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ABSTRACT. Cuntz and Kiihne [5] introduced the class of connected subgraph arrangements
g, depending on a graph G, and classified all graphs G such that the corresponding
arrangement 7 is free. We extend their result to the multiarrangement case and classify
all graphs G for which the corresponding arrangement o7z supports some multiplicity u such
that the multiarrangement (2, p) is free.

1. INTRODUCTION

The study of modules of logarithmic vector fields tangent to hyperplane arrangements (in
the sequel also referred to as derivation modules) and in particular the question about their
freeness over the coordinate ring of the ambient space is a classic topic at the crossroads of
discrete geometry and combinatorics, commutative algebra and algebraic geometry initiated
in seminal work by K. Saito [12] and H. Terao [13]. Arrangements with free derivation
modules are simply called free arrangements. Subsequently, G. Ziegler [19] extended the
theory by also taking multiplicities into account. Such multiarrangements naturally arise
from arrangement constructions, i.e. restrictions to hyperplanes, and the freeness of their
mulitderivation modules is closely linked to the freeness of the original simple arrangement
due to fundamental work by Ziegler and M. Yoshinaga [17].

To decide whether a given (multi-)arrangement is free is a hard problem in general and
at its core lies Terao’s conjecture, asserting that freeness only depends on the underlying
combinatorial structure provided by the intersection lattice. To this day the conjecture is
wide open. Therefore, a natural approach in the investigation of such freeness questions is
to restrict the view to special classes of arrangements with additional structure. A pivotal
result along this line is a theorem of Terao stating that all (complex) reflection arrangements
are free [11]. Regarding multiarrangements, another milestone is also due to Terao [17]
establishing the freeness of certain natural multiplicities on Coxeter arrangements. This was
subsequently used by Yoshinaga in [17] to establish a conjecture of Edelman and Reiner
about the freeness of certain deformations of Weyl arrangements.

In the recent work [5], M. Cuntz and L. Kiihne introduce a new class stemming from simple

graphs which are defined as follows.

Definition 1.1 ([, Def. 1.1]). Let G = (N, E) be an undirected (simple) graph with a set
of vertices N = {1,...,n} and a set of edges E. The connected subgraph arrangement g
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in V = Q" associated to (G is defined as
g ={H; |0 #1C N if G[I] is connected},
where Hj is the hyperplane
H; = ker Z T

icl
and G[I] is the induced subgraph on the vertices I C N.

Cuntz and Kiihne gave a complete characterization of free arrangements within this class
(see Theorem 2.23). In view of their work and because of the importance of the broader
perspective on freeness within the framework of multiarrangements, the natural question
arises if one can describe certain free multiplicities extending their classification. This is the
aim of this paper. Our first main result is as follows.

Theorem 1.2 (Corollary 3.6). Let G be a connected graph. There exists a multiplicity u
such that the connected subgraph multiarrangement (<, 1) is free if and only if G is Gy,
Go, a path-graph, a cycle-graph, an almost-path-graph, or a path-with-triangle-graph (see
Definition 2.18 and Figure 1).

A natural and important question stemming from the study of free multi-Coxeter arrange-
ments by Terao [15] is about the existence of constant free multiplicities. Our next result
gives the following answer for connected subgraph arrangements.

Theorem 1.3 (Proposition 4.6 and Corollary 4.9). Let G be a connected graph with at least
three vertices and p = ¢ > 1 is a constant multiplicity on /g. Then (g, p) is free if and
only if G is a path-graph P, or G is the cycle-graph C3 and ¢ = 3.

To classify free multiplicities in general is a notoriously hard problem. Complete answers
are known only in very few cases. E.g. characterizing the free multiplicities even on braid
arrangements of rank greater than 3 is an unresolved problem, cf. [6]. Nonetheless, in our
study it turns out that for a certain subarrangement & of <7, which is obtained from .7,
by deleting a single hyperplane, the task is feasible. This constitutes our third theorem
(Theorem 5.9) which was previously obtained by M. DiPasquale and M. Wakefield in [7] by
different methods.

Theorem 1.4 ([7]). Let (2, 1) be the multiarrangement

Q(Z, p) = aiwyas(wr + x9) (21 + 23) (22 + 23)!
with a,b,c,d,e, f > 1. Then (Z,u) is free if and only if p = (2k,2k,2k,1,1,1) for some
k € N>y where the order of the hyperplanes is as above.

To conclude, our last chief result describes certain families of free multiplicities on @7c,.

Theorem 1.5 (Proposition 5.13). Let (e, pt) be the multiarrangement
Q(Aey, ) = aiwyz§(wr + ) (w1 + 23) (22 + 23)! (21 + w2 + 23)

with multiplicity p = (a,b,c,d, e, f,9),(d > e > f). Suppose that either
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(i) w=(k,k,k,r,1,1,k), where 1 <k <3 andr > 1, or
(i) = (k,k,k,r, 1,1, k), where k > 3 and r > 2k — 5.

Then (e, 1) is free. Moreover, if r > 2k, then (Ao, 1) is inductively free with exponents
(r,2k + 1,2k +1). For up=(3,3,3,1,1,1,3), (e, p) is not inductively free.

For the notion of inductive freeness, see Definition 2.12.

The paper is organized as follows. In §2 we review the required notions from the theory of
free multiarrangements and connected subgraph arrangements. The next section presents
the arguments leading to a proof of Theorem 1.2. In §4, we investigate the natural question
which connected subgraph arrangements support free constant multiplicities leading to our
second main Theorem 1.3. Along the way, in §4.1 we present a non-computational proof of
the non-freeness of the connected subgraph arrangements stemming from G; up to Gg from
Figure 1. This was derived in [5] by means of elaborate computer calculations. In our final
section we study free multiplicities on two special arrangements, culminating in Theorems
1.4 and 1.5. In the appendices we list some tables containing data which we computed and
utilised for our proofs.

2. RECOLLECTIONS AND PRELIMINARIES

2.1. Hyperplane arrangements, multiarrangements and their freeness. Let K be a
field of characteristic 0 and let V = K’ be an /-dimensional K-vector space. A hyperplane
arrangement is a pair (&7, V'), where 7 is a finite collection of hyperplanes in V. Usually,
we simply write 27 in place of (&7, V). We write |&7| for the number of hyperplanes in .
The empty arrangement in V' is denoted by ®,.

The lattice L(</) of o7 is the set of subspaces of V' of the form HyN...NH; where {Hy, ..., H;}
is a subset of «7. For X € L(4/), we have two associated arrangements, firstly oy := {H €
o | X C H} C o, the localization of &/ at X, and secondly, the restriction of </ to X,
(X, X), where &% .= {XNH| He€ &\ x}. Note that V belongs to L(«/) as the
intersection of the empty collection of hyperplanes and &V = /. The lattice L(#/) is
a partially ordered set by reverse inclusion: X < Y provided Y C X for XY € L(&).
The rank function on L(g/) is given by rank(X) = codim X for X € L(/) and we define
L(o ), ={X € L(«) | rank(X) = k}.

Let S = S[V] = K]z, ...,z be the coordinate ring of the ambient space with its usual
grading by polynomial degree: S = ®,¢zS5,, where S, is the K-subspace of polynomials of
degree p and S, = 0 in case p < 0.

A multiarrangement is a pair (o7, ) consisting of a hyperplane arrangement .7 and a multi-
plicity function p : &/ — Z>( associating to each hyperplane H in &/ a non-negative integer
pw(H). The order of the multiarrangement (27, p1) is defined by |u| := > .., 1(H). For a
multiarrangement (7, 11), the underlying arrangement .o is sometimes called the associated
simple arrangement, and so (7, u) itself is simple if and only if u(H) = 1 for each H € .
We sometimes denote this simple multiplicity by u = 1. For two multiplicities u, i/ on an

arrangement </ we sometimes write p > p’ if u(H) > p/(H) for all H € 7.
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Let (47, 1) be a multiarrangement in V' and let X € L(<). The localization of (<7, ) at X
is defined to be (@x, pux), where px = fi] -

The defining polynomial Q(<7, 1) of the multiarrangement (<7, i) is given by
Qe )= [ o™,

Hed
a polynomial of degree |u| in S.

Let Der(S) be the S-module of algebraic K-derivations of S. Using the Z-grading on S,
Der(S) becomes a graded S-module. Fori =1,... ¢, let D; := 0/Jz; be the usual derivation
of S. Then Dy, ..., D, is an S-basis of Der(S). We say that 6 € Der(S) is homogeneous of

polynomial degree p provided 6 = Zle fiD;, where f; is either 0 or homogeneous of degree
p for each 1 <4 < /. In this case we write pdegf = p.

The module of <f -derivations of (<, i) is defined as
D(of, ) := {0 € Der(S) | O(an) € a’;{(H)S for each H € o7'}.

We say that (7, p) is free if D(o/,u) is a free S-module — a notion introduced by G.
Ziegler [19, Def. 6], extending K. Saito’s [12] and H. Terao’s [13] freeness for simple arrange-
ments.

The derivation module D(&7, 1) is a Z-graded S-module and thus, if (&7, u) is free, there is
a homogeneous basis 61, ...,0, of D(</, ). The multiset of the unique polynomial degrees
pdeg8; forms the set of exponents of the free multiarrangement (o, ) and is denoted by
exp(e/, ). Freeness is a local property for multiarrangements.

Theorem 2.1 ([2, Prop. 1.7]). For U CV a subspace, the localization (<7, ) at U is free
provided (<, i) is free.

If 4 =1, we also write D(/) for D(«7,1) and say that <7 is free if (o, 1) is. In any case
the Euler derivation, p = S, #;D; belongs to D(&7) and so if .7 is free, 1 is always an
exponent of &7, [1'1, Prop. 4.27].

Let ./ be an arrangement and H € o/. Define a multiplicity x on &/% by
k(X)) =|ax| -1, Xeca¥

and call the pair (& k) the Ziegler restriction of & to H. Ziegler showed the following
connection between the freeness of &/ a simple arrangement and the freeness of any of its
Ziegler restrictions.

Theorem 2.2 ([19, Thm. 11]). Suppose o is free with exponents (1,eq,...,¢es). Let H be a
hyperplane in o, then (/¥ k) is free with exponents (eq, ..., €q).

Ziegler also generalizes Saito’s criterion to the multiarrangement case.
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Theorem 2.3 ([19, Thm. 8], Saito’s criterion). Let (<7, u) be a multiarrangement in K" and
for each 1 < i < /{ let

¢
91‘ = ZpUD] S D(ﬂ,ﬁb)
j=1
Then {61,0,...,6s} is a basis for D(</, ) if and only if det(p;;) = ¢ - Q(<, p) for some
ce K\ {0}.

An arrangement o7 is called locally free along H for some H € of | if ofy is a free arrangement
for all subspaces X of V with {0} # X C H. The following result is due to Yoshinaga.

Theorem 2.4 ([17, Thm. 2.2]). Suppose < is an arrangement in K* with £ > 3. Then </
is free with exponents (1 = ey, es,...,e) if and only if it is locally free along H for some
H e o and (1K) is free with exponents (e, . .., e;).

Theorem 2.4 readily implies the following.

Corollary 2.5. Suppose &/ is an arrangement in K¢ with £ > 3. Let &/ be locally free along
H e o. If dx fails to be free for some X € L(«) with X ¢ H, then (/" k) is not free.

Proof. Suppose (#/H k) is free. Then so is &, by Theorem 2.4, and so is x for any
X € L(«), by Theorem 2.1 (with simple multiplicities), a contradiction. O

Recall that an f-arrangement o/ with rank(?) = r is called generic if | /x| = k for all
X € L(), and 1 <k <r — 1. An arrangement &7 is called totally non-free if (o, u) fails
to be free for any multiplicity 4 > 1. The following result states that generic arrangements
are totally non-free.

Theorem 2.6 ([138, Prop. 4.1]). Let &7 be a generic arrangement in V with { = dimV > 3.
If |ef| > {, then (&7, u) is totally non-free.

The following construction from [1] leads to an extension of Terao’s seminal Addition-
Deletion Theorem [13] for free simple arrangements to multiarrangements.

Definition 2.7. Let (&7, u) # ®, be a multiarrangement. Fix Hy = ker(ap) in «/. We
define the deletion (&', 1') and restriction (<", u*) of (o, u) with respect to Hy as follows.
If u(Hp) = 1, then set &' = o/ \{Hy} and define p/(H) = p(H) for all H € &7'. 1f p(Ho) > 1,
then set &7’ = &7 and define p/(Hy) = pu(Hy) — 1 and @/ (H) = p(H) for all H # H,.

Let & = {HNHy | H € o/ \{Hy} }. The Euler multiplicity u* of o/" is defined as
follows. Let Y € «7”. Since the localization 7y is of rank 2, the multiarrangement (.24, p1y)
is free, [19, Cor. 7]. According to [!, Prop. 2.1], the module of derivations D(<#, iy )
admits a particular homogeneous basis {0y, 1y, D3, ..., Dy}, such that 6y ¢ agDer(S) and
vy € apDer(S), where Hy = kerag. Then on Y the Euler multiplicity p* is defined to be

w*(Y) = pdeg by

Often, (o7, ), (&', 1) and (7", u*) is referred to as the triple of (o7, u) with respect to Hy.
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The following observation is immediate from Definition 2.7.

Remark 2.8. Let (<7, ;1) be a multiarrangement and Hy € o/ and let (7", u*) be the Euler
multiplicity corresponding to Hy. For X € &/” the value p*(X) is simply the common value
of the non-zero exponent of (&x, uy) and (2, py).

It is useful to be able to determine the Euler multiplicity explicitly in some relevant instances.
For that purpose, we recall parts of [, Prop. 4.1].

Proposition 2.9. Let (o7, 1) be a multiarrangement. Let X € @/ my = u(Hy), k = |o/x]|,
and m; = max{u(H) | H € @/x\{Hy}}.
(i) If k =2, then pu*(X) = m;y.
(ii) If |ux| <2k —1 and mg > 1, then p*(X) =k — 1.
(iil) If px = 2, then p*(X) = k.

We can now state the general Addition-Deletion Theorem for free multiarrangements.

Theorem 2.10 ([!, Thm. 0.8] Addition-Deletion Theorem for Multiarrangements). Suppose
that (o7 , ) # ®,. Fix Hy in o7 and let (o, p), (", 1) and (2", u*) be the triple with respect
to Hy. Then any two of the following statements imply the third:

(i) (o, ) is free with exp(Z, pu) = (e1,...,€o_1,bp);
(i) (&', 1) is free with exp(/’, (/') = (e1,...,e1,bp — 1);
(iil) (&, u*) is free with exp(2?”, p*) = (e1,...,ep1).
Remark 2.11. If we restrict to simple multiplicities, Theorem 2.10 recovers Terao’s original

Addition-Deletion Theorem from [13]. As in the simple case if (<7, u) and (&7, i') are free,
then all three statements of Theorem 2.10 hold (see [1, Thm. 0.4]).

Analogous to the simple case, Theorem 2.10 motivates the notion of inductive freeness.
Definition 2.12 ([, Def. 0.9]). The class ZF M of inductively free multiarrangements is
the smallest class of multiarrangements subject to

(i) &, € ZFM for each ¢ > 0;

(i) for a multiarrangement (&7, p), if there exists a hyperplane Hy € 7 such that both
(&', 1) and (&7”, 11*) belong to ZF M, and exp(e/”, u*) C exp(e/’, '), then (7, u)
also belongs to ZF M.

Similarly, we also have the notion of recursive freeness for multiarrangements.

Definition 2.13 ([10, Def. 2.21]). The class RFM of recursively free multiarrangements is

the smallest class of multiarrangements subject to
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(i) &, € RFM for each ¢ > 0;

(i) for a multiarrangement (&7, p1), if there exists a hyperplane Hy € 7 such that both
(&', 1) and (", 1i*) belong to RFM, and exp(”, u*) C exp(«/’, 1’), then (&7, p)
also belongs to RF M.

(iii) for a multiarrangement (7, u), if there exists a hyperplane Hy € &7 such that both
(o, 1) and (7", 11*) belong to RFM, and exp(/”, u*) C exp(, ), then (&7, 1)
also belongs to RF M.

Moreover, we consider the following weaker notion.

Definition 2.14 ([9, Def. 3.3]). The multiarrangement (7, 1) is said to be additively free
if there is a free filtration of multiplicities u; on o7,

Mo < pip <0 < flp = [,

i.e., where each (7, p;) is free with |u;| = ¢. Denote this class by AFM. In particular,
(%7 ,uO) = CI)E'

Remark 2.15. As for simple arrangements, if r(</) < 2, then (&7, ) is inductively free,
[19, Cor. 7]. Also, ZFM C RFM and ZFM C AFM and all inclusions are strict.

By Remark 2.11, restricting to the subclasses of simple arrangements within the above
defined classes, we recover the classes of inductively free ZF (cf. [11, Def. 4.53]), additively
free AF (cf. [1, Def. 1.6]), and recursively free RF (cf. [11, Def. 4.60]) simple arrangements.

In general, it is a hard problem to compute the exponents of a free multiarrangement even
in the rank 2 case. We require the following result by Wakamiko.

Theorem 2.16 ([16, Thm. 1.5)). Let &/ = {H;, Hy, H3} be a 2-arrangement of three lines,
W a multiplicity on o with u(H;) = k;, (i = 1,2,3) and exp(</, u) = (e, e2). Assume that
ks > max{ky, ko} and let k = ki + ko + k3.

(1) [f kg < kl + k'Q — 1, then

0 if k is even,
|€1 - 62‘ = . .
1 if k is odd.

(i) If ks > ki + ko — 1, then exp(, u) = (k1 + ko, k3).

2.2. Connected subgraph arrangements. We summarize the important definitions and
results from [5]. We start by recalling the definition of a connected subgraph arrangement.
In [5] the authors introduced this concept for an arbitrary underlying field. Here we restrict
ourselves to arrangements over Q.

Definition 2.17 ([, Def. 1.1]). Let G = (N, E) be an undirected (simple) graph with vertex
set N =[n] ={1,...,n} and edges E. We define the connected subgraph arrangement </
in Q" as
e = {H |0 #1C N if G[I] is connected},
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where Hj is the hyperplane
H; = ker Z T
iel
and G[I] is the induced subgraph on the vertices I C N.

By this definition, all defining linear forms of a connected subgraph arrangement are 0/1-
vectors. The following families of graphs play a central role in the investigation of free simple
connected subgraph arrangements. They are equally crucial for our study.

Definition 2.18 ([7]). e The path-graph P, on n vertices.
P, D N
1 2 n—1 n

e The almost-path-graph A, on n + 1 vertices, where 1 < k < n. Draw a path-graph
on n vertices, add an additional vertex n + 1, and connect the vertices k and n + 1
by an edge.

e The cycle-graph C,, on n vertices. Draw n vertices and connect vertex 1 and 2, 2 and
3,...,nand 1.

Cn: n—1

e The path-with-triangle-graph A, ), where 1 < k < n — 1. Draw a path-graph on n
vertices, add an additional vertex n 4 1, and connect the vertices k£ and n + 1 by an
edge as well as the vertices k + 1 and n + 1.

n+1
An,k: ---- ----—0
1 2 k k+1 n
In [18], M. Yoshinaga investigated the freeness question of multiplicities for a certain class

of arrangements. His setting turns out to be important for our study as well.
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Definition 2.19 ([1%, Def. 2.1]). Let & be a hyperplane arrangement.
(1) We call & locally A,y, if |ofx| < 3 for all X € L(&),.

(ii) Fix a reduced system of defining forms & C V* for &7, i.e., & = {ker(a) | « € &} and
|®| = |<7|. Then ® is called a positive system for the locally Ay arrangement <7 pro-
vided for each rank 2 localization with three elements o7y = {ker(«), ker(3), ker(~)}
(a, B,y€P)oneof a =G+, f=a+,v=a+ [ holds.

Connected subgraph arrangements are locally As and have positive systems.

Lemma 2.20 ([5, Lem. 2.10]). For pairwise distinct nonempty subsets Ay, Aa, A3 C [n] and
n > 1 the following two conditions are equivalent:

(i) rank(Ha, N Ha, N Hp,) =2 and

(i) A;UA,, = A, for some choice of pairwise distinct indices 1 < iy, 19,13 < 3 where U
denotes a disjoint set union.

A property for arrangements is called local if it is preserved under localizations, [, Def. 6.1].
Typical examples of local properties of arrangements are freeness [I1, Thm. 4.37] and in-
ductive freeness [10, Thm 1.1]. We record two graph theoretic constructions from [5] which

allow us to control local properties of the 7.

Definition 2.21. Let G = (N, E) be a graph and e = {i,j} € E an edge. We denote by
G /e the graph with contracted edge e, i.e. the graph in which the vertices i, j are identified
to one vertex k, each edge to 7 or j becomes an edge to k, and multiple edges and loops are
removed. For S C N the induced subgraph of G on S we denote by G[S] = (S, EN (g))

We have the following link between these operations and localizations of .o7;.

Lemma 2.22 ([5, Lem. 6.2, Lem. 6.4]). Let G = (N, E) be a graph. Then
(i) for S € N we have 2qis) = () x for some X € L(4g), and
(ii) fore € E, 9g/e = (a)x for some X € L(og).

In particular, if P is a local arrangement property satisfied by /¢, then both g5y and g,
satisfy P as well.

Cuntz and Kiihne classified all graphs G such that of; is a free arrangement. It turns out
that o7 is free if and only if G belongs to one of the four families of graphs introduced in
Definition 2.18.

Theorem 2.23 ([5, Thm. 1.6]). Let G be a connected graph. The connected subgraph ar-
rangement g is free if and only if G is a path-graph, a cycle-graph, an almost-path-graph,
or a path-with-triangle-graph.
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In their proof, Cuntz and Kiihne show that every graph that is not part of one of the four
families from Definition 2.18 can get modified using iterations of the constructions from
Definition 2.21 until we end up with one of the graphs depicted in Figure 1. Note that G5 is
more commonly known as K. Since the connected subgraph arrangements stemming from
those eight graphs are not free and freeness is a local property by Theorem 2.1, Lemma 2.22
finishes the proof.

2 1 2

G1 G2

3 2 2
5
4 5 3
G5 Gﬁ
FiGURE 1. The graphs G1 up to Gs.

Our aim in this note is to look at these classes within the framework of multiarrangements
and to extend this classification.

2.3. Extensions of a multiarrangement. The following definitions and results are due
to Yoshinaga [15].

Definition 2.24. Let (7, 1) be a free multiarrangement in C’.

(i) (&, ) is extendable if it can be obtained as a Ziegler restriction of a free arrangement
in C*+L.

(ii) Define an extension in C*** with (21, 2o, ..., 7, 2¢41) as a coordinate system by

(H) -1

E(A ) = {ker(zp1)} U {ker(aH —kxo) | k €Z, A <k< %H),H € sz} :

Note that (&(.a7, p)k@e1) k) = (o, ).
One of the main results in [18] is the following.

Theorem 2.25 ([18, Thm. 2.5]). Let o/ be a locally As arrangement with a positive system
inV = C'. We fir a positive system ®* = {ay | H € &/} C V* of defining equations. Let
W — Zso be a multiplicity. Assume the following condition:

Let o/x = {H;, H;, H,} be a codimension two localization with a; = o + .

(2:26) If n(H;) is odd, then at least one of u(H;) or pu(Hy) is odd.
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Then (<, ) is free, if and only if it is extendable. Indeed, &(<f, 1) is a free arrangement.

Note that a free multiarrangement (.27, ;1) need not be extendable in general, [18, Ex. 2.8].

2.4. Locally and globally mixed products. In [1], a very useful tool is introduced to
determine whether a given multiarrangement (7, u1) fails to be free.

Definition 2.27. Let (&7, 1) be a multiarrangement in Cl Let 0 < k<.

(i) If the localization (&, px) is free with exponents exp(x, ux) = (ef, ey, ..., ex)
for each X € L(4)y, then define the k-th local mized product by
LMP(k) = Z efes ep.

XELk

(ii) If (o, p) is free with exponents exp(Z, ) = (e, ..., ep), define the k-th global mized
product by

GMP(k’) = Z €i1€iy * * " €y
where the sum is taken over all k-tuples from exp(&7, u) with 1 <i; < -+ < i < L.

Thanks to Remark 2.15, LMP(2) is always defined. These invariants are rather useful for
proving the non-freeness of a given multiarrangement due to the following result.

Theorem 2.28 ([3, Cor. 4.6]). If (<, u) is free with exp(</, u) = (e1, ..., er) then for every
0 <k </, we have
GMP(k) = LMP(k).

Definition 2.29. For 1 < i < ¢, let ¢; € N. We use the shorthand (ey,...,e/)< € N for
e1 < ey <...< ey Then for the latter define the k-th global mized product by

GMP(]{?) = Z 62'162'2 cee 67Lka

where the sum is taken over all k-tuples from (eq, ..., e/)< with 1 <y < -+ < iy < L.
Remark 2.30. Following [3], given two ordered ¢-tuples of non-negative integers, (dy, ds, . .., ds)<
and (e, e,...,e7)< as above satisfying > d; = > e;, we call (dy,ds, ..., ds)< more balanced

than (e, eq,...,e0)< if dp —dy < ey — eq. It follows from [3, p.836] that if (dy,da, ..., ds)<
is more balanced than (ey,es,...,e/)<, then GMP(k) is larger for (dy,ds,...,ds)< than for
(61, €9,... ,64>S.

Example 2.31. With notation as in Definition 2.29 let 51 = (4,4,4,4)< and Sy = (2,4,5,5)<.
Then S; is more balanced than Sy since 4 —4 < 5 —2. Among all quadruples (dy, da, d3, ds)<
with ) d; = 16, we see that S; is most balanced.

The following is immediate from Theorem 2.28 and Remark 2.30. With respect to part (ii)
of the following lemma, recall that 1 € exp(&/) if o is free.

Lemma 2.32. Let </ be a simple arrangement in K°.
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(i) Let u be a multiplicity on </ and let (ey,eq,...,e7)< be the unique most balanced
ordered (-tuple of integers with sum equal to |u|. If the GMP(2) for (eq,...,er)< is
smaller than the LMP(2) for (o, i), then (&7, 1) is not free.

(ii) Let (ea,...,e0)< be the unique most balanced ordered (-tuple of integers with sum
equal to |/| — 1. If the GMP(2) for (1,eq,...,e)< is smaller than the LMP(2) for
7, then o/ is not free.

3. FREE CONNECTED SUBGRAPH MULTIARRANGEMENTS

The goal of this section is a generalization of Theorem 2.23, where we give a list of all
graphs G for which there exists a multiplicity p : &/ — Z-o such that (&7, p) is free. As
mentioned before, Cuntz and Kiihne derive Theorem 2.23 by showing that any graph not
listed in Definition 2.18 can get manipulated by graph contractions from Definition 2.21 such
that the resulting graph possesses an induced subgraph that affords a non-free arrangement.
Unexpectedly, it turns out that free multiplicities do exist for @7, and 7;,. Thus, in order
to follow a similar line of argument, as the one above, we need to expand the list of graphs
we have to consider which are shown in Figure 2.

5 5 5 5 5 5
3 4 3 4 3 4 3 4 3 4 3 4
G9 GlO Gll G12 GlS G14
5 5 5 5 5 5
3 4 3 4 3 4 3 4 3 4 3 4
G15 G16 Gl? G18 G19 G20

FI1GURE 2. Graphs Gg to Gog.

We begin with the following observation.

Proposition 3.1. Let G be one of the graphs G3 to Gy listed in Figures 1 and 2. Then the
corresponding connected subgraph arrangement /g is totally non-free.

Proof. For each G as in the statement above, we present an element X € L(./;) in Table 1
such that the corresponding localization (27;)x is a generic arrangement with rank(@/;)x <
|(ez)x|. Consequently, owing to Theorems 2.1 and 2.6 we conclude that <f; is totally
non-free. U

Corollary 3.2. Let G be a graph that has G as a subgraph. Then g is totally non-free.

Proof. Let vy, v, v3,v4,v5 be the vertices of G included in the subgraph forming G5. The
induced subgraph of G on {wvy, vq, v3, vy, v5} is isomorphic to Gz, Gy, G5, Gy, G11, G13, G14,
12



G X rank X (Jng)X

Gs Hy M Hig3 N Hyys 3 {H1, Hi3, H1a5, H12345}

Gy Hy N Higq N Hyzs 3 {Hx, Hi24, Hi35, H19345}

Gs Hy M Hyg4 N Hizs 3 {Hi, Hi24, Hi35, H12345}

Gs Hiy M Hy4 N Higss 3 {Hi2, Hi4, Hi935, H1345}

G Ho3 M Hyzg M Higgs N Hiogs 4 {Has, Hi36, Hi235, H1245, H12346 }
Gs Hi N Hyge N Higgs N Hygzer N Higaer 5 {H\, Hys6, Hi245, H12367, H12467, H123456 }
Gy Hy N Hig4 N Hyzs 3 {H,, Hio4, Hy35, Hi345 }
Go Hi3 N Hyz N Hygys 3 {Hi2, Hy3, Hi245, Ho345}
Gu Hi3 N Hyz N Hyzys 3 {Hi3, Hyz, Hi345, Hozu5}
G2 Hys M Hsy M Hyg3s 3 {Hos, Hsa, H1235, Hi345}
Gi3 Hys M H3s N Hygs 3 {Hi5, Hss5, Hi245, Ho345}
G Hys M H3s N Hygs 3 {His, Hss, Hi245, Ho345}
Gis Hi95 N Hygs M Hoys 3 {Hu25, Hi35, Hoas, Hsa5}
G Hys N Hss N Hyos 3 {Hus, Hss, H1945, Hoga5}
Gz Hyy N Hays M Hygsy 3 {Ha4, Has, Hyg34, Hi935}
Gis Hi3 N Hyy N Hygss 3 {Hi3, Hi4, Hi935, H1245}
G Hi95 M Hyzs N Hoys 3 {H25, Hi35, Hous, H3ss}
G Hiy5 N H3s N Hygys 3 {Hi5, Hss, H1245, Hozu5}

TABLE 1. Elements X € L(4;,) such that (#;,)x is generic.

G5, Gig, Gig or Gig. Thus, by Proposition 3.1, the arrangement of this induced subgraph
is totally non-free. It then follows from Lemma 2.22 and Theorem 2.1 that .o/; is totally
non-free as well. ([l

We are now able to address the main result of this section.

Theorem 3.3. Let G be a connected graph on at least 5 wvertices. Then there exists a
multiplicity p > 1 such that the connected subgraph multiarrangement (g, i) is free if
and only if G is a path-graph, a cycle-graph, an almost-path-graph, or a path-with-triangle-
graph. In particular, all other connected graphs with at least 5 vertices yield totally non-free
connected subgraph arrangements.

Proof. By Theorem 2.23, (g, 1) is free for any graph in the list above.

Conversely, assume that we have a graph G = (N, E) and a multiplicity ¢ > 1 on 7; such
that (o, p) is free.

1. Assume a vertex of G has at least 4 neighbors.

Then G3 is a subgraph of G and 7 is totally non-free, by Corollary 3.2. This implies that
all the vertices of G have degree at most 3.

2. Assume that G has at least 2 cycles of length at least 3 that share an edge. Since we
assume that |[N| > 5, the graph cannot be equal to Gy or G. Let Cy, Cs be cycles of G with a

shared edge (v, vq), choose wy € Cy,wy € Cy such that wy & Cy, we & Cy. Assume first that
13



both cycles have length 3. In this case the induced graph on {vy, vg, wy, ws} is of type Gy or
G. Since |[N| > 5 and G is connected there exists a vertex v that is a neighbor of at least
one element of {vy, vy, wy,wy}, while not belonging to either Cy or Cy. Taking the induced
subgraph on {vy,ve, wy, wy, v} yields one of Gg up to Ghg. So o is again totally non-free,
thanks to Proposition 3.1. Assume that at least Cy is of length greater than 3. Choose
V1, U, w1, Wy as in the first part above and an additional w3y € C; and take the induced
subgraph on {vy, vo, wy, we, ws}. Now contract each edge at least one vertex of which is not
in {Ul, V2, W1, Wa, U)g}. We now arrive at one of GH, G127 G14, G15, G16, G17, Glg, Ggo. So dG
is totally non-free, again by Proposition 3.1.

3. Assume that G has at least 2 cycles of length at least 3 without any shared edge. In this
case we contract edges until we end up with GG3 as subgraph and use Corollary 3.2.

4. Assume G has exactly one cycle C' of length at least 4. Note that we cannot have two
vertices vy, vy € C' being connected by an edge e not belonging to C, since otherwise we
could decompose C' into two cycles C, Cs of length at least 3 with shared edge e, which was
already excluded in case 2. If GG is not a cycle graph, then we can choose a vertex v such that
it is the neighbor of a vertex in C'. After contracting edges of C' until we arrive at C; and
taking the subgraph induced by the reduced cycle and v, we get one of Gg, G132, G15, G17, Gag.
So @7 it is totally non-free, again thanks to Proposition 3.1.

5. Assume G has exactly one cycle of length 3. Let vy, vy, v3 be the unique cycle in G.
Assume that all vertices vy, v, v3 are of degree 3. Taking the subgraph induced by {vy, v, v3}
together with their respective third neighbors yields the graph G, since all neighbors are
distinct ((vq, va,v3) is the only cycle in G). Using Proposition 3.1, we see that 7, is totally
non-free, so we can assume that the vertex vs has degree 2. If G had a vertex v of degree
3 different from v; and vy, then contracting all edges between v and v; (or v and vy, we
choose whatever vertex can be reached first by following the unique path) results in a graph
with a vertex of degree at least 4. This is a contradiction as seen in case 1. Therefore, all
other vertices are of degree at most 2 and as vy, vy, v3 constitute its only cycle, G must be a
path-with-triangle-graph.

6. Assume that G is a tree. If there are two vertices of degree 3, then we contract edges
until it becomes a vertex of at least degree 4. This connected subgraph arrangement is
totally non-free, as seen in case 1. So there is at most one vertex of degree 3. If G it is
not a path-graph or an almost-path-graph, then it has GGy as an induced subgraph and the
arrangement 7; is totally non-free, due to Proposition 3.1. O

The bound in Theorem 3.3 on the number of vertices is necessary since there exist free
multiplicities for @7;, and .o7%;,. We present two of them in the following result. We emphasize
that the presented multiplicity on o7, is recursively free but fails to be additively free. The
given multiplicity on %, in turn is inductively free.

Proposition 3.4. Let of € {q,, g, }. There exists a multiplicity p # 1 such that (<7, 1)
is free. In particular, there exists a multiplicity p such that (g, 1) is recursively free but

not additively free.
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Proof. We fix the following order on the hyperplanes of .@7;,:
Hh H27 H37 H47 H12347 H347 H237 H2347 H147 H137 H1347 H127 H1247 H1237 H247

and define the multiplicity s = (2,2,2,2,2,1,1,1,1,1,1,1,1,1,1). Then the multiarrange-
ment (g, p2) is recursively free but not additively free. It follows from Remark 2.11 that

(Ha,, pi2) fails to be additively free since we have |((g,), (u2)*)| = 14 for an arbitrary
H e MGQ.

For @75, we drop the last hyperplane Hs4 from the list above, but fix the same order on
the rest of the hyperplanes and define py = (2,2,2,1,2,1,1,1,2,1,1,1,1,1). We claim that
(G, , 1) is inductively free.

The facts that (2, , 1) is inductively free and (o7, , o) is recursively free follow from the
corresponding induction tables, Table 2 and Table 4, respectively. 0

Remark 3.5. We note that 7;, appears in the famous counterexample by Edelmann and
Reiner [3] to Orlik’s conjecture as a non-free restriction of a free arrangement %. As a
multiarrangement (g, , to) = (#”, k) is the Ziegler restriction of % (recall Theorem 2.2).
This gives an alternative proof of the freeness of (2,, u2). Note that o/, = g, U {Hay}.
It turns out that starting with the inductively free multiarrangement (7, , ;1) and adding
H,, with multiplicity 1 gives an inductively free multiplicity on o7, .

Since every connected graph on four vertices is either G, Gy, Py, Cy, Azo or Ag; we can
combine Theorem 3.3 and Proposition 3.4 to derive the following result.

Corollary 3.6. Let G be a connected graph. There exists a multiplicity p such that the
connected subgraph multiarrangement (g, i) is free if and only if G is Gy, G, a path-
graph, a cycle-graph, an almost-path-graph, or a path-with-triangle-graph.

4. CONSTANT MULTIPLICITIES ON CONNECTED SUBGRAPH ARRANGEMENTS

4.1. Investigating GG; and G,. The proof in [5, §6.2] of the non-freeness of the connected
subgraph arrangements stemming from G up to Gg depends on tedious computer calcula-
tions. In this section, we provide a non-computational, conceptional proof giving a complete
list of free constant multiplicities on the family of graphs from Theorem 2.23, as well as
giving a non-computational proof for the non-freeness of @7;, and %, in the process. Com-
bined with Proposition 3.1 we obtain a proof for the non-freeness of the simple connected
subgraph arrangements stemming from G up to Go free of any machine calculations. We
use the following method for calculating LMP(2) of the connected subgraph arrangements.
Then we utilize Lemma 2.32.

Remark 4.1. Algorithm to calculate LMP(2) for a simple 7;:

(1) Determine the number of all types (i.e. path-graph, almost-path-graph, etc.) of
connected induced subgraphs G[S] of G = (N, E), where S C N and |S| > 2.

(2) For every subgraph G[S] from step (1) we determine the number of triples of the

form (G|[S], G[I], G[J]), where G[I],G[J] are connected induced subgraphs of G|5]
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with 7UJ = S. Adding up the number of all such triples for all connected induced
subgraphs G’ from (1) provides an invariant v;. Using Lemma 2.20 we see that for a
fixed graph G’ this is just the number of rank 2 localizations with N(G') = A;,, with
the notation as in the lemma.

(3) Calculate vy := ('”“;G‘). If all rank 2 localizations were to consist of exactly two
elements, then v, would be the number of all rank 2 localizations.

(4) We have LMP(2) = v5 — v4. To see this, a rank 2 localization with two elements is
free with exponents (1, 1), while a rank 2 localization with three elements is free with
exponents (1,2). So if instead of having three rank 2 localizations with two elements
we have one rank 2 localization with three elements, then LMP(2) gets decreased by
1 (since we assume for v, that all localizations contain exactly two elements). Since
vy is the number of rank 2 localizations with three elements, 15 — v; coincides with
LMP(2).

We demonstrate how this algorithm works in the cases where G € {G1, Gy }.

Example 4.2. We begin with G = G}.
[ J 5'P2,2'P372'C3,1'G1

(] G,:PQZl'(PQ,Pl,P1>
G/:P322'(P3,P2,P1>
G/20313'<03,P2,P1)
G/:GlZ2'(G1,03,P1>,2'(Gl,Pg,P1>,2'(G17P27P2)

v =5-1+2-242-3+1-6=21
e =(4)=01
e LMP(2)=91-21=70
For G = G5 we get the following result.
6P 4-C5,1-Gy

OG/:PQI]_'(PQ,Pl,Pl)
G/20333'(03,P2,P1)
G/:Gg24'(G1,03,P1>,3'(G1,P2,P2)
r=6-1+4-3+1-7=25

o 1= (}) =105

e LMP(2) = 105 — 25 = 80

In view of Lemma 2.32, we derive the non-freeness of @7, and @/, without any machine
calculations as follows.

Proposition 4.3. Let G € {G1, Gy}, then o/ is not free.
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Proof. Since |97, | = 14, a quadruple of potential exponents for o7%;, has to be (1,4,4,5)<,
or less balanced. Calculating GMP(2) for this tuple gives GMP(2) = 69. Since exponents
that are less balanced afford a smaller GMP(2) and since LMP(2) = 70, we have LMP(2) #
GMP(2) and so o7;, is not free, by Lemma 2.32.

Since |47, | = 15, choose potential balanced exponents (1,4,5,5)< for @7, to maximize
GMP(2). Using this quadruple, we get GMP(2) = 79. Since exponents that are less balanced
yield a smaller value for GMP(2) and since LMP(2) = 80, we have LMP(2) # GMP(2) and
so g, can’t be free, thanks to Lemma 2.32. O

Remark 4.4. Propositions 3.1 and 4.3 combined give a non-computational, conceptional
proof for the non-freeness of the simple arrangements <7;,, for i € {1,2,...,20}.

Next we modify the algorithm from Remark 4.1 to calculate LMP(2) when «7; gets equipped
with a constant multiplicity p = ¢1 for ¢ # 1.

Remark 4.5. Algorithm to calculate LMP(2) for a constant multiplicity u = c:

(1) Determine the number of all types of connected induced subgraphs of G with at least
2 vertices (i.e. path-graph, almost-path-graph, etc.).

(2) For every subgraph G’ from step (1) we determine the number of triples (G', G[I], G[J]),
where G[I], G[J] are connected induced subgraphs of G’ with N(G[I]) U N(G[J]) =
N(G"). Let 14 be the sum of the number of all such triples for all connected induced
subgraphs G’ from part (1).

(3) Calculate vy := (l”’gG').

(4) Since vy is the number of rank 2 localizations with three elements, the number of
rank 2 localizations with two elements is equal to v3 := vy — 31, because if there is
one rank 2 localization with three elements, then the hyperplanes of this localization
could have potentially formed three rank 2 localizations with two elements.

(5) Using Theorem 2.16 we derive the exponents of all rank 2 localizations with three
elements (which depends on the parity of ¢), while localizations of rank 2 with two
elements are free with exponents (¢, c). We get

vy - (%)2 + v3c?, (if ¢ is even),
LMP(2) = § " (2 5e01) 4 2 (if e
IRE G vgc?,  (if ¢ is odd).

We now use Lemma 2.32 to extend Proposition 4.3 to arbitrary constant multiplicities.

Proposition 4.6. For G € {G1,G2} and = ¢ > 1 a constant multiplicity on g, (Hq, 1b)
s not free.

Proof. The case ¢ =1 is Proposition 4.3. So let ¢ > 2. From the calculation in the example
we know that: G7: v1 = 21,15 = 91 and G5 : v; = 25,15 = 105, which gives v3 = 28 for G,
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and v3 = 30 for Gs. So for G we get

LMP(2) = {

and for G4 we get

21 - (2)? + 28¢2 = 75.25¢2, if ¢ is even.
21 - (3. 3eH) 4 28¢% = 75252 — 5.25, if ¢ is odd,

25 (%) + 30¢> = 86.25¢%, if ¢ is even,

LMP(2) =
@ {25 (351 - 3¢H) 4 30c%) = 86.25¢% — 6.25, if ¢ is odd.

If we assume perfectly balanced exponents for <7, (assuming 14c = 0 mod 4) we get the

set of exponents (43¢, 43¢, ¢, 12¢) _ which results in GMP(2) = 73.5¢2.
If we assume perfectly balanced exponents for @7, (assuming 15¢ = 0 mod 4) we get the
set of exponents (12¢, £5¢ 15 15¢)  which results in GMP(2) = 84.375¢2.

Since ¢ > 2, in any case, we have LMP(2) > GMP(2) and thus (%,, ;) can’t be free, by

Lemma 2.32. O

4.2. Constant multiplicities on a free .o/;. In this subsection, we inspect free con-
stant multiplicities on a free @;. We give a complete list when (o, p) is free for G €
{Po, Angey Mg, Cr} and p=c¢ > 1.

First we consider the case G = P,. Terao showed in [15] that every constant multiplicity on
a Coxeter arrangement is free. Since @7p, is the Coxeter arrangement of type A,,, we derive
the freeness of (@7p,, ) for p=c¢ > 1.

Now suppose that G # P,,. We start with G = C5 and follow the idea described in Lemma
2.32 during every proof.

Proposition 4.7. Let G = C5 and p = ¢ > 1 is a constant multiplicity on /. Then
(g, 1) is free if and only if c € {1,3}.

Proof. For the forward implication, using the algorithm above, we get vy =1-3+3-1 =
6,15 = (}) = 21,13 = 21 — 3 6 = 3. This gives

. (3¢)? 2 _ 2 e
LMP(2) = {6 (%)" 43¢ = 16.5¢ (if ¢ is even), or

6- (3L 3¢H) 43¢ =16.5¢ — 1.5 (if ¢ is odd).

Assuming balanced exponents we get
161c2, if 7c =
GMP(Z):{ 63c if 7c=0 mod 3 or

16 2 — %, else.
For ¢ > 4 we get that LMP(2) > GMP(2). For ¢ = 3 we get equality and for ¢ = 2 we
get LMP(2) = 66 and depending on whether the assumed exponents are (3,5,6)<, (4,4,6)<,
or (4,5,5)<, a value of 63,64, or 65, respectively for GMP(2). So if ¢ ¢ {1,3} we have
LMP(2) > GMP(2) and thanks to Lemma 2.32, we deduce non-freeness.

Next we address the reverse implication. The freeness of (.27, 1) follows from Theorem 2.23.
In Table 3, we present an induction table for (g, 31) showing that the latter is actually

inductively free. [
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Proposition 4.8. Let G € {Cy,, Ap i, Ap i }. Suppose rank o/ > 4 and p = ¢ > 1 a constant
multiplicity on <. Then (g, 1) is free if and only if ¢ = 1.

Proof. First let G € {C,,, A, }. Since G either has C5 as an induced subgraph or becomes

Cj5 after contracting edges, we can use Lemma 2.22 and Proposition 4.7 to focus on the cases

where ¢ € {1,3}. If ¢ = 1 we know that (<75, ) is free. So let p =3 and G = C}.

Calculating LMP(2) we get v = 1-(4+2)+4-244-1 = 18,15 = (1)) = 78,13 = 78—3-18 = 24

and so

3-3—1 3-3+1
2 2

LMP(2)218-< )+24~9:576.

Since 7, consists of 13 hyperplanes, assuming balanced exponents (9,10, 10, 10)<, we get
GMP(2) = 570. So LMP(2) > GMP(2). Using Theorem 2.28, we see that .of; fails to be
free. For a given C,, (for n > 4) we can contract edges until we end up with Cy. The result
follows.

Let G = A3 and note that every A, # Cs5 can get transformed into G by contracting edges.
If p =3 we get LMP(2) = 489 and assuming exponents (9,9,9,9)< we get GMP(2) = 486.
So only the simple multiplicity can be free.

Let G = Azs. Let n = ¢, then we get

45.375¢2, if 11c=0 mod 4,
GMP(2) = 45.375¢2 — L if 1lc=2 mod 4,

29
45.375¢% — g, else.

Moreover, LMP(2) = 46¢* (if ¢ is even) and 46¢* — 3 (if ¢ is odd). Once more we see that

LMP(2) # GMP(2) and so, by Theorem 2.28, (o7, 1) fails to be free. Since every A, ; with

n > 4 can be transformed into Az, after contracting edges, the result follows from Lemma

2.22. ]

Combining the last two results we get the following.

Corollary 4.9. Let G € {P,, Ap e, Ak, Cr} , w=c¢ (¢ > 1). Then (g, p) is free if and
only if G =P, or G=C5 and c = 3.

5. CLASSIFYING FREE MULTIPLICITIES ON CONNECTED SUBGRAPH ARRANGEMENTS

Since connected subgraph arrangements are locally As and admit a positive system of defining
equations, the extension techniques introduced by Yoshinaga in [18] are well suited to attack
the problem of classifying free multiplicities on connected subgraph arrangements and their
subarrangements.

We define a subarrangement of @7, for which we give a complete list of free multiplicities.
This classification was achieved previously by DiPasquale and Wakefield in [7], where this

arrangement appeared in a different context, using homological algebra methods.
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Definition 5.1. We define the deleted Cs arrangement 9 as 9 = /¢, \{H123}. The defining
polynomial of Z is given by

(5.2) Q(2) = x1x9w3(x1 + 22) (21 + 23) (22 + T3).

To prove the freeness of a certain family of multiplicities on & and to identify some free
multiplicities on @7, at the end of this section, we require the following lemma.

Lemma 5.3. Let (o7, p) = (o7 (Bs), i) be the multiarrangement
Q( (By), ) = afay(x1 + x2)°(221 + x2)*
with multiplicity p = (a, b, c,d).
(1) If p= (2k, 1,2k, 1), then (&, ) is free with exponents (2k + 1,2k + 1).
(2) If u=(2k+1,1,2k + 1,1), then (<, ) is free with exponents (2k + 1,2k + 3).

3) If p = (k,1,k,2k —4) or u = (k,2k — 4,k, 1), then (<, u) is free with exponents
(2k — 2,2k — 1).

4) If p=(k+1,1,k+1,2k—4) or p=(k+1,2k—4,k+1,1), then (<, p) is free with
exponents (2k — 1,2k).

Proof. (1) and (2): We give an explicit basis for the module of derivations D(<7, u) in
both cases. We utilize the linear isomorphism from C? to itself, defined by z; + x5 and
Ty > T1 — Ty, sending {xy, o, x1 + X2, 271 + 2o} to {x1, T2, x1 + To, 1 — z2}. Thus it is
sufficient to calculate a basis for D(%,v), where Q(%,v) = x$x%(x1 + x2)%(z1 — 22)°.

For (1), we have Q(%,v) = x2*22* (21 + 22) (71 — 22)! and a basis for D(%, v) is given by

0, = I%kl’gdl’l + xlxgkdxg and 05 = x%kﬂdxl + x%kﬂdmg.

For (2), we have Q(%,v) = o7 25" (21 + 29) (2 — 72)' and a basis for D(%,v) is given
by

01 = 23 dry + 22 ey, and 0y = (23T — 238 das.
Verifying that 61,0, € D(Z%,v) in both cases and checking the determinant condition in
Theorem 2.3 (which gives det(p;;) = 2222 +? — o3 222k — (1) — ) (21 + 22)(—2¥)22* in
the first case and det(p;;) = (z1 — 22) (71 + 29)z3* ™ 23* ! in the second case) shows that in
both cases {0, 6>} is a basis for D(4, v), which completes the proof.
(3) and (4): Start with x' = (k,0,k,2k — 4) resp. ¢/ = (k+ 1,0,k + 1,2k — 4) and use
Theorem 2.16 to see that (7, ') is free with exponents (2k —2, 2k —2) resp. (2k—1,2k—1).
So (7, i) has to be free with exponents (2k — 2,2k — 1) resp. (2k — 1, 2k).
The argument is the same for the other two multiplicities, but we delete ker(2z; + z3)
instead. 0

5.1. Free multiplicities on 2. We first introduce a special family of multiplicities p such
that (2, ) is a free multiarrangement. Then we proceed to show that there are no other
free multiplicities on Z.

Proposition 5.4. Let p = (2k,2k,2k,1,1,1) (for k € Nxy) be a multiplicity on 9 where

the order on 2 is as in (5.2). Then (2, p) is free with exponents (2k + 1,2k + 1,2k + 1).
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Proof. The subarrangement %, of 2 defined by Q(%y, 10) = x2*x3*z2* is boolean and

therefore free with exponents (2k, 2k, 2k). Let Q(%1, 1) = x3*¥ax2* 22 (v + 25) and H, =
ker(x; + 25). Then we get %" = {ker(x), ker(z5)}. Using Proposition 2.9, we get u' =
(2k, 2k) for the corresponding Euler-multiplicity. Therefore, (21", ui*) is free with exponents
exp(BIN | 1) = (2k, 2k). Using Theorem 2.10 we deduce that (%, 1) is free with exponents
(2k, 2k, 2k + 1). Now let Q(By, p1o) 1= x3*x3*2x2% (21 + 22) (21 + 23) and Hy = ker(x; + x3),
then we get A5 = {ker(x,), ker(z,), ker(2; — x5)} and Proposition 2.9 gives u} = (2k, 2k, 1).
Therefore, (B4, 113) is free with exponents exp(%32, ) = (2k, 2k + 1), so (B, j12) is free
with exponents (2k,2k + 1,2k + 1). Finally, restricting (2, u) to Hs = ker(xy + x3) gives
9" = {1, 29,11 + T2, 71 — T2} with Euler-multiplicity p* = (2k,2k,1,1). In the proof of
Lemma 5.3 we show that (27, u*) is free with exponents exp(27, u*) = (2k + 1,2k + 1).
Using Theorem 2.10 once more completes the proof. 0

The proof above actually shows that (2, ) is inductively free with p as in the statement of
the proposition. Next, we prove that there are no other free multiplicities on Z.

5.2. Non-Free multiplicities on Z. The following Lemma shows that the non-trivial
multiplicities as in Proposition 5.4 all have to coincide.

Lemma 5.5. Let Q(2,u) = x%x5a5(v1 + x2)4 (1 + 23)°(wy + 23)) with multiplicity p =
(a,b,c,d,e, f),a >b>c. If u= (even,even,even,1,1,1), then (Z,u) is free if and only if
a="b=rc.

Proof. The reverse implication follows from Proposition 5.4.

For the forward implication assume that (Z,pu) is free. For some X € L(/); and the
corresponding rank 2 localization «/x = {Hy, Hy, H3} or «/x = {H;, Hy} which is free with
exp( Py, ux) = (di¥, d¥), we write its summand di*dy in LMP(2) as [u(H,), u(Hs), p(Hs)]
or [u(Hy), u(Hy)) respectively. Using this notation, LMP(2) of (2, 1) equals

LMP(2) = [a,b,d] + [a,c,e] + [b,c, f] + [a, f] + [b,e] + [c,d] + [d, e] + [d, f] + [e, f].
With our assumption d =e = f =1, we get
LMP(2) = [a,b,1] + [a, ¢, 1] + [b,c, 1] + a4+ b+ ¢+ 3,
which (because of a > b > ¢ and Theorem 2.16) equals
alb+1)+alc+1)+blc+1)+a+b+c+3=3a+20+c+ab+ ac+bc+3.

Define the multiplicity p; = (a,b,¢,0,0,0) on 2, then (2, ;) is free with exponents (a, b, ¢)
since it is boolean. Assuming that (2, u) is free, the arrangement has exponents equal to
one of (a + 3,b,¢)<,(a + 2,0+ 1,¢)<,...,(a,b,c + 3)<, thanks to [10, Rem. 2.8]. Writing
E :=ab+ ac + be this gives GMP(2) as follows:

Exponents | (a+3,b,¢)< | (a,b+3,¢c)< | (a,b,c+3)< (a+2,b+1,¢)< (a+2,b,c+ 1)<
GMP(2) E+3+3 | E+3a+3c | E4+3a+3b | E+a+2b+3c+2 | E+a+3b+2c+2
Exponents (a+1,b+2,¢)< (a,b+2,c+ 1)< (a+1,b,c+2)< (a,b+1,c+2)< (a+1,b4+1,c+1)<

GMP(2)

E+2a+b+3c+2

E+3a+b+2c+2

E+2a+3b+c+2

E+3a+2b+c+2

E+2a+2b+2c+3
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Since each of a,b,c is even by assumption, we get that in all but the last case (where
exp(Z,u) = (a+1,b+1,¢+ 1)<), GMP(2) is even. But since

LMP(2) = E+3a+2b+c+3

is odd, we see that LMP(2) # GMP(2) in those cases. In particular, the arrangement cannot
be free because of Theorem 2.28. So let us assume exp(Z, u) = (a + 1,b+ 1,¢ + 1)< which
gives GMP(2) = E + 2a + 2b+ 2¢+ 3. But if we do not have a = b = ¢, then a > bor b > c.
This implies a > ¢ and we have

GMP(2) = 2a+2b+2c+ E+3 < 3a+2b+ ¢+ E + 3 = LMP(2).

So using Theorem 2.28 again, we see that (&, i) cannot be free and we have a =b=c¢. O

Theorem 2.25 allows us to focus on the cases where u does not satisfy (2.26) as follows.

Corollary 5.6. Let p be a multiplicity on 2 that satisfies (2.26). Then (2, ) is not free.
In particular, & is not free.

Proof. By [5, Prop. 3.1], o/, is free with exponents (1, 3,3). Let H = Hjs3 and note that ,Qf(g
is free with exponents (1,2), since |#/Z!| = 3. According to Theorem 2.10, @/, \{H} = Z is
not free. By Theorem 2.25, (2, ) is free if and only if &(Z2, ) free. However, &(2,u)x = 9
for X = Hi N HyN Hs. So &(Z2, i) cannot be free, by Theorem 2.1. O

We use a similar argument when (2.26) is not satisfied. For this, we define a free extension
for the multiarrangement z%°(x + y)¢ when (a,b,c) = (even, even, odd). With this tool in
hand, we construct an extension of (&, ) which is locally free along H, for an arbitrary
multiplicity p. This enables us to use Corollary 2.5 to show that (2, u) is not free.

Next we consider a class of extensions of a given multiarrangement (7, ;1) which generalizes
the one from Definition 2.24.

Definition 5.7. Let (<7, 1) be a multiarrangement in K*. Define the extension &, (7, i) in
K1 depending on another fixed multiplicity o : & — Z as follows:

(H) -1

E (A ) ={xp1 = O}U{aH —kxp =0 | ke€Z, _H 5

p(H)
+U(H)§k:§T—I—U(H)}.

Note that &y(</, u) = &(/, 1) as in Definition 2.24.
We occasionally denote a multiplicity u by p = (u(Hy), u(Hz), ..., u(Hy,)), likewise for o.
We use this notation in the following lemma.
Lemma 5.8. Let Q(o, pu) = 27" x5 (z1 + x2)™ with my < my. Let 0 = (0,0,1).
(i) If u = (my,ma, m3) = (even, even, odd), then &,(<7, 1) is free.

(i) If p = (mqy, mg,m3) = (even, odd, odd) or (odd, even,odd), then &,(< 1) is free.
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Proof. The idea of the proof is to increase the multiplicity of His by 1 which results in a
multiplicity 1 = (mq, mg, mg + 1) such that (2.26) is satisfied and thus &(<7, 1) is a free
extension of (&, 11). Now we remove a hyperplane H so that & (o7, u)\{H} = &,(, )
is free, thanks to Theorem 2.10. We demonstrate this in one case while the other cases are
handled analogously.

For (i) let py = (mq,mae,m3 + 1) = (even, even, even). The extended arrangement o7 :=
&o(</ | 1) is free, by Theorem 2.25. Note that for o = (0,0,1), H = ker(z1 + 25 + (™3 )z3)
and o7 1= &,(, 1), we have oy = @4 \{H}. So we start at the free arrangement <7, fix the
hyperplane H, and use Theorem 2.10 to derive the freeness of .o%. Note that the exponents of
oy can be derived by using Theorems 2.16 and 2.2. The following case by case investigation
is necessary due to [18, Lem. 3.1].

1 4+l
Assume my —my < mg < my +ms. Then we have exp(@]) = (1, Tutmatmatl mitmatmatl)

Note that it is sufficient to show that |&/f| = 1 4 mtmetmstl ' gince o/ is a simple
arrangement of rank 2 and so is free with exponents (1, m1+m+m”1), satisfying the conditions
of Theorem 2.10. We count all elements X € L(# ), with X C H by listing all localizations
/x. There is a canonical bijection between the set containing those elements and the set of
hyperplanes of 2. We identify the hyperplanes of & (7, yu;) with their linear forms. We
have a single localization with more than 3 elements:

ms — 3 mg + 1
{H,$1+$2+( 32 )I3;---,$1+$2— 32 $3,9€3}

f ml+m2+(m3+l) localizations with 3 elements

-2 — 1
H,I1+ m X3, Ty — m (m3+ ) xs3 ¢,
2 2
—4 _
Hv T + m €3, Ty — m (m3 i 3) xs ¢,
2 2
— 1 -2
...,{H,.ﬁlﬁl—(m2 (;n3+ >>$3,$2+<m22 >$3}

The rank 2 localization with more than 3 elements contains ms + 1 elements which are not
equal to H while all of the localizations with 3 elements combined contain mq +mgy —mg — 1
hyperplanes distinct from H. Subtracting the number of hyperplanes included in these
localizations from the total number of hyperplanes in 7 shows that there are

and a total o

(m1+m2+(m3—|—1))—(m3—|—1)—(m1+m2—m3—1):m3+1
hyperplanes H' € o7 such that |(<4)png| = 2. In conclusion we have

my + my — (mg + 1) my +mg +ms+1
2 2

hyperplanes in |.{|. This implies that exp(e?) = (1, Ztmetmatl) By Theorem 2.10, 4%

is free with exponents exp(ah) = (1, Ztmatmazl mitmatmstl)  The cases where ms + 1 <
ms —my + 1 and m3 + 1 > my + ms + 1 and part (ii) are handled analogously. O
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Theorem 5.9. Let (2, 1) be the multiarrangement
Q(2, p) = aiwyxs(wr + x9) (21 + 23) (22 + 23)

with a,b,c,d,e, f > 1. Then (2,u) is free if and only if p = (2k,2k,2k,1,1,1) for some
k € N>y where the order of the hyperplanes is as above.

Proof. The reverse implication follows from Proposition 5.4.

For the forward implication note that if at least two of the values a, b, c are odd or all of
d,e, f are even, then (Z, u) is not free, by Corollary 5.6. Consequently, we can assume (after
possibly permuting some basis vectors) that at least d is odd and a, b are even so (2.26) is not
satisfied. If u = (even,even,even,1,1,1) and pu # (2k,2k,2k,1,1,1), then we use Lemma
5.5 to see that (Z,u) is not free. For the remaining multiplicities ;1 we give an extension
of (2, n) which is locally free along Hy, but has a localization isomorphic to 2. So (Z, )
cannot be free, by Corollary 2.5. We now give an alternative extension for all remaining
multiplicities (up to a permutation of coordinates) where u # (2k,2k,2k,1,1,1). Note that
the local freeness along H, in the cases where (2.26) is not met is given by Lemma 5.8. We
write H;y = ker(z; — x4) and H;jq = ker(z; + x5 — x4).

Let o7 = &,(2, 1) be an extension of (Z, i), where o is given as in the following table.

a b c d e f o Type
even | even | odd |odd | odd | >1 (0,0,0,1,1,0) (a)
even | even | odd |odd | even | > 1 (0,0,0,1,0,0) (a)
even |even |even | >3 | >1 |>1|o0(H;) =0and o(H;;) =1 <= p(H;;) odd | (c)
even |even |even | 1 | >2 |>2|o0(H;)=0and o(H;;) =1 <= p(H;;) odd | (b)
even | even | even | 1 1 |>2|0(H;)=0and o(H;;) =1 < p(H;;) odd | (a)

The localizations of o/ = &,(Z, 1) isomorphic to Z are:
(a) oy = {Hy, Hy, Hya, Hog, Hyoa, Hysa} for X = (Hy N Hy N Hyy) € L(),
(b) ety = {Hy, Hy, Hos, Hys, Hisa, Hoga} for X = (Hy N Hy O Hay) € L(7),
(¢) wtx = {Hy, Hy, Hyy, Hyo, Hiza, Hogs} for X = (Hy N Hy N Hyy) € L(7).

We now show how the table above can be applied to one of the remaining multiplicities u
to derive the non-freeness for (Z,u). So let u = (2,4,4,1,1,3). First note that since in
this case a,b,c are even and d = e = 1, we use the last row of the table. The second to
last column tells us that ¢ = (0,0,0,1,1, 1), since all of the values u(H;;) are odd. Using
the notation of Lemma 5.8 and choosing an arbitrary X € L(2), with |Zx| = 3, we have
parities (even, even, odd) on Px and o|x = (0,0,1). So Lemma 5.8 gives us the local freeness
of &(2, ) along Hy. Since &,(2, 1) has localization (a) with hyperplanes

{ker(xq), ker(z3), ker(x; — x4), ker(xs + 3), ker(xy + 29 — x4), ker(z1 + 23 — 24)},

(which is isomorphic to 2 and therefore non-free) we can apply Corollary 2.5 to show that

(2, ) is not free. This completes the proof of the theorem. O
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Deleting a hyperplane from .27, results in either o/p, = o/ (Aj3) or in 2. All free multiplicities
on the reflection arrangement <7 (A;) have been classified, see [1], [2], [0]. Since all free
multiplicities are known on both types of deletions on @7, the next step is to classify all
free multiplicities on @/, itself.

5.3. Some free multiplicities on .o/,. In this final section we present some free multi-
plicities on @/, that we found by starting with a free multiplicity on @7p, or Z and adding a
hyperplane via Theorem 2.10 to create a free multiplicity on 7,. It turns out that there is
only one free multiplicity on Z that extends to a free multiplicity on 27, in such a way.

Corollary 5.10. Let H = Hy23 and
(g, 1) = 23723 3" (21 + 22) (21 + 23) (22 + 23) (21 + 22 + 23) "

Then (e, 1) is free if and only if k = 1.

Proof. Let H = Hy33. Owing to Theorem 5.9, we see that (@7, u') is free with exponents
(2k + 1,2k + 1,2k + 1). Now restrict (#,, 1) to H and calculate p* by using Theorem 2.16
on the following rank 2 flats:

{H1237 Hl27 H3}7 {H1237 H27 H13}a {H1237 Hl7 H23}'

This gives p* = (2k,2k,2k) and therefore (again by Theorem 2.16) (&2, p*) is free with
exp(A, i*) = (3k, 3k). So by Remark 2.11 (e, p) is free if and only if k& = 1. O

Definition 5.11 ([, Def. 5.8]). An arrangement 7 is supersolvable if there exists a filtration
o =g, D 1D+ D gy DO g such that:

o rank(w) =i fori=1,...,r;

e for any H, H' € o, there exists some H” € of,_; such that H N H' Cc H”.
Theorem 5.12 ([1, Thm. 5.10]). Suppose <7 is supersolvable with a filtration & = <, D
1 DDy Dy and r > 2 as in Definition 5.11. Let pu be a multiplicity on </ and

let p; = ple;. Let exp(ety, po) = (e1,€9,0,...,0). Suppose that for each H' € oly\ oy 1,
H' €y 1 (d=3,...,r) and X := H' N H", we either have

o = {H' H"}
or
LR B SN ISt
XCHEA\Ay_1
Then (&7, ) is inductively free with exp(<f, u) = (eq, ea, |ps|—|pal, - - -, [tr] = | tr-1], 0, ..., 0).

We now use Theorem 5.12 to derive some classes of multiplicities on @/,.

Proposition 5.13. Let (<, i) be the multiarrangement
Q(chg,,u) = l‘?l‘gl’g(l’l + Z'Q)d(.Tl + 33'3)6(332 + xg)f(x1 + 22 + x;;)g

with multiplicity = (a,b,c,d, e, f,g),(d > e > f). Suppose that
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(i) w=(k,k,k,r,1,1,k), where 1 < k < 3 arbitrary and r > 1, or
(il) p= (k,k,k,r,1,1,k), where k > 3 arbitrary and r > 2k — 5.

Then (e, p) is free. Moreover, if r > 2k, then (g, 1) is inductively free with exponents
(r,2k + 1,2k +1). For u=(3,3,3,1,1,1,3), (e, p) is not inductively free.

Proof. Let pu(Hy) = p(Hs) = p(Hs) = u(Hies) = k and p(Hyz) = r > 2k — 1, u(Hyz) =
w(Hys) = 1and fix H = Hog, so p/ = (k, k, k,7,1,0, k). We choose the following supersolvable
filtration for (7, , 1'):

{H\} Cc {Hy,Hs, Hi2} C {Hy, Ho, Hs, Hy2, H13, Hi23}.

This filtration satisfies the requirements of Theorem 5.12, because p'(H;) > p/(Hs) +
W(Hiz) =1 <= k >k and p/'(Hy) > p/'(Hiz) + p/(Hiz) —1 <= k > k and
p (Hyz) > p'(Hs) 4+ p/(Hios) — 1 <= 2k —12> 2k — 1. So (&, 1) is inductively free with
exponents (r,2k, 2k + 1). Restricting (<, ) to Hag gives hyperplanes in correspondence
to the rank 2 flats

{}{7}{2;}{3}7{}¥;1¥i7]¥i23}7{}¥7}¥i2}){}{711i3}

with p* = (k, k,r,1). If r > 2k, then the restriction is free with exponents (2k + 1,7) since
deleting the hyperplane with multiplicity 1 gives a free arrangement with exponents (2k,r)
and using Theorem 2.10 shows that (</-,, pt) is inductively free with exponents (r, 2k+1, 2k+
1). Deleting Hip with Theorem 2.10 and Lemma 5.3 until » = 2k — 5 (and we end up at
exponents (2k — 1,2k — 1,2k — 1)) shows the other claim. In particular: If r = 3, then
w=(3,3,3,1,1,1,3) and (e, ) is free with exponents exp(c,, 1) = (5,5,5). Restricting
to an arbitrary H € @/, results in |(/,, 1*)| = 8. So Remark 2.11 shows that (<7, ') can
never be free and therefore (o/,, pt) is neither inductively nor additively free. U

It can be shown that p = (3,3,3,1,1,1,3) is the minimal multiplicity (with respect to |u/)
on g, that is free but not inductively free.
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INDUCTION AND RECURSION TABLES

APPENDIX A.
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eXp(EQ{H, M*)
(2,2,2,1,2,1,1,1,2,1,1,1,1,1).

g
Hios
Hsy
Hys
His
Hizq
Hjzy
Hs
Hs
Hio34
Hiog
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Hio34
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Hyy
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Hys
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H,
Hyy
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exp(, j1)
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eXp(M//7 M*)
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TABLE 3. Inductive chain for (o7, u) for p

TABLE 2. Inductive chain for (<7, , 1) for u



Addition/Deletion exp(<, p) H exp(”, 1)
Deletion exp(a,, pi2) = (5,5,5,5) Hazy (5,5,5
Addition 5,5,5,6 H14 5,5,5
Addition 5.5.5 5 H (555
Addition 4555 Hys (455
Addition 44,55 Higsi (445
Addition 4445 H, (444
Addition 4444 Hypy (444
Addition 30444 Hy, (3,44
Addition 3.3 4.4 Hy (334
Addition 3,3,3,4 H, 3,3,3
Addition 3,3,3,3 H; 3,3,3
Addition 2.3.3.3 Hys (2.3.3
Addition 2,933 His (2,23
Addition 2.9.2.3 Hyp (22,3
Addition 1,2.2.3 Hy (122
Addition 1.2.2.9 Hyy (1.2.2
Addition 1.1,2.2 Hs (1,12
Addition 11.1.2 H, (111
Addition 1111 Hy (111
Addition 0.1.1.1 H, (0,11
Addition 0, 0, 1, 1 H1234 0, 0, 1
Addition 0, 0, 0, 1) H234 0, 0, 0
4. Recursive chain for (oq,, i2).

TABLE
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