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Abstract. For open and singular varieties in positive characteristic p we study the existence of an

integral p-adic cohomology theory which is finitely generated, compatible with log crystalline cohomology

and rationally compatible with rigid cohomology. We develop such a theory under certain assumptions
of resolution of singularities in positive characteristic, by using cdp- and cdh-topologies.

Without resolution of singularities in positive characteristic, we prove the existence of a good p-adic

cohomology theory for open and singular varieties in cohomological degree 1, by using split proper gen-
erically étale hypercoverings. This is a slight generalisation of a result due to Andreatta–Barbieri-Viale.

We also prove that this approach does not work for higher cohomological degrees.
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The famous Weil conjectures can be seen as a starting point for the study of p-adic cohomology theories.
Already Weil has suggested to use a suitable cohomology theory to solve these conjectures for proper and
smooth varieties over a field k of characteristic p. For l ̸= p, this has long been solved by Grothendieck’s
school using l-adic cohomology. The desire to fill the gap for l = p motivates the search for a “good”
p-adic cohomology theory.
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In the following, let k be a perfect field of positive characteristic p, W (k) its ring of Witt vectors, and
K the fraction field of W (k). The first candidate for such a theory was defined by Berthelot [6] after
a suggestion due to Grothendieck in the form of crystalline cohomology H∗

cris(X/W (k)). A drawback
of crystalline cohomology is that it works well only for proper and smooth schemes – for singular or
non-proper schemes, the crystalline cohomology groups are not necessarily finitely generated over W (k).
In this case rigid cohomology Hi

rig(X/K) introduced by Berthelot [8], [9] has become an important tool.

However, rigid cohomology has coefficients in the fraction field K of W (k) and hence it is not an integral
cohomology theory.

For a smooth variety X over k, Davis–Langer–Zink [16] introduced the overconvergent de Rham–
Witt complex W †Ω

q
X as a certain subcomplex of Illusie’s de Rham–Witt complex WΩ

q
X (a complex

of étale sheaves whose cohomology is isomorphic to the crystalline cohomology [30]) and they [16] and
Lawless [33] proved that its rational cohomology H∗(X,W †Ω

q
X)⊗Z Q is isomorphic to the rigid cohomo-

logy H∗
rig(X/K). While it is well-known that the integral overconvergent de Rham–Witt cohomology

H∗(X,W †Ω
q
X) can have infinitely generated torsion, one might still hope that modulo torsion, it gives a

finitely generated W (k)-lattice in H∗
rig(X/K). But in [20] the first two authors have produced counter-

examples to this assertion as well.
In this paper, we would like to ask the question under which conditions one can expect the existence

of a “good” cohomology theory with coefficients in W (k) for varieties X over k. The basic requirements
for “goodness” should include that the cohomology groups are finitely generated over W (k), that they
coincide with (log) crystalline cohomology for (log) smooth and proper varieties, and that they are
rationally isomorphic to rigid cohomology.

In the first part of this paper, we construct under certain assumptions of resolution of singularities in
positive characteristic (Hypotheses 1.5, 1.7, 1.8 and 1.9) a cohomology theory on the category Vark of
k-varieties

RΓcdh(X, a∗cdhA
q
), X ∈ Vark

and show that it provides a “good” integral p-adic cohomology theory in the following sense:

Theorem. (Corollary 1.45, Theorems 1.48, 1.49) The cohomology theory RΓcdh(−, a∗cdhA
q
) satisfies the

following conditions:

(i) For any X ∈ Vark, the cohomology groups of RΓcdh(X, a∗cdhA
q
) are finitely generated over W (k).

(ii) If X has a normal crossing compactification (see Definitions 1.27, 1.1 for definition) by a proper
smooth variety X and we denote by (X,X) the log scheme whose underlying scheme is X endowed
with the log structure associated to “the divisor at infinity” X \X there exists a functorial quasi-
isomorphism

RΓcdh(X, a∗cdhA
q
) ≃ RΓcris((X,X)/W (k)),

where RΓcris((X,X)/W (k)) denotes the log crystalline cohomology complex.

(iii) For any X ∈ Vark, there exists a functorial quasi-isomorphism

RΓcdh(X, a∗cdhA
q
)⊗Z Q ≃ RΓrig(X/K),

where RΓrig(X/K) denotes the rigid cohomology complex.

Remark. A recent article by Merici [35] proposes a motivic approach to the same question, obtaining a
cohomology theory that agrees with the one presented in this paper. His approach allows to weaken some
of the hypotheses on resolution of singularities, and to deduce some of the properties of the cohomology
theory like the Künneth formula purely formally. This showcases nicely the interplay between explicit
and more formal approaches.

The idea of the construction is as follows: Let us first recall that the log crystalline cohomology provides
a candidate for a good p-adic cohomology on a smooth k-variety X if X admits a normal crossing com-
pactification X. In the first step, we prove – under assumption of resolution of singularities – that the log
crystalline cohomology of a smooth k-variety does not depend upon the choice of a normal crossing com-
pactification. In the second step, we use – again assuming resolution of singularities – cdh-sheafification



INTEGRAL p-ADIC COHOMOLOGY THEORIES 3

to extend this to a cohomology theory on all k-varieties. Finally, we prove descent statements, which
allow us to compare our new cohomology theory to the existing theories. This construction generalises
an approach considered by Mokrane for smooth open varieties in [38].

Since the existence of resolution of singularities has not been established in full generality in positive
characteristic, one might have the idea to use de Jong’s alteration theorem [18] instead. Unlike resolutions,
alterations are not coverings in the cdh-topology, but in the proper topology. In the second part of the
paper, we study the question whether RΓcris((X•, X•)/W (k)), for a given variety X, is independent of
the choice of a split proper generically étale hypercovering X• of X with normal crossing compactification
X•. It turns out that this is not the case in general. We have the following theorem:

Theorem. (Theorem 2.5, Proposition 2.24, Corollary 2.28) Let X be a k-variety, let X be its com-
pactification and let X• be a split proper generically étale hypercovering of X with a normal crossing
compactification X• by a proper and smooth simplicial k-variety over X.

(i) For i = 0, 1 the cohomology group Hi
cris((X•, X•)/W (k)) is independent of the choice of (X•, X•).

(ii) For i ⩾ 2 the cohomology group Hi
cris((X•, X•)/W (k)) is not in general independent of the choice

of (X•, X•).

The first statement has been shown by Andreatta–Barbieri-Viale for p ⩾ 3 in [3]. We give an alternative
proof which also works in characteristic 2. Moreover, our argument to prove the assertion (ii) for i = 2
implies that there does not exist a functor

A
q́
et : Smk → C⩾0(W (k)),

where Smk denotes the category of smooth k-varieties and C⩾0(W (k)) denotes the category of complexes
of W (k)-modules of non-negative degree, which provides a “good” integral p-adic cohomology theory in
the following sense (see Remark 2.25):

(i) For any smooth k-variety X with a normal crossing compactification X by a proper and smooth
k-variety, there exists a functorial quasi-isomorphism

A
q́
et(X) ≃ RΓcris((X,X)/W (k)).

(ii) It satisfies Galois descent in the sense that, for any Čech hypercovering X• → X associated to a
finite étale Galois covering X0 → X, the induced morphism

A
q́
et(X)→ A

q́
et(X•)

is a quasi-isomorphism.

This is compatible with the non-existence result of Abe and Crew in [1], which says that there is no
integral p-adic cohomology theory which is finitely generated, coincides rationally with rigid cohomology
and satisfies finite étale descent.

Acknowledgements. We would like to thank Shane Kelly, Wies lawa Nizio l and Alexander Schmidt for
helpful discussions related to this project. We are also very grateful to Aise Johan de Jong for his
suggestions concerning several properties of our cohomology theory. The first named author would like
to thank the Isaac Newton Institute for Mathematical Sciences for support and hospitality during the
programme “K-theory, algebraic cycles and motivic homotopy theory” when work on this paper was
undertaken.

Conventions. Throughout the paper, p is a fixed prime, k is a perfect field of characteristic p, W (k) is
the ring of Witt vectors of k and K = Frac(W (k)) is the fraction field of W (k). By a variety over k or
a k-variety we mean a reduced separated scheme of finite type over k. We denote by Vark the category
of varieties over k, and by Smk the category of smooth varieties over k. Note that finite limits exist in
Vark: The limit of a finite diagram {Xi}i in Vark is given by (lim←−i

Xi)red, where lim←−i
Xi is the limit of

the diagram {Xi}i in the category of schemes over k and (−)red denotes the maximal reduced closed
subscheme. On the other hand, finite limits do not always exist in Smk.
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1. Construction under assumption of resolution of singularities

Let X be a smooth variety over k. When studying finiteness properties it is common to consider com-
pactifications of X. While by Nagata’s compactification theorem every smooth k-variety has a compacti-
fication (i.e., a quasi-compact open immersion into a proper k-variety), it might be a rather complicated
one. However, under the assumption of resolution of singularities, it is possible to reduce to the case of
normal crossing compactifications.

1.1. Assumptions concerning resolution of singularities. In this section, we will assume resolution
of singularities in positive characteristic. To make this notion precise we first introduce some notations
and terminology which streamline the discussion about compactifications.

Definition 1.1. A geometric pair is a pair (X,X) of k-varieties such that X is proper and equipped
with an open immersion X ↪→ X with dense image. A geometric pair is a normal crossing pair (or an
nc-pair for short) if X is proper smooth and X\X is a simple normal crossing divisor in X.

A morphism of geometric pairs f : (X1, X1) → (X2, X2) is a morphism of k-varieties f : X1 → X2

such that f(X1) ⊂ X2. A morphism of normal crossing pairs is a morphism of geometric pairs.
Denote by Vargeok and Varnck the categories of geometric and normal crossing pairs respectively.

Beware that, when we say that (X,X) is a normal crossing pair, we always assume that the complement
X \X is a simple normal crossing divisor.

Remark 1.2. Note that finite limits exist in Vargeok : The limit of a finite diagram {(Xi, Xi)}i in Vargeok

is given by (lim←−i
Xi, (lim←−i

Xi)
′), where lim←−i

Xi, lim←−i
Xi are the limits of the diagrams {Xi}i, {Xi}i in

the category Vark respectively and (lim←−i
Xi)

′ is the closure of lim←−i
Xi in lim←−i

Xi with reduced closed

subscheme structure. On the other hand, finite limits do not always exist in Varnck .

Definition 1.3. Let X be a smooth k-variety, D a simple normal crossing divisor in X and Z a smooth
closed k-subvariety of X. We say that Z has normal crossing with D if, Zariski locally on X, there exists
an étale morphism

X → Spec k[x1, . . . , xa, . . . , xb, . . . , xc, . . . , xd],

for some 0 ⩽ a ⩽ b ⩽ c ⩽ d such that

Z = {x1 = · · · = xb = 0},
D = {x1x2 · · ·xaxb+1 · · ·xc = 0}.

Definition 1.4. (i) A morphism of geometric pairs f : (X1, X1) → (X2, X2) is called strict if
f−1(X2) = X1.

(ii) A morphism of geometric pairs f : (X1, X1) → (X2, X2) is called birational, if the underlying
morphism of k-varieties f : X1 → X2 is birational. The morphism f : (X1, X1) → (X2, X2) is
called a closed immersion, if the underlying morphism f : X1 → X2 is a closed immersion.

(iii) A weak factorisation (compare [2, § 1.2]) of a strict birational morphism f : (X1, X1) → (X2, X2)
of normal crossing pairs which is an isomorphism on X2 is a diagram of rational maps

(X1, X1) = (V0, V 0)
f1 // (V1, V 1)

f2 // · · · // (Vl−1, V l−1)
fl // (Vl, V l) = (X2, X2)

such that

(a) the composition fl ◦ fl−1 ◦ · · · ◦ f2 ◦ f1 gives f ;

(b) for i ∈ {0, . . . , l − 1} the maps (Vi, V i) // (X2, X2) are strict morphisms and induce iso-

morphisms on X2;

(c) for every i ∈ {1, . . . , l} either fi or f−1
i is a blow-up along a smooth centre Zi which is a

subscheme of V i or V i−1 respectively disjoint from (the inverse image of) X2;

(d) for each i ∈ {1, . . . , l} the subscheme Zi of V i or V i−1 respectively has normal crossing with
the normal crossing divisor V i\Vi or V i−1\Vi−1 respectively.
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Conceptually, normal crossing pairs are to geometric pairs what smooth varieties are to varieties. In
this section we assume resolution of singularities for both situations. We will indicate clearly where each
of the hypotheses is needed.

Hypothesis 1.5 (Strong resolution of singularities).

(i) For any k-variety X there exists a proper birational morphism f : X ′ → X from a smooth k-variety
X ′ which is an isomorphism on the smooth locus Xsm of X.

(ii) For every proper birational morphism f : X ′ → X of smooth k-varieties, there is a sequence of
birational blow-ups along smooth centres Xn → Xn−1 → · · · → X1 → X such that the composition
Xn → X factors through f .

Remark 1.6. Note that it would have been sufficient to assume strong resolution of singularities for
irreducible varieties, i.e., integral schemes. Then one obtains a resolution for an arbitrary variety as the
disjoint union of resolutions of its irreducible components.

Hypothesis 1.7 (Embedded resolution of singularities). For any geometric pair (X,X) with X smooth,

there exists a strict birational morphism f : (X,X
′
)→ (X,X) from a normal crossing pair (X,X

′
) which

is an isomorphism on X.

Additionally, we will need stronger assumptions concerning certain morphisms of geometric and normal
crossing pairs.

Hypothesis 1.8 (Embedded resolution of singularities with boundary). For any strict closed immersion
of geometric pairs (Y, Y ) → (X,X) with Y smooth and (X,X) a normal crossing pair there exists a
commutative diagram

(Y, Y
′
) �
� //

��

(X,X
′
)

��
(Y, Y )

� � // (X,X)

such that (Y, Y
′
) and (X,X

′
) are normal crossing pairs, the horizontal morphisms are strict closed

immersions, the vertical morphisms are strict birational morphisms which are isomorphisms outside

Y \ Y , and Y
′

has normal crossing with X
′ \X. (Compare [11, Thm. 1.4].)

Hypothesis 1.9 (Weak factorisation). For any strict birational morphism (X,X
′
) → (X,X) of normal

crossing pairs which is an isomorphism on X, there exists a weak factorisation of it.

Remark 1.10. Currently, Hypothesis 1.5(i) is known in the case of dimension ⩽ 3 ([12], [13]) and Hy-
potheses 1.5(ii), 1.7, 1.8, 1.9 are known in the case of dimension ⩽ 2. (For Hypothesis 1.8, see [11,
Thm. 1.4].) It is proven in [2] that Hypothesis 1.9 holds if a certain hypothesis on usual and embedded
resolutions stronger than Hypotheses 1.5 and 1.7 is true.

1.2. The cdp- and cdh-topology on k-varieties. In this subsection we will consider the completely
decomposed proper topology (also called the cdp-topology) and the cdh-topology on the category Vark
of k-varieties and the category Smk of smooth k-varieties. We prove that, under Hypothesis 1.5, the cdp-
topology (resp. the cdh-topology) on Smk is generated by blow-ups with smooth centre (resp. blow-ups
with smooth centre and Nisnevich coverings).

Recall that a cd-structure on a small category C with initial object ∅ is a class Q of commutative
squares

(1) B //

��

Y

p

��
A

e // X
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which is closed under isomorphisms [58, Def. 2.1]. For a family Qi (i ∈ I) of cd-structures on C, the

topology generated by Qi (i ∈ I) is defined to be the topology generated by the coverings {A e−→ X,Y
p−→

X} for commutative squares (1) in some Qi and the empty covering of the initial object ∅.

Definition 1.11. We consider the following cd-structures on Vark:

(i) The blow-up cd-structure on Vark consists of Cartesian squares of the form

Z ′ � � //

��

X ′

p

��
Z �
� e // X,

where e is a closed immersion and p is a proper morphism which is an isomorphism over X \ e(Z).

(ii) The Nisnevich cd-structure on Vark consists of Cartesian squares of the form

Y ′ � � //

��

X ′

p

��
Y �
� e // X,

where e is an open immersion and p is an étale morphism such that the morphism p−1(X \e(Y ))→
X \ e(Y ) (with reduced closed subscheme structure) induced by p is an isomorphism.

These cd-structures and their properties have been studied by Voevodsky in [59, 58]. Note that our
blow-up cd-structure is called lower cd-structure in [59], while the Nisnevich cd-structure is also called
upper cd-structure in [59]. In [59] Voevodsky has proven the following:

Theorem 1.12 ([59, Thm. 2.2]). The blow-up cd-structure and the Nisnevich cd-structure on Vark are
complete, regular and bounded. (For definitions of these terms, see [58, Def. 2.3, 2.10, 2.22].)

Using the above cd-structures we define the cdp-topology, the Nisnevich topology and the cdh-topology
on Vark:

Definition 1.13. The cdp-topology on Vark is the topology generated by the blow-up cd-structure on
Vark. The Nisnevich topology on Vark is the topology generated by the Nisnevich cd-structure. The cdh-
topology on Vark is the topology generated by the blow-up cd-structure and the Nisnevich cd-structure.

We denote by Vark,cdp and Vark,cdh the sites obtained from the category of k-varieties endowed with
the cdp- and cdh-topology respectively.

Let us observe that the morphism

e
∐

p : Z
∐

X ′ → X

induced by a blow-up square in Definition 1.11(i) is a completely decomposed proper morphism in the
usual sense:

Definition 1.14. A morphism p : Y → X in Vark is a completely decomposed proper morphism if it is
proper and for all x ∈ X there is a point y ∈ p−1({x}) ⊆ Y such that the induced morphism on residue
fields κ(x)→ κ(y) is an isomorphism.

Conversely, the following lemma shows that every completely decomposed proper morphism is a cov-
ering in the cdp-topology:

Lemma 1.15 (cf. [53, Lem. 5.8]). The topology τ on Vark generated by the families of morphisms {fi : Xi →
X}i∈I with I finite and

∐
i fi :

∐
iXi → X a completely decomposed proper morphism coincides with the

cdp-topology on Vark. In particular, every completely decomposed proper morphism in Vark is a covering
in the cdp-topology on Vark.
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Proof. The observation before Definition 1.14 implies that τ is finer than the cdp-topology. To prove the
converse, take a τ -covering {fi : Xi → X}i∈I as in the statement of the lemma, and we will prove that
it is a cdp-covering. By Noetherian induction, we may assume that, for any proper closed subvariety
T ⊊ X, the pullback of the family to T is a cdp-covering. Note also that, for a covering X =

⋃
j∈J Yj of

X by a finite number of closed subvarieties, the family {Yj → X}j∈J is a cdp-covering: Indeed, we can
reduce to the case J = {1, 2} and in this case, the square

Y1 ∩ Y2 //

��

Y1

��
Y2 // X

is a blow-up square. From these, we may assume that X is integral to prove the claim.
Let ξ be the generic point of X. Then there exists an index i ∈ I and a point ξ′ ∈ Xi over ξ such

that the the induced morphism κ(ξ) → κ(ξ′) is an isomorphism. Then, if we define Y to be the closure
of ξ′ in Xi, fi|Y : Y → X is a proper birational morphism. Let T ⊊ X be the locus where fi|Y is not an
isomorphism. Then {Y → X,T → X} is a cdp-covering. The pullback of the family {fi : Xi → X}i∈I

to Y is a cdp-covering because the pullback of the morphism Xi → X to Y admits a section. Also, the
pullback of the family {fi : Xi → X}i∈I to T is a cdp-covering by induction hypothesis. Thus the family
{fi : Xi → X}i∈I is a cdp-covering locally in the cdp-topology and hence it is a cdp-covering. □

From now on we use the terms cdp-morphism and completely decomposed proper morphism inter-
changeably.

Next we recall the analogue of Lemma 1.15 for the Nisnevich topology, which is more or less well-known.
The morphism

e
∐

p : Y
∐

X ′ → X

induced by a Nisnevich square in Definition 1.11(ii) is a Nisnevich morphism in the usual sense:

Definition 1.16. A morphism p : Y → X in Vark is a Nisnevich morphism if it is étale and for all x ∈ X
there is a point y ∈ p−1({x}) ⊆ Y such that the induced morphism on residue fields κ(x) → κ(y) is an
isomorphism.

Lemma 1.17 (cf. [39, § 3 Prop. 1.4]). The topology τ on Vark generated by the families of morphisms
{fi : Xi → X}i∈I with I finite and

∐
i fi :

∐
iXi → X a Nisnevich morphism coincides with the Nisnevich

topology on Vark. In particular, every Nisnevich morphism in Vark is a covering in the Nisnevich topology
on Vark.

Proof. The observation before Definition 1.16 implies that τ is finer than the Nisnevich topology. To
prove the converse, take a τ -covering {fi : Xi → X}i∈I as in the statement of the lemma. Following [39,
p. 97], we call a sequence of closed subvarieties of the form

∅ = Zn+1 ⊆ Zn ⊆ · · · ⊆ Z0 = X

a splitting sequence of length n if the morphism (
∐

i fi)
−1(Zj \Zj+1)→ Zj \Zj+1 induced by

∐
i fi splits

for any 0 ⩽ j ⩽ n. By [39, § 3 Lem. 1.5], any τ -covering admits a splitting sequence. We prove that the
above τ -covering is a covering in the Nisnevich topology on Vark by induction on the minimal length n
of its splitting sequence.

If n = 0, the morphism
∐

i fi splits and so it is a a covering in the Nisnevich topology on Vark.
If n > 0, choose a splitting s of the morphism (

∐
i fi)

−1(Zn) → Zn. Since
∐

i fi is étale, we have
(
∐

i fi)
−1(Zn) = Im s

∐
C for some closed subvariety C of

∐
iXi. Let Y = X \ Zn, X ′ = (

∐
iXi) \ C,

Y ′ = Y ×X X ′. Then the square

Y ′ //

��

X ′

��
Y // X
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(where the vertical arrows are induced by
∐

i fi and horizontal arrows are canonical open immersions) is
a Nisnevich square. Since the pullback of the τ -covering {fi : Xi → X}i∈I to Y has a splitting sequence
of length n− 1, it is a covering in the Nisnevich topology on Vark by the induction hypothesis. Also, the
pullback of the τ -covering {fi : Xi → X}i∈I to X ′ has a refinement of the form {Xi \C →

∐
i(Xi \C) =

X ′}i∈I , which is easily seen to be a covering in the Nisnevich topology on Vark. Hence {fi : Xi → X}i∈I

is a covering in the Nisnevich topology on Vark, as required. □

Next we will prove the analogue of Lemma 1.15 for the cdh-topology.

Lemma 1.18 (cf. [53, Prop. 5.9]). The topology σ on Vark generated by the families of morphisms
{fi : Xi → X}i∈I with I finite such that

∐
i fi :

∐
iXi =: Y → X can be written as the composite

Y
g−→ Z

h−→ X of a Nisnevich morphism g and a cdp-morphism h coincides with the cdh-topology on Vark.

Proof. For a σ-covering {fi : Xi → X}i∈I and a factorisation
∐

iXi = Y
g−→ Z

h−→ X of
∐

i fi as in the
statement of the lemma, h is a cdp-covering by Lemma 1.15 and g is a Nisnevich covering by Lemma
1.17. Hence the above σ-covering is a cdh-covering and so we conclude that the cdh-topology is finer
than σ.

We prove the converse. Since the blow-up and the Nisnevich cd-structures are complete, it suffices to
prove that a family of morphisms {f ′i′ : X ′

i′ → X}i′∈I′ with I ′ finite such that
∐

i′ f
′
i′ :
∐

i′ Xi′ =: Y ′ → X
is written as the composite

(2) Y ′ = Y ′
n → · · · → Y ′

1 → Y ′
0 = Y

with each arrow a cdp-morphism or a Nisnevich morphism admits a refinement of the form {fi : Xi →
X}i∈I as in the statement of the lemma (see [58, Def. 2.2, Def. 2.3]).

We call a morphism of the form Y
g−→ Z

h−→ X with g a Nisnevich morphism and h a cdp-morphism a
special morphism. To prove the claim in the previous paragraph, it suffices to prove that the morphism
(2) admits a refinement by a special morphism. Working recursively, this in turn is reduced to proving
the claim that a morphism of the form

T
p−→ U

q−→ X

with p a cdp-morphism and q a Nisnevich morphism admits a refinement by a special morphism. This
claim is shown in [53, Prop. 5.9] and we are done. □

We now consider the fully faithful functor given by inclusion Smk ↪→ Vark. Resolution of singularities
plays an important role after this point.

Definition 1.19. The cdp-topology on Smk is the topology induced by the inclusion Smk ↪→ Vark from
the cdp-topology on Vark. In other words, it is the restriction of the cdp-topology from Vark to Smk.
Similarly, the cdh-topology on Smk is the restriction of the cdh-topology from Vark to Smk.

Proposition 1.20. Let τ be any topology on Vark finer than the cdp-topology. Under Hypothesis 1.5,
the inclusion Smk ↪→ Vark induces an equivalence of topoi

Sh(Smk,τ )
∼−→ Sh(Vark,τ ).

In particular, there are equivalences of topoi

Sh(Smk,cdp)
∼−→ Sh(Vark,cdp),

Sh(Smk,cdh)
∼−→ Sh(Vark,cdh).

Proof. By the hypothesis of strong resolution of singularities, for every object X ∈ Vark there is a cdp-
morphism f : X ′ → X where X ′ is smooth. This can be seen by an inductive argument as follows:

By strong resolution of singularities, there is a proper birational morphism f̃ : X̃ → X with X̃ smooth.

Let us denote by U ⊆ X an open dense subset such that f̃ induces an isomorphism f̃−1(U) ∼= U , and

let T := X \ U denote its complement. Then X̃
∐
T → X is a cdp-covering. By induction, there is

a cdp-morphism T ′ → T with T ′ smooth. The disjoint union X ′ := X̃
∐
T ′ → X gives the desired

cdp-covering of X by a smooth k-variety.
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This means that any k-variety can be covered in the cdp-topology by smooth k-varieties. As the
inclusion Smk ↪→ Vark is a fully faithful functor, the statement follows from [57, Thm. 4.1]. □

Remark 1.21. Due to the lack of enough fibre products, the cdp-topology (resp. the cdh-topology) on
Smk is not defined in terms of covering families, but in terms of covering sieves. Using [57, Prop. 3.2] and
the fact that any k-variety can be covered in the cdp-topology by smooth k-varieties, we can describe
the covering sieves explicitly in the following way (see also [53, Prop. 5.11]): Every cdp-covering (resp.
cdh-covering) {Xi → X}i in Vark of a smooth k-variety X defines a covering sieve of X in Smk which
consists of all morphisms of smooth k-varieties X ′ → X factoring through one of the Xi. The covering
sieves on Smk are the ones which contain some sieve of the form just described.

We give now an interpretation of the cdp- and the cdh-topology on Smk in terms of cd-structures.

Definition 1.22. We consider the following cd-structures on Smk:

(i) The smooth blow-up cd-structure on Smk consists of Cartesian squares of smooth k-varieties

Z ′ � � //

��

X ′

p

��
Z �
� e // X

where e is a closed immersion and p : X ′ → X is a blow-up with centre Z.

(ii) The smooth Nisnevich cd-structure on Smk consists of Cartesian squares of the form

Y ′ � � //

��

X ′

p

��
Y �
� e // X

where e is an open immersion and p is an étale morphism such that the morphism p−1(X \e(Y ))→
X \ e(Y ) (with reduced closed subscheme structure) induced by p is an isomorphism.

In [59] Voevodsky has proven the following:

Proposition 1.23 ([59, Lem. 4.3, 4.4, 4.5, Thm. 2.2]). (i) The smooth blow-up cd-structure on Smk

is regular and bounded. Assuming strong resolution of singularities, i.e., Hypothesis 1.5, it is also
complete.

(ii) The smooth Nisnevich cd-structure on Smk is complete, regular and bounded.

Proposition 1.24. Assuming Hypothesis 1.5, every birational blow-up X ′ = BlZ X → X with smooth
centre Z ⊆ X is a covering of X ∈ Smk in the topology generated by the smooth blow-up cd-structure.

Proof. In this proof, we denote by τ the topology on Smk generated by the smooth blow-up cd-structure.
Since X ′ → X is birational, Z is a proper closed subvariety of X on each connected component of X.

We prove the claim by induction on dimX. In dimension 0 the claim is trivial. In general case, consider
the smooth blow-up square

Z ′ � � //

��

X ′

p

��
Z �
� e // X.

We observe that X ′∐Z → X is a τ -covering.
Let us assume that the statement is proven for all smooth varieties of dimension < dimX. The

pullback of the sieve generated by p : X ′ → X along p : X ′ → X is the sieve Hom(−, X ′) and hence a
τ -covering of X ′. By locality it suffices to show that the pullback of the covering sieve generated by p
along e : Z ↪→ X is a τ -covering of Z. This pullback sieve is generated by X ′ ×X Z → Z, and it suffices
to show that X ′ ×X Z → Z can be refined by a τ -covering.
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But this is the left vertical map Z ′ → Z in the smooth blow-up square, and since Z is a proper closed
subvariety of X on each connected component of X, it is a (nonempty) projective bundle. Thus, we find
a closed subvariety Z ′′ ↪→ Z ′ of Z ′ such that

Z ′′ ↪→ Z ′ → Z

is a proper birational morphism. By strong resolution of singularities there is a refinement of Z ′′ → Z
given by a sequence of birational blow-ups with smooth centre. Since Z is a proper closed subvariety of
X on each connected component of X, dimZ < dimX holds and the same inequality holds for varieties
appearing in the sequence of blow-ups. So, by induction hypothesis, this sequence of blow-ups is a
τ -covering of Z refining Z ′ → Z. Hence X ′ → X is a τ -covering, as required. □

Lemma 1.25. A family of morphisms {fi : Xi → X}i∈I with I finite and
∐

i fi :
∐

iXi → X a Nisnevich
morphism is a covering of X ∈ Smk in the topology generated by the smooth Nisnevich cd-structure.

Proof. The same proof as that in Lemma 1.17 works. □

Proposition 1.26. Assume Hypothesis 1.5.

(i) The cdp-topology on Smk coincides with the topology τ generated by the smooth blow-up cd-structure.

(ii) The cdh-topology on Smk coincides with the topology σ generated by the smooth blow-up and the
smooth Nisnevich cd-structures.

Proof. First we prove (i). Since every smooth blow-up square in Smk is a blow-up square in Vark, τ is
coarser than the cdp-topology on Smk.

To prove the converse, let S be a covering sieve in the cdp-topology defined by a cdp-covering {fi : X ′
i →

X}i∈I in Vark with X smooth, I finite and
∐

i fi :
∐

iX
′
i → X a cdp-morphism. (It is a covering sieve

and it is sufficient to consider such covering sieves by Lemma 1.15.) For each connected component Xj of
X with generic point ξj , choose an index i(j) ∈ I and a point ξ′j ∈ X ′

i(j) above ξj such that κ(ξj)→ κ(ξ′j)

is an isomorphism. If we define Yj to be the closure of ξ′j in X ′
i(j), Yj → Xj is a proper birational

morphism in Vark. By replacing Yj by a suitable refinement using Hypothesis 1.5, we may assume that
it is a composition of birational blow-ups with smooth centre. Then, the family {Yj → Xj ↪→ X}j is a
τ -covering because {Xj ↪→ X}j is realized by an iteration of smooth blow-up squares of the form

∅ //

��

X1

��
X2

// X1

∐
X2

and each Yj → Xj is a τ -covering by Proposition 1.24. Also, this family refines the original family
{fi : X ′

i → X}i∈I by construction. Thus S is a covering sieve in the τ -topology and so τ is finer than the
cdp-topology on Smk, as desired.

Next we prove (ii). Since every smooth blow-up square in Smk is a blow-up square in Vark and every
smooth Nisnevich square in Smk is a Nisnevich square in Vark, σ is coarser than the cdh-topology on
Smk.

To prove the converse, let S be a covering sieve in the cdh-topology defined by cdh-covering {fi : Xi →
X}i∈I in Vark with X smooth, I finite and

∐
i fi :

∐
iXi → X factors as

∐
iXi → Y → X, where the first

morphism is a Nisnevich morphism and the second one is a cdp-morphism. (It is a covering sieve and it is
sufficient to consider such covering sieves by Lemma 1.18.) By replacing Y by a suitable refinement using
Hypothesis 1.5 and by replacing the Xi’s by their pullbacks, we may assume that the morphism Y → X
is a composition of birational blow-ups with smooth centre. (Repeat the argument in the proof of (i) on
each connected component of X.) Then the family {fi : Xi → X}i∈I is a σ-covering by Proposition 1.24
and Lemma 1.25. Thus S is a covering sieve in the σ-topology and so σ is finer than the cdp-topology
on Smk, as desired. □
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1.3. Good blow-up and good Nisnevich cd-structures on smooth k-varieties. In this section, we
consider compactifications of smooth k-varieties and prove propositions which roughly claim that, under
the assumptions of Hypotheses 1.5, 1.7 and 1.8, it suffices to consider normal crossing compactifications
for our purpose.

Definition 1.27. Let X ∈ Smk. A normal crossing compactification of X is an embedding X ↪→ X such
that (X,X) is a normal crossing pair.

Lemma 1.28. Under Hypotheses 1.5 and 1.7 every smooth k-variety has a normal crossing compac-
tification. Moreover, for X ∈ Smk fixed, the category of normal crossing pairs (X,X) extending X is
cofiltered. For simplicity, we denote this category by {(X,X)/X}.
Proof. According to Nagata’s theorem, there is a proper k-variety X such that (X,X) is a geometric
pair. Because of Hypotheses 1.5 (i) and 1.7 this can be transformed via a strict birational morphism into

a normal crossing pair (X,X
′
).

To see that the category of normal crossing pairs extending X is cofiltered, let (X,X1) and (X,X2)

be two normal crossing pairs. Take X
′

to be the closure of X ↪→ X1 ×X2. Then (X,X
′
) is a geometric

pair. By Hypotheses 1.5 (i) and 1.7 this can again be transformed via a strict birational morphism into
a normal crossing pair (X,X3) together with strict morphisms

(X,X3)

%%yy
(X,X1) (X,X2)

over X. □

Definition 1.29. We consider the following cd-structures on Smk which we call good :

(i) The good smooth blow-up cd-structure on Smk consists of smooth blow-up squares

Z ′ � � //

��

X ′

p

��
Z
� � e // X

which can be embedded into Cartesian squares of normal crossing pairs

(Z ′, Z
′
)
� � //

��

(X ′, X
′
)

p

��
(Z,Z) �

� e // (X,X),

where all morphisms are strict, p is the blow-up with centre Z, and Z has normal crossings with
X \X.

(ii) The good smooth Nisnevich cd-structure on Smk is given by smooth Nisnevich squares

Y ′ � � //

��

X ′

p

��
Y �
� e // X

such that its restriction to each connected component X0 of X

Y ′
0
� � //

��

X ′
0

p

��
Y0
� � e // X0
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can be embedded into a Cartesian square of normal crossing pairs

(Y ′
0 , X

′
) �
� //

��

(X ′
0, X

′
)

p

��
(Y0, X) �

� e // (X0, X)

of the form (a) or (b) below:

(a) a diagram

(Y ′
0 , X

′
)
� � //

��

(X ′
0, X

′
)

p

��
(Y0, X) �

� e // (X0, X)

with e identity on X such that the closure of X0 \ Y0 in X is a smooth divisor of X.

(b) diagrams

∅ //

��

∅

p

��

∅ //

��

(X0, X)

p

��
(X0, X)

e // (X0, X), ∅ e // (X0, X),

where two of the entries are empty.

In (i) (resp. (ii)), for a good smooth blow-up square (resp. a good smooth Nisnevich square), we call a
square of normal crossing pairs as above in which the given square is embedded a good compactification
of the given square.

Proposition 1.30. Under Hypotheses 1.5, 1.7 and 1.8, any smooth blow-up square is a good smooth
blow-up square.

Proof. Given a smooth blow-up square in Smk

Z ′ � � //

��

X ′

p

��
Z �
� e // X,

there exists according to Lemma 1.28 a normal crossing compactification (X,X1) with X1 smooth. We
denote by Z1 the closure of Z in X1. By Hypothesis 1.8, there is a commutative diagram

(Z,Z) �
� //

��

(X,X)

��
(Z,Z1) �

� // (X,X1)

such that (Z,Z) ↪→ (X,X) is a strict closed immersion of nc-pairs, the vertical morphisms are strict

birational, and Z has normal crossings with X \X. By setting X
′

:= BlZ X, we obtain the desired good
compactification

(Z ′, Z
′
)
� � //

��

(X ′, X
′
)

p

��
(Z,Z) �

� e // (X,X)

of our given smooth blow-up square, given that X ′ = BlZ X by hypothesis. □
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In general, not every Nisnevich square is good, but the following result shows that we can relate every
Nisnevich square with good ones at least cdp-locally:

Proposition 1.31. Let us assume Hypotheses 1.5, 1.7 and 1.8. For a given Nisnevich square

(3) Y ′ //

��

X ′

��
Y // X

in Vark, there is a split hypercovering X• → X with respect to the cdp-topology in Vark with X• smooth
such that the pullback

Y ′
•

//

��

X ′
•

��
Y• // X•

of the square (3) to X• satisfies the following condition: For each i, the square

Y ′
i

//

��

X ′
i

��
Yi // Xi

admits a factorisation

Y ′
i X ′

i,n
//

��

X ′
i,n−1

//

��

· · · // X ′
i,1

//

��

X ′
i,0

��

X ′
i

Yi Xi,n
// Xi,n−1

// · · · // Xi,1
// Xi,0 Xi

for some n (which may depend on i) such that each square

X ′
i,l

//

��

X ′
i,l−1

��
Xi,l

// Xi,l−1

is a good smooth Nisnevich square.

Proof. In the proof, for a commutative square

(4) (B′, B
′
) //

��

(A′, A
′
)

��
(B,B) // (A,A)

in Vargeok , we call a commutative square in Vargeok of the form

(B′, B̃′) //

��

(A′, Ã′)

��
(B, B̃) // (A, Ã)
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over the given square (4) a modification of the square (4). Also, we say that a commutative square (4)
in Vargeok satisfies the condition (N) if it admits a factorisation

(B′, B
′
) (A′

n, A
′
n) //

��

(A′
n−1, A

′
n−1) //

��

· · · // (A′
1, A

′
1) //

��

(A′
0, A

′
0)

��

(A′, A
′
)

(B,B) (An, An) // (An−1, An−1) // · · · // (A1, A1) // (A0, A0) (A,A)

for some n such that each square

(A′
l, A

′
l) //

��

(A′
l−1, A

′
l−1)

��
(Al, Al) // (Al−1, Al−1)

admits a modification which is a good compactification of a good smooth Nisnevich square.
Now we start the proof. By Nagata’s theorem we have a geometric pair of the form (X,X) and a

geometric pair of the form (X ′, X
′
) over (X,X) which extends the given morphism X ′ → X. If we define

Y , Y
′

to be the closure of Y, Y ′ in X,X
′

respectively, the resulting square

(5) (Y ′, Y
′
) //

��

(X ′, X
′
)

��
(Y, Y ) // (X,X)

is a commutative square in Vargeok enclosing the Nisnevich square (3).

Claim 1. Given a commutative square (5) in Vargeok enclosing a Nisnevich square (3), there exists a

strict birational morphism f1 : (W1,W 1) → (X,X) with (W1,W 1) an nc-pair such that the pullback of
the square (5) by f1 in the category Vargeok satisfies the condition (N).

Proof of Claim 1. By Hypotheses 1.5 and 1.7, we may assume that (X,X) and (X ′, X
′
) are nc-pairs to

prove the claim. Furthermore, by working on each connected component separately, we may assume that
(X,X) is connected.

If Y ′ = ∅, either Y = X, X ′ = ∅ or Y = ∅, X ′ = X. In the former (resp. the latter) case, the square
(5) can be modified to the former (resp. the latter) square in Definition 1.29(ii)(b), which is a good
compactification of a good smooth Nisnevich square. In particular, it satisfies the condition (N).

If Y ′ ̸= ∅, Y = X and Y
′

= X
′
. Applying Hypothesis 1.7 to (Y, Y ), we obtain a morphism of nc-

pairs (Y, Ỹ ) → (X,X) over (Y, Y ) → (X,X) such that (Y, Ỹ ) → (Y, Y ) is a strict birational morphism.

Because the inverse image of the simple normal crossing divisor X \X in Ỹ is a simple normal crossing

subdivisor of Ỹ \ Y , we see that the pullback of the morphism (Y, Y ) → (X,X) by the strict birational

morphism (X ×X Ỹ , Ỹ ) → (X,X) is a morphism of nc-pairs (Y, Ỹ ) → (X ×X Ỹ , Ỹ ). Hence, to prove

the claim, we may assume that the morphism (Y, Y ) = (Y,X) → (X,X) is a morphism of nc-pairs. By

applying Hypothesis 1.7 again, we may assume that (X ′, X
′
) is also an nc-pair. It suffices to prove that,

under this assumption, the square (5) satisfies the condition (N).
We denote the decomposition of the simple normal crossing divisor X \Y into irreducible components

by X \ Y =
⋃n

m=1Dm and denote by Dm the closure of Dm in X. Then each Dm is a smooth divisor of

X and we have X \ Y = (X \X) ∪
⋃n

m=1Dm.
For 0 ⩽ l ⩽ n, define

Xl := X \
l⋃

m=1

Dl = X \ ((X \X) ∪
l⋃

m=1

Dl), X ′
l := Xl ×X X ′.
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Then the square (5) admits a factorisation

(Y ′, Y
′
) (X ′

n, X
′
) //

��

(X ′
n−1, X

′
) //

��

· · · // (X ′
1, X

′
) //

��

(X ′
0, X

′
)

��

(X ′, X
′
)

(Y, Y ) (Xn, X) // (Xn−1, X) // · · · // (X1, X) // (X0, X) (X,X).

It remains to show that each of the squares in this diagram admits a modification which is a good
compactification of a good smooth Nisnevich square. Using the factorisation Xn → Xn−1 → · · · → X0

we can reduce to the case when n = 1, that is we consider the diagram

(6) (Y ′, X
′
) //

��

(X ′, X
′
)

��
(Y,X) // (X,X),

where the horizontal morphisms are morphisms of nc-pairs, the closure D of X \ Y in X is a smooth
divisor and the square

Y ′ //

��

X ′

��
Y // X

induced by (6) is a smooth Nisnevich square.

Let D′ := X ′ \ Y ′ and let D
′

be the closure of D′ in X
′
. Then we have the isomorphism D′ ∼=−→ X \ Y

by definition of smooth Nisnevich square and so D′ is smooth. Also, we obtain a strict closed immersion

(D′, D
′
) ↪→ (X ′, X

′
) of geometric pairs with (X,X

′
) an nc-pair. So, by Hypothesis 1.8, there exists a

commutative diagram

(D′, D̃′) �
� //

��

(X ′, X̃ ′)

��
(D′, D

′
) �
� // (X ′, X

′
)

such that (D′, D̃′), (X ′, X̃ ′) are nc-pairs, the horizontal arrows are strict closed immersions, the vertical

arrows are strict birational morphisms which are isomorphisms outside D
′\D′, and D̃′ has normal crossing

with X̃ ′ \X ′. Then we have

Y ′ = X ′ \D′ = X̃ ′ \ ((X̃ ′ \X ′) ∪ D̃′)

and (X̃ ′ \X ′) ∪ D̃′ is a simple normal crossing divisor in X̃ ′. So (Y ′, X̃ ′) → (X ′, X̃ ′) is a morphism of
nc-pairs. Therefore, the square

(Y ′, X̃ ′) //

��

(X ′, X̃ ′)

��
(Y,X) // (X,X)

is a good compactification of a good smooth Nisnevich square which is a modification of the square (6).
So the square (5) satisfies the condition (N), as required. □

While Claim 1 says that the pullback of a given commutative square (5) along a strict birational
morphism satisifies condition (N), we will now prove that any such diagram satisfies condition (N)
cdp-locally in the following precise sense:
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Claim 2. Given a commutative square (5) in Vargeok enclosing a Nisnevich square (3), there exists a strict

morphism f : (X0, X0) → (X,X) with (X0, X0) an nc-pair and X0 → X a cdp-covering such that the
pullback of the square (5) by f in the category Vargeok satisfies the condition (N).

Proof of Claim 2. Let f1 : (W1,W 1)→ (X,X) be the strict birational morphism constructed in Claim 1.

Let Z
′
1 ⊆ X be the locus where the morphism f1 : W 1 → X is not an isomorphism, put Z1 := X ∩ Z ′

1

and let Z1 be the closure of Z1 in Z
′
1. Then we apply Claim 1 to the pullback of the square (5) to

(Z1, Z1) in the category Vargeok to define a strict birational morphism f2 : (W2,W 2) → (Z1, Z1). Let

Z
′
2 ⊆ Z1 be the locus where the morphism f2 : W 2 → Z1 is not an isomorphism, set Z2 := X ∩ Z ′

2 and

let Z2 be the closure of Z2 in Z
′
2. Continuing this process, which terminates because X is Noetherian, we

obtain a strict morphism f : (X0, X0) :=
∐

j(Wj ,W j)→ (X,X) with (X0, X0) an nc-pair and X0 → X

a cdp-covering such that the pullback of the square (5) by f in the category Vargeok satisfies the condition
(N). □

Now we prove the proposition. It suffices to construct by induction an i-truncated simplicial nc-pair
(X•, X•)•⩽i over (X,X) such that X•⩽i → X is an i-truncated split hypercovering with respect to the
cdp-topology in Vark and that the pullback

(7) (Y ′
• , Y

′
•)•⩽i

//

��

(X ′
•, X

′
•)•⩽i

��
(Y•, Y •)•⩽i

// (X•, X•)•⩽i

of the square (5) to (X•, X•)•⩽i is a square of simplicial geometric pairs such that, for each 0 ⩽ j ⩽ i,
the induced square

(Y ′
j , Y

′
j) //

��

(X ′
j , X

′
j)

��
(Yj , Y j) // (Xj , Xj)

satisfies the condition (N). The case i = 0 follows from Claim 2. Suppose that we have constructed an
i-truncated simplicial nc-pair (X•, X•)•⩽i over (X,X) as above. Let

(8) ((coski Y
′
•)i+1, (coski Y

′
•)i+1) //

��

((coskiX
′
•)i+1, (coskiX

′
•)i+1)

��
((coski Y•)i+1, (coski Y •)i+1) // ((coskiX•)i+1, (coskiX•)i+1)

be the square we obtain by taking the degree i+1 part of the pullback of the square (5) to (coskiX•, coskiX•)
in Vargeok . By applying Claim 2 to the square (8), we find a strict morphism

g : (X ′′
i+1, X

′′
i+1)→ ((coskiX•)i+1, (coskiX•)i+1)

with (X ′′
i+1, X

′′
i+1) an nc-pair and X ′′

i+1 → (coskiX•)i+1 a cdp-covering such that the pullback of the
square (5) by g in the category Vargeok satisfies the condition (N). This map g induces an (i + 1)-

truncated simplicial nc-pairs (X•, X•)•⩽i+1 over (X,X) with desired properties by the recipe explained
in [48, Prop. 5.1.3] (see also [17, 6.2]). So the proof of the proposition is finished. □
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1.4. Integral p-adic cohomology for smooth and open varieties. In this subsection we will define
a candidate for an integral p-adic cohomology theory on Smk. In addition to Hypotheses 1.5, 1.7 and 1.8
we also assume Hypothesis 1.9 which assures weak factorisation.

In the following, we regard Spec k, SpecWn(k) and Spf W (k) as fine log (formal) schemes endowed
with trivial log structure. For a log smooth fine log scheme X over Spec k, let Wω

q
X/k := lim←−Wnω

q
X/k be

the logarithmic de Rham–Witt complex [29, § 4]. (In [29, § 4] the structure morphism is supposed to be
of Cartier type, but this is automatically satisfied in our case (see the paragraph after [32, Def. (4.8)].)
It is a complex of étale sheaves on X, and it computes log crystalline cohomology, that is,

RΓcris(X/Wn(k)) ∼= RΓét(X,Wnω
q
X/k),

RΓcris(X/W (k)) ∼= R lim←−RΓcris(X/Wn(k)) ∼= R lim←−RΓét(X,Wnω
q
X/k) ∼= RΓét(X,Wω

q
X/k).

In particular, we have the isomorphisms

H∗
cris(X/Wn(k)) ∼= H∗

ét(X,Wnω
q
X/k), H∗

cris(X/W (k)) ∼= H∗
ét(X,Wω

q
X/k).

Remark 1.32. It is possible to find an explicit complex representingRΓcris(X/Wn(k)) ∼= RΓét(X,Wnω
q
X/k)

in the derived category in such a way that it is functorial in X. This can be accomplished by taking for
example the Godement resolution of Wnω

q
X/k on the étale site. The same holds for RΓcris(X/W (k)) ∼=

RΓét(X,Wω
q
X/k).

Example 1.33. A normal crossing pair (X,X) gives rise to a log scheme which we denote again by (X,X)
where the underlying scheme is X and the log structure is induced by the divisor D = X\X. Such a
log scheme is fine and proper log smooth over Spec k. In this case, the truncated (resp. untruncated)
logarithmic de Rham–Witt complex Wnω

q
(X,X)/k

(resp. Wω
q
(X,X)/k

) is also denoted by WnΩ
q
X/k

(logD)

(resp.WΩ
q
X/k

(logD)). So we have the isomorphisms

H∗
cris((X,X)/Wn(k)) ∼= H∗

ét(X,WnΩ
q
X/k

(logD)), H∗
cris((X,X)/W (k)) ∼= H∗

ét(X,WΩ
q
X/k

(logD)).

Remark 1.34. Another definition of the logarithmic de Rham–Witt complex Wnω
q
(X,X)/k

,Wω
q
(X,X)/k

is

given by Matsuue [34], and the compatibility of the two definitions are proven in [27, A]. In particular,
Wnω

q
(X,X)/k

is a quotient of the log de Rham complex ω
q
Wn(X,X)/Wn

of the (log) Witt scheme Wn(X,X)

[34, Def. 2.5] of (X,X), by the construction given in [34, 3.4]. Hence, for u ∈ MX , the section d log u ∈
Wnω

q
(X,X)/k

is well-defined, and it is equal to d[u]
[u] if u ∈ O×

X,ét
.

Definition 1.35. For any normal crossing pair (X,X) and any n ⩾ 1 let A
q
n(X,X) be an explicit

complex functorial in the log scheme associated to (X,X) representing RΓét(X,Wnω
q
(X,X)/k

).

Proposition 1.36. Let us assume Hypotheses 1.5, 1.7 and 1.9. Then, for a fixed X ∈ Smk, the com-
plexes in the family {A q

n(X,X)}X are all quasi-isomorphic, where X runs through all normal crossing
compactifications of X.

Proof. By Lemma 1.28 and weak factorisation it suffices to prove that

A
q
n(X,X)→ A

q
n(X,X

′
)

is a quasi-isomorphism when (X,X
′
) → (X,X) is a blow-up with smooth centre Z which is normal-

crossing with the boundary divisor D = X\X. Let U• → X be a Zariski Čech hypercovering induced

by an affine covering of X and denote the pullback of it to X
′

by U
′
• → X

′
. All of the U i and U

′
i are

smooth (but in general not proper) and may be endowed with the log structure associated to the simple

normal crossing divisors Di := U i ∩D and D′
i := U

′
i ∩D′. In analogy to the notation above, we denote

the respective log schemes by (Ui, U i) and (U ′
i , U

′
i), where Ui := U i\Di and U ′

i := U
′
i\D′

i. In particular
we have a morphism of simplicial log schemes

(U ′
•, U

′
•)→ (U•, U•).
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By Zariski descent, the vertical maps in the diagram

(9) H∗A
q
n(X,X) ∼= H∗

ét(X,WnΩX/k(logD))

∼

��

// H∗A
q
n(X ′, X

′
) ∼= H∗

ét(X
′
,WnΩX

′
/k(logD′))

∼
��

H∗
ét(U•,WnΩU•/k

(logD•)) // H∗
ét(U

′
•,WnΩU

′
•/k

(logD′
•))

are isomorphisms. So it suffices to prove that the lower horizontal map is an isomorphism, and this is
reduced to proving the isomorphism

H∗
ét(U i,WnΩUi/k

(logDi))→ H∗
ét(U

′
i,WnΩU

′
i/k

(logD′
i))

for each i, by standard spectral sequence argument. Hence it suffices to work Zariski locally on X.
Thus, we may assume that X is affine and that there exists an étale morphism X → Ad

k such that D

and Z are defined as zeros of some coordinates of Ad
k. More precisely, there are integers a, b, c, d with

0 ⩽ a ⩽ b ⩽ c ⩽ d and an étale morphism

X → Spec k[x1, . . . , xa, . . . , xb, . . . , xc, . . . , xd]

such that

Z = {x1 = · · · = xb = 0},
D = {x1x2 · · ·xaxb+1 · · ·xc = 0}.

Take an étale morphism

X→ Ad
Wn(k)

= SpecWn(k)[x1, . . . , xa, . . . , xb, . . . , xc, . . . , xd]

which lifts the morphism X → Ad
k = Spec k[x1, . . . , xa, . . . , xb, . . . , xc, . . . , xd] above, define the closed

subschemes Z, D of X by

Z := {x1 = · · · = xb = 0},
D := {x1x2 · · ·xaxb+1 · · ·xc = 0},

and set X := X\D. The log scheme (X,X), whose underlying scheme is X and whose log structure is
induced by the divisor D, is a lift to Wn(k) of the log scheme (X,X). The pair {(X,X), (X,X)} is an
embedding system in the sense of [29, (2.18)]. Let

F : X→ X

be the Frobenius lift on X induced by xi 7→ xpi and the canonical Frobenius on Wn(k). The map F
induces a morphism of schemes

Wn(X)
tF−→ X,

where tF is induced by the chosen Frobenius lift F (see [30, 0. (1.3.20)]). Let us write Wn(X,X) for the
n-th Witt lift of the log scheme associated to (X,X) (see [29, Def. 3.1]). With the above choice of F , the
morphism tF induces a morphism of log schemes

Wn(X,X)→ (X,X)

and so we obtain a morphism of complexes of sheaves

Ω
q
X/Wn(k)

(logD)→WnΩ
q
X/k

(logD),

where Ω
q
X/Wn(k)

(logD) denotes the logarithmic de Rham complex of (X,X) over Wn(k). Note that X

has already divided powers (cf. proof of [30, II. Thm. 1.4]) and hence Ω
q
X/Wn(k)

(logD) is the crystalline

complex denoted by Cn in the proof of [29, Thm. 4.19]. According to loc. cit. the above morphism of
complexes is a quasi-isomorphism.

Similarly, one obtains a quasi-isomorphism

Ω
q
X

′
/Wn(k)

(logD′)
∼−→WnΩ

q
X

′
/k

(logD′)
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where

π : X
′

:= BlZ X→ X

denotes the blow-up of X along Z and D′ := (π−1D)red. Thus it suffices to prove the quasi-isomorphism

(10) RΓét(X,Ω
q
X/Wn(k)

(logD)) ∼= RΓét(X, Rπ∗Ω
q
X

′
/Wn(k)

(logD′)).

In the first step, we reduce the general case to the case a = b. Thus assume b > a. We define a new

divisor D̃ := {x1x2 · · ·xaxa+1xb+1 · · ·xc = 0} ⊆ X and consider the closed immersion

i : X♡ := {xa+1 = 0} ↪→ X.

We will write D♡ := D ∩ X♡ and Z♡ := Z ∩ X♡ for the intersections with D and Z. The blow-up

π : X
′

:= BlZ X→ X

admits a standard affine open covering

X
′

=
b⋃

r=1

X
′
r

such that π on X
′
r is given by the Cartesian diagram

X
′
r

//

��

X

��
SpecWn(k)[y1, . . . , y̌r, . . . , yb, xr, xb+1, . . . , xd] // SpecWn(k)[x1, . . . , xd],

where the variable yr is omitted on the lower left-hand side and where the lower horizontal morphism is

induced by xi 7→ xryi for 1 ⩽ i ⩽ b, i ̸= r and xi 7→ xi otherwise. The divisors on X
′

induced by D and

D̃ will be denoted by D′ := (π−1D)red and D̃′ := (π−1D̃)red.
Similarly, the blow-up

π♡ : X
′
♡ := BlZ♡

X♡ → X♡

admits a standard affine open covering

X
′
♡ =

⋃
1⩽r⩽b
r ̸=a+1

X
′
♡,r

such that π♡ on X
′
♡,r is given by the Cartesian diagram

X
′
♡,r

//

��

X♡

��
SpecWn(k)[y1, . . . , y̌r, . . . , y̌a+1, . . . , yb, xr, xb+1, . . . , xd] // SpecWn(k)[x1, . . . x̌a+1,..., xd]

with xi 7→ xryi for 1 ⩽ i ⩽ b, i ̸= r, a + 1 and xi 7→ xi otherwise. The divisor on X
′
♡ induced by D will

be denoted by D′
♡ := (π−1

♡ D)red. Let i′ : X
′
♡ ↪→ X

′
be the closed immersion induced by i : X♡ ↪→ X.

Claim. There are short exact sequences of complexes

0 // Ω
q
X/Wn(k)

(logD) // Ω
q
X/Wn(k)

(log D̃) // i∗Ω
q−1

X♡/Wn(k)
(logD♡) // 0,

0 // Ω
q
X

′
/Wn(k)

(logD′) // Ω
q
X

′
/Wn(k)

(log D̃′) // i′∗Ω
q−1

X
′
♡/Wn(k)

(logD′
♡) // 0.
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Proof of Claim. The sheaf Ω1
X/Wn(k)

(log D̃) is freely generated by

dxi
xi

for 1 ⩽ i ⩽ a+ 1, dxi for a+ 2 ⩽ i ⩽ b,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d,

while the sheaf Ω1
X/Wn(k)

(logD) is freely generated by

dxi
xi

for 1 ⩽ i ⩽ a, dxi for a+ 1 ⩽ i ⩽ b,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

So the quotient Ω1
X/Wn(k)

(log D̃)/Ω1
X/Wn(k)

(logD) is the free i∗OX♡
-module generated by the class of

dxa+1

xa+1
. Passing to exterior powers proves the exactness of the first short exact sequence.

We prove the exactness of the second short exact sequence on each of the standard open sets X
′
r. For

1 ⩽ r ⩽ a the sheaf Ω1
X

′
/Wn(k)

(log D̃′)|X′
r

is freely generated by

dyi
yi

for 1 ⩽ i ⩽ a, i ̸= r,
dxr
xr

,
dya+1

ya+1
, dyi for a+2 ⩽ i ⩽ b,

dxi
xi

for b+1 ⩽ i ⩽ c, dxi for c+1 ⩽ i ⩽ d,

while the sheaf Ω1
X

′
/Wn(k)

(logD′)|X′
r

is freely generated by

dyi
yi

for 1 ⩽ i ⩽ a, i ̸= r,
dxr
xr

, dyi for a+ 1 ⩽ i ⩽ b,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

For a+ 2 ⩽ r ⩽ b the sheaf Ω1
X

′
/Wn(k)

(log D̃′)|X′
r

is freely generated by

dyi
yi

for 1 ⩽ i ⩽ a,
dxr
xr

,
dya+1

ya+1
, dyi for a+2 ⩽ i ⩽ b, i ̸= r,

dxi
xi

for b+1 ⩽ i ⩽ c, dxi for c+1 ⩽ i ⩽ d,

while the sheaf Ω1
X

′
/Wn(k)

(logD′)|X′
r

is freely generated by

dyi
yi

for 1 ⩽ i ⩽ a,
dxr
xr

, dyi for a+ 1 ⩽ i ⩽ b, i ̸= r,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

In both cases, the quotient Ω1
X

′
/Wn(k)

(log D̃′)/Ω1
X

′
/Wn(k)

(logD′)|X′
r

is the free i∗OX
′
♡,r

-module generated

by the class of
dya+1

ya+1
. Passing to exterior powers proves the exactness of the second short exact sequence

on all standard open subsets X
′
r for 1 ⩽ r ⩽ b, i ̸= a+ 1. It remains to prove the exactness on X

′
a+1. The

sheaves Ω1
X

′
/Wn(k)

(log D̃′)|X′
a+1

and Ω1
X

′
/Wn(k)

(logD′)|X′
a+1

are both freely generated by

dyi
yi

for 1 ⩽ i ⩽ a,
dxa+1

xa+1
, dyi for a+ 2 ⩽ i ⩽ b,

dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

So the quotient Ω1
X

′
/Wn(k)

(log D̃′)/Ω1
X

′
/Wn(k)

(logD′)|X′
a+1

is zero, but X
′
a+1 is the complement of the

image of i′, so
(
i′∗Ω

q
X

′
♡/Wn(k)

(logD′
♡)
)
|X′

a+1
= 0. This proves the exactness of the second short exact

sequence on X
′
a+1 and concludes the proof of the claim. □

By the above claim, we obtain a morphism of triangles

Ω
q
X/Wn(k)

(logD) //

��

Ω
q
X/Wn(k)

(log D̃) //

��

Ω
q
X♡/Wn(k)

(logD♡)[−1]
+1 //

��
Rπ∗Ω

q
X

′
/Wn(k)

(logD′) // Rπ∗Ω
q
X

′
/Wn(k)

(log D̃′) // Rπ∗i′∗Ω
q
X

′
♡/Wn(k)

(logD′
♡)[−1]

+1 // .

In particular, the claimed quasi-isomorphism (10) for the triple (X,Z,D) follows if one proves the quasi-

isomorphism (10) for the triples (X♡,Z♡,D♡) and (X,Z, D̃). For a moment, let us call the parameters
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(a, b, c, d) the type of the triple (X,Z,D). With this terminology, the triple (X♡,Z♡,D♡) is of type

(a, b− 1, c− 1, d− 1) and (X,Z, D̃) is of type (a+ 1, b, c, d). Thus, we can inductively reduce the proof to
the case a = b.

From now on we assume that a = b. Let us first verify the isomorphism

(11) π∗Ωi
X/Wn(k)

(logD) ∼= Ωi
X

′
/Wn(k)

(logD′).

This is easily checked locally on the open charts X
′
r: the sheaf π∗Ω1

X/Wn(k)
(logD) is freely generated by

dxi
xi

for 1 ⩽ i ⩽ a,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d,

while Ω1
X

′
/Wn(k)

(logD′)|X′
r

is freely generated by

dyi
yi

for 1 ⩽ i ⩽ a, i ̸= r,
dxr
xr

,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

Also, the map π∗Ω1
X/Wn(k)

(logD)→ Ω1
X

′
/Wn(k)

(logD′)|X′
r

is given by

dxi
xi
7→ dyi

yi
+
dxr
xr

for 1 ⩽ i ⩽ a and i ̸= r,

dxi
xi
7→ dxi

xi
for b+ 1 ⩽ i ⩽ c or i = r,

dxi 7→ dxi for c+ 1 ⩽ i ⩽ d.

This proves the isomorphism (11) for i = 1 and the general case follows by passing to exterior powers.
Using the isomorphism (11), the projection formula and the well-known quasi-isomorphism Rπ∗OX

′ ∼=
OX, we obtain the quasi-isomorphisms

Rπ∗Ωi
X

′
/Wn(k)

(logD′) ∼= Rπ∗OX
′ ⊗OX

Ωi
X/Wn(k)

(logD) ∼= Ωi
X/Wn(k)

(logD),

and finally the quasi-isomorphism

RΓét(X,Ω
q
X/Wn(k)

(logD)) ∼= RΓét(X, Rπ∗Ω
q
X

′
/Wn(k)

(logD′)).

□

Definition 1.37. Assume Hypotheses 1.5 and 1.7. For X ∈ Smk and n ⩾ 1 set

A
q
n(X) := lim−→

(X,X)/X

A
q
n(X,X)

where the limit runs through the filtered category of normal crossing pairs extending X (the opposite
category of the one in Lemma 1.28). Let A

q
(X) := R lim←−A

q
n(X).

Corollary 1.38. Under Hypotheses 1.5, 1.7 and 1.9, A
q
n(X) is quasi-isomorphic to A

q
n(X,X) for X ∈

Smk and any normal crossing compactification X of X.

Proposition 1.39. Under Hypotheses 1.5, 1.7 and 1.9, A
q
n(X) (and hence A

q
(X)) is functorial in X.

Proof. Let f : X → Y be a morphism in Smk. We consider the category

{f : (X,X)→ (Y, Y ) | (X,X), (Y, Y ) ∈ Varnck }
of morphisms of normal crossing pairs extending f . For simplicity, we denote it by {f/f}. We first
observe that this forms a non-empty cofiltered category.

Choose normal crossing pairs (X,X) and (Y, Y ) extending X and Y , which exist by Lemma 1.28. Let

X
′

be the closure of the graph of f in X×k Y . Then (X,X
′
) is a geometric pair, and the projection to Y

induces a morphism of geometric pairs (X,X
′
) → (Y, Y ) extending f . By Hypotheses 1.5 and 1.7 there

exists a birational morphism (X,X
′′
)→ (X,X

′
) from a normal crossing pair which is an isomorphism on

X. The composition f : (X,X
′′
)→ (Y, Y ) is a morphism of normal crossing pairs extending f as desired.

With similar methods as in Lemma 1.28 it can be seen that the category {f/f} is cofiltered.
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There are the two projection functors

{f/f}
P1

xx

P2

&&
{(X,X)/X} {(Y, Y )/Y },

where {(X,X)/X} denotes the category of normal crossing compactifications introduced in Lemma 1.28.
The argument above shows in fact that P2 is surjective. Clearly, any extension f of f to normal crossing
pairs induces a natural morphism of complexes

A
q
n(P2(f))→ A

q
n(P1(f)).

Hence, we obtain a zigzag of morphisms of complexes

lim−→
(Y,Y )/Y

A
q
n(Y, Y )

∼←− lim−→
f/f

A
q
n(P2(f))→ lim−→

f/f

A
q
n(P1(f))→ lim−→

(X,X)/X

A
q
n(X,X)

where the left pointing map is an isomorphism (not just a quasi-isomorphism) by the surjectivity of the
projection P2. This provides a morphism of complexes A

q
n(Y )→ A

q
n(X) induced by f and it is now easy

to check the functoriality. □

As a consequence, we may regard A
q
n as a complex of presheaves on Smk.

Definition 1.40. We define complexes of sheaves on Smk,cdp and Smk,cdh

a∗cdpA
q
n and a∗cdhA

q
n

as the sheafifications with respect to the cdp- and cdh-topology of the complex of presheaves on Smk

given by

X 7→ A
q
n(X).

We denote the complexes of sheaves on Vark,cdp and Vark,cdh we obtain from a∗cdpA
q
n and a∗cdhA

q
n respect-

ively using the equivalences Sh(Smk,cdp) ∼= Sh(Vark,cdp) and Sh(Smk,cdh) ∼= Sh(Vark,cdh) by the same
symbol. Furthermore, we set

a∗cdpA
q
:= R lim←− a

∗
cdpA

q
n, a∗cdhA

q
:= R lim←− a

∗
cdhA

q
n.

Also, we denote by RΓcdp(X,−) and RΓcdh(X,−) the derived global section functor for X ∈ Vark with
respect to cdp- and cdh-topology.

Note that RΓcdp(−, a∗cdpA
q
n) and RΓcdp(−, a∗cdpA

q
) (resp. RΓcdh(−, a∗cdhA

q
n) and RΓcdh(−, a∗cdhA

q
))

satisfy (cohomological) cdp-descent (resp. cdh-descent) in Vark by definition.
We show now that A

q
n(X) satisfies the so-called Mayer–Vietoris property (compare [14]) for smooth

blow-up squares and smooth Nisnevich squares. We will see that this implies that A
q
n and A

q
satisfy

cohomological cdp- and cdh-descent.

Proposition 1.41. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For a smooth blow-up square

Z ′ //

��

X ′

��
Z // X

the induced diagram

A
q
n(Z ′) A

q
n(X ′)oo

A
q
n(Z)

OO

A
q
n(X)

OO

oo

is homotopy co-Cartesian.
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Proof. The statement is clear if Z = ∅, so we may assume that Z is non-empty. By Proposition 1.30
there is a good compactification

(12) (Z ′, Z
′
) //

��

(X ′, X
′
)

��
(Z,Z) // (X,X)

of the given square where all morphisms are strict. By Corollary 1.38 it suffices to prove that

A
q
n(Z ′, Z

′
) A

q
n(X ′, X

′
)oo

A
q
n(Z,Z)

OO

A
q
n(X,X)

OO

oo

is homotopy co-Cartesian. Note that the diagram (12) is uniquely determined by X, D = X\X and Z.
As in the proof of Proposition 1.36, using a suitable Zariski Čech hypercovering, we can reduce to the
situation where there exists an étale morphism

X → Spec k[x1, . . . , xb, . . . , xc, . . . , xd]

for some 0 ⩽ b ⩽ c ⩽ d such that

Z = {x1 = · · · = xb = 0},
D = {xb+1 · · ·xc = 0}.

Note that the parameter a, which appears in the proof of Proposition 1.36, is zero since Z is assumed to
be non-empty. Again we choose lifts

X → SpecWn(k)[x1, . . . , xb, . . . , xc, . . . , xd],

Z = {x1 = · · · = xb = 0},
D = {xb+1 · · ·xc = 0}

to Wn(k) with the Frobenius lift given by xi 7→ xpi . Define X := X\D, Z = Z ∩ X and set (X′,X
′
) :=

(BlZ X,BlZ X) and (Z′,Z
′
) := (Z×X X′,Z×X X

′
). As in the proof of Proposition 1.36, the Frobenius lift

induces quasi-isomorphisms

Ω
q
X/Wn(k)

(logD)
∼−→WnΩ

q
X/k

(logD),

Ω
q
X

′
/Wn(k)

(log(X
′\X′))

∼−→WnΩ
q
X

′
/k

(log(X
′\X ′)),

Ω
q
Z/Wn(k)

(log(Z\Z))
∼−→WnΩ

q
Z/k

(log(Z\Z)),

Ω
q
Z
′
/Wn(k)

(log(Z
′\Z′))

∼−→WnΩ
q
Z

′
/k

(log(Z
′\Z ′)),

and hence it suffices to show that

RΓét(Z
′
,Ω

q
Z
′
/Wn(k)

(log(Z
′\Z′))) RΓét(X

′
,Ω

q
X

′
/Wn(k)

(log(X
′\X′)))oo

RΓét(Z,Ω
q
Z/Wn(k)

(log(Z\Z)))

OO

RΓét(X,Ω
q
X/Wn(k)

(logD))

OO

oo

is homotopy co-Cartesian. Now X
′

admits a standard affine open covering

X
′

=

b⋃
r=1

X
′
r
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such that the restriction of the blow-up π : X
′ → X to X

′
r, 1 ⩽ r ⩽ d, is given by the Cartesian diagram

X
′
r

//

��

X

��
SpecWn(k)[y1, . . . , y̌r, . . . , yb, xr, xb+1, . . . , xd] // SpecWn(k)[x1, . . . , xd],

(here again the variable yr is skipped) where the lower horizontal morphism is induced by xi 7→ xryi
for 1 ⩽ i ⩽ b, i ̸= r and xi 7→ xi otherwise. On these charts, we have the following explicit descriptions

of the sheaves π∗Ω1
X/Wn(k)

(logD) and Ω1
X

′
/Wn(k)

(logX
′\X′): The sheaf π∗Ω1

X/Wn(k)
(logD)|X′

r
is freely

generated by

dxi for 1 ⩽ i ⩽ b,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d,

while Ω1
X

′
/Wn(k)

(logX
′\X′)|X′

r
is freely generated by

dyi for 1 ⩽ i ⩽ b, i ̸= r, dxr,
dxi
xi

for b+ 1 ⩽ i ⩽ c, dxi for c+ 1 ⩽ i ⩽ d.

The logarithmic differentials dxi

xi
for b + 1 ⩽ i ⩽ c induce compatible weight filtrations on the above

complexes. In the following, let us describe the associated graded pieces of these filtrations in terms of
the residue map. For b+1 ⩽ i ⩽ c let us write Di for the closed subscheme of D given by Di = {xi = 0} and

Zi = Z∩Di. Furthermore, let us write D′
i = BlZi

Di and Z
′
i = Zi×Di

D′
i. For a subset L ⊆ {b+ 1, . . . , c}

let us introduce the notation

DL :=
⋂
i∈L

Di, D′
L :=

⋂
i∈L

D′
i,

ZL :=
⋂
i∈L

Zi, Z
′
L :=

⋂
i∈L

Z
′
i,

and for 1 ⩽ l ⩽ c− b

D(l) :=
∐

L⊆{b+1,...,c}
|L|=l

DL, D′
(l) :=

∐
L⊆{b+1,...,c}

|L|=l

D′
L,

Z(l) :=
∐

L⊆{b+1,...,c}
|L|=l

ZL, Z
′
(l) :=

∐
L⊆{b+1,...,c}

|L|=l

Z
′
L,

as well as

D(0) := X, D′
(0) := X

′
,

Z(0) := Z, Z
′
(0) := Z

′
.

With this notation, the residue map gives the following explicit description of the associated graded pieces
for 0 ⩽ l ⩽ c− b:

grlΩ
q
X/Wn(k)

(logD) = Ω
q
D(l)/Wn(k)

[−l],

grlΩ
q
X′/Wn(k)

(log(X
′\X′)) = Ω

q
D′

(l)
/Wn(k)

[−l],

grlΩ
q
Z/Wn(k)

(log(Z\Z)) = Ω
q
Z(l)/Wn(k)

[−l],

grlΩ
q
Z
′
/Wn(k)

(log(Z
′\Z′)) = Ω

q
Z
′
(l)/Wn(k)

[−l].
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Hence, it is enough to prove that for 0 ⩽ l ⩽ c− b the diagram

RΓét(Z
′
(l),Ω

q
Z
′
(l)/Wn(k)

) RΓét(D
′
(l),Ω

q
D′

(l)
/Wn(k)

)oo

RΓét(Z(l),Ω
q
Z(l)/Wn(k)

)

OO

RΓét(D(l),Ω
q
D(l)/Wn(k)

)

OO

oo

associated to the blow-up square

Z
′
(l)

//

��

D′
(l)

��
Z(l)

// D(l)

is homotopy co-Cartesian. But this is the non-logarithmic case proved in [24, IV, Thm. 1.2.1.]. □

Corollary 1.42. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For X ∈ Smk, the natural morphisms

A
q
n(X)→ RΓcdp(X, a∗cdpA

q
n),

A
q
(X)→ RΓcdp(X, a∗cdpA

q
)

are quasi-isomorphisms.

Proof. Under the hypotheses mentioned, we have seen in Proposition 1.41 that A
q
n satisfies the Mayer–

Vietoris property for smooth blow-up squares. As smooth blow-up squares generate the cdp-topology
on Smk by Proposition 1.26, this implies the first quasi-isomorphism by [14, Thm. 3.7]. The second
quasi-isomorphism follows by taking (homotopy) limits. □

Proposition 1.43. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For a smooth Nisnevich square

Y ′ //

��

X ′

��
Y // X,

the induced diagram

A
q
n(Y ′) A

q
n(X ′)oo

A
q
n(Y )

OO

A
q
n(X)

OO

oo

is homotopy co-Cartesian.

Proof. Take a split hypercovering X• → X with respect to the cdp-topology in Vark with X• smooth
which satisfies the condition in the statement of Proposition 1.31, and let

Y ′
•

//

��

X ′
•

��
Y• // X•

be the pullback of the given smooth Nisnevich square to X•. Then we have the quasi-isomorphisms

A
q
n(X)

≃−→ RΓcdp(X, a∗cdpA
q
n)

≃−→ RΓcdp(X•, a
∗
cdpA

q
n)

≃←− A q
n(X•),
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where the first and the third quasi-ismorphisms follows from Corollary 1.42 and the second quasi-
isomorphism is the cdp-descent in Vark. Similar quasi-isomorphisms hold also for X ′, Y and Y ′. So
it suffices to prove that the diagram

A
q
n(Y ′

•) A
q
n(X ′

•)oo

A
q
n(Y•)

OO

A
q
n(X•)

OO

oo

is homotopy co-Cartesian, and then it is further reduced to proving that the diagram

A
q
n(Y ′

i ) A
q
n(X ′

i)
oo

A
q
n(Yi)

OO

A
q
n(Xi)

OO

oo

is homotopy co-Cartesian for each i. Take a factorisation

Y ′
i X ′

i,n
//

��

X ′
i,n−1

//

��

· · · // X ′
i,1

//

��

X ′
i,0

��

X ′
i

Yi Xi,n
// Xi,n−1

// · · · // Xi,1
// Xi,0 Xi

such that each square

X ′
i,l

//

��

X ′
i,l−1

��
Xi,l

// Xi,l−1

is a good smooth Nisnevich square, which exists by the conclusion of Proposition 1.31. Then it suffices
to prove that the diagram

A
q
n(X ′

i,l) A
q
n(X ′

i,l−1)oo

A
q
n(Xi,l)

OO

A
q
n(Xi,l−1)

OO

oo

is homotopy co-Cartesian for each i and l. In particular, we may assume that the given smooth Nisnevich
square is good. Then we may assume that X is connected, because we can work on each connected
component of X. If the associated square on pairs is one of the Cartesian diagrams

∅ //

��

∅

��

∅ //

��

(X,X)

��
(X,X) // (X,X), ∅ // (X,X)

the statement is obvious. Thus assume that the given Nisnevich square may be embedded into a Cartesian
diagram of nc-pairs of the form

(Y ′, X
′
) �
� //

��

(X ′, X
′
)

��
(Y,X) �

� // (X,X)
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such that the closure D of D := X \ Y is a smooth divisor of X. Let D
′

be the closure of D′ := X ′ \ Y ′

in X
′
. By definition of smooth Nisnevich square, D′ is isomorphic to D and so it is smooth. Hence D

′

is a smooth divisor of X
′
. Put

DX := X \X, DY := X \ Y, DX′ := X
′ \X ′, DY ′ := X

′ \ Y ′,

so that DY = D ∪ DX , DY ′ = D
′ ∪ DX′ . Then, by [41, Cor. 2.12.4], we have the canonical quasi-

isomorphisms

[A
q
n(X,X)→ A

q
n(Y,X)] ∼= RΓét(X,WnΩ

q
X

(logDX)→WnΩ
q
X

(log(D ∪DX)))

∼= RΓét(X,WnΩ
q
X

(log(D ∪DX))/PD
0 WnΩ

q
X

(log(D ∪DX)))

∼= RΓét(D,WnΩ
q
D

(log(D ∩DX))) ∼= A
q
n(D,D),

where PD
0 denotes the 0-th weight filtration with respect to D defined in [41, Def. 2.12.1]. Similar quasi-

isomorphisms exist also for the complex [A
q
n(X ′, X

′
) → A

q
n(Y ′, X

′
)]. So it suffices to prove that the

canonical map A
q
n(D,D) → A

q
n(D′, D

′
) is a quasi-isomorphism. Since D′ is smooth and isomorphic to

D, it follows from Proposition 1.36. □

Corollary 1.44. Let X ∈ Smk and assume Hypotheses 1.5, 1.7, 1.8 and 1.9. The natural morphisms

A
q
n(X)→ RΓcdp(X, a∗cdpA

q
n)→ RΓcdh(X, a∗cdhA

q
n),

A
q
(X)→ RΓcdp(X, a∗cdpA

q
)→ RΓcdh(X, a∗cdhA

q
)

are quasi-isomorphisms.

Proof. Recall that the cdh-topology on Smk is generated by smooth blow-up and smooth Nisnevich
squares by Corollary 1.26. As A

q
n satisfies the Mayer–Vietoris property for smooth blow-up squares and

for smooth Nisnevich squares by the Propositions 1.41 and 1.43, the first quasi-isomorphism follows again
from [14, Thm. 3.7]. The second quasi-isomorphism follows by taking (homotopy) limits. □

Corollary 1.45. For (X,X) ∈ Varnck , we have quasi-isomorphisms

A
q
n(X,X) ∼= A

q
n(X) ∼= RΓcdp(X, a∗cdpA

q
n) ∼= RΓcdh(X, a∗cdhA

q
n),

R lim←−A
q
n(X,X) ∼= A

q
(X) ∼= RΓcdp(X, a∗cdpA

q
) ∼= RΓcdh(X, a∗cdhA

q
)

if we assume Hypotheses 1.5, 1.7, 1.8 and 1.9.

1.5. Extension to k-varieties. In this section we extend the integral p-adic cohomology theory defined
above to general k-varieties via sheafification. As in the previous subsection, we assume Hypotheses 1.5,
1.7, 1.8 and 1.9.

From the descent results for smooth k-varieties obtained previously, we deduce the following statement:

Proposition 1.46. Under Hypotheses 1.5, 1.7, 1.8 and 1.9, for X ∈ Vark

RΓcdp(X, a∗cdpA
q
n) ∼= RΓcdh(X, a∗cdhA

q
n),

RΓcdp(X, a∗cdpA
q
) ∼= RΓcdh(X, a∗cdhA

q
).

Proof. Choose a cdp-hypercovering X• → X such that each Xi is smooth over k. Then the canonical
map

RΓcdp(X, a∗cdpA
q
n)→ RΓcdh(X, a∗cdhA

q
n)

is identified with the map

RΓcdp(X•, a
∗
cdpA

q
n)→ RΓcdh(X•, a

∗
cdhA

q
n)

by cdp-descent, and the latter map is a quasi-isomorphism because, for each i, the map

RΓcdp(Xi, a
∗
cdpA

q
n)→ RΓcdh(Xi, a

∗
cdhA

q
n)

is a quasi-isomorphism by Corollary 1.45. So we have shown the former quasi-isomorphism of the pro-
position. The latter quasi-isomorphism can be proven in the same way. □
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For a k-variety X, we define

H∗
cdp(X, a∗cdpA

q
) := H∗RΓcdp(X, a∗cdpA

q
),

H∗
cdh(X, a∗cdhA

q
) := H∗RΓcdh(X, a∗cdhA

q
).

They are isomorphic by Proposition 1.46:

(13) H∗
cdp(X, a∗cdpA

q
) ∼= H∗

cdh(X, a∗cdhA
q
).

Also, by Corollary 1.45, we have the functorial isomorphisms

(14) H∗
cris((X,X)/W (k)) ∼= H∗

cdp(X, a∗cdpA
q
) ∼= H∗

cdh(X, a∗cdhA
q
)

for an nc-pair (X,X).

Remark 1.47. While for several of the proofs in the remainder of this section and in the subsequent
section, it suffices to work in the cdp-topology, there are some arguments where it is indispensable to
work in the cdh-topology. Therefore, as well as for philosophical reasons (the cdh-topology is generated
by the cdp- and the Nisnevich topology, and Nisnevich descent should be quite essential for a ‘good’
cohomology theory in this context), we formulate the statements in terms of the cdh-topology.

We show that this cohomology gives a good integral p-adic cohomology theory, by proving the following
two theorems.

Theorem 1.48. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. Then, for a k-variety X of dimension d, the
cohomology groups H∗

cdh(X, a∗cdhA
q
) are finitely generated W (k)-modules and we have

Hn
cdh(X, a∗cdhA

q
) = 0,

for n < 0 or n > 2d.

Proof. Let us first prove that the cohomology groups are finitely generated. Choose a cdp-hypercovering
X• → X such that each Xi is smooth over k and has a normal crossing compactification Xi which exists
by our hypothesis on embedded resolutions of singularities. (This is a special case of Proposition 1.31.)
By definition of a∗cdhA

q
one obtains a descent spectral sequence

Eij
1 = Hj

cdh(Xi, a
∗
cdhA

q
) =⇒ Hi+j

cdh (X•, a
∗
cdhA

q
) ∼= Hi+j

cdh (X, a∗cdhA
q
).

For each i, j, we have the natural isomorphism Hj
cris((Xi, Xi)/W (k))

∼=−→ Hj
cdh(Xi, a

∗
cdhA

q
) by Corollary

1.45. This shows that all the E1-terms are finitely generated over W (k), and hence the same is true for
the abutment H∗

cdh(X, a∗cdhA
q
).

Let us now prove that the cohomology is concentrated in degrees 0 ⩽ n ⩽ 2d, by induction on the
dimension. For d = 0, X is a finite union of points. In this case, the vanishing for n ̸= 0 follows from the
comparison with crystalline cohomology Hn

cdh(X, a∗cdhA
q
) ∼= Hn

cris(X/W (k)). For d > 0, let us write X as
the union of its irreducible components X =

⋃m
i=1Xi. The blow-up along X1 yields the blow-up square

X ′ ×X X1

��

// X ′

��
X1

// X,

with X ′ =
⋃m

i=2X
′
i, where X ′

i is the blow-up of Xi along Xi∩X1. By cdp-descent, we obtain the following
distinguished triangle:

RΓcdh(X, a∗cdhA
q
)→ RΓcdh(X ′, a∗cdhA

q
)⊕RΓcdh(X1, a

∗
cdhA

q
)→ RΓcdh(X ′ ×X X1, a

∗
cdhA

q
)→

Since dimX ′ ×X X1 ⩽ d − 1 we may reduce by induction to the case m = 1, i.e., we may without
loss of generality reduce to the case that X is integral of dimension d. By resolution of singularity
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and cdp-descent, we may assume that X is smooth. Indeed, each blow-up square appearing in such a
resolution

Z ′

��

// X ′

��
Z // X

induces a distinguished triangle

RΓcdh(X, a∗cdhA
q
)→ RΓcdh(X ′, a∗cdhA

q
)⊕RΓcdh(Z, a∗cdhA

q
)→ RΓcdh(Z ′, a∗cdhA

q
)→ .

with dimZ,dimZ ′ ⩽ d − 1. Thus, we may assume that X is smooth of dimension d. Let us choose a
normal crossing compactification (X,X). We obtain by Corollary 1.45 an isomorphism

Hn
cdh(X, a∗cdhA

q
) ∼= Hn

cris((X,X)/W (k)).

For the log crystalline cohomology, we have the weight spectral sequence, see [40, (2.6.0.1)],

E−k,n+k
1 = Hn−k

cris (D(k)/W (k))⇒ Hn
cris((X,X)/W (k)),

where D(k) denotes the disjoint union of all k-fold intersections of distinct irreducible components of
D. By the induction hypothesis, we have Hn−k

cris (D(k)/W (k)) = 0 for 2(d − k) < n − k. Now, the

weight spectral sequence implies the desired vanishing Hn
cdh(X, a∗cdhA

q
) ∼= Hn

cris((X,X)/W (k)) = 0 for
n > 2d. □

Theorem 1.49. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. Then, for a k-variety X, there is a canonical
quasi-isomorphism

RΓrig(X/K) ∼= RΓcdh(X, a∗cdhA
q
)⊗Z Q,

hence the isomorphism

H∗
rig(X/K) ∼= H∗

cdh(X, a∗cdhA
q
)⊗Z Q.

Proof. Take a compactification X ↪→ X of X and take a simplicial nc-pair (X•, X•)→ (X,X) such that
X• → X is a split cdp-hypercovering. The existence of such a simplicial nc-pair follows from Lemma B.1
(or the nonemptyness of the category Ho{(X•, X•)/(X,X)} in Definition B.4 proven in Corollary B.5)
and Example B.6. (The proof in Proposition 1.31 also implies it.) Then, by [40, Cor. 7.7, Cor. 11.7], we
have the canonical quasi-isomorphism

RΓrig(X/K) ∼= RΓét(X•,WΩ
q
X•

(logD•))⊗Z Q,

where D• = X• \X•. Because we have the quasi-isomorphisms

RΓét(X•,WΩ
q
X•

(logD•)) ∼= A(X•, X•) ∼= A(X•) ∼= RΓcdh(X•, a
∗
cdpA

q
) ∼= RΓcdh(X, a∗cdhA

q
),

we obtain the quasi-isomorphism

(15) RΓrig(X/K) ∼= RΓcdh(X, a∗cdhA
q
)⊗Z Q

as desired. By construction, this quasi-isomorphism is functorial with respect to the diagram (X•, X•)→
(X,X).

We prove that the quasi-isomorphism (15) depends only on X. If we take another simplicial nc-pair

(X ′
•, X

′
•)→ (X,X) as above, we have the third one (X ′′

• , X
′′
•)→ (X,X) covering the two by Proposition

B.3 (or the connectedness of the category Ho{(X•, X•)/(X,X)} in Definition B.4 proven in Corollary
B.5) and Example B.6. Then, by functoriality, the quasi-isomorphism (15) induced by (X•, X•)→ (X,X)

is the same as that induced by (X ′′
• , X

′′
•) → (X,X) and then the same as that for (X ′

•, X
′
•) → (X,X).

Thus the quasi-isomorphism (15) is independent of the simplicial nc-pair (X•, X•)→ (X,X) once we fix

(X,X). Next, if we take another compactification X
′

of X, we have the third compactification X
′′

of

X covering the two. If we take a simplicial nc-pair (X•, X•) → (X,X
′′
) such that X• → X is a split

cdp-hypercovering, it is regarded also as a simplicial nc-pair over (X,X) and over (X,X
′
). Hence the

quasi-isomorphism (15) is independent of the compactification X of X as well.
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We prove the functoriality of the quasi-isomorphism (15) with respect to a morphism f : X ′ → X in

Vark. Take a morphism f : (X ′, X
′
)→ (X,X) in Vargeok extending f , and take a commutative diagram

(16) (X ′
•, X

′
•)

f• //

��

(X•, X•)

��
(X ′, X

′
)

f // (X,X)

such that (X•, X•), (X ′
•, X

′
•) are simplicial nc-pairs and X• → X, X ′

• → X ′ are split cdp-hypercoverings.
The existence of such a diagram follows from Lemma B.1, Proposition B.3 (or the nonemptyness of
the category Ho{f•/f} in Definition B.4 proven in Corollary B.5) and Example B.6. By construction,
the quasi-isomorphism (15) is functorial with respect to the diagram (16). We need to prove that this
functoriality depends only on f . For a fixed f , if we take another diagram as in (16), we have the
third one covering the two up to homotopy by Proposition B.3 (or the connectedness of the category
Ho{f•/f} in Definition B.4 proven in Corollary B.5) and Example B.6. Thus the functoriality of the

quasi-isomorphism (15) depends only on f . Moreover, if we take another morphism f
′
in Vargeok extending

f , we have the third one f
′′

covering the two. Then, since a diagram (16) for f
′′

induces that for f and

that for f
′

with the same top horizontal arrow, we see that the functoriality of the quasi-isomorphism
(15) is independent of the choice of f and so depends only on f . So we are done. □

Remark 1.50. It is possible to find an explicit complex A
q
cdh(X) representing

RΓcdh(X, a∗cdhA
q
) = R lim←−

n

RΓcdh(X, a∗cdhA
q
n)

in such a way that it is functorial in X ∈ Vark, because we can take Godement resolution on the cdh-site.
(For a geometric description of the points of the cdh-site, see [21, Thm. 1.6, 2.3, 2.6].)

Then, if we denote by C⩾0(W (k)) the category of complexes of W (k)-modules of non-negative degree,
we obtain a functor

A
q
cdh : Vark → C⩾0(W (k))

satisfying the following conditions:

(i) It gives a good integral p-adic cohomology theory in the following sense:

(a) For any X ∈ Vark, A
q
cdh(X) has finitely generated cohomologies over W (k).

(b) For any nc-pair (X,X), there exists a functorial quasi-isomorphism

A
q
cdh(X) ≃ RΓcris((X,X)/W (k)).

(c) For any X ∈ Vark, there exists a functorial quasi-isomorphism

A
q
cdh(X)Q ≃ RΓrig(X/K).

(ii) It satisfies cdh-descent, that is, for any cdh-hypercovering X• → X, the induced morphism

A
q
cdh(X)→ A

q
cdh(X•)

is a quasi-isomorphism.

The torsion in our integral p-adic cohomology behaves differently from l-adic cohomology, as the
following example shows.

Example 1.51. Let C ⊆ P2
Fp

be a smooth curve of genus g > 0. We define X as the push-out along the

Frobenius morphism in the following diagram

(17) C //

F

��

P2
Fp

��
C // X.
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It follows from [54, Tag 0ECH] that this diagram is a blow-up square, hence it induces a distinguished
triangle

RΓcdh(X, a∗cdhA
q
)→ RΓcdh(C, a∗cdhA

q
)⊕RΓcdh(P2

Fp
, a∗cdhA

q
)→ RΓcdh(C, a∗cdhA

q
)→ .

Using the comparison to crystalline cohomology gives

. . . // H1
cris(C)

F∗
// H1

cris(C) // H2
cdh(X, a∗cdhA

q
) // H2

cris(P2)⊕H2
cris(C) // . . . ,

and we deduce H2
cdh(X, a∗cdhA

q
)tors ∼= coker(F ∗ : H1

cris(C) → H1
cris(C)). Since C is a smooth curve of

genus g > 0, the Frobenius endomorphism has a positive slope and we deduce H2
cdh(X, a∗cdhA

q
)tors ̸= 0.

On the other hand, a similar argument implies that H2
ét(XFp

,Zl)tors = 0 for a prime l ̸= p because the

Frobenius F ∗ : H1
ét(CFp

,Zl)→ H1
ét(CFp

,Zl) is an isomorphism.

1.6. Further properties. In this part we want to discuss further properties of the integral p-adic co-
homology theory introdued for k-varieties in the last subsection. We continue to assume Hypotheses 1.5,
1.7, 1.8 and 1.9.

Let us start with the Künneth formula:

Proposition 1.52. Let X1, X2 ∈ Vark and assume the Hypotheses 1.5, 1.7, 1.8 and 1.9, then

RΓcdh(X1, a
∗
cdhA

q
)⊗L

W (k) RΓcdh(X2, a
∗
cdhA

q
) ∼= RΓcdh(X1 ×X2, a

∗
cdhA

q
).

Proof. Let us choose compactifications (X1, X1), (X2, X2) ∈ Vargeok . By our assumptions on resolution

of singularities, we can find simplicial nc-pairs (Xi,•, Xi,•) over (Xi, Xi) for i = 1, 2 such that Xi,• →
Xi (i = 1, 2) are split cdp-hypercoverings, as explained in the proof of Theorem 1.49. Let us denote by

(X3,•, X3,•)→ (X3, X3)

their product. By cdp-descent and Corollary 1.45, we have for i = 1, 2, 3 the following isomorphism in
the derived category of Wn(k)-modules

RΓcdh(Xi, a
∗
cdhA

q
n) ∼= RΓcris((Xi,•, Xi,•)/Wn(k)) := RΓét(Xi,•,WnΩ

q
Xi,•

(logDi,•)),

where Di,• := Xi,• \ Xi,•. These complexes are perfect complexes, since they are bounded and their
cohomology groups are finitely generated Wn(k)-modules. By [40, Thm. 5.10, 2)], we have the following
Künneth formula for the log crystalline cohomology of simplicial schemes:

(18) RΓcris((X1,•, X1,•)/Wn(k))⊗L
Wn(k)

RΓcrys((X2,•, X2,•)/Wn(k)) ∼= RΓcris((X3,•, X3,•)/Wn(k)).

Furthermore, we have the isomorphism

RΓcris((X1,•, X1,•)/Wn(k))⊗L
Wn(k)

RΓcris((X2,•, X2,•)/Wn(k))

∼= RΓcris((X1,•, X1,•)/W (k))⊗L
W (k) RΓcris((X2,•, X2,•)/W (k))⊗L

W (k) Wn(k).

Applying R lim←−n
to (18) gives

RΓcris((X1,•, X1,•)/W (k))⊗L
W (k) RΓcris((X2,•, X2,•)/W (k)) ∼= RΓcris((X3,•, X3,•)/W (k)).

By cdp-descent and Corollary 1.45, we have

RΓcris((Xi,•, Xi,•)/W (k)) ∼= RΓcdh(Xi, a
∗
cdhA

q
)

and we obtain the desired Künneth formula

RΓcdh(X1, a
∗
cdpA

q
)⊗L

W (k) RΓcdh(X2, a
∗
cdpA

q
) ∼= RΓcdh(X1 ×X2, a

∗
cdhA

q
).

□

Corollary 1.53. Let X ∈ Vark and f : A1
X → X the natural projection from the affine line over X to

X. Then the pull-back map

f∗ : RΓcdh(X, a∗cdhA
q
)→ RΓcdh(A1

X , a
∗
cdhA

q
)

is a quasi-isomorphism.

https://stacks.math.columbia.edu/tag/0ECH
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Our next aim is to prove the invariance of H∗
cdh(X, a∗cdhA

q
) under semi-normalisation. Let us first

recall the definition of the semi-normalisation:

Definition 1.54. The semi-normalisation Xsn → X of X ∈ Vark is the initial object in the category of
universal homeomorphisms Y → X inducing isomorphisms on residue fields.

Remark 1.55. The semi-normalisation exists by [54, Lem. 0EUS]. Since the morphism Xsn → X is integral
by [54, Lem. 04DF] and birational, it is covered by the normalisation Xn → X. Because the normalisation
of a variety is a finite morphism, Xsn is finite over X.

Proposition 1.56. Let us assume the Hypotheses 1.5, 1.7, 1.8 and 1.9. Let X,X ′ ∈ Vark and f : X ′ → X
be a universal homeomorphism inducing isomorphisms on residue fields, then

H∗
cdh(X, a∗cdhA

q
) ∼= H∗

cdh(X ′, a∗cdhA
q
).

In particular, H∗
cdh(−, a∗cdhA

q
) is invariant under passing to the semi-normalisation.

Proof. By the universal property of the semi-normalisation, the upper horizontal arrow in the diagram

(X ′)sn //

��

Xsn

��
X ′ // X

is an isomorphism. Thus, it is enough to prove the statement for f : Xsn → X, which is a finite birational
morphism. In particular, it is proper and there exists a closed subset Z ⊆ X such that f is an isomorphism
on X \ Z. Thus, we obtain a blow-up square

Z ′ //

��

Xsn

��
Z // X,

with Z ′ := Z ×X Xsn. By cdp-descent, we have a distinguished triangle

RΓcdh(X, a∗cdhA
q
)→ RΓcdh(Xsn, a∗cdhA

q
)⊕RΓcdh(Z, a∗cdhA

q
)→ RΓcdp(Z ′, a∗cdpA

q
)→,

and it suffices to prove the claim for Z ′ → Z. The statement follows now by Noetherian induction. □

Finally, we construct a theory of Chern classes for our integral p-adic cohomology theory which are
compatible with that for log crystalline cohomology and that for rigid cohomology.

First we recall the Chern classes for rigid cohomology constructed by Petrequin [45].

Proposition 1.57. For X ∈ Vark there exists a unique theory of rigid Chern classes

crigi : K0(X)→ H2i
rig(X/K).

More precisely, for any (Zariski) locally free OX-module E of finite rank there are elements crigi (E) ∈
H2i

rig(X/K), i ⩾ 0, characterised by the following properties:

(i) Normalisation. We have crig0 (E) = 1, crigi (E) = 0 for i > rk(E), and if E is invertible, crig1 (E) ∈
H2

rig(X/K) can be described in terms of Čech cocycles associated to the image of the class of E in

Pic(X).

(ii) Functoriality. For every morphism f : X ′ → X in Vark, we have crigi (f∗E) = f∗crigi (E) for all
i ⩾ 0.

(iii) Whitney sum formula. For a short exact sequence 0 → E ′ → E → E ′′ → 0 of locally free
OX-modules of finite rank, we have

crigi (E) =
∑

j+k=i

crigj (E ′)crigk (E ′′).

https://stacks.math.columbia.edu/tag/0EUS
https://stacks.math.columbia.edu/tag/04DF
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Proof. The construction of the first Chern class is given in [45, Def. 4.1] based on computations in [45,
§ 3]. The total Chern class is then defined in [45, Def. 4.5] via the projective bundle formula [45, Prop. 4.3].
Normalisation follows by definition [45, Rem. 4.6]. Functoriality is proved in [45, Prop. 4.7]. Finally, the
Whitney sum formula is shown in [45, Cor. 5.24]. Now the projective bundle formula [45, Cor. 4.4] implies
the first splitting principle [47, Prop. 1.4]. (We note that the second splitting principle [47, Prop. 1.5] also
holds for rigid cohomology by the fact that rigid cohomology satisfies Zariski descent and homotopy
invariance.) Thus by a standard argument [25, Thm. 1] the three properties (i)–(iii) characterise the
theory of Chern classes entirely, proving therefore uniqueness. □

The existence of the theory of log crystalline Chern classes

ccrisi : K0(X)→ H2i
cris((X,X)/W (k)), i ⩾ 0,

for an nc-pair (X,X) over k seems to be well-known to the community but not well-documented in the
literature. For the benefit of the reader we write this out here.

Construction 1.58. The construction of Chern classes that we explain here is built upon results in [4,
§ 12 and § 13]. We first remark that the category Vark clearly satisfies the condition (∗3) at the beginning
of [4, § 13], that is, the blow-up of a smooth scheme along a smooth centre is a morphism in Vark [4,

Ex. 13.3]. Let Varlogk be the category consisting of pairs (U,X) of k-varieties such that X is smooth,
j : U ↪→ X is an open immersion such that D := X\U is a simple normal crossing divisor. Again every
pair (U,X) gives rise to a log scheme which we denote again by (U,X) where the underlying scheme is

X and the log structure is induced by the divisor D. A morphism f : (U1, X1) → (U2, X2) in Varlogk is
a morphism f : X1 → X2 in Vark such that f(U1) ⊂ U2. (Beware that in the notation of [4, Def. 12.1]

Varlogk would rather designate the category of pairs (X,D), such that X is smooth and D ↪→ X a simple
normal crossing divisor. But these two categories are clearly equivalent.) By definition the category Varnck
is a full subcategory of Varlogk . Thus if we define Chern classes on Varlogk we automatically obtain Chern
classes on Varnck .

According to [4, Ex. 12.6(2)] logarithmic Hodge–Witt cohomology can be regarded as an admissible

cohomology theory with logarithmic poles on Varlogk in the sense of [4, Def. 12.5] and therefore admits a

theory of Chern classes. We recall the key points here. Let (U,X) ∈ Varlogk . For n ∈ N, consider the
natural morphisms of abelian sheaves on the étale site

d log : O×
U,ét →WnΩ1

U/k

defined by d log(u) = d[u]
[u] , where [u] denotes the Teichmüller lift of u [24, I.(1.1.1)]. Then for i ⩾

1, define WnΩi
U,log as the abelian subsheaf of WnΩi

U generated étale locally by sections of the form

d log u1 · · · d log ui with u1, . . . , ui ∈ O×
U,ét. Also, one sets WnΩ0

U,log = Z/pnZ. For n ∈ N fixed, the

graded cohomology theory Γ(∗)log on Varlogk , defined for (U,X) ∈ Varlogk as a complex of Zariski sheaves
by

Γ(i)log(U,X) :=

{
ε∗Gdét(j∗WnΩi

U,log)[−i] for i ⩾ 0,

0 otherwise,

where j denotes the open immersion U ↪→ X, Gdét denotes the Godement resolution with respect to
étale points and ε : Xét → XZar is the natural morphism of sites, is an admissible cohomology theory

with logarithmic poles. In particular, the map j∗O×
U → Rε∗j∗WnΩ1

U,log for (U,X) ∈ Varlogk induced by

d log plays the role of the first Chern class map of [4, Def. 12.5(1)] and induces a morphism

cHW
1 : RΓZar(U,O×

U )→ RΓZar(X,Γ(1)log(U,X)[1]) = RΓét(X, j∗WnΩ1
U,log)

in the derived category. Therefore, as carried out in [4, § 13] (see in particular [4, Ex. 13.3]), it admits a
theory of Chern classes

(19) cHW
i : K0(U)→ H2i

Zar(X,Γ(i)log(U,X)) = H2i
ét (X, j∗WnΩi

U,log[−i]) = Hi
ét(X, j∗WnΩi

U,log), i ⩾ 0,
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satisfying the properties (L1) – (L4) of [4, § 13] of which (L1) – (L3) correspond to normalisation, func-
toriality and the Whitney sum formula. As n ∈ N varies these maps are naturally compatible.

Now recall that, for u ∈ MX = j∗(O×
U,ét) ∩ OX,ét, d log(u) = d[u]

[u] ∈ j∗WnΩ1
U/k is in fact contained in

WnΩ1
X/k(logD) by Remark 1.34, and that d(d log u) = 0. So one obtains a morphism of complexes

(20) j∗WnΩi
U,log[−i]→WnΩ

q
X/k(logD).

They induce morphisms in the derived category

(21) RΓét(X, j∗WnΩi
U,log[−i])→ RΓét(X,WnΩ

q
X/k(logD)) ∼= RΓcris((U,X)/Wn(k)),

which are (contravariantly) functorial in (U,X). Composing these in the correct degree with the Chern
class maps (19) we obtain maps

ccrisi : K0(U)→ H2i
cris((U,X)/Wn(k)), i ⩾ 0,

which are again compatible as n ∈ N varies, and hence induce maps

ccrisi : K0(U)→ H2i
cris((U,X)/W (k)), i ⩾ 0.

Remark 1.59. Note that the first Chern class is given explicitly by the morphism

j∗O×
U → Rε∗j∗WnΩ1

U,log → Rε∗WnΩ
q
X(logD)[1]

induced by (20), which we also denote by d log.

Proposition 1.60. Let (U,X) ∈ Varlogk , D := X\U and j : U ↪→ X. There exists a unique theory of
log-crystalline Chern classes

ccrisi : K0(U)→ H2i
cris((U,X)/W (k)).

More precisely, for any (Zariski) locally free OU -module E of finite rank there are elements ccrisi (E) ∈
H2i

cris((U,X)/W (k)), i ⩾ 0, characterised by the following properties:

(i) Normalisation. We have ccris0 (E) = 1, ccrisi (E) = 0 for i > rk(E), and if E is invertible, ccris1 (E) ∈
H2

cris((U,X)/W (k)) ∼= H2
ét(X,WΩ

q
X/k(logD)) is the image of the class of E in Pic(U) under the

morphism induced on cohomology by the map d log : j∗O×
U → Rε∗WΩ

q
X/k(logD)[1].

(ii) Functoriality. For every morphism f : (U ′, X ′) → (U,X) in Varlogk , we have ccrisi (f∗E) =
f∗ccrisi (E) for all i ⩾ 0.

(iii) Whitney sum formula. For a short exact sequence 0 → E ′ → E → E ′′ → 0 of locally free
OU -modules of finite rank, we have

ccrisi (E) =
∑

j+k=i

ccrisj (E ′)ccrisk (E ′′).

Proof. The normalisation is satisfied by Remark 1.59. It is also clear that the maps ccrisi are contravari-

antly functorial for morphisms in Varlogk as this is true for Hodge–Witt Chern classes (19) and for the
morphism (21). Similarly, the Whitney sum formula for ccrisi follows from the Whitney sum formula for
cHW
i .

To show uniqueness, recall first that for (U,X) ∈ Varlogk the natural morphism K0(X) → K0(U) is
surjective: Indeed, noting the fact that for any open subscheme of a Noetherian scheme U ⊂ X and a
coherent sheaf E on U there exists a coherent sheaf E ′ on X such that E ′|U = E , it suffices to check
that the group K0(Y ) is isomorphic to the Grothendieck group of the category of coherent sheaves on
Y for Y = X,U . By [54, Lem. 0FDF], [54, Lem. 0FDI] and [54, Lem. 0FDJ] this is the case if Y is a
quasi-compact quasi-separated scheme with resolution property. (Note that the notation here does not
coincide with that of [54, §0FDE]: what we denote by K0(Y ) is denoted by K0(Vect(Y )) there, while for
them K0(Y ) is the Grothendieck group (of perfect complexes) and K ′

0(Y ) is the Grothendieck group of
coherent sheaves [54, Def. 0FDG].) Now, by [55, Prop. 8.1], Y has the resolution property if it is smooth
of finite type over k having affine diagonal. Since separated schemes over k have affine diagonal, the
required conditions are satisfied in our situation.

https://stacks.math.columbia.edu/tag/0FDF
https://stacks.math.columbia.edu/tag/0FDI
https://stacks.math.columbia.edu/tag/0FDJ
https://stacks.math.columbia.edu/tag/0FDE
https://stacks.math.columbia.edu/tag/0FDG


INTEGRAL p-ADIC COHOMOLOGY THEORIES 35

Next, by functoriality for the morphism (U,X) → (X,X) in Varlogk and normalisation, there is for
i, n ⩾ 0 a commutative diagram

K0(X) // //

ccrisi

((

��

K0(U)

ccrisi

vv

��
Hi

ét(X,WnΩi
X,log)

��

// Hi
ét(X, j∗WnΩi

U,log)

��
H2i

ét (X,WnΩ
q
X) // H2i

ét (X,WnΩ
q
X(logD))

where the left vertical morphism is compatible with the crystalline Chern classes of Berthelot–Illusie
according to [24, III. §2.1] which are unique by [10, Thm. 2.4] (taking as usual into account the three
properties Normalisation, Functoriality and the Whitney sum formula). Consequently, by the surjectivity
of the upper horizontal map, this implies that the image of E ∈ K0(U) in H2i

ét (X,WnΩ
q
X(logD)) under

maps ccrisi satisfying the properties (i)–(iii) (with the obvious modifications to the n-truncated case) is
uniquely determined by the image of an extension E ′ ∈ K0(X) in H2i

ét (X,WnΩ
q
X). Since everything

is compatible as n varies this shows that the above defined theory of Chern classes ccrisi : K0(U) →
H2i

cris((U,X)/W (k)) is indeed characterised by the properties (i)–(iii).
□

Remark 1.61. It would be also possible to construct log crystalline Chern classes more directly, i.e., without
passing through logarithmic Hodge–Witt cohomology. To this end, one can for example verify that it is

an admissible cohomology theory with logarithmic poles on Varlogk in the sense of [4, Def. 12.5]. Then [4,

§ 13] implies that we obtain a theory of Chern classes for log crystalline cohomology on Varlogk , and hence
by restriction also on Varnck . While the properties (0), (1), and (2) of [4, Def. 12.5] are rather straight
forward to verify, the properties (3) and (4) are more elaborate.

Now we give the definition of Chern classes for our integral p-adic cohomology theory.

Theorem 1.62. For X ∈ Vark, there exists a unique theory of Chern classes

cAi : K0(X)→ H2i
cdh(X, a∗cdhA

q
).

More precisely, for any (Zariski) locally free OX-module E of finite rank there are elements cAi (E) ∈
H2i

cdh(X, a∗cdhA
q
), i ⩾ 0, characterised by the following properties:

(i) Normalisation. We have cA0 (E) = 1, cAi (E) = 0 for i > rk(E), and if E is invertible, cA1 (E) ∈
H2

cdh(X, a∗cdhA
q
) is the image of the class of E in Pic(X) under the morphism induced on cohomology

by the map

RΓ(X,O×
X)→ RΓ(X•,O×

X•
)→ RΓét(X•,WΩ

q
X•

(logD•)) ∼= A
q
(X•)[1]

induced by d log on X•, where (X•, X•) is a simplicial nc-pair over (X,X) with X a compactification
of X such that X• → X is a split cdp-hypercovering in Vark and D• = X• \X•.

(ii) Functoriality. For every morphism f : X ′ → X in Vark, we have cAi (f∗E) = f∗cAi (E) for all
i ⩾ 0.

(iii) Whitney sum formula. For a short exact sequence 0 → E ′ → E → E ′′ → 0 of locally free
OX-modules of finite rank, we have

cAi (E) =
∑

j+k=i

cAj (E ′)cAk (E ′′).

Proof. To obtain Chern classes for our integral p-adic cohomology theory we follow the argument in [47],
where the étale Chern classes are defined.

We start by constructing the first Chern class map of a line bundle. For X ∈ Vark, take X, (X•, X•),
D• as in the statement of (i) and denote by j• : X• ↪→ X• the simplicial open immersion. Then the
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maps jl,∗O×
Xl
→ Rε∗WΩ

q
Xl/k

(logDl)[1] in Proposition 1.60 for Xl (l ⩾ 0) induce a map j•,∗O×
X•
→

Rε∗WΩ
q
X•/k

(logD•)[1] on X• and so a map

(22) RΓ(X•,O×
X•

) = RΓ(X•, j•,∗O×
X•

)→ RΓét(X•,WΩ
q
X•

(logD•)).

As (X•, X•) is a (simplicial) nc-pair we have by definition RΓét(X•,WΩ
q
X•

(logD•)) ∼= A
q
(X•). Thus by

Corollary 1.45 and cohomological cdp-descent the above map induces the first Chern class map

(23) cA1 : Pic(X) = H1
Zar(X,O×

X)→ H1
Zar(X•,O×

X•
)→ H2

cdh(X•, a
∗
cdhA

q
) ∼= H2

cdh(X, a∗cdhA
q
).

By construction, this map is functorial with respect to the diagram (X•, X•)→ (X,X).
To see that the map (23) depends only on X and is functorial with respect to morphisms f : X ′ → X

in Vark, one repeats verbatim the argument given in the proof of Theorem 1.49.
Next we show the projective bundle formula. Let again X ∈ Vark and E a locally free OX -module of

rank r ⩾ 1. Consider the associated projective bundle π : P(E) → X. Then the first Chern class map
above induces a natural morphism

(24)

r−1⊕
i=0

cA1 (OP(E)(1))i ∪ π∗ :
r−1⊕
i=0

RΓcdh(X, a∗cdhA
q
)[−2i]→ RΓcdh(P(E), a∗cdhA

q
).

We claim that this is a quasi-isomorphism.
Since we may work Zariski locally on X to prove the claim, we may assume that E|X is trivial. Fur-

thermore, since we may work cdp-locally to prove the claim, we may assume that X can be compactified
into an nc-pair (X,X), and the statement follows if we show that the natural morphism

(25)

r−1⊕
i=0

ccris1 (OPr−1

X

(1))i ∪ π∗ :

r−1⊕
i=0

H∗−2i
ét (X,WΩ

q
X/k

(logD))→ H∗
ét(P

r−1

X
,WΩ

q
Pr−1

X
/k

(logPr−1
D ))

is an isomorphism.
But by the Künneth formula for log crystalline cohomology (see the proof of Proposition 1.52), the

term on the right hand side is given by

(26) H∗
ét(P

r−1

X
,WΩ

q
Pr−1

X
/k

(logPr−1
D )) ∼=

2(r−1)⊕
m=0

Hm
ét (Pr−1

k ,WΩ
q
Pr−1
k

)⊗H∗−m
ét (X,WΩ

q
X/k

(logD)).

It follows from the computation of finite length Hodge–Witt cohomology in [24, I, Cor. 4.2.15] that

Hi
ét(P

r−1
k ,WΩj

Pr−1
k

) is non-zero if and only if 0 ⩽ j = i ⩽ r−1 and in that case it is a free W (k)-module of

rank 1 generated by the (ith product of the) first Hodge–Witt Chern class cHW
1 (OPr−1

k
(1))i. Consequently,

the slope spectral sequence degenerates at E1 [30, II, Thm. 3.7], and we see that Hm
ét (Pr−1

k ,WΩ
q
Pr−1
k

) is a

free W (k)-module of rank 1 if and only if m = 2i, 0 ⩽ i ⩽ r − 1 and zero otherwise. Thus (26) becomes

H∗
ét(P

r−1

X
,WΩ

q
Pr−1

X
/k

(logPr−1
D )) ∼=

r−1⊕
i=0

H2i
ét (Pr−1

k ,WΩ
q
Pr−1
k

)⊗H∗−2i
ét (X,WΩ

q
X/k

(logD)).

Moreover, by the compatibility of the first Hodge–Witt Chern class with the crystalline Chern class [24,
III, §2.1] it follows that ccris1 (OPr−1

k
(1))i is a generator of H2i

ét (Pr−1
k ,WΩ

q
Pr−1
k

). And this shows that (25)

is indeed an isomorphism.
By the quasi-isomorphism (24), we have the isomorphism

r−1⊕
i=0

ξi ∪ π∗ :

r−1⊕
i=0

H
2(r−i)
cdh (X, a∗cdhA

q
)

∼=→ H2r
cdh(P(E), a∗cdhA

q
)

for a locally free OX -module E of rank r, where ξ := cA1 (OP(E)(1)). Using this, we define the i-th Chern

class cAi (E) ∈ H2i
cdh(X, a∗cdhA

q
) of E for 1 ⩽ i ⩽ r as the unique element satisfying the equality

ξr − cA1 (E)ξr−1 + cA2 (E)ξr−2 + · · ·+ (−1)rcr(E) = 0
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in H2r
cdh(P(E), a∗cdhA

q
). Also, we put cA0 (E) = 1, cAi (E) = 0 for i > r.

When E is of rank 1, we have P(E) ∼= X, OP(E)(1) ∼= E and so the definition of cA1 for such E is compatible
with the one defined in the beginning. In particular, our Chern classes satisfy the normalisation. Also,
the functoriality of our Chern classes follows from that for the first Chern classes and the functoriality
of the formation of the projective bundle.

We prove that our Chern classes satisfy the Whitney sum formula. Note that we have the following
two splitting principles (cf. [47, Props. 1.4, 1.5]):

(A) For a locally free OX -module E of finite rank on X, the pullback of E to the flag bundle Fl(E)→ X
is by definition an iterated extension of locally free OX -modules of rank 1, and we have injections

H2∗
cdh(X, a∗cdhA

q
) ↪→ H2∗

cdh(Fl(E), a∗cdhA
q
)

because the flag bundle can be written as an iteration of projective bundles.

(B) When we are given an exact sequence E := [0→ E ′ → E → E ′′ → 0] of locally free OX -modules of
finite rank, we can define ‘the variety of sections of E’ Sect(E)→ X, which is an affine space bundle.
By definition, the pullback of the exact sequence E to Sect(E) splits, and we have isomorphisms

H2∗
cdh(X, a∗cdhA

q
)

∼=→ H2∗
cdh(Sect(E), a∗cdhA

q
),

which follows fom the Zariski descent and the homotopy invariance of our integral p-adic cohomo-
logy (Corollary 1.53).

Using the splitting principles (A) and (B), the proof of Whitney sum formula is reduced to the case
where E = E ′ ⊕ E ′′ and E ′, E ′′ are direct sums of locally free OX -module of rank 1. Hence it suffices to
prove that, for E =

⊕r
i=1 Li with each Li invertible, the equality

r∏
i=1

(ξ − cA1 (Li)) = 0

holds in H2r
cdh(P(E), a∗cdhA

q
), where ξ = cA1 (OP(E)(1)). If we denote the projection P(E) → X by π and

the relative hyperplane in P(E) defined by the inclusion Li ↪→ E by Hi, the injection π∗Li ↪→ OP(E)(1) is

an isomorphism on P(E) \Hi. Thus the image of ξ − cA1 (Li) in H2
cdh(P(E) \Hi, a

∗
cdhA

q
) is zero and so it

comes from some element in H2
cdh,Hi

(P(E), a∗cdhA
q
). Therefore the product

∏r
i=1(ξ− cA1 (Li)) comes from

an element in H2r
cdh,

⋂r
i=1 Hi

(P(E), a∗cdhA
q
) and it is zero since

⋂r
i=1Hi is empty. Hence the proof of the

Whitney sum formula is finished.
Finally, by the same standard argument explained in [25, Thm. 1] using the splitting principle (A) the

three properties (i)–(iii) characterise the theory of Chern classes entirely, proving therefore uniqueness. □

Corollary 1.63. Let (X,X) ∈ Varnck . Then the Chern class maps ccrisi and cAi are compatible in the
sense that there are commutative diagrams

H2i
cris((X,X)/W (k))

∼K0(X)

ccrisi

66

cAi ((
H2i

cdh(X, a∗cdhA
q
)

for all i ⩾ 0.

Proof. Both theories of Chern classes are unique with respect to the three defining properties – normal-
isation, functoriality, Whitney sum formula. Thus it suffices to compare the first Chern class maps for
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line bundles. In other words, we have to show that the diagram

H2
cris((X,X)/W (k))

∼Pic(X) = H1
Zar(X,O

×
X)

ccris1

44

cA1 **
H2

cdh(X, a∗cdhA
q
)

commutes. But this is clear by the definition of (22). □

Proposition 1.64. Let X ∈ Vark. Then the Chern class maps crigi and cAi are compatible in the sense
that there are commutative diagrams

H2i
rig(X/K)

∼K0(X)

crigi

66

cAi ((
H2i

cdh(X, a∗cdhA
q
)⊗Z Q

for all i ⩾ 0.

Proof. As in the above corollary, it suffices to compare the first Chern class maps of line bundles, that
means we have to show that the diagram

(27) H2
rig(X/K)

∼Pic(X) = H1
Zar(X,O

×
X)

crig1

44

cA1 **
H2

cdh(X, a∗cdhA
q
)⊗Z Q

commutes.
We first treat the case X = X is already proper. In this case Petrequin showed in [45, Cor. 5.29] that

the first rigid Chern class and the first crystalline Chern class ccris,BI
1 of Berthelot–Illusie [10] (compare

[24, Proof of I.Thm. 5.1.5] for the construction) are compatible, namely, there is a commutative diagram

(28) H2
rig(X/K)

��

Pic(X) = H1
Zar(X,O

×
X)

crig1

44

ccris,BI
1 **

H2
cris(X/W (k))⊗Z Q,

where the vertical map is induced by the canonical map RΓrig(X/K)→ RΓcris(X/W (k))⊗ZQ constructed
in the proof of [9, Prop. 1.9].
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Now take a split cdp-hypercovering X• → X by proper smooth k-varieties. By functoriality of the

first crystalline Chern class map ccris,BI
1 there is a commutative diagram

RΓ(X,O×
X)

��

ccris,BI
1 // RΓcris(X/W (k))[1]

��
RΓ(X•,O×

X•
)
ccris,BI
1 // RΓcris(X•/W (k))[1].

Note that, for smooth k-varieties, the crystalline first Chern class map ccris,BI
1 defined by Berthelot–

Illusie via the crystalline site coincides with the crystalline first Chern class map ccris1 defined by Gros
and Asakura–Sato via the de Rham–Witt complex by the proof of [24, I, Thm. 5.1.5]: it follows from
the commutative diagram [24, (5.1.10)]. The same holds for split simplicial smooth k-varieties via the
canonical comparison map [40, Cor. 7.7] between crystalline and de Rham–Witt cohomology in the split
simplicial case, because the commutative diagram [24, (5.1.10)] implies the same diagram in the simplicial
case by functoriality.

As a consequence we obtain a commutative diagram of the form

(29) H2
cris(X/W (k))

��
Pic(X) = H1

Zar(X,O
×
X)

ccris,BI
1

55

ccris,BI
1 //

ccris1

))

cA1

$$

H2
cris(X•/W (k))

∼

H2
ét(X•,WΩ

q
X•

)

∼

H2
cdh(X, a∗cdhA

q
)

whose rational version we combine with (28). Thus to show the commutativity of (27), it remains to
show that the non-logarithmic version of the isomorphism from Theorem 1.49 factors as

H2
rig(X/K)→ H2

cris(X/W (k))⊗ZQ→ H2
cris(X•/W (k))⊗ZQ

∼←− H2
ét(X•,WΩ

q
X•

)⊗ZQ ∼= H2
cdh(X, a∗cdhA

q
)⊗ZQ.

But the third morphism is the isomorphism from [40, Cor. 7.7] and the last morphism is the isomorphism
induced by construction of our cohomology, both of which have been used in Theorem 1.49. Hence
we have to see that the isomorphism H2

rig(X/K)
∼−→ H2

cris(X•/W (k)) ⊗Z Q from [40, Cor. 11.7] in the

case that (simplicial) horizontal divisor is empty factors through the canonical morphism H2
rig(X/K)→

H2
cris(X/W (k))⊗Z Q. By functoriality there is a commutative diagram

H2
rig(X/K) ∼= H2

conv(X/K) //

∼
��

H2
cris(X/W (k))⊗Z Q

��
H2

rig(X•/K) ∼= H2
conv(X•/K)

∼ // H2
cris(X•/W (k))⊗Z Q

where rigid and convergent cohomology are identified by construction since X and X• are proper [43,
Thm. 0.6.7]. That the lower horizontal map is an isomorphism follows from [43, Thm. 0.7.7]. But the
isomorphism from [40, Cor. 11.7], which was originally constructed in [52, Cor. 2.3.9, Thm. 3.1.1], is
precisely the log version of that one. Since the log structure in the case at hand is trivial (as the
horizontal divisor is empty), these morphisms coincide and this shows the desired factorisation. This
finishes the proof of the compatibility of Chern classes in the proper case.

Next we show how to deduce the general case from the proper case. Let X ∈ Vark and and ζ ∈
Pic(X) = H1

Zar(X,O
×
X). According to [45, Prop. 3.21] one may find a compactification j : X → X such
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that X\X is a divisor and ζ extends to X in the sense that there is ζ ∈ Pic(X) with j∗(ζ) = ζ. For this
compactification consider the diagram

Pic(X)

cA1

((

crig1

��

// Pic(X)

cA1

((

crig1

}}

H2
cdh(X, a∗cdhA

q
)⊗Z Q // H2

cdh(X, a∗cdhA
q
)⊗Z Q

H2
rig(X/K) //

∼

H2
rig(X/K)

∼

where all three squares commute by functoriality. By what we have seen in the first part of the proof,
the left triangle commutes. As ζ has a preimage ζ in Pic(X), a diagram chase shows that

cA1 (ζ) = cA1 (j∗ζ) = j∗cA1 (ζ) = j∗crig1 (ζ) = crig1 (ζ).

As we can find such a compactification X for each ζ ∈ Pic(X), we finally obtain a commutative diagram
of the form (27) as desired. □

2. The case without resolution of singularities

In this section, we discuss integral p-adic cohomology theories without assuming resolution of singu-
larities. In this case, instead of resolutions to arrive at a situation of normal crossing pairs, one could
envision to use de Jong’s alteration theorem. In fact, for a k-variety X and a compactification X ⊆ X,
we can form by [40, Prop. 9.2] a commutative diagram

(30) X•
π //

∩
��

X

∩
��

X•
π // X,

where the square is Cartesian, π is a split proper hypercovering, π is proper, and (X•, X•) is a simplicial
normal crossing pair which gives rise to a simplicial fine log scheme. With D• := X•\X•, its crystalline
cohomology Hi

cris((X•, X•)/W (k)) ∼= Hi
ét(X•,WΩ

q
X•/k

(logD•)) is a finitely generated W (k)-module.

Moreover, since we have the isomorphism

Hi
rig(X/K) ∼= Hi

cris((X•, X•)/W (k))⊗Z Q

by [40, (1.0.17), Cor. 11.7 1)], the cohomology Hi
cris((X•, X•)/W (k)) is a candidate for a good integral

p-adic cohomology theory. Hence one is tempted to ask whether this is independent of the choice of the
diagram (30). In particular, when (X,X) is also a normal crossing pair with D := X\X, we ask whether
the natural map

(31) π∗ : Hi
cris((X,X)/W (k))→ Hi

cris((X•, X•)/W (k))

is an isomorphism. However, we have the following easy counterexample:

Example 2.1. Let X be an elliptic curve over k = Fp and let F : X → X be the absolute Frobenius

morphism. If we denote the Čech hypercovering associated to F by π : X ′
• → X and if we set X• :=

(X ′
•)red, we see that each Xi (i ∈ N) is equal to X. Moreover, X• → X forms a proper hypercovering:

Indeed, for each i ∈ N, we have a commutative diagram
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(32) Xi+1
//

��

X ′
i+1

��
coski(X•⩽i) // coski(X

′
•⩽i)

such that the horizontal arrows are homeomorphic closed immersions (because so are the morphisms Xj →
X ′

j (j ∈ N)) and the right vertical arrow is an isomorphism (because X ′
• → X is a Čech hypercovering).

So the left vertical arrow is also a homeomorphic closed immersion and so it is proper and surjective.
Thus X• → X is a proper hypercovering, as required. Also, it is obviously split. If we set X• := X•
and X := X, the pair (X•, X•) over (X,X) forms a commutative diagram (30) satisfying the conditions
above.

In this case, we have maps

H1
cris(X/W (k))

π∗

−→ H1
cris(X•/W (k))

∼=−→ H1
cris(X/W (k)),

where the second map is the edge map of the spectral sequence

Eij
1 = Hj

cris(Xi/W (k))⇒ Hi+j
cris ((X•/W (k)),

such that the composite is equal to F ∗ : H1
cris(X/W (k)) → H1

cris(X/W (k)). Since H1
cris(X/W (k)) has

non-trivial positive slope part, F ∗ is not an isomorphism and so π∗ is not an isomorphism either.

Thus we should assume some generic étaleness assumption on the hypercovering π. (Note that, for
a given (X,X), there exists a diagram (30) such that the split proper hypercovering π is additionally
generically étale by Lemma B.2 and Corollary C.12. So we would like to consider the following question.

Question 2.2. Let X be a k-variety and let X ⊆ X be its compactification. Suppose we are given
a commutative diagram (30) such that the square is Cartesian, π is a split proper generically étale
hypercovering, π is proper, and (X•, X•) is a simplicial normal crossing pair. Then, is the crystalline
cohomology Hi

cris((X•, X•)/W (k)) independent of the choice of the diagram (30)? In particular, when

(X,X) is also a normal crossing pair, is the natural map (31) an isomorphism?

2.1. Independence of H0. In this subsection, we give an affirmative answer to Question 2.2 for the
zeroth crystalline cohomology group. It is certainly well-known but we write down a proof for the
completeness of the paper.

Let X be a k-variety and let X ⊆ X be its compactification. Suppose we are given a commutative
diagram (30) such that the square is Cartesian, π is a split proper hypercovering, π is proper, and
(X•, X•) is a simplicial normal crossing pair. (We do not assume that π is generically étale. This suffices
for us because we consider the zeroth cohomology group here.)

Then we have the following:

Theorem 2.3. H0
cris((X•, X•)/W (k)) is independent of the choice of the pair (X•, X•) as above.

Lemma 2.4. (i) Let Y ↪→ Y be an open immersion of smooth varieties over k such that Y \ Y
is a simple normal crossing divisor (but Y not necessarily proper) and let (Y, Y ) be the result-
ing log scheme. Also, let U be an open dense subscheme of Y . Then the induced morphism
H0

cris((Y, Y )/W (k))→ H0
cris(U/W (k)) is an isomorphism.

(ii) Let U be a connected smooth variety over k with U(k) ̸= ∅. Then H0
cris(U/W (k)) = W (k).

Proof. First we prove (i). Set D := Y \ Y . By Zariski descent for crystalline cohomology, we may shrink
Y and so we may suppose the following: Y is affine, connected and liftable to a smooth p-adic formal
scheme Y over Spf W (k), and D is liftable to a relative simple normal crossing divisor D of Y. Then U
admits a lift U which is an open formal subscheme of Y. Also, by the base change property of crystalline
cohomology, we may replace k by a finite extension and so we may assume that U admits a k-rational
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point. Then U admits a Spf W (k)-valued point x. Let t1, . . . , td be local coordinates of U at x. Then the
map H0

cris((Y, Y )/W (k))→ H0
cris(U/W (k)) is equal to the map

(33) Ker(Γ(Y,OY)→ Γ(Y,Ω1
Y

(logD))) −→ Ker(Γ(U,OU)→ Γ(U,Ω1
U)).

Both sides of the map contain W (k). Also, there exist injective maps

Ker(Γ(Y,OY)→ Γ(Y,Ω1
Y

(logD))) = Ker(Γ(Y,OY)→ Γ(Y,Ω1
Y

))

↪→ Ker

(
W (k)[[t1, . . . , td]]→

d⊕
i=1

W (k)[[t1, . . . , td]]dti

)
= W (k),

Ker(Γ(U,OU)→ Γ(U,Ω1
U)) ↪→ Ker

(
W (k)[[t1, . . . , td]]→

d⊕
i=1

W (k)[[t1, . . . , td]]dti

)
= W (k)

induced by injective maps

Γ(Y,OY) ↪→ Γ(U,OU) ↪→ ÔU,x = W (k)[[t1, . . . , td]].

Thus both sides of the map (33) are equal to W (k) and so the assertion (i) is proved.
Next we prove (ii). Take a finite Zariski covering U =

⋃
i∈I Ui such that each Ui is affine, connected

and liftable to a smooth p-adic formal scheme. Also, since we may replace k by a finite extension to prove
the assertion, we may assume that V :=

⋂
i∈I Ui has a k-rational point. (Note that U is geometrically

connected by the assumption U(k) ̸= ∅ [54, Lem. 056R].) Then

H0
cris(U/W (k)) = Ker

⊕
i∈I

H0
cris(Ui/W (k))→

⊕
i,j∈I

H0
cris(Ui ∩ Uj/W (k))


= Ker

⊕
i∈I

H0
cris(V/W (k))→

⊕
i,j∈I

H0
cris(V/W (k))

 = H0
cris(V/W (k)) = W (k),

where the second equality follows from (i), the third equality follows from the connectedness of U and
the last equality follows from the computation in the proof of (i). □

Proof of Theorem 2.3. Take an open dense subscheme U ⊆ X such that U is smooth over k, and set
U• := X• ×X U . Then the induced map U• → U is a proper hypercovering. To prove the theorem, we
may replace k by a finite extension and so we may assume that each connected component of U,U0, U1

has a k-rational point.
By Lemma 2.4(i), we have isomorphisms

H0
cris((X•, X•)/W (k)) ∼= H0

cris(U•/W (k)) ∼= Ker(H0
cris(U0/W (k))→ H0

cris(U1/W (k))).

So, to prove the theorem, it suffices to prove the exactness of the sequence

0→ H0
cris(U/W (k))→ H0

cris(U0/W (k))→ H0
cris(U1/W (k)).

By Lemma 2.4(ii), the above sequence is equal to the sequence

0→W (k)⊕π0(U) →W (k)⊕π0(U0) →W (k)⊕π0(U1),

hence the sequence

0→ H0
ét(U,Zp)⊗Zp

W (k)→ H0
ét(U0,Zp)⊗Zp

W (k)→ H0
ét(U1,Zp)⊗Zp

W (k).

The exactness of this sequence follows from the cohomological descent of étale cohomology for proper
hypercoverings. □

https://stacks.math.columbia.edu/tag/056R
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2.2. Independence of H1. In this subsection, we prove our first main result in this section, which gives
an affirmative answer to Question 2.2 for the first crystalline cohomology group.

We fix our setting. Let X be a k-variety and let X ⊆ X be its compactification. Suppose we are given
a commutative diagram (30) such that the square is Cartesian, π is a split proper hypercovering, π is
proper, and (X•, X•) is a simplicial normal crossing pair with D• := X•\X•. Suppose moreover that
X0 → X is generically étale. (This assumption is slightly weaker than that in Question 2.2, but it is the
natural one because we only consider the first cohomology.)

Then we have the following:

Theorem 2.5. H1
cris((X•, X•)/W (k)) is independent of the choice of the pair (X•, X•) as above.

When p ⩾ 3, this is already proven by Andreatta–Barbieri-Viale [3, Cor. 7.5.4]. We will give a different
proof which works also in the case p = 2. Moreover, in Appendix C, we will give a description of the
cohomology H1

cris((X•, X•)/W (k)) in the style of the previous section, and discuss the functoriality of it.

First we explain briefly the proof of Andreatta–Barbieri-Viale. We take another diagram

X ′
•

//

∩
��

X

∩
��

X
′
•

// X

with D′
• := X

′
•\X ′

• satisfying the same condition as (X•, X•). To prove Theorem 2.5, it suffices to prove

that, when we have a morphism (X•, X•)→ (X ′
•, X

′
•), the induced morphism of crystalline cohomologies

(34) H1
cris((X•, X•)/W (k))→ H1

cris((X
′
•, X

′
•)/W (k))

is an isomorphism, by Proposition B.3 (iii) and Corollary C.12.
In this situation, we have the morphism between Picard 1-motives

(35) Pic+(X•, X•)→ Pic+(X ′
•, X

′
•)

associated to (X•, X•) and (X ′
•, X

′
•). Then Theorem 2.5 in the case p ⩾ 3 is a consequence of the

following two theorems.

Theorem 2.6 ([3, Prop. A.2.8]). The morphism (35) is an isomorphism (for any p).

Theorem 2.7 ([3, Thm. B’]). If p ⩾ 3, there exists a functorial isomorphism Tcris(Pic+(X•, X•))
∼=−→

H1
cris((X•, X•)/W (k)) which is compatible with weight filtration and Frobenius action, where Tcris is the

covariant Dieudonné functor (the contravariant Dieudonné functor of the p-divisible group associated to
the dual).

In our proof of Theorem 2.5, we will use Theorem 2.6 but we will not use Theorem 2.7. Thus our
proof is different from that in [3] even when p ⩾ 3.

Remark 2.8. In Appendix A we give a proof of Theorem 2.7 for any prime p, based on the results in this
section.

First we recall the definition of the Picard 1-motive Pic+(X•, X•). Recall that a 1-motive over k is

a complex M := [X u−→ G] sitting in degrees −1, 0 consisting of a finite free Z-module X endowed with
continuous Gal(k/k)-action (regarded as a locally constant group scheme over k), a semiabelian variety
G over k and a homomorphism of k-group schemes u : X→ G.

Let (X•, X•) be a simplicial proper normal crossing pair with D• = X•\X•. Then the Picard fppf-sheaf

T 7→ PicX•
(T ) := H0

fppf(T,R
1fT,∗Gm,X•×kT

),

where fT : X•,T := X• ×Spec k T → T is the projection, is representable by a group scheme PicX•
over

k [5, Lem. 4.1.2] and its reduced identity component Pic0,red
X•

is a semiabelian variety over k (see Remark

2.11 below).
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Remark 2.9 (cf. [5, p.54]). For a k-variety T the Leray spectral sequence

Ei,j
2 = Hi

fppf(T,R
jfT∗Gm) =⇒ Hi+j

fppf(X•,T ,Gm)

induces the exact sequence

0→ H1
fppf(T, fT∗Gm)→ H1

fppf(X•,T ,Gm)→ H0
fppf(T,R

1fT∗Gm)→ H2
fppf(T, fT∗Gm).

Suppose k = k. Then we have an isomorphism f∗OX•
∼= kN for some N ⩾ 1 and then fT∗Gm

∼= (O×
T )N .

Hence, if T = SpecR for some Artinian local k-algebra R, Hi
fppf(T, fT∗Gm) = 0 for i = 1, 2 and so

PicX•
(T ) ∼= H1

fppf(X•,T ,Gm) ∼= H1
ét(X•,T ,Gm).

Next, let DivD•(X•) be the group of Weil divisors E on X0×Spec kSpec k supported on D0×Spec kSpec k

with d∗1E = d∗0E, where di : X1 ×Spec k Spec k → X0 ×Spec k Spec k (i = 0, 1) are projections. This is

a finite free Z-module endowed with continuous Gal(k/k)-action, and there is the canonical morphism
DivD•(X•)→ PicX•

. If we define Div0
D•

(X•) to be the kernel of the composition

DivD•(X•)→ PicX•
↠ π0(PicX•

) =: NS(X•),

we have the induced morphism u : Div0
D•

(X•) → Pic0,red
X•

. Then the Picard 1-motive Pic+(X•, X•) is

defined by

Pic+(X•, X•) := [Div0
D•

(X•)→ Pic0,red
X•

].

By Theorem 2.6, we obtain the following corollary.

Corollary 2.10. The natural morphisms Div0
D•

(X•)→ Div0
D′

•
(X

′
•), Pic0,red

X•
→ Pic0,red

X
′
•

induced by (35)

are isomorphisms (for any p).

Remark 2.11. We have by a standard argument the exact sequence

(36) 0→ T→ PicX•
→ K→ T′

with

T :=
Ker

(
(f1)∗Gm,X1

→ (f2)∗Gm,X2

)
Im
(

(f0)∗Gm,X0
→ (f1)∗Gm,X1

) , T′ :=
Ker

(
(f2)∗Gm,X2

→ (f3)∗Gm,X3

)
Im
(

(f1)∗Gm,X1
→ (f2)∗Gm,X2

) ,
K := Ker(PicX0

→ PicX1
),

where fi : Xi → Spec k (i = 0, 1, 2) are structure morphisms. The reduced identity components T0,red,T′0,red

of T,T′ are tori, and the reduced identity component

K0,red = Ker0,red(PicX0
→ PicX1

) = Ker0,red(Pic0,red
X0

→ Pic0,red
X1

)

of K is an abelian variety. Therefore, the composite K0,red → K → T′ is zero. So, if we set Pic′
X•

:=

PicX•
×K K0,red, we obtain an exact sequence

(37) 0→ T→ Pic′
X•
→ K0,red → 0

by pulling back the sequence (36) by K0,red → K. If we set F := T/T0,red, it is a finite group scheme and

if we denote the quotient Pic′
X•
/T0,red by K̃, we obtain exact sequences

(38) 0→ T0,red → Pic′
X•
→ K̃→ 0, 0→ F→ K̃→ K0,red → 0.

From the second sequence of (38), we see that K̃ is proper and so its reduced identity component K̃0,red

is an abelian variety. Thus, by pulling back the first sequence of (38) by K̃0,red → K̃, we obtain the exact
sequence

(39) 0→ T0,red → Pic0,red
X•

→ K̃0,red → 0,

which describes Pic0,red
X•

as an extension of an abelian variety by a torus.
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By construction, there exists an exact sequence

0→ F′ → K̃0,red → K0,red → 0

for some closed subgroup scheme F′ of F. In [3, Rem. 5.1.2], Andreatta–Barbieri-Viale claim that K0,red

is the abelian part of Pic0,red
X•

(hence F′ = 0), but it seems that there is no proof for it. Because they use

this description of the abelian part in the proof of Theorem 2.7, some supplementary argument would be
required. In this article, we do not use Theorem 2.7.

Remark 2.12. Let the notations be as above and assume that k is algebraically closed. Then we have

NS(X•) := π0(PicX•
) = PicX•

(k)/Pic0,red
X•

(k). By the commutative diagrams with exact horizontal lines

0 // T0,red(k) //
� _

��

Pic0,red
X•

(k) //
� _

��

K̃0,red(k) //

��

0

0 // T(k) // PicX•
(k) // K(k),

0 // F′(k) //

��

K̃0,red(k) //

��

K0,red(k) //
� _

��

0

0 // 0 // K(k) // K(k) // 0,

0 // K0,red(k) //
� _

��

K′(k) //
� _

��

K′(k)/K0,red(k) //

��

0

0 // K(k) // K(k) // 0 // 0

(where K′ := Ker(Pic0,red
X0

→ Pic0,red
X1

)),

0 // K′(k) //
� _

��

Pic0,red
X0

(k) //
� _

��

Pic0,red
X1

(k)
� _

��
0 // K(k) // PicX0

(k) // PicX1
(k),

we obtain the exact sequences

T(k)/T0,red(k)→ PicX•
(k)/Pic0,red

X•
(k)→ K(k)/Im(K̃0,red(k)→ K(k)),

0→ K(k)/Im(K̃0,red(k)→ K(k))→ K(k)/K0,red(k)→ 0,

K′(k)/K0,red(k)→ K(k)/K0,red(k)→ K(k)/K′(k),

0→ K(k)/K′(k)→ PicX0
(k)/Pic0,red

X0
(k).

Because T(k)/T0,red(k) is a finite group, K′(k)/K0,red(k) = K′(k)/K′0,red(k) is a finite group (because

K′ is proper) and PicX0
(k)/Pic0,red

X0
(k) = NS(X0) is a finitely generated Z-module, we conclude that

NS(X•) is also a finitely generated Z-module.

Now we start the proof of Theorem 2.5. Note that, to prove that the map (34) is an isomorphism, we
can reduce to the case where k is algebraically closed. So we assume that k is algebraically closed and
we generalise a part of the theory of de Rham–Witt cohomology in [30] to the case of proper smooth
simplicial schemes.

First, we consider the slope spectral sequence

(40) Eij
1 = Hj

ét(X•,WΩi
X•/k

) =⇒ Hi+j
ét (X•,WΩ

q
X•/k

) ∼= Hi+j
cris (X•/W (k)).
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(The last isomorphism is proven in [40, Cor. 7.7].) This degenerates at E1 modulo torsion by [40,
Prop. 7.3] (see also [30, II. Thm. 3.2]). Since the sheaf WΩi

X0/k
is p-torsion free [30, I.,Cor. 3.6], so

are H0
ét(X0,WΩi

X0/k
) and its sub-module H0

ét(X•,WΩi
X•/k

). Consequently, in the spectral sequence

(40), we obtain

(41) H0
ét(X•,WΩi

X•/k
) = Ei,0

∞ ⊆ Hi
cris(X•/W (k)).

Because Hi
cris(X•/W (k)) is a finite W (k)-module, we see that H0

ét(X•,WΩi
X•/k

) is a finite free W (k)-

module.
Next we study H1

ét(X•,WOX•
). We will need a simplicial version of several results in [30]. For the

convenience of the reader we provide the arguments which can be adapted from the non-simplicial case
with minor modifications.

Lemma 2.13 (cf. [30, II. (2.1.2)]). For any i, j, there exists an isomorphism

(42) Hi
ét(X•,WΩj

X•
)

∼=−→ lim←−
n

Hi
ét(X•,WnΩj

X•
).

Proof. Because WΩj

X•
= R lim←−n

WnΩj

X•
(which follows from the case for usual smooth schemes), we

have the isomorphism

RΓét(X•,WΩj

X•
)

∼=−→ R lim←−
n

RΓét(X•,WnΩj

X•
).

Also, since Hi
ét(X•,WnΩj

X•
) is a W (k)-module of finite length (because this is the case for usual proper

smooth schemes),

R1 lim←−
n

Hi
ét(X•,WnΩj

X•
) = 0.

Thus we obtain the isomorphism (42). □

Lemma 2.14. The group H1
ét(X•,WOX•

) is V -adically separated and complete. Also, for any n,

H1
ét(X•,WOX•

)/V nH1
ét(X•,WOX•

) is a W (k)-module of finite length.

Proof. We follow the argument in [50, pp. 30–31]. Because the inverse limit of a projective system of
exact sequences of W (k)-modules of finite length is exact [50, 4. Lem. 1], the exact sequences

H1
ét(X•,WmOX•

)
V n

−−→ H1
ét(X•,Wn+mOX•

)→ H1
ét(X•,WnOX•

) (m ∈ N)

induce the diagram

(43) H1
ét(X•,WOX•

)→ H1
ét(X•,WOX•

)/V nH1
ét(X•,WOX•

) ↪→ H1
ét(X•,WnOX•

)

by Lemma 2.13. Taking the inverse limit with respect to n and using Lemma 2.13 again, we obtain maps

H1
ét(X•,WOX•

)→ lim←−
n

(H1
ét(X•,WOX•

)/V nH1
ét(X•,WOX•

)) ↪→ H1
ét(X•,WOX•

)

whose composition is the identity. Thus the first morphism is an isomorphism

H1
ét(X•,WOX•

)
∼=−→ lim←−

n

(H1
ét(X•,WOX•

)/V nH1
ét(X•,WOX•

)).

In particular, H1
ét(X•,WOX•

) is V -adically separated and complete. Moreover, the inclusion in the

diagram (43) implies that H1
ét(X•,WOX•

)/V nH1
ét(X•,WOX•

) is of finite length. □

Remark 2.15. The inclusion in the diagram (43) shows that the projective limit topology onH1
ét(X•,WOX•

)

= lim←−n
H1

ét(X•,WnOX•
) coincides with the V -adic topology.

Proposition 2.16 (cf. [30, II. Prop. 2.19], [50, 7. Prop. 4]). The cohomology group H1
ét(X•,WOX•

) is a

finite free W (k)-module.
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Proof. We follow the proof in [50, 7. Prop. 4]. Since there exists an injection Fn−1d : WnOX•
/FWnOX•

↪→
Ω1

X•/k
[30, I. (3.11.4)], we have

dimkH
0
ét(X•,WnOX•

/FWnOX•
) ⩽ dimkH

0
ét(X•,Ω

1
X•/k

) =: c.

Then, since we have an exact sequence

0→ H0
ét(X•,WnOX•

/FWnOX•
)→ H1

ét(X•,WnOX•
)

F−→ H1
ét(X•,WnOX•

)

and H1
ét(X•,WnOX•

) is a W (k)-module of finite length, we obtain the inequality

dimk(H1
ét(X•,WnOX•

)/FH1
ét(X•,WnOX•

)) = dimkH
0
ét(X•,WnOX•

/FWnOX•
) ⩽ c.

Taking inverse limit, we obtain the inequality dimk(H1
ét(X•,WOX•

)/FH1
ét(X•,WOX•

)) ⩽ c. Together

with Lemma 2.14 using the equality p = FV , we see that dimk(H1
ét(X•,WOX•

)/pH1
ét(X•,WOX•

)) is
finite.

To ease the notation, we denote H1
ét(X•,WOX•

) by H in what follows. Take a finite W (k)-submodule

N of H which surjects to H/pH. Then N is dense in H with respect to the V -adic topology: Indeed, if
we set M := H/(N + V nH), then M = pM by definition of N , and M is of finite length by the latter
assertion of Lemma 2.14. Thus M = 0 and hence N is dense in H. On the other hand, N is closed in
H with respect to V -adic topology: Indeed, if we set Nn := N ∩ V nH for n ∈ N, {Nn}n is a family of
submodules of a finite W (k)-module N with N/Nn finite length and

⋂
nNn = 0. By the argument of

[49, Ch. 1, 3. Prop. 2], these conditions imply that the topology defined by the family {Nn}n is the same
as the p-adic topology. Thus N is complete with respect to the topology defined by {Nn}n and so N is
closed in H. Hence N = H and thus H is a finite W (k)-module.

Finally we prove the freeness of H. Since the map Wn+1OX•
→ OX•

admits a section a 7→ (a, 0, . . . , 0)

as a map of sheaves of sets, it induces the surjection H0
ét(X•,Wn+1OX•

) → H0
ét(X•,OX•

). Hence the
exact sequence

0→WnOX•

V−→Wn+1OX•
→ OX → 0

induces the injection V : H1
ét(X•,WnOX•

) ↪→ H1
ét(X•,Wn+1OX•

), thus the injection V : H ↪→ H. If we

denote the torsion submodule of H by T , V : T → T is injective and T is of finite length. Thus V (T ) = T
and so T =

⋂
n V

n(T ) ⊆
⋂

n V
n(H) = 0. Hence H is free, as required. □

Remark 2.17. The above proof shows that the V -adic topology on H1
ét(X•,WOX•

) coincides with the

p-adic topology. In particular, the action of V on H1
ét(X•,WOX•

) is topologically nilpotent with respect
to the p-adic topology.

Proposition 2.18 (cf. [30, II. Prop. 3.11]). In the slope spectral sequence (40), we have the equality
H1

ét(X•,WOX•
) = E0,1

∞ . Consequently, there is an exact sequence of finite free W (k)-modules

(44) 0→ H0
ét(X•,WΩ1

X•/k
)→ H1

cris(X•/W (k))→ H1
ét(X•,WOX•

)→ 0.

Proof. Consider the map d : H1
ét(X•,WOX•

) → H1
ét(X•,WΩ1

X•/k
). Note that FdV = d. So we have

increasing sequences of W (k)-modules {Ker(Fnd)}n∈N, {Im(Fnd)}n∈N. In order to show that d = 0,
it suffices, by a lemma due to Nygaard [30, II. Lem. 3.8], to prove that the above sequences are both
stationary. (Note that, to apply [30, II. Lem. 3.8], we need to check that the map d above is continuous
with respect to (a topology coarser than) the V -adic topology on H1

ét(X•,WOX•
) and some separated

topology on H1
ét(X•,WΩ1

X•/k
). This is true if we take the projective limit topology in both cases

defined by (42), which on H1
ét(X•,WOX•

) is equal to the V -adic topology by Remark 2.15.) The

sequence {Ker(Fnd)}n∈N is stationary because H1
ét(X•,WOX•

) is a finite W (k)-module. On the other

hand, {Im(Fnd)/Im(d)}n∈N is an increasing sequence of W (k)-modules in E1,1
2 of the spectral sequence

(40). Because E3,0
2 = E3,0

∞ by (41), the map E1,1
2 → E3,0

2 in the spectral sequence is zero, and so

E1,1
2 = E1,1

∞ . Thus E1,1
2 is a subquotient of H2

cris(X•/W (k)) and so a finite W (k)-module. Thus the
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sequence {Im(Fnd)/Im(d)}n∈N is stationary and so {Im(Fnd)}n∈N is also stationary. Hence we have
proved that d = 0. Then, using this fact and (41), we see that H1(X•,WOX•

) = E0,1
∞ . □

We relate the cohomology groups in the exact sequence (44) to the reduced Picard scheme. To achieve
this, but also at later parts in this section, we will need an isomorphism of certain cohomology groups
that we explain now: Recall that the exact sequence on the fppf-site of X•

1→ µpn → Gm
pn

−→ Gm → 1

and the exact sequence on the étale site of X•

1→ O×
X•

pn

−→ O×
X•
→ O×

X•
/(O×

X•
)p

n

→ 1

induce isomorphisms

lim←−
n

Hi
ét(X•,O×

X•
/(O×

X•
)p

n

) ∼= lim←−
n

Hi
ét(X•,Gm

pn

−→ Gm)(45)

∼= lim←−
n

Hi
fppf(X•,Gm

pn

−→ Gm) ∼= Hi+1
fppf(X•,Zp(1)).

Lemma 2.19. Assume that k is algebraically closed. Then there exists a canonical isomorphism

H1
fppf(X•,Zp(1))⊗Zp W (k)

∼=−→ H0
ét(X•,WΩ1

X•/k
).

Proof. The exact sequences

0→ O×
X•
/(O×

X•
)p

n

→WnΩ1
X•/k

1−F−−−→WnΩ1
X•/k

→ 0 (n ∈ N)

on the étale site of X• (see [30, I. (3.27.1)]) together with the isomorphism (45) imply the isomorphism

H1
fppf(X•,Zp(1))

∼=−→ Ker(1− F : H0
ét(X•,WΩ1

X•/k
)→ H0

ét(X•,WΩ1
X•/k

)).

On the other hand, because H0
ét(X•,WΩ1

X•/k
) ⊆ H0

ét(X0,WΩ1
X0/k

) is pure of slope 1 (with respect to

the Frobenius on crystalline cohomology), the map F : H0
ét(X•,WΩ1

X•/k
)→ H0

ét(X•,WΩ1
X•/k

) induced

by F on WΩ1
X•/k

is an automorphism. Since H0
ét(X•,WΩ1

X•/k
) is a finite W (k)-module, the required

isomorphism follows from [30, II. Lem. 6.8.4]. □

Proposition 2.20. Assume that k is algebraically closed. Then H0
ét(X•,WΩ1

X•/k
) is canonically iso-

morphic to the covariant Dieudonné module of the étale part of the p-divisible group associated to Pic0,red
X•

.

Proof. By [3, Lem. A.2.1] (which is the simplicial version of [36, III. Lem. 4.17]), there is an isomorphism

H1
fppf(X•,Zp(1))

∼=−→ Hom(Qp/Zp,PicX•
). Because Hom(Qp/Zp, G) = 0 when G is a finite group scheme

or a finitely generated discrete group scheme the right hand side is equal to

Hom(Qp/Zp,Pic0,red
X•

) = Hom(Qp/Zp,Pic0,red
X•

[p∞]).

By duality, this is further equal to Hom((Pic0,red
X•

)∨[p∞], µp∞) = Hom((Pic0,red
X•

)∨[p∞],Gm). Thus

H1
fppf(X•,Zp(1))⊗Zp

W (k) ∼= H0
ét(X•,WΩ1

X•/k
)

is isomorphic to

Hom((Pic0,red
X•

)∨[p∞],Gm)⊗Zp W (k),

which is the contravariant Dieudonné module of the multiplicative part of the dual of Pic0,red
X•

(see [42,

Def. 3.12, Def. 3.17]), namely, the covariant Dieudonné module of the étale part of the p-divisible group

associated to Pic0,red
X•

. □

Proposition 2.21. Assume that k is algebraically closed. H1
ét(X•,WOX•

) is canonically isomorphic to

the covariant Dieudonné module of the connected part of the p-divisible group associated to Pic0,red
X•

.
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Proof. We follow the proof of [42, Thm. 4.4].
First we fix notations. Let Wn,W := lim←−n

Wn be the truncated and untruncated Witt ring schemes.

We denote the sheaf on a simplicial k-scheme associated to W by the same letter. In particular,
H1

ét(X•,W) is the same as H1
ét(X•,WOX•

).
Let C−n := Wn and let C := lim−→n

C−n, where the limit is taken with respect to the maps C−n =

Wn
V−→ Wn+1 = C−(n+1) (n ∈ N). This is called the module scheme of Witt covectors. The operator

F : C → C is defined as the inductive limit of F : Wn → Wn (n ∈ N) and the operator V : C → C is

defined as the inductive limit of Wn
V−→Wn+1

proj−−→Wn (n ∈ N). V is the same as the inductive limit of

Wn+1
proj−−→Wn (n ∈ N). We set C := C(k).

For a group scheme G over k or an ind-object of finite group schemes G over k whose ranks are powers
of p, its contravariant Dieudonné module M(G) is defined by

M(G) := Hom(G,C)⊕ (Hom(G,Gm)⊗Z W (k)),

endowed with the operators F, V in a suitable way (see [42, Def. 3.12, Def. 3.17]). On the first factor, the
operators F, V are the ones induced by those on C. Also, note that the second factor vanishes when G is
unipotent.

We have the following compatibilities of the functor M with duality: First, for a finite k-group scheme
G whose rank is a power of p, we have the canonical isomorphism MD(G) ∼= HomW (k)(M(G), C), where
D is the Cartier dual and the operators F, V on the right hand side are defined by

F (φ)(x) = F (φ(V x)), V (φ)(x) = F−1(φ(Fx)) (φ ∈ HomW (k)(M(G), C), x ∈M(G))

(see [42, Thm. 3.19]). Second, for a p-divisible group G, we have the canonical isomorphism MD(G) ∼=
HomW (k)(M(G),W (k)), where D is the Cartier dual of p-divisible groups and the definition of F, V on
the right hand side is similar to the previous case (see [42, Prop. 3.22]).

Now we start the proof. We need to prove that H1
ét(X•,W) is canonically isomorphic to the contrav-

ariant Dieudonné module of the unipotent part of (Pic0,red
X•

)∨[p∞]. By duality, this is the W (k)-linear

dual of the contravariant Dieudonné module of the connected part of Pic0,red
X•

[p∞]. Because the con-

nected part of Pic0,red
X•

[p∞] is Pic0,red
X•

[F∞], what we should prove is the equality M(Pic0,red
X•

[F∞]) =

HomW (k)(H
1
ét(X•,W),W (k)). Applying the Cartier dual, it suffices to prove the equality

lim−→
n

MD(Pic0,red
X•

[Fn]) = C ⊗W (k) H
1
ét(X•,W).

First, we prove that the above equality follows from the equality

(46) lim−→
n

MD(PicX•
[Fn]) = H1

ét(X•,C).

We have an exact sequence

0→ Pic0,red
X•

[F∞]→ PicX•
[F∞]→ N → 0

for a finite group scheme N killed by a power of F . In the associated exact sequence of Dieudonné
modules

0→M(N)→M(PicX•
[F∞])→M(Pic0,red

X•
[F∞])→ 0,

M(N) is killed by a power of F by [42, Prop. 3.13]. On the other hand, M(Pic0,red
X•

[F∞]) is a finite free

W (k)-module because it is the Dieudonné module of a p-divisible group, and so F is injective on it. Thus

M(Pic0,red
X•

[F∞]) = lim−→
m

(
M(PicX•

[F∞])/Ker
(
Fm : M(PicX•

[F∞])→M(PicX•
[F∞])

))
.

Applying the Cartier dual, we see that

lim−→
n

MD(Pic0,red
X•

[Fn]) =
⋂
m

Im

(
V m : lim−→

n

MD(PicX•
[Fn])→ lim−→

n

MD(PicX•
[Fn])

)
.
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If we have the equality (46), the above module is equal to

⋂
m

Im
(
V m : H1

ét(X•,C)→ H1
ét(X•,C)

)
=
⋂
m

lim−→
n

Im
(
V m : H1

ét(X•,C−n−m)→ H1
ét(X•,C−n)

)
=
⋂
m

lim−→
n,V

Im
(
proj : H1

ét(X•,Wn+m)→ H1
ét(X•,Wn)

)
∼=←− lim−→

n,V

⋂
m

Im
(
proj : H1

ét(X•,Wn+m)→ H1
ét(X•,Wn)

)
= lim−→

n,V

Im
(
proj : H1

ét(X•,W)→ H1
ét(X•,Wn)

)
∼=−→ lim−→

n,V

H1
ét(X•,W)/V nH1

ét(X•,W) ∼= C ⊗W (k) H
1
ét(X•,W),

where lim−→n,V
denotes the colimit induced by the maps Wn

V−→Wn+1 (n ∈ N). Here, the isomorphism in

the third line follows from the equality

Im
(
proj : H1

ét(X•,Wn+m)→ H1
ét(X•,Wn)

)
∩ Im

(
V n−n′

: H1
ét(X•,Wn′)→ H1

ét(X•,Wn)
)

= V n−n′
Im
(
proj : H1

ét(X•,Wn′+m)→ H1
ét(X•,Wn′)

)
for m,n, n′ ∈ N with n ⩾ n′, which is implied by the exact sequences

H1
ét(X•,Wn′+m)

(V n−n′
,proj)−−−−−−−−→ H1

ét(X•,Wn+m)⊕H1
ét(X•,Wn′)

(proj−V n−n′
)−−−−−−−−−→ H1

ét(X•,Wn).

The isomorphism in the fifth line follows from the exact sequence

H1
ét(X•,W)

V n

−−→ H1
ét(X•,W)

proj−−→ H1
ét(X•,Wn)

and the last isomorphism follows from [42, Lem. 4.6]. (Note that, to apply [42, Lem. 4.6], we use the finite
freeness of H1

ét(X•,W) as W (k)-module which is shown in Proposition 2.16 and the topological nilpotence

of the action of V on H1
ét(X•,W) with respect to the p-adic topology which is shown in Remark 2.17.)

Thus it suffices to prove the equality (46) to prove the theorem.
Now we prove the equality (46). We set Hn := (OPicX• ,0

/(F ∗)n(mPicX• ,0
)OPicX• ,0

)∗, where OPicX• ,0

is the local ring of PicX•
at the identity, mPicX• ,0

is its maximal ideal and ∗ denotes the k-linear dual.

Then D(PicX•
[Fn]) = SpecHn. Since each D(PicX•

[Fn]) is unipotent, (46) is equivalent to the equality

H1
ét(X•,C) = lim−→

n

Hom(SpecHn,C)

and to prove the latter, it suffices to prove the equality

(47) H1
ét(X•,Wn) = Hom(SpecH,Wn),

where H =
⋃

nHn.
We prove the equality (47). Note that, for an augmented Artinian local k-algebra (R,m, π : R → k),

R∗ = k ⊕ m∗ is a k-coalgebra and so Sym(m∗) is a k-bialgebra. If we set SR := Spec Sym(m∗), we have
the following for a k-algebra B:

SR(B) = Homk-alg.(Sym(m∗), B)

= {φ ∈ Homk-vec. sp.(k ⊕m∗, B) |φ(1) = 1}
= {φ ∈ Homk-vec. sp.(R

∗, B) |φ(id) = 1}
= {a ∈ R⊗k B | (π ⊗ id)(a) = 1} = 1 + m⊗k B.

We compute Ker
(
PicX•

(R)→ PicX•
(k)
)

in two ways. First, we have the equalities

Ker
(
PicX•

(R)→ PicX•
(k)
)

= Ker
(
H1

ét(X•, (OX•
⊗k R)×)→ H1

ét(X•,O×
X•

)
)

= H1
ét(X•,SR).
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(The first equality follows from Remark 2.9.) Second, we have the equalities

Ker
(
PicX•

(R)→ PicX•
(k)
)

= Homaug. k-alg.(OPicX• ,0
, R) = Homaug. k-coalg.(R

∗, H)

= Homaug. k-bialg.(Sym(m∗), H) = Hom(SpecH,SR).

Thus we have

(48) H1
ét(X•,SR) = Hom(SpecH,SR).

It is known (see [42, p. 112]) that, when R = k[t]/(tp
n

),

SR = Wn ×
∏

1<i<pn

(i,p)=1

Wri ,

where ri = min{r | pr ⩾ pn/i}. Using this, we see that (48) implies the required equality (47). So the
proof is finished. □

The last ingredient for the proof of our first main theorem in this section is the following exact sequence:

Proposition 2.22. Assume that k is algebraically closed. Then there exists an exact sequence

(49) 0→ H1
cris(X•/W (k))→ H1

cris((X•, X•)/W (k))→ Div0
D•

(X•)⊗W (k)→ 0.

Proof. Consider the weight filtration PjWΩi
X•/k

(logD•) defined in [37, 1.4]. (One has also the description

PjWΩi
X•/k

(logD•) =

Im
(
WΩj

X•/k
(logD•)⊗WΩi−j

X•/k
→WΩi

X•/k
(logD•)

)
(j ≤ i),

WΩi
X•/k

(logD•) (j ≥ i),

which is given in [34, 8.2, 9].) The Poincaré residue isomorphism ([37, 1.4.5] or [34, 9]) induces the exact
sequence

0→WΩ
q
Xi/k

→ P1WΩ
q
Xi/k

(logDi)→ a
(1)
i∗ WΩ

q
D

(1)
i /k

[−1]→ 0

for each i, where D
(1)
i is the disjoint union of the irreducible components of Di and a

(1)
i : D

(1)
i → Xi is

the canonical morphism. Since the map WΩ
q
Xi/k

→ P1WΩ
q
Xi/k

(logDi) is compatible with respect to i,

the above exact sequences for i ∈ N induce the exact sequence of the form

(50) 0→WΩ
q
X•/k

→ P1WΩ
q
X•/k

(logD•)→ a
(1)
•∗ WΩ

q
D

(1)
• /k

[−1]→ 0.

Here a
(1)
•∗ WΩ

q
D

(1)
• /k

[−1] denotes the complex of sheaves on X• defined on each Xi by a
(1)
i∗ WΩ

q
D

(1)
i /k

[−1]

with the transition maps induced by those on WΩ
q
X•

and P1WΩ
q
X•

(logD•). (Beware that the schemes

D
(1)
i (i ∈ N) do not form a simplicial scheme and the maps a

(1)
i (i ∈ N) do not form a map of simplicial

schemes.) This exact sequence induces the long exact sequence

0→ H1
ét(X•,WΩ

q
X•/k

)→ H1
ét(X•, P1WΩ

q
X•/k

(logD•))(51)

→ H0
ét(X•, a

(1)
•∗ WΩ

q
D

(1)
• /k

)→ H2
ét(X•,WΩ

q
X•/k

).

We rewrite the second and the third nonzero terms of the sequence. First, by using the spectral
sequences

Eij
i = Hj

ét(X•, P1WΩi
X•/k

(logD•)) =⇒ Hi+j
ét (X•, P1WΩ

q
X•/k

(logD•)),

Eij
i = Hj

ét(X•,WΩi
X•/k

(logD•)) =⇒ Hi+j
ét (X•,WΩ

q
X•/k

(logD•))

and noting the facts

Hj
ét(X•, P1WΩi

X•/k
(logD•)) = Hj

ét(X•,WΩi
X•/k

(logD•)) for i ⩽ 1,

H0
ét(X•, P1WΩi

X•/k
(logD•)) ⊆ H0

ét(X•,WΩi
X•/k

(logD•)) for i ∈ N,
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we see the equality H1
ét(X•, P1WΩ

q
X•/k

(logD•)) = H1
ét(X•,WΩ

q
X•/k

(logD•)). Next, we have the equality

(52) H0
ét(X•, a

(1)
•∗ WΩ

q
D•/k

) = Ker(d∗0 − d∗1 : H0
ét(X0, a

(1)
0∗ WΩ

q
D

(1)
0

)→ H0
ét(X1, a

(1)
1∗ WΩ

q
D

(1)
1

)),

where the maps d∗i (i = 0, 1) are the ones induced by the maps

d∗i : WΩ
q
X0/k

→WΩ
q
X1/k

, d∗i : P1WΩ
q
X0/k

(logD
(1)
0 )→ P1WΩ

q
X1/k

(logD
(1)
1 )

which are defined by the projections di : X1 → X0. Since k is algebraically closed, H0
ét(Xi, a

(1)
0∗ WΩ

q
D

(1)
i

)

(i = 0, 1) is identified with DivDi
(Xi) ⊗Z W (k) (where DivDi

(Xi) is the group of Weil divisors on Xi

supported onDi). With this identification the map d∗i is, by definition of the Poincaré residue isomorphism
in [37, 1.4] or [34, 8.2, 9], equal to the pullback map of divisors by the projection di. Thus the group in
(52) is identified with DivD•(X•)⊗Z W (k). Consequently, we have shown that the long exact sequence
(51) is rewritten as follows:

0→ H1
ét(X•,WΩ

q
X•/k

)→ H1
ét(X•,WΩ

q
X•/k

(logD•))(53)

→ DivD•(X•)⊗Z W (k)→ H2
ét(X•,WΩ

q
X•/k

).

We prove that the last map factors through NS(X•) ⊗Z W (k). Consider the non-logarithmic and
logarithmic first Chern class maps of the de Rham–Witt complexes

d log : O×
X•
→WΩ

q
X•/k

[1], d log : j•∗O×
X•\D•

→WΩ
q
X•/k

(logD•)[1],

where j• : X•\D• → X• is the natural open immersion (compare [24]). The exact sequences

0→ O×
Xi
→ ji∗O×

Xi\Di
→ a

(1)
i∗ Z

D
(1)
i
→ 0

for i ∈ N induce the exact sequence of the form

0→ O×
X•
→ j•∗O×

X•\D•
→ a

(1)
•∗ ZD

(1)
•
→ 0

which makes the following diagram commutative:

0 // O×
X•

//

d log

��

j•∗O×
X•\D•

//

d log

��

a
(1)
•∗ ZD

(1)
•

��

// 0

0 // WΩ
q
X•

[1] // P1WΩ
q
X•

(logD•)[1] // a(1)•∗ WΩ
q
D

(1)
•

// 0.

Considering the connecting homomorphisms, we obtain the commutative diagram

DivD•(X•)

��

// H1
ét(X•,O×

X•
)

��
DivD•(X•)⊗Z W (k) // H2

ét(X•,WΩ
q
X•/k

).

Thus the map DivD•(X•) ⊗Z W (k) → H2
ét(X•,WΩ

q
X•/k

) factors through (lim←−n
H1

ét(X•,O×
X•

)/pn) ⊗Zp

W (k). Since we have isomorphisms

lim←−
n

H1
ét(X•,O×

X•
)/pn = lim←−

n

Pic(X•)(k)/pn ∼= lim←−
n

NS(X•)/pn ∼= NS(X•)⊗Z Zp,

we see that the map DivD•(X•)⊗Z W (k)→ H2
ét(X•,WΩ

q
X•/k

) factors as

(54) DivD•(X•)⊗Z W (k)→ NS(X•)⊗Z W (k)→ H2
ét(X•,WΩ

q
X•/k

),

as required.
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In the subsequent lemma, we will see that the latter map in (54) is injective. Hence we obtain from
(53) the exact sequence

0→ H1
cris(X•/W (k))→ H1

cris((X•, X•)/W (k))→ Div0
D•

(X•)⊗Z W (k)→ 0,

as desired. □

Lemma 2.23 (cf. [30, II. Rem. 6.8.5]). Keep the assumption that k is algebraically closed. Then the map
NS(X•)⊗Z W (k)→ H2

cris(X•/W (k)) in (54) is injective.

Proof. We follow the proof of [30, II. Rem. 6.8.5]. In the proof, we will identify lim←−n
H1

ét(X•,O×
X•
/(O×

X•
)p

n

)

and H2
fppf(X•,Zp(1)) via (45). First, the exact sequences on the étale site

0→ O×
X•

pn

−→ O×
X•
→ O×

X•
/(O×

X•
)p

n

→ 0

for n ∈ N induce the injection NS(X•)⊗Z Zp ↪→ H2
fppf(X•,Zp(1)), hence the injection

(55) NS(X•)⊗Z W (k) ↪→ H2
fppf(X•,Zp(1))⊗Zp

W (k).

Next, note that we have the following exact sequence on the étale site

(56) 0→ O×
X•
/(O×

X•
)p

n

[−1]
d log−−−→WnΩ⩾1

X•/k

1−F ′

−−−→WnΩ⩾1

X•/k
→ 0 (n ∈ N)

(where d log is the map induced by d log : O×
X•
→ WnΩ

q
X•/k

[−1] and F ′ is the map of the complex

WnΩ⩾1

X•/k
→ WnΩ⩾1

X•/k
whose degree i part is pi−1F ), by [30, I. (3.29.2)]. From this, we obtain the long

exact sequence

(57) · · · → Hi
fppf(X•,Zp(1))→ Hi

ét(X•,WΩ⩾1

X•/k
)

1−F ′

−−−→ Hi
ét(X•,WΩ⩾1

X•/k
)→ · · ·

(cf. [30, II. (5.5.2)]). By the long exact sequence

0→ H1
ét(X•,WΩ⩾1

X•/k
)→ H1

cris(X•/W (k))→ H1
ét(X•,WOX•

)→ H2
ét(X•,WΩ⩾1

X•/k
)→ H2

cris(X•/W (k))

associated to the exact sequence

0→WΩ⩾1

X•/k
→WΩ

q
X•/k

→WOX•
→ 0

and Proposition 2.18, we obtain the equality H1
ét(X•,WΩ⩾1

X•/k
) = H0

ét(X•,WΩ1
X•/k

) and the injection

(58) H2
ét(X•,WΩ⩾1

X•/k
) ↪→ H2

cris(X•/W (k)).

In particular, Hi
ét(X•,WΩ⩾1

X•/k
) (i = 1, 2) are finite W (k)-modules. Then, by [30, II. Lem. 5.3], the long

exact sequence (57) induces the exact sequence

(59) 0→ H2
fppf(X•,Zp(1))→ H2

ét(X•,WΩ⩾1

X•/k
)

1−F ′

−−−→ H2
ét(X•,WΩ⩾1

X•/k
)→ 0.

Note that H2
fppf(X•,Zp(1)) is a finite Zp-module because so are Hj

fppf(Xi,Zp(1)) for j ⩽ 2 by [30,

II. (5.8.1), (5.8.2), 5.9]. Let H2
fppf(X•,Zp(1))tor, H

2
ét(X•,WΩ⩾1

X•/k
)tor be the subgroup of torsion elements

of H2
ét(X•,Zp(1)), H2

ét(X•,WΩ⩾1

X•/k
) respectively and set

H2
fppf(X•,Zp(1))fr := H2

fppf(X•,Zp(1))/H2
fppf(X•,Zp(1))tor,

H2
ét(X•,WΩ⩾1

X•/k
)fr := H2

ét(X•,WΩ⩾1

X•/k
)/H2

ét(X•,WΩ⩾1

X•/k
)tor.
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Then we have the following commutative diagram with exact rows:

(60) 0 // H2
fppf(X•,Zp(1))tor

��

// H2
fppf(X•,Zp(1))

��

// H2
fppf(X•,Zp(1))fr

��

// 0

0 // H2
ét(X•,WΩ⩾1

X•/k
)tor // H2

ét(X•,WΩ⩾1

X•/k
) // H2

ét(X•,WΩ⩾1

X•/k
)fr // 0.

Moreover, we see by (59) that the middle vertical arrow is injective and the left square is Cartesian.
Hence the right vertical arrow is an injective morphism such that the image is contained in the kernel of

1− F ′ on H2
ét(X•,WΩ⩾1

X•/k
)fr. Then we see that this induces the injective morphism

(61) H2
fppf(X•,Zp(1))fr ⊗Zp

W (k) ↪→ H2
ét(X•,WΩ⩾1

X•/k
)fr.

Indeed, assume there is an element 0 ̸=
∑n

i=1 aiei in the kernel with ai ∈W, ei ∈ H2
fppf(X•,Zp(1))fr such

that e1, ..., en are linearly independent over Zp. Take such an element with minimal n. Then we may
assume that a1 = pm for some m, and then we see that

∑n
i=1(F (ai)− ai)ei =

∑n
i=2(F (ai)− ai)ei is also

in the kernel. By minimality of n, we conclude that all the coefficients F (ai)− ai should be zero, hence
ai ∈ Zp. So 0 ̸=

∑n
i=1 aiei ∈ H2

fppf(X•,Zp(1))fr and this contradicts the injectivity of the right vertical

map of (60).
Next we prove that that the left vertical map in (60) induces an isomorphism

(62) H2
fppf(X•,Zp(1))tor ⊗Zp

W (k)
∼=−→ H2

ét(X•,WΩ⩾1

X•/k
)tor.

Let us consider the short exact sequence

0→WΩ⩾1

Xi/k

F ′

−→WΩ⩾1

Xi/k
→WΩ⩾1

Xi/k
/F ′WΩ⩾1

Xi/k
→ 0.

Note that the injectivity of F ′ in this sequence follows from V ◦ F = p and the fact that WΩn
Xi/k

is

p-torsion free. By [30, II. Lem. 6.8.2], the complex of sheaves WΩ⩾1

Xi/k
/F ′WΩ⩾1

Xi/k
has zero cohomology

in degree 0, 1 for any i. Thus H1
ét(X•,WΩ⩾1

X•/k
/F ′WΩ⩾1

X•/k
) = 0 and so the map

F ′ : H2
ét(X•,WΩ⩾1

X•/k
)→ H2

ét(X•,WΩ⩾1

X•/k
)

is injective. Because H2
ét(X•,WΩ⩾1

X•/k
)tor is of finite length, F ′ induces the automorphism

F ′ : H2
ét(X•,WΩ⩾1

X•/k
)tor → H2

ét(X•,WΩ⩾1

X•/k
)tor.

Then the isomorphism (62) follows from [30, II. (6.8.4)]. Now, the injection (61) and the isomorphism
(62) imply that the middle vertical arrow in (60) induces an injection

H2
fppf(X•,Zp(1))⊗Zp

W (k) ↪→ H2
ét(X•,WΩ⩾1

X•/k
).

Combining it with (55) and (58), we obtain the required injection

NS(X•)⊗Z W (k) ↪→ H2
cris(X•/W (k)),

which by definition is equal to the map in (54). □

Now we give a proof of Theorem 2.5.

Proof of Theorem 2.5. Let (X•, X•) be as in Theorem 2.5, let (X ′
•, X

′
•) be another simplicial normal

crossing pair satisfying the same assumption. By Proposition B.3 (ii) and Corollary C.12, it suffices to

prove that, when there is a morphism f : (X•, X•) → (X ′
•, X

′
•), the induced morphism of crystalline

cohomologies (34) is an isomorphism. Moreover, we may assume that k is algebraically closed.
Note that the morphism f induces the morphism

(63) H1
cris(X•/W (k))→ H1

cris(X
′
•/W (k)).
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Moreover, we have a morphism from the exact sequence (44) to the analogous sequence for X
′
•. By the

description of the terms of the exact sequence (44) given in Propositions 2.20 and 2.21, the morphism

(63) is an isomorphism, because the map of reduced Picard schemes Pic0,red
X•

→ Pic0,red
X

′
•

is an isomorphism

by Corollary 2.10.
Next, note that the morphism f induces the morphism from the exact sequence (49) to the similar

exact sequence for (X ′
•, X

′
•). This is an isomorphism because the map (63) is an isomorphism and the

map of divisor groups Div0
D•

(X•)→ Div0
D′

•
(X

′
•) (where D′

• := X
′
• \X ′

•) is an isomorphism by Corollary

2.10. So we have proven that the morphism (34) is an isomorphism. □

2.3. Non-independence of Hi, i ⩾ 2. In this subsection, we give a negative answer to Question 2.2 for
Hi, i ⩾ 2 by providing counterexamples.

Let k be a perfect field of characteristic p > 0 and set X := P1
k. Denote the coordinate of A1

k ⊆ P1
k = X

by x. Let r ⩾ 1, let a1, . . . , ar be distinct elements of k× and let n1, . . . , nr be positive integers prime to
p.

Let f : X0 → X be the morphism between proper smooth curves over k induced by the field extension

k(X) = k(x) ⊆ k(x)[y]/(yp − y − x
∑r

i=1 ni∏r
i=1(x− ai)ni

) =: k(X0).

This is a finite flat morphism of degree p between proper smooth curves such that k(X0)/k(X) is a Galois
extension with Galois group G = ⟨g⟩ ∼= Z/pZ. If we denote by Pi (1 ⩽ i ⩽ r) the closed point of X
defined by x = ai, the ramification locus D ⊆ X of f is equal to the union of Pi’s.

For i ∈ N, let Xi be the normalisation of X0×XX0 · · ·×XX0 of (i+1)-copies of X0 over X. Note that

Xi is equal to
∐Gi

X0. Then X• forms a simplicial scheme over X. We set X := X\D, X• := X×XX•.
Then we obtain the commutative diagram (30) and it satisfies the assumption imposed in Question 2.2.
We prove the following.

Proposition 2.24. With the above notation, the map

H2
cris((X,X)/W (k))→ H2

cris((X•, X•)/W (k))

is not an isomorphism. In particular, Question 2.2 has a negative answer for H2.

Proof. We compute H2
cris((X•, X•)/W (k)) by using the spectral sequence

(64) Ei.j
1 = Hj

cris((Xi, Xi)/W (k)) =⇒ Hi+j
cris ((X•, X•)/W (k)).

The complex E•,j
1 has the form

· · · → Hj
cris((Xi−1, Xi−1)/W (k))→ Hj

cris((Xi, Xi)/W (k))→ Hj
cris((Xi+1, Xi+1)/W (k))→ · · · ,

which can be rewritten as

· · · → Homsets(G
i−1, Hj

cris((X0, X0)/W (k)))→ Homsets(G
i, Hj

cris((X0, X0)/W (k)))

→ Homsets(G
i+1, Hj

cris((X0, X0)/W (k)))→ · · · .

Since this complex is the one computing the group cohomology of G, we have

Ei,j
2 = Hi(E•,j

1 ) = Hi(G,Hj
cris((X0, X0)/W (k)))

(65)

=


Ker(1− g on Hj

cris((X0, X0)/W (k))), (i = 0)

Ker(
∑p−1

i=0 g
i on Hj

cris((X0, X0)/W (k)))/Im(1− g on Hj
cris((X0, X0)/W (k))), (i: odd)

Ker(1− g on Hj
cris((X0, X0)/W (k)))/Im(

∑p−1
i=0 g

i on Hj
cris((X0, X0)/W (k))), (i > 0: even)

where the action of G on Hj
cris((X0, X0)/W (k)) is the one induced by the geometric action of G on

(X0, X0).
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When j = 0, the action of G on H0
cris((X0, X0)/W (k)) = W (k) is trivial. Thus we see from (65) that

Ei,0
2 = Hi(G,H0

cris((X0, X0)/W (k))) =


W (k), (i = 0)

0, (i: odd)

k. (i > 0: even)

(66)

Then we have the isomorphisms

W (k)r−1 ∼= H1
cris((X,X)/W (k))

∼=−→ H1
cris((X•, X•)/W (k)) = E0,1

∞ = E0,1
3 = Ker(E0,1

2 → E2,0
2 = k),

where the first isomorphism follows from the assumption that X is equal to X = P1
k minus r points with

r > 0 and the second isomorphism follows from Theorem 2.5. Since E0,1
2 ⊆ H1

cris((X0, X0)/W (k)) is a
finite free W (k)-module, we conclude that

(67) Ker(1− g on H1
cris((X0, X0)/W (k))) = E0,1

2
∼= W (k)r−1,

and when r = 1,

(68) E2,0
∞ = E2,0

3 = Coker(E0,1
2 → E2,0

2 = k) = k.

We estimate the length of

E1,1
∞ = E1,1

2
∼= Ker(

∑p−1
i=0 g

i)/Im(1− g) on H1
cris((X0, X0)/W (k)).

First, since gp − 1 = 0,
∑p−1

i=0 g
i acts as zero on H1

cris((X0, X0)/W (k))/Ker(1− g). Also,
∑p−1

i=0 g
i acts as

the multiplication by p on Ker(1− g), which is injective. So, by considering the action of
∑p−1

i=0 g
i on the

exact sequence

0→ Ker(1− g)→ H1
cris((X0, X0)/W (k))→ H1

cris((X0, X0)/W (k))/Ker(1− g)→ 0,

we obtain the exact sequence

0→ Ker(
∑p−1

i=0 g
i)→ H1

cris((X0, X0)/W (k))/Ker(1− g)→ Ker(1− g)/pKer(1− g),

and hence the exact sequence

(69) 0→
Ker(

∑p−1
i=0 g

i)

Im(1− g)
→ H1

cris((X0, X0)/W (k))/Ker(1− g)

(1− g)(H1
cris((X0, X0)/W (k))/Ker(1− g))

→ Ker(1− g)

pKer(1− g)
.

Since H1
cris((X0, X0)/W (k)) is a finite free W (k)-module, we see that H1

cris((X0, X0)/W (k))/Ker(1− g)

is also a finite free W (k)-module on which
∑p−1

i=0 g
i acts as zero. Thus the action of g defines a finite

free W (k)[ζp]-module structure on H1
cris((X0, X0)/W (k))/Ker(1 − g) (where ζp is a primitive p-th root

of unity), and its rank as a W (k)[ζp]-module is equal to(
rkW (k)H

1
cris((X0, X0)/W (k))/Ker(1− g)

)
/(p− 1).

Hence the length of

H1
cris((X0, X0)/W (k))/Ker(1− g)

(1− g)(H1
cris((X0, X0)/W (k))/Ker(1− g))

=
H1

cris((X0, X0)/W (k))/Ker(1− g)

(1− ζp)(H1
cris((X0, X0)/W (k))/Ker(1− g))

is equal to (
rkW (k)H

1
cris((X0, X0)/W (k))/Ker(1− g)

)
/(p− 1).

So, by (67) and (69), we obtain an estimate of the length of

E1,1
∞ = E1,1

2
∼= Ker(

∑p−1
i=0 g

i)/Im(1− g)

in the form of the following inequality:

lengthE1,1
∞ ⩾

(
rkW (k)H

1
cris((X0, X0)/W (k))/Ker(1− g)

)
/(p− 1)− (r − 1)(70)

=
(
rkW (k)H

1
cris((X0, X0)/W (k))− r + 1

)
/(p− 1)− (r − 1).
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Also, the above inequality is in fact an equality when r = 1, because the term
Ker(1− g)

pKer(1− g)
in the short

exact sequence (69) vanishes in this case by (67). If we denote by FiliH2
cris((X•, X•)/W (k)) the filtration

induced by the spectral sequence (64), we deduce from (68) and (70)

length(Fil1H2
cris((X•, X•)/W (k))) ⩾ (rkW (k)H

1
cris((X0, X0)/W (k))− r + 1)/(p− 1)− (r − 1),(71)

length(Fil1H2
cris((X•, X•)/W (k))) = (rkW (k)H

1
cris((X0, X0)/W (k)))/(p− 1) + 1 if r = 1.(72)

Let g0 be the genus of X0. Then, by the Riemann–Hurwitz formula, we have the equality

2g0 − 2 = −2p+

r∑
i=1

(ni + 1)(p− 1),

hence 2g0 = (p− 1) (
∑r

i=1(ni + 1)− 2). Hence

rkW (k)H
1
cris((X0, X0)/W (k))) = (p− 1)

(
r∑

i=1

(ni + 1)− 2

)
+ r − 1

and therefore (71), (72) are rewritten as

length
(
Fil1H2

cris((X•, X•)/W (k))
)
⩾

r∑
i=1

(ni + 1)− 2− (r − 1) ⩾ r − 1,(73)

length
(
Fil1H2

cris((X•, X•)/W (k))
)

= (n1 + 1)− 1 ⩾ 1 if r = 1.(74)

By (73) and (74), we conclude that H2
cris((X•, X•)/W (k)) ̸= 0. Since H2

cris((X,X)/W (k)) is zero and

H2
cris((X•, X•)/W (k)) is non-zero, the map

H2
cris((X,X)/W (k))→ H2

cris((X•, X•)/W (k))

is not an isomorphism. □

Remark 2.25. The above proof shows that there does not exist a functor

A
q́
et : Smk → C⩾0(W (k)),

where C⩾0(W (k)) denotes again the category of complexes of W (k)-modules of non-negative degree,
satisfying the following conditions (compare with Remark 1.50):

(i) It gives a good integral p-adic cohomology theory in the sense that, for any nc-pair (X,X), there
exists a functorial quasi-isomorphism

A
q́
et(X) ≃ RΓcris((X,X)/W (k)).

(ii) It satisfies Galois descent in the sense that, for any Čech hypercovering X• → X associated to a
finite étale Galois covering X0 → X, the induced morphism

A
q́
et(X)→ A

q́
et(X•)

is a quasi-isomorphism.

Indeed, for the hypercovering X• → X in the above proof, if the map H1(A
q́
et(X)) → H1(A

q́
et(X•)) is

not an isomorphism, it violates the condition (ii), and if it is an isomorphism, the argument of the above
proof works for the spectral sequence

Ei,j
1 = Hj(A

q́
et(Xi)) =⇒ Hi+j(A

q́
et(X•))

and we conclude that H2(A
q́
et(X)) → H2(A

q́
et(X•)) is not an isomorphism, which again violates the

condition (ii).
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Remark 2.26. In the above remark, if we assume moreover that A
q́
et(X0) is a perfect complex of W (k)[G]-

modules (where G is the Galois group of X0 over X), one can prove the nonexistence of the functor A
q́
et

in a simpler way, which is due to Crew:
For the hypercovering X• → X in the proof of Proposition 2.24, G is equal to Z/pZ. In this case,
W (k)[G] is a local ring and so every finitely generated projective module is free (see [15, Lem. 1.6]). Thus
A
q́
et(X0) is quasi-isomorphic to a bounded complex of finitely generated free W (k)[G]-modules. Then, by

comparing the cohomologies of A
q́
et(X0)⊗Z Q and those of

A
q́
et(X)⊗Z Q ≃ A q́

et(X•)⊗Z Q = RΓ(G,A
q́
et(X0)⊗Z Q) = Γ(G,A

q́
et(X0)⊗Z Q),

we obtain the equality∑
i

(−1)i dimK(Hi(A
q́
et(X0))⊗Z Q) = p

(∑
i

(−1)i dimK(Hi(A
q́
et(X))⊗Z Q)

)
(see [15, Thm. 1.5, Cor. 1.7]). But this is absurd because the right hand side is equal to

p

(∑
i

(−1)i dim(Hi
cris((X,X)/W (k))⊗Z Q)

)
= p(2− r),

while the left hand side, which is equal to
∑

i(−1)i dim(Hi
cris((X0, X0)/W (k))⊗Z Q), can be estimated

by

(2− r)− (p− 1)(

r∑
i=1

(ni + 1)− 2) ⩽ (2− r)− (p− 1)(2r − 2) < p(2− r).

Remark 2.27. Let us observe that the above example (X•, X•)→ (X,X) with r = 1 also shows that the
independence of H1 fails if we take mod pn coefficients. Indeed, we claim that the map

H1
cris((X,X)/Wn(k))→ H1

cris((X•, X•)/Wn(k))

is not an isomorphism. As in the proof of Proposition 2.24, we use the spectral sequence

Ei.j
1 = Hj

cris((Xi, Xi)/Wn(k)) =⇒ Hi+j
cris ((X•, X•)/Wn(k))

to compute H1
cris((X•, X•)/Wn(k)). For j = 0, we get from (65)

Ei,0
2 = Hi(G,H0

cris((X0, X0)/Wn(k))) = k, (i > 0).

Hence H1
cris((X•, X•)/Wn(k)) ⊇ E1,0

∞ = E1,0
2 ̸= 0. On the other hand, H1

cris((X,X)/Wn(k)) = 0 because

(X,X) = (A1
k,P1

k). This proves the non-independence of H1 for mod pn coefficients.

We can extend the above counterexample easily to the case of Hi (i ⩾ 2).

Corollary 2.28. For any i ⩾ 2, Question 2.2 has a negative answer for Hi.

Proof. Let (X•, X•) → (X,X), D•, D be as in Proposition 2.24. Let Y be a proper smooth connected
variety over k of dimension d such that, for any 0 ⩽ n ⩽ 2d, Hn

cris(Y/W (k)) is a non-zero, finite free
W (k)-module. (For example, one can take as Y a d-fold fibre product of a proper smooth curve of positive
genus over k.) Then we have isomorphisms

Hi
cris((X ×k Y,X ×k Y )/W (k)) ∼=

⊕
a+b=i

Ha
cris((X,X)/W (k))⊗W (k) H

b
cris(Y/W (k)),

Hi
cris((X• ×k Y,X• ×k Y )/W (k)) ∼=

⊕
a+b=i

Ha
cris((X•, X•)/W (k))⊗W (k) H

b
cris(Y/W (k)).

Consider the morphism (X• ×k Y,X• ×k Y )→ (X ×k Y,X ×k Y ). Then the induced morphism

Hi
cris((X ×k Y,X ×k Y )/W (k))→ Hi

cris((X• ×k Y,X• ×k Y )/W (k))

is not an isomorphism for 2 ⩽ i ⩽ 2(d+ 1), because one of its direct factor

H2
cris((X,X)/W (k))⊗W (k) H

i−2
cris (Y/W (k))→ H2

cris((X•, X•)/W (k))⊗W (k) H
i−2
cris (Y/W (k))

is not an isomorphism by Proposition 2.24. So we are done. □
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Appendix A. The first crystalline cohomology group and the Picard 1-motive

As for the comparison of the first log crystalline cohomology and the Dieudonné module of the asso-
ciated 1-motive, we have the following result mentioned in Remark 2.8.

Theorem A.1. Let (X•, X•) be a split simplicial proper strict normal crossing pair over k. Then there
exists a functorial isomorphism

Tcris(Pic+(X•, X•))
∼=−→ H1

cris((X•, X•)/W (k))

which is compatible with weight filtration and Frobenius action, where Tcris is the covariant Dieudonné
functor (the contravariant Dieudonné functor of the p-divisible group associated to the dual).

Remark A.2. Compared to Theorem 2.7 of Andreatta–Barbieri-Viale, our result includes the case p = 2.

Proof. We denote the covariant Dieudonné functor for p-divisible groups also by Tcris. The natural
connected-étale split exact sequence of p-divisible groups

0→ Pic0,red
X•

[p∞]0 → Pic0,red
X•

[p∞]→ Pic0,red
X•

[p∞]et → 0

induces a similar split exact sequence on the level of Dieudonné modules. In particular, Tcris(Pic0,red
X•

[p∞])

can be written as a direct sum

(75) Tcris(Pic0,red
X•

[p∞]) ∼= Tcris(Pic0,red
X•

[p∞]0)⊕Tcris(Pic0,red
X•

[p∞]et)

of F -crystals. Note that the expression (75) as direct sum is unique because the slopes of the direct
summands are distinct. On the other hand, by Proposition 2.18, we have a short exact sequence

(76) 0→ H0
ét(X•,WΩ1

X•/k
)→ H1

cris(X•/W )→ H1
ét(X•,WOX•

)→ 0.

We prove that (76) is also a split exact sequence of F -crystals. Let ZWΩ1
X•/k

be the kernel of the

map d : WΩ1
X•/k

→ WΩ2
X•/k

, and let τ⩽1WΩ
q
X•/k

be the complex WOX•
→ ZWΩ1

X•/k
, where WOX•

is at degree 0. Then we have the commutative diagram

(77) H0
ét(X•, ZWΩ1

X•/k
) //

��

H1
ét(X•, τ⩽1WΩ

q
X•/k

) //

��

H1
ét(X•,WOX•

)

0 // H0
ét(X•,WΩ1

X•/k
) // H1

cris(X•/W ) // H1
ét(X•,WOX•

) // 0

where the horizontal lines are exact. Since H0
ét(X•,WΩ1

X•/k
) = E1,0

∞ in the spectral sequence (40) by 2.18,

the left vertical arrow in (77) is an isomorphism. Also, the middle vertical arrow is surjective: Indeed,
the cokernel injects into H1

ét(X•,WΩ
q
X•/k

/τ⩽1WΩ
q
X•/k

) and it is zero because WΩ
q
X•/k

/τ⩽1WΩ
q
X•/k

is

quasi-isomorphic to a complex sitting in degree ≥ 2. Then a diagram chase shows that the exact sequence
(76) can be identified with the exact sequence

0→ H0
ét(X•, ZWΩ1

X•/k
)

ι→ H1
ét(X•, τ⩽1WΩ

q
X•/k

)
π→ H1

ét(X•,WOX•
)→ 0.

Let V ′ : τ⩽1WΩ
q
X•/k

→ τ⩽1WΩ
q
X•/k

be the map of complexes of sheaves on X• defined in [31, III (1.7.1)]:

It is induced by the map V : WOX•
→ WOX•

and the automorphism V ′ : ZWΩ1
X•/k

→ ZWΩ1
X•/k

defined in [31, III (1.3.2)]. Also, take an increasing sequence (Nn)n in N with V NnH1
ét(X•,WOX•

) ⊆
pnH1

ét(X•,WOX•
) (such a sequence exists by Remark 2.17). Then, for an element a inH1

ét(X•, τ⩽1WΩ
q
X•/k

)

and n ∈ N, π((V ′)Nna) = V Nnπ(a) ∈ V NnH1
ét(X•,WOX•

) ⊆ pnH1
ét(X•,WOX•

) and so (V ′)Nna ∈
H0

ét(X•, ZWΩ1
X•/k

)+pnH1
ét(X•, τ⩽1WΩ

q
X•/k

). Since V ′ is an automorphism on H0
ét(X•, ZWΩ1

X•/k
), we

can find an element bn of H0
ét(X•, ZWΩ1

X•/k
) such that (V ′)Nna− (V ′)Nnbn ∈ pnH1

ét(X•, τ⩽1WΩ
q
X•/k

).

Then we see that (V ′)Nn+1(bn+1−bn) ∈ pnH1
ét(X•, τ⩽1WΩ

q
X•/k

)∩H0
ét(X•, ZWΩ1

X•/k
) = pnH0

ét(X•, ZWΩ1
X•/k

)
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and so bn+1− bn ∈ pnH0
ét(X•, ZWΩ1

X•/k
). Thus b = limn bn is defined, and one can check that it is inde-

pendent of the choice of bn’s. Also, one sees easily that the map a 7→ b defines a section of ι. Moreover,
using the relation FV ′ = V ′F = p [31, III (1.7.7)], we can check that this section is compatible with F .
So we have proven that (76) is a split exact sequence of F -crystals, thus we have the decomposition

(78) H1
cris(X•/W ) = H1

ét(X•,WOX•
)⊕H0

ét(X•,WΩ1
X•/k

)

as F -crystals. The decomposition (78) is also unique by the slope reason.

Denote the base change of X• to k by X
′
• and denote W (k) simply by W ′. By Propositions 2.20 and

2.21, Tcris(Pic0,red
X

′
•

[p∞]et) and Tcris(Pic0,red
X

′
•

[p∞]0) are isomorphic toH0
ét(X

′
•,WΩ1

X
′
•/k

) andH1
ét(X

′
•,WOX

′
•
)

respectively, and these isomorphisms are compatible with the action of Gal(k/k). Thus the isomorphisms
descent to the isomorphisms

Tcris(Pic0,red
X•

[p∞]0) ∼= H1
ét(X•,WOX•

), Tcris(Pic0,red
X•

[p∞]et) ∼= H0
ét(X•,WΩ1

X•/k
).

Taking into account the decompositions (75) and (78), we have the canonical isomorphism

(79) Tcris(Pic0,red
X•

) ∼= H1
cris(X•/W (k)).

Next, by definition of the 1-motive and its Dieudonné module (see [3]), we have an exact sequence

(80) 0→ Tcris(Pic0,red
X•

)→ Tcris(Pic+(X•, X•))→ Tcris(Div0
D•

(X•))→ 0.

Furthermore, by the proof of Proposition 2.22 we have the exact sequence

(81) 0→ H1
crys(X•/W (k))→ H1

crys((X•, X•)/W (k))→ H0
ét(X•, a

(1)
•∗ WΩ

q
D

(1)
• /k

)0 → 0,

where H0
ét(X•, a

(1)
•∗ WΩ

q
D

(1)
• /k

)0 := Ker(H0
ét(X•, a

(1)
•∗ WΩ

q
D

(1)
• /k

) → H2
ét(X•,WΩ

q
X•/k

)). After extension

to W ′, the sequence (81) is canonically identical to (49) (with k replaced by k and X•, X• replaced by

the base changes X ′
•, X

′
• of X•, X• here to k) by the proof of Proposition 2.22 and Lemma 2.23, in the

sense that the identification H0
ét(X•, a

(1)
•∗ WΩ

q
D

(1)
• /k

)0 ⊗W (k) W
′ ∼= Div0

D•
(X•) ⊗W ′ is compatible with

the action of the Galois group Gal(k/k). We see from this fact that there is an isomorphism

(82) Tcris(Div0
D•

(X•)) ∼= H0
ét(X•, a

(1)
•∗ WΩ

q
D•/k

)0

of F -crystals. To prove the theorem, we need to upgrade canonically the isomorphisms (79) and (82) to
an isomorphism between the exact sequences (80), (81) of F -crystals.

To do so, first we recall the definition of the exact sequence (80) in detail, following [3, § 1.3]. Put

G := Pic0,red
X•

, X := Div0
D•

(X•), Pic+(X•, X•) := [X u→ G], and for n ∈ N, define M[pn] by

M[pn] :=
Ker(u+ pn : X×k G→ G)

Im((pn,−u) : X→ X×k G)
.

Then there exists an exact sequence

(83) 0→ G[pn]→M[pn]→ X/pnX→ 0

in which the maps are defined by g 7→ (0, g), (x, g) 7→ x. By identifying X/pnX with 1
pnX/X and taking

the inductive limit with respect to n, we obtain an exact sequence of p-divisible groups

(84) 0→ G[p∞]→M[p∞]→ X⊗Z Qp/Zp → 0.

By applying the covariant Dieudonné functor to (84), we obtain the exact sequence (80).
Let X′,G′,M′[pn] be the base change of X,G,M[pn] to k respectively. Then we can take a compatible

family of homomorphisms ũ := {ũn : 1
pnX′ → G′}n which extends the base change X′ → G′ of u. Then

the map
1

pn
X′/X′ ∼= X′/pnX′ →M′; x 7→ pnx 7→ (pnx,−ũ(x))
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gives a compatible family of splittings of the exact sequences (83) for n ∈ N over k, hence a splitting
s : X′ ⊗Qp/Zp → M′[p∞] of the exact sequence (84) over k. Hence the exact sequence (84) is given by

the 1-cocycle c ∈ Z1(Gal(k/k),Hom(X′ ⊗Qp/Zp,G′[p∞])) defined by σ 7→ σ(s)− s = −σ(ũ) + ũ.
Noting that Hom(X′ ⊗ Qp/Zp,G′[p∞]) = Hom(X′ ⊗ Qp/Zp,G′[p∞]et), c is in fact an element in

Z1(Gal(k/k),Hom(X′⊗Qp/Zp,G′[p∞]et)). Hence the extension (84) is the push-out of the exact sequence

(85) 0→ G[p∞]et → E → X⊗Z Qp/Zp → 0

induced by c by G[p∞]et → G[p∞] where for simplicity E denotes the extension of G[p∞]et by X⊗ZQp/Zp.

Recall that, over k, the covariant Dieudonné functor for étale p-divisible groups is given by

G 7→ Hom(G∨,Gm)⊗Zp
W ′ = Hom(G∨, µp∞)⊗Zp

W ′ = Hom(Qp/Zp, G)⊗Zp
W ′

and over k, it is defined by taking the Gal(k/k)-invariant part of this module. Let us consider the exact
sequence

(86) 0→ Hom(Qp/Zp,G′[p∞]et)→ Hom(Qp/Zp, E
′)→ X′ ⊗Z Zp → 0

(where E′ is the base change of E to k) endowed with Gal(k/k)-action which we obtain by applying
Hom(Qp/Zp,−) to the base change of (85) to k. This corresponds to the 1-cocycle c̃ := Hom(Qp/Zp, c)
in

Z1(Gal(k/k),Hom(Hom(Qp/Zp,X′ ⊗Qp/Zp),Hom(Qp/Zp,G′[p∞]))

= Z1(Gal(k/k),Hom(X′ ⊗ Zp, lim←−
n

G′[pn])).

Then we see that we can obtain the exact sequence (80) of Dieudonné modules by applying −⊗Zp
W ′ to

the sequence (86), taking Gal(k/k)-invariants and then pushing it out by

(Hom(Qp/Zp,G′[p∞]et)⊗Zp
W ′)Gal(k/k) = Tcris(Pic0,red

X•
[p∞]et)→ Tcris(Pic0,red

X•
).

Next we study the exact sequence (81) in detail. It follows from the fact thatWΩ0
X

′
•/k

= WΩ0
X

′
•/k

(logD′
•)

(see the proof of Lemma 2.23, especially (50)) and (58) that we have a diagram of short exact sequences

(87) 0 // H1
ét(X

′
•,WΩ⩾1

X
′
•/k

)
� _

��

// H1
ét(X

′
•,WΩ⩾1

X
′
•/k

(logD′
•))

� _

��

// Div0
D•

(X
′
•)⊗W ′ // 0

0 // H1
cris(X

′
•/W

′) // H1
cris((X

′
•, X

′
•)/W ′) // Div0

D′
•
(X

′
•)⊗W ′ // 0,

where D′
• is the base change of D• to k. The maps of complexes F ′ : WΩ⩾1

X
′
•/k
→ WΩ⩾1

X
′
•/k

, F ′ :

WΩ⩾1

X
′
•/k

(logD′
•) → WΩ⩾1

X
′
•/k

(logD′
•) whose degree i parts are pi−1F induce the endomorphisms F ′ on

H1
ét(X

′
•,WΩ⩾1

X
′
•/k

) and on H1
ét(X

′
•,WΩ⩾1

X
′
•/k

(logD′
•)), and we can check by the proof of Proposition 2.22

that they induce the endomorphism F ′ on Div0
D′

•
(X

′
•) ⊗W ′ given by F ′ = 1 ⊗ F , where F denotes the

Witt vector Frobenius.
Take the kernels of 1− F ′ of the terms in the top horizontal line in (87). By the exact sequence (56)

and [30, II.Lem. 5.3], we have the exact sequence

0→ H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ H1
ét(X

′
•,WnΩ⩾1

X
′
•/k

)
1−F ′

→ H1
ét(X

′
•,WnΩ⩾1

X
′
•/k

)→ 0,

and so

Ker(1− F ′) = lim←−
n

H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)
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for the first term. For the third term, Ker(1 − F ′) = Div0
D′

•
(X

′
•) ⊗Z Zp. So, since the map 1 − F ′ is

surjective on H1
ét(X

′
•,WΩ⩾1

X
′
•/k

), we obtain the exact sequences

(88) 0→ lim←−
n

H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ Ker(1− F ′)→ Div0
D′

•
(X

′
•)⊗Z Zp → 0 (n ∈ N)

consisting of the kernels of 1− F ′. On the other hand, we have exact sequences

0→ O×
X

′
•
/(O×

X
′
•
)p

n dlog→ (j′•∗O×
X

′
•\D′

•
)/(j′•∗O×

X
′
•\D′

•
)p

n

→ a
(1)
•∗ (Z/pnZ)

D
(1)
•
→ 0 (n ∈ N)

(where j′• is the open immersion X
′
• \D′

• ↪→ X
′
•) and it induces the long exact sequences

0→ H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ H0
ét(X

′
•, (j

′
•∗O×

X
′
•\D′

•
)/(j′•∗O×

X
′
•\D′

•
)p

n

)

→ DivD′
•
(X

′
•)⊗Z Z/pnZ→ H1

ét(X
′
•,O×

X
′
•
/(O×

X
′
•
)p

n

) (n ∈ N).

Since the first term is equal to Ker(H1
ét(X

′
•,O×

X
′
•
)

pn

→ H1
ét(X

′
•,O×

X
′
•
)) = PicX′

•
(k)[pn], it is finite, and the

third term is obviously finite. Thus, by taking inverse limits, we obtain the exact sequence

0→ lim←−
n

H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ lim←−
n

H0
ét(X

′
•, (j

′
•∗O×

X
′
•\D′

•
)/(j′•∗O×

X
′
•\D′

•
)p

n

)

→ DivD′
•
(X

′
•)⊗Z Zp → lim←−

n

H1
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

).

The last map is identified with DivD′
•
(X

′
•)⊗ZZp → H2

fppf(X
′
•,Zp(1)), which factors through NS(X

′
•)⊗Z

Zp. Hence the above exact sequence induces the exact sequence

0→ lim←−
n

H0
ét(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ lim←−
n

H0
ét(X

′
•, (j

′
•∗O×

X
′
•\D′

•
)/(j′•∗O×

X
′
•\D′

•
)p

n

)(89)

→ Div0
D′

•
(X

′
•)⊗Z Zp → 0.

Because there exists the map

dlog : j′•∗O×
X

′
•\D′

•
/(j′•∗O×

X
′
•\D′

•
)p

n

→ Ker(1− F ′ : WnΩ1
X

′
•/k

(logD′
•))→WnΩ1

X
′
•/k

(logD′
•))),

we have the canonical map of exact sequences from (88) to (89) whose first and third terms are identity
and so the two exact sequences canonically coincide. Moreover, if we apply ⊗Zp

W ′ to (89), we obtain the
top horizontal arrow in (87): Indeed, the first and the third terms are the covariant Dieudonné modules
associated to certain étale p-divisible groups and for such modules, Ker(1− F ′)⊗Zp

W ′ is identical with
the original Dieudonné module. Then the isomorphism on the middle term follows from the five lemma.

By the description of the exact sequences (80) and (81) above, we see that, to prove their coincidence
in the category of Dieudonné modules, it suffices to prove the coincidence of (86) and (89) as exact
sequences endowed with Gal(k/k)-action, namely, it suffices to prove that the exact sequence (89) is also
constructed by the section induced by −ũ and the 1-cocycle

c̃ ∈ Z1(Gal(k/k),Hom(X′ ⊗ Zp, lim←−
n

G′[pn]))

= Z1(Gal(k/k),Hom(Div0
D′

•
(X

′
•)⊗ Zp, lim←−

n

Pic0,red
X

′
•

(k)[pn]))

= Z1(Gal(k/k),Hom(Div0
D′

•
(X

′
•)⊗ Zp, lim←−

n

PicX′
•
(k)[p∞]))

given by σ 7→ lim←−n
(−σ(ũ′n) + ũ′n), where ũ′n is the composite X′/pnX′ ∼= 1

pnX′/X′ ũn→ G′.

Before the calculation, we prepare several notations on Čech complexes. Take a split simplicial scheme

X
′′
• over X

′
• such that, for each n, X

′′
n is a disjoint union

∐
i∈In

Un,i of connected affine open subschemes

Un,i (i ∈ In) of X
′
n which covers X

′
•. (The existence of such a simplicial scheme follows from the proof

of [40, Lem. 6.1].) Concretely, for each map φ : [n]→ [m] of simplicial sets, we have a map of index sets



INTEGRAL p-ADIC COHOMOLOGY THEORIES 63

φ♯ : Im → In such that Um,i is sent to Un,φ♯(i) by φ∗ : X
′′
m → X

′′
n. If we denote the Čech hypercovering

of X
′′
n → X

′
n by X

′′
n•, then X

′′
•• forms a double simplicial scheme: Concretely, X

′′
nn′ is a disjoint union

⊔(i0,...,in′ )∈In′
n
Un,(i0,...,in′ ), where Un,(i0,...,in′ ) :=

⋂n′

j=0 Un,ij . Then the total complex Tot(Γ(X
′′
••,O×

X
′′
••

))

of the double complex Γ(X
′′
••,O×

X
′′
••

) is the Čech complex associated to X
′′
• with coefficient O×

X
′
•
. If we

take the first cohomology of this complex and take the direct limit over all the possible X
′′
• ’s, we obtain

the first cohomology H1(X
′
•,O×

X
′
•
). (We worked with the Zariski topology, but the above cohomology is

the same as the correponding étale cohomology.) We also note that we may assume each index set In
admits the action of Gal(k/k) which are compatible with the maps φ♯ : Im → In for any φ : [n] → [m].
(Replace In by In ×Gal(k/k) and add Galois conjugates of Un,i’s.)

A 1-cocycle of the complex Tot(Γ(X
′′
••,O×

X
′′
••

)) is given by the data (vij , wi′)i,j∈I0,i′∈I1 with vij ∈
Γ(U0,(i,j),O×), wi′ ∈ Γ(U1,i′ ,O×) which satisfy the compatibility conditions on U2,i′′ (i′′ ∈ I2), U1,(i′,j′)

(i′, j′ ∈ I1), U0,(i,j,l) (i, j, l ∈ I0) which we omit to write the details.

Now take C ∈ Div0
D′

•
(X

′
•): This is a divisor on X

′
0 with d∗1C = d∗0C, where di : X

′
1 → X

′
0 are the

projections, namely, the transition maps corresponding to e0 : [0] → [1]; 0 7→ 0, e1 : [0] → [1]; 0 7→ 1

respectively. Then we can take X
′′
• → X

′
• as above and tC,i ∈ Γ(U0,i, j

′
0∗O×

X
′
0\D′

0

) for i ∈ I0 such that

C ∩ U0,i = div(t−1
C,i) on U0,i. Then take sections vC,ij of O× on U0,(i,j) (i, j ∈ I0) and sections wC,i′ of

O× on U1,i′ (i′ ∈ I1) such that vC,ijtC,i = tC,j on U0,(i,j) and wC,i′d
∗
0tC,e♯0(i

′) = d∗1tC,e♯1(i
′) on U1,i′ . Note

that (vC,ij , wC,i′)i,j,i′ defines a 1-cocycle whose class in H1(X
′
•,O×

X
′
•
) = Pic(X

′
•)(k) is equal to −u(C)

(the class of −C).

Then we can take, after possibly taking a refinement of the morphism X
′′
• → X

′
• and adjusting

tC,i’s by a suitable coboundary, sections αC,ij of O× on U0,(i,j) (i, j ∈ I0) and sections βC,i′ of O× on

U1,i′ (i′ ∈ I1) such that αpn

C,ij = vC,ij , β
pn

C,i′ = wi′ and that (αC,ij , βC,i′)i,j,i′ induces the element −ũn(C)

in H1(X
′
•,O×

X
′
•
) = Pic(X

′
•)(k).

So we see that (tC,i)i∈I0 defines a well-defined element in H0(X
′
•, (j

′
•∗O×

X
′
•\D′

•
)/(j′•∗O×

X
′
•\D′

•
)p

n

) for

n ∈ N, and the maps C 7→ (tC,i)i for n ∈ N gives a (non-Galois-equivariant) section of the exact
sequence (89). Thus (89) is given by the 1-cocycle

σ 7→ (C 7→ (σ(tσ−1(C),σ−1(i))t
−1
C,i)i∈I0).

The image of (σ(tσ−1(C),σ−1(i))t
−1
C,i)i ∈ H0(X

′
•,O×

X
′
•
/(O×

X
′
•
)p

n

) by the connecting map

δ : H0(X
′
•,O×

X
′
•
/(O×

X
′
•
)p

n

)→ H1(X
′
•,O×

X
′
•
)

is computed as follows: first, by lifting sections σ(tσ−1(C),σ−1(i))t
−1
C,i of O×

X
′/(O×

X
′)p

n

to sections of O×
X

′

and applying the differential of Čech complex

d :
∏
i∈I0

Γ(U0,i,O×
X

′
0

)→
∏

i,j∈I0

Γ(U0,(i,j),O×
X

′
0

)×
∏
i′∈I1

Γ(U1,i′ ,O×
X

′
1

),

we obtain

(σ(tσ−1(C),σ−1(i))t
−1
C,i)

−1σ(tσ−1(C),σ−1(j))t
−1
C,j , d

∗
0(σ(tσ−1(C),σ−1(e♯0(i

′)))t
−1

C,e♯0(i
′)

)−1d∗1(σ(tσ−1(C),σ−1(e♯1(i
′)))t

−1

C,e♯1(i
′)

))i,j,i′

= ((σ(ασ−1(C),σ−1(i)σ−1(j))α
−1
C,ij , σ(βσ−1(C),σ−1(i′))β

−1
C,i′)i,j,i′)

pn

.

Then we see that the image of (σ(tσ−1(C),σ−1(i))t
−1
C,i)i by the connecting map δ is equal to

(σ(ασ−1(C),σ−1(i)σ−1(j))α
−1
C,ij , σ(βσ−1(C),σ−1(i′))β

−1
C,i′)i,j,i′ ,

namely, −σ(ũ′n(C))+ũ′n(C). Thus the exact sequence (89) is defined by the 1-cocycle σ 7→ lim←−n
(−σ(ũ′n)+

ũ′n), as required.
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Therefore, we obtained an isomorphism between the exact sequences (80), (81) of F -crystals. Even
if we start with another extension ũ of u, the 1-cocycle changes according to this change and so the
resulting isomorphism does not change. Thus the isomorphism we obtained is canonical and functorial.
So the proof of the theorem is finished. □

Appendix B. Homotopy categories of certain hypercoverings

In this appendix, we prove the cofilteredness of the homotopy category of certain diagrams involving
hypercoverings. The results in this section should be well-known, but we review them for the convenience
of the reader.

Throughout this section, let C be a category with finite direct sums, let τ be a pretopology on C and
denote the resulting site by Cτ . We call a morphism appearing in the pretopology τ a τ -morphism, and
call a morphism X ′ → X a τ -covering if the singleton {X ′ → X} is a covering of X with respect to τ .
Let moreover Cpf be a category which has the same objects as C, but morphisms restricted, such that the
following conditions are satisfied:

(a) if Z → X is a morphism in C and Y → X is a morphism in Cpf , then there exists a fibre product
Y ×C

X Z in C;
(b) any base change of a Cpf -morphism is a Cpf -morphism;
(c) if a Cpf -morphism f has a factorisation f = h ◦ g in C, such that h is a Cpf -morphism, then g is as

well;
(d) τ -morphisms are morphisms in Cpf .

Note that (a), (b) and (c) imply the following property:
(e) if both morphisms of (a) are in Cpf , then Y ×C

X Z → X is a fibre product in Cpf .
Indeed, by the base change property (b) the projections Y ×C

X Z → Y , Y ×C
X Z → Z are Cpf -morphisms.

Then, by (c) for any pair of Cpf -morphisms W → Y and W → Z over X the morphism W → Y ×C
X Z

induced by the universal property of the fibre product in C is also a Cpf -morphism by (c).
Finally, let C′ be a full subcategory of C closed under finite direct sums satisfying the following condi-

tion:

(∗): For any object A ∈ C, there exists a τ -covering A′ → A with A′ ∈ C′.

Lemma B.1. Let A be an object in C, and let A• → A,A′
• → A be hypercoverings in Cτ .

(i) The fibre product A• ×A A
′
• → A in the category of simplicial objects in C over A is also a hyper-

covering in Cτ .
(ii) If we are given two Cpf-morphisms α, β : A′

• → A• over A, there exists another hypercovering
A′′

• → A in Cτ and a Cpf-morphism γ : A′′
• → A′

• over A such that α ◦ γ and β ◦ γ are homotopic.

Proof. Because C and Cpf have the same objects and τ -morphisms are Cpf -morphisms by condition (d),
any hypercovering in Cτ is a hypercovering in Cpfτ , and we may work in Cpf which has fibre products by
conditions (a) and (e). Then, (i) is proven in [54, Tag 01GI] and (ii) is proven in [54, Tag 01GS]. □

Lemma B.2. Let A• → A be a hypercovering in Cτ . Then there exists a split hypercovering A′
• → A in

Cτ with each A′
i in C′ and a Cpf-morphism A′

• → A• over A.

Proof. Suppose that we have constructed an i-truncated split hypercovering A′
•⩽i → A in Cτ with each

A′
j (j ⩽ i) in C′ and a Cpf -morphism A′

•⩽i → A•⩽i over A. Consider the diagram

coski(A
′
•⩽i)i+1 → coski(A•⩽i)i+1 ← Ai+1

where both morphisms are Cpf -morphisms, let A′′′
i+1 be its fibre product in Cpf which exists by conditions

(a) and (e) and take a τ -covering A′′
i+1 → A′′′

i+1 with A′′
i+1 ∈ C′, which exists by the condition (∗).

Then, by the recipe in [48, Prop. 5.1.3], we can form from A′′
i+i an (i + 1)-truncated split hypercovering

A′
•⩽i+1 → A in Cτ with each A′

j (j ⩽ i + 1) in C′ and a Cpf -morphism A′
•⩽i+1 → A•⩽i+1 over A. (In

this step, we use the assumption that C′ is closed under finite direct sums.) By induction we obtain the
required assertion. □

https://stacks.math.columbia.edu/tag/01GI
https://stacks.math.columbia.edu/tag/01GS
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Proposition B.3. Let f : A′ → A be a morphism in C.
(i) For any split hypercovering A• → A in Cτ with each Ai in C′, there exists a split hypercovering

A′
• → A′ in Cτ with each A′

i in C′ and a morphism A′
• → A• over f .

(ii) If we are given split hypercoverings

Ai,• → A, A′
i,• → A′ (i = 1, 2)

in Cτ with each Ai,j , A
′
i,j in C′ endowed with morphisms fi : A′

i,• → Ai,• (i = 1, 2) over f , there
exist split hypercoverings

A3,• → A, A′
3,• → A′

in Cτ with each A3,j , A
′
3,j in C′ endowed with a morphism f3 : A′

3,• → A3,• over f , morphisms
gi : A3,• → Ai,• (i = 1, 2) over A and morphisms g′i : A′

3,• → A′
i,• (i = 1, 2) over A′ such that, for

i = 1, 2, fi ◦ g′i and gi ◦ f3 are homotopic.

(iii) If we are given split hypercoverings

Ai,• → A, A′
i,• → A′ (i = 1, 2)

in Cτ with each Ai,j , A
′
i,j in C′ endowed with morphisms fi : A′

i,• → Ai,• (i = 1, 2) over f and
morphisms

α, β : A2,• → A1,•, α′, β′ : A′
2,• → A′

1,•

such that f1 ◦ α′ and α ◦ f2 are homotopic and that f1 ◦ β′ and β ◦ f2 are homotopic, there exist
split hypercoverings

A3,• → A, A′
3,• → A′

in Cτ with each A3,j , A
′
3,j in C′ endowed with a morphism f3 : A′

3,• → A3,• over f , a morphism
γ : A3,• → A2,• over A and a morphism γ′ : A′

3,• → A′
2,• over A′ such that f2 ◦ γ′ and γ ◦ f3 are

homotopic, α ◦ γ and β ◦ γ are homotopic and α′ ◦ γ′ and β′ ◦ γ′ are homotopic.

Proof. First we prove (i). By Lemma B.2, there exists a split hypercovering A′
• → A′ in Cτ with each

A′
i in C′ and a Cpf -morphism A′

• → A′ ×A A• over A′. The hypercovering A′
• → A′ and the composite

A′
• → A′ ×A A• → A• satisfy the required properties.
Next we prove (ii). Let A3,• := A1,• ×A A2,•, A′

3,• := A′
1,• ×A′ A′

2,• which are by Lemma B.1 again

τ -hypercoverings and in particular (simplicial) fibre products in Cpf . Then we have natural morphisms

g
i

: A3,• → Ai,• (i = 1, 2), g′
i

: A′
3,• → A′

i,• (i = 1, 2), f
3

: A′
3,• → A3,•

where the first two are Cpf -morphisms (even τ -morphisms) with

(90) fi ◦ g′i = g
i
◦ f

3
(i = 1, 2).

Let f
3,A′ : A′

3,• → A′ ×A A3,• be the morphism of τ -hypercoverings over A′ induced by f
3
, which by

condition (c) is a Cpf -morphism.
By Lemma B.2, there exists a split hypercovering A3,• → A in Cτ with each A3,j in C′ and a Cpf -

morphism h : A3,• → A3,• over A. Put gi = g
i
◦ h for i = 1, 2, and let hA′ : A′ ×A A3,• → A′ ×A A3,• be

the base change of h, which is again a Cpf -morphism by condition (b).
Let A′′

3,• := A′
3,• ×A′ (A′ ×A A3,•) which is again a τ -hypercovering by Lemma B.1 and let

q : A′′
3,• → A′

3,•, r : A′′
3,• → A3,•, rA′ : A′′

3,• → A′ ×A A3,•

be projections where the first and the last are Cpf -morphisms. Then we have two Cpf -morphisms

f
3,A′ ◦ q, hA′ ◦ rA′ : A′′

3,• → A′ ×A A3,•.

By Lemma B.1 and Lemma B.2, there exists a split hypercovering A′
3,• → A′ in Cτ with each A′

3,j in C′

and a Cpf -morphism s : A′
3,• → A′′

3,• over A′ such that

f
3,A′ ◦ q ◦ s, hA′ ◦ rA′ ◦ s : A′

3,• → A′ ×A A3,•.
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are homotopic. Composing with the projection to A3,•, we see that

f
3
◦ q ◦ s, h ◦ r ◦ s : A′

3,• → A3,•.

are homotopic. Now we put

g′i := g′
i
◦ q ◦ s : A′

3,• → A′
i,• (i = 1, 2), f3 := r ◦ s : A′

3,• → A3,•.

Then, for i = 1, 2,

fi ◦ g′i = fi ◦ g′i ◦ q ◦ s
(90)
= g

i
◦ f

3
◦ q ◦ s

and

gi ◦ f3 = g
i
◦ h ◦ r ◦ s

are homotopic. So we have proved the required properties.
Finally we prove (iii). By Lemma B.1 and Lemma B.2, there exists a split hypercovering A3,• → A

in Cτ with each A3,j in C′ and a Cpf -morphism γ : A3,• → A2,• over A such that α ◦ γ and β ◦ γ are
homotopic. Also, by Lemma B.1, there exists a hypercovering A′

3.• → A′ in Cτ and a Cpf -morphism
γ′ : A′

3,• → A′
2,• such that α′ ◦ γ′ and β′ ◦ γ′ are homotopic.

Let A′′
3,• := A′

3,• ×A′ (A′ ×A A3,•) which is again a τ -hypercovering by Lemma B.1 and let

q : A′′
3,• → A′

3,•, r : A′′
3,• → A3,•, rA′ : A′′

3,• → A′ ×A A3,•

be projections where the first and the last are Cpf -morphisms. Then we have two Cpf -morphisms

f2,A′ ◦ γ′ ◦ q, γA′ ◦ rA′ : A′′
3,• → A′ ×A A2,•,

where f2,A′ : A′
2,• → A′ ×A A2,• is the morphism of τ -hypercoverings of A′ induced by f2 which by

condition (c) is a Cpf -morphism, and γA′ : A′ ×A A3,• → A′ ×A A2,• is the base change of γ which is
a Cpf -morphism by condition (b). By Lemma B.1 and Lemma B.2, there exists a split hypercovering
A′

3,• → A′ in Cτ with each A′
3,j in C′ and a Cpf -morphism s : A′

3,• → A′′
3,• over A′ such that

f2,A′ ◦ γ′ ◦ q ◦ s, γA′ ◦ rA′ ◦ s : A′
3,• → A′ ×A A2,•.

are homotopic. Composing with the projection to A2,•, we see that f2 ◦ γ′ ◦ q ◦ s, γ ◦ r ◦ s are homotopic.
If we put γ′ := γ′ ◦ q ◦ s : A′

3,• → A′
2,• and f3 := r ◦ s : A′

3,• → A3,•, f2 ◦γ and γ ◦ f3 are homotopic. Also,
since α′ ◦ γ′ and β′ ◦ γ′ are homotopic, we see that α′ ◦ γ′ and β′ ◦ γ′ are homotopic. So we are done. □

Definition B.4. We define the homotopy category of certain hypercoverings as follows:

(i) For A ∈ C, we define the category Ho{A•/A} as the one in which an object is a split hypercovering
A• → A in Cτ with each Ai in C′ and a morphism from A1,• → A to A2,• → A is a homotopy class
of morphisms A1,• → A2,• over A.

(ii) For a morphism f : A′ → A in C, we define the category Ho{f•/f} as the one in which an object is
a triple (A• → A,A′

• → A′, f•) consisting of split hypercoverings A• → A,A′
• → A′ in Cτ with each

Ai, A
′
i in C′ and a morphism f• : A′

• → A• over f , and a morphism from (A1,• → A,A′
1,• → A′, f1,•)

to (A2,• → A,A′
2,• → A′, f2,•) is a pair (g, g′) of homotopy classes of morphisms g : A1,• → A2,•,

g′ : A′
1,• → A′

2,• over A, A′ respectively such that f2,• ◦ g′ and g ◦ f1,• are homotopic.

Then Proposition B.3 immediately implies the following:

Corollary B.5. (i) With the notation in Definition B.4, the category Ho{A•/A}, Ho{f•/f} are
cofiltered.

(ii) For a morphism f : A′ → A in C, there exists a diagram of functors

Ho{A′
•/A

′} ← Ho{f•/f} → Ho{A•/A}

in which the first arrow (resp. the second arrow) sends f• : A′
• → A• to A′

• (resp. A•) and the
second arrow is surjective on the set of objects.
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Example B.6. In this example, we suppose Hypotheses 1.5, 1.7. We define the cdp-topology on Vargeok as
the one induced from the cdp-topology on Vark by the forgetful functor

ψ : Vargeok → Vark; (X,X) 7→ X,

and we denote the resulting site by Vargeok,cdp. Since Vark and Vargeok admit fibre products and the forgetful

functor ψ preserves fibre products, a family of morphisms {(Xi, Xi) → (X,X)}i is a cdp-covering in
Vargeok if and only if the family of morphisms {Xi → X}i is a cdp-covering in Vark ([57, Cor. 3.3]). We

prove that, if we put C = Cpf = Vargeok , τ to be the cdp-topology on Vargeok and C′ = Varnck , the condition

(∗) is satisfied: Indeed, for (X,X) ∈ Vargeok , Hypotheses 1.5, 1.7 imply the existence of strict birational

morphism f : (X ′, X
′
) → (X,X) such that (X ′, X

′
) ∈ Varnck . Let U ⊂ X be an open dense subset

on which f is an isomorphism, Y
′

= X \ U be its complement, Y := X ∩ Y ′
and let Y be the closure

of Y in Y
′
. Then (Y, Y ) ∈ Vargeok and (X ′, X

′
)
∐

(Y, Y ) → (X,X) is a cdp-covering. By Noetherian

induction, we may supppse the existence of a cdp-covering (Y ′, Y
′
)→ (Y, Y ) with (Y ′, Y

′
) ∈ Varnck , and

then (X ′, X
′
)
∐

(Y ′, Y
′
)→ (X,X) gives a required cdp-covering.

So the results in this section is applicable to the case C = Cpf = Vargeok , Cτ = Vargeok,cdp and C′ = Varnck .

Appendix C. A site of separable alterations

The goal of this appendix is to reframe the simplicial construction used in Section 2 within a setting
similar to the first section. To this end we consider a version of Gabber’s alteration site [44], [28, Def. 6.8].

Definition C.1. Let Domk be the category whose objects are k-varieties X, but whose morphisms are
the maximally dominant morphisms. Recall that a morphism of schemes is called maximally dominant
if it sends generic points of the source to generic points of the target.

Let moreover Domk,gf be the category whose objects are k-varieties X, and whose morphisms are the
generically finite maximally dominant morphisms. Here we say that a maximally dominant morphism
f : Y → X is generically finite if for every generic point η of Y the extension of residue fields k(η)/k(f(η))
is finite.

Lemma C.2. Let g : X ′ → X and f : Y → X be morphisms in Domk and assume that f is generically
finite. The fibre product X ′ ×Domk

X Y exists in Domk.

Proof. Let X ′ ×Domk

X Y be the union of the reduced irreducible components of the fibre product (X ′ ×X

Y )red in Vark (see § Conventions) which dominate an irreducible component of X.

We first show that the morphisms induced by the projections X ′×Domk

X Y → X ′ and X ′×Domk

X Y → Y

are maximally dominant. By definition, every generic point λ ∈ X ′×Domk

X Y is mapped to a generic point
ξ ∈ X. For this generic point ξ ∈ X, denote by gξ : X ′

ξ → ξ and fξ : Yξ → ξ the base change of g and f
along the morphism ξ → X in the category of reduced separated schemes. Now the morphisms gξ and
fξ are flat and the union of the reduced irreducible components of the fibre product (X ′

ξ ×ξ Yξ)red in

the category of reduced separated schemes is itself. But according to [44, Prop. 1.1.5] the base change
of a maximally dominant morphism along a flat morphism is again maximally dominant and hence in
particular the projections (X ′

ξ×ξYξ)red → X ′
ξ and (X ′

ξ×ξYξ)red → Yξ are maximally dominant. It follows

that the generic point λ ∈ X ′ ×Domk

X Y from before is mapped under the projections X ′ ×Domk

X Y → X ′

and X ′ ×Domk

X Y → Y to a generic point in X ′ and Y respectively above ξ. Hence those projections are
also maximally dominant.

Next we observe that if ξ ∈ X is a generic point with generic points ξ′ ∈ X ′ and η ∈ Y mapping to
it, then (ξ′ ×ξ η)red is a finite disjoint union of generic points. Indeed, by assumption on f , k(η)/k(ξ) is
a finite field extension and therefore (ξ′ ×ξ η)red =

⊔n
i=1 λi is a finite disjoint union of points. We have

to show that the λi are generic points. For j fixed, let λ̃j be a generic point of (X ′ ×X Y )red such that

λj ∈ {λ̃j}. As λj maps to ξ′ and η, the same is true for λ̃j . Therefore λ̃j ∈
⊔n

i=1 λi and hence λ̃j = λj .
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We use this to show that X ′ ×Domk

X Y satisfies the universal property of a fibre product in Domk. Let
Z ∈ Vark such that there is a commutative diagram

Z //

��

Y

��
X ′ // X

in Domk. By the universal property of fibre products in Vark, there is a unique morphism Z → (X ′ ×X

Y )red and we have to show that it factors through X ′ ×Domk

X Y in Domk. Let ζ ∈ Z be a generic
point, mapping to generic points ξ′ ∈ X ′ and η ∈ Y over a generic point ξ ∈ X. As we have seen,
(ξ′ ×ξ η)red =

⊔n
i=1 λi is a finite disjoint union of generic points, and thus ζ maps to one of the λi under

Z → (X ′ ×X Y )red. Consequently, the image of Z is contained in X ′ ×Domk

X Y . □

Example C.3. Note that general fibre products do not exist in Domk. As a counter example, consider
X = Spec(k), X ′ = Spec(k[x]) = A1

k = Y = Spec(k[y]). Then clearly X ′ → X and Y → X are maximally
dominant, but k(x)/k and k(y)/k are not finite.

We first observe that the usual fibre product X ′ ×X Y = Spec(k[x, y]) = A2
k (which coincides with

the definition from Lemma C.2 because the projections are maximally dominant) does not give a fibre
product in Domk. Indeed, let Z = Spec(k[z]) = A1

k with morphisms Z → Y, y 7→ z and Z → X ′, x 7→ z be
given. Then the morphism Z → X ′ ×X Y induced by the universal property is the diagonal morphism,
which is not maximally dominant, and hence X ′ ×X Y does not satisfy the universal property of fibre
products in Domk.

On can even show that in Domk a fibre product does not exist. Assume now that there exists a fibre
product M of X ′ → X and Y → X in Domk. Then by the universal property of the usual fibre product
we have a commutative diagram

M

�� ��

��
X ′ ×X Y = A2

k

''ww
X ′ = A1

k

''

Y = A1
k

ww
X = Spec(k)

We can find infinitely many curves C in X ′ ×X Y over k with the projections C → X ′ and C → Y
maximally dominant. On the one hand the universal property M in Domk induces a maximally dominant
morphism C → M which in particular maps the generic point of C to a generic point of M . On the
other hand the universal property of X ′ ×X Y in Vark induce the canonical inclusion C ↪→ X ′ ×X Y
which factors through the morphism C → M . Consequently, the map M → X ′ ×X Y maps the generic
point of M corresponding to C to the generic point of C inside X ′ ×X Y . Varying C, we see that the
image of the generic points of M under the morphism M → X ′ ×X Y contains infinitely many points of
transcendental degree 1. This contradicts the fact that M has only finitely many generic points.

Lemma C.4. Let g : X ′ → X and f : Y → X be morphisms in Domk. Assume in addition that for
every generic point ξ of Y , the extension of residue fields k(ξ)/k(f(ξ)) is finite (respectively finite and

separable). Then the morphism f ′ : Y ′ = Y ×Domk

X X ′ → X ′ satisfies the same property.

Proof. Let η′ ∈ Y ′ be a generic point. Its images η in Y , f ′(η′) in X ′, g (f(η′)) = f(η) in X are generic
points, because all morphisms in sight are maximally dominant by hypothesis. The situation is illustrated



INTEGRAL p-ADIC COHOMOLOGY THEORIES 69

by the diagram of field extensions

k(η′) k(η)? _oo

k (f ′(η′))
� ?

OO

k (f(η))? _oo
� ?

OO

where the extension k(η)/k (f(η)) is finite (respectively finite and separable), the extension k (f ′(η′)) /k (f(η))
is arbitrary and k(η′) = k(η)k (f ′(η′)). So we see that k(η′)/k (f ′(η′)) is also finite (respectively finite
and separable). □

Lemma C.5. Let f : Y → X be a morphism in Domk. The following conditions are equivalent:

(i) For every generic point ξ of Y , the extension of residue fields k(ξ)/k (f(ξ)) is finite and separable.

(ii) The morphism f is generically étale, i.e. there is a dense open subset U ⊂ X over which f is étale.

Proof. The equivalence follows from [54, Tag 02GU]. Note, in particular, the equivalence between (6) and
(9) in loc. cit. □

Definition C.6. We call the topology on Domk generated by generically étale proper morphisms the
s-alt-topology and we denote the resulting site by Domk,s-alt.

Corollary C.7. The triple (C := Domk, Cτ := Domk,s-alt, Cpf := Domk,gf) satisfies the properties (a)–(e)
of Appendix B.

Proof. This follows from Lemmas C.2, C.4 and by definition. □

Definition C.8. Let Domgeo
k (resp.Domnc

k )) be the category of geometric pairs (resp. normal crossing
pairs), with morphisms (π, π) such that π is maximally dominant.

Let Domgeo
k,gf (resp.Domnc

k,gf)) be the category of geometric pairs (resp. normal crossing pairs), with

morphisms (π, π) such that π is maximally dominant and generically finite.

Definition C.9. We call the topology on Domgeo
k induced from Domk,s-alt by the forgetful functor

ψ : Domgeo
k → Domk, (X,X) 7→ X

the s-alt-topology on Domgeo
k and we denote the resulting site by Domgeo

k,s-alt.

Corollary C.10. The triple (C := Domgeo
k , Cτ := Domgeo

k,s-alt, Cfp := Domgeo
k,gf) satisfies the properties

(a)–(e) of Appendix B.

Proof. This follows from Corollary C.7 and the argument in Remark 1.2. □

Since Domk and Domgeo
k admit fibre products if one of the morphisms is an s-alt-morphism and the

forgetful functor ψ preserves fibre products, a family of morphisms {(Xi, Xi) → (X,X)}i is an s-alt-
covering in Domgeo

k if and only if the family of morphisms {Xi → X}i is an s-alt-covering in Domk ([57,
Cor. 3.3]).

Remark C.11. (i) Recall that an alteration is a surjective generically finite proper morphism. There-
fore the covering morphisms in the s-alt-topology are exactly the generically étale alterations.

(ii) A diagram (30) with the assumption in Question 2.2 is nothing but a split hypercovering (X•, X•)→
(X,X) in Domgeo

k,s-alt such that each (Xi, Xi) belongs to Domnc
k .

Corollary C.12. The assumptions and the condition (∗) in Appendix B are satisfied for Cτ = Domgeo
k,s-alt

and C′ = Domnc
k .

Proof. By de Jong’s alteration theorem, for any object (X,X) in Domgeo
k , there exists an s-alt-covering

(X ′, X
′
) → (X,X) with (X ′, X

′
) ∈ Domnc

k . From this fact and the results in this appendix up to here,
we obtain the corollary. □

https://stacks.math.columbia.edu/tag/02GU
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Thus, for (X,X) ∈ Domgeo
k , if we define the category Ho{(X•, X•)/(X,X)} as in Definition B.4, it is

cofiltered by Corollary B.5. Hence, for a fixed (X,X), the inductive system{
Hi

cris((X•, X•)/W (k))
}
(X•,X•)∈Ho{(X•,X•)/(X,X)}

is filtered and so the colimit lim−→(X•,X•)∈Ho{(X•,X•)/(X,X)}H
i
cris((X•, X•)/W (k)) is defined. Also, for a

morphism f : (X ′, X
′
) → (X,X) in Domgeo

k , if we define the category Ho{f•/f} as in Definition B.4, it
is cofiltered by Corollary B.5 and we have a diagram of projections

Ho{(X ′
•, X

′
•)/(X ′, X

′
)} ← Ho{f•/f} → Ho{(X•, X•)/(X,X)}

with the second arrow surjective on the set of objects. This diagram induces a morphism between colimits

lim−→
(X•,X•)∈Ho{(X•,X•)/(X,X)}

Hi
cris((X•, X•)/W (k))→ lim−→

(X′
•,X

′
•)∈Ho{(X′

•,X
′
•)/(X

′,X
′
)}

Hi
cris((X

′
•, X

′
•)/W (k)).

Next, for X ∈ Domk, denote by {(X,X)/X}geo the category of geometric pairs (X,X) extending X.
Then it is easy to see that this category is cofiltered (cf. Lemma 1.28) and so the colimit

lim−→
(X,X)∈{(X,X)/X}geo

lim−→
(X•,X•)∈Ho{(X•,X•)/(X,X)}

Hi
cris((X•, X•)/W (k))

is defined. Also, for a morphism f : X ′ → X in Domk, denote by {f/f}geo the category of morphisms of

geometric pairs (X ′, X
′
)→ (X,X) extending f . It is easy to see that this category is also cofiltered and

that there exists a diagram of projections

{(X ′, X
′
)/X}geo ← {f/f}geo → {(X,X)/X}geo

where the second arrow is surjective on the set of objects (cf. Proposition 1.39). This diagram induces a
morphism

lim−→
(X,X)∈{(X,X)/X}geo

lim−→
(X•,X•)∈Ho{(X•,X•)/(X,X)}

Hi
cris((X•, X•)/W (k))

→ lim−→
(X′,X

′
)∈{(X′,X

′
)/X′}geo

lim−→
(X′

•,X
′
•)∈Ho{(X′

•,X
′
•)/(X

′,X
′
)}

Hi
cris((X

′
•, X

′
•)/W (k)).

Therefore, we can make the following definition.

Definition C.13. For i = 0, 1, we define the cohomology theory X 7→ Hi
s-alt(X) on Domk by

(91) Hi
s-alt(X) := lim−→

(X,X)∈{(X,X)/X}geo

lim−→
(X•,X•)∈Ho{(X•,X•)/(X,X)}

Hi
cris((X•, X•)/W (k)).

The following is the reformulation of the results in Section 2.

Theorem C.14. For i = 0, 1, the inductive system on the right hand side of (91) is constant.

Proof. Theorems 2.3, 2.5 imply that the inductive system on the right hand side of (91) is constant with

respect to Ho{(X•, X•)/(X,X)}. Note also that, for a morphism (X,X
′
) → (X,X) in Domgeo

k and an

object (Y•, Y •) → (X,X
′
) in Ho{(X•, X•)/(X,X

′
)}, the composition (Y•, Y •) → (X,X

′
) → (X,X) is

an object in Ho{(X•, X•)/(X,X)}. This fact and Theorems 2.3, 2.5 imply that the inductive system on
the right hand side of (91) is constant also with respect to {(X,X)/X}geo. □

Corollary C.15. (i) For any X ∈ Domk, H
i
s-alt(X) (i = 0, 1) are finitely generated over W (k).

(ii) For any (X,X) ∈ Domnc
k , there exist functorial isomorphisms

Hi
s-alt(X) ∼= Hi

cris((X,X)/W (k)) (i = 0, 1).

(iii) For any X ∈ Domk, there exist functorial isomorphisms

Hi
s-alt(X)⊗Z Q ∼= Hi

rig(X/K) (i = 0, 1).
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Proof. Since any member in the colimit on the right hand side of (91) is finitely generated over W (k), (i)
follows from Theorem C.14. Noting the functoriality of Hi

s-alt(X) with respect to X ∈ Domk, we see that

(ii) follows also from Theorem C.14. (iii) follows from the canonical isomorphismH∗
cris((X•, X•)/W (k))⊗Z

Q ∼= H∗
rig(X/K) in [40, Cor. 11.7 1)]. □
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[56] T.Tsuji, Poincaré Duality for Logarithmic Crystalline Cohomology, Compos.Math118 (1999), 11–41.
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