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Abstract. We prove an asymptotic formula for the average number of ratio-

nal points on Fano hypersurfaces that are contained in a small ball centered
at a given adelic point. We also prove an asymptotic formula for the number

of hypersurfaces admitting adelic points that are contained in a small ball.
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1. Introduction

Let V be a projective variety defined over Q. The set of rational points V (Q) has
been studied from various points of view. When the variety is in the class that is
believed to have many rational points, e.g. low degree hypersurfaces, a fundamental
question is how the rational points distribute on the variety. In the framework of
Manin’s conjecture, we introduce a height function H and count the number N(B)
of rational points x such that H(x) ≤ B. The conjecture predicts an asymptotic
formula for N(B) as B → ∞. To study the distribution of rational points more
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precisely, we may embed V (Q) into the set of adelic points of V :

V (Q) ↪→ V (AQ) =
∏

p∈MQ

V (Qp)

where MQ is the set of all places of Q. A quantitative form of weak approximation
problem is to determine the asymptotic formula of the number of rational points
of bounded height contained in a measurable subset (or simply a product of balls)
of V (AQ). See, for example, [3],[11],[12] for works in this direction.

We also mention that there is a general equidistribution principle that the distri-
bution of rational points is governed by a naturally constructed measure on V (AQ)
(cf. [10]).

At this moment, it seems very difficult to prove asymptotic formula of the num-
ber of rational points, or equidistribution theorem for a given arbitrary variety.
However, it might be possible to prove such a statement in the form that the for-
mula holds on average. Indeed, recently Browning, Le Boudec, and Sawin studied
the average of counting functions of all rational points of Fano hypersurfaces, and
as a consequence they proved that 100% of Fano hypersurfaces (except cubic sur-
faces) satisfy the Hasse principle, which is believed to be very difficult to prove for
a given Fano variety [4].

Following their idea as well as [14], we investigate the number of rational points
on random hypersurfaces that are contained in an adelic neighborhood (actually
a box) of a given adelic point. More precisely, we study the average of counting
functions of those points with bounded height, where the average is taken over all
hypersurfaces. To state our main theorems, let us first introduce the set of all
hypersurfaces.

Definition 1.1. Let n, d ∈ Z≥1 be positive integers.

(1) Vd,n =
{
V ⊂ Pn

Q
∣∣ V is a hypersurface of degree d

}
.

(2) Let R be a commutative ring. Let X0, . . . , Xn be indeterminate. The set of all
degree d monomials in X0, . . . , Xn is denoted by Md,n. Ordering the members
of Md,n by the lexicographic order, we identify{

homogeneous polynomials of degree d
in X0, . . . , Xn with coefficients in R

}
= RNd,n(1.1)

where

Nd,n :=

(
n+ d

d

)
= #Md,n.

For a ∈ RNd,n , we denote the corresponding homogeneous polynomial by fa.

When R is a field and a ∈ RNd,n \{0}, a can be considered as a homogeneous

coordinates of a point a ∈ PNd,n−1(R). In this case, the closed subscheme
V+(fa) ⊂ Pn

R defined by fa is determined by a and we write V+(fa) instead of
V+(fa).

(3) Any V ∈ Vd,n has exactly two defining equations with coefficients in Z whose
coefficient vectors are primitive. One of such coefficient vectors is denoted by
aV . (Thus we have V = V+(faV

).) For A ≥ 1, we define

Vd,n(A) :=
{
V ∈ Vd,n

∣∣ ∥aV ∥ ≤ A
}

where ∥ · ∥ is the usual Euclidean norm.
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We use the following metric on Pn(Qp).

Definition 1.2. Let p ∈ MQ. For x = (x0 : · · · : xn), y = (y0 : · · · : yn) ∈ Pn(Qp),

we write x = (x0, . . . , xn),y = (y0, . . . , yn) ∈ Qn+1
p and set

dp(x, y) =
∥x ∧ y∥p
∥x∥p∥y∥p

.

Here, when the place p is finite, let ∥ · ∥p be the max norms on Qn+1
p and

∧2 Qn+1
p

with respect to the standard basis e0, . . . , en and ei∧ej with 0 ≤ i < j ≤ n. When

p = ∞, let ∥ · ∥∞ be the Euclidean norms on Rn+1 and
∧2 Rn+1 with respect to

the standard basis e0, . . . , en and ei ∧ ej with 0 ≤ i < j ≤ n.

This function dp is a well-defined non-negative function on Pn(Qp) × Pn(Qp),
symmetric and dp(x, y) = 0 if and only if x = y. One can also prove that dp
satisfies the strong triangle inequality for p < ∞ and the triangle inequality for
p = ∞ (see e.g. [18, Section 1.1]) and so dp is a genuine metric on Pn(Qp). Note
that d∞(x, y) = | sin θ| with the angle θ ∈ [−π

2 ,+
π
2 ] between x and y since

(1.2) ∥x ∧ y∥2 = ∥x∥2 · ∥y∥2 − ⟨x,y⟩2 = ∥x∥2∥y∥2| sin θ|2

where ⟨·, ·⟩ is the usual Euclidean inner product and ∥ · ∥ is the usual Euclidean
norm.

Now let us introduce the counting function of rational points that are contained
in an adelic neighborhood of a given point.

Definition 1.3. Let n, d ∈ Z≥1 and suppose d ≤ n (so that general members of
Vd,n are smooth Fano varieties).

(1) For x ∈ Pn(Q) with primitive homogeneous coordinates x ∈ Zn+1, we define

H(x) = ∥x∥n+1−d,

where ∥ · ∥ is the usual Euclidean norm. Note that when restricted on a hyper-
surface of degree d, this is the multiplicative height function associated with
the anti-canonical divisor.

(2) We write∏∗

p∈MQ

(0, 1]

:=

(σp)p ∈
∏

p∈MQ

(0, 1]

∣∣∣∣∣∣ σp = 1 for all but finitely many p

σp = p−ep with some ep ∈ Z≥0 for all p < ∞


For σ = (σp)p ∈

∏∗
p∈MQ

(0, 1], we write

σp = p−ep for p < ∞

and set

q = q(σ) :=
∏

p∈MQ
p<∞

pep , q = q(σ) :=
q(σ)

σ∞
=
∏

p∈MQ

1

σp

and

Suppσ := {p ∈ MQ | σp < 1}.
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(3) For ξ = (ξp)p∈MQ
∈
∏

p∈MQ
Pn(Qp) and σ = (σp)p∈MQ

∈
∏∗

p∈MQ
(0, 1], we let

Bn
A(ξ, σ) :=

η = (ηp)p∈MQ
∈
∏

p∈MQ

Pn(Qp)

∣∣∣∣∣∣ dp(ξp, ηp) ≤ σp for all p ∈ MQ

 ,

which we call the adelic ball centered at ξ of radius σ.
(4) For V ∈ Vd,n, B ≥ 1 and an adelic ball Bn

A(ξ, σ), we define

NV (B; ξ, σ) := #{x ∈ V (Q) | H(x) ≤ B and x ∈ Bn
A(ξ, σ)},(1.3)

where we identify x ∈ V (Q) with its embedding to
∏

p∈MQ
Pn(Qp).

We are almost ready to state our first main theorem. The Riemann zeta function
is denoted by ζ. The Euler’s totient function is denoted by φ, and the k-th Jordan
totient function is denoted by Jk:

Jk(q) = qk
∏
p|q

(
1− 1

pk

)
and φ(q) = J1(q) for positive integers q. The volume of unit ball in RN for N ∈ Z≥1

is denoted by VN . The following is our first main theorem.

Theorem 1.4. Let n ≥ d ≥ 2 with (n, d) ̸= (2, 2), ξ = (ξp)p∈MQ
∈
∏

p∈MQ
Pn(Qp)

and σ = (σp)p∈MQ
∈
∏∗

p∈MQ
(0, 1]. For A,B ≥ 1 and ε > 0, we have∑

V ∈Vd,n(A)

NV (B; ξ, σ) = C̃d,n(ξ, σ)A
Nd,n−1B(1 +Rd,n(A,B; ξ, σ))

with the error term Rd,n(A,B; ξ, σ) bounded as

Rd,n(A,B; ξ, σ) ≪ (qA−1 + qB− 1
n +A−1B

d+1
(2n+1)(n+1−d) + qn−1A−(2n−1)B

d
n+1−d )Bε

provided

A ≥ max(q, B
d+1

(2n+1)(n+1−d) , q
n−1
2n−1B

d
(2n−1)(n+1−d) ) and B ≥ qn,

where the coefficient C̃d,n(ξ, σ) is explicitly given by

C̃d,n(ξ, σ) :=
VNd,n−1

4ζ(Nd,n − 1)

Wd,n(ξ∞;σ∞)φ(q)

Jn+1(q)ζ(n+ 1)
,

Wd,n(ξ∞, σ∞) :=

∫
Cn+1(ξ∞,σ∞)∩Bn+1(1)

dx

∥νd,n(x)∥

with a homogeneous coordinate ξ∞ ∈ Rn+1 of ξ∞ (for other notation, see Section 2)
and the implicit constant depends only on d, n, ε. In particular, we have

C̃d,n(ξ, σ) ≍
σn
∞φ(q)

Jn+1(q)
≍ φ(q)

q

1

qn

where the implicit constant depends only on d, n, ε.

Remark 1.5. For the last assertion, use (6.2) to see Wd,n(ξ∞, σ∞) ≍ σn
∞.

Remark 1.6. In Theorem 8.3 below, we indeed have a better error term estimate
than Theorem 1.4. We simplified the error term in Theorem 1.4 by making some
error terms larger keeping the admissible range of A,B, q.
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When a hypersurface V has no adelic points x = (xp) ∈
∏

p∈MQ
V (Qp) that

satisfies the same conditions in (1.3) except the height bound, that is, dp(xp, ξp) ≤
σp for all p ∈ MQ, we automatically have NV (B; ξ, σ) = 0. From this viewpoint, it is
natural to consider the average ofNV (B; ξ, σ) over the following set of hypersurfaces
rather than Vd,n:

Vloc
d,n(ξ, σ) :=

{
V ∈ Vd,n

∣∣ ∀p ∈ MQ,∃η ∈ V (Qp) such that dp(η, ξp) ≤ σp

}
.

For A ≥ 1, we also introduce the set of such hypersurfaces with height ≤ A:

Vloc
d,n(A; ξ, σ) := Vloc

d,n(ξ, σ) ∩ Vd,n(A).

Our second main theorem is to give an asymptotic formula of the size of this set.
To state the theorem, let us introduce some notation.

A point a ∈ PNd,n−1(Qp) corresponds to a homogeneous polynomial of degree d
up to non-zero multiple via (1.1). One of such polynomial is denoted by fa. Then
V+(fa) depends only on a. By the assignment a 7→ V+(fa), we identify

{Hypersurfaces in Pn
Qp

of degree d} = PNd,n−1(Qp).

Having this identification in mind, we set

Zp(ξ, σ) =

{
a ∈ PNd,n−1(Qp)

∣∣∣∣∣ ∃η ∈ V+(fa)(Qp) such that

dp(η, ξp) ≤ σp

}
.

This is the locus consisting of hypersurfaces that admit a Qp-point close to the
given point ξp. It is easy to see that this set is closed with respect to the strong
topology coming from Qp, cf. Section 10.1. The density of this set with respect

to the standard probability measure on PNd,n−1(Qp) is denoted by ρp(ξ, σ). See
Definition 10.3.

Theorem 1.7. Let A ≥ 1. Let ξ ∈
∏

p∈MQ
Pn(Qp) and σ ∈

∏∗
p∈MQ

(0, 1]. Let us

write

#Vloc
d,n(A; ξ, σ) =

VNd,n

∏
p∈MQ

ρp(ξ, σ)

2ζ(Nd,n)
ANd,n (1 +R(A; ξ, σ)) .

If

A ≫ q and A ≥ q ((log log 3q)(log 2A))
1

Nd,n−2 ,(1.4)

then we have

R(A; ξ, σ) ≪ 1

log A
q log log A

q

+
log log 3A

A
q

.(1.5)

Here the implicit constant in (1.4) is an absolute constant and that of (1.5) depends
only on d, n. Moreover, the size of the coefficient of the main term is

VNd,n

∏
p∈MQ

ρp(ξ, σ)

2ζ(Nd,n)
≍ 1

q

where the implicit constant depends only on d and n.

Remark 1.8. It has been proven that positive proportion of hypersurfaces admit
adelic points [16, Theorem 3.6]. The above Theorem 1.7 can be regarded as a
generalization as well as a quantitative version of this result. The key ingredient of
the proof of [16, Theorem 3.6] is [15, Lemma 20]. The proof of Theorem 1.7 goes
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the same line, but we have to deal with additional parameters ξ and σ and make
implicit constants independent of them.

By combining Theorem 1.4 and Theorem 1.7, we can obtain the following corol-
lary on the least height of the rational point satisfying the same condition as (1.3)
on almost all hypersurfaces:

Corollary 1.9. Let n ≥ d ≥ 2 and (n, d) ̸= (2, 2), ξ ∈
∏

p∈MQ
Pn(Qp) and σ ∈∏∗

p∈MQ
(0, 1]. For A ≥ 2, 0 < δ < 1 and ε > 0, we have

M(V ; ξ, σ) := min{H(x) | x ∈ V (Q) and dp(x, ξp) ≤ σp for all p ∈ S} ≥ δqn−1A

for all V ∈ Vloc
d,n(A; ξ, σ) but at most ≪ δ|Vloc

d,n(A; ξ, σ)| exceptions provided

(1.6) A ≥ qmax(θ,1)+ε

δ

with

θ = θ(n, d) :=
n2 − 1

(2n− 1)(n+ 1− d)− d
,

where the implicit constant depends only on d, n, ε.

Proof. We may assume A ≥ Cq1+ε for some constant C depending on d, n, ε since
otherwise the assumption (1.6) implies δ ≥ 1/C, so the assertion is trivial. This
ensures all assumptions of Theorem 1.7, so we can apply Theorem 1.7 to the current
setting. Assume A ≥ q1+ε/δ. Take B = δqn−1A. We then automatically have

B ≥ qn+ε since A ≥ q1+ε/δ. We use Theorem 1.4. To this end, we need to check

(1.7) A ≥ max(B
d+1

(2n+1)(n+1−d) , q
n−1
2n−1B

d
(2n−1)(n+1−d) ).

Since B = δqn−1A ≤ qn−1A, we have

A ≥ B
d+1

(2n+1)(n+1−d) ⇐= A ≥ (qn−1A)
d+1

(2n+1)(n+1−d) ⇐⇒ A ≥ qθ1

with

θ1 :=
(d+ 1)(n− 1)

(2n+ 1)(n+ 1− d)− (d+ 1)
.

We also have

A ≥ q
n−1
2n−1B

d
(2n−1)(n+1−d) ⇐= A ≥ q

n−1
2n−1 (qn−1A)

d
(2n−1)(n+1−d) ⇐⇒ A ≥ qθ2

with

θ2 :=
n2 − 1

(2n− 1)(n+ 1− d)− d
.

Note that n ≥ d ≥ 2 implies

θ1 =
(d+ 1)(n− 1)

(2n− 1)(n+ 1− d)− d+ 2(n+ 1− d)− 1

≤ (n+ 1)(n− 1)

(2n− 1)(n+ 1− d)− d
= θ2 = θ

and so (1.7) is assured by (1.6). By Theorem 1.4 and Theorem 1.7, it suffices to

show that the error terms in Theorem 1.4 are all ≪ B−ε, which is assured by (1.6)
again. □
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Remark 1.10. In Corollary 1.9, we have

θ ≤ 1 ⇐⇒ n2 − 1 ≤ (2n− 1)(n+ 1− d)− d ⇐⇒ n ≥ 2d− 1.

Thus, the conclusion of Corollary 1.9 holds only assuming A ≥ q1+ε if n ≥ 2d− 1.
On the other hand, since θ(n, n) = n+1, the exponent θ(n, d) is not bounded with
respect to (n, d) without restriction.

Outline of the proof of the main theorems. The proof of Theorem 1.4 mainly
follows the argument of le Boudec [14] as we do in Section 8. Our starting point
is a swap of the summation over hypersurfaces and rational points, which reduces
the problem to the lattice point counting as in the last line of (8.1). This gives
a decomposition (8.2) of the left-hand side of Theorem 1.4 into the main term T
and the error terms E1, E2 defined by (8.3). To deal with these terms, in Sec-
tion 5, we prepare lattice point counting results with local conditions caused by the
weak approximation. The archimedean condition can be dealt with the result of
Barroero–Widmer [1] (Lemma 3.8) and some simple volume estimates given in Sec-
tion 4. For the non-archimedean conditions, a straightforward treatment produces
a too large error term, so we overcome this difficulty with an averaging trick over
units (Lemma 5.6). By using these results, we can prove an asymptotic formula for
the main term T in Section 6, and we can easily bound the error term E2 as in (8.5).
For the error terms E1, we need to control the largest successive minima of the rel-
evant lattices. With the weak approximation, the pointwise bound of the largest
successive minima due to le Boudec [14, Lemma 5] is not enough anymore. We
thus introduce the method of Browning–le Boudec–Sawin [4, Section 3] to prepare
a statistical result on the largest successive minima (Lemma 7.9 with Lemma 3.6).
We moreover need to keep track of the effect of the weak approximation, which
causes a new difficulty, as we do in Section 7.

The strategy of the proof of Theorem 1.7 is as follows. We divide #Vloc
d,n(A; ξ, σ)

as in (10.2), with a parameter P which we optimize at the last step of the proof
according to the form of the estimates for M(A,P ) and E(A,P ) we obtain. The

main term M(A,P ) counts points in ZNd,n

prim that are contained in certain p-adic
regions for small p and p = ∞. Roughly speaking, the p-adic region corresponds to
the set of hypersurfaces with p-adic points. To count the lattice points contained
in them, we approximate the regions by p-adic balls for p ̸= ∞, which is done in
Section 10.1. To bound the error term E(A,P ), we use the Ekedahl sieve method.

For a point a ∈ ZNd,n

prim , the condition “∃p ∈ (P,∞), [a] /∈ Zp” can be interpreted to
containment in some algebraic subset NIPd,n of codimension at least two modulo
p. This follows essentially from the Lang-Weil estimates; see Section 9. Thus, we
can use a standard Ekedahl sieve type method, but here we also need to make the
estimates independent of q, σ.

Organization of the paper. In Section 2, we summarize our notation. In Sec-
tion 3, we review several facts on geometry of numbers including some basic theories
and introduce a theorem on lattice point counting due to Barroero and Widmer.
In Section 4, we prove several estimates of volumes of subsets of Euclidean space,
which we use later to count lattice points contained in them. In Section 5, we prove
several asymptotic formulas of counting functions of lattice points with semialge-
braic and congruence conditions. In Section 6, we prove lemmas that we use in
the proof of Theorem 1.4. The estimate in Section 7 is our core calculation. In
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Section 8, we prove our first main theorem Theorem 1.4. Section 9 is a preparation
of the proof of our second main theorem Theorem 1.7. In Section 10, we prove
Theorem 1.7.

Acknowledgements. The authors would like to express their sincere gratitude to
the referee for helpful comments and suggestions, which significantly improved the
paper’s readability. This work was supported by JSPS KAKENHI Grant Numbers
JP19K23402, JP21K13772, JP22K13903.

2. Notations and conventions

Besides notations and conventions introduced in Section 1 and will be introduced
in the latter sections, we use the following notations and conventions.

Throughout the paper, d and n denote positive integers. We also use M,N
to denote non-negative integers, which are used for the dimension or the rank of
certain vector spaces or modules. The letter p denotes prime numbers or ∞ unless
otherwise specified.

Let µ(n) be the Möbius function, τ(n) be the number of positive divisors of an
integer n, φ(q) be the Euler totient function and

Jk(q) := qk
∏
p|q

(
1− 1

pk

)
be the Jordan totient function. For integers a, b, . . . , c, we denote their greatest
common divisor by (a, b, . . . , c). When confusion with tuples may occur, we write
instead gcd(a, b, . . . , c).

For an integer n and a positive integer q such that (n, q) = 1, we write n (mod q)
be the multiplicative inverse of n (mod q) in Z/qZ. The symbol∑∗

u (mod q)

and
⋃∗

u (mod q)

denote the sum and union over all reduced residues u (mod q), i.e. units of the ring
Z/qZ. The symbol ∑(d)

n1,...,nr

denote the summation where the summation variable runs over suitable dyadic

sequences of the form ni = 2kiai with ki ∈ Z and a positive real number ai.
Let V be a real vector space. For S ⊂ V , we let SR be the R-subspace of V

spanned by S and RS := {ax | a ∈ R and x ∈ S}.
Let V be a real metric vector space of dimension r, i.e. a real vector space of

dimension r with an inner product. We use the following notation.

• For R > 0, we set BV (R) := {x ∈ V | ∥x∥ ≤ R}
• volV is the measure corresponding to the Lebesgue measure on Rr via an
isometric isomorphism V ≃ Rr. This is independent of the choice of the
isometry.

• For u ∈ V and 0 ≤ σ ≤ 1, we let

CV (u, σ) := {x ∈ V | ∥x ∧ u∥ ≤ σ∥x∥∥u∥} ,

C⊥
V (u, σ) := {x ∈ V | |⟨x,u⟩| ≤ σ∥x∥∥u∥} .
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Here note the the metric on V naturally induces a metric on
∧2

V .
We always use the Euclidean inner product ⟨·, ·⟩ and the Euclidean norm ∥ · ∥

to define the metric vector space structure on RN and its subspaces. For RN , we
simplify the above notation as follows:

BN (R) = BRN (R) = {x ∈ RN | ∥x∥ ≤ R},

volN denotes the Lebesgue measure on RN ,

CN (u, σ) = CRN (u, σ),

C⊥
N (u, σ) = C⊥

RN (u, σ).

We set vol0(R
0) = 1. Note that if u ̸= 0, we have

CN (u, σ) = {x ∈ RN \ {0} | d∞(x,u) ≤ σ} ∪ {0}.

This is the cone with axis Ru of angle θ ∈ [0, π
2 ] with sin θ = σ.

The set of primitive vectors in ZN is denoted by ZN
prim:

ZN
prim := {x = (x1, . . . , xN ) ∈ ZN | gcd(x1, . . . , xN ) = 1}.

More generally, for a free Z-module M of finite rank, we write

Mprim := M \
⋃
d≥2

dM,

which is the set of all primitive elements of M .
For a finitely generated Z-module M , Mtors denotes the torsion part of M .
We use the Veronese embedding given by

νd,n : R
n+1 → RMd,n ; (x0, . . . , xn) 7→ (M(x0, . . . , xn))M∈Md,n

.(2.1)

Note that we have

(2.2) ∥νd,n(x)∥ ≤ ∥x∥d ≤ d!∥νd,n(x)∥,

which can be seen by squaring and expanding ∥x∥d.
Let K be a field. For a ∈ Kn+1 \ {0}, we denote the point in Pn(K) with

homogeneous coordinates a as [a].
We use Landau’s symbol “O”, Hardy’s symbol “≍” and Vinogradov’s symbol

“≪” in the standard way. The dependence of the implicit constant on a, b, . . . , c
is denoted by subscript, e.g. “Oa,b,...,c”, “≍a,b,...,c” or “≪a,b,...,c”. If Theorem
or Lemma is stated with the phrase “where the implicit constant depends on
a, b, . . . , c”, then every implicit constant in the corresponding proof may also depend
on a, b, . . . , c unless otherwise specified.

3. Preliminaries on geometry of numbers

In this section, we recall some definitions and known results in geometry of
numbers. As a standard reference, see e.g. Cassels’s book [5] or [6, Chapter 12].

A lattice Λ ⊂ RN of rank r ≥ 0 is a Z-submodule of RN of the form Λ =
Zv1 + · · · + Zvr, where v1, . . . ,vr ∈ RN are vectors linearly independent over R.
For a lattice Λ ⊂ RN , let the determinant det(Λ) be the r-dimensional volume
with respect to the induced metric on spanR(Λ) of the fundamental parallelepiped.

When Λ is 0, we set det(Λ) = 1. We say a lattice Λ ⊂ RN is integral if Λ ⊂ ZN .
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For a lattice Λ ⊂ RN , we say a sublattice Γ ⊂ Λ is primitive with respect to Λ

if the quotient module Λ/Γ is torsion-free over Z. When Λ = ZN , we just say Γ is
primitive.

Consider a lattice Λ ⊂ RN of rank r. We let

λi(Λ) := inf{λ ∈ R>0 | dim spanR(Λ ∩ BN (λ)) ≥ i} (i = 1, . . . , r),

which are called the successive minima of Λ.

Lemma 3.1 (Minkowski’s second theorem). For a lattice Λ ⊂ RN of rank r,

det(Λ) ≍ λ1(Λ) · · ·λr(Λ),

where the implicit constant depends only on r.

Proof. See Theorem I of Chapter VIII of [5, p. 205]. □

For a lattice Λ ⊂ RN , its R-span is denoted by ΛR.

Lemma 3.2. Every lattice Λ ⊂ RN of rank r ≥ 0 has a Z-basis (v1, . . . ,vr) with
the following properties:

(1) We have ∥vi∥ ≍ λi(Λ) for i = 1, . . . , r.
(2) For ν = 1, . . . , r, the sublattice Λν := Zv1 + · · ·+ Zvν ⊂ Λ satisfies

det(Λν) ≍ λ1(Λ) · · ·λν(Λ).

(3) For the orthogonal projection π⊥
ν : RN = (Λν)R ⊕ (Λν)

⊥
R → (Λν)

⊥
R , we have

∥π⊥
ν (vi)∥ ≍ λi(Λ) for 1 ≤ ν < i ≤ r.

(4) For any x1, . . . , xr ∈ R, we have∥∥∥∥ r∑
i=1

xivi

∥∥∥∥ ≍
r∑

i=1

|xi|∥vi∥.

where the implicit constants depend at most on r.

Proof. This is essentially Lemma 12.3 of [6, p. 78]. By sending Λ through some
isometry ΛR → Rr and by dilating, we may assume N = r and det(Λ) = 1. We
may further rotate Rr without loss of generality. By Lemma 12.3 of [6, p. 78], after
a suitable rotation, we can take a basis (v1, . . . ,vr) such that

(3.1)


vT
1

vT
2
...

vT
r

 =


v11
v21 v21
...

...
. . .

vr1 vr2 · · · vrr


and

(3.2) ∥vi∥ ≍ |vii| ≍ λi(Λ) for i = 1, . . . , r.

We then check such chosen (v1, . . . ,vr) satisfies the claimed conditions. The con-
dition (1) is nothing but (3.2). For the condition (2), it suffices to see that (3.1)
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and (3.2) gives det(Λν)
2 = det((vij)1≤i,j≤ν)

2 = (|v11| · · · |vνν |)
2 ≍ (λ1 · · ·λν)

2. For
the condition (3), we see that (3.1) gives

π⊥
ν (v

T
ν+1)

π⊥
ν (v

T
ν+2)
...

π⊥
ν (v

T
r )

 =


vν+1,ν+1

vν+2,ν+1 vν+2,ν+2
...

...
. . .

vr,ν+1 vr,ν+2 · · · vrr

 ,

so (3.2) implies λi(Λ) ≪ |vii| ≪ ∥π⊥
ν (vi)∥ ≪ ∥vi∥ ≪ λi(Λ) for ν < i ≤ r.

Finally, we prove (4). By the triangle inequality, we have
∥∥∑r

i=1 xivi

∥∥ ≤∑r
i=1 |xi|∥vi∥. Take i0 ∈ {1, . . . , r} such that |xi0

|∥vi0
∥ = maxi |xi|∥vi∥. Then

r∑
i=1

|xi|∥vi∥ ≤ r|xi0
|∥vi0

∥ ≪ |xi0
| det(Λ)∏

1≤i≤r
i ̸=i0

λi(Λ)

where we use (1) and Minkowski’s second (Lemma 3.1). Note that

det(Λ) = |det(v1 · · ·vr)| = |det(v1 · · · ṽ
⊥
i0
· · ·vr)|

≤ ∥v1∥ · · · ∥ṽ
⊥
i0
∥ · · · ∥vr∥ ≪

∏
1≤i≤r
i ̸=i0

λi(Λ) · ∥ṽ
⊥
i0
∥,

where vi0
= ṽi0

+ ṽ⊥
i0

with ṽi0
∈
∑

1≤i≤r
i̸=i0

Rvi and ṽ⊥
i0

∈ (
∑

1≤i≤r
i̸=i0

Rvi)
⊥. Here we

use (1) for the last inequality. Thus
r∑

i=1

|xi|∥vi∥ ≪ |xi0
|∥ṽ⊥

i0
∥

≤ ∥x1v1 + · · ·+ xi0
ṽi0

+ · · ·+ xrvr + xi0
ṽ⊥
i0
∥ =

∥∥∥∥ r∑
i=1

xivi

∥∥∥∥.
This completes the proof. □

For a non-zero integral vector c ∈ ZN \ {0}, we define

Λc := {x ∈ ZN | ⟨c,x⟩ = 0},

which is a primitive integral lattice of RN of rank N − 1. For integral vectors

c1, . . . , ck ∈ ZN , let G(c1, . . . , ck) be the greatest common divisor of determinants
of k-minors of the N by k matrix (c1 · · · ck). We have the following:

Lemma 3.3. For vectors c1, . . . , ck ∈ ZN linearly independent over R, we have

det(Λc1
∩ · · · ∩ Λck

) =
det(Zc1 + · · ·+ Zck)

G(c1, . . . , ck)
.

Proof. See [14, Lemma 4]. □

For x ∈ Zn+1
prim, since νd,n(x) ∈ ZMd,n

prim , Lemma 3.3 gives

(3.3) det(Λνd,n(x)
) = ∥νd,n(x)∥.

For an integral vector c ∈ ZN and q ∈ N, we also use the (mod q) analog

Λ(q)
c := {x ∈ ZN | ⟨c,x⟩ ≡ 0 (mod q)}
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of Λc, which is an integral lattice of rank N .

Lemma 3.4. For an integral vector c ∈ ZN and q ∈ N,

det(Λ(q)
c ) =

q

gcd(c, q)
and λ1(Λ

(q)
c ) ≤ · · · ≤ λN (Λ(q)

c ) ≤ q.

Proof. We may assume c ̸= 0. Take A ∈ GLN (Z) satisfying

cTA ≡
(
d · u 0 · · · 0

)
(mod q) with d := gcd(c, q) and u ∈ (Z/qZ)×,

which is possible by considering the Smith normal form. We then have

Λ(q)
c = A · {x ∈ ZN |

(
d · u 0 · · · 0

)
x ≡ 0 (mod q)}

= A · ( qdZe1 + Ze2 + · · ·+ ZeN ),

where e1, . . . , eN are standard vectors. Therefore, we have

det(Λ(q)
c )2 = det(A)2( qd )

2 = ( qd )
2 and so det(Λ(q)

c ) = q
d .

For successive minima, it suffices to note that qe1, . . . , qeN ∈ qZN ⊂ Λ(q)
c ⊂ ZN . □

Note that

x ∈ V (Q) ⇐⇒ aV ∈ Λνd,n(x)

when x ∈ Zn+1 is a homogeneous coordinate of x. Thus, when taking average over
V , the main difficulty lies in counting points of Λνd,n(x)

and its dependence on x.

As a key tool for studying the successive minima of Λνd,n(x)
, we use a result of

Browning, le Boudec and Sawin [4]. We recall the following quantity defined in [4]:

Definition 3.5. For x ∈ Zn+1 and 1 ≤ r ≤ n+ 1, let

dr(x) := min{det(Λ) | Λ ⊂ Zn+1 is a rank r integral lattice with x ∈ Λ}.

It is clear that 1 ≤ dr(x) ≤ ∥x∥ since we can use some r − 1 vectors in the
standard basis together with x to generate a rank r integral lattice of determinant
≤ ∥x∥ and since the determinant of integral lattice is a positive integer. By using
d2(x), we can bound the largest successive minima λNd,n−1(Λνd,n(x)

) as follows:

Lemma 3.6 (Browning–le Boudec–Sawin). For x ∈ Zn+1
prim, we have

λNd,n−1(Λνd,n(x)
) ≤ min

(
n

∥x∥
d2(x)

, ∥x∥
)
.

Proof. See Lemma 5 of [14] and Lemma 3.15 of [4]. □

Following Schmidt [19, Section 2], we introduce quotient lattices. Let Γ be a

primitive sublattice of a lattice Λ ⊂ RN , and let π : RN → Γ⊥
R be the orthogonal

projection. By the primitivity of Γ, this projection induces an isomorphism Λ/Γ ∼=
π(Λ). By this isomorphism, we identify the quotient module Λ/Γ with a lattice

π(Λ) ⊂ RN . Such a defined lattice Λ/Γ = π(Λ) is called the quotient lattice. We
then have rank(Λ/Γ) = rank(Λ)− rank(Γ) and

(3.4) det(Λ/Γ) =
det(Λ)

det(Γ)
.

As usual, for Λ/Γ = π(Λ) ⊂ Γ⊥
R , we use the metric structure inherited from RN via

the inclusion Γ⊥
R ⊂ RN .
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Let us conclude this section by recalling a recent result by Barroero and Widmer
on lattice point counting [1]. It provides an asymptotic formula of the number
of lattice points contained in semialgebraic sets which is applicable uniformly over
lattices and semialgebraic conditions varying semialgebraically. Note that Barroero
and Widmer work with general o-minimal structures containing semialgebraic sets,
but for our purpose, the semialgebraic sets are sufficient.

Definition 3.7. For a linear subspace W of a real metric vector space V , consider
the orthogonal projection πW : V → W . For a semialgebraic set A ⊂ V , let

Vν(A) = Vν,V (A) := sup
W :subspace of V

dimW=ν

volW (πW (A)).

(This is V ′
ν(A) of Barroero–Widmer [1].)

Lemma 3.8. Consider a semialgebraic set Z ⊂ RM+N with M,N ∈ N such that

for any T ∈ RM , the fiber ZT := {x ∈ RN | (T,x) ∈ Z} is bounded. For any

T ∈ RM and any lattice Λ ⊂ RN of rank r, we have

#(Λ ∩ ZT) =
volΛR

(ΛR ∩ ZT)

det(Λ)
+O

( ∑
0≤ν<r

Vν,ΛR
(ΛR ∩ ZT)

λ1(Λ) · · ·λν(Λ)

)
,

where the implicit constant depends only on Z.

Proof. For the full-rank case r = N , this is Theorem 1.3 of Barroero Widmer [1,
p. 4936] with semialgebraic sets as the o-minimal structure of the theorem except
that we bound Vν(ZT) of [1] by Vν(ZT) defined by Definition 3.7. Note that semi-
algebraic sets forms an o-minimal structure by the Tarski–Seidenberg theorem (see
e.g. [20, Corollary 2.11, p. 37]). When r < N , consider the semialgebraic set

Z̃ := {(Φ,T,x) ∈ RNr × RM × Rr | Φ ∈ ON,r and (T,Φ(x)) ∈ Z},

where we identify RNr with the set of N × r matrices, and ON,r is the set of N × r

matrices Φ satisfying ΦT · Φ = Ir. For any (Φ,T) ∈ ON,r × RM , by identifying

Φ ∈ ON,r with the isometry Rr → RN ; x 7→ Φ · x, we have Z̃(Φ,T) = Φ−1(ZT),

which is bounded. Thus, by taking an isometry ΦΛ : R
r → ΛR ⊂ RN and noting

that Φ−1
Λ (Λ) is a full-rank lattice of Rr with the same determinant and successive

minima as Λ, we can apply the assertion for the case r = N to #(Λ ∩ ZT) =

#(Φ−1
Λ (Λ) ∩ Z̃(ΦΛ,T)) to obtain the assertion for the case r < N . □

4. Preliminary lemmas for the archimedean place

We use Lemma 3.8 to separate the effect of archimedean restriction like the
condition d∞(x, ξ∞) ≤ σ∞ in (1.3). In this section, we prepare some lemmas to
estimate the volumes which appear in the application of Lemma 3.8.

Let us fix N ∈ Z≥2, ξ ∈ RN \ {0} and σ ∈ (0, 1] throughout this section.

Lemma 4.1. We have

volN (C⊥
N (ξ, σ) ∩ BN (1)) = 2VN−1

∫ σ

0

(
(1− h2)

N−1
2 − (( 1σ )

2 − 1)
N−1

2 hN−1
)
dh

= 2

(
N − 1

N

)
VN−1σ exp(O(σ2)) ≍ σ,
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where the implicit constant depends only on N .

Proof. Since ξ ̸= 0, we can take an orthonormal basis e0, e1 . . . , eN−1 with e0 :=

ξ/∥ξ∥. Let us parametrize x ∈ RN as x = he0 + y1e1 + · · ·+ yN−1eN−1 and write
y := (y1, . . . , yN−1). We then have

(4.1)

x ∈ C⊥
N (ξ, σ) ∩ BN (1) ⇐⇒ |⟨ξ,x⟩| ≤ σ∥x∥∥ξ∥ and ∥x∥ ≤ 1

⇐⇒
((

1

σ

)2

− 1

)
h2 ≤ ∥y∥2 ≤ 1− h2.

By (4.1) and by noticing((
1

σ

)2

− 1

)
h2 ≤ ∥y∥2 ≤ 1− h2 =⇒ |h| ≤ σ,

we have the first equality

volN (C⊥
N (ξ, σ) ∩ BN (1)) = 2VN−1

∫ σ

0

(
(1− h2)

N−1
2 − (( 1σ )

2 − 1)
N−1

2 hN−1
)
dh

The second equality follows from the first equality if σ is sufficiently small and it
is trivial if σ ≫ 1. The last estimate is clear. □

Lemma 4.2. We have

volN (CN (ξ, σ) ∩ BN (1)) =
2

N
VN−1σ

N−1 exp(O(σ2)) ≍ σN−1,

where the implicit constant depends only on N .

Proof. By (1.2), we have

volN
(
CN (ξ, σ) ∩ BN (1)

)
= volN

(
(RN \ C⊥

N (ξ, (1− σ2)
1
2 )) ∩ BN (1)

)
= VN − volN

(
C⊥
N (ξ, (1− σ2)

1
2 ) ∩ BN (1)

)
.

Therefore, for sufficiently small σ, by Lemma 4.1, we have

volN
(
CN (ξ, σ) ∩ BN (1)

)
= VN − 2VN−1

∫ (1−σ
2
)
1
2

0

(
(1− h2)

N−1
2 − ( 1

1−σ
2 − 1)

N−1
2 hN−1

)
dh

=
2

N
VN−1σ

N−1(1 +O(σ2)
)
≍ σN−1,

as claimed. When σ ≫ 1, the assertion is then trivial. □

Lemma 4.3. Let W ⊂ RN be an R-subspace of dimW = ν ≥ 1, π : RN → W be
the orthogonal projection, and τ := ∥π(ξ)∥/∥ξ∥ ∈ [0, 1]. Then, for X ≥ 0, we have

volW
(
π(CN (ξ, σ) ∩ BN (X))

)
≪
(
τ

σ
+ 1

)
· (σX)ν ≪ 1

σ
· (σX)ν ,

where the implicit constants depend only on ν.

Proof. Take x ∈ CN (ξ, σ) ∩ BN (X) \ {0} arbitrarily. Decompose x as

(4.2) x = x̃+ x̃⊥ with x̃ =
⟨x, ξ⟩
∥ξ∥2

ξ ∈ Rξ and x̃⊥ ∈ (Rξ)⊥.
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We then have ∥x̃⊥∥2 = ∥x ∧ ξ∥2/∥ξ∥2. Since x ∈ CN (ξ, σ) ∩ BN (X), this gives

(4.3) ∥x̃⊥∥ ≤ σX.

We now consider two cases according to whether τ = 0 or not.

When τ = 0, i.e. π(ξ) = 0, by (4.2) and (4.3), we have ∥π(x)∥ ≤ ∥π(x̃⊥)∥ ≤
∥x̃⊥∥ ≤ σX. This shows π(CN (ξ, σ) ∩ BN (X)) ⊂ BW (σX). Thus,

volν
(
π(CN (ξ, σ) ∩ BN (X))

)
≤ volν

(
Bν(σX)

)
≪ (σX)ν =

(
τ

σ
+ 1

)
· (σX)ν .

This proves the assertion when τ = 0.
We next consider the case τ > 0. Decompose π(x) orthogonally as

(4.4) π(x) = y + y⊥ with y ∈ Rπ(ξ) and y⊥ ∈ (Rπ(ξ))⊥.

By (4.2) and (4.4), we have

∥y∥ ≤ ∥π(x)∥ ≤ ∥π(x̃)∥+ ∥π(x̃⊥)∥ ≤ ∥π(x̃)∥+ ∥x̃⊥∥

By using the definition of τ and (4.3), we have

(4.5) ∥y∥ ≤ τ∥x̃∥+ ∥x̃⊥∥ ≤ τ∥x∥+ ∥x̃⊥∥ ≤ (τ + σ)X.

Since π(x̃) ∈ Rπ(ξ), by using (4.3) and (4.4), we have

∥y⊥∥2 ≤ ∥π(x̃)− y∥2 + ∥y⊥∥2 = ∥π(x̃⊥)∥2 ≤ ∥x̃⊥∥2 ≤ (σX)2

and so

(4.6) ∥y⊥∥ ≤ σX.

Since the assumption τ > 0 implies π(ξ) ̸= 0, by using (4.6) and (4.5), we have

volW
(
π(CN (ξ, σ) ∩ BN (X))

)
≤
∫
∥y∥≤(τ+σ)X

(∫
∥y⊥∥≤σX

dy⊥
)
dy

≪ (σX)ν−1

∫
∥y∥≤(τ+σ)X

dy ≪
(
τ

σ
+ 1

)
· (σX)ν .

This proves the assertion when τ ̸= 0. □

Lemma 4.4. Let W ⊂ RN be an R-subspace of dimW = ν ≥ 1. Write

(4.7) ξ = ξ̃ + ξ̃⊥ with ξ̃ ∈ W and ξ̃⊥ ∈ W⊥.

Let τ := ∥ξ̃∥/∥ξ∥ ∈ [0, 1]. We then have

(i) When 0 ≤ τ2 < 1− σ2, we have CN (ξ, σ) ∩W = {0}.
(ii) When 1− σ2 ≤ τ2 ≤ 1, we have

CN (ξ, σ) ∩W ⊂ CW (ξ̃, σ̃),

where σ̃ ∈ [0, 1] is defined by

σ̃ 2 :=


σ2 + τ2 − 1

τ2
if τ > 0,

1 if τ = 0 (and so σ = 1),
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In particular, we have

ξ̃ = 0 =⇒ CN (ξ, σ) ∩W =

{
W if σ = 1,
{0} if 0 ≤ σ < 1,

and

ξ̃ ̸= 0 =⇒ CN (ξ, σ) ∩W ⊂ CW (ξ̃, σ).

Proof. Take x ∈ CN (ξ, σ) ∩W arbitrarily. By (4.7), we then have

⟨x, ξ̃⟩ = ⟨x, ξ⟩.
Therefore, by recalling x ∈ CN (ξ, σ), we have

∥x ∧ ξ̃∥2 = ∥x ∧ ξ∥2 + ∥x∥2∥ξ̃∥2 − ∥x∥2∥ξ∥2

≤ σ2∥x∥2∥ξ∥2 + ∥x∥2∥ξ̃∥2 − ∥x∥2∥ξ∥2 = (σ2 + τ2 − 1)∥x∥2∥ξ∥2.
and so

(4.8) 0 ≤ ∥x ∧ ξ̃∥2 ≤ (σ2 + τ2 − 1)∥x∥2∥ξ∥2.

When 0 ≤ τ2 < 1 − σ2, by (4.8) and ∥ξ∥ ≠ 0, we should have ∥x∥ = 0 and so

(i) holds. When τ2 = 1 − σ2 and σ < 1, by (4.8), we have x ∈ CW (ξ̃, σ̃) since

∥x∧ ξ̃∥ = 0 in this case. When τ2 = 1−σ2 and σ = 1, we have x ∈ W = CW (ξ̃, σ̃)

since σ̃ = 1 in this case. When 1− σ2 < τ ≤ 1, since τ > 0, by (4.8), we have

∥x ∧ ξ̃∥2 ≤
(
σ2 + τ2 − 1

τ2

)
∥x∥2∥ξ̃∥2

so that x ∈ CW (ξ̃, σ̃). Therefore, (ii) holds as well. □

5. Lattice point counting with local conditions

In this section, we prepare some asymptotic formulas of the number of lattice
points satisfying given semialgebraic and congruence conditions. In order to deal
with various types of semialgebraic conditions at the same time, we introduce a
class of semialgebraic sets defined as follows:

Definition 5.1. A semialgebraic set Z ⊂ RM+N is called a semialgebraic family

of homogeneous sets if for any T ∈ RM , the fiber

ZT = {x ∈ RN | (T,x) ∈ Z}

satisfies cZT = ZT for any c ∈ R×, i.e. the fiber ZT is invariant under dilation. In
other words, if (T,x) ∈ Z and c ∈ R×, then we have (T, cx) ∈ Z.

We use the following terminology.

Definition 5.2. Let Λ be a free Z-module of finite rank r ≥ 0. For c ∈ Λ and
q ∈ Z≥1, we say c is q-primitive if the following holds:

c ∈ dΛ and d | q =⇒ d = 1.

Remark 5.3. Under the notation of Definition 5.2, the following are equivalent:

(1) The vector c is q-primitive.
(2) Either c = 0 and q = 1, or c ̸= 0 and if c = lv for some l ∈ Z and primitive

v ∈ Λ, then (l, q) = 1.
(3) Either c = 0 and q = 1, or c ̸= 0 and (#(Λ/Zc)tors, q) = 1.
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(4) Either c = 0 and q = 1, or c ̸= 0 and the image of c in Λ/qΛ can be extended
to a Z/qZ-basis of Λ/qΛ.

We use the following notation for the volumes used below.

Definition 5.4. Let Λ ⊂ Γ ⊂ RN be lattices. For c ∈ Γ, q ∈ N, and Z ⊂ RN , let

V(c, q;Z) = V(Λ,Γ; c, q;Z) := volΛR

(
spanR(Λ ∩ (c+ qΓ)) ∩ Z ∩ BN (1)

)
,

Vν(c, q;Z) = Vν(Λ,Γ; c, q;Z) := Vν,ΛR
(spanR(Λ ∩ (c+ qΓ)) ∩ Z ∩ BN (1)).

Note that if Λ ∩ (c+ qΓ) ̸= ∅, then

V(c, q;Z) = volΛR
(Z ∩ BΛR

(1)) and Vν(c, q;Z) = Vν,ΛR
(Z ∩ BΛR

(1)).

Lemma 5.5. Consider a semialgebraic family of homogeneous sets Z ⊂ RM+N

with M,N ∈ N, a lattice Γ ⊂ RN , and its primitive sublattice Λ of rank r ≥ 1. For

X ≥ 0, T ∈ RM , c ∈ Γ and q ∈ N, we have

N := #
(
Λ ∩ (c+ qΓ) ∩ ZT ∩ BN (X)

)
=

V(c, q;ZT)X
r

qr det(Λ)
+O

( ∑
1≤ν<r

Vν(c, q;ZT)X
ν

qνλ1(Λ) · · ·λν(Λ)
+Q+R

)
,

where

Q := 1X≥qλ1(Λ),

R := 1Λ∩(c+qΓ)∩ZT∩BN (X )̸=∅ + 1X<qλ1(Λ) ×
V(c, q;ZT)X

r

qr det(Λ)

and the implicit constant depends only on Z and r.

Proof. We may assume Λ ∩ (c + qΓ) ̸= ∅ since otherwise the assertion is trivial.
Since we can shift c by the elements of qΓ without changing c + qΓ, we may
assume c ∈ Λ without loss of generality. Then, for any x ∈ Λ ∩ (c + qΓ), we have
1
q (x− c) ∈ ( 1qΛ) ∩ Γ = Λ by the primitivity of Λ, so Λ ∩ (c+ qΓ) = c+ qΛ.

We first consider the case X ≥ qλ1(Λ). We have

N = #
(
(c+ qΛ) ∩ ZT ∩ BN (X)

)
= #

(
qΛ ∩ (ZT ∩ BN (X)− c

))
.

Therefore, by considering the semi-algebraic set

Z̃ :=
{
(c,T, X,x) ∈ RN × RM × R× RN

∣∣∣ x ∈ ZT ∩ BN (X)− c
}
,

we have

(5.1) N = #(qΛ ∩ Z̃(c,T,X)),

where Z̃(c,T,X) is as in Lemma 3.8. Also, for any (c,T, X) ∈ RN+M+1, the fiber

Z̃(c,T,X) is bounded. Thus, by applying Lemma 3.8 to (5.1) with noting that

det(qΛ) = qr det(Λ) and λi(qΛ) = qλi(Λ) for i = 1, . . . , r,

we obtain

N =
volr(ΛR ∩ Z̃(c,T,X))

qr det(Λ)
+O

( ∑
1≤ν<r

Vν,ΛR
(ΛR ∩ Z̃(c,T,X))

qνλ1(Λ) · · ·λν(Λ)
+ 1

)
,
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where +1 corresponds to the term for ν = 0 of the sum in the error term. Since Z
is a family of homogeneous sets, we have

volr(ΛR ∩ Z̃(c,T,X)) = V(c, q;ZT)X
r, Vν,ΛR

(ΛR ∩ Z̃(c,T,X)) = Vν(c, q;ZT)X
ν

and Q = 1 in the current case, we obtain the assertion if X ≥ qλ1(Λ).
We consider the remaining case X < qλ1(Λ). In this case, we have

N ≪ 1Λ∩(c+qΓ)∩ZT∩BN (X )̸=∅

since two distinct elements of c+qΛ are ≥ qλ1(Λ) apart. Thus, since the error term
R dominates all the other terms, the assertion trivially holds if X < qλ1(Λ). □

The approximations at finite primes corresponds not to a single residue class
c (mod q) but to a union of residue classes uc (mod q) over the units u ∈ (Z/qZ)×

since we count projective points. Thus, we need to take a sum of the asymptotic for-
mula of the type given in Lemma 5.5. If we have the error term O(1) in Lemma 5.5,
this error is piled up to O(φ(q)), which is too large for our purpose. We overcome
this defect by using the following averaging trick:

Lemma 5.6. Let Λ ⊂ RN be a lattice of rank r ≥ 1. c ∈ Λ and q ∈ N such that c

is q-primitive and a + BN (T ) be a ball centered at a ∈ RN with radius T ≥ 0. If
T ≤ Cqλ1(Λ) with some C ≥ 1, then we have

N :=
∑

u (mod q)

∑
x∈a+BN (T )
x∈uc+qΛ

1 ≪ T

λ1(Λ)
+ 1,

where the implicit constant depends only on r and C.

Proof. We prove the assertion by induction on the rank r.

We first consider the initial case r = 1. Since c is q-primitive, for a given x ∈ RN ,
there are at most one u (mod q) with x ∈ uc+ qΛ. Thus, we have

N =
∑

x∈a+BN (T )

∑
u (mod q)
x∈uc+qΛ

1 ≪
∑

x∈a+B(T )
x∈Λ

1.

By using Lemma 3.8 here, we have the claimed bound for the case r = 1.
Assume that r ≥ 2 and that the assertion holds for the rank r − 1 case. Take a

Z-basis (v1, . . . ,vr) of Λ as given in Lemma 3.2. Write

c = c1v1 + · · ·+ crvr with c1, . . . , cr ∈ Z and c̃ := c2v2 + · · ·+ crvr.

We then have gcd(c1, . . . , cr, q) = 1 because c is q-primitive. Also, write

x = x1v1 + y ∈ Λ, a = a1v1 + b+ a⊥

with

x1 ∈ Z, a1 ∈ R, y ∈ Λ̃, b ∈ Λ̃R, Λ̃ := Zv2 + · · ·+ Zvr and a⊥ ∈ Λ⊥
R .

By (1) and (4) of Lemma 3.2, if x ∈ a+ BN (T ), we have

T ≥ ∥x− a∥ ≥ ∥(x1 − a1)v1 + (y − b)∥ ≫ |x1 − a1|∥v1∥ ≫ |x1 − a1|λ1(Λ)

and so

|x1 − a1| ≤ C1U with U :=
T

λ1(Λ)
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for some C1 ∈ R with 1 ≤ C1 ≪ 1. Note that a1 depends only on a and the choice
of the Z-basis (v1, . . . ,vr), so it is independent of x and T . We then have

N ≤
∑

u (mod q)

∑
|x1−a1|≤C1U

x1≡uc1 (mod q)

∑
y∈−x1v1+a+BN (T )

y∈uc̃+qΛ̃

1.

Since x1 ≡ uc1 (mod q), we can write x1 = (c1, q)ξ1 with ξ1 ∈ Z to get

N ≤
∑

|ξ1−
a1

(c1,q)
|≤ C1U

(c1,q)

∑
u (mod q)

ξ1≡u
c1

(c1,q)
(mod q

(c1,q)
)

∑
y∈−(c1,q)ξ1v1+a+BN (T )

y∈uc̃+qΛ̃

1.

We now write u = ξ1
c1

(c1,q)
+ q

(c1,q)
v with v ∈ Z/(c1, q)Z and y = ξ1

c1
(c1,q)

c̃+ z with

z ∈ q
(c1,q)

vc̃+ qΛ̃. We then have

N ≤
∑

|ξ1−
a1

(c1,q)
|≤ C1U

(c1,q)

∑
v (mod (c1,q))

∑
z∈−ξ1

c1
(c1,q)

c̃−(c1,q)ξ1v1+a+BN (T )

z∈ q
(c1,q)

vc̃+qΛ̃

1.

Thus, we can further write z = q
(c1,q)

x̃ with x̃ ∈ vc̃+ (c1, q)Λ̃ and get

(5.2) N ≤
∑

|ξ1−
a1

(c1,q)
|≤ C1U

(c1,q)

∑
v (mod (c1,q))

∑
x̃∈ã(ξ1)+BN (T̃ )

x̃∈vc̃+(c1,q)Λ̃

1,

where ã(ξ1) :=
1

q/(c1,q)
(−ξ1

c1
(c1,q)

c̃− (c1, q)ξ1v1 + a) and T̃ := T
q/(c1,q)

. By rank Λ̃ =

r − 1, gcd(c2, . . . , cr, (c1, q)) = gcd(c1, . . . , cr, q) = 1 and T̃ ≤ C · (c1, q)λ1(Λ) ≤
C · (c1, q)λ1(Λ̃), we find that the two inner sum of the right-hand side of (5.2) can

be bounded by the induction hypothesis. Since λ1(Λ̃) ≥ λ1(Λ), we thus have

N ≪
(

T

(c1, q)λ1(Λ)
+ 1

)(
T

q/(c1, q) · λ1(Λ)
+ 1

)
≪ T 2

qλ1(Λ)
2 +

T

(c1, q)λ1(Λ)
+

T

q/(c1, q) · λ1(Λ)
+ 1 ≪ T

λ1(Λ)
+ 1

since T ≪ qλ1(Λ). This completes the proof. □

By taking a sum of Lemma 5.5 with using Lemma 5.6, we obtain the following:

Lemma 5.7. Consider a semialgebraic family of homogeneous sets Z ⊂ RM+N

with M,N ∈ N, a lattice Γ ⊂ RN and its primitive sublattice Λ of rank r ≥ 2. Let

c ∈ Γ and q ∈ N such that c is q-primitive in Γ. For X ≥ 0 and T ∈ RM , we have∑∗

u (mod q)

#
(
(Λ \ {0}) ∩ (uc+ qΓ) ∩ ZT ∩ BN (X)

)
=

φ(q)V(c, q;ZT)X
r

qr det(Λ)
+O

( ∑
2≤ν<r

φ(q)Vν(c, q;ZT)X
ν

qνλ1(Λ) · · ·λν(Λ)
+ R̂+

X

λ1(Λ)

)
,

where R̂ is defined by

R̂ := 1X<qλ1(Λ) ×
φ(q)V(c, q;ZT)X

r

qr det(Λ)
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and the implicit constant depends only on Z and r.

Proof. When X < λ1(Λ), the left-hand side of the assertion is zero and

φ(q)V(c, q;ZT)X
r

qr det(Λ)
≪
(

X

λ1(Λ)

)r

≪ X

λ1(Λ)

by Lemma 3.1. Thus, we may assume X ≥ λ1(Λ) since other wise the assertion is
trivial. This enables us to replace Λ \ {0} on the left-hand side of the assertion by
Λ since this replacement produce an error term of the size ≪ 1 ≪ X

λ1(Λ) .

We may also assume Λ∩ (c+ qΓ) ̸= ∅ since otherwise Λ∩ (uc+ qΓ) = ∅ for all

u ∈ (Z/qZ)×, so there is nothing to prove. Then, we replace c so that c ∈ Λ as in
Lemma 5.5, which keeps the q-primitivity of c. We use Lemma 5.5 with c replaced
by uc and take a sum over u ∈ (Z/qZ)×. Note that V(uc, q;ZT) = V(c, q;ZT) for

any u ∈ (Z/qZ)×. The main term is just multiplied by φ(q) and all error terms
except Q,R are multiplied by φ(q). It now suffices to show

(5.3) φ(q)Q = φ(q)1X≥qλ1(Λ) ≪
X

λ1(Λ)

and

(5.4) E :=
∑∗

u (mod q)

1Λ∩(uc+qΓ)∩ZT∩BN (X )̸=∅ ≪ X

λ1(Λ)
.

The estimate (5.3) is clear by checking two cases X ≥ qλ1(Λ) and λ1(Λ) ≤ X <
qλ1(Λ) separately. We thus prove (5.4). If X ≥ qλ1(Λ), we have E ≤ q ≤ X

λ1(Λ) as

desired. If λ1(Λ) ≤ X < qλ1(Λ), by Lemma 5.6, we have

E ≤
∑∗

u (mod q)

∑
x∈BN (X)
x∈uc+qΛ

1 ≪ X

λ1(Λ)
+ 1 ≪ X

λ1(Λ)
.

This completes the proof. □

We also need an asymptotic formula for the number of the primitive vectors.
The next lemma generalize Lemma 3 of le Boudec [14, p. 663] with local conditions
and some minor modification.

Proposition 5.8. Under the same setting and conditions as in Lemma 5.7,

N :=
∑∗

u (mod q)

#
(
Λprim ∩ (uc+ qΓ) ∩ ZT ∩ BN (X)

)
=

φ(q)V(c, q;ZT)X
r

Jr(q)ζ(r) det(Λ)

+O

( ∑
1≤ν<r

φ(q)Vν(c, q;ZT)X
ν

qνλ1(Λ) · · ·λν(Λ)
+

X

λ1(Λ)
log

(
X

λ1(Λ)
+ 2

))
,

where the implicit constant depends only on Z and r.

Proof. As in Lemma 5.7, we may assume c ∈ Λ, so Λ∩ (uc+ qΓ) = uc+ qΛ. Then,

(5.5) N =
∑∗

u (mod q)

∑
x∈uc+qΛ
x∈Λprim

x∈ZT
∥x∥≤X

1 =
∑∗

u (mod q)

∑
x∈uc+qΛ
x∈ZT

0<∥x∥≤X

∑
ℓ∈N
x∈ℓΛ

µ(ℓ).
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By using the condition 0 < ∥x∥ ≤ X, we get ℓλ1(Λ) = λ1(ℓΛ) ≤ ∥x∥ ≤ X. Thus,
by writing x = ℓy with y ∈ Λ in (5.5), we further have

(5.6) N =
∑

ℓ≤ X
λ1(Λ)

µ(ℓ)
∑∗

u (mod q)

∑
y∈Λ

ℓy∈uc+qΛ
ℓy∈ZT

0<∥y∥≤X
ℓ

1.

Since Z is a semialgebraic family of homogeneous sets, we have ℓy ∈ ZT iff y ∈ ZT.
Since c is q-primitive in Γ, the conditions (u, q) = 1 and ℓy ∈ uc + qΛ implies

(ℓ, q) = 1. Thus, after a permutation of u ∈ (Z/qZ)×, we can rewrite (5.6) as

(5.7)
N =

∑
ℓ≤ X

λ1(Λ)

(ℓ,q)=1

µ(ℓ)
∑∗

u (mod q)

#((Λ \ {0}) ∩ (uc+ qΓ) ∩ ZT ∩ BN (Xℓ )).

By Lemma 5.7 and (5.7), we have

(5.8)

N =
φ(q)V(c, q;ZT)X

r

qr det(Λ)
Smain

+O

( ∑
1≤ν<r

Eν + ER +
X

λ1(Λ)
log

(
X

λ1(Λ)
+ 2

))
,

where

Smain :=
∑

ℓ≤ X
λ1(Λ)

(ℓ,q)=1

µ(ℓ)

ℓr
, Eν :=

∑
ℓ≤ X

λ1(Λ)

µ2(ℓ)

ℓν
φ(q)Vν(c, q;ZT)X

ν

qνλ1(Λ) · · ·λν(Λ)
,

ER :=
φ(q)V(c, q;ZT)X

r

qr det(Λ)

∑
X

qλ1(Λ)
<ℓ≤ X

λ1(Λ)

µ2(ℓ)

ℓr
.

For Smain, by r ≥ 2 and Minkowski’s second theorem (Lemma 3.1), we have

(5.9)
φ(q)V(c, q;ZT)X

r

qr det(Λ)
Smain =

φ(q)V(c, q;ZT)X
r

Jr(q)ζ(r) det(Λ)
+O

(
X

λ1(Λ)

)
.

For Eν with ν = 1, we have

(5.10) E1 ≪
∑

ℓ≤ X
λ1(Λ)

µ2(ℓ)

ℓ

X

λ1(Λ)
≪ X

λ1(Λ)
log

(
X

λ1(Λ)
+ 2

)
For Eν with 1 < ν < r, we have

(5.11) Eν ≪ φ(q)Vν(c, q;ZT)X
ν

qνλ1(Λ) · · ·λν(Λ)
.

For ER, since r ≥ 2, by Minkowski’s second theorem (Lemma 3.1), we have

(5.12) ER ≪ φ(q)V(c, q;ZT)X
r

qr det(Λ)

(
qλ1(Λ)

X

)r−1

≪ X

λ1(Λ)
.

On inserting (5.9), (5.10), (5.11) and (5.12) into (5.8), we obtain the lemma. □

For the ease of readers, we state the special case of Proposition 5.8 without
congruence conditions and semialgebraic restriction as follows:
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Proposition 5.9. Consider a lattice Λ ⊂ RN of rank r ≥ 2. For X ≥ 0, we have

#
(
Λprim ∩ BN (X)

)
=

VrX
r

ζ(r) det(Λ)
+O

( ∑
2≤ν<r

Xν

λ1(Λ) · · ·λν(Λ)
+

X

λ1(Λ)
log

(
X

λ1(Λ)
+ 2

))
,

where the implicit constant depends only on r.

Proof. This follows by Proposition 5.8 with Z = RN+1, q = 1, σ = 1 and T = 0. □

We now specialize the above setting to the case where the semialgebraic family
of homogeneous sets is given by the cone CN (ξ, σ). With this setting, for simplicity,
we give only upper bound, which suffices for our purpose.

Proposition 5.10. Consider a lattice Γ ⊂ RN and its primitive sublattice Λ of

rank r ≥ 2. Let c ∈ Γ and q ∈ N be such that c is q-primitive in Γ. For ξ ∈ RN \{0},
σ ∈ (0, 1] and X ≥ 0, we have∑∗

u (mod q)

#
(
(Λ \ {0}) ∩ (uc+ qΓ) ∩ CN (ξ, σ) ∩ BN (X)

)
≪

∑
2≤ν≤r

φ(q)(σqX)ν

σλ1(Λ) · · ·λν(Λ)
+

X

λ1(Λ)
,

where the implicit constant depends only on r.

Proof. For ν ∈ {1, . . . , ν}, let us write

V(c, q; ξ, σ) := volΛR
(spanR(Λ ∩ (c+ qΓ)) ∩ CN (ξ, σ) ∩ BN (1)),

Vν(c, q; ξ, σ) := Vν,ΛR
(spanR(Λ ∩ (c+ qΓ)) ∩ CN (ξ, σ) ∩ BN (1)).

For ν ∈ {1, . . . , ν}, we first show the bound

(5.13) Vν(c, q; ξ, σ) ≪ σν−1, so particularly, V(c, q; ξ, σ) ≪ σr−1.

Note that Vν(c, q; ξ, σ) ≤ Vν,ΛR

(
ΛR ∩ CN (ξ, σ) ∩ BN (1)

)
. Let V ⊂ ΛR be an

arbitrary ν-dimensional subspace and consider the orthogonal projection πV : ΛR →
V . It suffices to bound volV (πV (ΛR ∩ CN (ξ, σ) ∩ BN (1))). In order to apply

Lemma 4.4, consider the orthogonal decomposition ξ = ξ̃ + ξ̃⊥ with ξ̃ ∈ ΛR and

ξ̃⊥ ∈ Λ⊥
R . When ξ̃ = 0 and σ = 1, by Lemma 4.4 with W := ΛR, we have

volV (πV (ΛR ∩ CN (ξ, σ) ∩ BN (1))) = volV
(
πV (BN (1))

)
≪ 1 = σν−1.

When ξ̃ = 0 and 0 ≤ σ < 1, by Lemma 4.4 with W := ΛR, we have

volV (πV (ΛR ∩ CN (ξ, σ) ∩ BN (1))) = volV ({0}) = 0 ≪ σν−1.

When ξ̃ ̸= 0, by Lemma 4.4 with W := ΛR and by Lemma 4.3, we have

volV (πV (ΛR ∩ CN (ξ, σ) ∩ BN (1))) ≤ volV

(
πV

(
CΛR

(ξ̃, σ) ∩ BN (1)
))

≪ σν−1.

By these bounds, we obtain (5.13) for all cases.
We now use Lemma 5.7 with a semialgebraic family of homogeneous sets

Z := {(ξ, σ,x) ∈ RN × (0, 1]× RN | x ∈ CN (ξ, σ)}
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and T = (ξ, σ). For the main term, we have V(c, q;ZT) = V(c, q; ξ, σ) ≪ σr−1 by
(5.13). For the sum in the error term, (5.13) gives Vν(c, q;ZT) = Vν(c, q; ξ, σ) ≪
σν−1. For the error term R̂, since r ≥ 2, by Lemma 3.1 and (5.13), we have

1X<qλ1(Λ) ×
φ(q)V(c, q;ZT)X

r

qr det(Λ)
= 1X<qλ1(Λ) × φ(q)

(
X

qλ1(Λ)

)r

≪ X

λ1(Λ)
.

On inserting the above observations into Lemma 5.7, we obtain the lemma. □

6. Sums of reciprocals including the Veronese embedding

In this section, we prove some lemmas that we use in Section 8 to prove Theo-
rem 1.4. They will be used to calculate the main term of

∑
V ∈Vd,n(A) NV (B; ξ, σ).

Lemma 6.1. Let n, d be positive integers with n ≥ d ≥ 2. For c ∈ Zn+1 and q ∈ N
such that c is q-primitive and for ξ ∈ Rn+1 \ {0}, σ ∈ (0, 1] and X ≥ 1, we have

(6.1)

∑
x∈c+qZn+1

0<∥x∥≤X
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥

=
Wd,n(ξ, σ)X

n+1−d

qn+1 +O

(
1

σ

(
σ

q

)n

(Xn−d + logX) +
1

q
+R

)
,

where the coefficient Wd,n(ξ, σ) is defined by

Wd,n(ξ, σ) :=

∫
Cn+1(ξ,σ)∩Bn+1(1)

dx

∥νd,n(x)∥
,

the error term R is defined by

R :=

∫ q

1

1
(c+qZn+1

)∩(Bn+1(min(X,dt
1
d ))\{0})̸=∅

dt

t2

and the implicit constant depends only on d, n. Moreover, we have

(6.2) Wd,n(ξ, σ) ≍ σn,

where the implicit constant depends only on d, n.

Proof. We first prove the asymptotic formula (6.1). By partial summation, we have

(6.3)

∑
x∈c+qZn+1

0<∥x∥≤X
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥
=

∫ ∞

1

( ∑
x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1

)
dt

t2
.

By considering the semialgebraic set

Z :=
{
(c, ξ, σ,X, t,x) ∈ Rn+1 × Rn+1 × R× R× R× Rn+1

∣∣∣ (∗)} ,

where (∗) is the condition

(∗) 0 < ∥c+ x∥ ≤ X, ∥νd,n(c+ x)∥ ≤ t, ∥(c+ x) ∧ ξ∥ ≤ σ∥c+ x∥∥ξ∥,
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and by changing the variable via x ; x+ c, we have

(6.4)
∑

x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1 = #(qZn+1 ∩ Z(c,ξ,σ,X,t)),

where ZT is as in Lemma 3.8. By applying Lemma 3.8 to (6.4), we obtain

(6.5)
∑

x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1 =
voln+1(Z(c,ξ,σ,X,t))

qn+1 +O

( ∑
0≤ν≤n

Vν(Z(c,ξ,σ,X,t))

qν

)
.

For the fiber Z(c,ξ,σ,X,t)), we have

(6.6) Z(c,ξ,σ,X,t) =

{
x ∈ Rn+1

∣∣∣∣∣ 0 < ∥x∥ ≤ X, ∥νd,n(x)∥ ≤ t

x ∈ Cn+1(ξ, σ)

}
− c.

We next bound Vν(Z(c,ξ,σ,X,t)). Take a ν-dimensional subspace W of Rn+1 arbi-

trarily and consider the orthogonal projection πW : Rn+1 → W . It suffices to bound
volW (πW (Z(c,ξ,σ,X,t))). By (2.2), (6.6) and Lemma 4.3, we have

(6.7)
volW

(
πW (Z(c,ξ,σ,X,t))

)
≤ volW

(
πW

(
Cn+1(ξ, σ) ∩ Bn+1(min(X, dt

1
d ))
))

≪ 1

σ

(
σmin(X, dt

1
d )
)ν

for ν ≥ 1. Also, we trivially have

(6.8) V0(Z(c,ξ,σ,X,t)) ≤ 1.

On inserting (6.6), (6.7) and (6.8) into (6.5), we obtain∑
x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1 =
1

qn+1

∫
∥x∥≤X

∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

dx+O(E1 + E2),

where

E1 :=
1

σ

(
σ

q
min(X, dt

1
d )

)n

and E2 :=
1

q
min(X, dt

1
d )

provided E2 ≥ 1
3 and so E2 ≫ 1. On the other hand, when E2 ≤ 1

3 , by (2.2), the

conditions ∥x∥ > 0 and ∥νd,n(x)∥ ≤ t implies 0 < ∥x∥ ≤ q
3 . In this case E2 ≤ 1

3 ,

by Lemma 4.3 and σ
q min(X, dt

1
d ) ≤ 1, we have

1

qn+1

∫
∥x∥≤X

∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

dx ≪ 1

σ

(
σ

q
min(X, dt

1
d )

)n+1

≪ E1

and, since there is at most one point in

(c+ qZn+1) ∩ Bn+1(min(X, dt
1
d )) ⊂ (c+ qZn+1) ∩ Bn+1(

q
3 ),
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we have ∑
x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1 ≤ 1
(c+qZn+1

)∩(Bn+1(min(X,dt
1
d ))\{0})̸=∅

=: R̃.

Thus, in any case, we have∑
x∈c+qZn+1

0<∥x∥≤X
∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

1 =
1

qn+1

∫
∥x∥≤X

∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

dx+O(E1 + E2 + R̃).

We substitute this formula into (6.3) and obtain

(6.9)
∑

x∈c+qZn+1

0<∥x∥≤X
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥
= I +O(I0 + I1 + I2 + IR̃),

where

I :=
1

qn+1

∫ ∞

0

( ∫
∥x∥≤X

∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

dx

)
dt

t2
, I0 :=

1

qn+1

∫ 1

0

( ∫
∥x∥≤X

∥νd,n(x)∥≤t

x∈Cn+1(ξ,σ)

dx

)
dt

t2
,

I1 :=
1

σ

(
σ

q

)n ∫ ∞

1

min(X, dt
1
d )n

dt

t2
, I2 :=

1

q

∫ ∞

1

min(X, dt
1
d )

dt

t2
,

IR̃ :=

∫ ∞

1

1
(c+qZn+1

)∩(Bn+1(min(X,dt
1
d ))\{0})̸=∅

dt

t2

For I, we swap the integral and change the variable via x ; X · x to obtain

(6.10) I =
1

qn+1

∫
∥x∥≤X

x∈Cn+1(ξ,σ)

dx

∥νd,n(x)∥
=

Wd,n(ξ, σ)X
n+1−d

qn+1 .

For the integral I0, by using (2.2) and Lemma 4.3, we bound as

(6.11) I0 ≪ 1

σ

(
σ

q

)n+1 ∫ 1

0

t
n+1
d −2dt ≪ 1

σ

(
σ

q

)n+1

≪ 1

σ

(
σ

q

)n

Xn−d.

For I1, we dissect integral at t = Xd and bound as

(6.12) I1 =
1

σ

(
σ

q

)n(∫ X
d

1

t
n
d −2dt+Xn

∫ ∞

X
d

dt

t2

)
≪ 1

σ

(
σ

q

)n

(Xn−d + logX),

where logX is introduced to deal with the case n = d. Similarly, I2 is

(6.13) I2 ≪ 1

q

(∫ X
d

1

t
1
d−2du+X

∫ ∞

X
d

dt

t2

)
≪ 1

q

Finally, we bound IR̃ as

(6.14) IR̃ ≪ R+

∫ ∞

q

dt

t2
≪ R+

1

q
.
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On inserting (6.10), (6.11), (6.12), (6.13) and (6.14) into (6.9), we get (6.1)
We next prove (6.2). For the upper bound, we use (2.2) and Lemma 4.3 to obtain

Wd,n(ξ, σ) =

∫
Cn+1(ξ,σ)∩Bn+1(1)

∫ ∞

∥νd,n(x)∥

dt

t2
dx

≤
∫ ∞

0

(∫
Cn+1(ξ,σ)∩Bn+1(min(1,dt

1
d ))

dx

)
dt

t2

≪ σn
∫ ∞

0

min(1, dt
1
d )n+1 dt

t2
≪ σn

(∫ 1

0

t
n+1
d −2dt+

∫ ∞

1

dt

t2

)
≪ σn

For the lower bound, by (2.2) and Lemma 4.2, we have

Wd,n(ξ, σ) ≫
∫

Cn+1(ξ,σ)∩Bn+1(1)

dx ≫ σn.

This completes the proof of (6.2). □

Corollary 6.2. Under the same setting and conditions as in Lemma 6.1, we have∑∗

u (mod q)

∑
x∈uc+qZn+1

0<∥x∥≤X
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥

=
φ(q)Wd,n(ξ, σ)X

n+1−d

qn+1 +O

((
σ

q

)n−1

(Xn−d + logX) + 1

)
,

where the implicit constant depends only on d, n.

Proof. We use Lemma 6.1 with c replaced by uc and then take a sum over u ∈
(Z/qZ)×. The main term is just multiplied by φ(q) and all but the last error term
is multiplied by φ(q) ≤ q. By Lemma 5.6, the remaining error term is bounded as

≤
∫ q

1

( ∑∗

u (mod q)

1
(uc+qZn+1

)∩Bn+1(dt
1
d )̸=∅

)
dt

t2
≪
∫ q

1

t
1
d−2dt ≪ 1.

This completes the proof. □

Lemma 6.3. Under the same setting and conditions as in Lemma 6.1, we have

S :=
∑∗

u (mod q)

∑
x∈Zn+1

prim

∥x∥≤X
x≡uc (mod q)
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥

=
Wd,n(ξ, σ)φ(q)X

n+1−d

Jn+1(q)ζ(n+ 1)
+O

((
σ

q

)n−1

(Xn−d + logX) + 1

)
,

where the implicit constant depends only on d, n.
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Proof. Since the cone CN (ξ, σ) is invariant under dilation, we have

(6.15)

S =
∑∗

u (mod q)

∑
x∈Zn+1

0<∥x∥≤X
x≡uc (mod q)
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥
∑
ℓ|x

µ(ℓ)

=
∑
ℓ≤X

µ(ℓ)

ℓd

∑∗

u (mod q)

∑
x∈Zn+1

0<∥x∥≤X/ℓ
ℓx≡uc (mod q)
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥
.

Since c is q-primitive, the conditions (u, q) = 1 and ℓx ≡ uc (mod q) imply (ℓ, q) =
1. Thus, by changing the variable via u⇝ ℓu, we can rewrite (6.15) as

S =
∑
ℓ≤X

(ℓ,q)=1

µ(ℓ)

ℓd

∑∗

u (mod q)

∑
x∈Zn+1

0<∥x∥≤X/ℓ
x≡uc (mod q)
x∈Cn+1(ξ,σ)

1

∥νd,n(x)∥
.

We then apply Corollary 6.2 to the inner sum and get

S = Wd,n(ξ, σ)
φ(q)

qn+1X
n+1−d

∑
ℓ≤X

(ℓ,q)=1

µ(ℓ)

ℓn+1 +O

((
σ

q

)n−1

(Xn−d + logX) + 1

)

since n ≥ d ≥ 2. By using∑
ℓ≤X

(ℓ,q)=1

µ(ℓ)

ℓn+1 =
∏
p∤q

(
1− 1

pn+1

)
+O

(
1

X

)
=

qn+1

Jn+1(q)ζ(n+ 1)
+O

(
1

X

)
.

and (6.2) for the main term, we obtain the assertion. □

7. Distribution of d2(x) with local conditions

In this section, as a preparation for the proof of Theorem 1.4, we prove a key
lemma Lemma 7.9 on the distribution of d2(x) over integral vectors x satisfying
local conditions. It is deduced from Proposition 7.7, which gives an upper bound of
the number of primitive sublattices of Zn+1 with prescribed successive minima that
contain points x satisfying conditions of the form dp([x], ξp) ≤ σp. Lemma 7.9 and
Proposition 7.7 correspond to [4, Lemma 3.20] and [4, Lemma 3.19] respectively,
though we only treat “r = 2” case in Lemma 7.9.

Definition 7.1. Let M be a free Z-module of finite rank. Let v ∈ M . Define

g(v) = gM (v) :=

{
#(M/Zv)tors if v ̸= 0,

0 if v = 0.

When v ̸= 0, by writing v = dw with d ∈ Z and w ∈ Mprim, we have g(v) = |d|.

Definition 7.2. Let n, r be integers with n ≥ 2 and 1 ≤ r ≤ n, and s1, . . . , sr ≥ 1
be real numbers. Let σ ∈ (0, 1] and ξ ∈ Rn+1 \ {0} and let q ∈ N and c ∈ Zn+1

with (gZn+1(c), q) = 1. Note that if c = 0, then q = 1. Let

Sr,n = Sr,n(s1, . . . , sr; c, q; ξ, σ)



28 Y. MATSUZAWA AND Y. SUZUKI

:=

L ⊂ Zn+1

∣∣∣∣∣∣∣∣∣
L : a primitive sublattice of Zn+1 of rank r

si/2 < λi(L) ≤ si for i ∈ {1, . . . , r}

(L \ {0}) ∩
⋃∗

u (mod q)

(uc+ qZn+1) ∩ Cn+1(ξ, σ) ̸= ∅

 .

and

Sr,n = Sr,n(s1, . . . , sr; c, q; ξ, σ) := #Sr,n.

Definition 7.3. For a non-zero sublattice L ⊂ Zm and ξ ∈ Rm \ {0}, define

d∞(L, ξ) := inf {d∞(x, ξ) | x ∈ LR \ {0}} .

Also, for the zero lattice L = 0 and ξ ∈ Rm \ {0}, we define d∞(0, ξ) := 1.

Remark 7.4. For ξ ∈ Rm with ∥ξ∥ = 1, we have

d∞(L, ξ) = ∥ξ2∥ by writing ξ = ξ1 + ξ2 with ξ1 ∈ LR and ξ2 ∈ L⊥
R .

Indeed, for x ∈ LR with ∥x∥ = 1, we have

d∞(x, ξ)2 =
∥x∥2∥ξ∥2 − ⟨x, ξ⟩2

∥x∥2∥ξ∥2
= 1− ⟨x, ξ1⟩

2,

which takes its minimum ∥ξ2∥
2 when x = ξ1/∥ξ1∥.

Lemma 7.5. Use the same setting and conditions as in Definition 7.2. For any
L ∈ Sr,n, there is a sequence of primitive sublattices

(7.1) 0 = L0 ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Lr = L

satisfying the following conditions. To state the conditions, let

πi : R
n+1 → (Li)

⊥
R

be the orthogonal projection, Mi := πi(Z
n+1) = Zn+1/Li be the quotient lattices,

di := (gMi
(πi(c)), q) for i = 0, . . . , r, and take a Z-basis wi of Li/Li−1 for each of

i = 1, . . . , r.

(1) We have rankLi = i for i = 0, . . . , r.
(2) We have detLi ≍ s1 · · · si for i = 1, . . . , r.
(3) We have λ1(Li/Li−1) ≍ si for i = 1, . . . , r.
(4) We have 1 = d0 | d1 | · · · | dr−1 | dr = q.
(5) We have d∞(L1, ξ) ≥ · · · ≥ d∞(Lr, ξ) and d∞(Lr, ξ) ≤ σ.

(6) For i = 1, . . . , r, there is u ∈ (Z/(di/di−1)Z)
× such that

wi ≡ u · (d−1
i−1πi−1(c)) (mod (di/di−1) ·Mi−1).

Here, note that d−1
i−1πi−1(c) ∈ Mi−1 and the definition of di implies(

gMi−1
(d−1

i−1πi−1(c)), di/di−1

)
= 1,

which is vacuously true if πi−1(c) = 0 since then di−1 = di = q.
(7) For i = 1, 2, . . . , r, we have

(7.2) d∞,(Li−1)
⊥
R
(wi, πi−1(ξ))d∞(Li−1, ξ) ≤ d∞(Li, ξ).

The implicit constants above depend only on r.
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Proof. Take a Z-basis (v1, . . . ,vr) of Λ := L given in Lemma 3.2 and let Li :=
Zv1 + · · · + Zvi for i = 0, . . . , r. Then, (1), (2) and (3) of the current lemma are
satisfied. We check the remaining conditions for such defined Li’s.

By the definition of g, we have gMi−1
(πi−1(c)) | gMi

(πi(c)) so di−1 | di. Since

L0 = 0 and (gZn+1(c), q) = 1, we have d0 = 1. Since Lr = L ∈ Sr,n, we have
dr = q. Thus, (4) is satisfied. We have d∞(Li−1, ξ) ≥ d∞(Li, ξ) since Li−1 ⊂ Li.
Since Lr = L ∈ Sr,n, we have d∞(Lr, ξ) ≤ σ. Therefore, (5) is also satisfied.

We next check the condition (6). We identify Mi−1 with Zn+2−i via a Z-basis
of Mi−1 extending wi. Let us write πi−1(c) = (k1, . . . , kn+2−i). Then,

gcd(k1, . . . , kn+2−i, q) = di−1 and gcd(k2, . . . , kn+2−i, q) = di.

Thus, we obtain

d−1
i−1πi−1(c) = (k1/di−1, . . . , kn+2−i/di−1)

≡ (k1/di−1, 0, . . . , 0) (mod (di/di−1) · Z
n+2−i)

and (k1/di−1, di/di−1) = 1 since πi−1(c) = 0 implies di/di−1 = 1. This proves (6).
We finally check (7). We may assume i ≥ 2 since otherwise d∞(Li−1, ξ) = 1 and

d∞,(Li−1)
⊥
R
(wi, πi−1(ξ)) = d∞(Li, ξ). Also, we may assume ∥ξ∥ = 1. Let us write

ξ = η + η′ with η ∈ (Li)R and η′ ∈ (Li)
⊥
R .

Since ∥ξ∥ = 1, we have d∞(Li, ξ) = ∥η′∥. Write similarly

η = η1 + η2 with η1 ∈ (Li−1)R and η2 ∈ (Li)R ∩ (Li−1)
⊥
R = Rwi

We may assume η2 + η′ ̸= 0 since otherwise ξ ∈ (Li−1)R and d∞(Li−1, ξ) = 0, so

(7.2) is trivial. Then, we have d∞(Li−1, ξ) = ∥η2 + η′∥. We may further assume

η2 ̸= 0 since otherwise d∞(Li, ξ) = d∞(Li−1, ξ) = ∥η′∥, so (7.2) is trivial. We have

d∞(Li, ξ) = ∥η′∥ = ∥(η2 + η′)− η2∥.

Dividing both side by d∞(Li−1, ξ) > 0, we get

d∞(Li, ξ)

d∞(Li−1, ξ)
=

∥∥∥∥ η2 + η′

∥η2 + η′∥
− η2

∥η2 + η′∥

∥∥∥∥ ≥ | sin(θ)| = d∞(η2 + η′,η2),

where θ is the angle between η2+η′ and η2. Since πi−1(ξ) = η2+η′ and η2 ∈ Rwi,

we have d∞(η2 + η′,η2) = d∞,(Li−1)
⊥(πi−1(ξ), v), so (7) follows. □

Lemma 7.6. Let L ⊂ Zn+1 be a primitive sublattice of rank i ∈ {0, . . . , n−1} and

M := Zn+1/L. Let d ∈ N and c ∈ M be such that (gM (c), d) = 1. Let ξ ∈ L⊥
R \{0}

and σ ∈ (0, 1]. Then, we have

N := #

v ∈ Mprim

∣∣∣∣∣∣∣
∥v∥ ≤ X

v ≡ uc (mod dM) for some u ∈ (Z/dZ)×

d∞,L
⊥
R
(v, ξ) ≤ σ


≪ detL

(
φ(d)σn−i

dn+1−i
Xn+1−i +X

)
,

where the implicit constant depends only on n.
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Proof. By Proposition 5.10 with Γ = Λ := M , we have

N ≤
∑∗

u (mod q)

#((M \ {0}) ∩ (uc+ dM) ∩ C
L

⊥
R
(ξ, σ) ∩ B

L
⊥
R
(X))

≪
∑

1≤ν≤n+1−i

φ(d)(σdX)ν

σλ1(M) · · ·λν(M)
+

X

λ1(M)
.

By using λ1(M) ≤ · · · ≤ λn+1−i(M) ≤ 1 and (3.4), this gives

N ≪
∑

1≤ν≤n+1−i

φ(d)(σdX)ν

σ · (1/ detL)
+

X

1/ detL

≪ detL

(
φ(d)σn−i

dn+1−i
Xn+1−i +

φ(d)

d
X +X

)
.

Since φ(d)/d ≤ 1, the claimed estimate follows. □

Proposition 7.7. Under the same setting and conditions as in Definition 7.2,

Sr,n(s1, . . . , sr; c, q; ξ, σ)

≪
( r∏

j=1

sr−j
j

)((
σ

q

)n+1−r∏
1≤j≤r

sn+2−j
j + τ(q)r−1

(
log

2

σ

)r−1 r∑
l=1

sl
∏

1≤j≤r
j ̸=l

sn+2−j
j

)

where the implicit constant depends only on n.

Proof. Let k = ⌊log2 σ
−1⌋ so that 2−k−1 < σ ≤ 2−k. Consider the intervals

Ik+1 := [0, 2−k], Ik := (2−k, 2−(k−1)], . . . , I2 := (2−2, 2−1], I1 := (2−1, 1].

By taking one sequence (7.1) of Lemma 7.5 for each of L ∈ Sr,n, we have

(7.3)

Sr,n ≤
∑
i∈I
d∈D

∑
L1⊂Zn+1

prim.
rankL1=1
detL1≍s1

(gM1
(π1(c)),q)=d1

d∞(L1,ξ)∈Ii1

∑
L1⊂L2⊂Zn+1

prim.
rankL2=2
detL2≍s1s2

λ1(L2/L1)≍s2
(gM2

(π2(c)),q)=d2

d∞(L2,ξ)∈Ii2

· · ·
∑

Lr−1⊂Lr⊂Zn+1
prim.

rankLr=r
detLr≍s1···sr

λ1(Lr/Lr−1)≍sr
(gMr

(πr(c)),q)=q

d∞(ξ,Lr)∈Ik+1

1,

where Mi := Zn+1/Li, i := (i1, . . . , ir−1), d = (d1, . . . , dr−1),

I := {(i1, . . . , ir−1) ∈ Nr−1 | 1 ≤ i1 ≤ · · · ≤ ir−1 ≤ k + 1},

D := {(d1, . . . , dr−1) ∈ Nr−1 | d1 | · · · | dr−1 | q},

and πi : R
n+1 → (Li)

⊥
R are the orthogonal projections.

Let us set

d0 = 1, dr = q, i0 = 0, ir = k + 1,

σj = min(1, 2ij−1−ij+1) for j = 1, . . . , r.

Note that if πj(ξ) = 0, then d∞(Lj , ξ) = 0 ∈ Ik+1 and thus σj+1 = 1. In the

following, we use the condition on v ∈ Zn+1/Lj of the form

d∞,(Lj−1)
⊥
R
(v, πj−1(ξ)) ≤ σj
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coming from (7) of Lemma 7.5. When πj(ξ) = 0, this should be understood as a
vacuous condition.

By Lemma 7.5, for j = 1, . . . , r and for a fixed Lj−1, the sum in (7.3) over Lj is

bounded by the number of v ∈ (Zn+1/Lj−1)prim satisfying ∥v∥ ≪ sj ,

v ≡ u(d−1
j−1πj−1(c)) (mod (dj/dj−1)(Z

n+1/Lj−1)) for some u ∈ (Z/(dj/dj−1)Z)
×

and d∞,(Lj−1)
⊥
R
(v, πj−1(ξ)) ≤ σj . Thus, by Lemma 7.6, this sum is bounded by

≪ detLj−1

(
φ(dj/dj−1)σ

n+1−j
r

(dj/dj−1)
n+2−j

sn+2−j
j + sj

)

≪ s1 · · · sj−1

(
φ(dj/dj−1)σ

n+1−j
j

(dj/dj−1)
n+2−j

sn+2−j
j + sj

)
.

On inserting these bounds into (7.3), we get

Sr,n

≪
∑
i∈I
d∈D

r∏
j=1

s1 · · · sj−1

(
φ(dj/dj−1)σ

n+1−j
j

(dj/dj−1)
n+2−j

sn+2−j
j + sj

)

≪
∑
i∈I
d∈D

( r∏
j=1

sr−j
j

)( r∏
j=1

φ(dj/dj−1)σ
n+1−j
j

(dj/dj−1)
n+2−j

sn+2−j
j +

r∑
l=1

sl
∏

1≤j≤r
j ̸=l

sn+2−j
j

)
(7.4)

Now, since σj ≍ 2ij−1−ij for j = 1, . . . , r, we find that

r∏
j=1

σn+1−j
j = (σ1 · · ·σr)

n+1−r
r−1∏
j=1

σr−j
j ≪ σn+1−r 1

2
∑

1≤j≤r−1 ij
,

where the implicit constant depends on n. Thus we get∑
i∈I

r∏
j=1

σn+1−j
j ≪ σn+1−r

∑
r−1≤m≤(r−1)(k+1)

1

2m
∑

1≤i1≤···≤ir−1≤k+1
i1+···+ir−1=m

1

≤ σn+1−r
∞∑

m=0

mr−2

2m
≪ σn+1−r,(7.5)

where the implicit constant depends only on r.
Next, by using the inequality φ(m)φ(n) ≤ φ(mn), we have

r∏
j=1

φ(dj/dj−1)

(dj/dj−1)
n+2−j

=
φ(d1)φ(d2/d1) · · ·φ(dr/dr−1)

d1 · · · dr−1d
n+2−r
r

=
φ(d1)φ(d2/d1) · · ·φ(dr−1/dr−2)φ(q/dr−1)

d1 · · · dr−1q
n+2−r

≤ φ(q)

qn+2−r

1

d1 · · · dr−1

.



32 Y. MATSUZAWA AND Y. SUZUKI

By using the multiplicativity, we have∑
d∈D

1

d1 · · · dr−1

=
∏
p
v∥q

( ∑
0≤i1≤···≤ir−1≤v

1

pi1+···+ir−1

)

=
∏
p
v∥q

( ∞∑
m=0

1

pm
∑

0≤i1≤···≤ir−1≤v
i1+···+ir−1=m

1

)

≤
∏
p
v∥q

(
1 +

1

p
+

∞∑
m=2

(m+ 1)r−2

pm

)
≪
∏
p|q

(
1 +

1

p

)
,

where the implicit constant depends only on r. Therefore, we have

(7.6)
∑
d∈D

r∏
j=1

φ(dj/dj−1)

(dj/dj−1)
n+2−j

≪ φ(q)

qn+2−r

∏
p|q

(
1 +

1

p

)
≤ 1

qn+1−r .

By (7.4),(7.5), and (7.6) we get

Sr,n

≪
r∏

j=1

sr−j
j

((
σ

q

)n+1−r ∏
1≤j≤r

sn+2−j
j + τ(q)r−1

(
log

2

σ

)r−1 r∑
l=1

sl
∏

1≤j≤r
j ̸=l

sn+2−j
j

)

and we are done. □

Definition 7.8. Let n, r be integers with n ≥ 2 and 1 ≤ r ≤ n, σ ∈ (0, 1],

ξ ∈ Rn+1 \ {0}, q ∈ N and c ∈ Zn+1 with (gZn+1(c), q) = 1. For real numbers
X,∆ ≥ 0, we let

Lr,n(X,∆; c, q; ξ, σ)

:=

x ∈
( ⋃∗

u (mod q)

(uc+ qZn+1) ∩ Cn+1(ξ, σ) ∩ Bn+1(X)

) ∣∣∣∣∣∣ dr(x) ≤ ∆

 ,

and
Lr,n(X,∆; c, q; ξ, σ) := #Lr,n(X,∆; c, q; ξ, σ).

Lemma 7.9. Let n ≥ 3 be an integer, σ ∈ (0, 1], ξ ∈ Rn+1 \ {0}, q ∈ N and

c ∈ Zn+1 with (gZn+1(c), q) = 1. For real numbers X,∆ ≥ 1, we then have

L2,n(X,∆; c, q; ξ, σ) ≪ τ(q)(log 2
σ )(log 2∆)

((
σ

q

)n

+
σ

q

1

∆
+

1

X

)
∆nX2,

where the implicit constant depends only on n.

Proof. We may assume ∆ ≤ X since otherwise we have X−1 · ∆nX2 ≫ Xn+1

and so the assertion follows by the trivial bound L2,n(X,∆; c, q; ξ, σ) ≪ #(Zn+1 ∩
Bn+1(X)) ≪ Xn+1. We have

L2,n(X,∆; c, q; ξ, σ)

≪
∑∗

u (mod q)

∑
x∈uc+qZn+1

x∈Cn+1(ξ,σ)
∥x∥≤X

∑(d)

1≪s1≪s2
s1s2≪∆
s1≪X

∑
Λ∈S2,n(s1,s2;c,q;ξ,σ)

x∈Λ

1
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≪
∑(d)

1≪s1≪s2
s1s2≪∆
s1≪X

∑
Λ∈S2,n(s1,s2;c,q;ξ,σ)

×
∑∗

u (mod q)

#
(
Λ ∩ (uc+ qZn+1) ∩ Cn+1(ξ, σ) ∩ Bn+1(X)

)
,

where the sum over s1, s2 is taken dyadically. By Proposition 5.10,∑∗

u (mod q)

#
(
Λ ∩ (uc+ qZn+1) ∩ Cn+1(ξ, σ) ∩ Bn+1(X)

)
≪

∑∗

u (mod q)

#
(
(Λ \ {0}) ∩ (uc+ qZn+1) ∩ Cn+1(ξ, σ) ∩ Bn+1(X)

)
+ 1

≪ σ

q

X2

s1s2
+

X

s1
+ 1 ≪ σ

q

X2

s1s2
+

X

s1
,

where we use the fact that uc + qZn+1 are disjoint and X ≫ s1. Thus, combined
with Proposition 7.7, we have

L2,n(X,∆; c, q; ξ, σ)

≪ τ(q)(log 2
σ )

∑(d)

1≪s1≪s2
s1s2≪∆
s1≪X

((
σ

q

)n−1

sn+2
1 sn2 + s21s

n
2 + sn+2

1 s2

)(
σ

q

X2

s1s2
+

X

s1

)
.

Note that the above summand is non-decreasing in s2 and

s1 ≪ s2 and s1s2 ≪ ∆ =⇒ s1 ≪ ∆
1
2 and s2 ≪ ∆

s1
.

Therefore, we have

L2,n(X,∆; c, q; ξ, σ)

≪ τ(q)(log 2
σ )(log 2∆)

×
∑(d)

1≪s1≪∆
1
2

((
σ

q

)n−1

∆ns21 + s
−(n−2)
1 ∆n + sn+1

1 ∆

)(
σ

q

X2

∆
+

X

s1

)
≪ τ(q)(log 2

σ )(log 2∆)

×

{ ∑(d)

1≪s1≪∆
1
2

((
σ

q

)n−1

∆ns21 + sn+1
1 ∆

)(
σ

q

X2

∆
+

X

s1

)

+
∑(d)

1≪s1≪∆
1
2

s
−(n−2)
1 ∆n

(
σ

q

X2

∆
+

X

s1

)}

≪ τ(q)(log 2
σ )(log 2∆)

×

{((
σ

q

)n−1

∆n+1 +∆
n+3
2

)(
σ

q

X2

∆
+

X

∆
1
2

)
+∆n

(
σ

q

X2

∆
+X

)}
.
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By n ≥ 3 and ∆ ≥ 1, we have

∆
n+3
2

(
σ

q

X2

∆
+

X

∆
1
2

)
≪ ∆n

(
σ

q

X2

∆
+X

)
.

Therefore, we have

L2,n(X,∆; c, q; ξ, σ)

≪ τ(q)(log 2
σ )(log 2∆)

((
σ

q

)n

+

(
σ

q

)n−1
∆

1
2

X
+

σ

q

1

∆
+

1

X

)
∆nX2.

Furthermore, since n ≥ 3 and we are assuming ∆ ≤ X, we have(
σ

q

)n

+
1

X
≥
((

σ

q

)n)n−1
n
(

1

X

) 1
n

=

(
σ

q

)n−1
1

X
1
n

≥
(
σ

q

)n−1
∆

1
2

X

and so we obtain the result. □

8. Proof of Theorem 1.4

In this section, we prove our first main theorem Theorem 1.4.

Lemma 8.1. Under the setting of Theorem 1.4, there exist c ∈ Zn+1 \ {0} and

ξ∞ ∈ Rn+1 \ {0} such that gcd(c, q) = 1 and for x ∈ Zn+1
prim, we have

dp([x], ξp) ≤ σp for all p ∈ MQ

⇐⇒ x ≡ uc (mod q) for some u ∈ (Z/qZ)× and x ∈ Cn+1(ξ∞, σ∞).

Proof. For each p < ∞ with σp = p−ep < 1, take ξp ∈ Zn+1
p \ {0} with ξp = [ξp]

and ∥ξp∥p = 1. Then, by the Chinese remainder theorem with moduli pep , we get

the desired c. For ξ∞, it suffices to take ξ∞ ∈ Rn+1 \ {0} with ξ∞ = [ξ∞]. □

Lemma 8.2. Consider an integral lattice Λ ⊂ RN of rank r ≥ 2. For A,M ≥ 1
and s ∈ Z≥0 such that A, λr(Λ) ≤ M , we have∑

1≤ν<r

Aν

λ1(Λ) · · ·λν(Λ)
≪ Ar

(
1

det(Λ)

(
M

A

)s

+
1

A

(
1

A

)s)
,

where the implicit constant depends only on r.

Proof. If s ≥ r, then∑
1≤ν<r

Aν

λ1(Λ) · · ·λν(Λ)
≤
∑

1≤ν<r

Mν

λ1(Λ) · · ·λν(Λ)

≪ Mr

λ1(Λ) · · ·λr(Λ)
≍ Ar 1

det(Λ)

(
M

A

)r

≪ Ar 1

det(Λ)

(
M

A

)s

by Minkowski’s second theorem (Lemma 3.1). Thus, we may assume 0 ≤ s ≤ r−1.
We have∑
1≤ν<r

Aν

λ1(Λ) · · ·λν(Λ)
=
∑

1≤i≤s

Ar−i

λ1(Λ) · · ·λr−i(Λ)
+

∑
s+1≤i<r

Ar−i

λ1(Λ) · · ·λr−i(Λ)
.
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For the former sum, by Minkowski’s second theorem (Lemma 3.1) and λr(Λ) ≤ M ,∑
1≤i≤s

Ar−i

λ1(Λ) · · ·λr−i(Λ)
=

Ar

λ1(Λ) · · ·λr(Λ)

s∑
i=1

λr−i+1(Λ) · · ·λr(Λ)

Ai

≪ Ar

det(Λ)

(
M

A

)s

.

For the latter sum, since Λ is integral, we have λ1(Λ) ≥ 1 and so∑
s+1≤i<r

Ar−i

λ1(Λ) · · ·λr−i(Λ)
≪

∑
s+1≤i<r

Ar−i ≪ Ar−(s+1).

By combining the above estimates, we obtain the lemma. □

Theorem 8.3. Under the setting of Theorem 1.4, we have

S :=
∑

V ∈Vd,n(A)

NV (B; ξ, σ) = C̃d,n(ξ, σ)A
Nd,n−1B

(
1 +O(Rd,n ·Bε)

)
for A,B ≥ 2 provided

A ≥ max(q, B
d+1

(2n+1)(n+1−d) , q
n−1
2n−1B

d
(2n−1)(n+1−d) ), B ≥ qn with q :=

q

σ∞
,

where

C̃d,n(ξ, σ) :=
VNd,n−1

4ζ(Nd,n − 1)

Wd,n(ξ∞;σ∞)φ(q)

Jn+1(q)ζ(n+ 1)
,

Rd,n := qA−1 + qnB−1 + qB− 1
n+1−d +A−1B

1
n(n+1−d) + R̃d,n

with

R̃d,n :=

{
0 if A ≥ B

1
n+1−d ,

A−(2n+1)B
d+1

n+1−d + qn−1A−(2n−1)B
d

n+1−d if A ≤ B
1

n+1−d

and the implicit constant depends only on d, n, ε.

Proof. Note that the assumption on the size of A implies

A ≥ B
d+1

(2n+1)(n+1−d) ≥ B
d+1

3n(n+1−d) ≥ B
1

n(n+1−d) .

Thus, we have A ≥ max(q, B
1

n(n+1−d) ), which we use later. By Lemma 8.1, we have

(8.1)

S =
1

4

∑
a∈Z

Md,n
prim

∥a∥≤A

∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)
a∈Λνd,n(x)

1

=
1

4

∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)

#(Λνd,n(x)
∩ ZMd,n

prim ∩ BNd,n
(A)).

By Proposition 5.9 with q = 1 and σ = 1, we have

(8.2) S = T +O(E1 + E2),
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where

(8.3)

T :=
VNd,n−1

4ζ(Nd,n − 1)
ANd,n−1

∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)

1

det(Λνd,n(x)
)
,

E1 :=
∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)

∑
1≤ν<Nd,n−1

Aν

λ1(Λνd,n(x)
) · · ·λν(Λνd,n(x)

)
,

E2 := A logA
∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)

1.

For the main term T , by (3.3) and Lemma 6.3, we have

T = C̃d,n(ξ, σ)A
Nd,n−1B +O

(
q−(n−1)ANd,n−1(B

n−d
n+1−d + logB) +ANd,n−1).

By (6.2) and the bound φ(q) ≫ q1−ε, we have C̃d,n(ξ, σ) ≫ q−n−ε and so

T = C̃d,n(ξ, σ)A
Nd,n−1B

(
1 +O

(
(qB− 1

n+1−d + qnB−1)Bε)),
where we use B ≥ qn.

For the error term E1, let us introduce

µ(x) := n
∥x∥
d2(x)

and we further dissect E1 as

E1 = E11 + E12,

where

E11 :=
∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)
λNd,n−1(Λνd,n(x))≤A

∑
1≤ν<Nd,n−1

Aν

λ1(Λνd,n(x)
) · · ·λν(Λνd,n(x)

)
,

E12 :=
∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)
λNd,n−1(Λνd,n(x))>A

∑
1≤ν<Nd,n−1

Aν

λ1(Λνd,n(x)
) · · ·λν(Λνd,n(x)

)
.
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For the sum E11, by using (3.3), Lemma 3.1 and Lemma 3.6,

E11 ≪ ANd,n−2
∑∗

u (mod q)

∑
x∈Zn+1

prim

H(x)≤B

x∈uc+qZn+1

x∈Cn+1(ξ∞,σ∞)

µ(x)

∥x∥d
.

We then dissect the sum dyadically with writing

(8.4) ∥x∥ ≍ X and µ(x) ≍ M

as

E11 ≪ ANd,n−2
∑(d)

1≪X
n+1−d≪B

1≪M≪X

M

Xd
L2,n

(
X,

CX

M
; c, q; ξ∞, σ∞

)
,

with some 1 ≤ C ≪ 1. By Proposition 5.10, Lemma 7.9, we have

L2,n

(
X,

CX

M
; c, q; ξ∞, σ∞

)
≪ (F1 + F2 + F3)B

ε +X

(note that we can ignore the effect of the zero vector in Proposition 5.10 since
X ≫ 1), where

F1 = F1(X,M) := q−nXn+1 min(M−nX, 1),

F2 = F2(X,M) := q−nXn+1 min(qn−1M−(n−1), 1),

F3 = F3(X,M) := q−nXn+1 min(qnM−n, 1).

For 1 ≪ M ≪ X, we then have

M · F1(X,M) ≪ q−nXn+1+ 1
n , M · Fi(X,M) ≪ q−n+1Xn+1 for i = 2, 3

and M ·X ≪ X2. We thus have

E11 ≪ q−nANd,n−2
∑(d)

1≪X
n+1−d≪B

(Xn+1−d(X
1
n + q) + qnX−(d−2))Bε

≪ q−nANd,n−1B(A−1B
1

n(n+1−d) + qA−1 + qn(AB)−1)Bε.

This completes the estimate for E11.
We next bound E12. For x counted in E12, by Lemma 3.6, we have

A < λNd,n−1(Λνd,n(x)
) ≤ ∥x∥ ≤ B

1
n+1−d .

Thus, we may assume A ≤ B
1

n+1−d since otherwise the sum E12 is empty. Also,
for x counted in E12, by Lemma 3.6, we have µ(x) > A. We dissect dyadically by
using variables (8.4) and use Lemma 8.2 to get

E12 ≪ ANd,n−1
∑(d)

1≪X
n+1−d≪B

A≤M≪X

G · L2,n

(
X,

CX

M
; c, q; ξ∞, σ∞

)

with some 1 ≤ C ≪ 1, where

G := min
s∈Z≥0

Gs with Gs :=

(
1

Xd

(
M

A

)s

+

(
1

A

)s+1)
.



38 Y. MATSUZAWA AND Y. SUZUKI

By using Lemma 7.9, we have

E12 ≪ ANd,n−1
∑(d)

1≪X
n+1−d≪B

A≤M≪X

G(F̃1 + F̃2 + F̃3 + F̃4)B
ε,

where
F̃1 := q−nXn+1 ·M−nX,

F̃2 := q−nXn+1 · qn−1M−(n−1),

F̃3 := q−nXn+1 · qnM−n.

Note that since M ≥ A ≥ max(q, B
1

n(n+1−d) ) ≥ max(q, X
1
n ) in the sum E2, there

is no benefit to use the trivial bound given by Proposition 5.10 as for E11. In the
sum E12, by the assumption A ≥ q, we have q ≤ A ≤ M ≪ X and so

F̃3 = qM−1F̃2 ≪ F̃2.

We thus simply have

E12 ≪ ANd,n−1qε
∑(d)

1≪X
n+1−d≪B

A≤M≪X

G(F̃1 + F̃2)B
ε,

We use the bound G ≤ Gn for GF̃1 and G ≤ Gn−1 for GF̃2. In the expressions

GnF̃1 and Gn−1F̃2 the exponents of X is ≥ n + 1 − d and the exponents of M is
≤ 0. Thus, we have

E12 ≪ ANd,n−1Bε(GnF̃1 +Gn−1F̃2

)∣∣
X=B

1
n+1−d ,M=A

,

= q−nANd,n−1B

×
(
(1 +A−(n+1)B

d
n+1−d )A−nB

1
n+1−d

+ (1 +A−nB
d

n+1−d )qn−1A−(n−1)
)
Bε.

Since A ≥ max(q, B
1

n(n+1−d) ), we have

A−nB
1

n+1−d ≤ A−1B
1

n(n+1−d) and qn−1A−(n−1) ≤ qA−1

and so the contribution of terms

A−nB
1

n+1−d , qn−1A−(n−1)

are already covered by Rd,n. The remaining terms contribute

q−nANd,n−1B(A−(2n+1)B
d+1

n+1−d + qn−1A−(2n−1)B
d

n+1−d )Bε

which is R̃d,n when A ≤ B
1

n+1−d .
Finally, for E2, we just use Proposition 5.10 with B ≥ qn to obtain

(8.5)
E2 ≪ A logA(q−nB1+ d

n+1−d +B
1

n+1−d )

≪ q−nANd,n−1B ·A−(Nd,n−3)B
d

n+1−d .

Note that we have Nd,n ≥ nd+ 3. Indeed,

Nd,n =

(
n

d
+ 1

)
· · ·
(
n

2
+ 1

)(
n

1
+ 1

)
≥ 2d−2 · 5

2
(n+ 1) ≥ 5

4
d(n+ 1) ≥ dn+ 4.
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Therefore, by using the assumption A ≥ B
1

n(n+1−d) , we have

A−(Nd,n−3)B
d

n+1−d ≤ A−ndB
d

n+1−d ≤ A−1B
1

n(n+1−d)

and so the contribution of E2 is covered by Rd,n. By combining the above estimates,
we obtain the theorem. □

Remark 8.4. Under the assumptions n ≥ d ≥ 2 and B ≥ qn, we have

B
d+1

(2n+1)(n+1−d) ≤ B
1

n+1−d ,

q
n−1
2n−1B

d
(2n−1)(n+1−d) ≤ B

n−1
n(2n−1)

+ d
(2n−1)(n+1−d) ≤ B

n−1+d
(2n−1)(n+1−d) ≤ B

1
n+1−d .

Therefore, in Theorem 8.3, we can replace the assumptions on the size of A,B, q to

A ≥ B
1

n+1−d and B ≥ qn and then remove the error term R̃n,d.

Remark 8.5. By choosing the parameter s in Lemma 8.2 more efficiently, we can
improve the error term in Theorem 8.3 to get a wider admissible range for A,B, q.
However, we took s = n and s = n− 1 for simplicity.

We now simplify Theorem 8.3 to obtain Theorem 1.4:

Proof of Theorem 1.4. It suffices to bound the error terms of Theorem 8.3 by those
of Theorem 1.4 under the assumptions on the size of A,B, q in Theorem 8.3. By
B ≥ qn, we have

qnB−1 = (qB− 1
n )n ≤ qB− 1

n .

Also, since d ≥ 2, we have

qB− 1
n+1−d ≤ qB− 1

n and A−1B
1

n(n+1−d) = A−1B
3

3n(n+1−d) ≤ A−1B
d+1

(2n+1)(n+1−d) .

Finally, since A ≥ B
d+1

(2n+1)(n+1−d) , we have

A−(2n+1)B
d+1

n+1−d = (A−1B
d+1

(2n+1)(n+1−d) )2n+1 ≤ A−1B
d+1

(2n+1)(n+1−d) .

Thus, any error term of Theorem 8.3 is covered by those of Theorem 1.4. □

9. Local solubility and reducible locus

So far we focus on the asymptotic formula of the sum of counting function of
rational points on Fano hypersurfaces. Now we turn our attention to the set of
hypersurfaces (not necessarily Fano) that have local solutions inside adelic neigh-
bourhoods of given points.

In this section we recall a result on the existence of Qp-points of hypersurfaces,
which essentially follows from the Lang-Weil estimate. The contents of this section
are well-known to experts (cf. proof of [16, Theorem 3.6]), but we need the scheme
“NIPd,n” defined below, which appears only implicitly in loc. cit.

Let n ∈ Z≥0 and d ∈ Z≥1. Recall we identify (the ring valued points of) ANd,n

Z
with the set of homogeneous polynomials of degree d in n+1 variables. Then we have
the following morphism of schemes corresponding to the product of polynomials:

pd′
,d

′′ : A
N

d
′
,n

Z ×Z A
N

d
′′
,n

Z −→ ANd,n

Z

where d′ + d′′ = d.
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Definition 9.1. We set

NIPd,n :=
⋃

d
′
+d

′′
=d

d
′
,d

′′≥1

(scheme theoretic image of pd′
,d

′′) ⊂ ANd,n

Z .

We equip NIPd,n with the reduced scheme structure. Here NIP stands for Non-
Irreducible Polynomials.

Lemma 9.2. Let n, d ∈ Z≥2 and suppose (n, d) ̸= (2, 2), (2, 3). Then NIPd,n is flat
over Z and

dimNIPd,n ≤ Nd,n − 1

dim(NIPd,n)Q ≤ Nd,n − 2

where (NIPd,n)Q is the generic fiber of NIPd,n over SpecZ.

Proof. Let Xd
′
,d

′′ = (scheme theoretic image of pd′
,d

′′). Since

dimNIPd,n = max{dimXd
′
,d

′′ | d′ + d′′ = d, d′, d′′ ≥ 1}

dim(NIPd,n)Q = max{dim(Xd
′
,d

′′)Q | d′ + d′′ = d, d′, d′′ ≥ 1},

to bound the dimension it is enough to show

dimXd
′
,d

′′ ≤ Nd,n − 1 and dim(Xd
′
,d

′′)Q ≤ Nd,n − 2

for all d′, d′ ≥ 1 with d′+d′′ = d. Note that Xd
′
,d

′′ is an integral scheme because so

is A
N

d
′
,n

Z ×ZA
N

d
′′
,n

Z . Therefore the generic point of Xd
′
,d

′′ is mapped to the generic
point of SpecZ. By the definition of NIPd,n, its irreducible components can be
found among Xd

′
,d

′′ and hence NIPd,n is flat over SpecZ.
Now, since the structure morphism π : Xd

′
,d

′′ −→ SpecZ is flat, for any scheme
point x ∈ Xd

′
,d

′′ , we have

dimOX
d
′
,d

′′ ,x = dimOSpecZ,π(x) + dimO
π
−1

(π(x)),x
.

Thus

dimXd
′
,d

′′ ≤ 1 + max{dimπ−1(π(x)) | x ∈ Xd
′
,d

′′}.

Since π is flat, all the non-empty fibers of π have the same dimension (cf. [9, The-
orem 14.116]). Thus it is enough to show that the generic fiber of π has dimension
at most Nd,n − 2. Since the generic fiber (Xd

′
,d

′′)Q is the scheme theoretic image

of the base change (pd′
,d

′′)Q of pd′
,d

′′ , it is enough to show that

dimA
N

d
′
,n

Q ×Q A
N

d
′′
,n

Q = Nd
′
,n +Nd

′′
,n ≤ Nd,n − 2,

or equivalently, (
n+ d′

n

)
+

(
n+ d′′

n

)
≤
(
n+ d

n

)
− 2.

Noticing (
n+ d′

n

)
=

(
n+ d′ − 1

n− 1

)
+

(
n+ d′ − 2

n− 1

)
+ · · ·+

(
n

n− 1

)
+ 1(

n+ d

n

)
=

(
n+ d− 1

n− 1

)
+ · · ·+

(
n+ d′′

n− 1

)
+

(
n+ d′′

n

)
,
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we get (
n+ d

n

)
−
(
n+ d′

n

)
−
(
n+ d′′

n

)
≥ d′

(
n

n− 2

)
d′′ − 1

and the right hand side is at least 2 under our assumption. □

Proposition 9.3. Let n ∈ Z≥2 and d ∈ Z≥1. There is P0 ≥ 1 with the following

property. For all p > P0 and a ∈ ZNd,n
p , if a (mod p) ∈ FNd,n

p \NIPd,n(Fp), then we
have

V+(fa)(Qp) ̸= ∅.

(see Definition 1.1 for the definition of the notation fa.)

Proof. By the Lang-Weil estimates [13, Theorem 1 and Lemma 1], there is P0 ≥ 1
such that for every prime number p > P0 and every geometrically integral hyper-
surface X ⊂ Pn

Fp
of degree d, X has a smooth Fp-point. Let p > P0 be an arbitrary

prime. If a (mod p) ∈ FNd,n
p \ NIPd,n(Fp), then V+(fa (mod p)) is geometrically in-

tegral. Then V+(fa (mod p)) has a smooth Fp-point and thus V+(fa) has a Qp-point
by the lifting property. □

10. Asymptotic formula for #Vloc
d,n(A; ξ, σ)

We give an asymptotic formula of the number of hypersurfaces V ⊂ Pn
Q of

bounded height such that
∏

p≤∞ V (Qp) is non-empty and contains a point that

is close to a given point of
∏

p≤∞ Pn(Qp) with respect to the product topology.

As we pointed out in Remark 1.8, our argument follows Poonen–Voloch [16]
which uses Lemma 20 of Poonen–Stoll [15, p. 1134], but we need to carry out
everything in a quantitative way. The exponent gp in Lemma 10.20, which decides
the level of p-adic approximation of the set of hypersurfaces admitting p-adic points,
will be chosen in a standard manner (see (10.23) and (10.28)) as in the previous
studies, e.g. the exponent in (2.9) of [4].

Setup

• Let n ≥ 3 and d ≥ 2.
• Let σ = (σp)p∈MQ

∈ RMQ such that 0 < σp ≤ 1 and σp = 1 for all but
finitely many p. For p ̸= ∞, let

ep := min{e ∈ Z≥0 | p−e ≤ σp}.

We have p−ep ≤ σp < p−(ep−1). Also σp < 1 if and only if ep ≥ 1. We set

q :=
∏
p<∞

pep .

• Let S := {p ∈ MQ | σp < 1} ∪ {∞}. We write Sfin := S \ {∞}.
• Let ξ = (ξp)p∈MQ

, where ξp ∈ Pn(Qp). For p ̸= ∞, we pick ξp ∈ Zn+1
p

such that
∥∥ξp∥∥p = 1 and

[
ξp
]
= ξp. We also pick ξ∞ ∈ Rn+1 such that

∥ξ∞∥ = 1 and [ξ∞] = ξ∞.

Definition 10.1. We use the following notation:

(ZN
p )prim := {a ∈ ZN

p | ∥a∥p = 1}
(Z/peZ)Nprim := {a ∈ (Z/peZ)N | a ̸≡ 0 (mod p)}
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SN−1 := {a ∈ RN | ∥a∥ = 1}
µp := µN

p the Haar measure on ZN
p such that µp(Z

N
p ) = 1

µ
S

N−1 the spherical measure on SN−1.

We also use the following normalized measure on PN−1(Qp):

µPN−1
Qp

:=
1

µN
p ((ZN

p )prim)

(
(ZN

p )prim → PN−1(Qp)
)
∗

(
µN
p |

(ZN
p )prim

)
(10.1)

=
1

1− p−N

(
(ZN

p )prim → PN−1(Qp)
)
∗

(
µN
p |

(ZN
p )prim

)
Definition 10.2.

(1) For p ∈ MQ, we set Zp := {a ∈ PNd,n−1(Qp) | V+(fa)(Qp) ̸= ∅}.
(2) For p ∈ MQ and ξ, σ as before, we set

Zp(ξ, σ) :=

{
a ∈ PNd,n−1(Qp)

∣∣∣∣∣ ∃η ∈ V+(fa)(Qp) such that

dp(η, ξp) ≤ σp

}
Note that we obviously have Zp(ξ, σ) ⊂ Zp, and Zp(ξ, σ) = Zp for p /∈ S.

(3) For p ∈ MQ \ {∞}, we set

Wp :=
(
(ZNd,n

p )prim → PNd,n−1(Qp)
)−1

(Zp)

Wp(ξ, σ) :=
(
(ZNd,n

p )prim → PNd,n−1(Qp)
)−1

(Zp(ξ, σ)).

Also, we set

W∞ :=
(
SNd,n−1 → PNd,n−1(R)

)−1

(Z∞)

W∞(ξ, σ) :=
(
SNd,n−1 → PNd,n−1(R)

)−1

(Z∞(ξ, σ)).

(4) For P ∈ R≥1, we set

MQ,≤P :=
{
p ∈ MQ

∣∣ p is a prime number and p ≤ P
}
.

Definition 10.3. We write

ρp(ξ, σ) := µ
P
Nd,n−1

Qp

(Zp(ξ, σ)) for p ∈ MQ \ {∞};

ρ∞(ξ, σ) := µ
S

Nd,n−1(W∞(ξ, σ)).

Using our notation, we can rewrite

#Vloc
d,n(A; ξ, σ) =

1

2
#
{
a ∈ ZNd,n

prim

∣∣∣ ∥a∥ ≤ A,∀p ∈ MQ, [a] ∈ Zp(ξ, σ)
}
.

For A,P ∈ R≥1, then we have

#Vloc
d,n(A; ξ, σ) =

1

2
M(A,P )− 1

2
E(A,P ),(10.2)

where

M(A,P ) := #

{
a ∈ ZNd,n

prim

∣∣∣∣∣ ∥a∥ ≤ A

∀p ∈ S ∪MQ,≤P , [a] ∈ Zp(ξ, σ)

}
,
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E(A,P ) := #

a ∈ ZNd,n

prim

∣∣∣∣∣∣∣
∥a∥ ≤ A

∀p ∈ S ∪MQ,≤P , [a] ∈ Zp(ξ, σ)

∃p ∈ (P,∞), [a] /∈ Zp

 .

We summarize our strategy to get an asymptotic formula of #Vloc
d,n(A; ξ, σ), i.e.

the strategy of the proof of Theorem 1.7.

Bounding reducible locus NIPd,n

��

Easy bound of volume of Zp(ξ, σ)

��

Local solubility

��

Volume estimate of Zp(ξ, σ)

��

Newton methodoo

Lattice point
counting

tt
uu

Bounding E(A,P )

++

Asymptotic formula
of M(A,P )

��
Optimize P

10.1. On the sets Zp, Zp(ξ, σ). For p ∈ MQ, consider the following diagram

Zp

⋂
Pn
Qp

×Qp
PNd,n−1

Qp

pr1

yy

pr2

&&

Pn
Qp

PNd,n−1

Qp

where Zp is the closed subscheme defined by fa(x) = 0, where x,a are homogeneous

coordinates of Pn and PNd,n−1, respectively. Then we have

Zp = pr2(Zp(Qp)) and Zp(ξ, σ) = pr2

(
Zp(Qp) ∩ pr−1

1

(
Bdp

(ξp, σp)
))

,

where Bdp
(ξp, σp) =

{
η ∈ Pn(Qp)

∣∣ dp(η, ξp) ≤ σp

}
. In particular, Zp, Zp(ξ, σ) are

closed subsets of PNd,n−1(Qp) with respect to the strong topology.

Remark 10.4. By this description, we can say that the boundary of Zp and

Zp(ξ, σ) are contained in a proper Zariski closed subsets of PNd,n−1(Qp). Indeed,

the morphism pr2|Zp
: Zp −→ PNd,n−1

Qp
is generically smooth because it is generi-

cally flat and general geometric fibers are smooth. Pick a dense Zariski open subset

U ⊂ PNd,n−1

Qp
such that pr2|Zp

is smooth over U . Then the boundaries are contained

in (PNd,n−1

Qp
\U)(Qp). From this fact, we see that the boundaries have measure zero.

Later, we will need an estimate of the measure of Zp(ξ, σ) (Proposition 10.12). To
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obtain this, we need to estimate “proportion” of the boundary in the reduction
modulo prime powers (see Proposition 10.10).

For the archimedean solubility, we again appeal Lemma 3.8 to. We thus check
the archimedean solubility is merely a semialgebraic condition:

Lemma 10.5. The family of subsets(
BNd,n

(A) ∩ RW∞(ξ, σ)
)
− a0

of RNd,n , which is is independent of ξp, σp for p < ∞, parametrized by

(A, σ∞, ξ∞,a0) ∈ R× R× Rn+1 × RNd,n

is semialgebraic. In particular, RW∞,RW∞(ξ, σ) ⊂ RNd,n are semialgebraic.

Proof. Let K̃ ⊂ RNd,n × R× R× Rn+1 × RNd,n × Rn+1 be the set of tuples

(a, A, σ∞, ξ∞,a0,x) ∈ RNd,n × R× R× Rn+1 × RNd,n × Rn+1

satisfying

a+ a0 ∈ BNd,n
(A), x ̸= 0, d∞([x], [ξ∞]) ≤ σ∞, fa+a0

(x) = 0.

These are semialgebraic conditions and thus K̃ is a semialgebraic set. Then the

projection K of K̃ to the first five factors is also semialgebraic and the fiber of K
over the point (A, σ∞, ξ∞,a0) is (BNd,n

(A) ∩ RW∞(ξ, σ))− a0.

If we remove A and the condition involving A, and set a0 = 0, we get the
semialgebraicity of RW and RW∞(ξ, σ). □

In order to determine the magnitude of the main term of Theorem 1.7, we need
to get bounds for the local densities ρp(ξ, σ). For the archimedean case, we use the
classical Newton method. Recall the set of monomials Md,n (Definition 1.1) and
Veronese embedding νd,n defined in (2.1). Let us define

ν
(i)
d,n(x) :=

(
∂M

∂xi

(x)

)
M∈Md,n

for i = 0, . . . , n

so that the partial derivatives ν
(i)
d,n of the Veronese embedding can be expressed as

∂fa
∂xi

(x) = ⟨a, ν(i)d,n(x)⟩.

Then, the local density ρ∞(ξ, σ) for the archimedean place is bounded as follows:

Proposition 10.6. We have

ρ∞(ξ, σ) = µ
S

Nd,n−1(W∞(ξ, σ)) ≍ σ∞,

where the implicit constant depends only on d, n.

Proof. First we prove ρ∞(ξ, σ) ≪d,n σ∞. If a ∈ W∞(ξ, σ), then there is η ∈ Sn

such that ⟨a, νd,n(η)⟩ = 0 and d∞([η], [ξ∞]) ≤ σ∞. By replacing η with −η, we
may assume ⟨η, ξ∞⟩ ≥ 0. Then we have

|⟨a, νd,n(ξ∞)⟩| = |⟨a, νd,n(ξ∞)− νd,n(η)⟩|
≤ ∥νd,n(ξ∞)− νd,n(η)∥ ≪d,n ∥ξ∞ − η∥ ≪ d∞([ξ∞], [η]) ≤ σ∞.

From this, we can easily deduce ρ∞(ξ, σ) ≪d,n σ∞.
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Next, we prove ρ∞(ξ, σ) ≫d,n σ∞. For an orthogonal transformation R on Rn+1,

we can associate a linear automorphism R̃ on RNd,n so that ⟨a, νd,n(R · x)⟩ = ⟨R̃ ·
a, νd,n(x)⟩ for all a ∈ RNd,n and x ∈ Rn+1. Note that R̃ is continuously depending

on R and the orthogonal transformation on Rn+1 forms a compact group. This gives

that the bounds for the operator norms ∥R̃∥, ∥R̃−1∥ ≪d,n 1 and the determinants

|det R̃|, |det R̃−1| ≪d,n 1 uniformly over R. Thus, under the automorphism R̃, the
density ρ∞(ξ, σ) is invariant up to multiple by a positive constant depending only

on d, n. Therefore, by considering an orthogonal transformation of Rn+1 sending
ξ∞ to (1, 0, . . . , 0), we may assume ξ∞ = (1, 0, . . . , 0).

If ξ∞ = (1, 0, . . . , 0), then νd,n(ξ∞) and ν
(1)
d,n(ξ∞) have the coordinate 1 at the

position corresponding to the monomials xd
0 and xd−d

0 x1, respectively, and the other
coordinates are all zero. Let us consider the set

Σ(τ) := {a ∈ SNd,n−1 | |⟨a, νd,n(ξ∞)⟩| ≤ τ and |⟨a, ν(1)d,n(ξ∞)⟩| ≥ 1
2}

for τ > 0. Note that then Σ(τ) is the set of vectors a ∈ SNd,n−1 having coordinate
of the absolute value ≤ τ and ≥ 1

2 at the positions corresponding to the monomials

xd
0 and xd−1

0 x1. Thus, we have

(10.3) µ
S

Nd,n−1(Σ(τ)) ≫d,n τ.

We are applying Newton’s method to show that for a ∈ Σ(τ), the polynomial fa
has a solution close to ξ∞ if τ is small enough. We use Newton’s method presented
in [7, II.4, p. 49–51]. Let f(t) = fa(1, t, 0, . . . , 0). Then, f is a polynomial in t with
degree at most d and

|f(0)| = |⟨a, νd,n(ξ∞)⟩| ≤ τ, |f ′(0)| = |⟨a, ν(1)d,n(ξ∞)⟩| ≥ 1

2
,

|f | = max{absolute value of coefficient of f} ≤ 1.

Let c := (12d(d− 1)2)−1. Then, for t, u ∈ [−c,+c], we have

|f ′(t)− f ′(u)| ≤ |t− u|max
|t|≤c

|f ′′(t)| ≤ 2d(d− 1)2c =
1

6
.

Combined with |f ′(0)| ≥ 1/2, we get |f ′(t)| ≥ 1/2−2d(d−1)2c = 1
3 for t ∈ [−c,+c].

Thus, we have |f ′(t)| ≥ 1/3 and |f ′(t) − f ′(u)| ≤ 1/6 for t, u ≤ [−c,+c]. By [7,
II.4, p. 49–51], if |f(0)| ≤ c/6, there is y ∈ R such that

f(y) = 0 and |y| ≤ c.

This means fa has a solution (1, y, 0, . . . , 0), which satisfies

d∞([(1, y, 0, . . . , 0)], ξ∞) =
|y|√
1 + y2

≤ c.

In particular, we have Σ(σ∞/6) ⊂ W∞(ξ, σ), so the bound (10.3) gives

µ
S

Nd,n−1(W∞(ξ, σ)) ≥ µ
S

Nd,n−1(Σ(σ∞/6)) ≫n,d σ∞

as desired. □

We next estimate ρp(ξ, σ) again by using the Newton method, i.e. Hensel’s
lemma, but the proof is more complicated and broke down into the subsequent
several lemmas. Also, the subsequent argument has another purpose to estimate
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for the “boundary” of the solubility locus Zp(ξ, σ). We use Hensel’s lemma of the
form, e.g. given on on p. 48 of [17] as follows:

Lemma 10.7. Let n, d ∈ N, p be a prime number and a ∈ ZNd,n

prim and f := fa. For

any ξ ∈ Zn+1
p with ∥ξ∥p = 1 and e, l ∈ Z≥0, if

e > l, |f(ξ)|p ≤ p−e < max
0≤i≤n

∣∣∣∣ ∂f∂xi

(ξ)

∣∣∣∣2
p

, p−l ≤ max
0≤i≤n

∣∣∣∣ ∂f∂xi

(ξ)

∣∣∣∣
p

,

then there is ξ̃ ∈ Zn+1
p with ∥ξ̃∥p = 1 such that

f(ξ̃) = 0 and dp(ξ, ξ̃) ≤ p−(e−l).

Proof. Without loss of generality, we may assume

max
0≤i≤n

∣∣∣∣ ∂f∂xi

(ξ)

∣∣∣∣
p

=

∣∣∣∣ ∂f∂x0

(ξ)

∣∣∣∣
p

.

Let us write ξ = (ξ0, . . . , ξn) and set g(t) := f(t, ξ1, . . . , ξn) ∈ Zp[t]. We have

|g(ξ0)|p = |f(ξ)|p ≤ p−e <

∣∣∣∣ ∂f∂x0

(ξ)

∣∣∣∣2
p

= |g′(ξ0)|
2
p.

By Hensel’s lemma of the form given on p. 48 of [17], there is ξ̃0 ∈ Zp such that

g(ξ̃0) = 0 and |ξ̃0 − ξ0|p ≤
|g(ξ0)|p
|g′(ξ0)|p

=
|f(ξ)|p

|(∂f/∂x0)(ξ)|p
≤ p−(e−l).

Set ξ̃ = (ξ̃0, ξ1, . . . , ξn). Since ∥ξ∥p = 1 and |ξ̃0 − ξ0|p ≤ p−(e−l) < 1, we have

∥ξ̃∥p = 1. We have f(ξ̃) = g(ξ̃0) = 0. Moreover, we have

dp(ξ̃, ξ) = max
1≤i≤n

|ξ̃0ξi − ξiξ0|p ≤ |ξ̃0 − ξ0|p ≤ p−(e−l).

as desired. □

Proposition 10.8. For p ∈ Sfin and a ∈ ZNd,n
p \ {0}, if [a] ∈ Zp(ξ, σ), then

|⟨a, νd,n(ξp)⟩|p ≤ σp∥a∥p.

Proof. Since [a] ∈ Zp(ξ, σ), there is η ∈ Zn+1
p with ∥η∥p = 1, ⟨a, νd,n(η)⟩ = 0 and

dp([η], ξp) ≤ σp < 1. Note that since dp([η], ξp) < 1, we can take η so that at least
one coordinate is unit and equal to the corresponding entry of ξp. Then we have

|⟨a, νd,n(ξp)⟩|p = |⟨a, νd,n(ξp)− νd,n(η)⟩|p
≤ ∥a∥p∥νd,n(ξp)− νd,n(η)∥p
≤ ∥a∥p∥ξp − η∥p = ∥a∥pdp([ξp], [η]) ≤ σp∥a∥p

as desired. □

We then introduce the “boundary balls” for the solubility locus Zp(ξ, σ).

Definition 10.9. Let p be a prime number.



RATIONAL POINTS ON RANDOM FANO HYPERSURFACES 47

(1) Let N ∈ Z≥1. For a ∈ ZN
p and r > 0, we write

B(a, r) :=
{
x ∈ ZN

p

∣∣∣ ∥x− a∥p ≤ r
}
.

Note that if r = p−v for some v ∈ Z≥1, then B(a, p−v) is determined by the

class a (mod pv). For a′ ∈ (Z/pvZ)N , we write B(a′, p−v) for the ball B(a, p−v)

where a ∈ ZN
p is an arbitrary lift of a′.

(2) For v ∈ Z≥1, we set

∂Wp(p
v) :=

{
a ∈ (Z/pvZ)Nd,n

∣∣∣∣∣ B(a, p−v) ∩Wp ̸= ∅
B(a, p−v) ̸⊂ Wp

}
,

∂Wp(ξ, σ)(p
v) :=

{
a ∈ (Z/pvZ)Nd,n

∣∣∣∣∣ B(a, p−v) ∩Wp(ξ, σ) ̸= ∅
B(a, p−v) ̸⊂ Wp(ξ, σ)

}
.

We now estimate the boundary of Zp(ξ, σ). This may be compared to, e.g.
Lemma 5.6 of [4, p. 1188] but the exponent e in [4] corresponds to a larger one v0
necessary for the Hensel lifting. Also, we use a different reductions to the lower
prime powers and use the shifts of x (see (10.12)) not only the multiplications by
unit (see (10.10)) as in [4], which gives better bounds in our setting.

Proposition 10.10.

(1) Let p be a prime number. For v ∈ Z≥1 with v ≥ ep, set

(10.4) ṽ := min(ep, v − ep + 1).

Then, we have

(10.5) #∂Wp(ξ, σ)(p
v) ≤ pvNd,n−v−nṽ pφ(p

ep)

φ(p)pep
.

In particular,

(10.6) #∂Wp(p
v) ≤ pvNd,n−v

(
p

p− 1

)
.

(2) For p ∈ Sfin, we have

(10.7) #∂Wp(ξ, σ)(p
ep) ≤ pepNd,n−ep−n.

Proof. The bound (10.6) follows from (10.5) by setting ep = 0. The bound (10.7)
follows from (10.5) by setting v = ep since p ∈ Sfin implies ep ≥ 1. Thus, it is
enough to prove the bound (10.5). We fix v ∈ Z≥1 with v ≥ ep. Let

(10.8) v0 := min

(⌈v
2

⌉
, v − ep + 1

)
.

Claim 10.11. For a ∈ Wp(ξ, σ) satisfying

B(a, p−v) ̸⊂ Wp(ξ, σ),

there is x ∈ (Zn+1
p )prim such that

fa(x) = 0, dp
(
[x], [ξp]

)
≤ p−ep and

∣∣∣∣∂fa∂xi

(x)

∣∣∣∣
p

≤ p−v0 for all 0 ≤ i ≤ n.
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Proof of Claim 10.11. Since a ∈ Wp(ξ, σ), there is x ∈ (Zn+1
p )prim such that

fa(x) = 0 and dp([x], [ξp]) ≤ p−ep .

Take a point b ∈ B(a, p−v) \Wp(ξ, σ). Then we have

|fb(x)|p = |fb(x)− fa(x)|p = |fb−a(x)|p ≤ p−v.

We first show ∣∣∣∣∂fb∂xi

(x)

∣∣∣∣
p

≤ p−v0 for all 0 ≤ i ≤ n.(10.9)

Suppose there is i such that∣∣∣∣∂fb∂xi

(x)

∣∣∣∣
p

> p−v0 so

∣∣∣∣∂fb∂xi

(x)

∣∣∣∣
p

≥ p−(v0−1).

Since 2(v0 − 1) ≤ 2(⌈ v
2⌉ − 1) < v, we have∣∣∣∣∂fb∂xi

(x)

∣∣∣∣2
p

> p−v ≥ |fb(x)|.

By Lemma 10.7 with e = v, l = ṽ − 1, we get y ∈ (Zn+1
p )prim such that

fb(y) = 0 and dp([y], [x]) ≤ p−(v−(v0−1)).

By (10.8), we have

dp([y], [ξp]) ≤ max
(
dp([y], [x]), dp([x], [ξp])

)
≤ max(p−(v−v0+1), p−ep) = p−ep .

The existence of such y contradicts b /∈ Wp(ξ, σ). Thus, (10.9) follows.
By (10.9), for all i, we get∣∣∣∣∂fa∂xi

(x)

∣∣∣∣
p

=

∣∣∣∣∂fa∂xi

(x)− ∂fb
∂xi

(x) +
∂fb
∂xi

(x)

∣∣∣∣
p

≤ max

(∣∣∣∣∂fa−b

∂xi

(x)

∣∣∣∣
p

,

∣∣∣∣∂fb∂xi

(x)

∣∣∣∣
p

)
≤ max(p−v, p−v0) ≤ p−v0 ,

where we use b ∈ B(a, p−v) to bound |(∂fa−b/∂xi)(x)|p. □

In light of this claim, we consider the following set

U :=

a ∈ (Z/pvZ)Nd,n

prim

∣∣∣∣∣∣∣∣∣∣

∃x ∈ (Z/pvZ)n+1
prim s.t.

x ≡ ξp (mod pep)

⟨a, νd,n(x)⟩ ≡ 0 (mod pv)

⟨a, ν(i)d,n(x)⟩ ≡ 0 (mod pv0) for all i

 .

By Claim 10.11, we have ∂Wp(ξ, σ)(p
v) ⊂ U . Thus it is enough to bound #U .

For a ∈ (Z/pvZ)Nd,n

prim , let

Da(ξ, σ) :=

x ∈ (Z/pvZ)n+1
prim

∣∣∣∣∣∣∣∣
x ≡ ξp (mod pep)

⟨a, νd,n(x)⟩ ≡ 0 (mod pv)

⟨a, ν(i)d,n(x)⟩ ≡ 0 (mod pv0) for all i

 .
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For a ∈ U , we first estimate #Da(ξ, σ) from below by finding symmetries on
Da(ξ, σ). Since ⟨a, νd,n(x)⟩ is homogeneous in x, we have

(10.10) x ∈ Da(ξ, σ) =⇒ ux ∈ Da(ξ, σ) for u ∈ (Z/pvZ)× and u ≡ 1 (mod pep),

where u ≡ 1 (mod pep) is necessary to keep the condition x ≡ ξp (mod pep).
We next consider the shift x + pgy of x ∈ Da(ξ, σ) for some g ∈ {1, . . . , v} and

y = (y0, . . . , yn) ∈ (Z/pv−gZ)n+1. We then have

⟨a, νd,n(x+ pgy)⟩ ≡ ⟨a, νd,n(x)⟩+
n∑

i=0

⟨a, ν(i)d,n(x)⟩p
gyi (mod p2g)

Thus, if 2g ≥ v and v0 + g ≥ v, then ⟨a, νd,n(x + pgy)⟩ ≡ 0 (mod pv). Also, if
2g ≥ v, then g ≥ ⌈v/2⌉ ≥ v0. Thus, we have

⟨a, ν(i)d,n(x+ pgy)⟩ ≡ ⟨a, ν(i)d,n(x)⟩ ≡ 0 (mod pv0)

for all i. Hence, by taking the condition x ≡ ξp (mod pep) into account, if we set

(10.11) g0 := max

(⌈v
2

⌉
, v − v0, ep

)
= max

(⌈v
2

⌉
, ep

)
,

where the last equality holds by (10.8), then we have

(10.12) x ∈ Da(ξ, σ) =⇒ x+ pg0y ∈ Da(ξ, σ) for y ∈ (Z/pv−g0Z)n+1.

We thus obtained symmetries (10.10) and (10.12). Now, if a ∈ U , we can take
x ∈ Da(ξ, σ). Then, the symmetries (10.10) and (10.12) imply

Da(ξ, σ) ⊃

{
ux+ pg0y ∈ (Z/pvZ)n+1

prim

∣∣∣∣∣ u ∈ (Z/pvZ)× with u ≡ 1 (mod pep)

y ∈ (Z/pv−g0Z)n+1

}
.

Note that the action of

(y, u) ∈ G := (Z/pv−g0Z)n+1 ⋊ {u ∈ (Z/pvZ)× | u ≡ 1 (mod pep)}

to a point x ∈ (Z/pvZ)n+1
prim given by (y, u) · x := ux+ pg0y has the stabilizer

{(u, p−g0(1− u)x) ∈ G | u ∈ (Z/pvZ)× and u ≡ 1 (mod pg0)}

of the size φ(pv)/φ(pg0). Thus, we have

#Da(ξ, σ) ≥ p(v−g0)(n+1)φ(p
g0)

φ(pep)
if a ∈ U.

We therefore have

(10.13)

#U ≤ p−(v−g0)(n+1)φ(p
ep)

φ(pg0)

∑
a∈(Z/pvZ)

Nd,n
prim

#Da(ξ, σ)

= p−(v−g0)(n+1)φ(p
ep)

φ(pg0)

∑
x∈(Z/pvZ)n+1

prim

x≡ξp (mod p
ep )

#K(x),

where

(10.14) K(x) :=

{
a ∈ (Z/pvZ)Nd,n

prim

∣∣∣∣∣ ⟨a, νd,n(x)⟩ ≡ 0 (mod pv)

⟨a, ν(i)d,n(x)⟩ ≡ 0 (mod pv0) for all i

}
.
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We next bound #K(x) for a given x ∈ (Z/pvZ)n+1
prim. We may assume (x0, p) = 1

without loss of generality. Let a0, a1, . . . , an be the coordinates of a ∈ (Z/pv)Nd,n

corresponding to the monomialsXd
0 , X

d−1
0 X1, . . . , X

d−1
0 Xn and write the remaining

part of fa(x) = ⟨a, νd,n(x)⟩ as

ga(x) :=
∑

M∈Md,n

M ̸∈{Xd
0 ,X

d−1
0 X1,...,X

d−1
0 Xn}

aMM(x).

Then, the linear equations in (10.14) imply

⟨a, νd,n(x)⟩ ≡ 0 (mod pv)

⇐⇒ a0x
d
0 ≡ −(a1x

d−1
0 x1 + · · ·+ anx

d−1
0 xn)− ga(x) (mod pv)

and

⟨a, ν(i)d,n(x)⟩ ≡ 0 (mod pv0) ⇐⇒ aix
d−1
0 ≡ −∂ga

∂xi

(mod pv0)

where i ∈ {1, . . . , n} for the latter equation. Thus, we have

(10.15) #K(x) ≤ pv(Nd,n−1)−v0n.

By combining (10.13) and (10.15), we now have

#U ≤ pv(Nd,n−1)−v0n−(v−g0)(n+1)φ(p
ep)

φ(pg0)

∑
x∈(Z/pvZ)n+1

x≡ξp (mod p
ep )

1

= pv(Nd,n−1)−v0n+(g0−ep)n p
g0φ(pep)

φ(pg0)pep

= pv(Nd,n−1)−v0n+(g0−ep)n pφ(p
ep)

φ(p)pep

since g0 ≥ 1. For the exponent, by recalling (10.11) of g0, we have

v(Nd,n − 1)− v0n+ (g0 − ep)n = v(Nd,n − 1)− v0n+max
(⌈v

2

⌉
− ep, 0

)
n

= v(Nd,n − 1)− nmin
(
v0 −

⌈v
2

⌉
+ ep, v0

)
.

Since min(ep, v − ep + 1) ≤ ep+(v−ep+1)

2 = v+1
2 so

min(ep, v − ep + 1) ≤
⌈
v

2

⌉
,

the definition (10.4) of v0 give

min
(
v0 −

⌈v
2

⌉
+ ep, v0

)
= min

(
ep,

⌊
v

2

⌋
+ 1, v0

)
= min(ep, v0) = ṽ.

Therefore, we arrive at

#∂Wp(ξ, σ)(p
v) ≤ #U ≤ pvNd,n−v−nṽ pφ(p

ep)

φ(p)pep

as desired. □
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Proposition 10.12. For p ∈ Sfin, the local density ρp(ξ, σ) = µ
P
Nd,n−1

Qp

(Zp(ξ, σ))

is bounded as

(10.16)

(
1− p−(Nd,n−1) − p−n

1− p−Nd,n

)
1

pep
≤ ρp(ξ, σ) ≤

(
1− p−(Nd,n−1)

1− p−Nd,n

)
1

pep
.

Proof. Consider the following set:

Y :=
{
a ∈ (ZNd,n

p )prim

∣∣∣ ⟨a, νd,n(ξp)⟩ ≡ 0 (mod pep)
}
.

Then we have

Claim 10.13.

(1) Y =
{
a ∈ (ZNd,n

p )prim

∣∣∣ B(a, p−ep) ∩Wp(ξ, σ) ̸= ∅
}
.

(2) µp(Y )− p−(ep+n) ≤ µp(Wp(ξ, σ)) ≤ µp(Y ).

(3) µp(Y ) = (1− p−(Nd,n−1))p−ep .

Proof of Claim 10.13. (1) Let Y ′ denote the right hand side. Suppose a ∈ Y ′. Take

a point b ∈ B(a, p−ep) ∩Wp(ξ, σ). Then we have

⟨a, νd,n(ξp)⟩ ≡ ⟨b, νd,n(ξp)⟩ ≡ 0 (mod pep)

and thus a ∈ Y . Conversely suppose a ∈ Y . Then we can write ⟨a, νd,n(ξp)⟩ = pepα

for some α ∈ Zp. We shall find c ∈ ZNd,n
p such that ⟨a + pepc, νd,n(ξp)⟩ = 0. We

have ⟨a + pepc, νd,n(ξp)⟩ = pepα + pep⟨c, νd,n(ξp)⟩. Since ∥ξp∥p = 1, we have

∥νd,n(ξp)∥p = 1, so ⟨ · , νd,n(ξp)⟩ : Z
Nd,n
p → Zp is surjective. Therefore, we can find

c ∈ ZNd,n
p such that ⟨c, νd,n(ξp)⟩ = −α and we are done.

(2) Obviously, we have⋃
a∈(Z

Nd,n
p )prim

B(a,p
−ep )⊂Wp(ξ,σ)

B(a, p−ep) ⊂ Wp(ξ, σ) ⊂
⋃

a∈(Z
Nd,n
p )prim

B(a,p
−ep )∩Wp(ξ,σ)̸=∅

B(a, p−ep) = Y.

Thus, we have

µp(Y )− µp

( ⋃
a∈∂Wp(ξ,σ)(p

ep )

B(a, p−ep)

)
≤ µp(Wp(ξ, σ)) ≤ µp(Y ).

By (2) of Proposition 10.10 , we have

µp

( ⋃
a∈∂Wp(ξ,σ)(p

ep )

B(a, p−ep)

)
≤ pepNd,n−ep−n · p−epNd,n = p−(ep+n)

and we are done.
(3) We have

Y =
{
a ∈ ZNd,n

p

∣∣∣ ⟨a, νd,n(ξp)⟩ ≡ 0 (mod pep)
}

\ p
{
a ∈ ZNd,n

p

∣∣∣ ⟨a, νd,n(ξp)⟩ ≡ 0 (mod pep−1)
}
.

Thus, µp(Y ) = p−ep − p−(ep−1) · p−Nd,n as desired. □
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From this claim, we obtain(
1− 1

pNd,n−1
− 1

pn

)
1

pep
≤ µp(Wp(ξ, σ)) ≤

(
1− 1

pNd,n−1

)
1

pep
.

Then, from this bound, we can deduce the bound (10.16) by recalling (10.1). □

Lemma 10.14. We have

µ
P
Nd,n−1

Qp

(PNd,n−1(Qp) \ Zp) ≪
1

p2

where the implicit constant depends only on d, n.

Proof. By (10.1), it is enough to show that

µp((Z
Nd,n
p )prim \Wp) ≪

1

p2
.

By Proposition 9.3, we have

(ZNd,n
p )prim \Wp ⊂ {a ∈ ZNd,n

p | a (mod p) ∈ NIPd,n(Fp)}

provided p is sufficiently large in terms of d and n. Therefore,

µp((Z
Nd,n
p )prim \Wp) ≤ µp

(
{a ∈ ZNd,n

p | a (mod p) ∈ NIPd,n(Fp)}
)

=
#NIPd,n(Fp)

pNd,n
≪ pNd,n−2

pNd,n
=

1

p2
,

where we use Lemma 9.2 to bound #NIPd,n(Fp). □

10.2. Bounding E(A,P ). In this subsection, we prove the following upper bound
of E(A,P ). The idea of the proof is based on the method called Ekedahl sieve,
originally carried out in [8]. A quantitative version is developed in [2, Theorem
3.3], and our E(A,P ) has similar form with the set counted there. We interpret
our conditions “[a] ∈ Zp(ξ, σ)” and “[a] /∈ Zp” into congruence conditions and
containment in some algebraic sets. This leads us to more similar setting as in [2,
Theorem 3.3], but we have to count lattice points in semialgebraic sets with some
congruence conditions.

Proposition 10.15. There exists P0 ∈ R≥1 that depends only on d, n such that
for all A ≥ 1 and P > P0, we have

E(A,P ) ≪ 1

P log 2P

σ∞ANd,n

q
+ANd,n−1 log log 3A

where the implicit constant depends only on d, n.

We are proving this proposition in several steps.

Recall that we defined the subscheme NIPd,n ⊂ ANd,n

Z , which contains all non-
irreducible polynomials. By Lemma 9.2, we have dim(NIPd,n)Q ≤ Nd,n − 2, where
(NIPd,n)Q is the generic fiber over Z. In particular, we can pick a linear projection

πQ : A
Nd,n

Q −→ ANd,n−1

Q

such that the induced morphism

(NIPd,n)Q −→ ANd,n−1

Q
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is finite. By composition with a linear automorphism if necessary, we may assume

that there is a linear morphism π : ANd,n

Z −→ ANd,n−1

Z such that the base change
of π to Q is πQ. By a standard argument of “passage to the limit”, there exists R,
a localization of Z by a single element, with the following properties. Consider the
following diagram:

(NIPd,n)Q

⋂
// (NIPd,n)R

⋂
// NIPd,n

⋂
ANd,n

Q
//

πQ

��

ANd,n

R

πR

��

// ANd,n

Z

π

��

ANd,n−1

Q
// ANd,n−1

R
// ANd,n−1

Z

where (NIPd,n)R, πR are the base change to R. Then πR|(NIPd,n)R
is a finite mor-

phism and the coordinate ring O((NIPd,n)R) of (NIPd,n)R is generated by, say,

r elements over O(ANd,n−1

R ). Since dim(NIPd,n)Q ≤ Nd,n − 2, NIPd,n does not

dominate ANd,n−1

Z . We pick a non-zero polynomial f ∈ O(ANd,n−1

Z ) such that

π(NIPd,n) ⊂ V (f) ⊂ ANd,n−1

Z .

Here V (f) is the closed subscheme of ANd,n−1

Z defined by f .
Now we take P0 ∈ R≥1 so that Proposition 9.3 works for this P0 and also any

prime p > P0 generates a prime ideal of R.
Choosing P0 as above, for A ≥ 1 and P > P0, we can use Proposition 9.3 to get

E(A,P ) ≤ #

a ∈ ZNd,n

∣∣∣∣∣∣∣
0 < ∥a∥ ≤ A

∀p ∈ S, [a] ∈ Zp(ξ, σ)

∃p ∈ (P,∞) \ S s.t. a (mod p) ∈ NIPd,n(Fp)

 .

We then decompose the sum into two parts according to the size of “bad” p as

E(A,P ) ≤ E1(A,P ) + E2(A,P ),

where

E1(A,P ) := #

a ∈ ZNd,n

∣∣∣∣∣∣∣
0 < ∥a∥ ≤ A

∀p ∈ S, [a] ∈ Zp(ξ, σ)

∃p ∈ (P,A] \ S s.t. a (mod p) ∈ NIPd,n(Fp)

 ,

E2(A,P ) := #

{
a ∈ ZNd,n

∣∣∣∣∣ ∥a∥ ≤ A

∃p ∈ (max{P,A},∞) s.t. a (mod p) ∈ NIPd,n(Fp)

}
.

Note that we weakened the condition on a in the definition of E2(A,P ).
We first bound E2(A,P ).

Lemma 10.16. Let P0 as above. For A ≥ 1 and P > P0, we have

E2(A,P ) ≪ ANd,n−1,

where the implicit constant depends only on d, n.
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Proof. We may assume A ≥ 2. We further divide E2(A,P ) into two parts as follows:

E2(A,P ) ≤ E21 + E22,

where

E21 := #

{
a ∈ ZNd,n

∣∣∣∣∣ ∥a∥ ≤ A and f(π(a)) ̸= 0

∃p ∈ (max{P,A},∞) s.t. a(mod p) ∈ NIPd,n(Fp)

}
,

E22 := #{a ∈ ZNd,n | ∥a∥ ≤ A and f(π(a)) = 0}.

Since f ◦ π is a non-zero polynomial function on ANd,n

Z , we have

E22 ≪ ANd,n−1,(10.17)

where the implicit constant depends only on d, n, π, f .

Since π : ZNd,n −→ ZNd,n−1 is a linear map, there is a non-negative real number

which we denote by ∥π∥ such that ∥π(x)∥ ≤ ∥π∥∥x∥ for all x ∈ ZNd,n . We have

E21 ≤
∑

p>max{P,A}

∑
a∈ZNd,n

∥a∥≤A
f(π(a)) ̸=0

a (mod p)∈NIPd,n(Fp)

1

≤
∑

b∈ZNd,n−1

f(b)̸=0
∥b∥≤∥π∥A

∑
p>max{P,A}

p|f(b)

∑
a∈ZNd,n

∥a∥≤A
a (mod p)∈NIPd,n(Fp)

π(a)=b

1.(10.18)

Since p > max{P,A} ≥ P > P0, every fiber of

π : NIPd,n(Fp) −→ ANd,n−1(Fp)

consists at most r elements. Noting p > A, we get∑
a∈ZNd,n

∥a∥≤A
a(mod p)∈NIPd,n(Fp)

π(a)=b

1 ≪ 1

where the implicit constant depends only on d, n, r. Thus (10.18) is bounded as

≪
∑

b∈ZNd,n−1

f(b)̸=0
∥b∥≤∥π∥A

∑
p>max{P,A}

p|f(b)

1.

Let

α(b) =
∑

p>max{P,A}
p|f(b)

1.

Then, for b ∈ ZNd,n−1 with f(b) ̸= 0, we get

Aα(b) ≤
∏

p>max{P,A}
p|f(b)

p ≤ |f(b)| ≪ Adeg f so α(b) ≪ 1,
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where the implicit constant depends only on π, f . Therefore, we get

(10.19) E21 ≪
∑

b∈ZNd,n−1

f(b)̸=0
∥b∥≤∥π∥A

1 ≪ ANd,n−1

where the implicit constants depend only on d, n, r, π, f .
Thus, by combining (10.17) and (10.19), we get

E2(A,P ) ≪ ANd,n−1

where the implicit constant depends only on d, n, r, π, f . Since we chose π, f, r
depending only on d, n, we are done. □

Next we are going to bound E1(A,P ).

Lemma 10.17. For A ≥ 1 and P ≥ 1, we have

E1(A,P ) ≪ 1

P log 2P

σ∞ANd,n

q
+ANd,n−1 log log 3A,

where the implicit constant depends only on d, n.

Proof. Note that [a] ∈ Z∞(ξ, σ) ⇐⇒ a ∈ RW∞(ξ, σ). For the condition [a] ∈
Z∞(ξ, σ) with p ∈ Sfin, we use Proposition 10.8. By Chinese remainder theorem,

we can pick a ξ0 ∈ ZNd,n such that

ξ0 ≡ ξp (mod pep) for p ∈ Sfin.

Note that gcd(q, ξ0) = 1 since since ∥ξp∥p = 1. We then get

E1(A,P ) ≤ #

a ∈ ZNd,n

∣∣∣∣∣∣∣
a ∈ BNd,n

(A) ∩ RW∞(ξ, σ)

⟨a, νd,n(ξ0)⟩ ≡ 0 (mod q)

∃p ∈ (P,A] \ S s.t. a (mod p) ∈ NIPd,n(Fp)

 .

Let

Λ := {a ∈ ZNd,n | ⟨a, νd,n(ξ0)⟩ ≡ 0 (mod q)}.
This is a lattice of rank Nd,n. Using this lattice, we see

(10.20) E1(A,P ) ≤
∑

P<p≤A
p/∈S

∑
x∈NIPd,n(Fp)

#N(p, x),

where

N(p, x) := {a ∈ Λ ∩ BNd,n
(A) ∩ RW∞(ξ, σ) | a (mod p) = x}.

The set N(p, x) is non-empty only if

#{a ∈ Λ | a (mod p) = x} ≠ ∅.

When this is the case, pick a0 ∈ Λ such that a0 (mod p) = x. Then we have

N(p, x) = Λ ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (a0 + pZNd,n)

= (a0 + pΛ) ∩ BNd,n
(A) ∩ RW∞(ξ, σ),

where we use Λ ∩ pZNd,n = pΛ, which follows from p ∤ q. Thus,

#N(p, x) = #
(
pΛ ∩

(
(BNd,n

(A) ∩ RW∞(ξ, σ))− a0
))

.
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We use Lemma 3.8 to estimate this number. By Lemma 10.5, the set

(BNd,n
(A) ∩ RW∞(ξ, σ))− a0

comes from a semi-algebraic family of subsets of RNd,n parametrized by A, σ∞, ξ∞,
and a0. By Lemma 3.8, we get

#N(p, x)

=
volNd,n

(
BNd,n

(A) ∩ RW∞(ξ, σ)
)

det(pΛ)
+O

Nd,n−1∑
ν=0

Vν

(
BNd,n

(A) ∩ RW∞(ξ, σ)
)

λ1(pΛ) · · ·λν(pΛ)


≪ σ∞ANd,n

pNd,n detΛ
+O

Nd,n−1∑
ν=0

Aν

pν

≪ σ∞ANd,n

qpNd,n
+

ANd,n−1

pNd,n−1
,

where we use Proposition 10.6 for the first “≪” and the fact detΛ = q and p ≤ A
for the second “≪”.

Plugging the above estimate into (10.20), we get

E1(A,P ) ≪
∑

P<p≤A

#NIPd,n(Fp)

(
σ∞ANd,n

qpNd,n
+

ANd,n−1

pNd,n−1

)
.

Since dim(NIPd,n)Q ≤ Nd,n − 2 (Lemma 9.2), we have

#NIPd,n(Fp) ≪ pNd,n−2.

Therefore, by using the bounds∑
P<p≤A

1

p2
≤
∑
P<p

1

p2
≪ 1

P log 2P
and

∑
P<p≤A

1

p
≤
∑
p≤A

1

p
≪ log log 3A,

which can be proven by the prime number theorem, we get

E1(A,P ) ≪
∑

P<p≤A

(
σ∞ANd,n

q

1

p2
+ANd,n−1 1

p

)

≪ 1

P log 2P

σ∞ANd,n

q
+ANd,n−1 log log 3A.

This completes the proof. □

Proof of Proposition 10.15. This follows from Lemma 10.17 and Lemma 10.16. □

10.3. Asymptotic formula for M(A,P ). Recall that

M(A,P ) := #{a ∈ ZNd,n

prim | ∥a∥ ≤ A and ∀p ∈ S ∪MQ,≤P , [a] ∈ Zp(ξ, σ)}

= #

{
a ∈ ZNd,n

prim

∣∣∣∣∣ ∥a∥ ≤ A, a ∈ RW∞(ξ, σ)

∀p ∈ Sfin ∪MQ,≤P , a ∈ Wp(ξ, σ)

}
.

We are going to get an asymptotic formula for M(A,P ). The difficulty is that we

do not know the precise shape of the subsets Wp(ξ, σ) ⊂ ZNd,n
p . We approximate

the set Wp(ξ, σ) by finitely many disjoint balls with the same radius from inside
and outside. Being contained in a p-adic ball is equivalent to a certain congruence
condition, so we can apply Proposition 5.8 to count lattice points.
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Let us start with preparing the balls. Consider the following two sets of balls in

ZNd,n
p , which approximate the sets Wp(ξ, σ) from inside and outside: for prime p

and vp ∈ Z≥1, we define

Ω0(p
vp) := {B(c, p−vp) | c ∈ ZNd,n

p , B(c, p−vp) ⊂ Wp(ξ, σ)},

Ω1(p
vp) := {B(c, p−vp) | c ∈ ZNd,n

p , B(c, p−vp) ∩Wp(ξ, σ) ̸= ∅}.

Lemma 10.18. Let p be a prime. For vp ∈ Z≥1, we set

ṽp := min(ep, vp − ep + 1) and ν(vp, ep) := vp + nṽp.

Then, the following hold:

(1) We have

#(Ω1(p
vp) \ Ω0(p

vp)) ≤ 2pvpNd,n

pν(vp,ep)
.

(2) For the local density ρp(ξ, σ) := µ
P
Nd,n−1

Qp

(Zp(ξ, σ)), we have

#Ω1(p
vp)

pvpNd,n
≤ (1− p−Nd,n)ρp(ξ, σ) +

2

pν(vp,ep)
,

#Ω0(p
vp)

pvpNd,n
≥ (1− p−Nd,n)ρp(ξ, σ)−

2

pν(vp,ep)
.

Proof. (1) follows from Proposition 10.10 since

pφ(pep)

φ(p)pep
≤ p

p− 1
≤ 2.

For (2), recall that

µp(B(c, p−vp)) = p−vpNd,n

for all c ∈ ZNd,n
p . Thus, combined with (1), we get

µp(Wp(ξ, σ)) ≥
#Ω0(p

vp)

pvpNd,n
≥ #Ω1(p

vp)

pvpNd,n
− 2

pν(vp,ep)
,

µp(Wp(ξ, σ)) ≤
#Ω1(p

vp)

pvpNd,n
≤ #Ω0(p

vp)

pvpNd,n
+

2

pν(vp,ep)
.

We then obtain (2) by recalling (10.1). □

Proposition 10.19. Let vp ∈ Z≥1 for each p ∈ Sfin ∪MQ,≤P . Set

q′ :=
∏

p∈Sfin∪MQ,≤P

pvp .

Recall the definitions of the local densities

ρ∞(ξ, σ) = µ
S

Nd,n−1(W∞(ξ, σ)) and ρp(ξ, σ) = µ
P
Nd,n−1

Qp

(Zp(ξ, σ)) for p ̸= ∞.

For A,P ≥ 1, we have

M(A,P ) ≤
VNd,n

∏
p∈MQ

ρp(ξ, σ)

ζ(Nd,n)
ANd,nΘ+

d,n(ξ, σ)

(
1 +O

(
1

P log 2P

))
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×

(
1 +O

(
JNd,n

(q′)

ρ∞(ξ, σ)q′Nd,n−1A
+

JNd,n
(q′) log 2A

ρ∞(ξ, σ)φ(q′)ANd,n−1

))
and

M(A,P ) ≥
VNd,n

∏
p∈MQ

ρp(ξ, σ)

ζ(Nd,n)
ANd,nΘ−

d,n(ξ, σ)

(
1 +O

(
1

P log 2P

))
×

(
1 +O

(
JNd,n

(q′)

ρ∞(ξ, σ)q′Nd,n−1A
+

JNd,n
(q′) log 2A

ρ∞(ξ, σ)φ(q′)ANd,n−1

))
,

where

Θ±
d,n(ξ, σ) :=

∏
p∈Sfin∪MQ,≤P

(
1± 2

(1− p−Nd,n)ρp(ξ, σ)p
ν(vp,ep)

)

and the implicit constants depend only on d, n.

Proof. Let us write S = Sfin ∪MQ,≤P . We have

M(A,P ) ≤
∑

(Bp)∈
∏

p∈S Ω1(p
vp )

#

{
a ∈ ZNd,n

prim

∣∣∣∣∣ a ∈ BNd,n
(A) ∩ RW∞(ξ, σ)

∀p ∈ S, a ∈ Bp

}
,

M(A,P ) ≥
∑

(Bp)∈
∏

p∈S Ω0(p
vp )

#

{
a ∈ ZNd,n

prim

∣∣∣∣∣ a ∈ BNd,n
(A) ∩ RW∞(ξ, σ)

∀p ∈ S, a ∈ Bp

}
.

We identify a ball in ZNd,n
p of radius p−vp with an element of (Z/pvpZ)Nd,n .

By Chinese remainder theorem, we have
∏

p∈S(Z/pvpZ)Nd,n ≃ (Z/q′Z)Nd,n . Let

Ci (i = 0, 1) be the image of
∏

p∈S Ωi(p
vp) (i = 0, 1) by this bijection:∏

p∈S(Z/pvpZ)Nd,n ∼ // (Z/q′Z)Nd,n

∏
p∈S(Z/pvpZ)Nd,n

prim

⋃
∼ // (Z/q′Z)Nd,n

prim

⋃

∏
p∈S Ωi(p

vp)

⋃
∼ // Ci

⋃

Here note that all the elements of Ωi(p
vp) are contained in (Z/pvpZ)Nd,n

prim because

Wp(ξ, σ) ⊂ (ZNd,n
p )prim. Also, by the definition of Wp(ξ, σ), the sets Ci are stable

under multiplication by any elements of (Z/q′Z)×. With this notation, we get

M(A,P )

≤
∑
c∈C1

#

{
a ∈ ZNd,n

prim

∣∣∣∣∣ a ∈ BNd,n
(A) ∩ RW∞(ξ, σ)

a ≡ c (mod q′)

}

=
∑
c∈C1

#
(
ZNd,n

prim ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (c+ q′ZNd,n)

)
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=
1

φ(q′)

∑
u∈(Z/q′Z)×

∑
c∈C1

#
(
ZNd,n

prim ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (uc+ q′ZNd,n)

)
=

1

φ(q′)

∑
c∈C1

∑
u∈(Z/q′Z)×

#
(
ZNd,n

prim ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (uc+ q′ZNd,n)

)
.

Similarly,

M(A,P )

=
1

φ(q′)

∑
c∈C0

∑
u∈(Z/q′Z)×

#
(
ZNd,n

prim ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (uc+ q′ZNd,n)

)
.

Note that RW∞(ξ, σ) form a semialgebraic family of homogeneous sets when ξ

and σ varies. Applying Proposition 5.8 with Γ = Λ = ZNd,n , for all A ≥ 1 we have∑
u∈(Z/q′Z)×

#
(
ZNd,n

prim ∩ BNd,n
(A) ∩ RW∞(ξ, σ) ∩ (uc+ q′ZNd,n)

)

=
φ(q′) volNd,n

(RW∞(ξ, σ) ∩ BNd,n
(1))ANd,n

JNd,n
(q′)ζ(Nd,n)

+O

(
φ(q′)ANd,n−1

q′Nd,n−1
+A log 2A

)

=
φ(q′)ρ∞(ξ, σ)VNd,n

ANd,n

JNd,n
(q′)ζ(Nd,n)

+O

(
φ(q′)ANd,n−1

q′Nd,n−1
+A log 2A

)
,

where the implicit constants depend only on d, n. Therefore we get

(10.21)

M(A,P ) ≤ #C1

(
ρ∞(ξ, σ)VNd,n

ANd,n

JNd,n
(q′)ζ(Nd,n)

+O

(
ANd,n−1

q′Nd,n−1
+

A log 2A

φ(q′)

))
,

M(A,P ) ≥ #C0

(
ρ∞(ξ, σ)VNd,n

ANd,n

JNd,n
(q′)ζ(Nd,n)

+O

(
ANd,n−1

q′Nd,n−1
+

A log 2A

φ(q′)

))
.

Now by Lemma 10.18 we have

#C1 =
∏
p∈S

#Ω1(p
vp) ≤

∏
p∈S

pvpNd,n

(
(1− p−Nd,n)ρp(ξ, σ) +

2

pν(vp,ep)

)
= JNd,n

(q′)
∏
p∈S

ρp(ξ, σ) ·Θ
+
d,n(ξ, σ)

and

#C0 =
∏
p∈S

#Ω0(p
vp) ≥

∏
p∈S

pvpNd,n

(
(1− p−Nd,n)ρp(ξ, σ)−

2

pν(vp,ep)

)
= JNd,n

(q′)
∏
p∈S

ρp(ξ, σ) ·Θ
−
d,n(ξ, σ).

Plugging these bounds into (10.21), we get

(10.22)

M(A,P ) ≤
∏
p∈S

ρp(ξ, σ)Θ
+
d,n(ξ, σ)(M0 +O(ME)),

M(A,P ) ≥
∏
p∈S

ρp(ξ, σ)Θ
−
d,n(ξ, σ)(M0 +O(ME)).
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where

M0 :=
ρ∞(ξ, σ)VNd,n

ANd,n

ζ(Nd,n)
,

ME :=
JNd,n

(q′)ANd,n−1

q′Nd,n−1
+

JNd,n
(q′)A log 2A

φ(q′)
.

We then replace
∏

p∈S ρp(ξ, σ) with
∏

p∈MQ\{∞} ρp(ξ, σ). By using∏
p>P

(
1 +O

(
1

p2

))
= 1 +O

(
1

P log 2P

)
for P ≥ 1,

which can be proven by the prime number theorem, and by Lemma 10.14, we have∏
p>P
p/∈S

ρp(ξ, σ) =
∏
p>P
p/∈S

µ
P
Nd,n−1

Qp

(Zp) =
∏
p>P
p/∈S

(
1− µ

P
Nd,n−1

Qp

(PNd,n−1(Qp) \ Zp)

)

= 1 +O

(
1

P log 2P

)
for P ≥ 1. Replacing

∏
p∈S ρp(ξ, σ) with( ∏

p∈MQ
p<∞

ρp(ξ, σ)

)(∏
p>P
p/∈S

ρp(ξ, σ)

)−1

=

( ∏
p∈MQ
p<∞

ρp(ξ, σ)

)(
1 +O

(
1

P log 2P

))

in (10.22), we get the desired inequalities. □

Now we are going to choose vp’s, which means we are adjusting the radii of the
small balls utilized to approximate the sets Wp(ξ, σ). Note that as vp’s increase,

ν(vp, ep) and q′ are getting large. This means the product factor

Θ±
d,n(ξ, σ) =

∏
p∈Sfin∪MQ,≤P

(
1± 2

(1− p−Nd,n)ρp(ξ, σ)p
ν(vp,ep)

)

in Proposition 10.19 approaches 1 as we make vp’s larger. However, this increase
in vp’s also make the big-O terms in Proposition 10.19 large. Therefore, our task
is to choose vp’s in a manner that balances these effects. We are choosing vp’s as
in the form specified in the following lemma.

Lemma 10.20. Take gp ≥ 1 for each p ≤ P and set

vp :=


gp when p ≤ P and p /∈ S,

ep + gp when p ≤ P and p ∈ S,

ep when p > P and p ∈ S.

Note that then we have vp ∈ Z≥1 and vp ≥ ep for all p < ∞. Then, we have

ν(vp, ep) = gp when p ≤ P and p /∈ S,

ν(vp, ep) ≥ ep + gp + n when p ≤ P and p ∈ S,

ν(vp, ep) = ep + n when p > P and p ∈ S.
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Proof. Recall ṽp of Lemma 10.18. When p ≤ P and p /∈ S, we have ṽp = 0, so

ν(vp, ep) = ν(gp, 0) = gp.

When p ≤ P and p ∈ S, since vp ≥ ep, we have ṽp ≥ 1, so

ν(vp, ep) ≥ vp + n = ep + gp + n.

Finally, when p > P and p ∈ S, we have ṽp = 1, so

ν(vp, ep) = vp + n = ep + n.

This completes the proof. □

Lemma 10.21. We have

(1− p−Nd,n)ρp(ξ, σ) ≫
1

pep
if p ∈ Sfin,

(1− p−Nd,n)ρp(ξ, σ) ≫ 1 if p /∈ S,

where the implicit constants depend at most on d, n.

Proof. First inequality follows from Proposition 10.12. Second inequality follows
from Lemma 10.14 with noting that ρp(ξ, σ) ̸= 0 for all p < ∞ by Remark 10.4 or
Proposition 10.12. □

Lemma 10.22. There is a constant C ≥ 1 depending only on d, n with the follow-
ing property. For any V ≥ 2 and P ≥ 1, there are vp ∈ Z≥1 for each p ∈ Sfin∪MQ,≤P

such that ∑
p∈Sfin∪MQ,≤P

2

(1− p−Nd,n)ρp(ξ, σ)p
ν(vp,ep)

≤ C

(
π(P )

V
+

2

Pn−1

)
and

q′ ≤ q(PV )π(P ),

where π(P ) is the number of prime numbers less than or equal to P .

Proof. Let us write

ap =
2

(1− p−Nd,n)ρp(ξ, σ)p
ν(vp,ep)

.

We choose vp’s as in Lemma 10.20 and choose gp’s later. By Lemma 10.21, we have∑
p∈Sfin∪MQ,≤P

ap ≪
∑
p≤P
p/∈S

1

pν(vp,ep)
+
∑

p∈Sfin
p≤P

pep

pν(vp,ep)
+
∑

p∈Sfin
p>P

pep

pν(vp,ep)
.

Then, by Lemma 10.20, we can further bound∑
p∈Sfin∪MQ,≤P

ap ≪
∑
p≤P
p/∈S

1

pgp
+
∑

p∈Sfin
p≤P

1

pgp+n +
∑

p∈Sfin
p>P

1

pn
≤
∑
p≤P

1

pgp
+
∑
p>P

1

pn
.

Now for a given V ≥ 2, let gp ∈ Z≥1 be such that

pgp−1 < V ≤ pgp .(10.23)
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Then, we get ∑
p∈Sfin∪MQ,≤P

ap ≪ π(P )

V
+

1

Pn−1 .

To get the bound of q′, note that (10.23) implies pgp < pV . Thus, we have

q′ =
∏

p∈Sfin∪MQ,≤P

pvp =
∏
p≤P
p/∈S

pgp
∏

p∈Sfin
p≤P

pep+gp
∏

p∈Sfin
p>P

pep

= q
∏
p≤P

pgp ≤ q
∏
p≤P

(pV ) ≤ q(PV )π(P )

as desired. This completes the proof. □

Proposition 10.23. There is a constant C > 2 depending only on d, n with the
following property. For any A,P ≥ 1 and V ≥ 2 such that

π(P )

V
+

1

Pn−1 ≤ 1

C
,

we have

M(A,P ) =
VNd,n

∏
p∈MQ

ρp(ξ, σ)

ζ(Nd,n)
ANd,n

(
1 +O

(
1

P log 2P
+

π(P )

V

+
q(PV )π(P )

σ∞A
+

qNd,n−1(log log 3q)(PV )π(P )Nd,n log 2A

σ∞ANd,n−1

))
Proof. The task is to simplify the last three factors in the upper and lower bounds
of M(A,P ) in the statement of Proposition 10.19. In view of Lemma 10.22, given
A,P ≥ 1 and V ≥ 2, if

π(P )

V
+

1

Pn−1

is sufficiently small (depending only on d, n), we can choose vp ∈ Z≥1 so that∏
p∈Sfin∪MQ,≤P

(
1± 2

(1− p−Nd,n)ρp(ξ, σ)p
ν(vp,ep)

)
= 1 +O

(
π(P )

V
+

1

Pn−1

)
and

q′ ≤ q(PV )π(P ).(10.24)

Here we use the fact
∏

1≤i≤l(1 + ai) = 1 + O
(∑

1≤i≤l |ai|
)
for real numbers ai

with
∑

1≤i≤l |ai| < 1/2 for example. Note that the implicit constant is absolute
constant, so in particular independent of l.

Since

π(P )

V
+

1

Pn−1 ≪ 1 and
1

P log 2P
≪ 1,

we get(
1 +O

(
π(P )

V
+

1

Pn−1

))(
1 +O

(
1

P log 2P

))
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×

(
1 +O

(
JNd,n

(q′)

ρ∞(ξ, σ)q′Nd,n−1A
+

JNd,n
(q′) log 2A

ρ∞(ξ, σ)φ(q′)ANd,n−1

))

= 1 +O

(
π(P )

V
+

1

Pn−1 +
1

P log 2P
+

q′

σ∞A
+

q′
Nd,n−1

log log 3q′ log 2A

σ∞ANd,n−1

)

= 1 +O

(
1

P log 2P
+

π(P )

V
+

q(PV )π(P )

σ∞A

+
qNd,n−1(log log 3q)(PV )π(P )Nd,n log 2A

σ∞ANd,n−1

)
,

where for the first equality, we use Proposition 10.6 and the fact JNd,n
(q′)/φ(q′) ≪

q′
Nd,n−1

log log 3q′, and for the second equality, we use (10.24), the bound

log log 3q′ ≪ (log log 3q)(PV )π(P )

and our assumption n ≥ 3. Plugging this into the two inequalities in Proposi-
tion 10.19, we are done. □

10.4. Asymptotic formula of #Vloc
d,n(A; ξ, σ). We can finally prove Theorem 1.7.

Proof of Theorem 1.7. Recall that we have

#Vloc
d,n(A; ξ, σ) =

1

2
M(A,P )− 1

2
E(A,P )

for A,P ≥ 1 as shown in (10.2). By Proposition 10.15, Proposition 10.23, there are
constants P0, C0 ≥ 1 depending only on d, n such that for

A ≥ 1, P ≥ P0, V ≥ C0π(P ),

we have

#Vloc
d,n(A; ξ, σ) =

VNd,n

∏
p∈MQ

ρp(ξ, σ)

2ζ(Nd,n)
ANd,n

(
1 +O

(
1

P log 2P
+

π(P )

V

+
q(PV )π(P )

σ∞A
+

qNd,n−1(log log 3q)(PV )π(P )Nd,n log 2A

σ∞ANd,n−1

))

+O

(
1

P log 2P

σ∞ANd,n

q
+ANd,n−1 log log 3A

)
.

By Proposition 10.12, Proposition 10.6, and Lemma 10.14, we have

VNd,n

∏
p∈MQ

ρp(ξ, σ)

2ζ(Nd,n)
≍d,n

σ∞
q

.

Thus if we write

#Vloc
d,n(A; ξ, σ) =

VNd,n

∏
p∈MQ

ρp(ξ, σ)

2ζ(Nd,n)
ANd,n (1 +R(A; ξ, σ)) ,

then

R(A; ξ, σ) ≪ 1

P log 2P
+

π(P )

V
+

q(PV )π(P )

σ∞A
+

q log log 3A

σ∞A
(10.25)
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+
qNd,n−1(log log 3q)(PV )π(P )Nd,n log 2A

σ∞ANd,n−1

provided A ≥ 1, P ≥ P0, and V ≥ C0π(P ).
We want to find an upper bound of the infimum of the right hand side of (10.25)

when V and P vary. We set V = P 2. (Larger V does not improve the upper
bound because the second term is the only term decreasing with respect to V and
the second term is smaller than the first term if V ≥ P 2. Also, it turns out that
smaller V does not improve the bound as well.) Note that by enlarging P0 in

advance, we have P 2 ≥ C0π(P ) for all P ≥ P0, which we need for setting V = P 2.
Then for A ≥ 1 and P ≥ P0, we have

R(A; ξ, σ) ≪ 1

P log 2P
+

qP 3π(P )

σ∞A

+
qNd,n−1(log log 3q)P 3π(P )Nd,n log 2A

σ∞ANd,n−1
+

q log log 3A

σ∞A
.

By the prime number theorem, further enlarging P0, we have

P 3π(P ) ≤ e4P and P 3π(P )Nd,n ≤ e4Nd,nP

for P ≥ P0. Thus

R(A; ξ, σ) ≪ 1

P log 2P
+

q

σ∞A
e4P(10.26)

+
qNd,n−1(log log 3q) log 2A

σ∞ANd,n−1
e4Nd,nP +

q log log 3A

σ∞A

for A ≥ 1 and P ≥ P0. Let us set

f(P ) :=
1

P log 2P
, g(P ) :=

q

σ∞A
e4P ,

h(P ) :=
qNd,n−1(log log 3q) log 2A

σ∞ANd,n−1
e4Nd,nP .

Since f is decreasing and g, h are increasing with respect to P , we have

inf
P≥P0

(f(P ) + g(P ) + h(P ))(10.27)

≪ inf
P≥P0

f(P ) + inf
P≥P0

g(P ) + inf
P≥P0

h(P ) + α+ β

where

α :=

{
f(P∗) if ∃P∗ ≥ P0 such that f(P∗) = g(P∗),
0 otherwise,

β :=

{
f(P∗) if ∃P∗ ≥ P0 such that f(P∗) = h(P∗),
0 otherwise.

If σ∞A/q ≫ 1 as assumed in in (1.4), we can take the logarithm of the equality
f(P ) = g(P ) for several times and see that f(P ) = g(P ) implies

(10.28) 4P + logP + log log 2P = log
σ∞A

q
and logP +O(1) = log log

σ∞A

q
.
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Thus we get

α ≪ 1

log σ∞A
q log log σ∞A

q

.

Note that under the condition (1.4), we have

K :=
σ∞ANd,n−1

qNd,n−1(log log 3q) log 2A
≥ σ∞A

q
≫ 1.

Therefore, we can solve f(P ) = h(P ) in the same way and get

β ≪ 1

logK log logK
≤ 1

log σ∞A
q log log σ∞A

q

.

Going back to (10.26) and (10.27), we get

R(A; ξ, σ) ≪ q

σ∞A
+

qNd,n−1(log log 3q) log 2A

σ∞ANd,n−1

+
1

log σ∞A
q log log σ∞A

q

+
q log log 3A

σ∞A
.

By condition (1.4), the second term is bounded by the first term. Since the first
term is obviously bounded by the last term, we get

R(A; ξ, σ) ≪ 1

log σ∞A
q log log σ∞A

q

+
q log log 3A

σ∞A
.

This completes the proof. □
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