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Instanton bundles on the flag variety F(0,1,2)

FRANCESCO MALASPINA, SIMONE MARCHESI

AND JUAN FRANCISCO PONS-LLOPIS

Abstract. Instanton bundles on P3 have been at the core of the research in Al-
gebraic Geometry during the last thirty years. Motivated by the recent extension
of their definition to other Fano threefolds of Picard number one, we develop
the theory of instanton bundles on the complete flag variety F := F(0, 1, 2) of
point-lines on P2. After giving for them two different monadic presentations, we
use it to show that the moduli space MIF (k) of instanton bundles of charge k is
a geometric GIT quotient and the open subspace MIsF (k) ⇢ MIF (k) of stable
instanton bundles has a generically smooth component of dim 8k � 3. Finally we
study their locus of jumping conics.

Mathematics Subject Classification (2010): 14F05 (primary); 14J60 (sec-
ondary).

1. Introduction

One of the classes of vector bundles which has raised most of the attention among
algebraic geometers is the class of instanton bundles. They were defined as the
algebraic counterpart that permitted to solve a central problem in Yang-Mills the-
ory, a gauge theory for non-Abelian groups whose aim is to provide an explanation
of weak and strong interactions. It generalizes Maxwell’s theory of electromag-
netism, which can be rephrased as a gauge theory for the Abelian group U(1). In
the original Yang-Mills theory, the term instanton or pseudo-particle denoted the
minimum action solutions of the SU(2) Yang-Mills equations in the 4-sphere S4.
This problem could be rephrased in terms of differential geometry as follows: find
all possible connections with self-dual curvature on a smooth SU(2)-bundle E over
the 4-sphere S4. Instantons come with a “topological quantum number” that can
be interpreted as the second Chern class c2(E) of the SU(2)-bundle on S4 and it is
known as the “charge” of E . A major input to obtain the classification of the set of
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solutions of the Yang-Mills field equations was given by twistor theory, as it was
developed by R. Penrose. The essence of the twistor programme is to encode the
differential geometry of a manifold by holomorphic data on some auxiliary complex
space (a twistor space). In this setting, it was realized that the original Yang-Mills
problem on (anti)self-dual SU(2)-connections on a bundle E on S4 could be re-
stated in terms of the possible holomorphic structures on the pull-back bundle ⇡⇤E
on P3(C), where ⇡ : P3(C) ! S4 is the projection constructed through twistor
theory. This, jointly with the characterization of holomorphic vector bundles on
P3 as a certain kind of monads due to Horrocks, led to a complete classification of
instantons on S4 (cf. [3, 4]).

Motivated by the previous theorem, the notion of a mathematical instanton
bundle E with charge c2(E) = k was defined on P3 and more recently on an arbi-
trary Fano threefold with Picard number one (cf. [15] and [20]). The existence of
instanton bundles have been proved for almost all Fano threefolds of Picard num-
ber one. It became a central problem to understand the geometrical properties of
their moduli spaces (smoothness, irreducibility, rationality...). These objects are im-
portant on their own as well as for the fact that physicists have interpreted various
moduli spaces as solution spaces to physically interesting differential equations.

In this paper we propose to extend the study of instanton bundles on other Fano
threefolds of higher Picard rank. In particular, we focus our attention to the case of
the Flag variety F := F(0, 1, 2) ⇢ P7 of pairs point–line in P2. The main reason
for this choice is the following: in [19], Hitchin showed that the only twistor spaces
of four dimensional (real) differential varieties which are Kähler (and a fortiori,
projective) are P3 and the flag variety F(0, 1, 2), which is the twistor space of P2.
Indeed, the study of instanton bundles on F(0, 1, 2) was initiated in [7] and [12].

An instanton bundle E on F with charge k (or k-instanton) will be defined as a
rank 2 µ-semistable vector bundle with Chern classes c1(E) = 0, c2(E) = kh1h2,
H0(E) = 0 and satisfying the “instantonic condition” H1(E(�1,�1)) = 0 (see
Definition (3.1)). We are going to denote by MIF (k) the set parameterizing iso-
morphic classes of k-instantons. In this paper we show that MIF (k) has a pleasant
geometric structure. For this, we are going to rely on their presentation as the co-
homology of a certain monad: recall that, from [15] and [20], when the derived
category of coherent sheaves Db(X) on the Fano threefold X has a full exceptional
collection, instanton bundles on X have a particular nice presentation as the co-
homology of a certain monad. In general, this is not true for an arbitrary Fano
threefold. Luckily, this is the case for the flag variety F we are dealing with. There-
fore we can give two such presentations (linked by a commutative diagram), each
one involving members of well-chosen full exceptional collections of Db(F). Con-
cerning the first one, we obtain (Theorem 5.1):

Theorem 1.1. Let E be an instanton bundle with charge k on F . Then, up to per-
mutation, E is the cohomology of the monad

0 ! OF (�1, 0)�k �OF (0,�1)�k ↵
�! G1(�1, 0)�k � G2(0,�1)�k

�
�! O�2k�2

F ! 0,
(1.1)
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where Gi is the pull-back of the twisted cotangent bundle�P2(2) from the two natu-
ral projections pi : F ⇢ P2 ⇥ P2 �! P2. Conversely, the cohomology of any such
monad gives a k-instanton.

The second description is not new; indeed it was already obtained in [7, Section
3]. In order to present it, let us introduce some notation. Let us denote by U =
H0(OF (1, 0)) the 3-dimensional vector space of global sections and observeU⇤ ⇠=
H0(OF (0, 1)). Let W , I1 and I2 be vector spaces of dimension 4k + 2, k and
k respectively. Let J : W ! W ⇤ be a nondegenerate skew-symmetric form and
denote by Sp(W, J ) the symplectic group. Associated to any map of vector bundles
Ã : W ⌦OF ! (I1 ⌦OF (1, 0)) � (I2 ⌦OF (0, 1)) we have a map at the level of
global sections:

A : W ! (I1 ⌦U) � (I2 ⌦U⇤)

and therefore a matrix (that we denote the same) A 2 W ⇤ ⌦ ((I1⌦U)� (I2⌦U⇤)).
Let us define:

Dk :=
�
A 2 W ⇤ ⌦ ((I1 ⌦U) � (I2 ⌦U⇤)) | AJ At = 0

 
,

and

D0
k :=

�
A 2 Dk | A is injective and Ã : W ⌦OF

! (I1 ⌦OF (1, 0)) � (I2 ⌦OF (0, 1)) is a surjective bundle map
 
.

The groupGk := Sp(W,J )⇥GL(I1)⇥GL(I2) acts onDk as follows: (⌘,g1,g2)A=�g1 0
0 g2

�
A⌘t and this action clearly descends to D0

k . Then, by using again derived
category techniques we are able to recover the monad proposed by Buchdahl (see
[7], display (3.9), setting n = 2 and l = 0) and Donaldson (for charge k = 1;
see [12], display (14)) associated to a k-instanton bundle E on the flag F :

0 !
�
I ⇤1 ⌦OF (�1, 0)

�
�

�
I ⇤2 ⌦OF (0,�1)

� J Ãt
��! W ⌦OF

Ã
�! (I1 ⌦OF (1, 0)) � (I2 ⌦OF (0, 1)) ! 0.

(1.2)

Conversely, the cohomology E of such monad is a k-instanton bundle whenever it
has no global sections (notice that this is equivalent to A being injective at the level
of global sections). Therefore, the moduli space MIF (k) is the geometric quotient
D0
k/Gk .
Instanton bundles E on F will turn out to be Gieseker semistable. In particular,

we can talk about the open subspace MIsF (k) ⇢ MIF (k) of stable k-instantons.
MIs(k) can be identified with the open subspace of the Maruyama moduli space
Ms
F (2, 0, kh1h2) of stable rank two bundles with those fixed Chern classes and

H1(E(�1,�1)) = 0. Concerning its non-emptiness and main properties we man-
aged to prove by induction the following result (see Theorem 6.1):
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Theorem 1.2. Let F ⇢ P7 be the flag variety. The moduli space of stable k-
instanton bundles MIsF (k) has a generically smooth irreducible component of di-
mension 8k � 3.

It is worth to observe that for a large family of Fano threefolds with Picard number
one, Faenzi obtained an analogous result in [15, Theorem A]. Moreover, in the case
of P3, much more is known (see [11, 23, 27, 28]): the moduli space of instantons of
arbitrary charge is an affine irreducible smooth variety of dimension 8k � 3. In this
paper, we prove the following (see Theorem 6.2):

Theorem 1.3. The moduli space of 1-instanton bundles MIF (1) is an affine irre-
ducible smooth variety of dimension 5.

For an instanton bundle E on the projective space P3, the study of the behavior of
the restriction of E to the lines has played a crucial role. On the flag threefold F ,
we have realized that an analogous attention should be devoted to the study of the
restriction of an instanton bundle to the conics. Therefore, we give a proof of the
fact that the Hilbert scheme H := Hilb2t+1(F) parameterizing rational curves of
genus 0 and degree 2 is again isomorphic to P2 ⇥ P2. Under this setting, if we
denote byDE the set of curves on H for which the restriction of E is not trivial (the
”jumping conics”), we obtain the following result (see Proposition 7.2):

Theorem 1.4. Let E be a k-instanton on F . Then DE is a divisor of type (k, k)
equipped with a torsion-free sheaf G fitting into

0 ! OH (�1,�1)�k �OH (�1, 0)�k

! O�k
H �OH (�1, 0)�k ! i⇤G ! 0.

(1.3)

This paper is organized in the following way: in the next section, we recall the
definition and basic facts of the flag variety F := F(0, 1, 2). In Section 2, we
introduce the notion of instanton bundle on F . In Sections 3 and 4, we study the
derived category Db(F) of coherent sheaves on F and use it to give a monadic
presentation of the instanton bundles. The central part of this paper is Section 5,
where we prove the existence of a suitable family of instantons as stated in Theorem
1. Finally, in Section 6, we deal with the notion of jumping conic on the flag variety.

ACKNOWLEDGEMENTS. The authors wish to thank D. Faenzi and G. Sanna for
fruitful discussions. The second and third authors would like to thank the Politec-
nico di Torino and Research Institute for Mathematical Sciences in Kyoto, where
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working conditions. The authors also want to thank the referee for a careful reading
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2. Preliminaries

We will work over an algebraically closed field K of characteristic zero.
Let F ✓ P7 be the del Pezzo threefold of degree 6, we can also construct

F as the general hyperplane section of P2 ⇥ P2. The projections ⇡i induce maps
pi : F ! P2 by restriction, i = 1, 2 and such maps are isomorphic to the canonical
map P(�1

P2(2)) ! P2. Thinking of the second copy of P2 as the dual of the
first one, then F can also be viewed naturally as the flag variety of pairs point–
line in P2. We denote by A(F) the Chow ring of F . Let hi , i = 1, 2, be the
respective classes of p⇤

i OP2(1) in A1(F). The class of the hyperplane divisor on
F is h = h1 + h2. For coherent sheaves E,F on F we are going to denote the
twisted sheaf E ⌦OF (↵h1 + �h2) by E(↵,�). As usual, Hi (X,E) stands for the
cohomology groups, hi (X,E) for their dimension and analogously ext(E,F) will
denote the dimension of the Ext(E,F) group under consideration.

The above discussion proves the isomorphisms

A(F)⇠= A
⇣
P2

⌘
[h1]/

⇣
h21 � h1h2 + h22

⌘
⇠= Z[h1, h2]/

⇣
h21 � h1h2 + h22, h

3
1, h

3
2

⌘
.

In particular, Pic(F) ⇠= Z�2 with generators h1 and h2. We will denote the Chern
polynomial of a given coherent sheaf E by

cE(t) := 1+
�
↵1h1 + ↵2h2

�
t +

⇣
�1h21 + �1h22

⌘
t2 + � h21h2t

3,

where the coefficient of degree i is ci (E).
Recall that F contains two families of lines 31,32, each isomorphic to P2.

Their representatives in the Chow ring A(F) are h21, h
2
2. Notice that if we look

at F as the projective bundle P(�1
P2(2)) ! P2, these families correspond to the

fibers over points of P2. We have a geometrical description (using the notion of flag
variety): given p 2 P2, �p := {L 2 P2_ | p 2 L} 2 31. Analogously, given a
line L ⇢ P2, �L := {x 2 P2 | x 2 L} 2 32. Notice �x \ �y = ; if x 6= y (clear
from cohomological product h21h

2
2 = 0) and �x \ �L = ; (respectively {x, L}) if

x 2 l (respectively x /2 L). If L1 (respectively L2) is a line from the family 31
(respectively 32) it holds that

OF (↵,�) ⌦OL1
⇠= OP1(�) (respectivelyOF (↵,�) ⌦OL2

⇠= OP1(↵))

since h21(↵h1 + �h2) = �h21h2. TheOF -resolutions of a line L1 is:

0 �! OF (�2, 0) �! OF (�1, 0)2 �! OF �! OL1 �! 0; (2.1)

(or the analogous one for the second family of lines L2).
In order to compute the OF -resolution of a point p 2 F , we can consider its

OL -resolution
0 �! OL(�1) �! OL �! Op �! 0
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and use the mapping cone construction to conclude that

OF (�2, 0) OF (�1, 0)2
0�!OF (�3,�1)�! � �! � �!OF�!Op�!0.

OF (�2,�1)2 OF (�1,�1)
(2.2)

The flag variety F also contains a family of conics C (see the next subsection)
whose OF -resolution is:

OF (�1, 0)
0 �! OF (�1,�1) �! � �! OF �! OC �! 0.

OF (0,�1)
(2.3)

We have to distinguish two different cases (see Remark 2.6). In the case of a smooth
conic C ⇠= P1, it holds:

OF (↵,�) ⌦OC ⇠= OP1(↵ + �)

which will be denoted either by OC(↵,�) or OC(↵ + �), to remember we are
restricting at a conic.

In the case of a reducible conic C = L1 [ L2, we will always use the notation
OC(↵,�) to keep track of the degree on each one of the lines.

We now compute the Hirzebruch-Riemann-Roch formula for a coherent sheaf
E of rank r on the flag variety F . Recall, that denoting by TF the tangent bundle of
the flag, we have

c1(TF ) = 2(h1 + h2), c2(TF ) = 6h1h2

and we compute the Todd polynomial

td(TF ) = 1+ 1
2c1 + 1

12
�
c21 + c2

�
+ 1

24c1c2

= 1+ (h1 + h2) + 3
2h1h2 + 1|{z}

=h21h2

.

Remembering that the Chern character is given by

ch(E) = r + c1 +
1
2

⇣
c21 � 2c2

⌘
+
1
6

⇣
c31 � 3c1c2 + 3c3

⌘

we can finally obtain

�(E) = r +
3
2
c1h1h2 +

1
2

⇣
c21 � 2c2

⌘
(h1 + h2) +

1
6

⇣
c31 � 3c1c2 + 3c3

⌘
. (2.4)

In particular, for a rank 2 vector bundle E with Chern classes c1(E) = 0 and c2(E) =
kh1h2 it holds:

�(E ⌦ E_) = 4� 8k. (2.5)
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This formula will be useful later on to understand the dimension of moduli spaces
of instanton bundles. Moreover, we will need to understant how the Chern classes
of a coherent sheaf vary under twists. This is provided by the following Lemma (see
[14, Proposition 5.17], where it is stated for vector bundles, but it can be extended
to arbitrary coherent sheaves because of the universal nature of such formulas, as
in [17, Lemma 2.1]).

Lemma 2.1. Let E be a coherent sheaf of rang r on the flag variety F and let L be
a line bundle. Then

ck(E ⌦ L) =
kX

i=0

✓
r � k + i

i

◆
c1(L)i ck�i (E).

Gathering the previous information, we can compute the Chern polynomial of the
coherent sheaf OC(1), C being a conic on F , which will be the right candidate to
use the induction process explained in Section 6.3. First of all, using that the Chern
polynomial is multiplicative on exact sequences, we obtain from the resolution (2.3)
ofOC that

cOC (t) = 1�
⇣
h21 + h22

⌘
t2 + 2h21h2t

3.

Therefore, applying Lemma 2.1, we obtain cOC (1)(t) = 1� (h1h2)t2.
Finally, we want to understand the Chern classes of a reflexive coherent sheaf

E (i.e., E__ ⇠= E) of rank two on F . The case of P3 has been studied in [17] but
the results there can be easily adapted to our context (or, as a matter of fact, to an
arbitrary smooth threefold X). So let E be a rank two reflexive sheaf on F . By the
Auslander-Buchsbaum formula, E has homological dimension one, namely, there
exists a resolution by locally free sheaves of the form:

0 ! F0 ! F1 ! E ! 0. (2.6)

Taking duals, we have:

0 ! E_ ! F_
1 ! F_

0 ! Ext1(E,OF ) ! 0. (2.7)

Ext1(E,OF ) is a coherent sheaf supported on the finite set of n points where E is
not locally free. We need therefore the following:

Lemma 2.2. Let G be a coherent sheaf on F supported on a finite set of points of
length n. Then cG(t) = 1+ 2nt3.

Proof. By induction on the length n and multiplicity of the Chern polynomial, we
can suppose that G ⇠= Op for a point p 2 F . But then a straightforward compu-
tation, using the OF -resolution (2.2) of Op, gives the statement. Alternatively, we
could use the formulas from Lemma 2.1, the Hirzebruch-Riemann-Roch formula
recalled in (2.4) and the fact that G does not change under twist by a line bundle to
see that c1(G) = c2(G) = 0 and

h0(G) = �(G) =
1
2
c3(G).
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Therefore, combining the previous Lemma, the multiplicity of the Chern poly-
nomials on the exact sequences (2.6) and (2.7) and the fact that for a locally free
sheaf F it holds cF_(t) = cF (�t) we obtain:

cE_(t) = cE(�t)
⇣
1+ 2nt3

⌘
.

To conclude, from Lemma 2.1 and the fact that E_ ⇠= E(�c1(E)), we obtain the
following lemma:

Lemma 2.3. Let E be a reflexive coherent sheaf of rank two on F . Then c3(E) =
h0(Ext1(E,OF )) � 0 counts the number of points for which E is not locally free.
In particular, c3(E) = 0 if and only if E is a locally free sheaf.

We will now recall how to compute the cohomology of the line bundles on F (see
[10, Proposition 2.5]):

Proposition 2.4. For each ↵1,↵2 2 Z with ↵1  ↵2, we have

hi
�
F,OF (↵1,↵2)

�
6= 0

if and only if:

• i = 0 and ↵1 � 0;
• i = 1 and ↵1  �2, ↵1 + ↵2 + 1 � 0;
• i = 2 and ↵2 � 0, ↵1 + ↵2 + 3  0;
• i = 3 and ↵2  �2.

In all these cases

hi
�
F,OF (↵1,↵2)

�
= (�1)i

(↵1 + 1)(↵2 + 1)(↵1 + ↵2 + 2)
2

.

2.1. Hilbert scheme of lines and conics on the flag variety

It could be thought that the study of the geometry of lines of the F will be important
to define and understand instanton bundles, as it turned out to be in the case of
instanton bundles on P3. Nevertheless, in the case of the flag variety, the main
kind of rational curve we are interested in is the conic. In fact, through the Ward
correspondence, instanton bundles on F have trivial splitting on “real” conics (this
is explained in [7] and [12] without explicitly mentioning the degree) and therefore,
by semicontinuity, on the general element of H := Hilb2t+1(F). Therefore, we
devote this subsection to study the main properties of the conics on F .

Lemma 2.5. The Hilbert scheme of rational curves of degree two H:=Hilb2t+1(F)
is isomorphic to P2 ⇥ P2. The open set P2 ⇥ P2\F corresponds to smooth conics.
Moreover, the canonical map p : C ! F from the universal conic C to F endows
C with the structure of a quadric bundle of relative dimension 2 over F .
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Proof. Quadric surfaces Q ⇠= P1 ⇥ P1 ⇢ P2 ⇥ P2 ⇢ P8 are parameterized again
by a P2⇥ P2. Indeed, in order to define a quadric, we need to choose a pair of lines
(L1, L2) 2 P2_⇥P2_ ⇠= P2⇥P2. Q(L1,L2) := L1⇥L2 ⇢ P2⇥P2 is the associated
quadric. Now, it is immediate to see that any quadric in P2 ⇥ P2 defines uniquely
a conic C(L1,L2) := F \ Q(L1,L2) in the hyperplane section F . Moreover, one can
check that Q(L1,L2) is tangent to F (and therefore C(L1,L2) is singular) if and only
if (L1, L2) 2 F ⇢ P2 ⇥ P2.

Remark 2.6. Indeed, it is known (see for instance [21, Lemma 2.1.1]) that any
subscheme of F with Hilbert polynomial 2t + 1 will be a smooth conic, a pair of
distinct lines intersecting on a point, or a line with a double structure. In order
to see that there is no such non-reduced subscheme on F we should observe that
for any line L on F , we have NL|F ⇠= O2L . Therefore there is no surjective map
N_
L|F ! OL(�1) and we conclude again by [21, Lemma 2.1.1].

Remark 2.7. An explicit parametrization of the conics is as follows, for (p, L) 2
P2 ⇥ P2_\F , the subscheme of F:

C(p,L) := {(q, S) | L(q) = S(p) = 0}

is a smooth conic in F . Its class in the Chow ring is h1h2. On the other hand, if we
choose a point (p, l) 2 F the associated curve C(p,l) will be the union of the lines
L p := {(p, S) | s(p) = 0} 2 h1 and Ll := {(q, l) | l(q) = 0} 2 h2 intersecting at
the point (p, l).
One more argument to explain why the role of the line is taken over by conic in the
flag is the following

Proposition 2.8. Given any two points of F , there exists exactly one smooth conic
passing through them.

Proof. Given two points (pi , Li ) 2 F , i = 1, 2, if we define q := L1 \ L2,
S := p1, p2, the conic C(q,S) meets the requirements.

Remark 2.9. Notice that if we allow singular conics, two more cases appear.

3. Instantons. Definition and first properties

In this section we will define the notion of instanton bundle on the flag variety
F . Such definition is given through requirements on cohomology vanishing, trivial
splitting and fixed Chern classes. As we will see in Section 5, such characterization
does not lead to a linear monad, i.e. a monad involving only the structure and
hyperplane bundles of the flag variety.
Definition 3.1. For any integer k � 1 we will call a mathematical instanton bundle
with charge k (or, for short, a k-instanton) a rank two µ-semistable bundle E on F
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with H0(E) = 0, c1(E) = (0, 0), c2(E) = kh1h2 and H1(E(�1,�1)) = 0. Its
Hilbert polynomial is

�(E(t, t)) = (t + 1)
�
2t2 + 4t + 2(1� k)

�
. (3.1)

The interest in (mathematical) instanton bundles is rooted in a crucial problem in
Yang-Mills theory (see [7, 12] for details). It turns out that the flag variety F is
the twistor space of the projective plane P2. The fibers of the map defining the
twistor structure F ! P2 are conics (namely smooth rational curves of degree 2
with respect to OF (1, 1)) that cover the whole of F . We are going to call them
real conics. As in the case of P3, there is a one-to-one correspondence between the
anti-self-dual solutions of the Yang-Mills equations over P2(C) and vector bundles
E on F such that (see [7, Theorem 2]):

• They split trivially on real conics: E|C ⇠= OC � OC for any real conic C 2
Hilb2t+1(F);

• They admit an isomorphism � : E ! � ⇤(E_
), where � : F ! F is an anti-

holomorphic involution (the reality structure on E).

The vector bundles on F satisfying the two previous conditions are called real in-
stanton bundles.

Remark 3.2.

(i) For Fano threefolds of Picard number one an analogous definition, extending
the case of the projective space P3, was given in [15] and [20]. In the case of
the flag variety F , however, we have to allow properly µ-semistable instanton
bundles to deal with higher Picard number. We are going to characterize in a
moment the properly µ-semistable instantons on F ;

(ii) The presentation we gave of the Hilbert polynomial of E shows that
�(E(�1,�1)) = 0. Indeed, using Serre’s duality, it holds Hi (F,E(�1,�1))=
0 for i = 0, . . . , 3;

(iii) It can be easily proven, following the computations in [25, page 176], that
Gieseker and µ-stability are equivalent for our bundles;

(iv) It is worthwhile to point out that the condition H0(E) = 0 does not follow from
the rest of the conditions defining an instanton bundle. Indeed, if we take the
smooth curve C :=

Sk
i=1 Li [

Sk
i=1 L

0
i for Li (respectively L

0
i ) k lines from

the first (respectively the second) family of lines on F such that Li\L 0
j = ; for

i 6= j , Serre construction gives a vector bundle E sitting on the exact sequence

0 ! OF ! E ! IC|F ! 0,

with H0(E) 6= 0 but satisfying the rest of conditions for defining a k-instanton
bundle.
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Mathematical instanton bundles have trivial splitting type on conics:

Proposition 3.3. Let E be a k-instanton on F . Then for a general conic C 2 M :=
Hilb2t+1(F), EC ⇠= O2C .

Proof. We are going to use the main result from [18]. Since the three hypothe-
sis of the main Theorem from that paper are satisfied, we can conclude that for a
general (smooth) conic C 2 Hilb2t+1(F), if EC ⇠= OC(�i) � OC(i) then 2i 
�µmin(TC|F | C) where TC|F is the relative tangent bundle of the canonical projec-
tion p : C ! F and µmin is the minimal slope of the Harder-Narasimhan filtration
of its restriction to C . Again, by [18, (6.3)], TC|F | C can be identified with the
kernel of the evaluation map � : H0(C,NC|F ) ⌦OC ! NC|F where NC|F is the
normal bundle of the generic conicC in F . Now, as we see from the resolution (2.3),
since C is the complete intersection of divisors of type OF (1, 0) and OF (0, 1), it
turns out that NC|F ⇠= OC(1)2 and therefore the kernel of the evaluation map � is
OC(�1)2. Therefore, i = 0 and C has trivial splitting type.

In the next proposition, we show that the two traditional notions of (se-
mi-)stability coincide for an instanton bundle and we get the following character-
ization of properly semistable instanton bundles; but first, in order to check the
(semi)-stability of rank 2 real instanton bundles, let us recall the following version
of the Hoppe’s criterion (see [22]):

Lemma 3.4 (Hoppe’s criterion). A rank 2 vector bundle E on F with first Chern
class c1(E) = 0 is µ-(semi)stable if and only if H0(F,E(p, q)) = 0 for any p, q 2
Z such that p + q  (<)0.

Proposition 3.5. Let E be a k-instanton on F . Then, it is also Gieseker semistable.
Moreover, if E is not µ-stable, then k = l2 for some l 2 Z, l 6= 0 and it can be
constructed as an extension 3l of the form

0 ! OF (l,�l) ! E ! OF (�l, l) ! 0. (3.2)

The only common element of the two families of extensions 3l and 3�l is the de-
composable bundleOF (l,�l) �OF (�l, l).

Proof. Suppose that the k-instanton bundle E is not µ-stable. We deduce that there
exists a positive integer l such that H0(E(l,�l)) 6= 0 and that E sits on an exact
sequence of the form:

0 ! OF ! E(l,�l) ! IY (2l,�2l) ! 0, (3.3)

where Y ✓ F . Given that H0(F,E(l � 1,�l)) = H0(F,E(l,�l � 1)) = 0, Y is
purely 2-codimensional or empty. In order to see that the we are actually dealing
with the latter case, notice that, forC ⇢ F a conic, C\Y = Z with z := length(Z),
the restriction of the previous exact sequence to C would be of the form

0 ! OC ! E(l,�l)|C ! OZ �OC(�z) ! 0,
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or, in other words, the splitting of E on C is of the form EC ⇠= OC(�z) �OC(z).
Namely, E has non-trivial splitting type on C exactly when the intersection C \Y is
non-empty. On the other hand, notice that Y is represented in the Chow ring A(F)
by (k � l2)h1h2 and therefore the divisor on the Hilbert space H = P2 ⇥ P2 of
conics intersecting Y is of typeOH (k�l2, k�l2). Since we will see (cf. Proposition
7.2) that the set of jumping conics of a k-instanton bundle is of type OH (k, k) we
conclude that l = 0 and get a contradiction with the fact that H0(E) = 0. Therefore
Y = ; and E sits on a short exact sequence of the announced form

0 ! OF (l,�l) ! E ! OF (�l, l) ! 0, (3.4)

with l2 = k 6= 0. So E is also Gieseker semistable. To prove the last assertion, let us
suppose that there exists a l2-instanton E that fits at the same time in the extensions
3l and 3�l . Then easily we could construct maps:

O(�l, l) �O(l,�l)
(↵�)
�! E

(�
�)

�! O(�l, l) �O(l,�l)

such that
��
�

�
(↵�) =

�I d 0
0 I d

�
and therefore E ⇠= OF (l,�l) �OF (�l, l).

Lemma 3.6. Any k-instanton E vector bundle on F distinct from OF (l,�l) �
OF (�l, l) is simple, namely, End(E) = C. In particular, they carry an unique
symplectic structure � : E ! E_, �_ = ��.
Proof. Since it is well-known that stable vector bundles are simple, let E be a prop-
erly semistable instanton, E ⇠= OF (l,�l) � OF (�l, l). Then it fits in an exact
sequence of the form 3l for a unique 0 6= l 2 Z. Tensoring it with E and using
that we have just seen that h0(F,E(�l, l)) = 1 and h0(F,E(l,�l)) = 0 we get,
since E ⇠= E_, End(E) = H0(F,E ⌦ E) = C. For the last statement, any nonzero
two-form ! 2

V2 E ⇠= O defines equivalent symplectic structures on E .

We are going to end this section showing that real instanton bundles are indeed
mathematical instantons.
Lemma 3.7. A real instanton bundle on F is a mathematical instanton.
Proof. Let E be a real instanton bundle on F . The condition c1(E) = 0 is clearly
satisfied. On the other hand, it is proved in [7, Lemma 4] that H1(E(�1,�1)) = 0
and also c2(E) = kh1h2 for k � 1. To conclude, let us show that E is µ-semistable,
using the Hoppe’s criterion: if s 2 H0(F,E(p, q)) with p + q < 0, for C ⇢ F
an arbitrary real conic, s|C is a global section of E|C(p, q) ⇠= OC(p + q)2, i.e.,
s|C = 0. Since F is covered by real conics we see that s should be the zero section
and therefore we are done. Finally, the proof of H0(E) = 0 follows the lines of the
proof of Proposition 3.5. Indeed, a non-zero section of E would give a short exact
sequence of the form (3.3) with l = 0 and Y a codimension two subscheme. But
then, tensoring this short exact sequence with the structure sheaf OC for C a real
conic such that Y \ C 6= ; would contradict that E has trivial splitting type on C .
Indeed, notice that in this argument the crucial point is that F is covered by conics
with trivial splitting type.
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4. The derived category of the flag variety F = F(0, 1, 2)

In this section we will recall how to mutate exceptional collections and the Beilin-
son results, both needed to see the instanton bundles as cohomology of a certain
monad.

Given a smooth projective variety X , let Db(X) be the the bounded derived
category of coherent sheaves on X . An object E 2 Db(X) is called exceptional if
Ext•(E, E) = C. A set of exceptional objects E1, . . . , En is called an exceptional
collection if Ext•(Ei , E j ) = 0 for i > j . An exceptional collection is full when
Ext•(Ei , A) = 0 for all i implies A = 0, or equivalently when Ext•(A, Ei ) = 0 for
all i also implies A = 0.
Definition 4.1. Let E be an exceptional object in Db(X). Then there are functors
LE and RE fitting in distinguished triangles

LE (T ) ! Ext•(E, T ) ⌦ E ! T ! LE (T )[1]
RE (T )[�1] ! T ! Ext•(T, E)⇤ ⌦ E ! RE (T ).

The functors LE and RE are called respectively the left and right mutation functor.
The collections given by

E_
i = LE0LE1 . . . LEn�i�1En�i ;

_Ei = REnREn�1 . . . REn�i+1En�i ,

are again full and exceptional and are called the right and left dual collections. The
dual collections are characterized by the following property; see [16, Section 2.6].

Extk(_Ei , E j ) = Extk(Ei , E_
j ) =

(
C if i + j = n and i = k
0 otherwise.

(4.1)

Theorem 4.2 (Beilinson spectral sequence). Let X be a smooth projective variety
with a full exceptional collection hE0, . . . , Eni of objects for Db(X). Then for any
A in Db(X) there is a spectral sequence with the E1-term

E p,q
1 =

M

r+s=q
Extn+r (En�p, A) ⌦Hs

⇣
E_
p

⌘

which is functorial in A and converges toHp+q(A).

The statement and proof of Theorem 4.2 can be found both in [26, Corollary 3.3.2],
in [16, Section 2.7.3] and in [5, Theorem 2.1.14].

Let us assume next that the full exceptional collection hE0, . . . , Eni contains
only pure objects of type Ei = E⇤

i [�ki ] with Ei a vector bundle for each i , and
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moreover the right dual collection hE_
0 , . . . ,E_

n i consists of coherent sheaves. Then
the Beilinson spectral sequence is much simpler since

E p,q
1 = Extn+q(En�p, A) ⌦ E_

p = Hn+q+kn�p (En�p ⌦ A) ⌦ E_
p .

Note however that the grading in this spectral sequence applied for the projective
space is slightly different from the grading of the usual Beilison spectral sequence,
due to the existence of shifts by n in the index p, q. Indeed, the E1-terms of the
usual spectral sequence are Hq(A(p))⌦��p(�p)which are zero for positive p. To
restore the order, one needs to change slightly the gradings of the spectral sequence
from Theorem 4.2. If we replace, in the expression

Eu,v1 = Extv(E�u, A) ⌦ E_
n+u = Hv+k�u (E�u ⌦ A) ⌦F�u

u = �n + p and v = n + q so that the fourth quadrant is mapped to the second
quadrant, we obtain the following version of the Beilinson spectral sequence:

Theorem 4.3. Let X be a smooth projective variety with a full exceptional
collection hE0, . . . , Eni where Ei = E⇤

i [�ki ] with each Ei a vector bundle and
(k0, . . . , kn) 2 Z�n+1 such that there exists a sequence hFn = Fn, . . . , F0 = F0i
of vector bundles satisfying

Extk(Ei , Fj ) = Hk+ki (Ei ⌦F j ) =

(
C if i = j = k
0 otherwise

(4.2)

i.e. the collection hFn, . . . , F0i labelled in the reverse order is the right dual col-
lection of hE0, . . . , Eni. Then for any coherent sheaf A on X there is a spectral
sequence in the square �n  p  0, 0  q  n with the E1-term

E p,q
1 = Extq(E�p, A) ⌦ F�p = Hq+k�p (E�p ⌦ A) ⌦F�p

which is functorial in A and converges to

E p,q
1 =

(
A if p + q = 0
0 otherwise.

(4.3)

Let us focus on our case. Let us consider F as an hyperplane section of P2 ⇥ P2
with the two natural projections pi : F ⇢ P2 ⇥ P2 �! P2 and the following rank
two vector bundles:

G1 = p⇤
1�

1
P2(2h1) G2 = p⇤

2�
1
P2(2h2). (4.4)

Next, since it is easily computed that

dim
⇣
Ext1(OF (�1, 0),G2(0,�2)

⌘
= 3,
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we denote by G3 the rank 5 vector bundle arising from the extension

0 ! G2(0,�2) ! G3 ! OF (�1, 0)�3 ! 0, (4.5)

associated to a basis of the aforementioned group Ext1(OF (�1, 0),G2(0,�2)).
Using the presentation of the flag variety as the projective bundle F :=

P(�P2(1)) ! P2, its derived category can be generated by the exceptional col-
lection (see [24]):

�
OF (�2, 0),OF (0,�2),OF (�1,�1),OF (�1, 0),OF (0,�1),OF

 
.

After two left mutations, we can obtain the exceptional collection
�
OF (�1,�1)[�2],G2(�1,�1)[�2],G1(�1,�1)[�1],
OF (�1, 0)[�1],OF (0,�1),OF

 (4.6)

and by a another left mutation we obtain
�
OF (�1,�1)[�2],G2(�1,�1)[�2],G1(�1,�1)[�1],OF (�1, 0)[�1],
G2(0,�2),OF (0,�1)

 
.

Now we consider the pairOF (�1, 0)[�1],G2(0,�2), from

LOF (�1,0)[�1](G2(0,�2)) ! Ext•(OF (�1, 0)[�1],G2(0,�2))⌦OF (�1, 0)[�1]
! G2(0,�2) ! LOF (�1,0)[�1](G2(0,�2))[1]

we get

0 ! G2(0,�2) ! LOF (�1,0)[�1](G2(0,�2))[1]
! Ext1(OF (�1, 0),G2(0,�2)) ⌦OF (�1, 0) ! 0

and from (4.5) we obtain

LOF (�1,0)[�1](G2(0,�2)) = G3[�1].

Hence we have the following exceptional collection
�
OF (�1,�1)[�2],G2(�1,�1)[�2],G1(�1,�1)[�1],
G3[�1],OF (�1, 0)[�1],OF (0,�1)

 (4.7)

which will be the one considered in Theorem 5.2.
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5. Monads on the flag variety F = F(0, 1, 2)

In this section we use the Beilinson theorem in order to characterize the instanton
bundles as the cohomology of two different monads, describe the relation between
them and use it to give a presentation of the moduli space MIF (k) as a GIT-quotient.

Theorem 5.1. Let E be an instanton bundle with charge k on F . Then, up to per-
mutation, E is the cohomology of a monad

0 ! OF (�1, 0)�k �OF (0,�1)�k

↵
�! G1(�1, 0)�k � G2(0,�1)�k

�
�! O�2k�2

F ! 0,
(5.1)

where Gi is the pull-back of the twisted cotangent bundle �P2(2) from the two nat-
ural projections pi : F ⇢ P2 ⇥ P2 �! P2.

Reciprocally, the cohomology of such a monad defines a k-instanton.

Proof. We construct a Beilinson complex quasi-isomorphic to E as in Theorem 4.3
from (4.6) by calculating Hi (E ⌦ E j ) ⌦ Fj , with i, j 2 {0, 1, 2, 3, 4, 5} with

E5 = OF (�1,�1)[�2], E4 = G2(�1,�1)[�2], E3 = G1(�1,�1)[�1],
E2 = OF (�1, 0)[�1], E1 = OF (0,�1), E0 = OF

and

F0 = OF , F1 = G2(0,�1), F2 = G1(�1, 0),
F3 = OF (0,�1), F4 = OF (�1, 0), F5 = OF (�1,�1).

Let us notice that the cohomological properties in (4.2) are satisfied, therefore, our
goal is to find all possible information on the following table

H3 H3 0 0 0 0
H2 H2 H3 H3 0 0
H1 H1 H2 H2 H3 H3
H0 H0 H1 H1 H2 H2
0 0 H0 H0 H1 H1
0 0 0 0 H0 H0

E(�1,�1) E ⌦ G2(�1,�1) E ⌦ G1(�1,�1) E(�1, 0) E(0,�1) E

From the cohomological hypothesis it is straightforward to compute that Hi (E(�1,
�1)) = 0, for i = 0, 1, 2, 3.

Considering the short exact sequences

0 �! E ⌦ G1(�1,�1) �! E(0,�1)3 �! E(1,�1) �! 0

and
0 �! E(�2,�1) �! E(�1,�1)3 �! E ⌦ G1(�1,�1) �! 0
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we obtain directly

H0(E ⌦ G1(�1,�1)) = H3(E ⌦ G1(�1,�1)) = 0,

moreover, H2(E ⌦ G1(�1,�1)) ' H3(E(�2,�1)) ' H0(E(0,�1)) = 0, hence
we only need to compute

H1(E ⌦ G1(�1,�1)) ' H2(E(�2,�1)) ' H1(E(0,�1)).

Using (2.4) to compute the Euler characteristic, we get

�h1(E(0,�1)) = �(E(0,�1)) = 2+
1
6
(6k) +

1
2
(2� 4k) +

1
12

(�36) = �k.

In the same way, we obtain that

hi (E ⌦ G2(�1,�1)) =

(
k if i = 1,
0 if i = 0, 2, 3.

Using the previous computation, we also get that

hi (E(0,�1)) = hi (E(�1, 0)) =

(
k if i = 1,
0 if i = 0, 2, 3.

Considering the short exact sequence

0 �! E(�2,�2) �! E ⌦ G1(�3,�1) �! E(�3, 0) �! 0

and
0 �! E ⌦ G1(�3,�1) �! E(�2,�1)3 �! E(�1,�1) �! 0

we can calculate H1(E ⌦ G1(�3,�1)) ' H1(E(�2,�2)) ' H2(E) = 0. More-
over

�h1(E) = �(E) = 2� 2k.

Finally, the vanishing H0(E) = 0 implies H3(E) = 0.
Due to all previous computations, the cohomology table becomes

0 0 0 0 0 0
0 0 0 0 0 0
0 k 0 0 0 0
0 0 k k 0 0
0 0 0 0 k 2k � 2
0 0 0 0 0 0

E(�1,�1) E ⌦ G2(�1,�1) E ⌦ G1(�1,�1) E(�1, 0) E(0,�1) E
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From this table, since Extk(Fi , Fj ) = 0 for k > 0 and any i, j , we get the claimed
monad.

Reciprocally, the cohomology of a monad of type (5.1) is an instanton bundle.
Indeed H0(G1(�1, 0)) = H0(G2(0,�1)) = 0, combined with H1(OF (�1, 0)) =
H1(OF (0,�1)) = 0, gives us that H0(E) = 0 and H1(G1(�2,�1)) =H1(G2(�1,
�2)) = H0(OF (�1,�1)) = 0, combined with H2(OF (�2,�1)) = H2(OF (�1,
�2)) = 0, gives us that H1(E(�1,�1)) = 0. Moreover, for each pair (p, q) such
that p + q < 0, we get H0(G1(p � 1, q)) = H0(G2(p, q � 1)) = H1(OF (p �
1, q)) = H1(OF (p, q � 1)) = 0, which implies H0(E(p, q)) = 0, hence the
µ-semistability of the bundle E .

Let us remark that the monad above is the analog of the monad for instanton
bundles on P3 (see for instance [1] display (1.1))

0 ! OP3(�1)
�k ↵

�! �P3(1)
�k �

�! O�2k�2
P3 ! 0.

We are going to present now the second characterization of instanton bundles
through a monad. This presentation was already proposed by Buchdahl (see [7],
display (3.9) with n = 2 and l = 0) and Donaldson (for charge k = 1; see [12],
display (14)). Nevertheless, for the sake of completeness, we will go through the
full computation in the next Theorem. After that, we will explicit the relation be-
tween the two monads. Later on, we will use the second characterization to describe
the moduli space MIF (k) of k-instantons and its open subset MIsF (k) of stable k-
instantons.

Theorem 5.2. Let E be an instanton bundle with charge k on F . Then, up to per-
mutation, E is the cohomology of a monad

0 ! OF (0,�1)�k �OF (�1, 0)�k ↵
�! O�4k+2

F
�
�! OF (1, 0)�k �OF (0, 1)�k ! 0.

(5.2)

Moreover, the monad obtained is self-dual, i.e. it is possible to find a non degenerate
symplectic form q : W ! W ⇤, with W a (4k + 2)-dimensional vector space de-
scribing the copies of the trivial bundle in the monad, such that � = ↵_�(q⌦idOF ).

Reciprocally, any vector bundle with no global sections defined as the coho-
mology of such a monad is a k-instanton bundle.

Proof. We construct a Beilinson complex quasi-isomorphic to E , by calculating
Hi (E ⌦ E j ) ⌦ Fj as in Theorem 4.3 from (4.7), with i, j 2 {0, 1, 2, 3, 4, 5}, where

E5 = OF (�1,�1)[�2], E4 = G2(�1,�1)[�2], E3 = G1(�1,�1)[�1],
E2 = G3[�1], E1 = OF (0,�1)[�1], E0 = OF (�1, 0),
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and

F0 = OF (1, 0), F1 = OF (0, 1), F2 = OF , F3 = OF (0,�1),
F4 = OF (�1, 0), F5 = OF (�1,�1).

We have computed, from the previous result, all the entries of the cohomology table
except one column, hence we already have the following:

0 0 0 0 0 0
0 0 0 H3 0 0
0 k 0 H2 0 0
0 0 k H1 k 0
0 0 0 H0 0 k
0 0 0 0 0 0

E(�1,�1) E ⌦ G2(�1,�1) E ⌦ G1(�1,�1) E ⌦ G3 E(0,�1) E(�1, 0)

Since

�(E ⌦ G2(0,�2)) = �(E(0,�1)�3) � �(E) = �3k + 2k � 2 = �2� k

and by the sequence (4.5) tensored by E we have

�(E ⌦ G3) = �(E(�1, 0)�3) + �(E ⌦ G2(0,�2)) = �3k � 2� k = �4k � 2.

This means that Hi (E ⌦ G3) = 0 for i 6= 1 and we obtain

0 0 0 0 0 0
0 0 0 0 0 0
0 k 0 0 0 0
0 0 k 4k + 2 k 0
0 0 0 0 0 k
0 0 0 0 0 0

E(�1,�1) E ⌦ G2(�1,�1) E ⌦ G1(�1,�1) E ⌦ G3 E(0,�1) E(�1, 0)

From this table, since Extk(Fi , Fj ) = 0 for k > 0 and any i, j , we get the claimed
monad.

From previous computations in cohomology, we know that H1(E ⌦ G1(�1,
�1)) ' H1(E(0,�1))⇤ and analogously H1(E ⌦ G2(�1,�1)) ' H1(E(�1, 0))⇤.
Denote by I1 the vector space of the first isomorphism and by I2 the vector space
of the second one, and denote by W the cohomology group H1(E ⌦ G3).

The vector bundles in the obtained monad satisfy the required cohomologi-
cal conditions in order to have a bijection between homomorphism of monads and
the induced homomorphism in the cohomology bundles (see for example in [25,
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Lemma 4.1.3]). Recalling that E carries a unique symplectic structure, a conse-
quence of the cited result gives us two isomorphisms

q̄ : W ⌦OF ! W ⇤ ⌦OF

and

h : (I1 ⌦OF (1, 0)) � (I2 ⌦OF (0, 1)) ! (I1 ⌦OF (1, 0)) � (I2 ⌦OF (0, 1))

such that
q_ = �q and h � � = ↵_ � q.

This implies that the monad (5.2) is self-dual, therefore we have that � = ↵_ � (q⌦
idOF ).

Reciprocally, the cohomology of a monad of type (5.2) with H0(E) = 0 is
an instanton bundle. Indeed H0(OF (0,�1)) = H0(OF (0,�1)) = H1(OF (�1,
�1)) = 0, combined with H2(OF (�2,�1)) = H2(OF (�1,�2)) = 0, gives us
that H1(E(�1,�1)) = 0. Moreover, for each pair (p, q) such that p + q < 0, we
get H0(OF (p, q)) = H1(OF (p�1, q)) = H1(OF (p, q�1)) = 0, which implies
H0(E(p, q)) = 0, hence the µ-semistability of the bundle E .

Remark 5.3.

(i) In the case of instanton bundles on P2n+1, the cohomology of the monad anal-
ogous to the one given at Theorem 5.2 had automatically no non-zero sections
(cf. [2, Theorem 2.8]). However, in the case of the flag variety we are dealing
with, we need to add this extra condition to recover an instanton bundle, as it
had been pointed out at Remark 3.2;

(ii) If k = 1 the instanton bundle E twisted by OF (1, 1) is an Ulrich bundle with
c1(E(1, 1)) = (2, 2) and c2(E(1, 1)) = 4h1h2 which is µ-stable unless E
arises (up to permutation) from an extension

0 ! OF (1,�1) ! E ! OF (�1, 1) ! 0,

see [10]. Moreover since E(1, 1) is Ulrich on a Del Pezzo Threefold, hence,
by [9], we get

Ext2(E,E) = 0.

Remark 5.4. As in the case of instanton bundles on the projective space, the two
monads defining instanton bundles on the flag variety are closely related. Indeed,
let us describe the monad defined in Theorem 5.2 by the short exact sequences (the
first and second display of the monad)

0 �! K �! O4k+2 �! O(1, 0)�k �O(0, 1)�k �! 0
0 �! O(�1, 0)k �O(0,�1)k �! K �! E �! 0.

(5.3)
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The first sequence fits in the following commutative diagram

0

✏✏

0

✏✏

0

✏✏

0 // K

✏✏

// O�4k+2

✏✏

�
// O(1, 0)�k �O(0, 1)�k //

✏✏

0

0 // G1(�1, 0)�k � G2(0,�1)�k

✏✏

// O�6k

✏✏

�0
// O(1, 0)�k �O(0, 1)�k //

✏✏

0

0 // O�2k�2

✏✏

// O�2k�2

✏✏

// 0

0 0

indeed, we can complete the matrix representing � with columns of the required
forms of degree 1 in either the xi ’s or yi ’s, in order to keep ker� 0 with no global
sections. Starting from this diagram, it is possible to induce the following one

0

✏✏

0

✏✏

0

✏✏

0 // O(�1, 0)�k �O(0,�1)�k //

✏✏

K //

✏✏

E //

✏✏

0

0 // O(�1, 0)�k �O(0,�1)�k //

✏✏

G1(�1, 0)�k � G2(0,�1)�k //

✏✏

C //

✏✏

0

0 // O�2k�2 //

✏✏

O�2k�2 //

✏✏

0

0 0

which can be seen as the display of the monad defined in Theorem 5.1.
The previous presentation allows us to prove the following result (compare with [11,
Section 2]).

Theorem 5.5. The moduli space MIF (k) is the geometric GIT quotient D0
k/Gk .

Proof. We just saw that isomorphic classes of instanton bundles are in one-to-one
correspondence with Gk-orbits in D0

k . Moreover, their isotropy group is 3 :=
±(idSp(W,J ), idGL(I1), idGL(I2))). Therefore, Gk/3 acts freely on D0

k and in par-
ticular all orbits are closed: D0

k ! D0
k/(Gk/3) is a geometric quotient.
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In general, it is a challenging question to know whether a given moduli space
is an affine variety. For the case of instanton bundles on P2n+1 a positive answer
was given in [11].

Following [11], we are going to call a matrix At 2 Hom((U ⌦ I ⇤1 ) � (U⇤ ⌦
I ⇤2 ),W ) degenerate if there exists u1 2 U , u2 2 U⇤, such that u2(u1) = 0 and
such that the induced linear map At ((� ⌦ u1) � (� ⌦ u2)) : I ⇤1 � I ⇤2 ! W is non-
injective. It is straighforward to show that A 2 W ⇤⌦((I1⌦U)�(I2⌦U⇤)) defines
a surjective map if and only if At is nondegenerate. Therefore we can conclude that
D0
k = {A 2 Dk | A is injective and At is nondegenerate}. With these ingredients

we are able to prove:

Proposition 5.6. MIF (1) is an affine variety.

Proof. Notice that in this case, the map of vector bundles Ã : W ⌦ OF ! (I1 ⌦
OF (1, 0)) � (I2 ⌦ OF (0, 1)) becomes, at the level of global sections, a square
(6 ⇥ 6)-matrix associated to the map A : W ! U � U⇤. Let us denote by D(A)
the usual determinant of this map. Notice that D is Gk ⇥ GL(U)-invariant. Let us
show that, for A 2 D1, A 2 D0

1 if and only if D(A) 6= 0.
First, obviously if A is degenerate, then D(A) = 0. Reciprocally, if A 2 D0

1 is
defining an instanton bundle E with associated first display

0 ! OF (�1, 0) �OF (0,�1) ! E ! K ! 0,

we obtain that H0(K) = H0(E) = 0 and therefore, taking global sections at the
second display

0 ! H0(K) = 0 ! H0
�
O6F

� ⇠= C6 A
! H0(OF (1, 0) �OF (0, 1)) ⇠= C6 ! 0,

we obtain A injective and D(A) 6= 0.
Therefore, we obtain that D0

1 = {A 2 D1 | D(A) 6= 0} is an affine variety
Spec(S). Therefore, by the famous Theorem of Hilbert and Nagata, MIF (1) =
D0
1/Gk = Spec(SGk ) is also affine.

Remark 5.7.

(i) In Theorem 6.2 we will obtain an stronger result concerning MIF (1). How-
ever, it seems that the approach used there can not be extended to deal with
instanton bundles of higher charge;

(ii) On the other hand, the approach from Proposition 5.6, namely, the correct
identification of an invariant form D on the vector space under consideration,
is the one used in [11, Theorem 1.2] (respectively [15, Theorem C]) to prove
that the moduli space of instantons of arbitrary charge on P3 (respectively the
three-dimensional quadric) is an affine variety. We state therefore the following
conjecture.

Conjecture 5.8. MIF (k) is affine for any k.
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6. Construction of instantons

In this section we will construct, through an induction process, stable k-instanton
bundles on the flag variety for each charge k. More concretely, we are going to
prove the following

Theorem 6.1. Let F ⇢ P7 be the flag variety. The moduli space of stable k-
instanton bundles MIsF (k) has a generically smooth irreducible component of di-
mension 8k � 3.

We will start describing completely the case of charge 1 that is the base case for the
induction. We give two approaches to this case: first we give a complete explicit
characterization in terms of the monad defining them. Next, we give a more abstract
construction using Serre correspondence. Finally, in the subsection 6.3, we take
care of the induction step.

6.1. Base case of induction

Let us consider the case of charge 1, i.e. a vector bundle which is cohomology of
the monad

OF (�1, 0) �OF (0,�1) A
�! O6F

B
�! OF (1, 0) �OF (0, 1).

The matrix B, up to a change of coordinates and action of the linear groups involved
in the monad, is of the form


x0 x1 x2 0 0 0
0 0 0 y0 y1 y2

�

where we can use the coordinates (x0 : x1 : x2) ⇥ (y0 : y1 : y2) of the product
P2 ⇥ P2. Notice that we can think the entries of the matrix in such coordinates, we
just need to consider that they satisfy the equation defining the flag variety, which
we can suppose to be of the form x0y0 + x1y1 + x2y2 = 0.

This means that ker B ' G1(�1, 0) � G2(0,�1) and the 1-instanton bundle E
is given as the cokernel

0 �! OF (�1, 0) �OF (0,�1) A
�! G1(�1, 0) � G2(0,�1) �! E �! 0

where the matrix A is of the form

A =

2

6
6
6
6
6
4

f1 � y0
f2 � y1
f3 � y2

�x0 g1
�x1 g2
�x2 g3

3

7
7
7
7
7
5
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where ( f1 f2 f3)t and (g1 g2 g3)t are syzygies of, respectively, (x0 x1 x2)
and (y0 y1 y2), and � , � 2 C. Notice that it completely agrees with the fact that
the family of charge 1 instanton is 5-dimensional; indeed, each of the two syzygies
is 3-dimensional as vector space, and we still have to apply the action of the 2-
dimensional linear group of the automorphisms of OF (�1, 0) � OF (0,�1). In
particular, MIF (1) is the open subset of

PHom(OF (�1, 0) �OF (0,�1),G1(�1, 0) � G2(0,�1))⇠=P(H0(G1) � H0(G2))

defined as the complement of the hypersurface given by the vanishing of the de-
terminant of the following matrix, where f x ji (respectively gy ji ) stands for the coef-
ficient of the polynomial fi (respectively gi ) with respect the variable x j (respec-
tively y j ),

A =

2

6
6
6
6
6
6
4

f x01 f x11 f x21 � 0 0
f x02 f x12 f x22 0 � 0
f x03 f x13 f x23 0 0 �

� 0 0 gy01 gy11 gy21
0 � 0 gy01 gy11 gy21
0 0 � gy03 gy13 gy23

3

7
7
7
7
7
7
5

.

So we can state an improvement of Proposition 5.6:

Theorem 6.2. The moduli space of 1-instanton bundles MIF (1) is an affine irre-
ducible smooth variety of dimension 5.

The charge 1 instanton bundles E restrict trivially on the generic conic and for the
generic line for each of the two families. Moreover, we have Ext2(E,E) = 0,
because they are Ulrich if stable. Therefore, we obtained the candidate to start the
induction process described in the next section. Furthermore, the following result
characterizes the semistable case.

Proposition 6.3. Let E be a 1-instanton on the flag variety F . Then the vector
bundle E is properly semistable if and only if at least one of two syzygies is zero.
Moreover, it splits as E ' OF (�1, 1)�OF (1,�1) if and only if both fi ’s and gi ’s
are zero.

Remark 6.4. Vanishing either the fi ’s or the gi ’s corresponds with the choice of
one of two possible families given by the extension, i.e.

0 �! OF (1,�1) �! E �! OF (�1, 1) �! 0
0 �! OF (�1, 1) �! E �! OF (1,�1) �! 0.

(6.1)

Proof. Let us recall the short exact sequences

0 �! OF (�1, 0) �! G2(0,�1) �! OF (1,�1) �! 0
0 �! OF (0,�1) �! G1(�1, 0) �! OF (�1, 1) �! 0.

(6.2)
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Also recall that we have already proven that E is semistable if only if it is one of the
extensions described in (6.1). Consider the first one; it occurs if and only E fits in
the following diagram

0

✏✏

0

✏✏

0

✏✏

0 // OF (�1, 0) //

✏✏

G2(0,�1)

✏✏

// OF (1,�1) //

✏✏

0

0 // OF (�1, 0) �OF (0,�1) //

✏✏

G1(�1, 0) � G2(0,�1) //

✏✏

E //

✏✏

0

0 // OF (0,�1) //

✏✏

G1(�1, 0) //

✏✏

OF (�1, 1) //

✏✏

0

0 0 0

We have the previous commutative diagram if and only if the syzygy given by
(g1 g2 g3) is equal to zero.

Analogously, the other extension appear if and only if the syzygy given by
( f1 f2 f3) is equal to zero.

Finally, it comes directly from the previous diagram that E splits asO(1,�1)�
O(�1, 1) if and only if both syzygies vanish.

Example 6.5. We show a specific example of instanton of charge 2, which we will
know to be stable because its second Chern class is not a perfect square (see Propo-
sition 3.5). Indeed, consider the monad

OF (�1, 0)�2 �OF (0,�1)�2 A
�! O�10

F
B

�! OF (1, 0)�2 �OF (0, 1)�2

with the matrices defining the maps are given by

A=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

�y0 0 �x0 � x2 0
�y1 0 �x2 �x0
0 0 0 �x2
y0 y2 0 �x1
y2 y0 0 0

y0 + y1 y2 0 �x1
0 y1 0 0
y1 0 0 x0
0 0 x0 x1

�y2 0 x0 + x1 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

B=

2

6
4

x0 x1 0 0 0 0 0 0 x0 x2
0 x0 x1 0 0 0 0 x0 x2 0
0 0 �y2 �y1 0 0 y2 y0 0 0
0 0 0 �y2 �y1 y2 y0 0 0 0

3

7
5 .

As in the previous case, we denote by (x0 : x1 : x2) ⇥ (y0 : y1 : y2) the coordinates
of the product P2⇥P2, keeping in mind that they satisfy the equation x0y0+x1y1+
x2y2 = 0 of the flag variety.
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6.2. Alternative proof of the existence of 1-instantons

In this subsection, using Serre correspondence, we are going to show the existence
of stable 1-instanton bundles with trivial splitting type on the general line from both
families. The proof will be similar to the one given on [15].

Theorem 6.6. Let F be the flag variety. Then there exists a family of dimension 5 of
stable 1-instantons E on F . Moreover, they have trivial splitting type on the generic
conic and line (from both families). Indeed, E(1, 1) are Ulrich bundles on F .

Proof. Let us consider S a hyperplane section of F . S is a del Pezzo surface of de-
gree 6 embedded by the anticanonical line bundle HF|S := �KS . Therefore, S can
be seen as the blow-up at three generic points of P2. Using standard terminology,
�KS = 3h � e1 � e2 � e3 where l denotes the pullback of the class of a line in
P2 and ei are the exceptional divisors. Let us consider a general curve C of class
3l� e1. It is a smooth elliptic curve of degree 8. using the short exact sequence that
relates the normal bundles:

0 �! NC,S �! NC,F �! NS,F |C �! 0

we obtain
0 �! OC(C) �! NC,F �! OC(HC) �! 0.

By easy Riemann-Roch computations, we obtain h0(NC,F ) = 16 and h1(NC,F ) =
0. Deformations theory tells us that the Hilbert scheme Hilb8t (F) of curves on F
with Hilbert polynomial p(t) := 8t is smooth of dimension 16 at the point [C].

Take a general deformation D of C . It will be a smooth non-degenerate elliptic
curve with Chern class [D] = 4h1h2 2 A⇤(F). Now, a non-zero element of

Ext1
�
ID|F (2, 2),OF

� ⇠= Ext1
�
ID|F ,!F

� ⇠= H1(!D) ⇠= C

provides, through Serre correspondence, an unique extension

0 �! OF �! G �! ID|F (2, 2) �! 0. (6.3)

Let us show that G is an Ulrich sheaf, using its characterization by the minimalOP7-
resolution (see [13, Proposition 2.1]). In order to do this, we will use that, being
F and D quasi-minimal varieties on P7, we know their minimal OP7-resolution.
Indeed,

0 �! OP7(�6) �! OP7(�4)
9 �! OP7(�3)

16 �! OP7(�2)
9

�! OP7 �! OF �! 0,

and

0 �! OP7(�8) �! OP7(�6)
20 �! OP7(�5)

64 �! OP7(�4)
90

�! OP7(�3)
64 �! OP7(�2)

20 �! OP7 �! OD �! 0.
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Applying the mapping cone Theorem to the short exact sequence (which is exact
due to F being aCM):

0 �! IF |P7 �! ID|P7 �! ID|F �! 0

we obtain the resolution of ID|F :

0 �! OP7(�8) �! OP7(�6)
21 �! OP7(�5)

64 �! OP7(�4)
81

�! OP7(�3)
48 �! OP7(�2)

11 �! ID|F �! 0.

Finally, applying the horseshoe Lemma to (6.3), G has a linearOP7-resolution

0 �! OP7(�4)
12 �! OP7(�3)

48 �! OP7(�2)
72

�! OP7(�1)
48 �! O12P7 �! G �! 0,

namely G is an Ulrich rank 2 bundle on F with Chern classes c1(G) = 2h1 + 2h2
and c2(G) = 4h1h2. Now, if we define E := G(�1,�1), E is an 1-instanton bundle
on F . Let us know show that E sits on a generically smooth component of MI (1) of
dimension 5. Namely, we compute the dimensions exti (E,E)(= hi (E ⌦ E) thanks
to E_ ⇠= E). First of all, we know from Lemma 3.6 that E is simple: ext0(E,E) =
1. On the other hand, tensoring the exact sequence (6.3) twisted by OF (�1,�1)
with E and considering the cohomology vanishings of an Ulrich bundle, we get
hi (E ⌦ E) = hi (E ⌦ ID|F (1, 1)). Moreover, from

0 �! E ⌦ ID|F (1, 1) �! E(1, 1) �! E ⌦OD(1, 1) �! 0

we get h2(E ⌦ ID|F (1, 1)) = h1(E ⌦OD(1, 1)). But E ⌦OD(1, 1) ⇠= ND,F and
D, being a general deformation of C , verifies h1(ND,F ) = 0 and h0(ND,F ) = 16
from where we obtain the result.

Let us observe that, alternatively, the dimension of the component of MI (1)
where E sits could have also been computed using that, through Serre correspon-
dence, there is a bijection, at least locally, between pairs (E(1, 1), s) -where E(1, 1)
is an Ulrich bundle and s 2 P(H0(E(1, 1))) is a non-zero global section- and pairs
(D, t)where D ⇢ F is an elliptic normal curve and 0 6= t 2P(Ext1(ID|F (2,2),OF ))

. Therefore, since h0(E(1, 1)) = 12, Ext1(ID|F (2, 2),OF ) ⇠= C and Hilb8t (F) has
dimension 16 at D, we get that the dimension of the considered component of
MI (1) is 5.

We know that Ulrich bundles are semistable (see [8]). Let us now show that the
generic Ulrich bundle constructed above is stable: otherwise, by Hoppe’s criterion,
it would fit in a short exact sequence of the form:

0 �! OF (l,�l) �! E �! OF (�l, l) �! 0

with l 2 Z. Comparing Chern classes, it turns out that l 2 {1,�1}. But prop-
erly semistable bundles sitting on one of these two exact sequences form fam-
ilies of dimension 2, from the easy calculation ext1(OF (1,�1),OF (�1, 1)) =
h1(OF (�2, 2)) = 3.
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It only remains to prove the trivial splitting type with respect to lines and conics
on F . Let us start with the conic case. For this, let us consider a generic conic A
with class l � e1 on the del Pezzo surface S. It will cut C on two points {x, y}.
Tensoring the short exact sequence

0 �! IC|F (1, 1) �! OF (1, 1) �! OC(1, 1) �! 0

by OA we see that IC|F (1, 1) ⌦ OA ⇠= OA � O{x,y}. Tensoring again (6.3) by
OA(�1,�1)we get a surjection E|A toOA�O{x,y}. Therefore, the only possibility
is E|A ⇠= O2A. So, by semicontinuity, the same will be true for the 1-instanton bundle
associated to a generic deformation D of C inside Hilb8t (F).

For the case of a general line L on any of the two families P2, we should to
change slightly the argument: in this case, we start with a smooth elliptic curve
C of degree 8 on the del Pezzo S from the linear system 5l � 3e1 � 2e2 � 2e3.
Now, the line L with class l � e2 � e3 will cut C on a single point x and therefore
IC|F (1, 1)⌦OL ⇠= OL �O{x}. Now the previous argument tells us that E|L ⇠= O2L .
Notice that, fixed the line L on S, we have freedom on the choice of the presentation
of S as a blow-up to assure that L has class l � e2 � e3. Therefore, this argument
covers both families of lines on F .

6.3. The induction step

We complete here, by induction, the proof of Theorem 6.1. So let us suppose that
this theorem is true for instantons of charge k, namely we can take an instanton
bundle E on the flag variety with c2(E) = kh1h2 and c1(E) = c3(E) = 0, stable
and satisfying h2(E ⌦ E) = 0, belonging to a family of dimension 8k � 3 . Recall
that E has trivial restriction on the generic conic, as shown in Proposition 3.3.

Consider the following short exact sequence

0 �! F �! E �! OC(1) �! 0 (6.4)

which gives us a torsion free sheafF with c2(F) = (k+1)h1h2, c1(F) = c3(F) =
0 and H1(F(�1,�1)) = 0. Moreover for the generic conic C in the flag variety,
we have trivial restrictions, i.e. F|C ' E|C ' O�2

C . Applying Hom(E,�) and
Hom(�,F) to (6.4), we obtain Ext2(F ,F) = 0. Indeed, applying the first functor
we get

0 = Ext1(E,OC(1)) ' H1
⇣
OC(1)2

⌘
! Ext2(E,F) ! Ext2(E,E) = 0

and applying the second functor

Ext2(E,F) ! Ext2(F ,F) ! Ext3(OC(1),F).

By Serre duality Ext3(OC(1),F) ' Hom(F ,OC(1) ⌦ OF (�2,�2)) and, if the
last group is not zero, we would have a homomorphism when restricting to the
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conic. Consider therefore the restriction of (6.4) to C , getting

0 ! T or(OC ,OC(1)) ! F|C ! O2C ! OC(1) ! 0

and applying Hom(�,OC(�3)) we get

0 = Hom(OC(�1),OC(�3)) ! Hom(F|C ,OC(�3))
! Hom(T or(OC ,OC(1)),OC(�3)) = 0.

Putting all together, we get that Ext2(F ,F) = 0. Moreover, F is stable, being a
subsheaf of E with the same slope.

Our goal will be to prove that inside Ms
F (2, 0, (k + 1)h1h2, 0), the moduli

space of stable rank 2 sheaves with those fixed Chern classes, F can be deformed
to a vector bundle. In order to know the local dimension of Ms

F (2, 0, (k+1)h1h2, 0)
at the point [F ], we would like now to compute

1� ext1(F ,F) = �(F ,F) = �(E,F) � �(OC(1),F).

Directly from (6.4), we compute �(E,F) = �(E,E)��(E,OC(1)) = (4� 8k)�
4 = �8k and �(OC(1),F) = �(OC(1),E) � �(OC(1),OC(1)) = 4 � 0, using
the formula in (2.5), the restriction of E on the conic and finally the resolution of
the structure sheafOC . We can conclude that ext1(F ,F) = 8k + 5.

Let us denote by F̃ a general deformation of F . Being F̃ a torsion free sheaf,
we have a canonical short exact sequence

0 �! F̃ �! F̃⇤⇤ �! T �! 0,

where T is a sheaf supported on a scheme of dimension at most 1. All the required
cohomological properties for the subsequent steps will still hold because of the
semicontinuity of the dimension of the Ext groups when considering a deformation
in the moduli space of stable rank 2 vector bundles with fixed Chern classes.

The stability of F̃ implies h0(F̃⇤⇤(�1,�1)) = 0. On the other hand, being
h1(F̃(�1,�1)) = 0 directly form the definition of F and the cohomological in-
stanton condition on E , we get that h0(T (�1,�1)) = 0. This tells us that the
support of T does not have isolated points, i.e. it is of pure dimension 1 when non
empty. Let us observe that we can suppose that its support is not empty, otherwise
F̃ would already be a (k + 1)-instanton bundle, as wanted. Our next goal is to
compute c2(T ) to get the degree of such support. First of all, let us notice that F̃⇤⇤

is a 2-rank reflexive sheaf on the flag variety, therefore c3(F̃⇤⇤(↵1,↵2)) is invariant
for each twist by a line bundle OF (↵1,↵2). We will denote such Chern class by
c. Recall that, by Lemma 2.3, we have c � 0. Moreover, also c2(T (↵1,↵2)) is
invariant by twist, indeed it is minus the class on the Chow ring of the support of
the sheaf T .

Considering the relation

c3(T (↵1,↵2)) = c � 2(↵1h1 + ↵2h2)c2(T )
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and using the Hirzebruch-Riemann-Roch formula, we compute

�(T (↵1,↵2)) =
1
2
c � c2(T ) ((1+ ↵1)h1 + (1+ ↵2)h2) .

Choosing ↵1 = ↵2 = �1 we get

�
1
2
c = ��(T (�1,�1)) = h1(T (�1,�1)) � 0,

hence c = 0, which means that F̃⇤⇤ is locally free. Denoting c2(T ) = �1h21+�2h22
and recalling that �1+�2 < 0, being related to minus the degree of the support of T ,
we can suppose, without loss of generality, that �2 < 0. Taking a pair of negative
↵1,↵2 with ↵1 + ↵2 ⌧ 0 and ↵1 ⌧ ↵2, we obtain the following cohomological
relations

��(T (↵1,↵2)) = h1(T (↵1,↵2))  h2(F̃(↵1,↵2))  h1(OC(↵1 + ↵2 + 1)),

where the inequality on the middle holds because the sheaf F̃⇤⇤ is locally free
and the right equality follows from the semicontinuity of the dimension of the Ext
groups. We thus obtain

(1+ ↵1)�2 + (1+ ↵2)�1  �↵1 � ↵2 � 2

that gives us �2 = �1. Therefore �1 < 1, and we can exclude all cases �1  �2,
taking ↵2 ⌧ 0, hence �1 = �1, 0.

This means that if F̃ is not locally free, it would fit in one of the following
short exact sequences: if �1 = �2 = �1 we have

0 �! F̃ �! F̃⇤⇤ �! OC(1) �! 0 (6.5)

or
0 �! F̃ �! F̃⇤⇤ �! OL1 �OL2 �! 0; (6.6)

if �1 = 0 and �2 = �1 (respectively, if �1 = �1 and �2 = 0) we have

0 �! F̃ �! F̃⇤⇤ �! OL2 �! 0, (6.7)

or, respectively
0 �! F̃ �! F̃⇤⇤ �! OL1 �! 0. (6.8)

We have shown that, if the deformation F̃ is not locally free, than it always fits into
one of the four exact sequences described in (6.5), (6.6), (6.7) and (6.8).

Consider the first case. The family defined by such a short exact sequences has
dimension 8k + 4. Indeed, this can be computed observing that the dimension of
the moduli of F̃⇤⇤, which is a k-instanton, is equal 8k � 3. Then we have to add
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the choice of a conic C (from a space of dimension 4) plus a surjective morphism
E ! OC(1) (i.e, an element of the space P(H0(OC(1)2)), of dimension 3).

Consider the second case. The family defined by such short exact sequences
has dimension 8k + 1. Indeed, this can be computed observing that, here again, the
dimension of the moduli of vector bundles F̃⇤⇤, which is a k-instanton, is equal to
8k � 3, 4 given by the choice of the two lines L1 and L2, respectively of the first
and second family in the flag variety, while a surjective morphism E ! OL1 �OL2
is still uniquely defined through the restriction EC ' O2C .

Consider the third case. The family defined by such short exact sequence has
dimension 8k+4. Indeed, this can be computed observing that the dimension of the
moduli of vector bundles F̃⇤⇤, with c1(F̃⇤⇤) = 0 and c2(F̃⇤⇤) = kh21+(k+1)h22 has
dimension 8k + 1, 2 are the lines L2 of the second family and 1 is the dimension of
P(H0(E|L2)), which represents the choice of one of the two summands of the trivial
restriction in order to construct the surjection E ! OL2 .

The fourth case is completely analogous to the third one, and here again the
family defined by such short exact sequence has dimension 8k + 4.

For any of the described cases, which we recall are all the possible ones for
a non locally free deformation, the defined families do not fill all the possible de-
formations of the original sheaf F . We can conclude that we can always deform
F to a stable locally free sheaf F̃ , with c1(F) = 0, c2(F) = (k + 1)h1h2 and
H1(F̃(�1,�1)), hence by definition it is a stable (k + 1)-instanton bundle. It also
has trivial splitting type on the generic conic. Moreover, we have constructed such
F̃ in order to have Ext2(F̃ , F̃) = 0, therefore satisfies all our hypothesis to apply
induction.

7. Jumping rational curves

Now we are going to define the notion of jumping conic. For instanton bundles on
P3, jumping lines have been thoroughly studied. Here we propose an analogous
definition for conics on the flag variety that deals at once with the irreducible and
reducible case:
Definition 7.1. Let E be an instanton bundle on the flag variety F . A conic C ⇢ F
(irreducible or not) is a jumping conic of type (a, b) if it satisfies H1(E|C(�1, 0)) =
a and H1(E|C(0,�1)) = b. C is said to have trivial splitting type when it has type
(0, 0).
Let us give some insight to our definition. Indeed, suppose first that C ⇢ F is an
irreducible conic, C ⇠= P1. In that case, OF (�1, 0)|C = OF (0,�1)|C = OC(�1)
and for an instanton bundle E we have E|C ⇠= OC(�a) � OC(a) if and only if
H1(E|C(�1, 0)) = H1(E|C(0,�1)) = a if and only if it is a jumping conic of type
(a, a).

On the other hand, for a reducible conic C = L1 [ L2 for lines Li intersecting
transversely on a single point. In this case, it is well-known that Pic(C) ⇠= Z2,
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where the isomorphism is given by L ! (degL1(L), degL2(L)). Therefore, for
an instanton E on F the restriction toC is of the form EC ⇠=OC(a, b)�OC(�a,�b)
if and only if it is a jumping conic of type (a, b).

Let us consider the exact sequence associated to a conic C

0 ! OF (�1,�1) ! OF (0,�1) �OF (�1, 0) ! OF ! OC ! 0.

Writing the above sequence in familieswith respect to global sections ofOF (0,�1)�
OF (�1, 0), we get the description of the universal conic C ⇢ F ⇥ H

0 ! OF (�1,�1) ⇥OH (�1,�1) ! OF (0,�1) ⇥OH (0,�1)
�OF (�1, 0) ⇥OH (�1, 0) ! OF⇥H ! OC ! 0.

(7.1)

We denote by DE the locus of jumping conics of an instanton E , and by i its em-
bedding in H .

Proposition 7.2. Let E be a k-instanton on F . Then DE is a divisor of type (k, k)
equipped with a sheaf G fitting into

0!OH (�1,�1)�k�OH (�1, 0)�k !O�k
H �OH (�1, 0)�k ! i⇤G ! 0. (7.2)

Proof. A conic C is jumping for E if and only if the point of H corresponding to C
lies in the support of R1q⇤ p⇤(E(�1, 0)).

Let us consider the Fourier-Mukai transform 8 = q⇤(p⇤(� ⌦ OF (�1, 0))).
Let us apply 8 to the terms of the monad (5.1).

Riq⇤((p⇤(OF (�1, 0) ⌦OF (�1, 0))) ⇠= Riq⇤((OF (�2, 0) ⇥OH (0, 0))).

By (7.1) tensored by OF (�2, 0) ⇥OH (0, 0), since the only non zero cohomology
on F is h2(OF (�3, 0)) = 1 we get Riq⇤((p⇤(OF (�1, 0) ⌦OF (�1, 0))) = 0 for
i 6= 1 and

R1q⇤((p⇤(OF (�1, 0) ⌦OF (�1, 0))) ⇠= OH (�1, 0).
Riq⇤((p⇤(OF (0,�1) ⌦OF (�1, 0))) ⇠= Riq⇤((OF (�1,�1) ⇥OH (0, 0))).

By (7.1) tensored byOF (�1,�1)⇥OH (0, 0), since the only non zero cohomology
on F is h3(OF (�2,�2)) = 1 we get Riq⇤((p⇤(OF (0,�1) ⌦ OF (�1, 0))) = 0
for i 6= 1 and

R1q⇤((p⇤(OF (0,�1) ⌦OF (�1, 0))) ⇠= OH (�1,�1).
Riq⇤((p⇤(OF ⌦OF (�1, 0))) ⇠= Riq⇤((OF (�1, 0) ⇥OH (0, 0))).

By (7.1) tensored byOF (�1, 0)⇥OH (0, 0), since the cohomology on F is all zero
we get for any i

Riq⇤((p⇤(OF ⌦OF (�1, 0))) ⇠= 0.
Riq⇤((p⇤(G1(�1, 0) ⌦OF (�1, 0))) ⇠= Riq⇤((G1(�2, 0) ⇥OH (0, 0))).
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By (7.1) tensored by G1(�2, 0) ⇥ OH (0, 0), since the only non zero cohomology
on F is h1(G1(�2, 0)) = 1 we get Riq⇤((p⇤(G1(�1, 0) ⌦ OF (�1, 0))) = 0 for
i 6= 1 and

R1q⇤((p⇤(G1(�1, 0) ⌦OF (�1, 0))) ⇠= OH

Riq⇤((p⇤(G2(0,�1) ⌦OF (�1, 0))) ⇠= Riq⇤((G2(�1,�1) ⇥OH (0, 0))).

By (7.1) tensored by G2(�1,�1)⇥OH (0, 0), since the only non zero cohomology
on F is h2(G2(�2,�1)) = 1 we get Riq⇤((p⇤(OF (0, 1) ⌦ OF (�1, 0))) = 0 for
i 6= 1 and

R1q⇤((p⇤(G2(0,�1) ⌦OF (�1, 0))) ⇠= OH (�1, 0).

Now if we apply 8 to the sequence

0 ! K ! G1(�1, 0)�k � G2(0,�1)�k
�
�! O�2k�2

F ! 0

we get Riq⇤((p⇤(K ⌦OF (�1, 0))) = 0 for i 6= 1 and

R1q⇤((p⇤(K ⌦OF (�1, 0))) ⇠= OH (�1, 0) �OH .

From
0 ! OF (0,�1)�k �OF (�1, 0)�k ! K ! E ! 0

we get

0 ! R0q⇤((p⇤(E ⌦OF (�1, 0))) ! OH (�1, 0)�k �OH (�1,�1)�k
�
�! OH (�1, 0)�k �O�k

H .

So � is a (2k) ⇥ (2k) matrix made by a (k) ⇥ (k) matrix linear in the first variables,
a (k) ⇥ (k) linear in the second variables a (k) ⇥ (k) matrix of degree 0 and a
(k) ⇥ (k) matrix of bidegree (1, 1). Hence ker(� ) is zero and coker(� ), which is
R1q⇤((p⇤(E ⌦OF (�1, 0))), is an extension to H of a rank 1 sheaf, which we call
G, on DE , that is a divisor of type (k, k) given by the vanishing of the determinant
of � .

Remark 7.3. An analogous proof to the one of the previous Proposition was obtain
for instanton bundles on P3 (see [25, Theorem 2.2.4]) and other Fano threefolds
(see [15, Proposition 2.4 and Lemma 4.8]). Moreover, it works also for higher rank
instanton bundles on F whose restriction to a general conic is trivial.
For properly semistable instanton bundles we can say much more about the divi-
sor of jumping conics. For this recall that such an instanton fits on a short exact
sequence (3.4) and in particular has charge k = l2. We are going to see that the
support of DE is exactly the set of reducible conics, namely conics of the form
C = L1 [ L2 for lines Li intersecting transversely on a single point:
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Proposition 7.4. Let E be a properly semistable k-instanton on F , with k = l2.
Then C 2 DE if and only if C is reducible: C = L1 [ L2. In particular, if E is
defined as the extension

0 ! OF (l,�l) ! E ! OF (�l, l) ! 0

the possible splitting types are given by

E|C ⇠= OC(l,�a) �OC(�l, a)

with 0  a  l.
Moreover, it is possible to find properly semistable instanton bundles E on the

flag and l + 1 different reducible conics C j on F , such that

E|C j
⇠= OC j (l,� j) �OC(�l, j),

for j = 0, . . . , l, i.e. we have all the possible splittings.
The family of properly semistable bundles given by the other extension behaves

analogously.

Proof. Restricting the short exact sequence (3.4) that defines E to a smooth conic
C , we see that E|C ⇠= O2C . On the other hand, suppose that C = L1 [ L2 with each
of the Li belonging to one of the two families of lines on F . Then for the suitable
Li we have

0 ! OLi (l) ! E|Li ! OLi (�l) ! 0.
Then the sequence should split and ELi ⇠= OLi (l)�OLi (�l). For the other line, the
corresponding exact sequence can have central term E|L j

⇠= OL j (�a) � OL j (a)
for any 0  a  l.

To conclude the proof, consider the semistable family, the other one is studied
in the same way, given as extensions of type

0 ! OF (l,�l) ! E ! OF (�l, l) ! 0.

Restricting at the lines of second family, we have that E|L2 ' OL2(l) �OL2(�l).
For the other family of lines we have

0 ! OL1(�l) ! E|L1 ! OL1(l) ! 0,

hence E|L1 2 Ext1(OL1(l),OL1(�l)) = H1(OL1(�2l)) and E 2 Ext1(OF (�l, l),
OF (�l,�l)) = H1(OF (2l,�2l)). The two extensions are related by the following
exact sequence

0 ! OF (2l � 2,�2l) ! OF (2l � 1,�2l) ! OF (2l,�2l) ! OL1(�2l) ! 0.

From Proposition 2.4 we can compute that Hi (OF (2l � 2,�2l)) = 0 for i =
0, 1, 2, 3 and Hi (OF (2l � 1,�2l)) = Hi (OF (2l,�2l)) = 0 for i = 0, 2, 3, we
therefore have a surjective linear map

' : H1(OF (2l,�2l)) ! H1(OL1(�2l)) (7.3)
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between vector spaces of respective dimensions (2l � 1)(2l + 1) and 2l � 1 and
let us consider the associated linear projective map '̃ between the associated pro-
jective spaces (of dimension one lower). Take lines L j , j = 0, . . . , l from this
family and points ↵i 2 P(H1(OLi (�2l))) parameterizing the extension of type
OLi (�i) � OLi (i) (recall that the isomorphism class of an extension is classified
by this projective space). Then Ai := '̃�1(↵i ) will be a linear projective subspace
of P(H1(OF (2l,�2l))) of codimension 2l � 1. The intersection \li=0Ai will have
codimension (2l�1)(l+1)  (2l�1)(2l+1)�1 and therefore will be nonempty.
The elements of the intersection will parameterize l2-instanton bundles with the de-
sired restriction to the reducible conics Li [ L 0

i (L
0

i is the unique line from the other
family that intersects Li ).

Nevertheless, thanks to the following result, we can observe that the divisor of
jumping conics of type at least (�1, 1) of the generic instanton does not coincide
with the family of type at least (�2, 2). Hence, we have proper jumping conics of
type (�1, 1). This result should be compared to [6].

We denote by SE the locus of jumping conics of type at least (�2, 2) of an
instanton E , and by j its embedding in H .

Proposition 7.5. Let E be a generic k-instanton on F . Then SE is a Cohen
Macaulay curve equipped with a torsion-free sheaf G fitting into

0 ! B ! OH (�1, 0)�k �OH (0,�1)�k ! O�2k�2
H ! i⇤G ! 0, (7.4)

where B is a rank two torsion free sheaf on H .

Proof. A conic C belong to SE if and only if the point of H corresponding to C lies
in the support of R1q⇤ p⇤(E).

Let us consider the Fourier-Mukai transform 8 = q⇤(p⇤()). Let us apply 8 to
the terms of the monad (5.1). By (7.1) tensored by OF (�1, 0) ⇥OH (0, 0), since
the cohomology on F is all zero we get for any i

Riq⇤((p⇤(OF )) ⇠= 0.

By (7.1) tensored byOF (0,�1)⇥OH (0, 0), since the cohomology on F is all zero
we get for any i

Riq⇤((p⇤(OF ⌦OF (0,�1))) ⇠= 0.

By (7.1) tensored byOF ⇥OH (0, 0), since the only non zero cohomology on F is
h0(OF )) = 1 we get Riq⇤((p⇤(OF )) = 0 for i 6= 0 and

R0q⇤((p⇤(OF )) ⇠= OH .

By (7.1) tensored by G1(�1, 0) ⇥ OH (0, 0), since the only non zero cohomology
on F is h1(G1(�2, 0)) = 1 we get Riq⇤((p⇤(G1(�1, 0))) = 0 for i 6= 0 and

R0q⇤((p⇤(G1(�1, 0))) ⇠= OH (�1, 0).
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By (7.1) tensored by G2(0,�1) ⇥ OH (0, 0), since the only non zero cohomology
on F is h2(G2(0,�2)) = 1 we get Riq⇤((p⇤(OF (0, 1))) = 0 for i 6= 0 and

R0q⇤((p⇤(G2(0,�1))) ⇠= OH (0,�1).

Now if we apply 8 to the sequence

0 ! O(0,�1)�k �O(�1, 0)�k ! K ! E ! 0

we get Riq⇤((p⇤(E)) ⇠= Riq⇤((p⇤(K )) for any i . From

0 ! K ! G1(�1, 0)�k � G2(0,�1)�k
�
�! O�2k�2 ! 0

we get

0 ! R0q⇤((p⇤(E)) ! OH (�1, 0)�k �OH (0,�1)�k
�
�! O�2k�2

H .

So � is a (2k � 2) ⇥ (2k) matrix made by a (k � 1) ⇥ (k) matrix linear in the first
variables, a (k � 1) ⇥ (k) linear in the seconds variables. Hence ker(� ) is a rank
two bundle and coker(� ), which is R1q⇤((p⇤(E)), is an extension to H of a torsion
free sheaf supported on the curve SE .
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