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ABSTRACT. For open and singular varieties in positive characteristic p we study the existence of an
integral p-adic cohomology theory which is finitely generated, compatible with log crystalline cohomology
and rationally compatible with rigid cohomology. We develop such a theory under certain assumptions
of resolution of singularities in positive characteristic, by using cdp- and cdh-topologies.

Without resolution of singularities in positive characteristic, we prove the existence of a good p-adic
cohomology theory for open and singular varieties in cohomological degree 1, by using split proper gen-
erically étale hypercoverings. This is a slight generalisation of a result due to Andreatta—Barbieri-Viale.
We also prove that this approach does not work for higher cohomological degrees.
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The famous Weil conjectures can be seen as a starting point for the study of p-adic cohomology theories.
Already Weil has suggested to use a suitable cohomology theory to solve these conjectures for proper and
smooth varieties over a field k of characteristic p. For [ # p, this has long been solved by Grothendieck’s
school using l-adic cohomology. The desire to fill the gap for [ = p motivates the search for a “good”
p-adic cohomology theory.
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In the following, let k be a perfect field of positive characteristic p, W (k) its ring of Witt vectors, and
K the fraction field of W (k). The first candidate for such a theory was defined by Berthelot [6] after
a suggestion due to Grothendieck in the form of crystalline cohomology HZ ., (X/W(k)). A drawback
of crystalline cohomology is that it works well only for proper and smooth schemes — for singular or
non-proper schemes, the crystalline cohomology groups are not necessarily finitely generated over W (k).
In this case rigid cohomology HY, (X/K) introduced by Berthelot [8], [9] has become an important tool.
However, rigid cohomology has coefficients in the fraction field K of W (k) and hence it is not an integral
cohomology theory.

For a smooth variety X over k, Davis-Langer—Zink [16] introduced the overconvergent de Rham-—
Witt complex WTQ;( as a certain subcomplex of Illusie’s de Rham-Witt complex WQ5 (a complex
of étale sheaves whose cohomology is isomorphic to the crystalline cohomology [30]) and they [16] and
Lawless [33] proved that its rational cohomology H* (X, WTQX) ®z Q is isomorphic to the rigid cohomo-
logy Hjig(X /K). While it is well-known that the integral overconvergent de Rham-Witt cohomology
H*(X, WTQX) can have infinitely generated torsion, one might still hope that modulo torsion, it gives a
finitely generated W (k)-lattice in Hy, (X/K). But in [20] the first two authors have produced counter-
examples to this assertion as well.

In this paper, we would like to ask the question under which conditions one can expect the existence
of a “good” cohomology theory with coefficients in W (k) for varieties X over k. The basic requirements
for “goodness” should include that the cohomology groups are finitely generated over W (k), that they
coincide with (log) crystalline cohomology for (log) smooth and proper varieties, and that they are
rationally isomorphic to rigid cohomology.

In the first part of this paper, we construct under certain assumptions of resolution of singularities in
positive characteristic (Hypotheses 1.5, 1.7, 1.8 and 1.9) a cohomology theory on the category Vary of
k-varieties

chdh(Xa aﬁdhA'), X € Varg

and show that it provides a “good” integral p-adic cohomology theory in the following sense:

Theorem. (Corollary 1.45, Theorems 1.48, 1.49) The cohomology theory RT can(—, alq,A°) satisfies the
following conditions:

(i) For any X € Vary, the cohomology groups of R can(X, a’y, A*) are finitely generated over W (k).
(i) If X has a normal crossing compactification (see Definitions 1.27, 1.1 for definition) by a proper
smooth variety X and we denote by (X, X) the log scheme whose underlying scheme is X endowed
with the log structure associated to “the divisor at infinity” X \ X there exists a functorial quasi-
isomorphism
RTcan (X, alqnA°) ~ Rleis((X, X) /W (k)),
where RTis((X, X)/W (k)) denotes the log crystalline cohomology complez.
(i4i) For any X € Vary, there exists a functorial quasi-isomorphism
RT can(X, algnA®) ®z Q ~ Rl (X/K),
where RTix(X/K) denotes the rigid cohomology complez.

Remark. A recent article by Merici [35] proposes a motivic approach to the same question, obtaining a
cohomology theory that agrees with the one presented in this paper. His approach allows to weaken some
of the hypotheses on resolution of singularities, and to deduce some of the properties of the cohomology
theory like the Kiinneth formula purely formally. This showcases nicely the interplay between explicit
and more formal approaches.

The idea of the construction is as follows: Let us first recall that the log crystalline cohomology provides
a candidate for a good p-adic cohomology on a smooth k-variety X if X admits a normal crossing com-
pactification X. In the first step, we prove — under assumption of resolution of singularities — that the log
crystalline cohomology of a smooth k-variety does not depend upon the choice of a normal crossing com-
pactification. In the second step, we use — again assuming resolution of singularities — cdh-sheafification
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to extend this to a cohomology theory on all k-varieties. Finally, we prove descent statements, which
allow us to compare our new cohomology theory to the existing theories. This construction generalises
an approach considered by Mokrane for smooth open varieties in [38].

Since the existence of resolution of singularities has not been established in full generality in positive
characteristic, one might have the idea to use de Jong’s alteration theorem [18] instead. Unlike resolutions,
alterations are not coverings in the cdh-topology, but in the proper topology. In the second part of the
paper, we study the question whether RT.;is((Xe, Xo)/W (k)), for a given variety X, is independent of
the choice of a split proper generically étale hypercovering X, of X with normal crossing compactification
X,. It turns out that this is not the case in general. We have the following theorem:

Theorem. (Theorem 2.5, Proposition 2.24, Corollary 2.28) Let X be a k-variety, let X be its com-
pactification and let Xo be a split proper generically étale hypercovering of X with a normal crossing
compactification Xo by a proper and smooth simplicial k-variety over X.

(i) Fori= 0,1 the cohomology group H: . .((Xe,Xe)/W(k)) is independent of the choice of (X, Xe).

(ii) For i > 2 the cohomology group H! . ((X., Xe)/W (k)) is not in general independent of the choice

Of (X., Y.) ‘ cris

The first statement has been shown by Andreatta—Barbieri-Viale for p > 3 in [3]. We give an alternative
proof which also works in characteristic 2. Moreover, our argument to prove the assertion (ii) for i = 2
implies that there does not exist a functor

Al s Smy, — CZO(W (k)),

where Smy, denotes the category of smooth k-varieties and CZ°(W (k)) denotes the category of complexes
of W (k)-modules of non-negative degree, which provides a “good” integral p-adic cohomology theory in
the following sense (see Remark 2.25):

(i) For any smooth k-variety X with a normal crossing compactification X by a proper and smooth
k-variety, there exists a functorial quasi-isomorphism

Al (X) ~ RTais (X, X) /W ().

(ii) It satisfies Galois descent in the sense that, for any Cech hypercovering X, — X associated to a
finite étale Galois covering Xy — X, the induced morphism

AL (X) — A% (Xe)
is a quasi-isomorphism.

This is compatible with the non-existence result of Abe and Crew in [1], which says that there is no
integral p-adic cohomology theory which is finitely generated, coincides rationally with rigid cohomology
and satisfies finite étale descent.

Acknowledgements. We would like to thank Shane Kelly, Wiestawa Niziol and Alexander Schmidt for
helpful discussions related to this project. We are also very grateful to Aise Johan de Jong for his
suggestions concerning several properties of our cohomology theory. The first named author would like
to thank the Isaac Newton Institute for Mathematical Sciences for support and hospitality during the
programme “K-theory, algebraic cycles and motivic homotopy theory” when work on this paper was
undertaken.

Conventions. Throughout the paper, p is a fixed prime, k is a perfect field of characteristic p, W (k) is
the ring of Witt vectors of k and K = Frac(W (k)) is the fraction field of W (k). By a variety over k or
a k-variety we mean a reduced separated scheme of finite type over k. We denote by Vary the category
of varieties over k, and by Smy the category of smooth varieties over k. Note that finite limits exist in
Varg: The limit of a finite diagram {X;}; in Vary is given by (Ian Xi)red, Where @Z X, is the limit of
the diagram {X;}; in the category of schemes over k and (—);.qa denotes the maximal reduced closed
subscheme. On the other hand, finite limits do not always exist in Smy,.
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1. CONSTRUCTION UNDER ASSUMPTION OF RESOLUTION OF SINGULARITIES

Let X be a smooth variety over k. When studying finiteness properties it is common to consider com-
pactifications of X. While by Nagata’s compactification theorem every smooth k-variety has a compacti-
fication (i.e., a quasi-compact open immersion into a proper k-variety), it might be a rather complicated
one. However, under the assumption of resolution of singularities, it is possible to reduce to the case of
normal crossing compactifications.

1.1. Assumptions concerning resolution of singularities. In this section, we will assume resolution
of singularities in positive characteristic. To make this notion precise we first introduce some notations
and terminology which streamline the discussion about compactifications.

Definition 1.1. A geometric pair is a pair (X, X) of k-varieties such that X is proper and equipped
with an open immersion X < X with dense image. A geometric pair is a normal crossing pair (or an
ne-pair for short) if X is proper smooth and X\ X is a simple normal crossing divisor in X.

A morphism of geometric pairs f : (X1, X;) — (X2, X2) is a morphism of k-varieties f : X1 — X,
such that f(X;) C X3. A morphism of normal crossing pairs is a morphism of geometric pairs.

Denote by Var{® and Vary“ the categories of geometric and normal crossing pairs respectively.

Beware that, when we say that (X, X) is a normal crossing pair, we always assume that the complement
X \ X is a simple normal crossing divisor.

Remark 1.2. Note that finite limits exist in Var{“’: The limit of a finite diagram {(X;, X;)}; in Var{®
is given by (I&nl X, (l&ll X)), where fm, X;, Jim, X; are the limits of the diagrams {X;};, {X;}; in
the category Varj respectively and Qinl X;) is the closure of limi X; in @Z X, with reduced closed
subscheme structure. On the other hand, finite limits do not always exist in Vary°.

Definition 1.3. Let X be a smooth k-variety, D a simple normal crossing divisor in X and Z a smooth

closed k-subvariety of X. We say that Z has normal crossing with D if, Zariski locally on X, there exists
an étale morphism

X — Speck[r1, ..., Zaye v s Thyeny Teyenvy T,
for some 0 < a < b < ¢ < d such that
Z={x1=--=x,=0},

D ={x1z9 - xqxpy1 -z, = 0}.
Definition 1.4. (i) A morphism of geometric pairs f : (X1,X;) — (Xo,X5) is called strict if

fH(X2) = X1

(ii) A morphism of geometric pairs f :7(X1,Y1) — (X9, X2) is called birational, if the underlying
morphism of k-varieties f : X1 — Xo is birational. Thegorphﬁm [ (X, X)) = (Xo,Xo) is
called a closed immersion, if the underlying morphism f : X; — X5 is a closed immersion.

(iii) A weak factorisation (compare [2, §1.2]) of a strict birational morphism f : (X1, X1) — (X2, X2)
of normal crossing pairs which is an isomorphism on X5 is a diagram of rational maps

~ 54 fi 4 f2 4 i 54 ~
(leXl) - (‘/OaVO) - — > (Vlavl) — = Fee - = > (wflavlfl) - l > (‘/lvvl) - (X23X2)

such that

(a) the composition fjo fi_10---0 fao f1 gives f;

(b) for i € {0,...,1 — 1} the maps (V;,V;) - — = (X2, X2) are strict morphisms and induce iso-
morphisms on Xs;

(c) for every i € {1,...,l} either f; or f[l is a blow-up along a smooth centre Z; which is a
subscheme of V; or V;_; respectively disjoint from (the inverse image of) Xo;

(d) for each i € {1,...,1} the subscheme Z; of V; or V;_; respectively has normal crossing with
the normal crossing divisor V;\V; or V;_1\V;_1 respectively.
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Conceptually, normal crossing pairs are to geometric pairs what smooth varieties are to varieties. In
this section we assume resolution of singularities for both situations. We will indicate clearly where each
of the hypotheses is needed.

Hypothesis 1.5 (Strong resolution of singularities).

(i) For any k-variety X there exists a proper birational morphism f : X/ — X from a smooth k-variety
X'’ which is an isomorphism on the smooth locus X, of X.

(ii) For every proper birational morphism f : X’ — X of smooth k-varieties, there is a sequence of
birational blow-ups along smooth centres X,, — X,,_1 — --- — X7 — X such that the composition
X, — X factors through f.

Remark 1.6. Note that it would have been sufficient to assume strong resolution of singularities for
irreducible varieties, i.e., integral schemes. Then one obtains a resolution for an arbitrary variety as the
disjoint union of resolutions of its irreducible components.

Hypothesis 1.7 (Embedded resolution of singularities). For any geometric pair (X, X) with X smooth,

there exists a strict birational morphism f : (X, Y’) — (X, X) from a normal crossing pair (X ,X') which
is an isomorphism on X.

Additionally, we will need stronger assumptions concerning certain morphisms of geometric and normal
crossing pairs.

Hypothesis 1.8 (Embedﬁled resolution of singularities with botgldary). For any strict closed immersion
of geometric pairs (YY) — (X, X) with Y smooth and (X, X) a normal crossing pair there exists a
commutative diagram

V,Y)— (X, X))

L

YV.Y)— (X, X)

such that (Y, ?I) and (X, Y/) are normal crossing pairs, the horizontal morphisms are strict closed
immersions, the vertical morphisms are strict birational morphisms which are isomorphisms outside
Y \Y, and Y’ has normal crossing with X \ X. (Compare [11, Thm. 1.4].)

Hypothesis 1.9 (Weak factorisation). For any strict birational morphism (X X)) = (X ,X) of normal
crossing pairs which is an isomorphism on X, there exists a weak factorisation of it.

Remark 1.10. Currently, Hypothesis 1.5(i) is known in the case of dimension < 3 ([12], [13]) and Hy-
potheses 1.5(ii), 1.7, 1.8, 1.9 are known in the case of dimension < 2. (For Hypothesis 1.8, see [11,
Thm. 1.4].) Tt is proven in [2] that Hypothesis 1.9 holds if a certain hypothesis on usual and embedded
resolutions stronger than Hypotheses 1.5 and 1.7 is true.

1.2. The cdp- and cdh-topology on k-varieties. In this subsection we will consider the completely
decomposed proper topology (also called the cdp-topology) and the cdh-topology on the category Varyg
of k-varieties and the category Smy of smooth k-varieties. We prove that, under Hypothesis 1.5, the cdp-
topology (resp. the cdh-topology) on Smy is generated by blow-ups with smooth centre (resp. blow-ups
with smooth centre and Nisnevich coverings).

Recall that a cd-structure on a small category C with initial object @ is a class Q of commutative

squares
B
A

—_

k<

(1)

P
i)

€
R

b
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which is closed under isomorphisms [58, Def.2.1]. For a family Q, (i € I) of cd-structures on C, the

topology generated by Q; (i € I) is defined to be the topology generated by the coverings {A % XY LN
X} for commutative squares (1) in some Q; and the empty covering of the initial object 0.

Definition 1.11. We consider the following cd-structures on Vary:

(i) The blow-up cd-structure on Vary, consists of Cartesian squares of the form

Z/(H X/

| b

AN X,
where e is a closed immersion and p is a proper morphism which is an isomorphism over X \ e(Z).

(ii) The Nisnevich cd-structure on Vary consists of Cartesian squares of the form

}//CH X/

L b

ye ¢ X,

where e is an open immersion and p is an étale morphism such that the morphism p~!(X \ e(Y)) —
X\ e(Y) (with reduced closed subscheme structure) induced by p is an isomorphism.

These cd-structures and their properties have been studied by Voevodsky in [59, 58]. Note that our
blow-up cd-structure is called lower cd-structure in [59], while the Nisnevich cd-structure is also called
upper cd-structure in [59]. In [59] Voevodsky has proven the following;:

Theorem 1.12 ([59, Thm. 2.2]). The blow-up cd-structure and the Nisnevich cd-structure on Vary are
complete, reqular and bounded. (For definitions of these terms, see [58, Def. 2.3, 2.10, 2.22].)

Using the above cd-structures we define the cdp-topology, the Nisnevich topology and the cdh-topology
on Vary:

Definition 1.13. The cdp-topology on Vary is the topology generated by the blow-up cd-structure on
Varg. The Nisnevich topology on Vary is the topology generated by the Nisnevich cd-structure. The cdh-
topology on Vary, is the topology generated by the blow-up cd-structure and the Nisnevich cd-structure.

We denote by Vary cqp and Vary cqn the sites obtained from the category of k-varieties endowed with
the cdp- and cdh-topology respectively.

Let us observe that the morphism

e 1 Z X =X
[» 211

induced by a blow-up square in Definition 1.11(i) is a completely decomposed proper morphism in the
usual sense:

Definition 1.14. A morphism p: Y — X in Varg is a completely decomposed proper morphism if it is
proper and for all z € X there is a point y € p~'({z}) C Y such that the induced morphism on residue
fields x(x) — k(y) is an isomorphism.

Conversely, the following lemma shows that every completely decomposed proper morphism is a cov-
ering in the cdp-topology:

Lemma 1.15 (cf. [53, Lem. 5.8]). The topology T on Vary, generated by the families of morphisms { f;: X; —
X}ier with I finite and [, fi: 11, Xi = X a completely decomposed proper morphism coincides with the
cdp-topology on Vary. In particular, every completely decomposed proper morphism in Varg is a covering
in the cdp-topology on Vary.
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Proof. The observation before Definition 1.14 implies that 7 is finer than the cdp-topology. To prove the
converse, take a 7-covering {f;: X; — X }ier as in the statement of the lemma, and we will prove that
it is a cdp-covering. By Noetherian induction, we may assume that, for any proper closed subvariety
T C X, the pullback of the family to T is a cdp-covering. Note also that, for a covering X = I Y; of
X by a finite number of closed subvarieties, the family {Y; — X};c; is a cdp-covering: Indeed, we can
reduce to the case J = {1,2} and in this case, the square

Y10Y24>Y1

L

Yo X

is a blow-up square. From these, we may assume that X is integral to prove the claim.

Let € be the generic point of X. Then there exists an index ¢ € I and a point &' € X; over £ such
that the the induced morphism k(§) — x(¢’) is an isomorphism. Then, if we define Y to be the closure
of & in X, fily : Y — X is a proper birational morphism. Let T'C X be the locus where f;|y is not an
isomorphism. Then {Y — X, T — X} is a cdp-covering. The pullback of the family {f;: X; — X}ier
to Y is a cdp-covering because the pullback of the morphism X; — X to Y admits a section. Also, the
pullback of the family {f;: X; — X };er to T is a cdp-covering by induction hypothesis. Thus the family
{fi: X; = X}ier is a cdp-covering locally in the cdp-topology and hence it is a cdp-covering. O

From now on we use the terms cdp-morphism and completely decomposed proper morphism inter-
changeably.
Next we recall the analogue of Lemma 1.15 for the Nisnevich topology, which is more or less well-known.

The morphism
e[[p: Y][X =X
induced by a Nisnevich square in Definition 1.11(ii) is a Nisnevich morphism in the usual sense:

Definition 1.16. A morphism p: Y — X in Vary is a Nisnevich morphism if it is étale and for all x € X
there is a point y € p~1({z}) C Y such that the induced morphism on residue fields x(z) — x(y) is an
isomorphism.

Lemma 1.17 (cf. [39, §3 Prop.1.4]). The topology T on Vary generated by the families of morphisms
{fi: Xi = X}ier with I finite and [, fi: 11, Xi = X a Nisnevich morphism coincides with the Nisnevich
topology on Vary. In particular, every Nisnevich morphism in Vary is a covering in the Nisnevich topology
on Vary,.

Proof. The observation before Definition 1.16 implies that 7 is finer than the Nisnevich topology. To
prove the converse, take a 7-covering {f;: X; — X };ecs as in the statement of the lemma. Following [39,
p. 97], we call a sequence of closed subvarieties of the form

®:Zn+1anggZOZX

a splitting sequence of length n if the morphism ([, fi)~*(Z;\ Z;41) — Z; \ Z;4+1 induced by ][, f; splits
for any 0 < j < n. By [39, §3 Lem. 1.5], any 7-covering admits a splitting sequence. We prove that the
above 7-covering is a covering in the Nisnevich topology on Var; by induction on the minimal length n
of its splitting sequence.

If n = 0, the morphism [], f; splits and so it is a a covering in the Nisnevich topology on Vary.
If n > 0, choose a splitting s of the morphism ([[; f;)"'(Z,) — Z,. Since [[, fi is étale, we have
(1L fi)"*(Z,) = Ims ][ C for some closed subvariety C of [[, X;. Let Y = X \ Z,, X' = ([[, Xi) \ C,
Y’ =Y xx X’'. Then the square
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(where the vertical arrows are induced by [, f; and horizontal arrows are canonical open immersions) is
a Nisnevich square. Since the pullback of the T-covering {f;: X; — X };cr to Y has a splitting sequence
of length n — 1, it is a covering in the Nisnevich topology on Vary by the induction hypothesis. Also, the
pullback of the 7-covering {f;: X; = X}ic; to X’ has a refinement of the form {X;\ C — [[,(X;\C) =
X'}ier, which is easily seen to be a covering in the Nisnevich topology on Varg. Hence {f;: X; — X}
is a covering in the Nisnevich topology on Varg, as required. ([

Next we will prove the analogue of Lemma 1.15 for the cdh-topology.

Lemma 1.18 (cf.[53, Prop.5.9]). The topology o on Vary generated by the families of morphisms
{fi+ Xi = Xtier with I finite such that I], fi: [, Xs =1 Y — X can be written as the composite

v & z5hx of a Nisnevich morphism g and a cdp-morphism h coincides with the cdh-topology on Vary.

Proof. For a o-covering {f;: X; = X},c; and a factorisation [[, X; =Y 97 X of L fi as in the
statement of the lemma, h is a cdp-covering by Lemma 1.15 and g is a Nisnevich covering by Lemma
1.17. Hence the above o-covering is a cdh-covering and so we conclude that the cdh-topology is finer
than o.

We prove the converse. Since the blow-up and the Nisnevich cd-structures are complete, it suffices to
prove that a family of morphisms {f/,: X| — X }icpr with I’ finite such that [],, f/: [[,, X0 =Y’ = X
is written as the composite

(2) Y=Y, = =Y Y =Y

with each arrow a cdp-morphism or a Nisnevich morphism admits a refinement of the form {f;: X; —
X}ier as in the statement of the lemma (see [58, Def. 2.2, Def. 2.3]).

We call a morphism of the form Y % 7 2 X with g a Nisnevich morphism and A a cdp-morphism a
special morphism. To prove the claim in the previous paragraph, it suffices to prove that the morphism
(2) admits a refinement by a special morphism. Working recursively, this in turn is reduced to proving
the claim that a morphism of the form

ThUuLx
with p a cdp-morphism and ¢ a Nisnevich morphism admits a refinement by a special morphism. This
claim is shown in [53, Prop. 5.9] and we are done. O

We now consider the fully faithful functor given by inclusion Smy < Varg. Resolution of singularities
plays an important role after this point.

Definition 1.19. The cdp-topology on Smy is the topology induced by the inclusion Smy < Vary from
the cdp-topology on Varg. In other words, it is the restriction of the cdp-topology from Vary to Smy.
Similarly, the cdh-topology on Smy, is the restriction of the cdh-topology from Varg to Smy.

Proposition 1.20. Let 7 be any topology on Vary finer than the cdp-topology. Under Hypothesis 1.5,
the inclusion Smy, — Vary, induces an equivalence of topoi

Sh(Smg, ) = Sh(Vary ;).
In particular, there are equivalences of topoi

Sh(SkaCdp) l) Sh(Vark’Cdp),

Sh(Smk,th) :—) Sh(Vark7th).

Proof. By the hypothesis of strong resolution of singularities, for every object X € Vary there is a cdp-
morphism f : X’ — X where X’ is smooth. This can be seen by an inductive argument as follows:
By strong resolution of singularities, there is a proper birational morphism f X — X with X smooth.
Let us denote by U C X an open dense subset such that f induces an isomorphism f HU) =2 U, and
let T := X \ U denote its complement. Then X 11T — X is a cdp-covering. By induction, there is
a cdp-morphism 77 — T with T’ smooth. The disjoint union X’ := X [IT" — X gives the desired
cdp-covering of X by a smooth k-variety.
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This means that any k-variety can be covered in the cdp-topology by smooth k-varieties. As the
inclusion Smy, < Vary, is a fully faithful functor, the statement follows from [57, Thm. 4.1]. |

Remark 1.21. Due to the lack of enough fibre products, the cdp-topology (resp. the cdh-topology) on
Smy, is not defined in terms of covering families, but in terms of covering sieves. Using [57, Prop. 3.2] and
the fact that any k-variety can be covered in the cdp-topology by smooth k-varieties, we can describe
the covering sieves explicitly in the following way (see also [53, Prop.5.11]): Every cdp-covering (resp.
cdh-covering) {X; — X}; in Vary of a smooth k-variety X defines a covering sieve of X in Smjy which
consists of all morphisms of smooth k-varieties X’ — X factoring through one of the X;. The covering
sieves on Smy, are the ones which contain some sieve of the form just described.

We give now an interpretation of the cdp- and the cdh-topology on Smy in terms of cd-structures.

Definition 1.22. We consider the following cd-structures on Smy:

(i) The smooth blow-up cd-structure on Smy, consists of Cartesian squares of smooth k-varieties

Z/(H X/

L

7 X
where e is a closed immersion and p : X’ — X is a blow-up with centre 7.

(ii) The smooth Nisnevich cd-structure on Smy, consists of Cartesian squares of the form

Y/(H X/

L

) SN

where e is an open immersion and p is an étale morphism such that the morphism p=1(X \e(Y)) —
X\ e(Y) (with reduced closed subscheme structure) induced by p is an isomorphism.

In [59] Voevodsky has proven the following:

Proposition 1.23 ([59, Lem. 4.3, 4.4, 4.5, Thm.2.2]). (i) The smooth blow-up cd-structure on Smy
1s reqular and bounded. Assuming strong resolution of singularities, i.e., Hypothesis 1.5, it is also
complete.

(ii) The smooth Nisnevich cd-structure on Smy, is complete, regular and bounded.

Proposition 1.24. Assuming Hypothesis 1.5, every birational blow-up X' = Bly X — X with smooth
centre Z C X is a covering of X € Smy, in the topology generated by the smooth blow-up cd-structure.

Proof. In this proof, we denote by 7 the topology on Smy, generated by the smooth blow-up cd-structure.

Since X’ — X is birational, Z is a proper closed subvariety of X on each connected component of X.
We prove the claim by induction on dim X. In dimension 0 the claim is trivial. In general case, consider
the smooth blow-up square

Z/(—> X/

L)

725 X.
We observe that X' [[Z — X is a T-covering.

Let us assume that the statement is proven for all smooth varieties of dimension < dim X. The
pullback of the sieve generated by p: X’ — X along p: X’ — X is the sieve Hom(—, X’) and hence a
T-covering of X’. By locality it suffices to show that the pullback of the covering sieve generated by p
along e: Z < X is a 7-covering of Z. This pullback sieve is generated by X’ x x Z — Z, and it suffices
to show that X’ x x Z — Z can be refined by a 7-covering.
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But this is the left vertical map Z’ — Z in the smooth blow-up square, and since Z is a proper closed
subvariety of X on each connected component of X it is a (nonempty) projective bundle. Thus, we find
a closed subvariety Z” < Z' of Z' such that

7" 7'~ 7

is a proper birational morphism. By strong resolution of singularities there is a refinement of 7" — Z
given by a sequence of birational blow-ups with smooth centre. Since Z is a proper closed subvariety of
X on each connected component of X, dim Z < dim X holds and the same inequality holds for varieties
appearing in the sequence of blow-ups. So, by induction hypothesis, this sequence of blow-ups is a
T-covering of Z refining Z' — Z. Hence X’ — X is a T-covering, as required. O

Lemma 1.25. A family of morphisms {fi: X; — X}ier with I finite and [, fi: 11, Xi — X a Nisnevich
morphism is a covering of X € Smy, in the topology generated by the smooth Nisnevich cd-structure.

Proof. The same proof as that in Lemma 1.17 works. ]

Proposition 1.26. Assume Hypothesis 1.5.
(i) The cdp-topology on Smy, coincides with the topology T generated by the smooth blow-up cd-structure.

(i) The cdh-topology on Smy, coincides with the topology o generated by the smooth blow-up and the
smooth Nisnevich cd-structures.

Proof. First we prove (i). Since every smooth blow-up square in Smy, is a blow-up square in Varg, 7 is
coarser than the cdp-topology on Smy.

To prove the converse, let S be a covering sieve in the cdp-topology defined by a cdp-covering { f;: X| —
Xtier in Var, with X smooth, I finite and [, f;: [[; X; — X a cdp-morphism. (It is a covering sieve
and it is sufficient to consider such covering sieves by Lemma 1.15.) For each connected component X; of
X with generic point {;, choose an index i(j) € I and a point £’ € le(j) above {; such that x(§;) — k(&)
is an isomorphism. If we define Y; to be the closure of f; in le(jy Y; — X; is a proper birational
morphism in Varg. By replacing Y; by a suitable refinement using Hypothesis 1.5, we may assume that
it is a composition of birational blow-ups with smooth centre. Then, the family {Y; — X, — X}, is a
T-covering because {X; — X}, is realized by an iteration of smooth blow-up squares of the form

) —— X,

L

X 4>X1HX2

and each Y; — X, is a 7-covering by Proposition 1.24. Also, this family refines the original family
{fi: X! = X}ier by construction. Thus § is a covering sieve in the 7-topology and so 7 is finer than the
cdp-topology on Smy,, as desired.

Next we prove (ii). Since every smooth blow-up square in Smy, is a blow-up square in Vary and every
smooth Nisnevich square in Smy, is a Nisnevich square in Varg, o is coarser than the cdh-topology on
Smk.

To prove the converse, let S be a covering sieve in the cdh-topology defined by cdh-covering {f;: X; —
X }ier in Var, with X smooth, I finite and [, fi: ][, Xi — X factors as [ [, X; = Y — X, where the first
morphism is a Nisnevich morphism and the second one is a cdp-morphism. (It is a covering sieve and it is
sufficient to consider such covering sieves by Lemma 1.18.) By replacing Y by a suitable refinement using
Hypothesis 1.5 and by replacing the X;’s by their pullbacks, we may assume that the morphism ¥ — X
is a composition of birational blow-ups with smooth centre. (Repeat the argument in the proof of (i) on
each connected component of X.) Then the family {f;: X; — X};es is a o-covering by Proposition 1.24
and Lemma 1.25. Thus S is a covering sieve in the o-topology and so ¢ is finer than the cdp-topology
on Smy, as desired. O
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1.3. Good blow-up and good Nisnevich cd-structures on smooth k-varieties. In this section, we
consider compactifications of smooth k-varieties and prove propositions which roughly claim that, under
the assumptions of Hypotheses 1.5, 1.7 and 1.8, it suffices to consider normal crossing compactifications
for our purpose.

Definition 1.27. Let X € Smy. A normal crossing compactification of X is an embedding X — X such
that (X, X) is a normal crossing pair.

Lemma 1.28. Under Hypotheses 1.5 and 1.7 every smooth k-variety has a mormal crossing compac-
tification. Moreover, for X € Smy fized, the category of normal crossing pairs (X, X) extending X is
cofiltered. For simplicity, we denote this category by {(X, X)/X}.

Proof. According to Nagata’s theorem, there is a proper k-variety X such that (X, X) is a geometric
pair. Because of Hypotheses 1.5 (i) and 1.7 this can be transformed via a strict birational morphism into

a normal crossing pair (X, yl)‘ B B
To see that the category of normal crossing pairs extending X is cofiltered, let (X, X ;) and (X, X5)

be two normal crossing pairs. Take X to be the closure of X < X x Xo. Then (X, X ) is a geometric
pair. By Hypotheses 1.5 (iEmnd 1.7 this can again be transformed via a strict birational morphism into
a normal crossing pair (X, X3) together with strict morphisms

(X7Y3)

PN

(X, X1) (X,X3)
over X. O

Definition 1.29. We consider the following cd-structures on Smy which we call good:

(i) The good smooth blow-up cd-structure on Smy, consists of smooth blow-up squares
7' —— X'
Lk
75X
which can be embedded into Cartesian squares of normal crossing pairs

/ /!

(2", 7 ) — (X', X))

Lk

(2,2)— (X, X),

where all morphisms are strict, p is the blow-up with centre Z, and Z has normal crossings with

X\ X.
(ii) Th}s good smooth Nisnevich cd-structure on Smy, is given by smooth Nisnevich squares
Yy X'
Lk
Yyt X
such that its restriction to each connected component X, of X
Yo—— Xp

Lk

Yo% XO
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can be embedded into a Cartesian square of normal crossing pairs

(Y, X ) (X4, X)

Lk
(Yo, X)—— (X0, X)
of the form (a) or (b) below:
(a) a diagram
(Y3, X' )— (X3, X)

i 5
(Yo, X)—— (Xo, X)
with e identity on X such that the closure of X \'Yp in X is a smooth divisor of X.
(b) diagrams

0 ) —— (X0, X)
N

(X07y)$(XO7Y)7 w*e>(X07y)7
where two of the entries are empty.

In (i) (resp. (ii)), for a good smooth blow-up square (resp. a good smooth Nisnevich square), we call a
square of normal crossing pairs as above in which the given square is embedded a good compactification
of the given square.

Proposition 1.30. Under Hypotheses 1.5, 1.7 and 1.8, any smooth blow-up square is a good smooth
blow-up square.

Proof. Given a smooth blow-up square in Smy,

Z/CH X/

L)

JASLE X,

there exists according to Lemma 1.28 a normal crossing compactification (X, X1) with X; smooth. We
denote by Z; the closure of Z in X;. By Hypothesis 1.8, there is a commutative diagram

L

(Z,7Z,)— (X, X))

such that (Z,7) — (X,X) is a strict closed immersion of nc-pairs, the vertical morphisms are strict

birational, and Z has normal crossings with X \ X. By setting X = BlZY, we obtain the desired good

compactification
/ -/

(2", 7)) —— (X", X)

Lk
(Za 7)(—p> (X7 Y)
of our given smooth blow-up square, given that X’ = Blz X by hypothesis. (]



INTEGRAL p-ADIC COHOMOLOGY THEORIES 13

In general, not every Nisnevich square is good, but the following result shows that we can relate every
Nisnevich square with good ones at least cdp-locally:

Proposition 1.31. Let us assume Hypotheses 1.5, 1.7 and 1.8. For a given Nisnevich square
(3) Y — X'
Y —X

in Vary, there is a split hypercovering Xo — X with respect to the cdp-topology in Var, with Xo smooth
such that the pullback

Y — X

]

Yo — X,
of the square (3) to X, satisfies the following condition: For each i, the square

Y, — X!

K2

|

Yi —X;

admits a factorisation

Yil 7Xz{,n *)X'L(,n—l Xz{,l Xz{,O Xz{
Yi——Xin —>=Xin Xin Xio=——=2X;,
for some n (which may depend on i) such that each square
Xz{,l - Xz{,zf1
X — X511
is a good smooth Nisnevich square.
Proof. In the proof, for a commutative square
(4) (B, B) — (4 A)
(B,B) (4,4)

in Var{®’, we call a commutative square in Var{“* of the form

(B',B) — (A, A)

L

(B, B) — (A, A)
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over the given square (4) a modification of the square (4). Also, we say that a commutative square (4)
in Var{ satisfies the condition (V) if it admits a factorisation

! —/ ! —/ —/ !

(B/’E ) E— (A;wAn) - (A%717Zn71) T (Allv Al) - (A67 AO) E— (A/vZ)

| | L

(BaE) — (Anyzn) E—— (An—lazn—l) — T (Alazl) I (A07Z0) — (A,Z)

for some n such that each square
!

(A],A)) — (A]_,A;_y)

| |

(A1, A)) —= (A1—1, A1)

admits a modification which is a good compactification of a good smooth Nisnevich square.

Now we start the proof. By Nagata’s theorem we have a geometric pair of the form (X, X) and a
geometric pair of the form (X', Y/) over (X, X) which extends the given morphism X’ — X. If we define
Y, Y to be the closure of Y, Y in X, X respectively, the resulting square

! !

(®) YY) — (X", X)

L

(YY) —— (X, X)
is a commutative square in Var]“* enclosing the Nisnevich square (3).

Claim 1. Given a commutative square (5) in Var{“ enclosing a Nisnevich square (3), there exists a

strict birational morphism f;: (Wi, W1) — (X, X) with (W, W) an nc-pair such that the pullback of
the square (5) by f1 in the category Var{“® satisfies the condition (N).

Proof of Claim 1. By Hypotheses 1.5 and 1.7, we may assume that (X, X) and (X',Y/) are mc-pairs to
prove the claim. Furthermore, by working on each connected component separately, we may assume that
(X, X) is connected.

IfY =0, either Y =X, X’ =0or Y =0,X' = X. In the former (resp. the latter) case, the square
(5) can be modified to the former (resp. the latter) square in Definition 1.29(ii)(b), which is a good
compactification of a good smooth Nisnevich square. In particular, it satisfies the condition (N).

IfY' #0,Y = X and Y =X. Applying Hypothesis 1.7 to (Y,Y), we obtain a morphism of nc-
pairs (Y,Y) — (X, X) over (Y,Y) — (X, X) such that (Y,Y) — (Y,Y) is a strict birational morphism.
Because the inverse image of the simple normal crossing divisor X \ X in Y is a simple normal crossing
subdivisor of Y \ Y, we see that the pullback of the morphism (V,Y) — (X, X) by the strict birational
morphism (X X+ Y.,Y) = (X, X) is a morphism of nc-pairs (Y,Y) — (X X~ Y,Y). Hence, to prove
the claim, we may assume that the morphism (Y,Y) = (Y, X) — (X, X) is a morphism of nc-pairs. By
applying Hypothesis 1.7 again, we may assume that (X', yl) is also an nc-pair. It suffices to prove that,
under this assumption, the square (5) satisfies the condition (V).

We denote the decomposition of the simple normal crossing divisor X \ Y into irreducible components
by X \Y = _, Dy, and denote by D,, the closure of D,, in X. Then each D,, is a smooth divisor of
X and we have X \Y = (X \ X)UU" _, D,.

For 0 <1 < n, define

l
X=X\ D =X\(X\x)u D), X=X xxX"
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Then the square (5) admits a factorisation

YVY)=— X, X)X, . X)—> —= (X]|,X) — (X}, X ) == (X, X))
(K?) — (me) - (anlvy) — T (ley) - (XO’Y) E— (va)

It remains to show that each of the squares in this diagram admits a modification which is a good
compactification of a good smooth Nisnevich square. Using the factorisation X,, — X,,_ 1 — -+ = Xj
we can reduce to the case when n = 1, that is we consider the diagram

! -/

(6) Y X)— (X' X)

L

(Yay) - (X,Y),

where the horizontal morphisms are morphisms of nc-pairs, the closure D of X \ Y in X is a smooth
divisor and the square

Y —= X'

,

Y —X
induced by (6) is a smooth Nisnevich square.

Let D' := X'\ Y’ and let D' be the closure of D’ in X . Then we have the isomorphism D’ = X \Y
by definition of smooth Nisnevich square and so D’ is smooth. Also, we obtain a strict closed immersion
(D’,ﬁ/) s (X’,Y/) of geometric pairs with (X,Y/) an nc-pair. So, by Hypothesis 1.8, there exists a
commutative diagram

(D/, 5/)(_) (XI, )?/)

L

(D', D)— (X", X)
such that (D', D’ ), (X7, X' ) are nc-pairs, the horizontal arrows are strict closed immersions, the vertical

arrows are strict birational morphisms which are isomorphisms outside 5/\D’ , and D’ has normal crossing
with X’ \ X’. Then we have

Y =X'\D' =X\ ((X"\X)uD)
and (X' \ X')U D' is a simple normal crossing divisor in X’. So (Y’, X') — (X', X') is a morphism of
nc-pairs. Therefore, the square

Y, X) —— (X, X)

is a good compactification of a good smooth Nisnevich square which is a modification of the square (6).
So the square (5) satisfies the condition (), as required. O

While Claim 1 says that the pullback of a given commutative square (5) along a strict birational
morphism satisifies condition (N), we will now prove that any such diagram satisfies condition (N)
cdp-locally in the following precise sense:
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Claim 2. Given a commutative square (5) in Var{“” enclosing a Nisnevich square (3), there exists a strict

morphism f: (Xg, Xo) — (X, X) with (Xg, X¢) an nc-pair and Xg — X a cdp-covering such that the
pullback of the square (5) by f in the category Var]“® satisfies the condition ().

Proof of Claim 2. Let f1: (Wi, W) — (X, X) be the strict birational morphism constructed in Claim 1.
Let 7/1 C X be the locus where the morphism f;: W; — X is not an isomorphism, put Z; := X N 7/1
and let Z; be the closure of Z; in 7/1. Then we apply Claim 1 to the pullback of the square (5) to
(Z1,Z,) in the category Var]® to define a strict birational morphism fo: (W2, W2) — (Z1,Z1). Let
7/2 C Z; be the locus where the morphism fo: Wy — Z; is not an isomorphism, set Zy := X 07,2 and
let Z5 be the closure of Z, in 7/2. Continuing this process, which terminates because X is Noetherian, we
obtain a strict morphism f: (Xo, Xo) := [[;(W;, W;) — (X, X) with (Xo, Xo) an nc-pair and Xo — X
a cdp-covering such that the pullback of the square (5) by f in the category Var{“’ satisfies the condition
(N). O

Now we prove the proposition. It suffices to construct by induction an i-truncated simplicial nc-pair
(Xe,Xe)exi Over (X, X) such that Xe¢; — X is an i-truncated split hypercovering with respect to the
cdp-topology in Vary and that the pullback

/!

(7) (V1Y eci — (X0, X, )e<i

| |

(Yo’ ?o)ogi - (X.,Y.)ogi

of the square (5) to (X., Xe)e<; is a square of simplicial geometric pairs such that, for each 0 < j < 1,
the induced square

!

— -
(Y], Y;) — (X}, X))

L

(Y, Y;) — (X, X;)

satisfies the condition (). The case i = 0 follows from Claim 2. Suppose that we have constructed an
i-truncated simplicial ne-pair (X, Xe)e<i over (X, X) as above. Let

8) ((cosk; Yd)it1, (cosk; Yy)ir1) — ((cosk; X)it1, (cosk; Xa)it1)

| |

((COSkZ‘ Y;)i+1, (COSkZ‘ Y.)lqu) —— ((COSki X.)i+1, (COSkZ‘ Y.)iJrl)

be the square we obtain by taking the degree i-+1 part of the pullback of the square (5) to (cosk; X, cosk; X )
in Var{“. By applying Claim 2 to the square (8), we find a strict morphism

==

qg: (Xz{:,—l?Xi—&-l) — ((COSki Xo)i+17 (COSki Y.)H—l)

with (XZ('H,Y;/H) an nc-pair and X', — (cosk; X,)i4+1 a cdp-covering such that the pullback of the
square (5) by g in the category Var{® satisfies the condition (N). This map ¢ induces an (i + 1)-
truncated simplicial ne-pairs (Xe, Xo)e<it1 over (X, X) with desired properties by the recipe explained
in [48, Prop. 5.1.3] (see also [17, 6.2]). So the proof of the proposition is finished. O
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1.4. Integral p-adic cohomology for smooth and open varieties. In this subsection we will define
a candidate for an integral p-adic cohomology theory on Smy. In addition to Hypotheses 1.5, 1.7 and 1.8
we also assume Hypothesis 1.9 which assures weak factorisation.

In the following, we regard Speck, Spec W, (k) and Spf W (k) as fine log (formal) schemes endowed
with trivial log structure. For a log smooth fine log scheme X over Speck, let Ww)'(/k = lgn an)'(/k be
the logarithmic de Rham—Witt complez [29, §4]. (In [29, §4] the structure morphism is supposed to be
of Cartier type, but this is automatically satisfied in our case (see the paragraph after [32, Def. (4.8)].)
It is a complex of étale sheaves on X, and it computes log crystalline cohomology, that is,

RFCrlb(X/Wn(k)) = RFét (X’ an;(/k)’

RT ¢is (X /W (k)) = R@RFCtiS(X/Wn(k)) = RyLnRFét(X, Whwi i) = Rlee (X, Wwi ).

In particular, we have the isomorphisms
crls(X/W ( )) = Hgt(Xv an).(/k)v CI“IS(X/W( )) = Hékt(X7 Ww}.(/k)

Remark 1.32. Tt is possible to find an explicit complex representing R ¢,is(X /W, (k)) =& RT ¢ (X, W7lw5</k)
in the derived category in such a way that it is functorial in X. This can be accomplished by taking for
example the Godement resolution of Wywy . on the étale site. The same holds for RU s (X/W (k) =
Rl (X, Ww)'(/k).

Example 1.33. A normal crossing pair (X, X) gives rise to a log scheme which we denote again by (X, X)
where the underlying scheme is X and the log structure is induced by the divisor D = X\X. Such a
log scheme is fine and proper log smooth over Speck. In this case, the truncated (resp. untruncated)
logarithmic de Rham—Witt complex W,w’ (resp. Ww’ is also denoted by W, (log D)

(X, X)/k) X/k
(resp. WQL

(X,X)/k

X/k(log D)). So we have the isomorphisms

Hc*r]s((X’ X /Wn(k)) = H:t(X W Q;(/k<10g D))’ Hc*rls((X’ Y)/VVUC)) = H:t(X WQ;(/k<10g D))

Remark 1.34. Another definition of the logarithmic de Rham—Witt complex an( X X))/ Ww(' X X)/k is
given by Matsuue [34], and the compatibility of the two definitions are proven in [27, A]. In particular,

an('X,X)/k is a quotient of the log de Rham complex an(X X)W of the (log) Witt scheme W, (X, X)

[34, Def. 2.5] of (X, X), by the construction given in [34, 3.4]. Hence, for u € M=, the section dlogu €

. d[u] X
W”“(X,Y)/k is well-defined, and it is equal to o) ifue (’)
Definition 1.35. For any normal crossing pair (X, X) and any n > 1 let A} (X,X) be an explicit

complex functorial in the log scheme associated to (X, X) representing R (X, Wyw® (X% /k)

Proposition 1.36. Let us assume Hypotheses 1.5, 1.7 and 1.9. Then, for a fixed X € Smy, the com-

plezes in the family {A, (X, X)}X are all quasi-isomorphic, where X runs through all normal crossing
compactifications of X.

Proof. By Lemma 1.28 and weak factorisation it suffices to prove that

AN(X,X) — AL (X

X'

is a quasi-isomorphism when (X ,Y/) — (X, X) is a blow-up with smooth centre Z which is normal-
crossing with the boundary divisor D = X\X. Let Uy, — X be a Zariski Cech hypercovering induced
by an affine covering of X and denote the pullback of it to X by U/, — X', All of the U; and U; are
smooth (but in general not proper) and may be endowed with the log structure associated to the simple
normal crossing divisors D; := U; N D and D) := U; N D’. In analogy to the notation above, we denote
the respective log schemes by (U;,U;) and (U{,U;), where U; := U;\D; and U] := U;\D; In particular
we have a morphism of simplicial log schemes

/!

(U, Ua) = (Us, U).
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By Zariski descent, the vertical maps in the diagram
R J— -/ —/
(9) H*A,(X,X)=H(X, Wan/k(logD)) — H*A, (X', X )= H (X 7T/VHQT/}C(logD’))

—_ —/
H: (U, Wnﬂa/k(log D.)) H:(U,, Wnﬂﬁi/k(log D.))

are isomorphisms. So it suffices to prove that the lower horizontal map is an isomorphism, and this is
reduced to proving the isomorphism

* (TT * (77!
HE (U, WnQﬁi/k(IOg D;)) — Hg (U, WnQU;/k(log D;))

for each i, by standard spectral sequence argument. Hence it suffices to work Zariski locally on X.
Thus, we may assume that X is affine and that there exists an étale morphism X — Az such that D
and Z are defined as zeros of some coordinates of Ag. More precisely, there are integers a,b, ¢, d with
0 <a<b<c<dand an étale morphism

X = SPeCk[T1, .oy Tasen s Ty en s Ty n s T

such that

Z={x1="-=mx, =0},

D ={x1xo - xqxpy1 -z, = 0}.
Take an étale morphism

X - Agvn(k) = Spec Wi (k)[X1y .oy Tay ey Ty ooy Ty vy Td)

which lifts the morphism X — Ag = Speck[z1,...,Zay..  Ty...,Te,...,2q] above, define the closed
subschemes 3, © of X by

3= {ay == =0},

D :={r129 - Taxpy1 -z = 0},

and set X := X\D. The log scheme (X,X), whose underlying scheme is X and whose log structure is
induced by the divisor D, is a lift to W,,(k) of the log scheme (X, X). The pair {(X,X), (X,X)} is an
embedding system in the sense of [29, (2.18)]. Let
F:X—X
be the Frobenius lift on X induced by z; — 2% and the canonical Frobenius on W, (k). The map F
induces a morphism of schemes
W, (X) 15 X,
where tp is induced by the chosen Frobenius lift F' (see [30, 0.(1.3.20)]). Let us write W, (X, X) for the
n-th Witt lift of the log scheme associated to (X, X) (see [29, Def. 3.1]). With the above choice of F, the
morphism ¢ induces a morphism of log schemes
W (X, X) = (X,X)

and so we obtain a morphism of complexes of sheaves

Q.f/wn(k)(bg D) — WTLQ'X/k(log D),
where Q'?/W *) (log®) denotes the logarithmic de Rham complex of (X, X) over W, (k). Note that X
has already divided powers (cf. proof of [30, II. Thm. 1.4]) and hence Q= (log®) is the crystalline

X/ W (k)
complex denoted by C,, in the proof of [29, Thm.4.19]. According to loc. cit. the above morphism of
complexes is a quasi-isomorphism.
Similarly, one obtains a quasi-isomorphism

Q, (log D/) l) WnQ;/

!
X /W (k) ' (log D)
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where
X = Blg? - %
denotes the blow-up of X along 3 and @’ := (771®)reqa. Thus it suffices to prove the quasi-isomorphism

(10) RU4 (X, 0 log D)) & RT¢ (X, R, Q% (log D).

X/W, (k)( X /Wiy (k)

In the first step, we reduce the general case to the case a = b. Thus assume b > a. We define a new
divisor ® := {x122 "+ TqTat1Tp41 - T = 0} C X and consider the closed immersion

it Xo = {2441 =0} = X,
We will write Do := D N Xo and 30 := 3N Xo for the intersections with © and 3. The blow-up
X = Blg? - X
admits a standard affine open covering

b
7:U§IT

r=1
such that 7 on ?/T is given by the Cartesian diagram

/

]

X,

|

Spec Wi (K) Y1y -+« s Uiy e v o s Ybs Ty Top 1y - -+, Td) —> Spec W (k)[x1, ..., 24],

where the variable y,. is omitted on the lower left-hand side and where the lower horizontal morphism is
induced by z; — x,y; for 1 <1i < b,i # r and z; — x; otherwise. The divisors on Zf induced by ® and
D will be denoted by D’ := (x 1®)red and @' := (771D)eq.
Similarly, the blow-up
T : ?29 = Blg(7 Xo — Xo
admits a standard affine open covering
—/ —/
Xo= J %o,
1<r<b

r#a+1

such that 7o on ?l(g}r is given by the Cartesian diagram

%, %
SpeCWn(k)[ylv e 7@7“7 e 7ga+17 e Yy Ty Tpg1y - - 7xd] —_— Spec Wn(k)[l.lv .. ~i'a+1,...7xd}
with z; — x,y; for 1 <7< b,i # r,a+ 1 and x; — z; otherwise. The divisor on %@ induced by ® will

be denoted by CD@ ( T Q)red. Let ¢ : f{@ — % be the closed immersion induced by ¢ : Xo — X.

Claim. There are short exact sequences of complexes

0 QX/VV (k)(logg) Q.f/wn(k)(logg) > 'L*Q% JW (k) (log®o) —0,
. N/ /
w08 D) T Uy, g (108 D) — By (08 D) —= 0.
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Proof of Claim. The sheaf ng W (k) (log 35) is freely generated by
forl1<i<a+1, dx;fora+2<i<D, forb+1<i<e, dx;forc+1<i<d,
Z; T
while the sheaf Ql¥ W (k) (log®) is freely generated by
forl1<i<a, dx;fora+1<i<b, forb+1<i<e, dx;forc+1<1<d.

X X
So the quotient Q%/W”(k) (log ’E))/Ql?/wn(k)(log D) is the free i,O5_-module generated by the class of
dx,
ﬁ. Passing to exterior powers proves the exactness of the first short exact sequence.
Ta+1

We prove the exactness of the second short exact sequence on each of the standard open sets z For

1 < r < a the sheaf QL, (log 5’)|§/' is freely generated by

X /Wy (k)
d 7 . . d r d a . d [ . .
yforlézéa,z;«ér, :c7 y+l, dy; for a+2 < i < b, fforb+1<z§c, dx; for c+1 < i < d,
Yi Ty Ya+1 T
while the sheaf Q% W k) (log®’ )\? is freely generated by
dy; . . dx, . dx; ) .
forl<i<a,i#r, , dy;fora+1<i<b, forb+1<i<e, dx;forc+1<i<d.
Yi Tr T;
For a + 2 < r < b the sheaf Q%,/W”(k) (log @’)|¥; is freely generated by
dy; . dzy  dya+1 . . T; . .
forl<i<a, —, , dy; fora+2 < i< bi#m, for b+1 <i < ¢, dx; for c+1 < i < d,
Yi Ty Ya+1 i
while the sheaf Q% W (k) (logD’) x is freely generated by
dy; . dx, . . dx; ) .
for 1 <i<a, , dyifora+1<i<bi#r, forb+1<i<e, dx;forc+1<i<d.
Yi Ty xT;
In both cases, the quotient Q%/Wn(k)(log @’)/Q%/Wn(k)(log 9/)|§'T is the free i*Oiem—module generated

d
by the class of at1 Passing to exterior powers proves the exactness of the second short exact sequence
Ya+1

on all standard open subsets ?; for 1 <r < b,i# a+1. It remains to prove the exactness on ?ﬁl 11 The

. o D) | 1 Y |wes
sheaves Q?/Wn(k) (log® )|3€a+1 and Qg,/wn(k)(logD )|3€a+1 are both freely generated by
dy; ) dx, . dx; . )
yforlgzga, ﬁ, dy; for a +2 < i < b, mforb—i—lgigc, dr; forc+1 <@ <d.

Yi Ta+1 Ty

: 1 A/ 1
So the quotient Qi,/Wn(k)(log’D )/Qi’/wn(k)(

. y e VL — .
image of ', so (Z*Qi’@/wn(k)(bg ©®)> |3€a+1 0. This proves the exactness of the second short exact

log @’)|§;+1 is zero, but ?;_H is the complement of the

sequence on ?ﬁl 41 and concludes the proof of the claim. O

By the above claim, we obtain a morphism of triangles

logDo)[—1] _

2% 1w, 1y 1089) % w, xy 108D) O yw,

| | |

/ D' ! Q2
(log®") —— Rm.Q (log®") — RW*Z*Q?@/W”(k)

+1
Rm,. 2 (log®%)[-1] ——.

.i’/wn(k) .?'/Wn(k)

In particular, the claimed quasi-isomorphism (10) for the triple (X, 3, D) follows if one proves the quasi-
isomorphism (10) for the triples (X0, 30, Do) and (X,3,D). For a moment, let us call the parameters
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(a,b,c,d) the type of the triple (X,3,D). With this terminology, the triple (Xo,30,Dc) is of type
(a,b—1,c—1,d—1) and (X, 3, 5) is of type (a+1,b,¢,d). Thus, we can inductively reduce the proof to
the case a = b.

From now on we assume that a = b. Let us first verify the isomorphism

* ()1 ~ O)? /
(11) 77 Qi/wn(k)(logﬁ) = Qg,/Wn(k)(logC‘D ).
This is easily checked locally on the open charts ?lr: the sheaf 71'*(21¥ w (k)(log D) is freely generated by
dx; ) dz; . .
xforlgzga, mforb—&—lgzgc, dx; for c+1 < i < d,
while ng, W (k)(log D’ )|§; is freely generated by
d i d r d [ . .
yy_ for 1 <i<a,i#r, xx’ ; forb+1<i<e, dx;forc+1<i<d.
Also, the map F*Q%/Wn(k) (log®) — Q%/Wn(k)(log /D/)EL is given by
dr; dy; dz, . .
x'»—) y—|— x for 1 <i<aandi#r,
Zg Yi Ly
dz; dx;
Iz»—> xlforb—i—léigcori:r,

xX; €T
dx; — dx; for c+1 < i < d.
This proves the isomorphism (11) for ¢ = 1 and the general case follows by passing to exterior powers.

Using the isomorphism (11), the projection formula and the well-known quasi-isomorphism R, Oy =
Ox, we obtain the quasi-isomorphisms

RrQ% . ) (108 D) = Bm.Ox @0y Q

and finally the quasi-isomorphism

RTa(X, Q% . 1) (l08D)) 2 RTa(X, R Q% - (log D).

(log®) = Q (log®),

%/Wn(k) Z?/Wn(k)

Definition 1.37. Assume Hypotheses 1.5 and 1.7. For X € Smy, and n > 1 set
A ()=l AL(X,X)
(X,X)/X
where the limit runs through the filtered category of normal crossing pairs extending X (the opposite
category of the one in Lemma 1.28). Let A*(X) := Rlim 4] (X).

Corollary 1.38. Under Hypotheses 1.5, 1.7 and 1.9, A (X) is quasi-isomorphic to A% (X,X) for X €
Smy and any normal crossing compactification X of X.

Proposition 1.39. Under Hypotheses 1.5, 1.7 and 1.9, A;(X) (and hence A*(X)) is functorial in X.

Proof. Let f: X — Y be a morphism in Smy. We consider the category
{f: (X, X) = (YY) | (X,X),(Y,Y) € Vary*

of morphisms of normal crossing pairs extending f. For simplicity, we denote it by {f/f}. We first
observe that this forms a non-empty cofiltered category.
Choose normal crossing pairs (X, X) and (Y,Y) extending X and Y, which exist by Lemma 1.28. Let

X' be the closure of the graph of fin X x; Y. Then (X,YI) is a geometric pair, and the projection to Y’
induces a morphism of geometric pairs (X ,Y/) — (Y,Y) extending f. By Hypotheses 1.5 and 1.7 there
exists a birational morphism (X, Yﬂ) — (X ,Y/) from a normal crossing pair which is an isomorphism on
X. The composition f : (X, Yﬂ) — (Y,Y) is a morphism of normal crossing pairs extending f as desired.
With similar methods as in Lemma 1.28 it can be seen that the category {f/f} is cofiltered.
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There are the two projection functors

/{f/f}\
Py Py
{(X,X)/X} {v,Y)/v},

where {(X, X)/X} denotes the category of normal crossing compactifications introduced in Lemma 1.28.
The argument above shows in fact that P, is surjective. Clearly, any extension f of f to normal crossing
pairs induces a natural morphism of complexes

AL (Po(f)) = An(Pr(f))-
Hence, we obtain a zigzag of morphisms of complexes
lim ALY, V) < lim AL (Po(F) — lim AL (PL(F) = limg AL (X, X)
YY)y flf flf (X, X)/X
where the left pointing map is an isomorphism (not just a quasi-isomorphism) by the surjectivity of the

projection P,. This provides a morphism of complexes A (Y) — A (X) induced by f and it is now easy
to check the functoriality. O

As a consequence, we may regard A, as a complex of presheaves on Smy.
Definition 1.40. We define complexes of sheaves on Smy, cqp and Smy, cqn
a’:dpA;L and a’:dhA':L
as the sheafifications with respect to the cdp- and cdh-topology of the complex of presheaves on Smy
given by
X~ A (X).
We denote the complexes of sheaves on Vary, cqp and Var cqn we obtain from azdpA;L and a’y, A, respect-

ively using the equivalences Sh(Smy cap) = Sh(Varg cap) and Sh(Smy can) = Sh(Varg can) by the same
symbol. Furthermore, we set

a)ckdp
Also, we denote by RI'cqp(X, —) and RI'cqn(X, —) the derived global section functor for X € Vary with
respect to cdp- and cdh-topology.

Note that RIcap(—,azq,A;,) and Rlcap(—, agq,A°) (resp. Rlcan(—,azq,A;,) and Rlcan(—, azq,A°%))
satisfy (cohomological) cdp-descent (resp. cdh-descent) in Vary by definition.

We show now that A; (X) satisfies the so-called Mayer—Vietoris property (compare [14]) for smooth
blow-up squares and smooth Nisnevich squares. We will see that this implies that A; and A* satisfy

cohomological cdp- and cdh-descent.

A*:= Rlimaj,,A

aeqn A’ = R@a:dhA;‘

.
no

Proposition 1.41. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For a smooth blow-up square
7 —— X'

o

Z——X

the induced diagram

is homotopy co-Cartesian.
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Proof. The statement is clear if Z = (), so we may assume that Z is non-empty. By Proposition 1.30
there is a good compactification

/! /!

(12) (2,7) — (x'.X)
(Z2,Z) —— (X, X)
of the given square where all morphisms are strict. By Corollary 1.38 it suffices to prove that
A2, 7)) ~— A, (X". X))

T T

ANZ,7) Ar(X,X)

is homotopy co-Cartesian. Note that the diagram (12) is uniquely determined by X, D = X\ X and Z.
As in the proof of Proposition 1.36, using a suitable Zariski Cech hypercovering, we can reduce to the
situation where there exists an étale morphism

X — Speck[®1, ... Ty ooy Tey- -y T
for some 0 < b < ¢ < d such that
Z={x1="-=mx, =0},
D ={zp41-- 2z, =0}.
Note that the parameter a, which appears in the proof of Proposition 1.36, is zero since Z is assumed to
be non-empty. Again we choose lifts
X — Spec W, (K)[z1,. .. Ty, s Te, - - ., Ta,
S (o= —m =0},

D = {p1 -z = 0}
/!

to W, (k) with the Frobenius lift given by z; — z¥. Define X := X\D, 3 = 3N X and set (X', X) :=
(Bl3 X, Blg X) and (3’,3/) =3 xx X3 x;il). As in the proof of Proposition 1.36, the Frobenius lift
induces quasi-isomorphisms

Q% w (log D) = W, X/k(log D),
U 1y 108E\X) = W0, (log(X\X7),
Qé/W (k)(bg 3\3) = W, Z/k(log(Z\Z)),
Q3’/W (log(3'\3")) = W, Q2 > /k(log(fl\Z’))7

and hence it suffices to show that

RI ¢ (3 Q2

U

3,9 (98B \30) = AL (X 0y, ) (loB(F\X)

T T

RUa(3,95,,,. , (02(3\3)) Ra (%9 4y ) (08D))

is homotopy co-Cartesian. Now X' admits a standard affine open covering

b
X = U X,
r=1
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such that the restriction of the blow-up 7: X =X to ?;, 1 < r < d, is given by the Cartesian diagram

-/

&l

r

|

Spec W (K)[Y1,y -« s Ury v o s Yby Ty Tt 1, - - -y Tg) — Spec Wy (K)[z1, . .., x4,

(here again the variable y, is skipped) where the lower horizontal morphism is induced by z; — z,y;
for 1 < i < b,i # r and x; — x; otherwise. On these charts, we have the following explicit descriptions

— .
of the sheaves W*Q%/Wn(k) (log®) and Ql?/wn(k)(ng \X’): The sheaf F*Q%/Wn(k) (log CD)|§; is freely

generated by

do; for 1<i<b, Ziorb+1<i<e, duforet+l<i<d,
z;
while ng, W, (k)(logil\f{’ ) ¥ I8 freely generated by

Lg

dy; for 1 <i<bi#r, dz,, forb+1<i<e, dx;forc+1<i<d.

)

The logarithmic differentials 9 for b+ 1 < i < ¢ induce compatible weight filtrations on the above

complexes. In the following, let us describe the associated graded pieces of these filtrations in terms of
the residue map. For b+1 < i < clet us write D, for the closed subscheme of ®© given by ©; = {x; = 0} and
3; = 3ND;. Furthermore, let us write D = Blji D, and 3; =3; Xp, D% Forasubset L C {b+1,...,c}
let us introduce the notation

D=9 o7, =) 9,

i€L i€L
= = =/ =/
3L = ﬂ 3ia 3L = m 3i7
€L €L

and for 1 <Il<ec—b

9= JI 92w w= 11 2L

LC{b+1,...,c} LC{b+1,...,c}
|L|=l |L|=l
= = =/ =/
3= JI 3: 3= JI 3.
LC{b+1,...,c} LC{b+1,...,c}
|L|=l |L|=l
as well as
R -/
@(0) = x, @l(o) =X s
— — =/ =/
30 =3, 30y =3-

With this notation, the residue map gives the following explicit description of the associated graded pieces
for0<i<ec—0:

grlg'f/wn(k)(log@) = Q0w [0

. —/ .
818w, 9 (108 ENED) = Qo iy [T
&3y 5y (108(3\3) = 93y ) [=1;

. =/ .
&85,y (108G NI)) = 05y =1



INTEGRAL p-ADIC COHOMOLOGY THEORIES 25

Hence, it is enough to prove that for 0 < I < ¢ — b the diagram

— °
Rl (30), Qg’(l)/wn(k))

| |

RT¢ (B(l)a Q%(l)/Wn(k)) ~— Rl (g(l)’ Qb([)/Wn (k:))

<~ Bla(D(), Q5w )

associated to the blow-up square

=/
30 —= 9

L

30—
is homotopy co-Cartesian. But this is the non-logarithmic case proved in [24, IV, Thm.1.2.1.]. ]

Corollary 1.42. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For X € Smy, the natural morphisms
Ar.z (X) - chdp(Xﬂ a’zdpA’;L>7
A (X) = Rlcap(X, alg,A%)

cdp

are quasi-isomorphisms.

Proof. Under the hypotheses mentioned, we have seen in Proposition 1.41 that A, satisfies the Mayer—
Vietoris property for smooth blow-up squares. As smooth blow-up squares generate the cdp-topology
on Smy by Proposition 1.26, this implies the first quasi-isomorphism by [14, Thm.3.7]. The second
quasi-isomorphism follows by taking (homotopy) limits. |

Proposition 1.43. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. For a smooth Nisnevich square

the induced diagram

is homotopy co-Cartesian.

Proof. Take a split hypercovering X, — X with respect to the cdp-topology in Var, with X, smooth
which satisfies the condition in the statement of Proposition 1.31, and let

Y] —= X

|

Y, — X,
be the pullback of the given smooth Nisnevich square to X,. Then we have the quasi-isomorphisms

AL (X) =5 RTeqp(X, a4, A5) = RUcap(Xe, alq, AL) < AL(X,),

cdp‘tn cdp‘tn
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where the first and the third quasi-ismorphisms follows from Corollary 1.42 and the second quasi-
isomorphism is the cdp-descent in Varg. Similar quasi-isomorphisms hold also for X', Y and Y’. So
it suffices to prove that the diagram

AL (V7)) =— AL(X0)

]

AL (V) =— Aj(Xe)

n

is homotopy co-Cartesian, and then it is further reduced to proving that the diagram

A (¥]) = A3(X))

n K2

]

AL (Vi) =—— AL (X3)

is homotopy co-Cartesian for each i. Take a factorisation

V/=—=X, — X, X1 Xio=—X,
Yi=—X,, —— X n1 ‘e Xia Xio=——=2X;

such that each square

! !
Xi7l *>Xi,l71

L

X — X511
is a good smooth Nisnevich square, which exists by the conclusion of Proposition 1.31. Then it suffices
to prove that the diagram
AL(XG ) =— ALXT )

! |

An(Xig) =— An(Xig-1)

is homotopy co-Cartesian for each 7 and [. In particular, we may assume that the given smooth Nisnevich
square is good. Then we may assume that X is connected, because we can work on each connected
component of X. If the associated square on pairs is one of the Cartesian diagrams

(j—>jj (J]/JH(X,X)
(X, X) — (X, X), ) — (X, X)

the statement is obvious. Thus assume that the given Nisnevich square may be embedded into a Cartesian
diagram of nc-pairs of the form

! !

YV X)) —s (X' X)
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such that the closure D of D := X \ 'Y is a smooth divisor of X. Let D' be the closure of D’ := X' \Y’
in X . By definition of smooth Nisnevich square, D’ is isomorphic to D and so it is smooth. Hence D
is a smooth divisor of X . Put

5){ Z:Y\)(7 ﬁy Z:Y\Y, EXI = Y/\X/, Ey/ = Y/\Y/,

so that Dy = DU Dx,Dys = DU Dx:. Then, by [41, Cor.2.12.4], we have the canonical quasi-
isomorphisms

(A5 (X, X) = A}(Y.X)] 2 Rlat(X, W, Q% (log Dx ) — W,,Q%(log(D U D))
> RT¢ (X, W, Q%(log(D U Dx)) /PP W, Q%(log(DUDx)))
= Rl (D, W, Q5(log(D N Dx))) = A (D, D),

where POB denotes the 0-th weight filtration with respect to D defined in [41, Def. 2.12.1]. Similar quasi-
!

isomorphisms exist also for the complex [A; (X', X ) — A,'L(Y',Y/)]. So it suffices to prove that the
canonical map A (D, D) — A, (D’ ,5/) is a quasi-isomorphism. Since D’ is smooth and isomorphic to
D, it follows from Proposition 1.36. ]

Corollary 1.44. Let X € Smy, and assume Hypotheses 1.5, 1.7, 1.8 and 1.9. The natural morphisms
A,:L(X) — Rchp(X7 a’ A.) — RFth(X, a:dhA,:L),

cdp“‘in

A" (X) = Rleap(X, aqpA”) = Rl can(X, agqpA®)

are quasi-isomorphisms.

Proof. Recall that the cdh-topology on Smy is generated by smooth blow-up and smooth Nisnevich
squares by Corollary 1.26. As A; satisfies the Mayer—Vietoris property for smooth blow-up squares and
for smooth Nisnevich squares by the Propositions 1.41 and 1.43, the first quasi-isomorphism follows again
from [14, Thm. 3.7]. The second quasi-isomorphism follows by taking (homotopy) limits. a

Corollary 1.45. For (X, X) € Var}®, we have quasi-isomorphisms
AL (X, X) 2 A} (X) = Rleqp(X, azgpA;,) = RTcan(X, agqnAy,),

cdp‘in
R@A;(X,Y) = A'(X) = Rleap(X, azqp A7) = Rl ean(X, aZqn A7)
if we assume Hypotheses 1.5, 1.7, 1.8 and 1.9.

1.5. Extension to k-varieties. In this section we extend the integral p-adic cohomology theory defined
above to general k-varieties via sheafification. As in the previous subsection, we assume Hypotheses 1.5,
1.7, 1.8 and 1.9.

From the descent results for smooth k-varieties obtained previously, we deduce the following statement:

Proposition 1.46. Under Hypotheses 1.5, 1.7, 1.8 and 1.9, for X € Vary
Rlcap(X, agqpA;) = Rlcan(X, acanAy),

cdp‘in

RFCdp (X, a:dpA.) = .R].—‘th()(7 a:dhA.).

Proof. Choose a cdp-hypercovering X, — X such that each X; is smooth over k. Then the canonical
map

RToqp (X, al 4 AL

cdp n) — RFth (X> a’:dhA;z)
is identified with the map
chdp(XO) a* A. ) — chdh ()(.7 azdhA,:l)

cdp‘tn
by cdp-descent, and the latter map is a quasi-isomorphism because, for each 4, the map

chdp (Xla a, A.) — Rl can (Xlu azdhAr.z)

cdp‘'n
is a quasi-isomorphism by Corollary 1.45. So we have shown the former quasi-isomorphism of the pro-
position. The latter quasi-isomorphism can be proven in the same way. O
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For a k-variety X, we define

Hz (X, a%gpA") = H BT oy (X, alq, A”),

c cdp

H*dh(X7 a:dhA.) = Ii'*.R:I.ﬂC(H]()(7 a:dhA.).

C

They are isomorphic by Proposition 1.46:

(13) Hegp (X, azq,A%) = Heg, (X, algn A7)

Also, by Corollary 1.45, we have the functorial isomorphisms

(14) H (X, X) /W (k) = Higp (X, alg, A7) = Higy (X, aZq, A7)

cris cdp ¢
for an ne-pair (X, X).

Remark 1.47. While for several of the proofs in the remainder of this section and in the subsequent
section, it suffices to work in the cdp-topology, there are some arguments where it is indispensable to
work in the cdh-topology. Therefore, as well as for philosophical reasons (the cdh-topology is generated
by the cdp- and the Nisnevich topology, and Nisnevich descent should be quite essential for a ‘good’
cohomology theory in this context), we formulate the statements in terms of the cdh-topology.

We show that this cohomology gives a good integral p-adic cohomology theory, by proving the following
two theorems.

Theorem 1.48. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. Then, for a k-variety X of dimension d, the
cohomology groups H, (X, a’,A*) are finitely generated W (k)-modules and we have

Hign (X, agqn A7) = 0,
forn <0 orn > 2d.

Proof. Let us first prove that the cohomology groups are finitely generated. Choose a cdp-hypercovering
X. — X such that each X; is smooth over k and has a normal crossing compactification X; which exists
by our hypothesis on embedded resolutions of singularities. (This is a special case of Proposition 1.31.)
By definition of a},;, A* one obtains a descent spectral sequence
EY = Hy, (X5, aiqpnA”) = H;:ﬁf (Xe,acanA”) = Hé?ﬁf (X, agqnA’).-

eris (X3, Xo) /W (k) = Hlgp, (X, azqyA) by Corollary
1.45. This shows that all the Ej-terms are finitely generated over W(k), and hence the same is true for
the abutment HZy, (X, aXy,A°).

Let us now prove that the cohomology is concentrated in degrees 0 < n < 2d, by induction on the
dimension. For d = 0, X is a finite union of points. In this case, the vanishing for n # 0 follows from the
comparison with crystalline cohomology Hy, (X, a’y,A%) = HZ (X/W (k)). For d > 0, let us write X as
the union of its irreducible components X = [J!", X;. The blow-up along X; yields the blow-up square

For each i, j, we have the natural isomorphism H J

X' XXXI — X'
Xy ——X,

with X’ = |J[~, X/, where X is the blow-up of X; along X;NX;. By cdp-descent, we obtain the following
distinguished triangle:
chdh ()(7 a:dhA.) — chdh (X/, a:dhA.) @ chdh (Xl, azdhA.) — chdh(X/ X x Xl, a:dhA.) —

Since dim X’ xy X; < d — 1 we may reduce by induction to the case m = 1, i.e., we may without
loss of generality reduce to the case that X is integral of dimension d. By resolution of singularity
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and cdp-descent, we may assume that X is smooth. Indeed, each blow-up square appearing in such a
resolution

7 —— X'

o

7 ——X
induces a distinguished triangle
_R].—‘th()(7 a:dhA.) — chdh(X/7 a:dhA.) @ R].—‘th(Z, a:dhA.) — RFth(Z/7 a:dhA.) — .
with dim Z,dim Z’ < d — 1. Thus, we may assume that X is smooth of dimension d. Let us choose a
normal crossing compactification (X, X). We obtain by Corollary 1.45 an isomorphism
Hign (X, agqnA) = His (X, X) /W (k).
For the log crystalline cohomology, we have the weight spectral sequence, see [40, (2.6.0.1)],
B = 1 DWW (k) = HE (X, X)W (F)),

cris
where D®) denotes the disjoint union of all k-fold intersections of distinct irreducible components of
D. By the induction hypothesis, we have H™ *(D®) /W (k)) = 0 for 2(d — k) < n — k. Now, the
weight spectral sequence implies the desired vanishing H, (X, a%, A") =2 HZ (X, X)/W(k)) = 0 for
n > 2d. ]

Theorem 1.49. Assume Hypotheses 1.5, 1.7, 1.8 and 1.9. Then, for a k-variety X, there is a canonical
quasi-isomorphism
RIvig(X/K) = Rlcan(X, acan4”) ©z Q,
hence the isomorphism
Hp o (X/K) = Heg, (X, acqn A7) ®z Q.

Proof. Take a compactification X < X of X and take a simplicial nc-pair (X,, Xo) — (X, X) such that
Xo — X is a split cdp-hypercovering. The existence of such a simplicial nc-pair follows from Lemma B.1
(or the nonemptyness of the category Ho{(Xe, X,)/(X,X)} in Definition B.4 proven in Corollary B.5)
and Example B.6. (The proof in Proposition 1.31 also implies it.) Then, by [40, Cor. 7.7, Cor.11.7], we
have the canonical quasi-isomorphism

RTyig(X/K) = Rl¢ (X, WO, (log D,)) ®z Q,
where Dy = X, \ X,. Because we have the quasi-isomorphisms
RU4 (X, WO, (log Ds)) = A(Xe, Xo) = A(X,) = RUcan(Xe, aqpA°) = Rlean(X, azqpA°),

we obtain the quasi-isomorphism

(15) RT\ig(X/K) = Rl can(X, agqnA”) @z Q
as desired. By construction, this quasi-isomorphism is functorial with respect to the diagram (X,, Xo) —
(X, X).

We prove that the quasi-isomorphism (15) depends only on X. If we take another simplicial nc-pair
(X:,Y,.) — (X, X) as above, we have the third one (X:’,Yl,,) — (X, X) covering the two by Proposition
B.3 (or the connectedness of the category Ho{(X., X.)/(X,X)} in Definition B.4 proven in Corollary
B.5) and Example B.6. Then, by functoriality, the quasi-isomorphism (15) induced by (X,, Xe) — (X, X)
is the same as that induced by (X:’,Y:/) — (X, X) and then the same as that for (X:,Yl,) — (X, X).
Thus the quasi-isomorphism (15) is independent of the simplicial ne-pair (X, Xo) — (X, X) once we fix
(X, X). Next, if we take another compactification X of X , we have the third compactification X" of
X covering the two. If we take a simplicial nc-pair (X, Xo) — (X, YH) such that X, — X is a split
cdp-hypercovering, it is regarded also as a simplicial nc-pair over (X, X) and over (X ,Y/). Hence the
quasi-isomorphism (15) is independent of the compactification X of X as well.
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We prove the functoriality of the quasi-isomorphism (15) with respect to a morphism f : X’ — X in
Vary,. Take a morphism f : (X’ 7Y/) — (X, X) in Var{® extending f, and take a commutative diagram

(16) (X, %) T (X, %)

L

X' X)L~ x.%)
such that (X, X), (X:,Yl,) are simplicial nc-pairs and X, — X, X, — X’ are split cdp-hypercoverings.
The existence of such a diagram follows from Lemma B.1, Proposition B.3 (or the nonemptyness of
the category Ho{f,/f} in Definition B.4 proven in Corollary B.5) and Example B.6. By construction,
the quasi-isomorphism (15) is functorial with respect to the diagram (16). We need to prove that this
functoriality depends only on f. For a fixed f, if we take another diagram as in (16), we have the
third one covering the two up to homotopy by Proposition B.3 (or the connectedness of the category
Ho{f,/f} in Definition B.4 proven in Corollary B.5) and Example B.6. Thus the functoriality of the

quasi-isomorphism (15) depends only on f. Moreover, if we take another morphism 7 in Var{’ extending
f, we have the third one f covering the two. Then, since a diagram (16) for f induces that for f and

that for 7 with the same top horizontal arrow, we see that the functoriality of the quasi-isomorphism
(15) is independent of the choice of f and so depends only on f. So we are done. O

Remark 1.50. It is possible to find an explicit complex Ay, (X) representing
Rlcan(X, acqnA”) = R lim RTcan(X, acan4;,)
in such a way that it is functorial in X € Vary, because we can take Godement resolution on the cdh-site.
(For a geometric description of the points of the cdh-site, see [21, Thm. 1.6, 2.3, 2.6].)
Then, if we denote by CZ°(W (k)) the category of complexes of W (k)-modules of non-negative degree,
we obtain a functor
Algy @ Varg — CZO(W (k))
satisfying the following conditions:
(i) It gives a good integral p-adic cohomology theory in the following sense:
(a) For any X € Vary, A2y, (X) has finitely generated cohomologies over W (k).
(b) For any nc-pair (X, X), there exists a functorial quasi-isomorphism
Alan(X) = Rl (X, X) /W (k).
(¢) For any X € Varyg, there exists a functorial quasi-isomorphism
Alan(X)q ~ Rlvig(X/K).
(ii) It satisfies cdh-descent, that is, for any cdh-hypercovering X, — X, the induced morphism
Alan(X) = Algn(Xe)
is a quasi-isomorphism.

The torsion in our integral p-adic cohomology behaves differently from [-adic cohomology, as the
following example shows.

Ezxample 1.51. Let C' C P]%-p be a smooth curve of genus g > 0. We define X as the push-out along the
Frobenius morphism in the following diagram

(17)

Q

—P;

-

R

P

-

Q
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It follows from [54, Tag OECH] that this diagram is a blow-up square, hence it induces a distinguished
triangle

R can(X, aiqnA*) = RTcan(C, afqy A) ® RTcan (PR, azqyA*) = Rlcan(C,aiq,A%) — .
Using the comparison to crystalline cohomology gives

(C) L H1

1
o H cris

cris

and we deduce HZy, (X, aly, A )tors = coker(F*: HL. (C) — HZL,.(C)). Since C is a smooth curve of
genus g > 0, the Frobenius endomorphism has a positive slope and we deduce Hfdh(X, @l g A )tors # 0.
On the other hand, a similar argument implies that H% (XE), Z))tors = 0 for a prime I # p because the

Frobenius F*: Hj, (C’FP, Zy) — Hj, (C’FP7 7;) is an isomorphism.

(C) — Hchh(X’ azgpAt) —— HZ

cris

(P?) ® H?

cris

C)——...,

1.6. Further properties. In this part we want to discuss further properties of the integral p-adic co-
homology theory introdued for k-varieties in the last subsection. We continue to assume Hypotheses 1.5,
1.7, 1.8 and 1.9.

Let us start with the Kiinneth formula:

Proposition 1.52. Let X, Xo € Var, and assume the Hypotheses 1.5, 1.7, 1.8 and 1.9, then
RTcan (X1, 054, A") @7y Rl ean(Xz, a%quA”) & Rlcan(X1 X Xz, a%q,A%).
Proof. Let us choose compactifications (X1, X1), (X2, X2) € Var{®. By our assumptions on resolution

of singularities, we can find simplicial nc-pairs (X;.e, X;e) over (X;, X;) for ¢ = 1,2 such that X; . —
X; (i = 1,2) are split cdp-hypercoverings, as explained in the proof of Theorem 1.49. Let us denote by

(X530, X30) = (X3,X3)

their product. By cdp-descent and Corollary 1.45, we have for ¢ = 1,2, 3 the following isomorphism in
the derived category of W, (k)-modules

RTcan (Xz'7 azdhA;L) = chris((Xi,oa Yzo)/VVn('lC)) = Rl (Yi,n WnQ.yl. (IOg Dz’,o))y
where D; o = X; o\ Xio. These complexes are perfect complexes, since they are bounded and their

cohomology groups are finitely generated W, (k)-modules. By [40, Thm. 5.10, 2)], we have the following
Kiinneth formula for the log crystalline cohomology of simplicial schemes:

(18)  Rlcris((X1,0, X1,0)/Wa(k)) 1, (1) Blerys((X2,0, X2,0)/ Wi (k)) = Rlcris(X3,0, X3,0)/Wa(K)).
Furthermore, we have the isomorphism
RTeris ((X1,0, X1,0)/ Wi (k) @i, (1) Rl eris((X2,0, X2,0) /Wi (K))

2 RUeris((X1,0, X1,6)/W (k) @it () Bl eris (X 2,0, X2,0)/W () @11y W (k)-

Applying Rlim  to (18) gives
RTeris((X1,0, X1,0)/W (k) &% 1) RTcris(X2,0, X2,0)/W (k) 2 Rl eris(Xs.0, X3.0) /W (K)).
By cdp-descent and Corollary 1.45, we have
RTis(Xi 0, Xire)/W (k) 2 R can (X, alqn A°)
and we obtain the desired Kiinneth formula
R ean(X1, atqpA”) @) Rl ean(Xa, alq,A%) = Rlcan(X1 X Xo, alg, A%).
O

Corollary 1.53. Let X € Vary, and f : A% — X the natural projection from the affine line over X to
X. Then the pull-back map

f* ¢ Rlean(X, a’qp A*) = Rcan(Ak, a’ g A°)

18 a quasi-isomorphism.
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Our next aim is to prove the invariance of HZy, (X, a¥y,A°) under semi-normalisation. Let us first
recall the definition of the semi-normalisation:

Definition 1.54. The semi-normalisation X" — X of X € Vary is the initial object in the category of
universal homeomorphisms Y — X inducing isomorphisms on residue fields.

Remark 1.55. The semi-normalisation exists by [54, Lem. 0EUS]. Since the morphism X" — X is integral
by [54, Lem. 04DF] and birational, it is covered by the normalisation X™ — X. Because the normalisation
of a variety is a finite morphism, X" is finite over X.

Proposition 1.56. Let us assume the Hypotheses 1.5, 1.7, 1.8 and 1.9. Let X, X' € Varg and f: X' — X
be a universal homeomorphism inducing isomorphisms on residue fields, then

Hgn (X, agqnA”) = Hog, (X', agqn A”).
In particular, H: 3, (—,al, A°) is invariant under passing to the semi-normalisation.

Proof. By the universal property of the semi-normalisation, the upper horizontal arrow in the diagram

(X/)Sl’l S XSH

L

X ——X

is an isomorphism. Thus, it is enough to prove the statement for f: X" — X, which is a finite birational
morphism. In particular, it is proper and there exists a closed subset Z C X such that f is an isomorphism
on X \ Z. Thus, we obtain a blow-up square

Z/ XSH

|

Z —— X,
with Z’ := Z x x X®". By cdp-descent, we have a distinguished triangle

RFth(X, a:dhA.) — chdh(Xsn, a:dhA.) D chdh(Z, a:dhA‘) — RFCdp(Z/7 a:dpA.) —,

and it suffices to prove the claim for Z’ — Z. The statement follows now by Noetherian induction. O

Finally, we construct a theory of Chern classes for our integral p-adic cohomology theory which are
compatible with that for log crystalline cohomology and that for rigid cohomology.
First we recall the Chern classes for rigid cohomology constructed by Petrequin [45].

Proposition 1.57. For X € Vary there exists a unique theory of rigid Chern classes

e Ko(X) = HE (X/K).

rig

More precisely, for any (Zariski) locally free Ox-module € of finite rank there are elements c?g(é’) €

Hﬁg(X/K), 1 > 0, characterised by the following properties:

(i) Normalisation. We have cj®(£) = 1, ¢/8(€) = 0 for i > rk(E), and if £ is invertible, c2(E) €

Hfig(X/K) can be described in terms of Cech cocycles associated to the image of the class of £ in
Pic(X).

(ii) Functoriality. For every morphism f : X' — X in Varg, we have ciig(f*g) = f*c?g(é') for all
i > 0.

(iii) Whitney sum formula. For a short eract sequence 0 — &' — & — &"” — 0 of locally free
Ox -modules of finite rank, we have

)= ) EEENGEE).

k=i
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Proof. The construction of the first Chern class is given in [45, Def. 4.1] based on computations in [45,
§3]. The total Chern class is then defined in [45, Def. 4.5] via the projective bundle formula [45, Prop. 4.3].
Normalisation follows by definition [45, Rem. 4.6]. Functoriality is proved in [45, Prop. 4.7]. Finally, the
Whitney sum formula is shown in [45, Cor. 5.24]. Now the projective bundle formula [45, Cor. 4.4] implies
the first splitting principle [47, Prop. 1.4]. (We note that the second splitting principle [47, Prop. 1.5] also
holds for rigid cohomology by the fact that rigid cohomology satisfies Zariski descent and homotopy
invariance.) Thus by a standard argument [25, Thm.1] the three properties (i)—(iii) characterise the
theory of Chern classes entirely, proving therefore uniqueness. |

The existence of the theory of log crystalline Chern classes

& Ko(X) — H2E (X, X)/W(k)),i >0,

7 cris

for an ne-pair (X, X) over k seems to be well-known to the community but not well-documented in the
literature. For the benefit of the reader we write this out here.

Construction 1.58. The construction of Chern classes that we explain here is built upon results in [4,
§12 and § 13]. We first remark that the category Vary clearly satisfies the condition (*3) at the beginning
of [4, §13], that is, the blow-up of a smooth scheme along a smooth centre is a morphism in Vary [4,
Ex.13.3]. Let Var}vOg be the category consisting of pairs (U, X) of k-varieties such that X is smooth,
j : U < X is an open immersion such that D := X\U is a simple normal crossing divisor. Again every
pair (U, X) gives rise to a log scheme which we denote again by (U, X) where the underlying scheme is
X and the log structure is induced by the divisor D. A morphism f : (U, X;) — (U2, X2) in VarlkOg is
a morphism f : X; — X5 in Vary such that f(U;) C Us. (Beware that in the notation of [4, Def.12.1]
Var}fg would rather designate the category of pairs (X, D), such that X is smooth and D < X a simple
normal crossing divisor. But these two categories are clearly equivalent.) By definition the category Var}*
is a full subcategory of Varlkog. Thus if we define Chern classes on Var}cog we automatically obtain Chern
classes on Vary°.

According to [4, Ex.12.6(2)] logarithmic Hodge-Witt cohomology can be regarded as an admissible
cohomology theory with logarithmic poles on Vari:g in the sense of [4, Def. 12.5] and therefore admits a
theory of Chern classes. We recall the key points here. Let (U, X) € Varlkog. For n € N, consider the
natural morphisms of abelian sheaves on the étale site

dlog : OF 4 = WaSp ),

defined by dlog(u) = %, where [u] denotes the Teichmiiller lift of w [24, 1.(1.1.1)]. Then for ¢ >
1, define Wan,’log as the abelian subsheaf of W, Q% generated étale locally by sections of the form
dloguy - - -dlogu; with uq,...,u; € lejﬁét. Also, one sets WnQ?f,log = Z/p"Z. For n € N fixed, the

graded cohomology theory I'()!°8 on Var}fg, defined for (U, X) € VariﬁOg as a complex of Zariski sheaves

by
(i) = £.Gdet (Wi ) 0p) =] for i >0,
o 0 otherwise,

where j denotes the open immersion U — X, Gdg denotes the Godement resolution with respect to
étale points and € : X¢y — Xyzar is the natural morphism of sites, is an admissible cohomology theory
with logarithmic poles. In particular, the map 5, Op — Rs*j*WanUJog for (U, X) € VaricOg induced by
dlog plays the role of the first Chern class map of [4, Def.12.5(1)] and induces a morphism

™ 2 RT7ae (U, OF) = RT 700 (X, T(1) % 1 [1]) = BTt (X, . Wi 1)

in the derived category. Therefore, as carried out in [4, § 13] (see in particular [4, Ex. 13.3]), it admits a
theory of Chern classes

(19) cgiW : KO(U) - H%;r(X7F(Z)1(OU%X)) = Hé?ti(X7j*WnQ%J,log[_iD = Hét(X7j*Wan(l],log)7i 2 07
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satisfying the properties (L1) — (L4) of [4, §13] of which (L1) — (L3) correspond to normalisation, func-
toriality and the Whitney sum formula. As n € N varies these maps are naturally compatible.
Now recall that, for u € Mx = j*((’)aét) N Ox ¢, dlog(u) = dlu] ¢ j*VVnﬂlU/,C is in fact contained in

[u

Wnﬂﬁ(/k(log D) by Remark 1.34, and that d(dlogu) = 0. So one obtains a morphism of complexes
(20) G Wy 1g 1] = WaQi (log D).

They induce morphisms in the derived category

(21) RTee(X, ju WnQ10g[—1]) — RTee(X, W Qi (log D)) = Rleris (U, X) /Wi (K)),

which are (contravariantly) functorial in (U, X). Composing these in the correct degree with the Chern
class maps (19) we obtain maps

"™ Ko(U) — HZ

7 cris

(U, X)/Wn(k)),i 20,
which are again compatible as n € N varies, and hence induce maps
&< Ko(U) — HE (U, X) /W (k)),i > 0.

Remark 1.59. Note that the first Chern class is given explicitly by the morphism
305 = ReyjuWn Sy 10g — Re Wi (log D)[1]
induced by (20), which we also denote by dlog.

Proposition 1.60. Let (U, X) € Var}cog, D :=X\U and j : U < X. There exists a unique theory of
log-crystalline Chern classes ' _
" Ko(U) = Hs (U, X) /W (K)).
More precisely, for any (Zariski) locally free Oy-module € of finite rank there are elements ¢§''(E) €
HZL (U, X)/W(k)), i = 0, characterised by the following properties:
(i) Normalisation. We have cS(E) =1, ¢§5(£) = 0 for i > tk(E), and if € is invertible, ¢{*(€) €
H2. (U, X)/W(k)) = HZ (X, WQE(/k(log D)) is the image of the class of £ in Pic(U) under the
morphism induced on cohomology by the map dlog : 5, O — RE*WQE(/k(log D)[1].

(ii) Functoriality. For every morphism f : (U',X') — (U,X) in Var®, we have §"S(f*€) =
frcsris(€) for alli > 0.

(i1i) Whitney sum formula. For a short exact sequence 0 — &' — & — " — 0 of locally free
Ou-modules of finite rank, we have

C;:ris (8) — Z C;ris (éﬂ)czris(g//).
jt+k=i

cris

Proof. The normalisation is satisfied by Remark 1.59. It is also clear that the maps c§
antly functorial for morphisms in Var}fg as this is true for Hodge-Witt Chern classes (19) and for the
morphism (21). Similarly, the Whitney sum formula for ¢{* follows from the Whitney sum formula for
cff

To show uniqueness, recall first that for (U, X) € Var}cOg the natural morphism Ky(X) — Ko(U) is
surjective: Indeed, noting the fact that for any open subscheme of a Noetherian scheme U C X and a
coherent sheaf £ on U there exists a coherent sheaf £ on X such that &'|y = &, it suffices to check
that the group Ky (Y) is isomorphic to the Grothendieck group of the category of coherent sheaves on
Y for Y = X,U. By [54, Lem.0FDF], [54, Lem.0FDI] and [54, Lem.0FDJ] this is the case if Y is a
quasi-compact quasi-separated scheme with resolution property. (Note that the notation here does not
coincide with that of [54, §OFDE]: what we denote by Ky(Y) is denoted by Ko(Vect(Y')) there, while for
them Ko(Y) is the Grothendieck group (of perfect complexes) and K/, (Y) is the Grothendieck group of
coherent sheaves [54, Def. 0FDG].) Now, by [55, Prop.8.1], Y has the resolution property if it is smooth
of finite type over k having affine diagonal. Since separated schemes over k have affine diagonal, the
required conditions are satisfied in our situation.

are contravari-
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Next, by functoriality for the morphism (U, X) — (X, X) in VarlkOg and normalisation, there is for
i,n > 0 a commutative diagram

Ko(X) Ko(U)

| |

cgris Hét (X7 WanX,log) - Hét (X7 Jx W"Q%],log) egrie

i l

where the left vertical morphism is compatible with the crystalline Chern classes of Berthelot—Illusie
according to [24, III.§2.1] which are unique by [10, Thm.2.4] (taking as usual into account the three
properties Normalisation, Functoriality and the Whitney sum formula). Consequently, by the surjectivity
of the upper horizontal map, this implies that the image of £ € Ko (U) in HZ/(X,W,Q% (log D)) under
maps ¢ satisfying the properties (i)-(iii) (with the obvious modifications to the n-truncated case) is
uniquely determined by the image of an extension & € Ko(X) in HZ (X, W,Q%). Since everything
is compatible as n varies this shows that the above defined theory of Chern classes ¢ : Ko(U) —
HZ2L (U, X)/W (k)) is indeed characterised by the properties (i)—(iii).

|
Remark 1.61. It would be also possible to construct log crystalline Chern classes more directly, i.e., without
passing through logarithmic Hodge—-Witt cohomology. To this end, one can for example verify that it is
an admissible cohomology theory with logarithmic poles on Var}cOg in the sense of [4, Def. 12.5]. Then [4,
§ 13] implies that we obtain a theory of Chern classes for log crystalline cohomology on Var}fg, and hence
by restriction also on Vary®. While the properties (0), (1), and (2) of [4, Def. 12.5] are rather straight
forward to verify, the properties (3) and (4) are more elaborate.

Now we give the definition of Chern classes for our integral p-adic cohomology theory.

Theorem 1.62. For X € Vary, there exists a unique theory of Chern classes

i Ko(X) = HZy (X, alg, A7)
More precisely, for any (Zariski) locally free Ox-module £ of finite rank there are elements cf‘(é’) €
HZ (X, a’,,A%), i >0, characterised by the following properties:

(i) Normalisation. We have i () = 1, ¢(£) = 0 for i > tk(E), and if &€ is invertible, c¢{(£) €
H2, (X, aly,A%) is the image of the class of € in Pic(X) under the morphism induced on cohomology
by the map

RT(X,0%) — RI'(X,,0x%,) — RFét(Y,,WQ'Y (log D)) =2 A (X,)[1]
induced by dlog on X, where (X, X4) is a simplicial nc-pair over (X, X) with X a compactification
of X such that X¢ — X is a split cdp-hypercovering in Vary and Dy = Xo \ Xo-

(ii) Functoriality. For every morphism f : X' — X in Varg, we have c(f*€) = f*c(€) for all
i>0.

(i1i)) Whitney sum formula. For a short eract sequence 0 — &' — & — &"” — 0 of locally free
Ox -modules of finite rank, we have

(€)= ) G EN(EN.
jk=i
Proof. To obtain Chern classes for our integral p-adic cohomology theory we follow the argument in [47],
where the étale Chern classes are defined.

We start by constructing the first Chern class map of a line bundle. For X € Vary, take X, (X, X.,),
D, as in the statement of (i) and denote by j, : Xe — X, the simplicial open immersion. Then the
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maps jl’*(’))x(l — RE*WQ’YZ/k(long)[l} in Proposition 1.60 for X; (I > 0) induce a map j.,*O)X(. —
Re WQ /k(log D,)[1] on X, and so a map

(22) RT(X.,0%,) = RU(X.,ju,.0% ) = RTa(Xa, WOk (log D).

As (X,, X,) is a (simplicial) nc-pair we have by definition RT'¢; (X, WQ (log D)) = A*(X,). Thus by
Corollary 1.45 and cohomological cdp-descent the above map induces the first Chern class map

(23) Cf : PIC(X) = H%ar(X7 O;{) - H%ar(XNO;(,) - Hcdh(X07acdhA ) cdh(X7 acdhA )

By construction, this map is functorial with respect to the diagram (X,, X,) — (X, X).

To see that the map (23) depends only on X and is functorial with respect to morphisms f : X' — X
in Varg, one repeats verbatim the argument given in the proof of Theorem 1.49.

Next we show the projective bundle formula. Let again X € Vary and £ a locally free Ox-module of
rank r > 1. Consider the associated projective bundle 7 : P(£) — X. Then the first Chern class map
above induces a natural morphism

r—1

(24) P ' (Ope) (1)) Un™ : @ RTcan(X, aZqnA”)[~2i] — RTcan(P(E), alg, A”).
= i=0
We claim that this is a quasi-isomorphism.

Since we may work Zariski locally on X to prove the claim, we may assume that &|x is trivial. Fur-
thermore, since we may work cdp-locally to prove the claim, we may assume that X can be compactified
into an nc—pair (X, X), and the statement follows if we show that the natural morphism

r—1
(25) EBcC“S (Opra ( D) ur @@ HL (X, W%, (log D)) = Hi (Pt Wy
=0

P 1/k(1OgPTDil))
is an isomorph1sm.
But by the Kiinneth formula for log crystalline cohomology (see the proof of Proposition 1.52), the
term on the right hand side is given by
2(r—1)
logP ) = € Hi (P! W) @ Hy X, WO
m=0
It follows from the computation of finite length Hodge-Witt cohomology in [24, I, Cor.4.2.15] that
" (Pt WQPT .
rank 1 generated by the (i*" product of the) first Hodge-Witt Chern class cif W((’)Pr 1(1))%. Consequently,
the slope spectral sequence degenerates at F; [30, IT, Thm. 3.7], and we see that HZ' (P, !, WQ*

(26) HE (P, WOy log D)).

PL 1/k( X/k(

) is non-zero if and only if 0 < j = ¢ < r—1 and in that case it is a free W (k)-module of

pr- 1) isa
free W (k)-module of rank 1 if and only if m = 2i, 0 < ¢ < r — 1 and zero otherwise. Thus (26) becomes
r—1
H, (P W, 1 (log Py ) = @ Hé (P W) ® Hy *(X, WO, (log D)).
i=0
Moreover, by the compatibility of the first Hodge-Witt Chern class with the crystalline Chern class [24,
ITI, §2.1] it follows that CC“S(OP;—I(l))i is a generator of HZ (P! WQP, 1). And this shows that (25)
is indeed an isomorphism.
By the quasi—isomorphism (24), we have the isomorphism

@5 ur* @H2(T Z) (X, agqnA”) E)Hggh(P(g)aazdle.)

for a locally free Ox-module £ of rank r, where ¢ := ¢ (Op(g)(1)). Using this, we define the i-th Chern
class ¢c(€) € H%, (X, a’y,A") of € for 1 < < r as the unique element satisfying the equality

=G+ O+ (1) e () =0
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in H2, (P(E),a’y,A%). Also, we put ¢(&) = 1,¢(E) =0 for i > r.

When £ is of rank 1, we have P(£) = X, Op(¢g)(1) = € and so the definition of cf! for such & is compatible
with the one defined in the beginning. In particular, our Chern classes satisfy the normalisation. Also,
the functoriality of our Chern classes follows from that for the first Chern classes and the functoriality
of the formation of the projective bundle.

We prove that our Chern classes satisfy the Whitney sum formula. Note that we have the following
two splitting principles (cf. [47, Props. 1.4, 1.5]):

(A) For a locally free Ox-module £ of finite rank on X, the pullback of £ to the flag bundle FI(£) — X
is by definition an iterated extension of locally free Ox-modules of rank 1, and we have injections

Hgékh(X7 agnA”) — H2§h(F1(5)7 aeanA”)

C
because the flag bundle can be written as an iteration of projective bundles.

(B) When we are given an exact sequence E := [0 — & — & — £” — 0] of locally free Ox-modules of
finite rank, we can define ‘the variety of sections of E’ Sect(E) — X, which is an affine space bundle.
By definition, the pullback of the exact sequence E to Sect(E) splits, and we have isomorphisms
Hign (X, aiqnA°) = Higy (Sect(E), agqn A°),

C

which follows fom the Zariski descent and the homotopy invariance of our integral p-adic cohomo-
logy (Corollary 1.53).

Using the splitting principles (A) and (B), the proof of Whitney sum formula is reduced to the case
where £ = & @ &” and £',&" are direct sums of locally free Ox-module of rank 1. Hence it suffices to
prove that, for £ = @)_, £; with each £; invertible, the equality

H(f - Cf(ﬁi)) =0

i=1
holds in H2}, (P(E),a’y,A*), where £ = c{l(Op(g)(l)). If we denote the projection P(£) — X by m and
the relative hyperplane in P(£) defined by the inclusion £; < &€ by H;, the injection m*L; — Op(e)(1) is
an isomorphism on P(€) \ H;. Thus the image of & — c!(£;) in H2y, (P(€) \ H;, a4, A®) is zero and so it
comes from some element in Hfdh’Hi (P(£),a’y,A*). Therefore the product [];_, (€ — ct(£;)) comes from
an element in Hzghﬂ-r_l 1, (P(€),a%q,A%) and it is zero since (i, Hi is empty. Hence the proof of the
Whitney sum formula is finished.

Finally, by the same standard argument explained in [25, Thm. 1] using the splitting principle (A) the

three properties (i)—(iii) characterise the theory of Chern classes entirely, proving therefore uniqueness. O

Corollary 1.63. Let (X,X) € Varp°. Then the Chern class maps ¢ and cf‘ are compatible in the
sense that there are commutative diagrams

H2i

cris

(X, X)/W (k)

cris

C‘L

Ko(X) ~
Hgﬁh(X, azanA’)
for alli > 0.

Proof. Both theories of Chern classes are unique with respect to the three defining properties — normal-
isation, functoriality, Whitney sum formula. Thus it suffices to compare the first Chern class maps for
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line bundles. In other words, we have to show that the diagram

(X, X)/W (k)

Crl@

cns

Pic(X) = HZaLr (X,0% ~
cdh(Xa acanA”)

commutes. But this is clear by the definition of (22). O

Proposition 1.64. Let X € Var,. Then the Chern class maps crlg and cf are compatible in the sense
that there are commutative diagrams

H% (X/K)

rig

2

cdh(Xv aig,At) ®z Q

foralli >0

Proof. As in the above corollary, it suffices to compare the first Chern class maps of line bundles, that
means we have to show that the diagram

(27) HZ (X/K)
/
Pic(X) = H%dr ~
HZy (X, a50,A°) ©2.Q
comimutes.

We first treat the case X = X is already proper. In this case Petrequin showed in [45, Cor. 5.29] that
the first rigid Chern class and the first crystalline Chern class """ of Berthelot-Illusie [10] (compare
[24, Proof of I.Thm. 5.1.5] for the construction) are compatible, naumely7 there is a commutative diagram

rig
/

Pic(X) = HL,.(X,0%)

Crlb X/W( )) ®z Qa

where the vertical map is induced by the canonical map RT yig(X/K) — RTcris(X/W (k))®2zQ constructed
in the proof of [9, Prop. 1.9].

(28) X/K)

rlg(
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Now take a split cdp-hypercovering X, — X by proper smooth k-varieties. By functoriality of the
first crystalline Chern class map cC“b’BI there is a commutative diagram

cris, BT

RF(X,OX) HRFCTIS(X/W( ))[ ]

\L cris, BT l
C

RF(X., 032.) ;> chrls(XO/W(k))[l]

Note that, for smooth k-varieties, the crystalline first Chern class map ¢<"*?! defined by Berthelot—
Illusie via the crystalline site coincides with the crystalline first Chern class map ' defined by Gros
and Asakura—Sato via the de Rham-Witt complex by the proof of [24, I, Thm.5.1.5]: it follows from
the commutative diagram [24, (5.1.10)]. The same holds for split simplicial smooth k-varieties via the
canonical comparison map [40, Cor. 7.7] between crystalline and de Rham-Witt cohomology in the split
simplicial case, because the commutative diagram [24, (5.1.10)] implies the same diagram in the simplicial
case by functoriality.

As a consequence we obtain a commutative diagram of the form

/Cnxj/vv( )
Pic(X) = Hby (X, 05— H2 (X /W (1))

cris

\

HE (Xo, WOK,)

(29)

~

Hc2dh(X’ azanA”)

whose rational version we combine with (28). Thus to show the commutativity of (27), it remains to
show that the non-logarithmic version of the isomorphism from Theorem 1.49 factors as

rlg(X/K) - HCers(X/W(k))(X)ZQ — crls( '/W(k))®ZQ “— HeZt(Xﬁ WQX )®ZQ Hcdh(X7 acdhA )®ZQ

But the third morphism is the isomorphism from [40, Cor. 7.7] and the last morphism is the isomorphism
induced by construction of our cohomology, both of which have been used in Theorem 1.49. Hence
we have to see that the isomorphism HZ,(X/K) = HZ2 (Xe/W(k)) ®z Q from [40, Cor.11.7] in the
case that (simplicial) horizontal divisor is empty factors through the canonical morphism X/K) —

X/W(k)) ®z Q. By functoriality there is a commutative diagram

rlg(

CI‘IS (

fe(X/K) = HZ,\ (X/K) —— HZ (X/W (k) ®2 Q

onv cris

|- i

HE, (Xo/K) = Hey(Xo/K) == HZ (Xo /W (k) ®2 Q

conv cris

rlg

where rigid and convergent cohomology are identified by construction since X and X, are proper [43,
Thm. 0.6.7]. That the lower horizontal map is an isomorphism follows from [43, Thm.0.7.7]. But the
isomorphism from [40, Cor.11.7], which was originally constructed in [52, Cor.2.3.9, Thm.3.1.1], is
precisely the log version of that one. Since the log structure in the case at hand is trivial (as the
horizontal divisor is empty), these morphisms coincide and this shows the desired factorisation. This
finishes the proof of the compatibility of Chern classes in the proper case.

Next we show how to deduce the general case from the proper case. Let X € Vary and and ¢ €
Pic(X) = H}, (X,0%). According to [45, Prop. 3.21] one may find a compactification j : X — X such

Zar
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that X\ X is a divisor and ( extends to X in the sense that there is ¢ € Pic(X) with j*(¢) = ¢. For this
compactification consider the diagram

Pic(X) Pic(X)

A
€1

H2, (X, atqpA%) @7 Q

rig
€1

HE, (X/K) HE, (X/K)

where all three squares commute by functoriality. By what we have seen in the first part of the proof,
the left triangle commutes. As ¢ has a preimage ¢ in Pic(X), a diagram chase shows that

Q) = ' (57C) = 5 e (Q) = 5" (0) = 4*(©).

As we can find such a compactification X for each ¢ € Pic(X), we finally obtain a commutative diagram
of the form (27) as desired. O

2. THE CASE WITHOUT RESOLUTION OF SINGULARITIES

In this section, we discuss integral p-adic cohomology theories without assuming resolution of singu-
larities. In this case, instead of resolutions to arrive at a situation of normal crossing pairs, one could
envision to use de Jong’s alteration theorem. In fact, for a k-variety X and a compactification X C X,
we can form by [40, Prop. 9.2] a commutative diagram

P

(30) LN

n

<

S
D

™
[ ) — )

where the square is Cartesian, 7 is a split proper hypercovering, 7 is proper, and ({ o, X o) is a simplicial
normal crossing pair wth:h gives rise to a s@plicial fine log scheme. With D, := X\ X,, its crystalline
cohomology H! . ((Xe,Xe)/W(k)) = Hét(X.,WQ'Y /k(log D,)) is a finitely generated W (k)-module.
Moreover, since we have the isomorphism

Hy(X/K) = Hy (Xe, Xo) /W () ©2 Q

rig

by [40, (1.0.17), Cor.11.7 1)], the cohomology H! . ((Xe, Xe)/W(k)) is a candidate for a good integral
p-adic cohomology theory. Hence one is tempted to ask whether this is independent of the choice of the
diagram (30). In particular, when (X, X) is also a normal crossing pair with D := X\ X, we ask whether
the natural map

(31) T Heyo (X, X)/W (k) = Heo(Xe, Xo) /W (K))

C: C

is an isomorphism. However, we have the following easy counterexample:

FEzample 2.1. Let X be an elliptic curve over k = F,, and let F' : X — X be the absolute Frobenius
morphism. If we denote the Cech hypercovering associated to F by 7 : X, — X and if we set X, :=
(X)red, we see that each X; (i € N) is equal to X. Moreover, X, — X forms a proper hypercovering:
Indeed, for each i € N, we have a commutative diagram
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(32 X ———— XL,

l |

cosk;(Xegi) — cosk; (X, ;)

such that the horizontal arrows are homeomorphic closed immersions (because so are the morphisms X; —
X’ (j € N)) and the right vertical arrow is an isomorphism (because X, — X is a Cech hypercovering).
So the left vertical arrow is also a homeomorphic closed immersion and so it is proper and surjective.
Thus X, — X is a proper hypercovering, as required. Also, it is obviously split. If we set X, := X,
and X := X, the pair (X,, X,) over (X, X) forms a commutative diagram (30) satisfying the conditions
above.
In this case, we have maps
Ho (X)W (k) T H,

cris

(Xo/W (k) = Heyyo(X/W (K)),
where the second map is the edge map of the spectral sequence
EY = Hi((Xi/W (k) = HLH (Xo/W(K),

cris cris
such that the composite is equal to F* : HL. (X/W(k)) — HL, . (X/W(k)). Since H.. (X/W(k)) has

non-trivial positive slope part, F'* is not an isomorphism and so 7* is not an isomorphism either.

Thus we should assume some generic étaleness assumption on the hypercovering 7. (Note that, for
a given (X, X), there exists a diagram (30) such that the split proper hypercovering 7 is additionally
generically étale by Lemma B.2 and Corollary C.12. So we would like to consider the following question.

Question 2.2. Let X be a k-variety and let X C X be its compactification. Suppose we are given
a commutative diagram (30) such that the square is Cartesian, 7 is a split proper generically étale
hypercovering, 7 is proper, and (X,, X,) is a simplicial normal crossing pair. Then, is the crystalline
cohomology H{ . ((Xe, X.)/W (k)) independent of the choice of the diagram (30)? In particular, when

(X, X) is also a normal crossing pair, is the natural map (31) an isomorphism?

2.1. Independence of H'. In this subsection, we give an affirmative answer to Question 2.2 for the
zeroth crystalline cohomology group. It is certainly well-known but we write down a proof for the
completeness of the paper.

Let X be a k-variety and let X C X be its compactification. Suppose we are given a commutative
diagram (30) such that the square is Cartesian, m is a split proper hypercovering, 7 is proper, and
(Xe, Xo) is a simplicial normal crossing pair. (We do not assume that 7 is generically étale. This suffices
for us because we consider the zeroth cohomology group here.)

Then we have the following:

Theorem 2.3. H. ((Xe, Xo)/W(k)) is independent of the choice of the pair (Xe, Xe) as above.

cris

Lemma 2.4. (i) Let Y — Y be an open immersion of smooth varieties over k such that Y \'Y
is a simple normal crossing divisor (but Y not necessarily proper) and let (Y,Y) be the result-
ing log scheme. Also, let U be an open dense subscheme of Y. Then the induced morphism
H2. (V,Y)/W(k)) — HO2. (U/W(k)) is an isomorphism.

cris cris

(ii) Let U be a connected smooth variety over k with U(k) # (0. Then H2. (U/W(k)) = W (k).

Proof. First we prove (i). Set D := Y \ Y. By Zariski descent for crystalline cohomology, we may shrink
Y and so we may suppose the following: Y is affine, connected and liftable to a smooth p-adic formal
scheme Q) over Spf W (k), and D is liftable to a relative simple normal crossing divisor ® of 2). Then U
admits a lift #{ which is an open formal subscheme of ). Also, by the base change property of crystalline
cohomology, we may replace k& by a finite extension and so we may assume that U admits a k-rational
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point. Then 4 admits a Spf W (k)-valued point x. Let t1,...,t; be local coordinates of {l at 2. Then the
map HO. ((Y,Y)/W(k)) = H2, (U/W(k)) is equal to the map

(33) Ker(T'(2), Og) — ry, Q%(log D))) — Ker(T'(4, Oy) — T(4, Q).
Both sides of the map contain W (k). Also, there exist injective maps

Ker(I'(@, Og) — T3, 2 (log D)) = Ker(N(D, Ogy) — T, )

< Ker (W(k)[[tl, ctdl] = W B[, . ,td]]dti) — W(k),

d
Ker(D(1L, Oy) — T(4, QL)) — Ker (W(k:)[[tl, ctdl] > W[t ,td]}dti> = W (k)

induced by injective maps
I, 0g) = T(Y, Oy) = Oy = W(K)[[tr, - .-, tall.

Thus both sides of the map (33) are equal to W (k) and so the assertion (i) is proved.

Next we prove (ii). Take a finite Zariski covering U = |J;c; U; such that each U; is affine, connected

and liftable to a smooth p-adic formal scheme. Also, since we may replace k by a finite extension to prove

the assertion, we may assume that V' := [),.; U; has a k-rational point. (Note that U is geometrically

connected by the assumption U (k) # 0 [54, Lem. 056R].) Then

CI‘IS(U/W = Ker @ crls U /W @ CI‘IS U n UJ/W(k))
el i,5€l

= Ker @ cris V/W @ cris V/W )) Cl‘lh(v/W( )) W(k)a

el i,5€l
where the second equality follows from (i), the third equality follows from the connectedness of U and

the last equality follows from the computation in the proof of (i). O

Proof of Theorem 2.3. Take an open dense subscheme U C X such that U is smooth over k, and set
Ue := Xo Xx U. Then the induced map U, — U is a proper hypercovering. To prove the theorem, we
may replace k by a finite extension and so we may assume that each connected component of U, Uy, Uy
has a k-rational point.

By Lemma 2.4(i), we have isomorphisms

Heio(Xe, Xa) /W (K)) 22 Hoyio(Us /W (K)) = Ker(Heo (Uo/W (k) = Heo(Ur/W (K)))-
So, to prove the theorem, it suffices to prove the exactness of the sequence
0= Hoyuo(U/W (k) = Hoyio(Uo/W (k) — Hyio(UL/W (k).
By Lemma 2.4(ii), the above sequence is equal to the sequence
0 — W(k)®™W) — W (k)®molo) — W (k)®molh),
hence the sequence
0 — H§ (U, Zy) @z, W(k) — Hg(Uo, Zp) @z, W (k) — Hg (Ur, Zp) @z, W (k).

The exactness of this sequence follows from the cohomological descent of étale cohomology for proper
hypercoverings. O
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2.2. Independence of H'. In this subsection, we prove our first main result in this section, which gives
an affirmative answer to Question 2.2 for the first crystalline cohomology group.

We fix our setting. Let X be a k-variety and let X C X be its compactification. Suppose we are given
a commutative diagram (30) such that the square is Cartesian, 7 is a split proper hypercovering, 7 is
proper, and (X,, X,) is a simplicial normal crossing pair with D, := X\ X,. Suppose moreover that
Xo — X is generically étale. (This assumption is slightly weaker than that in Question 2.2, but it is the
natural one because we only consider the first cohomology.)

Then we have the following:

Theorem 2.5. H.. ((X.,X.)/W(k)) is independent of the choice of the pair (Xo, Xe) as above.

When p > 3, this is already proven by Andreatta—Barbieri-Viale [3, Cor. 7.5.4]. We will give a different
proof which works also in the case p = 2. Moreover, in Appendix C, we will give a description of the
cohomology H', ((X., Xs)/W(k)) in the style of the previous section, and discuss the functoriality of it.

cris

First we explain briefly the proof of Andreatta—Barbieri-Viale. We take another diagram
X, —X

J/n lm

Y’, —X
with D), := Y’.\X . satisfying the same condition as (X,, X,). To prove Theorem 2.5, it suffices to prove
that, when we have a morphism (X,, Xo) — (X :,Yl,), the induced morphism of crystalline cohomologies

(34) HLi(Xe, Xa)/W () = HL (X0, X,) /W (k)
is an isomorphism, by Proposition B.3 (iii) and Corollary C.12.

In this situation, we have the morphism between Picard 1-motives
(35) Pict(X., X.) — Pict(X.,X.)

associated to (X,, X,) and (XLY:) Then Theorem 2.5 in the case p > 3 is a consequence of the
following two theorems.

Theorem 2.6 ([3, Prop. A.2.8]). The morphism (35) is an isomorphism (for any p).

o

Theorem 2.7 ([3, Thm.B’]). If p > 3, there exists a functorial isomorphism Teps(PicT (X,, X)) —
HL. ((Xe,X,)/W(k)) which is compatible with weight filtration and Frobenius action, where Ty is the

covariant Dieudonné functor (the contravariant Dieudonné functor of the p-divisible group associated to
the dual).

In our proof of Theorem 2.5, we will use Theorem 2.6 but we will not use Theorem 2.7. Thus our
proof is different from that in [3] even when p > 3.

Remark 2.8. In Appendix A we give a proof of Theorem 2.7 for any prime p, based on the results in this
section.

First we recall the definition of the Picard 1-motive Pic™(X,, X,). Recall that a 1-motive over k is
a complex M := [X & G] sitting in degrees —1,0 consisting of a finite free Z-module X endowed with
continuous Gal(k/k)-action (regarded as a locally constant group scheme over k), a semiabelian variety
G over k and a homomorphism of k-group schemes v : X — G.

Let (X, X o) be a simplicial proper normal crossing pair with Dy = X4\ X,. Then the Picard fppf-sheaf

T — Picx, (T) := Hg oo (T, R f1:G 5, o)
where fr : Xe1 = Xe Xspeck I — T is the projection, is representable by a group scheme Picg, over

k [5, Lem. 4.1.2] and its reduced identity component Pic%’rEd is a semiabelian variety over k (see Remark
2.11 below).
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Remark 2.9 (cf. [5, p.54]). For a k-variety T the Leray spectral sequence

By = Hipot(T, R f.Gpn) = Hi#3(Xoir, Grn)
induces the exact sequence
0= Hippt(Ts frGim) = Hippt(X o7 G) = Hippoe (T, R fruGin) — Hipo (T, freGin).-
Suppose k = k. Then we have an isomorphism [:0%, & kN for some N > 1 and then fr.G,, = (O7)V.
Hence, if T' = Spec R for some Artinian local k-algebra R, Hy, (T, fr+G;,) = 0 for i = 1,2 and so

Picx (T) = Hyype (X o7, Gm) = Heg(Xo7, G).-

Next, let Divp, (X,) be the group of Weil divisors E on X X Spec wSpec k supported on Dy X Spec wSpeck
with diE = djFE, where d; : X X Spec k Speck — Xo X Spec k Speck (i = 0,1) are projections. This is
a finite free Z-module endowed with continuous Gal(k/k)-action, and there is the canonical morphism
Divp, (X,) = Picg,. If we define DivY,, (X.) to be the kernel of the composition

DiVD. (Y.) — PiCY. — T (PICX.) =: NS(Y.),

we have the induced morphism u : Div}, (X4) — Pic%red. Then the Picard 1-motive Pic™(X,, X,) is
defined by
. ~ . ~ . O,red
Pic™(X,, X,) := Div}, (X.) = Pic ).
By Theorem 2.6, we obtain the following corollary.

Corollary 2.10. The natural morphisms Div}, (X4) — Div%,. (X.), Pic%red — Pic%fed induced by (35)

are isomorphisms (for any p).

Remark 2.11. We have by a standard argument the exact sequence
(36) 0—>']I‘—>PicY.—>K—>’]I"
with
Ker ((/1)+Gpx, = (22):Cnx,) Ko ((21Gx, = (2)Gyx, )

Im ((fo)*Gm,Yo — (fl)*Gm,fl) ’ Im ((fl)*G"hYl — (fQ)*Gm,?z)
K := Ker(Picg, — Picg, ),

)

where f;: X; — Speck (i = 0, 1, 2) are structure morphisms. The reduced identity components T4, T’ 0,red

of T, T are tori, and the reduced identity component

O,red __ O,red (p:.__ s\ 0,red /p: .0,red . O,red
K = Ker"“(Picg, — Picg,) = Ker (PICYO — Picg )

of K is an abelian variety. Therefore, the composite K% — K — T’ is zero. So, if we set Pict =

Picg, xg K™, we obtain an exact sequence
(37) 0— T — Pice = K™ =0

by pulling back the sequence (36) by K% — K. If we set F := T/T%"d it is a finite group scheme and
if we denote the quotient Pic’y /TOred by K, we obtain exact sequences

(38) 0— T0™ - Pic,. »K—0, 0—F—K—K™ 0.

From the second sequence of (38), we see that K is proper and so its reduced identity component [KO:red
is an abelian variety. Thus, by pulling back the first sequence of (38) by K%' — KK, we obtain the exact
sequence

(39) 0 — TOrd — Picl*! — KO™d -0,

. . . O.red . . .
which describes Plcy’re as an extension of an abelian variety by a torus.
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By construction, there exists an exact sequence
0— F — KOred 5 gOred 5

for some closed subgroup scheme F’ of F. In [3, Rem. 5.1.2], Andreatta-Barbieri-Viale claim that K%d
is the abelian part of Picy, O red (hence F' = 0), but it seems that there is no proof for it. Because they use
this description of the abehan part in the proof of Theorem 2.7, some supplementary argument would be
required. In this article, we do not use Theorem 2.7.

Remark 2.12. Let the notations be as above and assume that k is algebraically closed. Then we have
NS(X,) := mo(Picg, ) = Picy, (k)/ Pic% red(k). By the commutative diagrams with exact horizontal lines

0 — TOed (k) —— Pic%" (k) — K®**d(k) —— 0

N

0 T(k) Picy. (k) K(k),
0 F' (k) KOred(k) —— Kovref(k) — >0
0 0 K(k) K(k) 0,

0 K(k) K(k) 0 0
(where K’ := Ker(PlcgrEd — Pic g(rled)),
0 K’ (k) Plc())ifd(k;) — Plc‘;gfd(k)
0 K(k) Picg (k) —— Picx, (k),

we obtain the exact sequences

T(k)/ T (k) = Picg, (k)/Picy* (k) — K(k) /Tm (K** (k) — K(k)),

0 — K(k)/Im(K*"4 (k) — K(k)) — K(k) /K" (k) — 0,

K' (k) /K™ (k) — K(k) /K" (k) — K(k) /K (k),

0 — K(k)/K'(k) — Picg, (k)/Pic%’ red(k).
Because T(k)/T*d(k) is a finite group, K'(k)/K%d(k) = K/(k)/K'*" (k) is a finite group (because
K’ is proper) and Picg, (k) /PICO red(k:) = NS(X) is a finitely generated Z-module, we conclude that
NS(X,) is also a finitely generated Z-module.

Now we start the proof of Theorem 2.5. Note that, to prove that the map (34) is an isomorphism, we
can reduce to the case where k is algebraically closed. So we assume that k is algebraically closed and
we generalise a part of the theory of de Rham—Witt cohomology in [30] to the case of proper smooth
simplicial schemes.

First, we consider the slope spectral sequence

(40) B = H,(X W) = HI (X W) = HI (Xo/W(R)).
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(The last isomorphism is proven in [40, Cor.7.7].) This degenerates at F; modulo torsion by [40,
Prop. 7.3] (see also [30, II. Thm. 3.2]). Since the sheaf WQL  is p-torsion free [30, 1.,Cor. 3.6], so

_ , — o Xo/k
are HY, (Xo, WQ%O/]C) and its sub-module HY (X, WQZY./k)‘ Consequently, in the spectral sequence
(40), we obtain
(41) Hg(Xo, W ) = B C Heo(Xo /W (K)).

X, /k

Because H{, (Xo/W(k)) is a finite W (k)-module, we see that HY (X, WQ%./]C) is a finite free W (k)-

cris
module.

Next we study HZ, (X, WO%,). We will need a simplicial version of several results in [30]. For the
convenience of the reader we provide the arguments which can be adapted from the non-simplicial case
with minor modifications.

Lemma 2.13 (cf. [30, II. (2.1.2)]). For any i,j, there exists an isomorphism
(42) H: (X, WQ%) — lim H, (X, WnQ%).

Proof. Because WQJY = Rlim Wnﬂ% (which follows from the case for usual smooth schemes), we
have the isomorphism

RT&(Xa,WQI ) = Rlim RUe(Xo, W0 ).

Also, since HE, (X, W,LQ% ) is a W (k)-module of finite length (because this is the case for usual proper
smooth schemes),

R'lim H (Xo, Wi ) = 0.
Thus we obtain the isomorphism (42). O
Lemma 2.14. The group H} (X, W(Qy.) is V-adically separated and complete. Also, for any n,
H(Xe,WOx,)/V"H} (X, WOx,) is a W (k)-module of finite length.

Proof. We follow the argument in [50, pp.30-31]. Because the inverse limit of a projective system of
exact sequences of W (k)-modules of finite length is exact [50, 4. Lem. 1], the exact sequences

HY (X o, WinOx,) ~= HL (X, WainOx,) = Hy(Xo, WaOx,)  (m € N)
induce the diagram
(43) HY (X, WO%,) = Hi(Xe, WOx,)/V"HE (Xe, WO%,) = HE (Xe, WnOx,)
by Lemma 2.13. Taking the inverse limit with respect to n and using Lemma 2.13 again, we obtain maps

Hg (Xe,WO%,) = Jim(Hg, (Xe, WOx,)/V" Hiy (Xo, WOx,)) < Hgy(Xe, WO%,)

whose composition is the identity. Thus the first morphism is an isomorphism

H(Xe, WOx,) = lim(HE (X, WOx,)/V" H (Xa, WO, ).

In particular, Hélt(Y.,WOy.) is V-adically separated and complete. Moreover, the inclusion in the

diagram (43) implies that Hj (Xo, WOx,)/V"H} (X., WOx,) is of finite length. O

Remark 2.15. The inclusion in the diagram (43) shows that the projective limit topology on H} (X, WO%,)
= ]'#mn H} (X, W, O%,) coincides with the V-adic topology.

Proposition 2.16 (cf.[30, II. Prop. 2.19], [50, 7. Prop.4]). The cohomology group H} (Y.,W(’)y.) s a
finite free W (k)-module.
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Proof. We follow the proof in [50, 7. Prop. 4]. Since there exists an injection F"~1d : W,0%, /[ FW,O0%, =

Qlf./k [30, L. (3.11.4)], we have

dimy, Hg (X o, W, Ox, [FW,05%,) < dimy H (Xo, Q% ) =e

Then, since we have an exact sequence
0 — HY (Xo, W, 0%, /FW,0%.) = HL(Xo, W, 0%.) 55 HL (X, W, 0x,)
and H}, (X, W,0%,) is a W(k)-module of finite length, we obtain the inequality
dimy (Hg (X, WnOx,)/FH (X o, Wy, O%,)) = dimy, H (Xo, W, O, /[FW,,0%,) < c.

Taking inverse limit, we obtain the inequality dimy(Hj (X, WO%,)/FH{ (X.,WOx,)) < ¢. Together
with Lemma 2.14 using the equality p = FV, we see that dimy(H} (X., WO%,)/pHE(X., WOx%,)) is
finite.

To ease the notation, we denote H} (Xo, WOx,) by H in what follows. Take a finite W (k)-submodule
N of H which surjects to H/pH. Then N is dense in H with respect to the V-adic topology: Indeed, if
we set M := H/(N +V"H), then M = pM by definition of N, and M is of finite length by the latter
assertion of Lemma 2.14. Thus M = 0 and hence N is dense in H. On the other hand, N is closed in
H with respect to V-adic topology: Indeed, if we set N,, := NNV"™H for n € N, {N,}, is a family of
submodules of a finite W (k)-module N with N/N,, finite length and (1, N, = 0. By the argument of
[49, Ch. 1, 3. Prop. 2], these conditions imply that the topology defined by the family {N,}, is the same
as the p-adic topology. Thus N is complete with respect to the topology defined by {N,}, and so N is
closed in H. Hence N = H and thus H is a finite W (k)-module.

Finally we prove the freeness of H. Since the map W;,110%, — O, admits a section a — (a,0,...,0)
as a map of sheaves of sets, it induces the surjection H, (X, Wy10%,) — HY (X, O%,)- Hence the
exact sequence

0= W,0x, % Wy1Ox, — Ox = 0
induces the injection V : Hj (X, W,,O%,) < Hg (Xe, Wny10%,), thus the injection V : H < H. If we

denote the torsion submodule of H by T, V : T — T is injective and T is of finite length. Thus V(T) =T
and so T =, V*(T) €, V"*(H) = 0. Hence H is free, as required. O

Remark 2.17. The above proof shows that the V-adic topology on HZ (X, WOY.) coincides with the

p-adic topology. In particular, the action of V on H, ét (X, WOY.) is topologically nilpotent with respect
to the p-adic topology.

Proposition 2.18 (cf. [30, IL. Prop.3.11)). In the slope spectral sequence (40), we have the equality

H} (X, W(’)y_) = E%L. Consequently, there is an exact sequence of finite free W (k)-modules
(44) 0= Hg(Xo, W% ) = Heyo(Xo/W (k) = He(Xe, WO5,) = 0.

Proof. Consider the map d : Hi(X., WOx,) = Hi (X, WQ%./]C). Note that FdV = d. So we have

increasing sequences of W (k)-modules {Ker(F"d)}nen, {Im(F"d)}pen. In order to show that d = 0,
it suffices, by a lemma due to Nygaard [30, II. Lem. 3.8], to prove that the above sequences are both
stationary. (Note that, to apply [30, II. Lem. 3.8], we need to check that the map d above is continuous
with respect to (a topology coarser than) the V-adic topology on Hj (X, WOx,) and some separated

topology on Hj, (YMWQIY. /k). This is true if we take the projective limit topology in both cases

defined by (42), which on H}(X,.,WOx,) is equal to the V-adic topology by Remark 2.15.) The
sequence {Ker(F"d)},eN is stationary because HZ (X, WO%,) is a finite W (k)-module. On the other
hand, {Im(F"d)/Im(d)},en is an increasing sequence of W (k)-modules in E,"" of the spectral sequence
(40). Because E3° = E30 by (41), the map Ey' — E3° in the spectral sequence is zero, and so
Ey' = EL'. Thus Ey" is a subquotient of H2,,(X./W(k)) and so a finite W (k)-module. Thus the
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sequence {Im(F"d)/Im(d)}nen is stationary and so {Im(F"d)},en is also stationary. Hence we have
proved that d = 0. Then, using this fact and (41), we see that H'(X,, WOx, ) = E2.'. O

We relate the cohomology groups in the exact sequence (44) to the reduced Picard scheme. To achieve
this, but also at later parts in this section, we will need an isomorphism of certain cohomology groups
that we explain now: Recall that the exact sequence on the fppf-site of X,

1—>/,Lpn—>Gmi>Gm—>1
and the exact sequence on the étale site of X,
x P X X X n
1— OY. — OY. — Oy./((’)y.)p —1
induce isomorphisms
(45) lim H},(X., 0% /(0% )"") = lim H}, (Ko, Gy 25 G,)

n

= lim H,oo(Xo, G = Gin) = Hil 1 (X, Zy(1)).

Lemma 2.19. Assume that k is algebraically closed. Then there exists a canonical isomorphism

Hot(Xa, Zy(1)) @2, W (k) = HG (Ko, WOk ))-

Proof. The exact sequences

X X \p" 1 1-F 1
0 0% J(OL )" — W,k L

X./kA—%W"QX./kg)O (n € N)

on the étale site of X, (see [30, L. (3.27.1)]) together with the isomorphism (45) imply the isomorphism

Hi i (Xe, Zp(1)) — Ker(1 — F : HY (X, WQ%./k) — HY (X, WQ%./,C)).

On the other hand, because HY (X, waL /k) C HY (X, WQ%O/]C) is pure of slope 1 (with respect to

the Frobenius on crystalline cohomology), the map F : H, (X, WQlY /k) — HY (X, WQlY /k) induced

by F on WQL Ik is an automorphism. Since HY, (X, WQlY /k) is a finite W (k)-module, the required

isomorphism foilows from [30, II. Lem. 6.8.4]. O

Proposition 2.20. Assume that k is algebraically closed. Then Hgt (YMWQIY /k) is canonically iso-

morphic to the covariant Dieudonné module of the étale part of the p-divisible group associated to Pic%red.

Proof. By [3, Lem. A.2.1] (which is the simplicial version of [36, ITI. Lem. 4.17]), there is an isomorphism
Hflppf(Y., Z,(1)) N Hom(Q,/Z,, Picx, ). Because Hom(Q,/Zy,, G) = 0 when G is a finite group scheme
or a finitely generated discrete group scheme the right hand side is equal to

Hom(Q,/Zp, Picy"*!) = Hom(Q,/Zp, Picy" ! [p™]).
By duality, this is further equal to Hom((Pic%”red)v[p"o]7 Ppoe ) = Hom((Pic%”Fed)v[p"o]7 Gm,). Thus
Hflppf(y" Zp(l)) ®Zp W(k) = He?t(y'a WQ%./]C)
is isomorphic to
Hom((Pic" ™) [p™], Gm) @z, W (k),

which is the contravariant Dieudonné module of the multiplicative part of the dual of Pic%md (see [42,

Def. 3.12, Def. 3.17]), namely, the covariant Dieudonné module of the étale part of the p—divi.sible group

. . 0,7ed
associated to Plcy’re ) O
[ ]

Proposition 2.21. Assume that k is algebraically closed. Hélt (X, WOY.) s canonically isomorphic to
the covariant Dieudonné module of the connected part of the p-divisible group associated to Pic%red.
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Proof. We follow the proof of [42, Thm. 4.4].

First we fix notations. Let W,,, W := lgln W,, be the truncated and untruncated Witt ring schemes.
We denote the sheaf on a simplicial k-scheme associated to W by the same letter. In particular,
H} (X,, W) is the same as H} (X, WOx,).

Let C_,, := W,, and let C := hénn C_,,, where the limit is taken with respect to the maps C_,, =

W, N Wyi1 = C_(ny1) (n € N). This is called the module scheme of Witt covectors. The operator
F : C — C is defined as the inductive limit of F : W,, » W, (n € N) and the operator V : C — C is

defined as the inductive limit of W, Y, Wit broj, W,, (n € N). V is the same as the inductive limit of

Wit PO W, (n € N). We set C := C(k).
For a group scheme G over k or an ind-object of finite group schemes G over k whose ranks are powers
of p, its contravariant Dieudonné module M(G) is defined by

M(G) := Hom(G, C) ® (Hom(G, G,,,) @z W (k)),

endowed with the operators F,V in a suitable way (see [42, Def. 3.12, Def. 3.17]). On the first factor, the
operators F,V are the ones induced by those on C. Also, note that the second factor vanishes when G is
unipotent.

We have the following compatibilities of the functor M with duality: First, for a finite k-group scheme
G whose rank is a power of p, we have the canonical isomorphism MD(G) = Homyy 1) (M(G), C), where
D is the Cartier dual and the operators F,V on the right hand side are defined by

F(p)(x) = F(p(Va)), V(p)(z)=F"'(p(Fz)) (p € Homy)(M(G),C), x € M(G))

(see [42, Thm. 3.19]). Second, for a p-divisible group G, we have the canonical isomorphism MD(G) 2
Homyy (1) (M(G), W(k)), where D is the Cartier dual of p-divisible groups and the definition of F,V on
the right hand side is similar to the previous case (see [42, Prop. 3.22]).

Now we start the proof. We need to prove that H} (Xe, W) is canonically isomorphic to the contrav-
ariant Dieudonné module of the unipotent part of (Plcgred) [p™°]. By duality, this is the W (k)-linear
dual of the contravariant Dieudonné module of the connected part of P1c0 red
nected part of Plc0 redpee] s Plcg(md [F*°], what we should prove is the equality M(Pic%md[Fw]) =

Homyy (1) (H t(X.,VV)7 W (k)). Applying the Cartier dual, it suffices to prove the equality

>°]. Because the con-

€

liglMD(Pl(‘gred[ ") = C @ww) H, &(X e, W).

First, we prove that the above equality follows from the equality

(46) limy MD (Pic, [F"]) = H} (K., C).

We have an exact sequence

0 — Pick*[F*] - Picg, [F>] = N — 0

for a finite group scheme N killed by a power of F. In the associated exact sequence of Dieudonné
modules

0 — M(N) — M(Picx, [F>]) — M(Pic&red [F]) = 0,

M(NV) is killed by a power of F' by [42, Prop. 3.13]. On the other hand, M(Picy Ored[ o)) is a finite free
W (k)-module because it is the Dieudonné module of a p-divisible group, and so F is injective on it. Thus

M(Pl&md[ <N = 1&1( (Pick, [F°°])/Ker (Fm : M(Picx, [F*]) — M(Picx, [F‘X’D)) )
Applying the Cartier dual, we see that

. 0,red . . . .
h_;)nMD(Plc “CIF™) ﬂlm (Vm : h_;)nMD(PlcY. [F"]) — hTIr)lMD(PlCY. [F"])) .
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If we have the equality (46), the above module is equal to

m

(Im (V™ : HY (X, C) = Hi(X,,C)) = ﬂnglm (V™ HL(Xe,Conm) = HY(Xe,C_y))

= ﬂligqlm (proj : Hélt(Y.,Wn_,_m) — Hélt(Y.,Wn))

m TL,V

& lim () Tm (proj : H}(Xe, W) = Hi(Xe, W,))

n,V m

= lim Im (proj : Hy, (Xe, W) = Hg (X, Wy))
n,V

= lim HY (X o, W)V HE (X0, W) 2 C @way HE (X, W),
n,V

where hgn v denotes the colimit induced by the maps W, N W41 (n € N). Here, the isomorphism in
the third line follows from the equality
T (proj : H (Kas W) — HE (KXo, Wa)) NI (V23 HE (Ko, W) = HE (Ko, W) )
= V" "' Im (proj : H (X e, Wyrim) = Hi (Xe, Wyy))
for m,n,n’ € N with n > n’, which is implied by the exact sequences

HY (K ey W) P B (X4, Wi ) © HY (X, W)

The isomorphism in the fifth line follows from the exact sequence

. 'n,—n/
(proj—V )
L ——

Hgt(ytv Wn)

HL (X, W) 25 B (X, W) 2% HL (X, W,,)

and the last isomorphism follows from [42, Lem. 4.6]. (Note that, to apply [42, Lem. 4.6], we use the finite
freeness of H élt (X, W) as W (k)-module which is shown in Proposition 2.16 and the topological nilpotence
of the action of V on H} (X., W) with respect to the p-adic topology which is shown in Remark 2.17.)
Thus it suffices to prove the equality (46) to prove the theorem.

Now we prove the equality (46). We set H,, := (Opi%. ’0/(F*)n(mpicy.’(])Opicy. 0)*, where Opicy.’o
is the local ring of PiCY. at the identity, Mpice 0 is its maximal ideal and * denotes the k-linear dual.
Then D(Picx, [F™]) = Spec H,,. Since each D(Pic, [F™]) is unipotent, (46) is equivalent to the equality

H} (X.,C) = lim Hom(Spec H,,, C)

and to prove the latter, it suffices to prove the equality
(47) H} (Xo,W,,) = Hom(Spec H,W,,),

where H = J,, Hy.

We prove the equality (47). Note that, for an augmented Artinian local k-algebra (R,m, 7 : R — k),
R* = k®m* is a k-coalgebra and so Sym(m*) is a k-bialgebra. If we set Sg := Spec Sym(m*), we have
the following for a k-algebra B:

Sr(B) = Homy_a1e. (Sym(m*), B)
= {p € Homy_yec. sp.(k ®m*, B) | (1) = 1}
= {p € Homy yec.sp.(R", B) | p(id) = 1}
={a€R®;B|(r®id)(a) =1} =1+ m Ry B.

We compute Ker (Pici. (R) — Picx, (k)) in two ways. First, we have the equalities

Ker (Picy, (R) — Picx, (k) = Ker (H,;t (X, (Ox, @4 R)*) = HL(X, og.)) = HL(X.,SR).
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(The first equality follows from Remark 2.9.) Second, we have the equalities
Ker (PicY. (R) — Picx, (k)) = Homyyg. k_alg_((’)picy. 0, R) = Homaug. k-coalg. (R, H)
= Homaug. k-bialg. (Sym(m™), H) = Hom(Spec H, Sg).
Thus we have
(48) H} (X.,Sg) = Hom(Spec H,SR).
It is known (see [42, p.112]) that, when R = k[t]/(t""),

Sk=W,x [[ Wn.
1<i<p™
(i,p)=1
where r; = min{r |p" > p™/i}. Using this, we see that (48) implies the required equality (47). So the
proof is finished. 0
The last ingredient for the proof of our first main theorem in this section is the following exact sequence:

Proposition 2.22. Assume that k is algebraically closed. Then there exists an exact sequence
(49) 0 = Heio(Xo/W(K)) = Heyo(Xo, Xo) /W (k)) = Divp, (Xo) @ W(k) =0

Proof. Consider the weight filtration P; I/VQZY y k(log D,) defined in [37, 1.4]. (One has also the description
Im (Wi, (log Du) © WOi? — We (log Da)) (< 1),

Wi, (logDa) (5 > i),

PWQL , (log Dy) =

il

which is given in [34, 8.2, 9].) The Poincaré residue isomorphism ([37, 1.4.5] or [34, 9]) induces the exact
sequence

0— WQL , — WO, (logD;) — alVWar

Xk [-1] =0

Xi/k DY /k

for each i, where D(l) is the disjoint union of the irreducible components of D; and agl) : Dgl) — X, is

the canonical morphlsm Since the map WQX Jk — PlWQX /k(log D;) is compatible with respect to 4,
the above exact sequences for ¢ € N induce the exact sequence of the form
(50) 0= WQx, , = PIWQ%, , (log D.) = a.*)WQD<1)/k[ 1] = 0.

Here ag*) wQ: .,
D( )/k
with the transition maps induced by those on W and PtWQL (log Ds). (Beware that the schemes

[—1] denotes the complex of sheaves on X, defined on each X; by a( wa, [—1]
D( )/k

Dgl) (i € N) do not form a simplicial scheme and the maps agl) (i € N) do not form a map of simplicial
schemes.) This exact sequence induces the long exact sequence

(51) 0— HL(Xe, WQ% ) — Hi(Xe, AW

Xe /k IOgD.))

X

= HY(Xa,alYWQ" ) ) = HZ(X., WO

D(l)/k Xe /k)

We rewrite the second and the third nonzero terms of the sequence. First, by using the spectral
sequences

B/ = H}, (X, AWOL, Jp(log Da)) = HV (Xo, AW Q% Jx(og Da)),
EY = H},(X., WOk /k(logD.)):H;jﬂ(X.,WQ'Y. Jx(log D))

and noting the facts
H, (X, WO /k(logD.)):H (Xo, WQL

HE(Xo, PWOS Jx(log Da)) € HY(X., WOL

(log D)) for i < 1,
(log D,)) for i € N,

X./k

X./k
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we see the equality H}, (Xo, Py WQ.Y./kaOg D,)) = H} (X, W /k(log D,)). Next, we have the equality

(52)  HEQ(Xe.aldWOp, ) = Ker(ds — df : HY(Xo,a5) W) — H(X 1,03 WQ3,0),
where the maps d} (i = 0,1) are the ones induced by the maps

di W | — WO ar: PWasL  (logDV) = PWQL | (log DY)

Xo/k X1/k Xo/k X1/k

which are defined by the projections d; : X; — X. Since k is algebraically closed, HY, (X, aél)WQ (1))
(i = 0,1) is identified with Divp,(X;) ®z W (k) (where Divp, (X;) is the group of Weil divisors on X;
supported on D;). With this identification the map d is, by definition of the Poincaré residue isomorphism
in [37, 1.4] or [34, 8.2, 9], equal to the pullback map of divisors by the projection d;. Thus the group in

(52) is identified with Divp, (Xs) ®z W (k). Consequently, we have shown that the long exact sequence
(51) is rewritten as follows:

(53) 0 — Hg(Xo, W%, ) Hi(Xo, WO Pt
— Divp, (X.) @z W(k) = H%(Xe, W%

log Ds))

X /k)

We prove that the last map factors through NS(X,) ®z W (k). Consider the non-logarithmic and
logarithmic first Chern class maps of the de Rham-Witt complexes

dlog : Of - W%, /k[l] dlog : j‘*OY \p. W%, /k(logD.)[l],
where jo : Xo\Ds — X, is the natural open immersion (compare [24]). The exact sequences
(1)
0— (9% *)]MO; D, ™ i ZDgl) —0

for ¢ € N induce the exact sequence of the form

0— O§. %j.*o; \D. — aﬁl*)Z @ —0

D.

which makes the following diagram commutative:

X . X
0 Oz. 3o+ O% .\,

Lo

! . 1 .
00— WQ [1] —= PWQ (log Da)[1] — ab WO, — 0.

agl*)ZDsn —0

Considering the connecting homomorphisms, we obtain the commutative diagram

Divp, (X.) —————> H}(X., 0%

| |

Divp, (X,) ®z W (k) — HZ (X, WL, /k)

Thus the map Divp, (X.) @z W(k) — HZ (X, was /k) factors through (lim H, &(Xe, 0% /M) @

W (k). Since we have isomorphisms

lim H4, (Ko, 0% )/p" = lim Pie(X.)(k)/p" = im NS(X.) /p" = NS(X.) €2 Z,,

n

we see that the map Divp, (Xe) @z W (k) — HZ (X, WaL /k) factors as

(54) Divp, (X.) ®z W (k) — NS(X,) @z W (k) — HZ(X., WQ %)

as required.
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In the subsequent lemma, we will see that the latter map in (54) is injective. Hence we obtain from
(53) the exact sequence

0= HLi(Xo/W(k)) = Hlio(Xe, Xo)/W (k) — Div), (Xe) @z W(k) — 0,

cris cris

as desired. m

Lemma 2.23 (cf. [30, II. Rem. 6.8.5]). Keep the assumption that k is algebraically closed. Then the map
NS(X,) ®z W (k) — H2. (Xo/W(k)) in (54) is injective.

cris

Proof. We follow the proof of [30, IL. Rem. 6.8.5]. In the proof, we will identify lim H}, (Xo,0% /(0% )P")

and H2

fppf(Y., Z,(1)) via (45). First, the exact sequences on the étale site

x p" X X X "
0— O?. — (’)?. — OY./(OY.)?’ =0

for n € N induce the injection NS(X,) @z Z, < Ht?ppf

(Xe,Z,(1)), hence the injection
(55) NS(X.) ®z W(k) — H +(Xe,Zp(1)) @z, W (k).

Next, note that we have the following exact sequence on the étale site

n dlo 1—F’
(56) 0= 0% /(OF )" [-1] == anl?./k L N WnQ;/k -0 (neN)

(where dlog is the map induced by dlog : (’); — W,0%

X./k
W,JZ;I T W,JZ%I I whose degree i part is p'~1F), by [30, L. (3.29.2)]. From this, we obtain the long

[—1] and F’ is the map of the complex

exact sequence

. — P 17F/ P
(57) o= HE 6 (Xe, Zy(1)) = HE (X, Wﬂ?./k) — H! (X., WQ?./]C) -

(cf. [30, II. (5.5.2)]). By the long exact sequence

0— Hgt(yﬂ Wgél./k) - H(}rls(YC/W(k)) - Hgt(yﬁ WOY.) - Hgt(yﬂ WQ;i/k) - HCers(YO/W(k))

associated to the exact sequence

>1 . _
0— WQY./k — WQY./k - WO%, =0

and Proposition 2.18, we obtain the equality H}, (X, WQ%1 /k) = HY (X, V[/QlY /k) and the injection

(58) HE (X, WO ) = Hoo(Xo/W(K)).

In particular, HZ (X, WQ%1 /k) (i = 1,2) are finite W (k)-modules. Then, by [30, II. Lem. 5.3], the long

exact sequence (57) induces the exact sequence

S e 1-F’ -
(59) 0— HE 1(Xe,Zy(1)) — HZ (X, Wsz;l./k) — H2(X., Wﬂ?./k) — 0.

Note that HE (X, Zp(1)) is a finite Z,-module because so are Hg;)pf(x,zpa)) for j < 2 by [30,

IT. (5.8.1), (5.8.2), 5.9]. Let Hg, (X, Zp(1))tor, H3 (X, WQ%1 /k)tor be the subgroup of torsion elements

of H2(Xe,Z,(1)), H% (X, WQ?_/,J respectively and set

H?ppf(yﬂ Zp(l))fr = H?ppf(yﬁ Zp(l))/Hprpf(Y" Zp(l))tor’

HE (KXo, WO i = HE (X, woz! S HE(X, woz! S tor-
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Then we have the following commutative diagram with exact rows:

(60) 0—— Hfzppf(yh Zp(l))tor - Hprpf(Yh Zp(l)) - H?ppf(y'a Zp(l))fl‘ —0

| | |

~ >1 ~ >1 ~ >1
00— HZ (X, WQY./k)tor — HZ2 (X, WQY./k) — HZ (X, WQY'/k)fI« —0.
Moreover, we see by (59) that the middle vertical arrow is injective and the left square is Cartesian.
Hence the right vertical arrow is an injective morphism such that the image is contained in the kernel of
1 —F' on HZ (X, WQ%l/k)f,. Then we see that this induces the injective morphism

(61) H?ppf(y.7 Zp(l))fr @z, W(k) — Hézt(yn WQ;i/k)fr'

Indeed, assume there is an element 0 # Y., a;e; in the kernel with a; € W,e; € Hfzppf(Y., Z,(1))g such
that ey, ..., e, are linearly independent over Z,. Take such an element with minimal n. Then we may
assume that a; = p™ for some m, and then we see that Y .| (F(a;) — a;)e; = Y o(F(a;) — a;)e; is also
in the kernel. By minimality of n, we conclude that all the coefficients F(a;) — a; should be zero, hence
a;i € Zp. S0 0 # Y0 aie; € HE ((Xo,Z,(1))sr and this contradicts the injectivity of the right vertical
map of (60).

Next we prove that that the left vertical map in (60) induces an isomorphism

(62) H (X o, Zp(1)or @2, W (k) — HE (X, WQ?./,C)W.

Let us consider the short exact sequence

>1  F >1 >1 / >1
0— WQK-//@ — WQX-/k — WQyi/k/F Wﬂz/k — 0.

Note that the injectivity of F in this sequence follows from V o F' = p and the fact that WQZ  is

X:/k
p-torsion free. By [30, II. Lem. 6.8.2], the complex of sheaves WQ;1 Ik /F’ WQ%1 Ik has zero cohomology
in degree 0,1 for any i. Thus H}, (X, WQ%l./k/F/Wﬁél./k) = 0 and so the map

F': HZ(X., WQ; W)~ HZ (X, Wsz;l. )

is injective. Because HZ (X, VVQ%1 /k)tOf is of finite length, F’ induces the automorphism
= >1 = >1
F': HE (Xo, WOL Jitor = HE (Xo, WOL Jtor

Then the isomorphism (62) follows from [30, II. (6.8.4)]. Now, the injection (61) and the isomorphism
(62) imply that the middle vertical arrow in (60) induces an injection

1 s (Ke 2y (1) @2, W(k) = HA(Xo WS, ).

Combining it with (55) and (58), we obtain the required injection
NS(X,) ®z W (k) = HZi(Xo/W(K)),

cris

which by definition is equal to the map in (54). (|
Now we give a proof of Theorem 2.5.

Proof of Theorem 2.5. Let (Xo,X,s) be as in Theorem 2.5, let (X:,Y/.) be another simplicial normal
crossing pair satisfying the same assumption. By Proposition B.3 (ii) and Corollary C.12, it suffices to
prove that, when there is a morphism f : (X,, Xo) — (X:,Y/.), the induced morphism of crystalline
cohomologies (34) is an isomorphism. Moreover, we may assume that k is algebraically closed.

Note that the morphism f induces the morphism

(63) HY (KXo /W (K)) = HL (X3 /W (K)).

cris
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Moreover, we have a morphism from the exact sequence (44) to the analogous sequence for Y/, By the
description of the terms of the exact sequence (44) given in Propositions 2.20 and 2.21, the morphism
(63) is an isomorphism, because the map of reduced Picard schemes Pic2* O.xed 5

— Pch
by Corollary 2.10. )
Next, note that the morphism f induces the morphism from the exact sequence (49) to the similar

is an isomorphism

exact sequence for (X:,Y:) This is an isomorphism because the map (63) is an isomorphism and the
map of divisor groups DivOD_ (Xo) — DiVOD/. (Y:) (where D), := Y: \ X!) is an isomorphism by Corollary
2.10. So we have proven that the morphism (34) is an isomorphism. ([l
2.3. Non-independence of H’ i > 2. In this subsection, we give a negative answer to Question 2.2 for

H' i > 2 by providing counterexamples. o o
Let k be a perfect field of characteristic p > 0 and set X := P}. Denote the coordinate of A} C P} = X

by x. Let r > 1, let ay, ..., a, be distinct elements of k* and let ny,...,n, be positive integers prime to
b. L .
Let f: X¢o — X be the morphism between proper smooth curves over k induced by the field extension
Yo
x

k(X) = k() C k(x)[yl/(y" —y — =t k(Xo).

)
[Tici (@ — ag)™
This is a finite flat morphism of degree p between proper smooth curves such that k(Xo)/k(X) is a Galois
extension with Galois group G = (g) = Z/pZ. If we denote by P; (1 < i < r) the closed point of X
defined by = = a;, the ramification locus DEY of f is equal to the union of P;’s. o

For i € N, let X; be the normalisation of XXX --- XX of (i+1)-copies of X over X. Note that

X, is equal to ]_[Gi Xg. Then X, forms a simplicial scheme over X. We set X := X\D, X, := X XYY--
Then we obtain the commutative diagram (30) and it satisfies the assumption imposed in Question 2.2.
We prove the following.

Proposition 2.24. With the above notation, the map
Hi (X, X) /W (k) = Hso(Xe, Xo) /W (K))

cris cris

is not an isomorphism. In particular, Question 2.2 has a negative answer for H?.

Proof. We compute H2, ((X.,Y )/W (k)) by using the spectral sequence

cris

(64) EyY = Hl, (X0, X0) /W (k) = Heil (Xa, Xo) /W (K)).

cris Cris

The complex E{” has the form
c— Hl i (X1, Xioa) /W (k) = HLa (X6 X0) /W () = H (Xign, Xia) /W (R) = -+,

cris cris cris

which can be rewritten as

- = Homes (G'1, HYi,((Xo, Xo)/W (k))) — Homgers(G", Hlyio (X0, Xo)/W (K)))

cris
— Hombetb(GH_l Hgms((XOaYO)/W(k))) —
Since this complex is the one computing the group cohomology of G, we have
(65)

E;J = H,L(E ) Hl(G ngls((XOaXO)/W k)))

(

Ker(l —gon Hio(Xo, Xo)/W (K))), (i=0)
(
)

cris

= ¢ Ker(X02) g on HI; (X0, Xo)/W(K)))/Im(1 — g on HZ, (X0, X0)/W(K))), (i odd)

cris cris

Ker(l — g on H; (Xo, Xo)/W (k) /Im(3 25 g* on Hli(Xo, Xo)/W(K))), (i > 0: even)

where the action of G on H’

Cm((XO,XO)/W(k)) is the one induced by the geometric action of G on
(X07X0)'
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When j = 0, the action of G on H2. ((Xo, Xo)/W (k)) = W (k) is trivial. Thus we see from (65) that

. ‘ o W(k), (i=0)
(66) Ey" = H(G, Hy:,((Xo, Xo)/W (K))) = {0, (i: odd)
k. (¢ > 0: even)

Then we have the isomorphisms

(X, X)/W (k) = H]

cris

W(k)~'~H,

cris

(Xe, Xa)/W (k) = EQ! = B3 = Ker(By' — By = k),

where the first isomorphism follows from the assumption that X is equal to X = P} minus r points with
7> 0 and the second isomorphism follows from Theorem 2.5. Since ES' C HL. ((Xo, Xo)/W (k)) is a
finite free W (k)-module, we conclude that

(67) Ker(1 — g on Hy,((Xo, Xo)/W (k) = Byt = W (k)™

and when r = 1,
(68) E20 = B2° = Coker(EY' — E2° = k) = k.
We estimate the length of
EY' = Byt = Ker(¥02) ¢') /Im(1 — g) on HY, (X0, Xo)/W (k).

((Xo, X0)/W (K))/Ker(1 — g). Also, -7~ g acts as
the multiplication by p on Ker(1 — g), which is injective. So, by considering the action of Zf;ol g' on the
exact sequence

0 — Ker(1 —g) — HL (X0, X0)/W(k)) = H: (X0, X0)/W(k))/Ker(1 — g) — 0,

cris cris

. . -1 4
First, since g? —1 =0, Zf:o g' acts as zero on H

cris

we obtain the exact sequence

0— Ker(Zf:_Ol g') — H}

cris

((Xo,X0)/W(k))/Ker(1 — g) — Ker(1 — g) /pKer(1 — g),
and hence the exact sequence
Ker(S00 ) | HA (X0, Xo)/W(R)/Ker(l—g)  Ker(1—g)
Im(1 - g) (1= 9)(Hi((Xo, X0)/W (k) /Ker(1 — g))  pKer(1 —g)
Since H}..((Xo, Xo)/W (k)) is a finite free W (k)-module, we see that HZ, ((Xo, Xo)/W (k))/Ker(1 — g)

is also a finite free W (k)-module on which Zf;ol g' acts as zero. Thus the action of g defines a finite
free W (k)[(,]-module structure on HL, ((Xo, X0)/W (k))/Ker(1 — g) (where ¢, is a primitive p-th root

cris

of unity), and its rank as a W (k)[(,]-module is equal to
(rkw (1) Heris (X0, Xo) /W (k) /Ker(L — g)) /(p — 1).

(69) 0—

Hence the length of
Hli((Xo, Xo)/W(k))/Ker(l—g) H:5((Xo, Xo) /W (k)) /Ker(1 — g)

cris

(1= 9) (s (X0, Xo)/W (k) /Ker(L = g)) (1= ) (Heyio(Xo, Xo)/W (k))/Ker(1 — g))

is equal to

(rkwy () Hepis (Xo, Xo) /W (k) /Ker(1 — g)) /(p — 1)
So, by (67) and (69), we obtain an estimate of the length of

EL! = BEy' = Ker(¥)2) ¢)/Im(1 — g)
in the form of the following inequality:
(70) lengthB" > (tkw (1) Heyis (X0, Xo) /W (k) /Ker(1 = g)) /(p— 1) = (r = 1)
= (tkw () Heris (X0, Xo) /W (K)) —=r +1) /(p — 1) — (r — 1).
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Ker(1 — g)
gKer(l -9)
((Xe, Xo)/W(k)) the filtration

Also, the above inequality is in fact an equality when r = 1, because the term in the short

exact sequence (69) vanishes in this case by (67). If we denote by Fil H2.
induced by the spectral sequence (64), we deduce from (68) and (70)

(71)  length(Fil' H2:,((Xa, X2)/W (k) > (ko g Hosa (X0, X0)/W(R)) = 7+ 1)/(p— 1) — (r — 1),
(72)  length(Fil H2,((Xa, X2)/W (k) = (ko (o Hosa (X0, Xo) /W (k) /(p— 1) + 1 if = L.

Let go be the genus of Xy. Then, by the Riemann-Hurwitz formula, we have the equality

290 —2=—=2p+» (m;+1)(p—1),

i=1

hence 290 = (p — 1) (3., (n; + 1) — 2). Hence

rkyy (1) Howis (Xo, X0) /W (k) = (p— 1) <Z(”Z +1)— 2) Tr—1

i=1
and therefore (71), (72) are rewritten as

T

(73) length (Fil' HZ (Xe, X&) /W (k) =Y (ni+1)—2—(r—1)>7r—1,
i=1
(74) length (Fil' HZ  (Xe, X&) /W (k) = (m1 +1) —1>1 ifr=1.
By (73) and (74), we conclude that HZ; ((Xe, Xe)/W (k)) # 0. Since HZ, (X, X)/W (k)) is zero and

nd
H2. ((Xe, Xs)/W(k)) is non-zero, the map

HZo (X, X) /W (k) = Heio(Xe, Xo) /W (K))

cris

is not an isomorphism. O

Remark 2.25. The above proof shows that there does not exist a functor
Al Smy, — CZO(W (k)),

where CZ°(W (k)) denotes again the category of complexes of W (k)-modules of non-negative degree,
satisfying the following conditions (compare with Remark 1.50):

(i) It gives a good integral p-adic cohomology theory in the sense that, for any nc-pair (X, X), there
exists a functorial quasi-isomorphism

Ae.t(X) = chris((Xy X)/W(k))

(i) It satisfies Galois descent in the sense that, for any Cech hypercovering X, — X associated to a
finite étale Galois covering Xy — X, the induced morphism

Aq(X) = Ag(Xe)
is a quasi-isomorphism.
Indeed, for the hypercovering X, — X in the above proof, if the map H'(A4; (X)) — H'(A; (X)) is
not an isomorphism, it violates the condition (ii), and if it is an isomorphism, the argument of the above
proof works for the spectral sequence
By = H(A4(Xy) = H'™ (AL (X))

and we conclude that H?(A} (X)) — H?*(AZ(X.)) is not an isomorphism, which again violates the
condition (ii).
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Remark 2.26. In the above remark, if we assume moreover that A, (Xy) is a perfect complex of W (k)[G]-
modules (where G is the Galois group of Xy over X), one can prove the nonexistence of the functor A;,
in a simpler way, which is due to Crew:

For the hypercovering X, — X in the proof of Proposition 2.24, G is equal to Z/pZ. In this case,
W (k)[G] is a local ring and so every finitely generated projective module is free (see [15, Lem. 1.6]). Thus
A (X)) is quasi-isomorphic to a bounded complex of finitely generated free W (k)[G]-modules. Then, by
comparing the cohomologies of A}, (Xy) ®z Q and those of

Aét(X) ®z Q = A (X.) ®z Q = RI(G, Aét(XO) ®z Q) =T'(G, A% (Xo) ®z Q)v

we obtain the equality

S ()" dimic(H (AL (X0)) ©2.Q) = p (Z(—ni dim (H'(43,(X)) 0z Q)>

(see [15, Thm. 1.5, Cor. 1.7]). But this is absurd because the right hand side is equal to

p <Z( 1)" dim(Hyo (X, X) /W (k) @z Q)) =p2-r),

while the left hand side, which is equal to Y, (—1)* dim(H¢ (X0, Xo)/W (k)) ®z Q), can be estimated
by

r

2= -p-1DQ (ni+1)-2)<(2-r) = (p—1)(2r-2) <p2-7)

i=1
Remark 2.27. Let us observe that the above example (X, Xo) — (X, X) with 7 = 1 also shows that the
independence of H'! fails if we take mod p" coefficients. Indeed, we claim that the map
Hclrls((X7y)/Wn(k)) - Hirls((Xﬁy‘)/Wn(k))
is not an isomorphism. As in the proof of Proposition 2.24, we use the spectral sequence
BiT = H2 (X0, X0/ Wa(R)) = HE(Xe, X0)/Wa())

cris Cris

to compute Hl ((Xe, Xo)/Wy(k)). For j =0, we get from (65)
Ey°® = H'(G, Hyi (X0, Xo) /Wa (k) =k, (i > 0).
Hence H!. ((X.,X4s)/Wp(k)) 2 EL? = E}Y 0. On the other hand, H}, ((X,X)/W,(k)) = 0 because

cris

(X,X) = (A},P}). This proves the non-independence of H' for mod p™ coefficients.
We can extend the above counterexample easily to the case of H' (i > 2).
Corollary 2.28. For any i > 2, Question 2.2 has a negative answer for H°.

Proof. Let (Xo,Xs) — (X, X), D, D be as in Proposition 2.24. Let Y be a proper smooth connected
variety over k of dimension d such that, for any 0 < n < 2d, HZ, (Y/W(k)) is a non-zero, finite free
W (k)-module. (For example, one can take as Y a d-fold fibre product of a proper smooth curve of positive

genus over k.) Then we have isomorphisms

H(Z:I‘IS((X Xk Y, X Xk Y /W @ crls X X /W( )) ®W(k) H(l:)rls(Y/W(k))a
a+b=1
Hérls((X Xk Y X X Y /W @ crls X”YO)/W(I{)) ®W(k) crls(Y/W< ))
a-+b=1

Consider the morphism (X, x5, Y, Xo X1, Y) = (X x; Y, X %}, Y). Then the induced morphism
Heio (X < Y,Y Xk Y)W (k) = Heio(Xe 1 Y, Xo x1 Y) /W (k)
is not an isomorphism for 2 < ¢ < 2(d + 1), because one of its direct factor
Hgio (X, X)/W (k) @wry Hémf(Y/W(’f)) = Hoo(Xe, Xo) /W (K)) @w iy Hogs (Y/W (K))

is not an isomorphism by Proposition 2.24. So we are done. O
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APPENDIX A. THE FIRST CRYSTALLINE COHOMOLOGY GROUP AND THE PICARD 1-MOTIVE

As for the comparison of the first log crystalline cohomology and the Dieudonné module of the asso-
ciated 1-motive, we have the following result mentioned in Remark 2.8.

Theorem A.1. Let (X,,X,) be a split simplicial proper strict normal crossing pair over k. Then there
exists a functorial isomorphism

Teris(Pict (Xo, Xo)) = H

cris

((Xe, Xo)/W(k))

which is compatible with weight filtration and Frobenius action, where Tes is the covariant Dieudonné
functor (the contravariant Dieudonné functor of the p-divisible group associated to the dual).

Remark A.2. Compared to Theorem 2.7 of Andreatta—Barbieri-Viale, our result includes the case p = 2.

Proof. We denote the covariant Dieudonné functor for p-divisible groups also by Tc;s. The natural
connected-étale split exact sequence of p-divisible groups

. O,red| o010 . Oredr oo . O,redr _oovet
0— Plcyo p>]” — PICY. [p™°] — PICY. p>]* —0
induces a similar split exact sequence on the level of Dieudonné modules. In particular, Tms(PiC%md [p>])

can be written as a direct sum

(75) Teris (Pic% ™ [p™°]) & Teris(Pic% ™ [p°]°) @ Torss (Picy"* [p™])

of F-crystals. Note that the expression (75) as direct sum is unique because the slopes of the direct
summands are distinct. On the other hand, by Proposition 2.18, we have a short exact sequence

(76) 0— Hg(Xo, WO ) = Hoso(Xo/W) = Hgy(Xo, WOx,) — 0.

We prove that (76) is also a split exact sequence of F-crystals. Let Z VVQlY Ik be the kernel of the

map d : WQ%./]C — WQ%./k, and let 7¢; VVQ'Y./]{3 be the complex WO« — ZWQ%./]C, where W0O%,

is at degree 0. Then we have the commutative diagram

(77) HG (Ko, ZWOL ) — Hy(Xe 7 WO, ) — HA(X., WOx,)

i l

0—— Hé)t (Y.’ WQIY./]C) H(}ris (Y./W) Hélt (Y‘7 WOY.) —0

where the horizontal lines are exact. Since HY, (X, WQlY y B = ELY in the spectral sequence (40) by 2.18,

the left vertical arrow in (77) is an isomorphism. Also, the middle vertical arrow is surjective: Indeed,

the cokernel injects into H} (X, WQ.Y./k/T@WQ.Y./k) and it is zero because WQ.Y./k/T@WQ.Y./k is

quasi-isomorphic to a complex sitting in degree > 2. Then a diagram chase shows that the exact sequence
(76) can be identified with the exact sequence

0 — HY (X, ZWQ%. ) 5 HL (X, raWQ%, ) = Hy(X.,WO%,) — 0.

Let V' : 7t WS kT WO Ik be the map of complexes of sheaves on X defined in [31, III (1.7.1)]:

It is induced by the map V : WOx, — WO, and the automorphism V' ZWQlY T ZWQlY Ik

defined in [31, IIT (1.3.2)]. Also, take an increasing sequence (N,,), in N with VN"'Hélt(Y.,W(’)y.) -
p"H} (X, WOx,) (such a sequence exists by Remark 2.17). Then, for an element a in Hg, (X, AWy, y W)
and n € N, n((V/)Nra) = VNnr(a) € VN HY (X,,WO%,) C p"HE (Xe, WOk, ) and so (V/)Vra €
HY (X, ZWQlY./k) +p"H} (X, T@WQ.X./k)' Since V' is an automorphism on H, (X, ZWQ%./]C), we
can find an element b,, of HY, (X, ZWQ%_/]C) such that (V/)Nra — (V)Nnb,, € p"H (X o, <1 WO ).

_ - Rk
Then we see that (V)N 1 (b, 1 —by) € p" Hi (Xo, 71 W5 /k)ﬁHgt(X.,ZVVQly /k) =p"HY% (Xe, ZWQL )

X, /k
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and so b1 — by, € p"HY (X, ZWQly /k). Thus b = lim,, b,, is defined, and one can check that it is inde-

pendent of the choice of b,,’s. Also, one sees easily that the map a +— b defines a section of «. Moreover,
using the relation FV' = V'F = p [31, III (1.7.7)], we can check that this section is compatible with F'.
So we have proven that (76) is a split exact sequence of F-crystals, thus we have the decomposition

(78) Heio(Xo/W) = Hg(Xo, WOx,) & HE(Xo, WQ%_ )

as F-crystals. The decomposition (78) is also unique by the slope reason.

Denote the base change of X, to k by Y/, and denote W (k) simply by W’. By Propositions 2.20 and
2.21, Tcris(Pic%’zed [p>]°*) and Tcris(Pic%zed [p>°]%) are isomorphic to HY, (Y/, ,}VQ%,. /E) and Hj, (Y:, W(Qy/.)
respectively, and these isomorphisms are compatible with the action of Gal(k/k). Thus the isomorphisms
descent to the isomorphisms

. O,red ~ ~ . O,redf ootety ~v ~
Tcris(PlCY.e [poo]O) = Hélt(X07 WOY.), ’:[‘Clris(PlCY.e [p ] t) = Hgt(X" WQlY./k)

Taking into account the decompositions (75) and (78), we have the canonical isomorphism

(79) Teris(Picy™) 2 HYy (Xo /W (K)).
Next, by definition of the 1-motive and its Dieudonné module (see [3]), we have an exact sequence
(80) 0— TcriS(Pic%r.ed) — Teris(Pic™ (Xe, Xo)) = Teris(Divh, (X)) — 0.

Furthermore, by the proof of Proposition 2.22 we have the exact sequence

(81) 0— H. (Xo/W(k)) = H. (Xe, X)/W(k)) = HY(X.,aldWQ" )Y =0,

crys crys Dsl) /k

where Hgt(Y.,a(.i)WQ' )0 = Ker(HQJY.,aS?WQ' ) — HéQt(Y.,WQ‘Y./k)). After extension

DY /k DV /k
to W', the sequence (81) is canonically identical to (49) (with k replaced by k and X,, X, replaced by
the base changes X:,Yl, of X,, X, here to k) by the proof of Proposition 2.22 and Lemma 2.23, in the

sense that the identification HY, (X, aEQWQ]'D(U/k)O Swr) W' =2 Div), (X.) ® W' is compatible with

the action of the Galois group Gal(k/k). We see from this fact that there is an isomorphism
(82) Teuis(Div}, (X)) 2 HY(Xo,ald WO}, 1)

of F-crystals. To prove the theorem, we need to upgrade canonically the isomorphisms (79) and (82) to
an isomorphism between the exact sequences (80), (81) of F-crystals.

To do so, first we recall the definition of the exact sequence (80) in detail, following [3, §1.3]. Put
G:= Pic%’rfd, X := Div},, (X.), Pict (Xe, X,) := [X % GJ, and for n € N, define M[p"] by

Mp"] = Ker(u+p" : X x; G = G)
P Im((p™, —u) : X - X x;, G)’

Then there exists an exact sequence

(83) 0— G[p"] - Mp"] = X/p"X =0

in which the maps are defined by g — (0,9), (z,g) — z. By identifying X/p"X with piX/X and taking
the inductive limit with respect to n, we obtain an exact sequence of p-divisible groups

(84) 0 — G[p*>] - M[p*>] - X®z Q,/Z, — 0.

By applying the covariant Dieudonné functor to (84), we obtain the exact sequence (80).

Let X', G',M'[p"] be the base change of X, G, M[p"] to k respectively. Then we can take a compatible
family of homomorphisms @ := {u, : #X’ — G'},, which extends the base change X’ — G’ of u. Then
the map

1 ~
—X/X'2X'/p"X = M; z~ptz— (ptz,—u(z))
p'n/
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gives a compatible family of splittings of the exact sequences (83) for n € N over k, hence a splitting
s: X' ® Qp/Z, — M'[p>] of the exact sequence (84) over k. Hence the exact sequence (84) is given by
the 1-cocycle ¢ € Z1(Gal(k/k), Hom(X' ® Q,/Z,,G'[p>])) defined by o + o(s) — s = —o (@) + .
Noting that Hom(X' ® Q,/Z,,G'[p>]) = Hom(X' ® Q,/Z,,G'[p>]®"), ¢ is in fact an element in
ZY(Gal(k/k), Hom(X'®Q,/Z,, G'[p>]?")). Hence the extension (84) is the push-out of the exact sequence

(85) 0—Gp>®|" - FE—X®zQp/Z, >0

induced by ¢ by G[p*>]®* — G[p>] where for simplicity E denotes the extension of G[p*|®* by X®2Q,/Z,.

Recall that, over k, the covariant Dieudonné functor for étale p-divisible groups is given by
G — Hom(GY,G,) ®z, W' =Hom(G", pp=) @z, W' = Hom(Q,/Z,,G) @z, W’

and over k, it is defined by taking the Gal(k/k)-invariant part of this module. Let us consider the exact
sequence

(86) 0 — Hom(Q,/Z,, G'[p™>]°") — Hom(Q,/Z,, E') = X' @z Z, — 0

(where E’ is the base change of E to k) endowed with Gal(k/k)-action which we obtain by applying
Hom(Q,/Z,,—) to the base change of (85) to k. This corresponds to the 1-cocycle ¢ := Hom(Q,/Z,, c)
in

Zl(Gal(E/k), Hom(Hom(Q,/Zy, X'® Qy/Zy), Hom(Q,/Zy, G'[p™]))
= Z'(Gal(k/k), Hom(X' ® Z,, Lim G'[p"])).

Then we see that we can obtain the exact sequence (80) of Dieudonné modules by applying —®z, W' to
the sequence (86), taking Gal(k/k)-invariants and then pushing it out by

(Hom(Qp/Zy, &' [p™]) @z, W) S/ = Ty (Picl ! [p]*) = Teris (Pic ™).

Next we study the exact sequence (81) in detail. It follows from the fact that WQS., 5= W, /E(log D.)
(see the proof of Lemma 2.23, especially (50)) and (58) that we have a diagram of short exact sequences

(87) 00— HL(X, Wz, ) —Hl (X., WOz (log D)) — Div, (X)) @W' —=0

| |

0 —— HL (X, /W) HL (X0, X)) /W' —— Div, (X,) @ W —0,

cris

where D) is the base change of D, to k. The maps of complexes F’ : WQ%} 5 — WQ;} s P
WQ%} /E(log D,) — WQ%} /E(log D.,) whose degree i parts are p'~1F induce the endomorphisms F’ on
H} (Y/ﬂ WQ;} /E) and on Hj (Yl., WQ%} /E(log D)), and we can check by the proof of Proposition 2.22
that they induce the endomorphism F’ on Div%,. (Yl,) ® W' given by F/ = 1® F, where F denotes the
Witt vector Frobenius.

Take the kernels of 1 — F’ of the terms in the top horizontal line in (87). By the exact sequence (56)
and [30, II.Lem. 5.3], we have the exact sequence

— n — > 1-F' ~/ >1
0 — Hg(X,, O%L/K)%:)p ) = Hg(X,, Wnﬂy}./g) = Hy(X., WnQyL/E) — 0,

and so

n

Ker(1 — F') = lim H§,(X,, 0%, /(0% )"")
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for the first term. For the third term, Ker(1 — F’) = DiVOD, (X/) ®z Z,. So, since the map 1 — F’ is

surjective on H (X o WQ>1 ) we obtain the exact sequences

(88) 0— LiLnHét(Xu 0%, /(0% ") = Ker(1 — F') — Div%,. (X.)®zZ, 0 (neN)

n

consisting of the kernels of 1 — F’. On the other hand, we have exact sequences

0= 0%, J(O% )" 2 (jL0%, L )/(10.0% )" = al(Z/p"2Z)

X\D’ X\D’ y = 0 (’I’LEN)

D!
(where j is the open immersion X/ \D, = X X. .) and it induces the long exact sequences

n n

—
O%ngX.,O%:/(O%;) ) —>Hé)t( o?(]o*o%'\D/)/(]-*O;z \D’) )

— Divp, (X,) @z Z/p"Z — HY(X,, 0% /(0L )P")  (n€N).

Since the first term is equal to Ker(H, (X., (95, ) N H}, (X., (91, )) = Picx (E) [p"], it is finite, and the

third term is obviously finite. Thus, by taklng inverse limits, we obtam the exact sequence

Oeg%mwxax agﬂ.wwxwmwaW

— Divp, (X,) @z Zp — @Hgt(z, 0%,./((9%.)? ).
The last map is identified with Divp, (X/,) ®zZy — HE o (X/,, Z,(1)), which factors through NS(X/,) ®z
Z,. Hence the above exact sequence induces the exact sequence

n n

(89) 0= Jim HG (X, 0%, /(05 )") = Ym HG (R0, (L.0%, )/ (00,05, )

— DIVD/. (X,) ®z Z, — 0.
Because there exists the map

X X n ! 1 1 1
leg J.*O \D’ /(].*O \D’ )p - Ker(l - F W Q (IOgD.)) — WRQY/./E(IOgDQ))%

X, /%

we have the canonical map of exact sequences from (88) to (89) whose first and third terms are identity
and so the two exact sequences canonically coincide. Moreover, if we apply ®z, W’ to (89), we obtain the
top horizontal arrow in (87): Indeed, the first and the third terms are the covariant Dieudonné modules
associated to certain étale p-divisible groups and for such modules, Ker(1 — F) ®z, W' is identical with
the original Dieudonné module. Then the isomorphism on the middle term follows from the five lemma.

By the description of the exact sequences (80) and (81) above, we see that, to prove their coincidence
in the category of Dieudonné modules, it suffices to prove the coincidence of (86) and (89) as exact
sequences endowed with Gal(k/k)-action, namely, it suffices to prove that the exact sequence (89) is also
constructed by the section induced by —u and the 1-cocycle

¢ e ZY(Gal(k/k), Hom(X' ® Z,, @@’[p”]))
= Z"(Gal(k/k), Hom(Div}, (X,) ® zp71# Plcofd( k)[p"))
= ZY(Gal(k/k), Hom(Div%é( o) ® Zy, lim Pice: (k) [p™]))

given by o — @n(—a(ﬂ%) + ), where u), is the composite X' /p"X" = ﬁX'/X’ Y el
Before the calculation, we prepare several notations on Cech complexes. Take a split simplicial scheme

X over X such that, for each n, X is a disjoint union [ U, ; of connected affine open subschemes

i€1ly
Un, (i € I,) of X » Which covers X, «- (The existence of such a simplicial scheme follows from the proof
of [40, Lem. 6.1].) Concretely, for each map ¢ : [n] — [m] of simplicial sets, we have a map of index sets
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ot I, — I, such that Un,i is sent to Uy, ,s(;) by ¢* : Y; — Y:; If we denote the Cech hypercovering
of X — X, by Xou, :
Uig,....iyern Un,io, .. ins)s Where Un,(ioyryiyy) = ﬂ?:o Un,i;- Then the total complex Tot(T (X (’)L, )

then X . forms a double simplicial scheme: Concretely, yzn/ is a disjoint union

o0’

of the double complex F(YI,/,, (9%, ) is the Cech complex associated to Y/./ with coefficient (97 . If we

take the first cohomology of this complex and take the direct limit over all the possible Y/./’s, we obtain
the first cohomology H 1(X (91, ). (We worked with the Zariski topology, but the above cohomology is

the same as the correponding etale cohomology.) We also note that we may assume each index set I,
admits the action of Gal(lﬂ/k) which are compatible with the maps ¢* : I,,, — I,, for any ¢ : [n] — [m).
(Replace I, by I, x Gal(k/k) and add Galois conjugates of U, ;’s.)

A 1-cocycle of the complex Tot(T (X,,,(’)L/ )) is given by the data (vij,wir)i jery,ver, With v €
I'(Uo, i), OF), wy € T' (Ui, O*) which satlbfy the compatibility conditions on Uy i (i" € I2), Uy (i ;1
(@', 5" € Iv), Uo i g (3, 7,1 € Iy) which we omit to write the details.

Now take C' € Div%/. (Y:) This is a divisor on Yé with d;C = djC, where d; : Y/l — Yg are the
projections, namely, the transition maps corresponding to ey : [0] — [1];0 — 0, e; : [0] = [1];0 — 1
respectively. Then we can take Y/./ — Y: as above and t¢; € I‘(UO,Z-,]'O*(’)y \D,) for i € Iy such that
CnUy,; = div(tali) on Up;. Then take sections vg,;; of O* on Uy ;5 (4,7 € Io) and sections wc,i of
O* on Ulﬂ'/ (i/ € Il) such that ve,ijte; = to,; on UO,(i,j) andjc’i/dgtc’eg(i/) iﬁl?t€7eg(i,) on Ulﬂ;/. Note
that (ve,ij, we,i )i, defines a 1-cocycle whose class in Hl(X,,O%) = Pic(X,)(k) is equal to —u(C)
(the class of —C). )

Then we can take, after possibly taking a refinement of the morphism YI./ — YI. and adjusting
tc,i’s by a suitable coboundary, sections ac,;; of O* on Uy j (4,5 € Ip) and sections B¢ i of O* on
Ulﬂ'/ (i/ S Il) such that Otgjij = VC,ij, /ngi/ = Wy and that (aC,ij7ﬁC,i’)i,j,i’ induces the element —ﬂn(C)
in H'(X,, 0%) = Pic(X,) (k).

So we see that (tci)ier, defines a well-defined element in H°(X,, (_].*O; \D,)/(].*(’); \D,) ") for
n € N, and the maps C' — (tc;); for n € N gives a (non—Galms—equwarlant) section of the exact
sequence (89). Thus (89) is given by the 1-cocycle

= (C = (0(te-1(C).0-1(0)tyicts)-

The image of (U(tg—l(c)’a—l(i))ta}i)i € H(X,, (9% /((9%, )P") by the connecting map
.70 % X X \p" 15/ X
is computed as follows: first, by lifting sections a(t071(0)7071(i))t6}i of (’)%/((9%,)1)” to sections of (’)%
and applying the differential of Cech complex
d: HFUOZ,Oi = [ TWo.s)0%) x [[ TW1wr,0%),
i€l i,7€1o i'ely
we obtain

(O'(ta.—l(c)’a.—l (i))ta}i)ila(toil(c)ﬁ'fl (]))ta,1]7 dS (U(ta'*l(c),ofl(eg(i’)))tgvleo( ))71d>1k (U(tofl(C),ofl(eg ('L’)))t;}eg (i/)))i7j7i/

n

= ((o(@g-1(C).0-1(1)0-1()) 55> O (Bo=1(C).o-1))Bey )igir )
Then we see that the image of (O'(to-—l(c')ﬂ-—l(i))ta’li)i by the connecting map § is equal to
(0(ag-1(0).0-1 ()0 1()0C s T(Bo-1(0),0-1(1))Bein )it

namely, —o(u,,(C))+u,,(C). Thus the exact sequence (89) is defined by the 1-cocycle o @n(_a(ﬂln)"‘
ul), as required.
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Therefore, we obtained an isomorphism between the exact sequences (80), (81) of F-crystals. Even
if we start with another extension u of u, the 1-cocycle changes according to this change and so the
resulting isomorphism does not change. Thus the isomorphism we obtained is canonical and functorial.
So the proof of the theorem is finished. O

APPENDIX B. HOMOTOPY CATEGORIES OF CERTAIN HYPERCOVERINGS

In this appendix, we prove the cofilteredness of the homotopy category of certain diagrams involving
hypercoverings. The results in this section should be well-known, but we review them for the convenience
of the reader.

Throughout this section, let C be a category with finite direct sums, let 7 be a pretopology on C and
denote the resulting site by C,. We call a morphism appearing in the pretopology 7 a 7-morphism, and
call a morphism X’ — X a 7-covering if the singleton {X’ — X} is a covering of X with respect to 7.
Let moreover CP! be a category which has the same objects as C, but morphisms restricted, such that the
following conditions are satisfied:

(a) if Z — X is a morphism in C and Y — X is a morphism in CP!, then there exists a fibre product

Y x$ Z in C;

(b) any base change of a CP!-morphism is a CPf-morphism;

(c) if a CPf-morphism f has a factorisation f = ho g in C, such that h is a CPf-morphism, then g is as

well;

(d) 7-morphisms are morphisms in CP'.

Note that (a), (b) and (c) imply the following property:

(e) if both morphisms of (a) are in CPf, then Y x§ Z — X is a fibre product in CP*.

Indeed, by the base change property (b) the projections Y xg( Z =Y, Y xg( Z — Z are CP!-morphisms.
Then, by (c) for any pair of CP!-morphisms W — Y and W — Z over X the morphism W — Y x§ Z
induced by the universal property of the fibre product in C is also a CP*-morphism by (c).

Finally, let C’ be a full subcategory of C closed under finite direct sums satisfying the following condi-

tion:

(x): For any object A € C, there exists a 7-covering A’ — A with A’ € C'.

Lemma B.1. Let A be an object in C, and let Aq — A, A, — A be hypercoverings in C.

(i) The fibre product Ae x4 A, — A in the category of simplicial objects in C over A is also a hyper-
covering in C..

(ii) If we are given two CP'-morphisms o, 3 : A, — As over A, there erists another hypercovering
Al — A in C. and a CP'-morphism ~ : A — Al over A such that oo~y and o~ are homotopic.

Proof. Because C and CPf have the same objects and 7-morphisms are CP!-morphisms by condition (d),
any hypercovering in C, is a hypercovering in CPf, and we may work in CP' which has fibre products by
conditions (a) and (e). Then, (i) is proven in [54, Tag 01GI] and (ii) is proven in [54, Tag 01GS]. O

Lemma B.2. Let Ay — A be a hypercovering in C.. Then there exists a split hypercovering A, — A in
C, with each A, in C' and a CPf-morphism Al — A, over A.

Proof. Suppose that we have constructed an i-truncated split hypercovering Al.gi — A in C, with each
Al (j <) in €’ and a CP'-morphism Aygi = Aegi over A. Consider the diagram

COSki(A/.gi)i+1 — COSki(A.gi)i+1 — Ai+1

where both morphisms are CPf-morphisms, let A}l be its fibre product in CPf which exists by conditions
(a) and (e) and take a 7-covering Aj,, — A}, with Af,, € C’, which exists by the condition ().
Then, by the recipe in [48, Prop.5.1.3], we can form from A}, ; an (i 4+ 1)-truncated split hypercovering
Alciyy = Ain Cr with each A} (j < i+ 1) in ¢’ and a C**-morphism A, ; — Aecit1 over A. (In
this step, we use the assumption that C’ is closed under finite direct sums.) By induction we obtain the
required assertion. O
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Proposition B.3. Let f: A’ — A be a morphism in C.
(i) For any split hypercovering Ae — A in C, with each A; in C', there exists a split hypercovering
A, — A’ in C,; with each Al in C' and a morphism A, — As over f.
L] 1 L]
(ii) If we are given split hypercoverings
Ao — A, A;’, — A'(i=1,2)
in Cr with each A; ;, A} ; in C' endowed with morphisms f; : A, — Aje (i = 1,2) over f, there
exist split hypercoverings
Az e — A, Ag), — A
in C; with each Az ;, Ay ; in C' endowed with a morphism fs : A3, — Ase over f, morphisms
gi: Aze = Ao (i = 1,2) over A and morphisms g, : Az . — A}, (i = 1,2) over A" such that, for
i=1,2, fiog, and g; o f3 are homotopic.
(iii) If we are given split hypercoverings
Aie = A, A, A(i=1,2)

in C; with each A;j, A} ; in C' endowed with morphisms f; : A}, — Aje (i = 1,2) over f and
morphisms

a,B:A2e— A1e, o3 A/Z- — All,-
such that fi1 oo’ and a o fy are homotopic and that f1 0 3 and B o fo are homotopic, there exist
split hypercoverings

Aze — A, Ay, — A

in Cr with each A3J,Aé)j in C' endowed with a morphism fs3 : Agy, — A3 e over f, a morphism
v : Aze — Age over A and a morphism ' : Ay , — A5, over A" such that fy 0" and yo f3 are
homotopic, aoy and 3o~ are homotopic and o’ o' and 3’ o' are homotopic.

Proof. First we prove (i). By Lemma B.2, there exists a split hypercovering A, — A’ in C, with each
A% in €' and a CP!-morphism A, — A’ x 4 A, over A’. The hypercovering A, — A’ and the composite
A, — A" x4 Ae — A, satisfy the required properties.

Next we prove (ii). Let A3, := A6 X4 Az, Aé,. = A/L- X ar Ay o which are by Lemma B.1 again
T-hypercoverings and in particular (simplicial) fibre products in CPf. Then we have natural morphisms

9, Az > Aie(1=1,2), gl A3, = Al (i=1,2), f,:1A5,—A;,
where the first two are CPf-morphisms (even 7-morphisms) with
(90) fiog;:&oig (i=1,2).
Let i& w
condition (c) is a CP'-morphism.

By Lemma B.2, there exists a split hypercovering A3, — A in C; with each A3 ; in C' and a crt-
morphism h: A3 ¢ — Aj, over A. Put g; = g,° hfori=1,2, and let hg : A’ x4 Az e = A x4 Aj 4 be
the base change of h, which is again a CP'-morphism by condition (b).

Let Ag. = Ag}. x4 (A’ x4 A3 o) which is again a 7-hypercovering by Lemma B.1 and let

: Agy, — A’ x4 A3, be the morphism of 7-hypercoverings over A’ induced by is’ which by

q: Ag,o — A{?,o? T :Ag,o — A3,07 rar :AZ";. — A/ XA AB,O
be projections where the first and the last are CPf-morphisms. Then we have two CPf-morphisms
i3,A/ © q7 hAl o TA/ : Ag’. — AI XA AS’.'

By Lemma B.1 and Lemma B.2, there exists a split hypercovering A3 , — A" in C; with each Agﬁj inC’
and a CP'-morphism s : Ay , — A5, over A’ such that

i&A,oqos, haroraros: Ay, — A x4 Ag,.
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are homotopic. Composing with the projection to A3 ,, we see that

. /
fgoqos,horos.As,.%A&..

are homotopic. Now we put
g ::g/ioqos : Aé,- — A;, (i=1,2), fs:=ros: A§7. — Az
Then, for i =1, 2,

90
fiogg :fioggoqos(:)gioigoqos
and
giofs=g,0ohoros
are homotopic. So we have proved the required properties.

Finally we prove (iii). By Lemma B.1 and Lemma B.2, there exists a split hypercovering As, — A
in C, with each Az ; in C' and a CP'-morphism « : A3, — A over A such that a o~ and 3o~ are
homotopic. Also, by Lemma B.1, there exists a hypercovering A5, — A’ in C; and a CP!-morphism
v Ay o — A, such that o/ 04/ and ' o 4" are homotopic.

Let Ay, := A5, xar (A’ x4 Az,) which is again a 7-hypercovering by Lemma B.1 and let

q: A, — Az, riAY, > Az., A A5, A Xy Az,
be projections where the first and the last are CPf-morphisms. Then we have two CPf-morphisms
fo,ar 0y oq, yarora Ay g = A x4 Ay,

where fy ar : Ay, — A" x4 Az, is the morphism of 7-hypercoverings of A’ induced by fo which by
condition (c) is a CP'-morphism, and yas : A’ x4 Aze — A’ x4 Ag, is the base change of v which is
a CP'-morphism by condition (b). By Lemma B.1 and Lemma B.2, there exists a split hypercovering
Aj o — A’ in C; with each A3 ; in C’ and a CPf-morphism s : Ay, — Af, over A’ such that

fo,ar0q oqos, yaoraros: Ay g — A" x4 Ag .

are homotopic. Composing with the projection to As o, we see that fy 04y’ ogos, yoros are homotopic.
If we put 7/ := 1" 0qos: Ay, — Ap , and f3:=ros: Ay, — Az, f207 and yo f3 are homotopic. Also,
since o’ 04" and 3’ 04" are homotopic, we see that o’ o+’ and ' 0" are homotopic. So we are done. [J

Definition B.4. We define the homotopy category of certain hypercoverings as follows:

(i) For A € C, we define the category Ho{A./A} as the one in which an object is a split hypercovering
Aq — A in C; with each A; in C' and a morphism from A; ¢ — A to A2, — A is a homotopy class
of morphisms A; . = Az e over A.

(ii) For a morphism f : A" — A in C, we define the category Ho{f./f} as the one in which an object is
a triple (Ae — A, A, — A’, f,) consisting of split hypercoverings Ay — A, A, — A’ in C; with each
Aj, A} in C" and a morphism f, : A, — A, over f, and a morphism from (A; ¢ — A, A7, = A', f1.)
to (Age — A, Ay, — A, fo,) is a pair (g,g’) of homotopy classes of morphisms g : A; ¢ — Az,
g Al — Ay, over A, A’ respectively such that f, 4 0 g’ and go f1 « are homotopic.

Then Proposition B.3 immediately implies the following:

Corollary B.5. (i) With the notation in Definition B.4, the category Ho{A./A}, Ho{fe/f} are
cofiltered.

(i) For a morphism f: A" — A in C, there exists a diagram of functors
Ho{A,/A'} <~ Ho{fs/f} — Ho{A./A}

in which the first arrow (resp. the second arrow) sends fo : A, — Ao to A, (resp. As) and the
second arrow is surjective on the set of objects.
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Ezample B.6. In this example, we suppose Hypotheses 1.5, 1.7. We define the cdp-topology on Var{“® as
the one induced from the cdp-topology on Vary by the forgetful functor

¥ Var{® — Varg; (X, X) — X,

and we denote the resulting site by Var]‘?; . Since Vary and Var]® admit fibre products and the forgetful

functor 1) preserves fibre products, a family of morphisms {(X;, X;) — (X, X)}; is a cdp-covering in
Var{“* if and only if the family of morphisms {X; — X}, is a cdp-covering in Vary ([57, Cor. 3.3]). We
prove that, if we put C = CP' = Var{“’, 7 to be the cdp-topology on Var{*” and C’ = Varp., the condition
(%) is satisfied: Indeed, for (X, X) € Var{®, Hypotheses 1.5, 1.7 imply the existence of strict birational
morphism f : (X',Y/) — (X, X) such that (X',Y/) € Varp®. Let U C X be an open dense subset
on which f is an isomorphism, Y =X \ U be its complement, Y := X N Y’ and let Y be the closure
of Y in Y. Then (V,Y) € Var{® and (X', XH]1(Y,Y) — (X,X) is a cdp-covering. By Noetherian
induction, we may supppse the existence of a cdp-covering (Y’ ,?,) — (Y,Y) with (Y’ ,7/) € Vary¢, and
then (X, X) H(Y’,?l) — (X, X) gives a required cdp-covering.

So the results in this section is applicable to the case C = C*' = Var}, C; = Var]‘?, and C’' = Var}“.

APPENDIX C. A SITE OF SEPARABLE ALTERATIONS

The goal of this appendix is to reframe the simplicial construction used in Section 2 within a setting
similar to the first section. To this end we consider a version of Gabber’s alteration site [44], [28, Def. 6.8].

Definition C.1. Let Domy be the category whose objects are k-varieties X, but whose morphisms are
the maximally dominant morphisms. Recall that a morphism of schemes is called mazimally dominant
if it sends generic points of the source to generic points of the target.

Let moreover Domy, o¢ be the category whose objects are k-varieties X, and whose morphisms are the
generically finite maximally dominant morphisms. Here we say that a maximally dominant morphism
f:Y — X is generically finite if for every generic point n of Y the extension of residue fields k(n)/k(f(n))
is finite.

Lemma C.2. Let g: X' — X and f :Y — X be morphisms in Domy, and assume that f is generically
finite. The fibre product X’ x%om’“ Y exists in Domy,.

Proof. Let X’ xg)fm’“ Y be the union of the reduced irreducible components of the fibre product (X’ X x
Y )rea in Vary (see § Conventions) which dominate an irreducible component of X.

We first show that the morphisms induced by the projections X’ x3™ ¥ — X’ and X' x5°™ Y — Y
are maximally dominant. By definition, every generic point A € X’ x)D;’m’“ Y is mapped to a generic point
& € X. For this generic point £ € X, denote by g; : Xé — & and f¢ : Yo — £ the base change of g and f
along the morphism £ — X in the category of reduced separated schemes. Now the morphisms g: and
fe are flat and the union of the reduced irreducible components of the fibre product (X é Xe Ye)red In
the category of reduced separated schemes is itself. But according to [44, Prop. 1.1.5] the base change
of a maximally dominant morphism along a flat morphism is again maximally dominant and hence in
particular the projections (X é XeYe)red = X é and (X é X¢Ye)rea = Ye are maximally dominant. It follows

Domy,

that the generic point A € X' x3°™* Y from before is mapped under the projections X’ x)D("m" Y - X'
and X' ><)D<°m’“ Y — Y to a generic point in X’ and Y respectively above £. Hence those projections are
also maximally dominant.

Next we observe that if £ € X is a generic point with generic points £’ € X’ and n € Y mapping to
it, then (§ X¢ 7)rea is a finite disjoint union of generic points. Indeed, by assumption on f, k(n)/k(§) is
a finite field extension and therefore (£’ X¢ n)rea = ||;—; A is a finite disjoint union of points. We have
to show that the \; are generic points. For j fixed, let Xj be a generic point of (X’ X x Y)eq such that

Aj € {Xj} As \; maps to ¢’ and 7, the same is true for Xj. Therefore Xj € |~ \; and hence Xj = Aj.
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We use this to show that X’ X)D(Omk Y satisfies the universal property of a fibre product in Domy. Let
Z € Vary, such that there is a commutative diagram

Z ——Y

|

X —=X

in Domyg. By the universal property of fibre products in Vary, there is a unique morphism Z — (X’ x x
Y)rea and we have to show that it factors through X’ xg)(om’“ Y in Domg. Let ( € Z be a generic
point, mapping to generic points £’ € X’ and € Y over a generic point £ € X. As we have seen,
(€ X¢n)rea = LI;—; Ai is a finite disjoint union of generic points, and thus ¢ maps to one of the \; under

Z — (X" Xx Y)rea. Consequently, the image of Z is contained in X’ X)D(c’m’“ Y. O

Example C.3. Note that general fibre products do not exist in Domy. As a counter example, consider
X = Spec(k), X" = Spec(k[z]) = AL =Y = Spec(k[y]). Then clearly X’ — X and Y — X are maximally
dominant, but k(z)/k and k(y)/k are not finite.

We first observe that the usual fibre product X’ x x Y = Spec(k[z,y]) = A? (which coincides with
the definition from Lemma C.2 because the projections are maximally dominant) does not give a fibre
product in Domyg. Indeed, let Z = Spec(k[z]) = A} with morphisms Z — Y,y + zand Z — X',z +— 2z be
given. Then the morphism Z — X’ x x Y induced by the universal property is the diagonal morphism,
which is not maximally dominant, and hence X’ x x Y does not satisfy the universal property of fibre
products in Domy,.

On can even show that in Dom;, a fibre product does not exist. Assume now that there exists a fibre
product M of X’ —+ X and Y — X in Domy. Then by the universal property of the usual fibre product
we have a commutative diagram

M
|
X'xxY =A2
/ \\
X' = A} Y = A}
\ /
X = Spec(k)

We can find infinitely many curves C in X’ xx Y over k with the projections C — X’ and C — Y
maximally dominant. On the one hand the universal property M in Domj induces a maximally dominant
morphism C — M which in particular maps the generic point of C' to a generic point of M. On the
other hand the universal property of X’ xx Y in Var, induce the canonical inclusion C — X’ xx Y
which factors through the morphism C — M. Consequently, the map M — X’ x x Y maps the generic
point of M corresponding to C' to the generic point of C inside X’ xx Y. Varying C, we see that the
image of the generic points of M under the morphism M — X’ X x Y contains infinitely many points of
transcendental degree 1. This contradicts the fact that M has only finitely many generic points.

Lemma C.4. Let g : X' — X and f : Y — X be morphisms in Domy. Assume in addition that for
every generic point £ of Y, the extension of residue fields k(§)/k(f(&)) is finite (respectively finite and
separable). Then the morphism f':Y' =Y x%°™ X' — X' satisfies the same property.

Proof. Let € Y’ be a generic point. Its images n in Y, f'() in X/, g (f(n')) = f(n) in X are generic
points, because all morphisms in sight are maximally dominant by hypothesis. The situation is illustrated
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by the diagram of field extensions
k(n') <———k(n)

k(') =<k (f(n))

where the extension k(n)/k (f(n)) is finite (respectively finite and separable), the extension k (f'(n')) /k (f(n))
is arbitrary and k(n') = k(n)k (f'(n’)). So we see that k(n')/k (f'(n’)) is also finite (respectively finite
and separable). O

Lemma C.5. Let f:Y — X be a morphism in Domy. The following conditions are equivalent:
(i) For every generic point & of Y, the extension of residue fields k(€)/k (f(£)) is finite and separable.

(ii) The morphism f is generically étale, i.e. there is a dense open subset U C X over which f is étale.

Proof. The equivalence follows from [54, Tag 02GU]. Note, in particular, the equivalence between (6) and
(9) in loc. cit. O

Definition C.6. We call the topology on Dom;, generated by generically étale proper morphisms the
s-alt-topology and we denote the resulting site by Domy, s a1t

Corollary C.7. The triple (C := Domy,C, := Domy, s a1, CP! = Domy, o) satisfies the properties (a)-(e)
of Appendiz B.

Proof. This follows from Lemmas C.2, C.4 and by definition. ]

Definition C.8. Let Dom{“ (resp. Dom;“)) be the category of geometric pairs (resp.normal crossing
pairs), with morphisms (7, 7) such that 7 is maximally dominant.

Let Dom{‘Z (resp. Domy)) be the category of geometric pairs (resp.normal crossing pairs), with
morphisms (7,7) such that 7 is maximally dominant and generically finite.

Definition C.9. We call the topology on Dom{“’ induced from Domy s_a1; by the forgetful functor
¢ : Dom{® — Dom, (X, X)— X

geo

the s-alt-topology on Dom{“” and we denote the resulting site by Dom{ .

Corollary C.10. The triple (C := Dom{’,C, := Domif;_alt,cfp = Domzfgof) satisfies the properties
(a)-(e) of Appendiz B.

Proof. This follows from Corollary C.7 and the argument in Remark 1.2. O

Since Domy, and Dom{“* admit fibre products if one of the morphisms is an s-alt-morphism and the

forgetful functor ¢ preserves fibre products, a family of morphisms {(X;, X;) — (X, X)}; is an s-alt-
covering in Dom{® if and only if the family of morphisms {X; — X}, is an s-alt-covering in Domy, ([57,
Cor. 3.3]).

Remark C.11. (i) Recall that an alteration is a surjective generically finite proper morphism. There-
fore the covering morphisms in the s-alt-topology are exactly the generically étale alterations.

(ii) A diagram (30) with the assumption in Question 2.2 is nothing but a split hypercovering (X, Xo) —
X, X) in Dom?{’ .. such that each (X;, X;) belongs to Dom}°.
k,s-alt k

geo

Corollary C.12. The assumptions and the condition (x) in Appendiz B are satisfied for C; = Dom]J .

and C' = Domp“.

Proof. By de Jong’s alteration theorem, for any object (X, X) in Dom{“, there exists an s-alt-covering

(X',Y/) — (X, X) with (X’7Y/) € Dom;“. From this fact and the results in this appendix up to here,
we obtain the corollary. O
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Thus, for (X, X) € Dom{“, if we define the category Ho{(X., X.)/(X,X)} as in Definition B.4, it is
cofiltered by Corollary B.5. Hence, for a fixed (X, X), the inductive system

{ crls X"X )/W }(X.X YEHO{(Xe,Xe)/(X,X)}

o)EHO{(Xe,X,4)/(X,X)} Hi . .((Xe,Xs)/W(k)) is defined. Also, for a

morphism f : (X ,Y) — (X, X) in Dom{, if we define the category Ho{f,/f} as in Definition B.4, it
is cofiltered by Corollary B.5 and we have a diagram of projections

is filtered and so the colimit lg (XX

Ho{ (X, X,)/(X",X")} « Ho{f,/f} = Ho{(X., X.)/(X,X)}

with the second arrow surjective on the set of objects. This diagram induces a morphism between colimits

liy Hiyio(Xa. X0) /W (k) = liny Hixio((X0, X)W (k).

cris

(Xe,X4)EHO{(Xe,Xa)/(X,X)} (X4, X,)EHo{(X},X,) /(X" X")}

Next, for X € Domy, denote by {(X, X)/X}9¢° the category of geometric pairs (X, X) extending X.
Then it is easy to see that this category is cofiltered (cf. Lemma 1.28) and so the colimit

HA’I hgl Hcrls((X°7X )/W( ))
(X, X)e{(X,X)/X}9°0 (X4, Xs)€Ho{(Xe,X4)/(X,X)}
is defined. Also, for a morphism f : X’ — X in Domy, denote by {f/f}9¢° the category of morphisms of
geometric pairs (X' ,Y/) — (X, X) extending f. It is easy to see that this category is also cofiltered and

that there exists a diagram of projections

!/ — R
{(X7, X)X} = {f/ 10 = {(X, X)/ X }9°°
where the second arrow is surjective on the set of objects (cf. Proposition 1.39). This diagram induces a
morphism

M hgﬁl Hcrls((X°7X )/W( ))
(X, X)e{(X,X)/X}9°0 (Xo,X4)€Ho{(Xe,X4)/(X,X)}

(X" XNe{(XX") /X }yoe0 (X, X, )€Ho{(X{,X,) /(X' X))}

Therefore, we can make the following definition.
Definition C.13. For i =0, 1, we define the cohomology theory X — H it (X) on Domy by
(O)  Hi(X)= I liny (X0, X)W (R)).

(X X)e{(X,X)/X}9%0 (Xo,X4)€Ho{(Xe,X0)/(X,X)}

The following is the reformulation of the results in Section 2.
Theorem C.14. For i = 0,1, the inductive system on the right hand side of (91) is constant.
Proof. Theorems 2.3, 2.5 imply that the inductive system on the right hand side of (91) is constant with
respect to Ho{(Xs, X4)/(X,X)}. Note also that, for a morphism (X, X ) — (X, X) in Dom{“ and an
object (Ye,Ys) = (X, X') in Ho{(X,, X,)/(X,X')}, the composition (Ys,Ys) =+ (X,X ) = (X, X) is
an object in Ho{(X., X.)/(X, X)}. This fact and Theorems 2.3, 2.5 imply that the inductive system on
the right hand side of (91) is constant also with respect to {(X, X)/X }9¢. O
Corollary C.15. (i) For any X € Domy, H! . (X) (i = 0,1) are finitely generated over W (k).

(ii) For any (X, X) € Dom}°, there exist functorial isomorphisms
H (X)) 22 Hey (X, X) /W (k) (i =0,1).

S cris

(iii) For any X € Domy, there exist functorial isomorphisms

;alt( )®ZQNH1:1g(X/K) (7’:071)
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Proof. Since any member in the colimit on the right hand side of (91) is finitely generated over W (k), (i)

follows from Theorem C.14. Noting the functoriality of H? ;. (X) with respect to X € Domyg, we see that

(ii) follows also from Theorem C.14. (iii) follows from the canonical isomorphism H*, ((Xe, Xe)/W (k))®z

Q= H/,(X/K) in [40, Cor.11.7 1)]. O
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