DISTRIBUTION OF RATIONAL POINTS
ON RANDOM FANO HYPERSURFACES

YOHSUKE MATSUZAWA AND YUTA SUZUKI

ABSTRACT. We prove an asymptotic formula for the average number of ratio-
nal points on Fano hypersurfaces that are contained in a small ball centered
at a given adelic point. We also prove an asymptotic formula for the number
of hypersurfaces admitting adelic points that are contained in a small ball.
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1. INTRODUCTION

Let V be a projective variety defined over Q. The set of rational points V(Q) has
been studied from various points of view. When the variety is in the class that is
believed to have many rational points, e.g. low degree hypersurfaces, a fundamental
question is how the rational points distribute on the variety. In the framework of
Manin’s conjecture, we introduce a height function H and count the number N(B)
of rational points x such that H(z) < B. The conjecture predicts an asymptotic
formula for N(B) as B — oo. To study the distribution of rational points more
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precisely, we may embed V(Q) into the set of adelic points of V:
V(Q = V(Ag) = [] V(@)

pEMy

where Mg is the set of all places of Q. A quantitative form of weak approximation
problem is to determine the asymptotic formula of the number of rational points
of bounded height contained in a measurable subset (or simply a product of balls)
of V(Ag). See, for example, [3],[11],[12] for works in this direction.

We also mention that there is a general equidistribution principle that the distri-
bution of rational points is governed by a naturally constructed measure on V(Ag)
(cf. [10]).

At this moment, it seems very difficult to prove asymptotic formula of the num-
ber of rational points, or equidistribution theorem for a given arbitrary variety.
However, it might be possible to prove such a statement in the form that the for-
mula holds on average. Indeed, recently Browning, Le Boudec, and Sawin studied
the average of counting functions of all rational points of Fano hypersurfaces, and
as a consequence they proved that 100% of Fano hypersurfaces (except cubic sur-
faces) satisfy the Hasse principle, which is believed to be very difficult to prove for
a given Fano variety [4].

Following their idea as well as [14], we investigate the number of rational points
on random hypersurfaces that are contained in an adelic neighborhood (actually
a box) of a given adelic point. More precisely, we study the average of counting
functions of those points with bounded height, where the average is taken over all
hypersurfaces. To state our main theorems, let us first introduce the set of all
hypersurfaces.

Definition 1.1. Let n,d € Z>; be positive integers.

(1) Vg, ={V CPg | V is a hypersurface of degree d}.

(2) Let R be a commutative ring. Let Xj),..., X,, be indeterminate. The set of all
degree d monomials in Xy,...,X,, is denoted by 4, ,,. Ordering the members
of M4, by the lexicographic order, we identify

(1.1) {homogeneous polynomials of degree d} — pNan
in Xg,...,X,, with coefficients in R
where
n+d
Nd,n = d = #*/%d,n'
For a € RNd’”7 we denote the corresponding homogeneous polynomial by f,.

When R is a field and a € R4\ {0}, a can be considered as a homogeneous

coordinates of a point a € ]P’Ndv”fl(R). In this case, the closed subscheme
V, (fa) C Pg defined by f, is determined by a and we write V. (f,) instead of

V+(fa)'

(3) Any V € V,,, has exactly two defining equations with coefficients in Z whose
coefficient vectors are primitive. One of such coefficient vectors is denoted by
ay. (Thus we have V =V, (f,,).) For A > 1, we define

Van(A):={V eV,, | lay| < A}

where || - || is the usual Euclidean norm.
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We use the following metric on P"(Q,).

Definition 1.2. Let p € My. For v = (zg: -+ :2,),y = (Yo : -+ : yn) € P*(Q,),
we write x = (2o, -, 2,), Y = (Yo, -+, Yn) € QZH and set
[x Ayl
D= oyl
plYllp

Here, when the place p is finite, let || - ||, be the max norms on QZH and A\° QZH
with respect to the standard basis ey, ..., e, and e;Ae; with 0 <i < j <n. When
p = 00, let || - || be the Euclidean norms on R™™ and A*R™"! with respect to
the standard basis e, ...,e, and e; Ae; with 0 <i < j < n.

This function d,, is a well-defined non-negative function on P"(Q,) x P*(Q,),
symmetric and d,(z,y) = 0 if and only if # = y. One can also prove that d,
satisfies the strong triangle inequality for p < oo and the triangle inequality for
p = 00 (see e.g. [18, Section 1.1]) and so d,, is a genuine metric on P"(Q,). Note
that d.(x,y) = |sin 6| with the angle § € [-7,+7] between x and y since

2 2 2 2 21 12] w212
(1.2) [xAYI™ =1l Iyl™ = Gey)™ = I[Py [ sin 6|
where (-,-) is the usual Euclidean inner product and || - || is the usual Euclidean
norm.

Now let us introduce the counting function of rational points that are contained
in an adelic neighborhood of a given point.

Definition 1.3. Let n,d € Z>; and suppose d < n (so that general members of
Vg4, are smooth Fano varieties).

. o e . 1
(1) For # € P*(Q) with primitive homogeneous coordinates x € Z"*", we define
H(z) = [Ix]|"* 7,

where || - || is the usual Euclidean norm. Note that when restricted on a hyper-
surface of degree d, this is the multiplicative height function associated with
the anti-canonical divisor.

(2) We write

IT o1

pEMy

o, = 1 for all but finitely many p

__ . —€
Up—p

=1 (o), € [ (0.1]

» with some e, € Z~q for all p < oo
peMy P >0 p

For o = (0,), € H;GMQ(O7 1], we write

o,=p » forp< oo

and set
e q(o 1
i=ao)= T[ v a=al0) =22 = ] +
pEMy e peEMy P
p<oo
and

Suppo = {p € My | o, < 1}.
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(3) For g = (fp)peMQ € I_IpeMQ Pn(@p) and o = (Up)pEM@ € H;e]\/l@ (07 1]7 we let

BX(&U) =3n= (np)pEM@ € H Pn(@p) dp(fpa 77;1)) < Op for all p € MQ )
pEMy

which we call the adelic ball centered at £ of radius o.
(4) For VeV, ,, B>1 and an adelic ball B ({,0), we define

(1.3)  Ny(B;{,0)=4#{z € V(Q)| H(z) < B and z € By(£,0)},
where we identify 2 € V(Q) with its embedding to HpeM@ P™*(Qy).

We are almost ready to state our first main theorem. The Riemann zeta function
is denoted by (. The Euler’s totient function is denoted by ¢, and the k-th Jordan
totient function is denoted by J:

ROETS H(l - plk>

and ¢(q) = J;(q) for positive integers q. The volume of unit ball in RY for N e Z>q
is denoted by V). The following is our first main theorem.

Theorem 1.4. Let n > d > 2 with (n,d) # (2,2), £ = (§,)penm, € HpEM@ P"(Q,)
and 0 = (0,)pen, € H;eMQ(O, 1]. For A,B > 1 and ¢ > 0, we have
Z NV(Ba 57 0) = éd,n(fa U>ANd’n_1B(1 + Rd,n(A7 Ba 57 U))

VeV, ,(A)
with the error term R, ,,(A, B;§, o) bounded as
Ryn(A, B;&,0) < (@A™ +qB ™7 + A~ Buwsitr=a 4 gt 4~ gariza) p°
provided

d+1 n—1 d

A> max(% B DnF1=4) | qu(anl)(n#»lfd)) and B> qn’

where the coefficient CN'd’n(f ,0) is explicitly given by

— VNd,nfl Qnd,n(éoo; Uoo)‘)o(Q)
© 4AC(Nay = 1) Jnga(@)C(n+1) 7

Wy (€oor Toc) = / dx

6rt1(E00sT00)NBry1(1) ||Vd7n(x) ||

éd,n(gv 0)

with a homogeneous coordinate & € R™ " of ¢ (for other notation, see Section 2)
and the implicit constant depends only on d,n,e. In particular, we have

Gl o) = 2220 ola) 1

Jnia(e) ~ q d"
where the implicit constant depends only on d,n, €.

Remark 1.5. For the last assertion, use (6.2) to see Wy ,,(§r 0o0) X Tno-

Remark 1.6. In Theorem 8.3 below, we indeed have a better error term estimate
than Theorem 1.4. We simplified the error term in Theorem 1.4 by making some
error terms larger keeping the admissible range of A, B, q.
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When a hypersurface V' has no adelic points z = (z,) € [],¢ My V(Q,) that

satisfies the same conditions in (1.3) except the height bound, that is, d,(z,,&,) <
o, for all p € My, we automatically have Ny (B;&,0) = 0. From this viewpoint, it is
natural to consider the average of Ny (B; ¢, o) over the following set of hypersurfaces
rather than V

Ve (g, 0) = {V € V,,, | ¥p € My, 3n € V(Q,) such that d,(n,,) < o, }.
For A > 1, we also introduce the set of such hypersurfaces with height < A:
Vin(4:€,0) = Vin(6,0) N Vy,(4).

Our second main theorem is to give an asymptotic formula of the size of this set.
To state the theorem, let us introduce some notation.

A point a € IPNJ"”_l(Qp) corresponds to a homogeneous polynomial of degree d
up to non-zero multiple via (1.1). One of such polynomial is denoted by f,. Then
V., (f,) depends only on a. By the assignment a — V. (f,), we identify

{Hypersurfaces in Py of degree d} = IP’Nd'"'fl(Qp).

Having this identification in mind, we set

3 € V,(£.)(Q,) such that}
dp (777 gp) < Op

This is the locus consisting of hypersurfaces that admit a Q,-point close to the

given point &,. It is easy to see that this set is closed with respect to the strong

topology coming from Q,, cf. Section 10.1. The density of this set with respect

to the standard probability measure on IF’Nd*"_l(Qp) is denoted by p,(§,0). See
Definition 10.3.

Theorem 1.7. Let A > 1. Let € € HPGM@ P"(Q,) and o € H;GM@(()’ 1]. Let us

write

Zp(&;0) = {a e PMnTH(Q,)

VvNUl,71 HpEM@ pp(ga U)

#Vis (A €,0) = AN (14 R(A;€,0)).

2¢(Ng,n)
If
(1.4) A>q and A > q((loglog3q)(log24)) ™2 |
then we have
(1.5) R(A;€,0) < ! log l?f 34

log ? log log ? q

Here the implicit constant in (1.4) is an absolute constant and that of (1.5) depends
only on d,n. Moreover, the size of the coefficient of the main term is
VNd,n HpEJVIQ pp(ga J) _ 1
2<(Nd7n) q
where the implicit constant depends only on d and n.

Remark 1.8. It has been proven that positive proportion of hypersurfaces admit
adelic points [16, Theorem 3.6]. The above Theorem 1.7 can be regarded as a
generalization as well as a quantitative version of this result. The key ingredient of
the proof of [16, Theorem 3.6] is [15, Lemma 20]. The proof of Theorem 1.7 goes
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the same line, but we have to deal with additional parameters & and o and make
implicit constants independent of them.

By combining Theorem 1.4 and Theorem 1.7, we can obtain the following corol-
lary on the least height of the rational point satisfying the same condition as (1.3)
on almost all hypersurfaces:

Corollary 1.9. Let n > d > 2 and (n,d) # (2,2), £ € HPGMQ P"(Q,) and o €
1_[261\/[@(07 1]. For A>2,0< 6 <1 and ¢ > 0, we have

M(V;&,0) =min{H(x) |z € V(Q) and d,(z,&,) < o, forallp € S} > 59" A

forall V ¢ V:%(A; &,0) but at most < 5|V£§Z(A; &,0)| exceptions provided

qmax(9,1)+a
1. A> —— —
(1.6) >
with

n?—1
2n—1)(n+1-d)—d’

where the implicit constant depends only on d,n, €.

0 =0(n,d) =

Proof. We may assume A > Cq1+s for some constant C' depending on d, n, € since
otherwise the assumption (1.6) implies 6 > 1/C, so the assertion is trivial. This
ensures all assumptions of Theorem 1.7, so we can apply Theorem 1.7 to the current
setting. Assume A > q'7°/5. Take B = 6q" 'A. We then automatically have
B> q"" since A > q'*°/5. We use Theorem 1.4. To this end, we need to check

d+1 n—1 d
(1.7) A> maX(B CrID(F1=d)  q2n-1 BEn=-D(nFi-d) )
Since B =6q""'A < q" ' A, we have
A> B(%H?&lﬂ—d) — A> (q"‘lA) T D = A> q91

with
(d+1)(n—-1)

S e D l—d =+ D)

We also have
A>T BETGITS e= A > T (q0 )@ = A > ¢
with
0. — n® -1
2T 2n-1D)(n+1—-d)—d
Note that n > d > 2 implies

0. — (d+1)(n—1)
YT 2n-1)n+1-d) —d+2(n+1—d)—1
(n+1)(n—1)
“@2n-1)(n+1-d)—d
and so (1.7) is assured by (1.6). By Theorem 1.4 and Theorem 1.7, it suffices to

show that the error terms in Theorem 1.4 are all < B~ ¢, which is assured by (1.6)
again. [

:02:
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Remark 1.10. In Corollary 1.9, we have
0<1 <= n*—1<C2n—1Dn+1—-d) —d < n>2d—1.

Thus, the conclusion of Corollary 1.9 holds only assuming A > q1+5 ifn>2d-1.
On the other hand, since #(n,n) = n+ 1, the exponent 6(n, d) is not bounded with
respect to (n,d) without restriction.

Outline of the proof of the main theorems. The proof of Theorem 1.4 mainly
follows the argument of le Boudec [14] as we do in Section 8. Our starting point
is a swap of the summation over hypersurfaces and rational points, which reduces
the problem to the lattice point counting as in the last line of (8.1). This gives
a decomposition (8.2) of the left-hand side of Theorem 1.4 into the main term T
and the error terms E;, E, defined by (8.3). To deal with these terms, in Sec-
tion 5, we prepare lattice point counting results with local conditions caused by the
weak approximation. The archimedean condition can be dealt with the result of
Barroero-Widmer [1] (Lemma 3.8) and some simple volume estimates given in Sec-
tion 4. For the non-archimedean conditions, a straightforward treatment produces
a too large error term, so we overcome this difficulty with an averaging trick over
units (Lemma 5.6). By using these results, we can prove an asymptotic formula for
the main term 7T in Section 6, and we can easily bound the error term E, as in (8.5).
For the error terms E;, we need to control the largest successive minima of the rel-
evant lattices. With the weak approximation, the pointwise bound of the largest
successive minima due to le Boudec [14, Lemma 5] is not enough anymore. We
thus introduce the method of Browning—le Boudec—Sawin [4, Section 3] to prepare
a statistical result on the largest successive minima (Lemma 7.9 with Lemma 3.6).
We moreover need to keep track of the effect of the weak approximation, which
causes a new difficulty, as we do in Section 7.

The strategy of the proof of Theorem 1.7 is as follows. We divide #Vf%(A; £,0)
as in (10.2), with a parameter P which we optimize at the last step of the proof

according to the form of the estimates for M (A, P) and E(A, P) we obtain. The

main term M (A, P) counts points in Z 5 that are contained in certain p-adic

regions for small p and p = co. Roughly speaking, the p-adic region corresponds to
the set of hypersurfaces with p-adic points. To count the lattice points contained
in them, we approximate the regions by p-adic balls for p # oo, which is done in
Section 10.1. To bound the error term E(A, P), we use the Ekedahl sieve method.

For a point a € Zﬁi‘ffﬁ”]', the condition “Ip € (P, 00), [a] ¢ Z,” can be interpreted to
containment in some algebraic subset NIP,,, of codimension at least two modulo
p. This follows essentially from the Lang-Weil estimates; see Section 9. Thus, we
can use a standard Ekedahl sieve type method, but here we also need to make the

estimates independent of ¢, 0.

Organization of the paper. In Section 2, we summarize our notation. In Sec-
tion 3, we review several facts on geometry of numbers including some basic theories
and introduce a theorem on lattice point counting due to Barroero and Widmer.
In Section 4, we prove several estimates of volumes of subsets of Euclidean space,
which we use later to count lattice points contained in them. In Section 5, we prove
several asymptotic formulas of counting functions of lattice points with semialge-
braic and congruence conditions. In Section 6, we prove lemmas that we use in
the proof of Theorem 1.4. The estimate in Section 7 is our core calculation. In
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Section 8, we prove our first main theorem Theorem 1.4. Section 9 is a preparation
of the proof of our second main theorem Theorem 1.7. In Section 10, we prove
Theorem 1.7.

Acknowledgements. The authors would like to express their sincere gratitude to
the referee for helpful comments and suggestions, which significantly improved the
paper’s readability. This work was supported by JSPS KAKENHI Grant Numbers
JP19K23402, JP21K13772, JP22K13903.

2. NOTATIONS AND CONVENTIONS

Besides notations and conventions introduced in Section 1 and will be introduced
in the latter sections, we use the following notations and conventions.

Throughout the paper, d and n denote positive integers. We also use M, N
to denote non-negative integers, which are used for the dimension or the rank of
certain vector spaces or modules. The letter p denotes prime numbers or oo unless
otherwise specified.

Let p(n) be the Mobius function, 7(n) be the number of positive divisors of an
integer n, p(q) be the Euler totient function and

Jla) = qu<1 - 1)

plq p
be the Jordan totient function. For integers a,b,...,c, we denote their greatest
common divisor by (a,b,...,c). When confusion with tuples may occur, we write

instead ged(a, b, ..., c).

For an integer n and a positive integer ¢ such that (n,q) = 1, we write 7 (mod q)
be the multiplicative inverse of n (mod ¢) in Z/qZ. The symbol

> ad  J
w (mod q) u (mod q)
denote the sum and union over all reduced residues u (mod g), i.e. units of the ring
Z/qZ. The symbol
>

NyyeeesNy
denote the summation where the summation variable runs over suitable dyadic
sequences of the form n; = Qkiai with k; € Z and a positive real number a;.

Let V' be a real vector space. For S C V, we let Sg be the R-subspace of V'
spanned by S and RS := {az |a € R and z € S}.

Let V be a real metric vector space of dimension r, i.e. a real vector space of
dimension r with an inner product. We use the following notation.

e For R > 0, we set By (R) :={x €V | |x|| <R}

e voly, is the measure corresponding to the Lebesgue measure on R” via an
isometric isomorphism V ~ R". This is independent of the choice of the
isometry.

e ForueVand 0<o <1, welet

Gy (u,0) :={xeV|[xAul <olx][ul},

Gy (u,0) = {x € V| [(x,u)| < o[x][[[ul}} .
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Here note the the metric on V naturally induces a metric on A” V.

We always use the Euclidean inner product (-,-) and the Euclidean norm || - ||
to define the metric vector space structure on RY and its subspaces. For RN, we
simplify the above notation as follows:

By (R) =Byv(R) = {x e R" | |x|| < R},
voly denotes the Lebesgue measure on RN,
Cn(u,0) =6 (u,0),
6 (u,0) =6y (u,0).
We set voly(R?) = 1. Note that if u # 0, we have
Gy (u,0) = {x € RV \ {0} | du(x,u) < o} U {0},

s
2
The set of primitive vectors in Z is denoted by Zé\iim:

This is the cone with axis Ru of angle 6 € [0, 5] with sinf = o.

Zhim = {x = (x1,...,2x5) € Z" | ged(zy,...,zx) = 1}.
More generally, for a free Z-module M of finite rank, we write

My = M\ | J dM,
d>2
which is the set of all primitive elements of M.
For a finitely generated Z-module M, M,.,, denotes the torsion part of M.
We use the Veronese embedding given by

(21) Vin: Rn+1 - R‘/%d)n ) (an s 7xn) — (M(xOv cee 7xn))M€/%d n'
Note that we have

d
(2.2) [Va,n () < [I%[7 < dl|vg ., (x)]l,

which can be seen by squaring and expanding |[|x||%.

Let K be a field. For a € K"\ {0}, we denote the point in P"(K) with
homogeneous coordinates a as [a].

We use Landau’s symbol “O”, Hardy’s symbol “<” and Vinogradov’s symbol
“<” in the standard way. The dependence of the implicit constant on a,b,...,c
is denoted by subscript, e.g. “O,y . " “Sgp,.. or “K,p . . If Theorem
or Lemma is stated with the phrase “where the implicit constant depends on
a,b,...,c”, then every implicit constant in the corresponding proof may also depend
on a,b,...,cunless otherwise specified.

3. PRELIMINARIES ON GEOMETRY OF NUMBERS

In this section, we recall some definitions and known results in geometry of
numbers. As a standard reference, see e.g. Cassels’s book [5] or [6, Chapter 12].

A lattice A ¢ RY of rank r > (0 is a Z-submodule of RY of the form A =
Zvy + -+ Zv,, where v{,...,V, € RY are vectors linearly independent over R.
For a lattice A ¢ RY, let the determinant det(A) be the r-dimensional volume
with respect to the induced metric on spang(A) of the fundamental parallelepiped.
When A is 0, we set det(A) = 1. We say a lattice A C RY is integral if A c Z".
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For a lattice A C RN, we say a sublattice I' C A is primitive with respect to A
if the quotient module A/T" is torsion-free over Z. When A = ZN, we just say I is
primitive.

Consider a lattice A C RY of rank r. We let

Ai(A) = inf{X € Ry | dimspang(ANBN(N) >3} (i=1,...,r),
which are called the successive minima of A.
Lemma 3.1 (Minkowski’s second theorem). For a lattice A € R" of rank r,
det(A) = Ay (A) - A, (A),
where the implicit constant depends only on r.

Proof. See Theorem I of Chapter VIII of [5, p. 205]. O

For a lattice A C RN, its R-span is denoted by Ag.

Lemma 3.2. Every lattice A C RY of rank r > 0 has a Z-basis (Vi,...,V,) with
the following properties:

(1) We have ||v;|| < N\;(A) fori=1,...,r.
(2) Forv =1,...,r, the sublattice A, := Zv, + - -- + Zv,, C A satisfies

det(A,) < A (A) -+ AL (A).
(3) For the orthogonal projection m : RY = (A,)r @& (A& — (A&, we have
7 (v = A(A) forl<w<i<r.

(4) For any zq,...,x, € R, we have

T T
Szl = 3 fadIvill
=1 =1

where the implicit constants depend at most on r.

Proof. This is essentially Lemma 12.3 of [6, p. 78]. By sending A through some
isometry Ap — R" and by dilating, we may assume N = r and det(A) = 1. We
may further rotate R” without loss of generality. By Lemma 12.3 of [6, p. 78], after

a suitable rotation, we can take a basis (vq,...,v,.) such that
T

VlT V11

Vo V21 V21
(3.1) =

V;J: Up1 Up2 = Upp
and
(3.2) [[vill < vl < A;(A) fori=1,...r.
We then check such chosen (vq,...,v,) satisfies the claimed conditions. The con-

dition (1) is nothing but (3.2). For the condition (2), it suffices to see that (3.1)
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and (32) giVeS det(Al,)2 = det( Uij)lgi,jgu)Z = ("U11| cee |’UVV|)2 = (Al e Au)z. For
the condition (3), we see that (3.1) gives

1, T
Trlj_(v%-'rl) Uyt1,v+1
Ty (Vu+2) Vy42,041 V42,042
. - . . 9
1,.T
T, (V,,n ) Ur,u+1 Ur,l/+2 ot Upp

s0 (3.2) implies X;(A) < |vg;| < |75 (vi)|| < [|[vill < A(A) for v < i < r.
Finally, we prove (4). By the triangle inequality, we have ||}7_; z;v;|| <

iy |lzill|vill. Take ig € {1,...,7} such that |z; |||v, || = max; |z;|[|v;||. Then
S Vil v | )
x| [|vill < rleg |||v x| m——
gt % ill = 10 10 20 HlS?ZST )\Z(A)
i#ig

where we use (1) and Minkowski’s second (Lemma 3.1). Note that
<L
det(A) = |det(vy -+ v,)[ = |det(vy -+ Vi - v,
< fvall-- 195l lvell < TT M) - 11951,

1<i<r
iy
where v; =v; + Vfo with v; € > 1<i<r Rv; and Vfo € Oi<i<r Rvi)L. Here we
e i#4g
use (1) for the last inequality. Thus

T
~1
D lzilllvill < fai, 195
i=1

~ <L
Slevi+- vy + oy o v =

T
E Tiv;
i=1

This completes the proof. O

For a non-zero integral vector ¢ € Z" \ {0}, we define
Ae = {X € z" | <C,X> = 0}7

which is a primitive integral lattice of RY of rank N — 1. For integral vectors
Cy,...,C, € ZN, let 4(cy,...,c) be the greatest common divisor of determinants
of k-minors of the N by k matrix (c; - - - ¢;). We have the following;:

Lemma 3.3. For vectors cq,...,c; € zN linearly independent over R, we have
det(Z e+ 7
det(Ae, M-~ NAg,) = et(Zey + -+ Ck).
Gler, - on)

Proof. See [14, Lemma 4]. O

My,

prim
(3.3) det(Ay, x)) = IV (X
For an integral vector ¢ € zZ" and g € N, we also use the (mod ¢) analog

A = {xeZ" | (¢,x) =0 (mod ¢)}

n+1

For x € Zpyim, since vg ,(x) € Z Lemma 3.3 gives
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of A;, which is an integral lattice of rank N.

Lemma 3.4. For an integral vector ¢ € Z" and qeN,

det(A) = gl and M) < <A <4
Proof. We may assume ¢ # 0. Take A € GLy(Z) satisfying
A= (d VN 0) (mod ¢q) with d:= ged(c,q) and u € (Z/qZ)",
which is possible by considering the Smith normal form. We then have
AP = A {xezV| (d-u 0 -+ 0)x=0 (mod q)}
=A-(Ze, +Zey +--- +Zey),
where eq, ..., ey are standard vectors. Therefore, we have
det(AL”)? = det(4)*(2)? = (%)® andso  det(A) = 9.
For successive minima, it suffices to note that ge;,...,qgey € qZN C qu) czN. O
Note that

x € V(@) <~ ay € Ayd,n(x)

when x € Z" is a homogeneous coordinate of . Thus, when taking average over
V', the main difficulty lies in counting points of A,,d’n(x) and its dependence on x.
As a key tool for studying the successive minima of A,jdyn(x), we use a result of
Browning, le Boudec and Sawin [4]. We recall the following quantity defined in [4]:

Definition 3.5. Forx € Z"™ and 1 <r <n+1, let
0,(x) == min{det(A) | A € Z"" is a rank r integral lattice with x € A}.

It is clear that 1 < 0,(x) < ||x|| since we can use some r — 1 vectors in the
standard basis together with x to generate a rank r integral lattice of determinant
< ||x|| and since the determinant of integral lattice is a positive integer. By using
0,(x), we can bound the largest successive minima ANd,n_l(A’/d,n(x)) as follows:

Lemma 3.6 (Browning-le Boudec-Sawin). For x € Zgr"{él, we have

: [l
A A <m .
Ndm—l( vd,n(x)) > m<n02(x)’”X”

Proof. See Lemma 5 of [14] and Lemma 3.15 of [4]. O

Following Schmidt [19, Section 2], we introduce quotient lattices. Let I' be a
primitive sublattice of a lattice A C RN, and let m: RY — I‘f@ be the orthogonal
projection. By the primitivity of I', this projection induces an isomorphism A/I" &
m(A). By this isomorphism, we identify the quotient module A/T" with a lattice
7(A) € RY. Such a defined lattice A/T' = 7(A) is called the quotient lattice. We
then have rank(A/T") = rank(A) — rank(I") and

(3.4) det(A/T) = jﬁtgﬁ;

As usual, for A/T = w(A) C ', we use the metric structure inherited from R” via
. . i N
the inclusion 'y C R™.
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Let us conclude this section by recalling a recent result by Barroero and Widmer
on lattice point counting [1]. It provides an asymptotic formula of the number
of lattice points contained in semialgebraic sets which is applicable uniformly over
lattices and semialgebraic conditions varying semialgebraically. Note that Barroero
and Widmer work with general o-minimal structures containing semialgebraic sets,
but for our purpose, the semialgebraic sets are sufficient.

Definition 3.7. For a linear subspace W of a real metric vector space V', consider
the orthogonal projection 7y, : V' — W. For a semialgebraic set A C V, let

VD(A) = Vu,V(A) = sup VOIW(WW(A))
W :subspace of V'
dim W=v
(This is V,,(A) of Barroero-Widmer [1].)

Lemma 3.8. Consider a semialgebraic set Z C RM*N with M, N € N such that
for any T € RM, the fiber Zp == {x € RY | (T,x) € Z} is bounded. For any
T € RM and any lattice A C RY of rank r, we have

VOIAR (AR n ZT)

#(AmZT)—JrO( >
o<v<

Voa,(Ar N Z)
det(A) ’

M)A
where the implicit constant depends only on Z.

Proof. For the full-rank case r = N, this is Theorem 1.3 of Barroero Widmer [1,
p. 4936] with semialgebraic sets as the o-minimal structure of the theorem except
that we bound V,(Zy) of [1] by V,,(Zy) defined by Definition 3.7. Note that semi-
algebraic sets forms an o-minimal structure by the Tarski-Seidenberg theorem (see
e.g. [20, Corollary 2.11, p. 37]). When r < N, consider the semialgebraic set

Z ={(®,T,x) e R xR xR" | ® € Oy, and (T, ®(x)) € Z},

where we identify RN with the set of N x r matrices, and Oy ,. is the set of N xr
matrices @ satisfying ®* - ® = I,. For any (0, T) € On,, X R by identifying
® € Oy, with the isometry R" — RY: x — @ - x, we have Z@’T) = & (Zyp),
which is bounded. Thus, by taking an isometry ®,: R" — A C RY and noting
that ®,'(A) is a full-rank lattice of R” with the same determinant and successive
minima as A, we can apply the assertion for the case r = N to #(A N Zyp) =
#(@ (AN Z(%,T)) to obtain the assertion for the case r < N. O

4. PRELIMINARY LEMMAS FOR THE ARCHIMEDEAN PLACE

We use Lemma 3.8 to separate the effect of archimedean restriction like the
condition du.(x,&) < 04 in (1.3). In this section, we prepare some lemmas to
estimate the volumes which appear in the application of Lemma 3.8.

Let us fix N € Zsy, § € R™\ {0} and & € (0,1] throughout this section.

Lemma 4.1. We have

Vol (63(6,0) Ny (1)) = 2V [ (11 1)

N

T () )T RN

= 2<N]\;1>VN10 exp(0(6?)) = o,
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where the implicit constant depends only on N.

Proof. Since £ # 0, we can take an orthonormal basis ey, e ...,ex_; with ¢y ==

&/||€]|. Let us parametrize x € RY as x = heg+1y1€1 + - +yny_1en_1 and write
y = (yh e ayN71)~ ‘We then have

x € 6N (&0)NBy(1) <= (&%) < olx][€]l and [x] <1
(4.1) 1\ 2 , , ,
— (<0> —l)h <|yl><1-n2

By (4.1) and by noticing
1 2
((5) -1)esmir<i-n = <o
g

we have the first equality

voly (64(6,0) N () =2y [ (=48 = (12 = )WY

The second equality follows from the first equality if o is sufficiently small and it
is trivial if o > 1. The last estimate is clear. (]

Lemma 4.2. We have
2

voly (€N (§,0) NBN(1)) = NVNAUI\F1 exp(O(c?)) < o™,

where the implicit constant depends only on N.

¢

Proof. By (1.2), we have
N 1L 2,1
voly (6n(€,0) NB (1)) = voly (R \ 6N(E, (1 —07)2)) NBy(1))
= Vi — voly (x5 (& (1 — o)) NBy(1)).
Therefore, for sufficiently small o, by Lemma 4.1, we have

voly (6x(&,0) N By (1))

1

(1-0)% . _
—Vy— 2VN_1/ ((1 R N N hN_l)dh
0

l—0o

2 _ _
= NVN_loN 1(1 + 0(02)) =N
as claimed. When o > 1, the assertion is then trivial. O

Lemma 4.3. Let W C RY be an R-subspace of dimW =v > 1, m: RY — W be
the orthogonal projection, and 7 = |7 (€)||/||&€|l € [0,1]. Then, for X > 0, we have

v 1 v
voly (m(€n(€,0) N BN (X))) < (;—&—1) (0X) <<;.(O'X) ,
where the implicit constants depend only on v.

Proof. Take x € 6 (€,0) NBx(X)\ {0} arbitrarily. Decompose x as

- _ (%8

(4.2) X=X+%X" with X= H£H2£€R£ and X" e (RE)™.
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We then have [|[X5||> = [|[x A €]]2/[|€]|*. Since x € 6 (&, 0) NBx(X), this gives
(43) 174 < oX.

We now consider two cases according to whether 7 = 0 or not.
When 7 = 0, i.e. 7(€) = 0, by (4.2) and (4.3), we have ||7(x)| < ||=(X")| <
|X*|| < 0X. This shows m(6€x(€,0) N Bx(X)) C By (6X). Thus,

vol, (m(6xn(&,0) NBN(X))) < vol, (B,(0X)) < (6X)” = (; + 1) (o X)".

This proves the assertion when 7 = 0.

We next consider the case 7 > 0. Decompose m(x) orthogonally as
(4.4) m(x)=y+y" with yeRr(€) and y' e (Rr(€))".
By (4.2) and (4.4), we have

~ ~1 ~ ~L

Iyl < lle G < lmG) I+ &I < I G)I + %]
By using the definition of 7 and (4.3), we have
~ ~1 ~L
(4.5) Iyl < 7lIxl + (X7 < 7l + X7 < (7 + o) X.
Since 7(X) € Rw (&), by using (4.3) and (4.4), we have
1L ~ 1 ~L ~1
ly 1% < Il (®) = ylI* + Iy 11 = [ln(x)|* < %)% < (0X)?

and so
(4.6) Iyl < oX.

Since the assumption 7 > 0 implies 7(&) # 0, by using (4.6) and (4.5), we have

volyy (1(6x (€,0) N By (X)) < /| s ( /| s dyL)dy

< (aX)"l/l dy < ((’; + 1> (0X).

This proves the assertion when 7 # 0. O

ylI<(r+0)X

Lemma 4.4. Let W C RY be an R-subspace of dim W = v > 1. Write
(4.7) E=E+€&" with €W and €- e W

Let 7= ||€]|/lI€]l € [0,1]. We then have
(i) When 0 <72 < 1—0°, we have €y (€,0) N W = {0}.
(i) When 1 — al<rt< 1, we have

Cn(€,0)NW C Gy (€,5),
where o € [0, 1] is defined by
ol +77 -1

~2 . - 5 ifT>O,
g = T

1 if 7 =0 (and so 0 = 1),
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In particular, we have
= W ifo=1,
and

E#£0 = €x(£,0)NW C 6w (E 0).
Proof. Take x € 6 (&,0) N W arbitrarily. By (4.7), we then have

(x,€) = (x,8).
Therefore, by recalling x € €5 (&, 0), we have
I A& =[x A&l + I 1E11 — (1)1
< o |Ix*l1EN + IxI*M1€1* — IxI*l1EN* = (o + 7 = DlIx[*[1€]1*.
and so
(4.8) 0< xA€]” < (o + 72 = V)Ix]?[1€]*.

When 0 < 72 < 1 — 67, by (4.8) and ||£]| # 0, we should have ||x|| = 0 and so
(i) holds. When 7> = 1 — o2 and o < 1, by (4.8), we have x € 6€yy(£,5) since
||x/\g|| = 0 in this case. When 72 =1— 02 and ¢ = 1, we have x € W = €y (£,5)
since & = 1 in this case. When 1 — ¢ < 7 < 1, since 7 > 0, by (4.8), we have

2, 2
12 o +717 — 1 211
N e ) A8
T
so that x € %W(E, 7). Therefore, (ii) holds as well. O

5. LATTICE POINT COUNTING WITH LOCAL CONDITIONS

In this section, we prepare some asymptotic formulas of the number of lattice
points satisfying given semialgebraic and congruence conditions. In order to deal
with various types of semialgebraic conditions at the same time, we introduce a
class of semialgebraic sets defined as follows:

Definition 5.1. A semialgebraic set Z C RM+N

of homogeneous sets if for any T € RM, the fiber
Zpr = {xeRY | (T,x) € Z}

is called a semialgebraic family

satisfies cZp = Zg for any ¢ € R™, i.e. the fiber Zy is invariant under dilation. In
other words, if (T,x) € Z and ¢ € R™, then we have (T, cx) € Z.

We use the following terminology.
Definition 5.2. Let A be a free Z-module of finite rank r > 0. For ¢ € A and
q € Z>1, we say c is g-primitive if the following holds:

cedhandd|q¢q = d=1.

Remark 5.3. Under the notation of Definition 5.2, the following are equivalent:

(1) The vector c is g-primitive.

(2) Either ¢ =0 and ¢ = 1, or ¢ # 0 and if ¢ = Iv for some [ € Z and primitive
v € A, then (I,q) = 1.

(3) Either c=0and ¢ =1, or ¢ # 0 and (#(A/Zc¢)ors-q) = 1.
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(4) Either ¢ =0 and ¢ = 1, or ¢ # 0 and the image of ¢ in A/gA can be extended
to a Z/qZ-basis of A/qA.
We use the following notation for the volumes used below.
Definition 5.4. Let A C I' ¢ RY be lattices. For ¢ € I',geN,and Z C ]RN, let
V(c,q; Z) = V(A Tsc,q; Z) = voly, (spang (AN (c+ ¢I)) N Z NBy(1)),
B, (c,q;Z2) =V, (A T5¢,¢; Z) =V, a, (spang (AN (c + ') N Z N By (1)).
Note that if AN (c+ ¢I') # @, then
U(c,q; Z) =volp (ZNBx (1)) and B, (c,q;Z) =V, 2, (ZNB, (1)).

Lemma 5.5. Consider a semialgebraic family of homogeneous sets Z C RMN
with M, N € N, a lattice ' C ]RN, and its primitive sublattice A of rank r > 1. For
XZO,TERM,CEFanquN, we have

N =#(AN(c+ql)NZp N BN (X))
(

Qg(caQ;Z;F))(T < qu CaQa2;F))(V )
= =T 40 > +Q+9R),
q" det(A) 1;”;#1 1(A) - A (A)
where
Q= Ixsgn, ()
U(c, q; Zp) X"

R = Lpn(crar)nzen®B o (X)2o T Lxcgr, (a) X 7 det(A)
and the implicit constant depends only on Z and r.

Proof. We may assume AN (c + ¢I') # & since otherwise the assertion is trivial.
Since we can shift ¢ by the elements of ¢I' without changing ¢ + ¢I', we may
assume ¢ € A without loss of generality. Then, for any x € AN (¢ + ¢I'), we have
2(x—c) € (3A) NI = A by the primitivity of A, so AN (c+¢I') = ¢+ gA.

We first consider the case X > gA;(A). We have

N=#((c+qgM\)NZpNBN(X)) =#(¢AN (Zx NBy(X) —¢)).
Therefore, by considering the semi-algebraic set

7= {(c,T,X,x) eRY x RM x R x RY ‘ X € Zp N By (X) —c},
we have
(5.1) N =#(qAN Z(C,T,X))a

where Z(C,T,X) is as in Lemma 3.8. Also, for any (¢, T, X) € RYTMHL the fiber

Z(C7T7X) is bounded. Thus, by applying Lemma 3.8 to (5.1) with noting that
det(gA) = ¢"det(A) and N (gA) = g)\;(A) fori=1,...,7r,

we obtain

L. (AgNZ V,oa (Ag N Z,
_ vol,.( E{ (c,T,X)) 0 Z ul//\R( R (c,T,X)) 1),
q det(A) g A(A) A (D)

1<v<r
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where +1 corresponds to the term for v = 0 of the sum in the error term. Since Z
is a family of homogeneous sets, we have

vol,.(Ag N E(C,T,X)) =U(c,q; Zp) X", V,p,(AgN Z(C,T,X)) =9,(c,q; Zp) X"

and Q = 1 in the current case, we obtain the assertion if X > gA;(A).
We consider the remaining case X < gA;(A). In this case, we have

N K LpA(c4qD)NZpnB § (X) 42

since two distinct elements of ¢+ gA are > g\ (A) apart. Thus, since the error term
R dominates all the other terms, the assertion trivially holds if X < gA;(A). O

The approximations at finite primes corresponds not to a single residue class
¢ (mod ¢) but to a union of residue classes uc (mod ¢) over the units u € (Z/qZ)™
since we count projective points. Thus, we need to take a sum of the asymptotic for-
mula of the type given in Lemma 5.5. If we have the error term O(1) in Lemma 5.5,
this error is piled up to O(¢(q)), which is too large for our purpose. We overcome
this defect by using the following averaging trick:

Lemma 5.6. Let A C RY be a lattice of rank r > 1. c€ A and g € N such that c
is g-primitive and a + % y(T) be a ball centered at a € R™ with radius T > 0. If
T < CqA(A) with some C > 1, then we have

T
Ne= > > 1<<A1(A)+1,

u (mod q) x€a+%B 5 (T)
x€Euc+gA

where the implicit constant depends only on r and C'.

Proof. We prove the assertion by induction on the rank r.
We first consider the initial case » = 1. Since c is g-primitive, for a given x € RN,
there are at most one u (mod ¢) with x € uc 4+ gA. Thus, we have

N= Y Yol Y L

x€a+B N (T) u (mod q) xca+%B(T)
x€uc+qgA xXEA

By using Lemma 3.8 here, we have the claimed bound for the case r = 1.
Assume that r > 2 and that the assertion holds for the rank » — 1 case. Take a

Z-basis (vq,...,v,) of A as given in Lemma 3.2. Write
c=c¢vi+--+e¢ v, withep,...,c, €Z and C:=cyvy+---+c,V,.
We then have ged(cq, ..., ¢,,q) = 1 because ¢ is g-primitive. Also, write

x=x1vi+y €A a=av; +b+at
with
1 €Z, a €R, yEK, bEK]R7 K::sz—i—---—i—ZvT and aLEAfg.
By (1) and (4) of Lemma 3.2, if x € a + B (T), we have
T >|x—all = |[[(z1 —a)vi + (y = b)| > |z1 — ay[[[va]| > |21 — a1] A (A)

and so

— < 1 —
|$1 a1| S ClU with U )\I(A)
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for some C; € R with 1 <} < 1. Note that a; depends only on a and the choice
of the Z-basis (vq,...,v,), so it is independent of x and T". We then have

TE SIS >

u (mod q) [z;—a,|<C U ye—zvi+a+By(T)
@1 =uc; (mod q) yEuS+gA

Since 2, = uc; (mod q), we can write x; = (¢q,¢)&; with & € Z to get

RS > >

|61~ (ol | < ko u (mod q) ye€—(e1,9)61vi+a+%y (T)
P g sl (mod i) yEue+qA
We now write u = §1 o t@ q)v with v € Z/(¢1,9)Z and y = £ (C c+z with
z€ )vc + qA We then have

YERD S > L

c U
1€ — (rl q) L(cll ) v (mod (e1,9)) ge— 51( C (017Q)€1V1+a+%N(T)

2€ oy vc+qA

Thus, we can further write z = (clq—q)i with X € ve + (¢, q)A and get

(5.2) N < Z > > 1,

U d s Xca 19 T
[§1— ((1 q) |7(C11 ) v (mod (c; Q))xfa(ﬁj)+ﬁN(z")
xeve+(eq,q9)A

where a(¢;) = m(—gl (c:j—fq)Ef (c1,9)é1vi+a)and T = ﬁ. By rank A =
r—= 17 ng(CQL' -y Cpy (claQ)) = ng(Ch' s 7craQ) =1land T < C- (Cla )/\I(A) <
C - (¢1,9)A1(A), we find that the two inner sum of the right-hand side of (5.2) can

be bounded by the induction hypothesis. Since A;(A) > A, (A), we thus have

T T
< (omm ) mm 1)
< i + T + T + 1K T +1
g (A (e, M (D) g/(erq) - Ai(A) A(A)
since T' < gA;(A). This completes the proof. |

By taking a sum of Lemma 5.5 with using Lemma 5.6, we obtain the following:

Lemma 5.7. Consider a semialgebraic family of homogeneous sets Z C RM+N

with M, N € N, a lattice ' C RY and its primitive sublattice A of rank r > 2. Let
c € I' and q € N such that c is g-primitive in I'. For X > 0 and T € RM, we have

S #((AN {0}) N (ue + qT) N Zg N By (X))

u (mod q)
¢(9)B(c, ¢; Zp) X" ( (@99, (c,q; Z0)X" o X )
= P 40 g R4 ,
q" det(A) 52, CM(A) A () A(A)

where R is defined by

~ ©(q)W(c, q; Zr) X"
R = Lxcgr, (a) X 7 det(A)
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and the implicit constant depends only on Z and r.
Proof. When X < A;(A), the left-hand side of the assertion is zero and

T T
W(Q)mr(c, 620X ( X ) <« =
q det(A) Ar(A) A(A)
by Lemma 3.1. Thus, we may assume X > A;(A) since other wise the assertion is
trivial. This enables us to replace A\ {0} on the left-hand side of the assertion by
A since this replacement produce an error term of the size < 1 < %
We may also assume AN (c + ¢I') # & since otherwise A N (uc + ¢I') = & for all
u € (Z/qZ)™, so there is nothing to prove. Then, we replace ¢ so that ¢ € A as in
Lemma 5.5, which keeps the g-primitivity of c. We use Lemma 5.5 with ¢ replaced
by uc and take a sum over u € (Z/qZ)”. Note that UV (uc, ¢; Zr) = V(c, q; Zy) for
any u € (Z/qZ)™. The main term is just multiplied by ¢(q) and all error terms
except 2, R are multiplied by ¢(g). It now suffices to show

X
5.3 = 1
(5.3) P(@)Q = (@)L x>, (n) K M)
and
_ * X
(5.4) E = E TAn(uetqD)NZen®B  (X)2o K 7)\1(A)'

u (mod q)
The estimate (5.3) is clear by checking two cases X > gA;(A) and A\ (A) < X <

A1 (A) separately. We thus prove (5.4). If X > gA\;(A), we have E < ¢ < % as
desired. If A\;(A) < X < g\{(A), by Lemma 5.6, we have
X X
E< <5+ -
Z 2 A(A) A(A)

u (mod q) XEB N (X)
xEuc—i—qA

This completes the proof. (I

We also need an asymptotic formula for the number of the primitive vectors.
The next lemma generalize Lemma 3 of le Boudec [14, p. 663] with local conditions
and some minor modification.

Proposition 5.8. Under the same setting and conditions as in Lemma 5.7,

Ni= 3 #(Apm N (e + q0) N Zp N By (X))

u (mod q)
p(9)B(c, ¢; Zp) X"

J,(q)C(r) det(A)
e()V,(c,q;: Zp) X" X x
e <1<l’<7“ ql/)\l(A) T )‘:?(A) * A (A) log()\l(/\) * 2)) ,

where the implicit constant depends only on Z and r.

Proof. As in Lemma 5.7, we may assume ¢ € A, so AN (uc+ qI‘) = uc+qA. Then,

(55) N= 3T X = 3 Y

u (mod q) XEuc+gA u (mod ¢) x€uc+qA LeN
XEAprim XEZr XELA
XEZp o<||x|I<X

lIx|l<x
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By using the condition 0 < [|x]| < X, we get £A;(A) = X\ (¢A) < ||x|| < X. Thus,
by writing x = £y with y € A in (5.5), we further have

(5.6) N=3 we Y Yt

d eA
G o) u (mod q) fyeychrqA
byEZr
o<llyll<%
Since Z is a semialgebraic family of homogeneous sets, we have fy € Zy iff y € Zp.
Since c¢ is g-primitive in T, the conditions (u,q) = 1 and fy € uc + gA implies
(¢,q) = 1. Thus, after a permutation of u € (Z/qZ)”, we can rewrite (5.6) as

N= > @) D #((A\{0}) N (uc+ql) N Zp N By (F)).
(57) €§>\ (A) w (mod q)
(¢, q)
By Lemma 5.7 and (5.7), we have
©(9)V(c, ¢; Zr) X"
L/v qr det(A) Smain

(5.8) X X
+O< E,+ Ex + 10g< +2>),
Z AWV PWEY
where
u 1 (0) (@)D, (¢, ¢; Zp) X"
maln = EU = 1% b
ZX "M (A) N (A)
Z<,\ FEE) £< X (&)
(M)=1

©(q)B(c,q; Zp) X" 5 12 (0) .

FEy =
7 q" det(A) A

X X
< xm

For Spain, by 7 > 2 and Minkowski’s second theorem (Lemma 3.1), we have

©(q)%(c, q; Zr) X" _ 9(@)B(c,q; Zp) X"
(5:9) Fdet(h) mn T Q) det(A) O(MA))'
For F, with v = 1, we have
P X X X
(5.10) By < KZW TASWINIRDWEN k’g(Al(A) * 2)

For E, with 1 < v < r, we have
¢()V,(c.q; Zp) X"
FAA) A ()
For Ey, since r > 2, by Minkowski’s second theorem (Lemma 3.1), we have
P(@B(e, g Zr) X" (W)
q" det(A) X A (A)
On inserting (5.9), (5.10), (5.11) and (5.12) into (5.8), we obtain the lemma. O

(5.11) E, <

(5.12) Egy <

For the ease of readers, we state the special case of Proposition 5.8 without
congruence conditions and semialgebraic restriction as follows:
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Proposition 5.9. Consider a lattice A C RY of rank r > 2. For X >0, we have

#(Aprim N %N(X))
V. X" XV X (X
= S det(d) +O(Z NIVEEPHIVIPHAVE g(w) “))’

where the implicit constant depends only on r.
Proof. This follows by Proposition 5.8 with Z = RNH, g=1l,0=1land T=0. O

We now specialize the above setting to the case where the semialgebraic family
of homogeneous sets is given by the cone € (£, ). With this setting, for simplicity,
we give only upper bound, which suffices for our purpose.

Proposition 5.10. Consider a lattice I' C RY and its primitive sublattice A of
rankr > 2. Let ¢ € I" and q € N be such that c is g-primitive in I". For € € ]RN\{O},
o € (0,1] and X > 0, we have

S #((A\{0}) N (ue + qT) NGy (€, 0) N By (X))

u (mod q)
e(9)(2X)” X
S L L
2<v<r oA (A) A (A) - A(A)

where the implicit constant depends only on r.

Proof. For v € {1,...,v}, let us write
B(c,q; &, 0) = voly, (spang (A N (c + qI')) NEn (€, 0) N ABn(1)),
B, (c,q; €, 0) =V, a, (spang (AN (¢ + ¢I) N6 (§,0) NBy(1)).
For v € {1,...,v}, we first show the bound
(5.13) 0, (c,q;:€,0) < 0"~ ", so particularly, U(c,q;:€,0) <o .
Note that U, (c,q;&,0) < V%AR(AR NEy(&o0)N %N(l)). Let V C Agr be an

arbitrary v-dimensional subspace and consider the orthogonal projection 7y, : Ag —
V. Tt suffices to bound voly (my (Ag N 6x(€,0) N By(1))). In order to apply
Lemma 4.4, consider the orthogonal decomposition § = E + EL with E € Ay and
EL € Aﬁ. When E: 0 and 0 = 1, by Lemma 4.4 with W = Ap, we have

voly (my (Ag N6 (€, 0) N By (1)) = voly (my (B (1)) < 1=0""".
When € =0 and 0 < o < 1, by Lemma 4.4 with W := Ag, we have
voly (my (Ap N6 (€,0) N By (1)) = voly, ({0}) =0 < .
When g# 0, by Lemma 4.4 with W := Ay and by Lemma 4.3, we have
voly (my (A N6 (€,0) N B (1)) < voly (v (64, (€ ) N B (1)) < 0"

By these bounds, we obtain (5.13) for all cases.
We now use Lemma 5.7 with a semialgebraic family of homogeneous sets

Z ={(&0,x) eRY x (0,1] xRY | x € 6y(£,0)}
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and T = (£, 0). For the main term, we have U(c,q; Zt) = V(c,q; €, 0) K o' by
(5.13). For the sum in the error term, (5.13) gives U, (c,q; Zt) = U, (c,q;€,0) <
o”~!. For the error term %R, since r > 2, by Lemma 3.1 and (5.13), we have

e(a)B(c, ¢; Zp) X" " X
1 =1 )
X<gr (A) X ¢ det(A) X <gr(A) X ¢(q) D) < A
On inserting the above observations into Lemma 5.7, we obtain the lemma. ([

6. SUMS OF RECIPROCALS INCLUDING THE VERONESE EMBEDDING

In this section, we prove some lemmas that we use in Section 8 to prove Theo-
rem 1.4. They will be used to calculate the main term of 3y ey (4 Nv(B;€, 0).

Lemma 6.1. Let n,d be positive integers withn > d > 2. Forc € Z" and g€ N
such that ¢ is g-primitive and for € € R"*\ {0}, o € (0,1] and X > 1, we have

Z 1

wir Ve (Xl

S
o< |x]| <
(61) x€€6,,11(£,0)
2 N xnti—d 1 "l 1
_ Banle n+)1 +0(<”> (X d+1ogX)++m),
q o\q q

where the coefficient 90,,,,(§, o) is defined by
dx
md,n(&vg) = / TR
Crny1(£,0)NB, 11 (1) ”Vdfﬂ(x)H
the error term ‘R is defined by

q
SR::/ 1 il . 1 df;
1 (e+aZ" T )N(B,, 4 (min(X,dtd)\{0})#£2 ¢

and the implicit constant depends only on d,n. Moreover, we have
(6.2) W, (& 0)=<0o",

where the implicit constant depends only on d,n.

Proof. We first prove the asymptotic formula (6.1). By partial summation, we have

> wmef (Z )F

(6.3) x€c+qZ x€c+qZ
0<|Ix[l<X 0<|lxll<X
x€%6,11(£,0) lva,n ()lI<t

xe%n«#l (E,O’)

By considering the semialgebraic set
7 = {(c,ga,X,t,x) ER"™ x R™! xR xR x R x R™! ‘ (*)} ,
where (x) is the condition

(x) O<lfle+x[ <X, |vgn(c+x)| <t f(c+x) A€l <allc+ x|l
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and by changing the variable via x ~» x + ¢, we have

(6.4) Yo 1=#@Z" N Zegoxn),

xec+qz™ !
o<Ix|I<X
lva,n (=)<t

X€6,41(£,0)

where Zt is as in Lemma 3.8. By applying Lemma 3.8 to (6.4), we obtain

vol, 1 1(Ziceo Vi Zicto

q 0<v<n q

x€ct+qz™ Tt
o<|lxllI<X
lva,» (x)1<t

xX€€,41(€,0)

For the fiber Zc ¢ » x 1)), We have

(6.6) Zc g0 X ) = {X eR™!

0< Xl <X, van(ll <]
X e (€n+1(£70)

We next bound VV(Z(C’EJ’X@). Take a v-dimensional subspace W of R™H

arbi-

trarily and consider the orthogonal projection my : R™™ — W. It suffices to bound
voly (T (Z(c.¢,0,x,1)))- By (2:2), (6.6) and Lemma 4.3, we have

o) voly, (FW(Z(C7£)07X7t))) < voly, (7TW ((€n+1(£, o) N B, 1 (min(X, dt%))))
6.7
< %(O’ min(X, dté))y

for v > 1. Also, we trivially have

(6.8) Vo(Zicgox) <1
On inserting (6.6), (6.7) and (6.8) into (6.5), we obtain

1
Z l=—5 / dx + O(Ey + E,),

x€c+qz" ! e llxl| <X
0<|lx|I<x Vg, (OII<t
lva,n (=)<t xX€6,,11(&,0)

x€€6,,11(§,0)

where

1 " 1
E, == (0 min(X, dt;)) and Fy = —min(X, dté)
q q

o
provided Ey > % and so Fy > 1. On the other hand, when Fy < %, by (2.2), the
conditions ||x|| > 0 and v, (x)|| < ¢ implies 0 < [|x|| < £. In this case By < 3,
by Lemma 4.3 and %min(X, dté) < 1, we have

1

n+1

1 n+1
dx < = (" min(X, dt5)> < E,
q o\ q

[Ix[| <X
lvan (OISt
x€€6,,41(§,0)

and, since there is at most one point in

(c+qZ") N B,y (min(X, dt7)) C (c+qZ" ) N B,y (D),
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we have

Z 1<1 i1 ) 1 = R
" (+aZ™ )B4 (min(X,dt 1)\ {0}) 25
xec+qZ
0<xll< X
IS

x€€6,41(£,0)
Thus, in any case, we have

1 ~
Yoool=—q / dx + O(E; + Ey +R).

xEc+qz" Tt 4 Ixll<Xx
0<lx|I<X lva.n(x)I<t
lva,» GOII<t XEG,41(£,0)

X€6,,41(&,0)

We substitute this formula into (6.3) and obtain

wir Wan ()] %
x€c+qZ
0<|x||<X
x€6,41(£,0)
where
1 [ dt 1t dt
I:: Tﬂ/ ( / dx>2, IO = T“rl/ ( / dX)Qa
q 0 t q 0 t
Ixll<X [Ix[| <X
lva,n (OISt lva,n ()<t
x€<€n+l £,0) x€6,41(§,0)

<)/mlnthd) /mlnth )dt

Iz = 1
% /1 (c+aZ" 1 )N(,, 11 (min(X,dt 2 >>\{0}>¢z 2
For I, we swap the integral and change the variable via x ~» X - x to obtain
1 / dx W, (& o)X
i [Va,n ()l ¢ '
lIx|l <X
X€6,,41(£,0)

For the integral I, by using (2.2) and Lemma 4.3, we bound as

1/o\" ntl 1/ o\ L/o\" e
(6.11) I, <<() / ¢t 2dt<<<> <<() X",
o\q 0 o\q o\q

For I, we dissect integral at t = X ¢ and bound as

d
1 XL < dt 1 "
(6.12) 11=<U> (/ td 2dt+X"/ 2) <<(U) (X" +log X),
o\ q 1 x? t o\ ¢q

where log X is introduced to deal with the case n = d. Similarly, I, is

d
1/ /% 1. < dt 1
q\J1 x4t q

Finally, we bound Ig as

(6.10) I=

gt 1
(6.14) Iﬁ<<sn+/ 7 <R

q
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On inserting (6.10), (6.11), (6.12), (6.13) and (6.14) into (6.9), we get (6.1)
We next prove (6.2). For the upper bound, we use (2.2) and Lemma 4.3 to obtain

o0 dt
W, (€. 0) = / / S x
Gp1(€,0)NB 11 (1) I lvg (0] T

> dt
< 1 dx 2
0 Gpy1(€,0)N%B,, 14 (min(1,dtd)) t
o0 1 dt Vo < dt
<<a"/ mm(l,dzﬁt)”“t—2 < a"(/ = 2dt+/ t2> <"
0 0 1

For the lower bound, by (2.2) and Lemma 4.2, we have

md,n(gva) > / ax > O'n.
6rq1(£,0)NB,, 1 1(1)

This completes the proof of (6.2). O

Corollary 6.2. Under the same setting and conditions as in Lemma 6.1, we have

> X 1
u (mod q) xeyetqz ! [van ()]
o< ||x||<X

x€€6,41(£,0)

Ij ’ Xn+17d n—1
_ #(a) d7n(§+‘17) N 0((‘;) (X" 4 log X) + 1)7
q

where the implicit constant depends only on d,n.

Proof. We use Lemma 6.1 with ¢ replaced by uc and then take a sum over u €
(Z/qZ)*. The main term is just multiplied by ¢(q) and all but the last error term
is multiplied by ¢(q) < ¢. By Lemma 5.6, the remaining error term is bounded as

</q< Y1 >dt<</qt52dt<<1
. 1 — .
N u (mod q) (ue+gZ" )N,y (A1 )£ 2 1

This completes the proof. O

Lemma 6.3. Under the same setting and conditions as in Lemma 6.1, we have

. 1
s= Y X

u (mod q) EZS:::“
lIx[| <X
x=uc (mod q)

X€(6n+1 (E’a‘)

o md}n(€70)¢(q)X’ﬂ+1*d g et n—d
= @i D) +O(<q> X “"gX)“>’

where the implicit constant depends only on d,n.
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Proof. Since the cone 6 (&, 0) is invariant under dilation, we have

SR SUED DR S

u (mod q) xez™tt l)x
0<x )l <X
x=uc (mod q)
X€€6,,11(€,0)

ISV !
B o 2 2 [Van (X))

<X u (mod q) XGZn+1

H dn

(6.15)

0<|Ix[|<x/¢
Ix=uc (mod q)
xX€€6,,41(§,0)

Since c is ¢g-primitive, the conditions (u,q) = 1 and ¢x = uc (mod ¢) imply (¢, q) =
1. Thus, by changing the variable via u ~> fu, we can rewrite (6.15) as

Iz €) 1
P Vi (22 E;l [0 GOl
mod q)  xez
(L,9)=1 0<||x||<x/0
x=uc (mod q)
x€6C,11(£,0)

We then apply Corollary 6.2 to the inner sum and get

n—1
S =Waae ) S S A vo((2) s osx) +1)
q

<X
(4,q)=1

since n > d > 2. By using

F = 1(~) o (%) - aiern o (x)

<X plq
(6:q)=1
and (6.2) for the main term, we obtain the assertion. O

7. DISTRIBUTION OF 05(X) WITH LOCAL CONDITIONS

In this section, as a preparation for the proof of Theorem 1.4, we prove a key
lemma Lemma 7.9 on the distribution of 95(x) over integral vectors x satisfying
local conditions. It is deduced from Proposition 7.7, which gives an upper bound of
the number of primitive sublattices of 7" with prescribed successive minima that
contain points x satisfying conditions of the form d,([x],¢,) < 0,. Lemma 7.9 and
Proposition 7.7 correspond to [4, Lemma 3.20] and [4, Lemma 3 19] respectively,
though we only treat “r = 2” case in Lemma 7.9.

Definition 7.1. Let M be a free Z-module of finite rank. Let v € M. Define
#(M/Zv)tors if v 7é 07
mwngwrz{ R,
When v # 0, by writing v = dw with d € Z and w € M,;,,,, we have g(v) = |d|.
Definition 7.2. Let n,r be integers with n > 2 and 1 <r <n, and s¢,...,s, > 1

be real numbers. Let o € (0,1] and & € R™™ \ {0} and let ¢ € N and ¢ € Z"*"
with (g,n+1(c),q) = 1. Note that if ¢ = 0, then ¢ = 1. Let

yr,n = yr,n(sla H -7Sr;cvq;£a0)
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L : a primitive sublattice of 7" of rank r
8i/2 < M(L) < sy forie{l,...,r}
NN |J (we+qZ") NG, 418 0) # @

u (mod q)

={Lcz"!

and
Srin = Srals1,-,8:5¢,¢:6,0) = #S .
Definition 7.3. For a non-zero sublattice L C Z™ and & € R™ \ {0}, define
doo (L, §) = inf {d(x,€) | x € Lg \ {0}}.
Also, for the zero lattice L = 0 and € € R™ \ {0}, we define d.(0, &) := 1.
Remark 7.4. For £ € R™ with [|£|| = 1, we have
doo (L, &) = [[€]| by writing & = & + & with £, € Lg and & € L.

Indeed, for x € Ly with ||x|| = 1, we have

Y L
o8 = e T e

which takes its minimum [|&,]|* when x = &, /&, ]|.

Lemma 7.5. Use the same setting and conditions as in Definition 7.2. For any
L €, ,, there is a sequence of primitive sublattices

satisfying the following conditions. To state the conditions, let
e Rn-‘rl — (Ll)]JRS

be the orthogonal projection, M; := wi(ZnH) = ZnH/Li be the quotient lattices,
d; = (gu,(m;(c)),q) fori =0,...,r, and take a Z-basis w; of L;/L;_, for each of
1=1,...,7.

) We havedet L; < sy ---s; fori=1,...,r.

) We have \{(L;/L;_;) < s; fori=1,...,r.

) Wehavel=dy | dy |-+ |d,_1 | d, =q.

) We have d(Ly,€) > -+ > do(L,, &) and do(L,,€) < 0.
)

W, =u- (di:ll”i—l(c)) (mod (d;/d;_1) - M;_y).

Here, note that d;_',m;_1(c) € M;_, and the definition of d; implies

(gMi,l(d;jlﬂi—l(c))vdi/di—l) =1,

which is vacuously true if m;_;(c) = 0 since then d;_; = d; = q.
(7) Fori=1,2,...,r, we have

(7.2) doov(Li—l)Jé (Wi, mi1(€))doo (Li1, ) < doo(Li, €)-

The implicit constants above depend only on r.
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Proof. Take a Z-basis (vy,...,v,) of A := L given in Lemma 3.2 and let L; =
Zvy + -+ Zv; for i = 0,...,r. Then, (1), (2) and (3) of the current lemma are
satisfied. We check the remaining conditions for such defined L,’s.

By the definition of g, we have g5;,  (m;_1(c)) | gas,(m;(c)) so d;_y | d;. Since
Ly = 0 and (g,n+1(c),q) = 1, we have dy = 1. Since L, = L € ¥, ,,, we have
d, = q. Thus, (4) is satisfied. We have do(L;_1,&) > doo(L;, &) since L,_; C L;.
Since L, = L € ¥, ,, we have d(L,, &) < 0. Therefore, (5) is also satisfied.

We next check the condition (6). We identify M, _; with Z"T*™" via a Z-basis
of M; i extending w;. Let us write m;_;(c) = (ky1,...,k,2_;). Then,

ng(kla ce n+2 79 q) - dz 1 and ng(k27 ey kn+27ia Q) = dz
Thus, we obtain
d;—lﬂriq(c) = (k1/d;i_q,. .., kn+2fi/di71)
= (k1/d;i—1,0,...,0) (mod (d;/d;_y)-Z"*7")

and (ky/d;_1,d;/d;_1) = 1 since m;_;(c) = 0 implies d;/d;_, = 1. This proves (6).
We finally check (7). We may assume i > 2 since otherwise d . (L;_,,&) = 1 and
Ao )t (Wi, mi_1(€)) = doo (L4, €). Also, we may assume ||€]] = 1. Let us write

E=n+n with e (L;)g and n’ G(L)l
Since ||&| = 1, we have d.(L;, &) = ||n’||. Write similarly
n=m+n with 0 € (Li_y)g and ny € (L)g N (Li_1)z = Rw;

We may assume 1, + 1’ # 0 since otherwise & € (L;_;)g and d(L;_;,€) = 0, so
(7.2) is trivial. Then, we have dy(L;_1,€) = ||no + n'[|. We may further assume
M, # 0 since otherwise d (L;, &) = duog (Li_1,&) = ||0|, so (7.2) is trivial. We have

doo<Lia£) ="l =l +n") —mll.
Dividing both side by d..(L;_1,&) > 0, we get

> |sin(0)] = doo(n2 + 1, m2),

Lz,ﬁ H n2+n’ M
doo i-1,€ ||772+77/|| “"72""’7/

where @ is the angle between 1, +n’ and 1,. Since m;_;(§) = n,+n’ and n, € Rw,,
we have d.(n, + 17/’ ) = doo (L,-,l)L(Trifl(g)’ v), so (7) follows. U

Lemma 7.6. Let L C Z""" be a primitive sublattice of rank i € {0,...,n—1} and
M :=7Z""'/L. Let d € N and ¢ € M be such that (gy;(c),d) = 1. Let £ € Lg \ {0}
and o € (0,1]. Then, we have

vl < X
N =#{v E My, | v =uc (mod dM) for some u € (Z/dZ)*
doo,L§ (Vf) <o

< det L LX”“ rx),
dn+1 7

where the implicit constant depends only on n.
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Proof. By Proposition 5.10 with I' = A := M, we have
N< Y #HMNA{O) N (ue +dM) N6, (§,0) N %, (X))

u (mod gq)
o(d)(§X)" X
2 onan - AGD T NG

<
1<v<n+1-—

By using A; (M) <--- < X,;1_;(M) <1 and (3.4), this gives

s PDEXT X

N < o-(1/detL) T 1/det L

1<v<n+41-—1

< detL(‘p(d)ﬁ.X”*“ + MX + X).
dn 1 d

Since ¢(d)/d < 1, the claimed estimate follows. O
Proposition 7.7. Under the same setting and conditions as in Definition 7.2,
Sr,n(sla IR D Ea 0)

e )

1<5<r = 1<5<r
J#l

where the implicit constant depends only on n.
Proof. Let k = [log,0 | so that 27*7" < ¢ < 27%. Consider the intervals
Loy =10,27%, I, =% 27" =222, 1, =241

By taking one sequence (7.1) of Lemma 7.5 for each of L € &, ,,, we have

M_Z 3 3 3 1,

L,cz" nt prim. L, CL2CZn+lprim. LT,1CLTCZ"+1prim.

dE@ rank L;=1 rank Ly =2 rank L,.=r
(73) det Lx<s, det Ly<sqsy det L, <85,
(9nm, (m1(2)),@)=d1 Ay (L2/L1)=<sy A (Lp/Lyp_1)=s,
1L, O (m@ D=t (g, (r,(0) 01
doo (Lo,€)€ET;, doo (€,L,) €D} 4

where M; .= Z"" /L, i = (iy,...,i,_1), d = (dy,...,d,_;),
g = {(ilv'--airfl)eNT_l|1§i1§"'gir71§k+l}a
D = {(dlv"'vdr—l) € Nril | dl | | d7'—1 | Q}a

and 7, : R (Li)ng are the orthogonal projections.
Let us set
d0:17 dr:q7 Z‘0:07 Zr:k+1a
o= min(l,Qij‘ﬁin) forj=1,...,r

Note that if 7;(§) = 0, then d(L;,§) = 0 € I;;; and thus 0,4 = 1. In the
following, we use the condition on v € Z"! /L; of the form

doo,(Lj 1) (Vvﬂ-j 1(5)) So.j
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coming from (7) of Lemma 7.5. When 7;(§) = 0, this should be understood as a
vacuous condition.
By Lemma 7.5, for j = 1,...,r and for a fixed L;_;, the sum in (7.3) over L; is

bounded by the number of v € (Z"H/Lj,l)prim satisfying [|v]| < s;,
vV = u( ;_1171']‘_1((:)) (mod (dj/dj_l)(zn+1/L]_l)) for some c (Z/(dj/d]_l)Z)X

and d v,m;_1(§)) < 0;. Thus, by Lemma 7.6, this sum is bounded by

Oov(Lj—l)DJQ_ (

d;/d; ot ,
<<detLj_1((p( j/ j*l)gr n+2—j+8j>

— S .
(d;/d;_)" 277

p(d;/d;_ )0} s )
L8184 —3S. +s; .
J ( (dj/dj_l)n+2 g J J

On inserting these bounds into (7.3), we get

Sr.n
r n+1l—j
So(dj/dj—l)ffj 42—
iy j=1 (dj/dj_1)
de%
A e Y L R _
)« (T ) (T 5 s s I 7
icyg Nj=1 j=1 (dj/dj_y) =1 1<j<r
de9 S
Now, since o; < 2=1"% for j = 1,...,7, we find that
r r—1 1
nt+l—j _ n+l—r r—j n+l—r
| laj =(oy---0,) l—Iloj Lo m,
Jj= j=

where the implicit constant depends on n. Thus we get

r
_ _ 1
E H O';L+1 J < O'n+1 " E 27m E 1
i j=1 re1<m<(r—1)(k+1) © 1< < <ip_y <EH
iyt =m

e e} r—2
(7.5) < e Z WLQT < o_n+1fr’
m=0

where the implicit constant depends only on r.
Next, by using the inequality ¢(m)e(n) < p(mn), we have

ﬁ @(dj/dj—l) _‘P(d1)<ﬂ(d2/d1)"'<P(dr/dr71)

(dj/d;_y)" 2 dy - dp_dp T
_ o(dy)p(dy/dy) - p(d,_1/d,_2)p(q/d,_1)
dl . dr_lqn+2—7"

v(q) 1
¢ dy - d

Jj=1

r—1
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By using the multiplicativity, we have

S Y )

e p’llg 0<i < <ip <o P

= 1
=1 (X X 1
pllg Sm=0P 0<i; < iy <o

it Fi 1 =m

<]:|[<+ +Z m+1 )<<££(1+)

where the implicit constant depends only on r. Therefore, we have

o(d;/d;_ 1 1
(7.6) > H @ i/ W = < qﬁf’f&ﬂ(u) < P

dcp j= 1 plg b

By (7.4),(7.5), and (7.6) we get

Sr,n
r ) o n+l—r )
< H ;7 (() H s;-H_Q_] +7(q)" (log ) Zsl H s"Jr2 J)
j=1 q 1<5<r =1 1<j<r
J#l
and we are done. O

Definition 7.8. Let n,r be integers with n > 2 and 1 < r < n, ¢ € (0,1],
£ e R\ {0}, ¢ € Nand ¢ € Z""" with (gyn+1(c),q) = 1. For real numbers
X, A >0, we let

Lrn(X,Ajc,q;€,0)

= xe< U*

u (mod q)

<uc+qZ"+1m<6n+1<syo>m%n+1<X>) () <Ab,

and
X, Ase,q;€,0) =#ZL, ,(X,Ac,q;:€,0).

ron
Lemma 7.9. Let n > 3 be an integer, o € (0,1], £ € R™ ! \ {0}, ¢ € N and
ceZ" with (g,m+1(c),q) = 1. For real numbers X, A > 1, we then have

o ol

n
Lo (X, 856, 6.0) < oz 2)g28) (7] 4 25 4 1 ) A"
where the implicit constant depends only on n.

Proof. We may assume A < X since otherwise we have X 1oATX?E > x0T
and so the assertion follows by the trivial bound L, (X, Ajc,¢;§,0) < #(Z’H'1 N

B (X)) < X" We have
L2,n(X7 A? C,q; 67 0)

<Y ¥ ¥ ¥

u (mod q) xcuctqz" ! 1K51K82 A€, 1, (51,825€,43€,0)

xEG o) S152KA xEA
e X
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(d)
< X >
151 K83 A€S ,(51,825€,q5€,0)

S8 KA
51X

33

x> # (AN e+ gz N6 41 (6,0) 1B, (X)),
u (mod q)

where the sum over s;, s, is taken dyadically. By Proposition 5.10,

ST # (AN (ue+ 2" ) N6 (€:0) N By (X))

u (mod q)

< 37 # (AN N (e + ) 16,14 (6:0) 1B, (X)) +1
u (mod gq)
o X* X o X* X
L—"—m—+—+1<K -+ —,
q5152 51 q 51852 51
where we use the fact that uc + qZTH'1

are disjoint and X > s;. Thus, combined
with Proposition 7.7, we have

L2,n(X7 A7 C,q; £7 U)

n—1 2
(d) n n n n X X
<r(@og?) Y ((’;) 51+252+8382+31+252>(0+ )

518 s
1<, <50 45152 1
S§18,KA
51X

Note that the above summand is non-decreasing in s, and

1 A
51 K Sy and $159 K A = 57 K A? and sy € —.

51
Therefore, we have
Ly (X, A5¢,¢;€,0)
< 7(q)(log 2)(log 24)
n—1 2
() e (52)
1<s; <A

< 7(q)(log 2)(log 2A)

@ (""" e st cX? X
X{ Z <<q) A$1+81 A EK‘Fg

1<<sl<<A%
@ _meoy)nfocX> X
+ YT s A ("+ )}

) g A s
1<€s; <A
< 7(g)(log 2)(log 2A)

n—1 2 2
x <<U) A"“+A”3) <UX+X1) +A”<UX+X) .
q q A A2 q A
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By n >3 and A > 1, we have

Therefore, we have
L2,n(X7 A7 C, q; E? J)

n n—1 A 1
A2 ol 1
log 2)(log2A)( (£ g T+ = )AMXA
< 7(q)(log Z)(log )((q> +<q) e +q ; —I—X>

Furthermore, since n > 3 and we are assuming A < X, we have

(B =) () -6 ()%

and so we obtain the result. O

8. PROOF OF THEOREM 1.4
In this section, we prove our first main theorem Theorem 1.4.

Lemma 8.1. Under the setting of Theorem 1.4, there exist ¢ € Z"™" \ {0} and
£ € R™1\ {0} such that ged(c,q) = 1 and for x € Zggri, we have
d,([x],&,) <o, for all p € My
<= x = uc (mod q) for some u € (Z/qZ)* and x € 6, 1(€ns,000)-
Proof. For each p < oo with 0, = p~ < 1, take &, € Zp™' \ {0} with &, = [¢,]
and [|€,]|, = 1. Then, by the Chinese remainder theorem with moduli p“, we get
the desired c. For £, it suffices to take £, € R" ™"\ {0} with &, = [€.]. O

Lemma 8.2. Consider an integral lattice A C RY of rank r > 2. For AAM >1
and s € Zq such that A, \,(A) < M, we have

1;@ A1(/\)Au/\u(1\) <4 (detl(A) (K)s + ;(i)s),

where the implicit constant depends only on 7.

Proof. If s > r, then

AY MY
2 N @ S 2 N )

1<v<r 1<v<r

< Al(A)]-\?T)\T(A) =A detl(A) (K) <A detl(A) (Z)

by Minkowski’s second theorem (Lemma 3.1). Thus, we may assume 0 < s <r—1.
We have

AV AT*Z Arfi
2 M)A A) 2 M)A 2 AL(A) - A i (A)

1<v<r s+1<i<r
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For the former sum, by Minkowski’s second theorem (Lemma 3.1) and A,.(A) < M,

A * Aymiea (M) A (A)
D Wi R WY R WiV ES Wi VD DT

i=1

For the latter sum, since A is integral, we have \;(A) > 1 and so

AT*Z .
< AT g AT,
s+1ZSi<T AI(A) o )\T_Z(A> S+12Si<r

By combining the above estimates, we obtain the lemma. ]
Theorem 8.3. Under the setting of Theorem 1.4, we have

Si= > Ny(Bi& o) =Cy,(&a)AV "' B(1 4+ O(Ry,, - BY))
Veden(A)

for A, B > 2 provided

d+1 n—1 d
A > max(q, BOADRIG qFT et a ), B> qt with qi=

where
Gy (o) e Mot BanEoei 0)ipl)
| ANy = 1) T (@¢(n+1)
Ry, = qA*1 + q”B*1 + foﬁ JrAﬂBm +Ed,n
with
Edn~:{ ) P ifAZBT’
| AT R gl AT B g jf A < B

and the implicit constant depends only on d,n, €.

Proof. Note that the assumption on the size of A implies

d+1 d+1 1
A 2 B@ntD(nFi=a) 2 B3nn+i=d) Z Brn+i=d)

Thus, we have A > max(q, B"<"+11*d> ), which we use later. By Lemma 8.1, we have

EFID VD DD DR

aez o (mod 0) ezt
llall<A H(x)<B
x€uc+an+l
X€6,11(6ec:000)
(81) aEA”d,n(x)
1 * M
= Z Z Z #(AVd,n(x) N Zprii;q N %Nd,n (A))
u (mod q) x€ZpE
H(x)<B
xEuc—i—anJrl

XE€E6,41(€00:000)
By Proposition 5.9 with ¢ =1 and ¢ = 1, we have
(8.2) S=T+O(E, + E,),
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where
VN, . -1 * 1
el D DR
4C(Nd,n N 1) u (mod q) erg:ir;x det(Ayd’n(X))
H(x)<B
x6uc—&-qZ"Jrl
X€6,,41(800:1050)
* A"
E- Y Y Y s
53) wimod o) xezgn 1svaNgm 1 00) T A 00
H(x)<B
x€uc+an+1

XE€E6,41(600:000)

Ey:=Alog A Z* Z 1.

u (mod q) xez by

prim

H(x)<B
x€uc+anJrl
X€6,41(60c:000)

For the main term T, by (3.3) and Lemma 6.3, we have
T =Cyo(6,0) AN 1B 4+ O(q~ "~V ANan "B 4 log B) + ANen ).
By (6.2) and the bound ¢(q) > ¢' ¢, we have 6(17”(570) >q " and so
T = Cyn(&, o)A B(1+0((aB™ ™7 + "B~ BY) ),

where we use B > q".
For the error term E;, let us introduce

[l

p(x) =n
and we further dissect F; as

E, = Ey1 + Eq,

where
= Y% e .
u (mod q) XEZ”:{; 1<v<Ng ,—1 1\, (%) v\ (%)
H(x)pr
xeuc+an+1

XE€EC,11(600:000)
ANg 1Ay, 0) <A

Bam Y% )3 -

et e e sviNgt M) A eo)
H(x)<B
xEuc—l—qZ"-*'1
XEC,11(600:000)
)\Nd,nfl(A”d,n(x))>A
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For the sum FE;;, by using (3.3), Lemma 3.1 and Lemma 3.6,

PP S S

I/
w(mod ) xezntl
H(x)<B
xEuc+qz™ !
XEG,,41(€00r000)

We then dissect the sum dyadically with writing

(8.4) x| = X and p(x)=M
as
_ (d M cX
Ell < ANd’" 2 Z FLZ" (XaM;caq;goovaoo>a
1<<X7L+17d<<B
IKMKLX

with some 1 < C <« 1. By Proposition 5.10, Lemma 7.9, we have

cX c
L2,n(XaM;C7q;£oovgoo> < (Fl +F2 +F3)B +X

(note that we can ignore the effect of the zero vector in Proposition 5.10 since
X > 1), where

Fy=F(X,M)=q "X""' min(M "X, 1),

Fy=Fy(X, M) :=q "X" ™ min(q" "M~ "7 1),

Fy = F3(X, M) =q "X" " min(q"M ", 1).
For 1 « M <« X, we then have

M- F(X,M)<q "X""5 M.F(X, M) < q "X fori=2,3
and M - X < X2. We thus have
—-n — (d) n+1— = n y—(d— £
By <q AN ST (XX )+ "X )B

1<<)('n,+1—d

< q AN B(ATIBEE TS 4 gAY 4 q"(AB) V) BE

<B

This completes the estimate for F;.
We next bound Ej,. For x counted in E;5, by Lemma 3.6, we have

1
A< AN, 1Ay, ) S X[ < B

Thus, we may assume A < B2 since otherwise the sum FE,, is empty. Also,
for x counted in E;,, by Lemma 3.6, we have u(x) > A. We dissect dyadically by
using variables (8.4) and use Lemma 8.2 to get

d cX
E12 < ANd’n_l Z( : G'L2,n <X7;C7q;£ooaooo>

n+l—d
1<X <B
A<M<X

with some 1 < C' <« 1, where

) ) 1 M s 1 s+1
G = Srélzlgo Gs Wlth GS = (){d (A) =+ (A) )
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By using Lemma 7.9, we have

_ (d) .=
E12 << ANd‘" 1 Z G(Fl +F2+F3+F4)B,

1<<)(n+1—d<<B
A<M<X

where _
Fy=q "X"" . MT"X,
ﬁ‘2 — qann+1 . qnfle(nfl),
ﬁ’?, — qann+1 . anfn
Note that since M > A > max(q,B"("Jrll—@) > max(q,X%) in the sum Ey, there
is no benefit to use the trivial bound given by Proposition 5.10 as for E;;. In the
sum Fo, by the assumption A > q, we have ¢ < A < M <« X and so
ﬁ3 == qM_lﬁQ < ﬁQ.
We thus simply have
_ (d) ~ o~
E12 < ANd’" 1C|‘;5 Z G(Fl + FQ)BE,

n+l—d

1<X <B
X

A<M«

We use the bound G < G, for Gﬁl and G < G,,_; for Gﬁ2. In the expressions
G, F, and G,,_; F, the exponents of X is > n+ 1 — d and the exponents of M is
< 0. Thus, we have

Ngn—1pe - -
E12 << A d B (GnFl + Gn_1F2)|X:Bﬁ7M:A’

— qanNd)nle
X ((1 + A=) gavi=a) g~ gaviea

(14 AT B AT ) e

1
Since A > max(q, B*+1-3 ), we have

AT"BEEa < AT'BRerTa and " 'A< gA”!

and so the contribution of terms
A_nB7n+17d7 qn—lA—(n—l)
are already covered by R, ,. The remaining terms contribute
q AN BAT P patita gl g~ () gt g

which is Edm when A < B?Li
Finally, for E,, we just use Proposition 5.10 with B > q" to obtain

By, < Alog A(q "B #ri=a 4 pwria)
< q*”ANdm,*lB . A*(Nd,n*3)3ﬁ'
Note that we have N;,, > nd + 3. Indeed,

(8.5)

n n n d—2 D 5
— el = — > .= > — + > dn + 4.
Ngp <d +1) <2 +1> (1 +1) 2 2(n+1) 4d(n H>d 4
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1
Therefore, by using the assumption A > B»+1=4  we have
A Wan=3) pigi=a < gmdpaFi=a < A~ BatdTD

and so the contribution of Fj is covered by R, ,,. By combining the above estimates,
we obtain the theorem. O

Remark 8.4. Under the assumptions n >d > 2 and B > q"7 we have

d+1 1
BenfhHnti-d) < Bn+17d7

n—1 d no1 d n—1+4d 1
q2n71B(2n—1)(n+1—d) S Bren—1) " 2n-1)(nt1-d) S B@Gn-1(n+ti=d) S Brn¥i=d,

Therefore in Theorem 8.3, we can replace the assumptlons on the size of A, B, q to
A> B7 4 and B > q" and then remove the error term Rn d-
Remark 8.5. By choosing the parameter s in Lemma 8.2 more efficiently, we can

improve the error term in Theorem 8.3 to get a wider admissible range for A, B, q.
However, we took s =n and s = n — 1 for simplicity.

We now simplify Theorem 8.3 to obtain Theorem 1.4:

Proof of Theorem 1.4. It suffices to bound the error terms of Theorem 8.3 by those
of Theorem 1.4 under the assumptions on the size of A, B, q in Theorem 8.3. By
B > q", we have
q"B~ = (aB" )" <qB "
Also, since d > 2, we have
1 _1 S U B 13 1 py—atl
qB ntli—d S C[B n and A "BrnFi-d) = A~ " B3nnti-d S A T BG@rFDH(nF1—-4d) |
d+1
Finally, since A > B@+D+1-3 | we have
A-CrD) pRtits (AleM%)Q"“ < A"l BEE D |

Thus, any error term of Theorem 8.3 is covered by those of Theorem 1.4. (]

9. LOCAL SOLUBILITY AND REDUCIBLE LOCUS

So far we focus on the asymptotic formula of the sum of counting function of
rational points on Fano hypersurfaces. Now we turn our attention to the set of
hypersurfaces (not necessarily Fano) that have local solutions inside adelic neigh-
bourhoods of given points.

In this section we recall a result on the existence of Q,-points of hypersurfaces,
which essentially follows from the Lang-Weil estimate. The contents of this section
are well-known to experts (cf. proof of [16, Theorem 3.6]), but we need the scheme
“NIP,,,” defined below, which appears only implicitly in loc. cit.

Let n € Zso and d € Z>;. Recall we identify (the ring valued points of) Agd’”
with the set of homogeneous polynomials of degree d in n+1 variables. Then we have
the following morphism of schemes corresponding to the product of polynomials:

N,
pd/ //IAanZAd n_>A d,n

where d' +d’ = d.
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Definition 9.1. We set

NIP,,, = U (scheme theoretic image of p, ;) C AJZV“"’".

d'+d"'=d
d’,d”zl

We equip NIP,,, with the reduced scheme structure. Here NIP stands for Non-
Irreducible Polynomials.

Lemma 9.2. Let n,d € Zx, and suppose (n,d) # (2,2),(2,3). Then NIP,,, is flat
over Z and

dimNIP,,, < Ng,, —1
dim(NIP,,,)g < Ny, — 2
where (NIP, ,,)q is the generic fiber of NIP,, over SpecZ.
Proof. Let Xy v = (scheme theoretic image of p e 4")- Since
dimNIP, ,, = max{dim Xy | d +d" =d,d',d" > 1}
dim(NIP,)q = max{dim(X s ,)g | d' +d" = d,d’,d" > 1},
to bound the dimension it is enough to show
dim Xy ;o <Ny, —1 and  dim(Xy ;7)g < Ny, — 2
for all d',d" > 1 with d'+d” = d. Note that Xd',d” is an integral scheme because so

N ’ N 1"
is A, " xz A, " ™. Therefore the generic point of X, is mapped to the generic
point of SpecZ. By the definition of NIP, ,, its irreducible components can be
found among X ; ,» and hence NIP, , is flat over Spec Z.
Now, since the structure morphism 7: X ,» — SpecZ is flat, for any scheme
point x € X -, we have

dim@Xd/‘d”Jf = dim @SpeCZ,Tr(x) + dim@ﬂ_—l(ﬂ,(z))’m.
Thus
dim Xy <1+ max{dim 7 (n(x)) |z e Xy at

Since 7 is flat, all the non-empty fibers of 7 have the same dimension (cf. [9, The-
orem 14.116]). Thus it is enough to show that the generic fiber of = has dimension
at most Ny, — 2. Since the generic fiber (Xd’,d”)Q is the scheme theoretic image
of the base change (pd/’d//)Q of py 4, it is enough to show that

. Nyt n Ny
dlmAQ T X AQ = Nd/,n +Nd”7n < Nd,n - 27
n+d n+d’ n+d
() () = () 2
n n n

<n+d/) <n+d/1> (n+d/2) ( n >
= + 4+ +1
n n—1 n—1 n—1
d d—1 d’ d’
n n—1 n—1 n

or equivalently,

Noticing
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! /!
(n+d>_<n+d)_(n+d)2d,< n )d”—l
n n n n—2

and the right hand side is at least 2 under our assumption. O

we get

Proposition 9.3. Let n € Z», and d € Z,. There is ;) > 1 with the following

property. For allp > Py and a € Z]ngd’", ifa (mod p) € F;,Vd'" \NIP ,,(FF,,), then we
have

Vi(fa)(Qp) # 2.
(see Definition 1.1 for the definition of the notation f,.)

Proof. By the Lang-Weil estimates [13, Theorem 1 and Lemma 1], there is Py > 1
such that for every prime number p > P, and every geometrically integral hyper-
surface X C IP’{FLP of degree d, X has a smooth IF,,-point. Let p > I} be an arbitrary

prime. If a (mod p) € IF,IJVd’" \NIP, ,,(F,), then Vi (fa (mod p)) is geometrically in-

tegral. Then V. (fa (mod p)) has a smooth F,-point and thus V., (f,) has a Q,-point
by the lifting property. |

10. ASYMPTOTIC FORMULA FOR #Vﬁ(A;f,a)

We give an asymptotic formula of the number of hypersurfaces V' C Pg of
bounded height such that [[ . V(Q,) is non-empty and contains a point that
is close to a given point of Hp<oo P"(Q,) with respect to the product topology.

As we pointed out in Remark 1.8, our argument follows Poonen—Voloch [16]
which uses Lemma 20 of Poonen—Stoll [15, p. 1134], but we need to carry out
everything in a quantitative way. The exponent g,, in Lemma 10.20, which decides
the level of p-adic approximation of the set of hypersurfaces admitting p-adic points,
will be chosen in a standard manner (see (10.23) and (10.28)) as in the previous
studies, e.g. the exponent in (2.9) of [4].

Setup

o Letn>3and d > 2.
o Let 0 = (0p)pem, € RM2 such that 0 < 0, < 1and o, = 1 for all but
finitely many p. For p # oo, let

e, =min{e € Zsq | p~“ < 0, }

We have p~ 7 < op < pf(el’fl). Also 0, < 1 if and only if e, > 1. We set
g=[] »™
p<oo

o Let S:={pec My|o, <1}U{oo}. We write Sg, = S\ {oo}.

o Let £ = (gp)pGMQ, where ¢, € P"(Q,). For p # oo, we pick §, € ZZH
such that H£p||p =1 and [ép] = &,. We also pick £, € R™"* such that
1ol = 1 and [£s] = oo

Definition 10.1. We use the following notation:
N N

(Zp )prim ={a € Zy | |all, =1}

(Z/p°Z)prim = {a € (Z/p"Z)" [ a # 0 (mod p)}
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SV = fa e RY | fa] = 1}
™ such that NP(Z;,V) =1

oy = uzl,v the Haar measure on Z,
pgn-1  the spherical measure on SNt
We also use the following normalized measure on P" 1((@p).
1 N N-1 N
(10.1) HpN-1 = ———N ((ZP )prim - P (QP>) (MP | ZNY i )
@ /u‘p ((Zp )prim) * ( P )pr‘m

P

- 1—;N (@ )oren = BV @) (192,100

Definition 10.2.
(1) For p € My, we set Z, == {a € PN*»"1(Q,) | V.(f.)(Q,) # 2}
(2) For p € Mg and &, 0 as before, we set

Z,(§,0) = {a € IPNdm‘l(@p) dn € V+(fa)(Qp) such that}

(1, p)S
) =

Note that we obviously have Z,({,0) C Z,, and Z,(¢, ,forp g S.

(3) For p € Mg\ {oo}, we set

8= (i 200)) )

W& 0) = (2" Jprimn = P71 (@,))  (Z,(60)).

Also, we set

—1
W = (SV0n 5 P (R)) (2)
1

Wae(€0) = (707! 5 P (R))  (Zeol80).

(4) For P € R>4, we set
Mg <p = {p € My ’ p is a prime number and p < P} .

Definition 10.3. We write
pp(S,U) = ,uIP,Nd,nfl(Zp(gvo'))

@p

poo(gv U) = HgNg,n—1 (Woo(gv U))

for p € Mg \ {o0};

Using our notation, we can rewrite
Ngn

oc 1
#Vli,n(Avga U) = 5# {a € Zprim ||a|| S A,Vp S MQ7 [a] S Zp(é.vo')} .

For A, P € Ry, then we have
loc 1 1
(102 #V5(Ai6,0) = SM(A,P) = SE(A,P),
where
lall <A }

N,
M(A, P) = 7. 4
( 3 ) # {a S prim vp c SUMQ,SPu [a] c Zp(f,U)
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lall < A
E(A,P)=#{acZin |VpeSUMyp, [a] € Z,(¢0)
Jp € (P,o0), [a] & Z,

We summarize our strategy to get an asymptotic formula of #Vgﬁ(A; & 0), e
the strategy of the proof of Theorem 1.7.

Bounding reducible locus NIP, ,, Easy bound of volume of Z, (¢, o)

Local solubility Volume estimate of Z,(§,0) ¢———— Newton method

Lattice point

/ counting

/

Asymptotic formula
of M (A, P)

Bounding E(A, P)

Optimize P

10.1. On the sets Z,,Z,(§,0). For p € Mg, consider the following diagram

P
N
n Ngn—1
Pg, xq, Po,
pry pry
T Nd,n71
Pq, Po,

where %,, is the closed subscheme defined by f,(x) = 0, where x, a are homogeneous

coordinates of P" and ]P’N”’*"fl, respectively. Then we have

Zy = pry(%,(Q,)) and  Z,(&,0) = pry(%,(Q,) Nprr ' (Bu, (607)) ),

where By (&,,0,) = {neP"(Q,) | dy(n,&,) < 0,}. In particular, Z,, Z,(¢, o) are
closed subsets of PNd'"_l(Qp) with respect to the strong topology.

Remark 10.4. By this description, we can say that the boundary of Z, and

Z,(§,0) are contained in a prop]evr Zagiski closed subsets of IP’Nd’"_l(Qp). Indeed,

the morphism pr2|ggp: %, — IPQd’"f is generically smooth because it is generi-
P

cally flat and general geometric fibers are smooth. Pick a dense Zariski open subset

UC ]P’g “»~! such that pr2|ggp is smooth over U. Then the boundaries are contained
P

in (Pg‘i’"fl \U)(Q,). From this fact, we see that the boundaries have measure zero.
P

Later, we will need an estimate of the measure of Z,(£, o) (Proposition 10.12). To
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obtain this, we need to estimate “proportion” of the boundary in the reduction
modulo prime powers (see Proposition 10.10).

For the archimedean solubility, we again appeal Lemma 3.8 to. We thus check
the archimedean solubility is merely a semialgebraic condition:

Lemma 10.5. The family of subsets
(%Nd," (A)NRW(§,0)) —ag
of ]RN“, which is is independent of ,, o, for p < oo, parametrized by
(A, 00, €,a0) € R X R x R" x RNan
is semialgebraic. In particular, RW_,RW_(§,0) C RYen are semialgebraic.

Proof. Let K € RYV4m x R x R x R™™ x RMan x R™™ be the set of tuples
(a, A, 00, €0, 89,x) € RVam x R x R x R"T! x RNan 5 R
satisfying
a+ 3y € %Nd," (A)v X 7é 0? doo([x]v [é.oo]) < 00> fa-‘rao (X) =0.
These are semialgebraic conditions and thus K is a semialgebraic set. Then the
projection K of K to the first five factors is also semialgebraic and the fiber of K
over the point (A, 0., €x,a9) 18 (B, (A) NRW(§,0)) — ag.

If we remove A and the condition involving A, and set ag = 0, we get the
semialgebraicity of RW and RW (&, o). |

In order to determine the magnitude of the main term of Theorem 1.7, we need
to get bounds for the local densities p,(§, ). For the archimedean case, we use the
classical Newton method. Recall the set of monomials ., ,, (Definition 1.1) and
Veronese embedding v, ,, defined in (2.1). Let us define

: M
v (x) = (6 (X)) fori=0,....n
’ Iz MeMy,,

so that the partial derivatives uéizl of the Veronese embedding can be expressed as
Ofa

— (@)
2 () = (.00

Then, the local density p.(&,0) for the archimedean place is bounded as follows:

Proposition 10.6. We have
poo(ga U) = MSNd,n_l(Woo(g?U)) = 005

where the implicit constant depends only on d,n.

Proof. First we prove po.(§,0) <4 0. If a € W (£, 0), then there is n € S”
such that (a,v,,(n)) = 0 and do.([n], [€x]) < 0. By replacing n with —n, we
may assume (1, £,.) > 0. Then we have

|<a7 Vd,n(goo»‘ = |<a7 Vd,n(éoo) - Vd,n(n)>|
S ||Vd,n<£oo) - Vd,n(")” <<d,n ||£oo - T’H < doo([goo]’ [77]) S Oco-

From this, we can easily deduce po.(§,0) <4 Ooo-
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Next, we prove po.(§,0) >4, 0o For an orthogonal transformation R on R™H,

we can associate a linear automorphism R on R4 so that (a, Vin(R-X)) = (R-
a, vy ,(x)) for all a € RY4» and x € R"™. Note that R is continuously depending
on R and the orthogonal transformation on R™ " forms a compact group. This gives
that the bounds for the operator norms || R, ||k~ <4, 1 and the determinants
|det R, | det R <4, 1 uniformly over R. Thus, under the automorphism R, the
density poo(&, o) is invariant up to multiple by a positive constant depending only
on d,n. Therefore, by considering an orthogonal transformation of R"" sending
& to (1,0,...,0), we may assume €., = (1,0,...,0).

If £ = (1,0,...,0), then v, ,,(§) and z/é,lgl(ﬁoo) have the coordinate 1 at the
position corresponding to the monomials xf)l and mg_dxl, respectively, and the other
coordinates are all zero. Let us consider the set

B(r) = {a € % | @, vg(€sc))] < 7 and [(a, vl (€)= 3}

for 7 > 0. Note that then X(7) is the set of vectors a € §Nan=1 having coordinate

of the absolute value < 7 and > % at the positions corresponding to the monomials
d d—1

xy and xy x;. Thus, we have

(103) ,LLSNd,nfl(Z(T)) >>d,n T.

We are applying Newton’s method to show that for a € X(7), the polynomial f,
has a solution close to £ if 7 is small enough. We use Newton’s method presented
in [7, IL.4, p. 49-51]. Let f(t) = fa(1,¢,0,...,0). Then, f is a polynomial in ¢ with
degree at most d and

FO)] = Ha,van @ <70 IF/(0)] = [(a,vf) ()] =

| f| = max{absolute value of coefficient of f} < 1.

)

N[ =

Let ¢ := (12d(d — 1)*)"". Then, for t,u € [—¢, +¢], we have
1
[F() = f(w)] < [t —ul max /(0] < 2d(d —1)*c = 6
t|<c

Combined with | f'(0)| > 1/2, we get |f/(t)] > 1/2—2d(d—1)*c = 3 fort € [—c, +d].
Thus, we have |f'(t)] > 1/3 and |f'(t) — f'(u)| < 1/6 for t,u < [—¢,+c]. By [7,
I1.4, p. 49-51], if | f(0)| < ¢/6, there is y € R such that

fly) =0 and |yl <ec.
This means f, has a solution (1,y,0,...,0), which satisfies

doo([(]-?yaoavo)]aéoo) = ¢ S C.

Vi+y”

In particular, we have X(0,,/6) C W (§,0), so the bound (10.3) gives

NSNd,nfl(Woo(ga U)) > N’SNd,nfl(E(Uoo/G)) >n.d Ooo
as desired. g
We next estimate p,(§,0) again by using the Newton method, i.e. Hensel’s

lemma, but the proof is more complicated and broke down into the subsequent
several lemmas. Also, the subsequent argument has another purpose to estimate
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for the “boundary” of the solubility locus Z,(&,0). We use Hensel’s lemma of the
form, e.g. given on on p. 48 of [17] as follows:

Lemma 10.7. Let n,d € N, p be a prime number and a € Zgﬁg and f = f,. For
any € € Zp with [|€], = 1 and e,l € Zs, if
- of F of
<p° <
e>l [f@l,=p " < max o, (€) REEET: AP (€) )

then there is € € ZZH with Hng =1 such that

f€)=0 and d,&&<p .
Proof. Without loss of generality, we may assume

of | _|of
] =[5 @

max
0<i<n

p

Let us write £ = (&, ...,&,) and set g(t) = f(t,&,...,&,) € Z,[t]. We have

of
8.%0

2

= |9/(§0)|;2>~

p

|9(§0)‘p = ‘f(é)‘p < p—e < (é)

By Hensel’s lemma of the form given on p. 48 of [17], there is Eo € Z,, such that

: - |9(80) £ (&)l —(e=1)
=0 d — < = < .
9(60) an |€0 §0|p — |g/(§0)|p |(6f/8$0)(€)|p sp
Set € = (£,&1,...,&,). Since 1€]l, = 1 and 1o — Solp < p Y < 1, we have
||§||p = 1. We have f(€) = g(&) = 0. Moreover, we have
dy(&.€) = max |6 — &oly < 16— ol <p~ 7.

1<i<n

as desired. 0

Proposition 10.8. Forp € Sg, and a € Z,I)Vd’" \ {0}, if [a] € Z,(&,0), then
‘<a7 Vd,n(ép)”p S Jp||a||p‘

Proof. Since [a] € Z,(§,0), there is i € ZZH with [[n]|, = 1, (a,v4,(n)) = 0 and
d,([n],§,) < o, < 1. Note that since d,([n],£,) < 1, we can take 1 so that at least
one coordinate is unit and equal to the corresponding entry of §,. Then we have

|<a’ Vd,n(gp)”p = |<a7 Vd,n(Ep) - Vd,n(n)>|p
< llallpllvan(€p) = van(mll,
< HaHpHSp - 77||p = ”a”pdp([‘sp]u [77]) < O—pHaHp

as desired. O

We then introduce the “boundary balls” for the solubility locus Z,(§, o).
Definition 10.9. Let p be a prime number.
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(1) Let N € Zs,. Fora c ZZJ?V and r > 0, we write
Blar)={xez) | |x-al, <r}
T P p=Ty-

Note that if r = p~ " for some v € Zs4, then B(a,p~ ") is determined by the
class a (mod p*). Fora' e (Z/p"Z)", we write B(a', p~") for the ball B(a,p™ ")
where a € Zi,v is an arbitrary lift of a’.

(2) For v € Z»,, we set

oW, (p") = {a € (Z/p"z)N+r

B(a,p ") NW, # @}
B(a,p~") ¢ W,

Bla,p™") NW,(€,0) £ @} |
Bla,p™") ¢ W, (£ 0)

We now estimate the boundary of Z,(§,0). This may be compared to, e.g.
Lemma 5.6 of [4, p. 1188] but the exponent e in [4] corresponds to a larger one v
necessary for the Hensel lifting. Also, we use a different reductions to the lower
prime powers and use the shifts of x (see (10.12)) not only the multiplications by
unit (see (10.10)) as in [4], which gives better bounds in our setting.

8Wp(§,o)(p”) = {a c (Z/p”Z)Nd,n

Proposition 10.10.

(1) Let p be a prime number. For v € Z=, with v > e, set

(10.4) v = min(e,, v —e, +1).
Then, we have
—onm PP (P7)
10.5 HOW, (&, 0)(p") < p*Nan—v=m y
(10.5) »(&,0)(p") T
In particular,
(10.6) #OW,(p") < ptNan=v (1)?1)
(2) For p € Sg,, we have
(10.7) #HOW,(&,0)(p) < prian=™",

Proof. The bound (10.6) follows from (10.5) by setting e, = 0. The bound (10.7)
follows from (10.5) by setting v = e, since p € Sg, implies e, > 1. Thus, it is
enough to prove the bound (10.5). We fix v € Z>, with v > e,,. Let

(10.8) vy = min([;-‘,v—ep—l—l).
Claim 10.11. For a € W, (¢, 0) satisfying

B(a,p™*) ¢ W,(& o),
there is x € (ZZH)prim such that

R0 =0,y (L&) <57 and |50

<p ¥ forall0<i<n.

p
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Proof of Claim 10.11. Since a € W,(§, o), there is x € (Z"H)prim such that
fa(x)=0 and d,([x].[§,]) <p .

Take a point b € B(a,p~

")\ W, (& o). Then we have

|fb(x)|p = |fb(x) - fa(x)|p = |fb—a(x)|p S piv'
We first show
(10.9) ‘afb( ) <p % forall0<i<n.
ox b - -

Suppose there is ¢ such that

SO

Jfp
ox;

—(1)0—1)'

(%)

P

>p " = | fo(x)]-

afb —vg
oz, (x )p >p
Since 2(vg — 1) <2([5] — 1) < v, we have
Of |
o

By Lemma 10.7 withe=v, =7 —1, we get y € (Z;}H

p

)prim Such that

foy) =0 and d,([y],[x]) <p "0,

By (10.8), we have
dy(ly], (&) < max(d,([y], [x]),

d,([x], [€,])) < max(p

—(v—vp+1) e,

) =p

The existence of such y contradicts b ¢ W, (£, o). Thus, (10.9) follows.

By (10.9), for all i, we get

Ofa O0fa Ofp dfv
81‘()‘1) ox; x) - 8x()+8x()p
< max< ag;_ib (x) Zib( ) p) <max(p ",p” ) <p~ ",

where we use b € B(a, p

=) o bound |(9fa_n/d;)(x)],-

In light of this claim, we consider the following set

Na,n
prim

U={ae2z/p'z)

By Claim 10.11, we have 0W, (&, 0)(p"

For a € (Z/p"Z)"%" | let

prim?

X € (Z/p"L) gt

prim

:Da(g? U) =

Ix € (Z/p"Z)psim st
X =€, (mod p7)
(a,v4,(x)) =0 (mod p")
(a, V((izl( )) =0 (mod p) for all
) C U. Thus it is enough to bound #U.

x = £, (mod p°r)
(@,14,n(x)) = 0 (mod p*)
(a, 1/((1721( )) =0 (mod p™) for all 4
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For a € U, we first estimate #9,(£,0) from below by finding symmetries on
Da(&,0). Since (a, vy ,(x)) is homogeneous in x, we have
(10.10) x € D,(&,0) = ux € D,(€,0) for u € (Z/p°Z)* and u = 1 (mod pr),

where v = 1 (mod p) is necessary to keep the condition x = £, (mod p°).
We next consider the shift x + p’y of x € D,(&,0) for some g € {1,...,v} and
Y = Yos - un) € (Z/p" 7)™, We then have

(@, van(x+17y)) = (@, vgn(x +Z a, v}, (x))p’y; (mod p*)
Thus, if 29 > v and vy + g > v, then (a,v,,(x + p’y)) = 0 (mod p"). Also, if
2g > v, then g > [v/2] > vy. Thus, we have
(v (x + 2°y)) = (a0 (x)) = 0 (mod p™)

for all 7. Hence, by taking the condition x = £, (mod p) into account, if we set

(10.11) Jo == max([;—‘,v—vo,ep> :max<[;—‘,ep>,

where the last equality holds by (10.8), then we have
(10.12) X €D,(6,0) = x+pPy e D,(€,0) fory € (Z/p’~%Z)"

We thus obtained symmetries (10.10) and (10.12). Now, if a € U, we can take
x € D,(&,0). Then, the symmetries (10.10) and (10.12) imply

u € (Z/p'Z)™ with u =1 (mod p)
y € (@/p" ")t '

D,.(6,0) D {ux +p%y € (Z/p" L) i

Note that the action of
(v.u) € G i= (Z/p" 92y n {u € (Z/p"D)* |u=1 (mod p°)}
to a point x € (Z/p" Z)prlm given by (y,u) - x = ux + p’y has the stabilizer
{(u,p™(1 —u)x) € G |u€ (Z/p’Z)* and u =1 (mod p™)}
of the size ¢(p")/¢(p?). Thus, we have

9o
#D,(6.0) > p<"—g°><"+1>§gep§ i acU.

We therefore have

#U < p —(v— 90)(n+1)<p(pep§ Z #@a(f,U)

o(p”
ac(z/p D), 4
(1013) Ep
—(v—g0)(n+1) (D)
=p (v—g0)( H)W Z #K(x),
*E(2/p" D)k
x=§, (mod p °p)
where

Ndn

{ . (a,V4,(x)) =0 (mod p’) }
(10.14)  K(x):=<a€ (Z/p"Z), i :

(a, VK(I’LZL( )) =0 (mod p") for all 4
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We next bound #K (x) for a given x € (Z/p”Z)gjiél. We may assume (zg,p) =1
without loss of generality. Let ag,aq,...,a, be the coordinates of a € (Z/p”)Ndv"
corresponding to the monomials Xg, Xg_le, ey Xg_an and write the remaining

part of fp(x) = (a,v,,(x)) as

Ya (X) = Z CLMJ\I(X)'
Mety ,
ME{X§, X3 X1, X6 X0}

Then, the linear equations in (10.14) imply

(a,14.,(x)) =0 (mod p")

= agry = —(aywf a4 a,zg 3,) — ga(x) (mod p')
and
i v — 0 v
(a, uél(x)} =0 (mod p°) <= az0 ' = —aga (mod p™)
; z;
where ¢ € {1,...,n} for the latter equation. Thus, we have
(10.15) #K (x) < p*WNan—D=von,

By combining (10.13) and (10.15), we now have

€
(Ng n—1)—von—(v—go)( +1)P(P™")
#U <p T Ty 2 ]

x€(2/p"2)" "
x=¢£, (mod p°P)

e,
_ pv(Ndm—1)—von+(go—ep)npgo<p(p p)
€
o(p”)pr
€p
U(Nd’n—l)—von-i-(go—ep)np@(p )
p ——
e(p)p

since gy > 1. For the exponent, by recalling (10.11) of gy, we have

V(Ng, —1) —von + (go — ep)n = v(Ng,, — 1) —von + maxdg—‘ —€ep, O)n
=0(Ng, —1) — nmin(vo — [%—‘ + ep,vo).

e,+(v—e,+1) |
v—e,+1) < oot =l 50

Since min(e 5

V2l

: v
min(e,, v —e, +1) < {2-‘ ,

the definition (10.4) of v, give

. v . v . ~
mln(vo — [5—‘ + ep,vo) = mm(ep, {2J + 1,vo> = min(e,,vy) = v.
Therefore, we arrive at

OW 7 V) < LT < dem—v—n'ﬁptp(pep>
#OW,(§,0)(p") < #U <p OrD

as desired. O
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Proposition 10.12. For p € Sg,, the local density p,(&,0) = upwdmfl(Zp(ﬁ,a))

Qp
is bounded as

1 _p—(Nd,n—l) _p—” 1 1 _p—(Nd,n—l) 1
(10.16) ( —Na., P Spp(gvo-) < W pT

L—p
Proof. Consider the following set:

V= {a € (2" ) puim | (& van(€)) = 0 (mod )}

Then we have
Claim 10.13.

(1) Y = {a € 2" )y | Blap™*) W, (&,0) £ 2},

(2) 1y (V) = p~ ot < (W (€,0)) < py (V).

(3) pp(Y) = (1= p~FanDyp=er,
Proof of Claim 10.13. (1) Let Y’ denote the right hand side. Suppose a € Y'. Take
a point b € B(a,p” ) N W,(§,0). Then we have

(@,v4.n(§,)) = (b,v4n(&,)) =0 (mod p)

and thus a € Y. Conversely suppose a € Y. Then we can write (a, v, ,(£,)) = p"a

for some a € Z,. We shall find ¢ € Zé,vd’" such that (a+ p“rc,vy,(£,)) = 0. We

have (a + pre, V(&) = 70+ po (e, van(&,)). Since [, = L, we have
lVan(Ep)ll, =1, 50 (-, vq,(8,)): Z;,V'i’" — Z,, is surjective. Therefore, we can find

ce ZZJ,V”""‘ such that (c,v,,(§,)) = —a and we are done.
(2) Obviously, we have
U B(a,p~ ) C Wy(&,0) C U B(a,p ) =Y.
Nan N,
ae(Zy, © )prim ae(Z, )prim
B(a,p P)CW,(&0) B(a,p” P)NW,(€,0)#0

Thus, we have
pp(Y) — Np( U B(ayp_ep)> < pp(Wy(€,0)) < (V).
aEBWp(Qo)(p“p)
By (2) of Proposition 10.10 , we have
up( U B(a7pep)> < pede’niepin . pfedem, —_ p*(6p+n)
acdWw, (£,0)(p°?)

and we are done.
(3) We have

Y = {a e Zhen

(a,14.,(€,)) =0 (mod pep)}
\p{aezy™ | (avqn(§,) =0 (mod p 1}

Thus, p,(Y) =p~ —p &Y 5= Nan a9 desired. O
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From this claim, we obtain
1 1 1 1 1
(1 - W - pn> F < pp(Wy(€,0)) < (1 — de,n_1> Zﬁ
Then, from this bound, we can deduce the bound (10.16) by recalling (10.1). O

Lemma 10.14. We have

_ 1
:U']PNL{,n*1 (PNd’n 1(@1}) \ Zp) < Z?

Qp

where the implicit constant depends only on d,n.

Proof. By (10.1), it is enough to show that

Ny, 1
Mp((ZP - )prim \ Wp) < E
By Proposition 9.3, we have

(Z;)Vd’n)prim \ Wp C {a S Z;Vdm | a (mOd p) € NIPd7n(Fp)}

provided p is sufficiently large in terms of d and n. Therefore,

N n N n
1p(Zp ™" Vprimn \ Wp) < ({2 € Zp"" [ & (mod p) € NIPy ,(F,)})

#NIP,, (Fy) _ p™r > 1
- Nd n << Nd n - 27
p " ' p
where we use Lemma 9.2 to bound #NIP, ,,(F,). O

p

10.2. Bounding F(A, P). In this subsection, we prove the following upper bound
of E(A,P). The idea of the proof is based on the method called Ekedahl sieve,
originally carried out in [8]. A quantitative version is developed in [2, Theorem
3.3], and our E(A, P) has similar form with the set counted there. We interpret
our conditions “[a] € Z,({,0)” and “[a] ¢ Z,” into congruence conditions and
containment in some algebraic sets. This leads us to more similar setting as in [2,
Theorem 3.3], but we have to count lattice points in semialgebraic sets with some
congruence conditions.

Proposition 10.15. There exists I}y € R», that depends only on d,n such that
for all A>1 and P > P,, we have

1 UOOAN‘i*"
Plog2P q

where the implicit constant depends only on d,n.

E(A,P) < + ANan " 1ogl0g 34

We are proving this proposition in several steps.

Recall that we defined the subscheme NIP,,, C Agd‘", which contains all non-
irreducible polynomials. By Lemma 9.2, we have dim(NIP,,,)g < Ny, — 2, where
(NIP,,,,)q is the generic fiber over Z. In particular, we can pick a linear projection

TQ: Agd’" — Agd’”_l
such that the induced morphism

Ny, —1
(NIPd,n)Q — AQd'
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is finite. By composition with a linear automorphism if necessary, we may assume
that there is a linear morphism 7: Ajzvd’" — Ajzvd’"_l such that the base change
of m to Q is mg. By a standard argument of “passage to the limit”, there exists R,
a localization of Z by a single element, with the following properties. Consider the
following diagram:

(NIP,,,)g — (NIP,,,) g —— NIP,,,

N

1l AJZ\IMA

where (NIPy )z, Tr are the base change to R. Then 7g|nip, ), is a finite mor-

phism and the coordinate ring 6 ((NIP,,)g) of (NIP,,)r is generated by, say,
r elements over G(An"""'). Since dim(NIPy,)g < Ny, — 2, NIP,,, does not
Nygn—1

dominate A]ZVd’"_l. We pick a non-zero polynomial f € O(A, ) such that

d,n

7(NIP,,,) C V(f) C Ayt

Here V(f) is the closed subscheme of Agd’"_l defined by f.

Now we take Py € R-; so that Proposition 9.3 works for this P, and also any
prime p > P, generates a prime ideal of R.

Choosing P, as above, for A > 1 and P > P,, we can use Proposition 9.3 to get

0O<|al <A
E(A,P)<#{aezNin Vpe S, [a] € Z,(¢ o)
Jp € (P,oo) \ S s.t. a (mod p) € NIP, . (F,)
We then decompose the sum into two parts according to the size of “bad” p as
E(A,P) < E{(A,P)+ Ey(A, P),
where
0<l|al<A
Ei(A,P)=#{aczNan Vp €S, [a] € Z,(§ 0) :
Jp € (P,A]\ S s.t. a (mod p) € NIP, ,,(FF,)

Ey(A,P) = # {a e zNan

lall < A
Jp € (max{P, A}, 00) s.t. a (mod p) € NIP, . (F,) [

Note that we weakened the condition on a in the definition of Fy(A, P).
We first bound Ey(A, P).

Lemma 10.16. Let P, as above. For A > 1 and P > P,, we have
By(A, P) < ANan~L,

where the implicit constant depends only on d,n.
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Proof. We may assume A > 2. We further divide Ey(A, P) into two parts as follows:
Ey(A, P) < Egy + Eg,

where

E — ZNd,n
n = # {a : Ip € (max{P, A}, 00) s.t. a(mod p) € NIP ,(F,)

lal < A and f(r(a)) #0 }

By =#{a € Z""" | |a]| < A and f(r(a)) = 0}.
Since f o7 is a non-zero polynomial function on A]ZV 4" we have

(10.17) Egy < ANen™1,

where the implicit constant depends only on d,n,w, f.
Since 7r: ZNan — ZNan "1 ig a linear map, there is a non-negative real number
which we denote by ||7|| such that ||7(x)|| < ||x||||x|| for all x € ZN4". We have

Ey < Z Z 1

p>max{P,A} aczNd.n
lal<A
f(m(a))7#0
a (mod p)eNIP, ,, (F,)

(10.18) < ) > > 1.

bezNd,n~1! p>max{P,A} aczNd.n
f(b)#£0 p|f(b) lall<A

Bll<l~|A a (mod p)ENIPy , (F,)
m(a)=b

Since p > max{P, A} > P > P,, every fiber of
m: NIP, ,(F,) — Ao~ 1(F)
consists at most r elements. Noting p > A, we get

Z 1«1

ezNdn
llal<A

a(mod p)eNIP, ,(F,)
w(a)=b

where the implicit constant depends only on d,n,r. Thus (10.18) is bounded as

< Y oL

bezNd,n~! p>max{P,A}
f(b)#£0 p|f(b)

Ibll<l~|A
Let
a(b) = Z 1.
p>max{P,A}
plf(b)

Then, for b € ZN4»~! with f(b) # 0, we get

AP < H p < |f(b) < A% so a(b) <1,
p>max{P,A}
plf(b)
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where the implicit constant depends only on m, f. Therefore, we get

(10.19) By < > 1< ANt

beZNdﬂl*l
f(b)#£0
Ib||<|l=|lA

where the implicit constants depend only on d,n,r, 7, f.
Thus, by combining (10.17) and (10.19), we get

Ey(A, P) < ANan™t

where the implicit constant depends only on d,n,r, 7, f. Since we chose =, f,r
depending only on d,n, we are done. ([l

Next we are going to bound E,; (A4, P).
Lemma 10.17. For A > 1 and P > 1, we have

1 0o ANan
Plog?2P q

where the implicit constant depends only on d,n.

+ ANan—1 loglog 3A,

E\(A,P) <

Proof. Note that [a] € Z,({,0) <= a € RW (£, 0). For the condition [a] €
Z(&,0) with p € Sg,, we use Proposition 10.8. By Chinese remainder theorem,
we can pick a &, € ZNam such that

& =&, (mod p) for p € Sg,.
Note that ged(q,&y) = 1 since since ||§, ||, = 1. We then get
a€By, (A)NRW (£ 0)
Ei(A,P) < #{aezVer (a,v4.n(&)) = 0 (mod q)
Jp € (P,A]\ S s.t. a (mod p) € NIP,,,(F,)
Let
A={aeZ"" | (a,vy,(&)) =0 (mod g)}.

This is a lattice of rank N ,. Using this lattice, we see

(10.20) E((AP)< > > #Npa),
P<p<AzeNIP, ,(F,)
pESs '
where

N(p,z) ={aec ANBy, (A)NRW,( 0)|a (modp) =z}
The set N (p, z) is non-empty only if
#{ae Ala (modp) =2} #02.
When this is the case, pick ay € A such that ay (mod p) = x. Then we have
N(p,z) =ANBy, (A)NRW (& 0)N (ag + pZ™ir)
= (ag +pA) N By, (A) NRW (& 0),
where we use A N pZNL"" = pA, which follows from p t ¢. Thus,

#N(p,2) = #(pA 0 (B, (A) NRWL(€,0)) — a) ).
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We use Lemma 3.8 to estimate this number. By Lemma 10.5, the set

(%Ndm (A) N RWOO (5’ 0)) —

comes from a semi-algebraic family of subsets of RNan parametrized by A, 0., &,
and ay. By Lemma 3.8, we get

#N(p,x)

N —
~ voly,, (Bu,,, (A) NRW(£,0)) o dz 'y, (B, (A)NRW(£,0))
det(pA) ~ A1(pA) -+ A, (pA)
0 AN ManTt g\ g ANen gNan]
oot — < S + ,
pN‘i’" det A VZ:;) p qud’" Nan=1

where we use Proposition 10.6 for the first “<” and the fact det A =gand p < A
for the second “<”.
Plugging the above estimate into (10.20), we get

o ANd,n ANd,nfl
E\(AP) < Y #NIPy,(F,) | 25—+ S |
P<p<A w P

Since dim(NIP,,,)g < Ny, — 2 (Lemma 9.2), we have

#NIP, (F,) < p™tn 2
Therefore, by using the bounds
> 1<Zl<< L and Zl<zl<<1olo3A
il %« —"  an z -
2= 2= 2 S Plog2p Py TR
P<p<A P<p P<p<A p<A

which can be proven by the prime number theorem, we get

ANan g 1
E\(AP)< Y (GM(IZY+ANW11p>

P<p<A p
< 1 JOOAN‘L"
Plog2P q
This completes the proof. (I

+ ANen " oglog 3A.

Proof of Proposition 10.15. This follows from Lemma 10.17 and Lemma 10.16. [
10.3. Asymptotic formula for M (A, P). Recall that

M(A,P) =#{acZ)i ||a| <A and Vpe SUMgy<p, [a] € Z,(,0)}
N, ||a|| é Aa ac RWoo(gvo-)
=#cacZ " )
p VpesﬁnUMQ,§P7 ac Wp(g,O')

We are going to get an asymptotic formula for M (A, P). The difficulty is that we

do not know the precise shape of the subsets Wp(§ ,0) C Z;,v ™ We approximate
the set W, (&, 0) by finitely many disjoint balls with the same radius from inside
and outside. Being contained in a p-adic ball is equivalent to a certain congruence
condition, so we can apply Proposition 5.8 to count lattice points.
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Let us start with preparing the balls. Consider the following two sets of balls in

N, . . o . .
Zp“", which approximate the sets W,(£,0) from inside and outside: for prime p
and v, € Z>q, we define

Qo(p™?) = {B(c,p~™) | c € Zp ™", Ble,p~") C W, (&, 0)},
0 (p"7) = {B(e,p ") | c € Zp "™, Ble,p "r) NW,(€,0) # o).

Lemma 10.18. Let p be a prime. For v, € Z>,, we set

U, = min(e,, v, —e, +1) and v(v,,e,) = v, + nv,.
Then, the following hold:
(1) We have
v v 2p"» e
# (™) \ Qp™)) < W

(2) For the local density p,(§,0) = ppzﬂvdmfl(Zp(ﬁ,cr)), we have

#Q (p"” “N,, 2
#ﬂh) < (1 -p Nd'”>pp(€7a-) + v(v,,e,)’
p p B p p>p
#Q0 (™) - 2
U;?Nd,n > (1 - P Ndm)pp(gvo-) - v(vpren)
p p
Proof. (1) follows from Proposition 10.10 since
pe0™) - P _,
ep™ ~p—17
For (2), recall that
pp(Be,p~*)) = p~ e
for all c € Z;Vd'". Thus, combined with (1), we get
#Q(p?) _ #U(p™) 2
ﬂp(Wp(f,U)) Z pUde”” 2 pvad,n - pv(vp,ep)
#Q(p™) _ #Q0((™) 2
'U’P(Wp(£70)) S pUde'” S pvad,n pu(vp,ep)
We then obtain (2) by recalling (10.1). O

Proposition 10.19. Let v, € Z>; for each p € Sg, U Mg <p. Set
¢= I »
PESH,UMg < p

Recall the definitions of the local densities
poo(gao') = MSNd,7z—1(Woo(§70)) and pp(ga U) = Mpfd,n—l(zp(gaa)) for p 7é 00.
~p

For A, P > 1, we have

VNd‘n H;DEMQ pp(§1 U)

Nd’n —+ 1
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In, (@) JIn, . (q)1og2A
x|1+0 N, i, ) N AN, 1
Poo(&0)q A pog(§,0)p(q) AT
and

VNd’,,L Hpe]\/]w Pp(faU) Ny 1
M(4,P) 2 C(Ndjz) AT @d’n(f’g) <1 +0 (Plog 2P)>

I, (d) In,, (d)1og2A
X 1 + O INg ,—1 + / Ng,—1 ?
Poo(&,0)0 A pe(§0)p(q ) AT

2
@di,n(gv 0) = H (1 = (1 _ p_Nd.n V(“p’ep)>

PESH,UMg <p ! )pp(§>g)p

where

and the implicit constants depend only on d,n.

Proof. Let us write & = Sg, U Mg <p. We have

M(A,P) < 3 # {a € Zyun
Q1 (p"P)

(Bp)€ll es

M(A,P) > > # {a € Zpi

(Bp)ell es (")

a€By, (A)NRW, (£ 0)
Vpe ¥, a€ B, ’

Vpe ¥, ac€ B,

a€By, (A)NRW(E, 0)}

We identify a ball in Zzl,vd‘" of radius p~ "7 with an element of (Z/p"»Z)Nen.
By Chinese remainder theorem, we have [[ (Z)p"r Z)Nam ~ (Z)q Z)Nem . Let
6; (i =0,1) be the image of [[ .y Qi(p™) (i = 0,1) by this bijection:

H;DESP (Z/pUpZ)Nd’" -~ (Z/q’Z)Nd,n

U U
yes (20" Dty — (Z/4 )y
U U
[les Qi(p”) —————6;
Here note that all the elements of ;(p"?) are contained in (Z/ pUPZ)IJXﬁ; because

W, o) C (Z,],Vd’")prim. Also, by the definition of W,(§, ), the sets 6; are stable
under multiplication by any elements of (Z/q'Z)*. With this notation, we get

M(A, P)

ac %Nd,n (A) N RW@(§7U)
a=c (mod ¢') }

Nan

= 3 # (2t 0By, (A NRW(E,0) N (c+qZV))
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1 N,
- ( /) Z Z # (prf}n NBy, , (A)NRW(§,0) N (ue+ q/ZNd’">)
v we(Z/q'7)* c€61

S X # (2 0B, () NRW (o) ue + g2V )

ceﬂ’él ue(z/q'2)"
Similarly,
M(A, P)
> > #(zhm By, (ANRWL(E0) N (ue+¢ZV)).

c€€y we(z/q'z)*

e(d)

Note that RW (£, o) form a semialgebraic family of homogeneous sets when &
and o varies. Applying Proposition 5.8 with ' = A = ZN‘L", for all A > 1 we have

S # (B P, ()N RIV(E0) 1 (v +¢2Y0)
we(Z/q' 7)™
"y vol RW_(&,0)N%AB 1)) AN N ANan -1
©(q) voly,  ( (f/ )N By, (1)) o %4—/1105;2,4
JNd,n(q )C(Nd,n) gNan
' o \Sy T V ANd’” / ANd,n—l
_ 2(9)po(8 ,> N o (p(q/gv ' dtog2a).
JNd‘n (q )C(Ndn) q d

where the implicit constants depend only on d,n. Therefore we get

poo(gao')VNdm,ANd’n O (AN‘Z'"_l AlOg 2A>>

,n

M(A, P) < #%€, (

INg (@) (Nan) g Nan—t o(q)
(10.21) P (E,0) Vi, AN ANanl 4los2A
M(A, P) > #6, | 27 Naw %) o8 .
AP = #% ( In, ., (@)C(Ng,p) (q/Nd’"l ©(q') ))

Now by Lemma 10.18 we have

_ 2
#‘61 H #Q < Hpv »Nd,n ( 1—p NdTn)pp(f,O')—’_pV(vp’ep)>

pes peS
= ‘]Nd‘n (q,) H pp(§7a') ! @In(é.)(j)
peS

and

3 2
#60 = [T #906™) > [ »V (“ TN~ e )

peS peS
= Jn, (@) ]] Po(6,0) - ©4,(6 ).
peS
Plugging these bounds into (10.21), we get
M(A, P) < T (. 00016, 0) (Mo + O(Mp)),

peS

M(A? P) 2 H pp(fvo-)@c?m(gﬁa)(M() +O(ME))

peES

(10.22)
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where
Ngn
M. — poo(gvo-)VNdynA ’
0 <(Nd,n) ’
In,, (@)A1 Ty, (¢))Alog24
ME = TN, . —1 + / .
g o(q)

We then replace [[ ey pp(§, o) with HPGMQ\{OO} pp(&,0). By using

1 1
_ — R — >
H(1+O(p2>> 1+O<Plog2P> for P> 1,

p>P

which can be proven by the prime number theorem, and by Lemma 10.14, we have

I o6 =TT mpma(2) = 11 (1 - upgd,,ﬁl(PNdvn—l(@p \ Z,»)

p>P p>P P p>P
p¢S PES p¢S

1
:1 _—
+0 <P10g2P)

for P > 1. Replacing HpGS/’ pp(§,0) with

(1}4 pp@,a)) (p]lpp(f,a))_l - ( 11 p;;(fu)) (1+0(Fi37))

PE My
p<oo pES p<oo

in (10.22), we get the desired inequalities. O

Now we are going to choose v,’s, which means we are adjusting the radii of the
small balls utilized to approximate the sets W,({,0). Note that as v,’s increase,
v(v,, e,) and ¢’ are getting large. This means the product factor

PESHnUMg < p Pp(f, o)p (vpsep)

in Proposition 10.19 approaches 1 as we make v,’s larger. However, this increase
in v,’s also make the big-O terms in Proposition 10.19 large. Therefore, our task
is to choose v,’s in a manner that balances these effects. We are choosing v,’s as
in the form specified in the following lemma.

Lemma 10.20. Take gp>1 for each p < P and set

9p when p < P and p ¢ S,
vpi=1q€+g, whenp<PandpecS,
ey whenp > P andp € S.

Note that then we have v, € Z>, and v, > e, for all p < co. Then, we have
v(vy,ep) = gy when p < P andp ¢ S,
v(vy,e,) > e, +g,+n whenp < PandpeS,
v(vp,ep) =€, +n whenp > P andp € S.
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Proof. Recall v,, of Lemma 10.18. When p < P and p ¢ S, we have v, = 0, so
v(vy,e,) = v(9p,0) = gp-

When p < P and p € S, since v, > e, we have v, > 1, so

v(vy,e,) > v, +n=e, + g, +n.
Finally, when p > P and p € S, we have v, = 1, so

v(vy,e,) = v, +n=r¢,+n.
This completes the proof. ([l
Lemma 10.21. We have
(1=p")py(60) > == P € S

(1—p M), (& 0) > 1 ifp ¢S,

where the implicit constants depend at most on d,n.

Proof. First inequality follows from Proposition 10.12. Second inequality follows
from Lemma 10.14 with noting that p,(£,0) # 0 for all p < co by Remark 10.4 or
Proposition 10.12. O

Lemma 10.22. There is a constant C' > 1 depending only on d,n with the follow-
ing property. For any V' > 2 and P > 1, there are v, € Z>, for eachp € Sg,UMg <p

such that
2 P 2
Z —Ng.n v(v,,e,) <C(ﬂ—(‘/) + nl)

PESHin UMy < p (1 - D ’ )pp(f,a)p prep P

and
g < q(PV)"?,
where w(P) is the number of prime numbers less than or equal to P.

Proof. Let us write
2

(1= p~Mem)py (& o)p” )

We choose v,,’s as in Lemma 10.20 and choose g,,’s later. By Lemma 10.21, we have

Gp

€ €

1 P P
Z ap < Z v(vp,ep) + Z v(vp,ep) + Z v(vp,ep)
PESEnUMg, <p p<pP pESgy, P pESp, P
- p¢S p<P p>P

Then, by Lemma 10.20, we can further bound

1 1 1 1 1
Z ap<<zzﬁ+z]m+z?§ pgp‘i’pr,V

PESE,UMg <p p<P PESkin
pgS p<P p>P

Now for a given V' > 2, let g, € Z>, be such that
(10.23) pl <V < por.
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Then, we get

Yo g, mp), 1
P n—1"
PESHn UMy <p v i

To get the bound of ¢’, note that (10.23) implies p%» < pV. Thus, we have

¢= II »"=T11»" II »"* I »™

PESH UMy < p p<P PESkin PESkin
N p¢S p<P p>P
=q [ »” <a[[@V) < a(PV)"™®
p<P p<P
as desired. This completes the proof. O

Proposition 10.23. There is a constant C' > 2 depending only on d,n with the
following property. For any A, P > 1 and V > 2 such that
7(P) 1 < 1

Vv TS

we have
Vg Hpen, po(&50) 1 7(P)
M(A,P) =—2r P P27 7 ANan [
(4,P) C(Nd,n) +0 Plog2P+ Vv
q(PV)W(P) N qu*”_l(log log 3q)(PV)”(P)Nd’" log 2A
UOOA OOOANd'nil

Proof. The task is to simplify the last three factors in the upper and lower bounds
of M(A, P) in the statement of Proposition 10.19. In view of Lemma 10.22, given
A,P>1and V> 2,if

w(P) n 1
Vv Pn—l

is sufficiently small (depending only on d,n), we can choose v,, € Zx; so that

2 7(P) 1
H (1 + (1 _ de’")pp(g,U)pu(Up’ep)> =140 (V + Pnl)

PESHnUMg <p

and
(10.24) q < qPv)"®),

Here we use the fact [T, (1 +a;) = 1+ O(X ;4,4 ]a;]) for real numbers q;
with >, ,;la;| < 1/2 for example. Note that the implicit constant is absolute
constant, so in particular independent of [.

Since

L)—i— 1 <1 and #<<
prt Plog2P

P
1
V Y

we get

(o (7 5)) (0 (Frar))
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In, . (d) JIn, . (q")1og2A
x(1+0 N1, ) N AN 1
poc(faa)q A POO(E,U)QP(Q)A "
Ngn—1 ’
B w(P) 1 1 q ¢ 4" loglog 3¢' log 24
_4+O<V + T T PlogaP T A AN

B 1 m(P) qPv)"P
1JrO<P10g2P+ \% + O A

¢~ (loglog 3¢) (PV)”(P)N”L" log 2A>

+

o ANd,n_l
where for the first equality, we use Proposition 10.6 and the fact Jy, (q")/eld) <

NG m—

! loglog 3¢, and for the second equality, we use (10.24), the bound
loglog 3¢’ < (loglog 3¢q)(PV)™ )

and our assumption n > 3. Plugging this into the two inequalities in Proposi-
tion 10.19, we are done. (I

10.4. Asymptotic formula of #V;Z(A; &,0). We can finally prove Theorem 1.7.
Proof of Theorem 1.7. Recall that we have
1 1
#Vi5(As€,0) = SM(A, P) = SE(A, P)

for A, P > 1 as shown in (10.2). By Proposition 10.15, Proposition 10.23, there are
constants Py, Cy > 1 depending only on d,n such that for

A>1, P>P, V>Cyr(P),

we have
Vn,. 11 pp(§;0) 1 (P)
loc d,n LlpeMy Fp N, . ™
. — A d,n 1
#Van(di, o) 2¢(Na,n) +0 Plog2P + Vv
q(PV)Tr(P) qu,n—l(log IOg 3q)(PV>7T(P)Nd’" IOg 24
+ Ngn,—1
UOOA (TOOA ’

1 o AN'i’" N, —1
= A74n " loglog3A | .
+O<Plog2P . + og log
By Proposition 10.12, Proposition 10.6, and Lemma 10.14, we have

VNd,n HpeMQ Pp(f, J) = oo
2C(Nd,n) T q '

Thus if we write
VNd,n HPGMQ pp(£7 U)
2C(Nd,n)

H#VE (A €,0) = ANan (14 R(A;€,0)),

then

1 (P)  qPV)™™  gloglog34
10.2 A;
(10.25)  RA& o) < oot Y- o4 T,
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""" (loglog 3¢) (PV)W(P)N‘“ log2A

_|_
Ngn,—1
UCOA d,n

provided A > 1, P > Py, and V > Cyn(P).

We want to find an upper bound of the infimum of the right hand side of (10.25)
when V and P vary. We set V = P2 (Larger V' does not improve the upper
bound because the second term is the only term decreasing with respect to V' and
the second term is smaller than the first term if V' > P2 Also, it turns out that
smaller V' does not improve the bound as well.) Note that by enlarging P, in
advance, we have P? > Con(P) for all P > P,, which we need for setting V = P2
Then for A > 1 and P > P,, we have

1 qPSTr(P)
_|_
Plog2P 004
¢ (loglog3g) PN log 24 gloglog3A
O.OOANd,n_l O-OOA '

R(4;6,0) <

+

By the prime number theorem, further enlarging F,, we have

P37r(P) < 64P and P?ﬂr(P)Ndm < 64Nd1nP

for P > P,. Thus

1 q  ap
10.26) R(A;

quv"71(10g10g3q) log2A 4y, p  qloglog3A
Nyo—1 e 0
O A O A

for A>1and P > P,. Let us set

+

1 q ap
P)=——— P)= ——
f( ) PlogQP) g( ) O_OOAe ’
Ng,—1

_q " (loglog3q)log2A ,n, p

h(P) = N 1 e s .
UOOA d,n

Since f is decreasing and g, h are increasing with respect to P, we have

(10.27) Jof (F(P)+9(P) +h(P)

< Plg%) f(P)+ P1§£0 g(P)+ Plg;o h(P)+a+p
where

o= f(P*) if 3P, > Py such that f(P*):g(P*),
o otherwise,

B { f(P,) if 3P, > P, such that f(P,) = h(P,),
o 0

otherwise.

If 0, oA/q > 1 as assumed in in (1.4), we can take the logarithm of the equality
f(P) = g(P) for several times and see that f(P) = g(P) implies

00 A

and log P+ O(1) = loglog .
q

O A

(10.28) 4P +log P + loglog 2P = log
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Thus we get
1

a << oA
log == log log

oA
q

Note that under the condition (1.4), we have
UOOANdm,*l O
V" '(loglog3q)log24 ~ ¢
Therefore, we can solve f(P) = h(P) in the same way and get
1
f< < :
log K'loglog K~ log ”°;A log log "°;A

A

K = > 1.

Going back to (10.26) and (10.27), we get
Ny -1
) q q " (loglog 3q)log2A
R(A7§7U) < UooA + O_OOAN,i,n—l
1 qloglog3A
log¥loglog¥ oA

By condition (1.4), the second term is bounded by the first term. Since the first
term is obviously bounded by the last term, we get

1 loglog 3A
R(A;¢,0) < —— 4 1oe0ees
log = log log = O
This completes the proof. [
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