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Abstract. In this paper we prove that the S'-invariance of the Poincaré action
functional associated to the Lorentz force equation gives the existence of multiple
critical points which are periodic solutions with a fixed period. To do this,
we prove an abstract multiplicity result which is based upon the Lusternik-
Schnirelman method with the S'-index. The corresponding result in the context
of the Fadell-Rabinowitz index is proved in Ekeland and Lasry (Ann. Math.,
112 (1980)). The main feature of our abstract result is that it allows us to
consider nonsmooth functionals satisfying only a weak compactness condition
well adapted to the Poincaré functional.
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1 Introduction

In what follows R3 is endowed with the Euclidean scalar product “-” and with
the Euclidean norm “|-|”. Let T' > 0 be a fixed period. Let V : [0,7] x R® — R
and W : [0,T] x R® — R3 be two C'-functions. In this paper we consider the
Lorentz force equation (LFE) with the electric potential V' and the magnetic
potential W, namely
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are the electric and magnetic fields respectively, and E + ¢’ x B is the well
known Lorentz force. By a solution g of the LFE we mean a function ¢ =
(q1,92,93) : [0,T] = R3 of class C? such that |¢/(t)] < 1 for all ¢ € [0,7] and
which verifies the equation. In what follows we consider T-periodic solutions,

that is, solutions ¢ such that



Following Feynman [14] (see also [17]), the above equation is the relativistically
correct equation of motion for a single charge in the fields E and B. The Lorentz
force equation is first introduced by Lorentz [18] and Poincaré [22]. For more
details about the Lorentz force equation, see for example Lorentz’s paper [19].
On the other hand, in the Conclusions Section from Damour’s paper [10] we
can read that “one of the most important advances made by Poincaré [22] is
the relativistic electron Lagrangian
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Concerning the Lorentz force equation and the above Lagrangian introduced by
Poincaré we can read in [14] that: “The formula in this case of relativity is the
following:
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[...] This action function gives the complete theory of relativistic motion of a
single particle in an electromagnetic field.”

Next, it is proved in Theorem 6 [3] that a function ¢ : [0,7] — R? is a
T-periodic solution of the Lorentz force equation with the electric potential V'
and the magnetic potential W if and only if ¢ is a T-periodic Lipschitz function
with ||¢'||]c <1 and q is a solution of the variational inequality

/0 WI—IP - V- 7Pt + / Et,0,¢) = VoV ()] - (9 — q)it

T
+ / Wit,q)-(¢" —q)dt >0
0

for all T-periodic Lipschitz functions ¢ : [0,7] — R3 such that ||¢/]|ec < 1,
where € : [0,T] x R3 x R® — R3 is given by

E(t,q,p) = (p- Dy, W(t,q),p- Dg, W (t,q),p- Dg; W(t,q)).

This means more or less that 0 € 3S(q), or ¢ is a critical point of the Poincaré
action functional Z, associated to the Lorentz force equation with T-periodic
boundary conditions (see Theorem 4).

In this paper we consider autonomous potentials V and W, i.e. V : R3 — R
and W : R?® — R3, so both potentials are independent of the time variable. The
main remark is that in this case the action functional Z, is S'-invariant. Our
main result about the Lorentz force equation is roughly speaking as follows (see
Theorem 5). First, we assume that V is of class C2, V(0) = 0, V > 0 and
V' # 0 on R3\ {0}, and at infinity one has that

lim V(q)=10">0.
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Regarding the behaviour of the electric potential V' around the origin, we assume
that for some positive integer m and for some A > 0 one has

V(g) > Mgl

for all ¢ around the origin. Moreover, we only consider electric potentials V'
such that V" is bounded. For the magnetic potential W, we assume that W is
of class C? with W, W', W” bounded on R3. Then, we prove that there exists
A,, > 0 such that if A introduced above is such that A > A,,, then Z, has
at least 3m critical orbits at negative levels which are 2m-periodic solutions of
the Lorentz force equation. The constant A,, quantifies the interaction of the
electric potential V' with the magnetic potential W.

To prove that the Poincaré action functional has multiple critical orbits at
negative levels, we develop a Lusternik-Schnirelman theory with the S'-index
for nonsmooth functionals. First, we prove our abstract result for smooth func-
tionals satisfying only a weak Palais-Smale compactness condition (Theorem 2).
In this smooth context our result is a generalization of the classical Lusternik-
Schnirelman method with the S'-index or with the Fadell-Rabinowitz index (see,
for example, Theorem 1 [12], Theorem 6.1 [21], Proposition 10 [11]). The main
tool in the proof of our Theorem 2 is Ghoussoub’s location theorem [15, 16, 11].
To pass from the smooth case (Theorem 2) to the nonsmooth case (Theorem 3),
we use the Ekeland-Lasry regularization procedure (Lemma 7 in [12]). For other
results about periodic solutions of the Lorentz force equation via the Lusternik-
Schnirelman method applied to the Poincaré action functional, see [4, 6, 8, 9].
In the newtonian situation, for results concerning periodic solutions of nonlin-
ear bounded perturbations of the operator u — u” see for example [1]. For
a good introduction to the Lusternik-Schnirelman theory, see the monographs
[2]-Chapter 9, [11]-Chapter 5, [21]-Chapter 6, [16]-Chapter 7.

The paper is organized as follows. In Section 2 we prove our abstract result
(Theorem 2) . In Section 3 we introduce the Poincaré action functional on the
Hilbert space H} and prove the suitable compactness condition in the context
of H}, that is, Proposition 1. In Section 4 we prove the main result concerning
periodic solutions with a fixed period of the Lorentz force equation (Theorem 5)
that was described above.

Acknowledgements. We are grateful to the anonymous reviewers for their
important remarks and suggestions which considerably improve the quality of
the paper.

2 Sliinvariant nonsmooth functionals

In this section (X, (-,-)) is a real Hilbert space and (Y,]| - ||y) is a real Banach
space such that X C Y and the canonical injection i : (X, | - [|x) = (Y, - llv)
is a compact operator. Next, we consider the functional Z : X — (—o0, 0]
satisfying the following hypothesis:

(H) Z=V+ F, where F € C}(X,R) and ¥ : X — (—o0, +00] is a convex



lower semicontinous functional with a nonempty domain, i.e.
D(¥) = {g € X : W(q) < +oc} # 0.

The dual of X is denoted by X*, and for any g € X, using the Riesz Represen-
tation Theorem, there exists a unique element V.F(q) € X such that

Fl(@le] = (VF(q),p) forall p € X.

2.1 Critical points and compactness conditions

For any ¢ € D(¥), we consider the subdifferential of ¥ at ¢ (see [13]) given
by

OV(q) ={f" € X" : ¥(p) = ¥(q) = f*[p — gl for all p € D(¥)}.
It follows that for any ¢ € D(¥), one has
0Z(q) = F'(q) + 0%(q) = {F'(q) + [ : f* € 0¥(q)}.

Notice that, by the Riesz Representation Theorem, 0¥ (q) and 0Z(q) are subsets
of X for every ¢ € D(¥). A point ¢ € X is a critical point of Z if ¢ € D(¥)
and

0 € 9Z(q),

or, equivalently,
—F'(q) € 0%(q),

or, equivalently, the following variational inequality holds:
U(p) —¥(q) + F(q)[p — q] = 0 for all p € D(¥).

A (PS)-sequence at the level ¢ € R for 7 (see [23]) is a sequence (g,) C D(¥)
such that Z(g,) — ¢ and there exists a sequence (g,,) C [0,00) having the
property that £, — 0 and, for every n € N, one has

() = U(gn) + F'(qn)le — qn] > —enlle — qn for all € D(V).

A (PS)*-sequence at the level ¢ € R for 7 (see [23]) is a sequence (g,) C
D(V) such that Z(g,) — c¢ and there exists a sequence (f;f) C X* having the
property that || f*]| — 0 and, for every n € N, one has

f;: € 3I(qn),

or, equivalently,

V() = U(gn) + F'(an)le = an] = f3 [ — gn] for all p € D(V).

We need the following result (see Lemma 1.3 in [23]).



Lemma 1 Consider a convex lower semicontinous function x : X — (—o0, +00]
with x(0) = 0. Assume that

x(q) = —|\q|| for all ¢ € X.
Then, there exists f* € X* with ||f*|| <1 and
x(q) > f*lq] for all g € X.

Lemma 2 Consider a sequence (g,) C D(¥) and ¢ € R. We have that (¢,,) is
a (PS)-sequence at the level ¢ for T if and only if (¢n) is a (PS)*-sequence at
the level ¢ for T.

Proof. Assume that (g,) is a (PS)*-sequence at the level ¢ for Z, i.e. Z(g,) — ¢
and there exists a sequence (f;) C X* having the property that || f¥|| — 0 and,
for every n € N, one has

U(p) = ¥(gn) + F'(an)lp — an] = frle — ¢u] for all p € D(T).
For any n € N, one has that
[falz]l < [l £2llll=]] for all z € X.
In particular,
fale —an] = = f3lllle — anl| for all ¢ € D(V).
It follows that

U(p) = W(gn) + F' (@)l — an] = =71l — gnll for all p € D(V),

and (g,) is a (PS)-sequence at the level ¢ for Z by just taking €, = || f¥]| (n € N).

Next, assume that (g,) is a (PS)-sequence at the level ¢ for Z, i.e. Z(g,) — ¢
and there exists a sequence (g,,) C [0, 00) having the property that ¢, — 0 and,
for every n € N, one has

\II(SO) - \II(Q’G) + ]:/(Qn)[@ - Qn] > —€n||<,0 - Qn” for all TS D(\I/)

If €, = 0, we take f = 0. Now consider ¢, > 0 and x : X — (—o00,+00] given
by
X(@) = &, (2(g + gn) — ¥(gn) + F'(an)la) (g € X).

It is clear that x is convex, lower semicontinuous, x(0) = 0, and
x(q) = —llq|l for all g € X.
Hence, using the above Lemma 1, there exists g;; € X* with [|g;;|| < 1 and
x(q) = gplq] for all ¢ € X.
If we take [ =¢e,g%, we have ||| — 0 and, using that
enX( = an) = frlp — qn] for all € D(V),

the conclusion is now clear. [ |



2.2 Ekeland-Lasry regularization procedure

The following result, which is one of the main tools in this paper, is due to
Ekeland and Lasry, Lemma 7 [12].

Lemma 3 Assume that T is bounded from below and the following assumption
holds true:

(*) There exists a > 0 such that the function
D(¥) 3 ¢ — Z(q) + |/q||* € (—00, ) is conver.

Consider 0 < e < o™, and let T. : X — R be given by
I.(q) = inf (¢ o — all* + Z())-
peX

The functional Z. satisifes the following properties:
(EL1) I. € CY(X,R);
(EL2) for all g € X, one has that

inf7 < Z-(q) < Z(q);

(EL3) for a fized q € X, one has that
Ii(q) = 0+ [q € D(¥),0 € 9L(q)] & Z-(q) = Z(q).

Moreover, consider the function v : X — X given by
€
19) =a—-5VI(a) (¢€X).

Then, for any q € X, one has that v(q) € D(¥), and
(BEL4) Z(v(q)) = Z(q) — e Hla = ()
(EL5) 2e~'(q —v(q)) € 9Z(v(q))-

Proof. (EL2) is relation (41) in Lemma 7 [12]. (EL3) is relation (42) in Lemma
7 [12]. Our function « is the function ¢ introduced in Step 1 of the proof of
Lemma 7 [12]. The formula for v given above is relation (63) in Step 2 of the
proof of Lemma 7 [12]. (EL4) is relation (47) in Step 1 of the proof of Lemma
7 [12]. (FL5) is relation (48) in Step 1 of the proof of Lemma 7 [12]. |

Given ¢ € R, we say that 7 satisfies the weak Palais-Smale condition at
the level c (for short, (wPS).-condition) (see [3, 4]) if for any sequence (gy,)
from D(¥) which is a (PS)-sequence at the level ¢, there exists a subsequence
(gn,,) converging in Y to a critical point ¢* of Z such that Z(¢*) = ¢, that is ¢*
is a critical point of Z at the level ¢ and ||¢,, — ¢*||y — 0.

Given ¢ € R, we say that Z. satisfies the weak Palais-Smale condition
at the level c if for any sequence (g,) from X such that Z.(¢,) — ¢ and
Z.(qn) — 0, there exists a subsequence (g, ) converging in ¥ to ¢* € X such
that Z.(¢*) = ¢ and Z.(¢*) = 0.



Lemma 4 Consider ¢ € R such that T satisfies (wPS).-condition. If 0 < e <
a~t, with o given in (x), then Z. satisfies (wPS).-condition.

Proof. Consider a sequence (g,) C X such that
Z.(qn) — c and Z.(g,) — 0.

For any positive integer n, we consider

On =), Un=2""(qn — on)

Using Lemma 3 - (E'L4), we have that

Z(en) = Z(v(qn))
= Z.(qn) — & Hlgn — (an)II?
= T.(¢n) — £ lgn — ¢ul®
= Z(qn) — 7 llunl®

Using Lemma 3 - (EL5), we have that

267 (gn —(an)) € OZ(7(qn)),

that is
U, € OZ(pn).

But, from the definition of , one has that

VI.(qn) = 25_1(‘]71 = 7(gn)) = tn,

80 up, — 0 and Z(p,) — c. We deduce that (¢,,) is a (P.S)*-sequence of Z at the
level ¢, and using Lemma 2, it follows that (¢y,) is a (PS)-sequence of Z at the
level ¢. But 7 satisfies (wPS).-condition, so there exists a subsequence (g, )
and ¢* € D(¥) such that Z(¢*) = ¢, 0 € 0Z(q*), and ||¢n, — ¢*|ly — 0. Then,
using Lemma 3 - (EL3), we deduce that Z.(¢*) = ¢, Z.(¢*) = 0, and Z. satisfies
(wPS).-condition. |

2.3 Benci’s S'-index and Ghoussoub’s location theorem

In this subsection we recall some known results.
First, we introduce Benci’s S'-index (see [5, 21]). Consider

S'={zeC:|z| =1},

which is a compact topological group with the multiplication of complex num-
bers. We identify the reals mod 2, that is R/2m, with S* by 6 <> €*. Thus,
the group (R/2m, +) is identified with (S?,-). We consider a real Banach space
X, and we denote by B(X') the Banach space of all bounded linear operators



acting on X endowed with the usual operator norm. We recall that an oper-
ator A € B(X) is called an isometry if ||Az| = ||z| for all x € X. Next, a
representation of S! over the Banach space X is a function

L:S'" = BX): 60— L)
having the following properties:
L(0) = id,

L(91 + 92) = L(91)L(92) for all 64,605 € Sl,
St x X > (0,z) — L(§)x € X is continuous.

A subset A of X is invariant under the representation L if L(6)A = A for all
6 € S. A representation L of S! over X is isometric if L(f) is an isometry
for all # € S'. A mapping R between two invariant subsets of X under the
representation L of S' is equivariant if

RoL(0)=L(0)oR forall € S*.

Consider
C={AC X:Aisclosed and invariant}.

The S'-index associated to the isometric representation L is the function
ind:C — NU{+o00}: A+ ind(A)

defined as follows: for A € C, the S'-index of A is the smallest integer k such
that there exists n € N\ {0} and ® € C(A4,C* \ {0}) with

O(L(O)x) = D (z) for all € S,z € A.
If such a mapping does not exist, then we define
ind(A4) = +o0.

Finally, we define
ind(0) = 0.

The mapping “ind” defined above is an index for the representation L, that is
it has the following properties:
(i) ind(A) = 0 if and only if A = §;
(ii) if R: Ay — As is equivariant and continuous, then
ll’ld(Al) S il’ld(AQ);
(iii) if A € C is compact, then there exists N € C with A C int(N) and

ind(N) = ind(A);



(iv) for all Ay, Ay € C, one has that
ind(A1 @] AQ) S iIld(Al) + lnd(Ag)

Next, we introduce Ghoussoub’s location theorem (see [15, 16, 11]). A func-
tional J : X — (—o0, 0] is invariant for the representation L of S' over X
if

JoL(#)=J forall § € St

From Lemma 7 in [12], one has the following result.

Lemma 5 Under the assumptions of Lemma 3, if T is invariant, then Z. is
invariant for any 0 < e < o~ %

A class G of compact invariant subsets of X is stable by equivariant homo-
topies if for any A € G and h € C([0,1] x X, X) such that h(s,-) is equivariant
for all s € [0,1] and h(0,-) = id, one has h(1,A) € G.

Theorem 1 Consider a class G of compact invariant subsets of X which is sta-
ble by equivariant homotopies, and let J : X — R be a C' invariant functional
such that
c¢:= inf maxJ > —oo.
Aeg A

Assume that F is a closed invariant subset of X such that for all A € G, one
has that

e ANF #0,

e sup J > c.
ANF

Then, there exists a sequence (x,) in X such that
J(xp) =, T(x,) —0,
and one has the following localization:

dist(z,,, F) — 0.

2.4 Lusternik-Schnirelman method with the S'-index and
weak compactness

Computations with the S'-index

In this subsection we work in the abstract setting we have introduced. Let L
be an isometric representation of S* over the Banach space Y such that L(0)X =
X for all € S*, and L|x = {L(0)|x }ges: is an isometric representation of S*
over the Hilbert space X with the associated (to L|x) S!-index also denoted as
above by “ind”. Consider

Fix(SH ={y €Y : L(#)y = y for all § € S*},



and assume that
Fix(S') C X.

For any y € Y, the orbit of y is given by
Oy) = {L(O)y: 6 € S'}.
For every y € Y and ¢ > 0, we consider
O%(y) = {z € Y : disty (2, O(y)) < 6}.

Notice that O(y) is compact invariant in Y, and O%(y) is closed invariant in Y.
For any ¢ € X, one has that O(q) C X, but ©O%(q) CY (6§ > 0). It is clear that

ind(O(q)) = +oo for all ¢ € Fix(S).
Moreover, if ¢ € X \ Fix(S!), then the 2w-periodic continuous function
S'30— LO)geX

is not constant, so it has a minimal period 7™ > 0, and there exists a positive
integer n such that 2r = nT™. Thus, for any positive integer j, the function

O(q) > L(8)q — 7" ¢ C\ {0}, 6 € S,
is well-defined and continuous. Hence, in particular, it is clear that
ind(O(q)) = 1.
The next result is a generalization of this remark.

Lemma 6 Ifqi,...,qn € X \ Fix(S!), then there exists § > 0 such that
U ©(gy) nFix(s') =0, ind | [JO(g)nX | =1.
j=1

Proof. First, it is clear that there exists &’ > 0 such that O (¢;) N O% (q) = 0
forall1 < 57 <k < m. For j = 1,....,m fixed, we consider the 27-periodic
continuous function

S50 L(O)g; € X CY.

Using that ¢; ¢ Fix(S!), the above function is not constant, so it has a minimal
period T; > 0, and there exists a positive integer n; such that 2r = n;T;.
Consider n = ning - - - n,, and the || - [|[y-continuous function

d:| JO(g) = C\{0} : L(O)g e 1<j<m, S

-

j=1

10



Using Tietze’s extension theorem, there exists a || - ||y-continuous function P :
Y — C such that & um L 0(g;) = ®. Now we define the continuous function
A:Y - Chby

1 27

A(y) e~ 0D (L(0)y)de for all y € Y.

= g )
For any 7 € [0,27] and y € Y, one has that

1 2

AL(r)y) = o ; e~ " D(L(0)L(7)y)do

1 2

= L [T a1 4 ryy)an
2T 0

1 27+T1

o) € (L(t)y)

— ein‘rA(y).
In particular, for y = g; with 1 < j <'m, one has that
A(L(T)g;) = €™ A(qy) = €™ = ®(L(7)g;),

that is

A(q) = ®(q) forallge | JO(q)).
j=1
We claim that there exists § < ¢’ such that A(q) # 0 for all g € U}"Zl(?‘s(qj) NnX.
Assume by contradiction that our claim is not true. Then, for all positive
integers k > §’~1, there exists v, € U;»”:l(’)l/k(qj) N X with A(vy) = 0. Let
up € UJL,0(g;) be such that [jvg — uglly < 1/k. Passing to a subsequence,
there exists u € U7, 0(g;) such that [luy — ul|x — 0, and so [Jvx, — ully — 0.
Hence, A(vy) — A(u) and A(u) = ®(u) = 0, contradicting the definition of ®.
Thus, A : U;n:105(qj) NX — C\ {0} is a || - || x-continuous function such that
A(L(0)q) = e™A(q) for all ¢ € U;”Zl(?‘s(qj) N X, 6 € S, which implies that
ind(szlO‘S(qj) N X) = 1. Now the other conclusion is clear. |

The smooth case
Next, consider an invariant functional 7 € C'(X,R), and for any positive
integer j we define

G; ={A C X : A compact, invariant with ind(A4) > j}
and the associated Lusternik-Schnirelman levels,
¢; = inf maxJ.

Aeg; A

11



Using property (ii) of the S'-index, it follows that the class G; is stable by
equivariant homotopies for any positive integer j. Notice that ind(O(0)) = +oo0,
so O(0) € G, and ¢; < J(0) for all positive integers j. Hence, it follows that

—00< e <ep < < J(0).
For ¢ € R, we consider the set of critical points of J at the level ¢,
Ke={qeX:J(q)=¢,T(qg) =0}
Notice that since J is invariant, it follows that if ¢ € K., then O(q) C K.. We
say that O(q) is a critical orbit of J at the level c.
Theorem 2 Let J € CY(X,R) be an invariant functional.

o If for some positive integer j one has that c; > —oo and J satisfies
(wPS).,-condition, then K., # 0.

o Moreover, if for some positive integers j < k one has that ¢; = ¢, = ¢ >
—00, J satisfies (wPS).-condition, and K. NFix(S1) = 0, then there exists
a sequence (¢,) C X such that U,,O(q,,) C K. and O(gm) N O(gq,) =0 for
all positve integers m,n such that m # n, that is, there exists a sequence
of distinct critical orbits of J at the level c.

Proof. We consider a positive integer j such that c¢; > —oo and J satisfies
(wPS),,;-condition. Using Ghoussoub’s location theorem, that is Theorem 1,
with F' = X and G = §;, it follows that there exists a sequence (g,) C X such
that
j(Qn) chv jl(Qn) — 0.

Using that J satisfies (wPS).,;-condition, passing to a subsequence it follows
that there exists ¢ € X such that ||g, —q|ly — 0, J(¢) = ¢;, and J'(¢) = 0. In
particular, ¢ € K., so K., # 0.

For the second assertion, assume by contradiction that K. contains only a
finite number of orbits O(q1), -, O(q;). Now let 6 > 0 be given by Lemma 6,
so one has that

l l
J ©°(gm) NFix(S') =0, ind ( U 05(qm)OX> =1

m=1 m=1

Consider in X the invariant set F' given by
F={geX: disty(q,Ul _,0(gm)) > 6}.

Using that the canonical injection from X into Y is a compact operator and
F=Xn (disty (-, Up,—10(am))) ' [6,00),

it follows that F' is closed in X. Notice that by our assumption,

FNK,=0.

12



For any fixed A € G, it is clear that
AC(ANF)U(U,_10%(gm) N X),
and using property (iv) of the S'-index we deduce that
j <k <ind(A) <ind(ANF)+ind(U,_;0°(¢m) N X) =ind(ANF) + 1,
which implies that
ind(ANF) > j,

so ANF #0, ANF € Gj, and Ijla})gj > ¢;j = c. Using Ghoussoub’s location
n

theorem, that is Theorem 1, with F' defined above and G = G, it follows that
there exists a sequence (u,) C X such that

T (un) = ¢, JT'(up) =0, and distx (un, F) — 0.

Using that J satisfies (wPS).-condition, passing to a subsequence it follows
that there exists u € X such that ||u, —ully — 0, J(u) = ¢, and J'(u) = 0. Let
(vn) C F be a sequence in F' such that ||u, —v,||x — 0, hence ||v, — ully — 0.
Using that disty (-,U!,_;O(¢n)) is a continuous function on the Banach space
(Y, |l - lly) and u € X, it follows that v € F and O(u) C F N K, contradicting
FN K, =0. Thus, the second assertion is proved. [ |

Remark 1 The above result, that is Theorem 2, holds true without any change
in the proof if X is a Banach space. We need X to be a Hilbert space in order
to use the Ekeland-Lasry result (Lemma 3).

The nonsmooth case

Now let us return to our nonsmooth functional Z = ¥+ F which satisfies the
main hypothesis (H), and assume that the functionals ¥ and F are invariant
(under the isometric action L|x of the compact group S* over the Hilbert space
X). For a fixed real number ¢ € R, we consider, as in the smooth case,

K.(T)={q€ X :Z(q) = ¢, q is a critical point of Z}.
Moreover, we consider
K(I) ={q € X : qis a critical point of Z}.

Using that ¥ and F are invariant, it is easy to prove that if ¢ € K.(Z), then
O(q) C K (Z). As in the smooth case, for any positive integer j, we consider
the Lusternik-Schnirelman levels associated to the nonsmooth functional Z,

¢ (1) = Aigéj sbllpI.

One has that



Moreover, following Ekeland-Lasry [12], we consider the set
N={qge X :Z(q) <0}.

Our main abstract result, which will be applied to the Poincaré action functional,
goes as follows.

Theorem 3 Assume that the invariant nonsmooth functional Z is bounded from
below, satisfies (H), the Ekeland-Lasry condition (), Z(0) = 0, there exists some
w < 0 such that T satisfies (wPS)q-condition for all d < w, and

Fix(SY) N QN K(Z) = 0.
Consider 0 < e < a1,

e One has that K. (1.)(Zc) = K.;(z.)(Z) is a nonempty set for all positive
integers j such that ¢;(Z.) < w.

e Moreover, if there exist positive integers j, k such that
Jj <k andc;(Z;) = cp(Ze) < w,
then K. (1.y(Z) contains infinitely many orbits.

e In particular, if for some positive integer k one has that cx(Z:) < w, then
K(I) contains at least k orbits at negative levels.

Proof. From Lemma 3 - (EL1) it follows that Z. € C'(X,R), and using Lemma
7 in [12], we have that Z is invariant. Moreover, using Lemma 4 and Lemma 3 -
(EL2) we deduce that Z. satisfies (wPS)4-condition for all d < w. Now the first
and second parts of the proof follow immediately from Theorem 2 and Lemma
3 - (E'L3). The last part follows from the two previous parts. [ |

We recall the following result (see Proposition 5.3 in [21]).

Lemma 7 Let Z be a finite-dimensional invariant subspace of X and let D be
an open bounded invariant neighbourhood of 0 in Z. If Z NFix(S') = {0}, then

ind(0D) = %dim(Z).

From the above Lemma 7 and our main abtract result, Theorem 3, we deduce
the following important result.

Corollary 1 Assume that the invariant nonsmooth functional I is bounded
from below and satisfies (H), the Ekeland-Lasry condition (x), Z(0) = 0, there
exists w < 0 such that T satisfies (wWPS)q for all d < w, and Fix(S1) N QN
K(Z) = 0. Let Z be a (2k)-dimensional invariant subspace of X such that
Z N Fix(SY) = {0}, and let D be an open bounded invariant neighborhood of
0 in Z with supgpZ < w. Then, K(Z) contains at least k orbits at negative
levels.

14



Proof. Using Lemma 7, we deduce that ind(0D) = k. But supypZ < w, so
using Lemma 3 - (EL2), one has that r%%XIE < w, which together with 9D € G,

implies that ¢, (Z.) < w. Now the result follows from the last part of Theorem 3.
|

3 Poincaré action functional on Hj

3.1 Function spaces

We denote by Cr the Banach space of continuous functions ¢ : [0, 7] — R3 with
q(0) = ¢(T'), endowed with the usual norm

[lq]|cc = max|q| for all ¢ € Cr.
(0,77

The norm in L>(0,7) will also be denoted by ||-||sc. If W1°°(0,T) denotes
the space of all real valued Lipschitz functions in [0,T] (or, equivalently, the
absolutely continuous functions on [0,7] with bounded derivatives a.e.), we
consider the Banach space

W™ = {g € W"(0,T) : 4(0) = ()}
endowed with the usual norm || - 1,00 given by
lgllo0 = lalloe + ll¢'lle  (a € W7™).

The Sobolev space H# is the space of functions ¢ € L?(0,T;R3) having a weak
derivative ¢’ € L?(0,T;R3) and which are T-periodic, that is ¢(0) = ¢(T), or,
equivalently, the space of absolutely continuous functions ¢ : [0,T] — R3 with
q' € L*(0,T;R3) and which are T-periodic. The Sobolev space H# is a Hilbert
space with the inner product

T
(alo)rz = / la(t) - o(t) + ¢'(8) - (D),

and we shall denote the corresponding norm by || - ||1,2. Notice that W}’Oo C Hk
continuously and the Arzela-Ascoli theorem implies that H}. C Cr compactly.
3.2 The nonsmooth part of the action functional
Consider

D(V.) = {q € Wr™: |l <1},
and ¥, : H}. — (—o00, +00] given by

) /0[1—\/1—|q’(t)\2]dt, it g € D(W.),

+00, if g€ HL\ D(¥,).

15



Following [20, 7] one has the following result:

Lemma 8 (i) The set D(¥,.) is convex and closed in Cr. Moreover, if (gy) is
a sequence in D(V,) converging pointwise in [0,T] to a continuous func-
tion q : [0,T] — R3, then ¢ € D(¥,) and ¢/, — ¢ in the w*-topology
o(L=, LY).

(ii) If (gn) is a sequence in D(¥,) converging in Cr to q, then ¢ € D(¥,) and

U, (q) < liminf ¥, (g,).

n— 00

In particular, the functional U, is weakly lower semicontinuous and conver
on H}

3.3 The smooth part of the action functional
Let F. : H}. — R be given by

T
Fulg) = / (¢/(6) - W(t.q(t) — V(. q(t)ldt  for all g € H}.

It is standard to prove (see [21]) that if V' : [0, T]xR3> — R and W : [0, T| xR? —
R? are C! functions with W(0,-) = W(T,-), then F, € C'(H},R), with

T
Fu)lyl = /(S(t,Q(t)’Q’(t))—VqV(M(t)))%P(t)dt

0
T
) W(t,q(t)) - ¢ (t)dt

for every ¢, € H}., where £ : [0,7] x R? x R® — R3 is given by
E(t,q:p) = (p- Dy W(t,9),p - Do W (t,9), p - Do W (2, 9))-

3.4 The action functional

The action functional on HL (see [3] for W™ case) associated to the LFE
with the electric potential V, the magnetic potential W, and periodic boundary
conditions on [0,T7] is given by

Z.: Hp — (—00,400], I, =V, + F..

One has that Z, satisfies (H), hence a point ¢ € H1 is a critical point of Z,
if g € D(V,) and

V() = ulg) + Fila)lp — gl =2 0 for all p € D(,),

16



or, equivalently,

T

/0 WI—10P - V1= 7 Pldt + / E(t,0.¢) - VoV (1, )] - (9 — g)at

T
+/ W(t,q) (¢ —q')dt >0 forall p € D(¥,).

0
We need the following important result (see Lemma 14 in [20]). For ¢ €
L'(0,T;R?), we denote

1 (T
q= = t)dt.
=7 [ a®

Lemma 9 For every f € L'(0,T;R3), there exists a unique gy € W1(0,T;R3)
such that ||¢f|lec <1 and

!

=qr+f qr(0)=qs(T), q3(0) = q;(T).

/

4
/1= ldsl?

Moreover, ¢y is the unique solution ¢ € D(V,) of the variational inequality

T T
/0wl—|qf|2—w—ww]dtwa-(@—aw/o J-(p—aq)dt >0
for all ¢ € D(V.,,).

Using Lemma 9 and the same strategy as in the proof of Proposition 1 in [7]
(see also Proposition 1 in [20] and Theorem 6 in [3]), we have the following key
result.

Theorem 4 A function q¢ € H3. is a T-periodic solution of the LFE with the
electric potential V' and the magnetic potential W if and only if q is a critical
point of the action functional Z,.

In the following result we introduce the weak compactness property of the
Poincaré action functional on Hx. For the W%’Oo situation see Lemma 6 in [3].

Proposition 1 Assume that any (PS)-sequence (q,) of Z. at the level ¢ € R is
such that (Gn) is bounded. Then, T, satisfies (wPS).-condition with respect to
Cr.

Proof. Let (¢,) C D(¥,) be a (PS)-sequence of Z, at the level ¢ € R. Using
that (g,) is bounded, it follows that (g,,) is bounded in W%’OO and passing to a
subsequence we can assume that ||¢ — ¢n|lcc — 0 as n — oo for some ¢ € Cr.
From Lemma 8 we deduce that ¢ € D(0.,,), U,(q) < 1inn_1>ior<1>f U.(qn), and ¢/, = ¢

in the w*-topology o(L>, L'). It follows that
T T
im [Vt qn)dt = / V(t, q)dt.
0

n— oo 0

17



Moreover, for any positive integer n, we have

T T
/ dh - (W(t.g) — W(t)dt| < / gL] (W (t, gn) — W (t, )]t
0 0

IN

/0 W (t, gn) — W (t, g)ldt.

which implies that
T
lim [ g, - (W(t,q,) — W(t,q))dt = 0.

n—0o0 0

Next, using that W (-,q) € L>(0,T;R?) we deduce that

T T
i [ Witad= [ W,
hence
T T
lim [ g W(t,q,)dt = / q Wit q)dt
and
Jim . (gn) = Fu(q)-
Analogously, one has
T
lim (g(tv dn, q;z) - qu(ta qn)) : (90 - Qn)dt =

n=o0 Jo
/OT(S(tvq, q) = VV(t,q) (¢ —q)dt forall p € D(V,),
and we deduce that
Jim F(gn)le — gn] = Filg)lp —q] forall o € D(T,).

We recall that Z.(¢,) — ¢ and we consider a sequence (g,,) C [0, 00) having the
property that £, — 0 and, for every positive integer n, one has

() = Walgn) + FLlqn)le — qn] = —enlle = qull1,2 for all p € D(W,,).

If we take n — oo, we deduce that ¢ is a critical point of Z,. Moreover, taking
i = q it follows that

U, (q) — Vilqn) + Fi(qn)[g — qn] > —enllg — qnll1,2 for all positive integers n,

and taking n — oo it follows that ¥, (q) = lim U.(gn), so ¢ = Z,(q). The proof

n—oo
is completed. ]
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4 Main result

For convenience, we take our fixed period to be T = 2m. Let L : S — B(Ca;,)
be given by

(L(0)q)(t) = q(t +6) forall@ € St € R, q€ Cop.

One has that L is an isometric representation of S* over the Banach space Coy.
Notice that

Fix(S') =R* c Hj,.
Moreover, it is clear that (L(0)|g; )eest is an isometric representation of St
over the Hilbert space Hs. . The nonsmooth part of the Poincaré action Z,, that

is WU,, is invariant under the representation L. In this section we consider the
Lorentz force equation with autonomous electric and magnetic potentials, so

V:R* SR, W:R®— R

This implies that the smooth part of the Poincaré action Z,, that is F, is
invariant under the representation L.

Lemma 10 Assume that the conditions

o (V1) V is of class C? on R3, V(0) = 0, V. > 0 on R3\ {0}, V' # 0
on R3\ {0}, V" is bounded on R3, and there exists I* > 0 such that
lim|q|_>oo V(q) =[*.

o (W1) W is of class C* on R® and W, W', W" are bounded on R3.

are satisfied. Then, the action I, satisfies the Ekeland-Lasry convezity condition
(), that is, there exists a > 0 such that the function

D(¥.) 3 g~ L(q) + g, € R
18 conves.
Proof. Using (V1), let oy > 0 be such that the function
R*3 g —V(g) +aulg® €R

is convex. But, for any ¢ € HJ_, one has that

21

— I V(@®)dt + arllal? s = fyT(=V(a(t)))dt
+ar [T (@) + g/ @)12)dt = [ (=V (q(t)) + oalg(t)]?)dt
+ar [T g (1),
and then we deduce that

2

Hy.2q—— [ V(gt))dt+ aulq|i, €R
0
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is convex. Next, for a fixed constant as > 0, we consider the function H, :
W, — R given by

21
Halq) = / ¢(8) W(g(t)dt + asllq)?, for all g € Wh™.
0

One has that H, € C’Q(W217’T°°, R), with the second order derivative given by

2m
M)l ¥] = /O q'(t) - W (q(t)[p(t), (t)]dt

/] W' () - W (q(1))[o(t)]dt

2
4 / () - W q(t) [ ())dt
0

205 (ip|h)1.2 for all ¢, 0,1 € Wy ™,

+

which implies that
H(Qlp—q,0—q = /0 ’ q'(t) - W"(q(t)le(t) — q(t), p(t) — q(t)]dt

27
+ 2/0 (@' (t) = d' () - W' (a(t))[p(t) — q(t)]dt
+ 2as]lp — qug for all ¢, € W, ™.

Using (W), we consider two positive constants ¢; and cg such that [|[W/(q)|| < ¢1
and ||[W"(q)|| < cq for all ¢ € R3. Then, for any ¢, € D(¥.), one has

2m
/O q'(t) - W (q(t)[p(t) — q(t), (t) — Q(t)]dt‘ < ealle —dllfs < c2llo —alli

and, on the other hand

IN

aille’ — d'llezlle — qll 22

[0 - dwy waien - q(t)]dt]

< alle —allf
It follows that for ao > 0 sufficiently large one has
Hi(@)le — ¢, —q) =0 forall g, € D(T.),

which implies that H, : int(D(¥,)) — R is convex. This together with the
continuity of H, implies the convexity of H, on D(¥,).
Thus, if « is sufficiently large, then the function

D(¥.) 3 g+ Filq) +allgf, € R
is convex, which together with ¥, being convex on D(¥,) implies the conclusion.
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Lemma 11 If the conditions (V1) and (W1) are satisfied, then the action T, :
Hl — (—00,+00] is bounded from below and satisfies (wPS).-condition with
respect to Cay for any ¢ < —2mw(I* 4 sup |W|).

R3

Proof. First of all, notice that from (V7) it follows that V is bounded. Moreover,
from (W) it follows that for any ¢ € D(U,.), we have

21
/ ¢ (8) - W(q(t))dt| < 2msup [W| < oo,
0 R3

so Z. is bounded from below on Hj,_ . Next, consider ¢ < —2m(l* + supgs |W|),
and let (g,) C D(¥,) be a (PS)-sequence at the level c. Assume that (g,) is
not bounded, and passing to a subsequence assume that [g,| — oo. Consider
the decomposition ¢, = G, + ¢, and notice that ||¢n|lcc < 27 for any n € N.
Thus, using (V1) we deduce that

2

V(gn(t))dt — 2wl* as n — oo.
0

On the other hand, for all n € N, we have that

T(g) = / - TP -

2
—27rsup|W|—/ V(gn)dt
R3 0

2m

2
V(gn)dt + / @y, - Wgn)dt
0

Y

Letting n — oo it follows that ¢ > —27(I* +supgs |W]), a contradiction. Hence,
(@n) is bounded and the conclusion follows using Proposition 1. ]

Lemma 12 Assume additionally that the following condition holds true.

e (Vo) There exist A > 0, and ro > 0 such that V(q) > Ngq|? for all ¢ € R?
with |q| < rp.

Consider m € N and

Zm =Y _[cos(jt)a; +sin(jt)b;] : aj,b; € R®, 1< j <m o,
j=1

and

D={q€ Zm:lldlle0 <7},
where v < min(rg,1). Then, Z,, is a (6m)-dimensional invariant subspace
of Hi. such that Z,, N Fix(S') = {0}, and D is an open bounded invariant
neighbourhood of 0 in Z,. Moreover, there exists Ay, (I*, W) > 0 such that if
A> A, then

supZ, < —27(I* 4 sup |W|).

oD R3
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Proof. One has that Z,, is invariant due to the trigonometric formulas

cos(z 4+ y) = cos(z) cos(y) — sin(z) sin(y),
sin(z + y) = sin(x) cos(y) + cos(z) sin(y).

Thus, all we have to prove is that Z.(q) < —2m(I* + supgs |W]) for all ¢ € 9D
and for all A large enough. Using that » < 1, one has D C D(¥,), and using
that

1—v1-3s2<s* forallsel0,1],

and

27 27
mg/ lq(t)|?dt > / l¢'(t)|?dt for all ¢ € Z,,,
0 0

from (V) and (W7) we deduce that for all ¢ € D,

27
I.(g) = / 1 /I [gOFdt—

2m
< (m2—)\)/ () dt + 27 sup [W].
0 R3

2w

27
V(g(t))dt + / ¢ () - W(q(t))dt

Let v, > 0 be such that
llgllz2 > Ymllal|l1,00  for all ¢ € Zp,.
It follows that for all ¢ € D, one has that

Z.(q) < (m? = \)2my,r® + 2w sup W],
R3
and the conclusion follows. [ |

Remark 2 The constant A,, quantifies the link between the behaviour of the
electric potential V' around the origin and the behaviour of the electric potential
V' at infinity together with the magnetic potential W.

Lemma 13 Consider the set
Q. = {q € Hy, : T.(q) < 0}

Then, we have that
Fix(S') N Q. N K(Z.) = 0.

Proof. Assume that there exists ¢ € R?® = Fix(S!) such that ¢ is a critical
point of Z, and Z.(q) < 0. From Theorem 4 it follows that ¢ is a solution of
the Lorentz force equation, that is V'(¢) = 0, a contradiction. The proof is
completed. [ ]
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Our main application goes as follows.

Theorem 5 Suppose that the assumptions (V1,2) and (W1) hold true. For any
m € N there exists Ay, > 0 such that if X in (Va) satisfies A > Ay, then I, has
at least 3m critical orbits at negative levels, which are 2mw-periodic solutions of
the Lorentz force equation.

Proof. The result follows from Theorem 4, Corollary 1, and Lemmas 10, 11, 12,
13. |

Example 1 For any A > 0 one has that

lim =2 arctan(A\z?) = A,  lim arctan(A\z?) =
z—0 |z|— 00

NN

Consider the electric potential V' given by
V:R® =R, V(q) = arctan(\|q|?).

One has that V satisfies (V;2) with I* = Z and V(g) > 3|g|* around zero.
Assume also that the magnetic potential W satisfies (W7). Let m € N be fixed.
From the above theorem it follows that there exists A,, > 0 such that the
Lorentz force equation has at least 3m 2m-periodic solutions for any A such that
% > A,,. In particular, if A = oo, then the number of 27-periodic solutions of
the Lorentz force equation goes to infinity.

Remark 3 It is well known that without the normalization we used in this
paper the relativistically correct equation of the motion of a charged particle is

(\/1_7;7/2/62> = mﬁo(E(t,q) +¢' x B(t,q)),

where c is the speed of light, mg is the rest mass, and 8 € R is the charge of the
particle. Notice that mg and 8 are prescribed. Thus, to apply our result, if we
want a positively charged particle, our electric potential V' must be attractive,
i.e. V >0, and if we want a negatively charged particle, our electric potential
V must be repulsive, i.e. V < 0.
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