NORMAL HOLONOMY OF COMPLEX HYPERBOLIC
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ABSTRACT. We prove that the restricted normal holonomy group of a Kéhler subman-
ifold of the complex hyperbolic space CH™ is always transitive, provided the index of
relative nullity is zero. This contrasts with the case of CP", where a Berger type result
was proved by Console, Di Scala, and the second author. The proof is based on lifting the
submanifold to the pseudo-Riemannian space C™! and developing new tools to handle
the difficulties arising from possible degeneracies in holonomy tubes and associated distri-
butions. In particular, we introduce the notion of weakly polar actions and a framework
for dealing with degenerate submanifolds. These techniques could contribute to a broader
understanding of submanifold geometry in spaces with indefinite signature, offering new

insight into submanifolds in the dual setting of complex projective geometry.

1. INTRODUCION

For submanifolds of spaces of constant curvature, a fundamental result is the so-called
normal holonomy theorem [8]. It states that the representation of the restricted normal ho-
lonomy group on the normal space is, up to a trivial factor, equivalent to an s-representation
(i.e., the isotropy representation of a semisimple symmetric space). This result is an im-
portant tool for studying submanifold geometry, particularly for submanifolds with simple
geometric invariants, such as isoparametric and homogeneous submanifolds. Moreover,
there is a subtle interplay between Riemannian and normal holonomy which has led to a
geometric proof of the Berger holonomy theorem [9] (for a general reference on this topic,
see [3]). The normal holonomy theorem was extended to Kéahler submanifolds of the com-
plex space forms CP™ and CH™ by Alekseevsky and Di Scala [2]. They proved that if the
normal holonomy representation is irreducible, then it is a Hermitian s-representation. In
the reducible case, up to multiplication by complex numbers of unit modulus, it is still a
Hermitian s-representation. Moreover, they showed that the normal holonomy representa-
tion is always irreducible when the index of relative nullity is zero. In this context, one has
a Berger type holonomy theorem [4]: a complete, full complex submanifold of CP™ with a
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non-transitive normal holonomy group is the complex orbit, in the projective space, of an
irreducible Hermitian s-representation (see [5] for a generalization). In fact, the assump-
tion of completeness is used only to guarantee, by a result of Abe and Magid [1], that the
index of relative nullity is zero. The main techniques consisted of taking the canonical lift
of the submanifold to C"*! and using methods from submanifold geometry.

The main purpose of this article is to address the natural question of whether the afore-
mentioned results can be extended to complex submanifolds of complex hyperbolic space
CH™. To this end, we lift the complex submanifold to (Cﬁ’l, the open subset of C! ~ Cnt!
consisting of vectors v satisfying (v,v) < 0, where (, ) denotes the Hermitian inner product
of complex signature (n,1). The main challenge stems from the fact that the geometry
of submanifolds in pseudo-Riemannian spaces is significantly more intricate, primarily due
to the possible degeneracy — in the sense that the ambient metric may restrict degener-
ately — of holonomy tubes and of the equivalence classes defined by certain distributions.
To tackle this issue, we first introduce the concept of weakly polar actions and develop
a geometric framework for dealing with degenerate submanifolds. Although the normal
connection is not well-defined for such submanifolds, the notion of a parallel normal field

remains meaningful.

Theorem 1.1. Let N™ be a full Kihler submanifold of the complex hyperbolic space CH™ *
with zero index of relative nullity. Then the restricted normal holonomy group ® is transi-

tive (or equivalently, ® ~ Uy, since it acts as a Hermitian s-representation).

Let us note that when the index of relative nullity is non-zero, the normal holonomy
group representation may be reducible. For example, if M is a complex submanifold of
CH™ and N is a complex submanifold of CP", then the open subset O of negative points
of the abstract join J(M, N) forms a complex submanifold of CH™*"*! whose normal
holonomy group is reducible.

We hope that the techniques developed in this paper will be useful for studying sub-
manifolds in spaces with indefinite signature, with a focus on normal holonomy.

The paper is organized as follows. Section 2 contains the preliminaries and basic facts
necessary for our purposes. In this section, we develop general tools that may also be useful
in a broader context. We begin with standard results on the adapted normal curvature
tensor in R™®, reviewing in §2.1 known facts about isoparametric submanifolds in Lorentz
space. In §2.2, we define the concept of an essentially Riemannian submanifold, and in §2.3,
we prove a normal holonomy theorem for such submanifolds. In §2.4, we define weakly polar
actions, without requiring that the maximal dimensional orbits be non-degenerate. The
main general result is Proposition 2.13, which is applied in Theorem 2.14 to the study of
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normal holonomy. This, in turn, is used to extend normal vectors to parallel normal fields,
possibly in a degenerate context. In §2.5 it is extended the theory of holonomy tubes of
Euclidean submanifolds to R™*, even in degenerate cases. In §2.6, we define the horosphere
embedding, which will play a crucial role in the focalization of the 0-eigendistributions
associated with parallel normal fields. This may be regarded as a focalization at infinity.

Section 3 is concerned with the lift of complex submanifolds of CH™ to C™!, relating
the respective normal holonomy groups and relative nullity distributions.

Section 4 is concerned with generalized holonomy tubes and their relation with the so-
called canonical foliation, extending arguments in [4]. The delicate point is the proof of
Main Lemma 4.3.

In Section 5, we study the geometry of the equivalence classes of the distribution perpen-
dicular to the nullity. Coxeter groups are defined, inspired by Terng’s construction of such
groups for isoparametric submanifolds. This section includes the proof of Theorem 1.1.

2. PRELIMINARIES AND BASIC FACTS

Let V be a real vector space of dimension n and let (, ) be an inner product of signature
(r,s), where n = r+s with s being the dimension of a maximal negatively definite subspace
of V. We will often refer to s as the signature of V, when the inner product is clear from
the context. As usual, so(V) denotes the Lie algebra of the skew-symmetric (i.e. anti
self-adjoint) endomorphisms of (V, (, )). The inner product induces an inner product, also
denoted by (, ), on tensors of a fixed type. In particular, (x ® y, w ® z) = (z,w){y, 2).

We focus on the inner product induced on A?(V). On has that

(A y,wA2) = 2((z, w){y, 2) = (x,2)){y, w)), (2.1)

where u ANv =u®v — v ® u.

If e1,--- , e, is an orthonormal basis of V, then % eiNej= %(ei ®e; —ej ®e;), is an
orthonormal basis of A%2(V), 4,5 =1,...,n,1i < j.

The vector space A%(V) is naturally identified with so(V) by means of

0: A*(V) = s0(V), (2.2)
where / is determined by
{tz Ay)w, z) = (z, w){y, z) — (z, 2)(y, w). (2.3)

Observe that
(l(xNy)w, z) = %(x/\y,w/\z) (2.4)
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Endow so(V) with the usual inner product
(B,C) = —trace(B o C).
A straightforward calculation shows that
(U(xNy),l(wAz)=(xANy,wA z)

which implies that ¢ is a linear isometry.
One has, from (2.4), that

(Y B),w A z) = 2(Bw, 2) (2.5)
and hence )
(~(B), ok Aej) = V2 (Be;,ej), (2.6)
and hence
(~Y(B) = Z ei€j(Bei, ej) ei N ej, (2.7)
1<j

where ¢, = (ex, ex) = £1.

In order to fix notation, since the word degenerate is ambiguous, we explicit the following
definition:

Definition 2.1. A (regular) submanifold of a pseudo-Riemannian manifold is called de-

generate if the induced metric is degenerate.

Let M*! ¢ R™ be a non-degenerate local submanifold of the flat space form of signature
s and dimension n = r + s. Here, local means that we work in a neighborhood of a point,
without any global assumptions. Let us consider the normal curvature tensor R at some
arbitrary ¢ € M. Recall the Ricci identity (Riyf 1) = ([A¢, Aylx, y), where A is the shape
operator of M.

Just for the sake of saving notation, we use the same letter ¢ for the isometry £ : A2(V) —
s0(V), where V is either T,M or v,M. Let x,y € T,M and {,n € vyM be arbitrary. Since
(=Y (R,,) is skew-symmetric in 2,y it extends to a linear map R : A2(T,M) — A%(v,M),
by defining

Rtz Ay) =" (Ry,). (2.8)

We will refer to R+ as the normal curvature operator.

S (R- @ Ay), € Am) =

—~

R:ty&? 77) - <[A§7 A'f?]xa y>

([ Ag, Agl),x Ay) =

(2.9)

(A(EAm),z Ay)

N =
N | —
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where A : A%(y,M) — A%(T,M) is the linear map defined by A(& A7) = £71([Ag, Ay)).
Then

(RH(x Ay),EAn) =z Ay, A(E An)) (2.10)
This implies that A is the transpose morphism of the normal curvature operator R:
(or,equivalently, R is the transpose of A).

Remark 2.1. Let us define the so-called adapted normal curvature tensor:
(Reyea€3.6a) 1 = (Ro A(G N&), & N &) = (A& N &), A& N &)

= <£_1([A§1 ) Aéz])> é‘l([A§3’ A£4])>
= <[A§17A$2]a [Afzsv A§4]> = —trace ([AENA&] o [A&a’ A§4])

Then, by the same arguments in [8], R satisfy the identities of a pseudo-Riemannian
curvature tensor on the normal space v4(M).

Lemma 2.2. Let V be a vector space with a positive definite inner product and let W be a
vector space with an inner product. We denote both inner products by (,). Let L : V — W
be a linear map and let L' : W — V be its transpose. Then the image of L coincides with
the image of L o L.

Proof. The inclusion L o LY(W) C L(V) is clear. If V/ = L{(W)*, then
{0} = (V', LY (W)) = (L(V'), W).
Thus, L(V’') = {0}. Since V=V’ @& LY(W) the lemma follows. O

Remark 2.3. In the notation and assumptions of the Lemma 2.2, let C' := L o L'!. Then
(C(w),w) = (LY(w), L'(w)) > 0 with equality if and only if L(w) = 0.

2.1. Riemannian isoparametric submanifolds of the Lorentz space. The object of
this section is to point out some local results that in the bibliography are only proved for
complete submanifolds (see [13],[12], [3, Section 4.2.6]).

Let M™ be a local isoparametric Riemannian submanifold of Lorentz space R™!. Namely,
M is a local Riemannian submanifold with (globally) flat normal bundle and, the shape
operator A¢ has constant eigenvalues for any parallel normal section {. As in the Euclidean
ambient case we have an orthogonal decomposition TM = FEo @ --- ® E,, perhaps where
Ep = 0, and different parallel normal fields, known as curvature normals, 0 = ng,--- , 7y
such that any of the so-called eigendistributions F; is invariant under all the shape opera-
tors of M and
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One has, due to Codazzi identity, that any eigendistribution is autoparallel. Moreover, the
integral manifold S;(z) of E; by x is an umbilical submanifold of the ambient space, which
is contained in the affine subspace

Li(z) =z + Ei(z) @ R (x) c R™L.

It turns out that L;(x) = L;(y) if Si(x) = Si(y), i =0,---,¢g. Let k; = dim E;. One has,
for i = 0, that So(z) is an open part of Lo(z) = = + Ep(z). If ¢ > 1, then S;(x) is an
umbilical hypersurface of L;(x) that belongs to one of the following types:

(1) If n; is spacelike, then S;(x) is an open subset of the round k;-sphere of L;(x) of
center ¢ and radius p given by

- °o_ L
a7 ), m@) (2.1)

In this case the geodesics of S;(x) are circles

c=x+

(2) If ; is timelike then S;(x) is an open subset of the hyperbolic space of L;(z) defined
by
HY = (X ez + Eij(z) ®Rui(x) : (X —¢, X —¢)) = —12}°

, where —r2 = (z — ¢,z — ¢), ¢ has the same expression as in (1) and ( )° denotes the

connected component by . In this case the geodesics of S;(x), are of the form

— cosh(t)n;(z) + sinh(t)w, (2.12)

where w € T,.5;(x) and (w,w) = r? = —(n;(z), ni(x))

(3) If m; is lightlike, then S;(z) is a horosphere of an appropriate real hyperbolic space. In
fact, there always exist a timelike z € v, M such that (n;(y),z) = 1. Extend z to a parallel
normal field Z of S;(x). Then the shape operator Az is the identity, since (n;, Z) = 1. Then
the image of the parallel map y — y + Z,, from S;(x) into R™! is a constant ¢ = x + z,
since its differential is zero. Then (y — ¢,y — ¢) = (Z, ) := —r?, for all y € S;(x). Let

HMH =X cx+E(@z) ®Rni(z) 8Rz: (X — ¢, X —¢) = —r?}°.
Then S;(z) is an open subset of the horosphere defined by

<3: + Ei(z) @ Rm(a:)> N HFTL

Any component of a geodesic v(t) of S;(z) is quadratic, i.e. of the form a1t? + ast + ay
(see Section 2.6, and [12] for an explicit expression).
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Proposition 2.4. Let M be a Riemannian isoparametric submanifold of the Lorentz space
R™!. Then any non-space like curvature normal n; is perpendicular to any other curvature

normal.

Proof. We may assume that n; # 0. Let S;(p) be an integral manifold of F;, let M; := (M),
be a parallel focal manifold such that ker(I — A¢,) = E;, and let m be the projection from
M — M;, ie. w(q) = q+ &(q). Since (n;,m;) < 0, then S;(p) is a open subset of an un-
bounded complete Riemannian umbilical submanifold S;(p) of the Lorentzian affine normal
space T(p) + Vn(p) Mi C R™! (see the discussions preceding this proposition). By the tube

formula, the eigenvalues of the shape operator Afz—ﬂ

) of M; do not depend on ¢q € S;(p)
and hence, d := ||A277r(p)|| does not depend on ¢q € Si(p). Let y(t), |t| < € be a geodesic
of S;(p) and let 4(t) be its extension to a complete geodesic of S;(p), t € R. We have that
||Afy(t)_ﬂ(p) || = d, for |t| < e. By the explicit form of the geodesics, and by making use stan-
dard arguments relying on the (real) analyticity of 5(¢), we obtain that ”A%(t)—fr(p)H =d,

for all t € R. Then the image of 4(t) under the affine map u — A°

u—T

(p)> from (D) +Vr(p) Mi

into the symmetric endomorphisms of 77, M;, is bounded. This is a contradiction, from

p)

the explicit expression of 7(t), unless A% ()= (p) is constant and thus, A;_W(p) does not de-

pend on ¢ € S;(p) (cf. [12, Lemma 4] or7[3, Lemma 4.2.19]). Then, by the proof of Lemma
4.2.20 of [3], we obtain that E; is a parallel distribution of M. Let v; and v; of unit length
and tangent to E;(p) and E;(p), respectively (i # j). By making use of the Gauss equation,
taking into account that E; is a parallel distribution and that o(E;, E/j) = 0, we obtain that

(R(v1,v2)v1,v2) = (a(v1,v2), a(v1,v2)) — (@(v1,v1), a(v2,v2)) = —(ni(p),m;(p)) =0. O
2.2. Essentially Riemannian submanifolds.

Definition 2.5. A non-degenerate (immersed) submanifold M** of R™* is called essentially
Riemannian if there exists a distribution D on M, where (, ) is positive definite, such that
D is invariant under all shape operators A¢, and the family of the shape operators, restricted
to D+, is a commuting family.

Let M*! be an essentially Riemannian submanifold of R™* with associated Riemannian
distribution D. Since we will work locally, we assume that M C R™® is an embedded
submanifold. Let, for ¢ € M,

Cy={Ry , x4,y € T,M} (2.13)

Tq,Yq
By the Ricci identity, and the fact that the family of shape operators restricted to D+

is a commuting family one has that

Cq = {Rfc_q,yq t Zg,Yq € Do} (2.14)
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Since the bracket of any two shape operators [A¢, A,] is zero when restricted to DL, and
the restriction of (, ) to D is positive definite, one obtains, from Remark 2.1, Lemma 2.2
and Remark 2.3, the following:

Lemma 2.6. Let M be an essentially Riemannian submanifold of R™® and let R be its
adapted normal curvature tensor. Then

(1) R has non-positive sectional curvatures, i.e. (R¢ ¢,&2,&1) < 0, for all &,& €
vgM,q € M.

(2) (Re, £562,61) = 0 if and only if Re, ¢, = 0.

(3) <R§1,§2§27€1> =0 Zf and O’ﬂly Zf [A§17A§2] =0.

(4) The linear span of {Riy cx,y € TyM} coincides with the linear span of {Rey -
Cneu) f

(5) Let R = RtoA be the curvature operator on vgM associated to R. Then (R(u),u) >
0 for all u € A% (v,M). Moreover, the equality holds if and only if R(u) = 0.

2.3. Normal holonomy of essentially Riemannian submanifolds.

Let M be an essentially Riemannian submanifold of R™® with adapted normal curvature
tensor R. Let 7 denote the V-+-parallel transport along a (piecewise differentiable) curve
c from p to ¢, and let 7.(R) be the algebraic curvature tensor of v,M defined by

Te(R)e, 6,83 = TCRT;1§17T;1€QT;1§3.

Let hol(g) denote the normal holonomy algebra at ¢, i.e., the Lie algebra of the normal
holonomy group ®(q) of M at q. Then, by the Ambrose-Singer theorem and Lemma 2.6(4),
one has that

hol(q) = linear span of {R¢,, : R € F(q), §,n € vgM} (2.15)

where
F(q) := {7:(R3) : ¢ is an arbitrary curve from z to ¢,z € M }. (2.16)
Observe that any R € F(q) is an algebraic curvature tensor of v,(M). Moreover, it is

positive semi-definite when regarded as a symmetric endomorphism of Az(qu ). That is,
if u € A%(y,M), then (R(u),u) > 0 with equality if and only if R(u) = 0,

Lemma 2.7. We are under the previous notation and assumptions. There exists R € F(q)

such that hol(q) = {R¢y : &,n € vgM}.

Proof. Any R € F(q) will be regarded as a symmetric endomorphism of A?(v,M) N
s0(vgM). By means of this identification (2.15) is equivalent to

¢(hol(q)) = linear span of {Im(R) : R € F(q)}, (2.17)
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where Im denotes the image.
One has that Im(R)* = ker(R), for all R € F(q). If R, R’ € F(q), then

(Im(R) 4 Im(R'))* = ker(R) Nker(R).
Let u € A*(v,M) that belongs to ker(R + R'). Then
0= (R+ R')(u), u) = (R(w), u) + (R (u) ).

Since both (R(u), u) and (R'(u), u) are non-positive, then (R(u),u) = (R'(u),u) = 0. Then,
by Lemma 2.6 (5), R(u) = R/(u) = 0. Then ker(R + R’) C ker(R) Nker(R’). Since the
other inclusion is trivial we obtain the equality. Hence,

Im(R + R') = ker(R + R')* = (ker(R) Nker(R'))* = Im(R) + Im(R').

Since £(hol(q)) is the sum of the images of a finite number of elements of F'(g), by making
use of the previous argument, we conclude the proof. ]

Let us recall the concept of weak irreducibility. Let V be a vector space endowed with
an inner product (, ), with signature s, and let G be a Lie subgroup of SO(V, (, )). We say
that G acts on V weakly irreducibly if any G-invariant proper subspace of V is degenerate
(i.e., (, ) is degenerate on V).

With the same proof as in [8] (see also Section 3.3 of [3]) we have the following:

Proposition 2.8. Let ®(q) be the restricted normal holonomy group at q of an essentially
Riemannian submanifold M of R™*. Then the normal space decomposes as vgM = Vo@- - -@
Vi, orthogonal direct sum of non-degenerate ®(q)-invariant subspaces and ® = Pyx- - -x Py,
where @9 = {Id} and ®; acts trivially on V; if i # j and weakly irreducible on V; fori > 1.
(Note that Vg is contained, possibly properly, in the set of fized vectors of ®(q).)

Note that the existence of a splitting into weakly irreducible invariant subspaces of ®(q),
plus a factor contained in the fixed vectors, is a standard fact.

With the same proof of the normal holonomy theorem in [8] (see also [3], Theorem 3.2.1)

one obtains:

Theorem 2.9. Let M™?® be an essentially Riemannian submanifold of R™® of the same
signature as the ambient space. Then the restricted normal holonomy ®(q) of M at q acts
on the orthogonal complement of its fized set as the isotropy representation of a semisimple
Riemannian symmetric space.
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2.4. Weakly polar actions.

Let G act by isometries on a pseudo-Riemannian manifold M™° and let g be its Lie
algebra. Let € be the open and dense subset of M such that the dimension of the G-orbits
is locally constant. Let V be the distribution on € given by the tangent spaces to the
G-orbits, and let H := V+ be the distribution of normal spaces to the G-orbits. If ¢ € Q,
then dimV, +dimH, = dim M = r + s. However V, N H, could be non-trivial if V, is a

degenerate subspace.
The proof of the following lemma is standard.

Lemma 2.10. Let G be a Lie group acting on a manifold M and let G - p be a locally
mazximal dimensional orbit. Then

gp-TpyM C T,(G - p) (2.18)
where g, denotes the isotropy algebra at p.

0

Lemma 2.11. Let G be a Lie group of isometries of a pseudo-Riemannian manifold
(M, {(,,)). Let G -p be a (locally) mazimal dimensional, possible degenerate, orbit. Then

the identity component G} of the isotropy group at p acts trivially on the normal space

vp(G - p).
Proof. Let g and g, be the Lie algebras of G and G, respectively. Then, by Lemma 2.10,
0= (gp-TpM,vp(G - p)) = (I, M, gp . vp(G - p))
O

The following lemma is well-known in the Riemannian case. The same arguments apply

to the pseudo-Riemannian case.

Lemma 2.12. We are under the previous notation and assumptions. The distribution H

is integrable if and only if it is autoparallel.

Proof. Let £, m be local fields on ) that lie in H and let X be an arbitrary Killing field
induced by G.

Since (£, X) = 0, then 0 = n(§, X) = (V,§, X) + (£, V,X) (and the same is true by
interchanging ¢ and n). Then (V,§, X) = —({,V, X) = (1, V¢ X), where the last equality
is due to the Killing equation. This implies that (V,&, X) is skew-symmetric in &, 7 and
hence, ([¢, 7], X) = (Ven — V&, X) = 2(Ven, X). O



NORMAL HOLONOMY OF COMPLEX HYPERBOLIC SUBMANIFOLDS 11

Definition 2.2. The group G acts weakly polarly on M if the distribution H of Q is
integrable.

Proposition 2.13. Let V be a vector space with a non-degenerate inner product of sig-
nature s, and let G be a Lie subgroup of SO(V). Assume that there exists an algebraic
pseudo-Riemannian curvature tensor R of V such that the curvature endomorphisms lin-
early span the Lie algebra g of G. Furthermore, assume that R, regarded as a symmetric
endomorphism of A%(V), is positive semi-definite (i.e., if u € A%(V) satisfies (R(u),u) = 0,
then R(u) = 0). Let N be a non-degenerate submanifold of V which is locally invariant

under the action of G.

(i) G acts weakly polarly on N.

(i1) T4(G - q) is invariant under any shape operator of N at q, for all ¢ € Q, where Q
is the open and dense subset of N where the dimensions of the G orbits are locally
constant.

Proof. Let u,v € v,IN and consider the Killing field X of V given by X, = R, ,x. Then X
is a linear Killing field, so V,,X = R, ,w, where V is the usual Levi-Civita flat connection
of V.

Let V be the distribution of © tangent to the G-orbits, and let H = V', If z € N,
then ¢ € H, if and only if 0 = (Ry2,&) = (Rgeu,v) for all u,v € V. Thus, H, =
{{ € TN : Ry ¢ = 0}. Let &,n € H,. By making use of the Bianchi identity we have
that R,z = 0 and thus, R¢, € g,. Then, from Lemma 2.10, (R¢,Ha, He) = {0}, and
therefore (R¢,&,m) = 0. Since R is positive semi-definite, we conclude that Re, = 0, for
all &,m € Hy.

Let &, 7) be fields of N that lie in H, and let X be the field of N given by X, = R, ,,
where u,v € V are arbitrary. Then <§ , X) = 0, and hence, differentiating in the direction
of n one obtains

(Vi€, X) = —(§, Vi X) = —(€, Ruofl) = (Rg ju,v) =0

and hence, since u, v are arbitrary, H is autoparallel. This proves (i).

Let ¢ € 2 and let us consider the orbit G - ¢q. Let £ € H, and let € v, /N be arbitrary.
Note that &, 7 are orthogonal to T, (G - q) = V. Then, as in the proof of part (i), Re¢ ,q = 0,
and so I, ¢ belongs to the isotropy algebra g,. Then, by Lemma 2.10, R, ¢£ belongs to V.
Thus, (R, ¢£, 1) = 0, which implies that R, ¢ = 0. Let , for u,v € V,

¢ = Exp(tRy,) = e'ftur,
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Then ¢:¢ is a field along c¢(t) := ¢.q that lies in H(r)- Differentiating at ¢ = 0 one obtains
Ryv€ = 2o ¢, where 2 is the ambient covariant derivative along the curve c(t). Denote
the second fundamental form and the shape operator of N as o and A, respectively. Then

0= <R€,nuvv> = <Rum£777> = <a(cl(0),f),n>
= (A4yc(0),€) = (A3 Ru 04, §)-

Since the vectors Ry, ,q, u,v € V span T,(G - q¢) =V, and £ € H, is arbitrary, we conclude
that A,(T,(G - q)) C T4(G - q)
O

Theorem 2.14. Let ®(q) be the restricted normal holonomy group at q of an essentially
Riemannian submanifold M of R™®. Let N be a non-degenerate submanifold of the normal

space vgM which is locally invariant by ®(q). Then ®(q) acts weakly polarly on N.
Proof. The proof follows immediately from Lemma 2.7 and Proposition 2.13 ([l

Remark 2.15. In a degenerate submanifold S of a pseudo-Riemannian manifold, the
normal connection is not defined. Nevertheless, a section 5 of the normal bundle vS =
(TpS)L is called a parallel normal field, if for any tangent field X of S, Vx& is a tangent
field of S, where V is the Levi-Civita connection of the ambient space. Thus, the shape
operator Ag is defined by AEX = fvxé. The same proof of the Gauss formula, since
V is torsion-free and the bracket between tangent fields of S is tangent to S, proves that
<A£~X, Y) = <A§~Y, X). Now, assume that X, is a degenerate vector, and let Y, be arbitrary.
Then the above equality shows that Angp 1s degenerate. Then Aép leaves invariant the
degeneracy subspace of T,S. Analogously, a normal field n(t) of S along a curve c(t) is
called parallel if d%n(t) € Top)S.

Corollary 2.16. Let G be a Lie group of isometries of a pseudo-Riemannian manifold
(M, (,,)) which acts weakly polarly on M. Let N = G -p be a mazimal dimensional orbit,
with a (possible) degenerate induced metric. Then any & € v,N extends, in a neighborhood
U of p in N, to a parallel normal field €.

Proof. From Lemma 2.11 it follows that ¢ extends to a G-invariant section € of ¥N in a
neighbourhood U of N. Since the arguments are local, we may assume that U = N is an
embedded submanifold of M. Let H be the autoparallel distribution given by the normal
spaces to the G-orbits, defined in a neighbourhood 2 of p in M (see Lemma 2.12). Without
loss of generality we may assume that N C €. Since € is tangent to A, this normal field
extends to a field of € that lies in H (perhaps by making {2 smaller). We denote such an
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extension also by £. Let X be a Killing field of M induced by G, and let ¢ be its associated
flow. Since the normal field £ is G-invariant, then dey (£,) = é(bt(p). Hence,

(X, €&, =0 (2.19)

Let 7 be a field of Q that lies in H. Since X is tangent to the G-orbits, then (X, 7) = 0.
By differentiating this equality in the direction of ¢ we obtain that

(X, 77) = <Xpavgpﬁ> + <V5pX, 7p) = 0.

Since H is autoparallel, and by making use of (2.19), we obtain that (V ng ,Tp) = 0. Since
X and 7 are arbitrary, we conclude that Vr, N§~ C T,N. O

The proof of the following result is standard. In the case of a non-degenerate submanifold
it is a special case of Ricci identity.

Lemma 2.17. Let M be a possible degenerate submanifold of R™® and let £, n be parallel
normal fields of M (see Remark 2.15). Then ([A¢, Ay)X,Y) =0, for all fields X, Y tangent
to M.

0

2.5. Holonomy tubes around a focal manifold. Let M C R™® be a local submanifold
with a non-degenerate induced metric. Let f be a parallel normal field of M and assume
that 0 < dimker(Id — Aé(x)) < dim M, and that dimker(Id — Ag(y) is independent of
x € M, where A is the shape operator of M.

Assumptions: The vertical distribution ker(/d — Ag 2:)) of M is pseudo-Riemannian and
the horizontal distribution H¢ := (ker(Id — Ag(z)))J- is Riemannian.

By the Codazzi equation, ker(Id — Ag( x)) defines an autoparallel distribution of M. Let
us consider, locally, the Riemannian parallel focal manifold M; = {z + {(z) : « € M}. If
™ : M — Mg is the projection, i.e. m(z) =z + {(z), then kerdr = ker(Id — Ag). Observe
that Tn(x)Mg = (ker dgﬂr)L C T,M, as subspaces of the ambient space. Moreover, any
fiber 7~1({n(x)}) is contained in the (affine) normal space 7 (x) + Vn(z)Mg, and the Vi
parallel transport 7.~ along an arbitrary curve ¢ of M from m(z) to m(y) maps (locally)
7 ({x(x)}) into 71 ({m(y)}) (see [3, Lemma 3.4.10]). In particular,

7(x) + ®(n(x)) - (z —w(z)) Cc 7 *{n(x)}) (locally), (2.20)
where ® denotes the local normal holonomy group of ME‘ We regard, in the obvious way,

this parallel transport as a map from the affine normal spaces, i.e. Té‘ cm(x) + Vr(z)M, §—

T(Y) + Va(yyMg CR™. If v € Ty 7~ ({x(x)}), then dr-(v) is naturally identified with the
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linear parallel transport TCJ‘(’U). Any of these possible interpretations of the normal parallel
transport will be clear from the context.
One has that M is (locally) foliated by the holonomy tubes (see [3, p. 220])

3

By considering a smaller neighborhood of a nearby generic point, we may assume that all

HE(z) == (Mg)o—n(e) = (Mg) _g(o) (2.21)

holonomy tubes have the same dimension, or equivalently, that dim(®(w(z)) - (—&(x)) does
not depend on x € M. The induced metric on (Mg)z_ﬁ(x) may be degenerate at x. This
occurs if and only if ®(7(z)) - (—&(z)) is a degenerate orbit. Additionally, we may assume
that the dimension of the degeneracy of the induced metric on H 5(1‘) is constant.

Let U be the distribution of M perpendicular to the distribution 7 defined by the tangent
spaces of the holonomy tubes. When the holonomy tubes are degenerate, then 7 and T
have a non-trivial intersection. Let us consider the distribution H¢ = (ker d7)* and observe
that (Hg)x = T (x)Mg (as linear subspaces of the ambient space). Moreover,

T, im T (a) = T (7(0) + B(aa) - (o = 7(0) ) & (4O, (222

Since € is a parallel normal field of M, by the Ricci identity, the shape operator Aé com-
mutes with any other shape operator of M. Thus, kerdnw and H are distributions which
are invariant under all shape operators of M. From the Codazzi identity, it follows that the
distribution ker dw is autoparallel. Furthermore, from the construction of the holonomy
tubes inside M, and by making use of Theorem 2.14, the distribution  is autoparallel, and
contained in ker d.

Observe that the normal space v,M of M at z coincides with the normal space at
x of 7 1({m(z)}), regarded as a submanifold of the affine normal space () + Vin(x) Mg
Then, taking into account that ker dr is invariant under all the shape operators of M and
Proposition 2.13, we obtain the following results (keeping the assumptions and notation of
this section).

Lemma 2.18. The distributions ker dm, ’Hé, T, and v are invariant under all shape oper-

ators of M. Moreover, kerdm and U are autoparallel. O

Corollary 2.19. Let 77 be a parallel normal field of M. Then ﬁng(x) s a parallel normal
field of Hg(x), for all x € M. In particular, éng(x) is a parallel normal field of Hg(x) O

(The definition of a parallel normal field, if A € is degenerate, is given by Remark 2.15).

Let ¢(t) be a horizontal curve in Hé(ac) and let n(t) be a normal filed of Hé(x) along
¢(t). Then it is standard to show, and well-known in a Euclidean ambient space by an
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argument that goes back to [7], that n(t) is a parallel normal field along ¢(t) if and only if
n(t) is a parallel normal field of Mg along the curve 7(c(t)).

Remark 2.20. The distribution of M tangent to the normal holonomy orbits of the focal
manifold is given by T Nkerdr; see (2.22).

Lemma 2.21. Let ¢ € . Then v extends (locally) to a section w of U V| He (2) which is a
parallel normal field of Hg( ). Moreover, the shape operator Ad; of Hf( ) leaves invariant
the horizontal distribution 7-[5.

Proof. If H € (x) is non-degenerate, the proof follows analogous arguments to those in part
(iii) of Proposition 7.1.1 of [3]. In the degenerate case the arguments are similar, after
applying Corollary 2.16 to construct a parallel normal field of the degenerate normal holo-
nomy orbit 7(z) 4+ ®(7(x)) - (x —w(x)) of the focal manifold M. In fact, let y € Hé(x), and
let ¢: [0,1] — Hg(at) be a horizontal curve with ¢(0) = x, ¢(1) = y. Let 1(t) be the parallel
normal field along the curve 7(c(t)) of the Riemannian manifold Mg with 1(0) = 1. Then
() is a parallel normal field of H £( ) along the curve c(t) (see Remark 2.15). We define
¥(y) = (1). From Corollary 2.16 one obtains that 1 is well defined (near z), defines a
parallel normal field of H 5( ). The last assertion follows from the construction of ¢p [

Remark 2.22. Let us define on M the following equivalence class: x ~ y if there is a
£

curve in M from x to y which lies in the horizontal distribution H. Let [x] denote the

equivalence class of x. Then, locally,

(see last paragraph of [3, p. 224]).

2.6. The horosphere embedding. Let R™* be the pseudo-Euclidean space R" ™% with

signature s where the inner product is given by (v,v) = —vf — - —v2 + 02 4+ + 02 .
The horosphere embedding is the isometric map f : R™® — RTH1s+Hl ~ RLL 5 R™S given

by

Fla) = (e, a) + 1,3 (o, 2), ) (2.23)

Then Q™* := f(R™*) is called the pseudo-horosphere of the pseudo-hyperbolic space
H™ = [p e RTHsHL L () = —1)° (2.24)
where e_1,eq,- -+, e,1s is the canonical basis of R\ x R™* and { }° denotes the connected

component by e_; (we will frequently write @ instead of Q™). Namely,

Q=H"nE (2.25)
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where F is the degenerate affine subspace of Rb! x R™* given by the equation z_1 —x¢ = 1.
One has that f : R — @ is an isometric diffeomorphism and the map f : R™® — R7+hs+l
is an isometric p-equivariant embedding, is a Lie group morphism from the isometry group
of R™® into the orthogonal group O(r + 1,s + 1). In fact, let g € O(r,s) and let 7,
be the translation by v € R™ in R™. Then p(g) is given by the natural inclusion of
O(r,s) C O(r + 1,5 + 1), where R™* C Rb! x R™ = R™+1s+1 Moreover,

(7o) (21,20, ) = (2.26)
(x—1 + (z,v) + %({L'_l — x9)(v,v), zo + (x,v) + %(513_1 —x0)(v,v),x + (x_1 — 20)V)

One has that Q™® ~ R™* is a pseudo-Riemannian flat manifold of signature s.

If e(t) = (c_1(t),co(t), - ,crys(t)) is a curve in Q, then c_1(t) — ¢o(t) = 1 and hence,
differentiating, 0 = ¢_;(t) — c4(t) = (—e—1 + €0, (t)). Then % = —e_; + ¢g is a constant
V-+-parallel normal vector field to Q. Moreover, if A is the shape operator of Q «— R™T1s+1,

then A£0 =0.
The position vector field &' of H™T1¢ ¢ R™T1s+1 is an umbilical parallel normal field.
Namely, A’gl = —Id, where A’ is the shape operator of H"t%*. Thus, the restriction of

€' to Q is also a parallel normal field and Ag = —Id, where A is the shape operator of
the horosphere. Then the normal space vQ of @ in R ™15t is generated by the parallel
independent normal fields £°, ¢!, which are umbilical. Let i : M — @ ~ R™* be an isometric
immersion and let ¥vM be the normal bundle of M. Then the normal bundle of M, regarded
as a submanifold of R™t1:5*1 decomposes orthogonally as

vM =i1"(vQ) dvM (2.27)

where i*(vQ) is the pull-back bundle, which is a parallel, flat and umbilical sub-bundle of
vM.

Remark 2.23. Since the pseudo-horosphere Q™° is umbilical, it follows that, via the horo-

sphere embedding, it is an essentially Riemannian submanifold of RTT1Hs+1,

The proof of the following lemma is the same as that for Euclidean submanifolds when
dealing with the zero distribution associated to the kernel of the shape operator of a parallel
normal field (see [3, Section 7.1]).

Lemma 2.24. Let M be a local pseudo-Riemannian submanifold and let i be a parallel
normal field such that the kernel of the shape operator Az has constant dimension. We
identify, by means of the horosphere embedding, M with its image M under the horosphere
embedding and 7 with a parallel normal field of M (tangent to the horosphere). Let ¥ be
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the position (parallel normal) field of M. Then ker A; = ker(Id — A;_g), where A is the
shape operator of M. Thus, ker Aj is the vertical distribution associated to the projection
pr: M — Mj_5, pr(z) =z +7(x) — 0(x) = 7(z).

3. THE LIFT OF A KAHLER SUBMANIFOLD OF CH™ 1O C™!

Let C™! be the complex space C"*! endowed with the pseudo-Hermitian inner product

(,YH given by

(20,21, »2n), (20, 21, -+ L W = —20%) + 2121 + 0+ 2n 2. (3.1)
The induced (real) inner product, i.e. the real part of the pseudo-Hermitian inner product
will be denoted by (, ). Let ((, )) be the canonical Hermitian inner product of C"*!.
This Hermitian inner product induces the canonical inner product of C**! ~ R?"+2 which
will be denoted by ((, )).

Observe that (, ) and ({, )) naturally induce on C"*! flat pseudo-Riemannian and Rie-
mannian metrics, respectively. Such metric tensors will be also denoted (, ) and ((, )),
respectively. Nevertheless, the associated Levi-Civita connections coincide. In fact, it
is the usual connection V of a vector space. The Kihler structure J of C"*! is also a
pseudo-Kihler structure of C™!

Observe that C™!, regarded as a real pseudo-Euclidean space, has signature 2 and thus
C™! ~ R?2. Let

C"' ={zeC™ : (z,2) <0} (3.2)

which is an open subset of C™! ~ C"*!. Observe that aCmt = (Cﬁ’l, for any A € C* =
C — {0}.

The complex hyperbolic space CH™ is the projectivized space of cmt Moreover, it is the
symmetric dual space of the complex projective space CP". The symmetric presentation
is

CH"™ = SU,,1/S(U1U,,),

where the group SU,, 1 is the group of complex linear transformations of C"™*1 that preserve
(,). The Riemannian metric on CH™ = SU,, ;/S(U;U,,) , up to a scaling, is unique and
has constant and negative holomorphic curvature. We choose such a Riemannian metric to
have holomorphic curvature equal to —4. Observe that CH™ may be regarded as an open
subset of CP"; see (3.2). But the symmetric Riemannian metric is different.

Let 7 : C™! — CH™ be the projection. Then 7 is a submersion and

ker(dm), = T,(C*q) ~ Cq (3.3)
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Definition 3.1. The lift N of a submanifold N of CH™, to a submanifold of C™', is
N = h(x Y(N)), where h : C™' — C™! is the inclusion.

Such a lift, when restricted to the anti—de Sitter space, has been considered in [6] with
the aim of classifying isoparametric hypersurfaces in the complex projective space.

One has, from (3.3), that the lift of a submanifold of CH™ is a non-degenerate sub-
manifold of C™! with signature 2. Moreover, 7 : C™' — CH™ is a fibration with fibers
7 ({m(q)}) = C*q, where C* = C—{0}. Let V be the vertical distribution of C™'; i.e tan-
gent to the fibers of . One has that V, = Cq, regarded as a subspace of Tq(C"’l. Observe
that, for all ¢ € C™', V), is a negative 2-dimensional (real) subspace of T,C™!. Then the
perpendicular distribution, the so-called horizontal distribution, A := V- is a Riemannian
distribution.

Let us consider the (real) pseudo-hyperbolic space

HM = {veC™ : (v,v) = —r?} cC! (3.4)

of constant negative curvature —1/72, r > 0; cf. (2.24). Observe that for any r > 0,
7 H2™' — CH™ is a submersion. Moreover, it is a fibration with non-degenerate negative
definite fibers S! - ¢, where S' here denotes the unit complex numbers. The vertical
distribution at ¢ is given by V, N TqHTZ"’1 = Jgq. The horizontal distribution is just the
restriction of H to Hf"’l. It is well-known that T\ pg2nt is a pseudo-Riemannian submersion
of factor 1/r, i.e. dym : Hy — Tr()CH™ is a homothety of factor 1/r. Namely,

(dgm(w), dgm(u)) = r=*(u, u).

The distributions V and H of C™' are both J-invariant. Moreover, if J is the Kéhler
structure of CH", one has that dr(Jv) = Jdr(v), for all v € TC™". This implies that N =
7 1(N) is a pseudo-Kihler submanifold of C™! if and only if N is a Kéhler submanifold
of CH".

Recall that a submanifold of a Riemannian manifold is called full if it is not contained

in a proper totally geodesic submanifold of the ambient space.

Remark 3.2. If X is either CP™ or CH™, then any totally geodesic submanifold of X
is complex or totally real. Assume that a Kdhler submanifold N is contained in a totally
geodesic submanifold ¥ of X. Then ¥ is Kdihler.

If N is a submanifold of a real vector space V and ¢ € N, then the affine subspace
generated by the set N coincides with ¢+W, where W is the (real) linear subspace generated
by all the tangent spaces of N. If V is complex and N is Kéhler then any tangent space
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is complex and so W is complex. Let now N C C™' c V := C™! be the lift of a Kihler
submanifold of CH™. Then, for any given ¢ € N, C*q¢ C ¢ + W and so the limit point 0
belongs to the affine subspace generated by N. Then ¢ + W = W and W is a complex
subspace of C"*1. Since Cq C TyN and Cq is a negative definite complex line, we obtain
that the signature of W is 2.

It is well-known, and standard to proof, that ¥ is a totally geodesic Kéhler submanifold
of CH™ if and only if its lift X is the intersection of a complex subspace W of signature 2
with C™*. Then, the previous discussion and Remark 3.2 imply:

Proposition 3.3. A submanifold N of CH™ is full if and only if its lift N is a full
submanifold of C™1.

One has the following result:

Lemma 3.4. Let N be a Kihler submanifold of CH™, and let N be its lift to C™'. Let N,
be the nullity of the second fundamental form of N at q, and let ./\_/,r(q) be the nullity of the
second fundamental form of N at 7(q). Then, for all g € N,

(1) Vg C Ny

(i) Ny = (dgm) ™ (Na(q))-
In particular, if Ny = {0}, then Ny = V.

Proof. Recall that the lift of a Kéhler submanifold of CH" is a pseudo-Kéhler submanifold
of C™! and observe that C*N = N. Let, for A € C*, py : C»!' — C™! denote the
multiplication by A. If ¢ € N, then T, (N = dux(TyN) = AN(TyN) = T;N. This means
that the tangent spaces of N are constant along any fiber. This implies that V|y C N.
This shows (i).

Let —r% = (q,q), let X,Y be fields of N around 7(g) and let X, Y be their horizontal
lifts to H>™'. Since the normal space Rq of H2™! at ¢ is included in N, one obtains that
vE Tqun’l belongs to N if and only if v is in the nullity of the second fundamental form
& of N := NN H2™! as a submanifold of H2™!. If V is the Levi-Civita connection of H-""

we obtain, from O’Neill formulas that
dr(Vx,Y) = Vg, Y,
where V is the Levi-Civita connection of CH". Since the normal space of N in H™ g
included in H,, we obtain, by taking normal components, that
dra(Xq,Yy) = a(Xq7}_/(1)7

where @ is the second fundamental form of N. From this it follows (ii). O
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It is clear that the normal holonomy of pseudo-Kéahler submanifolds of pseudo-Kéhler
spaces acts by complex endomorphisms.

Remark 3.5. Since the restriction of vertical distribution V to N is tangent to N, for any
qge N, dgm: ygN — VW(Q)N is a homothecy of factor r=2, where r*> = —(q,q) .

We have the following result:

Lemma 3.6. Let N be a Kdihler submanifold of CH™ and let N be its lift to C™'. Let
q € N be arbitrary and let ¢ = 7(q). Then

S1®(g) = dgm(S'®(q)) == dgm 0 (51 ®(q)) © (dg7ry,n) ™"

where ® and ® are the local normal holonomy groups of N and N, respectively and S* is
the group of unit complex numbers acting on the normal spaces.

Proof. The arguments are the same as those inside the proof of Lemma 7.5.4 of [3] for
proving formula (7.7) there. O

Let us recall that the index of relative nullity, of a non-degenerate submanifold of a
pseudo-Riemannian manifold, is the dimension of N, where N is the nullity subspace of
the second fundamental form at gq. The set of points where the index of relative nullity
attain its minimum is open. If the submanifold is connected and analytic, then this set is
also dense.

We recall a result from Alekseevsky and Di Scala (see Theorem 1, Theorem 2 and
Corollary 1 of [2]):

Theorem 3.7 ([2]). Let N be a Kdhler submanifold of a space of constant holomorphic
curvature. If the index of relative nullity at q is zero, then the restricted normal holonomy
group ®(q) acts on the normal space as the isotropy representation of an irreducible Her-
mitian symmetric space. In particular, ®(q) contains the group of multiplications by unit

complex numbers.

Remark 3.8. If one replace in Theorem 3.7 the restricted normal holonomy group by the
local holonomy group, then the conclusion is the same. In fact, the local normal holonomy

group at p is the normal holonomy group at p of a small simply connected neighbourhood
of p.

Observe that the lift of a Kéhler submanifold of CH™ is an essentially Riemannian
submanifold C™! with the same signature. Then Lemma 3.6, Theorem 2.9, and Theorem
3.7 imply:
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Corollary 3.9. Let N be a Kihler submanifold of CH™ with indez of relative nullity vz = 0
at §€ N. Let N be the lift of N to C™', let ¢ € N be such that 7w(q) = q. Then

©(q) = dym(2(q))

where ® and ® are the local normal holonomy groups of N and N, respectively. Moreover,
®(q) and ®(q) act irreducibly as the isotropy representation of a Hermitian symmetric

space.

Lemma 3.10. Let N be a Kihler submanifold of CH™ and let N be the lift of N to C™. Let
V' be the restriction to N of the vertical distribution V of C™' and let H' = V'* = HNTN.

Then H' has no integral manifolds.

Proof. Assume that N’ is an integral manifold of H'. Since V' is J-invariant, then N’ is a
pseudo-Kéhler (Riemannian) submanifold of cml. Observe, since N’ is always perpendic-
ular to the position vector, that N’ ¢ H2™', where —r2 = (q,q) is independent of ¢ € N'.
Let £ be the restriction to N’ of the position vector field, which is an umbilical parallel
normal vector field of N’, i.e. Ac = —Id where A is the shape operator of N'. Observe that
J¢, as well as &, is a parallel normal filed and Ay = JA¢ = —JId. The left hand side of
this equality is a symmetric (1, 1) tensor on N’ while the right hand side is skew-symmetric
and non-null. A contradiction. O

4. HOLONOMY TUBES AND THE CANONICAL FOLIATION

The general arguments for this section are be based on [4], [3, Section 7], but our
notation is slightly different for the restricted normal holonomy groups. We will adapt the
arguments in these references to the pseudo-Riemannian case. Moreover, we will simplify
some crucial proofs there. The main difficulty is to deal with degenerate orbits of normal
holonomy groups associated to focalization at infinity of the leaves of nullity foliations.

We keep the general notation of previous sections.

General assumption: N is a Kihler (local) submanifold of CH™ with zero index of

relative nullity at any point.

Let N := 7~ 1(N) be the lift of N to C™!. Then, by Lemma 3.4, the nullity distribution
N of N coincides with the restriction to N of the 2-dimensional m-vertical distribution V,
ie., V, = Cq.

Since the signature of IV is the same as that of the ambient space, the normal space vIN
is Riemannian. Moreover, by Corollary 3.9, the normal holonomy group ®(q) of N at ¢

acts as an irreducible Hermitian s-representation.
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Let ¢4 € v4N be a small principal vector for the normal holonomy action and let (IV)c,
be its associated holonomy tube (possibly, by making N smaller around ¢). Observe that
(N)¢, = (N)¢r, where ¢’ is the normal parallel transport of ¢ along any curve starting at g.

Let n1,--- ,ng be the curvature normals, with associated eigendistributions Ef,-- -, Ey,
of the commuting family of shape operators of the isoparametric homogeneous submanifold
P(q) - (g of vgN (see [10] or chapter 4 of [3]). Moreover, the curvature normals are parallel
in the normal connection of the orbit ®(q) - (;. We regard such an orbit as a submanifold
of the affine normal space ¢ + v4N. That is, we identify

VN >~ q+veN and  ®(q) (= q+2(q) ¢

Since ®(q) acts irreducibly, ®(q) - {; is full in the normal space v,/N and thus, the
curvature normals span the normal space of ®(q) - (; at any point of the orbit. Observe
that the normal space to such an orbit coincides with the normal space of the holonomy
tube (N )¢, (see [3, p.130]). The integral manifold S;(x) of E; by x € ®(q)-(, is an extrinsic
sphere, a so-called curvature sphere, of v,/N. One has that

As in the case of Riemannian submanifolds of Euclidean space, every curvature normal of
the holonomy orbit ®(g) - ¢, extends to a parallel normal field of (/V)¢, and its associated
autoparallel eigendistribution extends in a natural way to (N )¢,. We denote such extensions
by 7; and B, i =1,---,g. If pr: (N)¢, — N denotes the projection, then the fibers, which
are totally geodesic and invariant under all shape operators of (IV),, are given by

pr({pr(z)}) = pr(z) + ®(pr(z)) - (z — pr(z)) C pr(x) + V() N (4.2)

Moreover, 7;(x) is a curvature normal at z of the orbit pr(z) + ®(pr(x)) - (x — pr(z)) C
pr(7) +Vpp(z)N. Furthermore, E;(z) is the eigenspace associated with 7;(z) (see [3, Remark
7.3.1]). Observe that ®(pr(z))-(z—pr(x)) is identified with ®(g)-(; by means of the normal
parallel transport in N along any curve from ¢ to pr(z).

Remark 4.1. The normal space vy(N)¢, coincides with the normal space of ®(pr(z)) -
(x —pr(z)) C vpp@)N. Hence, ii(x),- - ,fg(w) span vy(N)¢, for all x € (N)¢,. Then
the principal holonomy tube (N)¢, has a flat normal bundle (see [3, Thm. 4.4.12]). In
particular, the normal field ¢ of (N)¢, defined by C(z) = pr(z) — x is parallel and hence N
is a parallel focal manifold of the holonomy tube. Namely,

N = ((N)e,)e (4.3)

Note that (C,7;) =1 fori=1,---,g. In particular, ij; # 0.
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Recall that the nullity distribution N of N coincides with the vertical distribution V.
Since the perpendicular distribution to V in IV is Riemannian, then the commuting family
of shape operators of (N )¢, can be simultaneously diagonalized, with real eigenvalues func-
tions. In fact, this follows from the tube formula [3, Lemma 3.4.7]. Namely, at any point
r € (N)¢, there exist different curvature normals 0 = 7jo(x), 71(z), ;@) € Va(N)¢,»
d(r) > g, and orthogonal decomposition Ty(N)¢, = Eo(z) @ - - @ Eg(,)(z) such that

Ay g = O (@) dp, o)
for all ¥ € vy(N)¢,, where A denotes the shape operator of (N )¢,- As for Euclidean
submanifolds, in an open and dense subset € of (N)¢,, d(x) is locally constant. Moreover,
E; is an integrable distribution and 7; is a smooth normal field. Since we are working
locally, we may assume that Q = (N)¢, and that d = d(z) does not depend on z. In
our notation 7j,--- ,7, are the above mentioned extensions of the curvature normals of
the holonomy orbit, being E, - - - ,Eg their associated (autoparallel) eigendistributions.
Namely, Ey, - ,Eg are the vertical eigendistributions of v (N)¢,, with respect to the

projection pr : v, (N)¢, — N.

In general, the curvature normals 7jg41,--- ,7q are not V-1-parallel and the eigendistri-
butions Eg+1, ..+, E; are not autoparallel. One has that T(N >Cq decompose orthogonally
as

T(N), =VoH (4.4)

where H = (ker(d pr))™* is the pr-horizontal distribution of the holonomy tube (N)¢, and
V= El @D Eg is the vertical distribution.

Remark 4.2. From the tube formula [3, Lemma 3.4.7] (see (4.6)) one obtains that
V C E (4.5)

where Ey is the nullity distribution of (N)¢, and V is the pr-horizontal lift of the distribution
V of N (in particular, flg(f)) =0). Then

Vor(a) = depr(Ve) = (Id = Az ))(Ve) = Vu (4.6)
This implies that the distribution V is constant, in the ambient space C™1, along any fibre

S(x) == pr1({pr(z)}).

Let 1 € v3(N )¢, be generic in the sense that it is not perpendicular to some 7;(q) —17;(q),
i,7 € {0,1,---,d}, i # j. Then ® extends to a parallel normal field ¢ around ¢ that
distinguishes all the eigenvalues functions \;(-) := (-,7;). However, we will be interested
in some parallel normal fields € that do not distinguish such eigenvalue functions. In
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particular, in the case that ker Aé is bigger than Ey, around a generic point where dim ker flé
is constant and hence a distribution.

Let now & be a parallel normal field of (N)¢,- Since we work locally, we may assume
that ker flg has constant dimension and so, by Codazzi identity, ker flg is an autoparallel
distribution that is invariant, due to Ricci identity, by all the shape operators of (N)¢,.
Since V C ker flg, this distribution is pseudo-Riemannian and the orthogonally comple-

mentary distribution H¢ = (ker flg)l is Riemannian. Let us consider the equivalence

relation on (N)¢, given by z ~ y if there exists a #¢-horizontal curve that connects z
3

with y (see [3, p.224]). About a generic point the equivalence classes have all the same
dimension. By means of the horosphere embedding f (see Section 2.6) every equivalence
class H é(m) := [x] may be locally viewed as a (possible degenerate) holonomy tube around
a focal Riemannian manifold. Thus, we can apply the results of Section 2.5, after replacing
N by M = f((N)¢,)- Observe that under these identifications ker flg = ker(Id — Az ),
where A is the shape operator of M and v is the (umbilical) position vector field. In
particular, by Lemma 2.18, the tangent space to any equivalence class 7, := T, H € (x) is
invariant under all shape operators of (N)c,.

Before stating the next crucial result, we introduce some notation: let F be the foliation
of N given by the hypersurfaces obtained by the intersection of N with the family of
pseudo-hyperbolic spaces H2™' (see (3.4)). The element of F that contains ¢ € N is
denoted by F(q). Let F := pr—!(F) which is a foliation of (N )¢, by hypersurfaces. The
element of F that contains x is denoted by F(z). Then:

Main Lemma 4.3. We are under the assumptions and notation of this section. Let U
be an open subset of (N)¢, such that for all x € U the equivalence classes Hg(az) have the
same dimension. Then, for all x € U,
(1) S(x):= pr—*({pr(x)}) C Hé(l‘) (locally).
(2) Hé(x) is non-degenerate.
(3) Hg(ac) = F(z) (locally). In particular, the foliation F does not depend on & (and
its is called the canonical foliation of the holonomy tube).

Proof. Part (1) follows with exactly the same arguments, relying on the Homogeneous
Slice Theorem, as those used for Euclidean submanifolds in [3, Section 7.3, p. 217]. (see
also [4, p. 202]. In order to prove part (2), we will first prove that the induced metric
on H¢ (x), if degenerate, is positive semi-definite with a one-dimensional degeneracy. Let
us consider the foliation F of N. Note that any leaf F(p) of this foliation is a pseudo-
Riemannian hypersurface of N with signature 1. This foliation is perpendicular to the
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position vector field ¢. Observe that ¢ lies in the vertical distribution } and hence in the
nullity distribution of N. Let us consider the foliation F= pr~!(F) by pseudo-Riemannian
hypersurfaces of signature 1 of (N)¢, . Let © be the pr-horizontal lift of @. Then, by the
tube formula [3, Lemma 3.4.7], v lies in the nullity distribution of (N)¢, and hence in
ker flg. Note that T F(z) = 9. Then Hg(x) lies in the leaf F(z) of F through x, which
implies our assertion, since a linear subspace of a space of signature 1 is either Lorentzian
or positive semi-definite.

Let 7 be the (autoparallel) distribution of U which is perpendicular to the distribution
T of tangent spaces of the equivalence classes H ¢ (z) (see Section 2.5).

Assume that H¢ (x) is degenerate at x. Then, the intersection of T, H ¢ (x) Ny is one-
dimensional. Let 1 # 0 belong to this intersection. Note that 1 is an isotropic vector, i.e.
(,1) = 0. From Lemma 2.18 the distribution 7 is invariant under all shape operators of
(N)¢, and in particular by /Nléz. Hence, /ng:xm = A@; where A is the shape operator of Hé(x)
(see Remark 2.15 for the definition of a parallel normal field to a degenerate submanifold,
and its associated shape operator). By the first part of this section, flg is diagonalizable,
with real eigenvalues ((z, (7i)z), ¢ =0, - - ,d (see the paragraph below Remark 4.1). Then,
Afz is diagonalizable with real eigenvalues. Since, from part (i), the distribution tangent

to the pr-fibres, is contained in 7, then the 1l-eigenspace of Afz coincides with the 1-
eigenspace Ef (z) of AE;C' By the last part of Remark 2.15, AQR@& C Rt and hence 1 is

an eigenvector. The only non-positive definite eigenspace of /lel is ker A@C . Since 9 is
isotropic, we conclude that v is a 0-eigenvector, i.e. flgzzp = 0. We regard now the isotropic

vector 1 as a vector perpendicular to H € at xz, and hence it extends to a parallel normal
field ¥ of HE (see Lemma 2.21). Let v belong to

Ef(z) = ker(Id — Ag ) = ker(Id — Ay )

and let w = A -

5, (v). Then, from Lemma 2.17, one has that

Az w=w+ Av)y (4.7)
for some scalar A(v) (we have used that the degeneracy of the metric of H ¢ () has dimension
1). Observe that the subspace 7T, is invariant under the shape operator [151 of (N)¢,. Thus,
Afz = (Aé’z)r]’ diagonalizes with real different eigenvalues A\g = 0,A\1 = 1, Ao, -+, A\p.
Decompose w = wg + w1 + -+ + wy,, where w; is an eigenvector associated with A;,
1=1,---,m.
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Then, by equation (4.7), since v, is a 0-eigenvector, we conclude that w = A D (v) is an
1-eigenvector of Afm' Then
Ay Ey(x) C Ef(x) (4.8)
and the same is true if one replaces x for any arbitrary nearby y € H € (). This implies
that ¢ is a parallel normal field of S(z) = pr—'({pr(z)}).

Since S(x) is a totally geodesic submanifold of (IV)¢, which is invariant under all shape

operators, it is contained in the affine subspace

y+T,S(x) ® I/y<N)Cq D S(x) (4.9)
for all y € S(x). The affine subspace y + T,S(y) © v, (NN)¢, does not depend on y €
S(x) (observe that S(z) = S(y)). Observe that 1 is both perpendicular and tangent
to the (degenerate) equivalence class HE. While the latter condition implies that it is
perpendicular to v(N)¢,, the first condition implies that it is perpendicular to the pr-fibers
S(z) (see part (i)). Then ¢ is a constant field when restricted to S(z), since it is a parallel
normal field which is perpendicular to an affine subspace that contains S(x).

Recall that pr(y) =y + C(y) (see equality (4.3)). Then

dy(pr)(V(y)) = (Id = Az, )i (y) = b (y)- (4.10)

Since 1/; is constant along the fiber S(x) we obtain that the constant field 1/;| S(z) Projects
down to the vector ¥ (x) € Tor(z)N. Observe that the union of the normal spaces of (N)¢,

P
belongs to the nullity Eo(y) of (N)¢, for any y € S(z), we obtain from the tube formula

that @Z)(y) = 1) belongs to the nullity subspace Np(;) of N. Then the vector ¢ € T, (N)¢,
is time-like. A contradiction since 1) is isotropic. This proves (2).
(3) The inclusion H¢(x) C F(z) was proved inside the demonstration of part (2). The

at different points of S(z) generates v, () N. Then, taking into account that ¢ = 9 (y)

following arguments are similar to those in [4, section 2| (see also [3, chap. 7]. Let us
consider the distribution o perpendicular to the equivalence classes H 3 (y) and let X(p) be
the totally geodesic integral manifold of # by p. Since the equivalence classes are non-
degenerate by part (2), the same argument used in the proof of Proposition 2 (iv) of [4]

shows that the equivalence classes are parallel manifolds of the ambient space. Namely,

HE¢ (z) = (H£ (P))M@,@

where fi¢, ;) is the parallel normal field of Hg(p) with pp2)(p) = * — p (z € X(p), near
p). Let By, - - ,Eg be the autoparallel eigendistributions of (IV)¢,, with associated parallel
curvature normals 7, - - - , 7y, determined by the isoparametric full submanifolds S(x) of
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the affine normal space pr(x) + v, V. By part (i), the restriction of E; to any Hé(:z:) is
tangent to this equivalence class. By the tube formula
1
fi(x) = = ni(p), 4.11
W ey -

x € X(p) near p, i =1,---,g. Since 7; has constant length, we conclude that

((z —p),7i(p)) =0

or, more generally,
(M(p,a:)777i|Hé(p)> =0. (4.12)
Since the curvature normals 71, - - - , 74 associated to the pr-fibres generate, at any point, the
normal space of S(p), regarded as a submanifold of 14,,(,) N. Then, from (4.12), p(p.2)|5(p)
is a constant normal field along S(p), regarded as a submanifold of the full ambient space
C™!. Then, x — p projects trivially to vp(N)c,, since it is spanned by 71(p), - -+ ,74(p)-
Observe that x — p is perpendicular to H g(p) at p, since it is the initial condition at p of
the normal field p(, ;). Since z is arbitrary in ¥(p), we obtain that ¥(p) is contained in the
affine subspace p + 7y = p + T,X(p) and so it locally coincides with this subspace near p.
This implies that & (2, ) = 0, where & is the second fundamental form of (N)¢,. Since 2,
is invariant under all shapes operators of (N)¢, at p, we obtain that 7, is contained in the
nullity of & Taking into account that the parallel normal field p;, 5) of H ¢ (p) is constant
along S(p), one obtains that X(p) is a parallel affine subspace to X(r) in the full ambient
space, for all r € S(p) (locally). Then 7, = i, for all r € S(p), as linear subspaces. This
implies, by the tube formula and the fact that the normal spaces of v,.S(p), r € S(p) C
Pr(p) + Vpr(p) N span vy, ) N, that 7, belongs to the nullity of the second fundamental form
a of N at pr(p) (see [3, chap. 7.3.2]. Since the nullity of « is the distribution y — Cy,
we obtain that dim7, < 2 and thus, the codimension of Hé(x) in (N)¢, is at most 2.
Then the equivalence classes Hé(:v), since Hé(m) C F(z), locally coincide with F(z) or
have codimension 1 in F(z). In the first case we are done. In the second case, since
S(z) C H ¢ (x), the integrable foliation T, given by the tangent spaces of the equivalence
classes H¢ (), projects down to an integrable distribution 7" := dpr(7) which (locally)
coincides with the distribution perpendicular to the vertical foliation ¢ — C*q of N. This
contradicts Lemma 3.10. Thus, H¢ (z) coincides locally with F(z).
O

Remark 4.4. We keep the notation and assumptions of this section. It was proved, inside
the proof of Lemma 3.4, that v € T, H>™ belongs to the nullity space of N if and only
if v belongs to the nullity of the second fundamental form of F(z) = N N H™! 45 a
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submanifold of H?™'. Since the nullity of N coincides with the distribution y — Cy,
we obtain that RJz coincides with the nullity of F(z) as a submanifold of the umbilical
submanifold H™' c ¢, r = lzl|. If we regard F(z) as a submanifold of C™', then
we can decompose orthogonally the normal bundle into two parallel sub-bundles. Namely,
VvF(z) = v1 @ vy where vy is one-dimensional, spanned by the position vector field, and vy is
the normal bundle of F(z) as a submanifold of H*™. Then the distribution of F(z) given by
x — Jx is the common kernel of the family of shape operators {A, : v is a section of vo}.
Observe that the shape operator of the position vector field of H>™ s minus the identity.

Let ¥ be the pr-horizontal lift of JU, where ¥ is the position vector field of N. Observe
that © is time-like, and it is tangent to any F(x) := pr—'(F(pr(z))). Moreover, by making
use of the tube formula, we obtain that the one-dimensional distribution Rfﬁﬁ(z) 18 tnvariant
under all the shape operators of F(x). Taking into account that the one-dimensional bundle
vy is time-like, we obtain that the curvature normal 1y41, associated with the distribution
R v, of F(x), is

Mg+1 = r%ﬁ|F~'(x) (4.13)
where 1 is the horizontal lift to (N )¢, of the position (tangent) vector field v of N and r? =
~(Upe(z), Upr(z))- Note, from the definition, that F(z) = F(2'), if 2/ € F(z) and (2,2) =
(2',2'). Moreover, flg11 is parallel in the normal connection of F(x), as a Lorentzian
submanifold of the ambient space C™!.

The labeling index of 1g+1 is due to the fact that in our notation 7,--- ,17, are the
parallel curvature normals associated to the vertical autoparallel distribution of F(x) whose
integral manifolds are isoparametric submanifolds of the ambient space (see part (1) of
Lemma 4.3). The eigendistribution Eg+1, associated with 1411, could be bigger than Rv.
In fact, it coincides with the restriction to F(:c) of the orthogonal complement of @ in Ej,
where Eq is the nullity distribution of (N)¢,-

Lemma 4.5. The local normal holonomy at pr(z) of F(pr(x)), restricted to the orthogonal
complement of the position vector ¥, coincides with the local normal holonomy group of N

at pr(z).

Proof. The proof is the same as that of Lemma 7.3.5 (i). O

5. THE GEOMETRY OF THE EQUIVALENCE CLASSES

To ensure clarity, we begin by summarizing the main results of the previous section,
explaining them in some detail. Recall that we work locally, and our results—though not



NORMAL HOLONOMY OF COMPLEX HYPERBOLIC SUBMANIFOLDS 29

always stated explicitly—hold in a neighborhood of a generic point of the submanifolds
involved.

If £ is a parallel normal field of (N )¢,» then H ¢ () C (N)¢, is the equivalence class of z,
where x ~ y if there exists a curve perpendicular to ker flé connecting x with y. Then H é(a:)
is a hypersurface of (V)¢ that (locally) coincides with F(z) = pr ' (F(pr(z))), where
F(pr(z)) = NN H?™" and r?2 = —(pr(z), pr(z)) (see Lemma 4.3). One has that F(z) is
invariant under all shape operators of (N )Cq (see Lemma 2.18 and the paragraphs previous
to Lemma 4.3). Moreover, the normal bundle of F(x) C C™! splits as the orthogonal sum
of the following parallel and flat subbundles

vE(z) =1 ® iy, (5.1)

where 0y = Ra (), V2 = (I/(N)Cq)lp(x) and « is the pr-horizontal lift of the position vector
field ¥ of N. One has that both F'(z) and its normal bundle are Lorentzian. Moreover, the
commuting symmetric family of shape operators {A,} of F(z) diagonalize simultaneously
with real eigenvalues. In fact, the eigendistribution EgH associated to the parallel section
flg+1 is non-zero and contains the timelike vector © (see last part of Remark 4.4). Since
F(z) is Lorentzian, Ey is non-degenerate and its orthogonal complement is a Riemannian
distribution. This implies our assertion.
Let us finally recall that F'(z) contains the fibre pr—! ({pr(z)}) (see Lemma 4.3).

Remark 5.1. The nullity of F(x) is trivial, as a submanifold of C™. In fact, let C be
the parallel normal vector field of (N )Cq such that pr(y) = y + C(y). Then, by the tube
formula, see (4.10), dpr(iy) = (Id — A¢)id, = i, = Tpr(y) s
C™1. Taking into account that the position (normal) vector field of F(pr(y)) is umbilical,

as vectors of the ambient space

we obtain

1
—Id = Agpriy)) = As, ((Td = Ag, )

where H is the pr-horizontal distribution of F(m) This shows that flﬁym has no kernel.
Since the pr-fibres are irreducible isoparametric submanifolds, the family of shape operators
flw, Y € (9)y, restricted to the pr-vertical distribution H+, have no common kernel. The
previous observations imply our assertion.

Let, keeping the notation of Section 4, and Remark 5.1, 71,--- ,7q (d > g+ 1) be
the curvature normals of F(x) with associated eigendistribution Ej,--- , E4, which are
integrable due to the Codazzi identity (perhaps in a neighbourhood of a point close to ).
Recall that 71, --- 74 are parallel, and 7,41 is also parallel due to Remark 4.4. Moreover,
all eigendistributions are Riemannian with the exception of Eg+1 which is Lorentzian.
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Asumme that 7; is a parallel curvature normal, then any integral manifold S(y) of E; is
totally geodesic in F'(x). Moreover, S;(y) is an umbilical submanifold of the ambient space

C™! which is contained in the affine space
y + Ei(y) + Riji(y).
(a) If 7;(y) is spacelike, and so ¢ # g + 1, then S;(y) is an open subset of the sphere of
the Euclidean space y + E;(y) + R7;(y) ¢ with center ¢ and radius p given by
1 1
C=yY+ =~ =71 P= T (5:2)
(i (y), mi(y)) ™ (i (y). mi(y))
In this case S;(y) is called a curvature sphere

(b) If 7; is lightlike, and so i > g + 1, then S;(y) is a horosphere of an appropriate real

hyperbolic space. In fact, there always exist a timelike z € v, F(y) such that (7;,z) = 1.
Let —r2 = (2,2) and let
HY ={wey+Ei(y) ORAi(y) ORz: (w = (y + 2),w = (y + 2)) = —r?}°

where k = dim E;(y) + 1 and ( )° denotes the connected component by y. Then S;(x) is
an open subset of the horosphere defined by

<y + Ei(y) ® Rﬁz‘@/)) nHE.
(¢) If n; is timelike, ¢ # g 4+ 1, then S;(x) is an open subset of the hyperbolic space of
L;(z) defined by
HF = (X cx+ Ei(z) ®Rmi(z) : (X — ¢, X — ¢)) = —12}°
, where —r2 = (z — ¢,z — ¢), and ¢ has the same expression as in (a).

(d) If i = g + 1, there are two cases:

e dimE,, = 1. Then, by Remark 4.4, E,;1; = Ro. In this case S;(y) is an open subset
ot the (compact) anti-circle of the negative definite affine plane y + Ey11(y) @ Rij,41(y) of

center
1

<7~lg+1(y)a ﬁngl(y))

c=y+ Tg+1

and given by the equation
1
(Ng+1(Y); Tg+1(y))

e dim Eg+1 > 1. One gets the same formulas as in the previous case. But, instead of an

(w—c,w—c) =

anti-circle one obtains a pseudo-hyperbolic space.
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5.1. The parallel focal set.
We keep the notation and assumptions of this section. In order to simplify the exposition
we introduce the following notation:

F:=F(z), F:= F(pr(z)).

We next discuss some standard facts, or definitions, that are well-known in a Euclidean
ambient space and extend to our setting with straightforward modifications.
The affine normal space of F at y is the affine subspace

Y+ uyﬁ’ c Cv ~ R?2,
The affine focal hyperplane f]j (y) Cy+ Vyﬁ associated to 7;(y) is
i(y) ==y + H;(y),

where H j(y) is the linear hyperplane of l/yF defined by the equation (7;(y),-) =1 (j =
1,---,d). The focal set at y is defined by

U?:l 5i(y)
and the parallel focal set at y is defined by
User Zi(y)
where
I ={i:n;is parallel, 1 <i < d}. (5.3)

Let £ be a parallel normal field of F such that the parallel manifold ﬁ‘é is not singular, i.e.,
I —flg is never singular (perhaps after shrinking £ and F'). Equivalently, (&,,7;(y)) # 1, for

ally e F,j=1,---,d. Let f be the parallel map y i) y+&(y). Then affine normal spaces
Y+ VyF and f(y) + vy Fg do coincide. Moreover, the focal set of F at y coincides with
the focal set of F¢ at f(y). In fact, this is a consequence of the tube formula that relates
the shape operators of parallel manifolds (see Lemma 3.4.7 and Proposition 4.4.11 of [3]).
One has that f maps the eigendistribution Ej of F into an eigendistribution Ef = fy (EJ)
of Fg. Moreover, form the tube formula, the curvature normal ﬁf- associated to Ef is given

by .
~& o ~

Observe that Ej is Riemannian if and only if E§ is Riemannian. Moreover, 7); is parallel if

and only if ﬁf. is parallel. Then the parallel focal set of F at y coincides with that of Fg at

f(y). Observe that f maps a curvature sphere S;(y) into a curvature sphere Sf( f(y)); see
(5.2).
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5.2. The Coxeter group.

We keep the notation and assumptions of this section.

We keep the notation and assumptions of Sections 3 and 4. In particular, we assume
that the index of relative nullity of N is zero. This implies that the normal holonomy of
N acts irreducibly. Let us further assume that the normal holonomy is not transitive on
the unit sphere of the normal space. This implies, in particular, that the dimension of the
normal space of I is at least 3.

The next main tools are inspired by Terng’s construction of the Coxeter group of an
isoparametric submanifold [10, Section 6.3] (see also [3, Section 4.2]). We may assume,
since we work locally, that F is simply connected and so vF is globally flat. Let y,y/ € F
and let 7,/ : VyF — l/y/F be the parallel transport with respect to the normal connection.
Let 7y 4 ¢ y+v, F — y’+1/y/ﬁ’ be the so-called affine parallel transport. Namely, 7, ,(y) = v/
and d,7,, = 7y,. The affine parallel transport maps parallel focal hyperplanes into
parallel focal hyperplanes. That is, for any i € I = {i : 7; is parallel, 1 < i < d},

Tyy' (iz (?/)) = 21(9/)

and hence the affine parallel transport maps parallel focal sets into parallel focal sets:

Ty (Vier £i(y)) = UierSi(y/) (5.4)
Let
Io:={i €1: the integral manifolds of E; are curvature spheres} (5.5)
= {i € I : E; is Riemannian and 7j; is spacelike}
Equivalently, E; is Riemannian, and 7; is parallel and spacelike. Observe that {1,---, g} C
Iy. Then

7~—y,y’ (SZO (y)) = i:7;0 (y/)v for any Z.O € IO' (56)

Let ig € Iy and assume that the curvature spheres S;,(y), y € F , are complete. Let, for
yeF, je Sio(y) be the antipodal point of y. Then &;,, defined by &,(y) =9 —y is a
parallel normal field and ngo = F. In fact, &, = mﬁio’

The affine parallel transport 7, ;5 may be achieved by parallel transporting along a curve
in S;, from y to y. It turns out that this parallel transport coincides with the reflection
R;, in the focal affine hyperplane ¥, (y) (see [3, Section 4.2.2]). The affine normal spaces

of F = ngo at y and g coincide. Moreover,

Ujes B5(y) = Ujes Z5(7), (5.7)



NORMAL HOLONOMY OF COMPLEX HYPERBOLIC SUBMANIFOLDS 33

where J is any of the following sets: {1,---,d}, I, Iy. In fact, for J = {1,---,d} the
equality (5.7) is true since F is a parallel manifold to itself. For J = I, I it is a consequence
of equalities (5.4) and (5.6).

By the previous discussions we obtain that

Riy(Ujes (y)) = Ujes E5(y) (5.8)

In particular,
Riy (Uier, 2i(y)) = Uier, Si(y) (5.9)
If the curvature sphere S;,(y) is not complete, we can use an argument, used by Terng
in the proof of Theorem 3.4 in [11], in order to extend locally ' and so that the curvature
sphere S;,(y) is complete. We now sketch this argument. Let us consider the parallel focal

. 1

manifold Fp, Yvhere &= Toid)
manifold to F' so that (7;,,7;) = 1 if and only if j = iy (j = 1---d). Then consider the

7Mi,- Perhaps, by passing before to a nearby generic parallel

normal (parallel) subbundle B over F¢ given by B, = Ej,(y) ® Rij,(y), where 7(y) :=y +
&(y) = z. This subspace does not depend on y such 7(y) = z. In contrast to the framework
in Terng’s proof, not all curvature normals are necessarily parallel. Consequently, in our
context, we have to consider the complete sphere bundle SB of B of radius (&, £ )1/ 28>0

small. The image of B under the normal exponential map of Fg is the desired extension of

B.
By equation (4.2), S(y) = pr™'({pr(y)}) C pr(y)+vpe(y) N is an irreducible isoparametric
submanifold. Then

{Rilytv,(N), 11 <0< g}
generates a (finite) Coxeter group W which acts irreducibly on the affine normal space

y + vy (N)¢,- Moreover, pr(y) is the only fixed point in such a space. Taking into account
that y + v, (N), is an affine hyperplane of y + Z/yF, we obtain that

Nier,2(y) = pr(y) + Ri,
and hence the line
pr(y) + Rd, (5.10)

is the fixed set of W acting on y + v, F'(y).

Let W be the group of affine transformations of y—l—l/yﬁ' generated by the set {R; : i € Ip}.
As for the case of Euclidean reflections, W is a finite group. In fact, observe first that
R, = R, L If we now write g € R as a word of minimal length g = R;, -+ R;,, then all
factors are different due to the commutation law R;R;R; = R;, for some k. Since W is

finite, it has a fixed point p. Such a point must belong to the line pr(y) + Ry, since
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W C W (see (5.10)). We will identify W with a linear group with center p. Assume that
W acts irreducibly on y + I/yF . Then, since W is finite there exits a positive definite scalar
product ( , ) that is invariant by W. By the Schur lemma, the Lorentz inner product of
Y+ Z/yF is a multiple of (, ). A contradiction since dim Vyl*:' > 2. Thus, the action of W
is reducible. From the fact that W C W acts irreducibly on the hyperplane y + vy(N)¢, of
Y+ I/yF it follows that the unique non-trivial irreducible subspaces of W are y + vy(N)e¢,

and pr(y)+ Ri,. Moreover, since the finite group V~V|y 41, (N), Must have a fixed point, and

¢q
the only fixed point of W is such a space is pr(y), we conclude that pr(y) is a fixed point

of W. Then the parallel normal vector field y S y — pr(y) satisfies that
ker(Id — Af(y)) D @iGIOEi(y)~
On the other hand, since F' = F, it follows that

ker(Id — Af(y)) =@ Ei(y)
(see (4.3). Then W = W and

Corollary 5.2. The only curvature spheres of F are the vertical ones associated to the
isoparametric fibers of F 5. O

The above corollary together with the following lemma will be crucial for our purposes.
Lemma 5.3. Not all curvature normals of F are parallel.

Proof. Assume that all curvature normals are parallel. Observe, keeping the notation of
previous sections, that there should exist ¢ > g + 1 such that 7; is not a scalar multiple
of fg4+1. If not, ker flg and ker(Id — flé) would be two (orthogonally) complementary non-
degenerate totally geodesic distributions which are invariant by all shape operators. The
affine subspace generated by any integral manifold of ker(/d — flé) is Euclidean and hence
non degenerate. Then, by Moore’s lemma (see e.g. [12, Lemma 2] and [3, Corollary 1.7.4]),
F locally splits and hence F locally splits. The flat part voF of normal bundle vF has
dimension 1, and locally N = U¢Fg, where & is a small parallel section of voF. Then N
locally splits which is a contradiction, since the normal holonomy of N acts irreducibly
(see the begining of this section).

Let 7;, i > ¢ be such that it is not a scalar multiple of @. Then i # ¢ + 1 and thus, E;
is Riemannian (see the paragraph below Remark 5.1). If 7; is spacelike then the integral
manifolds of E; are curvature spheres (see (5.5)). This contradicts Corollary 5.2. Then
i = M+ i, where A\ # 0 and i # 0 is the projection of 7j; to the parallel normal
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subbundle 7 = 4+ = V(N)qup (see (5.1)). Let j € {1,---,g} and let ¢ be a parallel
section of 7, such that (¢,7;) = 1 = (¢, i). In fact define ¢ as an appropriate scalar
multiple of a non-zero parallel section of the bundle R7; @ Rfi which is perpendicular to
7; — fi. Then E := ker(Id — A 12;)? which is a direct sum of eigendistributions, contains
E; ® E; and does not contain E4i;. Then any integral manifold S(y) of the autoparallel
distribution E is a Riemannian isoparametric submanifold of the affine Lorentzian subspace
y+E(y) @ I/yF. Since 7; is spacelike and 7; is not so, then (7;,7;) = 0 by Proposition 2.4.
Since {n; : 1 < j < g} generates i, then n; lies in 73 = R4. A contradiction that implies
the lemma.

O

Proof of Theorem 1.1. By Corollary 3.9, the normal holonomy group of N acts irreducibly
on the normal space. Let N be the lift of N to C™!, and let £ be a parallel normal
field to N such that ker A; has constant dimension. Then, according to Lemma 4.3 (3),
Hg(:c) — F(x), and so it does not depend on &. By Lemma 2.18, T,F(z) is invariant
under all shape operators of (N)¢,. Moreover, ker AE\T F(a) is invariant under all the shape
operators of (V)¢,. Let Sé(y) be the total geodesic and non-degenerate integral manifold
of ker A§~|TF(z) by y € F(z). Then Sg(y) is (locally) the orbit of a weakly polar action.
Namely, via the horosphere embedding, it coincides with the normal holonomy orbit of an
appropriate focal manifold. Since F' (z) has flat normal bundle, and its family of shape
operators are simultaneously diagonalizable, with real eigenvalues, the same is true for
S€ (y). Moreover, since Sg(y) is the orbit of a weakly polar action, it follows that the
curvature normals of S (y) are parallel in the normal connection. As for the curvature
normals associated to the fibers of (qu)v any curvature normal of S¢ (y) extends to a
parallel curvature normal of F'(x) (see [3, sec.7.1]). If the normal holonomy group of N is
not transitive we can find, as in [3, sect. 7.4], parallel normal fields &, & of F(z) such that
ker A¢ + ker A¢ contains the horizontal distribution of F(x). Then, Proposition 7.36 of [3]
applies with the same proof to show that any curvature normal of F (x) is parallel in the
normal connection. This contradicts Lemma 5.3, proving that the normal holonomy must
be transitive. g
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