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The smooth Riemannian extension problem

STEFANO PIGOLA AND GIONA VERONELLI

Abstract.  Given a metrically complete Riemannian manifold (M, g) with
smooth non-empty boundary and assuming that one of its curvatures is subject
to a certain bound, we address the problem of whether it is possibile to realize
(M, g) as a domain inside a geodesically complete Riemannian manifold (M, g)
without boundary, by preserving the same curvature bounds. In this direction we
provide three kind of results: (1) a general existence theorem showing that it is
always possible to obtain a geodesically complete Riemannian extension with-
out curvature constraints; (2) various topological obstructions to the existence of
a complete Riemannian extension with prescribed sectional and Ricci curvature
bounds; (3) some existence results of complete Riemannian extensions with sec-
tional and Ricci curvature bounds, mostly in the presence of a convexity condition
on the boundary.

Mathematics Subject Classification (2010): 53C23 (primary); 53C20, 53C40
(secondary).

1. Introduction

Let (M, g) be a given Riemannian manifold with smooth (possibly non-compact)
boundary 0M # (). This means that the Riemannian metric g is a smooth, pos-
itive definite symmetric tensor up to the boundary points. Assume that (M, g) is
subject to some constraint on one of its Riemannian invariants, such as a curvature
(or a volume growth) bound. The general problem we are interested in consists in
understanding when, and to what extent, the original manifold M can be prolonged
past its boundary in order to obtain a new smooth Riemannian manifold (M’, g’),
this time without boundary, such that one of the invariants alluded to above is kept
controlled. Clearly, the most interesting situation occurs when the extended metric
can be taken to be geodesically complete. In this case we can speak of (M’, g’) as
a complete Riemannian extension of (M, g) with controlled Riemannian invariants.
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First insights into the possibility of constructing a complete prolongation were given
by S. Alexander and R. Bishop in [3]. Actually, this paper is mostly focused on the
prolongation of open manifolds without boundary, but it contains useful informa-
tion also in the boundary case. The existence of a smooth extension, via gluing
techniques, of compact manifolds with a strict Ricci curvature lower bound and a
convexity condition on the boundary follows from work by G. Perelman, [37,46].
See Section 6 below. Extensions of compact manifolds with non-negative scalar
curvature up to the mean convex boundary are contained in [44]. The extended
metric is just C2 but this is (abundantly) enough to get interesting rigidity results
based on the positive mass theorem. Very recently, [7], a gluing technique in the
spirit of [37] has been applied to prove that the space of metrics with non-negative
Ricci curvature and convex boundary on the Euclidean three ball is path connected.
In a somewhat different direction, gluing methods have been also employed by
J. Wong, [47], in order to obtain isometric extensions with totally geodesic bound-
ary and a metric-curvature lower bound in the sense of Alexandrov. This has appli-
cations to Gromov-Hausdorff precompactness results and volume growth estimates.

In view of the well known relations between the topology of a complete Rie-
mannian manifold and the bounds on its curvatures, or its volume growth, we are
naturally led to guess that some topological obstruction appears somewhere in the
extension process. In this direction, it is important to verify whether some of these
obstructions are encoded in the original piece with boundary and this requires, first,
a phenomenological investigation over concrete examples. For instance, a com-
plete extension with non-negative Ricci curvature should be forbidden in general.
In this respect note that the topology of a compact manifold with convex bound-
ary and positive Ricci curvature cannot be too much wide and this is compatible
with the positive results we have mentioned above; see Part 2. Topological obstruc-
tions should also appear at the level of upper sectional curvature bounds. Think
for instance to the Cartan-Hadamard theorem, valid in the setting of geodesic met-
ric spaces. The possibility of extending a complete simply connected manifold
with boundary and negative curvature K < 0O to a complete manifold with sec-
tional curvature controlled by K + € was addressed by S. Alexander, D. Berg and
R. Bishop, [6, page 705], during their investigations on isoperimetric properties un-
der the assumption that the boundary has negative curvature on its concave sections.
We are grateful to S. Alexander for pointing out this reference. In sharp contrast,
in view of J. Lohkamp insights, [34], it is expected that an upper Ricci curvature
bound imposes no restrictions at all.

This very brief and informal discussion serves to outline a major project con-
cerning the systematic investigation around the Riemannian extension problem.

Definition 1.1. Let (M, g) be a smooth m-dimensional Riemannian manifold with
possibly nonempty boundary. A Riemannian extension of (M, g) is any smooth
m-dimensional Riemannian manifold (M’, g’) with possibly non-empty boundary
such that M is isometrically embedded in M’.

Roughly speaking, this project could be articulated in the following problems that
represent (some of) the basic steps towards a suitable understanding of the subject.
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Problem 1.2 (completeness). Let (M, g) be a metrically complete Riemannian
manifold with smooth boundary M # (. Does there exist a geodesically com-
plete Riemannian extension (M’, g") of M with dM’' = (7

Problem 1.3 (curvature constraints). Let Curv denote either of the curvatures
Sect, Ric or Scal and let C € R. Let (M, g) be a smooth m-dimensional, (non-
nencessarily complete) Riemannian manifold with smooth boundary d M # @ sat-
isfying Curvy < C (respectively < C, > C or > C). Does there exist a complete,
m-dimensional Riemannian extension (M’, g’) with M’ = @ and such that the
same curvature constraint holds?

In the present paper we start the investigation along the lines of both these problems
by presenting positive answer and obstruction results. More precisely:

e In Part 1, we give a complete answer to Problem 1.2 by showing that every
complete Riemannian manifold with boundary can be extended to a geodesically
complete Riemannian manifold without boundary by means of a very general
gluing procedure;

In Part 2 and Part 3 we attack Problem 2 by providing both topological obstruc-
tions and existence theorems under various curvature bounds. More precisely;

o In Part 2 we provide topological obstructions to the existence of complete exten-
sions satisfying Ric > C and Sect < 0. The former are based on Svarc-Milnor
and harmonic mappings arguments whereas the latter are obtained using both
homological and homotopical methods;

e Part 3 is devoted to the existence of complete extensions with Ric < C, without
any assumption on the boundary and, in case of a compact convex boundary,
existence of complete extensions under the conditions Ric > C, Scal > 0 and
Sect < C. This will also give us the opportunity to give a unified viewpoint on
different notions of convexity, both intrinsic and related to Riemannian exten-
sions, and to clarify their mutual relations.

ACKNOWLEDGEMENTS. The authors are indebted to the referee for a careful read-
ing of the paper and for having suggested that Theorem K and Theorem M could be
proved in the present form.

Part 1. Existence of complete Riemannian extensions

The main result of the present part of the paper states that a complete Riemannian
extension can be always obtained with an amazing flexibility on the diffeomorphic
class of the added piece. This is the content of the following very general theorem.

Theorem A. Let (M, gyr) be an m-dimensional connected Riemannian manifold
with smooth boundary OM # (. Let Q be any smooth m-dimensional differentiable
manifold whose nonempty boundary 0 Q is diffeomorphic to d M. Then, there exists
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a Riemannian extension (N, gn) of (M, gpy) such that N \ M is diffeomorphic to
the interior of Q. Moreover, if (M, gar) is complete, then the extension (N, gn) can
be constructed to be complete.

In particular, by choosing Q = M in the previous statement, with the trivial identi-
fication of the boundaries, we get

Corollary B. Let (M, gpr) be a smooth complete, m-dimensional Riemannian
manifold with smooth nonempty boundary OM. Then, there exists a geodesically
complete Riemannian extension (N, gn) of (M, gy) with 9N = (0.

These results are then applied in several directions. First, we observe that a given
compact Riemannian manifold with boundary subject to strict curvature bounds can
be extended to a possibly incomplete Riemannian manifold with the same curva-
ture constraints (regardless of any restriction on the geometry of the boundary);
see Corollary 3.1. Next, as a direct consequence of Nash theorem for manifolds
without boundary, we prove that a complete Riemannian manifold with boundary
has a proper isometric embedding into a Euclidean space; see Corollary 3.3. On
the analytic side, we prove a density result a la Meyers-Serrin concerning first or-
der Sobolev spaces on complete manifolds with boundary; see Corollary 3.4. Fi-
nally, we show how to generalize on complete manifolds with boundary a classical
Liouville-type theorem of S.T. Yau; see Corollary 3.6.

2. The general gluing-deformation construction

In this section we prove Theorem A. The manifolds M and Q are glued along the
diffeomorphic boundaries and, using this ambient space, the original metric of M
is readily extended. At this point, the complete Riemannian extension is obtained
via a careful conformal deformation. The proof that the deformed metric is actually
complete relies on metric-space arguments.

2.1. Preliminaries on metric spaces
Given a metric space (X, d), a continuous path y : [a, b] — X is rectifiable if
n
La(y) :=sup Y _d(y(ti-1), y (&) < +00,
i=1

where the supremum is taken with respect to all the finite partitions fo = a < #; <

- < t, = b of the interval [a, b]. In this case, the number L;(y) is the metric-
length of y and it is invariant by reparametrizations of the curve. On the metric
space (X, d) it is defined a length-distance given by

dp(x,y) =inf Ly(y)
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the infimum being taken with respect to all rectifiable paths (if any) connecting
x to y. Observe that Lipschitz paths are trivially rectifiable and, conversely, every
rectifiable path can be reparametrized to a constant speed, hence Lipschitz, path [10,
Proposition 2.5.9]. The metric space (X, d) is a length metric space if d = d .

Let (M, gar) be a smooth Riemannian manifold with (possibly empty) bound-
ary d M. Its intrinsic distance, which is defined as the infimum of the Riemannian
lengths of piecewise C! paths connecting two given points, is denoted by d(u. o)
It is well known that the metric space (M, d(y,g,,)) is a length metric space. The
Riemannian manifold (M, gy) is said to be complete if (M, d(p,g,,)) is a com-
plete metric space. Since M is locally compact, the length-metric version of the
Hopf-Rinow theorem, [10, Theorem 2.5.28] and Theorem 2.2 below, implies that
the metric completeness of M is equivalent to the Heine-Borel property which, in
turn, is equivalent to the fact that a geodesic path y : [a,b) — M extends con-
tinuously to the endpoint b. Here, by a geodesic, we mean a locally minimizing
Lipschitz path. It is well known that it is C! regular, [2,5].

A further notion of completeness that turns out to be very useful in applications
involves the length of divergent paths. This characterization will be used to show
that the glued manifold constructed in the next section is complete.

Definition 2.1. Let (X, d) be a metric space (e.g., a Riemannian manifold with
possibily non-empty boundary with its intrinsic metric). A continuous path y :
[a, b) — X is said to be a divergent path if, for every compact set K C M, there
existsa < T < bsuchthat y(t) ¢ K forevery T <t < b. The metric space (X, d)
is called “divergent-paths-complete” (or complete with respect to divergent paths)
if every locally Lipschitz divergent path y : [0, 1) — X has infinite length where,
clearly, Ld()/) = 1im5_>1 Ld()/|[075]).

It is well known that for a manifold without boundary, the notions of metric (hence
geodesic) completeness and of divergent paths completeness are equivalent. Let
us point out that a similar equivalence holds more generally on a locally compact
length space hence, in particular, on manifolds with smooth boundaries. Namely,
we have the following

Theorem 2.2 (Hopf-Rinow). Let (X, d) be a locally compact length space. The
following assertions are equivalent:

(1) (X, d) is metrically complete, i.e. it is complete as a metric space;

(2) (X, d) satisfies the Heine-Borel property, i.e. every closed metric ball Cg(x) =
{x e X:d(x,x) < R}in X is compact;

3) (X, d) is geodesically complete, i.e. every constant speed geodesic y : [0, a) —
X can be extended to a continuous path y : [0,a] — X;

(4) Every Lipschitz path y : [0,a) — X can be extended to a continuous path
y :[0,a] - X;

(5) (X, d) is divergent-paths-complete, i.e. every locally Lipschitz divergent path
y : [0, a) — X has infinite length.
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Proof. 1t is proven in [10] that (1) < (2) < (3). Moreover, (4) = (3) trivially.

We prove that (2) = (5). For n € N, consider the compact sets C,(y(0)).
Since y is divergent, there exists a sequence {t,,};’f:l C (0, a) such that y(t,) ¢
C,(y(0)). In particular

Lq(y) = La (vlj0.5,1) = d(y(0), ¥ () > n.

Since n can be arbitrarily large, ¢ has infinite length.

To conclude, we prove that (5) = (4). Let y : [0,a) — X be a Lipschitz
rectifiable path. Since y is defined on [0, @) and is Lipschitz, it has finite length.
Then it can not be divergent. Namely, there exists a compact set K C X and a
sequence {t,}7°, C (0, a) such thatt, — a asn — oo and y(t,) € K for all n.
By compactness of K, up to passing to a subsequence, y (t,) — x as n — oo for
some limit point x € K. Set y(a) = x. We are going to show that y : [0,a] — X
is continuous. Fix € > 0. Take N € N large enough such that d(y (¢,), x) < €/2
foralln > Nandty > a — where C), is the Lipschitz constant of . Then for

allt € (ty, a),

e
C,

d(y(),x) =d(y@),y(n)) +d(y(n),x) = Cylt —iy|+€/2<e. O

We shall need to consider metric properties of curves into a manifold with
boundary with respect to both the original metric and the extended one. To this end,
the following Lemma will be crucial.

Lemma 2.3. Let (N, gn) be a Riemannian extension of the manifold with bound-
ary (M, gyr) and let y : [0, 1] = M be a fixed curve. Then:

(@) v is dn,gy)-Lipschitz (respectively rectifiable) if and only if it is dp, g, -
Lipschitz (respectively rectifiable).

Moreover, in this case:

(b) LgM(V) = LgN »);
(c) The speed v, of y, in the sense of [10], is the same when computed with respect
t0 dm,gy) and dn gy)-

Proof. We preliminarily observe that d(y ¢y) < d(m,g,,) on M.

(a) It is enough to consider the Lipschitz property because, as we have already
recalled, every rectifiable path has a Lipschitz (constant speed) reparametrization.

We assume that y is d(y ¢,)-Lipschitz and we prove that y is d(uy, ¢,,)-Lipschitz,
the other implication being trivial from the above observation. Since [0, 1] is com-
pact, it is enough to show that, for every 7y € [0, 1], there exists a closed interval
Iy C [0, 1] containing #o in its interior such that y |z, is d(p,g,,-Lipschitz. We
suppose that y(f9) € dM, the other case being easier. Let ¢y : Uy — Bj be a
local coordinate charts of N centered at y (fp) and such that ¢o(Ug N M) = BT,

the upper-half unit ball. Let Vo = ¢, ! (B1/2) and choose Iy such that y (Ip) C Vp.
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Note that the distances d(y g, and d(y, ¢y) are equivalent on Vy and, similarly,
dm,gy) and d(vynm,g,,) are equivalent on Vo N M. Moreover, o : (Vo, d(vy,gn)) =

: + :
(Bl/z’ d(Bl/2nguc1)) and Yo - (VO N Ma d(VoﬂM,gM)) - (BI/Z’ d(BT/zngucl)) are bi-
Lipschitz. Since y is dv,gy)-Lipschitz then ¢g o vz, 18 d®, ,gp,q)-Lipschitz.

Since IB%TL/z is convex then ¢g o y |, is dUBT/ y-Lipschitz. Hence y |1, is d(m,gy)-

2+8Eucl
Lipschitz.

(b) Using a partition of [0, 1] by sufficiently small subintervals we can apply [2,
Lemma 1 and Lemma 3].

(c) This follows from (b) and [10, Corollary 2.7.5]. O

2.2. The proof of Theorem A

Let gp be any Riemannian metric on Q and let n : 0M — 9Q be a selected
diffeomorphism. Let us consider the smooth gluing N := M U, Q whose differ-
entiable structure is obtained in a standard way using collar neighborhoods of the
manifolds involved. More precisely, N is the topological manifold without bound-
ary obtained from M U Q identifying points x and n(x) for every x € oM. With
a slight abuse of notation, here and on we consider M and Q as subsets of N such
that M N Q = dM, and we identify objects on M and Q with their images on N
via the inclusions M < N and Q < N. Let Wy, C M be an open tubular neigh-
borhood of 9 M and let pys : Wy — OM x (—1, 0] be the corresponding smooth
diffeomorphism, whose restriction pslap : OM C Wy — dM x 0 is the identity
map py(x) = x x 0. Similarly, let W C Q be a tubular neighborhood of 9 Q and
let po : Wo — dM x [0, 1) be the corresponding smooth diffeomorphism, whose
restriction polay : OM C Wo — 9M x 0 is the identity map pp(x) =x x 0.

Then py and pg induce a homeomorphism p : W = Wy UWp C N —
dM x (—1,1). The differentiable structure on N is obtained by imposing that the
homeomorphism p is a smooth diffeomorphism and that the inclusions jj; : M —
N and jg : 0Q <> N are smooth embeddings.

The proof of Theorem A is now achieved in three steps that we formulate as
the following Lemmas of independent interest.

Lemma C. Keeping the above notation, there exists a Riemannian metric g on
N such that g = gy on M, ie., (N, g) is a Riemannian extension of (M, gur).
Moreover, for every € > 0, there exists a tubular neighborhood Xg € Wy of 0M
in N\ M such that:

(@) P:= MU Xy C N is a manifold with smooth boundary;
(b) There exists a (1 + €)-Lipschitz projection p : (P, g) — (M, gy) such that
plx, is a diffeomorphism.

In what follows, the value of € is irrelevant. Therefore, we will always assume that
e=1.

Lemma D. Ler (M, gp) and (P, gp = glp) be as above. If (M, gy) is complete
then so is (P, gp).
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LemmaE. Let (M, gy;) be an m-dimensional Riemannian manifold with non-
empty boundary. Let (P, gp) be a complete Riemannian extension of M with non-
empty boundary and such that M C intP. Let (N, g) be a Riemannian extension of
(P, gp), hence of (M, gp). Then, there exists a Riemannian metric gy on N such
that (N, gn) is still a Riemannian extension of (M, gyr) and it is complete.

The rest of the section is entirely devoted to the proofs of these results.

Proof of Lemma C. We proceed by steps.

Step 1. First, we construct a local extension of gy beyond d M in N. Consider on
the cylinder dM x (—1, 1) a locally finite family of coordinate charts {(Vg, ¥g) :
B € B} such that

1) UgepVp D oM x {0};
(i) ¥p(Vp) =By

where B denotes the unit ball in the Euclidean space R™. Let S be the space of
symmetric m X m matrices and set

Lt:{(xl,...,xn)elBl :xnft}.

In particular, Ly = B, the lower-half unit ball. Fix 8 € B. The metric g) on
p! (Vg) N M is represented in local coordinates by a smooth section sg : Ly — S,
such that sg(x) is positive definite for all x € L. Extend smoothly sg to a section
§g : By — S. By continuity we can find a g € (0, 1] such that §g is positive definite

for all x € L,ﬁ. Define Vﬂ =plo wﬁ_ 1(int L,ﬁ). Repeating the construction for

all B € B we have obtained a family of local Riemannian metrics g4 defined on Vg
forall B € B, such that gg = gy on Vg N M. Moreover Ugep Vg D dM x {0}.

Step 2. Next, we extend smoothly gy to a global metric g on N. The collec-
tion of sets {intM,intQ, Vg : B € B} gives a locally finite covering of N. Let
{nm,ng,np : B € B} be a subordinated partition of unity. Then

g =nmgm +n0g0+ Y _ 1pdp
BeB

is a positive definite smooth Riemannian metric on N. Moreover, for all x € M,

8lx =nmgumlx + Z 77,Bg|x =gumlx.
peB

Step 3. Finally, we show how to construct the neighborhood X and the Lipschitz
projection p.

For all x € dM, let v(x) be the outward normal vector to d M at the point x.
The exponential map epr- (x,5) := exp,(sv(x)) is well defined for any s small
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enough (depending on x), i.e. for s € [—so(x), so(x)] where we can assume that
so : oM — (0, 00) is smooth. Set

Xo = {expj‘(x,s) txedM,0<s 550},

Xy = {expl(x,s) cxedIM, 0> > —so}.

Define p : MU X9 — M as ,o(expL(x,s)) = expL(x, —s) whens > 0 (i.e. p
reflects Xp onto X, with respect to Fermi coordinates) and p = id on M. Let
ldell(p) = SUPT, 1\ (0) |dpp (V)| ppy/Ivlp denotes the operator norm of dpp. It

is not difficult to see that ||dp| (exp(x,s)) — 1 ass — O for every x € M,
therefore we can choose the function sy so small, depending on €, that d Xy is
smooth and ||dp]| < 1 + € on P. This latter bound implies that p is a (1 + €)-
Lipschitz map. This amounts to show that, given a piecewise C!-curve y : [0, a] —
P, it holds

Lu(poy) < (1 +e)Lu(y). @.1)

To this aim, we note that p is locally Lipschitz in P. The only delicate points
are those in the bi-collar neighborhood Xy U Xp. But, in this set, p is locally
Lipschitz with respect to the product metric inherited from dM x [—1, 1] and local
Lipschitzianity does not depend on the ground metric. Now, the image p o y :
[0, a] — M is locally Lipschitz and its length satisfies

a
LM(IO © )/) = / Upoy(t)dta
0

where v,,, denotes the speed of the curve in the sense of [10]. In view of (c) of
Lemma 2.3, since

Vpoy (1) = [ldp||(y (1)) - vy (1) = (1 + €)v, (1)

on the open and full measure subset of [0, a]:

=P\ My Uint (10, \ 7' (P\ M)
then, by integration, we deduce the validity (2.1). O

Proof of Lemma D. First, we claim that given a locally Lipschitz, divergent path
y :[0,1) — P its (locally Lipschitz) projection p o y : [0, 1) — M is divergent.
Indeed, if K C M is a compact set, then o W(K)=K Up|;(1Q (K N X)) is compact

in P. Therefore, there exists 0 < T < 1 such that y(¢t) & p_l(K ) for every
T <t < 1.Itfollowsthat poy(t) ¢ K for T <t < 1, proving the claim.

Now, by Theorem 2.2, (M, g)) is divergent paths complete and therefore
Lg, (p oy) = +oo. Since p is 2-Lipschitz, we conclude that Lg,(y) = +o0,
as desired. O
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Proof of Lemma E. Consider an exhaustion of N, i.e. a sequence {N j}‘/’.ozo of com-

pact manifolds with smooth boundary such that N; € N1 C N for all j > 0and
U‘;O:ON i = N. In the following, we use the convention N; = { whenever j < 0.
We let:

e N; , be any connected component of (N \ intP) N (N1 \ N;) fora € Aj;
. N‘j,b be any connected component of (N \ intP) N (Nji2 \ Nj_1) forb € B;.
Observe that #8; < #A; < oo forall j.
Finally, define
° 8}7](\/']"(1 :Nj,a NoP.
We have the following:

Lemma 2.4. There exists a smooth Riemannian metric g on N such that (N, gn)
is a Riemannian extension of (M, gu) and, for all j € N,a € Aj and b € Bj, the
following hold:

(@) Letx,y € Njqwithx € ONjandy € ONjy. If y : [0,1] — Nj, is any
Lipschitz path connecting x to y then Lg, (y) > 1;

(b) Letx,y € apﬁj’b. Ify :[0,1] —» ]\A]j,b is any Lipschitz path connecting x to
ythen Lg, (y) = d(p gp)(x, ).

Proof. For the ease of notation, given a subset C of (N, g) we shall denote by c?c
the length metric on C induced by (N, g), namely,

dc(cy, ¢2) = inf Lz (y),

where the infimum is taken over the Lipschitz path in C (if any) connecting ¢; with
c2.
Forany j e Nanda € A;, define

g = infdy,, (x, y),

where the infimum is taken over all the x, y € N;, such that x € dN; and y €
ONjy1.Since N1 N(N \intP) and dN; N (N \ intP) are compact and disjoint,
qu’a > 0.

Forany j € Nand b € Bj, define
dg (x,
50, 3y = S0
dp,gp) (X, y)

and . .
g]" =infs/ (x, y),
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where the infimum is taken over all the x # y belonging to dp N; j.b- We claim that
b>o. Indeed, suppose ‘12 = 0. Then, there exist sequences of points {xk} and
{yk} in BpN .» C 0P such that 87 b(xk vk) — 0. Since d " > dn,z) on N],b,we

deduce that
A,z Xk, Yi)

dp,gp) Xk, Yi)

Since x, yi are in a compact subset of P then the denominator d(p g,)(xg, yi) is
uniformly bounded. It follows that d(y z)(xk, yx) — 0. Therefore, by compactness

— 0.

of 9pN j,b» and up to passing to subsequences, we can assume that {x;}, {yx} con-

verge to a same point 7 € apN j.b With respect to the d(y z) metric. Since P is a
manifold with smooth boundary,

v, Ok ) dov.p Ok )
dp,gp) Xk, yo) - dep,g) Xk, Yi)

a contradiction.
Forevery j e Nya e Ajandb € Bj,let jq,vjp € CC(N\M)NNjy2)
be such that 0 < 4, vjp, < 1,

MjalNje =1, jaln; =0, viplg =1, vjpln; , =0.
We define the smooth Riemannian metric gy on N as

o (@) :ezzj?io[zaeA max(0; = In(a{" 1t (0)+ Lpe p, max{0;— (a3 )}ij(x)]g(x)'

Note that gy is well defined, since the sum is locally finite. Moreover the conformal
factor is everywhere greater or equal to 1, and it is greater or equal to (qu Y2 on
Nj 4 and to (qé’b)_2 on N j.b- So the metric gy satisfies the claim of the lemma. [

To conclude the proof of Lemma E, we have to show that the metric gy of N
obtained in Lemma 2.4 is (divergent paths) complete. To this end, we take a locally
Lipschitz divergent path y : [0, 1) — N and we distinguish three different cases:

First case. The path y is definitely contained in N \ P. Without loss of generality
we can assume that the entire path y is contained in N \ P. Using item (a) of
Lemma 2.4 we easily deduce that L, (y) = +00.

Second case. The path y is definitely contained in intP. As above, we can assume
that y is entirely in P. Then, by assumption, Lg,(y) = +00. On the other hand,
by definition of gy we have that Ly, > L, and, therefore, Lg, (y) = +00.

Third case. There exists a sequence of times #z — 1~ such that y(tx) € N\ P
and y (tx+1) € intP for all k. By contradiction, let us assume that L, () < +00.
Then, up to starting from 0 < T < 1 close enough to 1 we can assume that £ :=
Lgy(ylir,1)) < 1 and that y(T) € P. Thus, using a suitable reparametrization of
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vl[r.1), we can assume that y : [0, £) — N has unit speed and satisfies y (0) € P;
[10, Proposition 2.5.9].
Consider the disjoint union

Yy HUN N\ P) = Urenles, ).

Then, by item (a) of Lemma 2.4, for each A there exist j, € N and b, € Bj, such
that

y (@3, B)) C N by -
By item (b) of Lemma 2 4, for every A,

dep.gpy (¥(@2), ¥ (B1) < Lgy (I @50 -

Hence there exists a Lipschitz curve oy, : [«;, §,] — P with the same endpoints of
Yl il 1€
or(ay) = y(an), on(Br) =y (B,
and such that
Lgp(02) <2Lgy (Yl(a.8)) = 2(Br — ). (2.2)

We now construct a new path o : [0, £) — P by setting

o,(t) ift € (ay, By), forsome A € N
o(t) = .
y(t) otherwise.

Set A, := U}_ (e, By). Forevery n € N we introduce the d(y_z)-rectifiable paths
¥n 10, €) - N by
o, (t) ifte A,
yn(t) = .
y(t) otherwise.

From (2.2), item (b) of Lemma 2.3, and the fact that, by construction, lengths with
respect to g are smaller than lenghts with respect to gy, we deduce that for all
neN,

n
Ls(vn) = Lz (vl0.004,) + Z L; (031(a;.8))
i=0

n
= Lz (rlo.0n4,) + Z Lgp (931 p)
i=0

n
< Lgy (vl0.004,) + D 2Lgy (V1. p0))
i=0
<2Lg(y) = 2L.
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By the semi-continuity of L; we get that o is d(y z)-rectifiable, and

Lgp(0) = Lg(o) < 2. (2.3)

Namely, for any fixed S € (0, £) and for any finite partition 0 = 59 < 5] < --- <

sk = S, there exists n € N such that y,(s;) = o(s;) forall j =0,..., K, so that
K K

Zd(zv,g) (o(sj—1),0(s))) = Zd(N,gr) (¥ (sj=1)s ¥a(sj)) < Lg(yn) < 2¢.

Jj=1 Jj=1
Finally we show that o is divergent in (P, gp). This fact, together with (2.3) will
contradict the divergent paths completeness of (P, gp), thus concluding the proof
of Lemma E.

To this purpose, fix a compact C C P and let j be large enough so that C C
N;. Since y is divergent in N, there exists T' € [0, £) such that y (¢) & N4 for all
te(T,0). Set

T = {X eN : ay > T and o) ([or, BL]) NN, # (7)}.

If 7 is empty, there is nothing to prove. Otherwise note that, for every A € 7,
o)(ay) € Nji1 and 0y, (By) & Nji1. Define

cj :=min{dy 3(x,y) : x €dNjandy € IN;41},
which is well defined by compactness, and strictly positive since N; € Nj1. Then

L
1T < Ly(@) <

2c;
Accordingly, we have that 8* := max, <7 b, satisfies 8* < £ and o ([8*,£)) C
N\N; CN\C. O

3. Some applications

According to Theorem A, a Riemannian manifold with smooth boundary can be al-
ways realized as a smooth, closed domain of a Riemannian manifold without bound-
ary. Moreover, the ambient manifold can be chosen to be geodesically complete if
the original manifold with boundary was metrically complete (hence a closed do-
main). This viewpoint on manifolds with boundary has two main consequences:
on the one hand, open relations concerning Riemannian quantities of local nature
extend trivially past the boundary of the manifold. On the other hand, by restric-
tion, one can easily inherit basic results and constructions from complete manifolds
without boundary. We shall provide examples of both these instances.
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3.1. Local extensions with curvature constraints

Let (M, gy) be a Riemannian manifold with boundary 0 M # (@ satisfying a strict
curvature condition like Curvy, > C or Curvy < C for some constant C € RR.
Here, Curv denotes either the sectional, the Ricci or the scalar curvature of the
manifold at hand.

Consider any Riemannian extension (N, gn) of (M, gp). Since Curv > C
(respectively Curv < C) and Curvys = Curvy on M, by continuity there exists a
neighborhood U € N of dM such that Curv > C (respectively Curv < C) holds
onV=MUU.

Assume now that d M is compact. According to Definition 3.2 below, we say
that d M is strictly convex (respectively strictly concave) if, with respect to the out-
ward pointing Gauss map v, the eigenvalues Ay, - -- , A,,—1 of the shape operator
S(X) = — ¥Dyv satisty Aj < O (respectively > 0). We choose 0 < § < 11in
such a way that the normal exponential map Mexp'l : 9M x (—8,8) — V defines
e diffeomorphism onto its image and we can consider the corresponding family of
(diffeomorphic) parallel hypersurfaces

OM); = Nexpt(dM x {1}).

Let S; denote the shape operator of (9 M), It is known that its eigenvalues A1 (¢),- - -,
Am—1(t) evolve (for a.e. t) according to the Riccati equation

%(r) = A3(t) + Secty (v A Ej(1))

where E;(t) € T(dM), is the eigenvector of S; corresponding to A;(); see,
e.g., [18]. From this equation, under curvature restrictions and using comparison
arguments, one could obtain sign conclusions on suitable intervals. Anyway, re-
gardless of any curvature assumption, if

Aj(0)=4; <0
(respectively > 0), by continuity we find 0 < € < § such that
Aj(t) <0, 0=<t<e

(respectively > 0). Clearly, similar con51derat10ns hold for the mean curvature
function. Thus, by taking N := M U Nexpt(dM x [0, €]), we have proved the
following result.

Corollary 3.1. Let (M, gy) be a Riemannian manifold with boundary OM # ()
and satisfying Curvy > C (respectively Curvy < C). Then, there exists a Rie-
mannian extension (N, gy) of M such that Curvy N> C (respectively Curvy < C).
Moreover, assume that dM is compact. If 0M is either strictly (mean) convex or
strictly (mean) concave, then N can be chosen so to have a boundary dN with the
same property.
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Remark 3.2. The situation is significantly more difficult if either we replace the
strict inequalities with their weak counterparts or if we insist that the extended
manifold is complete. In these cases, smooth extensions are not allowed in gen-
eral. Results and examples along the second mentioned direction will be presented
in Part 2 and Part 3 of the paper.

3.2. Proper Nash embedding

The classical formulation of the Nash embedding theorem states that any Rieman-
nian manifold (N, gy ) can be isometrically embedded in some Euclidean space ]Re,
where £ = £(dim N). In the “survey” part of the paper [24] it is claimed that the
embedding can be chosen to be proper if N is geodesically complete and, moreover,
that the Nash embedding holds also for manifolds with boundary. An elementary,
but clever, proof of the first claim can be found in [36]. Here, we point out that
the second claim can be trivially deduced from the first one, by restricting to the
manifold with boundary a proper isometric embedding of a complete Riemannian
extension. Alternatively, we can adapt the direct argument in [36] to the case of
non-trivial boundary.

Corollary 3.3. Let (M, gy) be a complete Riemannian manifold with boundary
oM # (). Then, there exists a proper isometric embedding of M into some Eu-
clidean space R where ¢ = £(dim M).

Proof. We preliminarly observe that any Riemannian manifold with boundary has
an isometric embedding into some Euclidean space R". This follows by applying
the usual Nash embedding to a Riemannian extension.

Now, let o : M — R.q be the exhaustion function of Lemma 3.5 below. Up
to a dilation we can assume that | Vo|ls < 1/2. Define on M the new Riemannian
metric g = g —do ® do. Then, there exists an isometric embedding j : (M, g) —
R”", for some n. It follows that i = (j, 0) : (M, g) — Rt s a proper isometric
embedding, as desired. O

3.3. Sobolev spaces

In the geometric analysis on manifolds with boundary, the theory of (first order)
Sobolev spaces, and the corresponding density results, are vital to carry out PDE’s
constructions typical of the setting of manifolds without boundary. By way of ex-
ample, we can mention the truncation method in order to obtain sub(super) solutions
of Neumann problems for the Laplace operator and its applications to potential the-
ory; see [31]. In this respect, the Euclidean arguments work almost verbatim once
we consider the manifold with boundary as a domain inside an ambient manifold
without boundary. We are going to illustrate quickly this viewpoint by recovering a
classical density result 4 la Meyers-Serrin; see, e.g., [31, Appendix A].

Let (M, gur) be a (possibly non-compact and incomplete) Riemannian mani-
fold with boundary M # (. Since intM is a smooth manifold without boundary
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we can define, as usual, the space
Wl’P(intM) = {u cintM - R:ue P, Vu e Lp},

where Vu is the distributional gradient of u, endowed with the norm

1
lullyrr = (lal?, + 1Vull?,)"77

Suppose now that (M, gys) is complete and let (N, gn) be a geodesically complete
Riemannian extension without boundary. Fix a locally finite, relatively compact,
smooth atlas {(V;, ¢;)} of N such that either V; "M = W or (V;N M, pj|y)isa
smooth chart of M. Without loss of generality, we can assume that ¢;(V;) =By C
R™ and (incase V; NOM # ¥) ¢;(V,NM) = IB%T. We consider a partition of unity
{xx} subordinated to the covering {V}} and, given a function u € WLP(intM), we
decompose it as u = ), uy with up = u- xx. Now, for any fixed € > 0, applying in
local coordinates the standard approximation procedure, e.g., [32, Theorem 10.29],
we find vx € C2°(Ux) such that

€
luk — villwi2Ginery = 5%

Thus, the locally finite sum v = ), v is a function in C*°(N) and gives an -
approximation of u in the space W12 (intM). This implies the partial result:

WP (intM) = oo Wi 3.1)

Finally, we have to approximate v|3; in W7 (intM) with the restriction to M of a
function in C2°(N). To thisend, let piy : N — R be a smooth function satisfying
pn(00) = +oo and ||[Voyllreov) < L. It can be obtained by regularizing the
distance function by convolution methods; [25]. Moreover, choose ¢ : R — [0, 1]
to be any smooth function such that ¥ () = 1if¢r < 1l and ¥ () = 0ift < 2,
and define the sequence V; := ¥ (pn/k) € C°(N). Then, ¥y — 1,ask — 400
uniformly on compact subsets of N, and ||V || Loo(n) — 0 as k — +o00. It is then
obvious, by dominated convergence, that the sequence

we = v - Yi € CE(N)

converges in WLP(N) to v. By restriction, wi|y € C2°(M) converges to v|y in
WP (intM). We have thus obtained the stronger density result:

Corollary 34. Let (M, gp) be a complete Riemannian manifold with (possibly
empty) boundary 0 M. Then

WP (intM) = C2 (M) W' 32)
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As a side product, observe that by taking py; = pn |y We also obtain the existence
of a smooth, globally Lipschitz, exhaustion function on any complete manifold with
boundary.

Lemma 3.5. Let (M,gy) be acomplete Riemannian manifold with boundary o M #
@. Then, there exists a smooth function py : M — R. satisfying

pm(00) = +00;  [[VpyllLem) < L. (3.3)

The proof of this fact is not completely obvious if we use the pure viewpoint of
manifolds with boundary. The mollification procedure used to regularize a given
Lipschitz function (e.g., the intrinsic distance function) requires some care.

34. LP-Liouville properties

As a further example of possible (analytic) applications of the existence of a com-
plete Riemannian extension we generalize to complete manifolds M with smooth
boundary a classical result due to S.T. Yau, [48]. Recall that, given 1 < g < +o00,
the g-Laplacian of a function u € WIL’C‘I (intM) is defined as Aju =div(|Vu 19-2Vu)
where the divergence is understood in the weak sense. By elliptic regularity, a so-
lution of Agu = 0 is in fact Cllo’g‘ (intM).

Corollary 3.6. Let (M, g) be a complete Riemannian manifold with smooth bound-
ary dM # Pandlet0 < g—1 < p < 400. Ifu € CO(M)NC (intM) is a solution
of the problem

Agju=0 intM

u=20 oM

uelLP(M)

thenu = 0.

Proof. By Corollary B we can consider a complete Riemannian extension (M’, g’)
of (M, g). Next, we fix any € > 0 and we observe that uj = max(u — €, 0), once it
is extended to 0 in M\ M, is a positive, L solution of Ayu} > 0 on M. By Yau’s
classical result (see, e.g., [38] for the version needed here) we have uj = 0 and,
hence, since € is arbitrary, u < 0. Applying the same reasoning to —u completes
the proof. O

Part 2. Nonexistence of complete extensions under curvature conditions

This part is devoted to a phenomenological investigation concerning possibile ob-
structions to the existence of complete Riemannian extensions with controlled cur-
vature. We shall explore techniques of different nature that are sensitive of the
topology of the original piece with boundary and that can be used to construct coun-
terexamples to the extension problem. In this direction it is appropriate to start with
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the simple observation that, unlike the boundaryless case, compact manifolds with
boundary always support Riemannian metrics whose sectional curvature has a pre-
scribed sign.

Lemma 3.1 (Gromov). Let M be a smooth, m > 2-dimensional manifold with
boundary M # (. Then, there exists a Riemannian metric g4+ on M such that
Sect, > 0 and a Riemannian metric g_ satisfying Sect,_ < 0.

Proof. Using Theorem A, we enlarge M past its boundary so to obtain an open
Riemannian manifold N containing M as an isometric domain. Next, we apply to N
the classical existence theorem by Gromov, [20], and we restrict the corresponding
Riemannian metric to M. O

A crucial point is that, with respect to the prescribed Riemannian metric, the
boundary could have a wild submanifold geometry. For instance, a convexity con-
dition would immediately force a control on the topology. In all that follows we
will make use of the following convention:

Definition 3.2. Let (M, g) be an m-dimensional Riemannian manifold with bound-
ary dM # () and outward pointing unit normal v. The second fundamental form of
dM is the symmetric bilinear form on 7dM given by II(X, Y) = g(—Dxv, Y) and
d M is said to be (strictly) convex if the eigenvalues of II are (strictly) negative. This
condition is written as I < 0 (respectively < 0), the inequality being understood in
the sense of quadratic forms.

A result by D. Gromoll, later extended in [46], states that a compact manifold with
strictly convex boundary and strictly positive sectional curvature is diffeomorphic to
a Euclidean ball, hence it is contractible. In the Ricci curvature setting, we remark
the following fact, see [42], that can be compared with the results of Section 4 and
Section 6.

Proposition 3.3. Let (M, g) be a compact, m > 2-dimensional Riemannian mani-
fold with boundary 0M # ) and satisfying Ricy, > 0 on M. If either

(@) I <0 o0n M and Ricg > 0 at some xo € intM;
) Il <0onoM;

then, the first singular homology group Hi(M,Z) is torsion. In particular, the
fundamental group w1 (M) of M cannot contain Z¥, k > 1, as a free or (semi)direct
factor.

Proof. There is an Hodge-de Rham theory for manifolds with boundary, [11], ac-
cording to which each de Rham cohomology class of intM is represented by a
harmonic form with Neumann conditions. This follows from an energy minimiza-
tion procedure in the homology class without boundary restrictions. In particular,
given [w] € Hle(intM ), there exists a 1-form & € [w] such that Ay& = 0 and
£(v) = 0, where Ay denotes the Hodge Laplacian. By assuming that the bound-
ary is (weakly) convex II < 0, an extension of the Reilly formula to differential
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forms, [42], shows that & is parallel. In fact, in case (b), necessarily £ = 0. The
same conclusion holds also in case (a) by using Bochner formula. Thus, by de
Rham isomorphism, the first real Betti number of intM vanishes. Since M has
the same homotopy type of intM, the same holds for M and the conclusion fol-
lows from the universal coefficient theorem and by recalling that the first singular
homology group is the Abelianization of the fundamental group. 0

The previous discussion leads to the following, a-posteriori obvious, conclu-
sions:

(i) If we are mainly interested in producing counterexamples to the existence of
complete extensions with curvature controls on the base of the topology of the
original piece with boundary, it is natural to forget the submanifold geometry
of the boundary in order to have much more flexibility;

(ii) If we are interested in developing an existence theory involving the topology of
the manifold with boundary, the submanifold geometry of the boundary must
be taken under consideration and should play a decisive role.

4. Nonexistence of complete extensions with Ric > C

Topological obstructions to the existence of complete metrics with Ricci curvature
lower bounds are naturally related to the growth of the fundamental group of the
space. Classical tools to detect these obstructions with a nonnegative lower bound
are represented by the Svarc-Milnor(-Anderson) theory combined with the Bishop-
Gromov volume comparison, and the splitting result by Cheeger-Gromoll. Actually,
also the harmonic mapping theory plays a relevant role in this context. On the
other hand, as first pointed out by Gromov, introducing the concept of entropy in
the Svarc-Milnor picture allows one to get crucial information even in the case of
negative lower bounds. We are going to use these tools to show that, in general,
the existence of a complete Riemannian extension with controlled Ricci curvature
is prevented by the too much large growth of the fundamental group of the original
(compact) manifold with boundary. Concrete examples will be provided for each
theoretical result. As a bypass product we will obtain that, in general, no reasonable
Bishop-Gromov type estimates hold for manifolds with bad boundary geometry, as
already remarked for instance in [16]. In particular, these manifolds have no Ricci
lower bounds in the sense of the classical singular theory of metric measure spaces.

4.1. Nonexistence of Ric > 0 extensions

Recall that a Riemannian manifold (M, g) with boundary dM # @ is a length met-
ric space with respect to its intrinsic distance d,. Moreover, if (M, d,) is metrically
complete then it is a proper geodesic space, i.e., closed metric balls are compact and
any couple of points is connected by a minimizing geodesic. Consider the universal
Riemannian covering P : (M, g) —> (M, g) of (M, g). The Riemannian projection
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map P gives rise to a metric local isometry (M, dz) — (M, dg). Indeed, using that
P preserves the Riemannian lengths, it is easy to see that the length structure of
(M, d;) is obtained precisely by lifting via P the length structure of (M, d,). Since
metric completeness lifts from the base to the covering and conversely, it follows
from the Hopf-Rinow theorem that the locally compact length space (M, dz) is in
fact a geodesic space if and only if so is (M, d).

In the following, we summarize some basic facts from the Svarc-Milnor theory
for geodesic metric spaces endowed with invariant measures. In particular, it applies
to complete Riemannian manifolds with (possibly empty) boundary.

Theorem 4.1. Let (X, d) be a proper, geodesic, metric space admitting a sim-
ply connected universal covering space X and with finitely generated fundamental
group G = w1 (X). Let X be endowed with the lifted length structure d that makes
the covering projection P : (X,d) — (X, d) a metric local isometry. Then:

(a) G acts freely and properly by isometries on (X \ d) ;

(b) Assume that W is a regular Borel measure on (X, d) such that the metric balls
have positive measure. If G acts by measure preserving isometries on the met-
ric measure space (X,d, W), then, for any fixed Xg € X, there exist constants
o, B > 1 such that

BE(D] < ath (Bfx(50)). (4.0

for every R > 1. Here, G is endowed with the word metric with respect to a
fixed finite set of generators and Bg(l) denotes its metric ball of radius R and
centered at the neutral element; o

(c) If X is compact, G is quasi-isometric to (X, d). Moreover (4.1) has the com-
panion lower estimate

o ' (B, o)) = [BED)|.

Remark 4.2. In the setting of Riemannian manifolds without(!) boundary, this re-
sult has been sharpened by M. Anderson, [1], via a clever use of Dirichlet-domains
of the action. He showed that given a regular covering P : (M, §) — (M, g) with
finitely generated deck transformation group G, if

volB¥ (%) < AR and volBY (P (%)) > BR"

then G grows at most polynomially of order k—/. Anderson result has been recently
extended to general RCD*(0, N) spaces by A. Mondino and G. Wei in [30]; we are
grateful to the referee for having pointed out to us this reference. These spaces
include complete manifolds with (weakly convex) boundary; [27]. Some geometric
assumption on the boundary is needed as explained in Remark 4.5. To what extent
the boundary convexity, although natural, is the appropriate assumption remains
and interesting problem. Actually, in the setting of complete Riemannian manifolds
with boundary, one may be tempted to set the following global definition based on
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the extension property: The complete Riemannian manifold (M, g) with smooth
boundary dM # () has global Riey gom > C if there exists a complete Riemannian
extension (N, h) of M, without boundary, satisfying Ricy > C in the usual sense.

A direct application of these results yields the next nonexistence criteria.

Theorem F. Let (M, g) be a complete, m-dimensional Riemannian manifold with
boundary OM # Q. Its Riemannian universal covering is denoted by (M, g). Let G
be a finitely generated subgroup of w1 (M) such that G grows at least polynomially
of order k. Then the following hold:

(a) Assume k > m + 1. Then, (1\71 , &) cannot be extended to a geodesically com-
plete manifold (M', g') satisfying Ric z, > 0;

(b) Assume k > m + 1. If M is simply connected, then (M, g) itself has no
complete Riemannian extensions (M’, g') satisfying Ricyy > 0;

(c) Assume k = m. If OM is simply connected then any Riemannian extension
(M, g') satisfying Ricyy > 0 must be compact. In particular, if Ricyy > 0 at
some point then (M, g) has no complete extension (M', g") with Ricyy > 0.

Proof. (a) Since G acts freely and properly by isometries on (M g) we can consider
the (quotient) universal covering projection Q : M — N := M /G where 1 (N) ~

G and the smooth manifold N with boundary dN = Q(E)M ) is endowed with
the complete metric h = Q.g. Now, by contradiction, suppose that the extension
(M’, g') exists. Observe that, having fixed a point xo € M , we have the inclusion of

intrinsic metric balls BM (xg) < BM (Xp) N M. 1t follows from the Bishop-Gromov

volume comparison that volB,’é” (X0) < AR™. On the other hand, according to
(4.1) and recalling that G grows at least polynomially of order m + 1, we have

volBY (x9) > BR™*! for every R > 1. Contradiction.

(b) By contradiction, suppose that (M’, g’) is a complete Riemannian exten-
sion of (M, g) with Ricy,s > 0. Using collars we can decompose M’ as the union
AU B where A, B are open sets with the homotopy type of M and M’ \ M respec-
tively and, moreover, A N B has the homotopy type of dM. Since dM is simply
connected, the Seifert-Van Kampen theorem yields that 71 (M’) ~ 71 (M) * H for
some group H. In particular, 771 (M’) contains an isomorphic image of the finitely
generated group G. This latter acts by isometries on the universal covering space
(M, &) of (M’, g) and gives rise to the regular Riemannian covering pI'O_]eCtIOIl
Q: M, g)— (N,h') where N = M’/G and i’ = Q.§'. Since 7;(N') =
is finitely generated and grows at least polynomially of order m + 1, from (4. 1)
we know that VOlBgI " > AR™*!_ But this contradicts Bishop-Gromov because
Ricyy > 0.

(c) Let (M, g’) be a complete Riemannian extension of (M, g) such that
Ricy > 0 on M’'. As in the previous case, m1(M’) contains G as a finitely
generated subgroup and G has polynomial growth of order m = dim M’. Con-
sider the Riemannian universal covering projection Q : (M’, §') — (N', h’) where
N’ = M'/G. Then, both (M, ') and (N’, h’) are complete Riemannian manifolds
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with nonnegative Ricci curvature. Moreover 71(N') ~ G. We claim that M’ is
compact. Indeed, suppose the contrary. Since G is a subgroup of 71 (M’), there
exists a (possibly not regular) covering projection N’ — M’. Therefore N’ must be
noncompact as well. Fix xo € M’ and the corresponding xo = Q(Xp) € N'. By the
Calabi-Yau lower volume estimate we have

VolBg,(xO) >CiR

for every R > 1 and for some constant C; = C1(xp) > 0. On the other hand, by
Bishop-Gromoyv,

volBY (%)) < C,R™ = C,Rm=D+!

for every R > 0 and for some dimensional constant C, = Co(m) > 0. It follows
from the Anderson improvement of the Svarc-Milnor growth estimate that G grows
at most polynomially of order m — 1. Contradiction. Therefore M’ is compact and,
hence, M’ contains a line. It follows from the Cheeger-Gromoll splitting theorem
that M’ splits isometrically as M’ x R, contradicting the fact that Ricyy > 0 at
some point. O

Remark 4.3. As a matter of fact, in the assumption of (c), any Riemannian exten-
sion (M, g’) of (M, g) satisfying Ricyy > 0 must be compact and Ricci flat. This
follows directly from [12, Theorem 4]. In particular, if Secty; % 0, there exists
no Riemannian extension satisfying Ricyy > 0. We have decided to state point
(c) solely in terms of Ricci and to provide a Svarc-Milnor oriented proof for two
reasons: (i) this section is mainly focused on Ricci curvature constraints related
to Svarc-Milnor theory; (ii) the arguments have the merit to work even in situa-
tions where the the volume bounds follow from assumptions not directly related to
Ric > 0.

Example 44. Let (X = T? \ D, gx) be a flat 2-torus with a small disc removed
and let (N = R™/T, gn) be any closed flat manifold. Then, the Riemannian prod-
uct (M = X X N, gy = gx +gn) is acompact, (m + 2)-dimensional, flat manifold
with boundary oM = S! x N and fundamental group w1 (M) >~ (Z*Z) x I". Since
w1 (M) grows exponentially, by Theorem F (a), the Riemannian universal covering
P : (M ,8) — (M, g) is a complete, flat, Riemannian manifold with boundary
dM = P~'(9M) # ¥ and without any complete Riemannian extension (M’, g')
satisfying Ricg > 0.

Remark 4.5. Observe that, by Theorem 4.1 (b), the volume growth of the intrinsic
balls of the metrically complete, simply connected Riemannian manifold (M, g’)
with boundary is exponential regardless of the fact that it is a flat manifold. This
shows that there is no reasonable volume growth comparison for manifolds with
uncontrolled boundary geometry. Similar considerations hold for the next two ex-
amples: the Riemannian universal coverings of the compact manifolds we are going
to construct are metrically complete manifolds with boundary, with sectional cur-
vature > C > 0 and with polynomial volume growth. In particular, these manifolds
are non-compact.
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Example 4.6. Let Hﬂ% be the 3-dimensional Heisenberg group realised as the space
of lower triangular matrixes

100

alo

bcl

with a,b,¢ € R and let H% be its natural integral lattice. Then, Z = H]}% / H%
is a compact 3-dimensional smooth (Nil)manifold. Its fundamental group 71(Z)
is isomorphic to Hg and, therefore, growths polynomially of order 4; [13]. By
Seifert-Van Kampen, the same growth property holds for the compact manifold
with boundary Z \ D, where D C Z denotes a smooth disk. Now, we construct a
6-dimensional compact manifold by taking the product

M= (Z\ D) x Z.

Note that
IM~S*x Z,

therefore d M is not simply connected. On the other hand,
(M) ~ H3 x Hy

has polynomial growth of order 8 > 6 = dim M. According to Lemma 3.1 we
endow M with a Riemannian metric g of positive sectional curvature Secty; > 0.
By Theorem F (a) we conclude that the universal covering (M, g) of (M, g) cannot
be extended to a complete Riemannian manifold of nonnegative Ricci curvature.

Example 4.7. Let M = Z\ D where Z is the compact (Nil)manifold constructed in
the previous example and D is a smooth disk. Endow M with a metric g satisfying
Ricy > 0. Since M ~ S?is simply connected and 71 (M) =~ Hg has polymonial
growth of order 4, by Theorem F (b) we conclude that (M, g) cannot be extended
to a complete Riemannian manifold of non-negative Ricci curvature.

Example 4.8. Let m > 3 and consider the m-dimensional compact manifold M
with smooth simply connected boundary dM ~ S™~! obtained by removing from
the “flat” torus R™ /Z™ a small smooth disk. By the Seifert-Van Kampen theorem,
m(M) ~ 7 (R"/T) ~ Z™, therefore 7r1(M) has polynomial growth of order
m. According to Lemma 3.1 we endow M with a metric g of positive sectional
curvature Secty; > 0. Then, by (c) of Theorem F, (M, g) cannot be extended to a
complete manifold (M’, g’) satisfying Ricy > 0.

4.2. A measure of Ric_ of complete extensions

A compact Riemannian manifold M with simply connected boundary 0 M # ¢ and
fundamental group isomorphic to the fundamental group of a flat manifold could
have no complete extensions with Ric > 0; see Example 4.8. By using some
harmonic mapping theory 4 la Schoen-Yau, [14,28,39,40,45], we can obtain some
more precise information on the negative part of the Ricci curvature of any complete
Riemannian extension.
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Notation 4.9. Given a Schrodinger operator £ = —A s — a(x) on the Riemannian
manifold (M, g) we denote by A1 (L) the bottom of its spectrum, i.e.,

Vol? + a(x)p?
M= g IV . 2l
PECE(M\(0) fye

Moreover, given a real number § € R we introduce the modified Schrodinger oper-
ator
Ls=—Apy —da(x).

Finally, we use the notation a_— = — min(a, 0) € R>¢, forany a € R.

We say that the Riemannian manifold (M, g) is §-stable, § > 0, with respect
to the Schrodinger operator £ = —Ay; — a(x) if A;(Ls) > 0. Otherwise (M, g) is
S-unstable.

With this terminology in mind, we state the following somewhat quantitative result.

Theorem G. Let (M, g) be a compact, m(> 3)-dimensional Riemannian manifold
with boundary oM #+ (. Assume also that the following topological properties are
satisfied.:

(a) oM is simply connected;
(b) There exists a non-trivial homomorphism ¢ : my(M) — T, where T is the
fundamental group of a compact Riemannian manifold (N, h) with Sect,, < 0.

Consider any geodesically complete, noncompact Riemannian extension (M', g')
of (M, g) and set

a(x) = inf {Ricyy (v, v) : v € TeM', g'(v,v) = 1} .

Then (M', g') is 8-unstable with respect to L = —Ayp — a_(x), for every § >
(m—1)/m.

The same conclusion holds if we replace the assumption that M' is noncompact
with the assumption that Ricyy > 0 at some point.

As alluded to above, the proof is an easy consequence of the harmonic mapping
theory developed in [14,45] and of the vanishing theorems from [39,40]. We sketch
the arguments for the sake of completeness.

Proof of Theorem G. Fix a geodesically complete Riemannian extension (M’, g')
of (M, g). Since, by the Cartan-Hadamard theorem, N is aspherical (i.e. its univer-
sal covering is contractible), the homomorphism g is induced (up to conjugation)
by a continuous map f : M — N and, since d M is simply connected, f can be
extended by a constant to all of M’. If follows from [45] that there exists a harmonic
map u : M’ — N with finite energy |du| € L?>(M’) in the homotopy class of f. In
particular, ¥ and f induce the same homomorphism between fundamental groups.
Now, by contradiction, suppose that Ricy, > a(x)g’ with

M(=Ay —da_(x)) =0

for some 6 > (m — 1)/m.
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Using the vanishing results in [39,40] we deduce that |du| = const and ei-
ther a(x) = 0, i.e., Ricyyy > 0 or u = const. The second possibility cannot oc-
cur because, otherwise, the original homomorphism ¢ would be trivial. Therefore
Ricy > 0. If we assume that M’ is non-compact then, by the Calabi-Yau lower
volume estimate, we have that vol(M’) = +o00 and, therefore, the constant func-
tion |du| cannot be in L2(M’). Contradiction. On the other hand, if M’ is compact
and Ricyy > 0 at some point, the Weitzenbock formula implies that |du| = 0 and
u = const. Again, this is a contradiction. O

Example 4.10. Let M be the compact, m(> 3)-dimensional manifold with sim-
ply connected boundary dM ~ S™~! obtained by removing a smooth small disk
D from a compact flat manifold R” /T, with T" a crystallographic group. Sup-
pose that M is endowed with a Riemannian metric g such that Ricys > 0. Since
mi(M) ~ 7 (R"/T) ~T and N = R"/T has a flat metric, we can take the obvi-
ous isomorphism ¢ = id : w1 (M) — I' and conclude the validity of the following
property: if (M, g) is extended to a gedesically complete Riemannian manifold
(M’, g") with Ricyy > —a(x), a(x) > 0, and (M’, g’) is §-stable with respect to
L =—A —a(x), for some § > m/(m — 1), then M" must be a compact, Ricci-flat
manifold.

4.3. Nonexistence of Ric > —C? extensions

Let (M, g) be a compact Riemannian manifold with (possibly empty) boundary o M
and let P : (M, g) — (M, g) be its Riemannian universal covering. The entropy
of (M, g) is the number

M ~
h(M, g) = liminf M’
R—+00 R
well defined independently of the choice of the base point Xy. Similarly, one in-
troduces a notion of entropy in the class of finitely generated groups in order to
measure the degree of exponential growth. Let G be a finitely generated group with
finite set of generators S. Then, the entropy of (G, S) is the number

G
H(G, S) = liminf &1BR DI
R—+00
where, we recall, Bg(l) is the metric ball of G with respect to the word metric
induced by the set of generators S. Although a change of the finite set of generators
produces quasi-isometric distances, the entropy is not a quasi-isometry invariant
and, therefore, it makes sense to define the minimal entropy of the group G as

h(G) = igfh(G, S).

It is a contribution of Gromov to the Svarc-Milnor theory that the entropy of a
compact manifold is related to the minimal entropy of its fundamental group via
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the diameter of the space. Although the result is originally stated for a compact
manifold without boundary, the proof still works even in the presence of a boundary;
see [22, Theorem 5.16].

Theorem 4.11. Let (M, g) be a compact manifold with (possibly empty) boundary
oM. Then
h(m1(M)) < 2diam(M, g)h(M, g).

Combining Theorem 4.11 with the Bishop-Gromov volume comparison we get the
following

Proposition H. Let (M, g) be a compact, m-dimensional Riemannian manifold
with boundary 0M # (. Then, the universal covering (M, g) has no complete
Riemannian extensions (M', §') satisfying Ric > —(m — 1)C? for any constant

h(m1(M))

0<C< - .
2(m — 1)diam(M, g)

4.2)

Proof. By contradiction, assume that such an extension (M, g') exists. Then, by
Bishop-Gromov, having fixed Xy € M C M, and using the fact that B;‘e/[ (Xp) C

B,@’(io),we have
h(M, g) < (m—1)C.

Using this information into Theorem 4.11 we conclude
h(mwi(M)) < 2(m — 1diam(M, g)C
and this contradicts (4.2). O

Proposition H suggests that, in general, one can not hope to extend a given
manifold with boundary preserving a lower Ricci curvature bound. This is the con-
tent of the following (class of) examples, which are flexible enough to prove that
also lower Sectional curvature bounds can not be preserved.

Of course, the situation is different if some further condition on the boundary
is prescribed (see for instance Section 6.2).

Example 4.12. For any real constants K, A and for any dimension m > 2 there
exists an m-dimensional Riemannian manifold with boundary (M, g) with constant
sectional curvature Sect, = K such that no extension (M’, g') of (M, g) satisfies
Ric;, > A.

Proof. Clearly, it is enough to give examples when A < 0. Accordingly, we set
= —(m — 1)C? for some C > 0.

Let N = N(C, K) be a positive integer to be specified later. Define N points
{a; lNzl c R?’byaq; := (73 - 0) and define the set

Sy = u{"zlaBﬂf (a;) C R2.
aw
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Moreover, let T}, be the (1/16N)-neighborhood of Sy in R™, more precisely

1 m
Ty :=1{x € R" :dpn (x, (Sy x {ORm—Z})) <—1 C B]1R .
16N
By approximation, T, can be homotopically deformed to a submanifold Ty C
B]lRm with smooth boundary. Endow B]lRm with a metric gg of constant curvature

K and let (My = TN, g) be the (noncompact) universal Riemannian covering of
(Tn, gk |1y). It is clear by construction that we can suppose that

diamg, (Ty) <6 “4.3)

for some constants § > 0 depending on K, but independent of N.

By construction there is a deformation retraction of Ty onto Sy. In partic-
ular the (equivalence classes of the) loops y; : [0, 1] — Ty defined by y; () =
ﬁ(l +cos(2mt), sin(2mwt)) x {Ogm—2} are a family of generators for I' = 71 (7T, 0).
Moreover 71 (T, 0) is exactly the free group generated by the S = {[y; 1},

As observed by Gromov, [22, Example 5.13], the minimal entropy of the free
group with N generator is given by A(I") = h(m;(Ty)) = log(2N — 1). Hence,
according to Proposition H, recalling also (4.3), we get that (My, g) admits no
Riemannian extensions satisfying Ric > —(m — 1)C? provided

VT am-nsc

N > > + 5€ . O
Remark 4.13. All the fundamental groups of the manifolds Ty involved in the
previous example have exponential growths. As a matter of fact, for positive lower
curvature bounds, similar techniques permit to construct examples given by cov-
erings of manifolds whose fundamental group has polynomial growth. A sim-
ple example in this sense is given by the universal covering of the sphere strip
{(x,v,2) € R® : x>+ y2 + 7> = 1and z < 1/2} which has sectional curvature
1, but is non-compact and hence it does not admit any extension of positively lower
bounded curvature (once again by Bishop-Gromov). By the way, taking suitable
coverings of large enough finite index, also compact examples can be constructed.

5. Nonexistence of complete extensions with Sect < 0

Recall that a topological space X is said to be k-connected, k € N U {oo}, if its
homotopy groups satisfy 7;(X) = O for every j = 0,---,k. The connected
space X is called aspherical if the vanishing condition 77;(X) = 0 holds for ev-
ery j > 2. A classical theorem of J.C. Whitehead implies that, in the setting of
C W-complexes, co-connected spaces are contractible. Since the universal cover-
ing projection X — X induces isomorphisms 7 (X) ~ 7; j(X) for every j > 2,
then aspherical C W-complexes are characterised by the property that their univer-
sal covering spaces are contractible. This equivalence, in particular, holds at the
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smooth manifold level. It then follows from the Cartan-Hadamard theorem that ev-
ery complete Riemannian manifold of non-positive curvature must be aspherical.
Since every compact manifold with boundary can be endowed with a (complete)
metric of negative curvature, we are naturally led to detect a (sufficiently large)
class of smooth compact manifolds with boundary that cannot be realized as a do-
main inside an aspherical manifold.

We propose two criteria of non-extendibility: one is homological (hence, in
principle, easier to apply) and requires that the manifold is simply connected. The
other one is homotopical and requires that the sufficiently connected boundary can
be capped by a contractible space. According to this program, let us begin by
pointing out the following simple obstruction result.

Proposition 1. Let (M, g) be a complete, m(> 4)-dimensional Riemannian mani-
fold with boundary 0M # (. Assume that, for some 2 < k < m — 2, the following
topological conditions on M and O M are satisfied:

(a) M is simply connected and Hy(M; Z) # 0;
(b) Hy(0M;Z) = 0.

Then, (M, g) has no complete Riemannian extension (M', g') without boundary
and satisfying Sectyy < 0.

Remark 5.1. We stress that d M must be non-convex. Otherwise, using some har-
monic mapping theory for manifolds with boundary, [26], we would get that the
compact, simply connected manifold M of nonpositive curvature is necessarily con-
tractible. Indeed, every element in 7x (M), k > 2, is represented by a harmonic map
in its homotopy class. Since (M, g) has non-positive curvature and S* has a metric
of positive curvature, standard vanishing results based on the Weitzenbock formula
yield that the harmonic map is constant. Whence, we conclude that 77;(M) = 0,
for every j > 0 and, hence, M is contractible. More generally, the sectional cur-
vature Sectyys of d M with respect to the induced metric must satisfy Sectyys > 0
at some point where d M is non-convex. Otherwise, as observed by Gromov, [21],
and according to the main result in [6], M has non-positive curvature in the sense
of Alexandrov. Hence, the Gromov version of the Cartan-Hadamard theorem ap-
plies, [4], proving that once again M is contractible.

Remark 5.2. It would be interesting to obtain homological obstructions to a non-
positively curved extension of M when this latter space is non-simply connected
(maybe with simply connected boundary). In this respect, recall that by passing to
the universal covering does not preserve homology groups.

Proof. By contradiction, suppose that there exists a complete Riemannian exten-
sion (M’, g') of (M, g) satisfying Sectyy < 0. Let P : (M, ') — (M’, g') be its
Riemannian universal covering and consider the Riemannian manifold (M, g) =
(P~ Y (M), &'l p-1(a)) With boundary dM = P~ (3M). Clearly, (M, §') is a com-

plete Riemannian extension of (M, g) satisfying Sect,;, < 0. In particular, by
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the Cartan-Hadamard theorem, M’ is contractible. Now, the restricted map P|y; :

(M, g) — (M, g) is still a covering projections and since M is simply connected
then M is a disjoint union of isometric copies of M. We still denote with (M, g)
one of these components. It follows that we can identify M ~ M and M ~ dM.
Using collars, we decompose M’ as the union of open sets A U B, where A has the
same homotopy type of M and AN B has the same homotopy type of 0 M. Applying
the Mayer-Vietoris sequence

— Hy(0M;Z) — Hy(M; 7) ® Hy(B; Z) — Hy(M'; Z) —

and using the topological assumptions (a), (b) we conclude that there exists an in-
jective homomorphism

0+ Hy(M; Z) < Hy(M'; 7).
This contradicts the fact that M’ is contractible. O

Example 5.3. Let Z be the m (> 4)-dimensional smooth manifold given by
Z=(S" x S’”)#~ . -#(S’”’ X S”r),

with m;,n; > 2 and Zyzlmi + n; = m. We remove from Z a smooth m-
dimensional contractible disk D so to obtain the m-dimensional compact manifold
M=Z\D

with smooth boundary dM ~ S”~!. Next, using Lemma 3.1, we endow M with a
Riemannian metric g of negative sectional curvature. We claim that M satisfies the
topological assumptions of Proposition I and, hence, (M, g) cannot be extended to
a complete Riemannian manifold of nonpositve curvature. This follows from the
next observations:

e Take the connected sum Q = M 1#M; with M|, M> smooth compact manifolds
of dimension m > 3. Topologically, Q is obtained from M7 and M, by removing
an m-dimensional disk D™ from each of these manifolds and identifying their
S™=1!_poundaries;

e Applying twice the Seifert-Van Kampen theorem we deduce that both 771 (M ;) ~
T (M;j\D") and 1 (Q) >~ 1 (M \ D) xmr1(M>\ D™). Therefore, Q is simply
connected provided both M; and M are simply connected;

e Similarly, we see that Q \ D™ is simply connected provided both M; and M,
are simply connected;

e Using twice the Mayer-Vietoris sequence and that H;(S"~1';Z) = 0 for i #
0, m — 1 we deduce, forevery k =2,--- ,m — 2,

Hy(M;; Z) ~ H (M \ D™; Z)
Hi(Q; Z) >~ Hy (M \ D"™; Z) ® Hy(M> \ D™, Z).

Therefore, Hy(Q; Z) # 0forsome 2 < k < m—2 provided either Hy(M1; Z) #
0 or Hi(M>; Z) # 0;
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e To conclude that M satisfies the assumptions of Proposition I, we combine the
previous observations with the Kiinneth formula in the absence of torsion:
Hi(M;Z) ~ H(Z; Z) ~ & _ H (S™ x S"; Z)
ad @lr:l Da+b=k Ha(Smi§ Z) ® Hb(Sni; Z)
This shows that Hy(M; Z) #0for2 <k =m;,n; <m — 2.

Example 5.4. Another family of examples in dimension m = n + 5 > 8 can be
obtained by taking the product

M™ = (N°\D°) xS", n >3,

where N3 is any of the closed simply connected 5-manifolds with Hy(N>; Z) # 0
constructed by D. Barden in [8], and D? is a small 5-disk inside N>. Thus, M™ is
a simply connected, compact manifold with boundary

IM™ ~ S* x S,

Using again the Mayer-Vietoris sequence as in previous example and the Kiinneth
formula joint with the fact that Tor(-, Z) = 0, we see that

Hy(M™; Z) ~ Hy(N°\ D>, Z)  Z ~ Hy(N°; Z) ® Z = Ho(N°; Z) # 0,

and
Hy(oM™; Z) = 0.

Therefore, Proposition I applies and gives that M™ is not a domain into a complete
Riemannian manifold of nonpositive sectional curvature.

Now we consider obstructions of homotopical nature.

Theorem J. Let (M, g) be a complete, m-dimensional Riemannian manifold with
boundary OM # (. Assume that N is a smooth Riemannian extension of M without
boundary such that:

(a) B = N\ M is contractible;
(b) OIM = 0B is (n — 2)-connected, for some n > 3;
(c) mx(N) #0 for some?2 <k <n—1.

Then (M, g) has no complete Riemannian extension (M', g") without boundary and
satisfying Sectyy < 0.

We shall use the following result.

Lemma 5.5. Let N be a connected m-dimensional manifold given by the union of
connected m-dimensional manifolds M and B with boundary oM = 0B. Assume
that B is (n—1)-connected and that 9M = 9 B is (n—2)-connected, for some n > 3.
Then, the inclusion i : M — N induces isomorphisms iy, : w,(M) — m,(N), for
h =0,.--,n —2 and a surjective homomorphism iy, : mp_1(M) — mw—1(N).
In particular, if m,— 1 (N) # O then iy, | is a nontrivial homomorphism.
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Proof. Choose a triangulation of 9M = 9B and extend it to a triangulation of N.
In this way, we can consider M, B as CW-subcomplexes of the CW-complex N
and 0M = dB = M N B as a CW-subcomplex of both M and B. Let us choose
once and for all a point xo € B N M and assume this is the base point in all the
homotopical considerations that will follow.

From the long exact homotopy sequence of the pair (B, dB):

— 1 (B) = (B, dB) — m;_1(0B) = mi_1(B) —
since B is (n — 1)-connected we get
mx(B,0B) ~m_1(0B), k=1,--- ,n—1
and since 0B is (n — 2)-connected, we deduce that (B, dB) is (n — 1)-connected.
Obviously the pair (M, d M) is O-connected. It follows from the homotopy excision
theorem, [29, Theorem 4.23], that the inclusion j : (B, dB) — (N, M) induces
the isomorphisms
0=m(B,0B) > m;(N,M), k=0,--- ,n—2
and a surjective homomorphism

0=my_140(B,90B) = mh_140(N, M),

proving that (N, M) is (n — 1)-connected. Using this information into the long
exact homotopy sequence of the pair (N, M):

— (N, M) = 71 (M) = 73—1(N) = 7tp—1 (N, M) —
we conclude that the inclusion map i : M < N induces the isomorphisms
i, cmp(M) = mp(N), h=0,---,n—2,
and the surjective homomorphism iy, _, . This completes the proof of the lemma. [
We are now ready to give the
Proof of Theorem J. We take a closed collar neighborhood W ~ M x [—1, 0] of
oM in M and we set My = M\WV. Then By = N\ My is contractible because it is a
deformation retract of B. It follows that there exists a homotopy H : By x [0, 1] —

By between H (-,0) = idg, and H (-, 1) = €4, the constant map at g € B.
Now, we define a continuous function F : M = Mo UW — N by

F(p) = id(p) p € M
PP=VHot+1) p=@, 1) eWw.
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Observe that
F(p)=gq, onoM.

Therefore, if (M, g) admits a complete Riemannian extension (M’, g’) satisfying
Secty;s < 0 we can extend F to a continuous map F : M’ — N by setting

F(p) _ F(p) pe M/

q peM\M.

In particular, F = id on My. With this preparation, and according to Lemma 5.5,
we take a representative o : S¥ — My of a non-trivial class in 7x (N). Since M’ is
aspherical, & is homotopically trivial in M’. But then F o @ = « is homotopically
trivial in N . Contradiction. O

Example 5.6. The assumptions of Theorem J are satisfied by any compact m (> 3)-
dimensional manifold M which is obtained by removing a smooth disk D" from
a compact manifold N satisfying mx(N) # 0 for some 2 < k < m — 1. For
instance, let N = S™ x S™2 with my,mp > 1, m; +my = m > 3, and define
the manifold with smooth boundary M = N \ D”. Then, dM ~ S"~!is (m — 2)-
connected and 7;(N) >~ 7;(S™) x m;(§") # 0 for 2 < j = max(my, my) <
m — 1. According to Lemma 3.1, we endow M with a metric g satisfying Secty; <
0. Therefore, Theorem J applies and gives that (M, g) cannot be extended to a
complete Riemannian manifold of non-positive sectional curvature.

Part 3. Existence of complete extensions under curvature conditions
6. Extending complete manifolds with compact convex boundary

As alluded to in the previous parts of the paper, the presence of a convexity condi-
tion on the boundary implies a control on the topology and helps the existence of
a complete Riemannian extension where a given curvature bound is preserved. We
are going to illustrate this claim by constructing complete Riemannian extensions
both under a lower Ricci or scalar curvature bound and with an upper bound of the
sectional curvature. The existence of a complete extension with a lower sectional
curvature bound will be addressed in a forthcoming paper by T. Richard and the
second author, [43]. In that paper the authors will generalize a method developed
by M. Gromov and B. Lawson, [23], to extend a compact manifold with boundary
and positive scalar curvature.

6.1. A notion of extrinsic convexity

Recall that, according to our convention, the boundary dM # @ of (M, g) is
(strictly) convex if, with respect to the outward pointing unit normal v the sec-
ond fundamental form at each point of d M satisfies II < O (respectively < 0) in the
sense of quadratic forms.
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A first natural question to ask is whether an intrinsic convexity of a manifold
M with boundary, i.e. (strictly) convexity of its boundary, implies that the manifold
(M, g) at hand can be seen as a convex piece of one of its complete extensions
(M’, g"). In order to answer this question, let us collect below some extrinsic no-
tions of convexity. It is worthwhile to recall that several other sligthly different
notions of convexity can be found in the literature.

Definition 6.1. The complete Riemannian manifold (M, g) with boundary oM #
@ is said to be:

e Strongly convex if, for every p, g € M, any geodesic of M connecting p with
q is contained in intM with the possible exception of the endpoints;

e Domain-strongly-convex if there exists a complete Riemannian extension
(M’, g") of M such that M is a strongly convex domain. This means that for
every p,q € M, any geodesic of M’ connecting p with ¢ is contained in intM
with the possible exception of the endpoints.

We then have the following implications.

Lemma 6.2. Let (M, g) be a complete Riemannian manifold with compact bound-
ary OM # . Then:

(a) If 0M is strictly convex, then M is domain-strongly-convex;
(b) If M is domain-strongly-convex, then it is strongly convex;
(c) If M is strongly convex, then d M is convex.

Remark 6.3. Some of the reverse implications fail. More precisely:

(i) The converse of (a) is not true: M = {(x1,...,x,) € R" : lef‘ =1} is
domain-strogly-convex, but d M is not strictly convex;

(i1) The converse of (c) is not true: take any Riemannian manifold M with compact
totally geodesic boundary. For instance, if N is any compact manifold without
boundary, the Riemannian product M = (—oo, 1] x N is not strongly convex,
but M = {1} x N is convex;

(iii) We do not know if the converse of (b) holds or not.

Proof. (a) By Corollary B, we can always consider a complete Riemannian ex-
tension (N, h) of (M, g) so that ¥y = 9M is a compact embedded hypersur-
face of N with second fundamental form II with respect to the unit normal v.
For S small enough, the normal exponential map exp*(sv(x)) is a smooth dif-
feomorphism on (—S, §) x X and, within the normal tubular neighborhood &/ =
expé (=S, ) x Xp), the s-coordinate represents the smooth, signed distance func-
tion from Xg. In particular, because of our choice of v, we have s(p) < 0 for every
p € intM NU. Moreover, the second fundamental form of the parallel hypersurface

Ss={xel:s(x) =5}

is given by
IIEg(X9 X) = —HCSS(S)(X, X)’

and, up to take a smaller S, Il is strictly negative except for the radial direction.
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We are going to adapt the construction of [41, Theorem 4.1] so to obtain a
complete Riemannian extension (M’, g’) of (M, g) such that the signed distance
function s : 9M — R is smooth and strictly convex on M’ \ intM (except for the

radial direction Vs). To this end, note that on (=S, S) x IM = (expé)f1 (U) the
pulled-back metric writes

(eprE‘)* his,x) = ds* + hs(x)

for some metric i on d M which depends on s. For k > 0, consider the family of
metrics jX) on 9 M defined as

j® s, x) = k2 sin (Vs ) (gawn) ),

where ggj7 1s the Riemannian metric induced by g on dM. Consider a smooth
partition of unity ¢;, ¢, € C*°((0, +00)) such that

0<¢n(®) <1, ¢nlosa =1, ¢nlisi00=0, ¢, =<0

and
i)+ o) =1, Ve (0,+00).

Let
o (s, %) 1= n(s)hs(x) + ¢ (s)j P (s, x),

and define the metric g’ on

M’ = M U ((0, +00) x IM)

as
g on M

/

& = las? +0o(s,x) on(=S,+o00) x IM.
Note that (M’, g’) is a well defined n-dimensional Riemannian manifold. Rea-
soning as in [41], and adapting Lemma 4.2 therein to this setting, we get that for
k large enough the signed distance function s : (=8, +00) x dM Cc M’ — R
is smooth and Hess(s)(X, X) > O whenever X is not parallel to Vs, whereas
Hess(s)(Vs, Vs) = 0.

Now, let x, y € M and let y : [0, 1] — M’ be any constant speed geodesic of
M’ connecting x and y. If y € M\ (—S, +00) x dM we are done. Otherwise, by
restriction, we assume y C (—S, +00) xd M. Consider the function f : [0, 1] = R

given by
f@)=soy().
Observe that

(i) f € C®([0, 1]) is well defined;
(i) f(0) <0, (1) <0;
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(i) f'() = g(VS()/(f)), )'/(f));
(iv) f”(r) = Hess(s)(y(¢), y(¢)) > 0,and f”(tr) > 0 whenever

gy @), Vs(y NI < ly OIIVs(y ()]

In particular f(¢) <O forallt € [0, 1],i.e. ¥ : [0,1] — M is also a geodesic of
M. Suppose f(¢) = 0. In this case g(Vs (y(0)), )7(0)) = 0, which in turn implies
f”(0) > 0, giving a contradiction. Then f(f9) < 0 for some 7y € (0, 1). Since f is
convex and f(0), f(1) <0,then f(r) <Oforallz € (0, 1).

(b) Suppose by contradiction that there exists a geodesic y of M touching the
boundary in a non-extremal point. Namely, since geodesics are locally minimizing,
we can suppose that there exists an € > 0 and a (unit speed) geodesic y : [—€, €] —
M such that y(0) € oM and y realizes the distance in M between y(—e) and
y(€). Let M’ be the extension given by the domain-strong-convexity of M. Let
7 : [—€, €] — M’ be any (unit speed) geodesic of M’ such that

(1) y(—€) = y(—€) and y (€) = y (€);
(2) p realizes the distance in M’ between y (—¢) and y (¢).

By assumption, y([—€,€]) C M and L(y) < L(y). Now, if L(y) < L(y), then
y is not locally minimizing in M, contradicting our assumption. Then L(y) =
L(y), which means that y is also a geodesic of M’, thus contradicting the domain-
strongly-convexity of M.

(c) Suppose by contradiction that for some point x € d M and vectorv € T, oM
we have Il (v, v) > 0. Let y : [—1, 1] — N be the constant speed geodesic of
N such that y(0) = x and y(0) = v. Consider the function f = s o y which is
well-defined and smooth on [—e, €] for some 0 < ¢ < 1. Computing as in (a) we
get that £(0) = 0 and f/(0) = 0. Moreover

f"(0) = Hess(s)(y(0), y(0)) = Hess(s)(v, v) <0,

so that f(t) < 0 on [—¢’, €]\ {0} for some 0 < € < €. Thus y : [—€/, €] —
M is a geodesic of N, hence of M, with endpoints in intM and touching M.
Contradiction. O

6.2. Existence of complete extensions with Ric > C

Let (M, g) be a complete Riemannian manifold with compact and strictly convex
boundary dM # (). Assume that Ricy > C, for some C € R. Using Corollary
3.1, we construct a metrically complete Riemannian extension (M’, g’) of (M, g)
such that Ricyy > C and dM’ is still compact, strictly convex and M C intM’.
Now, a result sketched by Perelman in [37], proved in details, e.g., by H.-H. Wang,
[46, Appendix 2.3], and also known to Sylvestre Gallot, [15], states that the Lip-
metric induced by g’ on the double N = M’ Ujq,,,, M’ can be smoothened out in

an arbitrarily small neighborhood of dM’ C N so to obtain a C? metric 7 on N
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satisfying Ric, > C. Actually, the original version was stated with C = 0 but a
similar smoothing argument works with any lower Ricci bound.

We can always assume that the perturbed neighborhood of dM’ C N is so
small that (N, &) is a Riemannian extension of (M, g).

Moreover, since the Ricci tensor depends on the second derivative of the metric
and the Ricci lower bound is strict, using a mollification procedure in local coordi-
nates we can always improve the regularity of the Riemannian metric z to C*° by
keeping the same curvature bound. Indeed, let us fix a finite open covering {U;}
of 9M' C N by coordinate neighborhoods, an open refinement V; € U; that still
covers dM" and a smooth partition of unity g;, ¢ subordinated to the open covering
{U;, V := N\ U; V;} of N. We can assume that UU; does not intersect the original
boundary d M and that & is C* on V. Using convolution kernels, we now mollify
the metric coefficients (%|y;)qp of each h|y, so to obtain, for every € > 0, a new
C® tensor field hli,i such that || (M&)aﬂ — hagllc2(supp o) < €- We define

he =" oihl§, + oh
i

which is a C* tensor field on N. Since the family {supp o;, supp ¢} covers N, it
follows that, for 0 < € <« 1 small enough, A€ is Riemannian and Ricye > C, as
claimed.

Finally, since the boundary of M’ is compact, every divergent path in (N, h€)
must be definitely contained in one of the copies of (M, g) C (N, g¢) and, there-
fore, it has infinite length. This proves that (N, h€) is complete. We have thus
obtained the validity of the following result.

Theorem K. Let (M, g) be a compact Riemannian manifold with strictly convex
boundary M # @ and satisfying Ricy; > C, for some C € R. Then, there exists a
complete Riemannian extension (N, h) of (M, g) without boundary and satisfying
Ricy > C.

Remark 6.4. Note that since the metric of the extension is required to be smooth
(say C?), then it is impossible to get the same result for the weak curvature condition
Ricy; > C. A counterexample is given by the rotationally symmetric manifolds
(M, g) = ([0, 7] x S" 1, dt*> + j(t)go), where go is the standard round metric
of "1 and j(r) = (2t + sin(z))/3. By standard computations one has that the
metric is smooth at the origin, and that

=1/

i J
RIC(M’g)(at, 8[) = —(m — 1)7 > 0
and 2
1 _ -/ 1Y/
Rico o (X, X) = (m — 22— T~
J J

for any unitary vector X orthogonal to 9;,. Moreover

-/

J ()

Hym = glam >0



THE SMOOTH RIEMANNIAN EXTENSION PROBLEM 1543

in the sense of quadratic form. However

RiC(M,g)(an )= =0

and
9 . j" () Jj' () j" ()
—R 0t, 0)|f=gp = —(m — 1) —— - HD—
o7 ic(m,g)(0r, 0) |r=r (m ) ) + (m ) ()
m—1
= - <0,
21

so that any smooth extension of (M, g) has to satisfy Ric(s,¢)(9;, 9;) < 0ina small
exterior neighborhood of M.

It would be interesting to understand whether the complete Riemannian exten-
sion keeping Ric > C is possible in the setting of C*> Riemannian metrics. This
is the regularity needed to introduce the usual notions of curvatures. As we have
already remarked in the introduction, when the Ricci tensor is replaced by the scalar
curvature the problem has a positive answer; [44].

Remark 6.5. A direct application of Theorem K yields a Bonnet-Myers type result
for complete manifolds with compact convex boundary and Ricci curvature Ric >
k > 0. Actually, using the second variation formula, it is proved in [33] and [17]
that a sharp diameter bound can be obtained when Ric > k, k € R, under the
assumption that d M is compact and strictly mean convex. This is a very interesting
boundary effect.

6.3. Existence of complete extensions with Scal > 0

Since the scalar curvature contains less information than the Ricci or the sectional
curvatures, it is natural to expect that Riemannian extensions of manifolds with
boundary preserving the positivity of the scalar curvature can be guaranteed under
weaker assumptions. In particular, the full strict convexity of d M is not necessary,
as shown by the following result, due to Gromov and Lawson; see [23, Theorem
5.7 and Remark 5.8].

Theorem L. Let (M, g) be a compact Riemannian manifold with boundary satis-
fyving Scalgy > 0. Suppose that 9 M is (strictly) mean-convex, i.e. its mean curvature
satisfies H := trll < 0 at each point of 0 M. Then, there exists a complete Rieman-
nian extension (N, h) of (M, g) without boundary and satisfying Scalg > 0.

As above the extension is constructed on the (differential) double of M. The idea of
the proof is to consider a tubular ¢-neighborood of M in M’ x (—1, 1), where M’
is a local extension of M. Using the mean-convexity of the boundary, Gromov and
Lawson proved that the (smoothed) surface of this e-neighborhood, endowed with
its natural hypersurface metric, still has positive scalar curvature when € is small
enough.
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6.4. Existence of complete extensions with Sect < C

In this section, using a suitable conformal deformation of a local extension, we
prove that manifolds with a compact convex boundary and a strict upper bound on
the sectional curvatures can be extended to complete manifolds satisfying the same
sectional curvature restriction.

Theorem M. Let (M, g) be an m-dimensional complete Riemannian manifold with
smooth compact boundary dM # (. Assume that Sect, < C on M, for some
constant C € R, and that OM is strictly convex. Then (M, g) has a complete
Riemannian extension (M', g") without boundary satisfying Secty < C.

Proof. By (the proof of) Lemma 6.2, there exists a Riemannian extension (M’, h)
of (M, g) satisfying the following conditions:

(a) M'\ M = (0, s,) x M and the metric # on M’ \ M writes
h(s, x) = ds® + hy(x), (6.1)

hg being a metric on d M which varies with s;

(b) The signed distance function s : M’ — R from dM is smooth and strictly
convex, except for the radial direction. Let & > 0 be such that Hess s > o1 at
each point of M’ \ M, outside the radial direction;

(c) Sect, < C.

If s, is small enough, we can also suppose that

3., .2 2
fo —ty + ¢t Clo
( - ° 2 20) > | 2|’ s (62)
(1-1)
atrg =1 — ;—’é. Let ¢ : (—o0, 8) — Rsq be the piecewise-smooth nondecreasing
function defined by
0 t e (—oo, S—*]
- 2
@) = ) 5 5,
—n (0= @ s +0)+mn (62— (0-%)) re[F.s).

Note that, on [5, s),

B 20 — sy +1)
¢'(t) = — ——
02— (0 — sy + 1)
and
2 40 — 1)? 02 + (6 — 1)?
(/_J”(t)z + ( Sx +1) -9 =+ ( S +1)

02— O —setD? (02— @ -5+ (02— —s+0?)°
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In particular ¢ is convex on [—00, 5,). Next, fix € € (%, s4) so close to % that

e 2© max Sect,(x) < C. (6.3)

0<s(x)<e

This is possible, up to choosing 0 < s, < 1 since (/_J(%*) = 0 and Sect;, < C.
Using an approximation procedure we obtain a smooth, increasing, convex function
@ : (—00, 5,) = R satisfying

p(t) = ¢(), 1€ (-00,0]Ule, s5).

Finally, we define the smooth function ¢ : M’ — R by

0 ifxeM

P =N sy ifx € MO\ M.

Note that ¢ is convex on M’. We consider the corresponding conformally deformed

metric on M’

g =e*h.

We claim that (M’, g’) is complete. For integers n > 2, set t,, = s,(1 — %) and
consider the smooth, relatively compact exhaustion {M,} of M’ given by

M, ={xeM :s(x) <t}

By (6.1),
disty (AM),, M), |) = tys1 — by,

so that

1 1 [
disty (M), IM), . ) > € (tyq1 — 1) > ge‘/’“n)(tn —tyo1) > 5/ eVt
In—1

Since e? ¢ L'([0, s4)) we conclude that, for any divergent path y : [0, 1) — M’,
Eg/(y) = Zdistg/(aM,;, 8M;H_1) = 400,

so that (M’, g’) is complete (see also Theorem 2.2).
Now, we recall the transformation law of the Riemann tensor under conformal
changes of the metric, [9]:

Ry(X,Y)Z = Ry(X,Y)Z + h(X, Z)VyV¢ — h(Y, Z)Vx V¢
+h(Z,VxV$)Y — h(Z,VyVe)X — (ZP)[(XP)Y — (YP)X]
+[(XP)h(Y, Z) — (YP)h(X, Z)IV
+h(Vo,Vo)(h(X, 2)Y — h(Y, 2)X),
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which implies
Secty (X AY) = e 2 Secty (X AY) +e 2 IX AY [ 2 A(X, Y), (6.4)
where
An(X,Y) =2h(X,Y)Hessp(X, Y)
—|Y|?Hess (X, X) — |X|* Hess ¢ (Y, Y)

+1(X®)Y = XX = (IXPIYP = g(X, 1)?) Vg
Here, V, Hess and | - | are computed with respect to /. Take any pointx € M’ \ M,
consider the vector field W = Vs at x, and choose a local frame {W,};"_, such that

at x
h(W;, Wj) = 8ij.

Note that Vg (x) = ¢'(s(x))Vs(x), so that Wy¢ = O for all k£ > 2. Then, we have
thatif2 < j <k <m,

Ap(W;, Wi) = —Hess ¢(W;, W;) — Hess (Wi, Wi) — Vo[> <0,
and

Aj(Vs, W) = — Hess ¢(Wi, Wi) — Hess ¢(Vs, Vs) + h(Vs, V)* — |Vo|?
= — Hess (Wi, Wi) — Hess ¢(Vs, Vis) <0

forall k = 2, ..., m. In particular, by (6.3) we have that,on {x € M : s(x) < €},
Secty (X AY) < e 2 Secty(X AY) < C. (6.5)

On the other hand, on {x € M’ : s(x) € [€, s4)}, we compute

1 200 — sy +5)
Hess ¢ (Wi, Wi) = ¢'(s) Hess s (Wy, Wi) > — -
dWi, W) = ¢ WO 2 G 6 s sy

for k > 2, and
2(0%+ (6 — s« +9)%)

Hess ¢(Vs, Vs) = ¢”(s) = )
(02 — (0 — 52+’

Then,for2 < j <k <m,

1 460 — sy +5) 40 — s+ 5)?
0 62— (0 — sy +5)? (92_(9_S*+s)2)2

O—sx+s [ O—=ss+s 3+ O—s5+s 2
2 [4 [4 6
= —46

(62— (0 — 4+ 5)?)°

Ap(W;, Wi) <
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and
AW vy <L 20=sts (6 + (6 — 54 +9)°)
R T 0(02— (0 — s +9)?) (92—(9—s*+s)2)2
3 2
0—sxt =55+ O—5x+s
[ () e ()
~2 5 ,
(62 — (0 — s« +5)?)
so that
0—ss+s (9—s*+s>3 + (0—s*+s)2
26 ) Z Z 0
e PAWj, Wy) < —40 5 :
(62 = (6 — 54/2)%)
and

3 2
0 —s4+. 0 —84+s 60 —s4+.
(T () s ()
e P AR(W;, Vs) < =20
| (62 — 6 — 5./2)%)

Since t — t — 12 + 12 is increasing on [0, 1], and because of (6.2) and (6.4), we get
that forany 1 < j <k <m

Secty (Wk AWj) = e 2 Secty (Wi A W;) + e_2¢Ah(Wj, Wr)
< e ?? max(C, 0) — |C|
<C

on{x € M’ : s(x) € [e, s4)}. This concludes the proof. ]

Remark 6.6. Observe that M’ \ M has the diffeomorphic type of the cylinder
OM’ x (0, +00). This latter condition, as well as the convexity of the boundary,
is intrinsically needed for the construction to work. One may wonder if both the
convexity of the boundary and the constraint on the topology of the extended part
in Theorem M are really needed in order to get a complete extension with Sect < C,
C > 0. In this respect, some indication is given by the classical paper [19] by R.
Greene. A slight modification of his arguments permits to glue a complete mani-
fold with diffeomorphic boundary and arbitrary topology (if any) and to extend the
metric in such a way that the full curvature tensor decays as fast as desired along
the glued part.
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7. Existence of complete extensions with Ric < C or Scal < C

Lohkamp proved in [34,35] that every differentiable manifold with empty boundary
admits, for any given C € R, a Riemannian metric g with Ric, < C. In view of this
remarkable result, one expects that an upper Ricci curvature bound is less restrictive
than other curvature conditions even in the presence of a nontrivial boundary. It
turns out that the method used by Lohkamp goes through local deformations of the
metric, and can thus be adapted to lower the Ricci curvature of a given Riemannian
metric outside a fixed domain. This idea, together with Corollary B, permits in fact
to prove the following

Theorem N. Let (M, g) be an n-dimensional complete Riemannian manifold with
smooth nonempty boundary dM . Suppose that Ric, < C, for some real constant
C. Then M admits an extension (M', g') satisfying Ri(:ig <C.

Proof. In case M is compact, the result follows directly from [34, Theorem E],
while for M non compact we follow [35, Proposition 2.1].

Let (M',h) be any complete extension of the noncompact manifold with bound-
ary (M, g), whose existence is guaranteed by Corollary B. Since Ric, < C on
M, then there exists an open collar neighborhood M € W C M’ such that
Ric;, < C in W. For the easiness of notation, throughout this proof for r > 0
we set B, = B}Rn (0). Using the paracompactness of M’, we find a countable
family of diffeomorphisms f; : Bs — M’ \ M such that {f;(Be)}?, is locally
finite, {f;(B4)}:2, covers M' \ W and f;(B2) C fi+1(Bs4 \ B3). In particular
M'\W C U2, fi(Ba \ By).

Let x € C*®(R, [0, 1]) be a cut-off function such that x|—c0,1] = 0 and
X|12,00) = 1, and set

d; . -1
if | £ @I <5
5-— Ilﬁl(z)llx(llf,-l(z)ll)> :

0 otherwise,

Fi(z) = si exp <—

with positive constants d;, s; to be chosen later. Define inductively both the metrics

W0 =h
RUFD = Q2Fip () 5 0,

and the constants s; and d; as follows. Suppose s;, d; are given for j = 1,...,i.

In particular the metric 2 is given. By [35, Lemma 2.2 | there exists a d; | large
enough such that

Ric,in (X, X)  Ric,n (X, X) {o on fir1(Bs \ By)

RED(X, X)  hO(X, X) —sip1e~%H on fi11(Bg \ Bo)
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holds for all s;4; > 0 and for all nonnull vector X with base point in f; | (Bs\ By).
So we can chose s;4+1 large enough to make

Ricy,i+n (X, X) < ChTD(X, X)

for all X € Ty M’ \ {0} with p’ € fi11(Bs \ By), hence p' € UL} (B4 \ By).
Thus the limit metric 4> satisfies the following properties:

e It is well-defined, since the induction process is locally finite;

e It has Ric, ) < C by construction;

e It is complete because it is obtained by a conformal deformation of a complete
metric with a conformal factor greater than 1.

This completes the construction of the desired complete Riemannian extension. [

Remark 7.1. Theorem E in [34] can be applied directly also in the non-compact
case to get a negatively Ricci curved metric, which however could be incomplete.

Remark 7.2. Using Theorem A instead of Corollary B in the proof of Theorem
N, one get that for any smooth m-dimensional differentiable manifold Q whose
nonempty boundary d Q is diffeomorphic to d M, there exists a complete Rieman-
nian extension (M’, g) of (M, g) such that Ricy < C and M’ \ M is diffeomorphic
to the interior of Q.

The technique used in the above proof permits to locally lower the Ricci curvature,
hence the scalar curvature, of a given manifold. Accordingly, as a bypass of the
proof we get also existence of Riemannian extension preserving an upper scalar
curvature bound. Note that a-priori the following result is not a direct consequence
of Theorem N.

Theorem O. Let (M, g) be an n-dimensional complete Riemannian manifold with
smooth nonempty boundary M. Suppose that Scal, < C, for some real constant
C. Then M admits an extension (M', g') satisfying Scaly < C.
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