PRYM LOCI OF BRANCHED DOUBLE COVERINGS AND
GENERALIZED ANDREOTTI-MAYER LOCI

ATSUSHI IKEDA

ABSTRACT. The Andreotti-Mayer locus is a subset of the moduli space of prin-
cipally polarized abelian varieties, defined by a condition on the dimension of
the singular locus of the theta divisor. It is known that the Jacobian locus in the
moduli space is an irreducible component of the Andreotti-Mayer locus. In this
paper, we generalize the Andreotti-Mayer locus to the case of the moduli space
of abelian varieties with non-principal polarization and prove that the Prym lo-
cus of branched double coverings is an irreducible component of the generalized
Andreotti-Mayer locus.

1. INTRODUCTION

Let C' be a projective smooth curve of genus g over the complex numbers C,
and let ¢ : C — C be a double covering of C' branched at 2n points. When
n > 1, the norm map Nm : Pic (C') — Pic (C) associated with ¢ has the connected
kernel P = Ker (Nm), which is an abelian subvariety of dimension d = g +n — 1
in the Jacobian variety Jz = Pic’ (C'). Let £ € Pic(P) be the restriction of the
invertible sheaf O;_(©4) associated with the theta divisor ©5 on Jsz. Then the
class [£] € NS (P) determines the polarization on P of type A = (1,...,1,2,...,2),

n—1 g
and the polarized abelian variety (P, [L]) is called the Prym variety ([11]) of the
branched covering ¢. From this construction, we obtain the Prym map
 Ryan — A [C 5 O — (P[L),

Prym,,, :
where R 9, denotes the moduli space of double coverings of curves of genus g
branched at 2n points, and A3 denotes the moduli space of d-dimensional polar-
ized abelian varieties of type A. When g = 0, the Prym variety Prymg,,(¢) =
(J&,[05:(©¢)]) is the hyperelliptic Jacobian, and the Prym map Prymy,, is in-
jective by the Torelli theorem. When ¢g = 1, it is proven in [8] that the Prym map
Prym, ,, is injective for n > 3. More generally, the following result holds:

Theorem 1.1 (Naranjo-Ortega [14]). If ¢ > 1 and n > 3, then the Prym map

Prym,,, is injective.

Let P, 2, C A% be the closure of the image of the Prym map Prym, ,,. We aim
to understand which kinds of polarized abelian varieties are contained in the Prym
locus Py 2. In the case where the polarization is principal, the characterization of
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the Jacobian locus has been classically studied as the Schottky problem. Let [J; C
A((il""’l) (resp. Hq C .A((il"”’l)) denote the closure of the set of points representing the
Jacobian varieties of projective smooth curves (resp. hyperelliptic curves) of genus
d. In this paper, we characterize P, o, in A%, following the approach of Andreotti
and Mayer [1] to characterize J; and Hgy in .,4511"”71).

For an ample invertible sheaf £ on an abelian variety A, we define the higher
base locus of £ by

S(A,L) = (] Osing C A,
Oc|L|

where Ogn, denotes the singular locus of the hypersurface © C A. If ample in-
vertible sheaves £; and Ly are algebraically equivalent, then S(A, £y) ~ S(A, Ls),
because t; L1 ~ Ly by a translation

loy t A— A v —> © + xo.
For an integer m > 0, a generalization of the Andreotti-Mayer locus is defined by
NZ. = {(A,[L]) € AZ | dim S(A, £) > m}.

When A = (1,...,1), the subset ./\/'d(ylr’r;“’l) C Afj’“"” is the original Andreotti-Mayer
locus, and the following results are known:

Theorem 1.2 (Andreotti-Mayer [1]). (1) Ifd > 4, then the Jacobian locus J,
1s an 1rreductble component of./\/'cg’ld’:’l)
(2) If d > 3, then the hyperelliptic Jacobian locus Hy is an irreducible compo-

nent of Néb’:él) .

Theorem 1.3 (Debarre [4]). If d > 7, then Pay10 is an irreducible component

of Né,{i;'él), where Pgy10 C Ag""’l) denotes the Prym locus for unramified double
coverings of curves of genus d + 1.

In this paper, we prove the following:

Theorem 1.4. Ifn >4 and d = g+n — 1, then the Prym locus P, o, C A% is an
irreducible component of/\/'dén%.

This is a generalization of Theorem 1.2 (2), because Pyo, = Ha C Aﬁ}"“’” for
d =n — 1. According to the folk conjecture [7, Conjecture 3.15 (2)], it is expected

that N 572;'é1) \./\/';,ld’:él) = H4. More generally we expect that N fn_4 \ NV, dA,n—?) -
Pyon for d = g +n — 1, but this remains an open problem.

This paper proceeds as follows: In Section 2, for the Prym variety (P, [£]) of a
branched double covering, we explicitly describe the higher base locus S(P, L) C P,
and prove that P, 2, C N, fn— 4 In the proof, we provide the equation of the tangent
cone To, C Tpy =Tpo of © € |L] at x € S(P,L). In Section 3, we prove that
the equations of the tangent cones 7g , generate a certain subspace in Sym? Tro".
In Section 4, following the approach in [1], we introduce a method to bound the
dimension of an irreducible component P of N, fn_4. When P, o, C P, by using

independent equations of the tangent cones 7g ,, we can provide an upper bound
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for the dimension of P. Combining this with the result from Section 3, we obtain
dim P < dim P, 5,, which implies that P = P, 2,.

2. HIGHER BASE LOCI AND THE TANGENT CONE OF THETA DIVISORS

We assume that n > 1 and g > 1. Let (P, [£]) be the Prym variety of [C 4 Cle
Rgon. Following Mumford’s paper [11], we describe the base locus of the linear
system |£]. By [11, p333], we may assume that

[_1]§COJC (@C) = OJC (@C)? [_1]jéOJé (@C') = OJ@ (60)7
and
w*OJ@<@C') = OJC (2@C>7 L= OC’(@C‘)|P7
where ¢ : Jo — Jg is the homomorphism defined by
Jo = Pic® (C) — Jz = Pic® (C); € — ¢*¢.
We define the homomorphism
m:Jox P— Js; (§,F) — F® @€

Then we have 7°0,_.(0s) = pri0,.(20¢) ® pr5L, where pr; denotes the i-th
projection of Jo x P. Let s € H%(Jz,0,.(04)) be a nontrivial section. Since
n>1,¢:Jo — Jg is injective, and by [11, p335], we have
29
s = Zpr*{ai @ pryf; € H(Jo x P, pri0,.(20¢) @ priL)
i=1

for some bases ay, ..., a € H*(Jo,0;.(20¢)) and i, ..., By € HY(P,L). This

implies the following proposition for the base locus of |£|. For Fy € Pic (C), we
denote the translation by

tr, : Pic(C) — Pic(C); F — F @ Fo.
Proposition 2.1 ([11] p334). The base locus of the linear system |L| is
Bs|C| = {F € P|v(Je) Ct5'(©c)t = [ 15(0c)lp:
£€Pic? (O)
More precisely, H°(P,L) is generated by defining sections of the hypersurfaces
to2(©a)lp C P for & € Pic® (C).
For [C 4 C] € Ry2n, there exists a unique invertible sheaf n, € Pic" (C') such
that Qf = ¢*(Q¢ @ 1). Let
Py =Nm(Q} ®n,) C Picd! (C)
be the fiber of the norm map at QL ®@n, € Pic(C), where g = 2g +n — 1 is the
genus of C'. We set
We = {F € Picd 1 (O) | h%(C, F) > 1}
and L4 = Op;ei-1 6y (We)|p,. Then there exists Fo € Py such that

0,.(0¢) = t% Opia-1 (&) (We),
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hence the translation ¢z, induces isomorphisms P = Ker (Nm) = P, and Bs|£| =
Bs|L,|. In [13], Naranjo and Ortega gave an explicit description for Bs|Ly4|. For
j > 0, we denote by CY) the j-th symmetric product of C, which parameterizes
effective divisors of degree j on C'. We define the subvariety in Pic?~! (C') by

B; = Image (C"=2) x Pict " (C) — Pic? ' (C); (D, G) — Ox(D) ® ¢*G)
for 2i < n. When 2i > n, we set B; = ().
Proposition 2.2 ([13] Proposition 1.6.). Bs|Ly| = By N P,.

When we set We =t (We)|p, € |Ly| for € € Pic’ (C), as in Proposition 2.1 we
have
Bs|Lyl= () We=BinPk,
£ePic? (0)

and H°(P,, L) is generated by defining sections of W, for ¢ € Pic? (C). We define
Si(Py, L) = Nog £, ©=i, where ©; denotes the higher multiplicity locus

@Zi:{IGGImUItIGZi}CP¢.
By the next proposition, we have
S(P,L) = S5(Py, Ls) = [ Wesing = B2 N Py
£€Pic? (0)
Proposition 2.3. When i > 1,
SZ'<P¢), £¢> - m W&Zi - Bz N P¢.
£€Pic? (O)
We prepare some lemmas to prove Proposition 2.3.

Lemma 2.4. If F € B; N Py, then multz W > i for any £ € Pic® (C).
Proof. There exist D € C™=2) and G € Pic?”"'™* (G) such that F = Os(D) ® ¢*G.

Since
GOEC P9 (G®E) C u(Op(D) ® 9™ (G ©E)) = ¢ulF ® ¢7E),
by the Riemann’s singularity theorem, we have
multF We > multzt,% (We) = W(C,F®¢*€) > h(C,GRE) > i.
O

The following Mumford’s exact sequence is essential for the proof of Proposi-
tion 2.3.

Lemma 2.5 ([11] p338). Let D be an effective divisor on C. If ¢*p £ D for any
p € C, then there exists an eract sequence

0 — Oc — $.05(D) — Nm (Op(D)) @ ny — 0

of locally free sheaves on C'.
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In the following, we write H(G) = H'(C,G) for any sheaf G on C. When
0 < 2i <n, for E € C™2) and n € Pic" (C), we define
Ki(E,n) ={G € Pic" "' (C) | h(G) = 1"(Qc ® 0 @ Oc(~E) ® G¥) = i}.
For G € K;(E,n), we define the hypersurface Vg g C H(QL @ n)V of degree i by
(s, t1) 1(s1,t;) '
det € Sym' H*(Q @),
M(Sivtl) M(S’ntl)

where s1,...,s € HY(G) and t1,...,t; € H'(QL @ n® Oc(—E) ® G¥) are bases,
and

i HY(G) x H(QL @0 © Oc(—E) ©GY) — H(QL @)
denotes the composition of the multiplication map and the injective homomorphism
HY(QL @ n ® Oc(—FE)) — H°(QL ®n). We note that Vg g does not depend on
the choice of bases sq,...,s; and tq,...,t;.

Lemma 2.6. Let D € C"%) qnd G € Pic?" "' (C) be such that F = Ox(D) @
¢*G € Py. For & € Pic? (O), the following conditions are equivalent:

(1) multf Wg = 1.
(2) G &€ Ki(¢(D),ny), and ¢*p £ D for any p € C.
If these conditions are satisfied, then the tangent cone Ty, 7 of We at F is
Vo) gae C H(Qe @14)" = Tp, 7.

Proof. First, assume condition (1). If ¢*p < D for some p € C, then F € By N Py,
and by Lemma 2.4, we have mult We > 4 + 1, which contradicts the assumption
that multz W = i. Thus, ¢*p £ D for any p € C. Since Nm (Ox(D)) @ G¥? =
QL ® g, by Lemma 2.5, we obtain the exact sequence

0—GRE— d(FRPE — QUG 02— 0.
Since
i =multy We > multz ¢, (We) = h°(C, F @ ¢*¢) > h°(G @ €) > i,

it follows that h°(G ® £) =i and h' (G ® &) = 0. Therefore, G ® £ € K;(4(D),n,),
because

h(Qe ® 1y © Nm (Op(=D)) @ (G ®€)Y) = h(G® ¢Y)
=G @& +i=h"(C,F¢¢) —h(GRE) +i=i.
Next, assume condition (2). By using Lemma 2.5, we obtain
multz{,(We) = h'(C, F ® ¢*¢) = h(G & &) = i.
Let o : C' — C be the covering involution of ¢. Since F € P;, we have
QL =" QL ®ny) =F 0" F=F®0s(c"D) ® ¢*G.
The injective homomorphisms

GOE = 9(0s(D)) ©GRE = 0.(0a(D) @ ¢°(G @E)) = 0u(F © ¢7°¢)
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and

Q0 ®ne @ Nm (Oa(-D)) ® (G©¢)" =G’
= 0.(0(0" D)) ®G@E" = ¢u(0c(0" D) ® ¢*(G ©¢")) = ¢u(Q @ (F © 67¢)")
induce the isomorphisms
H(C,G®¢) — HYC,F ® ¢*¢)

and

H(C, Q¢ ® 15 @ Nm (Op(=D) ® (G ©€)") — H(C, 9 ® (F @ ¢°€)").
From the commutative diagram

HO(G® &) x H(Q @1y ® Nm (Oa(=D) @ (@ €)") = H(QL ®1ny)

HY(C,F ® ¢*¢) % Hoi(é, QL © (F @ ¢*€)Y) % HO(éi,iyzlé),

and by the Riemann-Kempf singularity theorem [9, Theorem 2|, the tangent cone
of t;*lg(W@) at F is
(jv)_l(v¢(D),g®£) - HO(Ca Qlc)v ~ Tpiga-1 (C),F>

where ;¥ : HO(C',Q%)V — H°(Qf ®n,)Y is the dual of the injective homomor-
phism . .
Since Tp, r C HO(C, QF)Y is isomorphic to H%(Q¢ ®@14)" via j¥, the tangent cone
of We at Fis

Tp,r N (5") " (Vonygse) = Voo gse & H'(Qp @ 115)"
and hence we conclude that multz W, = 1. ]
Proof of Proposition 2.3. Let © € |L,| be the hypersurface defined by a section
B € HO(Py,Ly). We have ©5; D (\eepieo () We>i, because § is a linear combi-
nation of defining sections of W; for ¢ € Pic’ (C). Hence, we have S;(Py, L4) =
ﬂgepmo (©) W&Z@*

By Lemma 2.4, we have B; N Py C ﬂgePico ©) We >;. By induction on ¢, we prove
BiNPy = Neepico () We»i- When i = 1, this is true by Proposition 2.2. We assume
t > 2. By the induction assumption,

(1 Wesic () Wesici=BiaNPs
£€Pic? (0) £€Pic® (0)
When n < 2(i — 1), we have defined that B;_; = B; = 0, and it follows that
ﬂEEPiCO (©) W&Zi = @ and Biﬂp(z) = @ When n Z 2(2— 1), for F € ﬂfePicO (©) Wgz,',
there exist D € C=20-1) and G € Pic?”""* =Y () such that
F=0a(D)@¢°G, Qp@n, =Nm(0s(D)) ® G

Since degG = g + i — 2, we can find & € Pic” (C) such that h°(G ® &) =i — 1
and h°(G ® &) =i — 1. Then, we have G ® & € K;_1(¢(D),ny). If F ¢ B;, then
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p £ D for any p € D, and by Lemma 2.6, we have multz W, = — 1. This is a
contradiction to F € ﬂgepico ©) We >i, hence F € B;. O

Proposition 2.7. dim (B, N Py) = n —2i for 0 < 20 < n. If0 < 2i < n, then
B; N Py is irreducible. If 0 < 2i = n, then #(B; N Py) = 49.
Proof. When 0 < 2i < n, we define
Y = {(D,G) € C1"2) x Pich1 (C) | Nm (Og(D)) & G — QL &1},
The projection
Y, — O™ (D, G) — D
is a finite étale covering of degree 49, hence Y; is smooth. When n = 21,
Yi — BiN Py; (0,G) — ¢°G

is bijective, hence #(B; N Py) = #Y; = 49. Assume n > 2i 4+ 1. Let v : [0,1] — C
be a loop on C', and let + be the morphism defined by

L: C — Jo = Pic® (O); p— Oc(p — ¢(7(0))).
Then, there is a unique lift 6 : [0,1] — H(Q})" of ¢ 0 ¢ oy such that §(0) =

0.1] = HYQL) — H(QL)/H\(C.Z)

v O b
C ? C — Jo.

L

For t € [0,1], we denote by £(t) € Pic? (C) the invertible sheaf corresponding to
[16()] € HY(QL)Y/H(C,Z) = Jo. If (D,G) = (v(0) + D', G) € Y;, then the path

[0,1] — Vi t+— (y(t) + D',G @ £()")
on Y; is the lift of the loop
0,1] — C"2)s t — y(t) + D'
on C"=2)_ Since ¢, : H(C,Z) — Hy(C,7Z) is surjective,

H\(C,2) — Jea = Ker ([2)50): b — £0) = [36(1)]

is surjective. This means that 7, (C"~2), D) acts transitively on the fiber g;"!(D),
and it follows that Y; is connected. Since Y; is also smooth, it is irreducible. Let

U; be the subset of C("~2) defined by
U ={D e C" 2 | h%(C,05(D)) =1, ¢*p £ D for any p € C}.

Since 0 <n—21 < 2g +n—1=g, it is a non-empty open subset of C(n=2i)  For
(D1,G1), (D2, Go) € g; *(U;), we have

W (Nm (Oc(D1)) ® 0y ® G1 © Gy) = h'(Qe ® G @ Gy) =0,

because deg (U @ GY ® G ) = —2i < 0. If Ox(D1) ® ¢*G1 = Op(Ds) ® ¢*Gs, then
by Lemma 2.5, we have

h0(G1 ® Gy) = h%(C,04(D1) ® ¢* (G ® Gy)) = h°(C, 0 (D2)) =1,
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hence G; ® G = O¢ and Dy = Dy. This means that the morphism
Y, — BN Py; (D,G) — Os(D) @ ¢*G
is birational. Hence, B; N P, is irreducible, and
dim (B, N Py) = dimY; =n — 2i.

By Proposition 2.3 and Proposition 2.7, we have the following:

Corollary 2.8. Let (P, [L]) be the Prym variety of [C 4 Cl € Ryan forn >1

and g > 1.
(1) (a) dimBs|L| =n — 2 and Bs|L| is irreducible for n > 3,
) dimBs |£| =0 and #Bs|L| =49 forn =2,
(c) Bs|L| =0 forn=1,
) dim S(P, L) =n—4 and S(P, L) is irreducible for n > 5,
) dim S(P, L) =0 and #S(P,L) =49 for n =4,
(c) S(P,L)=0 for1 <n <3.

3. QUADRIC HYPERSURFACES CONTAINING PROJECTIVE CURVES

Let C' be a projective smooth curve of genus g, and let 1 be an invertible sheaf
on C' of degree n > 3. By [10, p55, Corollary], the invertible sheaf Qf ® 7 is very
ample, and the multiplication map

pi: Sym' H*(Qe ®n) — H((Qc @ 1))
is surjective for ¢ > 1. When 0 < 2¢ < n, we have defined the hypersurface
Veg C H'(QL @)Y = Spec (Sym H°(Q} @ 7)) for E € C"2) and G € K;(E,n).
Let Qpg C P(H*(Qf ®n)) = Proj (Sym H°(Q ® 1)) be the projectivization of
Vg g. Then we have

Qeg = |J PH(Q ®n)/Viip) = U P(H’(Q¢ ®n)/Veip)
De|g| DelQlLen®@0c(—E)®GV |
in P(H°(Qf ®n)), where
Vi+p = Image (H(Q, @ n® Oc(—E — D)) < H(Qf @ n)).

Let
b= D1 g 1 C — P(H' Qe ®@1)) =P

be the closed immersion defined by the very ample linear system |Qf ® n|. When
i > 2, the defining section of Qg C P! is contained in

Ker (p;) C Sym’ H(Qf @ n) = HO (P!, Opa-1(i)),

hence, by the commutative diagram

D1 i
C Ceep® P(HO((Q% @ 1)®))
d | O b o/

P(HYQb @) =P —  P(Sym’ H(Qh &) = B(H(Opa (1),
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we have ®(C) C Qgg.

Proposition 3.1. Let X C C be a finite subset. If n > 4 and C' is an elliptic
curve or a hyperelliptic curve, then Ker (py) is generated by the defining quadratics
of Qug for E € (C\ X)) and G € Ky(E,n).

First we prove it in the case where n = 4.

Lemma 3.2. If n = 4 and C s an elliptic curve or a hyperelliptic curve, then
Ker (pa) is generated by the defining quadratics of Qog for G € Ks(0,7).

Proof. Since C' is an elliptic curve or a hyperelliptic curve, there exists an in-
vertible sheaf H € Pic? (C) such that h°(H) = 2. Let U C C9*! be the set of
(P1y - -, pgy1) € C9 satisfying the following conditions:
(1) pp#Fpjfor1<i<j<g+1,
(2) Oc(pr+ -+ pg+1) € Ka(0,1),
(3) HR®Oc(pr+ -+ pgy1 —pi —p;) € Ko2(0,n) for 1 <i<j<g+1,
(4) h'(HY ® Oc(pr+ -+ pgs1)) =0,
(5) QL @@ HY @ Oc(—p1 — -+ = pgs1)) = 0.
For G € Pic?t! (C), the condition G € K(0,7) is equivalent to
h(Qe®G")=h"(Gen’)=0.
Since
deg (R ®G") =deg(G®n’) =g—3 <y,
K5(0,n7) = Pic?t (C) for g < 2, and K5(0,7) is a non-empty open subset of
Picft! (C) with dim (Pic?™ (C) \ K2(0,m)) = g — 3 for ¢ > 3. Hence the set of

(P - - pgr1) € C9T1 satisfying (2) is a non-empty open subset of C9*1. Since the
image of the map

C9t! — Picst! (C); (P1,y - Pg+1) —> H® Oc(pr + -+ + Dg+1 — i — Dj)

has dimension g — 1 for 1 < ¢ < j < g+1, the set of (p1,...,p41) € C9
satisfying (3) is a non-empty open subset of C9™!. Since (1), (4) and (5) are also
open conditions, U is a non-empty open subset of C9™'. We fix (p1,...,py+1) € U,
and set Gy = Oc(]h + - +pg+1) and Qz-j =H®XOc(pr + - + Pg+1 — Di — pj)
for 1 <i < j < g+ 1. We show that the defining quadratics of Qog and Qo g,;
form a basis of Ker (py). For Ey # E« € |H|, there is a rational function f on C
such that Div (f) = Ey — E. Let ay; € H°(G;;) be a section defining the divisor
Ew4pi+--+Dg1—pi =i € |Gij|. Then of; = fa;; € H°(G;) defines the divisor
Eo +p1+ -+ pgr1 — pi — pj € |Gijl, and by (3), auj, aj; form a basis of HY(G,j).
We set
V = Image (H°(Qf ® 1 ® Oc(—E)) = H°(Q @1n))
and
Vi, = Image (H*(2 ® n @ Oo(—Ew — pi)) < H (2 @ 1))

for 1 <k < g+ 1. Since dimV = g+ 1, by (1) and (5), we have (11 Vi, = {0},
and dim (ﬂk# Vk) = 1for 1 <i < g+ 1. Thus, there is a unique divisor D; €
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QL @n@HY @ Oc(—p1 — -+ — pgy1 + pi)|]- By (1) and (5), we have
D; +p; # Dj +pi € |20 @0 ® Gjl.
for 1 <i < j<g+1 Let B € H(Qp®n®G)) define D; + pj, and §; €
H°(Qt @ n ® GY) define D; +p;. By (3), By, ; form a basis of H(Qf ®@n® GY)).
Let ~; be a generator of ﬂk# Viforl <i<g+1. Then,..., 7441 form a basis of
V. Since p(evj, Bij) € Ny Vi and paij, B;) € Niy; Vi, we have pu(aiy, Bi) = cijvi
and p(aj, Bj;) = cj;y; for some ¢, ¢j; € C*. By using the rational function f, we
define the injective homomorphism
AV — HY QL ®n); v — fv.
Then, by [1, p195, Corollary 2], the defining quadratics
det (M(Oéij, Bij) M(aiﬁﬁz{j)) — det ( plcij, Bij) (g, Bi;) )
M(Oégja ﬂij) /’L(a;jv ;) A(M(&ij7ﬁij)) )‘(M(aija {]))
G Gy / Vi 2 1701
=det J v = ey det 7 ) € Sym® H(Qp ®
(e Ah) =esduan (375 afy) €St et o
of Qog,; for 1 <1< j < g+ 1 are linearly independent over C. Since
(g +3)(g+4) 9lg+1)
2 2
the defining quadratics of Qug,, for 1 < i < j < g+ 1 generate a subspace of
codimension 1 in Ker (p2).
The quadric hypersurface Qo g,, C P(H°(Q¢ ® 1)) contains the line
by =P(H"(Qc @n)/V) C P(H*(Qe @ 1))
for 1 <i<j<g+ 1. Itisenough to show that ¢y is not contained in
Qogo = |J P(H Q¢ ®n)/Vp) C P(H(Qp @ 7).
De|Go|
If D € |Gyl satisfies supp (E) Nsupp (D) = 0, then, by (5), we have VpNV = {0}
and (y NP(H*(QL ®n)/Vp) = 0. By (2) and (4), since the pencil |Gy| has no
base points, there exist at most two D € |Gy| such that supp (E..) Nsupp (D) # 0.
When p € supp (Ex) Nsupp (D) and E, = p+p/, by (4), we have p’ £ D. If
Vp C V, then
2="1"(Qc®n® Oc(=D)) =1 (Q ®n ® Oc(=D - p)),
and h°(QL @ ® Oc(—D —p —p')) > 1. But this contradicts (5), hence Vp € V
and 0y NP(H(Q& ®n)/Vp) = {®(p)}. This implies that £y € Qo.g,- O
Proof of Proposition 3.1. We prove it by induction on n. When n = 4, the result
holds by Lemma 3.2. We assume n > 5. Let p1,ps,p3 € C'\ ¥ be three distinct
points. We denote by
L+ Sym? HY(QL @ n ® Oc(—p;)) < Sym? H(Qf @)
the natural injective homomorphism. Since the multiplication maps
papi : Sym* H'(Q¢ @ 1 @ Oc(—pi)) — H((2 ® 1 @ Oc(—pi)*?)

dim Ker (pq) = —(3g+5) = +1,
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and
Ppitp; + Sym” H'(Qc @1 @ Oc(—p; — py)) — H'((Qc @ 1 ® Oc(—pi — p;))™)
are surjective, we have
dim (Ll (Ker (p27p1>) + LQ(Ker (p27p2)))
=dim ¢; (Ker (pay, ) + dim o (Ker (pa,)) — dim (¢ (Ker (p2,,)) N ta(Ker (p2,,)))
=dim Ker (ps,p,) + dim Ker (p2 ,) — dim Ker (p2 p, +p,) = dim Ker (p2) — 1.
Let
i+ P(H(Qc @) \ {®(p:)} — P(H"(Q @0 ® Oc(—pi)))
denote the projection from ®(p;), and let
D; = D1 gn200(—p - C — P(H(Q6 @1 © Oc(—p1)))
be the closed immersion defined by the very ample linear system |Q5@n®@0c(—p;)|.
Let £ C P(H°(QL ®n)) be the line through the points ®(p;) and ®(py). Since
m1(€) = m(P(p2)) = P1(p2) # P1(ps) = mi(P(ps)),
we have ®(p3) ¢ (. Hence, 73(¢) is a line in P(H°(Qf @ n @ Oc(—p3))), and we
have
m3(0) € 3(C) C P(H (e ® 1 ® Oc(—ps))).
By [15], we have ®3(C) = ﬂgeKer(pQ’pB) Qg, where Q, C P(H*(Qt @1 ® Oc(—p3)))
denotes the quadric defined by ¢g. Thus, there exists g € Ker (p2,,) such that
m3(€) € Q. Since the quadric w3 '(Q,) C P(H°(QL.®n)) defined by 13(g) € Ker (p2)
does not contain the line ¢, we have ¢3(g) ¢ t1(Ker (p2,)) + t2(Ker (pap,)). Hence,

Ker (p2) = r1(Ker (p2,)) + ta(Ker (p2,)) + ta3(Ker (p2,,))-
By the induction assumption, Ker (py,,) C Sym* H'(QL ® n® Oc(—p;)) is gen-
erated by the defining quadratics of Qr 7 C P(H°(Qf @ n ® Oc(—p;))) for E €
(C\ X)) and F € Ky(E,n® Oc(—p;)). Hence, t;(Ker (py,,)) is generated by
the defining quadratics of Qpyp. 7 = m; H(Qpr) C P(H(QL ®@1n)) for E +p; €
(C\ )" and F € Ky(E,n® Oc(—p;)) = Ko E + ps, 7). O

Corollary 3.3. Let (P,[L]) be the Prym variety of [C 4 Cl € Ryon- If n > 4
and C' is an elliptic curve or a hyperelliptic curve, then Ker (py) is generated by the
defining quadratics of the tangent cones To ., for v € S(P, L) and © € |L| satisfying
mult, © = 2.

Proof. Since S(P, L) = So(Py, L), by Proposition 3.1, it is enough to show that for
E € (C\ Branch (¢))™ ™ and G € Ky(FE,n,), the quadric Vg C H(QL ®@n4)Y
is the tangent cone Ty, 7 for some F € Sy(Py, Ly) and & € Pic’ (O) satisfying
multz We = 2. For E € (C'\ Branch (¢))"%), there exist D € C("% such that
¢(D) = E and ¢*p £ D for any p € C. Let § € Pic?"! (C) be an invertible sheaf
such that 62 = Qf @1, @ Oc(—F). For G € Ky(E,n,), we set F = Oa(D) ® ¢*6
and £ = G®4Y € Pic’ (C). Then, by Lemma 2.6, we have mult W = 2, and Vg g
is the tangent cone of W, at F. 0J
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4. ANDREOTTI-MAYER LOCI

Let
$a=1{7 € Maty (C) | 7 ="'7, Im(7) > 0}

be the Siegel upper half-space of degree d = g +n — 1. For the type of the polar-
ization A = (1,...,1,2,...,2), we denote the diagonal matrix diag A € Mat, (Z)
—— N —

n—1 g

by the same notation A. We define the action of Z? x Z¢ on C? x $4 by
(Z x Z%) x (C? x $3) — C x H4; (M, m"), (z,7)) — (2 +mm' + Am”, 1),
and denote its quotient by U%. Then

wi U — D (z,7) — 7

is a proper morphism of complex manifolds, and the fiber A, = u~!(7) at 7 € $4
is an abelian variety of dimension d. Let £, be the invertible sheaf on A, defined
by the Hermitian form

H:C'xC'—C; (z,w) — 'z(Im (7)) ' w
and the semi-character
Xo: T2+ AZ* — C*; 7m/ + Am” +— exp (7v/—1 'm/Am”).
Then (A,,[£,]) is a polarized abelian variety of type A. The moduli space A% is
the quotient of $, by the action
(o B -1
FAxﬁd—>dea( v R ,7—)'—>(O{7—+B)(’}/T+5) )

where I'a is the discrete subgroup of Sp,,; (R) defined by

FA:{Ci§>GSMARW<£%ZgZZ)eMmM@j}

Following [12], for ¢/,¢” € 37 the theta function is defined by

t
0 [tcc,,} (z,7) = Z exp (m/—l(t(m +)r(m+c)+2 (m+d)(z+ c”))).
meZd
Then, by [2, Theorem 3.2.7. and Remark 8.5.3.],
0 0 i / " 1y9
) i DY Z]_ ... Zg . X . L
m4ﬂ_9b_“0 On_oyzﬂ,(%_f er={0.3})
lg
form a basis of H(A,, L,). We consider the complex analytic space
00;
S={(z1) cU | bi(z,7) =0, £

J

(z,7)=0 (el ,1<j<d)},
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21
where z; denotes the coordinate of z = | : | € Ce. Let v = uls : § — Hq be the
Zd
restriction of w : UdA — $)4. Then the fiber of v at 7 € $4 is
v i) = S8(Ar L) = [ Osing:

oc|L.|
Lemma 4.1. If (a,7) € S, then (a+T(0> —i—A(J),T) €S fori,jel.

Proof. For 4,1 € I, there exists ¢ € I such that i + 4 — ¢ € Z9. We set
C1

c=|:|= <3) IZd and d = A <J) € Z. Then we have
Cd

Oy(z+71c+d,7) =exp <7r\/—1(— tere—2'cz + 4ti'j)>(9,~u(z,7'),

and

00,
0z;

(z+T1Cc+d, 1)

08

= exp (W\/—_l(—tm'c— 2'cz + 4" ))( 21V —1¢;0p(2,7) + = 22, (z,7))

for 1 < ] < d. Since f;(a,7) = 0 and %= ”( 7) =0, we have 0y (a+71c+d,7) =0
(a+7c—|—d 7) = 0. O

For m > 0, the degeneracy set ([5, 3.6.])
S ={(z,7) € S| dim v (1) > m}

is an analytic subset in S, and by the proper mapping theorem ([6, 10.6.1.]),
N, = v(8S,,) is an analytic subset in $4. Let N be a local irreducible component
of N at 70 € N,,,. We denote by A(N) the set of all irreducible components M
of v™H(N) NS, such that v(M) = N. Since v is proper, A(N) is a non-empty
finite set. Following [4], we consider the subset S(7o, ) = v~} (70) MU yeairy M
in v (7).

Lemma 4.2. If N is nonsingular, then

00; L
TNJ'O C ( Z (a,TQ) dil) C T-ﬁdﬂ'o

o7,
1<k<i<d = 'K

for i € I and (a,7) € S(70,N'), where 7y = T denotes the coordinate of T =
11 T1d

€ Ha.

Td1 Tdd
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Proof. Since (a, 7)) € S(79,N), there exists M € A(N) such that (a,7) € M.
Then,
U={(z,7) € M\ Maing | Trt,(2,7) X Ty, is surjective}

is a non-empty open subset of M. For (z,7) € U, we can take a local coordinate
t=(t1,...,taimn’) of N at 7 and a local coordinate (s,t) of U at (z,7) such that
vlp : U — N is given by (s,t) — t. Let (2(s,t),7(t)) € U C S be the point
corresponding to (s,t). Then we have

06;
8zj

For 1 < v < dim N, by the chain rule, we get

9
dt,

0:(z(s,t),7(t)) =0, (z(s,t),7(t)) =0 (se€l,1<j<d).

(9,~(z(s,t),r(t))>

= 30 et O )+ D0 S x(at), ) G 1),

0T
1<k<i<d =~ 'kl

which implies

This shows that

0 _ 3Tkz(t) 9 E( Z 06 (z(s,t),T(t))diz>lCTm,r(t)'

t t T T
ot, 1<k<i<d ot, ~ O 1<k<I<d O

Since the open subset U C M is contained in the analytic subset

TN;,- C ( Z gf]:l (Z,T) dil>L},

1<k<I<d

M/:{(z,T)eM

we have (a, 1) € M =M. O

Proposition 4.3. Assume that dimv=*(rp) = m. If there exist ¢;; € C and
(a;, 1) € S(10,N) fori eI and 1< j <r such that cotangent vectors

00; .
S St an ) dme Ty, = @ Cdn (1<j<r)
1<k<I<d iel Thl 1<k<I<d
are linearly independent, then dim N < dim 4 — r.

Proof. For 1 < j <r,let M; € A(N) satisty (a;,79) € M;. By the upper semi-
continuity of the fiber dimension [5, 3.4.], there exist open neighborhoods U; C M;
at (aj, 7o) such that

m = dim v~ (19) > dima, ) (V" (70) N M) > dimgp) (v (1) N M) >m
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for any (b, 7) € U;. Then, by [5, 3.10.], the restriction v|y, : U; — N is an open
mapping. By replacing U; with smaller open neighborhoods, we may assume that

Z ZC”@ (bj,m)dry (1<j<r)

1<k<I<d i€l
are linearly independent for any {(b;, 7;)}1<j<r € [[j_; U;. Since (j_, v(Uj;) is an
open neighborhood of N at 7y, there exists a point 7} € ﬂ;zl v(Uj;) such that N

is nonsingular at 7). Then, N/ = N \ Ny is a local irreducible component of N,
at 7. For (a,75) € v='(15) N Uj, we have (a},75) € S(75, N') and

Z ZC”(? (@}, 70)dmy (1 <5 <r)

1<k<i<d iel

are linearly independent. By Lemma 4.2, we conclude that dim N° < dim $g—r. O
Let m: 93 — A} = T'a\H4 be the quotient map. By Corollary 2.8, we have

7 (Prym, o, (Rg2n)) C Nu—y for n > 4, and dimo~" (1) = n — 4 for any 7, €

7 (Prymy . (Ryan)

Lemma 4.4. If n > 4 and 70 € 7~ (Prym,,, (Rg2n)), then S(10,N) = v~ (o)

for any local irreducible component N of N,_4 at 7.

Proof. When n > 5, by Corollary 2.8, v~!(7p) is irreducible of dimension n — 4.
Since
n—4 =dimv (1) > dimy ) (v ()N M) >n—4

)
for any irreducible component M of v=}(N) N S, and (z,79) € M, we have
v1) € M for any M € A(N), hence v™!(ry) C S(79,N'). When n = 4, by
Lemma 4.1, for M € A(N) and ¢,7 € I, there exists M; ; € A(N) such that

Mij={(2.7) € Clx $,]| (z—T(g) _A (2) 7)€ M)

By Corollary 2.8, we have v~ (1) C S(79,N). O
We define RY,, = Ri2,, and for g > 2,

RE o, = = {[C 4 Cl € Ryon | C is a hyperelliptic curve}.
Lemma 4.5. Let r (d+1) — 39 —2n+3. Forrg € 7' (Prym,,, (R],,)), there
exist
(Cl,l,To), ceey (CLT,T()) € ’1)71<7'0) = S(ATO, £T0)
and

fi2), ..., fr(2) € D CToi(z,m0) = H(Ary, Loy)
iel
such that quadmtz’cs

ZZ azk(?zl (a1)zr2, - Zzazk&zl a.)zkz € Clzy, ... 24]

k=1 l=1 k=1 l=1

are linearly independent.
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Proof. Since r = dim Ker (p3), by Corollary 3.3, there exist
(a1,79),...,(a,, 1) €v ) =S(A,, L)
and
O©1,...,0, € |L,]

such that mult(,, )©; = 2, and the defining quadratics of the tangent cones
To,(a;7) for 1 < j <1 form a basis of Ker (p2). Let

e P Coi(z,m) = H(Ar,, Lr,)
iel
be a defining section of ©; C A, . Then the defining quadratic of the tangent cone
2 £,

To,.(a;7) is given by S %(ar)zkzl € Clz, ..., 24). O
Lemma 4.6 (Heat equation, [2] Proposition 8.5.5.). Fori € I and 1 <k <1 <d,
020;
. (% (2,7).

(?zk@zl

Proof of Theorem 1.4. Let N be a local irreducible component of N,_4 at 79 €
7' (Prym,,, (R},,)). By Lemma 4.5 and Lemma 4.6, there exist (a;,7) €
v (1) and f;(z) € @,;c; Ci(2,7) for 1 < j < r such that the following quadrat-
ics are linearly independent:

Z 27.];1 (al)zkzl7"'7 Z %(ar)zkzl S C[zl,...,zd].

1<k<i<d

7) = 27V —1(1 + o) 00

aTkl

Hence, the cotangent vectors
0 0
Z afl a1 dil,..., Z 8f (ar)dil € @ Cdil
1<ket<a O TH 1<ket<d Y TH 1<k<i<d
are linearly independent. By Lemma 4.4 and Proposition 4.3, we have
dimN < dim$Hy —r = 3¢9 + 2n — 3.

Since R 2y is irreducible by [3, p138], there exist an irreducible component P of the
generalized Andreotti-Mayer locus N}, _, C A7 such that Prym,,, (Rg2.) C P.
Then, we have 77 }(P) C N, _4, and

dim P = dim,, 7 *(P) < dim,, N' < 3g + 2n — 3,

for some local irreducible component N of N;,_4 at 7 € 7~ ! (Prym, 5, (R},,)). On
the other hand, by Theorem 1.1, we have

dim P > dim Prym, 5, (Rg2n) = 39 + 2n — 3.

Hence, we conclude that P = Prym, 5, (Rg2n)- O
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