ ψ(δg)ζ, ξ ∈ E, η ∈ H.

6. Induced regular representations and absorption principles

In this section we will discuss induced/regular representations of bundle C∗-algebras related
to twisted groupoid actions. Once again we first discuss the case of general Fell bundles.

Let A = {Ag}g∈G be a Fell bundle over G. We begin this section by introducing various
forms of “regular induced representations” for A using the C∗(A)-C0(A|X)-C∗-correspondence
C0(ℓ2(A)), and a C∗-correspondence bundle from A|X = {Ax}x∈X to another C∗-bundle
B = {Bx}x∈X . These do not seem to have appeared explicitly in the literature.

Definition 6.1. Let E = {Ex}x∈X be a C∗-correspondence bundle from A|X = {Ax}x∈X to
B = {Bx}x∈X . The regular representation of C∗(A) induced by E is given by the left action
ΛE := Λ ⊗ idC0(E) of C∗(A) on the C∗(A)-C0(B)-C∗-correspondence C0(ℓ2(A)) ⊗C0(A|X) C0(E)
(see Example 3.10).

Remark 6.2. By construction ker Λ ⊆ ker ΛE and we have ker Λ = ker ΛE whenever E is
faithful, i.e. the left action of C0(A|X) on C0(E) is faithful (this holds when there is a dense
set of points X0 ⊆ X such that the Ax-Bx-C∗-correspondence Ex is faithful for all x ∈ X0).
Hence ΛE factors through a representation ΛE

red of C∗
red(A) and ΛE

red is faithful if E is so.

Remark 6.3. We give an alternative description of ΛE as follows. For each x ∈ X, we have a
C∗-correspondence ℓ2(A|Gx) ⊗Ax Ex from C∗(A) to Bx. As a right Hilbert module it is equal
to the direct sum ℓ2(A ⊗Ax Ex) of Hilbert Bx-modules A ⊗Ax Ex := {Ag ⊗Ax Ex}g∈Gx . The
multiplication of A yields bounded linear maps Agh−1 ⊗Ax Ah ⊗Ax Ex → Ag ⊗Ax Ex, g, h ∈ Gx,
that we write again as ‘multiplication’ maps whenever s(g) = s(h). Then the formula

(6.1) [ΛE
x(a)ξ](g) :=

∑
h∈Gx

a(gh−1) · ξ(h), a ∈ Cc(A), ξ ∈ ℓ2(A ⊗Ax Ex), g ∈ Gx,

makes sense and gives the ∗-homomorphism ΛE
x : C∗(A) → L(ℓ2(A ⊗Ax Ex)) induced from Λx

by Ex. We equip the bundle ℓ2(A ⊗A|X E) := {ℓ2(A ⊗Ax Ex)}x∈X with the topology generated
by declaring sections of the form x 7→ ⊕g∈Gxξ(g) to be continuous for all ξ ∈ C0(s∗E), i.e.
requesting that G ∋ g 7→ ξ(g) ∈ Es(g) ⊆ E is continuous. Then we get an isomorphism of
Hilbert C0(B)-modules

C0(ℓ2(A)) ⊗C0(A|X) C0(E) ∼= C0(ℓ2(A ⊗A|X E))

that maps a⊗ ξ ∈ C0(ℓ2(A)) ⊗C0(A|X) C0(E) to â⊗ ξ ∈ C0(ℓ2(A ⊗A|X E)) where â⊗ ξ(x) =
a(x) ⊗ ξ(x). Under this isomorphism the induced regular representation is ΛE : C∗(A) →
L(C0(ℓ2(A ⊗A|X E))), where

(ΛE(a)ξ)(x) = ΛE
x(a)ξ(x) =

⊕
g∈Gx

∑
h∈Gx

a(gh−1) · ξ(h),

a ∈ Cc(A), ξ ∈ C0(ℓ2(A ⊗A|X E)), x ∈ X.

We will now specify the context to Fell bundles coming from twisted groupoid actions.
Assume then now that A is a C∗-bundle over X which carries a twisted action (α, u) of
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G. Induced regular representations of C∗(A(α,u)) can be described as follows. To any A-
B-C∗-correspondence bundle E we associate the regularised A-B-C∗-correspondence bundle
ℓ2(s∗E) = {ℓ2(s∗E)x}x∈X whose fibres are direct sums

ℓ2(s∗E)x =
⊕
g∈Gx

Ex

of Ax-Bx-C∗-correspondences Ex. We equip ℓ2(s∗E) with the unique topology making it a
Banach bundle and such that Cc(ℓ2(s∗E)) contains x 7→

⊕
g∈Gx

ξ(g) for ξ ∈ Cc(s∗E). Then
ℓ2(s∗E) is an A-B-C∗-correspondence bundle. Alternatively, the C∗-correspondence bundle
ℓ2(s∗E) is determined by the C0(X)-C∗-correspondence from C0(A) to C0(B) given by the
completion of Cc(s∗E) with structure determined by the operations

⟨ξ, ζ⟩C0(B)(x) :=
∑
h∈Gx

⟨ξ(h), ζ(h)⟩Bx , a · ξ · b(g) := a(s(g))ξ(g)b(s(g))

for ξ, ζ ∈ Cc(s∗E), a ∈ C0(A), b ∈ C0(B), x ∈ X, g ∈ G.

Proposition 6.4. Let (α, u) be a twisted action of G on A and let E be an A-B-C∗-
correspondence bundle for another C∗-bundle B over X. The induced regular representa-
tion ΛE of C∗(A(α,u)) is naturally unitarily equivalent to a representation πE : C∗(A(α,u)) →
L(C0(ℓ2(s∗E))), where

(πE(a)ξ)(x) = πE
x (a)ξ(x), a ∈ Cc(A(α,u)), ξ ∈ C0(ℓ2(s∗E)), x ∈ X,

and πE
x : C∗(A(α,u)) → L(

⊕
g∈Gx

Ex) is a representation of C∗(A(α,u)) on the Hilbert Bx-module⊕
g∈Gx

Ex, given by

[πE
x (a)ξ](g) :=

∑
h∈Gx

α−1
g

(
a(gh−1)u(gh−1, h)

)
ξ(h), a ∈ Cc(A(α,u)), ξ ∈

⊕
h∈Gx

Ex, g ∈ Gx.

In particular, πE descends to a representation of C∗
red(A(α,u)), which is faithful if πE is faithful

on C0(A).

Proof. We use Remark 6.3 to treat ΛE as a representation on the bundle ℓ2(A ⊗A|X E) :=
{ℓ2(A ⊗Ax Ex)}x∈X where A ⊗Ax Ex := {Ag ⊗Ax Ex}g∈Gx for x ∈ X. For each g ∈ Gx, we
have an isomorphism Ag ⊗Ax Ex

∼= Ex of Bx-Hilbert modules given by a ⊗ ξ 7→ α−1
g (a)ξ.

These isomorphisms give a unitary isomorphism ℓ2(A ⊗Ax Ex) ∼=
⊕

g∈Gx
Ex under which (6.1)

translates to the formula for πE
x (a) as in the assertion. These unitaries yield an isomorphism

ℓ2(A ⊗A|X E) ∼= ℓ2(s∗E) of Hilbert module bundles that intertwines πE and ΛE . □

Example 6.5 (Regular representation revisited). Suppose that (α, u) is a twisted G-action on
A = {Ax}x∈X . Then the bundle A = {Ax}x∈X can be viewed as a faithful C∗-correspondence
bundle from A to A. Hence, by Proposition 6.4, it induces a representation πA : C∗(A(α,u)) →
L(C0(ℓ2(s∗A))), where ℓ2(s∗A) := {

⊕
g∈Gx

Ax}x∈X , which factors through a faithful represen-
tation of C∗

red(A(α,u)). In fact, the formula

W (ξ)(x) =
⊕
g∈Gx

αg(ξ(g)), ξ ∈ C0(ℓ2(s∗A)), x ∈ X,

defines a Hilbert C0(A)-module unitary W : C0(ℓ2(s∗A)) → C0(ℓ2(A(α,u))) that intertwines
πA and the regular representation Λ : C∗(A(α,u)) → L(C0(ℓ2(A(α,u)))) from (4.1).
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Example 6.6. For the trivial bundle A = {C}x∈X we are treating a twisted groupoid
(G, u) as in Example 4.12. In this case, the induced regular representation πE : C∗(G, u) →
L(C0(ℓ2(s∗E))) associated with the A-B-correspondence E is given by:

(πE
x (f)ξ)(g) =

∑
h∈Gx

f(gh−1)ξ(h)u(gh−1, h) =
∑

h∈Gr(g)

f(h)ξ(h−1g)u(h, h−1g)

for f ∈ Cc(G), ξ ∈ ⊕g∈GxEx = ℓ2(Gx, Ex) and g ∈ Gx. Here each Ex is just a Hilbert module
over Bx because Ax = C. Of course, this is a special case of Proposition 6.4 where the
action α is trivial. The above representation generalises the ordinary regular representation
λu from (4.2) by adding the coefficient bundle E . For an equivariant representation L on E ,
its associated regularised equivariant representation LG acts on ℓ2(s∗E) by the formula (6.2).
There is no further simplification here, except that each Ex is just a Hilbert Bx-module.
Further assuming that also B = {C}x∈X is the one-dimensional trivial bundle, then equivariant
representations are described by continuous Hilbert G-bundles, that is, continuous Hilbert
bundles H = {Hx}x∈X together with a continuous family of unitaries Lg : Hs(g)

∼−→ Hr(g)
satisfying LgLh = Lgh for all (g, h) ∈ G(2), as in Example 5.6.

Note that the (regularised) C0(A)-C0(B)-C∗-correspondence C0(ℓ2(s∗E)) contains C0(E) as a
sub-C∗-correspondence (the embedding is given by the inclusions Cc(E) ⊆ Cc(s∗E) ⊆ ℓ2(s∗E)).
Any equivariant representation of G on E extends naturally to ℓ2(s∗E) as follows.

Lemma 6.7. Let A, B be C∗-bundles over X := G(0), carrying twisted actions (α, uα)
and (β, uβ) of G. An (α, uα)-(β, uβ) equivariant representation L = {Lg}g∈G of G on a
C0(A)-C0(B)-C∗-correspondence E induces an (α, uα)-(β, uβ) equivariant representation LG :=
{LG

g }g∈G of G on ℓ2(s∗E), where for g ∈ G the map LG
g : ℓ2(s∗E)s(g) → ℓ2(s∗E)r(g) is given by

(6.2) LG
g (ξ)(t) = Lg(ξ(tg)), ξ ∈ ℓ2(s∗E)s(g), t ∈ Gr(g).

Proof. Given g ∈ G and ξ, ζ ∈ ℓ2(s∗E)s(g) =
⊕

h∈Gs(g)
Es(g), we have

⟨LG
g (ξ), LG

g (ζ)⟩Br(g) =
∑

t∈Gr(g)

⟨LG
g (ξ)(t), LG

g (ζ)(t)⟩Br(g) =
∑

t∈Gr(g)

⟨Lg(ξ(tg)), Lg(ζ(tg))⟩Br(g)

= βg

 ∑
t∈Gr(g)

⟨ξ(tg), ζ(tg)⟩Bs(g)

 = βg
(
⟨ξ, ζ⟩Bs(g)

)
.

This implies that LG
g : ℓ2(s∗E)s(g) → ℓ2(s∗E)r(g) is a well-defined isometry. Furthermore, for

b ∈ Bs(g) and t ∈ Gr(g), we have

LG
g (ξb)(t) = Lg((ξb)(tg)) = Lg(ξ(tg)b) = Lg(ξ(tg))βg(b) = LG

g (ξ)(t)βg(b) = (LG
g (ξ)βg(b))(t),

so that LG
g (ξb) = LG

g (ξ)βg(b). Similarly, we get LG
g (aξ) = αg(a)LG

g (ξ) for a ∈ As(g). If
g, h, t ∈ G with s(g) = r(h), s(t) = r(g) and ξ ∈ ℓ2(s∗B)s(h) then we have

LG
g (LG

hξ)(t) = Lg((LG
hξ)(tg)) = Lg

(
Lh(ξ(tgh))

)
= uα(g, h)Lgh(ξ(tgh))uβ(g, h)∗

= uα(g, h)LG
gh(ξ)(t)uβ(g, h)∗.

This shows conditions (1), (2) in Definition 5.1. To check condition (3), we take sections
ξ0, ζ0 ∈ Cc(s∗E) and consider the corresponding continuous sections ξ, ζ ∈ Cc(ℓ2(s∗E)) given
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by x 7→ ξ0|Gx , ζ0|Gx as in the definition of the topology of ℓ2(s∗E). Then for g ∈ G we get

⟨ξ(r(g)), LG
g ζ(s(g))⟩Br(g) =

∑
t∈Gr(g)

⟨ξ0(t), Lg(ζ0(tg))⟩Br(g) .

This is a continuous section of the pullback r∗B because L is continuous and ξ0, ζ0 ∈ Cc(s∗E),
so in particular the sum above is finite. □

Definition 6.8. We call equivariant representations of G of the form LG regular (or, if we
want to stress the original equivariant representation L, regularised).

Example 6.9. Given a twisted action (α, u) of G on A we can view the collection of maps
(αg)g∈G as an equivariant representation of G on E = A, see Example 5.9. Its regularisation
αG acts on ℓ2(s∗A) = {ℓ2(s∗A)x}x∈X by the formula (αG

g (a))t = αg(atg), aξ ∈ ℓ2(s∗A)s(g),
t ∈ Gr(g).

Example 6.10. For a twisted group action (A,G, α, u), i.e. when G = G is a discrete group,
the regular (α, u)-(α, u) equivariant representations of G coincide with induced equivariant
representations introduced in [6, Example 4.8], and αG is called the regular equivariant
representation of α in [6, Example 4.7].

Definition 6.11. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. Two (α, uα)-(β, uβ)-equivariant representations of G, L and L′, defined respectively
on C∗-correspondence bundles E and F from A to B, are unitarily equivalent if there is a
C0(X)-unitary Γ : C0(E) → C0(F) such that Γr(g)Lg = L′

gΓs(g) for all g ∈ Γ, where {Γx}x∈X
is the associated continuous family of unitaries Γx : Ex → Fx, x ∈ X, see Lemma 3.12.

Example 6.12 (Regularised equivariant representations revisited). Instead of using the source
map s in the construction of a regular equivariant representation, we could also use the range
map r. More specifically, let (E , L) be an (α, uα)-(β, uβ)-equivariant correspondence. We
have an (α, uα)-(β, uβ)-equivariant correspondence (ℓ2(r∗E), GL) where the fibres of ℓ2(r∗E) =
{ℓ2(r∗E)x}x∈X are direct sums ℓ2(r∗E)x =

⊕
g∈Gx Ex and for each g ∈ G the map GLg :

ℓ2(r∗E)s(g) → ℓ2(r∗E)r(g) is given by
GLg(ξ)(t) = Lg(ξ(g−1t)), ξ ∈ ℓ2(r∗E)s(g), t ∈ Gs(g).

Then the regularised equivariant representations (ℓ2(s∗E), LG) and (ℓ2(r∗E), GL) are unitarily
equivalent, with equivalence given by the bundle of unitaries ℓ2(s∗E)x

∼−→ ℓ2(r∗E)x, where
δh 7→ δh−1 for h ∈ Gx. Also unitary equivalence of Hilbert bundles mentioned in Example 5.6 is
a special case of the above notion of unitary equivalence, and tensoring (E , L) with the left and
right regular Hilbert bundles ({ℓ2(Gx)}x∈X , λ) and ({ℓ2(Gx)}x∈X , ρ), see Examples 5.6, 5.10,
we get equivariant correspondences (E ⊗ {ℓ2(Gx)}x∈X , L ⊗ λ) and (E ⊗ {ℓ2(Gx)}x∈X , L ⊗ ρ)
where, for each g ∈ G and ξ ∈ Es(g), we have

Lg ⊗ λg(ξ ⊗ δh) = Lg(ξ) ⊗ δgh, h ∈ Gs(g),

Lg ⊗ ρg(ξ ⊗ δh) = Lg(ξ) ⊗ δhg−1 , h ∈ Gs(g).

Indeed, for instance the unitaries Ex ⊗ ℓ2(Gx) ∋
∑
h∈Gx

ξh ⊗ δh 7−→ ⊕h∈Gxξh ∈ ℓ2(s∗E)x =⊕
h∈Gx

Ex, for x ∈ X, establish the equivalence (ℓ2(s∗E), LG) ∼= (E ⊗ {ℓ2(Gx)}x∈X , L ⊗ ρ).
Concluding, we have the following unitary equivalences

(ℓ2(s∗E), LG) ∼= (E ⊗ {ℓ2(Gx)}x∈X , L⊗ ρ) ∼= (E ⊗ {ℓ2(Gx)}x∈X , L⊗ λ) ∼= (ℓ2(r∗E), GL),
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yielding equivalent pictures of the regularisation of the equivariant correspondence (E , L).

Proposition 6.13 (Absorption for equivariant representations). Let A, B be C∗-bundles over
X, carrying twisted actions (α, uα) and (β, uβ) of G. Let L be an (α, uα)-(β, uβ) equivariant
representation of G on a C∗-correspondence bundle E from A to B. The tensor product
equivariant representations L ⊗ βG and αG ⊗ L, acting on E ⊗B ℓ

2(s∗B) and ℓ2(s∗A) ⊗A E,
respectively, are both unitarily equivalent to the induced regular equivariant representation LG

on ℓ2(s∗E).

Proof. We construct the desired C0(X)-unitary Γβ : C0(E ⊗B ℓ
2(s∗B)) → C0(ℓ2(s∗E)). Given

x ∈ X, there is a unique unitary Γβx : Ex ⊗Bx ℓ
2(s∗B)x → ℓ2(s∗E)x satisfying

(6.3) Γβx(ξ ⊗ b)(t) = ξ · b(t), ξ ∈ Ex, b ∈ ℓ2(s∗B)x, t ∈ Gx.

Indeed, for ξ, ξ′ ∈ Ex, b, b′ ∈ ℓ2(s∗B)x we have ξ ⊗ b, ξ′ ⊗ b′ ∈ Ex ⊗Bx ℓ
2(s∗B)x and

⟨Γβx(ξ ⊗ b),Γβx(ξ′ ⊗ b′)⟩Bx =
∑
t∈Gx

⟨ξb(t), ξ′b′(t)⟩Bx =
∑
t∈Gx

b(t)∗⟨ξ, ξ′⟩Bxb
′(t)

=
∑
t∈Gx

⟨ξ ⊗ b(t), ξ′ ⊗ b′(t)⟩Bx = ⟨ξ ⊗ b, ξ′ ⊗ b′⟩Bx .

This implies that (6.3) extends uniquely to an adjointable isometry, which is invertible
as its range clearly contains the dense subspace Cc(s∗E|Gx) ⊆ ℓ2(s∗E)x. To see that the
bundle {Γβx}x∈X of unitaries is continuous take ξ ∈ Cc(E) and b ∈ Cc(ℓ2(s∗B)) of the form
b(x) = ⊕g∈Gxb0(g) for some b0 ∈ Cc(s∗B). Then the formula ζ(g) := ξ(s(g)) · b0(g) defines an
element ζ ∈ Cc(s∗E) and so

Γβ(ξ ⊗ b)(x) := Γβx(ξ(x) ⊗ b(x)) =
⊕
g∈Gx

ξ(x) · b0(g), x ∈ X,

defines an element of C0(ℓ2(s∗E)). Hence {Γβx}x∈X defines the C0(X)-unitary Γβ . It intertwines
the equivariant representations as for ξ ∈ Ex, b ∈ ℓ2(s∗B)x, t, g ∈ Gx, we have

(Γβr(g) ◦ (L⊗ βG)g)(ξ ⊗ b)(t) = Γr(g)(Lgξ ⊗ βG
g (b))(t) = Lg(ξ) · βG

g (b)(t) = Lg(ξ)βg(b(tg))

= Lg(ξb(tg)) = Lg(Γβs(g)(ξ ⊗ b(tg))) = (LG
g ◦ Γβs(g))(ξ ⊗ b)(t).

This proves the unitary equivalence between L ⊗ βG and LG . The equivalence between
αG ⊗ L and LG can be proved analogously, and it is implemented by the C0(X)-unitary
Γα : C0(ℓ2(s∗A ⊗A E) → C0(ℓ2(s∗E)), where for x ∈ X we set

Γαx(a⊗ ξ)(t) = a(t)ξ, ξ ∈ Ex, a ∈ ℓ2(s∗A)x, t ∈ Gx.

We leave the details to the reader. □

Corollary 6.14. Let A, B, C be C∗-bundles over X, carrying twisted actions (α, uα), (β, uβ)
and (γ, uγ) of G. Let L and K be two composable equivariant representations of G, so L is
(α, uα)-(β, uβ) equivariant and K is (β, uβ)-(γ, uγ) equivariant, see Example 5.12. Then

LG ⊗K ∼= L⊗KG ∼= (L⊗K)G .

Proof. Using the ‘associativity’ of the tensor product and applying Proposition 6.13 four times
we get LG ⊗K ∼= L⊗ βG ⊗K ∼= L⊗KG ∼= L⊗K ⊗ γG ∼= (L⊗K)G . □
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We will use the above absorption statement to infer that our Fourier multipliers form an
ideal in the category of Fourier–Stieltjes multipliers (to be defined in the next section). Also,
Proposition 6.13 implies that

C0(E) ⊗C0(B) C0(ℓ2(s∗B)) ∼= C0(ℓ2(s∗E)).
To show that Fourier–Stieltjes multipliers yield completely bounded maps on reduced crossed
products we will need yet another form of absorption, where we change the left multiplication
in the regular C∗-correspondence ℓ2(s∗B) from the pointwise to the one given by the regular
representation. The following versions of the Fell absorption principle are what we need; they
are related to similar results appearing, for instance, in [65, Lemma 2] and [16, Theorem 3.20].
The first one is a generalisation of [7, Theorem 4.10].

Theorem 6.15 (Fell’s absorption I). Let A, B be C∗-bundles over X, carrying twisted actions
(α, uα) and (β, uβ) of G. Let L be an (α, uα)-(β, uβ) equivariant representation of G on a
C∗-correspondence bundle E from A to B. The representation L -Ind(πB) induced by L (as
in Proposition 5.14) from the regular representation πB : C∗(B(β,uβ)) → L(C0(ℓ2(s∗B))) (see
Example 6.5) is unitarily equivalent to the regular representation πE ∼= ΛE induced by E. This
equivalence is implemented by the isomorphism of right Hilbert C0(B)-modules

W : C0(E) ⊗πB C0(ℓ2(s∗B))
∼=−→ C0(ℓ2(s∗E))

where W (ξ ⊗ b)(x) := Wx(ξ ⊗ b(x)), ξ ∈ C0(E), b ∈ C0(ℓ2(s∗B)), x ∈ X, and

Wx : C0(E) ⊗πB
x
ℓ2(s∗B)x

∼=−→ ℓ2(s∗E)x, Wx (ξ ⊗ bx) (g) := L−1
g (ξ(r(g))) bx(g),

for ξ ∈ C0(E), bx ∈ ℓ2(s∗B)x.

Proof. Let x ∈ X. For any ξ, ζ ∈ Er(g), g ∈ Gx, and a, b ∈ Bx, using Remark 5.2, we have

⟨L−1
g (ξ)b, L−1

g (ζ)a⟩Bx = β−1
g (⟨ξβg(b), ζβg(a)⟩Br(g)) = b∗β−1

g (⟨ξ, ζ⟩Br(g))a.

Using this, for any ξ, ζ ∈ C0(E) and a, b ∈ ℓ2(s∗B)x we get

⟨Wx (ξ ⊗ b) ,Wx (ζ ⊗ a)⟩Bx
=
∑
g∈G

b(g)∗β−1
g (⟨ξ(r(g)), ζ(r(g))⟩Br(g))a(g) = ⟨ξ ⊗ b, ζ ⊗ a⟩Bx

.

This readily implies that Wx is a well-defined isometry. It clearly has dense range, hence
in fact Wx is an adjointable unitary. Now it suffices to see that W is well defined, i.e.
that for ξ ∈ Cc(E), b ∈ C0(ℓ2(s∗B)) the formula W (ξ ⊗ b)(x) = Wx(ξ ⊗ b(x)) defines an
element of C0(ℓ2(s∗E)). We may assume here that b is of the form x 7→ ⊕g∈Gxb0(g) for
some b0 ∈ C0(s∗B), as such elements form a dense subset of C0(ℓ2(s∗B)). The section
G ∋ g 7→ Lg−1 (ξ(r(g))) is in Cb(s∗E) by continuity and boundedness of ξ and L, see Lemma 5.3.
Therefore the section G ∋ g 7→ Lg−1 (ξ(r(g)))uβ(g−1, g)b0(g) is in Cc(s∗E). Since W (ξ⊗b)(x) =
⊕g∈GxLg−1 (ξ(r(g)))uβ(g−1, g)b0(g) we conclude that W (ξ ⊗ b) ∈ C0(ℓ2(s∗E)).

To prove that W intertwines L -Ind(πB) and πE we need to show that for every U ∈ Bis(G),
a ∈ Cc(A|r(U)), ξ ∈ C0(E), b ∈ ℓ2(s∗B), we have

(6.4) W ∗πE(a)W (ξ ⊗ b) = aLU (ξ) ⊗ πB(δU )(b),
where LU (ξ)(r(g)) := Lg(ξ(s(g)) for g ∈ U and

πB(δU )(b)(x) := ⊕g∈Gx

∑
h∈Gr(g)∩U

α−1
g

(
u(h, h−1g)

)
b(h−1g), x ∈ X.
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Moreover, by linearity and continuity, it suffices to consider b such that for every x ∈ X,
b(x) ∈ ℓ2(s∗B)x, is supported on single element of Gx. Let us then fix x ∈ X and assume that
bx := b(x) ∈ ℓ2(s∗B)x, is supported on t ∈ Gx. There is at most one element in U ∩ Gr(t), that
we denote by h if it exists. We have(

πE
x (a)Wx(ξ⊗bx)

)
(g) = [g = ht]α−1

g (a(h)uα(h, t))L−1
t (ξ(r(t))) bx(t)

= [g = ht]α−1
g (a(h)uα(h, t))L−1

g L−1
h−1

(
uα(h−1, g)ξ(r(t))uβ(h−1, g)∗

)
bx(t)

= [g = ht]L−1
g

(
a(h)uα(h, t)L−1

h−1(uα(h−1, g)ξ(r(t))uβ(h−1, g)∗
)
bx(t).

Consider c := uα(h, t)L−1
h−1

(
uα(h−1, g)ξ(r(t))uβ(h−1, g)∗) where g = ht. Since r(t) = s(h) and

L−1
h−1(·) = uα(h, h−1)∗Lh(·)uβ(h, h−1) we get

c = uα(h, t)uα(h, h−1)∗αh(uα(h−1, g))Lh (ξ(s(h)))βh(uβ(h−1, g))∗uβ(h, h−1).

By the cocycle identity we have αh(uα(h−1, g)) = uα(h, h−1)uα(h, t)∗ (and similarly for β).
Thus c = Lh(ξ(s(h))uβ(h, t). Therefore continuing the above calculations we get(

πE
x (a)Wx(ξ ⊗ bx)

)
(g) = [g = ht]L−1

g (a(h)Lh(ξ(s(h))uβ(h, t)) bx(t)

= Wx

(
aLU (ξ) ⊗ πB(δU )(b)

)
(g).

This implies the equality (6.4) and finishes the proof. □

The above theorem states that for any equivariant correspondence (E , L) the following
diagram commutes

C∗(A(α,uα))

L -Ind(πB)
��

πE

++

Λ⊗idC0(E) // L
(
C0(ℓ2(r∗A)) ⊗C0(A) C0(E)

)
OO

∼=
��

L
(
C0(E) ⊗πB C0(ℓ2(s∗B))

)
oo

∼=
// L
(
C0(ℓ2(s∗E))

)
where ∼= denotes an isomorphism implemented by a unitary between Hilbert modules. Thus
regular representations absorb the inducing functor in the sense that composing L -Ind with
the regular representation one gets a regular representation. For groups the representa-
tion L -Ind(πB) is nothing but the tensor product of a representation L and the regular
representation πB and the above theorem reduces to the classical Fell’s absorption.

Next we derive the second version of Fell’s absorption principle that will be needed later,
and which in particular generalises [6, Theorem 4.11]. Recall that regular representations
induced by C∗-correspondence bundles were introduced in Definition 6.1, regularisations of
equivariant representations in Lemma 6.7 and Definition 6.8, and representations induced by
equivariant actions in Proposition 5.14.

Theorem 6.16 (Fell’s absorption II). Let A, B be C∗-bundles over X, carrying twisted actions
(α, uα) and (β, uβ) of G. Let L be an (α, uα)-(β, uβ) equivariant representation of G on a
C∗-correspondence bundle E from A to B, and let ψ : C∗(B(β,uβ)) → L(H) be a represen-
tation of C∗(B(β,uβ)) on a Hilbert space H. The representation LG -Ind(ψ) : C∗(A(α,uα)) →
L(C0(ℓ2(s∗E)) ⊗ψ H) induced from ψ by the regularisation of L is unitarily equivalent to the
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amplification πE ⊗ 1H : C∗(A(α,uα)) → L(C0(ℓ2(s∗E)) ⊗ψ H) of the regular representation πE

induced by E.

Proof. Disintegrate ψ into a covariant representation (π, v) as in Subsection 4.1. So π = ψ|C0(X)

and for any U ∈ Bis(G) the partial isometry vU is the strong limit of ψ(er(U)
i δU ), where for an

open set V ⊆ X, we choose an approximate unit {eVi }i in BV = C0(B|V ). We will describe
the action of the desired unitary on the dense subspace Cc(s∗E) ⊗π H of C0(ℓ2(s∗E)) ⊗π H.
For U ∈ Bis(G) and ξ ∈ Cc(E|s(U)), define δUξ ∈ Cc(s∗E|U ) by

(δUξ)(g) := ξ(s(g)), g ∈ U.

For any U ∈ Bis(G) and any η ∈ H put

(6.5) W (δUξ ⊗ η) := δU∗LU (ξ) ⊗ vUη,

where vU is the partial isometry from the disintegration of ψ, see Subsection 4.1. We first
show that for any ξ′ ∈ Cc(E|s(U ′)), U ′ ∈ Bis(G), η′ ∈ H we have

(6.6) ⟨W (ξδU ⊗ η),W (ξ′δU ′ ⊗ η′)⟩ = ⟨ξδU ⊗ η, ξ′δU ′ ⊗ η′⟩.

Let U0 = U ∩ U ′. The section ⟨δU∗LU (ξ), δU ′∗LU ′(ξ′)⟩C0(B) vanishes outside r(U0) and for
g ∈ U0 we have ⟨δU∗LU (ξ), δU ′∗LU ′(ξ′)⟩C0(B)(r(g)) = ⟨Lg(ξ(s(g))), Lg(ξ′(s(g)))⟩Br(g) . Thus

⟨δU∗LU (ξ), δU ′∗LU ′(ξ′)⟩C0(B) = lim
i,j
e
r(U0)
i · ⟨δU∗LU (ξ), δU ′∗LU ′(ξ′)⟩C0(B) · er(U0)

j

= lim
i,j

⟨δU∗LU (ξ)er(U0)
i , δU ′∗LU ′(ξ′)er(U0)

j ⟩C0(B)

= lim
i,j

⟨δU∗LU (ξes(U0)
i ), δU ′∗LU ′(ξ′e

s(U0)
i )⟩C0(B)

= lim
i,j

⟨δU∗
0
LU0(ξes(U0)

i ), δU∗
0
LU0(ξ′e

s(U0)
i )⟩C0(B).

Similarly, ⟨δUξ, δU ′ξ′⟩C0(B) = limi,j⟨δU∗
0
ξe
s(U0)
i , δU∗

0
ξ′e

s(U0)
j ⟩C0(B). We also have ψ(er(U0)

i )vU =
ψ(er(U0)

i )vU0 and ψ(er(U0)
i )vU ′ = ψ(er(U0)

i )vU0 . Using this and the covariance conditions in
Subsection 4.1, we get

⟨W (δUξ ⊗ η),W (δU ′ξ′⊗η′)⟩ = ⟨vUη, π(δU∗⟨LU (ξ), δU ′∗LU ′(ξ′)⟩)vU ′η′⟩

= lim
i,j

〈
η, v∗

U0π
(
⟨δU∗

0
LU0(ξes(U0)

i ), δU∗
0
LU0(ξ′e

s(U0)
j )⟩C0(B)

)
vU0η

′
〉

= lim
i,j

〈
η, π

(
β−1
U0

(
⟨δU∗

0
LU0(ξes(U0)

i ), δU∗
0
LU0(ξ′e

s(U0)
j )⟩C0(B)

))
η′
〉

= lim
i,j

〈
η, π

(
⟨δU0ξe

s(U0)
i , δU0ξ

′e
s(U0)
j ⟩C0(B)

)
η′
〉

=
〈
η, π

(
⟨ξδU , ξ′δU ′⟩C0(B)

)
η′
〉

= ⟨ξδU ⊗ η, ξ′δU ′ ⊗ η′⟩.

Now by linearity, continuity and (6.6), we see that (6.5) determines an isometry W on
C0(ℓ2(s∗E)) ⊗π H. Using that ωα(U,U∗)a = ωα(U0, U

∗
0 )a for any U0 ⊆ U ∈ Bis(G) and

a ∈ AU0 = C0(A|U0), one can adopt the above arguments to see that the formula

W ∗(δUξ ⊗ η) := δU∗ωα(U,U∗)∗LU (ξ) ⊗ vUη,
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determines an isometry on C0(ℓ2(s∗E)) ⊗π H. Since ωα(U,U∗)∗LU (·)ωβ(U,U∗) = L−1
U∗ ,

π(ωβ(U,U∗)∗)vU = v∗
U∗ and the tensor product is balanced over π(M(A)), we also have

W ∗(δUξ ⊗ η) := δU∗L−1
U∗(ξ) ⊗ v∗

U∗η.

This readily implies that WW ∗ = W ∗W = 1, as for instance we have

WW ∗(δUξ ⊗ η) = δUξ ⊗ vU∗v∗
U∗η = s- lim

i
δUξ ⊗ π(es(U)

i )η

= s- lim
i
δUξ ⊗ π(es(U)

i )η = s- lim
i
δUξe

s(U)
i ⊗ η = δUξ ⊗ η.

Hence W is a unitary and W ∗ is its adjoint.
For V ∈ Bis(G) and a ∈ Ar(V ) we define aδV ∈ Cc(A(α,uα)|V ) by aδV (g) = a(r(g)) for

g ∈ V . One computes that πE(aδV )δU∗L−1
U∗(ξ) = δV U∗ζ where ζ ∈ Cc(E|s(V U∗)) for gh ∈ V U∗

where g ∈ V , h ∈ U∗ is given by

ζ(s(g)) = α−1
gh

(
a(r(g))uα(g, h)

)
L−1
h

(
ξ(s(g))

)
= α−1

h

(
α−1
g

(
uα(g, h)a(r(g))

))
L−1
h (ξ(s(g)))

= L−1
h

(
α−1
g

(
uα(g, h)a(r(g))

)
ξ(s(g)

)
.

Thus on one hand we have

(πE ⊗ 1H)(aδV )W ∗(δUξ ⊗ η) = δV U∗ζ ⊗ v∗
U∗η.

On the other hand, a direct computation shows that aLG
V (δUξ) = δUV ∗ζ0 where ζ0 ∈

Cc(E|s(UV ∗)) = Cc(E|r(V U∗)) is given by ζ0(r(g)) := Lg
(
α−1
g (a(r(g))ξ(s(g)))

)
for g ∈ V .

Moreover, for gh ∈ V U∗ where g ∈ V , h ∈ U∗, we have

L−1
V U∗(ζ0)(s(g)) = L−1

gh

(
Lg
(
α−1
g (a(r(g)))ξ(s(g)))

))
= L−1

h L−1
g Lg

(
α−1
g (uα(g, h)a(r(g)))ξ(s(g))β−1

g (uβ(g, h)∗)
)

= L−1
h

(
α−1
g (uα(g, h)a(r(g)))ξ(s(g)))

)
β−1
h (β−1

g (uβ(g, h)∗)

= ζ(s(gh))β−1
gh (uβ(g, h)∗).

That is L−1
V U∗(ζ0) = ζβ−1

UV ∗(ωβ(V,U∗)∗). Using this we get

W ∗LG -Ind(ψ)(aδV )(δUξ ⊗ η) = W ∗(aLG
V (δUξ) ⊗ vV η

)
= W ∗(δUV ∗ζ0 ⊗ vV η

)
= δV U∗

(
ζβ−1

UV ∗(ωβ(V,U∗)∗)
)

⊗ v∗
V U∗vV η

= δV U∗ζ ⊗ π(β−1
UV ∗(ωβ(V,U∗)∗))v∗

V U∗vV η.

Then using the covariance relations and the fact that v∗
V vV is a strong limit of {π(es(V )

i )} we
obtain that

π(β−1
UV ∗(ωβ(V,U∗)∗))v∗

V U∗vV η = lim
i
π(es(V U

∗)
i )v∗

U∗v∗
V vV η = lim

i,j
v∗
U∗π(β−1

U∗ (es(V U
∗)

i ))π(es(V )
j )η

= lim
i
v∗
U∗π(β−1

U∗ (es(V U
∗)

i ))η = lim
i
π(es(V U

∗)
i )v∗

U∗η.
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Further exploiting the fact that the tensor product is balanced we get

W ∗LG -Ind(ψ)(aδV )(δUξ ⊗ η) = δV U∗ζ ⊗ v∗
U∗η = (πE ⊗ 1H)(aδV )W ∗(δUξ ⊗ η).

This finishes the proof. □

The above theorem states that for any equivariant correspondence (E , L) and for any
representation ψ of C∗(B(α,uα)) on a Hilbert space H the following diagram commutes

C∗(A(α,uα))

LG -Ind(ψ)
��

πE ⊗idH

++

Λ⊗idC0(E)⊗idH
// L
(
C0(ℓ2(r∗A)) ⊗C0(A) C0(E) ⊗ψ H

)
OO

∼=
��

L
(
C0(ℓ2(s∗E)) ⊗ψ H

)
oo

∼=
// L
(
C0(ℓ2(s∗E)) ⊗ψ H

)
where the isomorphisms ∼= are implemented by unitaries between Hilbert modules. Thus
the regular equivariant representation LG absorbs all representations in the sense that the
induced representation is an amplification of a regular representation, and hence descends to
the reduced crossed product. For groups the representation LG -Ind(ψ) is nothing but the
tensor product of a regular representation LG and the representation ψ, and the above theorem
recovers the classical Fell absorption principle.

6.1. Absorption principles for groupoids. Let us specialise the above results to the case
of trivial one-dimensional C∗-bundle A = B = C × X over X. In this case, we are simply
considering a twisted groupoid (G, u), and equivariant representations correspond to continuous
Hilbert G-bundles (H, L) as in Example 5.6. Recall the identifications and notation introduced
in Proposition 6.4. The regular induced representation πH : C∗(G, u) → L(C0(ℓ2(s∗H))) acts
on C0(ℓ2(s∗H)), which is the Hilbert module over C0(X) obtained as the completion of Cc(s∗H)
with respect to the obvious right action and inner product

⟨ξ | η⟩(x) :=
∑
g∈Gx

⟨ξ(g) | η(g)⟩, x ∈ X, ξ, η ∈ Cc(s∗H).

The representation πH : C∗(G, u) → L(C0(ℓ2(s∗H))) is given by the formula

πH(f)ξ(g) =
∑

h∈Gr(g)

f(h)ξ(h−1g)u(h, h−1g),

where f ∈ Cc(G), ξ ∈ Cc(s∗H) and g ∈ G.
The left regular representation λu of C∗(G, u) is given by a similar formula, as it can be

seen as the regular representation induced from the trivial Hilbert bundle C ×X, which acts
on the C0(X)-Hilbert module which we will simply denote ℓ2(G): the completion of Cc(G)
in the C0(X)-valued inner product ⟨ξ | η⟩(x) :=

∑
g∈Gx

ξ(g)η(g), x ∈ X, ξ, η ∈ Cc(G). The
induced representation L -Ind(λu) acts thus on C0(H) ⊗C0(X) ℓ

2(G) by the formula

L -Ind(λu)(fδU )(ξ ⊗ η) = f · LU (ξ) ⊗ λu(δU )η

for an open bisection U ⊆ G, f ∈ Cc(r(U)) ⊆ Cc(X), ξ ∈ C0(H|r(U)) ⊆ C0(H), η ∈
Cc(G) ⊆ ℓ2(G), where fδU (g) = [g ∈ U ]f(r(g)), (f · LU )(ξ)(r(g)) = f(r(g))Lg(ξ(s(g))), and
(λu(δU )η)(g) = [g ∈ Gr(h), h ∈ U ]η(h−1g) for g ∈ G. With the above notation, Theorem 6.15
gives the following result.
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Corollary 6.17. The unitary W : C0(H)⊗C0(X)ℓ
2(G) ∼−→ C0(ℓ2(s∗H)) given by W (ξ⊗η)(g) :=

L−1
g (ξ(r(g)))η(g), for ξ ∈ C0(H), η ∈ ℓ2(G), g ∈ G, yields a unitary equivalence between the L-

induced representation L -Ind(λu) : C∗(G, u) → L
(
C0(H) ⊗C0(X) ℓ

2(G)
)
and the regular induced

representation πH : C∗(G, u) → L(C0(ℓ2(s∗H))).

Remark 6.18. By Proposition 6.4, πH is naturally unitarily equivalent to the representation
ΛH := λu⊗ idC0(H) of C∗(G, u) on C0(ℓ2(G))⊗C0(X) C0(H). Hence the above corollary amounts
to saying that λu ⊗ idC0(H) ∼= L -Ind(λu), and so the regular representation induced by H from
λu is unitarily equivalent to the representation induced by L from λu. Pictorially, we can
tensor H by ℓ2(G) on both sides and equivariance allows us to move regular representations
from one side to another.

We recall, see Example 6.12, that the regularisation (ℓ2(s∗H), LG) of the Hilbert G-bundle
(H, L) is unitarily isomorphic to the continuous Hilbert G-bundle (H ⊗ {ℓ2(Gx)}x∈X , L⊗ ρ),
where ({ℓ2(Gx)}x∈X , ρ) is the right regular continuous Hilbert G-bundle, cf. Examples 4.12, 5.6,
6.6. Thus for any representation ψ : C∗(G, u) → B(H) on a Hilbert space H, the induced
representation LG -Ind(ψ) acts on C0(H) ⊗C0(X) ℓ

2(G) ⊗ψ H by the formula

LG -Ind(ψ)(fδU )(ξ ⊗ η ⊗ ζ) = lim
i
f · LU (ξ) ⊗ ρU (η) ⊗ ψ(δU )ζ

for an open bisection U ⊆ G, f ∈ Cc(r(U)) ⊆ Cc(X), ξ ∈ C0(H|r(U)) ⊆ C0(H), η ∈ Cc(G) ⊆
ℓ2(G), where ρU (η)(g) = [g ∈ Gr(h), h ∈ U ]η(gh) and ψ(δU )ζ is the strong limit of ψ(eiδU )ζ
where {ei}i∈I is an approximate unit of the ideal C0(r(U)) ⊆ C0(X). Theorem 6.16 specialises
in this context to the following corollary.

Corollary 6.19. Consider a continuous Hilbert G-bundle (H, L) over a twisted groupoid (G, u)
and a representation ψ : C∗(G, u) → B(H) of C∗(G, u) on a Hilbert space H. Then the repre-
sentation LG -Ind(ψ) : C∗(G, u) → L(C0(ℓ2(s∗H)) ⊗ψ H) induced from ψ by the regularisation
of L is unitarily equivalent to the amplification ΛH ⊗ 1H : C∗(G, u) → L(C0(ℓ2(s∗H)) ⊗ψ H)
of the regular representation ΛH induced by H.

7. Fourier–Stieltjes multipliers for twisted groupoid actions

This section is central for the work, as we are ready to exploit the results established earlier
in the paper to construct the Banach category of Fourier–Stieltjes multipliers for twisted
groupoid crossed products. Recall that G is a fixed locally compact Hausdorff étale groupoid
with unit space X = G(0). As in the last section we begin the discussion in the general context
of Fell bundles.

Definition 7.1. Let A = {Ag}g∈G and B = {Bg}g∈G be Fell bundles over G. A multiplier
from A to B is a continuous bundle of fibrewise bounded operators T = {Tg}g∈G , i.e. a family
of maps Tg ∈ B(Ag, Bg) such that for each a ∈ Cc(A) the map
(7.1) G ∋ g 7−→ (mTa)(g) := Tg(a(g)) ∈ Bg,

is in Cc(B). If A and B are completions of Cc(A) and Cc(B) respectively, we say that the
multiplier T is A-B bounded (resp. completely bounded or completely positive) if the map
mT : Cc(A) → Cc(B) extends to a bounded (resp. completely bounded, completely positive)
map mT : A → B (note that we still denote it in the same way). Usually, we will be interested
in the case when A and B are reduced or full section C∗-algebras, in which case we will call T
a reduced or full multiplier, respectively.
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Remark 7.2. There is a somewhat unfortunate long tradition of calling both the family
T = {Tg}g∈G and the resulting map mT a multiplier. As it is difficult to fight the tradition,
we will rather follow it and hope that it does not cause confusion to the readers.

Example 7.3 (Herz–Schur multipliers). If A = B, then any bounded strictly continuous
section φ ∈ Cb(r∗M(A|X)) defines a multiplier Tφ from A to A where Tφg a := φ(g)a for all
a ∈ Ag, g ∈ G. One may then call Tφ a Herz–Schur multiplier for A and write mφ := mTφ , so
(7.2) (mφa)(g) := φ(g)a(g) ∈ Ag, a ∈ Cc(A), g ∈ G.

Specialising to the case of the Fell bundle A(α,u) of a twisted action (α, u) of G, we have
φ ∈ Cb(r∗M(A)) and the corresponding multipliers were studied in [43] (in the context of
actions of twisted groupoids). Note that in the case of trivial bundles, every multiplier is a
Herz–Schur multiplier (as fibres are one-dimensional). The Herz–Schur multipliers studied in
[48], [47] for group actions, are what we would call completely bounded reduced multipliers.

Example 7.4 (Exel multipliers). Let A be a Fell bundle over G and let A0 := A|X be the
restriction of A to X. Consider two sections ξ, ζ ∈ Cc(r∗A0) and define

Tg(a) =
∑

h∈Gr(g)

ξ(h)∗ · a · ζ(g−1h), a ∈ Ag, g ∈ G.

Here we use the natural Ar(g)-As(g)-bimodule structure of Ag. The sum above is finite because
ξ has compact support and Gr(g) is discrete. It is clear that Tg is a bounded linear map
Ag → Ag. Moreover, if a ∈ Cc(A), then g 7→ Tg(a(g)) is again a continuous section of A
because Cc(A) is a right module over Cc(s∗(A0)) in the canonical way.

For groups, multipliers of the above form first appeared in Exel’s work [28] and are used to
define a notion of approximation property for Fell bundles over groups. More recently, the last
notion has been generalised to étale groupoids or inverse semigroups in [39, 16].

As mentioned in Remark 7.2, in the sequel we will often identify a multiplier T = {Tg}g∈G
with the associated linear map mT : Cc(A) → Cc(B) given by (7.1). The set of all multipliers
m(A,B) from A to B, when viewed as maps on continuous sections, is naturally an involutive
Cb(X)-bimodule. Namely, for T = {Tg}g∈G , S = {Sg}g∈G ∈ m(A,B) and f ∈ Cb(X) these
structures are given by (λT )g := λTg, (T + S)g := Tg + Sg, (f · T )g := f(r(g))Tg, (T · f)g :=
f(s(g))Tg, and

(7.3) T †
g (a) := (Tg−1(a∗))∗, g ∈ G, a ∈ Ag.

The involution † is conjugate-linear and for f, T as above we have (f ·T )† = T †·f , (T ·f)† = f ·T †.
In terms of the map mT : Cc(A) → Cc(B) it is given by mT †(a) := mT (a∗)∗, a ∈ Cc(A). We
can also compose multipliers if the domain and codomain agree: for T = {Tg}g∈G ∈ m(A,B),
S = {Sg}g∈G ∈ m(B, C) we put

S ◦ T := {Sg ◦ Tg}g∈G .

In particular, all Fell bundles over G with multipliers as morphisms form a category. Also
m(A) := m(A,A) is an algebra and an involutive Cb(X)-bimodule. The involution (7.3) is
multiplicative on the algebra m(A), so it is not an ‘involution’ in the ordinary sense unless
m(A) is commutative.

When restricting to Fell bundles coming from twisted actions of G we have a distinguished
subcategory with morphisms defined as follows. Let (α, uα) and (β, uβ) be twisted actions
of G on C∗-bundles A and B over X, respectively, and consider the associated Fell bundles

40



A(α,uα) = r∗A and B(β,uβ) = r∗B over G. For any (α, uα)-(β, uβ)-equivariant representation
L of G on a C∗-A-B-correspondence bundle E and any bounded strictly continuous sections
ξ, ζ ∈ Cb(M(E)) the formula

Tg(a) := ⟨ξ(r(g)), aLgζ(s(g))⟩M(Br(g)) ∈ Br(g), a ∈ Ar(g), g ∈ G,

defines a multiplier TE,L,ξ,ζ := {Tg}g∈G from A(α,uα) to B(β,uβ), cf. Proposition 5.4(3’). We can
alternatively express Tg without using the extended action L, as the following formula holds

Tg(a) = lim
i

〈
eiξ(r(g)), Lg

(
αg−1(a)ζ(s(g))

)〉
Br(g)

,

where {ei}i is an approximate unit in Ar(g), a ∈ Ar(g), g ∈ G.

Definition 7.5. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. We call TE,L,ξ,ζ defined above the Fourier–Stieltjes multiplier associated to the (α, uα)-
(β, uβ)-equivariant representation L of G and sections ξ, ζ ∈ Cb(M(E)). We denote by
FS[(α, uα), (β, uβ)] the set of all Fourier–Stieltjes multipliers from (α, uα) to (β, uβ). We also
write FS(α, uα) := FS[(α, uα), (α, uα)].

Example 7.6. If G = G is a discrete group then r∗A ≡ G × A and Ar(g) = A for every
g ∈ G. Thus if (α, uα) and (β, uβ) are twisted group actions of G respectively on C∗-algebras
A and B, we may identify the Fourier–Stieltjes multipliers in FS[(α, uα), (β, uβ)] with maps
TE,L,ξ,ζ : G×A → B given by TE,L,ξ,ζ(g, a) = ⟨ξ, aLgζ⟩M(B), for a ∈ A, ξ, ζ ∈ M(E), where
L is an equivariant representation of G on an A-B-C∗-correspondence E. When A = B is
unital, these maps were called Fourier–Stieltjes coefficients in [7]. In contrast to [7] we do
not require the unitality of the C∗-algebras in question and also allow different ‘source’ and
‘target’ algebras.

Example 7.7. If A is the trivial one-dimensional bundle over X, so that A = C0(X) and
r∗A is the trivial one-dimensional G-bundle, we may identify the Fourier–Stieltjes multipliers
with Fourier–Stieltjes coefficients TH,ℓ,ξ,ζ : G → C given by TH,ℓ,ξ,ζ(g) = ⟨ξ(r(g)), ℓgζ(s(g))⟩,
where (H, ℓ) is a G-Hilbert bundle and ξ, ζ ∈ Cb(H), see for instance [52] (in the untwisted
case) and compare to Examples 4.12 and 5.6.

Example 7.8. If A is a C∗-bundle over X, carrying a twisted action (α, uα) of G, then the
identity map on Cc(A(α,uα)) arises as a Fourier–Stieltjes multiplier. Namely, the unit section 1
belongs to Cb(M(A)), for the multiplier C∗-correspondence bundle M(A) = {M(Ax)}x∈X ,
and TA,α,1,1 ∈ FS(α, uα) is a multiplier consisting of identities on each fibre.

Lemma 7.9. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. Every Fourier–Stieltjes multiplier T := TE,L,ξ,ζ ∈ FS[(α, uα), (β, uβ)] is C0-completely
bounded, meaning that the operator mT : C0(A(α,uα)) → C0(B(β,uβ)) is completely bounded,
where the spaces are equipped with the supremum norm. In fact, ∥mT ∥cb ≤ ∥ξ∥ · ∥ζ∥. The
same statement holds if we view mT as an operator mapping Cb(A(α,uα)) to Cb(B(β,uβ)).

Proof. Fix T := TE,L,ξ,ζ ∈ FS[(α, uα), (β, uβ)]. The Schwarz inequality in the C0(B)-Hilbert
module C0(E) implies that ∥mT (a)∥ ≤ ∥a∥∥ξ∥ · ∥ζ∥ for a ∈ Cc(A(α,uα)). Hence we have a
bounded operator mT : C0(A(α,uα)) → C0(B(β,uβ)) with ∥mT ∥ ≤ ∥ξ∥ · ∥ζ∥. This generalises to
amplifications. Indeed, for any n ∈ N, we have a natural identification of matrix amplifications
Mn(C0(r∗A)) ∼= C0(r∗(Mn(A)), where Mn(A) is the Fell bundle over X with fibres given
by n by n matrices over fibres of A (and the twisted action of G extended to Mn(A) in the
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obvious way), see Example 4.13. Thus to estimate the norm of m(n)
T : Mn(C0(A(α,uα))) →

Mn(C0(B(β,uβ))) it suffices to fix g ∈ G and estimate the norm of T (n)
g : Mn(Ar(g)) → Mn(Br(g)).

A straightforward computation shows that given a matrix a = [aij ]ni,j=1 ∈ Mn(Ar(g)) we have

T (n)
g (a) = ⟨ξ̃, a · ζ̃⟩,

where ξ̃ = [ξ(r(g))δij ]ni,j=1 ∈ Mn(Er(g)), ζ̃ = [Lgζ(s(g))δij ]ni,j=1 ∈ Mn(Er(g)). As before, the
Schwarz inequality shows that

∥T (n)
g (a)∥ ≤ ∥a∥∥ξ̃∥∥ζ̃∥,

and it remains to note that by [10, Section 3, Formula (1’)] we have

∥ξ̃∥ =
∥∥∥[ n∑

k=1
⟨ξ̃ki, ξ̃kj⟩

]n
i,j=1

∥∥∥ 1
2 =

∥∥∥[⟨ξ(r(g)), ξ(r(g))⟩δi,j
]n
i,j=1

∥∥∥ 1
2

= ∥⟨ξ(r(g)), ξ(r(g))⟩∥
1
2 = ∥ξ(r(g))∥ ≤ ∥ξ∥

and similarly ∥ζ̃∥ = ∥ζ(s(g))∥ ≤ ∥ζ∥. Hence ∥m(n)
T ∥ = supg∈G ∥T (n)

g ∥ ≤ ∥ξ∥ · ∥ζ∥. □

For fixed G, the class of twisted actions with (positive-definite) Fourier–Stieltjes multipliers
as morphisms forms a Banach Cb(X)-bimodule category.

Proposition 7.10. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G. The Fourier–Stieltjes multipliers FS[(α, uα), (β, uβ)] form an involutive Banach
Cb(X)-bimodule with the algebraic structure inherited from m(A,B) and the norm

(7.4) ∥T∥FS := inf{∥ξ∥∥ζ∥ : T = TE,L,ξ,ζ for some (E , L) and ξ, ζ ∈ Cb(M(E))}.

Moreover, the composition of Fourier–Stieltjes multipliers is a Fourier–Stieltjes multiplier,
the norm ∥ · ∥FS is submultiplicative and the identities are Fourier–Stieltjes multipliers. In
particular, FS(α, uα) is a unital Banach algebra and involutive Banach Cb(X)-bimodule with
a multiplicative, conjugate-linear involution.

Proof. The fact that the collection of Fourier–Stieltjes multipliers FS[(α, uα), (β, uβ)] is closed
under linear combinations, and in fact forms a Cb(G(0))-bimodule follows from the following
straightforward relations

f · TE,L,ξ,ζ = TE,L,fξ,ζ , TE,L,ξ,ζ · f = TE,L,ξ,fζ , TE,L,ξ1,ζ1 + TF ,K,ξ2,ζ2 = TE⊕F ,L⊕K,ξ1⊕ξ2,ζ1⊕ζ2 .

These also imply that ∥ · ∥FS is a seminorm. Since ∥ · ∥FS majorises the operator norm in
B(C0(r∗A),C0(r∗B)), see Lemma 7.9, and clearly mT = 0 if and only if T = 0, the expression
∥ · ∥FS is in fact a norm. That FS[(α, uα), (β, uβ)] is closed under the involution, and that
the involution is isometric, follows from the relation

(TE,L,ξ,ζ)† = TE,L,ζ,ξ.
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Indeed, set TE,L,ξ,ζ = {Tg}g∈G and let g ∈ G, a ∈ Ar(g). Using relations in Remarks 4.7, 5.2
and the fact that αg(uα(g−1, g)∗)uα(g, g−1) = 1M(Ar(g)) we get:

Tg−1(a∗)∗ =
(
⟨ξ(r(g−1)), uα(g−1, g)∗αg−1(a∗)Lg−1ζ(s(g−1))⟩

)∗

= uβ(g, g−1)∗βg
(
⟨uα(g−1, g)∗αg−1(a∗)Lg−1ζ(r(g)), ξ(s(g))⟩

)
= uβ(g, g−1)∗⟨Lguα(g−1, g)∗Lg−1a∗ζ(r(g)), Lgξ(s(g))⟩
= uβ(g, g−1)∗⟨αg(uα(g−1, g)∗)LgLg−1a∗ζ(r(g)), Lgξ(s(g))⟩
= uβ(g, g−1)∗⟨αg(uα(g−1, g)∗)uα(g, g−1)a∗ζ(r(g))uβ(g, g−1)∗, Lgξ(s(g))⟩
= ⟨a∗ζ(r(g)), Lgξ(s(g))⟩ = ⟨ζ(r(g)), aLgξ(s(g))⟩ = TE,L,ζ,ξ(a)(g).

That Fourier–Stieltjes multipliers are closed under composition follows from the relation
(7.5) TF ,K,ξ2,ζ2 ◦ TE,L,ξ1,ζ1 = TE⊗F ,L⊗K,ξ1⊗ξ2,ζ1⊗ζ2 ,

where we use the notation from Examples 3.10 and 5.12. The displayed relation holds because
TF ,K,ξ2,ζ2(TE,L,ξ1,ζ1(a))(g) = ⟨ξ2(r(g)), TE,L,ξ1,ζ1(a)Kgζ2(s(g))⟩

= ⟨ξ2(r(g)), ⟨ξ1(r(g)), a(g)Lgζ1(s(g))⟩M(Ar(g))Kgζ2(s(g))⟩

= ⟨(ξ1 ⊗ ξ2)(r(g)), a(g)Lgζ1(s(g)) ⊗Kgζ2(s(g))⟩
= TE⊗F ,L⊗K,ξ1⊗ξ2,ζ1⊗ζ2(a)(g).

Using this relation one sees that the norm ∥ · ∥FS is submultiplicative. To prove that
FS[(α, uα), (β, uβ)] is complete in this norm we take {Ti}∞

i=1 ⊆ FS[(α, uα), (β, uβ)] such that∑∞
i=1 ∥Ti∥FS < ∞ and we need to show that

∑∞
i=1 Ti is convergent in ∥ · ∥FS . We may

pick (α, uα)-(β, uβ) equivariant representations of G on C∗-correspondences {(Ei, Li)}∞
i=1 and

non-zero sections {ξi, ζi}∞
i=1 ∈ Cb(M(Ei)) such that Ti = TEi,Li,ξi,ζi

and ∥ξi∥∥ζi∥ ≤ ∥Ti∥ + 1/2i

for i ∈ N. In addition (by passing to
√

|ζi∥
∥ξi∥ξi and

√
|ξi∥
∥ζi∥ζi) we may assume that ∥ξi∥ = ∥ζi∥

for each i ∈ N. Then it follows that ⊕∞
i=1ξi and ⊕∞

i=1ζi belong to Cb(M(⊕∞
i=1Ei)) because∑∞

i=1 ∥ξi∥2 =
∑∞
i=1 ∥ζi∥2 <

∑∞
i=1 ∥Ti∥FS + 1. Let T := T⊕∞

i=1Ei,⊕∞
i=1Li,⊕∞

i=1ξi,⊕∞
i=1ζi

. Then

∥T −
n∑
i=1

Ti∥FS ≤ ∥ ⊕∞
i=n+1 ξi∥ · ∥ ⊕∞

i=n+1 ζi∥ ≤
∞∑

i=n+1
∥ξi∥2 ∑

i=n+1
∥ζi∥2

<

 ∞∑
i=n+1

∥Ti∥FS + 1/2i
2

n→∞−→ 0.

By Example 7.8, TA,α,1,1 is the unit in FS(α, uα) and clearly its FS-norm equals 1. □

Example 7.11. Applying the above construction to actions on a trivial line bundle {C}x∈X ,
cf. Example 5.6, we get the Fourier–Stieltjes algebra FS(G) of the groupoid G, similar to
what was considered in [55] or [50]. In our setting, FS(G) is the space of all (continuous,
bounded) functions φ : G → C of the form φ(g) = ⟨ξ(r(g)), ℓg(ζ(s(g)))⟩, for g ∈ G and sections
ξ, ζ ∈ Cb(H) of a (continuous) G-Hilbert bundle (H, ℓ). By the above proposition, FS(G) is
an involutive Banach algebra with respect to the pointwise product of functions G → C, the
conjugation as involution, and the norm given as in (7.4). By Remark 5.7, we get the same
algebra FS(G, u) = FS(G) for any (continuous) 2-cocycle u on G.
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Proposition 7.12. For a twisted action (α, u) of G on A, we have an injective contractive
involutive algebra homomorphism FS(G) ∋ φ 7→ Tφ ∈ FS(α, u) where Tφg (a) := φ(g)a, for
a ∈ Ar(g), g ∈ G.

Proof. Take any continuous G-Hilbert bundle (H, ℓ) and sections ξ, ζ ∈ Cb(H) that define
φ, i.e. φ(g) = ⟨ξ(r(g)), ℓg(ζ(s(g)))⟩, for g ∈ G. Tensor (H, ℓ) with the trivial equivariant
representation (A, α) of (α, u), see Examples 5.9, 5.10. For a ∈ Ar(g), g ∈ G we have

TA⊗H,α⊗ℓ,1⊗ξ,1⊗ζ(g)(a) = ⟨(1 ⊗ ξ)
(
r(g)

)
, a · α⊗ ℓg(1 ⊗ ζ)

(
s(g)

)
⟩ = a⟨ξ

(
r(g)), ℓg

(
ζ(s(g))

)
⟩

= φ(g)a = Tφg (a).

Hence Tφ ∈ FS(α, u) and ∥Tφ∥FS ≤ ∥1⊗ξ∥∥1⊗ζ∥ ≤ ∥ξ∥∥ζ∥, which implies ∥Tφ∥FS ≤ ∥φ∥FS .
The map φ 7→ Tφ is clearly injective, and it is easily checked that it is an involutive algebra
homomorphism. □

The next theorem is one of the central results in this paper. Its proof uses the absorption
principles established in Sections 5 and 6 and the inverse semigroup picture introduced in
Section 4.

Theorem 7.13. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ) of
G. Every Fourier–Stieltjes multiplier T ∈ FS[(α, uα), (β, uβ)] yields strict completely bounded
maps mr

T : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) and mf
T : C∗(A(α,uα)) → C∗(B(β,uβ)) between reduced

and full crossed products, and ∥mr
T ∥cb, ∥mf

T ∥cb ≤ ∥T∥FS. If T = TE,L,ξ,ξ for some equivariant
representation L of G on a C∗-A-B-correspondence bundle E and section ξ ∈ Cb(M(E)), then
mr
T and mf

T are completely positive and ∥mr
T ∥cb = ∥mf

T ∥cb = ∥T∥FS = ∥ξ∥2.

Proof. Let us fix an equivariant representation L of G on a C∗-A-B-correspondence bundle E ,
sections ξ, ζ ∈ Cb(M(E)) and the corresponding Fourier–Stieltjes multiplier T := TE,L,ξ,ζ =
{Tg}g∈G . To deal with reduced crossed products we will use our first version of the Fell
absorption principle. Using the notation from Example 3.10 and Theorem 6.15, we define the
(creation) operator θξ : C0(ℓ2(s∗B)) → C0(E) ⊗πB C0(ℓ2(s∗B)) by the formula θξ(b) := ξ ⊗ b,
b ∈ C0(ℓ2(s∗B)); for an approximate unit {ei}i∈I in C0(B) we have ξ ⊗ b = limi ξ ⊗ πB(ei)b =
limi ξei ⊗ b ∈ C0(E) ⊗πB C0(ℓ2(s∗B)). The operator θξ is adjointable with norm dominated by
∥ξ∥ and adjoint given by the formula
(7.6) θ∗

ξ

(
aζ ⊗ b) = πB(⟨ξ, aζ⟩C0(B))b,

for a ∈ C0(A) and b ∈ C0(ℓ2(s∗B)) (then aζ ∈ C0(E), so the inner product takes values in C0(B)
and the formula makes sense). Using the unitary W : C0(E) ⊗πB C0(ℓ2(s∗B)) → C0(ℓ2(s∗E))
from Theorem 6.15 we define a map Ψ : L(C0(ℓ2(s∗E))) → L(C0(ℓ2(s∗B))) by the formula

Ψ(S) := θ∗
ξW

∗SWθζ , S ∈ L(C0(ℓ2(s∗E))).

By its form, Ψ is completely bounded and strict, with ∥Ψ∥cb ≤ ∥ξ∥∥ζ∥. We claim that
πB(mT (a)) = Ψ(πE(a)) for a ∈ Cc(A(α,uα)). Indeed, by (6.4) it suffices to check that for every
U ∈ Bis(G), a ∈ Cc(A|r(U)), b ∈ ℓ2(s∗B), we have πB(mT (a))b = θ∗

ξ (aLU (ζ) ⊗ πB(δU )(b)). But
this readily follows from (7.6). Since πB extends to a faithful representation of C∗

red(B(β,uβ)),
and similarly for πE and C∗

red(A(α,uα)) (see the last part of Proposition 6.4), we conclude that
mT : Cc(A(α,uα)) → Cc(B(β,uβ)) extends to a map mr

T : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) with

πB(mr
T (a)) = Ψ(πE(a)) = θ∗

ξW
∗πE(a)Wθζ , a ∈ C∗

red(A(α,uα)).
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This implies that mr
T is strict, completely bounded and

∥mr
T ∥cb = ∥Ψ ◦ πE∥cb ≤ ∥Ψ∥cb ≤ ∥ξ∥∥ζ∥.

In particular, ∥mr
T ∥cb ≤ ∥T∥FS (since the presentation of T was arbitrary). If ξ = ζ, then Ψ

and hence also mr
T is completely positive and for any approximate unit {ei}i∈I in C0(A) we

get
∥mr

T ∥cb = ∥Ψ ◦ πE∥cb = lim
i

∥Ψ ◦ πE(ei)∥ = ∥θ∗
ξW

∗Wθξ∥ = ∥ξ∥2.

Thus we have ∥mr
T ∥cb = ∥T∥FS = ∥ξ∥2.

To deal with full crossed products let ψ : C∗(B(β,uβ)) → B(H) be a faithful nondegenerate
representation of C∗(B(β,uβ)) on a Hilbert space H. We view ψ = π ⋊ v as the integrated
form of a covariant representation (π, v) of the associated inverse semigroup action, see
Subsection 4.1. Consider the induced representation L -Ind(ψ) : C∗(A(α,uα)) → B(C0(E) ⊗πH)
as in Proposition 5.14. Similarly to above we define the (creation) operator θξ : H → C0(E)⊗πH

by θξ(π(b)h) := (ξ · b) ⊗ h for b ∈ B = C0(B) and h ∈ H. In other words, θξ(h) = limi ξe
B
i ⊗ h

where {eBi } is an approximate unit in B. Its adjoint is determined by θ∗
ξ

(
aζ⊗h) = π(⟨a∗ξ, ζ⟩B)h,

where ζ ∈ E, a ∈ A, and h ∈ H. So θ∗
ξ (ζ ⊗ h) = limi π(⟨eAi ξ, ζ⟩B)h where {eAi } is an

approximate unit in A. We define a completely bounded map Ψ : C∗(A(α,uα)) → B(H) by the
formula

Ψ(b) := θ∗
ξ (L -Ind(ψ))(b)θζ .

We claim that Ψ(b) = ψ(TE,L,ξ,ζ(b)) for all b ∈ Cc(A(α,uα)). It suffices to check that for b = aδU
where a ∈ Ar(U), U ∈ Bis(G). Then for any g ∈ U we have

TE,L,ξ,ζ(b)(g) = ⟨ξ(r(g)), Lg(α−1
g (a(r(g))ζ(s(g))⟩M(Br(g)) = lim

i
⟨eAi ξ, LU (α−1

U (a)ζ)⟩B(r(g)).

That is TE,L,ξ,ζ(b) ◦ r|−1
U = limi⟨eAi ξ, LU (α−1

U (a)ζ)⟩B. Using this we get

Ψ(b)h = lim
i
θ∗
ξ (L -Ind(ψ))(b)(ζ · eBi ) ⊗ h = lim

i
θ∗
ξ

(
LU (α−1

U (a)ζ) ⊗ vUh
)

= lim
i
π(⟨eAi ξ, LU (α−1

U (a)ζ)⟩B)vUh = ψ(TE,L,ξ,ζ(b))h.

This proves our claim and implies that the completely bounded map Ψ maps C∗(A(α,uα))
to ψ(C∗(A(α,uα))). Thus, putting mf

T := ψ−1 ◦ Ψ, we get the desired multiplier map mf
T :

C∗(A(α,uα)) → C∗(B(β,uβ)). The assertions concerning norms follow as in the first part. □

Note that the above theorem will be later enriched by the discussion of the decomposable
norms of the maps mr

T and ms
T , see Proposition 11.13 and Theorem 11.17.

The set CB[(α, uα), (β, uβ)] of completely bounded C0(X)-bimodule maps C∗(A(α,uα)) →
C∗(B(β,uβ)) has a similar structure to that of Fourier–Stieltjes multipliers described in Propo-
sition 7.10. Namely, it is a Banach space with pointwise operations and the norm ∥ · ∥cb. It is
also an involutive Banach Cb(X)-bimodule, where the bimodule structure is determined by

f · Ψ(a) := Ψ((f ◦ r) · a), Ψ · f(a) := Ψ(a · (f ◦ s)), f ∈ Cb(X), a ∈ Cc(B(β,uβ)),

with Ψ ∈ CB[(α, uα), (β, uβ)], and the involution is given by

Ψ†(a) := Ψ(a∗)∗, a ∈ Cc(B(β,uβ)),
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cf. [68, Proposition 1]. This involution is called conjugation in [68], [7]. In the same way,
the set CBred[(α, uα), (β, uβ)] of completely bounded C0(X)-bimodule maps C∗

red(A(α,uα)) →
C∗

red(B(β,uβ)) forms an involutive Banach Cb(X)-bimodule.

Remark 7.14. Viewing the class of all twisted actions of G as objects, denote by FSTA(G) the
category where morphisms are Fourier–Stieltjes multipliers, and by CBTA(G) (resp. CBr

TA(G))
the category where morphisms are completely bounded, strict C0(X)-bimodule maps between
full (resp. reduced) crossed products, equipped with the norm ∥ · ∥cb. The extensions in
Theorem 7.13 give contractive involutive Cb(X)-bimodule functors mf : FSTA(G) → CBTA(G)
and mr : FSTA(G) → CBr

TA(G).

8. Positive-definiteness and multipliers on section C*-algebras

In this section we will specify our considerations to the completely positive multipliers.

Definition 8.1. Let A = {Ag}g∈G and B = {Bg}g∈G be Fell bundles over G. We say that
a multiplier T = {Tg}g∈G from A to B is positive-definite if for any x ∈ X, any n ∈ N, any
g1, . . . , gn ∈ Gx and any collections {agi ∈ Agi : 1 ≤ i ≤ n} and {bgi ∈ Bgi : 1 ≤ i ≤ n} we
have

n∑
i,j=1

b∗
gi

(
Tgig

−1
j

(agia
∗
gj

)
)
bgj ≥ 0

(note that the last sum takes values in Bx). Then each of the maps Tx ∈ B(Ax, Bx), x ∈ X, is
completely positive, and we say that T is strict if each map Tx : Ax → Bx, x ∈ X, is strict,
and we call T bounded if supx∈X ∥Tx∥ < ∞.

Remark 8.2. By passing to adjoints and inverses (replacing gi by g−1
i and putting ãgi := a∗

g−1
i

,

b̃gi := b∗
g−1

i

) one sees that a multiplier T = {Tg}g∈G from A to B is positive-definite if and
only if for any n ∈ N, any g1, . . . , gn ∈ Gx and any collections {agi ∈ Agi : 1 ≤ i ≤ n} and
{bgi ∈ Bgi : 1 ≤ i ≤ n} we have

n∑
i,j=1

bgi

(
Tg−1

i gj
(a∗
gi
agj )

)
b∗
gj

≥ 0.

Lemma 8.3. Let A = {Ag}g∈G and B = {Bg}g∈G be Fell bundles over G. Let T = {Tg}g∈G be
a reduced or full multiplier from A to B. If the corresponding map mT between cross-sectional
C∗-algebras is completely positive, then T is positive-definite and bounded (in fact we have
∥mT ∥ = supx∈X ∥Tx∥), and T is strict if mT is strict.

Proof. Fix x ∈ X, n ∈ N, a family g1, . . . , gn ∈ Gx and collections {agi ∈ Agi : 1 ≤ i ≤ n},
{bgi ∈ Bgi : 1 ≤ i ≤ n}. We may find sections {fi}ni=1 ∈ Cc(A) supported on open bisections
and such that fi(gi) = agi , 1 ≤ i ≤ n. Then (fi ∗ f∗

j )(gigj−1) = agia
∗
gj

for 1 ≤ i, j ≤ n. Since
the matrix (fi ∗ f∗

j )ni,j=1 is positive both as an element of Mn(C∗(A)) and of Mn(C∗
red(A)),

and m
(n)
T is positive by assumption, we conclude that the operator

b := Λ(n)
x ◦m(n)

T

(
(fi ∗ f∗

j )ni,j=1
)

∈ L(ℓ2(B)⊕n
x )
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is positive. Choose ξi ∈ ℓ2(B)x =
⊕

h∈Gx
Bh such that ξi(gj) = [i = j]bgi for 1 ≤ i, j ≤ n, and

let ξ =
⊕n

i=1 ξi ∈ ℓ2(B)⊕n
x =

⊕n
i=1

⊕
h∈Gx

Bh. Then

0 ≤ ⟨ξ, bξ⟩Bx =
n∑

i,j=1
⟨ξi,Λx(mT (fi ∗ f∗

j ))ξj⟩Bx =
n∑

i,j=1
b∗
gi

(
Tgig

−1
j

(agia
∗
gj

)
)
bgj .

Hence T is a positive-definite multiplier. Since any approximate unit {ei}i∈I in C0(A|X) is
also an approximate unit in C∗

red(A) and in C∗(A), and mT is a completely positive map, we
get

∥mT ∥ = lim
i∈I

∥mT (ei)∥ = lim
i∈I

sup
x∈X

∥Tx(ei(x))∥.

Similarly, since, for any x ∈ X, the net {ei(x)}i∈I is an approximate unit in Ax, and
Tx : Ax → Bx is a completely positive map, we also get ∥Tx∥ = limi∈I ∥Tx(ei(x))∥. Combining
these equalities one gets ∥mT ∥ = supx∈X ∥Tx∥. Finally, if mT is strict, then the net {T (ei)}i∈I
converges strictly to a positive element T (1) ∈ M(C0(B|X)). For any x ∈ X, the net {ei(x)}i∈I
is an approximate unit in Ax. For any a ∈ Bx we may find b ∈ Cc(B) ⊆ C∗

r(B,G, α) with
b(x) = a, and then

lim
i∈I

Tx(ei(x))a = lim
i∈I

Tx(ei(x))b(x) = lim
i∈I

(
T (ei)b

)
(x) =

(
T (1)b

)
(x).

Thus the map Tx : Ax → Bx is strict. □

We will now pass to the context of twisted groupoid actions.
Lemma 8.4. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ) of
G. For a multiplier T = {Tg}g∈G from A(α,uα) to B(β,uβ) the following are equivalent:

(1) T is positive-definite;
(2) for any x ∈ X, g1, . . . , gn ∈ Gx, n ∈ N, and any collection {agi ∈ Ax : 1 ≤ i ≤ n} the

following matrix is positive:(
β−1
gi

(
Tgig

−1
j

(
αgi(agia

∗
gj

)uα(gig−1
j , gj)∗)uβ(gig−1

j , gj)
))n

i,j=1
∈ Mn(Bx);

(3) for any x ∈ X, g1, . . . , gn ∈ Gx, n ∈ N, and any collection {agi ∈ Ax : 1 ≤ i ≤ n} the
following matrix is positive:(

βgi

(
Tg−1

i gj

(
α−1
gi

(a∗
gi
agjuα(gi, g−1

i gj)∗)
))
uβ(gi, g−1

i gj)
)n
i,j=1

∈ Mn(Bx).

Proof. (1) ⇐⇒ (2) Fix x ∈ X, n ∈ N and a g1, . . . , gn ∈ Gx. Choosing ãgi ∈ A
(α,uα)
gi = Ar(gi)

and b̃gi ∈ B
(β,uβ)
gi = Br(gi), for 1 ≤ i ≤ n, is equivalent to choosing agi ∈ Ax and bgi ∈ Bx,

for 1 ≤ i ≤ n, by putting ãgi = αgi(agi)δgi and b̃gi = βgi(bgi)δgi . Using the fact that for all
1 ≤ i, j ≤ n

αgi(uα(g−1
j , gj)) = αgi(uα(g−1

j , gj))uα(gi, x) = uα(gi, g−1
j )uα(gig−1

j , gj),

one gets ãgi · (ãgj )∗ = αgi(agia
∗
gj

)uα(gig−1
j , gj)∗δgig

−1
j

. Similarly, for 1 ≤ i, j ≤ n,

b̃∗
gi

(
Tgig

−1
j

(ãgi ã
∗
gj

)
)
b̃gj = b∗

gi
· β−1

gi

(
Tgig

−1
j

(
αgi(agia

∗
gj

)uα(gig−1
j , gj)∗)uβ(gig−1

j , gj)
)

· bgj .

Hence positivity of the elements
∑n
i,j=1 b̃

∗
gi

(
Tgig

−1
j

(ãgi ã
∗
gj

)
)
b̃gj for all choices of elements

b̃gi ∈ B
(β,uβ)
gi is equivalent to positivity of the matrix in the assertion.
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(1) ⇐⇒ (3) We will use the version of (1) described in Remark 8.2. Fix x ∈ X, n ∈ N, and
g1, . . . , gn ∈ Gx. Choosing agi ∈ Ax and bgi ∈ Bx, for 1 ≤ i ≤ n, is equivalent to choosing
ãgi ∈ A

(α,uα)
gi and b̃gi ∈ B

(β,uβ)
gi , by putting ãgi = agiδgi and b̃gi = βgi(bgi)δgi . Fix then i, j.

The equality αgi(uα(g−1
i , gj))u(gi, g−1

i gj) = uα(gi, g−1
i ) = αg(uα(g−1

i , gi)) is equivalent to

uα(g−1
i , gi)∗uα(g−1

i , gj) = α−1
gi

(uα(gi, g−1
i gj)∗).

Using the last equality one gets ã∗
gi

· (ãgj ) = α−1
gi

(
a∗
gi
agjuα(gi, g−1

i gj)∗)δg−1
i gj

. Similarly,

b̃gi

(
Tg−1

i gj
(ã∗
gi
ãgj )

)
b̃∗
gj

= bgiβgi

(
Tg−1

i gj

(
α−1
gi

(a∗
gi
agjuα(gi, g−1

i gj)∗)
))
uβ(gi, g−1

i gj) · b∗
gj
.

Hence positivity of the elements
∑n
i,j=1 b̃gi

(
Tg−1

i gj
(ã∗
gi
ãgj )

)
b̃∗
gj

for all choices of elements

b̃gi ∈ B
(β,uβ)
gi is equivalent to positivity of the matrix in the assertion. □

We are ready to formulate and prove the main result of this section.

Theorem 8.5. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G, and set A := C0(A), B := C0(B). For any multiplier T from A(α,uα) to B(β,uβ), the
following are equivalent:

(1) T is strict, bounded and positive-definite;
(2) mT extends to a strict completely positive map mr

T : C∗
red(A(α,uα)) → C∗

red(B(β,uβ));
(3) mT extends to a strict completely positive map mf

T : C∗(A(α,uα)) → C∗(B(β,uβ));
(4) T = TE,L,ξ,ξ for some equivariant representation L of G on a C∗-A-B-correspondence

bundle E and section ξ ∈ Cb(M(E)).
If the above equivalent conditions hold, then ∥mf

T ∥cb = ∥mr
T ∥cb = ∥mf

T ∥ = ∥mr
T ∥ = ∥T∥FS =

∥ξ∥2 and the triple (E , L, ξ) in (4) can be chosen to be cyclic, in the sense that the set

{LU (aξb) : a ∈ C0(A|s(U)), b ∈ C0(B|s(U)), U ∈ Bis(G)}

is linearly dense in C0(E). Moreover, a cyclic triple (E , L, ξ) in (4) is unique up to a unitary
equivalence in the sense that if (E ′, L′, ξ′) is another cyclic triple with T = TE ′,L′,ξ′,ξ′, then
there is an A-B-bimodule C0(X)-unitary W : C0(E) → C0(E ′) establishing equivalence between
L and L′, and sending ξ to ξ′.

Proof. The implications (4) =⇒ (2),(3) follow from Theorem 7.13 and the implications
(2),(3) =⇒ (1) are a consequence of Lemma 8.3.

Thus we only need to prove that (1) implies (4). Fix a strict, bounded and positive-definite
multiplier T . For each x ∈ X define kx : Gx × Gx → B(Ax, Bx) via

kx(g, h)(a) := βg
(
Tg−1h

(
α−1
g (auα(g, g−1h)∗)

))
uβ(g, g−1h) g, h ∈ Gx.

Then by Lemma 8.4, kx is positive-definite and strict in the sense of Corollary 2.4. Thus, by
this latter result, there is a C∗-correspondence Ex from Ax to Bx and a map ξx : Gx → M(Ex)
such that the set E0

x := {aξx(g)b : g ∈ Gx, a ∈ Ax, b ∈ Bx} is linearly dense in Ex, and for
g, h ∈ Gx, a ∈ Ax, we have

(8.1) ⟨ξx(g), a · ξx(h)⟩M(Bx) = βg
(
Tg−1h

(
α−1
g (auα(g, g−1h)∗)

))
uβ(g, g−1h) ∈ Bx.

In this way, we get a family of C∗-correspondences E := {Ex}x∈X . Define the section
ξ : G → M(E) = {M(Ex)}x∈X by setting ξ(g) := ξr(g)(g), g ∈ G. To topologise E we let Γ be
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the linear span of sections of the form aξUb, where U ∈ Bis(G), a ∈ Cc(A|r(U)), b ∈ Cc(B|r(U))
and

(aξUb)(x) := a(x)ξ(r|−1
U (x))b(x), x ∈ X.

If cξV d ∈ Γ is another element of this form, with V ∈ Bis(G), c ∈ Cc(A|r(V ), d ∈ Cc(B|r(V )),
then ⟨aξUb, cξV d⟩B(x) := ⟨aξUb(x), cξV d(x)⟩Bx is zero outside r(U) ∩ r(V ) and writing g :=
r|−1
U (x) and h := r|−1

V (x) for x ∈ r(U) ∩ r(V ), by (8.1) we get

⟨aξUb, cξV d⟩B(x) = b(x)∗
(
βg
(
Tg−1h

(
α−1
g (a(x)∗c(x)uα(g, g−1h)∗)

))
uβ(g, g−1h)

)
d(x).

By continuity of all the operations involved, we see that the map X ∋ x 7→ ⟨aξUb, cξV d⟩B(x) ∈
Bx belongs to Cc(B). It extends uniquely to the (positive-definite) conjugate-linear map
⟨·, ·⟩B : Γ×Γ → Cc(B) ⊆ B. In particular, for any a ∈ Γ the map X 7→ ∥a(x)∥2 = ∥⟨a, a⟩B(x)∥
is upper semicontinuous. The fact that for each x ∈ X the values of the prescribed sections
are dense in the fibre Ex follows immediately from the minimality assumption on each Ex and
the above construction of Γ. Hence E admits a unique topology making it a Banach bundle
such that Γ ⊆ Cc(E). The left A and right B-module actions on E are continuous by the very
definition of sections, and the B-valued inner product ⟨·, ·⟩B extends uniquely to C0(E) so
that C0(E) becomes a C0(X)-C∗-correspondence from A to B.

We claim that there is an (α, uα)-(β, uβ)-equivariant representation of G on E determined
by

(8.2) Lg(aξ(h)b) := αg(a)uα(g, h)ξ(gh)uβ(g, h)∗βg(b),

where g ∈ G, h ∈ Gs(g), a ∈ As(g), b ∈ Bs(g). The most difficult (technically involved) part of
the proof is showing that for h, f ∈ Gs(g), a, c ∈ As(g), b, d ∈ Bs(g), we have

(8.3) ⟨Lg(aξ(h)b), Lg(cξ(f)d)⟩Br(g) = βg(⟨aξ(h)b, cξ(f)d⟩Bs(g)).

We denote by L and R the left and right hand side of (8.3). To make the calculations easier
to read and write we abbreviate ug,h := uα(g, h) and ug,h := uβ(g, h) as it is clear from the
context whether we twist α or β. Then

R = βg
(
b∗βh

(
Th−1f

(
α−1
h (a∗c · u∗

h,h−1f

))
uh,h−1f d

)
= βg(b∗)ug,h βgh

(
Th−1f

(
α−1
h (a∗c · u∗

h,h−1f )
))
u∗
g,hβg(u

β
h,h−1f )βg(d)

= βg(b∗)ug,hβgh
(
Th−1f

(
α−1
h (a∗c · u∗

h,h−1f )
))
ugh,h−1fu

∗
g,hβg(d),

where in the last equality we used the cocycle identity. The left hand side is equal to

L =
〈
αg(a)ug,hξ(gh)u∗

g,hβg(b), αg(c)ug,fξ(gf)u∗
g,fβg(d)

〉
Br(g)

= βg(b∗)ug,hβgh
(
Th−1f

(
α−1
gh (u∗

g,hαg(a∗c)ug,fu∗
gh,h−1f )

))
ugh,h−1fu

∗
g,hβg(d).
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Thus we need to check that the terms that Th−1f acts on are equal. We compute

α−1
gh

(
u∗
g,hαg(a∗c)ug,fu∗

gh,h−1f

)
= α−1

h α−1
g Adug,h

(
u∗
g,hαg(a∗c)ug,fu∗

gh,h−1f

)
= α−1

h

(
α−1
g

(
αg(a∗c)ug,fu∗

gh,h−1fu
∗
g,h

))
= α−1

h

(
a∗c · α−1

g

(
ug,fu

∗
gh,h−1fu

∗
g,h

))
= α−1

h (a∗c · u∗
h,h−1f ),

where the equality α−1
g (ug,fu∗

gh,h−1fu
∗
g,h) = u∗

h,h−1f at the last step follows from the cocycle
identity, as we have αg(uh,h−1f )ug,f = ug,hugh,h−1f . This proves that L = R, that is (8.3)
holds. This last equality implies that the linear extension of the prescription in (8.2) defines
consistently a linear isometric map Lg : E0

s(g) → E0
r(g) such that, for all ξ1, ξ2 ∈ E0

s(g),

(8.4) ⟨Lh(ξ1), Lh(ξ2)⟩Br(h) = βh(⟨ξ1, ξ2⟩Bs(h)).

By continuity we get an isometry Lg ∈ B(Es(g), Er(g)) where (8.4) holds for all ξ1, ξ2 ∈ Es(g).
Next note that (8.2) readily implies that

Lg(a · a0ξ(h)b0 · b) = αg(a) · Lg(a0ξ(g)b0) · βg(b),

for all a, a0 ∈ As(g), b, b0 ∈ Bs(g), h ∈ Gs(g). Thus by linearity and continuity
Lg(a · ξ · b) = αg(a) · Lg(ξ) · βg(b), ξ ∈ Es(g), a ∈ As(g), b ∈ Bs(g).

Similarly, to see that for (f, g) ∈ G(2) we have Lf ◦ Lg(·) = uα(f, g)Lfg(·)uβ(f, g)∗ on Es(g),
we only need to check it on aξ(h)b where f ∈ Gs(g), a ∈ As(g), b ∈ Bs(g). We compute using
our shorthand notation for twists:

Lf (Lg(aξ(h)b)) = Lf
(
αg(a)ug,h · ξ(gh) · u∗

g,h βg(b)
)

= αf
(
αg(a)ug,h

)
uf,gh · ξ(fgh) · u∗

f,gh βf
(
u∗
g,hβg(b)

)
= αf

(
αg(a)

)(
αf (ug,h)uf,gh

)
· ξ(fgh) ·

(
u∗
f,gh βf (u∗

g,h)
)
βf
(
βg(b)

)
= αf

(
αg(a)

)
(uf,gufg,h) · ξ(fgh) · (u∗

fg,hu
∗
f,g)βf

(
βg(b)

)
= uf,gαfg(a)ufg,h · ξ(fgh) · u∗

fg,h βfg(b)u∗
f,g

= uf,g Lfg(aξ(h)b)u∗
f,g.

Hence L = {Lg}g∈G is an (α, uα)-(β, uβ)-equivariant representation of G on E . Moreover, for
any g ∈ G and a ∈ Ar(g), (8.1) implies that Tg(a) = ⟨ξ(r(g)), aξ(g)⟩M(Br(g)) ∈ Br(g) and (8.2)
implies that Lg(ξ(s(g)) = ξ(g). Thus

Tg(a) = ⟨ξ(r(g)), aLg
(
ξ(s(g))

)
⟩M(Br(g)),

so that T = TE,L,ξ|X ,ξ|X where ξ|X ∈ Cb(M(E)) is bounded because T is bounded, and in view
of the above we have ∥ξ(x)∥2 = ∥Tx∥ for every x ∈ X. This finishes the proof of (1) =⇒ (4).
Moreover, in view of (8.2) we have LU (aξ|Xb) = αU (a)ξUβU (b) for every a ∈ As(U), b ∈ As(U),
U ∈ Bis(G). The linear span of such elements is equal to Γ, which by construction is dense in
C0(E). Hence the triple (E , L, ξ|X) is cyclic as in the second part of the assertion.

Finally, let (E , L, ξ), (E ′, L′, ξ′), be two cyclic triples such that TE ′,L′,ξ′,ξ′ = TE,L,ξ,ξ. We
claim that for a ∈ C0(A|s(U)), U ∈ Bis(G), and c ∈ C0(A|s(V )), V ∈ Bis(G)

(8.5) ⟨LU (aξ), LV (bξ)⟩ = ⟨L′
U (aξ′), L′

V (cξ′)⟩.
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To prove this we express the left hand side only in terms of a, c, U, V and T . If x /∈ r(U)∩r(V ),
then ⟨LU (aξ), LV (bξ)⟩(x) = 0. Assume then that x ∈ r(U)∩r(V ). There are unique g ∈ U and
h ∈ V such that r(h) = r(g) = x. Put a0 = a(s(g))∗α−1

g (uβ(g, g−1h)∗) and c0 = αg−1h(c(s(h)))
and compute
⟨LU (aξ), LV (cξ)⟩(x) = ⟨Lg(aξ(s(g))), Lh(cξ(s(h))⟩

= ⟨Lg(aξ(s(g))), Lh(cξ(s(h)))uβ(g, g−1h)∗⟩uβ(g, g−1h)
= ⟨Lg(aξ(s(g))), uβ(g, g−1h)∗LgLg−1h(cξ(s(h)))⟩uβ(g, g−1h)

= βg
(
⟨ξ(s(g)), a(s(g))∗α−1

g (uβ(g, g−1h)∗)Lg−1h(cξ(s(h)))⟩
)
uβ(g, g−1h)

= βg
(
⟨ξ(s(g)), a0c0Lg−1h(ξ(s(h)))⟩

)
uβ(g, g−1h)

= βg
(
Tgh−1(a0c0)

)
uβ(g, g−1h).

This proves (8.5), which implies that for a ∈ C0(A|s(U)), b ∈ C0(B|s(U)), U ∈ Bis(G), and
c ∈ C0(A|s(V )), d ∈ C0(B|s(V )), V ∈ Bis(G) we have

⟨LU (aξb), LV (cξd)⟩ = ⟨L′
U (aξ′b), L′

V (cξ′d)⟩.

Thus if the triples (E , L, ξ), (E ′, L′, ξ′) are cyclic, then by linearity and continuity the formula
W (LU (aξb)) := L′

U (aξ′b) determines a unitary W : C0(E) → C0(E ′) with the properties
described in the last part of the assertion. □

Remark 8.6. Extending Remark 7.14, let FS+
TA(G), CPTA(G), CP r

TA(G) be the subcategories
of FSTA(G), CBTA(G), CBr

TA(G) consisting of positive-definite multipliers, and completely
positive maps, respectively. By Theorem 8.5, the functors from Remark 7.14 restrict to
isometric functors mf : FS+

TA(G) → CPTA(G) and mr : FS+
TA(G) → CP r

TA(G), and the ranges
of these functors consist of fibre-preserving maps in CPTA(G) and CP r

TA(G), respectively.

The next corollary extends the characterisation obtained in the above theorem further in
the case of Herz–Schur multipliers.

Corollary 8.7. Let A be a C∗-bundle over X, carrying a twisted action (α, uα) of G and let
φ ∈ Cb(r∗M(A)). Denote by Tφ the Herz–Schur multiplier associated with φ and by mφ the
associated multiplier map defined as in (7.2). The following statements are equivalent:

(1) Tφ is a positive-definite multiplier for A(α,uα);
(2) φ takes values in central elements, i.e. φ(g) ∈ ZM(Ar(g)), g ∈ G, and for every x ∈ X

and every g1, . . . , gn ∈ Gx, n ∈ N, the matrix
(
α−1
gi

(φ(gig−1
j ))

)n
i,j=1

∈ Mn(M(Ax)) is
positive;

(3) φ takes values in central elements, i.e. φ(g) ∈ ZM(Ar(g)), g ∈ G, and for every x ∈ X

and every g1, . . . , gn ∈ Gx, n ∈ N, the matrix
(
αgi(φ(g−1

i gj))
)n
i,j=1

∈ Mn(M(Ax)) is
positive;

(4) mφ extends to a completely positive map mr
φ : C∗

red(A(α,uα)) → C∗
red(A(α,uα));

(5) mφ extends to a completely positive map mf
φ : C∗(A(α,uα)) → C∗(A(α,uα));

(6) Tφ = TE,L,ξ,ξ for some E, L and ξ ∈ Cb(M(E)), which is central in the sense that
aξ = ξa for all a ∈ A = C0(A).

If the above equivalent conditions hold, then ∥φ∥∞ = ∥φ|X∥∞ = ∥mr
φ∥ = ∥mf

φ∥ = ∥ξ∥.
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Proof. By its form, Tφ is strict and bounded (we have supx∈X ∥Tφx ∥ = ∥φ|X∥∞ ≤ ∥φ∥∞ < ∞).
By Lemma 8.4(2), Tφ is positive-definite if and only if for every x ∈ X and every g1, . . . , gn ∈ Gx
and {agi : 1 ≤ i ≤ n} ⊆ Ax, n ∈ N, the matrix

(
α−1
gi

(φ(gig−1
j ))agia

∗
gj

)n
i,j=1

∈ Mn(Ax) is
positive. This condition implies that for any g ∈ G, and any ag ∈ As(g), the matrix(

φ(s(g)) φ(g−1)a∗
g

α−1
g (φ(g))ag α−1

g (φ(s(g)))aga∗
g

)
is positive and, in particular, self-adjoint. This implies α−1

g (φ(g)) = φ(g−1)∗ ∈ ZM(As(g)),
and so φ is central. When φ is central, positivity of

(
α−1
gi

(φ(gig−1
j ))agia

∗
gj

)n
i,j=1

∈ Mn(Ax)

for any set {ag1 , . . . , agn} ⊆ Ax is clearly equivalent to positivity of
(
α−1
gi

(φ(gig−1
j ))

)n
i,j=1

∈
Mn(M(Ax)). This proves the equivalence (1) ⇐⇒ (2). The equivalence (1) ⇐⇒ (3) can be
checked analogously, cf. also the considerations before [8, Proposition 4.3].

Finally, Theorem 8.5 gives the implications (6) =⇒ (1) ⇐⇒ (4) ⇐⇒ (5) and further shows
that (1) implies that Tφ = TE,L,ξ,ξ for some equivariant representation L of G on a C∗-A-A-
correspondence bundle E and section ξ ∈ Cb(M(E)), which is (6) except for the centrality of ξ.
To show the last fact assume (1) and invoke the construction from the proof of Theorem 8.5.
By (8.1) for any a ∈ C0(A) we have

⟨ξ, aξ⟩A(x) = ⟨ξ, ξ⟩M(A)(x)a(x),

where ⟨ξ, ξ⟩M(A)(x) =
∑
h,g∈Gx αg(φ(g−1h)) is central in M(Ax) because φ is central. This

implies that
⟨ξ, a∗aξ⟩A = a∗⟨ξ, aξ⟩A = ⟨ξ, a∗ξ⟩Aa = a∗⟨ξ, ξ⟩Aa = a∗a⟨ξ, ξ⟩A,

and consequently ⟨aξ − ξa, aξ − ξa⟩A = 0. Hence aξ = ξa. □

Remark 8.8. The positivity condition in (2) implies the one in [43, Definition 3.4]. In the
context of group actions, the positivity condition in (3) appears in [2], [3] and [8], where the
corresponding φ is called of positive-type or AD-positive-definite, respectively.

9. Fourier multipliers

In this section we introduce Fourier multipliers as those Fourier–Stieltjes multipliers which
arise from regular equivariant representations.

Definition 9.1. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. We say that a multiplier T ∈ FS[(α, uα), (β, uβ)] is a Fourier multiplier if it can be
represented by a regular equivariant representation of G, i.e. if there exists an equivariant
representation L of G on a C∗-A-B-correspondence bundle E and sections ξ, ζ ∈ Cb(M(ℓ2(s∗E)))
such that for any a ∈ Ar(g) and g ∈ G,

(9.1) Tg(a) =
∑

t∈Gr(g)

⟨ξ(t), aLg(ζ(tg))⟩M(Br(g)).

We denote by F [(α, uα), (β, uβ)] the set of all such Fourier multipliers and by F [(α, uα), (β, uβ)]+
the set of Fourier multipliers that can represented in the form (9.1) with ξ = ζ.

Note that the last part of the definition is related to a certain subtlety regarding various
possible notions of positivity — see Question 12.2.
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Example 9.2. Let A be a C∗-bundle over X, carrying a twisted action (α, uα) of G. The
multipliers described in Example 7.4, given by sections in Cc(r∗A) applied to a Fell bundle
A(α,uα), give rise to Fourier multipliers in F [(α, uα), (α, uα)]. More concretely, given ξ, ζ ∈
Cc(r∗(A)), we get the Fourier multiplier

Tg(a) =
∑

h∈Gr(g)

ξ(h)∗aαg(ζ(g−1h)), a ∈ Ar(g).

Specialising further to the case of the trivial bundle A = C ×X, that is, the case where we
have just a twisted groupoid (G, u) (see Example 4.12), given functions ξ, ζ ∈ Cc(G), we get
from the above formula a multiplier T of (G, u), that we view again as the function in Cc(G)
given by

Tg =
∑

h∈Gr(g)

ξ(h)ζ(g−1h), g ∈ G.

Notice that the above function equals the (untwisted) convolution product ξ̃∗ ∗ ζ̃ ∈ Cc(G),
where ξ̃(g) := ξ(g−1). In particular, if ξ = ζ, this is a prototype example of a positive-type
function, see [11, Definition 5.6.15].

The next proposition shows that the collection of Fourier multipliers has a natural ‘ideal’
property.

Proposition 9.3. Let A, B, D be C∗-bundles over X, carrying twisted actions (α, uα),
(β, uβ) and (γ, uγ) of G. The Fourier multipliers F [(α, uα), (β, uβ)] form an involutive Cb(X)-
submodule of FS[(α, uα), (β, uβ)]. Moreover, F [(α, uα), (β, uβ)] equipped with the norm

∥T∥F := inf
{
∥ξ∥∥ζ∥ : T = Tℓ2(s∗E),LG ,ξ,ζ for some (E , L) and ξ, ζ ∈ Cb(M(ℓ2(s∗E)))

}
,

is a Banach space. Further

FS[(α, uα), (β, uβ)] · F [(β, uβ), (γ, uγ)] ⊆ F [(α, uα), (γ, uγ)],
F [(α, uα), (β, uβ)] · FS[(β, uβ), (γ, uγ)] ⊆ F [(α, uα), (γ, uγ)].

In particular, F (α, uα) is a two-sided ideal of the Banach algebra FS(α, uα).

Proof. The same arguments as in the proof of Proposition 7.10 show that F [(α, uα), (β, uβ)] is
a Banach Cb(X)-bimodule with norm ∥·∥F . For instance, the direct sum of regular equivariant
representations of G is a regular equivariant representation, i.e. (L⊕K)G = LG ⊕KG , or more
generally (⊕i∈ILi)G = ⊕i∈IL

G
i . Also, by Corollary 6.14, we have LG ⊗K ∼= L⊗KG ∼= (L⊗K)G ,

which implies the inclusions in the assertion. Indeed, if Tℓ2(G,E),LG ,ξ1,ζ1 ∈ FS[(α, uα), (β, uβ)],
TF ,K,ξ2,ζ2 ∈ F [(β, uβ), (γ, uγ)], and Γ : LG ⊗K → (L⊗K)G is the unitary from Corollary 6.14,
then using (7.5) we get

TF ,K,ξ2,ζ2 ◦ Tℓ2(G,E),LG ,ξ1,ζ1 = Tℓ2(G,E)⊗F ,LG⊗K,ξ1⊗ξ2,ζ1⊗ζ2

= Tℓ2(G,E⊗F),(L⊗K)G ,Γ(ξ1⊗ξ2),Γ(ζ1⊗ζ2) ∈ F [(α, uα), (γ, uγ)].

Hence FS[(α, uα), (β, uβ)] · F [(β, uβ), (γ, uγ)] ⊆ F [(α, uα), (γ, uγ)], and the other inclusion is
proved analogously. □

The equality of the norms ∥ · ∥F and ∥ · ∥FS on the set of Fourier multipliers remains unclear.
See Question 12.1 for further discussion.

53



Theorem 9.4. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ) of
G. Every Fourier multiplier T ∈ F [(α, uα), (β, uβ)] extends to a strict completely bounded map
mr,f
T : C∗

red(A(α,uα)) → C∗(B(β,uβ)) from reduced to full crossed products, and ∥mr,f
T ∥cb ≤ ∥T∥F .

If T = Ts∗E,LG ,ξ,ξ ∈ F [(α, uα), (β, uβ)]+, then mr,f
T is completely positive and ∥mr,f

T ∥cb =
∥T∥FS = ∥T∥F = ∥ξ∥2.

Proof. Write T := Ts∗E,LG ,ξ,ζ = {Tg}g∈G where ξ, ζ ∈ Cb(M(s∗E)). Let ψ : C∗(B(β,uβ)) →
B(H) be a faithful nondegenerate representation on a Hilbert space H. As in the second part
of the proof of Theorem 7.13, we have

(9.2) mT (a) := θ∗
ξ (LG -Ind(ψ))(a)θζ , a ∈ Cc(A(α,uα)),

where LG -Ind(ψ) : C∗(A(α,uα)) → B(C0(s∗E) ⊗ψ H) is the induced representation and θξ, θζ :
H → C0(s∗E) ⊗ψ H are creation operators. By Fell absorption (Theorem 6.16) LG -Ind(ψ)
descends to a representation of the reduced crossed product, and by abuse of notation we may
write LG -Ind(ψ) : C∗

red(A(α,uα)) → B(C0(s∗E)⊗ψH). Then (9.2) implies that mT extends to a
strict completely bounded map mr,f

T : C∗
red(A(α,uα)) → C∗(B(β,uβ)) and ∥mr,f

T ∥cb ≤ ∥ξ∥ · ∥ζ∥. In
particular, ∥mr,f

T ∥cb ≤ ∥T∥F . Also if ξ = ζ, then (9.2) implies that mr,f
T is completely positive

and ∥mr,f
T ∥cb = ∥ξ∥2, which also implies ∥mr,f

T ∥cb = ∥T∥F . □

Remark 9.5. To use the categorical language, as in Remarks 7.14 and 8.6, denote by
FTA(G) and CBr,f

TA(G) the non-unital categories of all twisted actions of G where morphisms
in FTA(G) are Fourier multipliers, and morphisms in CBr,f

TA(G) are completely bounded strict
C0(X)-bimodule maps from reduced to full crossed products whose composition is defined by
TS := T ◦ Λ ◦S where Λ is the relevant regular representation. The extension in Theorem 7.13
gives a contractive involutive Cb(X)-bimodule functor mr,f : FTA(G) → CBr,f

TA(G). It restricts
to an isometric functor mr,f : F+

TA(G) → CP r,f
TA(G), where morphisms in F+

TA(G) ⊆ FTA(G)
are elements of F [(α, uα), (β, uβ)]+ and morphisms in CP r,f

TA(G) ⊆ CBr,f
TA(G) are completely

positive maps.

Definition 9.6. Given two Fell bundles A, B over G we define the support of a multiplier
T = {Tg}g∈G as supp(T ) := {g ∈ G : Tg ̸= 0}.

Proposition 9.7. Compactly supported Fourier–Stieltjes multiplier are Fourier multipliers,
i.e. if A, B are C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ) of G, and
T ∈ FS[(α, uα), (β, uβ)] has compact support, then T ∈ F [(α, uα), (β, uβ)].

Proof. Let K be a compact subset of G. We claim that there exist ξ, ζ ∈ Cb(M(ℓ2(s∗A))) such
that Tℓ2(s∗A),αG ,ξ,ζ(g)(a) = a for all a ∈ Ar(g) and g ∈ K. Indeed, pick ξ0 ∈ Cc(X) ⊆ Cc(G)
such that ξ0(x) = 1 for all x ∈ r(K), and ζ ∈ Cc(G) such that ζ(g) = 1 for all g ∈ K. Consider
the corresponding strictly continuous sections ξ, ζ ∈ Cc(M(ℓ2(s∗A))) given by x 7→ ξ0|Gx , ζ0|Gx ,
cf. Proposition 7.12. Then for a ∈ Ar(g) and g ∈ K we have

Tℓ2(s∗A),αG ,ξ,ζ(g)(a) = ⟨ξ(r(g)), aαG
g(ζ(s(g)))⟩M(Ar(g))

=
∑

t∈Gr(g)

ξ0(t)∗aαg
(
ζ0(tg)

)
= ξ0(r(g))∗aζ0(g) = a.

This proves our claim.
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Suppose now that T ∈ FS[(α, uα), (β, uβ)] has compact support. The claim above
yields Tℓ2(s∗A),αG ,ξ,ζ ∈ F [(α, uα), (β, uβ)] such that Tℓ2(s∗A),αG ,ξ,ζ ◦ T = T . Thus T ∈
F [(α, uα), (β, uβ)], by Proposition 9.3. □

In terms of maps on crossed products “compactness of the support” means that the range
of the map is supported on a precompact open set. We formalise this as follows.
Lemma 9.8. For any Fell bundle A over G and every precompact open set V ⊆ G the subspace
C0(A|V ) of Cc(A) is closed both in the reduced and (hence) also in the universal (maximal)
norm.
Proof. Since the reduced norm is dominated by the universal norm it suffices to show that
C0(A|V ) is closed in the reduced norm. We use the known fact that the inclusion Cc(A(α,uα)) ⊆
C0(A(α,uα)) extends to a contractive linear map j : C∗

red(A(α,uα)) → C0(A(α,uα)), where the
codomain is equipped with the supremum norm, see [44, Proposition 7.10]. This implies the
assertion because j is the identity on C0(A(α,uα)|V ) and C0(A(α,uα)|V ) is closed in C0(A(α,uα)).

□

Corollary 9.9. Let T = {Tg}g∈G be a reduced (or full) multiplier from a Fell bundle A to a
Fell bundle B over G. Then T has compact support if and only if the range of mr

T (resp. mf
T )

is contained in C0(B|V ) for some precompact open V ⊆ G.
Proof. If the range of mr

T (resp. mf
T ) is contained in C0(B|V ), then clearly supp(T ) ⊆ V . Hence

precompactness of V implies compactness of supp(T ). Conversely, if supp(T ) is compact then
there is a precompact open set V ⊆ G containing supp(T ). Since mt(Cc(A)) ⊆ C0(B|V ) and
C0(B|V ) is closed in both C∗

red(B) and C∗(B) one concludes that the range of the continuous
extension of mT is also in C0(B|V ). □

10. Approximation properties for multipliers

In this section we turn to the discussion of approximation properties. We begin in the
general context of abstract Fell bundle multipliers, proving a lemma that shows one can always
approximately ‘strictify’ a given multiplier.
Lemma 10.1. Let A, B be C∗-bundles over G. Let T be a multiplier from A to B such that
supg∈G ∥Tg∥ < ∞. Choose an approximate unit {ei}i∈I in C0(A). Putting

Ti,g(a) := Tg
(
ei(r(g))aαg(ei(s(g)))

)
for all a ∈ Ar(g), g ∈ G and i ∈ I, we obtain a net {Ti}i∈I of strict multipliers from A to B
such that mTi(f) converges uniformly on compact sets to mT (f) for every f ∈ Cc(A).
Proof. By definition, for f ∈ Cc(A) and i ∈ I we have mTi(f) = mT (eifei) and therefore

∥mTi(f) −mT (f)∥∞ = ∥mT (eifei − f)∥∞ ≤ sup
g∈G

∥Tg∥ · ∥eifei − f∥∞ → 0.

This proves the assertion, as each Ti is a strict multiplier by construction. □

We now specify the context to twisted groupoid actions.
Lemma 10.2. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. Let T be a multiplier from A(α,uα) to B(β,uβ) such that supg∈G ∥Tg∥ < ∞. Choose an
approximate unit {ei}i∈I in C0(A). As before put

Ti,g(a) := Tg
(
ei(r(g))aαg(ei(s(g)))

)
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for all a ∈ Ar(g), g ∈ G and i ∈ I. Then
(1) if T ∈ FS[(α, uα), (β, uβ)], then for every i ∈ I we have Ti ∈ FS[(α, uα), (β, uβ)],

∥Ti∥FS ≤ ∥T∥FS and ∥Ti∥FS → ∥T∥FS (similar statement holds with FS replaced by
F );

(2) if T is positive-definite, then each Ti is a positive-definite Fourier-Stieltjes multiplier.
Moreover we have the estimate supi∈I ∥Ti∥FS ≤ supx∈X ∥Tx∥.

Proof. If T = TE,L,ξ,ζ , for an equivariant representation L of G on a C∗-A-B-correspondence
bundle E and sections ξ, ζ ∈ Cb(M(E)) then for each i ∈ I we have Ti = TE,L,eiξi,eiζ . Clearly
∥eiξ∥ ≤ ∥ξ∥, and ∥eiξ∥ → ∥ξ∥ because C0(E) = C0(A)C0(E), as we assume C∗-correspondences
are non-degenerate. We have similar relations for ζ and this readily implies the assertion in
(1).

Further one can easily check that if T is positive-definite, so is Ti for each i ∈ I. Thus the
assertion in (2) follows by Theorem 8.5. □

Lemma 10.3. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G and let L be an equivariant representation of G on a C∗-A-B-correspondence bundle E. If
T = Tℓ2(s∗E),LG ,ξ,ζ for sections ξ, ζ ∈ Cb(M(ℓ2(s∗E))), then there are nets {ξi}i∈I , {ζi}i∈I ⊆
Cc(s∗E) ⊆ Cc(ℓ2(s∗E)) such that ∥ξi∥ ≤ ∥ξ∥, ∥ζi∥ ≤ ∥ζ∥, for every i ∈ I, and putting
Ti := Tℓ2(s∗E),LG ,ξi,ζi

it follows that Ti is compactly supported and mTi(a) converges uniformly
on compact sets to mT (a) for every a ∈ Cc(A(α,uα)).

Proof. Using Lemmas 10.1 and 10.2, and by passing to ξi := eiξ ∈ C0(ℓ2(s∗E)) and ζi :=
eiζ ∈ C0(ℓ2(s∗E)) for an approximate unit {ei}i∈I in C0(A), we may reduce the proof to
the case when ξ, ζ ∈ C0(ℓ2(s∗E)). Since Cc(s∗E) is dense in C0(ℓ2(s∗E)) we may find nets
{ξi}i∈I , {ζi}i∈I ⊆ Cc(s∗E) ⊆ Cc(ℓ2(s∗E)) with ∥ξi∥ ≤ ∥ξ∥, ∥ζi∥ ≤ ∥ζ∥ for each i ∈ I and
∥ξ − ξi∥ → 0, ∥ζ − ζi∥ → 0. Then putting Ti := Tℓ2(s∗E),LG ,ξi,ζi

, we have

∥mTi(a) −mT (a)∥∞ ≤ ∥ξ − ξi∥ · ∥a∥∞ · ∥ζ∥ + ∥ζ − ζi∥ · ∥a∥∞ · ∥ζi∥ → 0

for every a ∈ Cc(A(α,uα)).
Finally, if ξ and ζ are supported on precompact bisections U and V ∈ Bis(G), respectively,

then (9.1) implies that T is supported on a precompact bisection U∗V . Since elements in
Cc(s∗E) are finite sums of elements with supports in precompact bisections, this proves the
compact support assertion, as whenever ξ̃, ζ̃ ∈ Cc(s∗E), the multiplier T = Tℓ2(s∗E),LG ,ξ̃,ζ̃ is
compactly supported. □

The last lemma can be used to approximate Fourier multipliers by compactly supported
ones, but a priori only in the sense of uniform convergence on compact sets.

Proposition 10.4. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G. If T ∈ F [(α, uα), (β, uβ)], then there is a net {Ti}i∈I of compactly supported
multipliers in F [(α, uα), (β, uβ)] such that ∥Ti∥F ≤ ∥T∥F for every i ∈ I and mTi(a) converges
uniformly on compact sets to mT (a) for every a ∈ Cc(A(α,uα)).

Proof. For each k ∈ N we can find an equivariant representation Lk of G on a C∗-A-B-
correspondence bundle Ek and non-zero sections ξk, ζk ∈ Cb(M(ℓ2(s∗Ek))) such that T =
Tℓ2(s∗Ek),LG

k
,ξk,ζk

and ∥ξk∥ · ∥ζk∥ ≤ ∥T∥F + 1/k, so that λk := ∥T∥F

∥ξk∥·∥ζk∥ ≤ 1 converges to 1 as k
tends to infinity. Thus setting Tk := λkT = Tℓ2(s∗Ek),LG

k
,λkξk,ζk

∈ F [(α, uα), (β, uβ)], for each
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k ∈ N we get ∥Tk∥F ≤ ∥λkξk∥ · ∥ζk∥ = ∥T∥F and mTk
→ mT . Applying Lemma 10.3 to each

Tk one gets the desired net. □

We are ready to define an analogue of the property above for arbitrary multipliers.

Definition 10.5. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. A multiplier T from A(α,uα) to B(β,uβ) has the (positive) Fourier approximation property
if there is a ∥ · ∥F -bounded net {Ti}i∈I in F [(α, uα), (β, uβ)] (resp. in F [(α, uα)], (β, uβ)]+)
such that mTi(a) converges uniformly on compact sets to mT (a) for all a ∈ Cc(A(α,uα)).

Later we will often use the acronym AP for the approximation property. The next proposition
gathers several equivalent conditions for a given multiplier to have the Fourier AP.

Proposition 10.6. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G. For a multiplier T from A(α,uα) to B(β,uβ) the following are equivalent:

(1) T has the (positive) Fourier approximation property;
(2) there is a ∥·∥F -bounded net {Ti}i∈I in F [(α, uα), (β, uβ)] (resp. in F [(α, uα)], (β, uβ)]+)

of compactly supported multipliers such that mTi(a) converges uniformly on compact
sets to mT (a) for every a ∈ Cc(A(α,uα));

(3) there is a net {Li}i∈I of equivariant representations of G acting respectively on C∗-A-
B-correspondence bundles Ei and sections ξi, ζi ∈ Cc(s∗Ei), i ∈ I, (resp. ξi = ζi) such
that
(a) supi∈I supx∈X ∥

∑
t∈Gx

⟨ξi(t), ξi(t)⟩Bx∥ · supx∈X ∥
∑
t∈Gx

⟨ζi(t), ζi(t)⟩Bx∥ < ∞,
(b) for every a ∈ Cc(A(α,uα)) the functions

G ∋ g 7−→
∑

t∈Gr(g)

⟨ξi(t), a(g)Lgζi(tg)⟩Br(g)

converge uniformly on compact sets to the function G ∋ g 7−→ Tg(a(g)) ∈ Br(g).

Proof. Combine Proposition 10.4 and Lemma 10.3. □

Definition 10.7. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. A multiplier T from A(α,uα) to B(β,uβ) has the Fourier–Stieltjes approximation property if
there is a ∥·∥FS-bounded net {Ti}i∈I ⊆ FS[(α, uα), (β, uβ)] of compactly supported multipliers
such that mTi(a) converges uniformly on compact sets to mT (a) for every a ∈ Cc(A(α,uα)). If
one can find Ti’s as above which are positive-definite, we speak of the positive Fourier–Stieltjes
approximation property.

Remark 10.8. By Propositions 9.7 and 10.6(2), the Fourier AP and Fourier–Stieltjes AP
differ only in the boundedness condition, formulated respectively in terms of the Fourier and
the Fourier–Stieltjes norm. Since ∥ · ∥FS ≤ ∥ · ∥F , the FS-boundedness is formally weaker than
F -boundedness. Hence the Fourier AP implies the Fourier–Stieltjes AP. It seems reasonable
to conjecture that the two notions coincide at least for identity multipliers and positive
approximation that we discuss below (see Question 12.1). Note also that for the (twisted)
actions of discrete groups on unital C∗-algebras the Fourier AP was introduced in [6] under
the name weak approximation property.

Theorem 8.5 implies the following characterisation of the positive Fourier–Stieltjes AP.

Proposition 10.9. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G. For a multiplier T from A(α,uα) to B(β,uβ) the following are equivalent:
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(1) T has the positive Fourier–Stieltjes approximation property;
(2) there is a net {Ti}i∈I of compactly supported and positive-definite (not necessarily

strict) multipliers from A(α,uα) to B(β,uβ) such that supi∈I supx∈X ∥(Ti)x∥ < ∞ and
mTi(a) converges uniformly on compact sets to mT (a) for every a ∈ Cc(A(α,uα));

(3) there is a net {Li}i∈I of equivariant representations of G, acting respectively on C∗-A-B-
correspondence bundles Ei, and sections ξi ∈ Cc(Ei), i ∈ I, such that supi∈I ∥ξi∥ < ∞,
and for every a ∈ Cc(A(α,uα)) the functions

G ∋ g 7−→
∑

t∈Gr(g)

⟨ξi(t), a(g)Li,g
(
ξi(tg)

)
⟩Br(g)

converge uniformly on compact sets to the function G ∋ g 7−→ Tg(a(g)) ∈ Br(g).

Proof. Theorem 8.5 implies the equivalence (1) ⇐⇒ (2) modulo strictness of the Tis, which
can be ignored thanks to Lemma 10.1. The same theorem also shows that both conditions are
equivalent to a version of (3) where sections ξi are in Cb(M(Ei)) rather than in Cc(Ei), but
then as in the proof of Lemma 10.3 we may replace ξi by ejξi ∈ Cc(Ei) for an approximate
unit {ej}j∈J ⊆ Cc(A) in C0(A). □

One of the main consequences of the approximation property for a given multiplier is the
following result which shows that the multipliers enjoying this property yield (completely)
bounded maps between the appropriate C∗-algebras.

Lemma 10.10. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of G. Let T and {Ti}i∈I be multipliers from A(α,uα) to B(β,uβ) such that mTi(a) converges
uniformly on compact sets to mT (a) for every a ∈ Cc(A(α,uα)).

(1) If {Ti}i∈I ⊆ F [(α, uα), (β, uβ)] and M := supi∈I ∥Ti∥F < ∞, then mT extends to a
completely bounded map mr,f

T : C∗
red(A(α,uα)) → C∗(B(β,uβ)) such that ∥mr,f

T ∥cb ≤ M

and mr,f
Ti

→ mr,f
T pointwise.

(2) If {Ti}i∈I ⊆ FS[(α, uα), (β, uβ)] and M := supi∈I ∥Ti∥FS < ∞, then mT extends to
completely bounded maps mr

T : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) and mf
T : C∗(A(α,uα)) →

C∗(B(β,uβ)), where ∥mr
T ∥cb, ∥mf

T ∥cb ≤ M and mr
Ti

→ mr
T , mf

Ti
→ mf

T pointwise.

Proof. Note first that the uniform convergence on compact sets in Cc(A(α,uα)) implies con-
vergence in the maximal C∗-norm. Indeed, for a ∈ Cc(A(α,uα)) we have a =

∑
U∈F aU for

some aU ∈ Cc(A(α,uα)|U ), U ∈ F , where F ⊆ Bis(G) is finite. The norm of C∗(B(β,uβ)) re-
stricted to Cc(B(β,uβ)|U ), U ∈ Bis(G), coincides with the supremum norm. Therefore ∥mT (a)−
mTi(a)∥C∗(B(β,uβ)) ≤

∑
U∈F ∥mT (aU ) − mTi(aU )∥∞ → 0. Assume now that we are given a

net {Ti}i∈I ⊆ F [(α, uα), (β, uβ)] and M := supi ∥Ti∈I∥F < ∞. Then ∥mTi(a)∥C∗(B(β,uβ)) ≤
M · ∥a∥C∗

red(A(α,uα)), by Theorem 9.4, and thus ∥mT (a)∥C∗(B(β,uβ)) ≤ M · ∥a∥C∗
red(A(α,uα)). Hence

mT yields a bounded operator mr,f
T : C∗

red(A(α,uα)) → C∗(B(β,uβ)) with norm not greater than
M . Applying this reasoning to matrices, we deduce that mr,f

T is in fact completely bounded
and ∥mr,f

T ∥cb ≤ M . This proves (1). The proof of (2) is the same (instead of Theorem 9.4 use
Theorem 7.13). □

The next two corollaries are immediate consequences of the above result and appropriate
definitions (in the second we also use Lemmas 10.1 and 10.2).
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Corollary 10.11. Every multiplier with the Fourier approximation property is reduced to full.
Every multiplier with the Fourier–Stieltjes approximation property is both reduced and full.

Corollary 10.12. Every bounded positive-definite (not necessarily strict) multiplier T from
A(α,uα) to B(β,uβ) is both reduced and full (and we have ∥mr

T ∥cb = ∥mf
T ∥cb = supx∈X ∥Tx∥).

Fourier and Fourier–Stieltjes approximation properties for actions. We will now
study the definitions considered above in the case of the identity multiplier and view them as
approximation properties of a given twisted groupoid action.

Definition 10.13. We say that an action (α, uα) of a groupoid G on a C∗-bundle A has
the (positive) Fourier or Fourier–Stieltjes approximation property if the identity multiplier of
A(α,uα) has this property.

Corollary 10.14. A twisted groupoid action (α, uα) has the positive Fourier–Stieltjes approxi-
mation property if and only if there is a net {Ti}i∈I of compactly supported and positive-definite
multipliers of A(α,uα) such that supi∈I supx∈X ∥(Ti)x∥ < ∞ and mTi(a) → a uniformly on
compact sets for every a ∈ Cc(A(α,uα)).

Proof. Apply Proposition 10.9. □

Remark 10.15. We will focus on the Fourier–Stieltjes approximation property as it is (at least
formally) weaker than the Fourier approximation property. Exel’s approximation property [28,
Definition 4.4], recently generalised to Fell bundles over étale groupoids in [39, Definition 3.1]
and [16, Definition 4.10], when formulated for the bundle A(α,uα) associated with a twisted
groupoid action, means that the identity multiplier has the positive Fourier AP with the
approximating net given by coefficients of the regular equivariant representation of G, see
Examples 6.9, 6.5. More precisely, we say that the action (α, uα) of a groupoid G on a
C∗-bundle A has Exel’s approximation property if there is a net {ξi}i∈I ⊆ Cc(r∗A) such that
supi∈I supx∈X ∥

∑
g∈Gx

ξi(g)∗ξi(g)∥ < ∞ and for every a ∈ Cc(A(α,uα)) = Cc(r∗A), the net of
sections (compare to Example 9.2)

G ∋ g 7−→
∑

t∈Gr(g)

ξi(h)∗a(g)αg(ξi(g−1h)) ∈ Ar(g) = A(α,uα)
g ⊆ A(α,uα)

converges uniformly on compact sets to a. Following [13, Definition 3.5], [67, Definition
2.2], [11, Theorem 5.6.18], one could say that the twisted action (α, uα) on A is strongly
amenable if there is a bounded net {φi}i ⊆ Cc(r∗ZM(A)) of central sections of positive-type
(see Remark 8.8) such that supg∈G ∥φi(g)a(g) − a(g)∥∞ −→ 0 for every a ∈ Cc(A(α,uα)). By
Corollary 8.7, strong amenability implies the positive Fourier–Stieltjes AP. The diagram

strong amenability

��
Exel’s AP +3 pos. Fourier AP +3

��

pos. Fourier–Stieltjes AP

��
Fourier AP +3 Fourier–Stieltjes AP +3 weak containment

summarises the general relationships between the discussed approximation properties. The last
implication from the Fourier–Stieltjes AP to the weak containment property will be proved
below (Theorem 10.16). For a brief discussion of the converse we refer to Question 12.5.
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The next result should be compared to [6, Theorem 5.8].

Theorem 10.16. Let A be a C∗-bundle over X, carrying a twisted action (α, uα) of G. Assume
(α, uα) has the Fourier–Stieltjes approximation property. Then it has the weak containment
property, i.e. C∗(A(α,uα)) = C∗

red(A(α,uα)), and C∗(A(α,uα)) is nuclear if and only if A = C0(A)
is nuclear.

Proof. For the first part we cannot use Corollary 10.11, as the Fourier–Stieltjes AP is (at least
formally) weaker than the Fourier AP. We adapt the proof of Bédos–Conti [8, Theorem 4.6]
for crossed products, which was in turn inspired by [11, Theorem 2.6] for groups.

Recall from Lemma 9.8 that if V ⊆ G is a precompact open set then the subspace
C0(A(α,uα)|V ) of Cc(A(α,uα)) is closed in the reduced and hence also in the universal (maximal)
norm. Now let {Ti}i∈I ⊆ FS[(α, uα)] be a net witnessing the approximation property. For every
i ∈ I the support of each Ti is contained in a precompact open set Vi, and somT : Cc(A(α,uα)) →
C0(A(α,uα)|Vi). By the above claim the extended maps mr

Ti
: C∗

red(A(α,uα)) → C0(A(α,uα)|Vi)
and mf

Ti
: C∗(A(α,uα)) → C0(A(α,uα)|Vi) (that exist by Theorem 7.13) take values in Cc(A(α,uα)).

The regular representation Λ : C∗(A(α,uα)) → C∗
red(A(α,uα)) is the identity on Cc(A(α,uα)), and

therefore for every a ∈ C∗(A(α,uα))
mr
Ti

(Λ(a)) = Λ(mf
Ti

(a)) = mf
Ti

(a).

Hence if Λ(a) = 0, then mf
Ti

(a) = 0 for all i ∈ I, which implies a = 0 because mf
Ti

(a) → a, see
Lemma 10.10(2). Thus C∗(A(α,uα)) = C∗

red(A(α,uα)).
If C∗(A(α,uα)) is nuclear, then so is A = C0(A) because we have a conditional expectation

E : C∗(A(α,uα)) → A. To prove the converse implication we adapt Takeishi’s proof of [67,
Theorem 4.1] for amenable groupoids, which in turn was based on [11, Theorem 5.6.18].
Assume that A is nuclear. Let D be any C∗-algebra. We need to show that the canonical
quotient map Q : C∗(A(α,uα)) ⊗max D → C∗(A(α,uα)) ⊗min D is injective. The first part of the
proof of [67, Theorem 4.1] shows (using nuclearity of A) that for any precompact open set
V ⊆ G, the quotient map Q is injective on C0(A(α,uα)|V ) ⊗max D ⊆ C∗(A(α,uα)) ⊗max D. For
the approximating net {Ti}i∈I ⊆ FS[(α, uα)], as above, the range of each mf

Ti
is contained

in the closed subspace C0(A(α,uα)|Vi), and therefore mf
Ti

⊗max id
(
C∗(A(α,uα)) ⊗max D

)
is

contained in C0(A(α,uα)|Vi) ⊗max D. Let a ∈ C∗(A(α,uα)) ⊗max D with Q(a) = 0. Using that
the following diagram commutes:

C∗(A(α,uα)) ⊗max D

Q
��

mf
Ti

⊗maxid
// C∗(A(α,uα)) ⊗max D

Q
��

C∗(A(α,uα)) ⊗min D
mf

Ti
⊗minid

// C∗(A(α,uα)) ⊗min D ,

we get Q ◦ (mf
Ti

⊗max id)(a) = (mf
Ti

⊗min id) ◦Q(a) = 0. Since Q is injective on the range of
mf
Ti

⊗max id this means that mf
Ti

⊗max id(a) = 0 for all i ∈ I. Hence a = limim
f
Ti

⊗max id(a) = 0.
This proves that Q is injective. □

We will now specify the above results to the context of (twisted) groupoid C∗-algebras.

Corollary 10.17. Let u be a continuous 2-cocycle on a locally compact Hausdorff étale
groupoid G. Then the following assertions are equivalent:
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(1) the trivial twisted action (id, u) on the trivial one-dimensional C∗-bundle C ×X has
the Fourier–Stieltjes approximation property;

(2) (id, u) or, equivalently, the trivial (untwisted) action id on C × X has the positive
Fourier approximation property.

(3) C∗(G, u) or, equivalently, C∗
r (G, u) is nuclear;

(4) C∗(G) or, equivalently, C∗
r (G) is nuclear;

(5) G is amenable.

Proof. If (id, u) has the Fourier–Stieltjes approximation property, then by the previous theorem
C∗(G, u) = C∗

r (G, u) is nuclear, and this is known to be equivalent to amenability of G,
see [67]. But amenability of G is, in turn, equivalent to the existence of a net {φi}i∈I of
positive-type functions in Cc(G) that converge pointwise to 1 uniformly on compacts, see [4,
Proposition 2.2.13] or [11, Theorem 5.6.18]. This is another way to say that (id, u) or just id
has the positive Fourier–Stieltjes AP as FS(G, u) = FS(G), see Example 7.11. □

Remark 10.18. Most of the statements in the above corollary were already known to be
equivalent before, as already indicated in the references throughout the proof, except for the
implication from (1) to the other statements (2)–(5).

11. Some further applications: Haagerup trick and decomposable norms

The Haagerup trick is a way of producing multipliers of a dynamical system from maps
on the associated reduced algebra, applied first for groups by Uffe Haagerup [35, Lemma
2.5], later used in many different contexts and in particular generalised to group actions in
[8, Proposition 4.12] and [47, Proposition 3.4]. A version of this trick for twisted groupoid
actions and bimodule maps was a main tool in [43]. In general, for étale groupoids and
their actions it is not clear what the Haagerup trick should be. However when either the
groupoid G is discrete or when we consider only bimodule maps the situation becomes much
more transparent. We discuss here these two cases and some of the applications, notably to
identifying the Fourier–Stieltjes norm of the associated multiplier. For the last purpose we
will also use the fact that maps coming from a Fourier–Stieltjes multiplier T = TE,L,ξ,ζ are
decomposable, that is they are finite linear combinations of completely positive maps, which
follows from the usual polarisation formula

T = 1
4

3∑
k=0

ikTE,L,ξ+ikζ,ξ+ikζ

and the multipliers of the form TE,L,ξ,ξ induce completely positive maps, cf. Theorem 8.5.
Finally we will use the well-known fact that for any Fell bundle A over G, the inclusion
Cc(A) ⊆ C0(A) extends to a contractive injective linear embedding C∗

red(A) → C0(A), cf. [44,
Proposition 7.10].

11.1. Twisted actions of discrete groupoids. In this subsection we will assume that the
groupoid G is discrete.

Lemma 11.1 (Haagerup Trick I). Let A and B be Fell bundles over a discrete groupoid G.
For any bounded linear map Φ : C∗

red(A) → C∗
red(B) the formula

TΦ
g (a) = Φ(aδg)(g), a ∈ Ag, g ∈ G,
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where aδg is a section in Cc(A|{g}) with aδg(g) = a, defines a multiplier TΦ = {TΦ
g }g∈G

from A to B with supg∈G ∥TΦ
g ∥ ≤ ∥Φ∥. If Φ is completely positive, then TΦ = {TΦ

g }g∈G is
positive-definite.

Proof. It is clear that the formula above defines a multiplier. Moreover, ∥TΦ
g (a)∥ = ∥Φ(aδg)(g)∥ ≤

∥Φ(aδg)∥ ≤ ∥Φ∥ · ∥a∥ for any a ∈ Ag, g ∈ G. Hence supg∈G ∥TΦ
g ∥ ≤ ∥Φ∥. Assume that Φ is

completely positive. Fix x ∈ X, n ∈ N, elements g1, . . . , gn ∈ Gx, and collections {agi ∈ Agi :
1 ≤ i ≤ n}, {bgi ∈ Bgi : 1 ≤ i ≤ n}. The matrix (agia

∗
gj
δgig

−1
j

)ni,j=1 = (agiδgi ∗ (agjδgj )∗)ni,j=1 is
positive in Mn(C∗

red(A)) and so b := Φ(n)((agia
∗
gj
δgig

−1
j

)ni,j=1) is positive in L(ℓ2(B)⊕n
x ). Let

ξ =
⊕n

i=1 ξgi ∈ ℓ2(B)⊕n
x be given by ξg(h) = [h = g]bg, for all h, g ∈ G. Then

0 ≤ ⟨ξ, bξ⟩Bx =
n∑

i,j=1
⟨ξgi ,Φ(agia

∗
gj
δgig

−1
j

)ξgj ⟩Bx =
n∑

i,j=1
b∗
gi

(
TΦ
gig

−1
j

(agia
∗
gj

)
)
bgj .

Hence TΦ is positive definite. □

Proposition 11.2. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of a discrete groupoid G. A multiplier T from A(α,uα) to B(β,uβ) has the positive Fourier–
Stieltjes approximation property if and only if there is a bounded net {Φi}i∈I of completely
positive maps Φi : C∗

red(A(α,uα)) → C(B(β,uβ)|Vi) ⊆ C∗
red(B(β,uβ)) with ranges supported in

finite sets Vi ⊆ G, i ∈ I, and such that Φi(a) → mT (a) for every a ∈ Cc(A(α,uα)).

Proof. If {Ti}i∈I ⊆ FS[(α, uα)] is a net witnessing the positive Fourier–Stieltjes approximation
property for T then the associated maps {mr

Ti
}i∈I , given by Theorem 7.13, have the desired

properties by Theorem 8.5 and Corollary 9.9. Conversely, assume that {Φi}i∈I is a bounded
net of completely positive maps Φi : C∗

red(A(α,uα)) → C(B(β,uβ)|Vi) where Vi is finite. Then
the associated net {TΦi}i∈I given by Lemma 11.1 consists of positive-definite multipliers such
that supi∈I supx∈X ∥(Ti)x∥ ≤ supi∈I ∥Φi∥ < ∞. Moreover, Φi(aδg) → mT (aδg) = Tg(a)δg for
a ∈ Ar(g), g ∈ G, implies

mTΦi (aδg) = TΦi(a)δg = Φi(aδg)(g)δg → mT (aδg)(g)δg = Tg(a)δg = mT (aδg).

This implies that mTΦi (a) → mT (a) for every a ∈ Cc(A(α,uα)). □

Corollary 11.3. A twisted groupoid action (α, uα) of a discrete groupoid G on a bundle A
has the positive Fourier–Stieltjes approximation property if and only if there is a bounded net
{Φi}i∈I of completely positive maps on C∗

red(A(α,uα)) that converge pointwise to the identity
and that have ranges supported on finite subsets of G.

Proof. Apply Proposition 11.2 to the identity multiplier. □

The above results make it more evident that the positive Fourier–Stieltjes AP is a ‘nuclearity
condition’ for multipliers. In particular, if in the characterisation in Corollary 11.3 one replaces
‘ranges are supported on finite subsets of G’ with ‘ranges are finite-dimensional’ one gets a
characterisation of nuclearity of C∗

red(A(α,uα)), see [19, Theorem 3.1]. We show that in this
context ‘finite rank’ implies ‘supported on finite sets’ using the following lemma, which is
probably well known to experts, cf. the proof of [47, Theorem 4.3].

Lemma 11.4. Let A and B be C∗-algebras. Assume A is finite dimensional and let B0 be a
dense ∗-subalgebra of B. For every completely positive map Φ : A → B there is a net {Φi}i∈I
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of completely positive maps Φi : A → B0 ⊆ B such that ∥Φi∥ = ∥Φ∥ and Φi(a) → Φ(a) for
a ∈ A (equivalently Φi → Φ in norm).

Proof. Since A is finite dimensional we have A =
⊕N

k=1 Mnk
(C). Then each map Φk := Φ|Mnk

(C)
(with k = 1, . . . , N) is contractive and completely positive, and Φ(⊕N

k=1ak) =
∑n
k=1 Φk(ak) for

⊕n
k=1ak ∈ A. Thus it suffices to prove the assertion for each Φk. Hence we may simply assume

that A = Mn(C) for some n. We may also assume that ∥Φ∥ = 1.
Let ep,q, p, q = 1, . . . , n, be the canonical matrix units in Mn(C). Since the matrix

(ep,q)np,q=1 ∈ Mn(Mn(C)) is positive and Φ is completely positive, we get that (Φ(ep,q))np,q=1 ∈
Mn(B)+. As Mn(B0)+ is dense in Mn(B)+, given εi > 0, i ∈ I, with εi → 0, there are matrices
(bi)np,q=1 ∈ Mn(B0)+ such that ∥(Φ(ep,q))np,q=1 − (bi)np,q=1∥ < εi/n. Define Φi : A → B by

Φi
(
(λp,q)np,q=1

)
=

n∑
p,q=1

λp,qb
i
p,q.

By Choi’s Theorem [53, Theorem 3.14], Φi is completely positive. Since ∥Φ(ep,q) − Φi(ep,q)∥ =
∥Φ(ep,q) − bip,q∥ < εi/n

i→ 0 and {ep,g}np,q=1 is a basis in Mn(C), we conclude that Ψi converges
to Ψ pointwise (and hence also in norm as dim(A) < ∞). Moreover,

|∥Φi∥ − 1| = |∥Φi(1)∥ − ∥Φ(1)∥| ≤ ∥Φi(1) − Φ(1)∥ ≤
n∑
p=1

∥Φ(ep,p) − bip,p∥ ≤ εi/n
i→ 0.

Thus ∥Φi∥ → 1 and therefore replacing Φi by Φi
∥Φi∥ we get the desired net. □

Corollary 11.5. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and (β, uβ)
of a discrete groupoid G. If a map Φ : C∗

red(A(α,uα)) → C∗
red(B(β,uβ)) is a pointwise limit of a

bounded net {Φi}i∈I of finite rank completely positive maps Φi : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)),
i ∈ I, then the multiplier TΦ from Lemma 11.1 has the positive Fourier–Stieltjes approximation
property.

Proof. Since Φi(C∗
red(A(α,uα)) is finite dimensional, by Lemma 11.4 there is a net {ϕij}j∈J of

norm one completely positive maps ϕij : Φi(C∗
red(A(α,uα)) → Cc(B(β,uβ)) ⊆ C∗

red(B(β,uβ)) that
converge pointwise to the identity on Φi(C∗

red(A(α,uα)). Thus replacing the net {Φi}i∈I with
{ϕij ◦ Φi}(i,j)∈I×J we may assume that each map Φi takes values in the dense ∗-subalgebra
Cc(B(β,uβ)) of C∗

red(B(β,uβ)). Then the finite rank for Φi implies that the range of Φi is
supported on a finite subset of G. Hence the assertion follows by Proposition 11.2. □

Remark 11.6. The above results (i.e. Lemma 11.1, Proposition 11.2, and Corollaries 11.3
and 11.5, remain valid (with essentially the same proofs) when the reduced crossed products
are replaced with full crossed products. If, in addition, the crossed product for (α, uα) is
separable, then nets {Φi}i∈I may be replaced by sequences, and then their boundedness follow
from their pointwise convergence.

Theorem 11.7. Let (α, uα) be a twisted groupoid action of a discrete groupoid G on a bundle
A. Then the following conditions are equivalent:

(1) (α, uα) has the positive Fourier–Stieltjes approximation property and C0(A) is nuclear;
(2) (α, uα) has the Fourier–Stieltjes approximation property and C0(A) is nuclear;
(3) the reduced crossed product C∗

red(A(α,uα)) is nuclear;
(4) the full crossed product C∗(A(α,uα)) is nuclear;
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(5) there is a net of finitely supported positive-definite multipliers {Ti}i∈I such that for
each i ∈ I, supx∈X ∥(Ti)x∥ ≤ 1, and for every for every g ∈ G, (Ti)g is of finite rank
and (Ti)g(a) → a for any a ∈ Ar(g).

If the above equivalent conditions are satisfied, then C∗(A(α,uα)) = C∗
red(A(α,uα)).

Proof. Clearly, (1) implies (2), and (2) implies (3) and (4), as well as C∗(A(α,uα)) = C∗
red(A(α,uα)),

by Theorem 10.16. Suppose now that C∗
red(A(α,uα)) is nuclear. Equivalently, by [19, Theorem

3.1], the identity on C∗
red(A(α,uα)) is the pointwise limit of finite-rank completely positive

contractions. Modifying this net as in the proof of Corollary 11.5 one gets a net as in (5). The
same argument works for the full crossed product. Hence either (3) or (4) implies (5). Now if
{Ti}i∈I is a net as in (5), it witnesses the positive Fourier–Stieltjes approximation property of
(α, uα) and the maps {mTi |C0(A) witness nuclearity of C0(A). Hence (5) implies (1). □

Remark 11.8. The problem of characterising nuclearity of the crossed product for actions
on nuclear C∗-algebras in terms of an amenability condition has received a lot of attention,
usually using von Neumann algebra techniques, see [2, Théorème 4.5], [13, Corollary 4.11],
[39, Theorem A]. In particular, assuming that C0(A) is nuclear, the aforementioned results
combined with Theorem 11.7 give that:

(1) If G = G is a discrete group and the twist is trivial, then the Fourier–Stieltjes AP is
equivalent to amenability of the action.

(2) If G = G is a discrete group, then the Fourier–Stieltjes AP is equivalent to Exel’s AP
for the twisted action.

(3) If G is countable, C0(A) is separable and the twist is trivial, then the Fourier–Stieltjes
AP is equivalent to measurewise amenability of the action.

The characterisation of nuclearity of C∗
red(A(α,uα)) in terms of condition (5) in Theorem 11.7 is

a generalisation of [47, Theorem 4.3], stated for discrete group actions on unital C∗-algebras.

11.2. Bimodule maps, Herz–Schur multipliers and strong amenability. In this section
we consider again a general étale locally compact Haudorff groupoid G. We will consider
however only bimodule maps on a crossed product.

Proposition 11.9 (Haagerup Trick II). Let (α, u) be a twisted action of an étale groupoid G on
a C∗-bundle A. To every bounded linear C0(A)-bimodule map Φ : C∗

red(A(α,u)) → C∗
red(A(α,u))

there is an associated bounded strictly continuous central section φΦ ∈ Cb(r∗ZM(A)) which is
uniquely determined by the recipe
(11.1) φΦ(g)a(g) = Φ(a)(g) for any a ∈ Cc(A(α,u)) supported on a bisection.
In particular, supg∈G ∥φΦ(g)∥ ≤ ∥Φ∥. If Φ is completely positive then the Herz–Schur multiplier
φΦ : G → r∗ZM(A) is of positive type.

Proof. Fix g ∈ G and U ∈ Bis(G) containing g. Let a0 ∈ Ar(g) and take any a ∈ Cc(A|r(U)) and
b ∈ Cc(A|s(U)) such that a0 = a(r(g)) = αg(b(s(g)). Choose an approximate unit {eUi }i∈I ⊆
Cc(A|r(U)) in C0(A|r(U)). We will use the notation from Lemma 4.8. Thus let aδU ∈ Cc(A(α,u))
be given by (aδU )(g) = a(r(g)), g ∈ U . Clearly a ∗ (eUi δU ) i→ aδU and (eUi δU ) ∗ α−1

U (a) i→ aδU
uniformly. Using that both Φ and the embedding C∗

red(A(α,u)) ↪→ C0(A(α,u)) (with convolution
multiplication) are C0(A(α,u))-bimodule maps we get

lim
i
a0Φ(eUi δU )(g) = lim

i

(
a ∗ Φ(eUi δU )

)
(g) = lim

i
Φ(a ∗ (eUi δU )(g) = Φ(aδU )(g),
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and similarly
lim
i

Φ(eUi δU )(g)a0 = lim
i

(
Φ(eUi δU ) ∗ α−1

U (a)
)
(g) = lim

i
Φ
(
eUi δU ∗ α−1

U (a)
)
(g) = Φ(aδU )(g).

Hence the following strict limit in M(Ar(g))

φΦ(g) := s- lim
i

Φ(eUi δU )(g)

exists, is central, and satisfies (11.1) (which clearly determines φΦ(g) uniquely). We have
∥φΦ(g)∥ = ∥s- limi Φ(eUi δU )(g)∥ ≤ supi ∥Φ(eUi δU )∥ ≤ ∥Φ∥.

Assume now that Φ is completely positive. Fix x ∈ X, n ∈ N and elements gi ∈ Gx and
ai ∈ Ax for 1 ≤ i ≤ n. Find sections {fi}ni=1 ∈ Cc(A) supported on bisections and such that
fi(gi) = αgi(ai), 1 ≤ i ≤ n. Then fi ∗ f∗

j is supported on a bisection and

(fi ∗ f∗
j )(gigj−1) = αgi(aia∗

j )u(gig−1
j , gj)∗

for every 1 ≤ i, j ≤ n, cf. the calculations in the proof of Lemma 8.4. Hence by (11.1) we get
Φ(fi ∗ f∗

j )(gig−1
j )u(gig−1

j , gj) = φΦ(gig−1
j )αgi(agia

∗
gj

).

Since the matrix (fi ∗ f∗
j )ni,j=1 ∈ Mn(C∗

red(A)) is positive, complete positivity of Φ implies that
n∑

i,j=1
α−1
gi

(
Φ(fi ∗ f∗

j )(gig−1
j )u(gig−1

j , gj)
)

≥ 0

(to see this replace mT in the proof of Lemma 8.3 by Φ, see also the proof of Lemma 8.4).
Combining the last two displayed formulas we obtain

n∑
i,j=1

α−1
gi

(
φΦ(gig−1

j )αgi(agia
∗
gj

))
)

≥ 0,

which means that the Herz–Schur multiplier φΦ is of positive type, see Lemma 8.4. □

Remark 11.10. A similar result for actions of twisted groupoids was proved in [43, Proposition
4.1] under the assumption that A has a continuous unital section. Note that the proposition
mentioned above should have been stated for bimodule maps (every ∗-preserving, so in
particular every completely positive, right A-module map is automatically an A-bimodule
map), and then the proof of Proposition 11.9 can be adapted to get a ‘non-unital version’ of
[43, Proposition 4.1]. For group actions on unital algebras a version of the above Haagerup
trick appears also in the proof of [24, Theorem 3.6].

Proposition 11.11. Let (α, u) be a twisted action of an étale groupoid G on a C∗-bundle A.
The following conditions are equivalent:

(1) the action (α, u) is strongly amenable, i.e. there is a bounded net of positive-type
sections {φi}i∈I ⊆ Cc(r∗ZM(A)) such that supg∈G ∥φi(g)a(g) − a(g)∥∞ −→ 0 for
a ∈ Cc(A(α,u));

(2) the identity on C∗
red(A(α,u)) is the pointwise limit of a bounded net {Φi}i∈I of completely

positive C0(A)-bimodule maps Φi : C∗
red(A(α,u)) → C(A(α,u)|Vi) ⊆ C∗

red(A(α,u)) with
ranges supported on precompact sets Vi ⊆ G, i ∈ I.

Proof. If {φi}i∈I are as in (1) then the maps {mr
φi

}i∈I given by Corollary 8.7 satisfy the
properties described in (2). Conversely, having a net {Φi}i∈I as in (2), the corresponding
maps given by Proposition 11.9 form a bounded net {φΦi}i∈I ⊆ Cc(r∗ZM(A)) of Herz–Schur
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multipliers of positive type. Moreover, if a ∈ Cc(A(α,u)) is supported on a bisection, then
supg∈G ∥φΦi(g)a(g) − a(g)∥∞ = supg∈G limi ∥Φ(a)(g) − a(g)∥∞ = 0. Hence this holds for any
a ∈ Cc(A(α,u)). □

Remark 11.12. For the trivial bundle A = C×X, that is, the case of just a twisted groupoid
(G, u) (see Example 4.12), the above result reduces to amenability of the underlying groupoid
G, that is, the existence of a net of positive-type functions {φi}i∈I ⊆ Cc(G) with φi(g) → 1
uniformly on compacts. This is just a re-statement of item (1) in the above proposition.
We know that amenability of G is equivalent to nuclearity of C∗(G, u) = C∗

r (G, u) (see
Corollary 10.17), which means that the identity map C∗(G, u) → C∗(G, u) can be approximated
(in the point-norm topology) by a composition of (contractive) completely positive linear
maps C∗(G, u) → Mni(C) → C∗(G, u). This is, in turn, equivalent the approximation property
appearing in item (2) of Proposition 11.11. We are not sure whether this has already appeared
in the literature in the way it is presented here.

11.3. Decomposable norm vs Fourier–Stieltjes norm. As we noted in the introduction
to this section, every map given by a Fourier–Stieltjes multiplier, whether on the reduced or
universal crossed product, can be expressed as a linear combination of completely positive
maps. More interestingly, we can also relate the Fourier–Stieltjes norm of the multiplier to
the decomposable norm of the associated map, as introduced in [34].

We first recall some basic relevant facts. Suppose that A,B are C∗-algebras and Φ : A → B
is a linear map. Haagerup in [34] proved that following conditions are equivalent:

(1) Φ is decomposable, i.e. it can be expressed as a linear combination of completely positive
maps from A to B;

(2) Φ = Φ1 − Φ2 + i(Φ3 − Φ4) where Φk : A → B are completely positive for k = 1, . . . , 4;
(3) there exists a completely positive map Ψ : A → M2(B) of the form

Ψ =
(Ψ1 Φ

Φ† Ψ2

)
Then the maps Ψ1,Ψ2 : A → B are necessarily completely positive.

Moreover, the linear space DC(A,B) of decomposable maps from A to B with the norm

∥Φ∥dec := sup
{

max{∥Φ1∥, ∥Φ2∥} : Ψ =
(Φ1 Φ

Φ† Φ2

)
is completely positive

}
is a Banach space. The norm ∥ · ∥dec dominates the completely bounded norm, coincides with
the latter on completely positive maps and makes the set of decomposable maps a Banach
space. It is also submultiplicative with respect to composition, see [34] for more details. Thus
C∗-algebras with decomposable maps as morphisms, equipped with ∥ · ∥dec-norm, form a
Banach category which contains the category of C∗-algebras with morphisms being completely
positive maps as a Banach subcategory.

The next result can be viewed as an extension or continuation of Theorem 7.13.

Proposition 11.13. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G. For every Fourier–Stieltjes multiplier T ∈ FS[(α, uα), (β, uβ)] the correspond-
ing completely bounded maps mr

T : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) and mf
T : C∗(A(α,uα)) →

C∗(B(β,uβ)) are decomposable, and we have ∥mT ∥cb ≤ ∥mr
T ∥dec ≤ ∥T∥FS, ∥mT ∥cb ≤ ∥mf

T ∥dec ≤
∥T∥FS.

If T is positive-definite, then ∥mT ∥cb = ∥mr
T ∥dec = ∥mf

T ∥dec = ∥T∥FS.
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Proof. Let T := TE,L,ξ,ζ = {Tg}g∈G be a Fourier–Stieltjes multiplier. By rescaling the respective

sections (passing to
√

|ζ∥
∥ξ∥ξ and

√
|ξ∥
∥ζ∥ζ) we can assume that ∥ξ∥ = ∥ζ∥. Using Examples 3.6,

4.13 and 5.11 consider the C∗-correspondence M2(E) from A(α(2),u
(2)
α ) to B(β(2),u

(2)
β

). Define the
section η := ξ ⊕ ζ ∈ M2(E) in the obvious ‘diagonal’ way and consider the associated Fourier–
Stieltjes multiplier T̃ := TM2(E),L(2),η,η. The operator mr

T̃
: C∗

red(A(α(2),u
(2)
α )) → C∗

red(B(β(2),u
(2)
β

))
is completely positive by Theorem 8.5. Recall that we have a natural isomorphism

C∗
red(A(α(2),u

(2)
α )) ∼= M2(C∗

red(A(α,uα)))

(and its analogue for B(β,uβ)). Define the map Ψ : C∗
red(A(α,uα)) → M2(C∗

red(B(β,uβ))) via the
formula

Ψ(x) = mr
T̃

([
x x
x x

])
, x ∈ C∗

red(A(α,uα)).

As the map x 7→
[
x x
x x

]
is completely positive so is Ψ. It is now elementary to check that in

fact

Ψ =
[
mr
TE,L,ξ,ξ

mr
T

(mr
T )† mr

TE,L,ζ,ζ

]
.

Thus, since mr
TE,L,ζ,ζ

and mr
TE,L,ξ,ξ

are completely positive, mr
T is decomposable. Moreover,

as we rescaled to ∥ξ∥ = ∥ζ∥, by Theorem 8.5 we have ∥mr
TE,L,ζ,ζ

∥ = ∥mr
TE,L,ξ,ξ

∥ = ∥ξ∥∥ζ∥.
Thus ∥mr

T ∥dec ≤ ∥ξ∥ · ∥ζ∥, which shows ∥mr
T ∥dec ≤ ∥T∥FS . The same argument gives

∥mf
T ∥dec ≤ ∥T∥FS . The other statements follow easily from Theorem 7.13 and the discussion

before the proposition. □

Remark 11.14. One could similarly show that Fourier multipliers yield decomposable
‘reduced-to-full’ maps, as studied in Theorem 9.4.

The above result naturally raises the question whether we can identify the decomposable
norm of mT (say on the reduced crossed product) with the norm ∥T∥FS . In the context of
the usual Fourier–Stieltjes algebras of discrete groups such an identification was noted only
very recently in [5]. Below we will show that it remains true in the context of twisted crossed
products of discrete groupoids. Before we do that we need a simple (and likely well-known)
lemma.

Lemma 11.15. Let A, B be C∗-algebras, n ∈ N. If F is a C∗-correspondence from A to B,
then the direct sum E :=

⊕n
i=1 F is a C∗-correspondence from A to Mn(B), when equipped

with the diagonal left action of A and the scalar product and the action of Mn(B) given by〈
(ξi)ni=1, (ζi)ni=1

〉
Mn(B) := (⟨ξi, ζj⟩)ni,j=1 ,

(ξi)ni=1 · (bij)ni,j=1 :=

 n∑
j=1

ξjbji

n
i=1

,

where (ξi)ni=1, (ζi)ni=1 ∈
⊕n

i=1 F , (bij)ni,j=1 ∈ Mn(B).
Conversely, every C∗-correspondence from A to Mn(B) (up to unitary equivalence) arises

in the way described above from a C∗-correspondence from A to B.
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Proof. Assume first that A and B are unital. The proof amounts to a careful check of algebraic
formulas, so we will only indicate the main steps needed to establish the second statement.

Suppose that E is a C∗-correspondence from A to Mn(B). Denote by eij (i, j = 1, . . . , n)
matrix units in Mn(B). Define F = Ee11, and let ϕ : B → e11Mn(B)e11 be the obvious
isomorphism. It is easy to check that F becomes a C∗-correspondence from A to B, when
equipped with the scalar product

⟨f1, f2⟩B = ϕ−1(⟨f1, f2⟩),
and the action

f1 · b := f1ϕ(b),
where f1, f2 ∈ F, b ∈ B; note that the left action of A is unchanged. When convenient, we will
write the corresponding identification map from Ee11 to F as ψ1. Now given j ∈ {2, . . . , n}
we define a map ψj : Eejj → F simply by putting

ψj(e) = eej1, e ∈ Eejj .

Finally we define the map Ψ : E →
⊕n

i=1 F , with the right hand side understood now as a
C∗-correspondence from A to Mn(B) defined in accordance with the first statement in the
lemma, setting

Ψ(e) =
(
ψi(eeii)

)n
i=1.

We leave it to the diligent reader to verify that Ψ is indeed a unitary equivalence.
Consider now the case where A and B need not be unital. Let E be again a C∗-

correspondence from A to Mn(B). Then M(E) is a C∗-correspondence from M(A) to
M(Mn(B)) ∼= Mn(M(B)). By the unital case (and its proof) we have M(E) ∼=

⊕n
i=1 F̃ ,

where F̃ is a C∗-correspondence from M(A) to M(B). Set F = F̃B ⊂ F̃ . It is then a matter
of carefully checking that the explicit isomorphism from M(E) to

⊕n
i=1 F̃ restricts to an

isomorphism from E to
⊕n

i=1 F . □

We will now formulate a version of the above result for C∗-correspondence bundles.

Corollary 11.16. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of G, let E be a C∗-A-Mn(B)-correspondence bundle and let n ∈ N. Then E is unitarily
equivalent to the direct sum

⊕n
i=1 F , where F is a C∗-A-B-correspondence bundle, with

pointwise operations described in Lemma 11.15. If moreover L̃ is an equivariant representation
of G on E, then we may assume that we also have an equivariant representation L of G on F
and in the equivalence above L̃g corresponds to a direct sum of Lg.

Proof. For the first part it suffices to note that the isomorphisms introduced in Lemma 11.15
are clearly continuous with respect to the relevant ‘bundle’ operations.

For the second we can argue as in the proof of Lemma 11.15, using the second condition in
Definition 5.1 and the form of matrix liftings described in Example 4.13 (it essentially suffices
to observe that in the unital case for every g ∈ G the operator L̃g maps Es(g)e11 into Er(g)e11).
Once again we leave the check to the reader. □

We are now ready to formulate the main decomposability result.

Theorem 11.17. Let (α, uα) and (β, uβ) be twisted actions of a discrete groupoid G respectively
on A and B. Then for every Fourier–Stieltjes multiplier T ∈ FS[(α, uα), (β, uβ)] we have

∥mr
T ∥dec = ∥mf

T ∥dec = ∥T∥FS .
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Proof. In view of Proposition 11.13 it suffices to prove the inequalities ∥mr
T ∥dec, ∥mf

T ∥dec ≥
∥T∥FS , ∥mr

T ∥dec ≥ ∥T∥FS . We will prove that ∥mr
T ∥dec ≥ ∥T∥FS , as the second inequality

follows in the same way. Write then simply mT for mr
T and assume that

∥mT ∥dec ≤ 1.

We will show that ∥T∥FS ≤ 1.
By the definition of the decomposable norm the displayed inequality means that there exists

a completely positive map Ψ : C∗
red(A(α,uα)) → M2

(
C∗

red(B(β,uβ))
)

such that

Ψ =
(

Φ1 mT

m†
T Φ2

)
,

with Φ1,Φ2 : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) completely positive and such that ∥Φ1∥ ≤ 1,
∥Φ2∥ ≤ 1. Let us now apply Lemma 11.1 to the map Ψ, viewed now as a map from C∗

red(A(α,uα))
to C∗

red(M2(B)(β(2),u
(2)
β

)). This produces a new completely positive map Ψ̃ : C∗
red(A(α,uα)) →

C∗
red(M2(B)(β(2),u

(2)
β

)), which comes from a multiplier. In fact, as the Haagerup trick acts on
matrices ‘entrywise’, and does not change maps which are already multipliers, we have

Ψ̃ =
(

Φ̃1 mT

m†
T Φ̃2

)
,

with Φ̃1, Φ̃2 : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) contractive completely positive maps. Applying
Lemma 10.1 we may approximate Ψ̃ by strict multipliers. Namely, for an approximate unit
{ei}i∈I in C0(A), Lemmas 10.1 and 10.2 give a net {T̃i}i∈I ∈ FS[(α, uα), (β(2), u

(2)
β )] such that

for every i ∈ I we have Ψ̃(eiaei) = mr
T̃i

(a), a ∈ C∗
red(A(α,uα)). Then

mr
T̃i

=
(

Φ̃1,i mTi

m†
Ti

Φ̃2,i

)
,

where Φ̃1,i, Φ̃2,i : C∗
red(A(α,uα)) → C∗

red(B(β,uβ)) are contractive completely positive maps
(coming from Fourier–Stieltjes multipliers) and {Ti}i∈I ∈ FS[(α, uα), (β, uβ)] are such that
∥Ti∥FS → ∥T∥FS (again by Lemma 10.2).

Fix for the moment i ∈ I. By Theorem 8.5 the map Φ̃i is given by a Fourier–Stieltjes
multiplier T̃i ∈ FS[(α, uα), (β(2), u

(2)
β )], T̃ = TE,L,ξ,ξ for some C∗-A-M2(B)-correspondence E

equipped with an equivariant representation L̃ of G and section ξ ∈ Cb(M(M2(E))). Applying
Theorem 11.15 to E , L̃ and ξ we may identify E with F ⊕ F , L̃ with a direct sum of two copies
of an equivariant representation L of G on F , and ξ := (ζ, η) for two sections ζ, η ∈ Cb(M(F).
Using this identification we obtain

Ti = TL,F,ζ,η, Φ̃1,i = mTL,F,ζ,ζ
, Φ̃2,i = mTL,F,η,η

.

Thus finally applying the last part of Theorem 8.5 respectively to Φ1,i and Φ2,i we deduce that
∥ζ∥, ∥η∥ ≤ 1. But this means that ∥Ti∥FS ≤ 1, which ends the proof, as ∥Ti∥FS → ∥T∥FS . □

Remark 11.18. In the context of the last theorem we could define a version of Haagerup’s
decomposable norm for C0(A)-bimodule maps, say ∥ · ∥dec,bim, requesting that all the entries
of the requested 2 by 2 matrix decomposition are bimodule maps. Then the arguments
of the above theorem together with the Haagerup trick from Proposition 11.9 would show
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that even for not necessarily discrete G and arbitrary Herz–Schur type multiplier T we have
∥T∥FS = ∥mr

T ∥dec,bim = ∥mf
T ∥dec,bim.

Remark 11.19. In contrast to Remark 7.14, where we only had contractive functors, assuming
that G is discrete we get isometric involutive Cb(X)-bimodule functors mf : FSTA(G) →
DCTA(G) and mr : FSTA(G) → DCr

TA(G) by letting DCTA(G) (resp. DCr
TA(G)) to be the

category whose objects are twisted actions of G on C∗-bundles and morphisms are decomposable
maps between full (resp. reduced) crossed products that preserve fibers and are equipped with
the norm ∥ · ∥dec.

As an application (though formally we will use only that the norms ∥ · ∥dec and ∥ · ∥FS are
‘equivalent’) we characterise the Fourier–Stieltjes AP for discrete groupoid actions in a similar
fashion as we did for the positive Fourier–Stieltjes AP in Proposition 11.2 and Corollary 11.3.

Proposition 11.20. Let A, B be C∗-bundles over X, carrying twisted actions (α, uα) and
(β, uβ) of a discrete groupoid G. A multiplier T from A(α,uα) to B(β,uβ) has the Fourier–Stieltjes
approximation property if and only if there is a ∥ · ∥dec-bounded net {Φi}i∈I of completely
bounded maps Φi : C∗

red(A(α,uα)) → C(B(β,uβ)|Vi) ⊆ C∗
red(B(β,uβ)) with ranges supported in

finite sets Vi ⊆ G, i ∈ I, and such that Φi(a) → mT (a) for every a ∈ Cc(A(α,uα)).

Proof. If {Ti}i∈I ⊆ FS[(α, uα)] is a net witnessing the positive Fourier–Stieltjes approximation
property for T , then the associated maps {mr

Ti
}i∈I , given by Theorem 7.13, have the desired

properties by Proposition 11.13 and Corollary 9.9. Conversely, assume that {Φi}i∈I is a net of
decomposable maps such that M := supi∈I ∥Φi∥dec < ∞ and Φi : C∗

red(A(α,uα)) → C(B(β,uβ)|Vi)
where Vi is finite, i ∈ I. We may write each Φi as a linear combination

∑3
k=0 i

kΦi,k (here ik is
the imaginary unit to the kth power, not an index of the set I) where each Φi,k is completely
positive and ∥Φi,k∥ ≤ ∥Φi∥dec ≤ M , see the formulas in [34, Page 175]. Applying Lemma 11.1
to Φi and Φi,k we obtain completely positive maps Φ̃i and Φ̃i,k coming from multipliers
and such that ∥Φ̃i,k∥ ≤ ∥Φi,k∥ ≤ M and Φ̃i =

∑3
k=0 i

kΦ̃(j)
i,k . Choosing an approximate unit

{ej}j∈J in C0(A) and ‘strictifying’ the considered maps by putting Φ̃(j)
i (a) := Φ̃i(ejaej) and

Φ̃(j)
i,k (a) := Φi,k(ejaej) for a ∈ C∗

red(A(α,uα)), by Lemma 11.1 we get that Φ̃(j)
i,k = m

T
(j)
i,k

for

T
(j)
i,k ∈ FS((α, uα), (β, uβ))+ and ∥T (j)

i,k ∥FS ≤ ∥Φ̃i,k∥ ≤ M . Thus putting T (j)
i =

∑3
k=0 i

kT
(j)
i,k

we obtain a bounded net {T (j)
i }(i,j)∈I×J ⊆ FS((α, uα), (β, uβ)) with sup(i,j)∈I×J ∥T (j)

i ∥FS ≤
4M . Moreover, for a ∈ Cc(A(α,uα)) we have m

T
(j)
i

(a) → mT (a) because Φi(a) → mT (a) and

Φ̃(j)
i (a) → Φi(a). □

Corollary 11.21. A twisted groupoid action (α, uα) of a discrete groupoid G on a C∗-bundle
A has the Fourier–Stieltjes approximation property if and only if there is a ∥ · ∥dec-bounded
net {Φi}i∈I of decomposable maps on C∗

red(A(α,uα)) that converge pointwise to the identity and
that have ranges supported on finite subsets of G.

12. Open questions and further perspectives

In this final section of the paper, we would like to discuss the key questions left open in
our work and present some of the perspectives for further research regarding Fourier–Stieltjes
algebras and their applications in the context of crossed products by twisted groupoid actions.
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Open questions. For the first three questions we work with fixed (α, uα) and (β, uβ), twisted
actions of an étale groupoid G on C∗-bundles A and B over X.

Question 12.1. If T ∈ F [(α, uα), (β, uβ)] is a Fourier multiplier, is it true that ∥T∥FS = ∥T∥F ?

Note that we always have ∥T∥FS ≤ ∥T∥F . The equality ∥T∥FS = ∥T∥F is known to hold in
the classical case of discrete groups, see [30]; one of possible ways of approaching this question
relates to the ‘functional’ picture of Fourier–Stieltjes and Fourier algebras mentioned in the
introduction and missing in our context. In general we do not also know if F (α, uα) is closed
in FS(α, uα). Note that the issue appears already in the context of groupoid C∗-algebras.
To avoid that, in [59, Definition 1.4], Renault defines the Fourier algebra to be a closure in
the Fourier–Stieltjes algebra of the coefficients given by the regular representation, and this
convention is also adopted by Oty [50]. We decided not to do this here.

Question 12.2. Is it true that F [(α, uα), (β, uβ)]∩FS[(α, uα)(β, uβ)]+ = F [(α, uα), (β, uβ)]+?

If T ∈ F [(α, uα), (β, uβ)]+, then T is positive-definite, by Theorem 8.5. However this
theorem does not imply that every positive-definite Fourier multiplier is in F [(α, uα), (β, uβ)]+,
as a priori the associated cyclic equivariant representation of G might not be regular. On
the other hand, if we denote by FS[(α, uα), (β, uβ)]+ the set of Fourier–Stieltjes multipliers
that can represented in the form TE,L,ξ,ξ, then Theorem 8.5 states that FS[(α, uα), (β, uβ)]+
consists exactly of positive-definite, bounded, strict multipliers from A(α,uα) to B(β,uβ). Thus

F [(α, uα), (α, uα)]+ ⊆ F [(α, uα), (α, uα)] ∩ FS[(α, uα), (α, uα)]+

and we do not know whether the reverse inclusion holds.

Question 12.3. Is it true that F [(α, uα), (β, uβ)] can be described as the closure of compactly
supported Fourier–Stieltjes multipliers? Either in ∥ · ∥F or ∥ · ∥FS?

The statement above is true in the context of discrete groups, as shown already in [30].
The analogous statement in the context of groupoid C∗-algebras appears in [57], but without
proof (only an indication of an argument based on the partitions of unity; however we do not
see how to use it to obtain the desired convergence, although in principle one could consider
adapting the arguments in the proof of Proposition 10.4).

Question 12.4. Can one find an example of a Fourier–Stieltjes multiplier T such that
∥mr

T ∥dec < ∥T∥FS?

Theorem 11.17 shows that this cannot happen for discrete G; the proof of that theorem
shows that any counterexample would imply a failure of an even weaker form of the Haagerup
trick. However we do not know the answer to the question above even for groupoid C∗-algebras.

Note that the problems above are clearly interrelated. For example a positive answer to
Question 12.2 would yield, via Remark 11.18, a positive answer to Question 12.1 for Herz–Schur
type multipliers.

The following questions are related to the approximation properties of actions/crossed
products, and matters discussed in Section 10.

Question 12.5. In what generality can one invert the arrows in the diagram in Remark 10.15?

Some of the reverse implications hold in certain special cases, for example for discrete
groupoids (see Theorem 11.7) but are not clear in general. For instance, strong amenability
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implies Exel’s AP (which is in turn equivalent to “amenability”) for group actions on C∗-
algebras, see [13, Theorem 4.9]. On the other hand, for group actions the implication from
weak containment to any of the approximation properties is generally a big mystery although
it holds in certain special cases, and there are examples of groupoids that satisfy the weak
containment property but are not amenable, see [69].

Question 12.6. Does nuclearity of the reduced crossed product C∗
red(A(α,uα)) imply one of

the approximation properties in the diagram in Remark 10.15?

Strong amenability in general is not necessary for nuclearity of C∗
red(A(α,uα)), which follows

for instance from Suzuki’s examples of group actions on unital simple C∗-algebras in [66]. But
it might be relevant when the algebra C0(A) is commutative, as for group actions, strong
amenability and amenability are equivalent, see [2, Théorème 4.9].

By Theorem 11.7 we know that nuclearity of C∗
red(A(α,uα)) implies the positive Fourier–

Stieltjes AP when G is discrete. When G = G is a group nuclearity of the crossed product
implies the formally stronger Exel’s AP, see [13, Corollary 4.11] and Remark 11.8. This makes
us tend to think that nuclearity may imply Exel’s AP for étale gropouid actions.

Perspectives. One of the deepest modern applications of the Fourier and Fourier–Stieltjes
algebras in the classical context of discrete groups is related to using these algebras and their
properties as means of distinguishing the corresponding group von Neumann algebras. A key
role is played here by the space of completely bounded multipliers of the Fourier algebra of
Γ, denoted Mcb(A(Γ)), which contains the Fourier–Stieltjes algebra B(Γ) and can be used to
define finer, often quantitative approximation properties of Γ (see for example [20], [36]). The
starting point to study such questions in our context (or even in the context of actions of
discrete groups on C∗-algebras) one would need to

• investigate the operator space structure of our Fourier and Fourier–Stieltjes algebras;
• analyse the corresponding space of (completely) bounded multipliers of the Banach

algebra F [(α, u), (α, u)].
The first step is related to Question 12.1; we would expect the relevant cb-multiplier norm
to coincide both with the Fourier norm and Fourier–Stieltjes norm of a given element of
the Fourier algebra. Note also [57, Theorem 3.1], which in the groupoid case (trivial action)
expresses completely bounded multipliers on the Fourier algebra of G via invariant elements
of the Fourier–Stieltjes algebra of the product groupoid G ∗ G. We expect that in general it
might be useful in this context to use the language of (dynamical) quantum groupoids, as
introduced for example in [27].

Another natural direction of study concerns attempting to reconstruct a given groupoid
dynamical system from the associated Fourier–Stieltjes or Fourier algebra. It is well known
that from the Fourier algebra A(Γ) of a discrete group Γ one can reconstruct Γ — as a set —
via the spectrum (space of characters) of A(Γ). In the articles [59] or [55], dealing with the
groupoid operator algebras, analogous questions are often phrased as the study of duality for
étale groupoids. This is closely related to the issue of identifying the Fourier or Fourier–Stieltjes
algebras with the dual spaces (of some sort) associated with the relevant operator algebras.
As we mentioned in the introduction, in general this is far from clear, and even the case of
groupoid C∗-algebras is not straightforward, as exemplified by [57, Theorem 2.3].

Concrete questions one can study are the following:
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• what equivalence relation between (pairs of) twisted groupoid actions leads to the
isometric isomorphism of the corresponding Fourier–Stieltjes spaces/algebras?

• Under what conditions one can for example indeed reconstruct a given twisted groupoid
action, up to the equivalence mentioned above, knowing its associated Fourier–Stieltjes
algebra?

In the first part one should mention the Morita equivalence of C∗-dynamical systems, discussed
in [9, Section 4] and shown to yield — under certain restrictive assumptions — isometric
isomorphism of the associated Fourier-Stieltjes algebras. In our context this can be of course
further enriched by looking at different, but equivalent, groupoids, in the spirit of [64, Section
3.4]. The second question is naturally far more difficult, and even partial results would be of
great interest.

The two broad topics mentioned above clearly do not exhaust the scope of natural questions
one can ask regarding our Fourier–Stieltjes algebras. Just to quote significant body of work in
the group case, as presented in [37], one could also ask about the general form of (completely)
bounded homomorphisms between Fourier–Stieltjes algebras or about the behaviour of these
algebras with respect to the restriction to subgroupoids, related to classical spectral synthesis
questions. This brings us to the possibility of dropping the étale assumption, and considering
for example the crossed products by actions of arbitrary locally compact groups. The last
step naturally would take us far beyond the scope of current work.
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