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Abstract. Let Lν = −∂2
x − (ν − 1)x−1∂x be the Bessel operator on the half-

line Xν = [0,∞) with measure xν−1 dx. In this work we study singular integral
operators associated with the Laplacian ∆ν = −∂2

u+e2uLν on the product Gν

of Xν and the real line with measure du. For any ν ≥ 1, the Laplacian ∆ν is

left-invariant with respect to a noncommutative hypergroup structure on Gν ,
which can be thought of as a fractional-dimension counterpart to ax+b groups.

In particular, equipped with the Riemannian distance associated with ∆ν , the

metric-measure space Gν has exponential volume growth. We prove a sharp Lp

spectral multiplier theorem of Mihlin–Hörmander type for ∆ν , as well as the

Lp-boundedness for p ∈ (1,∞) of the associated first-order Riesz transforms.

To this purpose, we develop a Calderón–Zygmund theory à la Hebisch–Steger
adapted to the nondoubling structure of Gν , and establish large-time gradient

heat kernel estimates for ∆ν . In addition, the Riesz transform bounds for
p > 2 hinge on an operator-valued spectral multiplier theorem, which we prove

in greater generality and may be of independent interest.

1. Introduction

1.1. Statement of the results. For any real parameter ν ≥ 1, let Xν be the
measure space (R+, µν), where R+ = [0,∞) and dµν(x) = xν−1 dx. The Bessel
operator Lν is the singular second-order differential operator on Xν given by

Lν = −∂2x −
ν − 1

x
∂x. (1.1)

When ν is an integer, Lν is the radial part of the Laplace operator on Rν , and of
course the latter operator is translation-invariant. An analogous invariance prop-
erty can be stated for the Bessel operator Lν for any ν ≥ 1, by introducing an
appropriate notion of generalised translations on Xν , known as Hankel transla-
tions. The Hankel translations and the corresponding Hankel convolution deter-
mine a commutative hypergroup structure on Xν , with which Xν is also known as a
Bessel–Kingman hypergroup. Beside being translation-invariant on Xν , the Bessel
operator Lν is also homogeneous with respect to the natural dilations on R+, which
are automorphisms of the hypergroup Xν .

We now consider the semidirect product hypergroup Gν = Xν ⋊ R, where R
acts on Xν via dilations. We equip Gν with the right Haar measure dµ̄ν(x, u) =
dµν(x) du and define the natural left-invariant Laplacian ∆ν on Gν by

∆ν = −∂2u + e2uLν . (1.2)
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We shall think of ∆ν as a self-adjoint operator on L2(Gν) with Neumann boundary
conditions. We refer the reader to Section 2 for additional details on the hypergroup
structures of Gν and Xν . Here we just point out that, as a measure space, Gν is
simply the product of Xν and R, and the hypergroup translations on Gν play a
role in the analysis of the Laplacian ∆ν which is analogous to that of the Hankel
translations for the Bessel operator Lν . Crucially, due to the presence of the scaling
factor e2u, the two summands in (1.2) do not commute; correspondingly, Gν is
equipped with a noncommutative hypergroup structure, which is not just the direct
product of those of the factors.

The operator ∆ν is a fractional-dimension analogue of a distinguished group-
invariant Laplacian on ax + b groups, which has been studied in multiple works
in the literature (see, e.g., [15, 19, 37, 51]). Indeed, when ν is an integer, we can
consider the semidirect product group Rν ⋊R and the left-invariant Laplacian ∆Rν

thereon given by

∆Rν = −∂2u + e2uLRν ,

where LRν = −
∑ν
j=1 ∂

2
xj

is the usual (positive-definite) Laplace operator on Rν ;
then ∆ν coincides with the restriction of ∆Rν to Rν-radial functions.

We remark that the operator ∆ν on Gν can be written in divergence form as

∆ν = Y +
0 Y0 + Y +

1 Y1, (1.3)

where Y0 and Y1 are the vector fields on Gν given by

Y0 = ∂u, Y1 = eu∂x (1.4)

and Y +
0 and Y +

1 are their formal adjoints with respect to dµ̄ν . Thus, if we equip Gν
with the Riemannian structure that makes the fields Y0, Y1 an orthonormal frame,
then we can think of ∆ν as a weighted Laplacian on this Riemannian manifold.

Notice that the vector fields (1.4) are independent of ν, so the same is true for
the Riemannian structure, which coincides, in suitable coordinates, with that of a
half-plane in the real hyperbolic plane. What depends on ν is the measure dµ̄ν ,
which determines the adjoints Y +

0 , Y
+
1 and thus the Laplacian ∆ν as in (1.3). We

remark that, equipped with the Riemannian metric and the measure dµ̄ν , the space
Gν has exponential volume growth for any ν ≥ 1.

In this work, we study Lp-boundedness properties of singular integral operators
on Gν naturally related with the Laplacian ∆ν and the underlying geometry. Due
to the exponential volume growth of Gν , the standard singular integral theory
for doubling metric measure spaces does not apply here; nevertheless, as we shall
see, the Calderón–Zygmund theory developed in [19] and the corresponding Hardy
space theory of [55] can be fruitfully applied to this setting. The present work thus
confirms the broad applicability of the singular integral theory of [19, 55], even
beyond the settings of Lie groups and flow trees to which it has been applied so far
(see, e.g., [8, 18, 35, 39, 42] and references therein).

Our first main result concerns the functional calculus for ∆ν . As the Laplacian
∆ν is self-adjoint on L2(Gν), by the spectral theorem we have a bounded Borel
functional calculus for ∆ν , whereby to any bounded Borel function F : R+ → C
there corresponds an L2(Gν)-bounded operator F (∆ν). What we prove here is an
Lp spectral multiplier theorem of Mihlin–Hörmander type for ∆ν , giving sufficient
conditions, in terms of size and smoothness of the function F , so that the operator
F (∆ν) extends to an Lp-bounded operator for other values of p ̸= 2. Interestingly
enough, despite the exponential volume growth of Gν , our result shows that the
operator ∆ν has a differentiable Lp-functional calculus, i.e., it suffices to control a
finite number of derivatives of F on R+ to ensure the Lp-boundedness of F (∆ν).
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Let us fix a cutoff χ ∈ C∞
c (0,∞) such that 1[1/2,2] ≤ χ ≤ 1[1/4,4]. Let L2

s(R)
denote the L2 Sobolev space of order s on R. Moreover, let us write A+ for the
positive part max{A, 0} of a real number A.

Theorem 1.1. Suppose that s0 > 3/2 and s∞ > (ν + 1)/2. If a bounded Borel
function F : [0,∞) → C satisfies

sup
t>0

(1 + t)−(2−ν)+/2∥F (t·)χ∥L2
s0

(R) <∞, sup
t≥1

∥F (t·)χ∥L2
s∞ (R) <∞, (1.5)

then F (
√
∆ν) extends to an operator of weak type (1, 1) and bounded on Lp(Gν) for

p ∈ (1,∞), bounded from H1(Gν) to L
1(Gν) and from L∞(Gν) to BMO(Gν).

We refer to Section 3 below for further details on the definition of the Hardy
space H1(Gν) and the bounded mean oscillation space BMO(Gν). We point out
that the regularity thresholds 3/2 and (ν + 1)/2 in Theorem 1.1 are sharp, i.e.,
they cannot be replaced by smaller quantities; we discuss this in Section 5.2 below.
Interestingly enough, when ν > 1, both thresholds are strictly larger than 1, i.e.,
half the topological dimension of the manifold Gν .

The smoothness condition (1.5) on the spectral multiplier F can be thought of as
a refinement of the usual scale-invariant smoothness condition of Mihlin–Hörmander
type [21, 44]:

∥F∥L2
s,sloc

:= sup
t>0

∥F (t·)χ∥Ls
2
<∞ (1.6)

for some s > max{3, ν + 1}/2. The form of (1.5) is analogous to that used in
other contexts where there is a mismatch between the “local dimension” and the
“dimension at infinity” of the environment space (see, e.g., [1], [50, Theorem 2] and
[11, Theorem 8.2]). In the case ν ≥ 2, one may assume s∞ ≥ s0 and (2− ν)+ = 0,
so (1.5) is effectively equivalent to

sup
0<t≤1

∥F (t·)χ∥L2
s0

(R) <∞, sup
t≥1

∥F (t·)χ∥L2
s∞ (R) <∞;

the latter can be thought of as a variant of (1.6), where different smoothness re-
quirements are imposed on the local part and the part at infinity of the spectral
multiplier F . In the case ν < 2, instead, one may assume s0 ≥ s∞, and (1.5) can be
thought of as a refinement of the condition (1.6) with s = s0, due to the presence
of the decaying factor (1 + t)−(2−ν)/2 for large t.

Our second main result concerns the first-order Riesz transforms

Rj = Yj∆
−1/2
ν , j = 0, 1, (1.7)

associated with the Laplacian ∆ν . From the expression (1.3) it is immediate that
both Riesz transforms are bounded on L2(Gν); what we prove here is the Lp-
boundedness for p ∈ (1,∞) of these singular integral operators.

Theorem 1.2. The Riesz transforms Rj, j = 0, 1, are bounded on Lp(Gν), p ∈
(1,∞), from H1(Gν) to L

1(Gν) and are of weak type (1, 1).

While we state Theorem 1.2 as a single result, the bounds for p > 2 require
substantially different proofs from those for p < 2. Notice that the Riesz transforms
in (1.7) are not skew-adjoint, so the case p > 2 cannot be simply reduced to the
case p < 2 by duality.

When the parameter ν is an integer, both Theorems 1.1 and 1.2 above correspond
to analogous results for the Laplacian ∆Rν on the ax + b group Rν ⋊ R proved
elsewhere. Specifically, the Lp spectral multiplier bounds in Theorem 1.1 and the
Riesz transform bounds for p ≤ 2 in Theorem 1.2 correspond to [19, Theorem 2.4],
while the Riesz transform bounds for p > 2 correspond to [37, Theorem 1.1]. As a
matter of fact, when ν is an integer, the results above could be deduced from the
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known results for ∆Rν , by restricting to appropriate classes of Rν-radial functions.
The novelty in Theorems 1.1 and 1.2 is the fact that ν is allowed to be fractional,
which creates a number of additional difficulties in their proofs.

The results of [19] for the elliptic Laplacian ∆Rν on the group Rν ⋊ R were
generalised in [17, 39, 43] to the case of the semidirect extension N ⋊ R of a
noncommutative Carnot group N , equipped with the left-invariant sub-Laplacian
∆N = −∂2u+ e2uLN , where LN is the homogeneous sub-Laplacian on N . In the re-
cent work [40], we proved a sharpening of the multiplier theorem of [39] for certain
classes of Carnot groups N . The analysis of the Laplacian ∆ν on the hypergroup
Gν for fractional ν turned out to be a crucial ingredient in the proofs in [40]. This
is a further reason of interest for the operator ∆ν , which is studied in its own right
in the present paper.

The analysis developed here has actually a close connection to that of the sub-
Laplacian ∆N on the Carnot group extension N ⋊ R. Indeed, notice that the
Lp-boundedness of the Riesz transforms associated to ∆N was proved in [43] for
p ≤ 2, but the case p > 2 has so far remained open for nonabelian N . However,
the approach that we develop here for ∆ν , based on the operator-valued spectral
multiplier theorem proved in Section 7 below, turns out to be fruitfully applicable
to the case of ∆N as well. We substantiate this in the paper [41], which constitutes
an additional motivation for the present work.

We also point out that discrete analogues of the above results were proved in
[19, 35, 42] in the setting of flow trees. The latter setting can be thought of as
capturing the “coarse geometry” of the semidirect products Rν⋊R and Gν equipped
with the Laplacians ∆Rν and ∆ν . Indeed, the analogues of Theorem 1.1 for flow
trees only feature the threshold 3/2 (corresponding to the “dimension at infinity”)
and there is no counterpart to the threshold (ν + 1)/2 there.

1.2. Proof strategy. The proofs of Theorem 1.1 and the p < 2 part of Theorem
1.2 are based on two fundamental ingredients.

First of all, in Section 3 we show that the Calderón–Zygmund theory of [19, 55]
applies to the nondoubling space Gν . To this purpose, we first work in the gen-
eral framework of a metric measure space equipped with a family of “admissible
sets” satisfying a number of geometric axioms (see Definition 3.3 below), and prove
that under these assumptions any integrable function admits a Calderón–Zygmund
decomposition in the sense of [19]. We then show that the hypergroup Gν with
the measure dµ̄ν and the Riemannian distance falls under this framework, by con-
structing a suitable family of admissible sets in Gν .

Secondly, we show in Section 4 that the heat kernel associated with ∆ν and its
gradient satisfy suitable weighted L1-estimates, which are valid both for small and
large times. To this purpose, much as in [39, 43], we exploit the relation between
the heat semigroups on Gν and Xν given by a general result of [16]. Compared
with the case of Lie groups studied in [39, 43], an additional technical complication
here comes from the fact that hypergroup translations are particular “averaging
operators” and are not just given by a change of variables. Correspondingly, the
relation between the integral kernel and the convolution kernel of a left-invariant
operator is more complicated, and some care is needed in order to deduce gradient
estimates for the integral kernel from analogous estimates for the convolution kernel
(see Lemma 2.7 below).

Once the Calderón–Zygmund theory and the heat kernel estimates on Gν are
established, an adaptation of the arguments from [19, 39, 43], also exploiting the
finite propagation speed property for the wave equation associated with ∆ν , yields
the multiplier theorem and the Riesz transform bound for p < 2. The corresponding
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proofs are discussed in Section 5, where we also show that the smoothness thresholds
3/2 and (ν + 1)/2 in Theorem 1.1 are sharp and cannot be lowered.

The proof of the p > 2 part of Theorem 1.2 requires different arguments. Much
as in [37], our analysis relies, on the one hand, on precise asymptotics for the
convolution kernels of the Riesz transforms and their adjoints at zero and at infinity,
which we discuss in Section 6; on the other hand, in order to deal with the parts at
infinity of the Riesz transforms, we shall make use of an operator-valued multiplier
theorem. Again, the fact that we are working on the hypergroup Gν , instead of the
Lie group Rν ⋊R considered in [37], brings additional challenges.

Indeed, the approach in [37] for the study of the parts at infinity of the Riesz
transform was based on the observation that Lp(Rν⋊R) ∼= Lp(Rν ;Lp(R)) and that,
moreover, left-invariant operators on Rν⋊R are also translation-invariant operators
with respect to Euclidean translations in the Rν-variables. As a consequence, those
operators can be considered as operator-valued Fourier multipliers on Rν , whose
operator-valued symbols act on functions on R. An operator-valued multiplier
theorem for the Euclidean Fourier transform already available in the literature
[54, 56] could be then applied to prove the Lp-boundedness of the parts at infinity
of the Riesz transforms on Rν ⋊R.

In the case of the hypergroup Gν = Xν ⋊ R, it is still true that Lp(Gν) ∼=
Lp(Xν ;L

p(R)) and that convolution operators onGν are translation-invariant in the
Xν-variable, so they can be considered as operator-valued multipliers for the Hankel
transform on Xν (i.e., the “radial part” of the Fourier transform, which makes sense
for fractional ν as well). However, an operator-valued multiplier theorem for the
Hankel transform, analogous to that of [54, 56] for the Fourier transform, appears
not to be available in the literature.

As a matter of fact, the proof in [54] of the operator-valued Fourier multiplier
theorem for integer ν > 1 exploits in an essential way the multivariate structure of
Rν , since it is based on Littlewood–Paley decompositions where each component
has Fourier support in a dyadic rectangle (see also the discussion and the references
in [23]). Thus, even if one starts with a radial Fourier multiplier on Rν , the proof
forces one to work with non-radial functions, because the mentioned Littlewood–
Paley decomposition destroys radiality. For this reason, the known proof of the
operator-valued multiplier theorem for the Fourier transform on Rν does not extend
straightforwardly to the case of the Hankel transform on Xν for fractional ν.

Nevertheless, in Section 7 we manage to prove an operator-valued Lp spectral
multiplier theorem, which we can use here in place of the results of [54, 56], and may
be of independent interest. Specifically, the result in Section 7 is a conditional result,
which can be applied to any self-adjoint operator L on L2(X) for some measure
space X. For such an operator L, by means of the spectral theorem we can readily
define an operator-valued functional calculus, whereby to any bounded and weakly
measurable symbol M : R → L(L2(Y )), where Y is another measure space, there
corresponds a bounded operator M(L) on L2(X × Y ) ∼= L2(X;L2(Y )). Under
the assumption that L admits a (scalar-valued) Hörmander functional calculus on
Lp(X) for some p ∈ (1,∞), i.e.,

∥F (L)∥Lp(X)→Lp(X) ≲ ∥F∥L2
s,sloc

for some finite s > 1/2, we prove in Theorem 7.7 below that L also has an operator-
valued functional calculus on Lp(X × Y ) ∼= Lp(X;Lp(Y )), where the condition for
an operator-valued spectral multiplier M to define an Lp-bounded operator M(L)
is a smoothness condition of Mihlin type expressed, much as in [54, 56], in terms
of R-boundedness properties:

∥M(L)∥Lp(X×Y )→Lp(X×Y ) ≲ RLp(Y )({ξj∂jξM(ξ) : ξ ∈ R∗, j = 0, . . . , N}),
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where N > s + 3/2 and RLp(Y )(T ) denotes the R-bound of a family of operators
T on Lp(Y ), see Section 7 for more details.

By applying our abstract result from Section 7 to the Bessel operator Lν , we
obtain an analogue of [54, 56] for the Hankel transform. We point out the result
that we obtain for the Hankel transform is somewhat more restrictive in scope than
that for the Fourier transform in [54, 56]: namely, the result in [54, 56] considers
operator-valued Fourier multiplier operators on Lp(Rν ;Z) for a broad class of Ba-
nach spaces Z, while we only work with Lp(Xν ;L

p(Y )). Nevertheless, our result is
enough for proving the required Lp-bounds for p > 2 for the Riesz transform R0

on Gν , as we show in Section 8.
The Riesz transform R1, however, does not directly fall under this framework.

Indeed, while the Laplacian ∆ν and the vector field Y0 = ∂u are left-invariant on
Gν , the same is not true for the vector field Y1 = eu∂x, and as a consequence the
Riesz transform R1 is not a convolution operator on Gν , nor is it invariant under
Xν-translations. This problem is already visible at the level of the hypergroup Xν ,
where the Bessel operator Lν is invariant under the hypergroup translations, but
the same is not true for the first-order differential operator ∂x.

A workaround to this problem can be obtained by an application of Dunkl theory
for rank-one root systems. Namely, by identifying functions on the half-line Xν =
[0,∞) with even functions on the real line XD

ν equipped with the measure dµD
ν (x) =

2−1|x|ν−1 dx, one obtains that the Hankel transform on Xν is the restriction to even
functions of the so-called Dunkl transform on XD

ν . Moreover, the Dunkl operator
Dν on XD

ν , given by

Dνf(x) = f ′(x) +
ν − 1

2

f(x)− f(−x)
x

,

when restricted to even functions f coincides with the differential operator ∂x;
notice though that Dν maps even functions to odd functions. Crucially, the Dunkl
operator Dν is a multiplier for the Dunkl transform; for additional details we refer
to Section 2.4 below. In this way, we can think of the Riesz transform R1 =

Y1∆
−1/2
ν on L2(Gν) ∼= L2(Xν ;L

2(R)) as an appropriate restriction of an operator-
valued Dunkl multiplier operator on L2(XD

ν ;L
2(R)). Now, by applying the abstract

multiplier theorem from Section 7 to the self-adjoint operator −iDν , we obtain an
operator-valued multiplier theorem for the Dunkl transform, which eventually yields
the required Lp-bounds for the Riesz transform R1 for p > 2.

We point out that the operator-valued Dunkl multiplier theorem that we obtain
here is different from that of [6], which only applies to multipliers of the form
M(ξ) = F (ξ)I for a scalar function F , but proves boundedness in Lp(XD

ν ;Z) for
a wide class of Banach spaces Z. Again, our result only considers the case of
Z = Lp(Y ), but crucially allows us to deal with truly operator-valued multipliers
M and is therefore applicable to the Riesz transforms on Gν .

Notation. We write R+ and R̊+ for the sets [0,∞) and (0,∞) of nonnegative and
positive real numbers. We also write N for the set of natural numbers (including
0) and N+ for N \ {0}.

We denote by A+ the positive part max{A, 0} of a real number A. We write
⌊x⌋ = max{k ∈ Z : k ≤ x} and {x} = x− ⌊x⌋ for the integer and fractional parts
of x ∈ R.

We denote by S(R+) and Se(R+) the spaces of the restrictions to R+ of all
Schwartz functions on R and all even Schwartz functions respectively.

We write 1S for the characteristic function of a set S, while #S denotes the
number of elements of S.
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2. Preliminaries

2.1. The hypergroups Xν and Gν . Let ν ≥ 1. We recall some basic facts
concerning the Bessel–Kingman hypergroup Xν and its semidirect extension Gν ,
which are discussed in greater detail in [40], including further references to the
literature. Without being precise, let us point out that, in contrast to locally
compact groups, a hypergroup need not have a group multiplication, but there
exists a notion of translation defined for a function on the hypergroup and a point
in the hypergroup; there is also a convolution, defined for two suitable functions.
We refer to [3, 27] for a comprehensive discussion about hypergroups.
Xν is a commutative hypergroup, with identity element 0 and Haar measure

dµν(x) = xν−1 dx. We denote by ∗ν the convolution on Xν , also known as Hankel
convolution, given by

ϕ ∗ν ψ(x) =
∫
Xν

ϕ(y) τ [x]ν ψ(y) dµν(y) =

∫
Xν

τ [x]ν ϕ(y)ψ(y) dµν(y) (2.1)

for suitable functions ϕ, ψ on Xν . Here τ
[x]
ν is the Hankel translation on Xν , i.e.,

τ [x]ν ϕ(y) = τ [y]ν ϕ(x) =

∫ 1

−1

ϕ(⟨x, y⟩ω) dϖν(ω), (2.2)

where
⟨x, y⟩ω :=

√
x2 + y2 − 2ωxy

and dϖν is the probability measure on [−1, 1] given by

dϖν(ω) =

{
B(ν−1

2 , 12 )
−1(1− ω2)(ν−3)/2 dω if ν > 1,

(dδ−1(ω) + dδ1(ω))/2 if ν = 1,

while B is the Beta function, and δ−1 and δ1 denote the Dirac delta measures at
−1 and 1.

Let jν be the even entire function defined by

jν(x) = 2ν/2−1Γ(ν/2)x1−ν/2Jν/2−1(x), x ∈ C. (2.3)

The Hankel transform of f ∈ L1(Xν) is given by

Hνf(ξ) =

∫
R
f(x) jνξ (x) dµν(x), ξ ∈ Xν , (2.4)

where
jνξ (x) = jνx(ξ) = jν(xξ), ξ, x ∈ Xν .

It can be proved that Hν maps L1(Xν) into C0(Xν) and extends to a multiple of
an isometry on L2(Xν), i.e., the following Plancherel formula holds (see, e.g., [40,
eq. (3.11)]):

∥Hνf∥L2(Xν) = 2ν/2−1Γ(ν/2) ∥f∥L2(Xν). (2.5)

Moreover, the Hankel transform turns Hankel convolution into multiplication, and
intertwines Hankel translations and the Bessel operator with multiplication opera-
tors:

Hν(f ∗ν g)(ξ) = Hνf(ξ)Hνg(ξ),

Hν(τ
[x]
ν f)(ξ) = jνx(ξ)Hνf(ξ),

Hν(Lνf)(ξ) = ξ2Hνf(ξ).

(2.6)

The last identity extends to the Borel functional calculus for Lν , namely

Hν(F (Lν)f)(ξ) = F (ξ2)Hνf(ξ) (2.7)

for all bounded Borel F : R+ → C, f ∈ L2(Xν) and a.a. ξ ∈ Xν [40, Lemma 3.1].
The semidirect product Gν = Xν ⋊ R is instead a noncommutative hypergroup

with identity element 0 = (0, 0). The involution of an element x = (x, u) ∈ Gν is
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given by x− = (e−ux,−u). The right Haar measure on Gν is dµ̄ν(x) = dµν(x) du
and the modular function is

mν(x, u) := e−νu. (2.8)

Unless stated otherwise, all function spaces on Gν are defined with respect to the
right Haar measure. Left and right translations on Gν are given by

ℓ(y,v)f(x, u) = r(x,u)f(y, v) = τ [e
vx]

ν f(y, u+ v); (2.9)

here the Hankel translation τ
[evx]
ν is meant to act on the first variable of f . We

denote by ⋄ν the hypergroup convolution on Gν , given by

f ⋄ν g(x) =
∫
Gν

f(y−) rxg(y) dµ̄ν(y) =

∫
Gν

ℓxf(y
−) g(y) dµ̄ν(y) (2.10)

for suitable functions f, g on Gν . The convolution ⋄ν satisfies Young’s inequality:
for any exponents p, q, r ∈ [1,∞] satisfying 1 + 1/r = 1/p+ 1/q, there holds

∥(fm−1/q′

ν ) ⋄ν g∥Lr(Gν) ≤ ∥f∥Lp(Gν)∥g∥Lq(Gν), (2.11)

where 1/q+1/q′ = 1. An analogous inequality holds for the Hankel convolution ∗ν
on Xν .

For a function ϕ : Xν → C, we denote its L1-isometric dilations by

ϕ(λ)(x) = λ−νϕ(λ−1x), λ > 0. (2.12)

In the sequel, we shall make use of the relation between ⋄ν-convolution and ∗ν-
convolution, namely,

f ⋄ν g(x, u) =
∫
R
(fv ∗ν gu−v(ev) )(x) dv, (2.13)

where fu(x) := f(x, u). This relation encodes the fact that Gν is a semidirect
product extension of Xν relative to the action of R on Xν via dilations [20, 57].

Notice that, as a measure space, Gν is the product of the measure spaces Xν

and R, and therefore L2(Gν) is the Hilbert tensor product of L2(Xν) and L2(R).
Thus, if H̃ν := Hν ⊗ id denotes the “partial Hankel transform” operator (i.e., the

Hankel transform acting on the first variable of a function on Gν), then H̃ν is a
multiple of an isometry of L2(Gν). Moreover, from (2.13) and (2.6) it follows that

H̃ν(f ⋄ν g)(ξ, u) =
∫
R
H̃νf(ξ, v) H̃νg(e

vξ, u− v) dv, (2.14)

where we used the fact that Hν(g(λ))(ξ) = Hνg(λξ).

We introduce the L1(Gν)-isometric involution f 7→ f∗ given by

f∗(x) = mν(x)f(x−). (2.15)

We record here some useful relations between convolution and involution on Gν .

Lemma 2.1. The following identities hold.

(i) For any f ∈ L1
loc(Gν) there holds

mν(y)rxf(y
−) = mν(x)ryf∗(x−)

for almost all x,y ∈ Gν .
(ii) For all g ∈ L1

loc(Gν) and all compactly supported f, h ∈ L∞(Gν),

(f ⋄ν g)∗ = g∗ ⋄ν f∗, ⟨f ⋄ν g, h⟩L2(Gν) = ⟨f, h ⋄ν g∗⟩L2(Gν). (2.16)
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Proof. (i). Let x = (x, u) and y = (y, v). By the definition (2.9) of the right
translations,

mν(x)ryf∗(x−) = e−νuτ
[e−uy]
ν f∗(e−ux, v − u)

= e−νu
∫ 1

−1

f∗(e−u⟨x, y⟩ω, v − u) dϖν(ω)

= e−νv
∫ 1

−1

f(e−v⟨x, y⟩ω, u− v) dϖν(ω)

= e−νvτ [e
−vx]

ν f(e−vy, u− v)

= mν(y)rxf(y
−).

(ii). Notice that, by (2.15), (2.9) and (2.10),

(f ⋄ν g)∗(x) = mν(x) f ⋄ν g(x−) = mν(x)

∫
Gν

ry−f(x−) g(y) dµ̄ν(y).

Thus, by part (i), and again (2.15) and (2.10),

(f ⋄ν g)∗(x) =
∫
Gν

mν(y
−)rxf

∗(y) g(y) dµ̄ν(y)

=

∫
Gν

rxf
∗(y) g∗(y−) dµ̄ν(y) = g∗ ⋄ν f∗(x),

as claimed.
Similarly,

⟨f ⋄ν g, h⟩L2(Gν) =

∫
Gν

∫
Gν

f(y−) rxg(y) dµ̄ν(y)h(x) dµ̄ν(x)

=

∫
Gν

∫
Gν

f(y) rxg(y
−)mν(y) dµ̄ν(y)h(x) dµ̄ν(x)

=

∫
Gν

∫
Gν

f(y) ryg∗(x−)mν(x) dµ̄ν(y)h(x) dµ̄ν(x)

=

∫
Gν

f(y)

∫
Gν

ryg∗(x)h(x−) dµ̄ν(x) dµ̄ν(y) = ⟨f, h ⋄ν g∗⟩L2(Gν),

where part (i), equations (2.15) and (2.10), and Fubini’s theorem were used. □

2.2. Riemannian structure and Laplacian on Gν . Recall from (1.3) and [40,
eq. (4.9)] that we can write ∆ν in divergence form, i.e., ∆ν = ∇+

ν ∇ν , where ∇ν is
the gradient associated with ∆ν , given by

∇ν = (Y0, Y1),

and ∇+ is its formal adjoint with respect to dµ̄ν . Here Y0 and Y1 are the vector
fields of (1.4). Thus

|∇νf |2 = |Y0f |2 + |Y1f |2.
Sometimes we use the upper script to emphasize on which variables the gradient
acts, e.g., we may write ∇x

ν for the gradient in x. As mentioned in the introduction,
the vector fields Y0 and Y1 and the gradient ∇ν are independent of ν, while the
adjoint ∇+

ν and the Laplacian ∆ν depend on ν.
Gν is naturally equipped with a Riemannian structure that makes the vector

fields Y0, Y1 an orthonormal frame. As discussed in [40, Section 4.4], this structure
does not depend on ν and is the restriction to Gν = R+×R of a suitable realisation
of the hyperbolic plane Riemannian structure on R×R; moreover Gν is geodesically
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convex in R×R, and therefore any pair of points of Gν is joined by a single length-
minimizing geodesic. An explicit formula for the Riemannian distance ϱ on Gν is
also available:

ϱ((x, u), (x′, u′)) = arccosh

(
cosh(u− u′) +

|x− x′|2

2eu+u′

)
, (2.17)

see [40, Proposition 4.14]. We shall write BGν
(x, r) and BGν

(x, r) for the open and
closed ϱ-balls centred at x ∈ Gν of radius r > 0. We also define |x|ϱ := ϱ(x,0).
Notice that |x−|ϱ = |x|ϱ for all x ∈ Gν . We shall call radial any function on Gν
that depends only on the distance | · |ϱ of its argument from the identity element 0.

The next lemma serves as an analogue of the mean value theorem on Gν .

Lemma 2.2. Fix p ∈ [1,∞] and x,x′ ∈ Gν and let γ be the geodesic between them.
If K : Gν ×Gν → C is continuously differentiable with respect to the first variable,
then

∥K(x, ·)−K(x′, ·)∥Lp(Gν)
≤ ϱ(x,x′) sup

y∈γ
∥∇y

νK(y, ·)∥Lp(Gν)
.

Proof. Fix x,x′ ∈ Gν and let γ = (γ1, γ2) : [0, L] → Gν be the geodesic between x
and x′ parameterized according to the arc length so that L = ϱ(x,x′). Thus,

(e−γ2(t)γ′1(t))
2 + (γ′2(t))

2 ≤ 1, t ∈ [0, L].

Hence, for all z ∈ Gν , the chain rule and the Cauchy–Schwarz inequality yield

|∂tK(γ(t), z)| =
∣∣∣e−γ2(t)γ′1(t)Y y

1 K(y, z)|y=γ(t) + γ′2(t)Y
y
0 K(y, z)|y=γ(t)

∣∣∣
≤
∣∣∇y

νK(y, z)|y=γ(t)
∣∣ .

So, by the fundamental theorem of calculus and Minkowski’s integral inequality,

∥K(x, ·)−K(x, ·)∥Lp(Gν)

=

∥∥∥∥∥
∫ L

0

∂tK(γ(t), ·) dt

∥∥∥∥∥
Lp(Gν)

≤ L sup
y∈γ

∥|∇y
νK(y, ·)|∥Lp(Gν)

,

as desired. □

We now collect some useful observations relating distance, derivatives and trans-
lations on Xν and Gν . Much as before, by C1

e (Xν) we denote the space of restric-
tions to Xν = [0,∞) of even C1 functions on R; similarly, by C1

e (Gν) we denote
the space of restrictions to Gν = Xν × R of C1 functions on R2 which are even in
the first variable.

Lemma 2.3. The following properties hold.

(i) Let g ∈ C(Gν). Then, for all x ∈ Gν ,

supp(rxg) ⊆ {z ∈ Gν : ϱ(supp g, z) ≤ |x|ϱ}.

(ii) Let f ∈ C1
e (Xν) and g ∈ C1

e (Gν). Then (x, y) 7→ τ
[x]
ν f(y) is in C1(Xν ×Xν),

(x,y) 7→ rxf(y) is in C
1(Gν×Gν), and moreover, for all x ∈ Xν and x ∈ Gν ,

|∂xτ [x]ν f | ≤ τ [x]ν |f ′| and |∇x
νrxg| ≤ rx|∇νg| (2.18)

pointwise.
(iii) Let G : R+ → R+ be an increasing function and y ∈ Gν , and define the

function g : Gν → R+ by g = G(ϱ(·,y)). Then, for all x ∈ Gν ,

ℓyg(x) ≤ G(|x|ϱ).
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Proof. (i). Let x = (x, u) and z = (z, w). From (2.9) and (2.2), we see that rxg(z)
only depends on the values of g on the set

[|z − ewx|, z + ewx]× {u+ w}.

and vanishes if g vanishes there. Thus, if rxg(z) ̸= 0, then

([|z − ewx|, z + ewx]× {u+ w}) ∩ supp g ̸= ∅.

On the other hand, if y = (y, v) ∈ [|z − ewx|, z + ewx] × {u + w}, then v = u + w
and |y − z| ≤ ewx; so, by (2.17),

ϱ(y, z) = arccosh(cosh(v − w) + |y − z|2/(2ev+w)) ≤ |x|ϱ.

Thus, if rxg(z) ̸= 0, then ϱ(supp g, z) ≤ |x|ϱ, as desired.
(ii). Let us first discuss the result for f ∈ C1

e (Xν). By assumption, f extends to
an even C1 function on R, which we shall denote by the same symbol f . If ν = 1,
then (2.2) reduces to

τ
[x]
1 f(y) =

1

2
(f(x+ y) + f(x− y)),

whence both the C1 regularity of (x, y) 7→ τ
[x]
1 f(y) and the desired estimate follow.

If ν > 1, then, ⟨x, y⟩ω > 0 for all (x, y) ̸= (0, 0) and ω ∈ (−1, 1); by (2.2) and
differentiation under the integral sign, also using the estimates

|x− yω|, |y − xω| ≤ ⟨x, y⟩ω, (2.19)

we then obtain that

∂xτ
[x]
ν f(y) =

∫ 1

−1

f ′(⟨x, y⟩ω)
x− yω

⟨x, y⟩ω
dϖν(ω),

∂yτ
[x]
ν f(y) =

∫ 1

−1

f ′(⟨x, y⟩ω)
y − xω

⟨x, y⟩ω
dϖν(ω)

for all (x, y) ̸= (0, 0), thus showing the C1 regularity of (x, y) 7→ τ
[x]
ν f(y) on Xν ×

Xν \ {(0, 0)}. As f ′(0) = 0, from the above formulas we also see that

lim
(x,y)→(0,0)

∂xτ
[x]
ν f(y) = lim

(x,y)→(0,0)
∂yτ

[x]
ν f(y) = 0,

thus proving that (x, y) 7→ τ
[x]
ν f(y) is actually C1 on the whole Xν×Xν . Moreover,

the above formulas and (2.19) show that

|∂xτ [x]ν f(y)| =
∣∣∣∣∫ 1

−1

f ′(⟨x, y⟩ω)
x− yω

⟨x, y⟩ω
dϖν(ω)

∣∣∣∣ ≤ τ [x]ν |f ′|(y),

as desired.
The C1 regularity of (x,y) 7→ rxg(y) on Gν × Gν follows from the definition

(2.9) of the right translations and the just proved C1 regularity result for Hankel
translations. In order to justify the second inequality in (2.18) observe that, by the
definition of the right translations (2.9),

|∂ur(x,u)g(y, v)| = |τ [e
vx]

ν (∂ug)(y, u+ v)| = |r(x,u)Y0g(y, v)| ≤ r(x,u)|Y0g(y, v)|
(2.20)

and, also by the first bound in (2.18),

|eu∂xr(x,u)g(y, v)| = |eu+v(∂zτ [z]ν g)(y, u+ v)|z=evx| ≤ eu+vτ [e
vx]

ν |∂yg|(y, u+ v)

= r(x,u)|Y1g(y, v)|.
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Therefore,

|∇(x,u)
ν r(x,u)g| = sup

|a1|2+|a2|2≤1

|a1∂ur(x,u)g + a2e
u∂xr(x,u)g|

≤ sup
|a1|2+|a2|2≤1

r(x,u)(|a1||Y0g|+ |a2||Y1g|)

≤ r(x,u)|∇νg|,

(2.21)

where in the last inequality we used the monotonicity of r(x,u). This proves (2.18).
(iii). Fix y = (y, v) ∈ Gν . By the definition of the left translations (2.9) and the

formula (2.17) for the distance on Gν ,

ℓ(y,v)g(x, u) = τ [y]ν g(evx, u+ v)

=

∫ 1

−1

G

(
arccosh

[
coshu+

(⟨evx, y⟩ω − y)2

2eu+2v

])
dϖν(ω).

Notice that

|⟨evx, y⟩ω − y| ≤ evx, ω ∈ [−1, 1].

Thus, by the monotonicity of G,

ℓ(y,v)g(x, u) ≤
∫ 1

−1

G

(
arccosh

[
coshu+

e2vx2

2eu+2v

])
dϖν(ω) = G(|(x, u)|ϱ),

as desired. □

We now recall the Plancherel theorem for the functional calculus of ∆ν [40,
Proposition 4.12 and Corollary 4.16]. For λ > 0, a, b ∈ R, we write

λ[a,b] :=

{
λa if λ ≤ 1,

λb if λ ≥ 1.
(2.22)

Proposition 2.4. If F : R+ → C is a bounded Borel function that belongs to
L2(R+, λ

[3/2,(ν+1)/2] dλ
λ ), then F (∆ν) is a right ⋄ν-convolution operator, i.e.,

F (∆ν)f = f ⋄ν KF (∆ν),

whose convolution kernel KF (∆ν) is in L2(Gν). Moreover, there exists a regular
Borel measure σν on R+, called the Plancherel measure associated with ∆ν , such
that

∥KF (∆ν)∥
2
L2(Gν)

=

∫ ∞

0

|F |2 dσν ≲ν

∫ ∞

0

|F (λ)|2 λ[3/2,(ν+1)/2] dλ

λ
(2.23)

for all such F . In addition, m
−1/2
ν KF (∆ν) is a radial function.

From the above Plancherel formula we can easily derive a sort of Riemann–
Lebesgue Lemma for the mapping F 7→ KF (∆ν).

Lemma 2.5. Let F ∈ L1(R+, λ
[3/2,(ν+1)/2] dλ

λ ) be bounded. Then m
−1/2
ν KF (∆ν) ∈

C0(Gν) and

∥m−1/2
ν KF (∆ν)∥∞ ≤

∫ ∞

0

|F |dσν ≲ν

∫ ∞

0

|F (λ)|λ[3/2,(ν+1)/2] dλ

λ
.

Proof. Let us decompose F = F1F2 in such a way that |F1| = |F2| = |F |1/2. Since
F1, F2 ∈ L2(R+, λ

[3/2,(ν+1)/2] dλ
λ ), by Proposition 2.4 the functions m

−1/2
ν KFi(∆ν),

i = 1, 2, are radial on Gν , and

∥m−1/2
ν KFi(∆ν)∥

2
L2 = ∥KFi(∆ν)∥

2
L2 =

∫ ∞

0

|Fi|2 dσν =

∫ ∞

0

|F |dσν
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(the first equality follows from radiality, cf. [40, Proposition 4.15]). In addition, as
F (∆ν) = F1(∆ν)F2(∆ν),

m−1/2
ν KF (∆ν) = m−1/2

ν (KF1(∆ν) ⋄ν KF2(∆ν))

= (m−1/2
ν KF1(∆ν)) ⋄ν (m

−1/2
ν KF2(∆ν))

by the properties of the modular function [27, Section 5.3]. Hence, by Young’s

convolution inequality (2.11) and [27, (5.5P)], m
−1/2
ν KF (∆ν) ∈ C0(Gν) and

∥m−1/2
ν KF (∆ν)∥∞ ≤ ∥KF1(∆ν)∥L2∥m−1/2

ν KF2(∆ν)∥L2 =

∫ ∞

0

|F |dσν .

The bound (2.23) on the Plancherel measure σν concludes the proof. □

We record here a few integration formulas for functions of the form m
1/2
ν f , where

f is radial, against certain weights on Gν ; the formulas use the notation (2.22). The
proof is fully analogous to that of [37, Lemma 3.3] and is omitted.

Lemma 2.6. Let k ∈ R̊+ and let f : R → [0,∞) be measurable. Then∫
Gν

m1/2
ν (x) f(r) dµ̄ν(x) ≃ν

∫ ∞

0

f(s) s[ν,1] eνs/2 ds,∫
Gν

xkm1/2
ν (x) f(r) dµ̄ν(x) ≃k,ν

∫ ∞

0

f(s) s[ν+k,0] e(2k+ν)s/2 ds,∫
Gν

1{u≤1} x
km1/2

ν (x) f(r) dµ̄ν(x) ≃k,ν
∫ ∞

0

f(s) s[ν+k,0] e(k+ν)s/2 ds,∫
Gν

|sinhu|km1/2
ν (x) f(r) dµ̄ν(x) ≃k,ν

∫ ∞

0

f(s) s[ν+k,0] e(2k+ν)s/2 ds,∫
Gν

1{|u|≤1} |u|km1/2
ν (x) f(r) dµ̄ν(x) ≃k,ν

∫ ∞

0

f(s) s[ν+k,0] eνs/2 ds,

where x = (x, u) and r = |x|ϱ.

Notice that, if T is a right ⋄ν-convolution operator on L2(Gν) with convolution
kernel KT , then T is an integral operator with integral kernel KT given by

KT (x,y) = mν(y)rxKT (y
−) = mν(x)ryK∗

T (x
−); (2.24)

the former equality follows from (2.10) via the change of variables y 7→ y− (see also
[40, eq. (4.38)]), while the latter follows from Lemma 2.1(i).

We now show that, in the case of ⋄ν-convolution operators, certain weighted
L1-estimates for the integral kernels can be reduced to corresponding estimates for
the convolution kernels.

Lemma 2.7. Assume that the functions KT : Gν → C and KT : Gν ×Gν → C are
related by (2.24). Then, for any increasing function w : R+ → R+,

sup
y∈Gν

∫
Gν

|KT (x,y)|w(ϱ(x,y)) dµ̄ν(x) ≤
∫
Gν

|KT (x)|w(|x|ϱ) dµ̄ν(x),

sup
y∈Gν

∫
Gν

|∇y
νKT (x,y)|w(ϱ(x,y)) dµ̄ν(x) ≤

∫
Gν

|∇νK
∗
T (x)|w(|x|ϱ) dµ̄ν(x),

sup
y∈Gν

∫
Gν

|∇x
νKT (x,y)|w(ϱ(x,y)) dµ̄ν(x) ≤

∫
Gν

|∇νKT (x)|w(|x|ϱ) dµ̄ν(x).
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Proof. Fix y ∈ Gν and denote g(x) := w(ϱ(x,y)). Then, by (2.24), (2.10) and
Lemma 2.3(iii),∫

Gν

|KT (x,y)|w(ϱ(x,y)) dµ̄ν(x) =
∫
Gν

|ryK∗
T (x)| g(x−) dµ̄ν(x) ≤ g ⋄ν |K∗

T |(y)

=

∫
Gν

|K∗
T (x)| ℓyg(x−) dµ̄ν(x) ≤

∫
Gν

|KT (x)|w(|x|ϱ) dµ̄ν(x). (2.25)

Moreover, by (2.24) and Lemma 2.3(ii) we deduce that∫
Gν

|∇y
νKT (x,y)|w(ϱ(x,y)) dµ̄ν(x) =

∫
Gν

|∇y
ν ryK

∗
T (x)| g(x−) dµ̄ν(x)

≤
∫
Gν

ry|∇νK
∗
T |(x) g(x−) dµ̄ν(x) ≤

∫
Gν

|∇νK
∗
T (x)|w(|x|ϱ) dµ̄ν(x),

where the last inequality is proved much as in (2.25). Similarly,∫
Gν

|∇x
νKT (x,y)|w(ϱ(x,y)) dµ̄ν(x) = mν(y)

∫
Gν

|∇x
νrxKT (y

−)| g(x) dµ̄ν(x)

≤ mν(y)

∫
Gν

rx|∇νKT |(y−) g(x) dµ̄ν(x) =

∫
Gν

ry|(∇νKT )
∗|(x) g(x−) dµ̄ν(x),

where the last equality is due to Lemma 2.1(ii) and the change of variables x 7→ x−;
we can then proceed much as in (2.25) to bound the last integral by∫

Gν

|∇νKT (x)|w(|x|ϱ) dµ̄ν(x),

as desired. □

We conclude this section with a technical result dealing with certain singular
⋄ν-convolution kernels. The rough idea is that, even if a function on Gν is singular
(not locally integrable) at 0, one can still use it as a ⋄ν-convolution kernel, at least
in the sense of the “off-diagonal kernels” of singular integral operators.

Proposition 2.8. Let K ∈ L1
loc(Gν) ∩ C1

e (Gν \ {0}). Then, for all f ∈ Cc(Gν),
the function f ⋄ν K is continuously differentiable on Gν \ supp f and

Y0(f ⋄ν K)(x) =

∫
Gν

ℓxf(y
−)Y0K(y) dµ̄ν(y) for all x /∈ supp f. (2.26)

Moreover, for all f, g ∈ Cc(Gν) with disjoint supports,

⟨Y0(f ⋄ν K), g⟩L2(Gν) =

∫
Gν

g(x)

∫
Gν

ℓxf(y
−)Y0K(y) dµ̄ν(y) dµ̄ν(x)

=

∫
Gν

f(x)

∫
Gν

ℓxg(y−) (Y0K)∗(y) dµ̄ν(y) dµ̄ν(x).

(2.27)

Proof. Notice first that, by (2.10),

f ⋄ν K(x) =

∫
Gν

ℓxf(y
−)K(y) dµ̄ν(y).

Moreover, by Lemma 2.3(i),

supp(ryf) ⊆ {z ∈ Gν : ϱ(supp f, z) ≤ |y|ϱ};
thus for any fixed ε > 0 we see that, if ϱ(supp f,x) > ε, then ℓxf(y) = ryf(x) = 0
whenever |y|ϱ ≤ ε. Therefore, if Ωε = {x : ϱ(supp f,x) > ε}, then

f ⋄ν K(x) =

∫
Gν

ℓxf(y
−)Kε(y) dµ̄ν(y) =

∫
Gν

f(y−) ℓyKε(x) dµ̄ν(y) ∀x ∈ Ωε,



SINGULAR INTEGRALS ON ax+ b HYPERGROUPS 15

where Kε ∈ C1
e (Gν) is any function that coincides with K on Gν \ BGν

(0, ε) and
vanishes in a neighbourhood of 0.

As (x,y) 7→ ℓyKε(x) = rxKε(y) is of class C
1 on Xν ×Xν (see Lemma 2.3(ii)),

from the above expression and differentiation under the integral sign we deduce
that f ⋄ν K is continuously differentiable on Ωε. Moreover, as Y0 commutes with
left translations, i.e.,

Y0ℓxg = ℓxY0g ∀x ∈ Gν , g ∈ C1(Gν), (2.28)

(see (1.4) and (2.9)), we see that, for all x ∈ Ωε,

Y0(f ⋄ν K)(x) =

∫
Gν

f(y−) ℓyY0Kε(x) dµ̄ν(y) =

∫
Gν

ℓxf(y
−)Y0Kε(y) dµ̄ν(y).

As Y0 is a differential operator, Y0Kε coincides with Y0K off BGν
(0, ε). This proves

the identity (2.26) for all x ∈ Ωε; as ε > 0 was arbitrary we obtain (2.26) for all
x /∈ supp f .

Now, if g ∈ Cc(Gν) has disjoint support from supp f , then we can find ε > 0
such that supp g ⊆ Ω2ε ⊆ Ωε. In particular, the previous expression for Y0(f ⋄ν K)
on Ωε applies and we obtain

⟨Y0(f ⋄ν K), g⟩L2(Gν) =

∫
Gν

g(x)

∫
Gν

ℓxf(y
−)Y0Kε(y) dµ̄ν(y) dµ̄ν(x)

= ⟨f ⋄ν (Y0Kε), g⟩L2(Gν).

As Y0Kε ∈ L1
loc(Gν), while f, g ∈ Cc(Gν), by Lemma 2.1(ii) we deduce

⟨Y0(f ⋄ν K), g⟩L2(Gν) = ⟨f, g ⋄ν (Y0Kε)
∗⟩L2(Gν)

=

∫
Gν

f(x)

∫
Gν

ℓxg(y−) (Y0Kε)∗(y) dµ̄ν(y) dµ̄ν(x).

On the other hand, from the fact that supp g ⊆ Ω2ε = {x : ϱ(supp f,x) > 2ε},
we deduce that supp f ⊆ {x : ϱ(supp g,x) > ε}, and moreover, arguing as be-
fore, ℓxg(y

−) vanishes if |y| ≤ ε and ϱ(supp g,x) > ε. As (Y0Kε)
∗ = (Y0K)∗ off

BGν
(0, ε), we can replace (Y0Kε)

∗ with (Y0K)∗ in the last integral and complete
the proof of (2.27). □

In the above proof the left-invariance property (2.28) of Y0 is crucial, and indeed
the same result does not hold for Y1. This is why, while the previous proposition
will be enough to discuss the Riesz transform R0 = Y0∆

−1/2 as a singular integral
operator, for the Riesz transform R1 = Y1∆

−1/2 we will need a different approach,
based on the Dunkl theory discussed in Section 2.4 below.

2.3. Kernel formulas. Recall from Proposition 2.4 that, for any bounded function
F ∈ L2(R+, λ

[3/2,(ν+1)/2] dλ
λ ), the operator F (∆ν) is a right ⋄ν-convolution operator

with convolution kernelKF (∆ν) ∈ L2(Gν), and moreover the function m
−1/2
ν KF (∆ν)

is radial on Gν . Thus, we can write

KF (∆ν)(x) =
2(2−ν)/2

Γ(ν/2)
m1/2
ν (x)HF (∆ν)(|x|ϱ) (2.29)

for a suitable HF (∆ν) : R+ → C; the choice of the normalization constant in (2.29)
makes the following computations neater.

In this section we shall derive an essentially explicit formula for HF (∆ν), in terms

of the Euclidean Fourier transform of the function ξ 7→ F (ξ2) on R. The starting
point for our discussion is the case where F (λ) = e−tλ, corresponding to the heat
semigroup for ∆ν .
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From [40, Proposition 4.4] we know that the heat semigroup {e−t∆ν}t>0 associ-
ated with ∆ν is a family of ⋄ν-convolution operators, and the corresponding kernels
are given by

Ke−t∆ν (x, u) =
2

Γ(ν/2)

∫ ∞

0

Ψt(ξ) (2ξe
u)−ν/2 exp

(
−coshu

ξ
− x2

2ξeu

)
dξ, (2.30)

where

Ψt(ξ) =
e

π2

4t

ξ2
√
4π3t

∫ ∞

0

sinh θ sin

(
πθ

2t

)
exp

(
−θ

2

4t
− cosh θ

ξ

)
dθ, ξ > 0.

The formula (2.30) follows from the relation between the heat semigroups e−t∆ν

and e−tLν on Gν and Xν (see [16, Theorem 2.1]). Indeed, (2.30) can be rewritten
as

Ke−t∆ν (x, u) =

∫ ∞

0

Ψt(ξ) exp

(
−coshu

ξ

)
Ke−ξeuLν/2(x) dξ, (2.31)

where Ke−tLν is the ∗ν-convolution kernel of e−tLν , given by

Ke−tLν (x) = Sν (4πt)
−ν/2e−

x2

4t , (2.32)

while

Sν :=
2πν/2

Γ(ν/2)

(see, e.g., [40, Lemma 3.3]). If ν is an integer, then Sν is the surface measure of a
unit sphere in Rν , and the remaining part of (2.32) is the radial profile of the heat
kernel on Rν , as one should expect.

Correspondingly, the constant Sν appears as a multiplying factor when we com-
pare our formulas for convolution kernels on Xν and Gν with the classical ones
available in the literature for Rν and Rν ⋊ R in the case ν ∈ N+. Actually, due to
the further normalisation constant in (2.29), when directly comparing expressions
for HF (∆ν) and KF (∆Rν ), a simpler multiplying factor appears, viz.,

S̃ν :=
Γ(ν/2)

2(2−ν)/2
Sν = (2π)ν/2. (2.33)

For example, for ν = 2, from the explicit formula for the heat kernel for ∆R2 on
R2 ⋊R (see, e.g, [51, p. 1123]) and (2.29) we deduce that

He−t∆2 (r) =
1√

16πt3
r

sinh r
exp

(
−r

2

4t

)
. (2.34)

On the other hand, for an arbitrary ν ≥ 1, by (2.30) and (2.17),

He−t∆ν (r) =

∫ ∞

0

Ψt(ξ) ξ
−ν/2 exp

(
−cosh r

ξ

)
dξ. (2.35)

From this formula we shall now derive a number of relations between heat kernels
corresponding to different values of the dimensional parameter ν; in the case of
integer ν, analogous formulas can be found, e.g., in [2, eqs. (2.2)-(2.3)].

Proposition 2.9. Let ν ≥ 1.

(i) For any k ∈ N,(
−1

sinh r
∂r

)k
He−t∆ν (r) = He−t∆ν+2k (r). (2.36)

(ii) If β ∈ (0,∞), then

He−t∆ν (r) =
1

Γ(β)

∫ ∞

r

sinhx

(coshx− cosh r)1−β
He−t∆ν+2β (x) dx.
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(iii) There holds

He−t∆ν (r) =
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }

(
−1

sinhx
∂x

)⌊ ν
2 ⌋

He−t∆2 (x) dx

=
1

Γ(1− {ν2})

(
−1

sinh r
∂r

)⌊ ν
2 ⌋ ∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }
He−t∆2 (x) dx.

Proof. (i). This follows immediately from (2.35) and differentiation under the in-
tegral sign.

(ii). We use (2.35) and obtain∫ ∞

r

He−t∆ν+2β (x) sinhx

(coshx− cosh r)1−β
dx

=

∫ ∞

0

Ψt(ξ) ξ
−(ν+2β)/2

∫ ∞

r

e−
cosh x

ξ sinhx

(coshx− cosh r)1−β
dxdξ.

Notice that |Ψt(ξ)| ≲t ξ−2, see [16, Theorem 2.1], so all the integrals are absolutely
convergent. In the inner integral we substitute y = (coshx− cosh r)/ξ and get∫ ∞

r

He−t∆ν+2β (x) sinhx

(coshx− cosh r)1−β
dx =

∫ ∞

0

Ψt(ξ) ξ
−(ν+2β)/2

∫ ∞

0

(yξ)βe−y−
cosh r

ξ
dy

y
dξ

=

∫ ∞

0

Ψt(ξ) ξ
−ν/2e−

cosh r
ξ

∫ ∞

0

yβe−y
dy

y
dξ

= Γ(β)He−∆ν (r),

as desired.
(iii). By part (ii) with β = 1− {ν2} and formula (2.36) we get

He−t∆ν (r) =
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }
H
e
−t∆2⌊ ν

2
⌋+2 (x) dx

=
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }

(
−1

sinhx
∂x

)⌊ ν
2 ⌋

He−t∆2 (x) dx.

In order to conclude, it is enough to repeatedly apply the formula(
1

sinh r
∂r

)∫ ∞

r

sinhx

(coshx− cosh r)α
g(x) dx

=

∫ ∞

r

sinhx

(coshx− cosh r)α

(
1

sinhx
∂x

)
g(x) dx, (2.37)

which holds for any α ∈ (0, 1) and any g : R+ → C which decays sufficiently
fast together with its derivative. To justify (2.37), we use the substitution y =
coshx − cosh r in both integrals, and notice that 1

sinh x∂x changes to ∂y. Thus
(2.37) takes the form(

1

sinh r
∂r

)∫ ∞

0

y−αh(y + cosh r) dy =

∫ ∞

0

y−αh′(y + cosh r) dy,

where h(s) = g(arccosh(s)), and the latter formula follows by taking the derivative
under the integral sign. □

Notice that if we let ∆0 be the classical Laplacian on R and

He−t∆0 (r) :=
1√
4πt

e−
r2

4t

be the heat kernel on R, then from (2.34) we see that

He−t∆2 (r) =
−1

sinh r
∂rHe−t∆0 (r); (2.38)



18 A. MARTINI AND P. PLEWA

in other words, with this notation, the relation (2.36) also holds when ν = 0. From
Proposition 2.9 we shall now derive a relation between HF (∆ν), ν ≥ 1, and HF (∆0),
where

HF (∆0)(x) =
1

2π

∫
R
F (ξ2) eiξx dξ (2.39)

is the convolution kernel of F (∆0) on R.

Corollary 2.10. Let ν ≥ 1 and let F ∈ S(R+). Then

HF (∆ν)(r)

=
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }

(
−1

sinhx
∂x

)⌊ ν
2 ⌋+1

HF (∆0)(x) dx

for all r ∈ R+.

Proof. With the change of variables G(λ) = F (λ2), we can reformulate the state-
ment as

HG(
√
∆ν)

(r) =

∫ ∞

r

x

(coshx− cosh r){
ν
2 }
EνHG(

√
∆0)

(x) dx (2.40)

for all G ∈ Se(R+), where Eν is the differential operator given by

Eν =
−1

Γ(1− {ν2})
x−1∂x

(
−1

sinhx
∂x

)⌊ ν
2 ⌋

.

Notice now that, for any fixed r ∈ R+, both sides of (2.40) are continuous linear
functions of G ∈ Se(R+) with respect to the Schwartz class topology. For the left-
hand side, this is clear from Lemma 2.5. As for the right-hand side, this follows from
the fact that G 7→ EνHG(

√
∆0)

is a continuous operator on Se(R+): indeed it is the

composition of the inverse Fourier transform on R (see (2.39)) and the differential
operator Eν , which are clearly bounded on Se(R+) (for the boundedness of the
latter, see also [53]).

In light of these continuity properties, it is enough to check the identity (2.40)
on a class of functions whose linear span is dense in Se(R+). One such class is that

of gaussians, i.e., functions G(λ) = e−tλ
2

for t > 0 (see, e.g., [28, Lemma 2]). On
the other hand, in the case of gaussians, (2.40) follows immediately by combining
Proposition 2.9(iii) and (2.38). □

Remark 2.11. The relation between HF (∆ν) and HF (∆0) in Corollary 2.10 could
be interpreted in terms of a suitable (inverse) Abel transform, in the sense of [32,
Section 5.3]. A discrete analogue in the setting of flow trees is also stated in [42,
Proposition 5.4].

2.4. Dunkl setting. We briefly recall some facts from the Dunkl theory for rank-
one root systems. For a comprehensive treatment of the Dunkl theory we refer the
reader to [10, 26, 47, 48]. As we are interested in the Dunkl Laplacian and Dunkl
transform on R as “extensions” of the Bessel operator and Hankel transform on Xν ,
we shall use the same dimension parameter ν ≥ 1 as before to index them, instead
of the multiplicity parameter k = (ν − 1)/2 or the Bessel function order ν/2 − 1
used in other sources in the literature.

We shall denote by XD
ν the space R equipped with the measure dµD

ν (x) =
2−1|x|ν−1 dx; notice that integrating an even function on R with respect to dµD

ν

is the same as integrating it on R+ with respect to dµν . In this section, in order
not to burden the notation, we shall often identify even functions on XD

ν with their

restrictions to Xν . In this way, operators such as Lν , Hν or τ
[x]
ν discussed earlier

can be also thought of as acting on even functions on XD
ν .
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The Dunkl transform of f ∈ L1(XD
ν ) is given by

HD
ν f(ξ) =

∫
R
f(x) jν,Dξ (x) dµD

ν (x), ξ ∈ R

(see [49, Example 2.29] and [46, Remark 3.7.2]), where

jν,Dx (y) = jν,D(xy), jν,D(x) = jν(x) + i
x

ν
jν+2(x)

and jν is as in (2.3). Notice that

jν,D(−x) = jν,D(x), |jν,D(x)| ≤ 1 ∀x ∈ R
[46, Corollary 2.2]. In the case ν = 1, we simply have j1,D(x) = eix, so the Dunkl
transform reduces to the Fourier transform on R, up to a normalisation factor. The
function

Eν(x, y) = jν,D(−ixy), x, y ∈ C,
is also known as the Dunkl kernel and satisfies the identity

DνEν(·, y) = yEν(·, y) (2.41)

[49, Theorem 2.27], where Dν is the Dunkl operator

Dνf(x) = f ′(x) +
ν − 1

2

f(x)− f(−x)
x

. (2.42)

For a function f on XD
ν , we shall write f = fe + fo, where fe and fo are the

even and odd parts of f , respectively. By comparing the definitions of Hν and HD
ν ,

it follows that

HD
ν f = Hνfe −

i

ν
U−1Hν+2Ufo, (2.43)

where
Uf(x) = f(x)/x. (2.44)

Thus, we can think of the Dunkl transform as an extension of the Hankel transform,
and deduce a number of properties of the Dunkl transform from those of the Hankel
transform. For example, HD

ν is an isomorphism from the Schwartz class S(R) onto
itself, and also from L2(XD

ν ) onto itself; moreover, from the Plancherel formula (2.5)
for the Hankel transform one deduces an analogous result for the Dunkl transform:

∥HD
ν f∥L2(XD

ν ) = 2ν/2−1Γ(ν/2) ∥f∥L2(XD
ν ).

The Dunkl convolution is defined by

f ∗Dν g(x) =
∫
R
τ
[x]
ν,Df(−y) g(y) dµ

D
ν (y) =

∫
R
f(y) τ

[x]
ν,Dg(−y) dµ

D
ν (y), (2.45)

where the Dunkl translations τ
[x]
ν,D are given by (cf. [46, Lemma 3.2])

τ
[x]
ν,Df(y) =

∫ 1

−1

(
fe(⟨|x|, |y|⟩ω) +

x+ y

⟨|x|, |y|⟩ω
fo(⟨|x|, |y|⟩ω)

)
(1− ω sign(xy)) dϖν(ω)

=

∫ 1

−1

(
fe(⟨x, y⟩ω) +

x+ y

⟨x, y⟩ω
fo(⟨x, y⟩ω)

)
(1− ω) dϖν(ω),

(2.46)

and dϖν and ⟨x, y⟩ω are as in (2.2). Notice that

τ
[x]
ν,Df(y) = τ

[y]
ν,Df(x), (τ

[x]
ν,Df )̌ = τ

[−x]
ν,D f̌ ,

where f̌(y) := f(−y); in particular, the equality of the two integrals in (2.45)

corresponds to the fact that the adjoint of τ
[x]
ν,D in L2(R,dµD

ν ) is τ
[−x]
ν,D (cf. [46,

§1.2]). For all x, y ∈ R and ω ∈ [−1, 1], there holds

0 ≤ 1− ω ≤ 2, |(x+ y)(1− ω)| ≤ 2⟨x, y⟩ω (2.47)
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(see [46, pp. 298–299]); so, by comparing (2.46) and (2.2),

|τ [x]ν,Df | ≤ 2τ [|x|]ν (|fe|+ |fo|), (2.48)

and therefore from (2.45) and (2.1) it follows that

|f ∗Dν g| ≤ 2(|fe|+ |fo|) ∗ν (|ge|+ |go|).

As a matter of fact, from (2.45) and (2.46) it also follows that

f ∗Dν g = f ∗ν g (2.49)

whenever f and g are even; in this sense, the Dunkl convolution ∗Dν extends the
Hankel convolution ∗ν .

We can relate Dunkl convolution and Dunkl transform by observing that, by [46,
Theorem 2.4],

τ
[y]
ν,Dj

ν,D
x (z) = jν,Dx (y) jν,Dx (z),

whence

HD
ν (τ

[x]
ν,Df) = jν,Dx f, HD

ν (f ∗Dν g) = HD
ν (f)H

D
ν (g) (2.50)

(cf. [49, eq. (2.19)]).
The Dunkl operator Dν of (2.42) is formally skewadjoint with respect to dµD

ν ,
i.e., D+

ν = −Dν . Moreover, from (2.41) it follows that

Dνj
ν,D
x = ixjν,Dx ,

whence

HD
ν (Dνf)(ξ) = iξHD

ν f(ξ), ξ ∈ R (2.51)

(cf. [49, Lemma 2.37]). From (2.50) we then see that

Dντ
[x]
ν,Df = τ

[x]
ν,DDνf, Dν(f ∗Dν g) = (Dνf) ∗Dν g = f ∗Dν (Dνg), (2.52)

while, much as in (2.7), the relation (2.51) extends to the Borel functional calculus
for the self-adjoint operator −iDν :

HD
ν (F (−iDν)f)(ξ) = F (ξ)HD

ν f(ξ). (2.53)

for all bounded Borel F : R → C, f ∈ L2(XD
ν ) and a.a. ξ ∈ XD

ν .
Let GD

ν be the space R× R equipped with the measure dµ̄D
ν (x, u) = dµD

ν (x) du.
For a function f on Gν we denote by fe and fo the parts of f which are even and odd
with respect to the first variable. We shall always use this meaning of “even” and
“odd” on GD

ν , and, much as before, in this section we shall identify even functions
on GD

ν with functions on Gν .
In analogy to (2.13) we define

f ⋄Dν g(x, u) =
∫
R
(fv ∗Dν gu−v(ev) )(x) dv, x, u ∈ R.

Hence, much as in (2.14), by (2.50) and the fact that HD
ν (g(λ))(ξ) = HD

ν g(λξ) we
deduce that

H̃D
ν (f ⋄Dν g)(x, u) =

∫
R
H̃D
ν f(ξ, v) H̃

D
ν g(e

vξ, u− v) dv, (2.54)

where we used the notation H̃D
ν := HD

ν ⊗ id for the “partial Dunkl transform”.
Notice also that, by (2.49),

f ⋄Dν g = f ⋄ν g (2.55)

whenever f and g are even.
Let us also define left and right translations on GD

ν :

ℓD(y,v)f(x, u) = rD(x,u)f(y, v) = τ
[evx]
ν,D f(y, u+ v). (2.56)
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Thus, the ⋄Dν -convolution takes a form that is similar to (2.10):

f ⋄Dν g(x) =
∫
GD

ν

f(y−1)rDx g(y) dµ̄
D
ν (y) =

∫
GD

ν

ℓDx f(y
−1)g(y) dµ̄D

ν (y), (2.57)

where (x, u)−1 := (−e−ux,−u). Notice that (2.48) immediately gives

|rD(x,u)f | ≤ 2r(|x|,u)(|fe|+ |fo|), |ℓD(x,u)f | ≤ 2ℓ(|x|,u)(|fe|+ |fo|), (2.58)

whence also
|f ⋄Dν g| ≤ 2(|fe|+ |fo|) ⋄ν (|ge|+ |go|).

From (2.11) we then deduce Young-type inequalities for the ⋄Dν -convolution: for all
p, q, r ∈ [1,∞] with 1/p+ 1/q = 1 + 1/r,

∥(fm−1/q′

ν ) ⋄Dν g∥Lr(GD
ν ) ≤ 8∥f∥Lp(GD

ν )∥g∥Lq(GD
ν )

where mν(x, u) := e−νu for all (x, u) ∈ GD
ν .

We shall also use the L1-isometric involution f 7→ f• given by

f•(x) := mν(x)f(x−1).

The relation between involution and convolution on Gν is given in the following
statement, which is an analogue of Lemma 2.1.

Lemma 2.12. The following hold.

(i) For any f ∈ L1
loc(G

D
ν ) there holds

mν(y)r
D
x f(y

−1) = mν(x)rDy f
•(x−1)

for almost all x,y ∈ Gν .
(ii) For all g ∈ L1

loc(G
D
ν ) and all compactly supported f, h ∈ L∞(GD

ν ),

(f ⋄Dν g)• = g• ⋄Dν f•, ⟨f ⋄Dν g, h⟩L2(GD
ν ) = ⟨f, h ⋄Dν g•⟩L2(GD

ν ). (2.59)

Proof. (i). Let x = (x, u),y = (y, v) ∈ GD
ν . By (2.56) and (2.46),

mν(x)rDy f
•(x−1)

= e−νuτ
[e−uy]
ν,D f•(−e−ux, v − u)

= e−νu
∫ 1

−1

[
(f•)e(e−u⟨−x, y⟩ω, v − u) +

y − x

⟨−x, y⟩ω
(f•)o(e−u⟨−x, y⟩ω, v − u)

]
× (1− ω) dϖν(ω)

= e−νv
∫ 1

−1

[
fe(e

−v⟨x,−y⟩ω, u− v) +
x− y

⟨x,−y⟩ω
fo(e

−v⟨x,−y⟩ω, u− v)

]
× (1− ω) dϖν(ω)

= e−νvτ
[e−vx]
ν,D f(−e−vy, u− v)

= mν(y)r
D
x f(y

−1).

(ii). The proof is analogous to that of Lemma 2.1(ii) and is omitted. □

The next lemma is the Dunkl counterpart of Lemma 2.3. Notice that the vector
fields Y0 = ∂u and Y1 = eu∂x can be thought of as defined on the whole GD

ν , so
it also makes sense to apply them and the gradient ∇ν = (Y0, Y1) to functions on

GD
ν . We also introduce the multiplication operator Ũ on Gν given by

Ũ = euU = eux−1, (2.60)

which can be thought of as a lifting to Gν of the operator U on Xν , see (2.44). We
further introduce the notation x̃ := (|x|, u) for any x = (x, u) ∈ GD

ν .

Lemma 2.13. Let x ∈ R and x ∈ GD
ν .
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(i) Let g ∈ C(GD
ν ). Then

supp(rDx g) ⊆ {z ∈ GD
ν : ϱ(supp(|ge|+ |go|), z̃) ≤ |x̃|ϱ}.

(ii) Let f ∈ C1(XD
ν ) and g ∈ C1(GD

ν ). Then the function (x, y) 7→ τ
[x]
ν,Df(y) is in

C1(XD
ν ×XD

ν ), the function (x,y) 7→ rDx g(y) is in C1(GD
ν ×GD

ν ) and

|∂xτ [x]ν,Df | ≤ 2τ [|x|]ν (|(fe)′|+ |(fo)′|+ 2|Ufo|),

|∇x
νr

D
x g| ≤ 2rx̃(|∇νge|+ |∇νgo|+ 2|Ũgo|)

(2.61)

pointwise.

Proof. (i). This follows immediately from Lemma 2.3(i) and (2.58).
(ii). Let us first discuss the result for f ∈ C1(XD

ν ). If ν = 1, then (2.46) simply
reduces to

τ
[x]
1,Df(y) = f(x+ y),

whence the stated C1 regularity and estimate follow.
Suppose instead that ν > 1, and notice that ⟨x, y⟩ω > 0 for all (x, y) ∈ R2 \

{(0, 0)} and ω ∈ (−1, 1). Thus, from the definition of the Dunkl translations (2.46)
and the bounds (2.19) and (2.47), by differentiating under the integral sign we
obtain that, for all (x, y) ̸= (0, 0),

∂xτ
[x]
ν,Df(y) =

∫ 1

−1

(fe)
′(⟨x, y⟩ω)

x− yω

⟨x, y⟩ω
(1− ω) dϖν(ω)

+

∫ 1

−1

(
(fo)

′(⟨x, y⟩ω)−
fo(⟨x, y⟩ω)
⟨x, y⟩ω

)
x− yω

⟨x, y⟩ω
x+ y

⟨x, y⟩ω
(1− ω) dϖν(ω)

+

∫ 1

−1

fo(⟨x, y⟩ω)
⟨x, y⟩ω

(1− ω) dϖν(ω),

as well as an analogous formula (with x and y switched) for ∂yτ
[x]
ν,Df(y). This

expression, together with the fact that fe, fo ∈ C1(R), prove the C1 regularity of

(x, y) 7→ τ
[x]
ν,Df(y) on R2 \ {(0, 0)}. Moreover, by using the fact that (fe)

′(0) = 0

and limh→0 fo(h)/h = (fo)
′(0), together with the bounds (2.19) and (2.47), from

the above formulas one sees that

lim
(x,y)→(0,0)

∂xτ
[x]
ν,Df(y) = lim

(x,y)→(0,0)
∂yτ

[x]
ν,Df(y) = (fo)

′(0) = f ′(0),

thus completing the proof of the C1 regularity of (x, y) 7→ τ
[x]
ν,Df(y) on R2. Finally,

by the bounds (2.19) and (2.47), together with (2.2) and (2.44), we also see that∣∣∣∣∫ 1

−1

(fe)
′(⟨x, y⟩ω)

x− yω

⟨x, y⟩ω
(1− ω) dϖν(ω)

∣∣∣∣ ≤ 2τ [|x|]ν |(fe)′|(y),∣∣∣∣∫ 1

−1

(fo)
′(⟨x, y⟩ω)

x− yω

⟨x, y⟩ω
x+ y

⟨x, y⟩ω
(1− ω) dϖν(ω)

∣∣∣∣ ≤ 2τ [|x|]ν |(fo)′|(y),∣∣∣∣∫ 1

−1

fo(⟨x, y⟩ω)
⟨x, y⟩ω

x− yω

⟨x, y⟩ω
x+ y

⟨x, y⟩ω
(1− ω) dϖν(ω)

∣∣∣∣ ≤ 2τ [|x|]ν |Ufo|(y),∣∣∣∣∫ 1

−1

fo(⟨x, y⟩ω)
⟨x, y⟩ω

(1− ω) dϖν(ω)

∣∣∣∣ ≤ 2τ [|x|]ν |Ufo|(y),

whence the first estimate in (2.61) follows.
We now move to the results for g ∈ C1(GD

ν ). By the definition (2.56) of the
right translations on GD

ν , the C
1 regularity of (x,y) 7→ rDx g(y) follows from the

analogous one on XD
ν that we have just proved. It remains to justify the second
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inequality in (2.61). Notice that, by the definition (2.56) of the right translations
on GD

ν , arguing as in (2.20) and using (2.58),

|∂urD(x,u)g(y, v)| = |rD(x,u)Y0g(y, v)| ≤ 2r(|x|,u)[|Y0ge|+ |Y0go|](y, v);

similarly, using also the first bound in (2.61),

|eu∂xrD(x,u)g(y, v)| = |eu+v(∂zτ [z]ν,Dg)(y, u+ v)|z=evx|

≤ 2eu+vτ [e
v|x|]

ν [|∂y(ge)|+ |∂y(go)|+ 2|Ugo|](y, u+ v)

= 2r(|x|,u)[|Y1ge|+ |Y1go|+ 2|Ũgo|](y, v).
By arguing much as in (2.21), we can combine these two bounds and obtain the
second inequality in (2.61). □

The next result is an analogue of Proposition 2.8. To state it, we introduce the
notation

Y D
0 = ∂u, Y D

1 = euDν .

Notice that Y D
1 can be thought of as a lifting of the Dunkl operator Dν to GD

ν .

Proposition 2.14. Let K ∈ L1
loc(G

D
ν ) ∩C1(GD

ν \ {0}). Then, for all f ∈ Cc(G
D
ν ),

the function f ⋄Dν K is continuosly differentiable on GD
ν \ supp(|fe|+ |fo|) and, for

j = 0, 1,

Y D
j (f ⋄Dν K)(x) =

∫
GD

ν

ℓDx f(y
−1)Y D

j K(y) dµ̄D
ν (y) for all x /∈ supp(|fe|+ |fo|).

Moreover, for all f, g ∈ Cc(G
D
ν ) with supp(|fe|+ |fo|) ∩ supp(|ge|+ |go|) = ∅,

⟨Y D
j (f ⋄Dν K), g⟩L2(GD

ν ) =

∫
GD

ν

g(x)

∫
GD

ν

ℓDx f(y
−1)Y D

j K(y) dµ̄D
ν (y) dµ̄

D
ν (x)

=

∫
GD

ν

f(x)

∫
GD

ν

ℓDx g(y
−1) (Y D

j K)•(y) dµ̄D
ν (y) dµ̄

D
ν (x).

(2.62)

Proof. From (2.52) and (2.56) one sees that the operators Y D
j commute with left

translations on GD
ν , i.e.,

Y D
j ℓ

D
x g = ℓDxY

D
j g ∀x ∈ GD

ν , g ∈ C1(GD
ν ). (2.63)

Thus, one can essentially repeat the proof of Proposition 2.8, using Lemmas 2.12
and 2.13 in place of Lemmas 2.1 and 2.3.

Notice that the operators Dν and Y D
1 are not differential operators and are

not local; however, they are local when restricted to even functions and to odd
functions. Therefore, one can replace the kernel K with its regularisation Kε as in
the proof of Proposition 2.8 by making sure that both even and odd parts of Kε

coincide with those of K off a suitable neighbourhood of 0. □

3. Calderón–Zygmund theory

We recall the definition of Calderón–Zygmund spaces (see [19, 55] and compare
[39, Definition 3.1]).

Definition 3.1. A metric-measure space (X, d, µ) is a Calderón–Zygmund space if
there exists a constant κ ∈ [1,∞) and a family R of Borel subsets of X satisfying
the following properties.

(i) For all R ∈ R there exist x(R) ∈ X and r(R) > 0 such that

R ⊆ BX(x(R), κr(R)).

where BX(x, r) denotes the open ball of centre x and radius r in X.
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(ii) µ(R∗) ≤ κµ(R) for all R ∈ R, where

R∗ := {x ∈ X : d(x,R) < r(R)}.

Moreover, for all f ∈ L1(X) and λ > κ∥f∥L1(X)/µ(X) (if µ(X) = ∞, then λ > 0)
there exists a decomposition

f = g +
∑
i∈N

bi (3.1)

satisfying

(iii) ∥g∥L∞(X) ≤ λ;

(iv)
∫
X
bi dµ = 0 for all i ∈ N, and

∑
i∈N ∥bi∥L1(X) ≤ 2κ∥f∥L1(X);

(v) there exists a family {Ri}i∈N ⊆ R such that supp bi ⊆ Ri, and
∑
µ(Ri) ≤

κ∥f∥L1(X)/λ;
(vi) if f ∈ Lp(X) for some p ∈ [1,∞), then g, bi ∈ Lp(X) too and the sum in (3.1)

converges in Lp(X).

For convenience, we shall work with a slightly less general notion of Calderón–
Zygmund spaces, where we replace the conditions (iii)–(vi) referring to the decom-
position of functions by assumptions concerning only the family R.

Definition 3.2. Let (X,µ) be a measure space and E ⊆ X be measurable. A quasi-
partition of E is an at most countable family P of pairwise disjoint measurable
subsets of E such that E \

⋃
P∈P P is µ-negligible.

Definition 3.3. A restrictive Calderón–Zygmund space is a metric-measure space
(X, d, µ), where µ is a Radon measure on X, equipped with a family R of Borel
subsets of X, called admissible sets, such that, for some constant κ ∈ [1,∞), the
following properties hold.

(1) Every R ∈ R has a centre x(R) ∈ X and a radius r(R) > 0 such that

R ⊆ BX(x(R), κr(R)).

(2) 0 < µ(R∗) ≤ κµ(R) <∞ for all R ∈ R, where

R∗ := {x ∈ X : d(x,R) < r(R)}. (3.2)

(3) To each R ∈ R is associated a collection C (R) ⊆ R of children of R such that
• C (R) is a quasi-partition of R with #C (R) ≤ κ, and
• µ(R) ≤ κµ(R′) for all R′ ∈ C (R).
We define iteratively C 0(R) = {R}, C n+1(R) =

⋃
R′∈Cn(R) C (R′) for n ∈ N;

the elements of C ∗(R) :=
⋃
n∈N C n(R) are called descendants of R.

(4) For all ε > 0 and R ∈ R, and for almost all x ∈ R, there exists a descendant
R′ of R such that x ∈ R′ and r(R′) ≤ ε.

(5) For all λ ∈ (0, µ(X)) there exists a quasi-partition P ⊆ R of X such that
µ(R) > λ for all R ∈ P.

The proof of the following result is analogous to that of [39, Proposition 3.19]
and is omitted; we point out that the property (4) in Definition 3.3 plays the role
of [39, Lemma 3.18(v)] in the proof of the inequality (3.3). Notice that we use the
notation −

∫
R
|f |dµ := µ−1(R)

∫
R
|f |dµ for the average of |f | over R.

Lemma 3.4. Let (X, d, µ) be a restrictive Calderón–Zygmund space with admissible
family R. Let P ⊆ R be a quasi-partition of X, and let P∗ :=

⋃
R∈P C ∗(R). Then

the maximal operator MP associated with P, defined by

MPf(x) =

 sup
R∈P∗ : x∈R

−
∫
R
|f |dµ if x ∈

⋃
R∈P∗

R,

0 otherwise,
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is of weak type (1, 1). Moreover

|f | ≤MPf µ-a.e. (3.3)

for all f ∈ L1
loc(X).

Following the proof of [39, Theorem 3.20], we now show that Definition 3.3 is
indeed more restrictive than Definition 3.1.

Proposition 3.5. A restrictive Calderón–Zygmund space is a Calderón–Zygmund
space.

Proof. Let (X, d, µ) be a restrictive Calderón–Zygmund space with the admissible
family R and the constant κ. We shall prove that (X, d, µ) with R and κ satisfies
Definition 3.1. It suffices to verify conditions (iii)–(vi).

Fix f ∈ L1(X) and λ > κ∥f∥L1(X)/µ(X). By (5) we can find a quasi-partition
P ⊆ R of X, such that every R ∈ P satisfies µ(R) > κ∥f∥L1(X)/λ. Thus
−
∫
R
|f |dµ < λ/κ for all R ∈ P. For any R0 ∈ P, we say that a descendant R of R0

is stopping if −
∫
R
|f |dµ ≥ λ/κ, but −

∫
R′ |f |dµ < λ/κ for any other R′ in the line of

descendants from R0 to R. Let S ⊆ R be the family of all stopping descendants
of elements of P.

Let Ω = X \
⋃
R∈S R. We set

bR =

(
f −−

∫
R

f dµ

)
1R, R ∈ S , and g = f1Ω +

∑
R∈S

(
−
∫
R

f dµ

)
1R,

so that
f = g +

∑
R∈S

bR (3.4)

pointwise. Clearly,
∫
bR = 0 and, by (3), −

∫
R
|f |dµ ≤ λ for all R ∈ S . Thus,

∥bR∥L1(X) ≤ 2λµ(R). By the definition of S its elements are pairwise disjoint and∑
R∈S

µ(R) ≤ κ

λ

∑
R∈S

∫
R

|f |dµ ≤ κ

λ
∥f∥L1(X),

which proves (iv) and (v). Furthermore,

|g|+
∑
R∈S

|bR| ≤ |f |+ 2λ1X\Ω,

where again we used that the R ∈ S are pairwise disjoint; as X \ Ω has finite
measure, this pointwise domination shows that, if f ∈ Lp(X) for some p ∈ [1,∞),
then the same is true for g and the bR, and moreover the sum in (3.4) converges in
Lp(X), thus proving (vi).

For the remaining property (iii) notice that |g|R| ≤ −
∫
R
|f | ≤ λ for any R ∈

S , and therefore ∥g|X\Ω∥∞ ≤ λ. On the other hand ∥g|Ω∥L∞ = ∥f |Ω∥L∞ ≤
∥MPf |Ω∥∞ by (3.3). By the definition of Ω, for all x ∈ Ω and R ∈ P∗ with
R ∋ x, we have −

∫
R
|f | < λ/κ, whence MPf(x) ≤ λ/κ. In conclusion, ∥g∥L∞ ≤ λ,

as desired. □

We now recall from [55] the definition of Hardy and bounded mean oscillation
spaces on a Calderón–Zygmund space.

Definition 3.6. We say that a (restrictive) Calderón–Zygmund space satisfies con-
dition (C) if there exists a subfamily R′ ⊆ R such that

• for each R ∈ R there exists R′ ∈ R′ such that R ⊆ R′;
• if two sets from R′ are not disjoint, then one is contained in the other.

Definition 3.7. Let (X, d, µ) be a restrictive Calderón–Zygmund space satisfying
condition (C), and let R be the family of admissible sets.
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(a) An atom is a function a ∈ L1(X) supported in some admissible set R ∈ R
and such that ∫

X

a dµ = 0, ∥a∥2 ≤ µ(R)−1/2.

(b) The Hardy space H1(X) is defined as the set of the functions f ∈ L1(X)
admitting a decomposition

f =
∑
j∈N

λjaj (3.5)

for some atoms aj and coefficients λj ∈ C with
∑
j |λj | < ∞. The norm

∥f∥H1(X) of f ∈ H1(X) is defined as the infimum of the quantities
∑
j |λj |

over all decompositions (3.5).
(c) The bounded mean oscillation space BMO(X) is the quotient, modulo constant

functions, of the space of the functions f ∈ L2
loc(X) such that

∥f∥BMO(X) := sup
R∈R

(
1

µ(R)

∫
R

∣∣∣∣f −−
∫
R

f dµ

∣∣∣∣2 dµ

)1/2

<∞.

Remark 3.8. By [55, Theorem 3.9], we know that BMO(X) is the dual of H1(X)
with respect to the natural pairing.

We shall now show that Gν is a restrictive Calderón–Zygmund space satisfying
condition (C), so the general theory developed in [19, 55] can be applied. We start
with a few technical results.

Lemma 3.9. The following hold.

(i) Let (x, u), (y, v) ∈ Gν . Then

|x− y| ≤ emin{u,v} sinh ϱ((x, u), (y, v)), |u− v| ≤ ϱ((x, u), (y, v)).

(ii) For any (x, u) ∈ Gν ,

|x| ≤ sinh |(x, u)|ϱ ≤ min{1, |(x, u)|ϱ} e|(x,u)|ϱ , |u| ≤ |(x, u)|ϱ.

(iii) Let (x, u) ∈ Gν and r > 0. Then,

BGν ((x, u), r) ⊆ [(x− eu sinh r)+, x+ eu sinh r)× [u− r, u+ r) ⊆ BGν ((x, u), 3r).

Proof. (i). Set r = ϱ((x, u), (y, v)). We may assume r > 0. By (2.17),

cosh(u− v) +
(x− y)2

2eu+v
= cosh r.

Clearly, this yields |u− v| ≤ r. Moreover,

|x− y|2 = 2eu+v(cosh r− cosh(u− v)) =
ev−u − e−r

sinh r

(
2− ev−u − e−r

sinh r

)
e2u sinh2 r.

Since A(2−A) ≤ 1 for A > 0, we obtain |x− y| ≤ eu sinh r, and by symmetry

|x− y| ≤ emin{u,v} sinh r.

(ii). Apply part (i) with (y, v) = 0 and notice that sinh z ≤ min{1, z}ez for
z ≥ 0.

(iii). Fix (x, u) ∈ Gν and r > 0. For the first inclusion let (y, v) ∈ BGν
((x, u), r).

Part (i) immediately gives

|y − x| < eu sinh r, |v − u| < r.

For the second inclusion, let (y, v) ∈ Gν be such that

|y − x| ≤ eu sinh r, |v − u| ≤ r.
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Then

ϱ((x, u), (y, v)) = cosh(u− v) +
(x− y)2

2eu+v

≤ cosh r +
eu−v sinh2 r

2
≤ cosh r +

er sinh2 r

2
< cosh(3r),

where the last inequality follows from the identity

cosh(3r)− cosh r = 4 sinh2 r cosh r;

so (y, v) ∈ BGν ((x, u), 3r). □

Definition 3.10. Let m ∈ N, l ∈ Z, u ∈ R, and r > 0. We define

Rm,l,u,r = [m2l, (m+ 1)2l)× [u− r, u+ r).

We say that a set Rm,l,u,r is admissible if it satisfies the admissibility condition

eu sinh(2r) ≤ 2l−1 < eu sinh(9r). (3.6)

We denote the family of all admissible sets Rm,l,u,r by Rad.

Theorem 3.11. For any ν ≥ 1, Gν with the family of sets Rad is a (restrictive)
Calderón–Zygmund space satisfying condition (C).

Proof. We shall justify that Gν with κ = max{27, 2ν+1} and Rad satisfies (1)–(5)
of Definition 3.3 and the condition (C) of Definition 3.6.

Fix R := Rm,l,u,r ∈ Rad. By the admissibility condition (3.6) and Lemma 3.9,

R ⊆ [(m2l + 2l−1 − eu sinh(9r))+,m2l + 2l−1 + eu sinh(9r))× [u− r, u+ r)

⊆ BGν
((m2l + 2l−1, u), 27r),

which proves (1) with

x(R) := (m2l + 2l−1, u), r(R) := r.

For (2) observe that, by (3.2) and Lemma 3.9(iii),

R∗ =
⋃

(y,v)∈R

BGν ((y, v), r) ⊆
⋃

(y,v)∈R

[(y− ev sinh r)+, y+ ev sinh r)× [v− r, v+ r)

⊆ [(m2l − eu sinh(2r))+, (m+ 1)2l + eu sinh(2r))× [u− 2r, u+ 2r),

where the fact that

er sinh r ≤ 2 cosh r sinh r = sinh(2r)

was used. Since eu sinh(2r) ≤ 2l−1 by the admissibility condition (3.6), we obtain

µν(R
∗) ≤ 4r2νl

ν
((m+ 3/2)ν − (m− 1/2)ν+),

whereas

µν(R) =
2r2νl

ν
((m+ 1)ν −mν) =

2r2νl

ν2ν
((2m+ 2)ν − (2m)ν). (3.7)

Thus, by the monotonicity of x 7→ (x+ 2)ν − xν ,

µν(R
∗) ≤ 2ν+1µν(R).

Now we pass to verifying (3). Here we need to decompose R = Rm,l,u,r ∈ Rad

as a disjoint union of family C (R) of admissible sets, which we declare to be the
children of R. We consider two potential decompositions,

R = R1,1 ∪R1,2 = R2,1 ∪R2,2,
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corresponding to splitting R with respect to the first or the second component, i.e.,

R1,1 := R2m,l−1,u,r, R1,2 := R2m+1,l−1,u,r (first type),

R2,1 := Rm,l,u−r/2,r/2, R2,2 := Rm,l,u+r/2,r/2 (second type).

Observe that since R ∈ Rad we have R1,1, R1,2 ∈ Rad whenever

eu sinh 2r ≤ 2l−2; (3.8)

so, when (3.8) is satisfied, we declare R1,1 and R1,2 to be the children of R. In the
opposite case, denoting u′ = u± r/2, we have

2l−1 < 2eu sinh(2r) ≤ 2eu
′+r/2 sinh(2r) ≤ eu

′
sinh(9r/2),

where in the last inequality we used the simple fact that

2ea sinh(b/2) ≤ ea sinh b ≤ sinh(a+ b), a, b > 0.

Moreover, by the admissibility of R,

eu
′
sinh r ≤ eu sinh(2r) ≤ 2l−1.

Thus, if (3.8) fails, then R2,1, R2,2 ∈ Rad; in this case, we declare R2,1, R2,2 to be
the children of R.

To conclude the proof of (3) notice that

µν(R2,j) =
1

2
µν(R), j = 1, 2,

and

µν(R1,1) =
2r2νl

ν2ν
((2m+1)ν−(2m)ν), µν(R1,2) =

2r2νl

ν2ν
((2m+2)ν−(2m+1)ν).

Therefore, by (3.7) and the monotonicity of x 7→ (x+ 1)ν − xν ,

µν(R) ≤ 2νµν(Ri,j), i, j = 1, 2.

In order to justify (4) it suffices to notice that, for any R ∈ Rad, if the children
of R are of the second type, then r(R′) = r(R)/2 for R′ ∈ C (R). But the children
can be of the first type only for a finite number of generations in a row, since (3.8)
eventually will be false. Moreover, R is clearly a disjoint union of all descendants
of any fixed generation.

We now prove (5). Fix r0 > 0 and choose the smallest l0 ∈ Z such that

sinh(2r0) ≤ 2l0−1 < sinh(9r0).

Thus, {Rm,l0,0,r0}m∈N ⊆ Rad and⋃
m∈N

Rm,l0,0,r0 = R+ × [−r0, r0). (3.9)

Set u0 = 0. We now define inductively, for any n ≥ 1,

rn = 3rn−1, un = un−1 + rn−1 + rn

and let l±n ∈ Z be the smallest integers such that

e±un sinh(2rn) ≤ 2l
±
n −1 < e±un sinh(9rn).

Again, {Rm,l±n ,±un,rn
}m∈N ⊆ Rad and⋃

m∈N
Rm,l±n ,±un,rn

= R+ × [±un − rn,±un + rn). (3.10)

Moreover, since un ≥ un−1, rn ≥ rn−1, clearly e
un sinh(2rn) ≥ eun−1 sinh(2rn−1)

and l+n ≥ l+n−1. On the other hand, un = un−1 + 4rn/3, so

e−un−1 sinh(2rn−1) = e−une4rn/3 sinh(2rn/3) ≤ e−un sinh(2rn),
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which gives l−n ≥ l−n−1.
Since un−rn = un−1+rn−1, from (3.9) and (3.10) we deduce that Gν = R+×R

is the disjoint union of the family {Rm,l±n ,±un,rn
}m,n∈N ⊆ Rad. Moreover, notice

that

µν(Rm,l±n ,±un,rn
) =

2rn2
νl±n

ν
((m+ 1)ν −mν)

is increasing in both n and m. Thus,

µν(Rm,l±n ,±un,rn
) ≥ µν(R0,l0,0,r0) =

2r02
νl0

ν
.

By an appropriate choice of r0 we can make this measure arbitrarily large. This
completes the proof of (5).

Finally, we discuss the condition (C) of Definition 3.6. Let {rl}l∈Z be a sequence
of positive real numbers satisfying sinh(2rl) = 2l−1. Thus, the role of family R′ can
be played by {R0,l,0,rl}l∈Z. One can immediately verify the necessary assumptions.

□

Thanks to Theorem 3.11, we can apply to Gν the singular integral theory on
Calderón–Zygmund spaces developed in [19, 55]. In particular, we have the fol-
lowing result concerning the boundedness properties of a class of singular integral
operators, which combines [19, Theorem 1.2] and [55, Theorem 3.10].

Theorem 3.12. Let T be a linear operator bounded on L2(Gν). Assume that

⟨Tf, g⟩L2(Gν) =
∑
j∈Z

⟨Tjf, g⟩L2(Gν)

for all f, g ∈ L2(Gν) with disjoint compact supports, where the Tj are integral
operators with kernels Kj satisfying for some positive constants B, c, ε, with c ̸= 1,
the following conditions:

sup
y∈Gν

∫
Gν

|Kj(x,y)| (1 + cjϱ(x,y))ε dµ̄ν(x) ≤ B,∫
Gν

|Kj(x,y)−Kj(x,y′)|dµ̄ν(x) ≤ Bϱ(y,y′)cj ∀y,y′ ∈ Gν .

(3.11)

Then, T is of weak type (1, 1), bounded on Lp(Gν), p ∈ (1, 2], and bounded from
H1(Gν) to L

1(Gν).

Lemma 2.2 immediately gives the following corollary.

Corollary 3.13. If the Kj are continuously differentiable with respect to the second
variable, then the second line in (3.11) can be replaced by the stronger condition

sup
y∈Gν

∫
Gν

|∇y
νKj(x,y)|dµ̄ν(x) ≤ Bcj .

We can also state a version of Theorem 3.12 for ⋄ν-convolution operators, which
follows immediately from Lemma 2.7 and Corollary 3.13.

Corollary 3.14. Assume that the operators Tj from Theorem 3.12 are right ⋄ν-
convolution operators, i.e.,

Tjf = f ⋄ν Kj ,

with convolution kernels Kj : Gν → C. Then in place of (3.11) it suffices to assume
that ∫

Gν

|Kj(x)| (1 + cj |x|ϱ)ε dµ̄ν(x) ≤ B,∫
Gν

|∇νK
∗
j (x)|dµ̄ν(x) ≤ Bcj .

(3.12)
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We can also prove a variant of Corollary 3.14 for ⋄Dν -convolution operators. The
following statement makes use of the notation of Section 2.4, as well as the notation
|x|ϱ := |x̃|ϱ for all x ∈ GD

ν . We shall further write Xef and Xof for the even and
odd extensions to GD

ν of a function f on Gν .

Corollary 3.15. Assume that the operators Tj from Theorem 3.12 are given by

Tjf = ((Xσjf) ⋄Dν Kj)|Gν (3.13)

for certain kernels Kj : G
D
ν → C and σj ∈ {e, o}. Then in place of (3.11) it suffices

to assume that ∫
GD

ν

|Kj(x)| (1 + cj |x|ϱ)ε dµ̄D
ν (x) ≤ B,∫

GD
ν

(|∇νK
•
j (x)|+ |Ũ(K•

j )o|) dµ̄D
ν (x) ≤ Bcj .

(3.14)

Proof. From (3.13) and (2.57) we see that, if we set ϵe± := 1 and ϵo± := ±1, then
the integral kernels Kj : Gν ×Gν → C of the operators Tj are given by

Kj(x,y) =
1

2

∑
±
ϵ
σj

± mν((±y, v))rDxKj((±y, v)−1)

=
1

2

∑
±
ϵ
σj

± mν(x)rD(±y,v)K
•
j (x

−1),

for all x ∈ Gν and y = (y, v) ∈ Gν , where the second equality is due to Lemma
2.12(i). Thus, the operators Tj satisfy the assumptions of Theorem 3.12 (strength-
ened as in Corollary 3.13) provided

sup
y∈GD

ν

∫
GD

ν \Gν

|rDyK•
j (x)| (1 + cjϱ(x−1, ỹ))ε dµ̄D

ν (x) ≤ B,

sup
y∈GD

ν

∫
GD

ν \Gν

|∇y
ν r

D
yK

•
j (x)|dµ̄D

ν (x) ≤ Bcj .

(3.15)

We shall justify that (3.14) implies (3.15).
Firstly, fix y = (y, v) ∈ GD

ν and set g(x) := (1 + cjϱ(x, ỹ))ε. By (2.58) and
(2.10),∫
GD

ν \Gν

|rDyK•
j (x)|g(x−1) dµ̄D

ν (x) ≤
∫
Gν

rỹ(|(K•
j )e(x)|+ |(K•

j )o(x)|)g(x−) dµ̄ν(x)

= g ⋄ν (|(K•
j )e|+ |(K•

j )o|)(ỹ).

Thus, by arguing much as in (2.25) and using Lemma 2.3(iii), we obtain∫
GD

ν \Gν

|rDyK•
j (x)|(1 + cjϱ(x−1, ỹ))ε dµ̄D

ν (x)

≤
∫
Gν

(|(K•
j )e(x)|+ |(K•

j )o(x)|) (1 + cj |x|ϱ)ε dµ̄ν(x)

≤ 2

∫
GD

ν

|Kj(x)| (1 + cj |x|ϱ)ε dµ̄D
ν (x).
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On the other hand, by Lemma 2.13,∫
GD

ν \Gν

|∇y
ν r

D
yK

•
j (x)|dµ̄D

ν (x)

≤
∫
Gν

rỹ(|∇ν(K
•
j )e|+ |∇ν(K

•
j )o|+ 2|Ũ(K•

j )o|)(x) dµ̄ν(x)

≤
∫
Gν

(|∇ν(K
•
j )e|+ |∇ν(K

•
j )o|+ 2|Ũ(K•

j )o|)(x) dµ̄ν(x)

≤ 2

∫
GD

ν

(|∇νK
•
j |+ |Ũ(K•

j )o|)(x) dµ̄D
ν (x).

These estimates show that, up to relabelling 2B as B, the assumptions (3.14) imply
(3.15). □

4. Heat kernel estimates

By using finite propagation speed and the methods of [5] we derive a Gaussian-
type pointwise upper bound for the heat kernel on Gν .

Lemma 4.1. Let ϵ ∈ (0,∞). Then

0 ≤ Ke−t∆ν (x, u) ≲ν,ϵ e
−νu/2t[−

ν+1
2 ,− 3

2 ] exp

(
−
|(x, u)|2ϱ
(4 + ϵ)t

)
∀(x, u) ∈ Gν , t > 0.

Moreover,

∥Ke−t∆ν ∥L1(Gν) = 1, ∥Ke−t∆ν ∥L2(Gν) ≲ν t
[−(ν+1)/4,−3/4] ∀t > 0.

Proof. It was checked in [40, Proposition 4.4] that Ke−t∆ν is nonnegative and L1-
normalised. On the other hand, by Proposition 2.4,

∥Ke−t∆ν ∥2L2(Gν)
≲ν

∫ ∞

0

e−2tλλ[
3
2 ,

ν+1
2 ] dλ

λ
≃ν t[−

ν+1
2 ,− 3

2 ],

and a similar computation, using Lemma 2.5, gives, for all u ∈ R, that

∥Ke−t∆ν (·, u)∥L∞(Xν) ≲ν e
−νu/2

∫ ∞

0

e−tλλ[
3
2 ,

ν+1
2 ] dλ

λ
≃ν e−νu/2t[−

ν+1
2 ,− 3

2 ]. (4.1)

Let Ht denote the integral kernel of e−t∆ν . By (2.24), (2.9) and (2.2) we have
the following relation between convolution and integral kernels:

Ht((x, u), (y, v)) = e−νvτ [e
−vy]

ν Ke−t∆ν (e
−vx, u− v)

for all (x, u), (y, v) ∈ Gν . In particular,

Ht(x,0) = Ke−t∆ν (x) ∀x ∈ Gν . (4.2)

Since the Hankel translations are contractions on L∞(Xν) and preserve positiv-
ity, by applying (4.1) we obtain

0 ≤ Ht((x, u), (y, v)) ≤ e−νv∥Ke−t∆ν (·, u− v)∥L∞(Xν) ≲ν e
−ν(u+v)/2t[−

ν+1
2 ,− 3

2 ]

(4.3)
for all (x, u), (y, v) ∈ Gν . In particular, we have the on-diagonal estimate

0 ≤ Ht(x,x) ≲ν e
−νut[−

ν+1
2 ,− 3

2 ] ∀x ∈ Gν ;

in other words, Ht satisfies [5, eq. (4.12)] with V ((x, u), s) := eνus[ν+1,3]. Moreover,
the function V satisfies the doubling condition [5, eq. (4.11)] with δ = min{ν+1, 3};
this follows from the bound

s[ν+1,3]

r[ν+1,3]
≤
(s
r

)min{ν+1,3}
, 0 < s ≤ r.
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Furthermore, since ∆ν has finite propagation speed (see [40, Lemma 4.17]), by [5,
Theorem 3.4] it also satisfies the Davies–Gaffney estimate [5, eq. (3.2)]. Thus, [5,
Theorem 4.4] implies an improved version of (4.3): for any ϵ > 0,

0 ≤ Ht((x, u), (y, v)) ≲ν,ϵ e
−(u+v)ν/2t[−

ν+1
2 ,− 3

2 ] exp

(
−ϱ((x, u), (y, v))

2

(4 + ϵ)t

)
for all (x, u), (y, v) ∈ Gν . Finally, in light of (4.2), taking (y, v) = 0 proves the
lemma. □

We also record here an easy weigthed L1-estimate for derivatives of the heat
kernel on Xν , which follows immediately by homogeneity.

Lemma 4.2. Let α0 > 0. Then, for all n ∈ N and α ∈ [0, α0],∫ ∞

0

xα|∂nxKe−tLν (x)|dµν(x) ≃ν,n,α0
t(α−n)/2 ∀t > 0. (4.4)

Proof. From (2.32) we see that Ke−tLν (x) = t−ν/2Ke−Lν (x/t1/2) and∫ ∞

0

xα|∂nxKe−tLν (x)|dµν(x) = t(α−n)/2
∫ ∞

0

xα|∂nxKe−Lν (x)|dµν(x)

by homogeneity considerations; moreover, the latter integral remains bounded as
long as α does, because Ke−Lν ∈ Se(R+). □

We now obtain some formulas for derivatives of the heat kernel on Gν with
respect to the vector fields Y0 and Y1 of (1.4).

Lemma 4.3. For all ν ≥ 1 and x = (x, u) ∈ Gν ,

Y0Ke−t∆ν (x) =
ν

2
(x2 − 2eu sinhu)Ke−t∆ν+2 (x)−

ν

2
Ke−t∆ν (x),

Y1Ke−t∆ν (x) = −νxeuKe−t∆ν+2 (x).

Proof. From Proposition 2.9(i) we see that, if r = |x|ϱ, then

Yj(m
1/2
ν He−t∆ν (r)) = (Yjm

1/2
ν )He−t∆ν (r)−m1/2

ν He−t∆ν+2 (r)(sinh r)Yjr,

that is, by (2.29),

YjKe−t∆ν =
Yjm

1/2
ν

m
1/2
ν

Ke−t∆ν − νeu(Yj cosh r)Ke−t∆ν+2 .

On the other hand, as m
1/2
ν (x, u) = e−νu/2 and cosh r = coshu+ e−ux2/2 by (2.8)

and (2.17), from (1.4) we see that

Y0m
1/2
ν

m
1/2
ν

= −ν/2, Y1m
1/2
ν

m
1/2
ν

= 0,

Y0 cosh r = sinhu− e−ux2/2, Y1 cosh r = x,

(4.5)

and the desired formulas follow. □

We can now prove the main result of this section, namely, weighted L1-estimates
for the heat kernel on Gν and its gradient, which crucially are valid both for small
and large times.

Proposition 4.4. Let ε ∈ [0,∞). For all t > 0,∥∥∥eε|·|ϱ/√tKe−t∆ν

∥∥∥
L1(Gν)

≲ε,ν 1,∥∥∥eε|·|ϱ/√t|∇νKe−t∆ν |
∥∥∥
L1(Gν)

≲ε,ν t
−1/2.
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Proof. Clearly the second bound above is equivalent to the two bounds∥∥∥eε|·|ϱ/√tYjKe−t∆ν

∥∥∥
L1(Gν)

≲ε,ν t
−1/2, j = 0, 1. (4.6)

Fix ε ∈ [0,∞). We first discuss the small-time bounds. By applying Lemma 4.1
with ϵ = 1,∥∥∥eε|·|ϱ/√tKe−t∆ν

∥∥∥
L1(Gν)

≲ν t
[− ν+1

2 ,− 3
2 ]

∫
Gν

e−νu/2 exp

(
−
|(x, u)|2ϱ

5t
+
ε|(x, u)|ϱ√

t

)
dµν(x) du

≲ν t
[− ν+1

2 ,− 3
2 ]

∫ ∞

0

exp

(
−r

2

5t
+
εr√
t
+
ν

2
r

)
rν dr;

(4.7)

in the last estimate, we used the integration formula from Lemma 2.6. In particular,
for all t0 > 0, from (4.7) we deduce that∥∥∥eε|·|ϱ/√tKe−t∆ν

∥∥∥
L1(Gν)

≲ν,ε,t0 t
−(ν+1)/2

∫ ∞

0

exp

(
− r2

10t

)
rν dr ≃ν 1 ∀t ∈ (0, t0].

As for the gradient bound, observe that, by Lemma 3.9(ii),

xeu, x2, eu |sinhu| ≤ |(x, u)|ϱ e2|(x,u)|ϱ ∀(x, u) ∈ Gν .

Thus, by Lemma 4.3,∥∥∥eε|·|ϱ/√t|∇νKe−t∆ν |
∥∥∥
L1(Gν)

≲ν
∥∥∥eε|·|ϱ/√tKe−t∆ν

∥∥∥
L1(Gν)

+
∥∥∥| · |ϱ e(2+ε/√t)|·|ϱKe−t∆ν+2

∥∥∥
L1(Gν)

.

We already know that the first summand is bounded for t ∈ (0, t0]. As for the
second summand, much as in (4.7) we estimate∥∥∥| · |ϱ e(2+ε/√t)|·|ϱKe−t∆ν+2

∥∥∥
L1(Gν)

≲ν t
[−(ν+3)/2,−3/2]

∫ ∞

0

exp

(
−r

2

5t
+
εr√
t
+
ν + 6

2
r

)
rν+1 dr

≲ν,ε,t0 t
−(ν+3)/2

∫ ∞

0

exp

(
− r2

10t

)
rν+1 dr ≃ν t−1/2

for all t ∈ (0, t0]. About the first inequality, notice that the estimate for Ke−t∆ν+2

from Lemma 4.1 involves a factor m
1/2
ν+2, while the integration formulas in Lemma

2.6 involve m
1/2
ν ; nevertheless, the ratio e−u of the two factors is simply bounded

by e|(x,u)|ϱ by Lemma 3.9(ii).
This confirms the validity of the desired bounds (4.6) for small time t ∈ (0, t0],

for any choice of t0 > 0, with a constant depending on t0.
We now set t0 = 4ε2 + 1, and discuss the bounds for large time t ≥ t0. If

γt := ε/
√
t, then γt ∈ [0, 1/2) due to our choice of t0. Consequently,

eγt|(x,u)|ϱ ≤ (2 cosh |(x, u)|ϱ)γt ≃ (coshu)γt + (e−ux2)γt ∀(x, u) ∈ Gν ,

with implicit constants independent of t ≥ t0 and ε.
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Let ℓ ∈ {0, 1}. By (2.31) and (4.4),∥∥∥eε|·|ϱ/√tY ℓ1Ke−t∆ν

∥∥∥
L1(Gν)

≲
∫ ∞

0

|Ψt(ξ)|
∫
R
eℓu exp

(
−coshu

ξ

)
×
∫ ∞

0

((coshu)γt + (e−ux2)γt) |∂ℓxKe−ξeuLν/2(x)|dµν(x) dudξ

≲ν

∫ ∞

0

|Ψt(ξ)|
∫
R

eℓu/2

ξℓ/2
exp

(
−coshu

ξ

)
(coshγt u+ ξγt) dudξ.

The latter integral can be bounded much as in [43, p. 185–186], and we obtain∥∥eε|·|ϱ/√tY ℓ1Ke−t∆ν

∥∥
L1(Gν)

≲ν,ε t
−ℓ/2

for all t ≥ t0. In a similar way, one can prove that∥∥∥eε|·|ϱ/√tY0Ke−t∆ν

∥∥∥
L1(Gν)

≲ν,ε t
−1/2

for all t ≥ t0 by following almost verbatim the calculations in [43, p. 186–187]; in
our case Lemma 4.2 plays the role of [43, Proposition 3.2]. □

From Proposition 4.4 and Lemma 2.7 we immediately deduce the following esti-
mates for the integral kernel Ht of e

−t∆ν .

Corollary 4.5. Let ε ∈ [0,∞). Then, for all t > 0,

sup
y∈Gν

∫
Gν

Ht(x,y) e
εϱ(x,y)/

√
t dµ̄ν(x) ≲ε,ν 1, (4.8)

sup
y∈Gν

∫
Gν

|∇y
νHt(x,y)| eεϱ(x,y)/

√
t dµ̄ν(x) ≲ε,ν t

−1/2, (4.9)

sup
y∈Gν

∫
Gν

|∇x
νHt(x,y)| eεϱ(x,y)/

√
t dµ̄ν(x) ≲ε,ν t

−1/2, (4.10)

sup
y∈Gν

∫
Gν

|∇y
ν∇x

νHt(x,y)| eεϱ(x,y)/
√
t dµ̄ν(x) ≲ε,ν t

−1. (4.11)

Proof. As e−t∆ν is self-adjoint, from (2.16) it follows that K∗
e−t∆ν = Ke−t∆ν . Thus,

the bounds (4.8)-(4.10) for Ht are immediate consequences, via Lemma 2.7, of the
bounds for Ke−t∆ν in Proposition 4.4. It only remains to prove (4.11).

On the other hand, by the semigroup property and the triangle inequality,∫
Gν

|∇y
ν∇x

νHt(x,y)| eεϱ(x,y)/
√
t dµ̄ν(x)

≤
∫
Gν

|∇y
νHt/2(z,y)| eεϱ(z,y)/

√
t

∫
Gν

|∇x
νHt/2(x, z)| eεϱ(x,z)/

√
t dµ̄ν(x) dµ̄ν(z),

and therefore the bounds (4.10) and (4.9) imply (4.11). □

5. Multiplier theorem and Riesz transforms for p ≤ 2

5.1. Proof of the multiplier theorem. The following proposition is a counter-
part of [39, Proposition 5.1]. For any r > 0, we write Er for the set of even Schwartz
functions on R whose Fourier support is contained in [−r, r].

Proposition 5.1. Let F ∈ Er for some r > 0. Then,

∥KF (
√
∆ν)

∥L1(Gν) ≲ν r
[(ν+1)/2,3/2]∥KF (

√
∆ν)

∥L2(Gν).
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Proof. Observe that since F ∈ Er the finite propagation speed property for ∆ν

[40, Lemma 4.17] implies that suppKF (
√
∆ν)

⊆ BGν
(0, r). Thus, for r ≤ 1 the

Cauchy–Schwarz inequality gives

∥KF (
√
∆ν)

∥L1(Gν) ≤ |BGν (0, r)|1/2 ∥KF (
√
∆ν)

∥L2(Gν) ≃ν r
(ν+1)/2∥KF (

√
∆ν)

∥L2(Gν),

where the last estimate follows from [40, eq. (4.32)].
On the other hand, for r ≥ 1 we again use the Cauchy–Schwarz inequality to get

∥KF (
√
∆ν)

∥L1(Gν) ≤

(∫
BGν (0,r)

(1 + xν)−1 dµν(x) du

)1/2

×

∥KF (
√
∆ν)

∥L2(Gν) +

(∫
BGν (0,r)

|KF (
√
∆ν)

(x, u)|2 xν dµν(x) du

)1/2
 .

By [40, Corollary 4.16],(∫
BGν (0,r)

|KF (
√
∆ν)

(x, u)|2 xν dµν(x) du

)1/2

≲ν r
1/2 ∥KF (

√
∆ν)

∥L2(Gν).

Finally,∫
BGν (0,r)

(1 + xν)−1 dµν(x) du

=

∫ ∞

0

∫
R
1[0,r](arccosh(coshu+ x2e−u/2))

xν−1

1 + xν
dxdu,

which is bounded by a constant multiple of r2 (cf. [39, p. 371]).
Combining the above gives the claim. □

The following result is an analogue of [39, Propositions 5.3 and 5.5], and gives us
a weighted L1-estimate for convolution kernels of operators F (∆ν) corresponding
to compactly supported multipliers F which are sufficiently smooth.

Proposition 5.2. Let F ∈ L2(R) be even and supported in [−2, 2]. Then

∥KF (t
√
∆ν)

(1 + | · |ϱ/t)ε∥L1(Gν) ≲ν,s0,s∞,ε

{
∥F∥L2

s0
if t ≥ 1,

∥F∥L2
s∞

+ t(2−ν)+/2∥F∥L2
s0

if t ≤ 1,

(5.1)
for all ε ≥ 0, t > 0, s0 > 3/2 + ε and s∞ > (ν + 1)/2 + ε. Moreover,

∥|∇νKF (t
√
∆ν)

|∥L1(Gν) ≲ν,s0,s∞ t−1

{
∥F∥L2

s0
if t ≥ 1,

∥F∥L2
s∞

+ t(2−ν)+/2∥F∥L2
s0

if t ≤ 1,
(5.2)

for all t > 0, s0 > 3/2 and s∞ > (ν + 1)/2.

Proof. In order to justify (5.1) we follow, with some modifications, the steps of
the proof of [39, Proposition 5.3], using Propositions 2.4 and 5.1 above in place
of [39, Corollary 4.6 and Proposition 5.1]. Specifically, as in the proof of [39,
Proposition 5.3], one decomposes F =

∑
ℓ∈N Fℓ and obtains the estimates

∥KFℓ(t
√
∆ν)

(1 + | · |ϱ/t)ε∥L1(Gν) ≲ν,ε,s 2
ℓ(ε−s)(2ℓt)[(ν+1)/2,3/2]t[−(ν+1)/2,−3/2]∥F∥L2

s

for all ℓ ∈ N, t > 0 and ε, s ≥ 0. Differently from [39], here we sum the above
estimates using different Sobolev exponents according to the value of 2ℓt, thus
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obtaining

∥KF (t
√
∆ν)

(1 + | · |ϱ/t)ε∥L1(Gν) ≲ν,ε,s,s′ t
[(2−ν)/2,0]∥F∥L2

s

∑
ℓ∈N : 2ℓt≥1

2ℓ(3/2+ε−s)

+ t[0,(ν−2)/2]∥F∥L2
s′

∑
ℓ∈N : 2ℓt≤1

2ℓ((ν+1)/2+ε−s′).

When t ≥ 1, the second sum is empty, and taking s = s0 > 3/2+ε leads to the first
bound in (5.1). When t ≤ 1, in the case ν ≥ 2 we take s = s′ = s∞ > (ν+1)/2+ ε,
so both sums converge and the first one compensates the factor t(2−ν)/2; instead,
in the case ν < 2, we take s = s0 and s′ = s∞. In both cases, we obtain the second
bound in (5.1).

As for (5.2), let H(λ) = F (λ)eλ
2

. Thus KF (t
√
∆ν)

= KH(t
√
∆ν)

⋄ν Ke−t2∆ν and,

by (2.10) and (2.18),

|∇νKF (t
√
∆ν)

| ≤ |KH(t
√
∆ν)

| ⋄ν |∇νKe−t2∆ν |.

Hence, Young’s inequality (2.11) and Proposition 4.4 give

∥|∇νKF (t
√
∆ν)

|∥L1(Gν) ≤ t−1∥KH(t
√
∆ν)

∥L1(Gν)

and (5.2) follows by applying (5.1) with ε = 0 and H in place of F . □

Proof of Theorem 1.1. Much as in the proof of [39, Theorem 1.1], we may assume
that F is real-valued, and decompose F =

∑
j∈Z Fj(2

−j ·), where Fj = F (2j ·)ψ for

a suitable cutoff ψ. Choose ε > 0 such that s0 > 3/2 + ε and s∞ > (ν + 1)/2 + ε.
By applying Proposition 5.2 to the functions Fj with t = 2−j , we see that the
convolution kernels Kj of the operators Fj(2

−j√∆ν) satisfy the assumptions (3.12)
of Corollary 3.14 with c = 2, provided

sup
j≤0

∥Fj∥L2
s0
<∞, sup

j>0
(∥Fj∥L2

s∞
+ 2−j(2−ν)+/2∥Fj∥L2

s0
) <∞.

This condition is clearly satisfied under the assumption (1.5), thus Corollary 3.14

implies that F (
√
∆) is bounded L1(Gν) → L1,∞(Gν), H

1(Gν) → L1(Gν) and
Lp(Gν) → Lp(Gν) for p ∈ (1, 2]. As F is real-valued, F (

√
∆ν) is self-adjoint, so by

duality we also deduce that F (
√
∆ν) is also bounded L∞(Gν) → BMO(Gν) and

Lp(Gν) → Lp(Gν) for p ∈ [2,∞), as required. □

5.2. Sharpness of the smoothness requirement. Theorem 1.1 implies that,
under the scale-invariant smoothness assumption

∥F∥L∞
s,sloc

:= sup
t>0

∥F (t·)χ∥L∞
s
<∞

for some s > max{3, ν + 1}/2, the operator F (∆ν) is of weak type (1, 1), bounded
from H1(Gν) to L

1(Gν), and bounded on Lp(Gν) for all p ∈ (1,∞). We shall now
show that the threshold max{3, ν +1}/2 cannot be replaced by a smaller quantity.

In the case ν ≥ 2, we have max{3, ν + 1}/2 = (ν + 1)/2. So, in this case,
the claimed sharpness is a consequence of the following result, which also gives a
p-dependent lower bound on the smoothness requirement for Lp(Gν)-boundedness.

Proposition 5.3. If ν ≥ 1, then, for all p ∈ (1,∞),

inf
{
s > 0 : ∥F (∆ν)∥L1→L1,∞ ≲s ∥F∥L∞

s,sloc
∀F ∈ C∞

c (R̊+)
}
≥ ν + 1

2
,

inf
{
s > 0 : ∥F (∆ν)∥Lp→Lp ≲s ∥F∥L∞

s,sloc
∀F ∈ C∞

c (R̊+)
}
≥ (ν + 1)

∣∣∣∣12 − 1

p

∣∣∣∣ .
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The proof of the above result is based on a transplantation argument, analogous
to that used, e.g., in [31, 36]. The idea is that, by an appropriate “contraction”
procedure via dilations, the semidirect product Gν = Xν ⋊R can be approximated
by the direct product Xν × R, and the natural Laplacian −∂2u + Lν on the direct
product behaves like Lν+1 when restricted to a suitable class of “radial functions”.

Lemma 5.4. For all F ∈ C0(R+) and p ∈ [1,∞],

∥F (Lν+1)∥L1(Xν+1)→L1,∞(Xν+1) ≤ lim inf
r→0+

∥F (r∆ν)∥L1(Gν)→L1,∞(Gν),

∥F (Lν+1)∥Lp(Xν+1)→Lp(Xν+1) ≤ lim inf
r→0+

∥F (r∆ν)∥Lp(Gν)→Lp(Gν).

Proof. Let δλ : Gν → Gν denote the isotropic dilation of parameter λ > 0, given
by δλ(x, u) = (λx, λu). Then from (1.2) we see that

(∆ν(f ◦ δλ)) ◦ δ−1
λ = λ2∆(λ)

ν f,

where

∆(λ)
ν = −∂2u + e2u/λLν .

As a consequence, if Dλf = f ◦ δλ, then Dλ is a multiple of an L2(Gν)-isometry
and, for any bounded Borel function F ,

F (∆(λ)
ν ) = D−1

λ F (λ−2∆ν)Dλ;

as Dλ also preserves Lp and L1,∞ norms (up to multiplicative constants), we con-
clude that

∥F (∆(λ)
ν )∥L1→L1,∞ = ∥F (λ−2∆ν)∥L1→L1,∞ ,

∥F (∆(λ)
ν )∥Lp→Lp = ∥F (λ−2∆ν)∥Lp→Lp .

Moreover, if we set

∆(∞)
ν := −∂2u + Lν ,

then we see that, for all f ∈ Se(R+)⊗ C∞
c (R),

∆(λ)
ν f → ∆(∞)

ν f as λ→ ∞

in L2(Gν). As Se(R+) ⊗ C∞
c (R) is a core for ∆

(∞)
ν , following the proof of [36,

Theorem 5.2] we conclude that, for any F ∈ C0(R+),

F (∆(λ)
ν ) → F (∆(∞)

ν ) as λ→ ∞

in the strong operator topology on L2(Gν), and therefore

∥F (∆(∞)
ν )∥L1→L1,∞ ≤ lim inf

λ→∞
∥F (λ−2∆ν)∥L1→L1,∞ ,

∥F (∆(∞)
ν )∥Lp→Lp ≤ lim inf

λ→∞
∥F (λ−2∆ν)∥Lp→Lp .

Notice now that Φ : L2(Xν+1) → L2(Gν) given by Φg(x, u) = g(
√
x2 + u2) is

(up to a multiplicative constant) a linear isometric embedding, and an elementary
computation shows that

∆(∞)
ν Φg = ΦLν+1g

for all g ∈ Se(R+). We then conclude that ΦF (Lν+1) = F (∆
(∞)
ν )Φ for all bounded

Borel functions F , whence also

∥F (Lν+1)∥L1→L1,∞ ≤ ∥F (∆(∞)
ν )∥L1→L1,∞

∥F (Lν+1)∥Lp→Lp ≤ ∥F (∆(∞)
ν )∥Lp→Lp .

The conclusion follows by combining the above bounds. □
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Proof of Proposition 5.3. We only discuss weak type (1, 1) bounds; a similar argu-
ment applies to Lp-bounds.

Let us assume a contrario that a bound of the form

∥F (∆ν)∥L1(Gν)→L1,∞(Gν) ≲ sup
r>0

∥F (r·)χ∥L∞
s (R)

holds for some s < (ν +1)/2. Combining this with Lemma 5.4 would then give the
bound

∥F (Lν+1)∥L1(Xν+1)→L1,∞(Xν+1) ≲ sup
r>0

∥F (r·)χ∥L∞
s (R).

By the discussion in [30, Section 1.3], however, we know that the latter bound
cannot hold when s < (ν + 1)/2. □

We now turn to the discussion of the case where ν < 2. In this case, max{3, ν +
1}/2 = 3/2, and the sharpness of this threshold is given by the following result.

Proposition 5.5. If ν ≥ 1, then

inf
{
s > 0 : ∥F (∆ν)∥H1(Gν)→L1(Gν) ≲s ∥F∥L∞

s,sloc
∀F ∈ C∞

c (R̊+)
}
≥ 3

2
.

A discrete analogue of this result in the setting of flow trees is contained in [42,
Proposition 6.13 and Remark 6.14]; as in [42], the proof here exploits ideas from
[38] in the construction of appropriate functions F to test the above bounds.

We shall need a couple of auxiliary lemmas.

Lemma 5.6. For all n ∈ N+, we can write(
−1

sinh r
∂r

)n
eirξ =

−iξeirξ

sinhn r
Pn−1(ξ, coth r) ∀ξ ∈ R, r > 0, (5.3)

where Pk(x, y) is a polynomial of degree k such that Pk(0, 1) = k! for any k ∈ N.

Proof. An easy induction argument shows that (5.3) holds with the polynomials
Pk given by the recursive formula

Pk(x, y) =

{
1 if n = 0,

(ky − ix)Pk−1(x, y) + (y2 − 1)∂yPk−1(x, y) if k > 0.

In particular,

Pk(0, 1) =

{
1 if k = 0,

kPk−1(0, 1) if k > 0,

i.e., Pk(0, 1) = k!, as claimed. □

The next lemma shows how to produce elements of the Hardy space H1(Gν) by
means of functions of ∆ν . Recall that, for any r > 0, we write Er for the set of even
Schwartz functions on R whose Fourier support is contained in [−r, r].

Lemma 5.7. For any r > 0 and ψ ∈ Er,
K∆νψ(

√
∆ν)

∈ H1(Gν).

Proof. We shall show that K∆νψ(
√
∆ν)

is a multiple of an H1(Gν)-atom (see Defi-

nition 3.7). Notice that, by Definition 3.10, any compact subset of Gν is contained
in an admissible set. Thus, it is enough to show that K∆νψ(

√
∆ν)

is a compactly

supported L2(Gν)-function with vanishing integral.

Notice that ∆νψ(
√
∆ν) = ψ̃(

√
∆ν), where ψ̃(λ) = λ2ψ(λ) is in Er too, thus

K∆νψ(
√
∆ν)

∈ L2(Gν) by Proposition 2.4 and suppK∆νψ(
√
∆ν)

⊆ BGν
(0, r) by

finite propagation speed [40, Lemma 4.17]. On the other hand,

K∆νψ(
√
∆ν)

= ∆νKψ(
√
∆ν)

,
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where Kψ(
√
∆ν)

is also an L2(Gν)-function supported in BGν
(0, r). If we now take

a compactly supported, real-valued cutoff χ ∈ Se(R+)⊗C∞
c (R) such that χ ≡ 1 on

a neighbourhood of BGν (0, r), then integration by parts gives∫
Gν

K∆νψ(
√
∆ν)

dµ̄ν =

∫
Gν

χ∆νKψ(
√
∆ν)

dµ̄ν =

∫
Gν

∆νχKψ(
√
∆ν)

dµ̄ν = 0,

as ∆νχ vanishes on BGν
(0, r). □

Proof of Proposition 5.5. Let δ > 0 be a small parameter to be fixed later, and set
Ft(λ) = eitλχδ(λ), where χδ is a smooth cutoff function supported in [δ2/8, 2δ2]
and equal to 1 in [δ2/4, δ2]. Let moreover ψ ∈ E1 be such that ψ(0) = 1.

By Corollary 2.10 and Lemma 5.6, for all r > 0,

2πΓ(1− {ν/2})HFt(∆ν)∆νψ(
√
∆ν)

(r)

=

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }

∫
R
ξ2ψ(ξ)Ft(ξ

2)

(
−1

sinhx
∂x

)⌊ ν
2 ⌋+1

eixξ dξ dx

= −i
∫
R
ξ3ψ(ξ)χδ(ξ

2)eitξ
2

∫ ∞

r

P⌊ ν
2 ⌋(ξ, cothx) e

ixξ

(coshx− cosh r){
ν
2 } sinh⌊

ν
2 ⌋ x

dxdξ

= −i
∫
R
ξ3ψ(ξ)χδ(ξ

2)ei(tξ
2+rξ)

∫ ∞

0

P⌊ ν
2 ⌋(ξ, coth(x+ r)) eixξ

(cosh(x+ r)− cosh r){
ν
2 } sinh⌊

ν
2 ⌋(x+ r)

dxdξ.

Expressing hyperbolic functions in terms of exponentials then shows that

HFt(∆ν)∆νψ(
√
∆ν)

(r) = e−
ν
2 rIν(r/t, e

−2r, t), (5.4)

where

Iν(h, σ, t) =

∫
R
eitϕ(h,ξ)ξ3χδ(ξ

2)Aν(ξ, σ) dξ, ϕ(h, ξ) = ξ2 + hξ,

Aν(ξ, σ) =
−2

ν
2 iψ(ξ)

2πΓ(1− {ν2})

∫ ∞

0

P⌊ ν
2 ⌋

(
ξ, 1 + 2σe−2x

1−σe−2x

)
eixξ

(1− σe−x){
ν
2 }(1− σe−2x)⌊

ν
2 ⌋(ex − 1){

ν
2 }e⌊

ν
2 ⌋x

dx.

Notice that Aν is smooth in a neighbourhood of (0, 0) and, by Lemma 5.6,

|Aν(0, 0)| =
2

ν
2 ⌊ν2

⌋
!

2πΓ(1− {ν2})

∫ ∞

0

(ex − 1)−{ ν
2 }e−⌊ ν

2 ⌋x dx > 0.

Hence, there is ε > 0 such that |Aν(ξ, σ)| ≳ 1 for any ξ, σ ∈ [−ε, ε].
The phase function ϕ(h, ·) in the oscillatory integral Iν(h, σ, t) has a single critical

point ξc(h) = −h/2, and moreover ∂2ξϕ(h, ξ) = 2. By the method of stationary

phase (see [22, Theorem 7.7.6]), up to taking a smaller ε > 0, we obtain that, for
any δ ∈ (0, ε],

Iν(h, σ, t) = −2−3
√
πeiπ/4h3χδ(h

2/4)Aν(−h/2, σ)e−ith
2/4t−1/2 +O(t−3/2) (5.5)

as t→ ∞, uniformly in h, σ ∈ [−ε, ε].
Let us now fix δ = ε/2. From (5.4) and (5.5) we deduce that

|HFt(∆ν)∆νψ(
√
∆ν)

(r)| ≳ e−νr/2t−1/2

for any sufficiently large t and any r ∈ [δt, 2δt]. Thus, from (2.29) and Lemma 2.6,
we obtain that, for any sufficiently large t,

∥KFt(∆ν)∆νψ(
√
∆ν)

∥L1(Gν) ≳
∫ ∞

1

|HFt(∆ν)∆νψ(
√
∆ν)

(r)| reνr/2 dr

≳ t−1/2

∫ 2δt

δt

r dr ≃ t3/2.
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Thus, for any sufficiently large t,

t3/2 ≲ ∥KFt(∆ν)∆νψ(
√
∆ν)

∥L1(Gν) = ∥Ft(∆ν)K∆νψ(
√
∆ν)

∥L1(Gν)

≲ ∥Ft(∆ν)∥H1(Gν)→L1(Gν), (5.6)

where we used that ∥Kψ̃(
√
∆ν)

∥H1(Gν) < ∞ by Lemma 5.7. Combining this with

the easily verified fact

sup
r>0

∥χFt(r·)∥L∞
s (R) ≃s ∥Ft∥L∞

s (R) ≃s ts, t ≥ 1, (5.7)

finishes the proof. □

Remark 5.8. From Proposition 5.2 we deduce the bound

sup
r≥1

∥KF (r∆ν)∥L1(Gν) ≲s ∥F∥L∞
s

for any F supported in [−4, 4] and any s > 3/2. The threshold 3/2 here is sharp too,
as can be seen from the proof of Proposition 5.5: indeed, this follows by comparing
(5.7) with the fact that, by (5.6), ∥KFt(∆ν)∥L1(Gν) ≳ t3/2 for sufficiently large t.

5.3. Boundedness of the Riesz transforms for p ≤ 2. We shall now verify
that the Riesz transforms R0 and R1 satisfy the assumptions of Theorem 3.12 and
thus are of weak type (1, 1), bounded from H1(Gν) to L1(Gν), and bounded on
Lp(Gν), p ∈ (1, 2]. Much as in other works in the literature (see, e.g., [19, 42, 43]),
this verification is an immediate consequence of the gradient heat kernel bounds
stated in Corollary 4.5.

Proof of Theorem 1.2 for p ∈ (1, 2]. Let k ∈ {0, 1}, and notice that

Rk = Yk∆
−1/2
ν =

1√
π

∫ ∞

0

Yke
−t∆ν

dt√
t
.

Thus, we can decompose Rk =
∑
j∈Z T

(k)
j , where the T

(k)
j are integral operators

associated with the kernels

K(k)
j (x,y) =

1√
π

∫ 2j

2j−1

Y x
k Ht(x,y)

dt√
t
.

By using the heat kernel bounds of Corollary 4.5, we can now check that the

operators T
(k)
j satisfy the assumptions of Theorem 3.12 and Corollary 3.13 with

c = 1/
√
2 and ε = 1. Indeed, for any y ∈ Gν , by (4.10),∫

Gν

|K(k)
j (x,y)| (1 + 2−j/2ϱ(x,y)) dµ̄ν(x)

≲
∫ 2j

2j−1

∫
Gν

|∇x
νHt(x,y)| eϱ(x,y)/

√
t dµ̄ν(x)

dt√
t
≲ 1.

Moreover, by (4.11),

sup
y∈Gν

∥|∇y
νK

(k)
j (·,y)|∥L1(Gν) ≲ sup

y∈Gν

∫ 2j

2j−1

∫
Gν

∣∣∇y
ν∇x

νHt(x,y)
∣∣ dµ̄ν(x) dt√

t
≲ 2−j/2.

By Corollary 3.13 we then conclude that Rk is of weak type (1, 1), bounded from
H1(Gν) to L

1(Gν), and bounded on Lp(Gν) for all p ∈ (1, 2]. □
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6. Convolution kernels of the Riesz transforms

6.1. The kernels KR0
and KR1

. Recall the definition (1.7) of the Riesz trans-
forms. By the well-known subordination formula, we can write

∆−1/2
ν =

1√
π

∫ ∞

0

e−t∆ν
dt√
t
.

We now define

K
∆

−1/2
ν

:=
1√
π

∫ ∞

0

Ke−t∆ν

dt√
t
. (6.1)

Notice that Ke−t∆ν is nonnegative on Gν , so K∆
−1/2
ν

is too. Moreover, by applying

the L1- and L2-bounds from Lemma 4.1 for t small and t large respectively, one
sees that K

∆
−1/2
ν

∈ L1(Gν) + L2(Gν) and that, at least for f ∈ Cc(Gν),

∆−1/2
ν f(x) = f ⋄ν K∆

−1/2
ν

(x) =

∫
Gν

f(y−) ℓyK∆
−1/2
ν

(x) dµ̄ν(y) (6.2)

by (2.9) and (2.10). As we shall see in Proposition 6.1 below, K
∆

−1/2
ν

is actually a

smooth function away from 0.
As the differential operator Y0 commutes with left translations onGν (see (2.28)),

from (6.2) we see that, at least formally,

R0f = f ⋄ν KR0 , KR0 := Y0K∆
−1/2
ν

,

and moreover, by (2.16),

R∗
0f = f ⋄ν KR∗

0
, KR∗

0
:= K∗

R0
.

The previous expressions for R0 and R∗
0 must actually be interpreted with some

care, because, as we shall see, the above-defined kernels KR0 ,KR∗
0
∈ C∞

c (Gν \
{0}) are not locally integrable in a neighbourhood of 0; this is to be expected,
due to the nature of R0 and R∗

0 as singular integral operators. Nevertheless, the
kernels KR0

,KR∗
0
may still be used as “off-diagonal kernels” for the corresponding

operators, in the sense of Proposition 2.8, as we shall discuss in greater detail in
Section 6.4 below.

The same approach cannot be directly applied to R1, as Y1 does not commute
with left translations on Gν . A similar representation for R1 can however be ob-
tained by exploiting the relations between Gν and GD

ν discussed in Section 2.4
(recall that we write Xef and Xof for the even and odd extensions to GD

ν of a
function f on Gν). Indeed, by (6.2) and (2.55) we can also write

(Xe∆
−1/2
ν f)(x) = (Xef) ⋄Dν (XeK∆

−1/2
ν

)(x)

=

∫
GD

ν

(Xef)(y
−1) ℓDy (XeK∆

−1/2
ν

)(x) dµ̄D
ν (y).

(6.3)

Moreover, if Y D
1 := euDν is the lifting to GD

ν of the Dunkl operator Dν on XD
ν ,

then we know from (2.63) that Y D
1 commutes with left translations on GD

ν , and
moreover Y D

1 coincides with Y1 when applied to even functions, in the sense that

XoY1f = Y D
1 Xef. (6.4)

Thus, if we write R1 = X ∗
oXoR1 = X ∗

o Y
D
1 Xe∆

−1/2
ν , where X ∗

o is the adjoint opera-
tor to Xo, then from (6.3) we deduce that, at least formally,

R1f = X ∗
o ((Xef) ⋄Dν (XoKR1)) = ((Xef) ⋄Dν (XoKR1))|Gν , KR1 := Y1K∆

−1/2
ν

,

and moreover, by (2.59) and the fact that (XoKR1)
• = −XoK

∗
R1

,

R∗
1f = X ∗

e ((Xof) ⋄Dν (XoKR∗
1
)) = ((Xof) ⋄Dν (XoKR∗

1
))|Gν

, KR∗
1
:= −K∗

R1
.
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Again, the above identities must be interpreted with some care, as the kernels
XoKR1

,XoKR∗
1
∈ C∞

c (GD
ν \ {0}) are singular at 0, but we postpone to Section 6.4

a more detailed discussion, based on Proposition 2.14.
We shall now obtain precise asymptotics at the origin and at infinity for the

kernel K
∆

−1/2
ν

and its derivatives KRj
= YjK∆

−1/2
ν

on Gν , which play a crucial role

in deriving Lp-boundedness properties for the Riesz transforms for p ≥ 2.

6.2. Estimates for K
∆

−1/2
ν

. By (6.1) and (2.29), we can also write

K
∆

−1/2
ν

(x) =
2(2−ν)/2

Γ(ν/2)
m1/2
ν (x)H

∆
−1/2
ν

(|x|ϱ), (6.5)

where

H
∆

−1/2
ν

=
1√
π

∫ ∞

0

He−t∆ν

dt√
t
. (6.6)

Proposition 6.1. For all ν ≥ 1, the function H
∆

−1/2
ν

is smooth on R̊+. Moreover,

the following identities hold for all r ∈ R̊+.

(i) For all k ∈ N+,

H
∆

−1/2
2k

(r) =
1

π

(
−1

sinh r
∂r

)k−1
1

r sinh r
.

(ii) For all ν ≥ 1 and ℓ ∈ N+,(
−1

sinh r
∂r

)ℓ
H

∆
−1/2
ν

(r) =
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }
H

∆
−1/2

2+2⌊ ν
2
⌋+2ℓ

(x) dx.

(6.7)

In particular, K
∆

−1/2
ν

is smooth on Gν \ {0}.

Proof. Notice first that, by (2.34), for all x ∈ R̊+,∫ ∞

0

He−t∆2 (x)
dt√
t
=

1√
π

1

x sinhx
,

and clearly differentiation in x and integration in t can be exchanged in the above
integral. Thus, by (6.6) and Proposition 2.9(i), for all k ∈ N+,

H
∆

−1/2
2k

(x) =
1√
π

∫ ∞

0

(
−1

sinhx
∂x

)k−1

He−t∆2 (x)
dt√
t
=

1

π

(
−1

sinhx
∂x

)k−1
1

x sinhx
,

as claimed in part (i).

Similarly, by Proposition 2.9(i)-(iii), for all ν ≥ 1, ℓ ∈ N and r ∈ R̊+,(
−1

sinh r
∂r

)ℓ
He−t∆ν (r)

=
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }

(
−1

sinhx
∂x

)⌊ ν
2 ⌋+ℓ

He−t∆2 (x) dx

=
1

Γ(1− {ν2})

∫ ∞

r

sinhx

(coshx− cosh r){
ν
2 }
H
e
−t∆2+2⌊ ν

2
⌋+2ℓ (x) dx;

by (6.6), integration of the previous identity with respect to dt/
√
t leads to the

formula of part (ii). □

Remark 6.2. Proposition 6.1 agrees with [37, Proposition 2.2] for integer values

of ν, up to the constant S̃ν in (2.33).

Now we are ready to study the asymptotic behaviour of the derivatives ofH
∆

−1/2
ν

.

An analogue of the following result for integer ν is [37, Proposition 2.3].
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Proposition 6.3. For any ℓ ∈ N and r ∈ R̊+,(
−1

sinh r
∂r

)ℓ
H

∆
−1/2
ν

(r) =

Γ(ℓ+ ν
2 )

π
(cosh r)

−(ℓ+ ν
2 )

log cosh r

(
1 +O

(
1

log cosh r

))
, r → ∞,

2ℓ+
ν
2 Γ(ℓ+ ν

2 )

2π r−(2ℓ+ν)
(
1 +O(r2 + rν+2ℓ)

)
, r → 0+.

(6.8)

Remark 6.4. Since log cosh r = r(1 + O(r−1)) as r → ∞, one could replace the
term log cosh r by r in the above asymptotics and other related formulas. However,
also due to the expression (2.17) for the distance on Gν , here we prefer to keep an
explicit dependence on cosh r.

Proof. By [37, Proposition 2.3] the claim holds for integer values of ν. We shall
now justify it for any noninteger ν ≥ 1.

Let us first prove the asymptotics for r → ∞. We recall the generalised binomial
formula:

(x− y)−α =
∑
k∈N

(
α+ k − 1

k

)
x−α−kyk (6.9)

for all α > 0 and x > y > 0, where(
β

k

)
=
β(β − 1) . . . (β − k + 1)

k!
, β ∈ R, k ∈ N.

Applying this to (6.7) gives(
−1

sinh r
∂r

)ℓ
H

∆
−1/2
ν

(r)

=
1

Γ(1− {ν2})
∑
k∈N

(
{ν2}+ k − 1

k

)
(cosh r)k

∫ ∞

r

sinhx

(coshx){
ν
2 }+k

H
∆

−1/2

2⌊ ν
2
⌋+2ℓ+2

(x) dx.

By using the known asymptotics for H
∆

−1/2

2⌊ ν
2
⌋+2ℓ+2

we arrive at

(
−1

sinh r
∂r

)ℓ
H

∆
−1/2
ν

(r) =
Γ(⌊ν2 ⌋+ ℓ+ 1)

πΓ(1− {ν2})
∑
k∈N

(
{ν2}+ k − 1

k

)
(cosh r)k

×
(
1 +O

(
1

log cosh r

))∫ ∞

r

sinhx

(coshx)
ν
2+k+ℓ+1 log coshx

dx (6.10)

as r → ∞, where the implicit constant in the Big-O term is independent of k.
Observe that, for any A > 0, by integration by parts,

1

AeA
−
∫ ∞

A

dx

xex
=

∫ ∞

A

dx

x2ex
≤ 1

A2eA
.

Thus, by the substitution coshx = exp(y(k + ℓ+ ν/2)−1),∫ ∞

r

sinhx

(coshx)
ν
2+k+ℓ+1 log coshx

dx =

∫ ∞

(k+ℓ+ν/2) log cosh r

dy

y ey

=
(cosh r)−(k+ℓ+ν/2)

(k + ℓ+ ν/2) log cosh r

(
1 +O

(
1

log cosh r

))
as r → ∞. By plugging this into (6.10) we obtain(

−1

sinh r
∂r

)ℓ
H

∆
−1/2
ν

(r)

=
Γ(⌊ν2 ⌋+ ℓ+ 1)

πΓ(1− {ν2})
(cosh r)−ℓ−ν/2

log cosh r

∑
k∈N

({ ν
2 }+k−1
k

)
k + ℓ+ ν/2

(
1 +O

(
1

log cosh r

))
. (6.11)
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Now, notice that, by (6.9), for t ∈ (0, 1),∑
k∈N

(
{ν2}+ k − 1

k

)
tk+ℓ+ν/2

k + ℓ+ ν/2
=

∫ t

0

∑
k∈N

(
{ν2}+ k − 1

k

)
sk+ℓ−1+ν/2 ds

=

∫ t

0

sℓ−1+ν/2(1− s)−{ ν
2 } ds,

and taking the limit as t→ 1− yields∑
k∈N

(
{ν2}+ k − 1

k

)
1

k + ℓ+ ν/2
=

Γ(ν2 + ℓ)Γ(1− {ν2})
Γ(⌊ν2 ⌋+ ℓ+ 1)

.

Plugging this expression into (6.11) yields the desired asymptotics (6.8) for r → ∞.
Now we consider r ∈ (0, 1). In (6.7) we split the interval of integration into (r, 1)

and (1,∞). In the latter case, by using (6.8) for large arguments,

0 ≤ 1

Γ(1− {ν2})

∫ ∞

1

sinhx

(coshx− cosh r){
ν
2 }
H

∆
−1/2

2+2⌊ ν
2
⌋+2ℓ

(x) dx

≲ν,ℓ

∫ ∞

1

(coshx)−(⌊ ν
2 ⌋+ℓ+1) sinhx

(coshx− cosh 1){
ν
2 }

dx ≲ν,ℓ 1.

For the integration over the interval (r, 1), much as in the proof of [37, Proposi-
tion 2.3], we first notice that

sinhx

(coshx− cosh r){
ν
2 }

=
2{

ν
2 }x

(x2 − r2){
ν
2 }

(
1 +O(x2)

)
, 0 < r < x < 1.

Thus, by applying also the known asymptotics (6.8) for H∆2+2⌊ ν
2
⌋+2ℓ

, we obtain

1

Γ(1− {ν2})

∫ 1

r

sinhx

(coshx− cosh r){
ν
2 }
H

∆
−1/2

2+2⌊ ν
2
⌋+2ℓ

(x) dx

=
21+ℓ+

ν
2 Γ(ℓ+ ⌊ν2 ⌋+ 1)

2πΓ(1− {ν2})

∫ 1

r

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − r2){
ν
2 }

(1 +O(x2)) dx

=
2ℓ+

ν
2 Γ(ℓ+ ⌊ν2 ⌋+ 1)

πΓ(1− {ν2})rν+2l

∫ 1/r

1

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

(1 +O((rx)2)) dx

=
2ℓ+

ν
2 Γ(ℓ+ ⌊ν2 ⌋+ 1)

πΓ(1− {ν2})rν+2l

(∫ ∞

1

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

dx+ E(r)

)
,

where E(r) is the error term given by

E(r) =

∫ 1/r

1

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

O((xr)2) dx−
∫ ∞

1/r

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

dx.

For the main term we have∫ ∞

1

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

dx =
1

2

∫ 1

0

(1− u)−{ ν
2 }uν/2+ℓ−1 du =

Γ(1− {ν2})Γ(
ν
2 + ℓ)

2Γ(⌊ν2 ⌋+ ℓ+ 1)
,

whereas, for the error term,

|E(r)| ≲ν,ℓ r2
∫ 1/r

1

x−(2⌊ ν
2 ⌋+2ℓ−1)

(x2 − 1){
ν
2 }

dx+

∫ ∞

1/r

x−(2⌊ ν
2 ⌋+2ℓ+1)

(x2 − 1){
ν
2 }

dx ≃ν,ℓ r2 + rν+2ℓ;

notice that the first integral has a different asymptotic behaviour for r → 0+

according to whether ν +2ℓ is less than or greater than 2 (the case ν +2ℓ = 2 does
not occur, as ν is not an integer).

Combining the above yields the asymptotics (6.8) for r → 0+. □
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6.3. Estimates for KR0
and KR1

. Recall from Section 6.1 that

KR0
= Y0K∆

−1/2
ν

, KR1
= Y1K∆

−1/2
ν

(6.12)

and

KR∗
0
= K∗

R0
, KR∗

1
= −K∗

R1
. (6.13)

Proposition 6.5. For all x = (x, u) ∈ Gν \ {0},

Γ(ν/2)

2(2−ν)/2
m−1/2
ν (x)KR1(x) =

x

sinh r
∂rH∆

−1/2
ν

(r),

Γ(ν/2)

2(2−ν)/2
m−1/2
ν (x)KR∗

1
(x) = − e−ux

sinh r
∂rH∆

−1/2
ν

(r),

and

Γ(ν/2)

2(2−ν)/2
m−1/2
ν (x)KR0

(x) = −ν
2
H

∆
−1/2
ν

(r) +
sinhu− e−ux2/2

sinh r
∂rH∆

−1/2
ν

(r),

Γ(ν/2)

2(2−ν)/2
m−1/2
ν (x)KR∗

0
(x) = −ν

2
H

∆
−1/2
ν

(r)− sinhu+ e−ux2/2

sinh r
∂rH∆

−1/2
ν

(r),

where

r = |(x, u)|ϱ = arccosh(coshu+ e−ux2/2). (6.14)

Proof. The expression (6.14) for r follows from (2.17).
Now, much as in (4.5), by (1.4), (2.8) and (6.14) we see that

Y0m
1/2
ν (x) = −ν

2
m1/2
ν (x), Y0r(x) =

sinhu− e−ux2/2

sinh r
,

Y1m
1/2
ν (x) = 0, Y1r(x) =

x

sinh r
.

(6.15)

Thus, the claimed formulas for KR0 and KR1 follow by (6.12) and (6.5), the Chain
Rule and the Leibniz Rule.

Now, by (2.15), (2.8) and (6.14),

(m1/2
ν f)∗(x) = m1/2

ν (x)f(x−), r(x−) = r(x),

and the formulas for the kernels KR∗
j
follow by (6.13) from those proved for the

kernels KRj
. □

Proposition 6.6. For all x = (x, u) ∈ Gν \ {0},

KR0(x) = −ν
π

u

rν+2
+ E0(x), KR∗

0
(x) =

ν

π

u

rν+2
+ Ẽ0(x),

KR1(x) = −ν
π

x

rν+2
+ E1(x), KR∗

1
(x) =

ν

π

x

rν+2
+ Ẽ1(x),

where r is as in (6.14), while Ej , Ẽj ∈ L1
loc(Gν) for j = 0, 1. Analogous expressions

hold where rν+2 is replaced by (x2 + u2)
ν
2+1.

Proof. Propositions 6.3 and 6.5 yield that all the kernels are locally integrable off
the origin. Thus, we only focus on the case r < 1.

Much as in [37, eq. (3.1)], notice that

r2 = (x2 + u2)(1 +O(r)). (6.16)

In particular,

x = O(r), u = O(r),

eu = 1 +O(r), sinhu = u(1 +O(r2)), m1/2
ν (x) = 1 +O(r).
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Thus, by combining the formulas of Proposition 6.5 and the asymptotics of Propo-
sition 6.3,

KR0
(x) = −ν

π

u

rν+2
+O(r−ν), KR∗

0
(x) =

ν

π

u

rν+2
+O(r−ν),

KR1
(x) = −ν

π

x

rν+2
+O(r−ν), KR∗

1
(x) =

ν

π

x

rν+2
+O(r−ν).

Notice that we can replace rν+2 by (x2 + u2)ν/2+1 in the above formulas, because

r−(ν+2) = (x2 + u2)−
ν
2−1(1 +O(r))

by (6.16). By [40, Proposition 4.15], r−ν is integrable at the origin, thus we obtain
the claimed expressions. □

It will be convenient to consider the difference kernel KR0−R∗
0
:= KR0 −KR∗

0
,

which serves as off-diagonal kernel for the skewsymmetric part of R0 −R∗
0.

Proposition 6.7. For all x = (x, u) ∈ Gν \ {0},

KR∗
1
(x) = −2ν

π

1{u≤−1}

u
xrν(x) + E∞

1 (x),

KR0−R∗
0
(x) = −2ν

π

[
1{|u|≥1}

u
rν(x) +

1{u≥1}

u

(
rν(eu)(x)− rν(x)

)]
+ E∞

0 (x),

where the functions E∞
j , j = 0, 1, are integrable at infinity, while

rν(x) := (1 + x2)−(1+ν/2), (6.17)

and rν(λ) is defined as in (2.12).

Proof. The proof is similar to the proof of [37, Proposition 3.4]. We provide a
sketch.

By Propositions 6.5 and 6.3,

KR1(x) = − ν

π2ν/2
xm

1/2
ν (x)

(cosh r)1+ν/2 log cosh r
(1 +O(r−1)),

where the Big-O notation refers to the decay at infinity. By Lemma 2.6 we see that
the Big-O term and the main term for u ≤ 1 are integrable at infinity; on the other
hand, as in [37, eq. (3.7)], for u ≥ 1 we have

m
1/2
ν (x)

(cosh r)1+ν/2 log cosh r
=

21+ν/2e−(1+ν)u

u(1 + e−2ux2)1+ν/2

[
1 +O

(
1 + log(1 + e−2ux2)

u

)]
.

(6.18)
Hence,

KR1(x) = −2ν

π

e−(ν+1)ux1{u≥1}

u(1 + e−2ux2)1+ν/2

[
1 +O

(
1 + log(1 + e−2ux2)

u

)]
+ IT,

where IT stands for an integrable term at infinity. Again, the Big-O summand is
integrable, since∫ ∞

1

∫ ∞

0

x(1 + log(1 + e−2ux2))

u2e(ν+1)u(1 + e−2ux2)1+ν/2
dµν(x) du

=

∫ ∞

1

du

u2

∫ ∞

0

xν(1 + log(1 + x2))

(1 + x2)1+ν/2
dx <∞.

Thus,

KR1
(x) = −2ν

π

e−(ν+1)ux1{u≥1}

u(1 + e−2ux2)1+ν/2
+ IT,

and by taking adjoints, as in (6.13), one obtains the claimed expression for KR∗
1
.
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Now we study KR0−R∗
0
. By Propositions 6.5 and 6.3,

KR0−R∗
0
(x) = − ν

π2ν/2
m

1/2
ν (x) (2 sinhu)

(cosh r)1+ν/2 log cosh r
(1 +O(r−1)).

Much as above, by Lemma 2.6,

KR0−R∗
0
(x) = − ν

π2ν/2
m

1/2
ν (x)(2 sinhu)1{|u|≥1}

(cosh r)1+ν/2 log cosh r
+ IT.

Firstly, we focus on the case u ≥ 1. By (6.18) and the fact that 2 sinhu = eu(1 +
O(e−2u)) we obtain

KR0−R∗
0
(x)1{u≥1}

= −2ν

π

e−νu1{u≥1}

u(1 + e−2ux2)1+ν/2

[
1 +O

(
1 + log(1 + e−2ux2)

u

)]
+ IT.

As previously, the Big-O term is integrable. This gives

KR0−R∗
0
(x)1{u≥1} = −2ν

π

e−νu1{u≥1}

u(1 + e−2ux2)1+ν/2
+ IT.

Now clearly K∗
R0−R∗

0
= −KR0−R∗

0
by (6.13). Thus, by taking the adjoint,

KR0−R∗
0
(x)1{u≤−1} = −2ν

π

1{u≤−1}

u(1 + x2)1+ν/2
+ IT.

By summing the above we get

KR0−R∗
0
(x) = −2ν

π

(
1{u≤−1}

u(1 + x2)1+ν/2
+

e−νu1{u≥1}

u(1 + e−2ux2)1+ν/2

)
+ IT.

One can immediately see that the last expression is of the desired form. □

6.4. Decomposition into local and global parts. Since we already know that
R0 is bounded on Lp(Gν), p ∈ (1, 2], in order to prove the same for R∗

0 it suffices
to justify the boundedness of R0 −R∗

0.

Proposition 6.8. We can decompose

KR0−R∗
0
= K

(1)
0 +K

(2)
0 +K

(3)
0 , (6.19)

where, with the notation x = (x, u) and r = |x|ϱ as in (6.14),

K
(1)
0 (x) = −2ν

π

u

rν+2
1(0,1)(r) + E0(x),

K
(2)
0 (x) = −2ν

π

1{u≥1}

u
(rν(eu)(x)− rν(x)),

K
(3)
0 (x) = −2ν

π

1{|u|≥1}

u
rν(x),

(6.20)

and moreover E0 ∈ L1(Gν). Correspondingly, we can split

R0 −R∗
0 = R̃(1)

0 + R̃(2)
0 + R̃(3)

0 , (6.21)

where, for j = 2, 3 and all f ∈ Cc(Gν),

R̃(j)
0 f = f ⋄ν K(j)

0 (6.22)

while the remaining operator R̃(1)
0 satisfies an analogous relation in the sense of

off-diagonal kernels:

R̃(1)
0 f(x) =

∫
Gν

ℓxf(y
−)K

(1)
0 (y) dµ̄ν(y) for a.a. x /∈ supp f.
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Proof. The decomposition (6.19) readily follows by Propositions 6.6 and 6.7.
Moreover, from (6.2), (6.12) and Proposition 2.8, it follows that

R0f(x) = Y0(f ⋄ν K∆
−1/2
ν

)(x) =

∫
Gν

ℓxf(y
−)KR0(y) dµ̄ν(y) ∀x /∈ supp f.

Since ⟨g,R∗
0f⟩L2(Gν) = ⟨R0g, f⟩L2(Gν), from (2.27) and (6.13) we also deduce that

R∗
0f(x) =

∫
Gν

ℓxf(y
−)KR∗

0
(y) dµ̄ν(y) ∀x /∈ supp f

and

(R0 −R∗
0)f(x) =

∫
Gν

ℓxf(y
−)KR0−R∗

0
(y) dµ̄ν(y) ∀x /∈ supp f.

Thus, if we define the operators R̃(j)
0 by (6.22) for j = 2, 3, and the remaining op-

erator R̃(1)
0 by difference, so that (6.21) holds, then we deduce the claimed relation

between R̃(1)
0 and K

(1)
0 . □

Thus, the boundedness of R∗
0 on Lp(Gν), p ∈ (1, 2], effectively boils down to the

Lp(Gν)-boundedness of R̃(j)
0 , j = 1, 2, 3.

A similar analysis can be performed for R∗
1.

Proposition 6.9. We can decompose

KR∗
1
= K

(1)
1 +K

(2)
1 , (6.23)

where
K

(1)
1 (x) =

ν

π

x

rν+2
1(0,1)(r) + E1(x),

K
(2)
1 (x) = −2ν

π

1{u≤−1}

u
xrν(x),

(6.24)

and E1 ∈ L1(Gν). Correspondingly, we can split

R∗
1 = R̃(1)

1 + R̃(2)
1 , (6.25)

where, for all f ∈ Cc(Gν),

R̃(2)
1 f = ((Xof) ⋄Dν (XoK

(2)
1 ))|Gν

, (6.26)

while the remaining operator R̃(1)
1 satisfies an analogous relation in the sense of

off-diagonal kernels:

R̃(1)
1 f(x) =

∫
GD

ν

ℓDx (Xof)(y
−1) (XoK

(1)
1 )(y) dµ̄D

ν (y) for a.a. x /∈ supp f.

Proof. The decomposition (6.23) readily follows by Propositions 6.6 and 6.7.
Moreover, by (6.3), (6.4), (6.12) and Proposition 2.14,

XoR1f(x) = Y D
1 ((Xef) ⋄Dν (XeK∆

−1/2
ν

))(x)

=

∫
GD

ν

ℓDx (Xef)(y
−1)KD

R1
(y) dµ̄D

ν (y) ∀x ∈ GD
ν \ supp(Xef),

where KD
R1

= Y D
1 XeK∆

−1/2
ν

= XoKR1
; in particular,

R1f(x) =

∫
GD

ν

ℓDx (Xef)(y
−1)KD

R1
(y) dµ̄D

ν (y) ∀x ∈ Gν \ supp f.

Using the fact that ⟨g,R∗
1f⟩L2(Gν) = ⟨R1g, f⟩L2(Gν) = ⟨XoR1g,Xof⟩L2(GD

ν ),
from (2.62) and (6.13) we also deduce that

R∗
1f(x) =

∫
GD

ν

ℓDx (Xof)(y
−1)KD

R∗
1
(y) dµ̄D

ν (y) ∀x ∈ Gν \ supp f,
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where KD
R∗

1
= (KD

R1
)• = XoKR∗

1
.

Thus, if we define the operator R̃(2)
1 by (6.26) and the remaining operator R̃(1)

1

by difference, so that (6.25) holds, then we deduce the claimed relation between

R̃(1)
1 and K

(1)
1 . □

Thus, the Lp(Gν)-boundedness of R∗
1 for p ∈ (1, 2] boils down to the analogous

boundedness of R̃(j)
1 for j = 1, 2.

7. An operator-valued spectral multiplier theorem

As discussed in the introduction, this section is devoted to the proof of a condi-
tional result, which states, roughly speaking, that if a self-adjoint operator satisfies
an Lp spectral multiplier theorem of Mihlin–Hörmander type, then under certain
assumptions it also satisfies an operator-valued spectral multiplier theorem.

First, let us recall some definitions. We begin with the R-boundedness for fami-
lies of operators (see for instance [25, Definition 8.1.1(1) and Remark 8.1.2]).

Definition 7.1. Let B be a Banach space equipped with a norm ∥ ·∥B . Consider a
family of bounded operators T ⊆ L(B). We say that T is R-bounded if there exists

C ∈ R̊+ such that, for all finite sequences (Tn)
N
n=1 in T and (xn)

N
n=1 in B, N ∈ N,

there holds ∫ 1

0

∥∥∥∥∥
N∑
n=1

εn(t)Tnxn

∥∥∥∥∥
B

dt ≤ C

∫ 1

0

∥∥∥∥∥
N∑
n=1

εn(t)xn

∥∥∥∥∥
B

dt.

Here εn are the Rademacher functions. The smallest possible constant C in the
above inequality shall be denoted by RB(T ).

We remark that the R-boundedness of a family of operators implies their uniform
boundedness (see [25, Theorem 8.1.3]).

We also recall the definition of 0-bisectorial operators (see, e.g., [25, Defini-
tion 10.1.1] and [7]).

Definition 7.2. Let B be a Banach space. A closed, densely defined operator L
on B is 0-bisectorial if its spectrum lies in R and for every ω ∈ (0, π/2) there holds

sup
ζ∈C : |arg(±ζ)|>ω

∥(I − ζL)−1∥L(B) <∞,

where arg ζ ∈ (−π, π] denotes the argument of ζ ∈ C \ {0}.

Let χ̆ ∈ C∞
c (R) be a nontrivial nonnegative even cutoff supported in R∗ :=

R \ {0}. For s > 1/2 we define the Hörmander class Hs
2 by

Hs
2 =

{
F ∈ L2

loc(R) : ∥F∥Hs
2
:= sup

t>0
∥F (t·)χ̆∥L2

s
<∞

}
.

Notice that different choices of the cutoff χ̆ give rise to equivalent norms on Hs
2.

Moreover, by the Sobolev embedding theorem, the elements of Hs
2 are continuous

and bounded on R∗. Notice further that the norm ∥ · ∥Hs
2
coincides with the norm

∥ · ∥L2
s,sloc

of (1.6) when applied to functions supported in R+.

In this section we assume that (X,µ) is a σ-finite measure space, and L is a
self-adjoint operator on L2(X,µ), which we abbreviate as L2(X). Moreover, we
assume that, for some p ∈ (1,∞) and sL ≥ 1/2, the operator L has a bounded Hs

2-
calculus on Lp(X) for all s > sL: this means that, for all bounded Borel functions
F : R → C such that F ∈ Hs

2, the operator F (L), initially defined on L2(X) by the
spectral theorem, extends to a bounded operator on Lp(X) and

∥F (L)∥L(Lp(X)) ≲s ∥F∥Hs
2
.
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This condition implies that 1{0}(L) = 0, i.e., L is injective on L2(X), thus F (L)
does not depend on F (0). Hence, it suffices to consider F defined on R∗.

In the following lemma we gather some properties of such an operator L.

Lemma 7.3. Fix p ∈ (1,∞) and sL ≥ 1/2. Let L be a self-adjoint operator
on L2(X), which has a bounded Hs

2-calculus on Lp(X) for all s > sL. Then the
following assertions hold.

(i) The operator L is 0-bisectorial on Lp(X).
(ii) If (Y, ν) is a σ-finite measure space, then L⊗ id is 0-bisectorial on Lp(X×Y )

and has a bounded Hs
2-calculus on Lp(X × Y ) for all s > sL.

(iii) If χ̆ ∈ C∞
c (R∗) satisfies supp χ̆ ⊆ [−2,−1/2] ∪ [1/2, 2] and∑

m∈Z
χ̆(2mξ) = 1 ∀ξ ∈ R∗, (7.1)

then there holds

∥f∥Lp(X) ≃L,χ̆,p
∫ 1

0

∥∥∥∥∥∑
m∈Z

εm(t)χ̆(2mL)f

∥∥∥∥∥
Lp(X)

dt

for all f ∈ Lp(X).
(iv) If s > sL + |1/p− 1/2|, then

RLp(X){F (L) : F ∈ Hs
2, ∥F∥Hs

2
≤ 1} <∞. (7.2)

We then say that L has an R-bounded Hs
2-calculus on Lp(X) for s > sL +

|1/2− 1/p|.

Proof. (i). To justify that L is 0-bisectorial, let us fix ω ∈ (0, π/2) and ζ ∈ C such
that |arg(±ζ)| > ω. Consider the function Fζ : R∗ → C given by

Fζ(λ) = (1− ζλ)−1.

As L has a Hs
2-bounded functional calculus on Lp(X) for any s sufficiently large,

to prove the uniform Lp-boundedness of Fζ(L) = (1 − ζL)−1 it suffices to show
that ∥Fζ∥Hs

2
≲ω 1 for any s ≥ 1/2; on the other hand, this follows from the easily

observed bound
sup
λ∈R∗

|λn∂nλFζ(λ)| ≲n,ω 1, n ∈ N.

(ii). As L is 0-bisectorial and has a Hs
2-bounded functional calculus on Lp(X),

from the definitions and Fubini’s theorem it follows immediately that the operator
L⊗ id is 0-bisectorial and has a Hs

2-bounded functional calculus on Lp(X×Y ) too;
indeed, notice that

F (L⊗ id) = F (L)⊗ id, ∥F (L⊗ id)∥L(Lp(X×Y )) = ∥F (L)∥L(Lp(X)).

for any bounded Borel function F .
(iii). As L is 0-bisectorial and has a bounded Hs

2-functional calculus on Lp(X)
for some s > 1/2, the claimed estimate follows from [33, Theorem 4.1 and Section
7] (see also [14, Theorem 3.1]).

(iv). We shall apply [7, Proposition 2.14] to the operator L (observe that it is also
valid for 0-bisectorial operators, cf. [33, Section 7]). For that purpose recall that
Lp(X) has type min{2, p} and cotype max{2, p} (see [25, pp. 54–58]), and it also has
Pisier’s property (α) (see [34, Sections 4.9–4.10]). As 1/min{2, p}−1/max{2, p} =
|1/2− 1/p| and L has a bounded Hs

2-functional calculus on L
p(X) for any s > sL,

from [7, Proposition 2.14] we deduce the bound (7.2) for any s > sL+|1/2−1/p|. □

We now briefly recall some basic definitions and results for operator-valued func-
tions. In what follows, a measure space (Y, ν) is said to be separable if the Lebesgue
space L1(Y ) (hence any space Lp(Y ) for p ∈ [1,∞)) is a separable Banach space;
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we refer, e.g., to [58, §20] for an equivalent characterisation and to [4, Proposition
3.4.5] for a sufficient condition for separability of measure spaces.

Definition 7.4. Let (Y, ν) be a separable σ-finite measure space, and letM : R∗ →
L(L2(Y )).

(a) We say that M is a (weakly) measurable function if the “matrix coefficients”

ξ 7→ ⟨M(ξ)f, g⟩ (7.3)

are measurable for all f, g ∈ L2(Y ). Since L2(Y ) is separable, the function

ξ 7→ ∥M(ξ)∥L(L2(Y ))

is also measurable, as the supremum of a countable family of measurable func-
tions.

(b) We say that M is (weakly) continuous if for any f, g ∈ L2(Y ) the matrix
coefficients (7.3) are continuous on R∗. In that case, by the Banach–Steinhaus
theorem, M is locally bounded, that is,

sup
ξ∈K

∥M(ξ)∥L(L2(Y )) <∞

for any compact set K ⊆ R∗.
(c) Let k ∈ N. We say that the function M is (weakly) of class Ck if, for all

f, g ∈ L2(Y ), the matrix coefficients (7.3) are of class Ck. In this case, another
application of the Banach–Steinhaus theorem shows that, for any ξ ∈ R∗, there
exist operators in L(L2(Y )), which we denote by ∂jξM(ξ), j = 1, . . . , k, such
that

⟨∂jξM(ξ)f, g⟩ = ∂jξ⟨M(ξ)f, g⟩, f, g ∈ L2(Y ), j = 1, . . . , k; (7.4)

moreover each ξ 7→ ∂jξM(ξ) is continuous.

(d) Assume that M is measurable. We say that M is (weakly) integrable over a
Borel set A ⊆ R∗ if the function ξ 7→ ∥M(ξ)∥L(L2(Y )) is L

1-integrable over A.
Then the formula〈∫

A

M(ξ) dξ f, g

〉
=

∫
A

⟨M(ξ)f, g⟩dξ, f, g ∈ L2(Y ) (7.5)

defines an operator
∫
A
M(ξ) dξ ∈ L(L2(Y )). Moreover, there holds∥∥∥∥∫

A

M(ξ) dξ

∥∥∥∥
L(L2(Y ))

≤
∫
A

∥M(ξ)∥L(L2(Y )) dξ. (7.6)

For the rest of this section, (Y, ν) shall be a separable σ-finite measure space.
Consider an operator-valued function M : R∗ → L(L2(Y )) and let p ∈ (1,∞). If
for a fixed ξ ∈ R∗ the operator M(ξ) has a (necessarily unique) bounded extension
to Lp(Y ), then we simply say that M(ξ) is bounded on Lp(Y ), and use the same
notation M(ξ) for the operator on Lp(Y ) as well. In the next lemma we describe
how the properties ofM(ξ) on L2(Y ) discussed in Definition 7.4 translate to similar
properties of M(ξ) on Lp(Y ).

Lemma 7.5. Let M : R∗ → L(L2(Y )) be measurable. Fix p ∈ (1,∞) and let
p′ ∈ (1,∞) be such that 1/p + 1/p′ = 1. We assume that each M(ξ), ξ ∈ R∗, is
also bounded on Lp(Y ). Then the following hold.

(i) The function

ξ 7→ ∥M(ξ)∥L(Lp(Y )) (7.7)

is measurable, and the matrix coefficients (7.3) are measurable for all f ∈
Lp(Y ) and g ∈ Lp

′
(Y ).
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(ii) If M is integrable over a Borel set A ⊆ R∗ and the function (7.7) is also
integrable over A, then

∫
A
M(ξ) dξ extends to a bounded operator on Lp(Y )

such that ∥∥∥∥∫
A

M(ξ) dξ

∥∥∥∥
L(Lp(Y ))

≤
∫
A

∥M(ξ)∥L(Lp(Y )) dξ

and (7.5) is valid for all f ∈ Lp(Y ), g ∈ Lp
′
(Y ).

(iii) If M is continuous and the function (7.7) is locally bounded, then the matrix

coefficients (7.3) are continuous for all f ∈ Lp(Y ) and g ∈ Lp
′
(Y ).

(iv) Let k ∈ N. If M is of class Ck and the functions

ξ 7→ ∥∂jξM(ξ)∥L(Lp(Y )), j = 1, . . . , k,

are locally bounded, then the matrix coefficients (7.3) are of class Ck and

(7.4) holds for all f ∈ Lp(Y ) and g ∈ Lp
′
(Y ).

Proof. (i). Since Y is σ-finite we can find a countable family Aq ⊆ Lq(Y )∩L2(Y )\
{0} dense in Lq(Y ) for any q ∈ (1,∞). Thus,

∥M(ξ)∥L(Lp(Y )) = sup
f∈Ap

sup
g∈Ap′

|⟨M(ξ)f, g⟩|
∥f∥Lp(Y )∥g∥Lp′ (Y )

,

and therefore (7.7) is measurable as the supremum of countable family of measur-
able functions.

Fix f ∈ Lp(Y ) and g ∈ Lp
′
(Y ), and let {fn}n∈N ⊆ Lp(Y )∩L2(Y ) be a sequence

converging to f in Lp(Y ); analogously define an approximating sequence {gn}n∈N ⊆
Lp

′
(Y ) ∩ L2(Y ) for g. Observe that, for all ξ ∈ R∗,

|⟨M(ξ)f, g⟩ − ⟨M(ξ)fn, gn⟩|
≤ |⟨M(ξ)(f − fn), g⟩|+ |⟨M(ξ)fn, g − gn⟩|

≤ ∥M(ξ)∥L(Lp(Y ))

(
∥f − fn∥Lp(Y )∥g∥Lp′ (Y ) + sup

n
∥fn∥Lp(Y )∥g − gn∥Lp′ (Y )

)
.

(7.8)

This means that ⟨M(·)fn, gn⟩ tends to ⟨M(·)f, g⟩ pointwise, hence the limit is
measurable.

(ii). For all f ∈ Lp(Y ) and g ∈ Lp
′
(Y ),∣∣∣∣∫

A

⟨M(ξ)f, g⟩dξ
∣∣∣∣ ≤ ∫

A

∥M(ξ)∥L(Lp(Y )) dξ ∥fn∥Lp(Y )∥gn∥Lp′ (Y ).

Thus, (f, g) 7→
∫
A
⟨M(ξ)f, g⟩ dξ is a bounded sesquilinear form, and there exists a

unique bounded operator S on Lp(X) with

⟨Sf, g⟩ =
∫
A

⟨M(ξ)f, g⟩ dξ

for all f ∈ Lp(Y ) and g ∈ Lp
′
(Y ). In particular, ⟨Sf, g⟩ = ⟨

∫
M(ξ) dξf, g⟩ for all

f ∈ L2 ∩Lp(Y ) and g ∈ L2 ∩Lp′(Y ). By density, we deduce that S =
∫
M(ξ) dξ is

bounded on Lp(Y ) and the identity (7.5) holds for all f ∈ Lp(Y ) and g ∈ Lp
′
(Y ).

(iii) From (7.8) we see that ⟨M(·)f, g⟩ is a uniform limit on compact sets of
⟨M(·)fn, gn⟩. Since the latter functions are continuous, we proved (iii).

(iv) As above, ξ 7→ ∂ξ⟨M(ξ)fn, gn⟩ = ⟨∂ξM(ξ)fn, gn⟩ tends uniformly on com-
pact sets to ξ 7→ ⟨∂ξM(ξ)f, g⟩, hence the latter is a continuous function. Since
ξ 7→ ⟨M(ξ)fn, gn⟩ tends uniformly on compact sets to ξ 7→ ⟨M(ξ)f, g⟩ too, we
deduce that

∂ξ⟨M(ξ)f, g⟩ = ⟨∂ξM(ξ)f, g⟩.
For higher-order derivatives we proceed similarly. □
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Now we want to consider an operator-valued functional calculus for L. For that
purpose, we are now going to give a meaning to M(L), where M : R∗ → L(L2(Y ))
is a suitable operator-valued function.

As L is self-adjoint and injective on L2(X), recall that by the spectral theo-
rem (see, e.g., [45, Theorem VIII.4]) there exist a measure space Ω, a measurable
function ℓ : Ω → R∗ and a unitary operator Υ : L2(X) → L2(Ω), such that

Υ(Lf)(ω) = ℓ(ω)Υf(ω), f ∈ D(L),

i.e., Υ intertwines L with the operator of multiplication by ℓ. Moreover, for any
bounded Borel function F : R∗ → C,

Υ(F (L)f)(ω) = F (ℓ(ω))Υf(ω), f ∈ L2(X),

i.e., Υ intertwines the (scalar) Borel functional calculus for L with that for the
multiplication operator.

Let M : R∗ → L(L2(Y )) be measurable and bounded. Much in this spirit we

can define M(L) on L2(X × Y ). Let Υ̃ : L2(X × Y ) → L2(Ω × Y ) be the unitary

operator given by Υ̃ = Υ⊗ id. Then, we define M(L) so that

Υ̃(M(L)f)(ω, y) =
(
M(ℓ(ω)) Υ̃f(ω, ·)

)
(y), f ∈ L2(X × Y ). (7.9)

Remark 7.6. Some remarks are in order.

(a) The above definition ofM(L) can be equivalently expressed in the language of
direct integrals (see, e.g., [13, Section 7.4]): indeed, the function ω 7→M(ℓ(ω))
is a measurable field of operators with respect to the constant field ω 7→ L2(Y )

of Hilbert spaces on Ω, and under the identification L2(Ω×Y ) ∼=
∫ ⊕
Ω
L2(Y ) dω

we can write

Υ̃M(L)Υ̃−1 =

∫ ⊕

Ω

M(ℓ(ω)) dω.

(b) From the definition, it is clear that

∥M(L)∥L(L2(X×Y )) = ess sup
ω∈Ω

∥M(ℓ(ω))∥L(L2(Y )) ≤ sup
ξ∈R∗

∥M(ξ)∥L(L2(Y )).

(c) The definition of M(L) is independent of the choice of the unitary operator
Υ given by the spectral theorem for L. Indeed, observe that, if we take f =
f1 ⊗ f2, g = g1 ⊗ g2 ∈ L2(X × Y ), then

⟨M(L)f, g⟩L2(X×Y ) =

∫
Ω

Υf1(ω)Υg1(ω)

∫
Y

M(ℓ(ω))(f2)(y) g2(y) dν(y) dω

=

∫
Ω

Υf1(ω)Υg1(ω)F (ℓ(ω)) dω

= ⟨F (L)f1, g1⟩L2(X),

(7.10)

where F (ξ) = ⟨M(ξ)f2, g2⟩Y ; by the density of the span of tensor products in
L2(X × Y ) we obtain the required independence.

(d) The expression (7.10) for matrix coefficients also shows that, if Mn → M
pointwise boundedly, i.e.,

sup
n∈N

sup
ξ∈R∗

∥Mn∥L(L2(Y )) <∞,

lim
n→∞

⟨Mn(ξ)ϕ, ψ⟩ = ⟨M(ξ)ϕ, ψ⟩ ∀ξ ∈ R∗, ϕ, ψ ∈ L2(Y ),

then Mn(L) →M(L) in the weak operator topology of L(L2(X × Y )).

(e) If F : R∗ → C is a bounded Borel function and F̃ : R∗ → L(L2(Y )) is defined

by F̃ (ξ) := F (ξ)id, then clearly

F̃ (L) = F (L)⊗ id;
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in other words, the operator-valued functional calculus is an extension of the
scalar-valued one. Thus, in what follows, when there is no risk of confusion,
we shall just write F (L) in place of F (L)⊗ id.

We are now interested in Lp-boundedness properties of operators of the form
M(L), i.e., operator-valued spectral multipliers of L.

Theorem 7.7. Fix p ∈ (1,∞) and sL ≥ 1/2. Let L be a self-adjoint operator
on L2(X) having a bounded Hs

2-calculus on Lp(X) for all s > sL. Let M : R∗ →
L(L2(Y )) be measurable and bounded. Assume that M is of class CN for some
integer N > sL + 3/2 and that

CN,p(M) := RLp(Y ){ξj∂jξM(ξ) : j = 0, 1, . . . , N, ξ ∈ R∗} <∞. (7.11)

Then, M(L) is a bounded operator on Lp(X × Y ) with

∥M(L)∥L(Lp(X×Y )) ≲N,p,L CN,p(M).

Proof. Fix an even smooth cutoff χ̆ supported in [−2,−1/2]∪ [1/2, 2] and satisfying
(7.1). Thus, if we set

Mm(ξ) := χ̆(ξ)M(2−mξ), (7.12)

then we can decompose

M(ξ) =
∑
m∈Z

Mm(2mξ), ξ ∈ R∗,

with convergence in the weak operator topology of L(L2(Y )). Since the M(ξ) are
uniformly bounded on L2(Y ) we also have

M(L) =
∑
m∈Z

Mm(2mL)

in the weak operator topology of L(L2(X × Y )).
Thus, by Lemma 7.3, for all f ∈ L2 ∩ Lp(X × Y ),

∥M(L)f∥Lp(X×Y ) ≃p
∫ 1

0

∥∥∥∥∥∑
m∈Z

εm(t)χ̆(2mL)M(L)f

∥∥∥∥∥
Lp(X×Y )

dt

≤
∑

j∈{−1,0,1}

∫ 1

0

∥∥∥∥∥∑
m∈Z

εm(t)χ̆(2mL)Mm+j(2
m+jL)f

∥∥∥∥∥
Lp(X×Y )

dt,

since the supports of χ̆(2m1 ·) and χ̆(2m2 ·) overlap only if |m1 −m2| ≤ 1. Further,
by Lemma 7.3 and Definition 7.1,

∥M(L)f∥Lp(X×Y )

≲p
∑

j∈{−1,0,1}

∫ 1

0

∥∥∥∥∥∑
m∈Z

εm(t)Mm+j(2
m+jL)χ̆(2mL)f

∥∥∥∥∥
Lp(X×Y )

dt

≲ RLp(X×Y ){Mm(2mL)}m∈Z

∫ 1

0

∥∥∥∥∥∑
m∈Z

εm(t)χ̆(2mL)f

∥∥∥∥∥
Lp(X×Y )

dt

≃p RLp(X×Y ){Mm(2mL)}m∈Z ∥f∥Lp(X×Y ).

This means that

∥M(L)∥L(Lp(X×Y )) ≲p RLp(X×Y ){Mm(2mL)}m∈Z,

so we are reduced to proving the R-boundendess of {Mm(2mL)}m∈Z on Lp(X×Y ).
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For that purpose, we introduce Fourier coefficients of the functions ξ 7→Mm(ξ),
m ∈ Z, which are supported in [−2,−1/2] ∪ [1/2, 2] ⊆ (−π, π) by construction.

Namely, let M̂m(k) ∈ L(L2(Y )), k ∈ Z, be given by

M̂m(k) :=
1

2π

∫ π

−π
Mm(ξ) e−ikξ dξ.

As M is measurable and bounded, the above integral is well defined. Actually, as
M is of class CN , for all n ≤ N and m, k ∈ Z there holds

(−ik)nM̂m(k) =
1

2π

∫ π

−π
∂nξMm(ξ) e−ikξ dξ, (7.13)

as one can readily see via repeated integration by parts. As each Mm is of class
CN , from (7.13) and (7.6) we deduce that

∥M̂m(k)∥L(L2(Y )) ≲m (1 + |k|)−N .
As N ≥ 2, the decay of the Fourier coefficients justifies the application of the

Fourier inversion formula; namely, if we fix χ̄ ∈ C∞
c (R) such that 1[−2,−1/2]∪[1/2,2] ≤

χ̄ ≤ 1[−9/4,−1/4]∪[1/4,9/4], then

Mm(ξ) =
∑
k∈Z

χ̄(ξ)eikξM̂m(k), ξ ∈ R∗,

with convergence in the weak operator topology of L(L2(Y )). Consequently, if we
set

Ek,m(ξ) := χ̄(2mξ)eik2
mξ, (7.14)

then

Mm(2mL) =
∑
k∈Z

Ek,m(L)⊗ M̂m(k) (7.15)

in the weak operator topology of L(L2(X × Y )).
The decomposition (7.15) is the key tool that allows us to “decouple” the prob-

lem of Lp(X × Y )-boundedness for operator-valued multipliers Mm(2mL) of L
into Lp(X)-bounds for scalar-valued multipliers Ek,m(L) and Lp(Y )-bounds for

the Fourier coefficients M̂m(k), which in turn are related to the smoothness of M .
Indeed, let ε > 0 be such that N = sL+3/2+2ε. Then, from the decomposition

(7.15), by [25, Propositions 8.1.24 and 8.1.19(3)] we deduce that

RLp(X×Y ){Mm(2mL)}m∈Z

≤
∑
k∈Z

(1 + |k|)−(1+ε) RLp(X×Y ){(1 + |k|)−(sL+1/2+ε)Ek,m(L)⊗ id}m∈Z

×RLp(X×Y ){(1 + |k|)N id⊗ M̂m(k)}m∈Z

≲ε RLp(X×Y ){(1 + |k|)−(sL+1/2+ε)Ek,m(L)⊗ id}m,k∈Z

×RLp(X×Y ){(1 + |k|)N id⊗ M̂m(k)}m,k∈Z

= RLp(X){(1 + |k|)−(sL+1/2+ε)Ek,m(L)}m,k∈Z RLp(Y ){(1 + |k|)NM̂m(k)}m,k∈Z,

where the last equality is due to Fubini’s theorem. Thus, the R-boundedness on
Lp(X×Y ) of {Mm(2mL)}m boils down to that of {(1+ |k|)−(sL+1/2+ε)Ek,m(L)}m,k
on Lp(X) and that of {(1 + |k|)NM̂m(k)}m,k on Lp(Y ).

For the R-boundedness of the former family, notice that, by (7.14),

sup
ξ∈R∗

|ξj∂jξEk,m(ξ)| ≲j (1 + |k|)j , j ∈ N,

whence it follows that

∥(1 + |k|)−sEk,m∥Hs
2
≲s 1 (7.16)
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for all s ≥ 1/2. Now, recall that L has a bounded Hs
2-calculus on Lp(X) for all

s > sL. Hence, by Lemma 7.3(iv), L has an R-bounded Hs
2-calculus on L

p(X) for
all s > sL + |1/2− 1/p|, and therefore from (7.16) we deduce that

RLp(X){(1 + |k|)−(sL+1/2+ε)Ek,m(L) : m, k ∈ Z} <∞.

For the R-boundedness of the other family, observe that by approximating the
integrals in (7.13) by Riemann sums we obtain, for any n ≤ N ,

{|k|nM̂m(k) : m, k ∈ Z} ⊆ abs conv{∂nξMm(ξ) : ξ ∈ R∗, m ∈ Z},

where abs conv denotes the absolute convex hull [24, Definition 3.2.12(2)] and the
closure is in the weak operator topology of L(Lp(Y )). Hence, by [25, Proposi-
tions 8.1.19(1), 8.1.21 and 8.1.22],

RLp(Y ){|k|nM̂m(k) : m, k ∈ Z} ≤ RLp(Y ){∂nξMm(ξ) : ξ ∈ R∗, m ∈ Z},

thus also, by [25, Proposition 8.1.19(2)],

RLp(Y ){(1 + |k|)NM̂m(k) : m, k ∈ Z}
≲N RLp(Y ){∂nξMm(ξ) : ξ ∈ R∗, m ∈ Z, n ≤ N}.

Now, by (7.12),

∂nξMm(ξ) =

n∑
j=0

(
n

j

)
χ̆(n−j)(ξ)

ξj
(ξj∂jξM)(2−mξ);

thus, by the Kahane contraction principle [24, Proposition 3.2.10],

RLp(Y ){∂nξMm(ξ) : ξ ∈ R∗, m ∈ Z, n ≤ N}

≲χ,N RLp(Y ){ξj∂jξM(ξ) : j ≤ N, ξ ∈ R∗}.

By combining the above estimate one finally gets that

RLp(Y ){(1 + |k|)NM̂m(k) : m, k ∈ Z}

≲χ,N RLp(Y ){ξj∂jξM(ξ) : j ≤ N, ξ ∈ R∗} = CN,p(M),

and the latter quantity is finite by our assumption. □

Let A2(Rd), d ≥ 1, be the Muckenhoupt class; for a weight w ∈ A2(Rd) we
denote its A2-characteristic by [w]A2

. In the case where Y = Rd with the Lebesgue
measure, the smoothness condition on the multiplier M in Theorem 7.7 admits a
more concrete reformulation in terms of uniform weighted L2-boundedness.

Corollary 7.8. Let sL ≥ 1/2 and p ∈ (1,∞). Let L be a self-adjoint operator on
L2(X) having a bounded Hs

2-calculus on Lp(X) for all s > sL. Let N > sL + 3/2
be an integer. Let M : R∗ → L(L2(Rd)) be of class CN . Assume that there exists
a nondecreasing function ψ : [1,∞) → [0,∞) such that, for all w ∈ A2(Rd),

max
j=0,...,N

sup
ξ∈R∗

∥ξj∂jξM(ξ)∥L(L2(w)) ≤ ψ([w]A2). (7.17)

Then, M(L) is a bounded operator on Lp(X × Rd).

Proof. By [25, Theorem 8.2.6], from (7.17) it follows that the family

T = {ξj∂jξM(ξ) : ξ ∈ R∗, j = 0, . . . , N}

is ℓ2-bounded on Lp(Rd) (in the sense of [25, Definition 8.1.1]). In turn, by [25,
Theorem 8.1.3(3)], this implies the R-boundedness of T on Lp(Rd), so Theorem 7.7
can be applied. □
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Remark 7.9. If the self-adjoint operator L is non-negative, then M(L) only de-

pends on the restriction ofM to the positive half-line R̊+. As a consequence, in this

case one can replace R∗ with R̊+ in the smoothness conditions (7.11) and (7.17) of
Theorem 7.7 and Corollary 7.8.

8. Lp-boundedness of the Riesz transforms for p ≥ 2

In this section, we complete the proof of Theorem 1.2, by proving the Lp-
boundedness of the Riesz transforms R0 and R∗

1 for p ≥ 2. As discussed in Section

6.4, we are reduced to proving the boundedness of the operators R̃(j)
0 , j = 1, 2, 3,

and R̃(j)
1 , j = 1, 2, for p ∈ (1, 2].

8.1. An auxiliary estimate. We shall make use of the following estimate for the
function rν defined in (6.17).

Lemma 8.1. For any n ∈ N and ε ∈ (0, 1/2] the following estimates hold:

|ξn(Hνrν)(n)(ξ)| ≲n,ν,ε e−(1−ε)ξ,

|∂ξ(ξn(Hνrν)(n)(ξ))| ≲n,ν,ε e−(1−ε)ξ,

|ξn+1(Hν+2r
ν)(n)(ξ)| ≲n,ν,ε (ξe−ξ)1−ε

for all ξ ∈ R̊+; in particular,

|ξn(Hνrν)(n)(ξ)− (ξ′)n(Hνr
ν)(n)(ξ′)| ≲n,ν |ξ − ξ′|

for all ξ, ξ′ ∈ R̊+.

Proof. By the definition (2.4) of Hankel transform, together with (6.17) and [9,
(10.22.46), (10.27.3) and (10.32.8)],

Hνr
ν(ξ) =

1

ν
ξK−1(ξ) =

1

ν
ξ2
∫ ∞

1

e−ξt
√
t2 − 1 dt,

Hν+2r
ν(ξ) = K0(ξ) =

∫ ∞

1

e−ξt
dt√
t2 − 1

,

where Ks denotes the modified Bessel function of the second kind of order s.
As a consequence, for all n ∈ N,

ξn(Hνr
ν)(n)(ξ) =

1

ν

min{n,2}∑
j=0

cn,jFn−j(ξ),

ξn(Hν+2r
ν)(n) = (−1)nGn(ξ),

where cn,j are some constants, while

Fn(ξ) = ξ2
∫ ∞

1

e−tξ(tξ)n
√
t2 − 1 dt =

∫ ∞

0

e−(t+ξ)(t+ ξ)n
√
t
√
t+ 2ξ dt,

Gn(ξ) =

∫ ∞

1

e−ξt(ξt)n
dt√
t2 − 1

=

∫ ∞

0

e−(t+ξ)(t+ ξ)n
dt√

t
√
t+ 2ξ

.

Thus, it suffices to prove the bounds in the statement of the lemma for Fn(ξ) and
ξGn(ξ) in place of ξn(Hνr

ν)(n)(ξ) and ξn+1(Hν+2r
ν)(n)(ξ).

First, for all ε ∈ (0, 1),

|Fn(ξ)| ≤
√
2

∫ ∞

0

e−(t+ξ)(t+ ξ)n+1 dt ≲n,ε e
−(1−ε)ξ.

Further,

F ′
n(ξ) = −Fn(ξ) + nFn−1(ξ) + F̃n(ξ),
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where

F̃n(ξ) =

∫ ∞

0

e−(t+ξ)(t+ ξ)n
√

t

t+ 2ξ
dt ≤

∫ ∞

0

e−(t+ξ)(t+ ξ)n dt ≲n,ε e
−(1−ε)ξ;

thus, from the bound for Fn(ξ) we also deduce that

|F ′
n(ξ)| ≲n,ε e(1−ε)ξ.

This clearly implies that Fn is Lipschitz-continuous, as required.
Finally, for all ε ∈ (0, 1/2],

Gn(ξ) ≤ (2ξ)−ε
∫ ∞

0

e−(t+ξ)(t+ ξ)n
dt

t1−ε
≲ε,n ξ

−εe−(1−ε)ξ,

and the estimate |ξGn(ξ)| ≲ε,n (ξe−ξ)1−ε follows. □

8.2. The Riesz transform R0. We shall prove that the operators R̃(j)
0 , j = 1, 2, 3,

from (6.21), are bounded on Lp(Gν), p ∈ (1, 2]. This completes the proof of the
Lp-bounds for R0 stated in Theorem 1.2.

The operator R̃(3)
0 is relatively easy to discuss: indeed, it can be factorised into

two operators, which can be easily discussed by looking separately at the factors
Xν and R of the semidirect product Gν .

Proposition 8.2. The operator

R̃(3)
0 : f 7→ f ⋄ν K(3)

0

is of weak type (1, 1) and bounded for all p ∈ (1,∞).

Proof. Notice that, from (6.20) and (2.13), it follows that

f ⋄ν K(3)
0 (x, u) = −2ν

π

∫
R

(
fv ∗ν rν(ev)

)
(x)

1{|u−v|≥1}

u− v
dv.

Much as in the proof of [37, Proposition 4.4], this can be rewritten as

f ⋄ν K(3)
0 = −2ν

π
ABf,

where

(Bf)u = fu ∗ν rν(eu), (Af)x = fx ∗ k,

while fx(u) = fu(x) = f(x, u) and k(u) =
1{|u|≥1}

u . Since rν ∈ L1(Xν) and the

scaling rν(eu) does not change the L1-norm, we see that B is bounded on Lp(Gν),

p ∈ [1,∞]. On the other hand, A = id ⊗ Ã, where Ã is a convolution operator
on R with a truncated Calderón–Zygmund kernel k, so it is of weak type (1, 1)
and bounded on Lp(Gν), p ∈ (1,∞). Thus, their composition AB has the claimed
boundedness properties. □

We now move to the operator R̃(2)
0 , which shall be treated via the operator-valued

multiplier theorem from Section 7.

Proposition 8.3. The operator

R̃(2)
0 : f 7→ f ⋄ν K(2)

0

is bounded on Lp(Gν) for all p ∈ (1,∞).

Proof. We shall employ the abstract theory proved in Section 7 for L = Lν . In
other words, we take X = Xν , Ω = Xν , Υ = (2ν/2−1Γ(ν/2))−1Hν and ℓ(ω) = ω2.
Recall from (2.6)-(2.7) that, if k ∈ L2(Xν) and Hνk is bounded, then

f ∗ν k = (Hνk)(
√
Lν)f,



SINGULAR INTEGRALS ON ax+ b HYPERGROUPS 59

as one can see by taking Hankel transforms of both sides. Moreover, Lν has a
bounded Hs

2-calculus on Lp(Xν) for all s > ν
2 [29, 30, 52]. Thus, we can apply

Corollary 7.8 with N = ⌊ν+5
2 ⌋, that is, the smallest integer greater than ν+3

2 .
Recall that Gν = Xν ⋊R and dµ̄ν(x, u) = dµν(x) du. We denote

H̃ν := Hν ⊗ id : L2(Gν) → L2(Gν).

Clearly, H̃ν is a multiple of an isometry on L2(Gν). Now let M : Xν → L(L2(R))
be measurable and uniformly bounded. Then, from (2.7) and (7.9) with Y = R we
have

H̃ν(M(
√
Lν)f)(ξ, u) = (M(ξ)H̃νf(ξ, ·))(u). (8.1)

On the other hand, observe that, by (2.14),

H̃ν(f ⋄ν K)(ξ, u) =

∫
R
H̃νf(ξ, v) H̃νK(evξ, u− v) dv, (8.2)

Let BK : Xν → L(L2(R)) be given by

BK(ξ)g =

∫
R
BξK(u, v) g(v) dv, g ∈ L2(R),

where

BξK(u, v) := H̃νK(evξ, u− v). (8.3)

With this notation, by comparing (8.1) and (8.2), we see that

f ⋄ν K = BK(
√
Lν)f.

We shall apply this for K = K
(2)
0 . In this case, by (8.3) and (6.20),

Bξ
K

(2)
0

(u, v) = −2ν

π
1{u≥v+1}

Hνr
ν(euξ)−Hνr

ν(evξ)

u− v
.

As a consequence, for any j ∈ N, the operator ξj∂jξBK(2)
0

(ξ) has integral kernel

ξj∂jξB
ξ

K
(2)
0

(u, v) = −2ν

π
1{u≥v+1}

(ξj∂jξHνr
ν)(euξ)− (ξj∂jξHνr

ν)(evξ)

u− v
.

The estimates of Lemma 8.1, together with [37, Proposition 5.6(i)], then show that

each ξj∂jξBK(2)
0

(ξ) is bounded on L2(w) for any w ∈ A2(R), with a bound only

depending on j and [w]A2 . Thus, by Corollary 7.8, we deduce the desired Lp(Gν)-

bound for f 7→ f ⋄ν K(2)
0 . □

We remain with the operator R̃(1)
0 , which effectively contains the “local part” of

R0 −R∗
0 and can be treated with the standard singular integral theory on Gν .

Proposition 8.4. The operator R̃(1)
0 is of weak type (1, 1) and bounded for all

p ∈ (1, 2].

Proof. By Propositions 8.2 and 8.3 we know that the operators corresponding to

K
(3)
0 and K

(2)
0 are bounded on L2(Gν). Also R0 −R∗

0 has this property. Thus, by

the decomposition (6.21), we know that R̃(1)
0 is bounded on L2(Gν). We shall now

apply Theorem 3.12 (and Corollary 3.14) to prove the claimed Lp-boundedness of

R̃(1)
0 .
For all x = (x, u) ∈ Gν \ {0}, set

Kn(x) = −2ν

π

u

rν+2
χ(2nr),
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where r = |x|ϱ is as in (6.14), while χ ∈ C∞
c (R∗) is as in (7.1). Then, by (6.20), we

can decompose the off-diagonal ⋄ν-convolution kernel K
(1)
0 of R̃(1)

0 as

K
(1)
0 =

∑
n∈N

Kn + E,

where E is an L1(Gν)-integrable function. Thus, to prove the Lp-boundedness of

R(1)
0 by means of Theorem 3.12, it suffices to prove that∫

Gν

|Kn(x)|(1 + 2nr) dµ̄ν(x) ≲ 1,

∫
Gν

∣∣∇νK
∗
n(x)

∣∣dµ̄ν(x) ≲ 2n. (8.4)

Recall that, since r ≲ 1 on the support of Kn, there holds r
2 ≃ x2+u2 (see (6.16)).

Thus, by using that 2nr ≃ 1 and |u|xν−1 ≲ rν on the support of Kn,∫
Gν

|Kn(x)|(1 + 2nr) dµ̄ν(x) ≃ν
∫
Gν

|Kn(x)|dµ̄ν(x) ≲
∫ 2−(n−1)

2−(n+1)

r−1 dr ≃ 1,

which proves the the first bound in (8.4).
For the second bound in (8.4) notice that

K∗
n(x) =

2ν

π

e−νuu

rν+2
χ(2nr).

Therefore, by (1.4) and (6.15), if we set χ̃(t) = tχ′(t)− (ν + 2)χ(t), then

Y0K
∗
n(x) =

2ν

π
e−νu

1− νu

rν+2
χ(2nr)− 2ν

π
e−νuu

χ̃(2nr)

rν+3
· sinhu− e−ux2/2

sinh r
,

Y1K
∗
n(x) =

2ν

π
e−νuu

χ̃(2nr)

rν+3
· x

eu sinh r
.

Observing again that 2n ≃ r−1 and r2 ≃ x2 + u2 ≲ 1 on the support of K∗
n, we

immediately see that

|YjK∗
n(x, u)| ≲ν r−(ν+2), j = 0, 1,

whence ∫
Gν

∣∣∇νK
∗
n(x, u)

∣∣dµν(x) du ≲ν

∫ 2−(n−1)

2−(n+1)

r−2 dr ≃ 2n.

Thus, Theorem 3.12 implies the Lp(Gν)-boundedness of R̃(1)
0 on Lp(Gν), p ∈

(1, 2]. □

8.3. The Riesz transform R1. We shall prove the Lp-boundedness for p ∈ (1, 2]

of the operators R̃(j)
1 , j = 1, 2, from (6.25). This completes the proof of the Lp-

bounds for R1 stated in Theorem 1.2.

Much as before, we first discuss the “part at infinity” R̃(2)
1 of R∗

1. This part shall
again be treated via the operator-valued multiplier theorem, this time applied to
the Dunkl transform instead of the Hankel transform.

Proposition 8.5. The operator

f 7→ f ⋄Dν (XoK
(2)
1 )

is bounded on Lp(GD
ν ) for all p ∈ (1,∞). In particular, the operator

R̃(2)
1 : f 7→ ((Xof) ⋄Dν (XoK

(2)
1 ))|Gν

is bounded on Lp(Gν) for all p ∈ (1,∞).
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Proof. Much as in the proof of Proposition 8.3, we shall employ the abstract theory
proved in Section 7, in this case applied to L = −iDν . In other words, here we
can take X = Ω = XD

ν , Υ = (2ν/2−1Γ(ν/2))−1HD
ν and ℓ(ω) = ω. Recall from

(2.50)-(2.53) that, if k ∈ L2(XD
ν ) and HD

ν k is bounded, then

f ∗Dν k = (HD
ν k)(−iDν)f,

as one can see by taking Dunkl transforms of both sides. Observe that −iDν has
a bounded Hs

2-calculus for any s > ν/2 (see, e.g., [12, Section 8]). Thus, again, we
can apply Corollary 7.8 with N = ⌊ν+5

2 ⌋.
Recall thatGD

ν is the product spaceXD
ν ×R with measure dµ̄D

ν (x, u) = dµD
ν (x) du.

As in Section 2.4, we denote

H̃D
ν := HD

ν ⊗ id : L2(GD
ν ) → L2(GD

ν ).

Clearly, H̃D
ν is a multiple of an isometry on L2(GD

ν ). Now let M : XD
ν → L(L2(R))

be measurable and uniformly bounded. Then, from (2.53) and (7.9) with Y = R
we have

H̃D
ν (M(−iDν)f)(ξ, u) = (M(ξ)H̃D

ν f(ξ, ·))(u). (8.5)

On the other hand, observe that, by (2.54),

H̃D
ν (f ⋄Dν K)(ξ, u) =

∫
R
H̃D
ν f(ξ, v) H̃

D
νK(evξ, u− v) dv. (8.6)

Let BK : XD
ν → L(L2(R)) be given by

BK(ξ)g =

∫
R
BξK(u, v) g(v) dv, g ∈ L2(R),

where

BξK(u, v) := H̃D
νK(evξ, u− v). (8.7)

With this notation, by comparing (8.5) and (8.6), we obtain that

f ⋄Dν K = BK(−iDν)f.

We shall apply this for K = XoK
(2)
1 . In this case, by (8.7), (6.24) and (2.43),

Bξ
XoK

(2)
1

(u, v) =
2i

π
1{u≤v−1}

Sν(e
vξ)

u− v
, Sν(ξ) := ξHν+2r

ν(ξ).

As a consequence, for any j ∈ N, the operator ξj∂jξBXoK
(2)
1

(ξ) has integral kernel

ξj∂jξB
ξ

XoK
(2)
1

(u, v) =
2i

π
1{u≤v−1}

(ξj∂jξSν)(e
vξ)

u− v
.

The estimates of Lemma 8.1, together with [37, Proposition 5.6(ii)], then show

that each ξj∂jξBXoK
(2)
1

(ξ) is bounded on L2(w) for any w ∈ A2(R), with a bound

only depending on j and [w]A2 . Thus, by Corollary 7.8, we deduce the desired

Lp(GD
ν )-bound for f 7→ f ⋄Dν (XoK

(2)
1 ). □

We remain with the “local part” R̃(1)
1 of R∗

1, which again shall be treated with
the standard singular integral theory.

Proposition 8.6. The operator R̃(1)
1 is of weak type (1, 1) and bounded on Lp(Gν)

for all p ∈ (1, 2].

Proof. Much as in the proof of Proposition 8.4, from the decomposition (6.25), we

deduce by difference that R̃(1)
1 is bounded on L2(Gν). We shall now employ the

Calderón–Zygmund theory of Section 3, and specifically Corollary 3.15, to prove

that R̃(1)
1 has the claimed boundedness properties.
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Namely, by (6.24) we can decompose

XoK
(1)
1 =

∑
n∈N

Kn + E,

where E ∈ L1(GD
ν ), while, for all n ∈ N and x ∈ GD

ν ,

Kn(x) =
ν

π

x

rν+2
χ(2nr)

and r = |x|ϱ, while χ ∈ C∞
c (R∗) is as in (7.1).

Recall that r2 ≃ x2 + u2 ≲ 1 on the support of Kn. Thus,∫
GD

ν

|Kn(x)| (1 + 2n|x|ϱ) dµ̄D
ν (x) ≲ν

∫ 2−(n−1)

2−(n+1)

r−1 dr ≃ 1.

Moreover, notice that

K•
n(x) = −ν

π

e−(ν+1)ux

rν+2
χ(2nr).

Therefore, by (1.4) and (6.15), if we set χ̃(t) = tχ′(t)− (ν + 2)χ(t), then

Y0K
•
n(x) =

ν

π
e−(ν+1)ux

ν + 1

rν+2
χ(2nr)− ν

π
e−(ν+1)ux

χ̃(2nr)

rν+3
· sinhu− e−ux2/2

sinh r
,

Y1K
•
n(x) = −ν

π

e−νu

rν+2
χ(2nr)− ν

π
e−νux

χ̃(2nr)

rν+3
· x

eu sinh r
.

Moreover, as (K•
n)o = K•

n, from (2.60) we get

Ũ(K•
n)o(x) = −ν

π

e−νu

rν+2
χ(2nr).

All in all, this gives

|∇νK•
n(x)|+ |Ũ(K•

n)o(x)| ≲ν r−(ν+2)

and ∫
GD

ν

(|∇νK•
n(x)|+ |Ũ(K•

n)o(x)|) dµ̄D
ν (x) ≲ν

∫ 2−(n−1)

2−(n+1)

r−2 dr ≃ 2n.

The desired Lp-boundedness for p ∈ (1, 2] then follows by Corollary 3.15. □
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