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Abstract: An initial-boundary problem associated with the chemotaxis-Navier—Stokes sys-
tem ng+u-Vn = An—V-(nx(c)Ve),ct+u-Ve = Ac—nc and up+ (u-V)u = Au+VP+nVe
is considered in a bounded domain 2 C R3 with smooth boundary, subject to no-flux/no-
flux/Dirichlet boundary conditions, where x(c) = % with xo > 0 and 6 € [0,1). Being
different from precedent findings in which the system is investigated in the spatially two-
dimensional setting, and in which the signal-consumption mechanism —nc in the second
equation is replaced by —f(n)c under specified hypothesis on f in conjunction with the
chemotactic sensitivity function x in the first equation in the spatially three-dimensional
context, energy-based analytical approaches used therein seem to be inaccessible to the prob-
lem considered herein. Accordingly, with an appropriate choice of a weighted function, a
weighted functional is introduced for establishing essential a priori estimates under suitable
smallness assumptions on the initial data. Relying on these estimates, the initial-boundary
problem with 6 € [0, %) is proved to be globally solved by a generalized solution which will
become a classical solution after some relaxation time, and which will stabilize to a constant

equilibria exponentially with a certain convergence rate as t — oc.
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1 Introduction

Chemotaxis is a kind of oriented or partially oriented movement in populations of microorgan-
ism toward the gradients of the signal which is produced or consumed by the microorganism, as

described in the following cross-diffusion system

nt = An —V - (nx(c)Ve), (1.1)
¢t = Ac+ h(n,c), .
with h(n,c) = —c + n representing the case of signal-production ([14]), or with h(n,c) = —cn

standing for the situation of signal-consumption ([15]). If the response of the microorganism to
the chemotactic stimulus approximately complies with Weber—Fechner law, the signal-dependent
chemotactic sensitivity x in the first equation of (1.1) fulfills

x(e) = 37 (1.2)
with § = 1 and some constant xg > 0. In biology, the importance of this type of chemotactic
sensitivity appears to be due to intrinsic mathematical correlation to the formation of wave-like
behavior, as emphasized independently through modeling methods in [13], [23] and [24]. From
a viewpoint of theoretical analysis, the significance of (1.2) with § = 1 and xo > 0 consists in
the effects that it exerts in the cross-diffusion on global existence and qualitative behavior of the
solutions to (1.1) and corresponding variants thereof, such as [43], [32], [9],[19], [21], [50] and [49]
in the case when h(n,c) = —c+n, or as [48] for h(n,c) = —cn.

In the surrounding of fluid flows, with (1.1) coupling to a fluid equation in mathematics, i.e.

ne+u-Vn=An—V-(nx(c)Ve),
¢t +u-Ve=Ac+ h(n,c), (1.3)
ut + k(u-V)u = Au+ VP +nVa,

where the function x fulfills (1.2) with § = 1 and xo > 0, corresponding solutions thereof are
shown to enjoy the features partially resembling that of the solutions constructed in the fluid-free
situation, for example, global existence in the classical sense when h(n,c) = —c+n in the spatially
two-dimensional setting ([4],[25]) or in a generalized sense for a three-dimensional simplified Stokes-
version thereof ([3]), and globally generalized existence in conjunction with corresponding large time
behavior for h(n,c) = —cn in the spatially two-dimensional context ([35],[2],[27]).

If € [0,1) in (1.2), corresponding parameter function x could be called sub-logarithmic sen-
sitivity as compared to the logarithmic signal-gradient appearing in the cross-diffusion term when
0 =1,ie. —xoV - (nVinc). In view of the fact that § < 1 shows weaker singularity than that in
the case when 6 = 1, it is a natural conjecture that the solutions of (1.3) with 0 < 6 < 1 should
exhibit better properties than that presented by the solutions to (1.3) when 6 = 1, which has been
verified in some recent studies. In particular, in the case when h(n,c) = —cn, results on global
boundedness in higher-dimensional setting under appropriate porous medium type diffusion, which,
nevertheless, seem unavailable for logarithmic sensitivity ([20]), can be achieved for x satisfying
(1.2) with 6 € [0,1) ([39]), even in the context of three-dimensional Stokes fluid ([40],[34]). Apart



from that, for h(n,c) = —c+n and yx satisfying (1.2) with xo > 0 and § = 1, as far as we concerned,
without any aid of dampening mechanisms, outcomes on large time behavior of the globally gener-
alized solutions to (1.1) appear to be barren in the spatially two-dimensional setting, however, for
6 < (0, %), eventual smoothness and stabilization could be detected for appropriately small initial
data ([22]).

In fact, besides the findings [40] and [34] which have been mentioned above on global bounded-
ness within weak frameworks for three-dimensional simplfied Stokes-variants of (1.3) with nonlinear
diffusion and sub-logarithmic sensitivity, system (1.3) and its closely related versions are proved
to be globally solvable in the classical sense when the spatial dimesion N = 2 ([1],[26]), with the
solutions to corresponding Stokes version being bounded and approaching to some homogeneous
equilibria as time goes to infinity ([26]). In the case when N = 3 and k = 1, to the best of our
knowledge, merely a claim on global solvability in some weak sense appears to be available for a
related variant of (1.3) in which —nc on the righ-hand side of the second equation is replaced by
—f(n)c with the function f fulfilling a certain structural relationship with the chemotactic sensi-
tivity function x ([16]). So in this work we are concerned with the issues that whether system (1.3)
remains globally solvable under quite mild assumptions on Yy, and that how will corresponding
solutions behavior in large time if (1.3) could be solved globally. Specially, with  C R? being
a bounded domain with smooth boundary, the problem considered herein is associated with the

following system

ne+u-Vn=An—xV - (5Ve), r€eN, t>0,
¢t +u-Ve= Ac— cn, re, t>0, (1.4)
u+ (u-Vu=Au+VP+nVe, V-u=0 z€Q, t>0,

in conjunction with the initial-boundary conditions as follows:

n(x,0) = no(x), c(x,0) =co(r) and wu(z,0) =wug(x) for = €, (1.5)
as well as 5 5
n c

5—5—0 and u=0 on 00 x (0,00), (1.6)

where ¢ is a given function in the third equation of (1.4) denotes the gravitational potential and
satisfies
b€ W2=(Q), (1.7)

and where the initial data (ng, co, ug) fulfills
np € C%(Q) with ng >0 in Q,

co € Wh(Q) with ¢ >0 in Q such that /cg € WH3(Q), as well as (1.8)
ug € W2 R?) N Wy 2(Q),

with Wy2(Q) = Wy (@ R?) N L2(Q) in which L2(Q) := {y € L2(;R?)|V -4 = 0}.
Unlike in the spatially two-dimensional setting where (1.4) admits a quasi-energy structure

which exactly underlies the derivation of the outcomes on globally classical solvability of (1.4) with



x € {0, 1} and on stabilization toward a homogeneous equilibria when x = 0 ([26]), similar energy-
based analytical approaches cannot be facilitated in the present three-dimensional context, because
in combination with the mass-preservation features of the first equation the dissipative effects of An
appear to be insufficient to achieve essential a priori estimates for deriving consequences on global
solvability even in a fairly generalized framework, and hence we resort to an idea that devotes to

tracking the evolution of the following weighted functional

/nlp(c), 1>1, (1.9)
Q

with a suitable choice of the function p, as used previously for corresponding variants of (1.4) with
non-singular sensitivity ([37],[6],[51],[17]). Despite the first utilization to the model with singular
sensitivity, as far as we concerned, being similar as the case of non-singular sensitivity, this approach
could provide temporally uniform L!(2)-estimates of n as well as time-independent spatio-temporal
estimates of Vn? for some [ > 1 provided that 6 € [0, %) and that ¢ satisfies appropriate smallness
assumptions, which plays the role of a cornerstone in the analysis of global solvability and qualitative
behavior in large time, so as to achieve our goals in this paper. In particular, results on global
solvability of (1.4), (1.5) and (1.6) can be stated as follows.

Theorem 1.1 Let 0 € [0, %) Suppose that Q C R3 is a bounded domain with smooth boundary,
and that (1.7) holds. Then there exists o = do(w) > 0 such that if ng, co and ug satisfy (1.8) and

”COHIL;?(Q) < dp(w), (1.10)

the problem (1.4), (1.5) and (1.6) admits at least one global generalized solution in the context
specified by Definition 5.1 below.

Remark. In fact, Theorem 1.1 is valid for any [ > 1. Since | — oo implies §p — 0 in (3.2), it
can be inferred that g is nonincreasing with respect to ! > 1, and hence in order to warrant global
solvability for the initial data as large as possible, the parameter [ > 1 is chosen to be sufficiently
close to 1 in Theorem 1.1.

Recalling a recent finding ([16]) in which global weak solutions have been established under the
restriction of 6 < % ( % — 1) along with specified structural assumptions on x, one can find that
despite requiring suitably small initial data in the sense of (1.10) the derivation of global solvability
herein seems to admit larger # without any structural hypothesis on , due to the observation that
% ( \/1;1 — 1) < % ( % — 1) = % Beyond this, for smaller initial data, corresponding generalized

solutions would possess the following ultimate regularity and asymptotic stabilization.

Theorem 1.2 Let 6 € [0,1) and 1 = 2 in (3.2) below, and let Q C R? be a bounded domain with
smooth boundary. Assume that (1.7) is valid. Then for each triple (ng, co,up) of functions fulfilling
(1.8) and (1.10), one can find ty := ti(ng,co,ug) > 0 such that the global generalized solutions
constructed by Theorem 1.1 comply with

n € C?(Q x [ty,0)), c € CPL(Q x [ty,00)) and u € C*H(Q x [ty, 00); R3), (1.11)

and that with suitable choice of P € CY0(Q x [ty,00)) the quadruple (n,c,u, P) solves (1.4), (1.5)
and (1.6) classically in € x [ty,00). Beyond this, if g := ﬁfﬂ ng and A1 > 0 denotes the first
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nonzero eigenvalue of —A in Q) under homogeneous Neumann boundary conditions, then there exists
T, > t. such that for ¢, € (0,min{\1, (2 — 0)no}), ¢ € (0,min{\1, 222}) and ¢, € (0, min{uo, ¢, })
with po taken by Lemma 7.6 below, one can find C = C((y, ey Cu) > 0 having the properties that

In(-,t) —TTOHLOQ @ < Ce =T for all t> T, + 1, (1.12)
that
HC(',t)HWl,oo( 0) < CeSe(t=Tx) forall t>T,+1, (1.13)
and that
[u(- )| oo () < Ce 1) forall t> T, + 1. (1.14)

In Section 2, for all € € (0,1), we introduce an approximated problem which is proved to be
globally solvable in the classical sense through a combination of contraction fixed point arguments
with regularity properties of homogeneous Neumann heat semigroup and Stokes semigroup. In
Section 3, for the components n. and c. of the approximated solutions established in Section 2,
we construct a weighted functional as (1.9) by choosing an appropriate weighted function p, and
derive basic but important estimates for n. based on the analysis of (1.9). Upon a transformation

of the regularized problem into another one with nonsingular repulsive sensitivity, a functional in

/ln ne + /|Vv€|2 (1.15)
Q

could be established for achieving some time-dependent regularity properties of the approximated

forms of

solutions in Section 4, which together with the estimates derived in Section 2 guarantee the global
solvability of (1.4), (1.5) and (1.6) in a generalized sense by means of a suitable extraction pro-
cedure in Section 5. In Section 6, taking the decay properties implied by the spatio-temporal
estimates attained in Section 3 as a starting point, we proceed along a bootstrap type argument to
achieve Cz+7’l+%—regularity properties for the approximated solutions, so as to derive the conclu-
sions on ultimate smoothness of the generalized solutions according to the Arzela-Ascoli theorem.
In Section 7, relying on the decay features provided by the spatio-temporal estimates established in
Section 3, the generalized solutions can be shown to approach to a constant equilibria as time goes
to infinity, and corresponding convergence rate could be found via applications of smoothness fea-
tures of homogeneous Neumann heat semigroup and Stokes semigroup to the variation-of-constants

representation of each equation in (7.16) below.

2 Global solvability of approximated problems

To begin with, let us introduce a regularized problem of (1.4), (1.5) and (1.6) through an approx-
imation procedure resembling that used in [44] and [27] (or in [48] for fluid-free situations). With
e € (0, 1) representing the approximation index, the analysis of the regularized system could provide
e-dependent a priori estimates which are sufficient to verify global solvability in the classical sense

by means of a bootstrap-type strategy ([36],[48]). In the present context, corresponding regularized



problems of (1.4), (1.5) and (1.6) appear as

( One + ue - Vne = Ange — xoV - (%VCE), e, t>0,
Oce + ue - Vee = Ace — Fe(ne)ce, reQ, t>0,
O + (Yeue - V)ue = Aue + VP + nVo, zeN, t>0,
V-u. =0, e t>0, (2.1)
One _0c =0 2 €I, t>0
a]/ - a]j - ) g ) ) )
ne(z,0) = no(x), ce(z,0) =co(x), us(z,0)=up(x), =€,
where we utilize F, € C*°([0,00)) determined by
F.(s) = / o(eo)do, >0 (2.2)
0
with o € C§°([0, 00)) fulfilling o =1 in [0,1] and ¢ = 0 in [2, 00), which guarantees that
1
F.(s)=s forall se€l0, g], (2.3)
that
0<F/ <1 forall se€/0,00), (2.4)
and that 5
Fl(s)=0 forall s> o (2.5)
and which also implies that for any s > 0
F.(s) /s and Fl(s) /1 as e\,0. (2.6)

In addition, in the third equation of (2.1), we make use of Y; to abbreviate the Yosida approxima-
tion, i.e.

Yep:i=(1+eA) e, @eLl(Q), c€(0,1), (2.7)

where here and throughout the sequel A := —PA stands for the realization of the Stokes operator
with P denoting the Helmholtz projection in L?(£2; R?), and with respective domain in LP(2; R?) for
p > 1 defined by D(A,) = WP(Q; R3) Wy P(Q) N L5(Q) in which L5 (Q) := {¢ € LP(Q;R3)|V -
1 = 0}, as well as with A® = A7, a € R standing for corresponding fractional powers thereof.

In fact, the choices of F. and p as in (2.2), which determine the value of F!, in special warrant
the globally classical solvability of (2.1) for each ¢ € (0, 1).

Lemma 2.1 Let Q C R? be a bounded domain with smooth boundary, and let (ng, co,ug) fulfill
(1.8). Then for each ¢ € (0,1), (2.1) admits a unique globally classical solution (ng,ce,ue, Pr)
complying with

ne € CP(Q x [0,00)) N CHL(Q x (0,00)),

ce € Ng=3 CO([0,00); WHI(Q)) N C>H(Q2 x (0, 00)),

Ue € ﬂae(%l) CY([0,00); D(A%)) N C**(Q x (0,00);R?)  and
P. € CY0(Q x (0,00)),

(2.8)



and with

ne >0 in Qx(0,00), /na(-,t):/no for all t>0 (2.9)
Q Q

as well as
0<ec < HCQHsz(Q) in Q x (0,00) (2.10)

Proof. In line with a well-established argument on local solvability and extensibility of a
related chemotaxis-fluid model, such as [42, Lemma 2.1], there exist Tinax € (0, 00] and a unique

quadruple (ng, ce, ue, P:) of functions

ne € CO(Q x [0, Traxc)) N C?HQ X (0, Tinaxe)),

Ce € mq>3 CO([Oa Tinax,c); Wl’q(Q)) N Cz’l(ﬁ X (0, Timax,e)),

e € Mag(z 1) OO0, Tinax,e): DIA) N 21 x (0, T ) RY),
P. € CH0(Q x (0, Tmaxe)),

(2.11)

such that n. > 0 and ¢ > 0 in Q x (0, Tmaxe), that (ne,ce,ue, P.) solves (2.1) classically in
Q x [0, Tiax,c), and that n. and c. satisfy

/na('7t) _/nO for all t € (OaTmax,a) (2.12)
Q Q
and

0<e < HCOHL(’Q(Q) in Qx (O’Tmax,a)y (213)

respectively. Apart from that, with ¢ > 3 and « € (%, 1), either

Tnax,e =00 or lim  (flne(, ) Loe (@) + lle=( ) wraqe) + [A%ue (s )l L2(0)) — 00

(2.14)
or liminf inf c.(x,t) =0
t/‘Tmax,s z€eQ

is valid.
Thanks to (2.5), an application of the maximum principle to the first equation in (2.1) yields
Cr = Cn(e) := max {||nol| . (q) 21 > 0 satisfying

ne < C, forall te€ (0, Tmaxe)- (2.15)

Since u. = 0 on 02, the Poincaré inequality provides C; > 0 such that
/ e (-, D) < cl/ Vuo( )2 for all £ € (0, Thnars): (2.16)
Q Q

Testing the third equation by wu., we invoke Young’s inequality along with (2.15) and (2.16) to
derive that

1d 2 2 (e (- .
th/glug(-,t)\ +/Q|Vu5(-,t)| _/Q L Due(- ) - Vo

1 2 2 2
<6 /. el OF + CiO2IVo < oyl
1
<7 | 1Vl P + CUCITol ] for all £€ (0, i)
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which in combination with (2.16) implies that

d
G [ lettP+ & [ a0 +5 [ Dt 0P <20 GIVoliaglel @)

for all t € (0, Tiax,e)- Thereby, an ODE comparison argument in conjunction with (1.8) immediately

achieves

/Qyua(.,t)‘z < max{/ﬂug,chcguvgbu%w(mmy} — Cy(e) forall te (0, Tnas).  (2.18)

Let 7 := min{1, Tm;"’s }. Then upon a direct integration on (¢,t + 7) for each t € (0, Tipaxe — 7), it
follows from (2.16) and (2.17) that

t+1
/ / Vul? < 20 +AC1CE|V |2 |0 = Ci(z) for all t€ (0, Topue — 7). (2.19)
t Q

In view of the boundedness properties of Yz from L2(€) to W22(;R3) N Wolz(Q) — L®(Q;R3),
there exists Cy := Cy() > 0 such that we combine with (2.18) to have

[Yeue (-, )| Loo (@) < Calluc(- )| 22(0) < C4C’2 for all t € (0, Thmax,e)- (2.20)

With g.(z,t) := Pl—Yeue(z,t) - V)ue(z,t) + ne(z,t)Ve], (x,t) € Q x (0, Tmax,e), a collection of
(2.20), (2.19), (2.15) and (1.7) thus entails that

t+1 t+1
2 <o02C / / Vue|* + 2C%|V 9|3
| [ar<acicy [ [ 1vup 202Vl 1
<2(CFC2C3 + C||Vo||7 e () =: Cs(e) for all ¢ € (0, Tmax,e — 7)-

Since the Poincaré inequality warrants the existence of Cg > 0 satisfying
/ \Vua(-,t)IZ < Cﬁ/ |Au€(‘,t)]2 for all t € (0, Tmax,)s
Q Q

we take —Au. as a testing function for the third equation in (2.1) and derive from integration by

parts and Young’s inequality that

Vu —/ AU '7t 2+/AU ‘7t * g ')t
2dt/|e A 0P + [ Aucl1) - ge(.1)
1 1
< 1 / Au ()2 + / g:(-, )2 (2.22)
1
f—zcﬁ/ Vet / 9:( )2 for all ¢ € (0, Traxo)-

Combining (2.22) with (2.21), we invoke [36, Lemma 3.4] to obtain that

/ |Vug(‘,t)]2 < / |Vuo|2 + % =:C7(e) forall ¢ € (0, Tmaxe),
Q Q 1—

e Cs

whence this along with (2.20), (2.15) and (1.7) implies that

/ 19:(-, 1) |* < 2C7CoCr + 207 |V Zoo(qy =: Cs(e)  for all t € (0, Tinax,e)- (2.23)
Q



For any fixed a € (%, 1), a utilization of standard LP-L? estimates of the Dirichlet Stokes semigroup
(™) >0 ([30],[12, p.201]) together with (2.23) and (1.8) provides p > 0,C9 > 0 and Cjg > 0 such
that

t
4% Dl = 4% D+ [ a0 0
0

L2(9)
t
<[ A% g 2o +/0 |A%e™ =49 (-, s)ds]| 120 ds

t o —ult—s 2.24
<Coll A%ul| 3 + Co /0 (= ) ) go(c,8)l| o e ds (2.24)

1 t
<CyChg + CyCg / (t — 3)—ae—u(t—s)ds
0
<Cy; for all t € (0, Tmaxe),

1
with C11 = Cii(e) := C9Cro + CyCy fooo o~ % Hdo < oo. In light of the embedding D(A%) —
L>°(€)) due to a € (2,1), (2.24) ensures that

e (-, t)|[ Loy < Cra for all t € (0, Tiaxe), (2.25)

with some C1o = Cja(e) > 0. Now, with B standing for the realization of —A + 1 subject to
homogeneous Neumann boundary conditions in L?(f2), for any fixed 8 € (%, 1), ¢ >3 and T €

(37'

4 Tmax,e)a we let

M(T):= sup ||BPc(- )|l L) (2.26)
te(30.1)

Based on corresponding variation-of-constants representation of the second equation in (2.1), it can
be deduced from smoothing features of the Neumann heat semigroup (e*);>o in Q ([8]) that there
exists Ci3 > 0 such that

t
”BBCE('7t)HLq(Q) — HBﬂe_B(t_T)C(',T) _ / BBe—B(t—s) [F2(ne(-,8)) — 1ee(-, s)ds

T

t
—/ BBe BU=3) [y (-,s) - Veo (-, 5)]ds

La(Q)

ds

SHB’BefB(th)C(W T)HLQ(Q) + / La()

T

t
<Ci3(t — 1) P|le, )|l pagy + 013/ (t—5)Pllea(, 8) | () [I1F=(me (-, 8)) )l Laga)

T

‘Bﬁe*B(t*S) [Fo(n(-,s)) — 1]ece(+, s)‘

ds
La(Q)

3 t
1 1 _
0l ds + Oy ( [+ /) (t = 5) e ) oe e s 8) Loy
T T
(2.27)
for all t € (27, T). Since (2.2) implies F-(s) < s for all s > 0, (2.27) along with (2.13), (2.25), (2.15)
and (2.11) provides C14 = Ci4(g) > 0 satisfying

|BPc.(-,t)ll o) < Cra+ Cra sup  ||Ve=(, 8)|| aa) (2.28)
se(%,T)



for all t € (27, T), where in accordance with [8, Theorem 2.14.1], there exists Cy5 > 0 such that we
combine with (2.13) to obtain

1 26-1
I9ex(8) Loy <CasllBPex( ) Ziylle= - ) 2oy

28—1 9 1

26—1 B—1 1
<Cuslleoll 2 gy |2 57 B, ) Fy

for all s € (??TT,T).
Thereby, in view of (2.26), for all T € (37, Tiax,), (2.28) further implies that
M(T) < Ci6 + CIGMﬁ(T)

with some Ci5 = Ci6(g) > 0, which immediately entails

37

B
M(T) < max{1, (2016) %7} =: Ciz(e) forall T € ( T T

This in conjunction with the embedding D(Bg ) < WH4(Q) guarantees the existence of C1g =
018(6) >0 fulﬁlling

3
IVee(, )| oy < Cis for all e (ZT,TmW), (2.29)

and whereafter collecting (2.15), (2.13), (2.29) and (2.24) shows that

(et oe@) + e D)llwaage + 147 D)l (@) < . (2.30)

max,e

Thanks to (2.15), the second equation of (2.1) admits a sub-solution in € x (0, Tiax,c), that is

e, t) i= {min co<z>} Ot e 0, 1€ (0, Tae),
z€Q

as shown in [48], and thus it follows immediately that

ce(x,t) > {min co(z)} e~ for all (x,t) € @ x (0,Thaxe) and € € (0,1). (2.31)
zeQ)

Now, we let T := Tihax,e < 0o. Then from (2.31) and (1.8), it is clear that
0<ce(x,t) A0 as t /T forall z€Q and €€ (0,1). (2.32)

Thereby, in view of (2.30) and (2.32), we conclude from (2.14) that Tiax. = oo which together
with (2.11), (2.12) and (2.13) indicates that Lemma 2.1 is indeed valid and hence completes the

9

proof. O

3 Temporally uniform estimates for n.

This section devotes to detecting the evolution of the weighted functional (1.9), with a suitably
chosen weighted function p satisfying the properties in Lemma 3.3 below. Firstly, as a preparation,

let us provide a conclusion on monotonicity of the following function.
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Lemma 3.1 With constants a > 0 and b > 0, the function

z(s) = tzn;(:s)’ s € (0, %)

18 increasing with respect to s.

Proof. Let y(s) := as — 3sin(2as), s € [0, ). Then

y'(s) =a-{1—cos(2as)} >0 forall se(0,—

which in conjunction with y(0) = 0 implies that

™

%)

1
y(s) =as — 5 sin(2as) >0 for all s € (0,

and whereby
as — 3 sin(2as) 0

'(s) = for all —
2'(s) >0 fora 8€(0,2a

),

bs? cos?(as)
from which Lemma 3.1 follows. O

With Lemma 3.1 at hand, it is possible to verify the existence of a fixed point for the function

as follows
sany =L 02— DEUOMA =) + G~ DA = O)]
= T _
21+l = DI ol -
3.1
10— DIHOM(L = ) + 330 = 11— )] Hleol 157,
- tan 3 1 ) M > 07
21 =n)(1=0)2(1—1)2
with appropriate choices of [ > 1,0 <6 < 1,0 <7 < 1 and ¢p.
2
Lemma 3.2 Let 0 € [0,1) and | > 1. Then with some M, > %, if
_ 2(1—6)2(l—1)2
lleoll oy < 5 T w=:Go(w) (3.2)
[H4OM, + 310 — 1)1 0))}
holds for some w > 0, one can find My € (0, M) and ng € (0,1) such that for all n € (0,n9)
f(Mo) = Mo, (3.3)

where f is defined by (3.1).

Proof. Thanks to M, > %, there exists ;1 € (0,1) small enough such that for any
n € (0,m) ,
Xl = 11— 0) )

M= 4= —20)

is valid, which is equivalent to

A9M. (1 —n) + xpl(l — 1)(1 - 6)

< My,
41 -n)(1-0)
so that we can pick sufficiently small £ > 0 fulfilling
OM.(L—n) +xgl =D =0) |y gy (3.5)

41 =n)(1-0)

11



tan s

In view of the well-known fact that lims_,o *;*

and x > 0 such that

=1, it is possible to take appropriately small w > 0

tanw

<1 . 3.6
" + kK (3.6)

Apart from that, (3.2) allows for a choice of 12 € (0,1) adequately small so as to satisfy

3
2

21— n)(1—0)2(1—1)2
1+ n(l — 1)]2[40M. (1 — 1) + X3 — 1)(1 - 0)]2

HCO“}/;Q(Q) < ~w  for all ne (07772>7

which implies

[+ (0 = D]ZAOM.(1 = ) + X311 — 1)1 = 0)]2]|eol| 10,
2(1—n)(1—0)3(1—1)2

<w forall ne(0,n). (3.7)

Now, let 79 := min{n;, n2}. Then for each n € (0,79), since the function f in (3.1) can be rewritten

* C4OM (1 —n) + xgl(l — 1)(1 — )

M) =
Jan —n-0)
. { [14n(1—0) [40M (1—n)-+x311-1) (1-0)] 2 [eol| 30 }

2(1-m)(1-0) 2 (1-1)2

[14n(1-D]2 [40M (1-n) x311-1) (1-0)] 2 [leol| Lo
2(1-n)(1-60)2 (1-1)2

s
)
a = b =1, whereupon combining with (3.7), (3.6) and (3.5) we obtain that

and since the function m%

is increasing with repect to s € (0, %) according to Lemma 3.1 with

40M,(1 —n) +x3l(1-1)(1—0) tanw

JOL a0 e
40M,(1 —n) + X3 — 1)(1 - 0) (3.8)
n-ni-o 0
<M,.
Again from (3.1), it follows that
D V(G R R MY P Ut Gl
O o wt Dol 20— (- 0) >0 (39)

due to the positivity of ¢y in (1.8), xo > 0,1 > 1,0 < % and 0 < 1 < 1. Thereby, abbreviating

F(M):= f(M)— M, M > 0, we see from (3.8) and (3.9) that F(M,) < 0 and F(0) > 0, which
along with the continuity of F' guarantees the existence of some My € (0, M,) fulfilling F'(My) = 0,
and thus (3.3) is proved. O
Now, relying on Lemma 3.1 and Lemma 3.2, the weighted function p in (1.9) can be chosen as
follows, so as to achieve the main objectives of this section by tracking the evolution of (1.9).
Lemma 3.3 Let 0 € [0,3) and | > 1, and let ng € (0,1) be chosen as in Lemma 3.2.
With M, > 0 and My € (0,M,) provided by Lemma 3.2, assume that (3.2) holds for some

12



1
we (0,F {ig%ﬁ;ig% 38 z;}Q . Then for arbitrarily small n € (0,19) we can find a function

p() : [0, llcol ay) — [1, +o0) which fulfill

p(s)>1, p'(s)>0 forall se(0,]collpee)) (3.10)
and
’ / ’ 2
o' (s) — Xolp (S)GFs(ne) 20 (s) — Xo(l—l)pgS)Fg(na)
5 > 5 or all s € (0,||col|lree(q))- 3.11
—m- Do) =\ 20-n0-be) | (O leolloegen)-— (1)
Proof. Let
()
p(s):=e \120/) s>0 (3.12)
with
—(1-n)(-1)
H(e) =
W ===

i d oo (L0 = DIZA0M(1 =) 1031 - DA =07\ OWL‘S@]'
21 —n)(1—0)2(1—1)2 ’ L1

(3.13)
1
Since w < § {igﬁji 18 38 23 } ? and (3.2) enable us to pick sufficiently small 5 € (0,70) fulfilling

7 (40M.(1— 1) + 2 —1)(1—0))?
0<“<2’{46Mo<1—n>+x§w—1)(1—0>}
and
2(1—n)(1—0)2(1—1)2

—0
HCOHILoo(Q) <

W
(14 (1 = 1)]2 [46M. (1 = ) + X311 — 1)(1 - 6)]2
1—-6
for all + € {0, Oll”;(m] we have
o L0l = DI2A0M(1 — ) + 310 - ) - 0)
21— n)(1—0)2(1—1)
1 — 1) [0Mo (1 — ) + xGI(1 = 1)(1 = 0)]% o1
- 21 —n)(1—0)2(1—1)2
1
{4<9Mo(1 —n) + X3l -1 9)}2 "
AOM (1 —n) +xgl(l = 1)(1 - 0)
Y
<§,
whence with ¢ := §— (3.13) satisfies
51—9
Y (1 — 0) >0 forall se€ (0, HC()HLoo(Q)),
which together with (3.12) implies that
p(s) > 1 forall se€(0,|colp=(q))- (3.14)

13



—

-0
1ti si—? ”00”200(9)
In addition, due to for « = 5= € (O, —52),

(1= 1)2[40Mo(1 — ) + X3 — D)1 = 0)]2

19/(/’) = 1 1
2l +n(l—1))2(1—0)2 (3.15)
,m{u + (1 = D)2 46Mo(1 — ) + 31— (1~ 0)]? } 0
21 —n)(1—0)2(1—1)2 ’
it follows that
-6 §1-0
p(s) = eﬂ( -9 ) 19'(11_ 9) 579> 0 forall se(0, llcoll oo (@) (3.16)

Thereby, (3.10) results from (3.14) and (3.16). Now, upon elementary computations, one can find
that (3.4) is equivalent to

40(1 —n)(I — D) (v)
(1—0)
—4dnxol(l = D FL(ne)?'(¢) + X311 = 1)°Fi(ne),

41— )1 = 1)9"(0) 241+ n(l — 1)]9>(0) +

sl

with ¢ = 1__; for all s € (0, [[col| Lo (), Whereupon for proving (3.4) it is sufficient to achieve

4601 —n)(1—1) V()
1-6

41 =)= 1)9"() =4[1 + (1 — D) + + 21— 1)?, (3.17)

due to (2.4) and the nonnegativity of 4nxol(l—1)F.(n:)?¥ (¢). On the one hand, according to Lemma

3.1, one can observe from the formula of ¥ in (3.15) that the function @ is increasing with respect

to ¢, and hence we combine with (3.1) and Lemma 3.2 to infer that

llcoll}oe 1-6
i V' (— llcoll poc
f[j) < (c 11;99 ) — f(MO) = MO for all ¢ (S 0, %H(Q) .
OIILoo(Q)
1-6

On the other hand, it is not difficult to verify that 9 actually solves the problem

41— )1 = 10" (0) = 41+l — D] (0) + LD My 4331 - 1),
9(0) =0, 9'(0) =0.

As a consequence, (3.17) holds, which implies (3.11) and thus completes the proof. O
Lemma 3.4 Let 6 € [0, %) and I > 1. Suppose that (3.2) is valid for w > 0 chosen by Lemma
3.3. Then there exists C = C(l) > 0 such that

/ nl(,t) <C forall t>0 and €€ (0,1), (3.18)
Q

and that ~
/ / nl2|Vn? < C  forall e€(0,1). (3.19)
0 Q
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Proof. Based on the definition of p in (3.12) and on the first two equations in (2.1), we integrate
by parts to have

1d _ 1
79 nlsp(cg) —/ nls lp(ca) Net + l/ nlspl(ca) " Cet
Q Q

ldt
F/
/n p(c { Us - Vng + V- (V XOnECOE(nE)VCE)>}
Q €

1
l/n ) - {—ue-Vece + Ace — Fo(ng)e:}
Q
1
— {/pcs T ane—i—/nlauE-Vp(cE)} (l—l)/ —2 (05)|Vn5\
l Q Q Q
l*lF/
2/n p'(cc)Vn, - ch—i—XO(l—l)/ fle a(ze)p(ce)vnE-ch
Q Q Ce

n.F ¢ 1 1
o nefe(ne)p(ce) g, 2 L [t carwvel — 1 [ ntkmese)
Q c? I Ja I Ja

for all t > 0 and € € (0,1), where from V - u. = 0 and upon integration by parts it follows that

e wte [ ot Spte f =1 [ w9 falpteay o

for all t > 0 and ¢ € (0,1), whence combining with the nonnegativity of + [, nLF.(n.)cop/(cc) we

further obtain

1d l o =2 (¢ |2 _ -2 (0 n.|2
[ nlp(ce) < =t 1>/Q 2 ()| Vnel? — (1 - )0 1>/Q plce) V|

Ldt
— / p”(ce) _ XOFé(n€)pl(c6) nlg’VCsF
0 l Ce

(3

B /Q {2[),(05) ~ xo(l— 1)1%’(715);)(05) } - 1Vn, - Ve,

Ce

— - 1) /Q =2 p(c)|Vnel? — (1= n)(I — 1) /Q n=2p(cc) {| V. ?

20 (c.) — XO(l*l)Izi?(na)P(Cs) o _— o (ce) — % 2|v ’2
neVne - Ve nz|Ve
(L=m=Dplcc) 7 "7 UL =n)(-1)p(ce) :

(3.20)
for all ¢ > 0 and € € (0,1) as well as arbitrary n € (0,79) with 9 > 0 as taken in the proof of
Lemma 3.3. Thanks to Lemma 3.3, (3.20) actually implies

1d
T4 et < =t =) / “2p(c0)| Ve ?
I dt 0

20/ (c.) — xo(I=1) F(ne)p(ce)

0

—1=n)l-1) /Q nle_2p(cg) Vne + 20— )i = 1);(65) neVee (3.21)

- 1) /Q ~2p(c) [V, ?

forall ¢ > 0 and € € (0,1). In view of (3.10) and (2.10), we integrate (3.21) on (0,¢) for each t > 0

to attain

t
/ine(-,t)—l—nl(l—l)/o /Qng—zyvneﬁ <p(Hc0HLoo(Q))/Qng for all &€ (0,1),
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which thus implies (3.18) and (3.19) because of (1.8) and the arbitrariness of t. The proof is
completed. ]

4 Transformed problems of (2.1)

In order to prove global solvability of (1.4), (1.5) and (1.6), besides the estimates established before,
it is also essential to provide some other e-independent bounds on the basis of an equivalent form
of (2.1), that is

One + ue - Vne = Ang + XOHCOH}/;OG(Q)V - (neFl(no)e(1=0v=y,), z€Q, t>0,
Opve + ue - Vue = Ave — |Vue|? + Fo(ne), x e, t>0,
Opue + (Yeue - V)ue = Aue + VP + n. Vo, xe, t>0,
V- u:. =0, reQ, t>0, (4.1)
One _ O _ o 0~ €N, t>0
aV - 81/ - Y e — Y ’ ’
ne(z,0) = no(z), ve(x,0) =vo(x), u:(x,0)=up(x), x € Q,
which is achieved through a standard transformation of variables, i.e.
ce(z,t) —
ve(z,t) = —In | —————), (z,t) € Qx[0,00), €€(0,1). (4.2)
l[coll Lo ()

Now, let us establish the estimates that are sufficient to provide compactness which allows for
applications of standard extraction procedures to derive the global generalized solutions complying
with Definition 5.1 below. Firstly, by tracking the evolution of (1.15), we can attain the following
e-independent bounds.

Lemma 4.1 Assume that (ns,cg,ue)ge(OJ) are the family of global classical solutions con-
structed in Lemma 2.1. Then with (ve)ee(o,1) defined by (4.2) and for each T > 0, there exvists
C = C(ng,vo,T) > 0 such that

/ / |Vn€|2 C(ng,vo, T) for all €€ (0,1), (4.3)

(ne +1)2
and that .
/ ve (-, T) —I—/ / |V |? < C(ng, v, T) for all €€ (0,1). (4.4)
Q o Ja
Moreover,
T 1
/ / Ve |? < / g forall T>0 and ¢ € (0,1). (4.5)
0o Jo 2 Ja

Proof. In conjunction with (2.6) and (2.9), a straightforward integration of the second equation

in (4.1) yields that . .
Loty [* [ ol =[w+ [ [ R
g/ﬂz}w/OT/Qng (46)
foer o)
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for any 7" > 0 and all € € (0,1). Based on the first equation in (4.1), we integrate by parts and

invoke Young’s inequality to have

d 1 1-0 —(1-0)v.
pn ln(n8 +1)= / il {An6 + XO”COHLOO(Q)V (neFl(ng)e” 1=y ) — - Vng}

2 F —(1-6)ve
:/ (Wn8+><o\\00\2;0<m/ e Ve - Vo
Q

o (ne +1)? (ne +1)2
2(1—0
Ry Uy
2 Jq (ne +1)2 2 q (ne+1)2

2(1-6
1w dlelieg) ,
> 2 ’vUE’

for all t > 0 and € € (0,1), and whereafter an integration on (0,7") for each 7' > 0 entails that

VP xOnconLoo 2
/anno—i-l / / n€+12_/ﬂln(n5( T)+1)+ ——= / /\Vva\

for all ¢ € (0,1), which along with the fact that In(s + 1) < s for s > 0, (2.9), (4.6) and the
nonnegativity of [, In(ng 4+ 1) implies that

|Vne|? 2(1-0)
/ / et 1) 2 < /no—{—xo||co|Loo(Q /QvoqLT- /Qno (4.7)

for any 7" > 0 and all € € (0,1). Thereby, (4.3) and (4.4) follow from (4.7) and (4.6), respectively,

with C(ng,vo,T) := max{fQ vo+ T - {fﬂ no} ,QfQ ng + XOHCOHLOO @) {fﬂ vo+T - (fQ no)}} . For
the second equation in (2.1), we test it by ¢, and integrate on (0,7") for any 7' > 0 to achieve

faems [ fwer = - [ [ roas
_2/03 for all e € (0,1),

due to the nonnegativity of fo Jq Fe(ng)ce, and hence (4.5) holds because of 3 [, (-, T)
(]

Y
o

With the aid of Lemma 3.4, further spatio-temporal estimates of n. and some basic regular-
ity properties of u. follow from an interpolation-type argument and standard testing procedures,
respectively.

Lemma 4.2 Let | > 1, and let (3.2) hold for w > 0 provided by Lemma 3.3. Then for each
T >0 and all € € (0,1), one can find C = C(l,T) > 0 such that

T 5l
/ /nf’ <C. (4.8)
0 Ja

17



Proof. By the Gagliardo-Nirenberg inequality and Lemma 3.4, we deduce that

CE [ mEeol®,
EI = € '7t ‘ t
L= [ meconty
T L 3 1 2 1
<Ci [ {I9nE 0l InE Ol gy + I Ol
T 1
gcg/ /|Vn§|2+02T
l2
:02 / / — 2‘V7”L ‘2+C'2T

<C3+CyT forany T >0 and ¢€ (0,1)

wls

with C1 = C1(1) > 0,Cy = C3(1) > 0 and C3 = C3(I) > 0, which implies (4.8) and thus completes
the proof. O

Lemma 4.3 Let | € (1, %) If (3.2) is valid for w > 0 satisfying the hypothesis of Lemma 3.3,
then there exists C > 0 with the properties that

/ lus( )2 < C forall t>0 and ¢ € (0,1), (4.9)
Q

and that i1
/ / \Vue|* <C  forall t>0 and ¢ € (0,1). (4.10)
t Q

Moreover, for any T > 0, one can find C = C(T) > 0 satisfying

T 1
/ / ]uel?o <C forall €€ (0,1). (4.11)
0 Q

Proof. Thanks to V- u. = 0, we test the third equation by u. and apply the Holder inequality,

the Poincaré-Sobolev inequality along with Young’s inequality to obtain that

2dt/‘u5 AP+ /|Vu5 , /Qng(-vt)ug(.vt).vqb

<lue G Oll ooy llne (5Dl g o VOl Lo

<OV )y 1Ol g g IVl 20

2 2
<3 | Vel + = D)2y

(4.12)

for all ¢ > 0 and € € (0, 1), with some C; > 0. Since 1 <[ < % implies 2 < % < 6 and 6g—l5[ < 1,
applications of the Gagliardo—Nirenberg inequality, Lemma 3.4 and Young’s inequality provide
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Cy > 0 and C3 > 0 such that

2
. ne 02 o)
Oy byt
2 A )
CE VO3 oy Co ] 6-51 1 52 1 i
< — {||Vn3<-,t>rL;<m|né(-,w\L;(Q)+ ||n3<-,t>||Lz<m}

6—51

020203“V¢H200 2 21
< /|V H*+1

CiC2C3| V|7 o L
<— ‘2 o=@ / V02 (O + CRC2C3 90 3miey

for all t > 0 and € € (0,1). Thereby, (4.12) further implies

G [tor+ [ 1vuop

4.13
< n

< 1 (1) Vne(, )\2‘*‘2010203”V¢HL00

for all ¢t > 0 and € € (0,1). By the Poincaré inequality and Lemma 3.4, we can find Cy > 0 and
C5 > 0 such that

t+1
04/ ]us(-,t)|2§/ V() and / /né_2|Vn5|2§C5 (4.14)
Q Q t Q

12C2C2C3||VH||? 0o
for allt > 0ande € (0,1), and whereafter letting y.(t) := [, lu<(-,t)|* and g-(t) :== — : 3|L Ao )

Q20,8 Vne ()2 + 2010203||V¢HL00(Q) for all t>0ande € (0,1) we combine (4.13) with
(4.14) to have
yL(t) + Caye(t) < g=(t) forall t >0, (4.15)

where

t+1
/ ge(s)ds < C5 forall t>0,
¢

with some C5 > 0 because of (4.14). According to [36, Lemma 3.4], it follows from (4.15) and (1.8)
that

C
/\ua P < /u0+ 65_04 =:Cg forall t>0 and €€ (0,1),

which shows (4.9) and thus yields (4.10) upon an integration of (4.13) on (¢,t+ 1) for each ¢t > 0.
As a consequence of (4.9) and (4.10), (4.11) can be established in line with the arguments of [44,
Lemma 3.10]. The proof is completed. O

For achieving the compactness that could ensure the performance of a standard extraction
procedure in the derivation of limit functions, it is essential to provide regularity features for time

derivatives of In(n. + 1), v., c. and w..

19



Lemma 4.4 Let ] € (1, g) Assume that (3.2) is fulfilled for w > 0 picked by Lemma 3.3. Then
for any T >0 and all € € (0,1) there exists C = C(T) > 0 such that
10: In(ne + D)l 10,1y 0w32(0))%) + [10vell 10, 1):0w22(0))%) (416
lreellezomyvaainy 10l 5 (o sy < ¢
Proof. Based on the first equation in (4.1), for any fixed ¢ € C°°(2) and all ¢ > 0, it can be
deduced from integration by parts, the Cauchy—Schwarz inequality as well as V - u. = 0 that

|Vn.|? - Vne
q (ne+ 1)2 qQne+1

neF! (n.)e~(1=0)ve

neF!(ng)e~(1=0)ve
XO‘COILOO(Q)/Q € ol Vo, - V)

/8tlnn5+1 w‘ Vi

+ /Q In(ne + 1)(ue - V)

|Vng‘2 ‘vna‘Q %
{ o | Wlsme +{ [ e} 19¥lia
V2 \?
+X0”COHIL3°9<Q>{/ (‘ 5 } {/ ’WEQ} o [ [PASE)

1-6 2 ?
+xallal} g, { [ 190 } V¥l

+{/anaf(ng+1} {/\ua\s} 9l

for all e € (0,1). In view of the embedding W32(Q) — WH6(Q) < L>®(£) in the three-dimensional

15

setting and of the fact that In's (s+1) < (5) (s+1) for all s > 0, there exists C; > 0 such that

by means of Young’s inequality we have

1

|Vne|? / |Vne|? \?2
1 Dl ew . < . —_ —_
19¢In(ne + Dllgwaay- <O {/Q (ne +1)2 " o (ne +1)?

_ vns2
ol ( 25) (f )
3
- 7 15 10
et ([90) 4 2 (Loon) " ([0#) "}
|V7’L€|2 2 2(1 9)/ 2 /
<, . Vel
<o {8 [ g -2l [ e+ [

(5 (/ngﬂ))%}
(4.17)

for all t > 0 and € € (0, 1), whereupon in combination with Lemma 4.1, Lemma 4.3 and (2.9) an

integration of (4.17) on (0,7") for each 7' > 0 shows the boundedness properties of 9;In(n. + 1)
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in L' ((0,T); W32(Q))*) . Apart from that, since both W*2(Q) — W?(Q) and W??(Q) —
L*>(Q) remain valid in the spatially three-dimensional context, the bounds for dyv. and d;c. within
respective topology as exhibited in (4.16) can be achieved on the basis of Lemma 4.1, Lemma 4.3,
(2.10) and (2.9) according to [35, Lemma 2.4] and [27, Lemma 3.7]. For 0,u,, thanks to Lemma 4.3
and Lemma 4.2, corresponding boundedness features in Li ((O,T ) (W&E(Q))*) result from [44,
Lemma 3.11] directly. O

5 A generalized solution notion. Proof of Theorem 1.1

Now, we are in the position to present the notion of global generalized solutions to (1.4), (1.5) and
(1.6), which is designed in an analogous manner as that used in [48] (or [35, 27]) for corresponding
solutions to closely related problems in the spatially two-dimensional setting. Beyond this, we
intend to verify that the limit functions of n., c. and u. indeed form a global generalized solutions
of (1.4), (1.5) and (1.6) in line with the notion.

Here and throughout the sequel, for vectors £ and v, we use £ ® v to denote the matrix with
corresponding elements (£ ® v)y = vy for k1 € {1,2,3}.

Definition 5.1 Let 0 € [0,3), and let ng,co and ug satisfy (1.8). Then a triple (n,c,u) of
functions

n € Ljo(2 x [0,00)),

¢ € L (€ x 0,00)) 11 L2, ([0, 00): WH2(12), (5.1)

ue L} ([0,00); Wy (; R3)),

loc

fulfilling
n>0,¢>0 and V-u=0 a.e in Qx(0,00) (5.2)

as well as

Vin(n+1) e L2 (2 x [0,00)) and V=% e L2 (Q x [0,00)), (5.3)

loc

is called a global generalized solution of (1.4), (1.5) and (1.6), if n complies with
/ n(-,t) = / ng for a.e. t>0, (5.4)
Q Q

if for each nonnegative ¢ € C§°(Q x [0,00)) the inequality

—/OOO/an(n—&—1)g0t—/an(no+1)g0(~,0)
z/ooo/Q\V1n(n+1)|2<p—/OOO/va(nH)-vcp—19?9/000/Qn11 (v1n(n+1)-vc1—9)<p

X0 00 n o 0o
L : ] D(u -
+1_9/0 /Qn+1VC Vg0+/0 /Qn(n+ )(u- V)

is fulfilled, if for all ¢ € L>®(Q x [0,00)) N L? ((0,00); W'(Q)) the identity
/ /cgpt+/cogp(',0):/ /Vc-Vg0+/ /ncg@—/ /cu-Vgp (5.6)
0o Ja Q 0o Ja o Ja 0o Ja
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is valid, and if for any ¢ € C§° (Q x [0, 00); R3) satisfying V - o = 0 the equality

—/OOO/Qu-wt—/Quo-go(-,O):—/OOO/QVu-ch—i—/OOO/Q(uQ@u)-V(p—i—/ooo/gn(Vqﬁ-cp)
(5.7)

holds.

Lemma 5.2 Let 6 € [0,3) and | € (1, £). Suppose that (3.2) holds with w > 0 chosen by Lemma
3.3. Then there exist a quadruple (n,c,v,u) of functions and (¢;)jen C (0,1) fulfilling e; \, 0 as
Jj — 00, such that n >0 and v > 0 a.e. in  x (0,00), and such that as €; \, 0

Ne —n in L3 (€ 0,00)) and a.e. in Q x (0,00), (5.8)
loc

In(n. +1) = In(n+1) in L} .(]0,00); WH3(Q)), (5.9)
In(n. +1) = In(n+1) in L .(Q x [0,00)), (5.10)
ve » v in Ll (Qx[0,00)) and a.e. in Q x (0,00), (5.11)
ve(,t) = v(-,t) in LYQ) for a.e. t € (0,00), (5.12)
Vo, = Vv in L3.(Q x [0,00)), (5.13)
Vo, = Vv in L2 (Q x [0,00)), (5.14)
and
ue —u in LL.(Qx[0,00) and a.e. in Q x (0, 00), (5.15)
U = U N L;’EOC(Q x [0,00)) and a.e. in Q x (0, 00), (5.16)
Vu. = Vu in L .(Q x [0,00)), (5.17)
u(-,t) = u(-,t) in L2(Q) for a.e. t€ (0,00), (5.18)
as well as
ce »c in L. (Qx[0,00) and a.e. in Q x (0,00), (5.19)
e =c¢ in L™ (Q x (0,00)), (5.20)
cc—c in L2 .([0,00); WH3(Q)), (5.21)
where
¢ = [leo|zoo(a) e (5.22)

5 _
Proof. From the boundedness properties of (n).c(o,1) in Ll (2% [0,00)) as implied by Lemma
4.2, we infer that upon an appropriate extraction if necessary it follows that

5

ne—n in L} (2x[0,00)) as e=c¢; \,0, (5.23)
and that .
nd —n3 in L} (Q2x [0,00)) as e =¢; \,0, (5.24)
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where (5.24) implies that

T 5 T
/ /ng’%/ /ng as € =¢j \(0 for any T > 0. (5.25)
0 Q 0 Q

Thereby, in view of the uniform convexity of Lg(Q x (0,T)) with arbitrary fixed T" > 0, (5.8) is
valid from (5.23) and (5.25) according to [5, Proposition 3.32]. Since (2.9) implies the existence of
C1 > 0 satistying

/ In?(n.(-,t) +1)dt <Cy forall t>0 and e € (0,1),
Q

we combine with (2.10), Lemma 4.1, Lemma 4.3 and Lemma 4.4 to verify the validaty of (5.9)—(5.13)
and (5.15)—(5.21) by picking suitable subsequence from (¢;);cn as well as by three straightforward
applications of the Aubin—Lions lemma ([33]), and hence v > 0 results from (5.11) along with
the nonnegativity of (ve).c(o,1)- Thanks to (4.2), (5.22) follows from (5.11) and (5.19). Now, as
proceeding in the reasoning of [48, Lemmas 2.9] (or [35, Lemmas 2.9]), we let (&;)ieny C (0,1)
denote an arbitrary fixed sequence fulfilling §; N\, 0 as [ — oo. Then it is not difficult to infer that
for any | € N there exists a null set 8; C (0, 00) such that (0, 00)\¥; is the set of Lebegue point for
0 <t~ [oIn{c(z,t)+d}. In addition, (5.11) allows for a choice of N C (0, 00) having the property
that v(-,1) € L*(Q) for any i € (0,00)\R. From (4.9) and (5.18), for each ¢(t) € WH®(R), we can
find C7 > 0 such that for all § € (0;)ien

H P(t)ee(, hue(,t)  P(t)cu 19l Lo (w)

=5 (e (- )l 2y + llul, )l 2(0)

g +5) (c+06)?

L)

2 oo
SM sup Jluer (- 6)l 20y < G
4 e’€(0,1) d

for a.e. t € (0,00) and all € € (0,1), due to 0 < ﬁ < ﬁ < % with @ representing c. or ¢
for all (x,t) € Q x (0,00) and ¢ € (0, 1), whence along with (5.15) and (5.19) an application of the

dominated convergence theorem yields that for any 7" > 0

o(t)ceue o(t)cu
(e 402 (c+0)

which together with (5.21) implies

¢ Csus Ve, / / ¢ cu-Ve
= e . .2
/ / e (1 o) as € =¢; \,0 (5.26)
Apart from that, in light of V - u. = 0, integrating by parts entails
//¢ Ceusvcs_ //d) e -V 1
(ce +0)2 = c.+ 0
/ / d(t)ue - Vee
c.+ 90
:/ / d(t)ue - Vin(e. +9) =0
0 Q
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for any T > 0 and each ¢(t) € WH°(R) as well as all € € (0,1), and thus we infer from (5.26) that

/ /¢ fé ve =0 forany T >0 andeach ¢(t) € WH®(R). (5.27)
(c

For each fixed ty € (0,00)\ (& UUsen Nl) , and for ¢ € (0,1), we define v € WH*(R) as in the
argument of [48, Lemma 2.9], that is

1, if t < to,
v, (t) = ¢ BE=LSE 1 e (to, to +0), (5.28)
0, if t>tg+ 1.

Since 0 < w — Inw is concave, it follows that for all § € (§;);eny and any 7 > 0 the limit function ¢
fulfills

1
_ . t) — t— 5.29
e e ety 629)

for all (z,t) € 2 x (0,00), where in order to make ¢ be defined on all of Q x R we let

In{c(z,t) + 0} — In{c(z,t — 1)+ 0} <

c(z,t) :=co(x) for (z,t) € Q x (—o0,0]. (5.30)

For any 7 € (0, 9), we multiply (5.29) by = ( ) to obtain that for each ¢ € (0,1)

/ /w JIn{e(-, +ﬂ—/ /w (8) In{c(-, t — 7) + 6}

/ /w elrt) — el ﬂ}aji;:S.Nuﬂ

In view of (5.30) and the fact that v, =1 on (0,7) C (0, tg), we replace t — 7 with 7 to deduce that

/ /UL (t) In{c(-, +5}—/ /th—i-T )In{e(-,t) + 0}
—T/TAUN+WHM430+Q
_AWAMQ+2_M®JMdﬁ+Q_A}M“J%

whereupon by In(c + 6) < In(||col[ () + 1) due to (2.10), (5.20) and 6 € (d;)ien C (0,1), and by

(5.31)

WD 2% S i L%(R) as 7N\ O, (5.32)

-
it can be derived that
to+e
M(t, 1) — / In{c(-,t) + 0} — / In{co+ 46} as 7\,0. (5.33)

For the second integral on the rlght—hand side of (5.31), we once more substitute t — 7 by 7 and
make use of (5.30) to have

_/ /“/ tj;T:_/ /“t+7 ¢+5‘/m/“t+7 Sia
/ /ULH ,(t)—|)-5 /Qco+5
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for all « € (0,1) and 7 € (0,%p), and hence

/vb (t+7) —vb(t). .c(-,t)

I
/ / )'i{c(-,t1)+5_c(.,t_17)+5} (5.34)
- [ 2=

(¢, 7) + Na(e,7) + N3 (¢, 7)

Co+(5

for all © € (0,1) and 7 € (0,%p). Thanks to (5.32) and 0 < {5 < 3 for all 7 € (0, 1), it follows that

to+t
Ny (e, )—> /Qc+5 as 7 N\, 0. (5.35)
Letting
1 [t _
T [¢)(z, t) == - C(z,8)ds, (x,t) € Qx (0,00), ¢ € L. (2 xR)
t—1
and

oz, t) :==v,(t) - Tr [ ] (x,t), (z,t) € Qx(0,00),

c+9o
we can infer from the regularity properties attained for ¢ that ¢ actually satisfies the regularity

requirements as a test function in (5.6). Since

—ult)- % {c(.,tl) +6 c(.,t—lr) +6} =t u) Tr Lié] in € (0, 00),

we again use (5.30) to obtain

== | fpeer [ [ttt [ o
/;)cp/ / /V[c Vap] / /nap—i—/ /cu Ve

1

+5 1)
OO/UL(t)n(~,t)c(',t)TT[ ] / /UL cu-Tr [ Zcé) }( £)

/ / [ . ]( t) forall t€(0,1) and 7 € (0,to),

+0

(5.36)

where due to (2 x R) and 5 € L™ (2 x R), we deduce in line with the argument of

Ve
(c+5)2 loc
[46, Lemma 10.2] to have

[ el s
_/OOO/QUL(t)n(.,t)C(-,t)TT [Hld] (1) = _/Ooo/ﬂvb(t) ne
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and

/OOO/QUL(t)CU'T [( ] —>/ /vb ccu—i_Zc as 7\ 0,
as well as
/OOO/QUZ(t)C('»t)TT [c—|—5] / /964_5 /;OJF(S/QC_’_(S as 7\, 0.

Thereby, collecting (5.31), (5.33)—(5.36) and (5.27) with ¢(t) replaced by v,(t), we take 7 X\, 0 to
derive

1 to+t

/ / In{c(-,t) +0} — / In{co + 0}

L to Q

1/t0+L/ c +{/ / / ’VCP
LSty gc+9 QC+0 (c+0)?
00 to+0
_/ /Ub(t) ne _/ / c }_/ o
0 Q C+(5 to QC+5 QC()"‘(;
o) 2
:/ /UL(t |Vc| / / for any ¢ € (0,1).
0 Q

Since the choice of ty € (0,00)\ (& U UleN Nl) implies the Lebesgue point property of ¢y, we invoke

Beppo Levi’s theorem and let ¢ N\, 0 to infer that

to ‘VC’Z to .
1 . - [ 1 < f 5.3
[ttty = [mgeorap< [0 [ g [0 [ 5 torany 5 @en. (587

Taking 6 = §; \, 0 on both sides of (5.37) and once more drawing on Beppo Levi’s theorem as well
as combining with (2.12), (5.8) and (5.22) yield that

to to VC2
[ [+ [ ot - ioimlalse = [ [ F5E - [ et
to
/ /n—/lnco
ZtO'/no—\QUHHCo||Loo(Q)+/Uo,
Q Q

where [ v(-,tg) < oo because of ty ¢ X, whence with X := R U Uien Y it is valid that

to
/v(-,t0)+/ /]Vv[zz/vo—i—t()‘/no for any to € (0,00)\N. (5.38)
Q 0 Q Q Q

Thus, in accordance with the arguments of [35, Lemma 2.10], a combination of (5.38) with Lemma
2, (5.12) and (5.13) entails (5.14). The proof is completed. O
Lemma 5.3 Let 6 € [0, %) and | € (1, g) . f (3.2) is satisfied for w > 0 taken by Lemma 3.3,
then the triple (n,c,u) of functions provided by Lemma 5.2 solves (1.4), (1.5) and (1.6) in the
sense of Definition 5.1.
Proof. The inclusions claimed by (5.1) can be inferred directly from (5.8), (5.20), (5.21), (5.15)
and (5.17). Thanks to (5.8) and the positivity of (n:).c(,1), 7 > 0 clearly holds. As for ¢ > 0, it
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results from (5.22) and the positivity requirement of ¢y in (1.8). Recalling V - u. = 0 in (2.1), one

can thus conclude V - u = 0 a.e. in Q x (0,00) from (5.17). Since

Vciie = _(1 - 9)”CO||1L;>0(Q)67(170)%VU8
forallt > 0and e € (0,1), due to ve(zx,t) = — ln(%), and since e~ (1= < 1 and e=(1=0)v=

e~ (1207 ae. in Q x (0,00) because of v. > 0 and (5.11) respectively, we combine with (5.14) and

deduce from [46, Lemma A.4] that
Ve = —(1=0)leoll Lgye ™ Vee = (1= 0)eoll [ Lgye TV = Ve (5.39)

2
in Lj .

(2 x [0,00)), which along with (5.9) implies the inclusions in (5.3). In light of (5.8), n
straightforwardly inherits the mass conservation property from n., so (5.4) is valid.

For each fixed 0 < ¢ € C§°(Q x [0,00)), we take 51 as a testing function for the first equation
in (2.1) and obtain from integration by parts that

/ /|V1n ne + 1) / /ln ne + /ln(n0+1)gp(:n,0)

+/ /Vln(n€+1)~ na+1 In(n. +1) - Vel

9/ / n5+1vlev90 / /1nns+1)(u5 Vo)

(5.40)

for all € € (0, 1). Since a collection of (2.4), (2.6) and (5.8) implies 0 < nf ( ) <1 and Lﬁa) —
a7 a-e. in Q2 x (0,00) as € = g5 \, 0, we combine with (5.9) and once more invoke [46, Lemma

A.4] to have

Ne —|— 1 n+1
as € = €5 \( 0, which thus in conjunction with (5.9) yields that as ¢ = £; \, 0 both

10
/ / na+1 In(ne +1) - Ve, g0—>/ /n—l— (Vin(n+1)- Vel =)
1-0 19
//n5+1vc V90_>/ /n—l—l Ve

hold. Moreover, from (5.10) and (5.15), it follows that

/ /lnn5—|—1 Ue - Vp) —)/ /lnn+1 (u-V)

as € = €; \¢ 0. As for the rest of the integrals in (5.40), corresponding convergence can be achieved
in accordance with the reasoning of [48, Lemma 2.10] (or [35, Theorem 1.1]), with the aid of (5.9)
and (5.10). Consequently, (5.5) is valid. For each T" > 0 and all £ € (0,1), it is not difficult to
deduce that

vel=? in L2 (9 % [0,00))

and

[Fe(ne) = nll 5 + [|Fe(n) —nll 5

L3 (Qx(0,T)) <[IFz(ne) — FE(n)HL%(Qx(O,T)) L3 (Qx(0,T))

<IN 2oe (0,000 e — +[[Fe(n) —nll 5

nHL%(QX(o,T)) L3 (@x(0,7))’
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where (2.4) along with (5.8) implies that

/
| 21| oo ((0,00)) 726 — ”HL%(Qx(o,T)) —0 as e=2¢; \(0,

and where by means of the dominated convergence theorem it can be inferred from the fact that
F.(s) < s for s >0, (5.8) and (2.6) that

|F=(n) — n|| —0 as e=¢;\,0,

L3 (Qx(0,T))

and hence we have ;
F.(n;) »n in L}

2. (% [0,00)) as € =¢; \,0. (5.41)
In view of the observation that the second and the third equations in (2.1) resemble that respectively
n [44, (2.9)], we recall the arguments of [44, Lemma 4.1]to see that both (5.6) and (5.7) can be
derived from (5.8), (5.15), (5.16), (5.17), (5.19), (5.20), (5.21) and (5.41), and thus complete the
proof. O

Proof of Theorem 1.1. Theorem 1.1 is a straightforward consequence of Lemma 5.3. (|

6 Ultimate regularity of (n,c,u)

6.1 Preliminaries

In this section, we try to detect the eventual regularity properties of (n,c,u) by means of a
bootstrap-type argument. This heavily relies on uniform spatial-temporal estimates for |Vn.|?,
which mainly reflects in the derivation of eventual smallness properties for two temporally average
integrals (Lemma 6.2) as well as in the subsequent establishment of eventual bounds for Vel=?
(Lemmas 6.5-6.6). It can be observed from Lemma 3.4 that the hypothesis { > 1 is not sufficient
to provide the time-independent bounds of fg Jo |Vne|? for all ¢ € (0,1), so here we provide a
corollary of Lemma 3.4 at first, corresponding to the special case of | = 2.

Corollary 6.1 Let 6 € [0, 3) and | = 2. Assume that (3.2) holds for w > 0 picked by Lemma
3.83. Then one can find C > 0 fulfilling

/ n2(,t) < C forall t>0 and € (0,1), (6.1)
Q

and -
/ / |Vne|?> < C  forall € (0,1). (6.2)
0 Q

Proof. Corollary 6.1 follows directly by taking [ = 2 in the argument of Lemma 3.4. U

Lemma 6.2 Let 0 € [0,1) and | = 2. Assume that (3.2) is valid with w > 0 fulfilling the

assumptions of Lemma 3.3. Then for any ¢ > 0, one can choose t, := t,(s,ng,ug) > 0 such that

t+1
/ /(ns —mg)2 << forall t>t, and €€ (0,1), (6.3)
t Q

and that 1
/ / \Vue|?> < forall t>t, and € (0,1). (6.4)
t Q
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Proof. From Corollary 6.1, it follows that
o0
/ / |Vne|?> < Cp forall €€ (0,1)
0 Q
with some C1 = C1(ng) > 0, which not only implies that
t+1
/ / |Vne> <C; forall t>0 and e € (0,1), (6.5)
t Q
but also warrants that for each ¢; > 0 there exists t; = t1(s1) > 0 such that
t+1
/ / |Vne|> < forall t>t; and e € (0,1). (6.6)
t Q
In combination with (2.9), the Poincaré inequality provides Cy > 0 satisfying
/ (-, 8) — 752 < 02/ Vno(o ) forall £>0 and &€ (0,1),
Q Q

where ng = ﬁ J mo, whence we obtain from (6.5) and (6.6) that

t+1
/ / e — g2 < C1Cy forall £>0 and e € (0,1), (6.7)
t Q

and that 1
/ / n. — 752 < Chey forall £>1; and =€ (0,1), (6.8)
t Q

respectively. Since V - u. = 0, and since mg > 0 is a constant, we test the third equation in (2.1)

26175/‘“a O + /‘We —/(na(wt)—no)ua-w (6.9)

for all t > 0 and € € (0,1). Another application of the Poincaré inequality yields C3 > 0 such that

by u. to have

/ (- B < 03/ Vue(t) forall t>0 and € (0,1), (6.10)
Q Q
whereupon we invoke (1.7) along with Young’s inequality to attain

[ (netest) = e V6 <0l [ nlcot) = ] e 1)

03||V¢H -
<ser /]ua )2+ L (9)/ t) — 7ig)>2 (6.11)

Vo[ 10
/VUE ) 2 3H 2HL /Q(ne('at)_no)Q

for all t > 0 and ¢ € (0,1). Substituting (6.11) into (6.9), we derive

d __
G |1t 0B + [ Va0 < Cll Vol [ (et~ )
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for all t > 0 and € € (0,1), which in conjunction with (6.10) implies

d
G 0P+ g [utoor+ g [ 19t

(6.12)
< Vo|2 e / (ne (-, 1) — 75)?

for all t > 0 and ¢ € (0,1). Recalling (6.7), we apply [47, Lemma 3.1] to (6.12) to obtain that

ot C1C2C5||V 92
/|U£(‘ut)’2§€ 253/!u0|2+ e NG (6.13)
Q Q

1—e 2C

for all t > 0 and € € (0,1). Now, for each ¢ > 0, let us choose to > t; sufficiently large fulfilling

~k-h 6
04 e 20 < Z

Then for all ¢ > t9 once more drawing on [47, Lemma 3.1], we combine with (6.8) and (6.13) to

e CaCol[ V1
§1C203 S
[ lutof < [ jut e + =
&2 l—e 20
_ty—ty §1C2C3||V<Z>HLOO
Se 2C3 . 04 +
1-e g
) §IC2C3HV¢H20<>(Q)
4 1
1—e 2
for all ¢ € (0,1), and hence taking ¢ := sa(l-e *%) —— we integrate (6.12) on (¢,t + 1)

40203“V¢HL<>0 Q)( —e 2C3)
for each t >ty and employ (6.8) to achieve that

1 t+1
o[ 19l < [ e of + aCaCull Vol o
t Q Q

102C3]| V|7 o
<G+ 2+ GGV 6] (6.14)
1 . L>(Q)
1—e 2@
@ _ s
<GP
for all € € (0,1). Thereby, with ¢ := min{Ca¢1, s}, (6.3) and (6.4) result from (6.8) and (6.14),

respectively. The proof is completed. O

Based on Lemma 6.2, we are able to achieve the following temporally ultimate estimates for u.
through a well-established argument (cf. the proof of [47, Lemma 3.3)).

Lemma 6.3 Let 0 € [0,3) and | = 2, and let (3.2) hold for w > 0 provided by Lemma 3.3.
Then there exists m € (0, 1) such that for any ¢ > 0 one can take t. := t.(s,n9,uo) > 0 with the
property that for each o € [, 1 + 1], any r € [3,3+m] and all € € (0,1)

||u5(',t)HL7‘(Q) + | A%ug (-, )HLz <<s forall t>t,. (6.15)

Proof. The detailed reasoning can be found in [47]. O
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6.2 Further ultimate regularity of (n.,c., ue)ge(m)

Now, again relying on the decay features provided by Corollary 6.1, we can turn the bounds as
asserted by Lemma 6.3 into eventual Holder regularity.

Lemma 6.4 Let 0 € [0,3) and | = 2. Suppose that (3.2) is satisfied for w > 0 chosen by Lemma
3.8. Then there exists v € (0,1),ty := t,(no,up) > 0 and C > 0 such that

ue(-s )l pee(y < C forall t>t, and €€ (0,1), (6.16)

and that

||UEHC"”%(§><[t,t+1}) <C forall t>t, and € (0,1). (6.17)

Proof. With n; € (0, i) as picked in Lemma 6.3, we let ag := % + %,a = % - ﬁ,rl =
34 3n1,72 := 3+ 2m and 73 := 3+ 11. Then upon elementary calculations, we have
3 1+3m 3 14 3m 3 3
@0 2 2 2 2(1 —|-771) 2 7“17 ( )
9 172
rg:=34+m < —+1546m = (6.19)
m L —T2
and 1 3 1 1
- - _ Z 6.20
27T 1 21y 1 (6.20)
due to m1 € (0, 1), as well as
1 3/1 1 3 3 1 3 1 1
—a—=— === ) ===+ _ - _ = I
2 2\r 6 47 6+3m 2 2\3x2m 6
3,3 13 1 (6.21)
4 6+4m 2 6+4m 4

From Lemma 6.3 and Corollary 6.1, it can be inferred that there exist ¢ > 0 and C; > 0 such that
[A%uc(- )| L2) < C1 and  Juc(-,t)|prs) < C1 forall t>¢; and € € (0,1), (6.22)

as well as that 1
/ / |Vn|><C; forall t>t and €€ (0,1), (6.23)
t Q

where along with (2.9) and the Poincaré-Sobolev inequality, (6.23) implies that
t+1 t+1
/ e (-, 8) = 0|76 0y ds < 02/ / |Vne|?> < C10y forall t >t and €€ (0,1), (6.24)
t t Q
with some Co > 0. Now, for all € € (0,1) and each T' > t9 :=t; + 1, we let

Ue(T) := sup [[A%uc(-t)||2(), T >t2, €€ (0,1). (6.25)
te(ta,T)
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Thanks to (Yzue - V)u: =V - (Yous @ ue) (cf. [30, p.165]), the variation-of-constants representation

of the third equation appears as

ue (-, t) = Aue(-t —1) — / e DA DIV . (YVoue (-, 8) @ uc(-, 5))]ds
t—1

t
+ [ eI Plnl,s) ~ ) Volds (620
t—1
=u1e(, 1) + uge (-, t) + use(-,t) forall ¢ >ty and €€ (0,1),

due to the fact that mg = ﬁ Jono > 0is a constant. Applying A* on both sides of (6.26) and

drawing on standard LP-L? estimates for the Stokes semigroup, we can find C3 > 0 satisfying

[A%u1z(- )| o) < Cslluc(t = 1)[[zrs@) < C1C3  forall t >ty and € € (0,1). (6.27)
Similarly,
t ,a,1,§<;,1)
4% Bl < o [ (6= B ) @ s (629)
t—1

for all t > ¢ and € € (0,1), with some Cy > 0. Since A* and Y. are commutative on D(A3°), and
since Y. is nonexpansive on L2(f2), we invoke the Holder inequality together with the embedding
D(AS°) < L™(Q;R3) which is guaranteed by (6.18) to obtain C5 > 0 and Cg > 0 such that by

(6.22) we derive
[Yeue(-, 8) @ ue (-, 8)|| L2 () <COsl[Yeue(:, S)HLH(Q)HUE("S)HL%(Q)

_ (i —rarg (ry—ra)rs
<Co| A% Yeue (-, 8)ll L2 (@ llue (- )| oo () el )l s ()

_(ri=ra)r3 (ri—rg)rg
<G| A" uc (-, 8) | L2(ollue (5 8) | oo ) (s 8l oy ()
(r1=ra)rs 1-{r=r2rs
<Ci " Colluc(s8)llp)™  forall s>t and e€(0,1).

(6.29)
In view of (6.25), (6.21) and the embedding D(A§) < L*>°() that is warranted by (6.20), we insert
(6.29) into (6.28) to achieve that

1_(r1=r2)r3

||Aau25(‘,t)||L6(Q) < C7U: iz (T) for all t € (tQ,T) and ¢ € (O, 1), (6.30)

with some C7 > 0. Thanks to o < % which is implied by 71 < i, it can be derived from standard
smoothing features of the Stokes semigroup ([30],[12, p. 201]), the boundedness properties of P in
LS(;R3) ([11]), (1.7), the Holder inequality and (6.24) that

t
[A%use (-5 D) Lo ) SCs/t (E=8) 7 Pl(ne(:, 5) = m0) Volll Loy ds

t
<Cy / (t— 8)Ine (-, 8) — 5] Loy ds
t—1

<Cy </:1(t - s)—2ads>5 (/; (. 5) _%‘EG(Q))% (6.31)

1 1

313
g% forall t >ty and €€ (0,1),

(1-2a)2
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with Cg > 0 and Cg > 0. Collecting (6.26), (6.27), (6.30) and (6.31), we can find Cjo > 0 fulfilling
1_(ri=ra)r3
[A%ue (-, )] o) < Cro+ C1oUe ™™ (T) forall t € (t2,T) and €€ (0,1), (6.32)
from which it follows that

Us(T) < max{1, (2010)“111:22”3} for each T >ty and all ¢ € (0,1). (6.33)

Thereby, again by the embedding D(Ag) — L>°(€), (6.33) implies (6.16). Apart from that, for
71 € (0,200 — ), (6.33) together with the embedding D(Ag) — C7(;R3) also provides Ci1 > 0
having the properties that

[ue(-t)llcm@ < Cu forall >ty and €€ (0,1). (6.34)

Based on the previous choices of the parameters fulfilling (6.18)—(6.21) and on the estimates
achieved in (6.22) and (6.24), a standard modification of the above arguments ([8]) enables us
to find Cy2 > 0 and 72 € (0, 1) such that for all € € (0, 1)

A% (- 1) — A% (1) || o) < Cra(t —t')7? for any t' >ty and te [t',¢' +1]. (6.35)

With appropriate smallness choice of v € (0,1), (6.17) thus results from (6.34) and (6.35). O
With Lemma 6.4 at hand, we intend to detect eventual regularity properties of n., which also
rests on appropriate ultimate estimates of Vcé_e besides Lemma 6.4, so in the following let us
provide temporally eventual L*-bounds for Vcl=? at first.
Lemma 6.5 Let 0 € [0, %) and 1 = 2. If (3.2) is fulfilled with w > 0 picked by Lemma 3.3, then
one can find C > 0 with the properties that

AL
/ Vel O <C forall t>0 and € (0,1), (6.36)
Q CE('at)
and that
1|yt
a3 <C forall t>0 and € (0,1). (6.37)
Q €
Proof. Upon integration by parts, we derive from the second equation in (2.1) that
d/ Ve |? 9 Vee - Ve, Ve |cet
o ¢
Ve Ve |?
=2 = .V(Ac. — F.(n.)ce —u. - Vee) — | 2E| (Ace — F.(ng)ee —ue - Vee)
Q Ce Q0 C
Ac.|? 2 F 2
__2/ ‘ Ce’ yvce‘ —Q/VFE(TLE)-VCE—/ =(ne)|Vee|
Q Q Ce
A 2
+ 2/ ce (ue - Veg) — / ‘V62€| (ue - Vee)
Q Ce o G

(6.38)
for all t > 0 and € € (0,1). Recalling [26, Lemma 3.2], we combine with (2.10) to obtain C; > 0
and C5 > 0 such that

Ac.|? 2 4
—2/ |Ace] +/ ]Vc;\ Ac. < —C’l/ % +Cy forall t>0 and €€ (0,1). (6.39)
Q Q G Q G
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Apart from that, along with (2.4) and (2.10), two applications of Young’s inequality entail that

—2/ VF.(n:) Ve =— 2/ F!(n:)Vne - Ve
Q Q

Sg/ vC€|2+03/ Vi, |2
4
/‘ cel —l—c/c —i—Cg/\Vns\z

Ve
< [ C;' +dllenle ey |9+ Ca [ (9P

with any ¢ > 0 and C3 = C3(s) > 0. Thanks to V- u. = 0, it follows from integration by parts that

2 2
. .D2%. .V
/ ’v%‘ . Ve.) = /|vc5\ U -V ( );/ Ue - VIV :2/ Ye G VCe
Q Ce Q Ce

for all t > 0 and € € (0,1), and hence

2
2/ AC[—: (Ug . VCE) o / |vc2€| (Ug . VCE)
Q Ce Q Ce

(6.40)

2 . . 2
—2/ |Vc;| (ue - Vez) — 2/ Vee - Vlue - Vee) WC;' (ue - Vee)
b g “ @ (6.41)
Ve | Vee - Vue - Veg ue - D?c. - Ve,
2 (ue - Vee) — 2 _9 | T = T
Ce Q Ce
Vee: chs Ve forall ¢t >0 and €€ (0,1).
€
Again by Young’s inequality and (2.10), we obtain from (6.41) that
A 2 . :
2/ Ce (. - Veo) — |V025| (e - Vo) = — 2 Vee - Vue - Vee
Q Ce o ¢z Q Ce
\V4 4
S</ | c€| + 04/ ce|Vue|? (6.42)

Ve, |4
<</’ : T Culleoll (o /mr?
Q C

£

for all t > 0 and ¢ € (0,1), where ¢ > 0 is arbitrary and Cy = Cy(s) > 0. Moreover, for each ¢ > 0,
another utilization of Young’s inequality together with (2.10) yields C5 = C5(s) > 0 satisfying

Vee|? Ve |
/I Cel Sc/' c;l —{—05/05
0 G o ¢ Q

Vel (6.43)
Sc/ CC; + Csllcoll oo (|2 forall >0 and e € (0,1).
Picking ¢ = Cl , we substitute (6.39), (6.40), (6.42) and (6.43) into (6.38) to achieve that
d/ ‘VC€|2 +/ ‘VCSP + ﬁ lvca‘zl
dt Q Ce 0 Ce 4 Q Cg’
Cillcol| oo () 1€ 6.44
<Csy + 1 @ +C3/ ’Vn5|2+C4HCo|Loo(Q)/ |Vu5|2 ( )
Q Q

+ Csllcol| oo (| forall ¢ >0 and €€ (0,1).
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Since Corollary 6.1 ensures the existence of Cg > 0 fulfilling

t+1
/ / |Vne|? < Cs forall t>0 and e € (0,1),
t Q
and since Lemma 4.3 provides C7 > 0 such that

t+1
/ / |Vue|* <Cy forall t>0 and ¢ € (0,1),
t Q

we let Cg := Cy +
3.4] to (6.44) to derive that

(- )2 2
/ [Vee(, 1)l g/ Veol” - O forall £>0 and € (0,1), (6.45)
Q Q —€

Chllcoll? s |92
M + 306 + C1Crl|co|| oo (@) + Csllco || oo (0 [$2] and apply [36, Lemma

1

which along with (1.8) shows (6.36). Combined with (1.8) and (6.45), an integration of (6.44) on
(t,t + 1) implies that

[t ] T )
t Q 03 o Q CE('vt) ®

2 C
/ [Veol n 8 4+ Cs forall t>0 and €€ (0,1),
a € 1—e1

VAN
S ofe

as claimed. O
Lemma 6.6 Let 0 € [0,1) and | = 2. Assume that (3.2) holds for w > 0 taken by Lemma 3.3.
Then there exist t, = t«(ng,co,up) >0 and C > 0 such that

‘|VC;_9("t)||L4(Q) <C forall t>t, and € (0,1). (6.46)

Proof. Upon integration by parts, it can be derived from the second equation of (2.1) and from
the equality Ve, - VAc. = LA|Ve.|? — [D?c.|? that

d |ch|4 |Vc€|2
dt 0 Cg’

Vee - V{Ac. — F.(ne)ce —ue - Ve }

3/ |Vca\ {Ace — F.(ns)ce —ue - Ve }

2 FI 2
_2/ Vel e - / Vel e, /”E Vel g, . vn,
F 4 2
/ nE |VC€| 4/ ‘Vc€| v V(UE VCE)
v 4A F.(n:)|Ve:|* Ve |4
-3 | Ca‘ Ca / na‘ Ca| 3/ #(Ua‘vce) (6.47)
Q Q G
V|V v Ve |?
7‘ | ga‘ | 4/’ f,j‘ |D205|2—|—6/ Cj' Ve - V|Ve|?
Q Ce Q G Q  Ce
_3/ Ve |*Ac, _/ F.(n.)|Ve:|* +2/ Ve 0|Ve:|?
cd Q c3 o0 Ov

/ 2 2
/ Fl(ng ‘V05| Zeme)lVeel gy, _4/ !Vca\ Vee - V(ue - Vee)
Q

E

i
3/ ’vc‘f‘ (ue - Vee) forall ¢t >0 and €€ (0,1).
Q €
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For the first four integrals on the right-hand side of (6.47), we dispose in line with the reasoning of
[40, Lemma 3.4] to obtain C > 0 such that

V|V 2 2 N
7‘ Vel 4/|vc§‘ |D2cgl2+6/ ’ch| vca-vlvca!?—?,/WCE'4 €
Q CE Q Cs O C

Ve |? Vel
S—Cl/ Vel \D2c€2—C'1/ | C5£| forall t>0 and €€ (0,1).
Q Q G

(6.48)

Since [28, Lemma 4.2] provides Cy > 0 satisfying 8'375"2 < Cs|Vep|? for each o € C%(Q) fulfilling
g—f = 0 on 012, and since a combination of [7, Theorem 4.24 (i)] with [7, Proposition 4.22 (ii)]
implies the compactness of the embedding Wm+%’2((2) < L2?(09) with m > 0, we can find C5 > 0
such that

Vel? 0|Ve|? Ve|! i
2/ ’ C;‘ ) ‘ 05’ <20, % = 512C9 |V6é’2
o) Cz ov 0 Ce

2 2

1
< Csl[|Ved)?

L2(89)

wmts2(q)
(6.49)

for all ¢ > 0 and € € (0,1), and whereafter for m € (0, 1) an application of the Gagliardo-Nirenberg
inequality yields that

2 1
2 <Cj Hvyvch
wmts2(Q)

1

<2C5 {vach

1
‘]Vcé\

o

L2(Q

-« LQ(Q)} (6.50)

2
L*(Q) }

for all t > 0 and € € (0, 1), with some C5 > 0. Applying Young’s inequality to the right-hand side
of (6.50), we further have

2

L2(Q)}

1
20 {vacg ?
L i i
Sq/ ‘V\Vcé[ +C’6(§1)/ Vel | +2c5/ Vel |
Q

2m—+1 1
Vel |?

1
+ Hyvcg 2

L2 (@)

2m—+1

1
+ ”]ch‘|2

L*(Q)

<1 2Ve, - D?c, 3 VCE|VCE|2 Cs(s1) + 2C5 Ve |* (6.51)
256 % 2 Cs 256 Q Cg
/ \ch| ‘ ’2 951 Ve | N Cs(s1) +2C5 Ve
=33 =l T2 2 256 .
Vee|? Ve.l|® Ve 2
_32/ ‘ €| |D2 5’2 | E‘ —l—C / | E’

for allt > 0 and € € (0, 1), where ¢; > 0 is arbitrary and Cs = Cg(s1) > 0 as well as C7 = Cr(s1) > 0.
With the choice of ¢; := 4C1, (6.51) together with (6.36) provides Cg > 0 such that

1 2
{HV\VcéI }
L2(Q) L2(Q)

/ \Vcel |D2 Cl \V05|6

2m—+1 1—

1
yvcg|2

H|Vc
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for all t > 0 and € € (0,1), which thus along with (6.49) implies

2 2 2 6
2/39 Ve a|wg| /IVcs\ D% 2+C;/Q|VCC;’ L O (6.52)
€

3
3
for all t > 0 and € € (0,1). For each ¢2 > 0, we invoke Young’s inequality and combine with (2.4)
and (2.10) to obtain Cy = Cy(c2) > 0 fulfilling

F/ 2 6
— /WV%'VW <<2/ WC;’ +09(§2)/65\Vn5!2
Q o C Q

CQ
Ve. |8
<o [ Vel | o) leollzmcoy [ 1w
Q Ce Q

forall t > 0 and ¢ € (0,1). Since Lemma 6.4 provides t; = t1(no,up) > 0 and Ci9 > 0 such that

(6.53)

|ue(-st)||pee() < Cro forall >t and ¢ € (0,1), (6.54)

we again make use of (2.10) and Young’s inequality to attain

4 5
3/ ‘VC:| (ue - Vee) §3C10/ ‘VC45|
Q  Ce o G

L Ve |?
<3Cullali~ | g (6.55)
Ce
Ve |8
<¢ Vel (s2)
for all t > t; and € € (0,1), with C11 = Ci1(s2) > 0. Through integration by parts, we have
2 QA D
—4 WC;' Ve. - V(ug - Ve.) =4 LCEL) % (u, - / Ve Dee: VCE( u. - V)
o C Q & (6.56)
A )
12 |Vc45| (ug - Vee) forall ¢t >0 and €€ (0,1),
o C

where from |Ac.| < v/3|D?c.|, (6.54), (2.10), Young’s inequality and (6.36) it follows that

2
4 / Vel e, Ge.) <avon / ‘V%' |D%.|
Q C C
v Vel
/‘ 6| 5\24‘012 (s2) /’ ¢l

VEQ V|6 Vee|?
<2/I | D2 + /! |—|—013§2/| |

‘ 5| 2 2 ’v 5
SQ/QC:;‘D o +a [ B2 ()
with Ci9 = C12(§2) >0,C13 = 013(§2) >0 and Ci4 = 014(§2) >0 forallt >t and € € (0, 1), that

/Vc6 DQCE ch(u Ve.) <8Cy /\V05| |D?c.|
€ E

Vel
/ 2Ca|2+015(§2)/‘ 3|

6 2
/ 5’ ’DQ 6‘2 /|VC5’ +016 /|VC5’

5’ 2 2 ‘ ' 5
D
/ | £| 0 Cg (§2)
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with Ci5 = 015(§2) > 0,C16 = 016(§2) >0 and Ci7 = 017(§2) >0 forallt >t and € € (0, 1), and

that * 5
o Vv
_12/‘ “L e ver) <1201°/’ i
Q Ce v
1 Ve
S P -
Ce
Ve, |6
<e V| (s2)

with C1g = Ci1(s2) > 0 for all ¢ > ¢; and ¢ € (0, 1), whence (6.56) implies

Ve, |? Ve, |? \ZAL
—4/| C;’ Ver  V(ue - Vee) §2<2/| c;‘ ]D2c€|2+3<2/| f.f‘ + C1o(<2) (6.57)
Q C Q C Q C

for all t > t; and € € (0, 1), where C19(s2) := C14(s2) +C17(s2) + C1s(s2). With ¢y : Cl , a collection
of (6.47), (6.48), (6.52), (6.53), (6.57) and (6.55) entails that

\chl‘l |Vee|®  5C4 |V05]2 D%
dt c3 + 4 e + 8 c3 | ‘
c @ @ T (6.58)

§09(§2)HCOHLOO(Q) /Q |Vne|* + Cs + Ci1(s2) + Cro(s2)

for all t > t; and € € (0, 1), where in view of

Ve |* <ﬁ ]ch|6+1/ Ve |?
o ¢ T4 o & 1

Cy [ |Vel®
_1/’655|+020 forall ¢t>0 and €€ (0,1),
Q G

with Cyo > 0 provided by Young’s inequality and (6.36), and of the nonnegativity of % Jo % |D%c.|?,
we further derive from (6.58) that

d ]Vc€|4 /|vc€|4

(6.59)
SC'9(§2)||CO||L00(Q) /Q |Vne|® + Cs 4 Ci1(s2) + Co(s2) + Cao

for all t > ¢; and € € (0,1). Since (6.37) allows for a choice of t5 > ¢; fulfilling

to+1 4
/ / ’VC€| <C forall € (0,1),

so that for each € € (0,1) there exists t. € (t2,t2 + 1) such that

|vcs('7t€)‘4
— T 7 <
/Q 3ty

with some Cy; > 0, and since Corollary 6.1 allows for a choice of Cos > 0 satisfying

t+1
/ / |Vne|?> < Cy forall t>0 and €€ (0,1),
0 Q
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we let Ca3 := Cs + C11(s2) + Clo(s2) + Co and apply [36, Lemma 3.4] to (6.59) to achieve that

/ Ve (-, 1)]* <e~ (1) . 0y + C22C9(s2)||coll oo () + Ca3
Q

3(. — 1
o ool + € (0:50
22C9(S2)|[col| Lo 23
<Co + L_l(Q) =: Coy
1—e
for all t > t.. Thanks to 6 € [0, %), it is clear that

\chl‘l _ |VC5’4 . 03—40 < ”C |3—40 ’vc€‘4

o @ Jooa @ =lolie ) Ty

forallt > 0 and e € (0,1), which thus in conjunction with (6.60) implies (6.46), with t, = ta+1 > t..
The proof is completed. O

Now, we are in the position to establish temporally eventual L*°-bounds for n..

Lemma 6.7 Let 0 € [0,1) and | = 2, and let (5.2) be valid with w > 0 provided by Lemma 3.35.
Then one can find ty = t,(no, co,ug) > 0 and C > 0 such that

[ne(-t)[|Loo() < C forall t >t and €€ (0,1). (6.61)

Proof. Due to 6 € [0, %) and [ = 2, by Corollary 6.1, Lemma 6.4 and Lemma 6.6, we can find
t1 = t1(no, co,up) > 0 and C1 > 0 such that

[ne(, )20 < C1 forall >0 and €€ (0,1), (6.62)
and that
|ue (- )|y < C1 and ”VC;_O(‘,t)HLAL(Q) <(C; forall t>t; and €€ (0,1). (6.63)

Now, for to :=1t1 + 1, we let

L(T):= sup |[[ne(-,t)l|r=), T >t2, €€(0,1), (6.64)
te(ta,T)
and
g:(t) = 1>iOOVc;_9(-,t) Yue(t) forall t>0 and €€ (0,1). (6.65)

Then the variation-of-constants representation of the first equation in (2.1) can be rewritten as

t
ne(-,t) :eAnE(-,t—l)—/ =AY g (-, 8)ne(-, s)}ds (6.66)
t—1

for all t >ty and € € (0,1), where (¢7®),>¢ stands for the Neumann heat semigroup in Q. By

means of a standard L2-L> smoothing feature of (¢72),>¢, we can find Cy > 0 such that
leAna(-,t — Do) < Colne(-t = 1|2y < C2C1 forall t >ty and e €(0,1), (6.67)
because of (6.62). Observing from (6.63) and (6.65) that

19e(D)llz2@) < C3 for all t >ty and e € (0,1),
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with some C3 > 0, for each fixed [, € (3,4) and any given T" > ¢y we invoke [10, Lemma 3.3]
together with the Holder inequality, (6.64) and (6.65) that

t 3

_1_3
§C4/ (t—S) 2 2 gE('as)nE('aS)HLl*(Q)ds
Lo (Q) t—1

/t—1 =92V . {g.(-, 8)ne(-, s)Hds

t _1_3
<Ci [ =9 )il s

ne(-, S)HLoo(Q) [[me (-, 3)”L2(Q)d3

t 1_3
§C403/ (t—s)_Q_Ql*
t—1

e 145k ¢ _1_3
<C,\™ G304 ™ (T)/ (t—s) 27 2ds
-1
(6.68)

for all t € [t2,T) and ¢ € (0, 1), with Cy > 0 provided by [10, Lemma 3.3]. Since I, > 3 warrants
1 3

the finiteness of ftt_l(t — §) 27 2xds, it can be inferred from (6.66), (6.67) and (6.68) that there

exists C5 > 0 with the property that

a1,
supne(z,t) < Cs + CsTe 2 (T) forall t> [t2,T) and € € (0,1),
€

which actually implies
T.(T) < max{1, (2C5)i-=} for each T >t and all ¢ € (0,1).

As a consequence, we achieve (6.61) by letting 7' — oc. O

6.3 Higher order ultimate regularity of (n.,c., u:).c(,1)

The temporally ultimate estimates attained previously are sufficient to allow direct utilizations of
consequences on parabolic Holder regularity, and of Schauder theories for the linear inhomogeneous
heat and the Stokes evolution equations, so as to achieve higher order regularity properties of
(ne, ce, ue) in large time.

Lemma 6.8 Let 6 € |0, %) and | = 2. Suppose that (3.2) is fulfilled with w > 0 picked by Lemma
3.3. Then there exist v € (0,1) and t. = ti(no,co,ug) > 0 such that for any T' > 0 one can find
C = C(T) > 0 satisfying

+ [ ue || <C (6.69)

HnEHCQ"’%l"'%(ﬁx[t*,T]) + ||CE||02+%1+%(§x[t*,T]) CHII S @x ([t 1)) =

for all e € (0,1).

Proof. As in the reasoning of Lemma 6.7, we write the first equation of (2.1) in the version of
One = Ange — V- (nege(z,t)), z€Q, t>0, €€ (0,1), (6.70)

with

X0
1—
From Lemma 6.4, Lemma 6.6 and Lemma 6.7, it can be inferred straightforwardly that there exist

t1 = tl(no, co, UQ) > 0 and C7 > 0 such that

ge(x,t) == GVC;_G(:L‘J) +us(z,t), z€Q, t>0, ¢€(0,1). (6.71)

[ne( )L < C1 and  |[[ge(,t)|lpa) < C1 forall t>¢ and €€ (0,1). (6.72)
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Thereby, in accordance with [29, Theorem 1.3], we can find v; € (0,1) such that for any T' > t9 =
ta(no, co, up) := t1 + 1 there exists Cy = C2(T") > 0 with the property that

Hn5||cﬂ/17w71(ﬁx[t2ﬂ) < (Cy forall €€ (0,1). (6.73)

This in conjunction with the regularity properties of F. and with Lemma 6.4 implies the existence
of 72 € (0,1) and t3 > to such that for any T > t3 both F.(n.) and u. comply with e-independent
regularity of 7%, and hence we invoke parabolic Schauder theory ([18]) to choose v3 € (0,1)
such that for each T' > t4 = t4(no, co,up) :==t3 +1 and all € € (0,1)

< Oy (6.74)

||CE”02+'y3,1+l}(§><[t47,1_,]) >
holds with some C3 = C3(7T") > 0. Thanks to (6.72) and the fact that F.(s) < s for s > 0, it follows
from the second equation in (2.1) that

Orce > Ace — Cree —ue - Ve, in QX [t;,00) forall €€ (0,1),

which combined with the comparison principle provides a subsolution, that is ¢(x, t) :== Cye= 1%, (z,t) €
Q x [t1,00) with Cy := inf,eq co(x) > 0 because of (1.8), and whereby for each T' > t; we have

ce > C5(T) := Ce™ T in Qx [t1,T] forall ee (0,1). (6.75)

From (6.74) and (6.75), it is not difficult to infer that for each 7' > ¢4 and all € € (0, 1) there exists
Cg = CG(T) >0 fulﬁlling

Vee

Ce

”V Inc. Hcl+“/3»“/3 (% [ta,T]) —

< Cg. (6.76)

C1+713:73 (Qx [tq,T])
Letting G, := céfe, we derive from an elementary computation that
0G: = AG: + (0VInc, —u.) - VG — (1 = 0)F.(n.)G: in Q x (0,00) forall €€ (0,1), (6.77)

where Lemma 6.4 along with (6.76), (6.73) and the fact that F. € C°°([0,00)) shows that both
of the coefficients functions 6V Inc. — u. and (1 — 0)F.(n.) enjoy e-independent 074’%4—regularity
properties in Q x [t5, T], with some 74 € (0,1) and t5 > t4 as well as any fixed T > t5. Another
application of parabolic Schauder theory to (6.77) provides 75 € (0,1) with the property that for
each T' > tg = tg(no, co, up) := t5 + 1 we can choose C7 = C7(T) > 0 such that

HGg\\CH%,H%@X[tm) < Cy forall € (0,1). (6.78)
Since (6.70) can be also rewritten as

One = Ang — ge(z,t)Vne — he(z,t), z€Q, t>0, €€ (0,1),
with g- as in (6.71) and with

he(x,t) ::MAcl_g(x,t)

1—6 c
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and since Lemma 6.4 together with (6.78) and (6.73) guarantees the existence of v¢ € (0,1) such
that for any T > tg and all € € (0,1)

< Cy

) + th”c'YG’WTG(ﬁX[tGyT]) o

”gs”mﬁ%ﬁ(ﬁx[tﬁ,ﬂ
with Cg = Cg(T") > 0, we once more employ parabolic Schauder theory to find v7 € (0, 1) complying
with the property that for all T > t; = t7(no, co, up) := tg + 1 there exists Cg = Cy(T") > 0 fulfilling
< Cy forall €€ (0,1). (6.79)

||n€ ||CQ+’Y7:1+,YT7 (ﬁX [t7,T])
In light of Lemma 6.4 and (6.73), a standard argument concerning with Schauder estimates for the
linear inhomogeneous Stokes evolution equation ([31]) admits a choice of 5 € (0,1) such that for
each T' > tg = tg(ng, co,up) :=t7+ 1 and all € € (0, 1)

||u5||02ﬂ8,1+778@X[tsﬂ) < Cyp forall €€ (0,1)

holds with some C19 = C19(T") > 0, which in conjunction with (6.79) and (6.74) implies (6.69) and
thus completes the proof. O

6.4 Ultimate regularity of (n,c, u)

By means of the Arzela—Ascoli theorem, conclusions on eventual regularity of (n,c,u) result from
the compactness provided by Lemma 6.8 directly.

Lemma 6.9 Let § € [0,1) and | = 2. If (3.2) holds for w > 0 chosen by Lemma 3.3, then
one can find t, = ti(no,co,uo) > 0 having the property that for each (¢j)jen C (0,1) complying
with € — 0 as j — oo there exists a quadruple (n,c,u,P) € (CQ’I(QX [t*,oo)))2 x C%HQ x

[te,00); R3) x CHO(Q x [ty,00)) of functions and a subsequence (gj, )ren such that as e =ej, — 0

ne —=n in C?YQ x [ty,0)),
ce »c in C*YQx[ty,00)) and (6.80)
ue = u in CPHQ x [ty,00); R3),

and such that (n,c,u, P) solves (1.4), (1.5) and (1.6) classically in 2 X [t,, 00).

Proof. In accordance with the Arzela—Ascoli theorem, Lemma 6.8 along with Lemma 5.2 allows
for an extraction of (g, )ren C (€5)jen such that as e = ¢, — 0 the convergence asserted by (6.80)
is fulfilled, we thus achieve the classical solvability of (1.4), (1.5) and (1.6) in Q x [t,, o0) by letting
e = ¢, — 0 separately in each representation of (2.1), with appropriate construction of P through
the approach used in [30, 33]. O

7 Asymptotic stability. Proof of Theorem 1.2

The aim of this section is to provide convergence rate of (n,c,u) toward a homogeneous constant
equilibria as t — oo. Firstly, let us detect the constant equilibria based on the fundamental relax-
ation properties implied by Corollary 6.1 and by the absorption mechanism in the second equation
of (1.4).
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Lemma 7.1 Let 0 € [O,%) and | = 2, and let n,c and u be the limit functions provided by
Lemma 6.9. Assume that (3.2) is valid for w > 0 complying with the hypothesis of Lemma 3.3. We

have
n(-,t) = ng, c(,t) =0 and u(,t) =0 in L®(Q) as t— oco. (7.1)

Moreover, with t, = t,(ng, co,ug) > 0 as chosen by Lemma 6.9, there exists C > 0 satisfying

Ve, )[*
Q CS('a t)

Proof. Corollary 6.1 ensures the existence of C; > 0 such that

< C forall t>t,. (7.2)

/ / |Vn 2 <, forall ee(0,1), (7.3)
0 Q

which implies
t+1
/ / |Vne?> =0 as t— oc. (7.4)

By the Poincaré inequality and (2.9), we can find Cy > 0 fulfilling

t+1 t+1
/ /|na—no|2§02/ /|Vn£|2 for all + >0 and ¢ € (0,1),
t Q t Q

whence combining with (7.4) we obtain that
t+1
/t |Ine(-, s) — TTOH%Q(Q)ds —0 as t— oo. (7.5)

From Lemma 6.8, it can be inferred that there exists ¢; = t1(ng,co,up) > 0 such that g(¢) :=
Ins(-,t) — nT)H%z(Q) is uniformly continuous on (¢;,00), and hence thanks to (7.5) we recall [45,

Lemma 8.1] to see that actually g(t) — 0 as t — oo, i.e.
ne(t) —»mp in L*Q) as t— oo. (7.6)

Since Lemma 6.8 implies the fact that with some to = t2(ng, co, ug) > t1, (ne(+,t))i>e, is relatively
compact in C°(€2), we thus deduce from (7.6) and an Ehrling-type lemma (cf. [26, Proof of Theorem
1.2]) that

[e(-st) = Mol o) = 0 as ¢ — oo.

This together with Lemma 6.9 entails that
[n(-,t) = Mol o) = 0 as ¢t — oo. (7.7)

Testing the third equation in (2.1) by u., we attain

1 t 1 t
! / (- 8 + / / Veel? < / fuof? + / / nou. -V (7.8)
2 Jo 0o Ja 2 Jo 0o Ja

for all ¢ > 0 and £ € (0,1). Again invoking the Poincaré inequality, we obtain C3 > 0 with the
property that

/|u€(-,t)]2<03/ Vue( ) forall £>0 and &€ (0,1). (7.9)
Q Q
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For the second integral on the right-hand side of (7.8), due to V- u. = 0, we integrate by parts and
combine with Young’s inequality, (1.7), (7.9) and (7.3) to derive that

/Ot/gngua.vqs:_/ot/gmg.vna

1 gt ,  Caldllie /t/ 9
_ 1 w2y o) Un 7.10
203/0/Q|6| > OQ| | (7.10)
t 0103 ¢) 200
g;//’vue’2+H2HL(m forall ¢ >0 and € (0,1).
0 JQ

Substituting (7.10) into (7.8) yields that

/ / |V, |? /Q|uo!2 + C’ngHqﬁH%m(Q) =:Cy forall t>0 and €€ (0,1),

because of the nonnegativity of [, |ue|?, and whereby relying on (7.9), Lemma 6.8 and Lemma 6.9

we proceed along the arguments of (7.7) to achieve that
u(, )]z =0 as t— oo. (7.11)

Multiplying the second equation in (2.1) by c., we integrate by parts to have

(o) (o] 1
/ /\V05|2—|—/ /Fg(na)ca < 2/c3 for all e € (0,1). (7.12)
0 Q 0 Q Q

In line with the reasoning of [41], (7.12) combined with Lemma 6.7 can yield that
leeC )l i) =0 as ¢ — oo. (7.13)

Since Lemma 6.8 together with the Arzela—Ascoli theorem implies the relative compactness of
(ce(+,1))tst; in CY(Q), with some t3 = t3(ng,co,up) > t2, we infer from (7.13) along with an
Ehrling-type lemma that

HCE(-,t)HLoo(Q) —0 as t— oo,

and thus by Lemma 6.9, it follows that
(-, t)|[ Loy — 0 as ¢ — oo. (7.14)

Consequently, (7.1) is valid from (7.7), (7.14) and (7.11).
Recalling (6.60) in the proof of Lemma 6.6, we can find ¢. > 0 with the property that there
exists C5 > 0 fulfilling
|VC5('7 t) ‘4
Q Cg('a t)

Since Lemma 6.9 provides t, = t.(ng, co,ug) > to such that ¢ — ¢ in Cfoc (ﬁ X [ty oo)) as e — 0,

<Cs forall t>t. and €€ (0,1). (7.15)

with ¢ > 0 being valid from (5.22) and (1.8), (7.2) thus results from Fatou’s lemma in conjunction
with (7.15). The proof is completed. O
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Now, with t, = t.(ng,co,up) > 0 chosen by Lemma 6.9, we take ¢, as an initial instant and

consider the following initial-boundary value problem

(nt—l—u-Vn:An—XoV‘(C%Vc), T €N, t> 1y,
¢t +u-Ve= Ac—cn, rEQ, t> 1y,
u+ (u-V)u=Au+ VP +nVe, V-u=0, T €, t>ty, (7.16)
%:7—0 u =0, r €0, t>t,,

L 1, (2) = 0l te), e, () = e b)), ug, (o) = (-, ty), = €.

Based on the second equation in (7.16), a comparison-type argument resembling that of [52
Lemma 2.1] yields the convergence rate of ¢ with respect to ¢ as follows.

Lemma 7.2 Let 6 € [0, %) and I = 2, and let (3.2) be satisfied for w > 0 provided by Lemma
3.8. Then for any < € (0,7g) there exists Tc > ty such that for all t > T

(- )] oo ) < lleoll oo qye™ 0T (7.17)

holds.
Proof. For the subsystem of (7.16), i.e

c+u-Ve=Ac—cn, x €8, t>t,,
g =, €0, t>t,,
e, () = (v, ty), T € €,

one can derive (7.17) from a similar application of the convergence concerning with n in (7.1), as
in the proof of [52, Lemma 2.1]. O

Thanks to 6 € |0, %), the ultimate boundedness property of fQ ‘%;"4 in Lemma 7.1 enables us
to turn the convergence rate of ¢ claimed by Lemma 7.2 into that of Ve and of Ve!'=? within
appropriate topology.

Lemma 7.3 Let 0 € [0, %) and | = 2. Suppose that (3.2) is fulfilled for w > 0 picked by Lemma
3.83. Then for each ¢ > 0 one can find T, > t, with the property that there exists C > 0 satisfying

IVe(, 1)l <C’Hco||L e 1T fop qll ¢ > T, (7.18)
and
1962 1)l sy < Clleallimigye T DT for ail +> 1T, (7.19)
Proof. Since Lemma 7.1 provides C7 > 0 such that
L4
ng’g’ < forall t>t, (7.20)
Q ¢y

we combine with Lemma 7.2 to deduce that

/Q’vc(.jt)ﬁ: M (,t

o ()

)
et gy [ T

c3

<Cleol|Foe (e 0-)=T9) for all t > T,
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which implies (7.18). Observing from 6 € [0, 3) that 3 — 46 > 0, we once more make use of (7.20)
and Lemma 7.2 to obtain that

Vel Bt _ [ [Ve(.t )\4

B340

10/ o t

0 A0 Jo Bt (1)

<H 3 40 |Vc( ,t

S ALt

0 9 a
<Cl”c(]”ioo4(9) (3=40)mo—)(t=T0)  for all t > T.,
as asserted. The proof is completed. ([

With Lemmas 7.2-7.3 at hand, it is possible to derive the convergence rate of ¢ and n with
respect to ¢ in respective topology as stated in Theorem 1.2 through appropriate utilization of
smoothing features of the homogeneous Neumann heat semigroup.

Lemma 7.4 Let 0 € [0,3) and | = 2, and let (. € (0,min{\1, 2J°}) with Ay > 0 denoting

the first nonzero eigenvalue of —A in Q subject to homogeneous Neumann boundary conditions. If
(8.2) holds for w > 0 chosen by Lemma 3.3, then for any ¢ > 0 there exists T, > t, such that one
can find C' > 0 with the property that

e, ) lwroo () < Ce =T for all ¢t > T, + 1. (7.21)

Proof. By (. < 3"0 , we can pick ¢ > 0 small enough such that

3
Ge = (M0 —<). (7.22)
Apart from that, Lemma 6.9 allows for the choice of C7 > 0 fulfilling
()L < C1 forall t>t, (7.23)

and
[u(, ) ooy < C1 for all t > . (7.24)
For ¢ > 0 chosen by (7.22), we let T. > 0 be corresponding instant as taken in Lemmas 7.2-7.3.
Then from the variation-of-constants representation of the second equation in (7.16), i.e
¢
(-, t) = e (. TL) — / =8 In(.,s)e(, s) +ul-, s)Ve(,s)}ds  for all t > T,

T

it can be inferred that

V(s )]l ooy =[IVe™ e, )”LOO(Q)"‘/ IVe=*1%n (-, s)e(-, 5)| oo () ds

¢ (7.25)

+/ HVe(t*S)Au(‘,S)Vc(‘,s)HLoo(Q)ds for all t > T¢.
T

Since (2.10) along with (5.20) implies

HC('at)HLOO(Q) < HCOHLOO(Q) for all ¢ >0,
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we invoke [38, Lemma 1.3(iii)] to obtain Cy > 0 such that for all ¢ > T, + 1

IVe™ Tl T) | poo(ay SCo{1+ (t— T) 75 }e M T e(-, )| g
<205 ||co|l poe (| Q2] T 1) (7.26)

§2C2 ”CO ”LOO(Q) ‘Q|ie_Cc(t—T<)’

due to (. < A;. Again employing [38, Lemma 1.3(ii)], we deduce from (7.22), (7.23) and Lemma

7.2 that

t
IV el )] e s
t
<Cy [ {1+ (=) T} M, $)el-,5) | agayds
T,

t
§C2|Q|‘1‘/ {1+ (t =) 53 M n(, 8) | ooy llel, 8) | 1oy ds
T. (7.27)

t
<C1Co[Q 7 o] oo ) / {14 (t — s) 75 e () === T) g
T

t
<C105| el o (o) /T {14 (t = 5) 77 pem M09 g . =T

<Cs-e T forall t> T,

with C := C’ng|Q\% llcoll ooy Jo {1 +J_§}e*()‘1*@)”da < 00. Similarly, by means of [38, Lemma
1.3(ii)] in conjunction with (7.24), (7.18) and (7.22), it follows that

t
T Hve(t*S)Au(_, S)VC(-, S) HL"O(Q)dS

t
<Cy [ {14 (t—s)753e M) lu(, 5)Ve(., $)|La)ds
TS
t
STy Ci(ies
<Cy | {1+ (t—s)spe Ml )HU(‘,S)HLOO(Q)HVC(‘,S)\|L4(Q)d3
T, (7.28)

3 t .
§0102C4||C0||ioo(9) / {1+ (t— s)_%}e_h(t—s) e 109 (s=T3) 44
T

3 t
§0102C14HCOHI4100(Q) / {1 -+ (t - 8)7%}67()\1746)(t75)d8 . 67<6(t7T§)
Ts

<Cs-e UT) forall t>T,,

3
where Cy > 0 is provided by Lemma 7.3 and C5 1= C1CaC4lcol| oo g Jo {1+ 05 e~ M1=6)7dg <
oo. Collecting (7.25)—(7.28) and letting Cg := 202‘9’% llcoll o (@) + C3 + Cs, we have

IVe(, )|z < Coe U= T) forall ¢ >T; + 1. (7.29)

From (7.22), it is clear that (. < Ty — ¢, whence Lemma 7.2 implies that

HC('at)HLOO(Q) < HCOHLOO(Q)Q_CC(t_Tg) for all ¢t > T,

which along with (7.29) entails (7.21) and thus completes the proof. O
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Lemma 7.5 Let 0 € [0,3) and | = 2, and let ¢, € (0,min{\, (3 — 0)ng}) with Ay > 0 repre-
senting the first nonzero eigenvalue of —A in Q under homogeneous Neumann boundary conditions.
Assume that (3.2) is satisfied for w > 0 taken by Lemma 3.3. Then for arbitrary ¢ > 0 one can
find Tc > t, having the property that there exists C' > 0 such that

(-, t) — 75| oo () < Ce™ T for all t > T.. (7.30)
Proof. For any ¢; > 0, the convergence of w in (7.1) warrants the existence of Ti, > ¢, fulfilling
u(-,t)|[Loo() <1 forall t>T,. (7.31)

According to Lemma 7.3, for each ¢ > 0, one can also pick T, > t, such that

_ 3_¢ —(3-0)(g— _
chl 9(',75)||L4(Q) §01||CO||200(Q)6 (2—0)(M0—s2)(t—Tss) (7.32)

with some C; > 0 for all ¢ > T¢,. Since ¢, < (3 — 0)ng allows for a choice of ¢ € (0, min{ci,s})

sufficiently small so as to satisfy
3
< C -0 -9, (7.33)
it is not difficult to infer that for this ¢ > 0 we can find 7. > max{7T,, T, } such that both (7.31)

and (7.32) are fulfilled, that is

_ 3_9 —(3-0)(fo— _
lu(s )|y <5 and [V ()] L) < Cilleo]lfa (e PP (7.34)

for all t > T.. Now, we let N(z,t) := n(z,t) — g, and obtain from V -u = 0 and the first equation
in (7.16) that

Niy+u-VN =AN — xoV - <129V01_9) , TeEQ t>T (7.35)

and hence from corresponding variation-of-constants representation we derive that

A(t—T. ! A(t xon(+,8) o 129
IN (- 8) ooy <lleC <)N(',Tg)\|Loo(Q)+/ A el e () ds
t
+ [ [[eAIV - (ul-, )N (-, 8)) || poo(yds  for all ¢ > To.
T
(7.36)
Recalling Lemma 6.9, we can find Co > 0 with the properties that
[n(,t)|lpe) < Co and  [[N(,t)| o) < Co forall t >, (7.37)

and whereby by [38, Lemma 1.3(i)] and ¢, < A; we have

[eAETIN(, T) | Lo () <Cze M ETI| N, T) o)
302036—)\1(7&—T§) (7.38)
SCgCge_C”(t_T“) for all ¢ > T,
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with some C3 > 0. Once more employing [38, Lemma 1.3(iv)], we combine with (7.37), (7.34) and
(7.33) to deduce that

t

/ eA(tfs)v Xon( )Vclfa(', S)
1-46

C T s B

<7 / (14 (= )51 I, 5) L IV )l oy

ds
Loo(Q)

C1C2Caxollcoll oo _
< 102 41XO_H90HL (Q) {1 (t— ) %}e_)\l(t_s)e_(%_9)(n0_§)(s_T§)ds (7.39)

3_9
C1C2Cx0lcollf
< H OHL Q)
- 1-6
<Cs - e~ (=T for all ¢ > 1T,

t
T

3_9
C1C2C. [ 00 7
where Cy > 0 is provided by [38, Lemma 1.3(iv)] and C5 := —— 4X10_”90HL e R ;}e_()‘l_cn)"

do < oo due to §, < A1. Now, for I'g > 0 fulfilling

I'y > 3(0203 + C5), (7.40)
we abbreviate

T := sup {T>Tg

()| (@) < Toe T forall e (Tg,T]}. (7.41)

Along with (7.34), we again invoke [38, Lemma 1.3(iv)] to attain Cs > 0 such that for each
t € (T.,T) with T defined by (7.41)

t
. 129V - (- )N (-, 5)) || o () ds

t
1
<Cs . {1+ (t—s)"2 e M I fu(, )| oo o) [N (-, 8)|| oo ey ds
t
<sCgly {1 + (t — s)_%}e_kl(t_s)e—gn(S_Tc)ds
75

t
§§C'6F0/ {1+ (t— 8)7%}67()‘174”)(“5)&9 e~ (tT)
T

(7.42)

<CsCrToe (=T,

with C7 == [7°{1 + a_%}e_ M=oy < oo because of ¢, < Ai. Thereby, for sufficiently small
¢ < SEts and all t € (T3, T), it follows from (7.38), (7.39) and (7.42) that

[N )| oo () < We%(tﬂ) < %67471(7&*71@)'

In view of (7.41) and the fact that N is continuous with respect to ¢, this is absurd if T < oo, and
thus 7' = oo, which proves (7.30). O
By means of standard regularity properties of the Stokes semigroup, appropriate applications

of Lemma 7.1 and Lemma 7.4 achieve the following convergence rate of w.
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Lemma 7.6 Let 0 € [0,3) and | = 2, and let ¢, € (0, min{¢,, po}) with ¢, > 0 and po > 0
provided by Lemma 7.5 and by standard LP-LY estimates for the Stokes semigroup, respectively.
Suppose that (3.2) is valid for w > 0 picked by Lemma 3.53. Then for each ¢ > 0 there exists T, > t,
such that one can find C > 0 satisfying

(-, t)|| o) < Ce™ 1) forall t > T, + 1. (7.43)

Proof. For some fixed ry > 3, it is possible to choose a € (%, %), which immediately implies

3
200 > — (7.44)
To
3 3 S 3 3
and m <1 as well as m < 1. Plell’lg al € (m, ].) and as € (m, 1),

we let

r1:=rpa; and Tr9:= rpas.

Then it is not difficult to verify that

1 31 1 1 3 (3+7r0(1-2a)
oy — - (. -q--- —— 7 1) =-=1 4
Sk Lo R 2r0< 3 (7.45)
and that 31 1 3 (34 2r(1—a)
ro —
PV SO SN A (S A U Sl N 7.46
« 2(7°2 7’0)> @ 27’0( 3 > ( )

Since (7.44) allows for a choice of v € (0, 2a — %) such that the embedding D(A2) < C7(Q;R?)
holds, we are able to find C; > 0 fulfilling

191l o) < 1Yllov@rsy < CLllA%Yl[1ro()  for all ¢ € D(AT). (7.47)
According to Lemma 6.9, there exist t, = t,(no, co, ug) > 0 and Cy > 0 such that
[u( )o@y < C2 and  [|n(-,1)||fec() < C2 for all t > . (7.48)
Moreover, for any ¢ > 0, Lemma 7.1 also provides some T¢ > t, with the property that
[u(-t)[|Loe() < forall t>Te. (7.49)
Thanks to g € R, the third equation in (7.16) can be rewritten as
u — Au= —P[(u-V)u+ (n —ng)Ve] forall t>t,. (7.50)

Applying A% on both sides of the variation-of-constants representation of (7.50), we derive from

the resulting equality that

ds
L70()

t
||Aau(‘,t)||L’“0(Q) §”Aa€_(t_Tc)U(',Tg)HLTo(Q) _|_/T HAae_(t_s)A'P[(u(',S) . V)u(-,s)]‘

ds forall t>1T.
L70()

# [ ace it ) - v
) (7.51)
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By (7.48) and standard smoothing features of the Stokes semigroup ([30],[29, p.201]), it follows

that
1A% =T ) | oy SCa(t — T) e =T fu(-, ) | oo

§0203|Q‘%6_“0(t_n) (7.52)
1
<CyCs|QTo e T forall t > T, + 1,

with g > 0 and some C3 > 0, because of (,, < 9. Combining with (1.7), the boundedness feature of
P in L™(Q) ([11]) and Lemma 7.5, we draw on standard LP-L? estimates for the Stokes semigroup
to obtain C4 > 0 and C5 > 0 such that

ds
Lro(9)

[ a9 piinc.s) vl

,a,é(i,i) —pio(t—s) J—
<Cy | (t—23) 287y g/ g THO (-, 8) — Mol Lr2 (@) ds

t

SC4C’5|Q|T12/ (t_s)—0‘—%(%—%)e—uo(t—S)e—Cn(S—Tc)dS (7.53)
Ts

t
<0507 / (t — 5) 0 205 ) e~ (M0 -G (=9 gg . o=Cult=T0)

T

<Cg-e T forall t>T. +1

with Cg = C4C’5]Q\% I o 02 ) et g < 00, because of 0 < (, < min{(,, o} and
(7.46). Being similar as the arguments of Lemma 7.5, we choose T'g > 0 large enough so as to
satisfy

Iy > 3C1(C2Cs + C), (7.54)

and let

T .= sup {T > T+ 1‘ (-, ) () < Toe 0T for all t e (T, + 1,T]} . (7.55)

From V -u = 0, it can be deduced that (u-V)u =V - (u® u) ([30, cf. p.265]), whence combining
with the boundedness property of P, the Holder inequlity, (7.49) and (7.55) we utilize standard
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LP-19 estimates for the Stokes semigroup to have

ds
L70()

/t Aae—(t—s)AP[(U('v s) - V)u(-, s)”

N

t
< A% E=DAu(. s) - . d
< [ et -9 o, g o

- /t Ade—(t=9)Ag (u(-, 8) @ u(-, 3))‘

ds
L7o()

B 1 e oY
g&/kvw> 33 ) () ) © (-, 8)]| s ey ds
T, (7.56)

¢ —a-lo3(A L) g
SCs/T(t—S) 22 rolen O u, s)l| Loy lluls 8) Ml or yds

t 1 1

(t — )7 3 HE ) holt=9) L =Guls-T) g

1
§<08F0|Q|”/

T

t
<cCsTo|Q / (t — 5) 0722 TR (MG (E=9) g . o~Cult=TS)
T

<cOsToCy - e~ wl=T9)  forall te (T + 1, T),

1 1

1 a1l 3(1_1
with Cy == |Q|1 [[T0 * 2 2770 e~ (mo—Gu)o gy < 00, due to 0 < ¢, < po and (7.45). Now, if
¢ > 0 is small enough such that ¢ < %, we collect (7.52), (7.53), (7.54) and (7.56), and
invoke (7.47) to achieve

u(-, )| oo () SC1llA%u(-, )| Lro (o)
GO

r .
gge—@(t—ﬂ-) for all ¢ e (T. +1,T).

(7.57)

Since u is continuous with respect to ¢, (7.57) contradicts to the definition of 7' when T’ < co, which
implies that actually T = 00, and hence (7.43) is valid. The proof is completed. O

Proof of Theorem 1.2. Theorem 1.2 straightforwardly results from Lemma 6.9, Lemma 7.4,
Lemma 7.5 and Lemma 7.6. ]
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