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Abstract. We prove that the restricted normal holonomy group of a Kähler subman-

ifold of the complex hyperbolic space CHn is always transitive, provided the index of

relative nullity is zero. This contrasts with the case of CPn, where a Berger type result

was proved by Console, Di Scala, and the second author. The proof is based on lifting the

submanifold to the pseudo-Riemannian space Cn,1 and developing new tools to handle

the difficulties arising from possible degeneracies in holonomy tubes and associated distri-

butions. In particular, we introduce the notion of weakly polar actions and a framework

for dealing with degenerate submanifolds. These techniques could contribute to a broader

understanding of submanifold geometry in spaces with indefinite signature, offering new

insight into submanifolds in the dual setting of complex projective geometry.

1. Introducion

For submanifolds of spaces of constant curvature, a fundamental result is the so-called

normal holonomy theorem [8]. It states that the representation of the restricted normal ho-

lonomy group on the normal space is, up to a trivial factor, equivalent to an s-representation

(i.e., the isotropy representation of a semisimple symmetric space). This result is an im-

portant tool for studying submanifold geometry, particularly for submanifolds with simple

geometric invariants, such as isoparametric and homogeneous submanifolds. Moreover,

there is a subtle interplay between Riemannian and normal holonomy which has led to a

geometric proof of the Berger holonomy theorem [9] (for a general reference on this topic,

see [3]). The normal holonomy theorem was extended to Kähler submanifolds of the com-

plex space forms CPn and CHn by Alekseevsky and Di Scala [2]. They proved that if the

normal holonomy representation is irreducible, then it is a Hermitian s-representation. In

the reducible case, up to multiplication by complex numbers of unit modulus, it is still a

Hermitian s-representation. Moreover, they showed that the normal holonomy representa-

tion is always irreducible when the index of relative nullity is zero. In this context, one has

a Berger type holonomy theorem [4]: a complete, full complex submanifold of CPn with a
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non-transitive normal holonomy group is the complex orbit, in the projective space, of an

irreducible Hermitian s-representation (see [5] for a generalization). In fact, the assump-

tion of completeness is used only to guarantee, by a result of Abe and Magid [1], that the

index of relative nullity is zero. The main techniques consisted of taking the canonical lift

of the submanifold to Cn+1 and using methods from submanifold geometry.

The main purpose of this article is to address the natural question of whether the afore-

mentioned results can be extended to complex submanifolds of complex hyperbolic space

CHn. To this end, we lift the complex submanifold to Cn,1− , the open subset of Cn,1 ≃ Cn+1

consisting of vectors v satisfying ⟨v, v⟩ < 0, where ⟨ , ⟩ denotes the Hermitian inner product

of complex signature (n, 1). The main challenge stems from the fact that the geometry

of submanifolds in pseudo-Riemannian spaces is significantly more intricate, primarily due

to the possible degeneracy — in the sense that the ambient metric may restrict degener-

ately — of holonomy tubes and of the equivalence classes defined by certain distributions.

To tackle this issue, we first introduce the concept of weakly polar actions and develop

a geometric framework for dealing with degenerate submanifolds. Although the normal

connection is not well-defined for such submanifolds, the notion of a parallel normal field

remains meaningful.

Theorem 1.1. Let N̄n be a full Kähler submanifold of the complex hyperbolic space CHn+k

with zero index of relative nullity. Then the restricted normal holonomy group Φ is transi-

tive (or equivalently, Φ ≃ Uk, since it acts as a Hermitian s-representation).

Let us note that when the index of relative nullity is non-zero, the normal holonomy

group representation may be reducible. For example, if M is a complex submanifold of

CHm and N is a complex submanifold of CPn, then the open subset O of negative points

of the abstract join J(M,N) forms a complex submanifold of CHm+n+1 whose normal

holonomy group is reducible.

We hope that the techniques developed in this paper will be useful for studying sub-

manifolds in spaces with indefinite signature, with a focus on normal holonomy.

The paper is organized as follows. Section 2 contains the preliminaries and basic facts

necessary for our purposes. In this section, we develop general tools that may also be useful

in a broader context. We begin with standard results on the adapted normal curvature

tensor in Rr,s, reviewing in §2.1 known facts about isoparametric submanifolds in Lorentz

space. In §2.2, we define the concept of an essentially Riemannian submanifold, and in §2.3,
we prove a normal holonomy theorem for such submanifolds. In §2.4, we define weakly polar

actions, without requiring that the maximal dimensional orbits be non-degenerate. The

main general result is Proposition 2.13, which is applied in Theorem 2.14 to the study of
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normal holonomy. This, in turn, is used to extend normal vectors to parallel normal fields,

possibly in a degenerate context. In §2.5 it is extended the theory of holonomy tubes of

Euclidean submanifolds to Rr,s, even in degenerate cases. In §2.6, we define the horosphere
embedding, which will play a crucial role in the focalization of the 0-eigendistributions

associated with parallel normal fields. This may be regarded as a focalization at infinity.

Section 3 is concerned with the lift of complex submanifolds of CHn to Cn,1, relating
the respective normal holonomy groups and relative nullity distributions.

Section 4 is concerned with generalized holonomy tubes and their relation with the so-

called canonical foliation, extending arguments in [4]. The delicate point is the proof of

Main Lemma 4.3.

In Section 5, we study the geometry of the equivalence classes of the distribution perpen-

dicular to the nullity. Coxeter groups are defined, inspired by Terng’s construction of such

groups for isoparametric submanifolds. This section includes the proof of Theorem 1.1.

2. Preliminaries and basic facts

Let V be a real vector space of dimension n and let ⟨ , ⟩ be an inner product of signature

(r, s), where n = r+s with s being the dimension of a maximal negatively definite subspace

of V. We will often refer to s as the signature of V, when the inner product is clear from

the context. As usual, so(V) denotes the Lie algebra of the skew-symmetric (i.e. anti

self-adjoint) endomorphisms of (V, ⟨ , ⟩). The inner product induces an inner product, also

denoted by ⟨ , ⟩, on tensors of a fixed type. In particular, ⟨x⊗ y, w ⊗ z⟩ = ⟨x,w⟩⟨y, z⟩.
We focus on the inner product induced on Λ2(V). On has that

⟨x ∧ y, w ∧ z⟩ = 2(⟨x,w⟩⟨y, z⟩ − ⟨x, z⟩)⟨y, w⟩), (2.1)

where u ∧ v = u⊗ v − v ⊗ u.

If e1, · · · , en is an orthonormal basis of V, then 1√
2
ei ∧ ej = 1√

2
(ei ⊗ ej − ej ⊗ ei), is an

orthonormal basis of Λ2(V), i, j = 1, . . . , n, i < j.

The vector space Λ2(V) is naturally identified with so(V) by means of

ℓ : Λ2(V) → so(V), (2.2)

where ℓ is determined by

⟨ℓ(x ∧ y)w, z⟩ = ⟨x,w⟩⟨y, z⟩ − ⟨x, z⟩⟨y, w⟩. (2.3)

Observe that

⟨ℓ(x ∧ y)w, z⟩ = 1

2
⟨x ∧ y, w ∧ z⟩ (2.4)
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Endow so(V) with the usual inner product

⟨B,C⟩ = −trace(B ◦ C).

A straightforward calculation shows that

⟨ℓ(x ∧ y), ℓ(w ∧ z)⟩ = ⟨x ∧ y, w ∧ z⟩

which implies that ℓ is a linear isometry.

One has, from (2.4), that

⟨ℓ−1(B), w ∧ z⟩ = 2 ⟨Bw, z⟩ (2.5)

and hence

⟨ℓ−1(B),
1√
2
ei ∧ ej⟩ =

√
2 ⟨Bei, ej⟩, (2.6)

and hence

ℓ−1(B) =
∑
i<j

ϵiϵj⟨Bei, ej⟩ ei ∧ ej , (2.7)

where ϵk = ⟨ek, ek⟩ = ±1.

In order to fix notation, since the word degenerate is ambiguous, we explicit the following

definition:

Definition 2.1. A (regular) submanifold of a pseudo-Riemannian manifold is called de-

generate if the induced metric is degenerate.

LetMk,l ⊂ Rr,s be a non-degenerate local submanifold of the flat space form of signature

s and dimension n = r + s. Here, local means that we work in a neighborhood of a point,

without any global assumptions. Let us consider the normal curvature tensor R⊥ at some

arbitrary q ∈M . Recall the Ricci identity ⟨R⊥
x,yξ, η⟩ = ⟨[Aξ, Aη]x, y⟩, where A is the shape

operator of M .

Just for the sake of saving notation, we use the same letter ℓ for the isometry ℓ : Λ2(V) →
so(V), where V is either TqM or νqM . Let x, y ∈ TqM and ξ, η ∈ νqM be arbitrary. Since

ℓ−1(Rx,y) is skew-symmetric in x, y it extends to a linear map R̃⊥ : Λ2(TqM) → Λ2(νqM),

by defining

R̃⊥(x ∧ y) = ℓ−1(R⊥
x,y). (2.8)

We will refer to R̃⊥ as the normal curvature operator.

1

2
⟨R̃⊥(x ∧ y), ξ ∧ η⟩ = ⟨R⊥

x,yξ, η⟩ = ⟨[Aξ, Aη]x, y⟩

=
1

2
⟨ℓ−1([Aξ, Aη]), x ∧ y⟩ = 1

2
⟨Ã(ξ ∧ η), x ∧ y⟩

(2.9)
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where Ã : Λ2(νqM) → Λ2(TqM) is the linear map defined by Ã(ξ ∧ η) = ℓ−1([Aξ, Aη]).

Then

⟨R̃⊥(x ∧ y), ξ ∧ η⟩ = ⟨x ∧ y, Ã(ξ ∧ η)⟩ (2.10)

This implies that Ã is the transpose morphism of the normal curvature operator R̃⊥

(or,equivalently, R̃⊥ is the transpose of Ã).

Remark 2.1. Let us define the so-called adapted normal curvature tensor:

⟨Rξ1,ξ2ξ3, ξ4⟩ : = ⟨R̃ ◦ Ã (ξ1 ∧ ξ2), ξ3 ∧ ξ4⟩ = ⟨Ã (ξ1 ∧ ξ2), Ã (ξ3 ∧ ξ4)⟩

= ⟨ℓ−1([Aξ1 , Aξ2 ]), ℓ
−1([Aξ3 , Aξ4 ])⟩

= ⟨[Aξ1 , Aξ2 ], [Aξ3 , Aξ4 ]⟩ = −trace ([Aξ1 , Aξ2 ] ◦ [Aξ3 , Aξ4 ])

Then, by the same arguments in [8], R satisfy the identities of a pseudo-Riemannian

curvature tensor on the normal space νq(M).

Lemma 2.2. Let V be a vector space with a positive definite inner product and let W be a

vector space with an inner product. We denote both inner products by ⟨ , ⟩. Let L : V → W
be a linear map and let Lt : W → V be its transpose. Then the image of L coincides with

the image of L ◦ Lt.

Proof. The inclusion L ◦ Lt(W) ⊂ L(V) is clear. If V′ = Lt(W)⊥, then

{0} = ⟨V′, Lt(W)⟩ = ⟨L(V′),W⟩.

Thus, L(V′) = {0}. Since V = V′ ⊕ Lt(W) the lemma follows. □

Remark 2.3. In the notation and assumptions of the Lemma 2.2, let C := L ◦ Lt. Then

⟨C(w), w⟩ = ⟨Lt(w), Lt(w)⟩ ≥ 0 with equality if and only if Lt(w) = 0.

2.1. Riemannian isoparametric submanifolds of the Lorentz space. The object of

this section is to point out some local results that in the bibliography are only proved for

complete submanifolds (see [13],[12], [3, Section 4.2.6]).

LetMn be a local isoparametric Riemannian submanifold of Lorentz space Rm,1. Namely,

M is a local Riemannian submanifold with (globally) flat normal bundle and, the shape

operator Aξ has constant eigenvalues for any parallel normal section ξ. As in the Euclidean

ambient case we have an orthogonal decomposition TM = E0 ⊕ · · · ⊕ Eg, perhaps where

E0 = 0, and different parallel normal fields, known as curvature normals, 0 = η0, · · · , ηg
such that any of the so-called eigendistributions Ei is invariant under all the shape opera-

tors of M and

Aξ|Ei
= ⟨ηi, ξ⟩Id|Ei

.
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One has, due to Codazzi identity, that any eigendistribution is autoparallel. Moreover, the

integral manifold Si(x) of Ei by x is an umbilical submanifold of the ambient space, which

is contained in the affine subspace

Li(x) = x+ Ei(x)⊕ Rηi(x) ⊂ Rm,1.

It turns out that Li(x) = Li(y) if Si(x) = Si(y), i = 0, · · · , g. Let ki = dimEi. One has,

for i = 0, that S0(x) is an open part of L0(x) = x + E0(x). If i > 1, then Si(x) is an

umbilical hypersurface of Li(x) that belongs to one of the following types:

(1) If ηi is spacelike, then Si(x) is an open subset of the round ki-sphere of Li(x) of

center c and radius ρ given by

c = x+
1

⟨η̃i(x), η̃i(x)⟩
η̃i , ρ2 =

1

⟨η̃i(x), η̃i(x)⟩
. (2.11)

In this case the geodesics of Si(x) are circles

(2) If ηi is timelike then Si(x) is an open subset of the hyperbolic space of Li(x) defined

by

Hki
r = {X ∈ x+ Ei(x)⊕ R ηi(x) : ⟨X − c,X − c)⟩ = −r2}o

, where −r2 = ⟨x − c, x − c⟩, c has the same expression as in (1) and ( )o denotes the

connected component by x. In this case the geodesics of Si(x), are of the form

− cosh(t)ηi(x) + sinh(t)w, (2.12)

where w ∈ TxSi(x) and ⟨w,w⟩ = r2 = −⟨ηi(x), ηi(x)⟩
(3) If ηi is lightlike, then Si(x) is a horosphere of an appropriate real hyperbolic space. In

fact, there always exist a timelike z ∈ νxM such that ⟨ηi(y), z⟩ = 1. Extend z to a parallel

normal field z̃ of Si(x). Then the shape operator Az̃ is the identity, since ⟨ηi, z̃⟩ = 1. Then

the image of the parallel map y 7→ y + z̃y, from Si(x) into Rm,1, is a constant c = x + z,

since its differential is zero. Then ⟨y − c, y − c⟩ = ⟨z̃, z̃⟩ := −r2, for all y ∈ Si(x). Let

Hki+1
r = {X ∈ x+ Ei(x)⊕ R ηi(x)⊕ R z : ⟨X − c,X − c⟩ = −r2}o.

Then Si(x) is an open subset of the horosphere defined by(
x+ Ei(x)⊕ R ηi(x)

)
∩Hki+1

r .

Any component of a geodesic γ(t) of Si(x) is quadratic, i.e. of the form a1t
2 + a2t+ at

(see Section 2.6, and [12] for an explicit expression).
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Proposition 2.4. Let M be a Riemannian isoparametric submanifold of the Lorentz space

Rm,1. Then any non-space like curvature normal ηi is perpendicular to any other curvature

normal.

Proof. We may assume that ηi ̸= 0. Let Si(p) be an integral manifold of Ei, letMi := (M)ξi
be a parallel focal manifold such that ker(I − Aξi) = Ei, and let π be the projection from

M → Mi, i.e. π(q) = q + ξi(q). Since ⟨ηi, ηi⟩ ≤ 0, then Si(p) is a open subset of an un-

bounded complete Riemannian umbilical submanifold S̃i(p) of the Lorentzian affine normal

space π(p) + νπ(p)Mi ⊂ Rm,1 (see the discussions preceding this proposition). By the tube

formula, the eigenvalues of the shape operator Aiq−π(p) of Mi do not depend on q ∈ Si(p)

and hence, d := ∥Aiq−π(p)∥ does not depend on q ∈ Si(p). Let γ(t), |t| < ε be a geodesic

of Si(p) and let γ̃(t) be its extension to a complete geodesic of S̃i(p), t ∈ R. We have that

∥Aiγ(t)−π(p)∥ = d, for |t| < ε. By the explicit form of the geodesics, and by making use stan-

dard arguments relying on the (real) analyticity of γ̃(t), we obtain that ∥Aiγ̃(t)−π(p)∥ = d,

for all t ∈ R. Then the image of γ̃(t) under the affine map u 7→ Aiu−π(p), from π(p)+νπ(p)Mi

into the symmetric endomorphisms of Tπ(p)Mi, is bounded. This is a contradiction, from

the explicit expression of γ̃(t), unless Aiγ̃(t)−π(p) is constant and thus, Aiq−π(p) does not de-

pend on q ∈ Si(p) (cf. [12, Lemma 4] or [3, Lemma 4.2.19]). Then, by the proof of Lemma

4.2.20 of [3], we obtain that Ei is a parallel distribution of M . Let vi and vj of unit length

and tangent to Ei(p) and Ej(p), respectively (i ̸= j). By making use of the Gauss equation,

taking into account that Ei is a parallel distribution and that α(Ei, Ej) = 0, we obtain that

⟨R(v1, v2)v1, v2⟩ = ⟨α(v1, v2), α(v1, v2)⟩ − ⟨α(v1, v1), α(v2, v2)⟩ = −⟨ηi(p), ηj(p)⟩ = 0. □

2.2. Essentially Riemannian submanifolds.

Definition 2.5. A non-degenerate (immersed) submanifoldMk,l of Rr,s is called essentially

Riemannian if there exists a distribution D on M , where ⟨ , ⟩ is positive definite, such that

D is invariant under all shape operators Aξ, and the family of the shape operators, restricted

to D⊥, is a commuting family.

Let Mk,l be an essentially Riemannian submanifold of Rr,s with associated Riemannian

distribution D. Since we will work locally, we assume that M ⊂ Rr,s is an embedded

submanifold. Let, for q ∈M ,

Cq = {R⊥
xq ,yq : xq, yq ∈ TqM} (2.13)

By the Ricci identity, and the fact that the family of shape operators restricted to D⊥

is a commuting family one has that

Cq = {R⊥
xq ,yq : xq, yq ∈ Dq} (2.14)
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Since the bracket of any two shape operators [Aξ, Aη] is zero when restricted to D⊥, and

the restriction of ⟨ , ⟩ to D is positive definite, one obtains, from Remark 2.1, Lemma 2.2

and Remark 2.3, the following:

Lemma 2.6. Let M be an essentially Riemannian submanifold of Rr,s and let R be its

adapted normal curvature tensor. Then

(1) R has non-positive sectional curvatures, i.e. ⟨Rξ1,ξ2ξ2, ξ1⟩ ≤ 0, for all ξ1, ξ2 ∈
νqM, q ∈M .

(2) ⟨Rξ1,ξ2ξ2, ξ1⟩ = 0 if and only if Rξ1,ξ2 = 0.

(3) ⟨Rξ1,ξ2ξ2, ξ1⟩ = 0 if and only if [Aξ1 , Aξ2 ] = 0.

(4) The linear span of {R⊥
x,y : x, y ∈ TqM} coincides with the linear span of {Rξ,η :

ξ, η ∈ νqM}
(5) Let R̄ = R̃⊥◦Ã be the curvature operator on νqM associated to R. Then ⟨R̄(u), u⟩ ≥

0 for all u ∈ Λ2(νqM). Moreover, the equality holds if and only if R̄(u) = 0.

2.3. Normal holonomy of essentially Riemannian submanifolds.

LetM be an essentially Riemannian submanifold of Rr,s with adapted normal curvature

tensor R. Let τ⊥c denote the ∇⊥-parallel transport along a (piecewise differentiable) curve

c from p to q, and let τc(R) be the algebraic curvature tensor of νqM defined by

τc(R)ξ1,ξ2ξ3 := τcRτ−1
c ξ1,τ

−1
c ξ2

τ−1
c ξ3.

Let hol(q) denote the normal holonomy algebra at q, i.e., the Lie algebra of the normal

holonomy group Φ(q) ofM at q. Then, by the Ambrose-Singer theorem and Lemma 2.6(4),

one has that

hol(q) = linear span of {Rξ,η : R ∈ F (q), ξ, η ∈ νqM} (2.15)

where

F (q) := {τc(Rx) : c is an arbitrary curve from x to q, x ∈M}. (2.16)

Observe that any R ∈ F (q) is an algebraic curvature tensor of νq(M). Moreover, it is

positive semi-definite when regarded as a symmetric endomorphism of Λ2(νqM). That is,

if u ∈ Λ2(νqM), then ⟨R(u), u⟩ ≥ 0 with equality if and only if R(u) = 0,

Lemma 2.7. We are under the previous notation and assumptions. There exists R ∈ F (q)

such that hol(q) = {Rξ,η : ξ, η ∈ νqM}.

Proof. Any R ∈ F(q) will be regarded as a symmetric endomorphism of Λ2(νqM) ≃
ℓ

so(νqM). By means of this identification (2.15) is equivalent to

ℓ(hol(q)) = linear span of {Im(R) : R ∈ F (q)}, (2.17)
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where Im denotes the image.

One has that Im(R)⊥ = ker(R), for all R ∈ F (q). If R,R′ ∈ F (q), then

(Im(R) + Im(R′))⊥ = ker(R) ∩ ker(R′).

Let u ∈ Λ2(νqM) that belongs to ker(R+R′). Then

0 = ⟨(R+R′)(u), u⟩ = ⟨R(u), u⟩+ ⟨R′(u), u⟩.

Since both ⟨R(u), u⟩ and ⟨R′(u), u⟩ are non-positive, then ⟨R(u), u⟩ = ⟨R′(u), u⟩ = 0. Then,

by Lemma 2.6 (5), R(u) = R′(u) = 0. Then ker(R + R′) ⊂ ker(R) ∩ ker(R′). Since the

other inclusion is trivial we obtain the equality. Hence,

Im(R+R′) = ker(R+R′)⊥ = (ker(R) ∩ ker(R′))⊥ = Im(R) + Im(R′).

Since ℓ(hol(q)) is the sum of the images of a finite number of elements of F (q), by making

use of the previous argument, we conclude the proof. □

Let us recall the concept of weak irreducibility. Let V be a vector space endowed with

an inner product ⟨ , ⟩, with signature s, and let G be a Lie subgroup of SO(V, ⟨ , ⟩). We say

that G acts on V weakly irreducibly if any G-invariant proper subspace of V is degenerate

(i.e., ⟨ , ⟩ is degenerate on V).
With the same proof as in [8] (see also Section 3.3 of [3]) we have the following:

Proposition 2.8. Let Φ(q) be the restricted normal holonomy group at q of an essentially

Riemannian submanifoldM of Rr,s. Then the normal space decomposes as νqM = V0⊕· · ·⊕
Vk, orthogonal direct sum of non-degenerate Φ(q)-invariant subspaces and Φ = Φ0×· · ·×Φk,

where Φ0 = {Id} and Φi acts trivially on Vj if i ̸= j and weakly irreducible on Vi for i ≥ 1.

(Note that V0 is contained, possibly properly, in the set of fixed vectors of Φ(q).)

Note that the existence of a splitting into weakly irreducible invariant subspaces of Φ(q),

plus a factor contained in the fixed vectors, is a standard fact.

With the same proof of the normal holonomy theorem in [8] (see also [3], Theorem 3.2.1)

one obtains:

Theorem 2.9. Let Mn,s be an essentially Riemannian submanifold of Rr,s of the same

signature as the ambient space. Then the restricted normal holonomy Φ(q) of M at q acts

on the orthogonal complement of its fixed set as the isotropy representation of a semisimple

Riemannian symmetric space.
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2.4. Weakly polar actions.

Let G act by isometries on a pseudo-Riemannian manifold M r,s, and let g be its Lie

algebra. Let Ω be the open and dense subset of M such that the dimension of the G-orbits

is locally constant. Let V be the distribution on Ω given by the tangent spaces to the

G-orbits, and let H := V⊥ be the distribution of normal spaces to the G-orbits. If q ∈ Ω,

then dimVq + dimHq = dimM = r + s. However Vq ∩ Hq could be non-trivial if Vq is a

degenerate subspace.

The proof of the following lemma is standard.

Lemma 2.10. Let G be a Lie group acting on a manifold M and let G · p be a locally

maximal dimensional orbit. Then

gp . TpM ⊂ Tp(G · p) (2.18)

where gp denotes the isotropy algebra at p.

□

Lemma 2.11. Let G be a Lie group of isometries of a pseudo-Riemannian manifold

(M, ⟨, , ⟩). Let G · p be a (locally) maximal dimensional, possible degenerate, orbit. Then

the identity component Gop of the isotropy group at p acts trivially on the normal space

νp(G · p).

Proof. Let g and gp be the Lie algebras of G and Gp, respectively. Then, by Lemma 2.10,

0 = ⟨gp.TpM,νp(G · p)⟩ = ⟨TpM , gp . νp(G · p)⟩

□

The following lemma is well-known in the Riemannian case. The same arguments apply

to the pseudo-Riemannian case.

Lemma 2.12. We are under the previous notation and assumptions. The distribution H
is integrable if and only if it is autoparallel.

Proof. Let ξ, η be local fields on Ω that lie in H and let X be an arbitrary Killing field

induced by G.

Since ⟨ξ,X⟩ = 0, then 0 = η⟨ξ,X⟩ = ⟨∇ηξ,X⟩ + ⟨ξ,∇ηX⟩ (and the same is true by

interchanging ξ and η). Then ⟨∇ηξ,X⟩ = −⟨ξ,∇ηX⟩ = ⟨η,∇ξX⟩, where the last equality

is due to the Killing equation. This implies that ⟨∇ηξ,X⟩ is skew-symmetric in ξ, η and

hence, ⟨[ξ, η], X⟩ = ⟨∇ξη −∇ηξ,X⟩ = 2⟨∇ξη,X⟩. □



NORMAL HOLONOMY OF COMPLEX HYPERBOLIC SUBMANIFOLDS 11

Definition 2.2. The group G acts weakly polarly on M if the distribution H of Ω is

integrable.

Proposition 2.13. Let V be a vector space with a non-degenerate inner product of sig-

nature s, and let G be a Lie subgroup of SO(V). Assume that there exists an algebraic

pseudo-Riemannian curvature tensor R of V such that the curvature endomorphisms lin-

early span the Lie algebra g of G. Furthermore, assume that R, regarded as a symmetric

endomorphism of Λ2(V), is positive semi-definite (i.e., if u ∈ Λ2(V) satisfies ⟨R(u), u⟩ = 0,

then R(u) = 0). Let N be a non-degenerate submanifold of V which is locally invariant

under the action of G.

(i) G acts weakly polarly on N .

(ii) Tq(G · q) is invariant under any shape operator of N at q, for all q ∈ Ω, where Ω

is the open and dense subset of N where the dimensions of the G orbits are locally

constant.

Proof. Let u, v ∈ νqN and consider the Killing field X of V given by Xx = Ru,vx. Then X

is a linear Killing field, so ∇wX = Ru,vw, where ∇ is the usual Levi-Civita flat connection

of V.
Let V be the distribution of Ω tangent to the G-orbits, and let H = V⊥. If x ∈ N ,

then ξ ∈ Hx if and only if 0 = ⟨Ru,vx, ξ⟩ = ⟨Rx,ξu, v⟩ for all u, v ∈ V. Thus, Hx =

{ξ ∈ TxN : Rx,ξ = 0}. Let ξ, η ∈ Hx. By making use of the Bianchi identity we have

that Rξ,ηx = 0 and thus, Rξ,η ∈ gx. Then, from Lemma 2.10, ⟨Rξ,ηHx,Hx⟩ = {0}, and
therefore ⟨Rξ,ηξ, η⟩ = 0. Since R is positive semi-definite, we conclude that Rξ,η = 0, for

all ξ, η ∈ Hx.

Let ξ̃, η̃ be fields of N that lie in H, and let X be the field of N given by Xx = Ru,vx,

where u, v ∈ V are arbitrary. Then ⟨ξ̃, X⟩ = 0, and hence, differentiating in the direction

of η one obtains

⟨∇η̃ ξ̃, X⟩ = −⟨ξ̃,∇η̃X⟩ = −⟨ξ̃, Ru,vη̃⟩ = ⟨Rξ̃,η̃u, v⟩ = 0

and hence, since u, v are arbitrary, H is autoparallel. This proves (i).

Let q ∈ Ω and let us consider the orbit G · q. Let ξ ∈ Hq and let η ∈ νqN be arbitrary.

Note that ξ, η are orthogonal to Tq(G ·q) = Vq. Then, as in the proof of part (i), Rξ,ηq = 0,

and so Rη,ξ belongs to the isotropy algebra gq. Then, by Lemma 2.10, Rη,ξξ belongs to Vq.
Thus, ⟨Rη,ξξ, η⟩ = 0, which implies that Rη,ξ = 0. Let , for u, v ∈ V,

ϕt := Exp(tRu,v) = etRu,v .
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Then ϕtξ is a field along c(t) := ϕtq that lies in Hc(t). Differentiating at t = 0 one obtains

Ru,vξ =
D
dt |0 ϕtξ, where

D
dt is the ambient covariant derivative along the curve c(t). Denote

the second fundamental form and the shape operator of N as α and A, respectively. Then

0 = ⟨Rξ,ηu, v⟩ = ⟨Ru,vξ, η⟩ = ⟨α(c′(0), ξ), η⟩

= ⟨Aηc′(0), ξ⟩ = ⟨AηRu,vq, ξ⟩.

Since the vectors Ru,vq, u, v ∈ V span Tq(G · q) = Vq and ξ ∈ Hq is arbitrary, we conclude

that Aη(Tq(G · q)) ⊂ Tq(G · q)
□

Theorem 2.14. Let Φ(q) be the restricted normal holonomy group at q of an essentially

Riemannian submanifold M of Rr,s. Let N be a non-degenerate submanifold of the normal

space νqM which is locally invariant by Φ(q). Then Φ(q) acts weakly polarly on N .

Proof. The proof follows immediately from Lemma 2.7 and Proposition 2.13 □

Remark 2.15. In a degenerate submanifold S of a pseudo-Riemannian manifold, the

normal connection is not defined. Nevertheless, a section ξ̃ of the normal bundle νS =

(TpS)
⊥ is called a parallel normal field, if for any tangent field X of S, ∇X ξ̃ is a tangent

field of S, where ∇ is the Levi-Civita connection of the ambient space. Thus, the shape

operator Aξ̃ is defined by Aξ̃X := −∇X ξ̃. The same proof of the Gauss formula, since

∇ is torsion-free and the bracket between tangent fields of S is tangent to S, proves that

⟨Aξ̃X,Y ⟩ = ⟨Aξ̃Y,X⟩. Now, assume that Xp is a degenerate vector, and let Yp be arbitrary.

Then the above equality shows that Aξ̃pXp is degenerate. Then Aξ̃p leaves invariant the

degeneracy subspace of TpS. Analogously, a normal field η(t) of S along a curve c(t) is

called parallel if d
dtη(t) ∈ Tc(t)S.

Corollary 2.16. Let G be a Lie group of isometries of a pseudo-Riemannian manifold

(M, ⟨, , ⟩) which acts weakly polarly on M . Let N = G · p be a maximal dimensional orbit,

with a (possible) degenerate induced metric. Then any ξ ∈ νpN extends, in a neighborhood

U of p in N , to a parallel normal field ξ̃.

Proof. From Lemma 2.11 it follows that ξ extends to a G-invariant section ξ̃ of νN in a

neighbourhood U of N . Since the arguments are local, we may assume that U = N is an

embedded submanifold of M . Let H be the autoparallel distribution given by the normal

spaces to the G-orbits, defined in a neighbourhood Ω of p inM (see Lemma 2.12). Without

loss of generality we may assume that N ⊂ Ω. Since ξ̃ is tangent to H, this normal field

extends to a field of Ω that lies in H (perhaps by making Ω smaller). We denote such an
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extension also by ξ̃. Let X be a Killing field ofM induced by G, and let ϕt be its associated

flow. Since the normal field ξ̃ is G-invariant, then dϕt (ξ̃p) = ξ̃ϕt(p). Hence,

[X, ξ̃]p = 0 (2.19)

Let η̃ be a field of Ω that lies in H. Since X is tangent to the G-orbits, then ⟨X, η̃⟩ = 0.

By differentiating this equality in the direction of ξ̃ we obtain that

ξ̃p⟨X, η̃⟩ = ⟨Xp,∇ξ̃p
η̃⟩+ ⟨∇ξ̃p

X, η̃p⟩ = 0.

Since H is autoparallel, and by making use of (2.19), we obtain that ⟨∇Xp ξ̃, η̃p⟩ = 0. Since

X and η̃ are arbitrary, we conclude that ∇TpN ξ̃ ⊂ TpN . □

The proof of the following result is standard. In the case of a non-degenerate submanifold

it is a special case of Ricci identity.

Lemma 2.17. Let M be a possible degenerate submanifold of Rr,s and let ξ, η be parallel

normal fields of M (see Remark 2.15). Then ⟨[Aξ, Aη]X,Y ⟩ = 0, for all fields X,Y tangent

to M .

□

2.5. Holonomy tubes around a focal manifold. Let M ⊂ Rr,s be a local submanifold

with a non-degenerate induced metric. Let ξ̃ be a parallel normal field of M and assume

that 0 < dimker(Id − Aξ̃(x)) < dimM , and that dimker(Id − Aξ̃(x)) is independent of

x ∈M , where A is the shape operator of M .

Assumptions: The vertical distribution ker(Id−Aξ̃(x)) of M is pseudo-Riemannian and

the horizontal distribution Hξ̃ := (ker(Id−Aξ̃(x)))
⊥ is Riemannian.

By the Codazzi equation, ker(Id−Aξ̃(x)) defines an autoparallel distribution of M . Let

us consider, locally, the Riemannian parallel focal manifold Mξ̃ = {x + ξ̃(x) : x ∈ M}. If

π : M → Mξ̃ is the projection, i.e. π(x) = x+ ξ̃(x), then kerdπ = ker(Id− Aξ̃). Observe

that Tπ(x)Mξ̃ = (kerdxπ)
⊥ ⊂ TxM , as subspaces of the ambient space. Moreover, any

fiber π−1({π(x)}) is contained in the (affine) normal space π(x) + νπ(x)Mξ̃, and the ∇⊥-

parallel transport τ⊥c along an arbitrary curve c of Mξ̃ from π(x) to π(y) maps (locally)

π−1({π(x)}) into π−1({π(y)}) (see [3, Lemma 3.4.10]). In particular,

π(x) + Φ(π(x)) · (x− π(x)) ⊂ π−1({π(x)}) (locally), (2.20)

where Φ denotes the local normal holonomy group of Mξ̃. We regard, in the obvious way,

this parallel transport as a map from the affine normal spaces, i.e. τ⊥c : π(x) + νπ(x)Mξ̃ →
π(y) + νπ(y)Mξ̃ ⊂ Rr,s. If v ∈ Tx π

−1({π(x)}), then dτ⊥c (v) is naturally identified with the
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linear parallel transport τ⊥c (v). Any of these possible interpretations of the normal parallel

transport will be clear from the context.

One has that M is (locally) foliated by the holonomy tubes (see [3, p. 220])

H ξ̃(x) := (Mξ̃)x−π(x) = (Mξ̃)−ξ̃(x) (2.21)

By considering a smaller neighborhood of a nearby generic point, we may assume that all

holonomy tubes have the same dimension, or equivalently, that dim(Φ(π(x)) · (−ξ̃(x)) does
not depend on x ∈ M . The induced metric on (Mξ̃)x−π(x) may be degenerate at x. This

occurs if and only if Φ(π(x)) · (−ξ̃(x)) is a degenerate orbit. Additionally, we may assume

that the dimension of the degeneracy of the induced metric on H ξ̃(x) is constant.

Let ν̃ be the distribution ofM perpendicular to the distribution T defined by the tangent

spaces of the holonomy tubes. When the holonomy tubes are degenerate, then ν̃ and T
have a non-trivial intersection. Let us consider the distributionHξ̃ = (kerdπ)⊥ and observe

that (Hξ̃)x = Tπ(x)Mξ̃ (as linear subspaces of the ambient space). Moreover,

Tx := TxH
ξ̃(x) = Tx

(
π(x) + Φ(π(x)) ·

(
x− π(x)

))
⊕ (Hξ̃)x (2.22)

Since ξ̃ is a parallel normal field of M , by the Ricci identity, the shape operator Aξ̃ com-

mutes with any other shape operator of M . Thus, kerdπ and H are distributions which

are invariant under all shape operators ofM . From the Codazzi identity, it follows that the

distribution kerdπ is autoparallel. Furthermore, from the construction of the holonomy

tubes insideM , and by making use of Theorem 2.14, the distribution ν̃ is autoparallel, and

contained in kerdπ.

Observe that the normal space νxM of M at x coincides with the normal space at

x of π−1({π(x)}), regarded as a submanifold of the affine normal space π(x) + νπ(x)Mξ̃.

Then, taking into account that kerdπ is invariant under all the shape operators of M and

Proposition 2.13, we obtain the following results (keeping the assumptions and notation of

this section).

Lemma 2.18. The distributions kerdπ, Hξ̃, T , and ν̃ are invariant under all shape oper-

ators of M . Moreover, kerdπ and ν̃ are autoparallel. □

Corollary 2.19. Let η̃ be a parallel normal field of M . Then η̃|H ξ̃(x)
is a parallel normal

field of H ξ̃(x), for all x ∈M . In particular, ξ̃|H ξ̃(x)
is a parallel normal field of H ξ̃(x). □

(The definition of a parallel normal field, if H ξ̃ is degenerate, is given by Remark 2.15).

Let c(t) be a horizontal curve in H ξ̃(x) and let η(t) be a normal filed of H ξ̃(x) along

c(t). Then it is standard to show, and well-known in a Euclidean ambient space by an
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argument that goes back to [7], that η(t) is a parallel normal field along c(t) if and only if

η(t) is a parallel normal field of Mξ̃ along the curve π(c(t)).

Remark 2.20. The distribution of M tangent to the normal holonomy orbits of the focal

manifold is given by T ∩ kerdπ; see (2.22).

Lemma 2.21. Let ψ ∈ ν̃x. Then ψ extends (locally) to a section ψ̃ of ν̃|H ξ̃(x)
, which is a

parallel normal field of H ξ̃(x). Moreover, the shape operator Âψ̃ of H ξ̃(x) leaves invariant

the horizontal distribution Hξ̃.

Proof. If H ξ̃(x) is non-degenerate, the proof follows analogous arguments to those in part

(iii) of Proposition 7.1.1 of [3]. In the degenerate case the arguments are similar, after

applying Corollary 2.16 to construct a parallel normal field of the degenerate normal holo-

nomy orbit π(x)+Φ(π(x)) · (x−π(x)) of the focal manifoldMξ̃. In fact, let y ∈ H ξ̃(x), and

let c : [0, 1] → H ξ̃(x) be a horizontal curve with c(0) = x, c(1) = y. Let ψ̄(t) be the parallel

normal field along the curve π(c(t)) of the Riemannian manifold Mξ̃ with ψ̄(0) = ψ. Then

ψ̄(t) is a parallel normal field of H ξ̃(x) along the curve c(t) (see Remark 2.15). We define

ψ̃(y) = ψ̄(1). From Corollary 2.16 one obtains that ψ̃ is well defined (near x), defines a

parallel normal field of H ξ̃(x). The last assertion follows from the construction of ψ̃ □

Remark 2.22. Let us define on M the following equivalence class: x ∼̃
ξ
y if there is a

curve in M from x to y which lies in the horizontal distribution H. Let [x] denote the

equivalence class of x. Then, locally,

H ξ̃(x) = [x]

(see last paragraph of [3, p. 224]).

2.6. The horosphere embedding. Let Rr,s be the pseudo-Euclidean space Rr+s with

signature s where the inner product is given by ⟨v, v⟩ = −v21 − · · · − v2s + v2s+1 + · · ·+ v2s+r.

The horosphere embedding is the isometric map f : Rr,s → Rr+1,s+1 ≃ R1,1 × Rr,s given
by

f(x) = (
1

2
⟨x, x⟩+ 1,

1

2
⟨x, x⟩, x) (2.23)

Then Qr,s := f(Rr,s) is called the pseudo-horosphere of the pseudo-hyperbolic space

Hr+1,s = {v ∈ Rr+1,s+1 : ⟨v, v⟩ = −1}o (2.24)

where e−1, e0, · · · , er+s is the canonical basis of R1,1 ×Rr,s and { }o denotes the connected

component by e−1 (we will frequently write Q instead of Qr,s). Namely,

Q = Hr+1,s ∩ E (2.25)
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where E is the degenerate affine subspace of R1,1×Rr,s given by the equation x−1−x0 = 1.

One has that f : Rr,s → Q is an isometric diffeomorphism and the map f : Rr,s → Rr+1,s+1

is an isometric ρ-equivariant embedding, is a Lie group morphism from the isometry group

of Rr,s into the orthogonal group O(r + 1, s + 1). In fact, let g ∈ O(r, s) and let τv

be the translation by v ∈ Rr,s in Rr,s. Then ρ(g) is given by the natural inclusion of

O(r, s) ⊂ O(r + 1, s+ 1), where Rr,s ⊂ R1,1 × Rr,s = Rr+1,s+1. Moreover,

ρ(τv)(x−1, x0, x) = (2.26)

(x−1 + ⟨x, v⟩+ 1

2
(x−1 − x0)⟨v, v⟩, x0 + ⟨x, v⟩+ 1

2
(x−1 − x0)⟨v, v⟩, x+ (x−1 − x0)v)

One has that Qr,s ≃ Rr,s is a pseudo-Riemannian flat manifold of signature s.

If c(t) = (c−1(t), c0(t), · · · , cr+s(t)) is a curve in Q, then c−1(t) − c0(t) = 1 and hence,

differentiating, 0 = c′−1(t)− c′0(t) = ⟨−e−1 + e0, c
′(t)⟩. Then ξ0 = −e−1 + e0 is a constant

∇⊥-parallel normal vector field to Q. Moreover, if A is the shape operator of Q ↪→ Rr+1,s+1,

then Aξ0 = 0.

The position vector field ξ1 of Hr+1,s ⊂ Rr+1,s+1 is an umbilical parallel normal field.

Namely, A′
ξ1 = −Id, where A′ is the shape operator of Hr+1,s. Thus, the restriction of

ξ1 to Q is also a parallel normal field and Aξ1 = −Id, where A is the shape operator of

the horosphere. Then the normal space νQ of Q in Rr+1,s+1 is generated by the parallel

independent normal fields ξ0, ξ1, which are umbilical. Let i :M → Q ≃ Rr,s be an isometric

immersion and let νM be the normal bundle ofM . Then the normal bundle ofM , regarded

as a submanifold of Rr+1,s+1, decomposes orthogonally as

ν̄M = i∗(νQ)⊕ νM (2.27)

where i∗(νQ) is the pull-back bundle, which is a parallel, flat and umbilical sub-bundle of

ν̄M .

Remark 2.23. Since the pseudo-horosphere Qr,s is umbilical, it follows that, via the horo-

sphere embedding, it is an essentially Riemannian submanifold of Rr+1,s+1.

The proof of the following lemma is the same as that for Euclidean submanifolds when

dealing with the zero distribution associated to the kernel of the shape operator of a parallel

normal field (see [3, Section 7.1]).

Lemma 2.24. Let M be a local pseudo-Riemannian submanifold and let η̃ be a parallel

normal field such that the kernel of the shape operator Aη̃ has constant dimension. We

identify, by means of the horosphere embedding, M with its image M̃ under the horosphere

embedding and η̃ with a parallel normal field of M̃ (tangent to the horosphere). Let ṽ be
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the position (parallel normal) field of M̃ . Then kerAη̃ = ker(Id − Ãη̃−ṽ), where Ã is the

shape operator of M̃ . Thus, kerAη̃ is the vertical distribution associated to the projection

pr : M̃ → M̃η̃−ṽ, pr(x) = x+ η̃(x)− ṽ(x) = η̃(x).

3. The lift of a Kähler submanifold of CHn to Cn,1

Let Cn,1 be the complex space Cn+1 endowed with the pseudo-Hermitian inner product

⟨ , ⟩H given by

⟨(z0, z1, · · · , zn), (z′0, z′1, · · · , z′n)⟩H = −z0z̄′0 + z1z̄
′
1 + · · ·+ znz̄

′
n. (3.1)

The induced (real) inner product, i.e. the real part of the pseudo-Hermitian inner product

will be denoted by ⟨ , ⟩. Let ⟨⟨ , ⟩⟩H be the canonical Hermitian inner product of Cn+1.

This Hermitian inner product induces the canonical inner product of Cn+1 ≃ R2n+2 which

will be denoted by ⟨⟨ , ⟩⟩.
Observe that ⟨ , ⟩ and ⟨⟨ , ⟩⟩ naturally induce on Cn+1 flat pseudo-Riemannian and Rie-

mannian metrics, respectively. Such metric tensors will be also denoted ⟨ , ⟩ and ⟨⟨ , ⟩⟩,
respectively. Nevertheless, the associated Levi-Civita connections coincide. In fact, it

is the usual connection ∇ of a vector space. The Kähler structure J of Cn+1 is also a

pseudo-Kähler structure of Cn,1

Observe that Cn,1, regarded as a real pseudo-Euclidean space, has signature 2 and thus

Cn,1 ≃ R2n,2. Let

Cn,1− = {z ∈ Cn,1 : ⟨z, z⟩ < 0} (3.2)

which is an open subset of Cn,1 ≃ Cn+1. Observe that λCn,1− = Cn,1− , for any λ ∈ C∗ =

C− {0}.
The complex hyperbolic space CHn is the projectivized space of Cn,1− . Moreover, it is the

symmetric dual space of the complex projective space CPn. The symmetric presentation

is

CHn = SUn,1/S(U1Un),

where the group SUn,1 is the group of complex linear transformations of Cn+1 that preserve

⟨ , ⟩. The Riemannian metric on CHn = SUn,1/S(U1Un) , up to a scaling, is unique and

has constant and negative holomorphic curvature. We choose such a Riemannian metric to

have holomorphic curvature equal to −4. Observe that CHn may be regarded as an open

subset of CPn; see (3.2). But the symmetric Riemannian metric is different.

Let π : Cn,1− → CHn be the projection. Then π is a submersion and

ker(dπ)q = Tq(C∗q) ≃ Cq (3.3)
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Definition 3.1. The lift N of a submanifold N̄ of CHn, to a submanifold of Cn,1, is

N = h(π−1(N̄)), where h : Cn,1− → Cn,1 is the inclusion.

Such a lift, when restricted to the anti–de Sitter space, has been considered in [6] with

the aim of classifying isoparametric hypersurfaces in the complex projective space.

One has, from (3.3), that the lift of a submanifold of CHn is a non-degenerate sub-

manifold of Cn,1 with signature 2. Moreover, π : Cn,1− → CHn is a fibration with fibers

π−1({π(q)}) = C∗q, where C∗ = C−{0}. Let V be the vertical distribution of Cn,1− ; i.e tan-

gent to the fibers of π. One has that Vq = Cq, regarded as a subspace of TqCn,1. Observe

that, for all q ∈ Cn,1− , Vq is a negative 2-dimensional (real) subspace of TqCn,1. Then the

perpendicular distribution, the so-called horizontal distribution, H := V⊥ is a Riemannian

distribution.

Let us consider the (real) pseudo-hyperbolic space

H2n,1
r = {v ∈ Cn,1 : ⟨v, v⟩ = −r2} ⊂ Cn,1− (3.4)

of constant negative curvature −1/r2, r > 0; cf. (2.24). Observe that for any r > 0,

π : H2n,1
r → CHn is a submersion. Moreover, it is a fibration with non-degenerate negative

definite fibers S1 · q, where S1 here denotes the unit complex numbers. The vertical

distribution at q is given by Vq ∩ TqH
2n,1
r = Jq. The horizontal distribution is just the

restriction of H to H2n,1
r . It is well-known that π|H2n,1

r
is a pseudo-Riemannian submersion

of factor 1/r, i.e. dqπ : Hq → Tπ(q)CHn is a homothety of factor 1/r. Namely,

⟨dqπ(u), dqπ(u)⟩ = r−2⟨u, u⟩.

The distributions V and H of Cn,1− are both J-invariant. Moreover, if J̄ is the Kähler

structure of CHn, one has that dπ(Jv) = J̄dπ(v), for all v ∈ TCn,1− . This implies that N =

π−1(N̄) is a pseudo-Kähler submanifold of Cn,1 if and only if N̄ is a Kähler submanifold

of CHn.

Recall that a submanifold of a Riemannian manifold is called full if it is not contained

in a proper totally geodesic submanifold of the ambient space.

Remark 3.2. If X is either CPn or CHn, then any totally geodesic submanifold of X

is complex or totally real. Assume that a Kähler submanifold N̄ is contained in a totally

geodesic submanifold Σ̄ of X. Then Σ̄ is Kähler.

If N is a submanifold of a real vector space V and q ∈ N , then the affine subspace

generated by the setN coincides with q+W, whereW is the (real) linear subspace generated

by all the tangent spaces of N . If V is complex and N is Kähler then any tangent space
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is complex and so W is complex. Let now N ⊂ Cn,1− ⊂ V := Cn,1 be the lift of a Kähler

submanifold of CHn. Then, for any given q ∈ N , C∗q ⊂ q + W and so the limit point 0

belongs to the affine subspace generated by N . Then q + W = W and W is a complex

subspace of Cn+1. Since Cq ⊂ TqN and Cq is a negative definite complex line, we obtain

that the signature of W is 2.

It is well-known, and standard to proof, that Σ̄ is a totally geodesic Kähler submanifold

of CHn if and only if its lift Σ is the intersection of a complex subspace W of signature 2

with Cn,1− . Then, the previous discussion and Remark 3.2 imply:

Proposition 3.3. A submanifold N̄ of CHn is full if and only if its lift N is a full

submanifold of Cn,1.

One has the following result:

Lemma 3.4. Let N̄ be a Kähler submanifold of CHn, and let N be its lift to Cn,1. Let Nq

be the nullity of the second fundamental form of N at q, and let N̄π(q) be the nullity of the

second fundamental form of N̄ at π(q). Then, for all q ∈ N ,

(i) Vq ⊂ Nq

(ii) Nq = (dqπ)
−1(N̄π(q)).

In particular, if N̄π(q) = {0}, then Nq = Vq.

Proof. Recall that the lift of a Kähler submanifold of CHn is a pseudo-Kähler submanifold

of Cn,1 and observe that C∗N = N . Let, for λ ∈ C∗, µλ : Cn,1 → Cn,1 denote the

multiplication by λ. If q ∈ N , then Tµλ(q)N = dµλ(TqN) = λ(TqN) = TqN . This means

that the tangent spaces of N are constant along any fiber. This implies that V|N ⊂ N .

This shows (i).

Let −r2 = ⟨q, q⟩, let X̄, Ȳ be fields of N̄ around π(q) and let X, Y be their horizontal

lifts to H2n,1
r . Since the normal space Rq of H2n,1

r at q is included in Nq, one obtains that

v ∈ TqH
2n,1
r belongs to Nq if and only if v is in the nullity of the second fundamental form

α̂ of N̂ := N ∩H2n,1
r as a submanifold of H2n,1

r . If ∇̂ is the Levi-Civita connection of H2n,1
r

we obtain, from O’Neill formulas that

dπ(∇̂XqY ) = ∇̄X̄q
Ȳ ,

where ∇̄ is the Levi-Civita connection of CHn. Since the normal space of N̂ in H2n,1
r is

included in Hq, we obtain, by taking normal components, that

dπα̂(Xq, Yq) = ᾱ(X̄q, Ȳq),

where ᾱ is the second fundamental form of N̄ . From this it follows (ii). □
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It is clear that the normal holonomy of pseudo-Kähler submanifolds of pseudo-Kähler

spaces acts by complex endomorphisms.

Remark 3.5. Since the restriction of vertical distribution V to N is tangent to N , for any

q ∈ N , dqπ : νqN → νπ(q)N̄ is a homothecy of factor r−2, where r2 = −⟨q, q⟩ .

We have the following result:

Lemma 3.6. Let N̄ be a Kähler submanifold of CHn and let N be its lift to Cn,1. Let

q ∈ N be arbitrary and let q̄ = π(q). Then

S1Φ̄(q̄) = dqπ(S
1Φ(q)) := dqπ ◦ (S1Φ(q)) ◦ (dqπ|νqN )

−1

where Φ and Φ̄ are the local normal holonomy groups of N and N̄ , respectively and S1 is

the group of unit complex numbers acting on the normal spaces.

Proof. The arguments are the same as those inside the proof of Lemma 7.5.4 of [3] for

proving formula (7.7) there. □

Let us recall that the index of relative nullity, of a non-degenerate submanifold of a

pseudo-Riemannian manifold, is the dimension of Nq where Nq is the nullity subspace of

the second fundamental form at q. The set of points where the index of relative nullity

attain its minimum is open. If the submanifold is connected and analytic, then this set is

also dense.

We recall a result from Alekseevsky and Di Scala (see Theorem 1, Theorem 2 and

Corollary 1 of [2]):

Theorem 3.7 ([2]). Let N̄ be a Kähler submanifold of a space of constant holomorphic

curvature. If the index of relative nullity at q̄ is zero, then the restricted normal holonomy

group Φ̄(q̄) acts on the normal space as the isotropy representation of an irreducible Her-

mitian symmetric space. In particular, Φ̄(q̄) contains the group of multiplications by unit

complex numbers.

Remark 3.8. If one replace in Theorem 3.7 the restricted normal holonomy group by the

local holonomy group, then the conclusion is the same. In fact, the local normal holonomy

group at p is the normal holonomy group at p of a small simply connected neighbourhood

of p.

Observe that the lift of a Kähler submanifold of CHn is an essentially Riemannian

submanifold Cn,1 with the same signature. Then Lemma 3.6, Theorem 2.9, and Theorem

3.7 imply:
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Corollary 3.9. Let N̄ be a Kähler submanifold of CHn with index of relative nullity νq̄ = 0

at q̄ ∈ N̄ . Let N be the lift of N̄ to Cn,1, let q ∈ Ñ be such that π(q) = q̄. Then

Φ̄(q̄) = dqπ(Φ(q))

where Φ̄ and Φ are the local normal holonomy groups of N̄ and N , respectively. Moreover,

Φ̄(q̄) and Φ(q) act irreducibly as the isotropy representation of a Hermitian symmetric

space.

Lemma 3.10. Let N̄ be a Kähler submanifold of CHn and let N be the lift of N̄ to Cn,1− . Let

V ′ be the restriction to N of the vertical distribution V of Cn,1− and let H′ = V ′⊥ = H∩TN .

Then H′ has no integral manifolds.

Proof. Assume that N ′ is an integral manifold of H′. Since V ′ is J-invariant, then N ′ is a

pseudo-Kähler (Riemannian) submanifold of Cn,1− . Observe, since N ′ is always perpendic-

ular to the position vector, that N ′ ⊂ H2n,1
r , where −r2 = ⟨q, q⟩ is independent of q ∈ N ′.

Let ξ be the restriction to N ′ of the position vector field, which is an umbilical parallel

normal vector field of N ′, i.e. Aξ = −Id where A is the shape operator of N ′. Observe that

Jξ, as well as ξ, is a parallel normal filed and AJξ = JAξ = −JId. The left hand side of

this equality is a symmetric (1, 1) tensor on N ′ while the right hand side is skew-symmetric

and non-null. A contradiction. □

4. Holonomy tubes and the canonical foliation

The general arguments for this section are be based on [4], [3, Section 7], but our

notation is slightly different for the restricted normal holonomy groups. We will adapt the

arguments in these references to the pseudo-Riemannian case. Moreover, we will simplify

some crucial proofs there. The main difficulty is to deal with degenerate orbits of normal

holonomy groups associated to focalization at infinity of the leaves of nullity foliations.

We keep the general notation of previous sections.

General assumption: N̄ is a Kähler (local) submanifold of CHn with zero index of

relative nullity at any point.

Let N := π−1(N̄) be the lift of N̄ to Cn,1. Then, by Lemma 3.4, the nullity distribution

N of N coincides with the restriction to N of the 2-dimensional π-vertical distribution V,
i.e., Vq = Cq.

Since the signature of N is the same as that of the ambient space, the normal space νN

is Riemannian. Moreover, by Corollary 3.9, the normal holonomy group Φ(q) of N at q

acts as an irreducible Hermitian s-representation.
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Let ζq ∈ νqN be a small principal vector for the normal holonomy action and let (N)ζq
be its associated holonomy tube (possibly, by making N smaller around q). Observe that

(N)ζq = (N)ζ′ , where ζ
′ is the normal parallel transport of ζ along any curve starting at q.

Let η1, · · · , ηg be the curvature normals, with associated eigendistributions E1, · · · , Eg,
of the commuting family of shape operators of the isoparametric homogeneous submanifold

Φ(q) · ζq of νqN (see [10] or chapter 4 of [3]). Moreover, the curvature normals are parallel

in the normal connection of the orbit Φ(q) · ζq. We regard such an orbit as a submanifold

of the affine normal space q + νqN . That is, we identify

νqN ≃ q + νqN and Φ(q) · ζq ≃ q +Φ(q) · ζq.

Since Φ(q) acts irreducibly, Φ(q) · ζq is full in the normal space νqN and thus, the

curvature normals span the normal space of Φ(q) · ζq at any point of the orbit. Observe

that the normal space to such an orbit coincides with the normal space of the holonomy

tube (N)ζq (see [3, p.130]). The integral manifold Si(x) of Ei by x ∈ Φ(q) ·ζq is an extrinsic

sphere, a so-called curvature sphere, of νqN . One has that

Si(x) ⊂ Ei(x)⊕ R ηi(x). (4.1)

As in the case of Riemannian submanifolds of Euclidean space, every curvature normal of

the holonomy orbit Φ(q) · ζq extends to a parallel normal field of (N)ζq and its associated

autoparallel eigendistribution extends in a natural way to (N)ζq . We denote such extensions

by η̃i and Ẽi, i = 1, · · · , g. If pr : (N)ζq → N denotes the projection, then the fibers, which

are totally geodesic and invariant under all shape operators of (N)ζq , are given by

pr−1({pr(x)}) = pr(x) + Φ(pr(x)) · (x− pr(x)) ⊂ pr(x) + νpr(x)N. (4.2)

Moreover, η̃i(x) is a curvature normal at x of the orbit pr(x) + Φ(pr(x)) · (x − pr(x)) ⊂
pr(x)+νpr(x)N . Furthermore, Ẽi(x) is the eigenspace associated with η̃i(x) (see [3, Remark

7.3.1]). Observe that Φ(pr(x))·(x−pr(x)) is identified with Φ(q)·ζq by means of the normal

parallel transport in N along any curve from q to pr(x).

Remark 4.1. The normal space νx(N)ζq coincides with the normal space of Φ(pr(x)) ·
(x − pr(x)) ⊂ νpr(x)N . Hence, η̃1(x), · · · , η̃g(x) span νx(N)ζq for all x ∈ (N)ζq . Then

the principal holonomy tube (N)ζq has a flat normal bundle (see [3, Thm. 4.4.12]). In

particular, the normal field ζ̃ of (N)ζq defined by ζ̃(x) = pr(x)− x is parallel and hence N

is a parallel focal manifold of the holonomy tube. Namely,

N = ((N)ζq)ζ̃ (4.3)

Note that ⟨ζ̃, η̃i⟩ = 1 for i = 1, · · · , g. In particular, η̃i ̸= 0.
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Recall that the nullity distribution N of N coincides with the vertical distribution V.
Since the perpendicular distribution to V in N is Riemannian, then the commuting family

of shape operators of (N)ζq can be simultaneously diagonalized, with real eigenvalues func-

tions. In fact, this follows from the tube formula [3, Lemma 3.4.7]. Namely, at any point

x ∈ (N)ζq there exist different curvature normals 0 = η̃0(x), η̃1(x), · · · , η̃d(x) ∈ νx(N)ζq ,

d(x) > g, and orthogonal decomposition Tx(N)ζq = Ẽ0(x)⊕ · · · ⊕ Ẽd(x)(x) such that

Ãψ|Ẽi(x)
= ⟨ψ, η̃i(x)⟩IdẼi(x)

for all ψ ∈ νx(N)ζq , where Ã denotes the shape operator of (N)ζq . As for Euclidean

submanifolds, in an open and dense subset Ω of (N)ζq , d(x) is locally constant. Moreover,

Ẽi is an integrable distribution and η̃i is a smooth normal field. Since we are working

locally, we may assume that Ω = (N)ζq and that d = d(x) does not depend on x. In

our notation η̃1, · · · , η̃g are the above mentioned extensions of the curvature normals of

the holonomy orbit, being Ẽ1, · · · , Ẽg their associated (autoparallel) eigendistributions.

Namely, Ẽ1, · · · , Ẽg are the vertical eigendistributions of νx(N)ζq , with respect to the

projection pr : νx(N)ζq → N .

In general, the curvature normals η̃g+1, · · · , η̃d are not ∇⊥-parallel and the eigendistri-

butions Ẽg+1, · · · , Ẽd are not autoparallel. One has that T (N)ζq decompose orthogonally

as

T (N)ζq = V̂ ⊕ H (4.4)

where H = (ker(d pr))⊥ is the pr-horizontal distribution of the holonomy tube (N)ζq and

V̂ = Ẽ1 ⊕ · · · ⊕ Ẽg is the vertical distribution.

Remark 4.2. From the tube formula [3, Lemma 3.4.7] (see (4.6)) one obtains that

Ṽ ⊂ Ẽ0 (4.5)

where Ẽ0 is the nullity distribution of (N)ζq and Ṽ is the pr-horizontal lift of the distribution

V of N (in particular, Ãζ̃(Ṽ) = 0). Then

Vpr(x) = dxpr(Ṽx) = (Id− Ãζ̃(x))(Ṽx) = Ṽx (4.6)

This implies that the distribution Ṽ is constant, in the ambient space Cn,1, along any fibre

S(x) := pr−1({pr(x)}).

Let ψ ∈ νq̃(N)ζq be generic in the sense that it is not perpendicular to some η̃i(q̃)− η̃j(q̃),
i, j ∈ {0, 1, · · · , d}, i ̸= j. Then ψ extends to a parallel normal field ψ̃ around q̃ that

distinguishes all the eigenvalues functions λi(·) := ⟨ · , η̃i⟩. However, we will be interested

in some parallel normal fields ξ̃ that do not distinguish such eigenvalue functions. In
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particular, in the case that ker Ãξ̃ is bigger than Ẽ0, around a generic point where dimker Ãξ̃
is constant and hence a distribution.

Let now ξ̃ be a parallel normal field of (N)ζq . Since we work locally, we may assume

that ker Ãξ̃ has constant dimension and so, by Codazzi identity, ker Ãξ̃ is an autoparallel

distribution that is invariant, due to Ricci identity, by all the shape operators of (N)ζq .

Since Ṽ ⊂ ker Ãξ̃, this distribution is pseudo-Riemannian and the orthogonally comple-

mentary distribution Hξ̃ := (ker Ãξ̃)
⊥ is Riemannian. Let us consider the equivalence

relation on (N)ζq given by x ∼̃
ξ
y if there exists a Hξ̃-horizontal curve that connects x

with y (see [3, p.224]). About a generic point the equivalence classes have all the same

dimension. By means of the horosphere embedding f (see Section 2.6) every equivalence

class H ξ̃(x) := [x] may be locally viewed as a (possible degenerate) holonomy tube around

a focal Riemannian manifold. Thus, we can apply the results of Section 2.5, after replacing

N by M = f((N)ζq). Observe that under these identifications ker Ãξ̃ = ker(Id − Aξ̃−ṽ),

where A is the shape operator of M and ṽ is the (umbilical) position vector field. In

particular, by Lemma 2.18, the tangent space to any equivalence class Tx := TxH
ξ̃(x) is

invariant under all shape operators of (N)ζq .

Before stating the next crucial result, we introduce some notation: let F be the foliation

of N given by the hypersurfaces obtained by the intersection of N with the family of

pseudo-hyperbolic spaces H2n,1
r (see (3.4)). The element of F that contains q ∈ N is

denoted by F (q). Let F̃ := pr−1(F) which is a foliation of (N)ζq by hypersurfaces. The

element of F̃ that contains x is denoted by F̃ (x). Then:

Main Lemma 4.3. We are under the assumptions and notation of this section. Let U

be an open subset of (N)ζq such that for all x ∈ U the equivalence classes H ξ̃(x) have the

same dimension. Then, for all x ∈ U ,

(1) S(x):= pr−1({pr(x)}) ⊂ H ξ̃(x) (locally).

(2) H ξ̃(x) is non-degenerate.

(3) H ξ̃(x) = F̃ (x) (locally). In particular, the foliation F̃ does not depend on ξ̃ (and

its is called the canonical foliation of the holonomy tube).

Proof. Part (1) follows with exactly the same arguments, relying on the Homogeneous

Slice Theorem, as those used for Euclidean submanifolds in [3, Section 7.3, p. 217]. (see

also [4, p. 202]. In order to prove part (2), we will first prove that the induced metric

on H ξ̃(x), if degenerate, is positive semi-definite with a one-dimensional degeneracy. Let

us consider the foliation F of N . Note that any leaf F (p) of this foliation is a pseudo-

Riemannian hypersurface of N with signature 1. This foliation is perpendicular to the
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position vector field v⃗. Observe that v⃗ lies in the vertical distribution V and hence in the

nullity distribution of N . Let us consider the foliation F̃ = pr−1(F) by pseudo-Riemannian

hypersurfaces of signature 1 of (N)ζq . Let ṽ be the pr-horizontal lift of v⃗. Then, by the

tube formula [3, Lemma 3.4.7], ṽ lies in the nullity distribution of (N)ζq and hence in

ker Ãξ̃. Note that TxF̃ (x) = ṽ⊥x . Then H ξ̃(x) lies in the leaf F̃ (x) of F̃ through x, which

implies our assertion, since a linear subspace of a space of signature 1 is either Lorentzian

or positive semi-definite.

Let ν̃ be the (autoparallel) distribution of U which is perpendicular to the distribution

T of tangent spaces of the equivalence classes H ξ̃(x) (see Section 2.5).

Assume that H ξ̃(x) is degenerate at x. Then, the intersection of TxH
ξ̃(x) ∩ ν̃x is one-

dimensional. Let ψ ̸= 0 belong to this intersection. Note that ψ is an isotropic vector, i.e.

⟨ψ,ψ⟩ = 0. From Lemma 2.18 the distribution T is invariant under all shape operators of

(N)ζq and in particular by Ãζ̃ . Hence, Ãζ̃x|Tx = Âζ̃x where Â is the shape operator of H ξ̃(x)

(see Remark 2.15 for the definition of a parallel normal field to a degenerate submanifold,

and its associated shape operator). By the first part of this section, Ãζ̃ is diagonalizable,

with real eigenvalues ⟨ζ̃x, (η̃i)x⟩, i = 0, · · · , d (see the paragraph below Remark 4.1). Then,

Âζ̃x is diagonalizable with real eigenvalues. Since, from part (i), the distribution tangent

to the pr-fibres, is contained in T , then the 1-eigenspace of Âζ̃x coincides with the 1-

eigenspace E ζ̃1(x) of Ãζ̃x . By the last part of Remark 2.15, ÂζxRψ ⊂ Rψ and hence ψ is

an eigenvector. The only non-positive definite eigenspace of Ãζ̃x is ker Ãζ̃x . Since ψ is

isotropic, we conclude that ψ is a 0-eigenvector, i.e. Âζ̃xψ = 0. We regard now the isotropic

vector ψ as a vector perpendicular to H ξ̃ at x, and hence it extends to a parallel normal

field ψ̃ of H ξ̃ (see Lemma 2.21). Let v belong to

Ẽ ζ̃1(x) = ker(Id− Ãζ̃x) = ker(Id− Âζ̃x)

and let w = Âψ̃x
(v). Then, from Lemma 2.17, one has that

Âζ̃xw = w + λ(v)ψ̃x (4.7)

for some scalar λ(v) (we have used that the degeneracy of the metric ofH ξ̃(x) has dimension

1). Observe that the subspace Tx is invariant under the shape operator Ãζ̃x of (N)ζq . Thus,

Âζ̃x = (Ãζ̃x)|T diagonalizes with real different eigenvalues λ0 = 0, λ1 = 1, λ2, · · · , λm.
Decompose w = w0 + w1 + · · · + wm, where wi is an eigenvector associated with λi,

i = 1, · · · ,m.
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Then, by equation (4.7), since ψ̃x is a 0-eigenvector, we conclude that w = Âψ̃x
(v) is an

1-eigenvector of Âζ̃x . Then

Âψ̃x
Ẽ ζ̃1(x) ⊂ Ẽ ζ̃1(x) (4.8)

and the same is true if one replaces x for any arbitrary nearby y ∈ H ξ̃(x). This implies

that ψ̃ is a parallel normal field of S(x) = pr−1({pr(x)}).
Since S(x) is a totally geodesic submanifold of (N)ζq which is invariant under all shape

operators, it is contained in the affine subspace

y + TyS(x)⊕ νy(N)ζq ⊃ S(x) (4.9)

for all y ∈ S(x). The affine subspace y + TyS(y) ⊕ νy(N)ζq does not depend on y ∈
S(x) (observe that S(x) = S(y)). Observe that ψ̃ is both perpendicular and tangent

to the (degenerate) equivalence class H ξ̃. While the latter condition implies that it is

perpendicular to ν(N)ζq , the first condition implies that it is perpendicular to the pr-fibers

S(x) (see part (i)). Then ψ̃ is a constant field when restricted to S(x), since it is a parallel

normal field which is perpendicular to an affine subspace that contains S(x).

Recall that pr(y) = y + ζ̃(y) (see equality (4.3)). Then

dy(pr)(ψ̃(y)) = (Id− Ãζ̃(y))ψ̃(y) = ψ̃(y). (4.10)

Since ψ̃ is constant along the fiber S(x) we obtain that the constant field ψ̃|S(x) projects

down to the vector ψ̃(x) ∈ Tpr(x)N . Observe that the union of the normal spaces of (N)ζq
at different points of S(x) generates νpr(x)N . Then, taking into account that ψ = ψ̃(y)

belongs to the nullity Ẽ0(y) of (N)ζq for any y ∈ S(x), we obtain from the tube formula

that ψ̃(y) = ψ belongs to the nullity subspace Npr(x) of N . Then the vector ψ ∈ Ty(N)ζq
is time-like. A contradiction since ψ is isotropic. This proves (2).

(3) The inclusion H ξ̃(x) ⊂ F̃ (x) was proved inside the demonstration of part (2). The

following arguments are similar to those in [4, section 2] (see also [3, chap. 7]. Let us

consider the distribution ν̃ perpendicular to the equivalence classes H ξ̃(y) and let Σ(p) be

the totally geodesic integral manifold of ν̃ by p. Since the equivalence classes are non-

degenerate by part (2), the same argument used in the proof of Proposition 2 (iv) of [4]

shows that the equivalence classes are parallel manifolds of the ambient space. Namely,

H ξ̃(x) = (H ξ̃(p))µ(p,x)

where µ(p,x) is the parallel normal field of H ξ̃(p) with µ(p,x)(p) = x − p (x ∈ Σ(p), near

p). Let Ẽ1, · · · , Ẽg be the autoparallel eigendistributions of (N)ζq , with associated parallel

curvature normals η̃1, · · · , η̃g, determined by the isoparametric full submanifolds S(x) of
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the affine normal space pr(x) + νpr(x)N . By part (i), the restriction of Ẽi to any H ξ̃(x) is

tangent to this equivalence class. By the tube formula

η̃i(x) =
1

1− ⟨(x− p), η̃i(p)⟩
η̃i(p), (4.11)

x ∈ Σ(p) near p, i = 1, · · · , g. Since η̃i has constant length, we conclude that

⟨(x− p), η̃i(p)⟩ = 0

or, more generally,

⟨µ(p,x), η̃i|H ξ̃(p)
⟩ = 0. (4.12)

Since the curvature normals η̃1, · · · , η̃g associated to the pr-fibres generate, at any point, the

normal space of S(p), regarded as a submanifold of νpr(p)N . Then, from (4.12), µ(p,x)|S(p)
is a constant normal field along S(p), regarded as a submanifold of the full ambient space

Cn,1. Then, x − p projects trivially to νp(N)ζq , since it is spanned by η̃1(p), · · · , η̃g(p).
Observe that x − p is perpendicular to H ξ̃(p) at p, since it is the initial condition at p of

the normal field µ(p,x). Since x is arbitrary in Σ(p), we obtain that Σ(p) is contained in the

affine subspace p + ν̃q = p + TpΣ(p) and so it locally coincides with this subspace near p.

This implies that α̃(ν̃p, ν̃p) = 0, where α̃ is the second fundamental form of (N)ζq . Since ν̃p

is invariant under all shapes operators of (N)ζq at p, we obtain that ν̃p is contained in the

nullity of α̃. Taking into account that the parallel normal field µ(p,x) of H
ξ̃(p) is constant

along S(p), one obtains that Σ(p) is a parallel affine subspace to Σ(r) in the full ambient

space, for all r ∈ S(p) (locally). Then ν̃p = ν̃r for all r ∈ S(p), as linear subspaces. This

implies, by the tube formula and the fact that the normal spaces of νrS(p), r ∈ S(p) ⊂
pr(p)+νpr(p)N span νpr(p)N , that ν̃p belongs to the nullity of the second fundamental form

α of N at pr(p) (see [3, chap. 7.3.2]. Since the nullity of α is the distribution y → Cy,
we obtain that dim ν̃p ≤ 2 and thus, the codimension of H ξ̃(x) in (N)ζq is at most 2.

Then the equivalence classes H ξ̃(x), since H ξ̃(x) ⊂ F̃ (x), locally coincide with F̃ (x) or

have codimension 1 in F̃ (x). In the first case we are done. In the second case, since

S(x) ⊂ H ξ̃(x), the integrable foliation T̃ , given by the tangent spaces of the equivalence

classes H ξ̃(x), projects down to an integrable distribution T := d pr(T̃ ) which (locally)

coincides with the distribution perpendicular to the vertical foliation q 7→ C∗q of N . This

contradicts Lemma 3.10. Thus, H ξ̃(x) coincides locally with F̃ (x).

□

Remark 4.4. We keep the notation and assumptions of this section. It was proved, inside

the proof of Lemma 3.4, that v ∈ TzH
2n,1
r belongs to the nullity space of N if and only

if v belongs to the nullity of the second fundamental form of F (z) = N ∩ H2n,1
r as a
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submanifold of H2n,1
r . Since the nullity of N coincides with the distribution y 7→ Cy,

we obtain that RJz coincides with the nullity of F (z) as a submanifold of the umbilical

submanifold H2n,1
r ⊂ Cn,1, r = ∥z∥. If we regard F (z) as a submanifold of Cn,1, then

we can decompose orthogonally the normal bundle into two parallel sub-bundles. Namely,

νF (z) = ν1⊕ν2 where ν1 is one-dimensional, spanned by the position vector field, and ν2 is

the normal bundle of F (z) as a submanifold of H2n,1
r . Then the distribution of F (z) given by

x→ Jx is the common kernel of the family of shape operators {Aµ : ν is a section of ν2}.
Observe that the shape operator of the position vector field of H2n,1

r is minus the identity.

Let ṽ be the pr-horizontal lift of Jv⃗, where v⃗ is the position vector field of N . Observe

that ṽ is time-like, and it is tangent to any F̃ (x) := pr−1(F (pr(x))). Moreover, by making

use of the tube formula, we obtain that the one-dimensional distribution Rṽ|F̃ (x) is invariant

under all the shape operators of F̃ (x). Taking into account that the one-dimensional bundle

ν1 is time-like, we obtain that the curvature normal η̃g+1, associated with the distribution

Rṽ|F̃ (x) of F̃ (x), is

η̃g+1 =
1

r2
u⃗|F̃ (x) (4.13)

where u⃗ is the horizontal lift to (N)ζq of the position (tangent) vector field v⃗ of N and r2 =

−⟨v⃗pr(x), v⃗pr(x)⟩. Note, from the definition, that F (z) = F (z′), if z′ ∈ F (z) and ⟨z, z⟩ =

⟨z′, z′⟩. Moreover, η̃g+1 is parallel in the normal connection of F̃ (x), as a Lorentzian

submanifold of the ambient space Cn,1.
The labeling index of η̃g+1 is due to the fact that in our notation η̃1, · · · , η̃g are the

parallel curvature normals associated to the vertical autoparallel distribution of F̃ (x) whose

integral manifolds are isoparametric submanifolds of the ambient space (see part (1) of

Lemma 4.3). The eigendistribution Ẽg+1, associated with η̃g+1, could be bigger than Rṽ.
In fact, it coincides with the restriction to F̃ (x) of the orthogonal complement of u⃗ in Ẽ0,

where Ẽ0 is the nullity distribution of (N)ζq .

Lemma 4.5. The local normal holonomy at pr(x) of F (pr(x)), restricted to the orthogonal

complement of the position vector v⃗, coincides with the local normal holonomy group of N

at pr(x).

Proof. The proof is the same as that of Lemma 7.3.5 (i). □

5. The geometry of the equivalence classes

To ensure clarity, we begin by summarizing the main results of the previous section,

explaining them in some detail. Recall that we work locally, and our results—though not
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always stated explicitly—hold in a neighborhood of a generic point of the submanifolds

involved.

If ξ̃ is a parallel normal field of (N)ζq , then H
ξ̃(x) ⊂ (N)ζq is the equivalence class of x,

where x ∼ y if there exists a curve perpendicular to ker Ãξ̃ connecting x with y. ThenH ξ̃(x)

is a hypersurface of (N)ζq that (locally) coincides with F̃ (x) = pr−1(F (pr(x))), where

F (pr(x)) = N ∩ H2n,1
r and r2 = −⟨pr(x),pr(x)⟩ (see Lemma 4.3). One has that F̃ (x) is

invariant under all shape operators of (N)ζq (see Lemma 2.18 and the paragraphs previous

to Lemma 4.3). Moreover, the normal bundle of F̃ (x) ⊂ Cn,1 splits as the orthogonal sum

of the following parallel and flat subbundles

νF̃ (x) = ν̃1 ⊕ ν̃2 , (5.1)

where ν̃1 = Ru⃗|F̃ (x), ν̃2 = (ν(N)ζq)|F̃ (x) and u⃗ is the pr-horizontal lift of the position vector

field v⃗ of N . One has that both F̃ (x) and its normal bundle are Lorentzian. Moreover, the

commuting symmetric family of shape operators {Ãµ} of F̃ (x) diagonalize simultaneously

with real eigenvalues. In fact, the eigendistribution Ẽg+1 associated to the parallel section

η̃g+1 is non-zero and contains the timelike vector ṽ (see last part of Remark 4.4). Since

F̃ (x) is Lorentzian, Ẽ0 is non-degenerate and its orthogonal complement is a Riemannian

distribution. This implies our assertion.

Let us finally recall that F̃ (x) contains the fibre pr−1({pr(x)}) (see Lemma 4.3).

Remark 5.1. The nullity of F̃ (x) is trivial, as a submanifold of Cn,1. In fact, let ζ̃ be

the parallel normal vector field of (N)ζq such that pr(y) = y + ζ̃(y). Then, by the tube

formula, see (4.10), d pr(u⃗y) = (Id− Ãζ)u⃗y = u⃗y = v⃗pr(y), as vectors of the ambient space

Cn,1. Taking into account that the position (normal) vector field of F (pr(y)) is umbilical,

we obtain

−Id = Av⃗(pr(y)) = Ãu⃗y
(
(Id− Ãζ̃y)|H

)−1
,

where H is the pr-horizontal distribution of F̃ (x). This shows that Ãu⃗y |H has no kernel.

Since the pr-fibres are irreducible isoparametric submanifolds, the family of shape operators

Ãψ, ψ ∈ (ν̃2)y, restricted to the pr-vertical distribution H⊥, have no common kernel. The

previous observations imply our assertion.

Let, keeping the notation of Section 4, and Remark 5.1, η̃1, · · · , η̃d (d ≥ g + 1) be

the curvature normals of F̃ (x) with associated eigendistribution Ẽ1, · · · , Ẽd, which are

integrable due to the Codazzi identity (perhaps in a neighbourhood of a point close to x).

Recall that η̃1, · · · η̃g are parallel, and ηg+1 is also parallel due to Remark 4.4. Moreover,

all eigendistributions are Riemannian with the exception of Ẽg+1 which is Lorentzian.
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Asumme that η̃i is a parallel curvature normal, then any integral manifold S(y) of Ẽi is

totally geodesic in F̃ (x). Moreover, Si(y) is an umbilical submanifold of the ambient space

Cn,1 which is contained in the affine space

y + Ẽi(y) + Rη̃i(y).

(a) If η̃i(y) is spacelike, and so i ̸= g + 1, then Si(y) is an open subset of the sphere of

the Euclidean space y + Ẽi(y) + R η̃i(y) c with center c and radius ρ given by

c = y +
1

⟨η̃i(y), η̃i(y)⟩
η̃i , ρ =

1√
⟨η̃i(y), η̃i(y)⟩

. (5.2)

In this case Si(y) is called a curvature sphere

(b) If η̃i is lightlike, and so i > g + 1, then Si(y) is a horosphere of an appropriate real

hyperbolic space. In fact, there always exist a timelike z ∈ νyF̃ (y) such that ⟨η̃i, z⟩ = 1.

Let −r2 = ⟨z, z⟩ and let

Hk
r = {w ∈ y + Ẽi(y)⊕ R η̃i(y)⊕ R z : ⟨w − (y + z), w − (y + z)⟩ = −r2}o

where k = dim Ẽi(y) + 1 and ( )o denotes the connected component by y. Then Si(x) is

an open subset of the horosphere defined by(
y + Ẽi(y)⊕ R η̃i(y)

)
∩Hk

r .

(c) If ηi is timelike, i ̸= g + 1, then Si(x) is an open subset of the hyperbolic space of

Li(x) defined by

Hki
r = {X ∈ x+ Ei(x)⊕ R ηi(x) : ⟨X − c,X − c)⟩ = −r2}o

, where −r2 = ⟨x− c, x− c⟩, and c has the same expression as in (a).

(d) If i = g + 1, there are two cases:

• dim Ẽg+1 = 1. Then, by Remark 4.4, Ẽg+1 = Rṽ. In this case Si(y) is an open subset

ot the (compact) anti-circle of the negative definite affine plane y+ Ẽg+1(y)⊕Rη̃g+1(y) of

center

c = y +
1

⟨η̃g+1(y), η̃g+1(y)⟩
η̃g+1

and given by the equation

⟨w − c, w − c⟩ = 1

⟨η̃g+1(y), η̃g+1(y)⟩
.

• dim Ẽg+1 > 1. One gets the same formulas as in the previous case. But, instead of an

anti-circle one obtains a pseudo-hyperbolic space.
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5.1. The parallel focal set.

We keep the notation and assumptions of this section. In order to simplify the exposition

we introduce the following notation:

F̃ := F̃ (x), F := F (pr(x)).

We next discuss some standard facts, or definitions, that are well-known in a Euclidean

ambient space and extend to our setting with straightforward modifications.

The affine normal space of F̃ at y is the affine subspace

y + νyF̃ ⊂ Cn,1 ≃ R2n,2.

The affine focal hyperplane Σ̃j(y) ⊂ y + νyF̃ associated to η̃j(y) is

Σ̃j(y) := y + H̃j(y),

where H̃j(y) is the linear hyperplane of νyF̃ defined by the equation ⟨η̃j(y), · ⟩ = 1 (j =

1, · · · , d). The focal set at y is defined by

∪dj=1 Σ̃j(y)

and the parallel focal set at y is defined by

∪i∈I Σ̃i(y)

where

I = {i : η̃i is parallel, 1 ≤ i ≤ d}. (5.3)

Let ξ be a parallel normal field of F̃ such that the parallel manifold F̃ξ is not singular, i.e.,

I−Ãξ is never singular (perhaps after shrinking ξ and F ). Equivalently, ⟨ξy, η̃j(y)⟩ ≠ 1, for

all y ∈ F̃ , j = 1, · · · , d. Let f be the parallel map y
f→ y+ ξ(y). Then affine normal spaces

y + νyF̃ and f(y) + νf(y)F̃ξ do coincide. Moreover, the focal set of F̃ at y coincides with

the focal set of F̃ξ at f(y). In fact, this is a consequence of the tube formula that relates

the shape operators of parallel manifolds (see Lemma 3.4.7 and Proposition 4.4.11 of [3]).

One has that f maps the eigendistribution Ẽj of F̃ into an eigendistribution Ẽξj := f∗(Ẽj)

of F̃ξ. Moreover, form the tube formula, the curvature normal η̃ξj associated to Ẽξj is given

by

η̃ξj (f(p)) =
1

1− ⟨η̃j(y), ξ(y)⟩
η̃j(y).

Observe that Ẽj is Riemannian if and only if Ẽξj is Riemannian. Moreover, η̃j is parallel if

and only if η̃ξj is parallel. Then the parallel focal set of F̃ at y coincides with that of F̃ξ at

f(y). Observe that f maps a curvature sphere Si(y) into a curvature sphere Sξi (f(y)); see

(5.2).
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5.2. The Coxeter group.

We keep the notation and assumptions of this section.

We keep the notation and assumptions of Sections 3 and 4. In particular, we assume

that the index of relative nullity of N̄ is zero. This implies that the normal holonomy of

N acts irreducibly. Let us further assume that the normal holonomy is not transitive on

the unit sphere of the normal space. This implies, in particular, that the dimension of the

normal space of F̃ is at least 3.

The next main tools are inspired by Terng’s construction of the Coxeter group of an

isoparametric submanifold [10, Section 6.3] (see also [3, Section 4.2]). We may assume,

since we work locally, that F̃ is simply connected and so νF̃ is globally flat. Let y, y′ ∈ F̃

and let τy,y′ : νyF̃ → νy′F̃ be the parallel transport with respect to the normal connection.

Let τ̃y,y′ : y+νyF̃ → y′+νy′F̃ be the so-called affine parallel transport. Namely, τ̃y,y′(y) = y′

and dy τ̃y,y′ = τy,y′ . The affine parallel transport maps parallel focal hyperplanes into

parallel focal hyperplanes. That is, for any i ∈ I = {i : η̃i is parallel, 1 ≤ i ≤ d},

τ̃y,y′
(
Σ̃i(y)

)
= Σ̃i(y

′)

and hence the affine parallel transport maps parallel focal sets into parallel focal sets:

τ̃y,y′
(
∪i∈I Σ̃i(y)

)
= ∪i∈IΣ̃i(y′) (5.4)

Let

I0 : = {i ∈ I : the integral manifolds of Ẽi are curvature spheres} (5.5)

= {i ∈ I : Ẽi is Riemannian and η̃i is spacelike}

Equivalently, Ẽi is Riemannian, and η̃i is parallel and spacelike. Observe that {1, · · · , g} ⊂
I0. Then

τ̃y,y′
(
Σ̃i0(y)

)
= Σ̃i0(y

′), for any i0 ∈ I0. (5.6)

Let i0 ∈ I0 and assume that the curvature spheres Si0(y), y ∈ F̃ , are complete. Let, for

y ∈ F̃ , ỹ ∈ Si0(y) be the antipodal point of y. Then ξi0 , defined by ξi0(y) = ỹ − y is a

parallel normal field and F̃ξi0 = F̃ . In fact, ξi0 = 2
⟨η̃i0 ,η̃i0 ⟩ η̃i0 .

The affine parallel transport τ̃y,ỹ may be achieved by parallel transporting along a curve

in Si0 from y to ỹ. It turns out that this parallel transport coincides with the reflection

Ri0 in the focal affine hyperplane Σ̃i0(y) (see [3, Section 4.2.2]). The affine normal spaces

of F̃ = F̃ξi0 at y and ỹ coincide. Moreover,

∪j∈J Σ̃j(y) = ∪j∈J Σ̃j(ỹ), (5.7)



NORMAL HOLONOMY OF COMPLEX HYPERBOLIC SUBMANIFOLDS 33

where J is any of the following sets: {1, · · · , d}, I, I0. In fact, for J = {1, · · · , d} the

equality (5.7) is true since F̃ is a parallel manifold to itself. For J = I, I0 it is a consequence

of equalities (5.4) and (5.6).

By the previous discussions we obtain that

Ri0
(
∪j∈J Σ̃j(y)

)
= ∪j∈J Σ̃j(y) (5.8)

In particular,

Ri0
(
∪i∈I0 Σ̃i(y)

)
= ∪i∈I0 Σ̃i(y) (5.9)

If the curvature sphere Si0(y) is not complete, we can use an argument, used by Terng

in the proof of Theorem 3.4 in [11], in order to extend locally F̃ and so that the curvature

sphere Si0(y) is complete. We now sketch this argument. Let us consider the parallel focal

manifold Fξ, where ξ =
1

⟨η̃i0 ,η̃i0 ⟩
η̃i0 . Perhaps, by passing before to a nearby generic parallel

manifold to F̃ so that ⟨η̃i0 , η̃j⟩ = 1 if and only if j = i0 (j = 1 · · · d). Then consider the

normal (parallel) subbundle B over F̃ξ given by Bz = Ẽi0(y)⊕Rη̃i0(y), where π(y) := y +

ξ(y) = z. This subspace does not depend on y such π(y) = z. In contrast to the framework

in Terng’s proof, not all curvature normals are necessarily parallel. Consequently, in our

context, we have to consider the complete sphere bundle SB of B of radius β⟨ξ, ξ⟩1/2, β > 0

small. The image of B under the normal exponential map of F̃ξ is the desired extension of

B̃.

By equation (4.2), S(y) = pr−1({pr(y)}) ⊂ pr(y)+νpr(y)N is an irreducible isoparametric

submanifold. Then

{Ri|y+νy(N)ζq
: 1 ≤ i ≤ g}

generates a (finite) Coxeter group W which acts irreducibly on the affine normal space

y + νy(N)ζq . Moreover, pr(y) is the only fixed point in such a space. Taking into account

that y + νy(N)ζq is an affine hyperplane of y + νyF̃ , we obtain that

∩i∈I0Σ̃(y) = pr(y) + Ru⃗y

and hence the line

pr(y) + Ru⃗y (5.10)

is the fixed set of W acting on y + νyF̃ (y).

Let W̃ be the group of affine transformations of y+νyF̃ generated by the set {Ri : i ∈ I0}.
As for the case of Euclidean reflections, W̃ is a finite group. In fact, observe first that

Ri = R−1
i . If we now write g ∈ R̃ as a word of minimal length g = Ri1 · · ·Rim then all

factors are different due to the commutation law RiRjRi = Rk for some k. Since W̃ is

finite, it has a fixed point p. Such a point must belong to the line pr(y) + Ru⃗y, since
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W ⊂ W̃ (see (5.10)). We will identify W̃ with a linear group with center p. Assume that

W̃ acts irreducibly on y+νyF̃ . Then, since W̃ is finite there exits a positive definite scalar

product ( , ) that is invariant by W̃ . By the Schur lemma, the Lorentz inner product of

y + νyF̃ is a multiple of ( , ). A contradiction since dim νyF̃ ≥ 2. Thus, the action of W̃

is reducible. From the fact that W ⊂ W̃ acts irreducibly on the hyperplane y+ νy(N)ζq of

y + νyF̃ it follows that the unique non-trivial irreducible subspaces of W̃ are y + νy(N)ζq
and pr(y)+Ru⃗y. Moreover, since the finite group W̃|y+νy(N)ζq

must have a fixed point, and

the only fixed point of W is such a space is pr(y), we conclude that pr(y) is a fixed point

of W̃ . Then the parallel normal vector field y
ζ̃7→ y − pr(y) satisfies that

ker(Id− Ãζ̃(y)) ⊃ ⊕i∈I0Ẽi(y).

On the other hand, since F̃ζ̃ = F , it follows that

ker(Id− Ãζ̃(y)) = ⊕g
i=1Ẽi(y)

(see (4.3). Then W̃ =W and

I0 = {1, · · · , g}. (5.11)

Corollary 5.2. The only curvature spheres of F̃ are the vertical ones associated to the

isoparametric fibers of F̃
pr→ F . □

The above corollary together with the following lemma will be crucial for our purposes.

Lemma 5.3. Not all curvature normals of F̃ are parallel.

Proof. Assume that all curvature normals are parallel. Observe, keeping the notation of

previous sections, that there should exist i > g + 1 such that η̃i is not a scalar multiple

of η̃g+1. If not, ker Ãζ̃ and ker(Id− Ãζ̃) would be two (orthogonally) complementary non-

degenerate totally geodesic distributions which are invariant by all shape operators. The

affine subspace generated by any integral manifold of ker(Id− Ãζ̃) is Euclidean and hence

non degenerate. Then, by Moore’s lemma (see e.g. [12, Lemma 2] and [3, Corollary 1.7.4]),

F̃ locally splits and hence F locally splits. The flat part ν0F of normal bundle νF has

dimension 1, and locally N = ∪ξFξ, where ξ is a small parallel section of ν0F . Then N

locally splits which is a contradiction, since the normal holonomy of N acts irreducibly

(see the begining of this section).

Let η̃i, i > g be such that it is not a scalar multiple of u⃗. Then i ̸= g + 1 and thus, Ẽi

is Riemannian (see the paragraph below Remark 5.1). If η̃i is spacelike then the integral

manifolds of Ẽi are curvature spheres (see (5.5)). This contradicts Corollary 5.2. Then

η̃i = λu⃗ + µ̃, where λ ̸= 0 and µ̃ ̸= 0 is the projection of η̃i to the parallel normal
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subbundle ν̃2 = u⃗⊥ = ν(N)ζq |F̃ (see (5.1)). Let j ∈ {1, · · · , g} and let ψ̃ be a parallel

section of ν̃2 such that ⟨ψ̃, η̃j⟩ = 1 = ⟨ψ̃, µ̃⟩. In fact define ψ̃ as an appropriate scalar

multiple of a non-zero parallel section of the bundle Rη̃j ⊕ Rµ̃ which is perpendicular to

η̃j − µ̃. Then Ẽ := ker(Id − Ãψ̃), which is a direct sum of eigendistributions, contains

Ẽi ⊕ Ẽj and does not contain Ẽg+1. Then any integral manifold S̃(y) of the autoparallel

distribution Ẽ is a Riemannian isoparametric submanifold of the affine Lorentzian subspace

y+ Ẽ(y)⊕ νyF̃ . Since η̃j is spacelike and ηi is not so, then ⟨η̃i, η̃j⟩ = 0 by Proposition 2.4.

Since {ηj : 1 ≤ j ≤ g} generates ν̃2, then ηi lies in ν̃1 = R u⃗. A contradiction that implies

the lemma.

□

Proof of Theorem 1.1. By Corollary 3.9, the normal holonomy group of N acts irreducibly

on the normal space. Let N be the lift of N̄ to Cn,1, and let ξ̄ be a parallel normal

field to N such that kerAξ̃ has constant dimension. Then, according to Lemma 4.3 (3),

H ξ̃(x) = F̃ (x), and so it does not depend on ξ̃. By Lemma 2.18, TyF̃ (x) is invariant

under all shape operators of (N)ζq . Moreover, kerAξ̃|TF (x) is invariant under all the shape

operators of (N)ζq . Let S ξ̃(y) be the total geodesic and non-degenerate integral manifold

of kerAξ̃|TF (x) by y ∈ F̃ (x). Then S ξ̃(y) is (locally) the orbit of a weakly polar action.

Namely, via the horosphere embedding, it coincides with the normal holonomy orbit of an

appropriate focal manifold. Since F̃ (x) has flat normal bundle, and its family of shape

operators are simultaneously diagonalizable, with real eigenvalues, the same is true for

S ξ̃(y). Moreover, since S ξ̃(y) is the orbit of a weakly polar action, it follows that the

curvature normals of S ξ̃(y) are parallel in the normal connection. As for the curvature

normals associated to the fibers of (Nζ̃q
), any curvature normal of S ξ̃(y) extends to a

parallel curvature normal of F̃ (x) (see [3, sec.7.1]). If the normal holonomy group of N is

not transitive we can find, as in [3, sect. 7.4], parallel normal fields ξ̃, ξ̃′ of F̃ (x) such that

kerAξ +kerAξ′ contains the horizontal distribution of F̃ (x). Then, Proposition 7.36 of [3]

applies with the same proof to show that any curvature normal of F̃ (x) is parallel in the

normal connection. This contradicts Lemma 5.3, proving that the normal holonomy must

be transitive. □
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complex hyperbolic spaces, Adv. Math. 314 (2017), 756–805.

[7] E. Heintze, C. Olmos, and G. Thorbergsson,Submanifolds with constant principal curvatures and

normal holonomy groups, Internat. J. Math. 2 (1991), 167–175.

[8] C. Olmos , The normal holonomy group, Proc. Amer. Math. Soc. 110 (1990), no. 3, 813–818.

[9] C. Olmos, A geometric proof of the Berger holonomy theorem, Ann. of Math. 161 (2005), 579–588.

[10] R.S. Palais, and C.-L. Terng, , Critical point theory and submanifold geometry, Lecture Notes in

Mathematics, 1353, Springer-Verlag, Berlin, 1988.

[11] C.-L. Terng, Submanifolds with flat normal bundle, Math. Ann. 277 (1987), 95–111.

[12] A. Will, Isoparametric Riemannian Submanifolds of Rn,k, Geom. Dedicata 76 (1999), 155–164.

[13] B. Wu, Isoparametric submanifolds hyperbolic spaces, Trans. Amer. Math. Soc. 331(1992), 609–626.

FAMAF, Universidad Nacional de Córdoba,
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