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Abstract. Eikonal equations in metric spaces have strong connections with the local slope operator (or
the De Giorgi slope). In this manuscript, we study in depth an analogous model based on the global
slope operator, expressed as Au + G[u] = ¢, where A > 0. The case A = 0 is naturally related to the
so called discrete weak KAM theory. In strong contrast with the classical theory of Eikonal equations,
the global slope operator relies neither on the local properties of the functions nor on the structure of
the space, and therefore new insights are developed in order to analyze the above equation. Under
mild assumptions on the metric space X and the given data ¢, we primarily discuss: (a) the existence
and uniqueness of (pointwise) solutions; (b) a viscosity perspective and the employment of Perron’s
method to consider the maximal solution; (c) stability of the maximal solution with respect to both,
the data ¢ and the discount factor . Our techniques provide a method to approximate solutions of
Eikonal equations in metric spaces and a new integration formula based on the global slope of the given
function.
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1 Introduction
Let Q C R™ be a nonempty open bounded set and let £ : Q@ — (0, +00) be a continuous function. The
Eikonal equation reads as follows

{|Du(:1:)] = ((z), forallzeQ, €

u =0, for all z € 9.

This equation has been extensively studied in several settings (Hilbert and Banach spaces [[13} [14]) be-
cause of its many applications. It is an important model of the larger family of the so-called Hamilton-
Jacobi equations (HJEs for short), all of them having the form H (z, u, Du) = 0. The notion of viscosity
solutions has been developed to remedy the possible lack of classical solutions. It became essential in the
study of HJEs and, in particular of the Eikonal equations.

During the last decades, there has been a growing effort to generalize equation (&) to a purely metric
setting motivated by applications in Optimal Transportation, Mean Field Games and Optimal Control
on Topological Networks [[1,[3[8,[10 29, 42]. In the literature, we can find several notions of solutions of
HJEs defined on metric spaces. Some of them are based on the notion of viscosity solution. Most notably,
according to [35], slopes— and curve-based solutions are defined and studied in [2, 27, 28]]. In [35],
assuming that the underlying metric space is complete and length, and under some extra continuity
conditions on the data ¢, it is shown that these two notions coincide with Monge solutions. Moreover,
Monge solutions of metric HJEs with discontinuous Hamiltonians have been addressed in [[7,[24} 36, 38].
This notion of solution does not require any test functions. Indeed, Monge solutions for the Eikonal
equation in metric spaces are pointwise solutions of what we call the local slope equation, based on the
local slope operator. That is, for a metric space X and a continuous function ¢ : X — [0, +00), we
search for a function u : X — R U {+o0} that pointwise satisfies
{s[u] (z) = l(z), forallze X,
(1.1)
u=0, forall x € [¢ = 0],

lim sup ., if z is not isolated,

slul(z) == 4 voe (@)

0, otherwise,

where a; = max{a, 0} for any a € R. The convention s[u(z) = +o0 if u(z) = 400 is used.

The local slope was firstly introduced by De Giorgi, Marino and Tosques [22] to extend steepest descent
curves to metric spaces. Also, it has been studied in depth as an upper gradient that generalizes the norm
of the derivative of a differentiable function [3]]. Another natural upper gradient is the so—called global
slope. That is,

up @) —u@)+ e ~
Cll(e) = 130 gy 0 U@ <t
+00, otherwise.



Clearly, Glu] > s[u| for any function u, and G[u] = s[u] when wu is convex. Further information on
upper gradients can be found in [3] and references therein.

The main purpose of this manuscript is to study the (discounted) global Eikonal equation, see equa-
tion in Section [3| Let us focus on the global Eikonal equation without discount term:

inf u(z) =0, (S0)
zeX

{G[u](m) =/{(z), forallze X,

where £ : X — [0, +00) is a lower semicontinuous (Isc for short) function such that infx ¢ = 0. A lsc
function u : X — [0,+00) with infx u = 0 is called a solution of if G[u] = ¢ holds pointwise.
Note that the above equation can be a model for phenomena in which the underlying metric space has
no length structure, for instance, in graphs or in fractal domains. In the Euclidean setting, an equation
involving a global slope-like operator appeared in the study of Holder infinity Laplacians [11].

Let us discuss about the setting of equation (Gg). The assumption of lower semicontinuity of ¢ follows
from the fact that the global slope of a Isc function is Isc, Propostion A natural boundary condition
for Eikonal equations is the so-called Dirichlet condition. However, this type of condition is not enough
to ensure the uniqueness of solutions for global slope equations. Indeed, observe that the functions
f,9.h : R — R defined by f(z) = =, g(r) = —z and h(z) = min{z, —z} satisfy G[u] = 1in R
and u(0) = 0. Surprisingly, in [16 32| [43], it is shown that the equation admits at most one
(bounded from below) solution. This explains the assumption infx v = 0 (i.e. we search for functions
that are bounded from below). Also, as a simple consequence of Ekeland’s variational principle (when
the ambient metric space is complete) we obtain that the infimum of the global slope of a bounded from
below function is 0. Therefore, the assumption inf x ¢ = 0 turns out to be a necessary condition for the
existence of solutions when the underlying space is complete.

To construct a solution of (Gg), we study the asymptotic behavior of the semigroup defined by the
operator
Tyu(x) :=inf {u(y) + (z)d(z,y) :y € X}, forall z € X. (1.2)

In the language of discrete weak KAM theory [45] [46], the operator T} corresponds to a discrete Lax—
Oleinik semigroup associated with the equation (Go). In the mentioned theory, the term ¢(z)d(x,y)
in the definition of T} is replaced by a continuous cost function ¢ : X x X — R. Moreover, suitable
assumptions are made on the space X. This theory has been developed as a discrete model of the weak
KAM theory [25]. We would like to emphasize that, for existence of solutions of our equation, no
assumptions on the space X are made and our cost function (z,y) + £(z)d(x,y) is only Isc on the =
variable.

An important portion of this work is devoted to analyzing the existence of solutions, the uniqueness
issue, and the stability of equation (G,), which reads as follows: A\u + G[u] = ¢. Concerning the
existence of viscosity solutions of HJEs in the classical setting, there are two main approaches to build a
solution: constructing the value function of a related control problem [5] and the Perron’s method [31].
Note that usually, Perron’s method does not give a formula to compute the provided solution. In the
metric setting, for the local slope equation, several authors have considered a solution that is obtained
through the value function of a control problem among absolutely continuous curves, addressing as
well the uniqueness issue for their respective equations [2, 27, 28]. In the language of determination
theorems, uniqueness results have been tackled for slope-like operators, with the extra assumption that



the functions are bounded from below. Indeed, in [6] it is shown that two C?-smooth convex functions
(which are bounded from below) defined on a Hilbert space coincide up to an additive constant if and
only if their local slopes coincide (if and only if their global slopes coincide). This determination result
was generalized threefold: from smooth convex functions to merely Isc functions, from Hilbert spaces
to complete metric spaces, and from local slope to general descent modulus [16} [17, 32 39| [43]]. As a
direct consequence of [32, Theorem 1], if the underlying space is complete, there is at most one solution

of (o).

Coming back to the classical framework of HJEs, some classical stability results are provided in [12}[14].
In the metric framework, we can also find stability results for metric HJEs in [28] [37]]. In the convex
case, roughly speaking, it has been shown that the difference between two functions on a bounded set
is controlled by the £>°-norm of the difference of their local slopes on that set (equivalently of their
global slopes) [[15]. Further, for Isc convex functions defined on finite-dimensional spaces, the stability
under the I'—convergence of the slope is established in [19].

A third approach to solve HJEs of the form H(z,Du) = 0 is the so—called ergodic approximation
method, which was introduced in [34, Section 2] to study the cell problem that arises in the periodic
homogenization of HJEs. This method considers an auxiliary equation involving a discount factor:
Au + H(xz,Du) = 0, where A > 0, and then studies the asymptotic behavior of the solutions as A
tends to 0. In the framework of weak KAM theory, the ergodic approximation method was employed
in [20] where the underlying space is a smooth compact connected manifold. In the compact metric
setting, a notion of discounted Lax—Oleinik semigroup was introduced in [21]], in which the discount
factor X is plugged directly into the definition of the discrete Lax—Oleinik semigroup. Indeed, in the
aforementioned work, the authors considered the operator

Thu(z) := ylél)f( Au(y) + c(z,y), forall z € X,

and proved that the A-discrete weak KAM solutions {u } e (0,1 (that is Thuy = uy+ 3, for some 8 € R)
converges to u; as A tends to 17. The above research stream was recently investigated in the context
of Shapley operators in [9]. We would like to point out that, since we apply the ergodic approximation
method to the global slope equation (o), the natural discounted operator Ty (related to the equation (G,))
does not have the shape of a discounted Lax—Oleinik semigroup. Indeed, as it is defined in , Ty is
given by

Thu(x) := inf u(y) + Ux)d(z, y)

¢ X.
T T Ny or every x €

Moreover, in our context, fix points of T only characterize subsolutions of equation (G,), see Proposi-
tion[3.4} Therefore, new insights are required to study the discounted global slope equation (Gy).

Fix (X, d) a metric space and £ : X — [0, +00) a Isc function such that inf x ¢ = 0. The main contribu-
tions of this paper are the following:

1. Existence of solutions in metric spaces: Based on a control approach, in Corollary We show that,
if A > 0, the equation always admits a solution. For the case A = 0, we derive a necessary
condition , see Assumption to obtain the existence of solutions. More precisely, for any
A > 0, we show that T{°u := lim,,_, T'u is a solution of , if u is a supersolution of , see
Deﬁnition We point out that is also a sufficient condition if X is assumed to be complete.
See Section 3.1.



2. Uniqueness results: Assume that X is complete. As stated above, the results from [32] provide
the uniqueness of the solution for equation (S¢). For the case in which A > 0, the uniqueness of
(bounded Lipschitz) solutions of equation (G, is proved if £ is bounded. We establish a comparison
principle by using a transfinite induction inspired by the one employed in [16, [17] for abstract
(metric compatible) descent modulus. See Section 3.3.

3. Theviscosity approach and Perron’s method: We provide a notion of viscosity solution of equation
and prove that it is equivalent to the notion of pointwise solution. We employ Perron’s method to
define the maximal solution u) of equation , which allows us to fix a particular solution even in
cases where there are multiple solutions. Moreover, an explicit formula for the maximal solution
is provided. Indeed, if A > 0, then uy = Tj\’of. On the other hand, if A = 0 and assumption
is satisfied, then

uo(x) := inf {Zﬁ(xn)d(:vn,mnﬂ) s {xntn € lC(x)} , for every z € X, (1.3)

n=0
where K(z) = {{zp}n C X 1 20 =z, limy 00 £(z,) = 0}. See Section

4. Stability result and ergodic approximation: Assume that X and ¢ are bounded. We show that, for every
A > 0, the maximal solution of equation (S,) is £>°=stable under uniform perturbation of the data
¢. Our method is based on proving a uniform bound of the length of the initial part of a discrete
path (one may think on a partial sum of the series that appears in the formula (1.3)). Intuitively, this
bound reflects the finite length of gradient flows restricted to a set of large gradients. Moreover,
using the £>stability result for equation (G, we prove that

e u) converges to ug uniformly as A tends to 0%;
e if X is compact, then uy converges to u, uniformly as A tends to «, for any a > 0.

Furthermore, for any metric space, any Isc function £ and any & > 0, u converges to u,, pointwise
as A tends to a~. See Section [3]

5. Approximations of a solution of the local slope equation (1.1): Assume that [¢ = 0] # 0. Motivated
by the explicit formula of the maximal solution of equation , see , we define a family of
functions {vr} re(0,+00) that enjoys the following properties:

e if X is connected, then vy converges pointwise to the maximal solution of (So) as R tends
to +o0;
e if X is compact and length and ¢ is continuous, then vy converges uniformly to a solution

of as R tends to 0.
For R > 0, vg(z) is defined by the formula but replacing K(z) by

Kgr(z) = {{xn}ﬁzo CX:x9p=2x,2n+1 € Br(zy,) foralln < kand x € [ = O]} . (1.4

We also present an example to show that the second approximation result does not hold in general
complete length spaces. We would like to point out that a similar approximation scheme was
already addressed in [23] but considering minimal weak upper gradients on metric measure spaces.

See Section



6. Integration formula: Assume that X is complete. After extending our existence result for equa-
tion (Go) to the case that £ admits the value 400, we establish an integration formula that recovers
Isc functions using only their global slopes. More precisely, for a Isc function f : X — RU{+o0}
such that inf y f = 0, we have that

f=1sc(Z1f]),

where 1sc(Z[f]) is the lower semicontinuous envelope of the function Z[f], which is defined by

n—-+4o0o

+oo
Z[f](x) := inf {Z Glf)(xn)d(zn, Tni1) : w0 = zand  lim G[f](z,) = 0} .
n=0

See Section [6.2

Acknowledgements. The authors thank Aris Daniilidis for several fruitful discussions, Olivier Ley
for helpful comments that enhanced the presentation of the manuscript and the anonymous referee for
his/her constructive review.

2 Preliminaries

Let (X, d) be a metric space (which may be complete or not). For any 2 € X and p > 0, we denote by
B, (z) the open ball centered at = with radius p. Given a function v : X — RU {+oc} and r € R, the
r—sublevel set (resp. r—level set) is denoted by

[u<r]:={reX:u@) <r} (resp.[u=r]:={x € X :ulx)=r}).

The (effective) domain of u is denoted by dom v = {x € X : u(z) < +oo} and u is called proper if
dom u # (). We also consider the space of real-valued Isc functions on X:

LSC(X) ={ueR¥: wislsc}.
The following proposition collects some easy facts about the global slope. Its proof is left to the reader.
Proposition 2.1. Let u: X — R be a function and let x € X. The following assertions hold true:
* If Glu)(z) < 400, then u is Isc at .
* If Glu] is everywhere finite, then u € LSC(X).
* If Glu] is locally bounded, then w is locally Lipschitz.

Note that the function f : R — R defined by f(z) = x3 shows that the reciprocal of the above three
implications are false in general. In the rest of the section, several facts of the global slope are provided.

Proposition 2.2. Let uw € LSC(X). Then the function G[u] : X — RU {+o0} is Isc.



Proof. 1f u is constant, then G[u] = 0 and there is nothing to prove. Let us assume that u is not constant
and so, let € X such G[u](z) > 0 (possible +00). Let o € (0, G[u](z)). Then, by definition of G[u],
there is y € X \ {z} such that

oy(x) = W > .

Since d is continuous and w is Isc, ¢y, isIsc on X'\ {y}. Letd € (0, d(z,y)) be such that, for any z € Bs(z),
¢y(2) > a. So, for any z € Bjs(x), we have that G[u](z) > «. Since a can be chosen arbitrarily close to
Glu](z), G[u] is Isc at z. Finally, since G[u] > 0, we get that G[u] is a Isc function. O

Proposition 2.3. Let X be a complete metric space and w € LSC(X) be bounded from below. Then, one has
inf s, (z) = inf Gu] = 0.

Proof. It is a direct consequence of Ekeland’s variational principle. O

Proposition 2.4. Let X be a complete metric space. Let u : X — RU {400} be a bounded from below proper
Isc function. Then, there is a sequence {2y }r, such that

TLILH;O Glu](z,) = 0, and ZG[U](zn)d(zn,zn+1) < +o0.
n=0

Proof. Let {e,}n C R be a decreasing sequence convergent to 0 such that €, /2 < €,41 for every n € N.
Using Ekeland’s variational principle (see, for instance [44, Theorem 1.4.1]), there exists zp € X such
that Glu](z9) < ey < 4+o00. We construct a sequence {zy}, by induction such that, for all n € N we
have

Glul(zn) < €,

Sl )z 20 11) < u(zn) — ulznsa).

Let k € N and assume that we have already defined {z,,}F_, satisfying above inequalities. Fix o €
(€r/2, €x11). Applying Ekeland’s variational principle again, we find ;11 € X such that

w(zp41) < u(zk) — 0d(2k41, 2k) (2.1)

and
u(2p41) < u(y) + o0d(zxy1,y), forally # 241 (2.2)

From (2.2), we get G[u](24+1) < 0 < €441. Combining and the fact that G[u](2x)/2 < /2 < o,
we obtain $G[u](z)d (2, zk+1) < u(z) — u(zk11). The induction step is complete.

Observe that lim;, o G[u](2,,) = 0. Moreover, since u is bounded from below, we have that
> Glul(zn)d(2n, 2n11) < 2(u(z1) — inf u) < +o0.
n=0

The proposition is proven. O

Remark 2.5. A careful inspection of the proof of Proposition [2.4| gives us assertion (7). Assertion (i7)
follows directly from Ekeland’s principle.



(i) Foreach o € (0,1) and z € dom G[u], there exists a sequence {z, },, starting at z and depending
on o such that

lim Glu(zn) = 0, > Glu)(zn)d(zn, 2n11) < +00, (2.3)
n=0
and
(1 —0)Gul(zn)d(zn, 2n+1) < ul(zn) — u(znt1), foralln € N. (2.4)

(it) For any x € domu, there exists a sequence {zy, }, C dom G[u] such that

Jlim 2, = and Jim uw(zy) = u(x).

Consequently, we always have domu C dom G[u).
Lastly, for the sake of convenience, we recall a key lemma from [43], which will be used in the sequel.

Proposition 2.6. [43] Lemma 4.2] Let X be a metric space and u : X — R U {+oc} be a proper function.
If a sequence {xy }n, C X satisfies

nhﬁr{.lo Glul(z,) =0 and ZG[U](ajn+1)d(:cn,xn+1) < +o0,
n=0

then lim inf,, oo u(z,) = infx u.

3 The (discounted) global slope equation

Fix (X, d) a metric space, A > 0 and let £ : X — R be a Isc function such that inf x ¢ = 0. Consider the
discounted version of equation (Go):

Au(z) + Glu)(z) = €(z), forallz € X,
inf u(z) = 0. (95)
zeX

In this section, we demonstrate that, under mild assumptions on the data ¢, the global slope equation

always admits a solution. The uniqueness issue was already treated in [32] for the case when X is

complete and A = 0. In Section we provide a uniqueness result when X is complete, A > 0 and
¢: X — Ris bounded. Further, as a consequence of the above results, we characterize complete metric

spaces in terms of the uniqueness of the mentioned equation, see Corollary

We are interested in pointwise solutions of equation (G,). In the following definition we set the notions
of sub- and supersolution that are used along this manuscript. In Sectionwe characterize these notions
from a viscosity perspective. Moreover, in Sectionwe deal with the case in which ¢ takes the value
—+o00.

Definition 3.1. A function u : X — RU {+00} is said to be a subsolution of (G,) if infx u = 0 and
Au(z) + Glu)(x) < l(z), forallz € X.

Similarly, a function v : X — RU {+00} is said to be a supersolution of (S,) if it is Isc, infx v = 0 and
M(z) + Gvl(z) > U(x), forall z € X.

A Isc function w is a solution of if it is both sub— and supersolution of (G,).

8



3.1 Existence results

Thanks to Proposition if X is complete, the following hypothesis is a necessary condition for the
existence of solutions of equation (o) (i.e. A = 0).

Assumption 3.2. We say that the function £ : X — [0, +00) satisfies hypothesis (Hy) if there is a sequence
{Zn}n C X such that

> U(&n)d(Tn, Tni1) < +o0  and lim () = 0. (Ho)
n=0
In the following proposition, we study the existence of supersolutions of equation (G,). Observe that
there is always a subsolution, namely the constant function equal to 0.

Proposition 3.3. Thefollowing assertions hold true:

(a) If X >0, then always admits a supersolution.
(b) If £ satisfies , then admits a supersolution.

Proof. (a) Since ¢ is a lIsc function with inf x ¢ = 0, the function u : X — RU{+o00} defined by u = £/
is a supersolution of (G,).

(b) We split the argument into two cases. Assume that the set [¢ = 0] is nonempty (and therefore
is trivially satisfied). Then, it follows that the function u : X — R U {+o0} defined by

u(z) ==

{O forall z € [¢ = 0]

+00 otherwise.

is a supersolution of (Gg). Assume now that [¢ = 0] = §) and consider {Z, },, C X be a sequence given by
(Hop). Without loss of generality, we can assume that {Z,, },, is injective. Also, since £ is Isc and £(z) > 0
for all 2z € X, the sequence {Z,, },, does not have accumulation points. Consider the functionu : X — R

defined by

+00, otherwise.

wlz) — {Z;"ik @) d(En Eny),  ifx =T,

We show that w is Isc, inf x u = 0 and G[u] > ¢ in X. Indeed, since {Z,},, has no accumulation points,
domu is a discrete set and therefore w is Isc. It is clear that u > 0 and that, since the series given by
assumption (Ho) is convergent, limy, o u(Z,) = 0. It only rests to compute G[u]. Let z € X. If
z ¢ {Z, : n € N}, then u(z) = +oo. Hence G[u](z) = +oo. If z = Ty, for some k € K, we have

_ w(@x) — w(@xt1) _ o
G[U](CE}C) 2 d(jk:ai‘k+1) - E( k)

So, Glu] > £ on X. O

Letu : X — RU {+oc} be a function such that Mu(z) + G[u](z) < ¢(z) for some x € X. Then, we
have that

u(y) + (x)d(x, y)

T Md(ey) forall y € X.

u(z) <



Motivated by above inequality, we formally define the operator T) ¢ : [—00, +00]* — [—00, +00]X by

Ty qu(z) == inf {“(y) ki COLICIY) X} . (3.1)

1+ Xd(z,y)

If there is no risk of confusion, we may drop the subindexes X and ¢ and just write T := T} .

Observe that, for any function u : X — RU {400}, we have that u > Tu. Also, it easily follows that, if
infx u = 0, then infx Tw = 0. Thatis, T : [0, +00]* — [0, +00]¥. Albeit simple, let us proceed with
the following proposition.

Proposition 3.4. Let u : X — R be a function. Then, Tu = w if and only if Au(z) + G[u](z) < {(x) for
all x € X. Moreover, w is a subsolution of if and only if Tu = w and inf x u = 0.

Proof. The first equivalence immediately follows from the definition of T'. The second equivalence is a
consequence of the first part of the proposition and the definition of subsolutions. O

The next proposition shows that 7" can be used to define a projection onto the set of subsolutions of (5,).

Proposition 3.5. Let up : X — RU {400} be a non-negative function. Define up, := Tup—1 forn > 1.
Then, the sequence {uy, }r, converges pointwise to a function v : X — R that satisfies Tv = v.

Proof. Since ug > 0, we have that 7" tug > T™ug > 0, for all n € N. Hence, {uy}, converges
pointwise to some function v. To show that Tv = wv, it sufhices to check that v < Tw. Reasoning
towards a contradiction, we assume that there is € X such that Tv(x) < v(z). Therefore, there is
y € X such that

v(y) + {(z)d(z, y)
1+ Md(z,y) <v(z)

By definition of v, there is n € N such that

un(y) + L(x)d(z, y)
1+ Xd(z,y)

v(x) < up(x).

The above inequality yields that v(z) < wpq1(xz) < v(z), which is a contradiction. The proof is
complete. O

We denote by 7% : [0, +00]X — [0, +00]¥ the operator defined by

T u(z) := lim T"u(z). (3.2)
n—oo
Observe that, thanks to Proposition [3.5] the operator 7> is well defined. Moreover, if u € [0, +00]* is
proper, then Tu(X) C R. Also, a direct computation gives us that, for eachn € N,

u(wn) S lay)d(zg,zya)

T"u(x) = inf — 7
ko (L+Ad(zp, 2e1)) 525 [Tio (1 + Ad(zg, Th41))

, (3.3)

where the infimum is taken over all finite sequences {x}}_, C X with zyp = z. The main result of this
section reads as follows.

10



Theorem 3.6. Suppose that u is a supersolution of . Then, the function T is a solution of .

Proof. For the sake of brevity, we denote by v : X — R the function defined by

v(x) = T%%u(z) = lim T"u(x).

n—oo

Observe that v > 0 and that v(X) C R (because u is proper).

Claim 1: v is a subsolution of .
Indeed, by Proposition we have that Tv = v, and since infy v = 0, we have that infx v = 0.
3.4

Therefore, Proposition [3.4{implies that v is a subsolution.

Claim 2: v is a supersolution o .
Since v is a subsolution of (5,), it follows that v is Isc and infx v = 0. So, we only need to show that
M+ Glv] > L. Fix z € X. For every n € N, consider {27}, € X given by (3.3) such that 2} = x and

. 1 u(zpy) d(z}, 1)
T 'u(x) + — > ' 34
@)k n T TIZy (14 Md(zg, 22, ) Zo (1 +Ad(af, 27 4) o

For the sake of brevity, we shall write

1
A = — , for every j < n.
! fmo (1 + Ad(af, 27 )

Note that the finite sequence {z?"}"_; depends on n € N. To prove that v is a supersolution, we split
the analysis into two cases.

Case 1: v(z) = u(z). Since v < u, we immediately get that G[v](z) > G[u](z). Thus,
M(z) + Gvl(z) > Mu(z) + Glul(z) > £(x).
Case 2: v(z) < u(x). We again split the analysis into two cases. To do this, let us set, for all n € N,
en = max {d(z,2}): i=1,..,n}.

Case 2.1: liminf,_,o €, = 0. Up to a subsequence, we assume that lim,,_, €, = 0. Notice that {27},
converges to x. Let us assume that A = 0. Then, A} = 1 for every n € Nand j < n. This leads to

, 1 = L
o(@) = lim T"u(x) > lim u(ay) =+ Z()é(w?)d(w?, 2) 2 liminfu(ay) > u(w),
‘]:
where the last inequality follows because u is Isc. Therefore, v(z) = u(z), which contradicts the as-
sumption of Case 2. Now, assume that A > 0. Observe that, thanks to a telescopic sum, we have

n—1

1
> ATd(2},af,) = N (1-A"_ ). (3.5)
=0
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Let p > 0. Recalling that ¢ is Isc, consider § > 0 such that ¢(y) > ¢(z) — pfor all y € Bs(z). Letn € N
be large enough such that €, < §. Then,

n 1 n n n n n n

> A () + TP g

L) = g M)~ t) o
A A

where in the second line we have used . We define two sets of indexes
={n e N: A u(x}) > l(x) — p} and Jo := N\ J;.

Since J1 U Jy = N, at least one of these sets has countably infinitely many elements. If .J; has countably
infinitely many elements, using the fact that A7 _; < 1 and \u(a}) < £(z) — p for every n € Jo, we
have
1 lx)—p  Au(zl) —Ll(z)+
Tn . > mn
e W \
Therefore, taking limit inferior as n — oo and using the lower semicontinuity of u, we get

P foralln e Jo. (3.6)

v(z) > lirginf u(zy) > u(z),
which contradicts the assumption of Case 2. Hence, the set J has finitely many elements and so J; has
infinitely many elements. We then directly get

1 S (z)

T u(z) + 2P foralln e Ji.

n
Sending n to infinity and then p to 0, we obtain that Av(z) > ¢(z). Since G[v](x) > 0, it follows that v
is a supersolution of (G,).

Case 2.2: liminf,, o €, > 0. Let # > 0 be such that liminf, ,. €, > 7. Let N € N be large enough
such that €, > r for all n > N. Fix n > N. Thanks to the lower semicontinuity of ¢, let p > 0 and
§ € (0,7) be such that £(y) > ¢(x) — p for every y € Bs(z). Consider now

my, = 1inf {m € {1,..,n} : d(z,z),) > d}.

Note that, by the definition of §, we have that 1 < m,, < n. Fix o > 0. Followed by , for n large
enough we have

mp—1

> (A” Z U(x])ATd(x], 2744 ) + Z ((x])ATd(x], 25 4q)- (3.7)

Jj=mn

12



Let us assume that A = 0. Thus, At =1 for all j < n and therefore, combining inequality , triangle
inequality and the definition of the operator T', we deduce

v(x) + o0 =>T" " u(ey,,) + (Ux) — p)d(z, Tm,) = v(Tm,) + (U(z) — p)d(z, Tm,, ).

So, rearranging the terms of the above inequality and recalling that d(z, z,,, ) > d, we get

> v(z) —v(xm,) o ()

Glol(z) + 5 d(z, ) d(z, zm,) =

_p‘

So, after sending o to 0 and then sending p to 0, we conclude that G[v](z) > ¢(x). This shows that v is

a supersolution of (o).
Assume now that A > 0. From and , we get

v(@) + 0 = AL (T (@, ) + M{” (1= 45, 1)
n U(z) — 4 n
> AT 0(Tm,) + ( )A (1—A4p ). (3.8)

Since A7, | <1, above inequality leads to

A Ao

m(v(‘r) - U(xmn)) > E(.CC) —pP— )\’U(Z‘mn) - % (3.9)
Observe that
AP < -
O Y CX )
Hence, we have the estimates
1 d(x,zl ) A 1
~ (1= A7 >t d AT 3.10
)\( ma-1) 2 1+ Md(z, 22, )’ anase 7 —An T T 5 (3.10)

We need to divide again the argument into two cases.

Case 2.2.1: v(z) < v(x},, ) for infinitely many n € N. Let n € N for which v(z) < v(«}, ). Then,
since A7, _; < 1, inequality becomes

o l(z) —p
v(z) + A > T
Plugging in the inequality (3.10), we obtain
1 l(x) —p
v(z)+o (1 + M) > = (3.11)

Noting that we can set n as large as we want, inequality (3.11) is valid for all ¢ > 0. After sending o to
0, we have
l(z) —p

A

v(z) > (3.12)

13



Case 2.2.2: v(z) < v(z]), ) for finitely many n € N. So, we can (and shall) assume that n is large
enough such that v(z) > v(27, ). Using inequalities (3.9) and (3.10), we deduce that

<>\ + d(> (v(@) — v(a™)) > £@) — p— Mo(a ) — o <)\ + ;) . (3.13)

Rearranging terms in the inequality (3.13), we finally obtain

M(z) + Gl(z) > l(z) —p—0o ()\ + ;) . (3.14)
Sending o to 0, we conclude that
Mv(x) + Gl(x) > £(x) — p. (3.15)
Combining Case 2.2.1 and Case 2.2.2, that is, (3.12) and (3.15), we obtain

M(z) + G](z) > 4(z) — p,

independently of the behavior of the sequence {v(x}, )}n. Therefore, we can send p to 0 and obtain
that v is a super solution. The proof of Theorem 3.6is complete. O

Remark 3.7. Proposition [3.5/and Theorem can be rephrased as follows: the operator 7°° defined
on the spaces functions f : X — R such that infy f = 0 is a projection onto the set of subsolutions
of . Moreover, the set of supersolutions of is projected onto the set of solutions of the same
equation.

The next corollary collects the results about the existence of solutions of equation . Its proof follows

directly from Proposition Proposition and Theorem

Corollary 3.8. Let X be a metric space and let € : X — [0, 400) be a Isc function such that inf x ¢ = 0. The
Jollowing assertions hold true

i) if A > 0, then equation has at least one solution in LSC(X);
(it) if (Ho) holds, then equation has at least one solution in LSC(X).
In addition, if X is complete, then equation has a solution if and only if the assumption (Hy) holds.

In the case when XA = 0 and under the assumption (Hy), we can provide an explicit formula of a solution

of (So). In Section [4| we show that this is the largest solution of (Go).
Proposition 3.9. Suppose that (Hy) is fulfilled. Define the function ug : X — [0, +00) as follows

up(z) := inf {Z@ T )d( X, Tnt1) : {xnn € K(z } Jorallz € X, (3.16)

n=0

where K(x) := {{xn}n C X zo = = and limy,_so0 {(xn) = 0}. Then, u is a solution of (Sg). Moreover,
one can replace K(z) in (3.16) by

K(z) = {zntn C X : 20 = 2, {l(2n)}n is decreasing and li_)rn l(xy,) = 0}.

14



Proof. Due to the assumption (Ho), it follows that ug () is well defined for every z € X. Let {#,}, be
a sequence given by . By definition of ug, we know that

U,()(.fn) < Zg(fk)d@?k; -karl), foralln € N,

k=n

which leads to inf x uy = 0. On the other hand, for any fixed « € X, we note that

up(x) = inf {Zﬁ(xn)d(a:n,xnﬂ) Azntn € K(m)}

n=0

= inf {u(x1) + L(z)d(z,z1) : x1 € X} = Tup(z).

So, thanks to Proposition 3.4, g is a subsolution of . Lastly, replicating the computations made in
the proof of Theorem [3.6] Claim 2, for A = 0, we deduce that ug is a supersolution and hence it is a
solution of equation )

It remains to check that one can replace K(z) by K(z) in the definition of u. Set the function

U(z) = inf {Z 0(2) (2, Tpir) {2 tn C /E(x)} .
n=0

By definition of inimum, we have @ > ug. Fix z € X. We show that ug(z) > @(z). Let e > 0. By
definition of infimum, there exists {z,,},, € K(z) such that

uo(x) > Zﬁ(xn)d(:vn,:cnﬂ) — . (3.17)
n=0

Set ng = 0 and inductively define
ng = min{k > np_q: b(zg) < E(wnkfl)} ,  forall k> 1.

Since limy, 00 £(xy) = 0, the sequence {ny} is well defined and strictly increasing. On one hand, we
have {2, }1 € K(x). On the other hand, using triangle inequality, we deduce

nk—l nk—l
> Uap)d(ag,win) = an,) Y d@g,zim) > L )d( T, Tny)- (3.18)
Jj=ng—1 Jj=ng—1

Combining (3.17)- (3.18) and definition of i, we get
uo(x) > Y Mwn, )d(@n,_,,Tn,) — > (z) — €.
k=0

Sending ¢ to 0, we conclude that ug(z) > u(x). This completes the proof. O
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3.2 Pertinence of the definition

Since ¢ is real-valued, any subsolution of is Isc, however, the inequality Au + G[u] > ¢ does not
yield any regularity of w. In this subsection, we justify why we have chosen the space of Isc functions
for the notion of supersolution. In the following example, we show that there are a metric space X
and a nonnegative function ¢ : X — R such that Ay + G[¢)] > ¢, but T°°¢ is not a solution of ,
for any A > 0. Consequently, Theorem does not hold in general for functions that only satisfy
A+ Glu] > L.

Example 3.10. Let ¢ : [0,1] — [0, 1] be an everywhere surjective function, i.e. ¢(U) = [0, 1] for every
nonempty open set U C [0, 1] (for instance, see [33] p. 90]). Also, consider f : [0,1] — (0, 1] defined by
f(0) =1and f(z) = =, if z > 0. Therefore, the function ¢ : [0,1] — [0, 1] defined by

0 ifz =0,
Yle) = {fO(b(x) ifx >0,

satlsﬁes »(U)

= (0,1] for any open interval U C (0, 1]. Hence, G[¢](0) = 0 and G[¢](x) = +o0 for all
e (0,1]. Let€

0
[0,1] — [0, 400) be any Isc function such that £(0) = 0 and ¢(z) > 0 for all z > 0 (for
instance {(z) = z). So, for any A > 0 we have
M)+ Gp] > ¢, onl0,1],
J:ér[%)f,‘l] 1/1(33) =0

Clearly v is not Isc. Moreover, since ¢ > 0, we have that ¢y > T > 0. Thanks to Proposition
and Proposition T4 is a subsolution of (G,). So, T°°%) is Isc and we deduce that

0 =lsc(yp) > T > 0,

where Isc(1) denotes the Isc envelop of 1. Thus, T°%) is not a solution of (Gy).

3.3 Uniqueness

In this subsection, we provide partial results about the uniqueness of solutions of equation . To
ensure this, it is crucial to assume that X is a complete metric space. The proof of the main result of this
subsection, Theorem [3.14} is based on transfinite induction and it follows the ideas of [16,17]. Let us
start with the following result, which is a direct consequence of Proposition Theoremand (43
Corollary 4.1].

Corollary 3.11. Let X be a complete metric space and let ¢ € LSC(X) be a locally bounded function satisfying
infx ¢ = 0. Then admits a unique continuous solution.

A substantial improvement of the above corollary is given in Corollary |6.14] in which we consider
¢ : X — [0,+00] such that infyx ¢ = 0. Besides, as a consequence of Corollary [3.11} we have the
following characterization of complete metric spaces.

Corollary 3.12. Let X be a metric space and let o € X. Consider £ : X — [0, +00) defined by (x0) =0
and E = 1for every x #+ xo. Then Xisa complete metric Space lfand only 1flhe equatlon , with data
l, has umque solution, namely, uo(z) = d(z, x).
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Proof. Indeed, if X is complete then the result follows from Corollary On the other hand, assume
that X is not complete. Let {y,, }, C X be a Cauchy sequence, which is not convergent. Consider the
following two functions

w(x) =d(z,z09), and v(z)= min{d(m,xo),giﬁ\nolo d(x,yn)}

It readily follows that u and v are solution of associated with ¢ and that u # v. O

In what follows we tackle the case A > 0. We show the uniqueness of solution of (G,) when X is a
complete metric space and ¢ is bounded. Let us first illustrate our ideas in the compact setting.

Proposition 3.13. (Comparison principle: compact case) Suppose that X is compact, X > 0 and that
¢ € LSC(X) is bounded and that inf x ¢ = 0. Then, the following assertions hold true:

(¢) if u,v € LSC(X) are respectively bounded sub and supersolution of , then v < v;
(it) equation admits a unique (Lipschitz) solution.

Proof. (i) Set M = sup,cx(u — v)(z). We aim to prove M < 0. Arguing by contradiction, assume
that M > 0. Let us rescale the function v and consider 5(x) := (1 + €)v(z), where € > 0 is fixed. Also,
consider

M = M(e) := sup (u—v)(z).

zeX
Up to shrinking £ > 0, we can and shall assume that M > M /2 > 0. Noting that X is compact, u is
Lipschitz and —v is upper semicontinuous, we can find z € X such that M = (u — 9)(Z). Since M > 0
and that u = 0 on [¢ = 0], we immediately obtain that z ¢ [¢ = 0]. By definition of G[v](Z) and that
\o(z) + G[v](z) > €(x), there exists § # Z such that

i1 (1)~ u@) — @) @) _ 19
d(z,y)

If5(z) < 9(y), we obtain that M < 0, which is a contradiction. If 5(Z) > ©(%), after direct computations
from we obtain that (u—v)(z) < (u—0)(y), which is impossible due to the definition of z. Since
M cannot be positive, we have that M < 0.

(i1) Note that, since ¢ is bounded, any subsolution (and therefore any solution) is bounded and Lipschitz.
Indeed, if u is a subsolution of (G,), then u < £/X and G[u] < ¢. So, after applying the comparison

principle twice, we immediately obtain the uniqueness result. O

The next theorem shows that we can get exchange compactness by completeness in Proposition [3.13]

Theorem 3.14. (Comparison Principle: general case) Suppose that X is a complete metric space, X > 0,
¢ € LSC(X) is bounded and infx ¢ = 0. If u,v € LSC(X) are respectively bounded sub— and supersolution

of (S,), then one hasu < v in X.

Asa direct consequence of the above theorem, we have the following uniqueness result. Its proof follows

as the proof of Proposition (14).

Corollary 3.15. Suppose that X is a complete metric space, X > 0 and ¢ € LSC(X) is bounded with
inf x ¢ = 0. Then, there exists a unique solution of . Moreover, the solution is bounded and Lipschitz.
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Proof of Theorem Arguing by contradiction, assume that there exists zyp € X such that my :=
(u—v)(zo) > 0. Since u takes the value 0 on the (possible empty) set [¢ = 0], we deduce that z( ¢ [¢ = 0].
In what follows, we construct by transfinite induction a generalized sequence {x4}o C X that satisfies
the following properties:

Set mq == (u — v)(za), for any . For any o < 3, we have
(P1) v(zg) < v(wa);

(P2) mq < mpg;

(P3) ixmod(za, ) < mg — ma.

Base step, a = 0: zg is already defined.

Inductive step. Case 1: « is a successor ordinal. Assume that & = £ + 1, where £ is an ordinal and the
point x¢ has already been defined. Due to (P2), we know that z¢ ¢ [¢ = 0]. Indeed, otherwise we
would have that 0 < my < mg = 0. Fix ¢ < min{l(z¢), Amo/2}. By definition of G[v](z¢), there
exists x¢11 # x¢ such that

(v(zg) — v(we1))+

)\U(l‘g) + d(l’g, $§+1) > f(:Eg) — €g, (3.20)
and
Mg + WD Zul@eri)e (3.21)
d(x& xé-i—l)

Hence, we obtain

(ule) — ulwes1))t — (v(wg) — v(Teq1))+
d(z¢, ze+1)

If v(zer1) > v(xe), the inequality leads to Amg < e¢, which is impossible because of the choice

of €¢. This implies that v(z¢41) < v(z¢). It follows from and ez < Amg/2 < Amg /2 that

Amyg + < €. (3.22)

1
5/\m5d(:ﬁ5, Tegp1) < Megp1 — M.

From here, it directly follows that me¢;; > mg and therefore, (P2) is satished. (P3) follows directly
from the above inequality, triangle inequality and (P2).

Case 2: « is a limit ordinal. Since the generalized sequence {m,; }n<o C R converges in R (recall that it is
bounded from above and strictly increasing by construction), property (P3) implies that the generalized
sequence {z }r<q is Cauchy. By the completeness of X, there exists some z, € X such that z,, — z,
as k — «. It remains to check that the generalized sequence {z, }.<q satisfies (P1)-(P3). Using the fact
that v € LSC(X), we deduce

v(z¢) > liminf v(zx) > v(za) forall ¢ < .
r<o
Similarly, we can prove (P2) and (P3) by using induction assumptions, u € Lip(X), v € LSC(X) and
the continuity of the map d(z, -).

The above construction eventually leads to a contradiction. As explained in Case 1, z,, ¢ [¢ = 0] for
all z, considered in the above procedure. Therefore, we can construct a generalized sequence indexed
by the first w; ordinals, {24 }a<w,, following the previous transfinite induction, where w; be the first
uncountable ordinal. So, {(v(za+1),v(2a)) : @ < wi} is an uncountable family of pairwise disjoint
open intervals in R, which is a contradiction. So, Theorem 3.14]is proved. O
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4 An equivalent definition and the maximal solution

In the classical theory of viscosity solutions, one can take benefit from the smoothness of test functions
to study first order HJEs. Proceeding with a similar idea, noting that we are considering equations of
the form

H(z,u(z),Gu)(z)) = 0, for every z € X,

it is natural to use functions that have finite global slope (at least at the reference point) as test functions.
Then, one can define a notion of "viscosity solutions" for equation (G,), see Definifion [4.1 We show

in Theorem that viscosity solutions coincide with the ones defined previoﬁ in Definition

Besides, we employ Perron’s method to define the maximal solution of equation (G,), see Corollary

4.1 Viscosity solutions
Recall that X is a metric space (not necessarily complete), A>0and ¢ € LSC(X), with infy £ = 0.

Definition 4.1. A function u : X — [0,+00) (resp. Isc function v : X — [0, +00)) is said to be a viscosity
subsolution (resp. viscosity supersolution) of if infx u =0 (resp. infx v = 0) and for any x € X and any
function ¢ : X — R (resp. ¢ : X — R) such that

¢ >u, (¢ —u)(x) =0 and G[¢](z) < +00

(resp. v < w, (¢ —v)(z) = 0 and G[¢)](z) < 400 ),

one has

Au(z) + Go](x) < £(x)

(resp. Av(x) + GY](x) > U(z)). (4.1)

A function u € LSC(X) is said to be a viscosity solution (V—solution, for short) if it is both viscosity sub— and
supersolution.

In what follows, we compare the notions of solution given by Definition [3.1|and Definition
Lemma 4.2. A function v : X — [0,+00) is a V-subsolution of if and only if it is a subsolution.
Proof. If uis a subsolution of (G,), then for any 2 € X, we have that G[u](z) < £(z) — Mu(x). Therefore,

u(y) > u(zr) — (U(x) — Au(x))d(y,x), forall y € X.

So, if ¢ : X — Ris a function such that ¢(z) = u(z) and ¢ > u, then G[¢](z) < £(z) — Au(z), yielding
the inequality . Hence, w is 2 V=subsolution.

Conversely, assume that u is a V-subsolution. We first claim that dom G[u] = X. Arguing by contra-
diction, assume that there exists Z € X \ dom G[u]. This implies that for any n € N, there exists y, # =
such that () — uly)
w(®) — u(yn
— =N 4.2
e 2
Set ¢n(y) = max{u(z) —nd(z,y), u(y)} for every y € X. We notice that ¢, > uin X, (u—,)(z) =0
and due to (4.2), we also have G[p,](Z) = n. Using deﬁnitionwith the test function ¢, we obtain
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Au(Z) + n < €(z), which is a contradiction for any n > (z).
We show that w is a subsolution. Let us fix 2 € X and consider the following two cases.

Case 1: G[u(z) = 0. Then, u(z) = 0 (since it is a global minimizer) and hence, Au(z)+G[u](z) < ().
Case 2: G[u](z) > 0. By definition of G[u](z), for any € € (0, G[u](z)), there exists ye # x such that

u(z) — u(ye)
d(x, ye)

If we set ¢(y) = max{u(z) — ked(z,y),u(y)} for every y € X, then we get that ¢, > win X,
(u— ¢¢)(z) = 0 and by (4.3), we have G[¢¢|(z) = k.. Using . as a test function for (G,), we infer that

> ke := Glul(xz) —e > 0. (4.3)

Au(x) + Glu)(z) — e < £(x).
Letting € \, 0, we obtain the desired inequality. Lemma[4.2]is proved. O

Lemma 4.3. A functionv : X — [0,400) is a V=supersolution of if and only if it is a supersolution.

Proof. Straightforward computations show that any supersolution is a V—supersolution. It sufhices to
check the converse. Let v : X — [0, +00) be a V-supersolution of (3,). Arguing by contradiction, if it
is not a supersolution, there exists Z € X such that

M (Z) + Gv](Z) < 4(Z).

This implies that G[v](Z) is finite, and therefore, v itself can be used as a test function. Therefore, one

readily gets
2(Z) + Go|(z) > 4(z),
which is a contradiction. O

As a direct consequence of Lemma and Lemma we obtain the equivalence between V—solutions
and solutions of equation (G,) in metric spaces.

Theorem 4.4. Let X be a metric space and let ¢ € LSC(X) satisfying infx ¢ = 0. A functionu : X — R
is a solution of if and only if it is a V—=solution.
4.2 Perron’s method

In the classical theory of viscosity solutions, Perron’s method plays a central role in finding a solution
for several PDEs. Roughly speaking, Perron’s method says that the supremum of all subsolutions (of
a given PDE), bounded from above by a supersolution, is a natural candidate for being a solution. In
what follows, we show how this idea is hidden in the operator 7°°.

Theorem 4.5. Let u : X — R be a function such that inf x uw = 0, and X > 0. Let T be the operator defined

by B-1) and T defined by (B2). Then
T>°u(x) = sup {v(x) : v is a subsolution of (G) and v < u}.
In particular, if u is a supersolution of (G,), then the solution generated by T satisfies
T>°u(x) = sup {v(x) : v is a solution of () and v < u} .
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Proof. Let us denote by U : X — R the function defined by
U(z) := sup {v(z) : v is a subsolution of (G,) and v < u}.

Thanks to Proposition [3.5] 7°°u is a subsolution of and therefore 7°u < U < u. Letv: X - R
be any subsolution of (SA) such that u > v. Then, for any z € X

Tu(x) = inf{u(y) +)d(,y) RS X}

1+ Ad(z,y)
o) +l()d(,y)
zlnf{ 1T Ad(z,0) .yEX}
=Tv(z) = v(x).

Therefore Tu > v. Inductively, we readily get that for any n € N, T"u > v. Finally, Proposition
implies that 7°°u > v. This completes the proof of the first part of the proposition.

The second part of the proposition follows similarly as the first part but noticing that Theorem gives
us that 7w is a solution of . O

Definition 4.6. A function u : X — R is called the Perron solution of if w is a solution of and is

pointwise maximal among the set ofsolutions, ie.

uy () := sup{v(x) : v is a solution of ()}

The following corollary establishes the existence of the Perron solution. Note that, by definition, it
is unique. In the sequel, we denote by uy and ug the Perron solutions of for A >0and A =0
respectively.

Corollary 4.7. Let A > 0. Then uy := T°°§ is the Perron solution of (G). For the case X = 0, let us assume
that holds. Then, [hefunction ug: X - R deﬁned by

uo(x) := inf {Z Uxp)d(Tn, Tpt1) @ {xn}n C X, o ==z, nh_{go Uzp) = 0} , for every x € X
n=0

is the Perron solution of equation (So).

Proof. Let us start with the case A > 0. Let v be any solution of (G,). Since G[v] > 0, it follows that
v < ¢/\. Thanks to Theoremwe deduce that T°°§ > 0.

Now we consider the case A = 0. First, observe that ug is a solution of thanks to Proposition
It suffices to check that ug is the largest one. Let v : X — R be any subsolution of and let z € X.
If {(z) = 0, then ug(z) = v(z) = 0 and there is nothing to do. Assume now that ¢(z) # 0. Fixe > 0
and consider a sequence {z,,}, C X such that zg = =, lim,,_,oc {(x,) = 0 and

up(z) +e > Zﬁ(xn)d(:vn, Tptl)-
n=0

Thanks to Proposition[3.9) we can further assume that the sequence {¢(zy)}, is decreasing. Therefore,
we get

Z£<xn+1)d(xnv$n+1) < Zf(xn)d(xn,:rn+1) < +00.
n=0 n=0
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Since v is a subsolution, we have that G[v] < ¢ and then

Z Gv](xpt1)d(Tpn, Tpi1) < +00.
n=0

We can apply now Proposition and deduce that

hnnigéfv(a:n) = wlél)f( v(x) = 0.

Let k € N be such that v(z) < e. Direct computations lead to

k—1
ug(z) +& > Zﬁ(wn)d(xn,xnﬂ)

n=0
k—1

—v(xg) +v(zg) + Zf(xn)d(xn, Tpi1)

n=0
—v(zp) + TFo(z)
—c+v(z),

>
>

where the third inequality follows from the identity Tv = v (see Proposition[3.4). Thus, ug(z) > v(z) — 2e.
Since € > 0 is arbitrary, we deduce that up(z) > v(z). Since z € X is arbitrary, we deduce that uy > v.
Since v is an arbitrary subsolution, we conclude that ug is Perron’s solution of . Corollary is
proven. ]

5 Stability results

5.1 L>-stability with respect to the potential

In this subsection, we discuss the stability of the Perron solution of equation (S,) in terms of the data ¢.
Albeit simple, the following example shows that we cannot expect stability in full generality.

Example 5.1. Forn € N, let £,, : R — [0, +00) given by £,(n?) = 0 and ¢,,(z) = n~! for all z # n?.
Clearly, {4, }, converges uniformly to ¢o, = 0. Also, the solution u,, of associated with ¢, is given
by un(z) = n7z — n?|, and us, = 0. However, u,,(0) = n for all n € N, so {u,} does not converges
pointwise to us. Moreover, u,, converges (uniformly in bounded sets) to the constant function equal
to +-00.

The above example shows that we need to assume the boundedness of X. Let ¢, ¢, € LSC(X) be
such that infx ¢ = infx ¢, = 0 for all n € N, and let u, u,, be the respective Perron solutions of
associated with ¢ and ¢,,. We prove that if X is bounded and {¢,},, converges to ¢ uniformly, then the
sequence {uy,}, converges to u uniformly. Let us start with the following proposition. The diameter
of X is denoted by

diam(X) := sup{d(z,y) : z,y € X}.

Proposition 5.2. Let X be a bounded metric space and let X > 0. Let £ : X — [0,+00) be a Isc function
such that infx £ = 0. Then, the function v(z) := ¢(z)diam(X) is a supersolution of associated with /.
Moreover, T°v is the Perron solution of .
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Proof. Since infx ¢ = 0, it follows that inf x v = 0. So, for any = € X, direct computations lead to

G[v](x) > inf {(z)diam(X)

> I ) > (). (5.1)

Thus, v is a supersolution of . Let w : X — R be any subsolution of . Then, infxw = 0
and Gw](z) < ¢(z) — Mw(x) < ¢(x). Therefore, w(z) < w(y) + £(x)d(z,y) for all z,y € X. So,
we deduce that w(z) < ¢(x)diam(X). Finally, thanks to Theorem T*°v is the Perron solution of
equation (5,). O

Let us proceed with the following lemma, which is needed to prove the stability of the Perron solution of
in terms of £. Observe that if X is a bounded metric space, then any Isc function ¢ : X — [0, +00),
with inf x ¢ = 0, satisfies .

Lemma 5.3. Let X be a bounded metric space and let X\ > 0. Let £, %# : X — [0, +00) be Isc functions such
that infx ¢ = infx # = 0. Let w,v : X — R be the Perron solutions ofequation associated with £ and %#

respectively. Then, for any p > 0 we have that

v(z) —u(z) < (p+ ||# — l]|oo)diam(X) + || 2 — f||oou(px), Jorall z € X.

Proof. Fix e > 0 and p > 0. Thanks to Proposition[5.2] u and v are bounded from above by diam(X)¢
and diam(X)# respectively, v = T°°(¢diam(X)) and v = T>°(£diam(X)). Let z € X. Assume that
{(x) < p. Then,

v(z) < A(x)diam(X) < (p + [|# — €] )diam (X).
From the above inequality, we get
v(@) = u(z) < (p+ [|1£ — £]|oo)diam(X). (5.2)
Now, assume that ¢(z) > p. Let {z;}!"_; C X be a sequence such that o = x and

1

[Ijzo L+ Ad(zj,zj1) i Tjmo 1+ Ad(a, 241)

Let I C {0, ...,n} be the largest interval of integers containing 0 such that ¢ € I if £(x;) > p. Then, if
n ¢ I we deduce that

max(])
u(x) +¢ > : d(xi, xiv1) ‘ (5.3
On the other hand, if n € I, we deduce that
u(@) +e diam(X) — dwizin) 5.4
P B H?;Ol L+ )‘d(xjv xj-i‘l) i=0 H;:o I+ )\d(.%'j, xj—i—l)
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Case 1: max(I) < n. Then {(zpaxr)41) < pand £(Tmaxr)+1) < p+ [[£ — £]oo. Using and
Proposition 5.2} we compute

max([) . .
u(z) +e> Y. /(xz)d(x“xzﬂ)
i=0 Hj:O 1+ Ad(l‘j’ xj+1)
max (] .
> az( ) fé(x,)d(xl, xi-{-l) )%($max(])+1)dlam(X)
i Do 1+ (2, 2i41) H}Ifg(l) 1+ Ad(zj, xj41)
ol = i) o NN dlanain)
H?j)((l) 1+ Ad(zj, zj41) im0 Ij—o 1+ Ad(zj,2541)
u(z) +e

> v(z) = (p+ |1 £ = €]l oc)diam(X) — || — £]|oq

Therefore, we have that

v(@) — ul@) < e+ (p+ 1 — Coo)diam(X) + £ — oo LELTE.

Case 2: max(/) = n. We can proceed as above but using (5.4) instead of and obtain

v(x) —u(x) <e+||£— E\\oou(x2)+ ° (5.6)

Combining the inequalities (5.2), (5.5) and (5.6), we deduce that, for all z € X:

v(z) —u(x) < e+ (p+ ||£ — £]|oo)diam(X) + || £ — EHOOU(%)P+ -

independently of the behavior of the sequence {xy},. Since € > 0 is arbitrary, we finally get

0{z) — u(z) < p+ £ — i) + £ — £ 2.

Now, we are able to prove the £L>—stability of the Perron solution of equation (5,).

Theorem 5.4. Let X be a bounded metric space and let X > 0. Let €, £y, : X — [0, 00) be Isc functions such
that inf x ¢ = infx ¢, = 0. Further, assume that  is bounded. Denote by u and u,, the Perron solutions of
associated with ¢ and ¢,, respectively. Then, 1f Ly, converges to £ uniformly, Uy, converges to u uniformly.

Proof. Since ¢ is bounded, without the loss of generality we can assume that there is M > 0 such that
[n]loc < M for all n € N and ||£||oc < M. Then, thanks to Proposition [5.2] ||t o < Mdiam(X). Fix
p > 0. So, applying Lemma 5.3|twice, we get that for any z € X andany n € N

[un () — u(@)| < (p 4 [|€ — ln|oo)diam(X) + ||€ — gn”mmax(U(:c%un(x)).

Therefore Mdiam ()
. iam
[un — ulloc < (p + 1€ — Enlloo)diam(X) + ([ — £y [loc———

24



Taking limit superior as n tends to 400 we get that

lim sup ||uy, — oo < pdiam(X).
n—oo

Since p > 0 is arbitrary, after sending p to 0, we show that the above limit is equal to 0. O

Remark 5.5. A careful inspection of the proof of Lemmal5.3|shows that the norm |||« can be replaced
by its asymmetric version || - |, that is || f|ec = sup,ex max{f(z),0}. This is related to the unilateral
results obtained in [15], in which the convexity of the functions somehow plays the role of boundedness
of the space. In the context of Lemma we can obtain the following unilateral estimate:

v(z) —u(z) < (p+ ||£ — l]oo) diam(X) + || £ — g‘oou(px)? forall x € X.
Consequently, we get

l|| sodiam (X
o= tloe < (p-+ 1 o) diam(x) + [ — TP

, forall p > 0.
5.2 Convergence of the discounted solutions

As a consequence of Theorem we show that if the underlying metric space is bounded, then the
Perron solution of for A > 0 converges uniformly to the solution of as \ tends to 0.

Corollary 5.6. Let X be a bounded metric space and let £ : X — [0, +00) be a bounded and Isc function such
that inf x ¢ = 0. For any A > 0, denote by uy the Perron solution of associated with \. Then, the following
assertions hold true.

(a) wy converges to ug uniformly as X tends to 0.
(b) If X is compact and o > 0, then wy converges to uq uniformly as X tends to a.
Let us start proving some useful facts.

Proposition 5.7. Let X be a metric space and £ : X — [0, +00) be a Isc function such that inf x ¢ = 0. Under
the same notation ofCorollary let X\ > 0. Then:

(a) For any 0 < a < 8, ug < uq.

(b) Assume that € is bounded, denote by X the completion of X and by £ : X — [0, +00) the maximal Isc

extension of £ to X. Also, denote by vy : X — R the Perron solution of (Gy) associated with €. Then,
uy = vy on X.

(c) Assume that 0 is bounded. Then, wy is the Perron solution of associated with £y = 0 — \u,.

Proof. (a) Observe that aug + Glug] = £ — (3 — )ug < L. Therefore, ug is a subsolution of (G4). So,
by definition of Perron solution, we have that u, > ug.

(b) Along this proof, we denote by Gx[-] and G [/ the global slope operator defined for functions on
X and on X respectively. Note that ((Z) = lim inf, .z yex £(y) forall 7 € X. Thus, ¢ is bounded and
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coincide with ¢ on X. So, uy and v, are Lipschitz functions (see Proposition [2.1). Denote by 1y the
unique continuous extension of uy to X. By continuity of &y and vy, it readily follows that

Gzlun](z) = Gxlup](z) and Gglva](z) = Gxlva|x](xz), forall z € X, (5.7)

where vy |x denotes the restriction of vy to X. To finish the proof, it is enough to show that @y = vj.

Inequality: @), < vy. Thanks to Proposition , G z[un] is a Isc function. So, (5.7) and the fact that uy

is solution of lead to _
AUy + G;([ﬁ,\] < /.

So, 1 is a subsolution of (G,) associated with ¢ (on X) and then, 7y < vj.

Inequality: vy < ). From (5.7) we deduce that v, |x is a solution of (5,) associated with ¢. Therefore,
vx|x < uy. By continuity we finally get that vy < @,.

(¢) Thanks to part (b), we know that @) is the Perron solution of associated with ¢. Therefore, @iy
is a solution of associated with %y := £ — A\@iy. Since X is complete, there is at most one solution
of equation , see Corollary Henceforth, u) is the Perron solution of associated with £,.
Using part (b) once again, we obtain that @y|x (= uy) is the Perron solution of associated with
%AlX:K—)\UA :ZE,\. ]

Now we can proceed with the proof of Corollary

Proof of Corollary[5.6, (a) By Proposition [5.2] we get that [[ug|| < diam(X)supy ¢ = C' < co. Thanks
to Proposition [5.7| (a), the family {uy} is uniformly bounded from above by C. Now, consider the

functions ¢y := £ — \u,. Since u, is continuous (Proposition and is the Perron solution of , it
follows that £, = G[u,]. Therefore, ¢, is Isc and satisfies inf x £, = 0. Note now that

10— 6]loe = [Murlloo < AC,  forall A > 0.

Hence, {£,} converges to ¢ uniformly as A tends to 0. Now, thanks to Theorem [5.4 and Proposi-
tion[5.7] (c), we finally deduce that uy converges to ug uniformly as X tends to 0.

(b) For the sake of simplicity, let us assume that & = 1. We first prove the case A — 17. Thanks to
Proposition [5.7] (a), we know that the family {ux}r<1 is decreasing (as A tends to 1) and bounded from
below by ;. Therefore, there is a function v : X — R such that u) converges to v pointwise as A tends
to 17. Since X is compact and ) is continuous, Dini’s theorem implies that this convergence is uniform.
Due to Proposition (c), uy is the Perron solution of associated with ¢, = ¢ — \uy. From here,
it readily follows that ¢, converges to (=0 —v uniformly, and therefore, thanks to Theorem
uy converges uniformly to a function w which is the Perron solution of associated with /. By
uniqueness of the pointwise convergence, we deduce that v = w, and therefore v satisfies v + G[v] = .
The argument for the limit of uy as A tends to 17 is analogous. Indeed, the only difference is that the
family {uy},>1 is increasing (as A goes to 1) and bounded from above by u;.

]

To finish this section, we present an ergodic result that does not require any assumption on X.

Proposition 5.8. Let X be a metric space and let £ : X — [0, +00) be a lsc function such that infx ¢ = 0.
For any X\ > 0, denote by uy, the Perron solution of . Then,for any o > 0, uy converges to uq pointwise as
A tends to ™.
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Proof. For the sake of simplicity let us fix @ = 1. Thanks to Proposition 5.7 (a), the family of functions
{ur}r<1 is decreasing as A tends to 17 and is bounded from below by w;. Therefore, u) converges
pointwise to a function v : X — R, as A tends to 17, and this limit satishes v > ;. So, it sufhces to
check that v < wy. Let z € X and € > 0. Thanks to Corollary and Theorem we deduce that
uy = T{°(2¢), for all A > 1/2. Fix A > 1/2. Followed by the definition of 7% (3.2), there is a finite
sequence {z;}¥_, C X, with 29 = x such that

20(x1,) U @) d(mi zign)

H?;&(l +d(zg, 1)) i Hé':o(l +d(zj,x41))

Observe that the right hand side of the following inequality

ui(z) +e>

k-1
20(xy,) d(wi, Tit1)
ur(z) < TY(26)(2) < —= +
1520 (1 + Ad(x), 2541)) ; H' ol 1 + Ad(wj, wj41))

is continuous with respect to A. Therefore, we deduce

Since ¢ > 0 is arbitrary, we get that v(z) < ui(z). The proof is now complete. O

6 Applications

This section is devoted to applying our previous results and techniques. In the first subsection, similarly
to [23], we consider an approximation scheme for the solution of the global slope equation and
also a solution of the local slope equation, motivated by the shape of the Perron solution of equation
(So). Additional structure on the metric space is required to carry out this approximation. In the second
subsection, we deal with the case in which the data ¢ admits the value +co. To the best of our knowledge,
as a consequence of our analysis, we obtain a new integration formula that allows us to recover, up to a
constant, Isc functions which are bounded from below in terms of their global slopes.

6.1 An approximation scheme

We have already shown that only mild conditions on the data £ are required to construct a solution of
equation (G,). However, this is not the case if we replace the global slope operator G| with the local
slope operator s[-]. Indeed, the classical Eikonal equation is considered whenever X is an open subset
of R%, and further, its purely metric version usually requires to work in complete length spaces. To fix
ideas, let X be a complete length space and let ¢ : X — [0,+00) be a continuous function such that
[¢ = 0] is nonempty. Under these assumptions, it is standard that the local slope equation

s[V](z) = ¢(z), forallz € X,
V(z) =0, forallz € [¢ = 0],

admits a solution V : X — R given by
T
V(x) = inf{/ E('y(t))dt}, forall z € X, (6.1)
0
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where the infimum is taken over all the 1-Lipschitz curves starting at x (i.e. 7(0) = z) and landing on
[¢ = 0] (i.e. ¥(T) € [¢ = 0)) (see [28, Theorem 4.2] e.g.). A complete discussion about the uniqueness
issue of equation (£) can be found in [[16} [17]. In the forthcoming analysis, we use the following result
that summarizes [28, Theorem 4.2] and [18| Corollary 2.5].

Theorem 6.1. Let X be a complete length space. Let £ : X — [0, +00) be a continuous function such that
[¢ = 0] is nonempty. Then, the function defined by (6.1) is a solution of equation (£). Moreover, if X is compact,
equation (L)) admits only one solution.

Let us now define the R-semiglobal slopes G (with R > 0), which formally interpolate the local slope
and the global slope. The semiglobal slopes were introduced in [17, Proposition 3.7] as examples of
what the authors called abstract descent modulus. For a fixed R > 0 and u : X — R, the R-semiglobal
slope of w at z € X is defined by

su VT if Br(x) \ {z} #0,
Grlu(z) == yeBR@S\{m} d(z,y) ml@)\ e} # (6.2)

0, otherwise.

Recall that Br(x) denotes the open ball of center z and radius R. Note that, for any u : X — R and
any = € X the following limits hold

Glul(x) = lim Gglu)(z), and s[u](z) = lim Grlu](z).

Assume now that [¢ = 0] # 0. Inspired by the R-semiglobal slope and the solution of equation (Sq), let
us formally define the function vg : X — R by

k—1

vr(z) = inf {Zg(xi)d(xi,ﬂ:’i_i,_l) cxo = x, 7% € [0 = 0], and d(x;, xi11) < R fori € {0, ..., k}} .
=0

(6.3)

The above functions can be compared to the ones used in [23, Section 1.1] in which the function ¢
is replaced by the so-called minimal weak upper gradients. The following lemma implies that, if X is
connected, then vp is well defined.

Lemma 6.2. Suppose that X is connected, R > 0 and Y C X is a nonempty set. Let A be the set of points
x € X such that there exists a finite sequence {x;}¥_, C X satisfying

zo=xz, xp€Y and d(zi,xit1) <R foreveryie{0,--- k—1}. (6.4)
Then, A = X.

Proof. To check that A is open, note that Br(z) C A for every = € A. This also shows that A is closed.
Now, since X is connected and Y C A, we conclude that A = X. O

The functions vg enjoy the following property.
Proposition 6.3. Let X be a connected metric space, R > 0 and £ : X — [0, +00) be a Isc function such that

[¢ = 0] is nonempty. Then, G glvg] < L.
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Proof. Thanks to Lemma6.2} the function vy, is well defined. Let # € X andy € B(z, R)\{x}. Observe
that immediately from the definition of v(z) we have

k—1
v(x) = inf {Zﬁ(xi)d(wi,xiﬂ) cxg =z, 7% € [( = 0], and d(x;, xi11) < R for i € {0, ,k}}
=0

< lx)d(z,y) +v(y)-
Since the above inequality holds true for any y € B(z, R) \ {z}, we deduce that Gg[vg](z) < {(z). O

Remark 6.4. The functions vp may have their own interest, but their study is out of the scope of this
y y P

paper. For instance, a natural question arises: under which metric conditions of X (if any) does the

function v satisty Grlvg] = £?

In what follows, we are interested in the following natural question
What are the asymptotic behaviors ofthefamily {vr} >0 as R tends to +o00 and tends 10 0?

In Theoremwe provide necessary conditions on the metric space X to obtain the convergence of

the family {vg}r to the Perron solution of and to the function defined by (the solution )
Hy

as R tends to 400 and to 0 respectively. Recall that if [¢ = 0] is nonempty, then the assumption (Hy) is
trivially satisfied.

Theorem 6.5. Assume that £ : X — [0,+00) is a Isc function such that [¢ = 0] # (. For each R > 0, we

denote by vg the function defined by (6.3). Denote by ug : X — R and V : X — R the Perron solution of
and the solution of (L) given by (6.1) both associated with £. Then, the following statements hold true.

() If X is connected, then v converges pointwise to ug and R tends to +oo.
(i) If X is a complete length space and € is continuous, then limp_,o+ vgp <V pointwise.

(i3i) If X is a compact length space (and therefore geodesic) and € is continuous, then v, converges uniformly to
V as R tends to 0.

Proof. First, observe that by the definition of infimum, for any 0 < Ry < Rj, we have that vg, > vg,.
So, the following limits are well defined:

Voo(T) := ngréo vr(z) = inf {vg(x) : R >0},

vo(x) = Il%iirva(x) =sup{vg(z): R>0}, foreveryze X.

(4). Let us recall that the function v : X — RU {+oc} defined by u = 0 on [¢ = 0] and u = +00 on
X \ [¢ = 0] is a supersolution of (Sg). Moreover, since u is larger than any subsolution, Theorem [4.5]
implies that T°°u = wy. So, a direct computation gives that, for any z € X

k—1
up(x) = inf {Zﬁ(a:i)d(a:i,xiﬂ) ckeN {z}f c X, zo=x, 2 € [( = 0]} .
=0

Then, it readily follows that uy(z) < vg(x) for all z € X and R > 0. Hence, it holds ug < vee.

29



We show that vo, < ug. To do this, we check that v is a subsolution of . Reasoning towards a
contradiction, assume that there exist € > 0 and z € X such that G[vx|(Z) > ¢(Z) + €. By definition of
the global slope, there is y € X \ {Z} such that

Voo (T) > voo(y) + (U(Z) + €)d(T,y). (6.5)
Noticing that vz(y) B2 o), we fix R > 0 such that
Voo (y) + €d(Z,y) > vr(y) and R > d(z,y).

Then, from inequality (6.3), we get vr(Z) > voo(Z) > vr(y)+£(Z)d(Z,y). Consequently, G glvg](Z) >
¢(z), which contradicts Proposition

(ii). Fix x € X and R > 0. Let € > 0 and fix a 1-Lipschitz curve 7, : [0, 7] — X such that

T
V() > /0 (e(8))dt — e, (6.6)

7(0) = z and (T') € [¢ = 0]. Since ¢ is continuous, ¢ o 7, is Riemann integrable. Hence, there exists a
partition P := {0 =tg <t; < --- <t =T} of [0, 7] such that |t;;1 — ;| < Rforalli € {0,--- ,k—1}
and

T k—1
[ e = S et — e (67)
i=0
Set z; = 7¢(t;) for i € {0, , k}. Since -y is 1-Lipschitz, one gets
d(@it1, i) = d(Ve(titr), ve(ts)) < [tip1 — ti| < R. (6.8)

Combining the inequalities , (6.7) and and using the definition of v, we obtain

B
—_

V(z) > ' (x;)d(xiq1, ;) — 2€ > vp(z) — 2e. (6.9)

-
I
o

Sending e to 0, we get that V(z) > vg(z). Since R > 0 is arbitrary, we conclude

V(z) > ll?‘iirg0 vr(x) = }S%i% vr(z) = vo(z). (6.10)

SO, Vv Z vo.

(ii7). Thanks to part (i), it remains to show that V' < vg. Let # € X. If {(z) = 0, then vg(z) = 0 for
any R > 0. So vp(z) = 0 = V(z). Assume that £(z) > 0. Let p > 0 be such that dist(z, [¢ = 0]) > p.
Consider the open set

y€[¢=0]

Note that z ¢ Q,. By compactness of X and continuity of ¢, we know

L,:=inf{l(y): ye X\Q,}>0.
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Fix R > 0. Let {z;}¥_, C X be such that g = z, 7}, € [ = 0], d(zi, 7;41) < R for all 4, and

e

1
’UR(:B) +1> g(.%'z)d(.%'z,l‘z_;_l) (6.11)
1

-.
Il

Define
Ii={ie{0,...,k}: 2 € X\Q,} (6.12)

It follows that 0 € I and k ¢ I. Thanks to inequality (6.11) and the definition of L,, we get

L el

Observe that above estimate is independent of R. For any n € N, let {27}, X be such that 27 = 0,
ap € [0 =0],d(z}, x}, ) < 1/nforall i and

kn—1
1 n
vy()+ 72 3 bl k) (614

Let I, C {0, ..., k,} be the set defined as (6.12) but using the sequence {z7}". Set IO as the largest
interval of integers contained in I,, such that 0 € I9. Also, define

an :=maxI)+1¢€I,\ I}
By definition, z,, € Q,. By compactness of X and continuity of ¢, we have
C := max{{(z) : x € Q,} < +oo.
Since [¢ = 0] is compact, there is y,, € [¢ = 0] such that
dist(zq,,, [¢ = 0]) = d(zq,,, yn) < p.

Denote by 7% the geodesic (of speed 1) joining @, and y,. Then,

d(Tayn yn)
[ e @nar < Catea,m) < . (6.15)
0

For any i € ID, let 4 : [0,d(z}, 2! ;)] — X be a geodesic (of speed 1) joining #* and =7, ;. Also, we
denote by 7" : [0,T},,] — X the curve obtained by concatenating the curves {77} ,. Observe that

Lip(y") <1, ~™(0)==z and ~"(T,) =y, € [(=0],

where T, = Y0 d(x?, 2%, ;) + d(2a,,yn). Denote by w : [0,4+00) — [0, +0c] the modulus of
continuity of ¢, i.e. w is the increasing function defined by

w(r) :==sup {|€(z1) — l(z2)| : 21,22 € X, d(21,22) <1}
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Since X is compact and £ is continuous, w(r) < oo for all » > 0 and lim, o w(r) = 0. So, forany n € N
and i € I? we have

(a)d(a, ol ) — / 0 (8))dt

« : (6.16)
T
< /0 (V1) — L) |dt < w (n7) dlaf, 2 y).-

Finally, putting all together we get that

1 c ¢ d d(TanYn) , d
— > n noph n
@)+ 5+ Cp> Y taddlalatn) + | (v, (6t

V1
! i€ll
T LICH Y
> [ty Y (et - [ dora
0 i€ll 0
> V(@) —w(n™) Y dielafh)

€19
V(z)+1
L, ’
where in the first line we use (6.14) and (6.15), in the third one and (6.16) and in the last line (6.13).

Sending n to 400, we get

> V(z) —w(n™)

vo(x) + Cp > V(z).
Finally, sending p to 0 we obtain vo(z) > V(z). The proof is now complete. O
Remark 6.6. Without significant changes of the above proof, it can be shown that limp_,gvg = V

whenever X is a complete length space, £ : X — [0, +00) is uniformly continuous, [¢ = 0] # @ and the
Hausdorff-Pompeiu distance Dy ([¢ = 0], [¢ < «]) tends to 0 as a tends to 0.

We end this section by showing that Theorem|[6.5(iii) does not hold if the function ¢ is not assumed to
be uniformly continuous. We denote again by v, the function defined by (6.3). Also, as in Theorem|6.5}
we denote by vy : X — R the function

vo(x) := Jl%iglovR@) =sup{vg(z): R >0}, forevery z € X.
Example 6.7. There exist a complete bounded geodesic metric space X and continuous bounded function
0: X — [0,400), with [¢ = 0] # 0, such that vy is not a solution of .
Let X be the set defined by
X ={0}u{1}u{(z,n): z€(0,1), n e N}
and let d : X x X — R be the function defined by

;

0 if 21 = 29,
1 if 21 =0and 2z = 1,
d(z1, ) = x if 21 = 0and 25 = (z,n),
|z — y| if 21 = (z,n) and 2z = (y, n),
1—x if 21 = 1 and 23 = (z,n),
min{zr +y,2 —x —y} ifz = (z,n), 20 = (y,m) and n #m.
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All the unwritten cases are defined by symmetry. Observe that (X, d) is a metric space. For any n € N,
let us denote by S,, the segment

Sp:={0}U{(x,n):x € (0,1)} U{1}.

The metric space X can be regarded as countably many segments joining 0 and 1. Let us collect some
simple facts of X: it is a bounded space with diam(X) = 1, complete and not compact (the sequence
{(1/2,n)}, has no accumulation points). Moreover, X is a geodesic space.
Let us fix a continuous function ¢ : X — R with the following properties:

1 2
(P1) £(0) =0,4(1) =1and ¢((z,n)) =z, forall z € (O, 3) U (3, 1) and all n € N.
(P2) ¢((x,n)) > xforallz € (0,1) and all n € N.
1
(P3) / {((x,n))dr =1, foralln € N.
0

(P4) Theset P, :={2 € S, : 2= (z,n) and £(z) = 2} isa L-net of S,.

We can also choose ¢ bounded, for instance, by 3. Also, due to (P3) and (P4), ¢ cannot be uniformly
continuous. In what follows, we present a simple consequence of [16, Theorem 3.6].

Proposition 6.8. Let X and ¢ be the metric space and function defined above. Then the problem has a
unique non negative solution, namely V:X—->R deﬁnea’ by .

Proof. By Theorem[6.1] V' is a solution of associated with £. Let W be any other positive solution.
Thatis, s[V] = s[W] = £on X and V(0) = W(0) = 0. Let us recall the notion of asymptotically critical
sequence defined in [16, Definition 3.1]: a sequence {,,},, C X it s called s-asymptotically critical for
V if {x, }, has no convergent subsequence and

Z slV(xp)d(p, Tpi1) < Fo00.

n=1

Since s[V] = s[W] = ¢, the s-asymptotically critical sequences for V' coincide with the ones for W. Let
{x,}, be an s-asymptotically critical sequence for V. By [16| Remark 3.2], we have

liminf s[V](xz,) =0, andso, liminf/¢(z,)=0.
Hence, by definition of ¢, {z,, },, has a subsequence converging to 0. This contradicts the fact that {z,, },,
has no accumulation points. Thus, there is no s-asymptotically critical sequences for V' (and neither for
W). Now, as a direct consequence of [16, Theorem 3.6] we obtain that V = W.

We note that an alternative proof can be done by combining [28, Theorem 4.5] and [35 Theorem 1.2].
O

Now we can proceed with the proof of Example
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Proof of Example We show that the metric space X and the function ¢ defined above are such that
vp := limp_,o vg is not a solution of the equation . Let R > 0. Then, for any n € N such that
nR > 1, we have

k—1
= inf {Zﬂ d(zi,ziv1) {zi}i C X, 20 =1, 2z, =0, d(z;, 2i41) < R}

(]

k‘

< inf {Z xi|lx; — wipa| : {(zi,n) f;ll CPy,xo=1,2,=0, |z; — xi11| < R} )
=0

Since P, is a 2-net of S,,, (P4), and since the function h(z) = x is Riemann integrable in [0.1], we get

n—oo

1
1
vg(1) < liminfinf{Za:ZLz:l ziv1|: {(xi,n) Y2 € Pomo = 1,2 = 0, |25 — 21| < R} < / xde = .
0

Therefore, vo(1) = limg_,o vr(0) < 2. On the other hand, b Propositionwe know that the only
non negative solution of (£) is the functlon V defined by (6.1). Due to (P3), we have that

= inf {/ 0(y(t))dt : Lip(y) < 1,7(0) =1,9(T) = O} =
Therefore, vg # V, and thus, vy is not a solution of . O

6.2 Integration formula

In this subsection, we explore the case in which the Isc function ¢ admits the value +oco. The main idea
is to apply our previous results to the subset X = [¢ < +00] C X and then to consider its Isc envelope.
As a byproduct of our result, we provide an integration formula for Isc bounded from below functions
defined on a complete metric space in terms of their global slopes. Some further consequences of our
integration formula are also established at the end of the subsection.

To fix notation, for a function f : X — R U {+o0}, we denote by Isc(f) : X — R U {+oo} its Isc
envelope, that is,

Isc(f)(z) := liminf f(y), forall x € X.
y—zT

Observe that if f is Isc on dom f, then f = Isc(f) on dom f.
In the language of the Global slope equation, we have the following existence result.

Proposition 6.9. Let X be a metric space and let € : X — [0, 400] be a Isc function satisfying assumption .
Then, the equation admits a Isc solution.

Proof. Since ¢ satisfies (Ho), X; := [¢ < +o0] is a nonempty set. Consider the function uy : X — R
defined by

= inf {Zf(mn)d(a@n,xwrn) s {zntn C X, 2o =0, li_>m Uxy) = 0} , forall z € X.
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Observe that uy(z) < +oo if and only if # € X. Moreover, uy|x, is the Perron solution of equa-
tion on X associated with £|x . Letu : X — RU{+o0} be the Isc envelope of uy, i.e. u = lsc(uy).

Claim: w is a solution of (Go). Let z € X. If v € Xy, since u(x) = Isc(uy)(z), it readily follows that

o max{u(z) — u(y),0} _w max{u(z) — u(y), 0}
Glu|(z) = yex\gw} d(z,y) yexf{){:r} d(z,y)

= G, [uglx ) (2) = L),

Ifz € X\ Xy, it follows that u = +oc0. Thus, G[u](z) = +oo. So, we only need to analyse the case
when z € X7\ X;.

Case 1: u(z) = +oo. Then, G[u](z) = +oc. Since x € X¢ \ X, we also have that {(z) = +oc.
Case 2: u(x) < +o0o. We need to show that G[u(z) = +oo. Fix R > 0. Since ¢ is Isc, there is § > 0

such that £(y) > R for all y € B(z,). Let p > 0. By the definition of uy, for any y € B(z,6/2) N Xy,
there is a sequence {xz}, },, C X such that z{ = y, lim,,_,c £(z7,) = 0 and

up(y) +p >y L(zh)d(zh, b ).
n=0

Set N = N(y) :=min{n € N: z}, ¢ B(x,d)}. Then, we have

N—-1
up(y) +p > D Uah)d(ah, xh ) +up(al) > Rd(y,a%) +up(zh),
n=0

which leads to
s () — () -
d(y, z%y) d(y, =)
Fix e > 0 and let y € B(z,6/2) be such that |u(z) — u(y)| < e. Recalling that uy = u on Xy, we get
that

> R-

u(z) —u(ry)  d(y,zy) <U($) —u(y) +uly) - U(ﬁz))
dlwak) () %) o1
. dly.xy) < € L p__"P >
d(z, 2%;) \d(y, z}) d(y, 2%,)
Notice that
lim jéi:i?j\;; =1 and hyrg)l(l}f d(y,z%) > 0.

Yy—x

From inequality (6.17), after taking limit inferior as y € X tends to z, we obtain

(Y
Glu](z) > liminf u(z) —ulzy) Sp_°tP
yedom ¢ d(z,z%)) )

Yy—x

Letting ¢ tend to 0 and then p tend to 0, we deduce that G[u](z) > R. Since the above conclusion holds
for any R > 0, we obtain that G[u](z) = +occ. The proof is complete. O
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In the following theorem, we provide an integration formula for proper Isc bounded by below functions
defined on a complete metric space via their global slopes. For the sake of convenience, for any fixed
proper Isc function f : X — R, we denote

= inf {Z Glf d(zp, Tnt1) s {xn}tn € IC(:U)}  for every z € X, (6.18)

where K(z) := {{xn}n C X :x9 =z and lim, 00 G[f](z,) = 0}. Observe that if f is bounded from
below, then Z[f](z) < +o0 iff G[f](z) < +o0.

Theorem 6.10. Let X be a complete metric space and f : X — R U {+oco} be a proper Isc function with
infx f = 0. Then, one has

f=l1sc(Z[f]) in X.

Proof. Thanks to Remark (i), we note that dom f C dom G[f]. First, we prove that f < Isc(Z[f])

in X. Denote D := dom G[f]. We recall that Z[f]| , is the Perron solution of the equation

{GD[U](SC) = Glfl(z), z € D,

infu =0,
D

(6.19)

where G is the global slope operator for functions defined on D. Notice that infx f = infp f = 0.
Claim: Gpl[f|,)(z) = G[f](z) for every x € D.

For the sake of brevity, we write Gp|f] instead of Gp[f| ,]. Reasoning towards a contradiction, assume

that there is Z € D such that Gp[f](Z) # G[f](Z). Therefore, Gp[f](Z) < G[f](Z). Using the
definition of global slope, there exists § € X \ D such that
f(@) - 1)
oI ol
which leads to
£(3) < timint £(). (6.20)
veD

This contradicts Remark [2.5 (i), which asserts that there is always a sequence {y,}, C D such that
Y~ yand lim,, o0 f(yn) < f(y). This finishes the proof of the claim.

So, the function f satisfies

{Gn[f](x) = G[f](z), z € D,
(6.21)

%ff:O.

Since Z[f]|,, is the Perron solution of (6.19), it follows that f < Z[f] on D. Further, since f is Isc and
f =1sc(Z[f]) = oo on X \ D, we obtain f < lsc(Z[f]) in X.

It remains to show that Isc(Z[f]) < f. Fixo € (0,1) and = € D. Applying Remark [2.5(i) to the function
[ at x and o, there exists a sequence {z, },, starting at z that satisfies

lim G[f ZG d(zn, 2nt1) < +00, (6.22)

n—o0
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and
(1 = 0)Gf](zn)d(2n, 2n+1) < f(2n) — f(2n41) for every n > 0. (6.23)

Moreover, up to a subsequence, we can and shall assume that {z,, }, satisfies (6.22)—(6.23) and {G[f](z) }

is decreasing. Indeed, we can construct such a subsequence as we did in the proof of Proposition

Applying Proposition one has liminf,_, f(z,) = infx f = 0. By the definition of Z[f], for any
N e N, we directly obtain

“+oo
I(f)(=) <Y Glf(za)d(zn, 2ns1)
n=0

N oo
=7 i 5 Z(f(zn) — f(zn+1)) + Z G[f1(zn)d(zns 2ns1) (6.24)
n=0 n=N+1
< L (@ - fan)+ Y Gl )
n=N+1

Taking first the limit inferior as N tends to +oc and then sending o to 0, we infer that Z[f](z) < f(z).
Hence, we get Isc(Z[f]) < f in D.

Fix € dom f \ D, by Remark i), there exists a sequence {z,}, C D, convergent to z, such that
limy, 00 f(zn) < f(z). Using the fact that Z[f] < f in D, we obtain

Isc(Z[f])(z) = liminf Z[f](y) < liminf f(y) < lim f(2n) < f(2).
veD veb e

So Isc(Z[f]) < f in dom f, which completes the proof. O

Remark 6.11. Up to the best of our knowledge, Theorem can be applied to Isc convex functions
which are bounded from below to obtain an integration formula using less information than the one
given by Rockafellar in [40, Theorem 1]. Indeed, let X be a Banach space and f : X — RU{+occ} bea
Isc convex function which is bounded from below. Then Theorem|[6.10]implies that f = Isc(Z[f]) + ¢,
where ¢ € R . On the other hand, if 9f denotes the convex subdifferential of f, since f is convex,
it is known that G[f](z) = inf{||z*|| : 2* € Of(x)} when f(x) # 0 and +oo otherwise, see [4]
Proposition 1.4.4].

Also, we partially recover a well-known determination result due to Rockafellar for convex functions.

Corollary 6.12. Let X be a Banach space and f,g : X — R U {+00} be convex proper Isc bounded from
below functions. If f (x) = dg(z) for every x € X, then f = g+ ¢ in X, where ¢ € R.

Proof. Indeed, since f and g are Isc convex functions and df = 9g, we deduce that G[f] = Glg].
Theorem readily implies that there are ¢, ¢o € R such that

[+ =1se(Z[f]) =lsc(Zg]) = g + ca.

Even more, we also recover the following result from [32].
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Corollary 6.13. [32| Theorem 1] Let X be a complete meiric space and f, g : X — RU {400} be proper
Isc funclions. Assume that g is bounded from below. Then, the following assertions hold true:

(2) if G[f](z) < Glg|(z) for every x € X, then one has

—inf f < g—infgin X;
f-iff<g—infginX;

(it) G[f](z) = Glg|(x) for every x € X if and only if there exists a constant ¢ € R such that f = g+ c.

Proof. (i) Thanks to Proposition 2.4|and Proposition 2.6} we observe that f is also bounded from below.
Now, it is enough to apply Theorem[6.10} to realize that inf (f — inf f) = inf (g — inf g) = 0 and that
the integration formula (6.18) is monotone with respect to the global slope.

(i1) It readily follows from (i). O

We end this paper with a uniqueness result for the equation which complements Proposition
We stress that the data £ : X — [0, 4+00] is only assumed to be Isc and that infx ¢ = 0. Note that the
following result extend Corollary twofold: the solution may not be continuous (but merely Isc)
inside the effective domain and the data may not be locally bounded. Our result reads as follows.

Corollary 6.14. Let X be a complete metric space and let £ : X — [0,+00] be a Isc function such that
infy ¢ =0 and is satisfied. Then, equation admits a unique proper lsc solution u : X — [0, +o0].
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