SINGULAR INTEGRALS ON az +b HYPERGROUPS AND AN
OPERATOR-VALUED SPECTRAL MULTIPLIER THEOREM

ALESSIO MARTINI AND PAWEL PLEWA

ABSTRACT. Let L, = —92 — (v — 1)z~ 19, be the Bessel operator on the half-
line X, = [0, 00) with measure 2! dz. In this work we study singular integral
operators associated with the Laplacian A, = 763 +e2¥ L, on the product G
of X, and the real line with measure du. For any v > 1, the Laplacian A, is
left-invariant with respect to a noncommutative hypergroup structure on G,
which can be thought of as a fractional-dimension counterpart to ax+b groups.
In particular, equipped with the Riemannian distance associated with A, , the
metric-measure space GG, has exponential volume growth. We prove a sharp LP
spectral multiplier theorem of Mihlin—-H6érmander type for A,, as well as the
LP-boundedness for p € (1,00) of the associated first-order Riesz transforms.
To this purpose, we develop a Calderén—-Zygmund theory a la Hebisch—Steger
adapted to the nondoubling structure of GG, and establish large-time gradient
heat kernel estimates for A,. In addition, the Riesz transform bounds for
p > 2 hinge on an operator-valued spectral multiplier theorem, which we prove
in greater generality and may be of independent interest.

1. INTRODUCTION

1.1. Statement of the results. For any real parameter v > 1, let X, be the
measure space (R, u,), where R, = [0,00) and du,(z) = 2*~'dx. The Bessel
operator L, is the singular second-order differential operator on X, given by
v—1

x

L,=-0?— Oy (1.1)
When v is an integer, L, is the radial part of the Laplace operator on R”, and of
course the latter operator is translation-invariant. An analogous invariance prop-
erty can be stated for the Bessel operator L, for any v > 1, by introducing an
appropriate notion of generalised translations on X,, known as Hankel transla-
tions. The Hankel translations and the corresponding Hankel convolution deter-
mine a commutative hypergroup structure on X,,, with which X, is also known as a
Bessel-Kingman hypergroup. Beside being translation-invariant on X,,, the Bessel
operator L, is also homogeneous with respect to the natural dilations on R, which
are automorphisms of the hypergroup X,,.

We now consider the semidirect product hypergroup G, = X, x R, where R
acts on X, via dilations. We equip G, with the right Haar measure dji,(z,u) =
dp, (x) du and define the natural left-invariant Laplacian A, on G, by

A, = —02+e*L,. (1.2)
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2 A. MARTINI AND P. PLEWA

We shall think of A, as a self-adjoint operator on L?*(G,) with Neumann boundary
conditions. We refer the reader to Section [2]for additional details on the hypergroup
structures of G, and X,. Here we just point out that, as a measure space, G, is
simply the product of X, and R, and the hypergroup translations on G, play a
role in the analysis of the Laplacian A, which is analogous to that of the Hankel
translations for the Bessel operator L,. Crucially, due to the presence of the scaling
factor e?*, the two summands in do not commute; correspondingly, G, is
equipped with a noncommutative hypergroup structure, which is not just the direct
product of those of the factors.

The operator A, is a fractional-dimension analogue of a distinguished group-
invariant Laplacian on ax 4+ b groups, which has been studied in multiple works
in the literature (see, e.g., [15], 19, B7, 51]). Indeed, when v is an integer, we can
consider the semidirect product group R” x R and the left-invariant Laplacian Age»
thereon given by

Agv = —02 + e*Lgv,

where Lgr = — Z';Zl 8§j is the usual (positive-definite) Laplace operator on RY;
then A, coincides with the restriction of Agr» to R¥-radial functions.
We remark that the operator A, on G, can be written in divergence form as

A, =YY+ Y'Y, (1.3)
where Yy and Y7 are the vector fields on G, given by
YO = 6u, Yl = e“(’)w (14)

and Y0+ and Yl+ are their formal adjoints with respect to d,. Thus, if we equip G,
with the Riemannian structure that makes the fields Yy, Y7 an orthonormal frame,
then we can think of A, as a weighted Laplacian on this Riemannian manifold.

Notice that the vector fields are independent of v, so the same is true for
the Riemannian structure, which coincides, in suitable coordinates, with that of a
half-plane in the real hyperbolic plane. What depends on v is the measure dji,,
which determines the adjoints Y, Y™ and thus the Laplacian A, as in (1.3). We
remark that, equipped with the Riemannian metric and the measure dji,, the space
G, has exponential volume growth for any v > 1.

In this work, we study LP-boundedness properties of singular integral operators
on GG, naturally related with the Laplacian A, and the underlying geometry. Due
to the exponential volume growth of G, the standard singular integral theory
for doubling metric measure spaces does not apply here; nevertheless, as we shall
see, the Calderén—Zygmund theory developed in [I9] and the corresponding Hardy
space theory of [55] can be fruitfully applied to this setting. The present work thus
confirms the broad applicability of the singular integral theory of [19] B5], even
beyond the settings of Lie groups and flow trees to which it has been applied so far
(see, e.g., [8, 18, [35] [39, [42] and references therein).

Our first main result concerns the functional calculus for A,. As the Laplacian
A, is self-adjoint on L?(G,), by the spectral theorem we have a bounded Borel
functional calculus for A,, whereby to any bounded Borel function F' : Ry — C
there corresponds an L?(G),)-bounded operator F(A,). What we prove here is an
LP spectral multiplier theorem of Mihlin—-Hérmander type for A,, giving sufficient
conditions, in terms of size and smoothness of the function F', so that the operator
F(A,) extends to an LP-bounded operator for other values of p # 2. Interestingly
enough, despite the exponential volume growth of G,, our result shows that the
operator A, has a differentiable LP-functional calculus, i.e., it suffices to control a
finite number of derivatives of F on R to ensure the LP-boundedness of F(A,).



SINGULAR INTEGRALS ON az + b HYPERGROUPS 3

Let us fix a cutoff x € C£°(0,00) such that I /p9 < x < 1j1/4.45. Let L2(R)
denote the L? Sobolev space of order s on R. Moreover, let us write A, for the
positive part max{A, 0} of a real number A.

Theorem 1.1. Suppose that sg > 3/2 and s > (v +1)/2. If a bounded Borel
function F : [0,00) — C satisfies
sup (1+6)" 42| F(t)x 2 m) <00, sup||F(t)xllrz_) < oo,  (1.5)
t>0 t>1 o

then F(v/A,) extends to an operator of weak type (1,1) and bounded on LP(G)) for
p € (1,00), bounded from H'(G,) to L*(G,) and from L*(G,) to BMO(G,).

We refer to Section [3| below for further details on the definition of the Hardy
space H'(G,) and the bounded mean oscillation space BMO(G,). We point out
that the regularity thresholds 3/2 and (v + 1)/2 in Theorem are sharp, i.e.,
they cannot be replaced by smaller quantities; we discuss this in Section below.
Interestingly enough, when v > 1, both thresholds are strictly larger than 1, i.e.,
half the topological dimension of the manifold G, .

The smoothness condition on the spectral multiplier F' can be thought of as
a refinement of the usual scale-invariant smoothness condition of Mihlin-Hormander
type |21, [44]:

1Pl

s,sloc

= sup | F(t)x] 15 < o (1.6)
>0

for some s > max{3,v + 1}/2. The form of is analogous to that used in

other contexts where there is a mismatch between the “local dimension” and the

“dimension at infinity” of the environment space (see, e.g., [1], [50, Theorem 2] and

[IT, Theorem 8.2]). In the case v > 2, one may assume So, > So and (2 — v); =0,

SO is effectively equivalent to

sup [|F(t)x| z2 ®) < o0, sup || F/(t-)x[r2_ () < 00;
0<t<1 t>1

the latter can be thought of as a variant of , where different smoothness re-
quirements are imposed on the local part and the part at infinity of the spectral
multiplier F'. In the case v < 2, instead, one may assume Sy > Soo, and can be
thought of as a refinement of the condition with s = sg, due to the presence
of the decaying factor (1 +t)~(=*)/2 for large t.

Our second main result concerns the first-order Riesz transforms

R; =Y;A,1% j=0,1, (1.7)

associated with the Laplacian A,. From the expression (|1.3) it is immediate that
both Riesz transforms are bounded on L?(G,); what we prove here is the LP-
boundedness for p € (1,00) of these singular integral operators.

Theorem 1.2. The Riesz transforms R;, j = 0,1, are bounded on LP(G,), p €
(1,00), from HY(G,) to L*(G,) and are of weak type (1,1).

While we state Theorem [I.2] as a single result, the bounds for p > 2 require
substantially different proofs from those for p < 2. Notice that the Riesz transforms
in are not skew-adjoint, so the case p > 2 cannot be simply reduced to the
case p < 2 by duality.

When the parameter v is an integer, both Theorems[I.1]and [I.2]above correspond
to analogous results for the Laplacian Ag. on the ax + b group R¥ x R proved
elsewhere. Specifically, the LP spectral multiplier bounds in Theorem [I.I] and the
Riesz transform bounds for p < 2 in Theorem correspond to [19, Theorem 2.4],
while the Riesz transform bounds for p > 2 correspond to [37, Theorem 1.1]. As a
matter of fact, when v is an integer, the results above could be deduced from the
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known results for Agrv, by restricting to appropriate classes of R”-radial functions.
The novelty in Theorems and is the fact that v is allowed to be fractional,
which creates a number of additional difficulties in their proofs.

The results of [19] for the elliptic Laplacian Ag. on the group R” x R were
generalised in [I7, B9, [43] to the case of the semidirect extension N x R of a
noncommutative Carnot group NN, equipped with the left-invariant sub-Laplacian
Ay = =02 +e* Ly, where Ly is the homogeneous sub-Laplacian on N. In the re-
cent work [40], we proved a sharpening of the multiplier theorem of [39] for certain
classes of Carnot groups N. The analysis of the Laplacian A, on the hypergroup
G, for fractional v turned out to be a crucial ingredient in the proofs in [40]. This
is a further reason of interest for the operator A,, which is studied in its own right
in the present paper.

The analysis developed here has actually a close connection to that of the sub-
Laplacian Ay on the Carnot group extension N x R. Indeed, notice that the
LP-boundedness of the Riesz transforms associated to Ay was proved in [43] for
p < 2, but the case p > 2 has so far remained open for nonabelian N. However,
the approach that we develop here for A,, based on the operator-valued spectral
multiplier theorem proved in Section [7] below, turns out to be fruitfully applicable
to the case of Ay as well. We substantiate this in the paper [4I], which constitutes
an additional motivation for the present work.

We also point out that discrete analogues of the above results were proved in
[19, B5, [42] in the setting of flow trees. The latter setting can be thought of as
capturing the “coarse geometry” of the semidirect products R” xR and G, equipped
with the Laplacians Ags and A,. Indeed, the analogues of Theorem [I.1] for flow
trees only feature the threshold 3/2 (corresponding to the “dimension at infinity”)
and there is no counterpart to the threshold (v + 1)/2 there.

1.2. Proof strategy. The proofs of Theorem and the p < 2 part of Theorem
are based on two fundamental ingredients.

First of all, in Section [3| we show that the Calderén—Zygmund theory of [19, [55]
applies to the nondoubling space G,. To this purpose, we first work in the gen-
eral framework of a metric measure space equipped with a family of “admissible
sets” satisfying a number of geometric axioms (see Deﬁnition below), and prove
that under these assumptions any integrable function admits a Calderén—Zygmund
decomposition in the sense of [I9]. We then show that the hypergroup G, with
the measure dji,, and the Riemannian distance falls under this framework, by con-
structing a suitable family of admissible sets in G,,.

Secondly, we show in Section [f] that the heat kernel associated with A, and its
gradient satisfy suitable weighted L!-estimates, which are valid both for small and
large times. To this purpose, much as in [39] 43], we exploit the relation between
the heat semigroups on G, and X, given by a general result of [I6]. Compared
with the case of Lie groups studied in [39} [43], an additional technical complication
here comes from the fact that hypergroup translations are particular “averaging
operators” and are not just given by a change of variables. Correspondingly, the
relation between the integral kernel and the convolution kernel of a left-invariant
operator is more complicated, and some care is needed in order to deduce gradient
estimates for the integral kernel from analogous estimates for the convolution kernel
(see Lemma [2.7] below).

Once the Calderéon—Zygmund theory and the heat kernel estimates on G, are
established, an adaptation of the arguments from [19] 39 [43], also exploiting the
finite propagation speed property for the wave equation associated with A, , yields
the multiplier theorem and the Riesz transform bound for p < 2. The corresponding
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proofs are discussed in Section[5] where we also show that the smoothness thresholds
3/2 and (v 4 1)/2 in Theorem are sharp and cannot be lowered.

The proof of the p > 2 part of Theorem [[.2) requires different arguments. Much
as in [37], our analysis relies, on the one hand, on precise asymptotics for the
convolution kernels of the Riesz transforms and their adjoints at zero and at infinity,
which we discuss in Section [6} on the other hand, in order to deal with the parts at
infinity of the Riesz transforms, we shall make use of an operator-valued multiplier
theorem. Again, the fact that we are working on the hypergroup G, instead of the
Lie group R” x R considered in [37], brings additional challenges.

Indeed, the approach in [37] for the study of the parts at infinity of the Riesz
transform was based on the observation that LP(R¥ xR) = LP(R”; LP(R)) and that,
moreover, left-invariant operators on R” xR are also translation-invariant operators
with respect to Euclidean translations in the R”-variables. As a consequence, those
operators can be considered as operator-valued Fourier multipliers on R, whose
operator-valued symbols act on functions on R. An operator-valued multiplier
theorem for the Euclidean Fourier transform already available in the literature
[54, [56] could be then applied to prove the LP-boundedness of the parts at infinity
of the Riesz transforms on R” x R.

In the case of the hypergroup G, = X, x R, it is still true that LP(G,) =
L?(X,; LP(R)) and that convolution operators on G, are translation-invariant in the
X, -variable, so they can be considered as operator-valued multipliers for the Hankel
transform on X, (i.e., the “radial part” of the Fourier transform, which makes sense
for fractional v as well). However, an operator-valued multiplier theorem for the
Hankel transform, analogous to that of [54] [56] for the Fourier transform, appears
not to be available in the literature.

As a matter of fact, the proof in [54] of the operator-valued Fourier multiplier
theorem for integer v > 1 exploits in an essential way the multivariate structure of
R, since it is based on Littlewood—Paley decompositions where each component
has Fourier support in a dyadic rectangle (see also the discussion and the references
in [23]). Thus, even if one starts with a radial Fourier multiplier on R”, the proof
forces one to work with non-radial functions, because the mentioned Littlewood—
Paley decomposition destroys radiality. For this reason, the known proof of the
operator-valued multiplier theorem for the Fourier transform on R” does not extend
straightforwardly to the case of the Hankel transform on X, for fractional v.

Nevertheless, in Section [7] we manage to prove an operator-valued LP spectral
multiplier theorem, which we can use here in place of the results of [54] [56], and may
be of independent interest. Specifically, the result in Section[7]is a conditional result,
which can be applied to any self-adjoint operator L on L?(X) for some measure
space X. For such an operator L, by means of the spectral theorem we can readily
define an operator-valued functional calculus, whereby to any bounded and weakly
measurable symbol M : R — L£(L?(Y)), where Y is another measure space, there
corresponds a bounded operator M(L) on L?(X x Y) = L*(X;L?*(Y)). Under
the assumption that L admits a (scalar-valued) Hérmander functional calculus on
LP(X) for some p € (1,00), i.e.,

IE (L)l xy»rex) S |IF]

for some finite s > 1/2, we prove in Theorem below that L also has an operator-
valued functional calculus on LP(X x Y) = LP(X; LP(Y)), where the condition for
an operator-valued spectral multiplier M to define an LP-bounded operator M (L)
is a smoothness condition of Mihlin type expressed, much as in [54] [56], in terms
of R-boundedness properties:

| M(L)||Lr(x xv)—>Lr(xxY) S %y(Y)({&jaﬁM(f) c&eRY j=0,...,N}),

L2

s,sloc
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where N > 54 3/2 and Rzs(y)(T) denotes the R-bound of a family of operators
T on LP(Y), see Section [7] for more details.

By applying our abstract result from Section [7] to the Bessel operator L,, we
obtain an analogue of [54, [56] for the Hankel transform. We point out the result
that we obtain for the Hankel transform is somewhat more restrictive in scope than
that for the Fourier transform in [54] 56]: namely, the result in [54] 56] considers
operator-valued Fourier multiplier operators on L?(R”; Z) for a broad class of Ba-
nach spaces Z, while we only work with L?(X,; L?(Y")). Nevertheless, our result is
enough for proving the required LP-bounds for p > 2 for the Riesz transform R
on G, as we show in Section [§

The Riesz transform Rq, however, does not directly fall under this framework.
Indeed, while the Laplacian A, and the vector field Yy = 9, are left-invariant on
G, the same is not true for the vector field Y7 = €“0,, and as a consequence the
Riesz transform R is not a convolution operator on G,, nor is it invariant under
X, -translations. This problem is already visible at the level of the hypergroup X,,
where the Bessel operator L, is invariant under the hypergroup translations, but
the same is not true for the first-order differential operator 9.

A workaround to this problem can be obtained by an application of Dunkl theory
for rank-one root systems. Namely, by identifying functions on the half-line X, =
[0, 00) with even functions on the real line X2 equipped with the measure duP (z) =
2712["~1 dx, one obtains that the Hankel transform on X, is the restriction to even
functions of the so-called Dunkl transform on X?. Moreover, the Dunkl operator
D, on XD, given by

v—1f(x) - f(-=)
2 T ’

Dy f(z) = f'(x) +

when restricted to even functions f coincides with the differential operator J,;
notice though that D, maps even functions to odd functions. Crucially, the Dunkl
operator D, is a multiplier for the Dunkl transform; for additional details we refer
to Section below. In this way, we can think of the Riesz transform R; =
viA; Y% on L?*(G,) = L*(X,; L*(R)) as an appropriate restriction of an operator-
valued Dunkl multiplier operator on L?(XP; L2(R)). Now, by applying the abstract
multiplier theorem from Section [7] to the self-adjoint operator —iD,,, we obtain an
operator-valued multiplier theorem for the Dunkl transform, which eventually yields
the required LP-bounds for the Riesz transform R; for p > 2.

‘We point out that the operator-valued Dunkl multiplier theorem that we obtain
here is different from that of [6], which only applies to multipliers of the form
M(&) = F(€)I for a scalar function F, but proves boundedness in LP(XP; Z) for
a wide class of Banach spaces Z. Again, our result only considers the case of
Z = LP(Y), but crucially allows us to deal with truly operator-valued multipliers
M and is therefore applicable to the Riesz transforms on G,,.

Notation. We write R, and R for the sets [0, 00) and (0, 00) of nonnegative and
positive real numbers. We also write N for the set of natural numbers (including
0) and N4 for N\ {0}.

We denote by A, the positive part max{A,0} of a real number A. We write
|z] = max{k € Z : k <z} and {z} = x — |z] for the integer and fractional parts
of z e R.

We denote by S(R;) and S.(R;) the spaces of the restrictions to Ry of all
Schwartz functions on R and all even Schwartz functions respectively.

We write 1g for the characteristic function of a set S, while #S denotes the
number of elements of S.
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2. PRELIMINARIES

2.1. The hypergroups X, and G,. Let v > 1. We recall some basic facts
concerning the Bessel-Kingman hypergroup X, and its semidirect extension G,
which are discussed in greater detail in [40], including further references to the
literature. Without being precise, let us point out that, in contrast to locally
compact groups, a hypergroup need not have a group multiplication, but there
exists a notion of translation defined for a function on the hypergroup and a point
in the hypergroup; there is also a convolution, defined for two suitable functions.
We refer to [3, [27] for a comprehensive discussion about hypergroups.

X, is a commutative hypergroup, with identity element 0 and Haar measure
dp, (z) = x¥~1 dx. We denote by *, the convolution on X, also known as Hankel
convolution, given by

/ o(y) Tl (y) dps (y) = /X o (y) v(y) dp () (2.1)

for suitable functions ¢, on X,. Here T is the Hankel translation on X, , i.e.,

1 (y) = / o((2,)) deoy (@), (2.2)

where
(T, 9)w = Va2 +y? — 2wy

and dww, is the probability measure on [—1,1] given by
Ao (1) = B(4, 5) (1 - w?)¥=3)/2 dw ?f v>1,
(dd_1(w) + dd1(w))/2 ifv=1,
while B is the Beta function, and §_; and §; denote the Dirac delta measures at

—1 and 1.
Let j¥ be the even entire function defined by

3¥(x) = 2"/ 0 (v/2) a2, 1 (z), x€C. (2.3)
The Hankel transform of f € L'(X,) is given by
0= [ f@@an@.  tex., (2.4)

where

Jé(@) = g7 (§) = j"(@§),  &reX,.
It can be proved that H, maps L!'(X,) into Co(X,) and extends to a multiple of
an isometry on L%(X,), i.e., the following Plancherel formula holds (see, e.g., [40,
eq. (3.11)]):

L fllz2x,) = 2727 0w /2) 1 £ ]| 2, - (255)
Moreover, the Hankel transform turns Hankel convolution into multiplication, and
intertwines Hankel translations and the Bessel operator with multiplication opera-

o Ho(f % 9)(€) = Huf(H,(6),
H, (71 £)(€) = 72 (©HLf (), (2.6)
H, (L, f)(€) = €H, f(£).
The last identity extends to the Borel functional calculus for L, , namely
H, (F(Ly)f)(€) = F(E)H, f(€) (2.7)

for all bounded Borel F : Ry — C, f € L*(X,) and a.a. £ € X, [40, Lemma 3.1].
The semidirect product G, = X,, X R is instead a noncommutative hypergroup
with identity element 0 = (0,0). The involution of an element x = (z,u) € G, is
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given by x~ = (e “&, —u). The right Haar measure on G, is dfi, (x) = dp,(z) du
and the modular function is

m, (x,u) == e . (2.8)

Unless stated otherwise, all function spaces on G, are defined with respect to the
right Haar measure. Left and right translations on G, are given by

gy F (@, 0) = 100 F(y,0) = 75 (g, u 4 0); (2.9)
here the Hankel translation Tl[,e%} is meant to act on the first variable of f. We
denote by ¢, the hypergroup convolution on G,, given by

foug(x /f ) rxg(y) dii (y /éf (y) dfi, (y) (2.10)

for suitable functions f,g on G,. The convolution ¢, satisfies Young’s inequality:
for any exponents p,q,r € [1,00] satisfying 1 + 1/r = 1/p + 1/q, there holds

I1(fm, M) oy gl < Ifllzeanllgllzec, ), (2.11)

where 1/¢+1/¢’ = 1. An analogous inequality holds for the Hankel convolution x,,
on X,.
For a function ¢ : X,, — C, we denote its L'-isometric dilations by

o (T) = AVP(N ), A > 0. (2.12)

In the sequel, we shall make use of the relation between ¢, -convolution and x,,-
convolution, namely,

fovglen) = [ (775 gii)a) do, (2.13)

where f%(x) := f(z,u). This relation encodes the fact that G, is a semidirect
product extension of X, relative to the action of R on X, via dilations [20, [57].
Notice that, as a measure space, G, is the product of the measure spaces X,
and R, and therefore L?(G,) is the Hilbert tensor product of L?*(X,) and L?(R).
Thus, if fL, := H, ® id denotes the “partial Hankel transform” operator (i.e., the

Hankel transform acting on the first variable of a function on G, ), then IjI,, is a
multiple of an isometry of L?(G,). Moreover, from (2.13)) and (2.6) it follows that

L, (f o0 g)(€.u) = / L, £(€,0) B, g(e"€, u — v) d, (2.14)

where we used the fact that H, (g(x))(§) = H,g(AE).
We introduce the L!(G),)-isometric involution f + f* given by

£4(%) = my () F(x)- (2.15)

We record here some useful relations between convolution and involution on G, .

Lemma 2.1. The following identities hold.
(i) For any f € Li.(G,) there holds

mu(Y)Txf(yi) = m,,(X)T'yf*(X_)

for almost all x,y € G,.
(ii) For all g € Li (G,) and all compactly supported f,h € L>(G,),

(f Ov g)* =g o, f", <f v 9, h>L2(GV) = <f7 ho, g*>L2(G,,)~ (2'16>
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Proof. Let x = (z,u) and y = (y,v). By the definition (2.9) of the right

translations,

m, (x)ry [ () = e e (eva, 0 — )
/ ez, y)w, v — u)dw, (w)

/f (2, h)ur 1 — v) doz ()

= eiuv’rye z]f(ei Yy, u— ’U)
my, (y)rxf(y ™).
Notice that, by (2.15)), (2.9) and (2.10)),

(F o0 9)" () = mu() To, 965) =mulx) | 7y 70 93 di ().
Thus, by part and again and ,
(o) 6= [ muly s (9) 96 dn(y)

= /G rf*(y) 9" (y ") din(y) = g% o f(x),

as claimed.
Similarly,

(forg, M)z, =

where part |(i) ., )b equations (2 and (2.10)), and Fubini’s theorem were used. O

2.2. Riemannian structure and Laplacian on G,. Recall from (1.3) and [40,
eq. (4.9)] that we can write A, in divergence form, i.e., A, = V}'V,, where V, is
the gradient associated with A,, given by

V., = (Yo, Y1),

and V7T is its formal adjoint with respect to dfi,. Here Yy and Y; are the vector
fields of (1.4]). Thus

VoS P = Yo/ +Vaf .
Sometimes we use the upper script to emphasize on which variables the gradient
acts, e.g., we may write V¥ for the gradient in x. As mentioned in the introduction,
the vector fields Yy and Y; and the gradient V, are independent of v, while the
adjoint VI and the Laplacian A, depend on v.

G, is naturally equipped with a Riemannian structure that makes the vector
fields Yp, Y7 an orthonormal frame. As discussed in [40, Section 4.4], this structure
does not depend on v and is the restriction to G,, = R4 X R of a suitable realisation
of the hyperbolic plane Riemannian structure on R X R; moreover G, is geodesically
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convex in R x R, and therefore any pair of points of G, is joined by a single length-
minimizing geodesic. An explicit formula for the Riemannian distance g on G, is
also available:

2
o((x,u), (z',u')) = arccosh (cosh(u —u') + M) , (2.17)

see [40, Proposition 4.14]. We shall write Bg, (x,7) and B¢, (x,r) for the open and

closed g-balls centred at x € G, of radius » > 0. We also define |x|, := o(x, 0).

Notice that |x~|, = |x|, for all x € G,,. We shall call radial any function on G,

that depends only on the distance |- |, of its argument from the identity element 0.
The next lemma serves as an analogue of the mean value theorem on G,,.

Lemma 2.2. Fizp € [1,00] and x,x" € G, and let v be the geodesic between them.
If K: G, x G, — C is continuously differentiable with respect to the first variable,
then

1K(x,) = K& )l o) < 9(X7X’)SlépHW’C(%-)HU(G,,)-
yey

Proof. Fix x,x" € G, and let v = (y1,72) : [0, L] = G, be the geodesic between x
and x’ parameterized according to the arc length so that L = g(x,x’). Thus,

(e (1) + (()* <1, teo,L].
Hence, for all z € G, the chain rule and the Cauchy—Schwarz inequality yield

0K (V(1),2)| = ‘e‘”(”’vi (YK, 2)ly= ) + 1Y KV, 2)ly= 1)

< |[VIK(y, 2)ly= |-

So, by the fundamental theorem of calculus and Minkowski’s integral inequality,

||IC(X’ ) - K:(Xa ')HLP(GV)

L
/0 OK((8), ) dt

< Lsup [[VIK(y, e c,) »
yeY

Lr(Gy)
as desired. (]

We now collect some useful observations relating distance, derivatives and trans-
lations on X,, and G,. Much as before, by C!(X,) we denote the space of restric-
tions to X, = [0,00) of even C! functions on R; similarly, by C1(G,) we denote

the space of restrictions to G, = X,, x R of C' functions on R? which are even in
the first variable.

Lemma 2.3. The following properties hold.
(i) Let g € C(G,). Then, for allx € G,,
supp(rxg) € {z € G, : o(suppg,2z) < |x/,}.

(ii) Let f € CH(X,) and g € CX(G,). Then (z,y) — 7" f(y) is in C1(X, x X,),
(x,y) = r<f(y) is in C*(G, xG,), and moreover, for allx € X, andx € G,

07 <A and [ ViEreg] < x| Vigl (2.18)

pointwise.
(iii) Let G : Ry — Ry be an increasing function and 'y € G,, and define the
function g : G, = Ry by g = G(o(-,y)). Then, for allx € G,,

lyg(x) < G([x],)-
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Proof. Let x = (x,u) and z = (z,w). From and (2.2)), we see that reg(z)
only depends on the values of g on the set
[|z — x|,z + e¥x] x {u+w}.
and vanishes if g vanishes there. Thus, if rxg(z) # 0, then
(I — €“z|, z + e“z] x {u+w}) Nsuppg # 0.
On the other hand, if y = (y,v) € [|z — e¥x|, z + e“z] x {u + w}, then v = u 4+ w

and |y — z| < e¥x; so, by (2.17),
o(y,z) = arccosh(cosh(v — w) + |y — 2*/(2"7™)) < |x,-

Thus, if rxg(z) # 0, then o(suppg,z) < |x|,, as desired.
Let us first discuss the result for f € C!(X,). By assumption, f extends to
an even C' function on R, which we shall denote by the same symbol f. If v = 1,

then (2.2)) reduces to

A1) = 3@+ ) + fz — v),

whence both the C* regularity of (z,y) — Tl[z] f(y) and the desired estimate follow.
If v > 1, then, (z,y), > 0 for all (z,y) # (0,0) and w € (—1,1); by (2.2) and

differentiation under the integral sign, also using the estimates

|‘T - yw‘7 ‘y - I’w| S <x,y>w, (219)
we then obtain that
1
Dyl = "z, ) T 4w, (w ,
F0) = [ £ dmw)
1
O, () = | (@ y)e) e e (w
7 f(y) B (( >)<x7y>w (w)

for all (x,y) # (0,0), thus showing the C! regularity of (x,y) — Tlgx]f(y) on X, X
X, \ {(0,0)}. As f’(0) =0, from the above formulas we also see that

lim 8,7 = lim 9,7 =0,
(z,y)H(0,0) v f(y) (z,y)%(0,0) y'v f(y)

thus proving that (z,y) — 7. f(y) is actually C* on the whole X, x X,. Moreover,

the above formulas and (2.19)) show that

1
o1 = | [ 1) T2 dmte)| < A7 )
-1 <:177 y>w
as desired.

The C! regularity of (x,y) + r«g(y) on G, x G, follows from the definition
of the right translations and the just proved C' regularity result for Hankel
translations. In order to justify the second inequality in observe that, by the
definition of the right translations (2.9),

|aur(:c,u)g(y, U)| = |Tl[/evw] (8ug)(y, u+ 'U)| = ‘T(x,u)Yog(yv U)' < r(m,u)|Y09(ya 1))|
(2.20)
and, also by the first bound in (2.18)),
€407 (2,00 9(y, v)| = [T (0711 ) (y, w4 ) |a=eva| < e T7 g (y, u+0)
= T(z,u) ‘Ylg(yv U)|
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Therefore,
|V(f’“)r(%u)g| = sup |a10uT (2,u)9 + a2€" 027 (2 )9
la1]2+]az2]?<1
< sup 7w (lan][Yogl + [az][Y1g]) (2.21)

Jar?Haz[?<1
<rewl Vgl
where in the last inequality we used the monotonicity of r(, ,). This proves (2.18).

Fix y = (y,v) € G,. By the definition of the left translations (2.9)) and the
formula (2.17)) for the distance on G,,

Uy g(z,u) = M g(ez,u+v)

= 1 G | arccosh coshu—i—w dwy, (w).
[, (| |)ieto

—1 2eu+2’u

Notice that

[(e'z,y)w —y| < ez, w e [-1,1].
Thus, by the monotonicity of G,
1 02V 2.2
Liymg(z,u) < [1 G <arccosh [COShU + W]) dw, (w) = G(|(z,u)l,),
as desired. (]

We now recall the Plancherel theorem for the functional calculus of A, [0,
Proposition 4.12 and Corollary 4.16]. For A > 0, a,b € R, we write

A ifA< 1
A0l — =7 2.22
A i > 1. (2.22)

Proposition 2.4. If F' : Ry — C is a bounded Borel function that belongs to
L2(Ry, AB/2(41D)/2] ), then F(A,) is a right o,-convolution operator, i.e.,

F(A))f = foo Kpa,),

whose convolution kernel Kpa,) is in L*(G,). Moreover, there exists a reqular
Borel measure o, on Ry, called the Plancherel measure associated with A,, such
that

dA

1K pan 226, = / F2do, <, / FP AR w02 g g3

for all such F. In addition, mgl/QKF ALY 18 a radial function.
(Av)

From the above Plancherel formula we can easily derive a sort of Riemann—
Lebesgue Lemma for the mapping F' +— Kpa,)-

Lemma 2.5. Let F € LR, \B/2¥+1/2] %) be bounded. Then m;1/2KF(AV) €
Co(G)) and

o0 oo . dA

I 2 Kol < [ Fldoy 5, [ PSS,

0 0

Proof. Let us decompose F = F} Fy in such a way that |Fy| = |Fy| = |F|'/2. Since
Fi, Fy € L2(Ry, \3/2.(41)/2] %), by Proposition the functions m;1/2KFi(AV),

i =1,2, are radial on G,,, and
2, :/ |Fi\2dal,:/ IF|do,
0 0

[, 2K p aplliz = 1K Fa,)
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(the first equality follows from radiality, cf. [40, Proposition 4.15]). In addition, as
F(A)) = Fi(A))F2(Ay),

m;l/QKF(AV) = m;l/Q(Kpl(AV) 01, KFQ(A,,))

= (m, 2Ky (a,)) o0 (my 2 Kpya,)

by the properties of the modular function [27, Section 5.3]. Hence, by Young’s
convolution inequality (2.11)) and [27, (5.5P)], m;l/ZKF(Au) € Cp(G,) and

Iy 2K pa)lloo < K a2 Imy 2 K py a2 :/0 |F| do, .
The bound ({2.23) on the Plancherel measure o, concludes the proof. O

We record here a few integration formulas for functions of the form mi/ 2 f, where
f is radial, against certain weights on G,; the formulas use the notation (2.22)). The
proof is fully analogous to that of [37, Lemma 3.3] and is omitted.

Lemma 2.6. Let k € R, and let f: R — [0,00) be measurable. Then
/ mzlz/Q(X) f(r)dp,(x) ~ / £(s) sl evs/2 4.
Gw 0
/ 2k m11//2(x) f(r)da, (x) ~g. / f(s) slHR0] (2ht0)s/2 g
G, o

[ s e mlf 260 70 60 2 [ S5 5 2

G, 0

/ jsinhu|* m}/?(x) f(r) dfi, (x) l‘k,u/ f(s) svHk 0l o(2h+v)s/2 q g
0

v

/G1{\u|§1}|u|kIHi/2(X)f(T)dﬁu(X)’:k,u/ f(s) st ers/2 ds,
0

where x = (x,u) and r = |X/,.
Notice that, if T is a right o,-convolution operator on L?(G,,) with convolution
kernel Kr, then T is an integral operator with integral kernel Cr given by
Kr(x,y) =my, (y)rxKr(y™) = my, (x)ry K7.(x7); (2.24)

the former equality follows from via the change of variables y — y~ (see also
[0} eq. (4.38)]), while the latter follows from Lemma [2.1(i)|

We now show that, in the case of ¢,-convolution operators, certain weighted
L!-estimates for the integral kernels can be reduced to corresponding estimates for
the convolution kernels.

Lemma 2.7. Assume that the functions Kr : G, — C and K7 : G, x G, — C are
related by (2.24]). Then, for any increasing function w : Ry — R,

sup /G [Kr(x,y)[wle(x,y)) dfi, (x) S/ [ Ko (x)] w(lxl,) dft (%),

yeG, Gy
SUP/ IVYKr(x,y)| w(e(x,y)) din (x) S/ IV K7 (x)| w(lx]o) dfiw (%),
yeGu G, Gy

sup /GV IVEKT(x,y)| w(o(x,y)) di,(x) < /GV |V, K7 (x)| w(|x],) dfin (x).

yeGy
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Proof. Fix y € G, and denote g(x) := w(o(x,y)). Then, by (2.24] , and
Lemma [2.3(iii)}

/ (e, y)] w(e(x, y)) dfiu(x) = / Iry K ()] 9(x™) A (%) < g 00 |K3|(3)
G G,

v

- /G K (30)] Ly () dfi () < /G K ()] w(ldlo) di (x). (2.25)
Moreover, by and Lemma [2.3[ii)] we deduce that

/ IVYKr (%, 3) w(e(x, ¥)) dfiy (x) = / 9y F () 9(x ™) iy (x)
G,

v

S/ ry| Vo K7|(%) 9(x7) dfin (%) S/GV IV K7 ()| w([x]o) dfin (x),

v

where the last inequality is proved much as in (2.25)). Similarly,

/ V3K ()| w(e(x,y)) dfi (x) = my (y) / VreKr(y )| g() di (x)

v Gv

< m,(y) / rel Vo Erl (y™) 9(x) dfin (x) = / ry (Vo EKor)* () g(x™) iy (%),

v v

where the last equality is due to Lemma and the change of variables x 5 x7;
we can then proceed much as in (2.25)) to bound the last integral by

/ IV, Ko ()] w((x,) di (),

v

as desired. O

We conclude this section with a technical result dealing with certain singular
oy-convolution kernels. The rough idea is that, even if a function on G, is singular
(not locally integrable) at 0, one can still use it as a ¢,-convolution kernel, at least
in the sense of the “off-diagonal kernels” of singular integral operators.

Proposition 2.8. Let K € Ll (G,) N CHG, \ {0}). Then, for all f € C.(G,),
the function f o, K is continuously differentiable on G, \ supp f and

Yo(f oy K)(x) = /G e f () YoK (y) dfi(y) for all x ¢ supp /. (2.26)

v

Moreover, for all f,g € C.(G
0 00 K). sy = [ 569 [ xfy™) VoI (3) duly) i)

») with disjoint supports,

(2.27)
- / f(x) / teg(y~) (YoI)*(y) djin (y) dfi ().
G, G

v

Proof. Notice first that, by (2.10),
Fou K = [ bty K) i)

Moreover, by Lemma
supp(ry f) € {z € G, : o(supp f,2) < |y, };

thus for any fixed € > 0 we see that, if Q(supp f,x) > ¢, then Ux f(y) =ry f(x) =0
whenever |y|, < e. Therefore, if Q. = {x : o(supp f,x) > ¢}, then

foyK(X):/G e f () Ko(y) dfi (y / fly () di(y) Vxe o,

v
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where K. € C1(G),) is any function that coincides with K on G, \ Bg, (0,¢) and
vanishes in a neighbourhood of 0.

As (x,y) = lyK.(x) = r<K.(y) is of class C' on X, x X,, (see Lemma )
from the above expression and differentiation under the integral sign we deduce
that f ¢, K is continuously differentiable on .. Moreover, as Yy commutes with
left translations, i.e.,

Yolyg = xYog vx € G,, g€ CHG,), (2.28)
(see and ( @ we see that, for all x € ).,
Yo(f oy K / Fy™) by VoK. (x) dfi, (y / U f(y™) Yo K< (y) di ().

As Y} is a differential operator, Yo K. coincides with Yo K off Bg, (0,¢). This proves
the identity for all x € €).; as € > 0 was arbitrary we obtain for all
x & supp f.

Now, if g € C.(G,) has disjoint support from supp f, then we can find ¢ > 0
such that supp g C Qs C Q.. In particular, the previous expression for Yy (f ¢, K)
on 2. applies and we obtain

00 00 K). )1y = [ 309 [l (67 Voo (y) i (y) e (o9
= {f o0 (YK2), 16,
As VoK. € L (G,), while f,g € C.(G,), by Lemma we deduce
<YE](f % )ag>L2(Gl,) = <fag<>u (YOKE)*>L2(G1,)

- / f(x) / teg(y~) (VoK) (v) dfi () A ().
G, G,

On the other hand, from the fact that suppg C Qo = {x : o(supp f,x) > 2¢},
we deduce that supp f C {x : o(suppg,x) > €}, and moreover, arguing as be-
fore, ¢xg(y~) vanishes if |y| < e and p(suppg,x) > e. As (YoK.)* = (YoK)* off
Bg, (0,¢), we can replace (YoK.)* with (YpK)* in the last integral and complete

the proof of (2.27)). d

In the above proof the left-invariance property of Yy is crucial, and indeed
the same result does not hold for Y;. This is why, while the previous proposition
will be enough to discuss the Riesz transform Ry = YoA~1/2 as a singular integral
operator, for the Riesz transform R, = Y7 A~1/2 we will need a different approach,
based on the Dunkl theory discussed in Section [2.4] below.

2.3. Kernel formulas. Recall from Proposition[2.4]that, for any bounded function
F € L2(Ry, AB/2:(v+1)/2] %), the operator F'(A,) is a right ¢, -convolution operator

with convolution kernel Kr(a,) € L?(G),), and moreover the function m,jl/QKF(AV)
is radial on G,,. Thus, we can write
9(2-v)/2
I'(v/2)
for a suitable Hp(a,) : Ry — C; the choice of the normalization constant in ([2.29)
makes the following computations neater.

In this section we shall derive an essentially explicit formula for Hp(a,), in terms
of the Euclidean Fourier transform of the function & + F(£2) on R. The starting
point for our discussion is the case where F()\) = e~**, corresponding to the heat
semigroup for A,.

Kpa,) (%) = my/?(x) Hpa,) (Ix,) (2.29)
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From [40, Proposition 4.4] we know that the heat semigroup {e~*2+};-( associ-
ated with A, is a family of ¢,-convolution operators, and the corresponding kernels
are given by

2 e w—v/2 (_coshu _a?
Koo o) = o s /0 Wi(6) (26") P exp (- F - ) a6 (230
where
e Iy . (70 6%  coshd
U, (&) = 5247?315/0 sinh @ sin (215) exp <_4t — € ) de, &> 0.

The formula (2.30)) follows from the relation between the heat semigroups e *4v
and e~ & on G, and X, (see [16, Theorem 2.1]). Indeed, (2.30)) can be rewritten
as

e h
Keonnlo) = [T 0@ o () Kocona(o) e (231)
0
where K, iz, is the %,-convolution kernel of e~ L~ given by
$2
Ko, (z) = S, (4mt) "/ 2e™ 77, (2.32)
while
27TV/2
YT T(v/2)

(see, e.g., [40, Lemma 3.3]). If v is an integer, then S, is the surface measure of a
unit sphere in R, and the remaining part of is the radial profile of the heat
kernel on R”, as one should expect.

Correspondingly, the constant S, appears as a multiplying factor when we com-
pare our formulas for convolution kernels on X, and G, with the classical ones
available in the literature for R” and R” x R in the case v € N;. Actually, due to
the further normalisation constant in 7 when directly comparing expressions
for Hp(a,) and Kp(a,. ), a simpler multiplying factor appears, viz.,

~ T'(v/2
S, = 2(,57%5” = (2m)"/2. (2.33)

For example, for v = 2, from the explicit formula for the heat kernel for A2 on

R? x R (see, e.g, [51} p. 1123]) and we deduce that

1 r 72
H, - = —— . 2.34

et () V/167t3 sinhr P ( 4t> (2.34)
On the other hand, for an arbitrary v > 1, by (2.30)) and (2.17)),

H, i, (r) = /OOO W, () €77/ % exp (—Cozhr> de. (2.35)

From this formula we shall now derive a number of relations between heat kernels
corresponding to different values of the dimensional parameter v; in the case of
integer v, analogous formulas can be found, e.g., in [2] egs. (2.2)-(2.3)].

Proposition 2.9. Let v > 1.
(i) For any k € N,
1 k
<Slnhrar> He—tAV (’I") = He*tAu+2k (T') (236)
(1) If B € (0,00), then

1 ° sinhx
H. s, (r) = H s, de.
etaw (1) I‘(/J’)/,, (cosha — coshr)l—B e Hrt2s (z) dz
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(iii) There holds

1 o0 sinh z -1 5]
H, on (r) = _(———08,)  H..s(2x)d
-~ (1) F(l—{g})/T (coshx — coshr)is} <Slnh$ ) o (z) d

1 -1 Ls) - poo sinh 2
= 67. v H —t d .
r1—-{s}) (Sinhr ) /T (cosha — coshr){z} © 2 (w) do

Proof. This follows immediately from (2.35)) and differentiation under the in-
tegral sign.

We use (2.35) and obtain

/OO H_-ta, 55 (x)sinhz
» (coshz — coshr)l—8

X

__cosha

e (v *® ¢ ¢ sinhz
:/ Wy (&) ¢ +2B)/z/ : drde.
0 r

coshz — coshr)l—

Notice that |U(€)| <y €72, see [16, Theorem 2.1], so all the integrals are absolutely
convergent. In the inner integral we substitute y = (coshz — coshr)/¢ and get

[e’e] H —ia, 3 h oo o0 _,,_coshr d
/ o~ tBuy28 (x)sinhz dx:/ \I/t(§)§7(y+25)/2/ (yf)ﬁe y— o Zydf
T 0 0

(coshz — coshr)1—8
o0 cosnhr o0 d
— [ et [ e ag
0 0 Y

= F(B)HE*AV (T),

as desired.
iii)} By part|(ii)| with f =1 —{%} and formula (2.36]) we get
y P : g
1 o sinh z
H -ta,(r) = —~H —ia, . d
emta (1) F(l_{g})/r (cosha — coshr){z} e a2 (7) d2

1 > sinh -1 L5]
= v . 8x He—t d .
(- {%}) /r (coshzx — coshr){a} (smhx ) 2y (7) dx

In order to conclude, it is enough to repeatedly apply the formula

1 o sinh
(sinh T 8T> /r (coshz — coshr)e 9(x) da

o sinh z 1
_ 0, dz, (2.37
/r (coshx — coshr)e (sinhx ) g(z)dw,  (2.37)

which holds for any o € (0,1) and any ¢g : R — C which decays sufficiently
fast together with its derivative. To justify (2.37)), we use the substitution y =
coshz — coshr in both integrals, and notice that ——9, changes to 9,. Thus

sinh z
[2.37) takes the form

1 (o] o0
<8,.> / y~“h(y + coshr)dy = / y~*h/(y + coshr) dy,
0 0

sinh r

where h(s) = g(arccosh(s)), and the latter formula follows by taking the derivative

under the integral sign. O
Notice that if we let Ag be the classical Laplacian on R and
1 2
He—tAO (7") = e 4t

vart
be the heat kernel on R, then from (2.34) we see that
-1

sinhr

He—tAQ (T) =

O H,—eno (7); (2.38)
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in other words, with this notation, the relation (2.36]) also holds when v = 0. From
Proposition@we shall now derive a relation between Hpa, ), v > 1, and Hp(a,),

where
1

T or

is the convolution kernel of F'(Ap) on R.

Corollary 2.10. Let v > 1 and let F € S(Ry). Then

Hp(ag) (@) /RF(£2) " dg (2.39)

Hpa,)(r)

1 o sinh x -1 L5]+1
= - H d
r(1—-{s} /,, (coshx — coshr){5} <sinhgca ) F(ao) (@) d

for allr € Ry.

Proof. With the change of variables G()\) = F(\?), we can reformulate the state-

ment as
T

o0
T

for all G € S.(R,), where E, is the differential operator given by

-1 . 1 L5]
Be=ra—pp® O <sinhxa‘r) '

Notice now that, for any fixed € R, both sides of are continuous linear
functions of G € S.(R,) with respect to the Schwartz class topology. For the left-
hand side, this is clear from Lemmal[2.5] As for the right-hand side, this follows from
the fact that G — E, Hg( /x5 is a continuous operator on S, (R.): indeed it is the
composition of the inverse Fourier transform on R (see ) and the differential
operator E,, which are clearly bounded on Se(Ry) (for the boundedness of the
latter, see also [53]).

In light of these continuity properties, it is enough to check the identity
on a class of functions whose linear span is dense in S¢(R4). One such class is that

coshz — coshr){5}

of gaussians, i.e., functions G(A) = e for t >0 (see, e.g., [28, Lemma 2]). On
the other hand, in the case of gaussians, (2.40) follows immediately by combining
Proposition [2.9(iii)| and (2.38]). O

Remark 2.11. The relation between Hp(a,) and Hp(a,) in Corollary could
be interpreted in terms of a suitable (inverse) Abel transform, in the sense of [32]
Section 5.3]. A discrete analogue in the setting of flow trees is also stated in [42]
Proposition 5.4].

2.4. Dunkl setting. We briefly recall some facts from the Dunkl theory for rank-
one root systems. For a comprehensive treatment of the Dunkl theory we refer the
reader to [10, 26, [47, 48]. As we are interested in the Dunkl Laplacian and Dunkl
transform on R as “extensions” of the Bessel operator and Hankel transform on X,
we shall use the same dimension parameter v > 1 as before to index them, instead
of the multiplicity parameter £ = (v — 1)/2 or the Bessel function order v/2 — 1
used in other sources in the literature.

We shall denote by XD the space R equipped with the measure dul(z) =
271 2["~1 dx; notice that integrating an even function on R with respect to duD
is the same as integrating it on R, with respect to du,. In this section, in order
not to burden the notation, we shall often identify even functions on X2 with their
restrictions to X,,. In this way, operators such as L,, H, or TLI] discussed earlier
can be also thought of as acting on even functions on XPD.
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The Dunkl transform of f € Ll(XD) is given by

W) = [ 10" Wade.  cer
(see [49, Example 2.29] and [46, Remark 3.7.2]), where
PW) =Py, @) = (@) + i @)
and j¥ is as in . Notice that

FP(2) =@, 1P <1 VaeR

[46, Corollary 2.2]. In the case v = 1, we simply have j1'P(z) = €% so the Dunkl
transform reduces to the Fourier transform on R, up to a normalisation factor. The
function
By (z,y) = j"P(~izy),  z,y€eC,
is also known as the Dunkl kernel and satisfies the identity
DVEV(":U) = yEu('>y) (241)

[49, Theorem 2.27], where D, is the Dunkl operator
1 _f(—
Dyf(w) = () + L5 T, (242)
For a function f on X2, we shall write f = f. + f,, where f. and f, are the

even and odd parts of f, respectively. By comparing the definitions of H, and HY,
it follows that

HYf = Hofo— U Hyi2Ufo, (2.43)

where
Uf(x) = f(x)/x. (2.44)
Thus, we can think of the Dunkl transform as an extension of the Hankel transform,
and deduce a number of properties of the Dunkl transform from those of the Hankel
transform. For example, HD is an isomorphism from the Schwartz class S(R) onto

itself, and also from L?(XP) onto itself; moreover, from the Plancherel formula ([2.5))
for the Hankel transform one deduces an analogous result for the Dunkl transform:

IHD fllz2(xpy = 227 0w /2) || £l 12 (xD).-
The Dunkl convolution is defined by
100w = [ s s ale) = [ s e ale).  (@49)

where the Dunkl translations TIE’I]) are given by (cf. [46, Lemma 3.2])

1
o i _aty
1) = [ (el loba) +

- / 1 (fe<<x,y>w>+ Sk fo<<x,y>w>) (1 - w) ooy (w),

-1 <$7y>w

foldll, |y|>w>) (1 — wsign(ey)) dem, ()

(2.46)
and dw, and (z,y), are as in (2.2)). Notice that
Wb fW) = hi@), W=,

where f(y) := f(—y); in particular, the equality of the two integrals in (2.45)
corresponds to the fact that the adjoint of Ti‘% in L2(R,dub) is TV[ S] (cf. [46

§1.2]). For all 2,y € R and w € [—1, 1], there holds
0<1-w<2, |@+p)(l-w)l <2 (2.47)
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(see [46, pp. 298-299]); so, by comparing (2.46) and (2.2),
roib < 2r (1 el 1 o), (2.48)
and therefore from ([2.45)) and (2.1]) it follows that
|f *E gl <2(|fel + [fo]) *u (Igel + |g0])-
As a matter of fact, from (2.45) and (2.46]) it also follows that
felg=Ff*g (2.49)
whenever f and g are even; in this sense, the Dunkl convolution *P extends the
Hankel convolution *,,.
We can relate Dunkl convolution and Dunkl transform by observing that, by [46,
Theorem 2.4],

LGP (2) = P (y) 4P (=),
whence
HP (7L ) = j4Pf,  HD(f+D g) = HD(f)HD(9) (2.50)

(cf. 49, eq. (2.19)]).
The Dunkl operator D, of (2.42) is formally skewadjoint with respect to du>,
i.e., D = —D,. Moreover, from (2.41) it follows that

v,D __ . v,D
D,jo~ =iy,

whence
HY (D, [)(€) = i€H)f(€),  E€R (2.51)
(cf. [49, Lemma 2.37]). From we then see that
DVT,ET:]]D = T,Ef]]jDVf) Du(f *]1? g) = (Duf) *]1? g=1r *z]? (Dug)a (2'52>

while, much as in ([2.7)), the relation (2.51)) extends to the Borel functional calculus
for the self-adjoint operator —iD,,:

H) (F(—iD,) f)(€) = F(OH, f(€). (2.53)
for all bounded Borel F: R — C, f € L?(X?) and a.a. £ € XD2.

Let GY be the space R x R equipped with the measure dji? (z,u) = duP () du.
For a function f on G, we denote by f, and f, the parts of f which are even and odd
with respect to the first variable. We shall always use this meaning of “even” and
“odd” on GY, and, much as before, in this section we shall identify even functions
on GP with functions on G,,.

In analogy to (2.13)) we define

fob gt = [ g@ . muek

Hence, much as in (2.14)), by (2.50) and the fact that HY (g(x))(§) = HDg(A) we
deduce that

AP (f oD g)(r,u) = / AP (6, 0) A g(e6,u— v) du, (2.54)

where we used the notation IA-LI? := HD ® id for the “partial Dunkl transform”.

Notice also that, by (2.49),
forg="Ffoug (2.55)
whenever f and g are even.
Let us also define left and right translations on G2:

El(jy’v)f(x, u) = ra’u)f(y, v) = TEDI]f(y, u—+v). (2.56)
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Thus, the oP-convolution takes a form that is similar to (2.10):

pRot = [ 1 roty) aniy) = /G R e AR (y),  (257)

v

where (z,u)~! := (—e %z, —u). Notice that (2.48)) immediately gives
170y 1 < 20 gy (| fel + 1 fol)s |€($,u)f| < 20(121,u) (| fel + 1 fol), (2.58)

whence also
|f<>z]/) g| < 2(|fe| + |fo|) Sy (‘ge| + |go|)'

From (2.11]) we then deduce Young-type inequalities for the oP-convolution: for all
p,q,r € [1,00] with 1/p+1/¢g=1+1/r,
[(foo, ) o8 gl oy < 8l £l e ey llgllLocap)

where m, (z,u) := e~** for all (z,u) € GD.
We shall also use the L'-isometric involution f ~ f® given by

[ (%) = my (x) f(x71).
The relation between involution and convolution on G, is given in the following
statement, which is an analogue of Lemma

Lemma 2.12. The following hold.
(i) For any f € LL _(GD) there holds

m, (y)r f(y ™) = my (x)rD fo(x 1)
for almost all x,y € G,,.
(i) For all g € LIOC(G]VD) and all compactly supported f,h € L=(GD),

(f <> g) = g. <>D f., <f <>D g, h>L2(GD = <f, h<>D g.>L2(G’B)' (259)
Proof. . Let x = (z,u),y = (y,v) € GP. By ([2.56) and (2-46),
mu(X)TDf (X‘ )

= e_”“ f‘( et v — u)

— / 1 R R e S DR G e e

-1 (—x,y)w
x (1 — w)dw, (w)

=e 1 fele ™z, —y)w,u —v) + gfo(e_v@a —Y)w, U — V)
1 (*, —y)w

X (1 = w) dw, (w)
=l (e Ty - )
= m,,( s fy™h).
The proof is analogous to that of Lemma [2.1)(ii)| and is omitted. d

The next lemma is the Dunkl counterpart of Lemma [2.3] Notice that the vector
fields Yy = 0, and Y; = e“d, can be thought of as defined on the whole G2, so
it also makes sense to apply them and the gradient V, = (Y, Y1) to functions on
GP. We also introduce the multiplication operator U on G,, given by

U=e'U=e's1, (2.60)
which can be thought of as a lifting to G, of the operator U on X, see ([2.44). We
further introduce the notation X := (|z|,u) for any x = (z,u) € GY.

Lemma 2.13. Let 2 € R and x € GD.
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(i) Let g € C(GD). Then
supp(rig) € {z € G, = o(supp(lge| + lgo]), 2) < X[}

(ii) Let f € CYXD) and g € CY(GY). Then the function (x,y) — Tl[,xl])f(y) is in
CHXD x XD), the function (x,y) = r2g(y) is in C1(GD x GP) and

10 h £ < 2750 (o)1 4+ 1(fo)| + 21U fo]),

(2.61)
|vu xg| < 2Ti(‘vuge| + |v1/90| + 2|U90|)

pointwise.

Proof This follows immediately from Lemma [2.3(i)| and ( -
Let us first discuss the result for f € C1 (XD) If v =1, then (2.46) simply
reduces to
b f W) = fz+),

whence the stated C' regularity and estimate follow.

Suppose instead that v > 1, and notice that (x,y), > 0 for all (z,y) € R2 \
{(0,0)} and w € ( 1 1) Thus from the definition of the Dunkl translations
and the bounds and (| , by differentiating under the integral sign we
obtain that, for all ( x,y) # (0,0 ,

T — yw

e — [ (£l
01w = [ (o) ()

! / _f0(<xvy>w) T—oyw Tty — W) do(w
o [ (e B TR 0 -

) e
+/71T,y>w (1 - w) dwy (),

as well as an analogous formula (with z and y switched) for 9, 7l D f (y). This
expression, together with the fact that f., f, € C1(R), prove the C'1 regularity of
(z,y) — Ty[m]]Df(y) on R?\ {(0,0)}. Moreover, by using the fact that (f.)’(0) =0
and limp_,o fo(h)/h = (f5)'(0), together with the bounds and (2.47), from

the above formulas one sees that

lim 9,707 (v) =, lim 0,70 F(y) = (£o)'(0) = f'(0),

(z,9)—(0,0) (z,y)—(0,0)

(1 - w)dw,(w)

thus completing the proof of the C'! regularity of (x y) > Tl[/]]D (y) on R2. Finally,

by the bounds and (2.47)), together with (2.2)) and (2.44] , we also see that
‘/ (Fe) ((9) y“(l - w) dw, (w)| < 270 M|(£e)'|(),

‘/ (fo) ({2, ¥ “y”“yu—mdwy(w)s%ﬁz”\(foﬂ(y),

‘/ fol{@, 9)w x*yw Lty —(1—w)dw, ()| < 200U fol (),

‘/ fo —w)dw, (w)| < 27U fo|(y),

whence the first estimate in ) follows.

We now move to the results for g € C1(GY). By the definition of the
right translations on GD, the C! regularity of (x,y) + r2g(y) follows from the
analogous one on XD that we have just proved. It remains to justify the second
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inequality in . Notice that, by the definition of the right translations
on GP, arguing as in and using ,
10ur(s 9y, 0)| = Ir?x,u)Yog(yw)l < 271wy [ Yoge| + [Yogoll (v, );
similarly, using also the first bound in ,
€ 0urD, 19y, v)| = [0 %g)(y,u +0)|a=ens|
< 2"l 010, (g0) | + 10y (90)] + 2|U o[ (y, u + )
= 2r(jo)w) (V10| + Y190l + 2|Ugoll(y, v).

By arguing much as in (2.21]), we can combine these two bounds and obtain the
second inequality in (2.61)). O

The next result is an analogue of Proposition [2.8} To state it, we introduce the
notation
YY =0, YP=e"D,.
Notice that Y;? can be thought of as a lifting of the Dunkl operator D,, to GJ.
Proposition 2.14. Let K € L _(G2)NCY(GD\ {0}). Then, for all f € C.(GD),

the function f oD K is continuosly differentiable on G2 \ supp(|fo| + |fo|) and, for
J=0,1,

YP(f o) K)(x) = /GD GFy ) YPE(y)di)(y)  for all x ¢ supp(| fe| + | fo])-

v

Moreover, for all f,g € Co(GP) with supp(|fe| + |fol) Nsupp(|ge| + |go]) = 0,
(YP(f o2 K),g)ra(am) = / / Ry YLK (y) di (y) dil ()

- /G 109 [ oy ) (50K ) i y) 4k ).
’ ’ (2.62)

D .
Proof. From ) and (| one sees that the operators Y;~ commute with left
translations on GD ie.,

YPRg=0)Y g vxeG), geCYGY). (2.63)

Thus, one can essentially repeat the proof of Proposition using Lemmas [2.12
and [2.13) in place of Lemmas [2.1] and 2.3

Notice that the operators D, and Y;” are not differential operators and are
not local; however, they are local when restricted to even functions and to odd
functions. Therefore, one can replace the kernel K with its regularisation K. as in
the proof of Proposition by making sure that both even and odd parts of K.
coincide with those of K off a suitable neighbourhood of 0. O

3. CALDERON-ZYGMUND THEORY

We recall the definition of Calderén—Zygmund spaces (see [19, [55] and compare
[39] Definition 3.1]).

Definition 3.1. A metric-measure space (X, d, p) is a Calderén—Zygmund space if
there exists a constant x € [1,00) and a family % of Borel subsets of X satisfying
the following properties.

(i) For all R € Z there exist z(R) € X and r(R) > 0 such that
R C Bx(z(R), kr(R)).

where Bx (x,r) denotes the open ball of centre x and radius r in X.
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(ii) p(R*) < kp(R) for all R € Z, where
R :={zxe X :d(z,R) <r(R)}.

Moreover, for all f € L*(X) and A > & f||1(x)/m(X) (if p(X) = oo, then A > 0)
there exists a decomposition
f=g+> b (3.1)
ieN
satisfying
(iii) [lgllzeexy < N
(iv) Jxbidu=0forallieN, and 37,y [[billLr(x) < 26 fllr )3
(v) there exists a family {R;};eny € £ such that suppb; C R;, and > u(R;) <
'f||f||L1(X)/>\;
(vi) if f € LP(X) for some p € [1,00), then g,b; € LP(X) too and the sum in ([3.1)
converges in LP(X).

For convenience, we shall work with a slightly less general notion of Calderén—
Zygmund spaces, where we replace the conditions |(iil)H(vi)| referring to the decom-
position of functions by assumptions concerning only the family Z.

Definition 3.2. Let (X, 1) be a measure space and F C X be measurable. A quasi-
partition of E is an at most countable family & of pairwise disjoint measurable
subsets of I/ such that £\ |Jpc 4 P is p-negligible.

Definition 3.3. A restrictive Calderén—Zygmund space is a metric-measure space
(X,d, ), where p is a Radon measure on X, equipped with a family % of Borel
subsets of X, called admissible sets, such that, for some constant k € [1,00), the
following properties hold.

(1) Every R € Z has a centre x(R) € X and a radius r(R) > 0 such that
R C Bx(z(R), kr(R)).
(2) 0 < p(R*) < ku(R) < oo for all R € %, where
R*:={xe€ X : d(z,R) <r(R)}. (3.2)

(3) To each R € Z is associated a collection € (R) C % of children of R such that
e % (R) is a quasi-partition of R with #% (R) < k, and
o 4(R) < ku(R') for all R’ € ¥(R).
We define iteratively €°(R) = {R}, €"T}(R) = Urrewn(ry € (R) for n € N;
the elements of €*(R) := (J,,cy €™ (R) are called descendants of R.

(4) For all e > 0 and R € #, and for almost all = € R, there exists a descendant
R’ of R such that x € R’ and r(R’) <e.

(5) For all A € (0, (X)) there exists a quasi-partition & C Z of X such that
w(R) > A for all R e &.

The proof of the following result is analogous to that of [39, Proposition 3.19]
and is omitted; we point out that the property in Definition plays the role
of [39, Lemma 3.18(v)] in the proof of the inequality . Notice that we use the
notation fp |f|du := p~'(R) [, |f|du for the average of |f| over R.

Lemma 3.4. Let (X, d, ) be a restrictive Calderdn—Zygmund space with admissible
family Z. Let & C X be a quasi-partition of X, and let P, := Jpe 5 €*(R). Then
the mazimal operator M g associated with &, defined by

sup f d/j/ ngj c R,
Mng(x) = ( ReEP, :zeRle | URGQ*

0 otherwise,
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is of weak type (1,1). Moreover

1< Maf pae. (3.3)
for all f € L (X).

loc

Following the proof of [39, Theorem 3.20], we now show that Definition is
indeed more restrictive than Definition [3.1]

Proposition 3.5. A restrictive Calderén—Zygmund space is a Calderén—Zygmund
space.

Proof. Let (X,d, u) be a restrictive Calder6n—Zygmund space with the admissible
family % and the constant k. We shall prove that (X, d, ) with %2 and « satisfies
Definition It suffices to verify conditions |(iii){{(vi)|

Fix f € L'(X) and X > & f z1(x)/m(X). By . we can find a quasi-partition
P C X of X, such that every R € & satisfies u(R) > &l fllz1(x)/A. Thus
fr|fldu < X/k for all R € &. For any Ry € &, we say that a descendant R of Ry
is stopping if {5 |f|dp > Nk, but 5, [f|dp < A/k for any other R’ in the line of
descendants from Ry to R. Let .¥ C Z be the family of all stopping descendants
of elements of Z.

Let @ = X \ Upcyp R We set

in=(7-f rau)1n Rer aa g=sia+ 3 (f 1au)1n,

ReS
so that
f=9+ Z br (3.4)
Res
pointwise. Clearly, [br = 0 and, by fr|fldp < X for all R € .. Thus,
lorllz1(x) < 2Au(R). By the definition of .7 its elements are pairwise disjoint and

S uR <5 [ 1< Sl o

Rey Rey

which proves and Furthermore,

gl + 37 bRl < If] +2X1x 0,
RES

where again we used that the R € . are pairwise disjoint; as X \ € has finite
measure, this pointwise domination shows that, if f € LP(X) for some p € [1,00),
then the same is true for g and the br, and moreover the sum in converges in
LP(X), thus proving

For the remaining property notice that |g|r| < f5|f| < X for any R €
&, and therefore ||g[x\alloc < A. On the other hand |[|gla|lr~ = [|flallz~ <
M flolles by (B-3). By the definition of Q, for all z € Q and R € £, with
R > z, we have {,|f| < A/, whence Mg f(x) < A/k. In conclusion, ||g|lp= < A,
as desired. (]

We now recall from [55] the definition of Hardy and bounded mean oscillation
spaces on a Calderén—Zygmund space.

Definition 3.6. We say that a (restrictive) Calderén—Zygmund space satisfies con-
dition (C) if there exists a subfamily 2’ C % such that

e for each R € # there exists R’ € %' such that R C R';

e if two sets from %’ are not disjoint, then one is contained in the other.

Definition 3.7. Let (X, d, 1) be a restrictive Calderén—Zygmund space satisfying
condition (C), and let Z be the family of admissible sets.
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(a) An atom is a function a € L'(X) supported in some admissible set R € %
and such that

/ adp=0,  Jallz < p(R)~/2.
X

(b) The Hardy space H'(X) is defined as the set of the functions f € L'(X)
admitting a decomposition

f = Z )\jaj (35)
jEN
for some atoms a; and coefficients \; € C with }°; [A;| < oo. The norm
| fllerx) of f € HY(X) is defined as the infimum of the quantities 225 1Al
over all decompositions (3.5)).

(¢) The bounded mean oscillation space BMO(X) is the quotient, modulo constant
functions, of the space of the functions f € L2 (X) such that

loc
9 1/2
£ = sup (o | du) <o
BMO(X) * REZ% H(R) R '

f—ﬂf@

Remark 3.8. By [55, Theorem 3.9], we know that BMO(X) is the dual of H!(X)
with respect to the natural pairing.

We shall now show that G, is a restrictive Calderén—Zygmund space satisfying
condition (C), so the general theory developed in [19, 55] can be applied. We start
with a few technical results.

Lemma 3.9. The following hold.
(i) Let (z,u),(y,v) € G,. Then
o =yl < M sinhoo((w,u), (y,0), lu =] < ol(@,w), (y,v)).
(i1) For any (z,u) € G,,
2] < sinh | (@, w)], < minfL, (Wl b @0, jul < [, u),.
(i1i) Let (x,u) € G, and r > 0. Then,

Bg, ((z,u),r) C [(x — e*sinhr)y,z + e“sinhr) x [u —r,u+r) C Bg, ((z,u),3r).

Proof. Set r = o((x,u), (y,v)). We may assume r > 0. By (2.17)),

_ a2
cosh(u —v) + (ZTZJZ = coshr.
e
Clearly, this yields |u — v| < r. Moreover,
V—Uu T v—Uu T
2 _ o utv _ ¢ —¢ € —¢ 2u i 1.2
— =2 hr — cosh(u — = 2 — h*r.
|z —y| e"7Y(coshr — cosh(u — v)) - ( - ) e“*sinh” r
Since A(2 - A) <1 for A > 0, we obtain |x — y| < e“sinhr, and by symmetry
|z —y| < emintdginhr,
Apply part with (y,v) = 0 and notice that sinhz < min{1, z}e* for

z > 0.
Fix (z,u) € G, and r > 0. For the first inclusion let (y,v) € Bg, ((x,u),r).
Part [(1)| immediately gives

ly — x| < e“sinhr, v —ul <.
For the second inclusion, let (y,v) € G, be such that

ly — 2| < e“sinhr, lv—u| <7
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Then
(z —y)*
— cosh(u — >y
o((z,u), (y,v)) = cosh(u —v) + ==
u—v gin}2 " sinh?
< coshr + % < coshr + % < cosh(3r),

where the last inequality follows from the identity
cosh(3r) — coshr = 4sinh®r cosh r;
so (y,v) € Bg, ((z,u),3r). O
Definition 3.10. Let me N, [l € Z, u € R, and r > 0. We define
R tur = [m2', (m+1)2") x [u—r,u+7).

We say that a set Ry, ., is admissible if it satisfies the admissibility condition

e sinh(2r) < 2!71 < % sinh(9r). (3.6)
We denote the family of all admissible sets Ry, .4.r by Pad-

Theorem 3.11. For any v > 1, G, with the family of sets %aa is a (restrictive)
Calderdn—Zygmund space satisfying condition (C).

Proof. We shall justify that G, with kx = max{27,2""!} and Z,q satisfies
of Definition and the condition (C) of Definition
Fix R := Ry jur € Fad- By the admissibility condition (3.6)) and Lemma

R C [(m2' +2'71 — e*sinh(9r)) 1, m2 + 2!71 + e*sinh(97)) X [u — 7, u + 1)
C Be, ((m2' + 271 u), 27r),
which proves with
2(R) == (m2' + 27 u),  r(R):=r1
For [(2)| observe that, by and Lemma [3.(iii)|

R = U Beg, ((y,v),r) C U [(y—eYsinhr)y,y+e’sinhr) X [v—r,v+7)
(y,v)ER (y,v)ER

C [(m2' — e sinh(2r)) 4, (m + 1)2! + e sinh(27)) x [u — 27, u + 2r),
where the fact that
e"sinhr < 2coshr sinhr = sinh(2r)

was used. Since e¥sinh(2r) < 2!=! by the admissibility condition (3.6]), we obtain

r vl
i (RY) < 22 (132 — (m - 1/2)%),
whereas
r vl r vl
i) = 22 (4 1) —m*) = 22 (2m 4 2)” — 2m)). (3)

Thus, by the monotonicity of z — (z 4 2)” — ",
po(R*) < 2", (R).

Now we pass to verifying Here we need to decompose R = Ry, ur € Pad
as a disjoint union of family @ (R) of admissible sets, which we declare to be the
children of R. We consider two potential decompositions,

R= R1’1 U R172 - R2,1 U R2,2a
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corresponding to splitting R with respect to the first or the second component, i.e.,

Ri1:=Romi—1,ur Ri2:= Romy1,0-1ur (first type),
Ry 1 := Ryt u—r/2,7/2> R := Rt usr/2,0/2 (second type).
Observe that since R € Za.q we have Ry 1, Ri2 € %aqa whenever
e% sinh 2rr < 2172 (3.8)

so, when (3.8)) is satisfied, we declare Ry ; and Rj 2 to be the children of R. In the
opposite case, denoting u’ = u & r/2, we have

2!=1 < 2¢%sinh(2r) < 2¢* /2 sinh(2r) < € sinh(9r/2),
where in the last inequality we used the simple fact that
2e® sinh(b/2) < e sinh b < sinh(a + b), a,b> 0.
Moreover, by the admissibility of R,
e sinhr < e"sinh(2r) < 2i=1,

Thus, if (3.8) fails, then R 1, Roo € Haq; in this case, we declare Ry 1, Rz 2 to be
the children of R.
To conclude the proof of notice that

1 .
I’LV(RQ,j) = 7MU(R)a J = 1727

2

and
2r2vt 272Vt
pu(Ri1) = v ((2m+1)"—(2m)"), po(R12) = o

Therefore, by (3.7) and the monotonicity of x — (z + 1)¥ — ¥,
HD(R) < ZVIL}’V(Ri7j)7 Z7.] = 172

In order to justify it suffices to notice that, for any R € Zaq, if the children
of R are of the second type, then r(R’) = r(R)/2 for R’ € €(R). But the children
can be of the first type only for a finite number of generations in a row, since (|3.8))
eventually will be false. Moreover, R is clearly a disjoint union of all descendants
of any fixed generation.

We now prove Fix rg > 0 and choose the smallest [y € Z such that

sinh(2rp) < 207! < sinh(9ry).
Thus, {Rm,16,0,r fmen C Zad and

U Rm,lo,oﬂ”o = ]R+ X [_TO7TO)~ (39)
meN

(2m+2)" — (2m+1)").

Set ug = 0. We now define inductively, for any n > 1,
T =3Tp—1, Up =1Up—1+Tp_1+7Ty
and let [ € Z be the smallest integers such that
et sinh(2r,) < gl =1 < gtun sinh(97y,).
Again, {R, = o, . tmeN © Zaa and

U R’m l,iL Fun,rn R+ X [iu’ﬂ — Tn, j:U/n + Tn)- (310)
meN

Moreover, since u, > Up—1, 'n > Tn—1, clearly e*n sinh(2r,) > e“»-1 sinh(2r,_1)
and l;‘l‘ > l:{_l. On the other hand, u,, = up—1 + 4r,/3, so

e Un=1sinh(2r, 1) = e e /3 sinh(2r, /3) < €U sinh(2r,),
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which gives I, > 1 _;.

Since u, — Ty, = Up—1+7n—1, from (3.9)) and (3.10) we deduce that G, = R. xR
is the disjoint union of the family {Rm,l%,iun,rn}mvneN C Z.q. Moreover, notice
that N
22

MV(Rm,lf,iun,rn) ((m + 1)V - my)

is increasing in both n and m. Thus,
272"

L
By an appropriate choice of 1y we can make this measure arbitrarily large. This
completes the proof of

Finally, we discuss the condition (C) of Definition[3.6] Let {r;},cz be a sequence
of positive real numbers satisfying sinh(2r;) = 2!=1. Thus, the role of family %’ can
be played by {Ro,1,0,r, }1cz- One can immediately verify the necessary assumptions.

O

MV(Rm,l:f,iun,rn) = MV(ROJO,O,TO) =

Thanks to Theorem [3.11] we can apply to G, the singular integral theory on
Calderén—Zygmund spaces developed in [I9, 55]. In particular, we have the fol-
lowing result concerning the boundedness properties of a class of singular integral
operators, which combines [I9, Theorem 1.2] and [55] Theorem 3.10].

Theorem 3.12. Let T be a linear operator bounded on L*(G,). Assume that
(Tf.9)r2c.) = Z<ij>g>L2(Gu)
JEL
for all f,g € L*(G,) with disjoint compact supports, where the T; are integral

operators with kernels IC; satisfying for some positive constants B, c, e, with ¢ # 1,
the following conditions:

sup / 1K (6, 9)| (1 + Folx, y))° dji (x) < B,
yeG, JG, (3'11)

/G IK;(x,y) — Kj(x,y")| diin(x) < Boly,y')d! Vy.y' € G,.

Then, T is of weak type (1,1), bounded on LP(G,), p € (1,2], and bounded from
HY(G),) to L}(G,).

Lemma [2.2] immediately gives the following corollary.

Corollary 3.13. If the K; are continuously differentiable with respect to the second
variable, then the second line in (3.11) can be replaced by the stronger condition

sup / VYK, (x,y)| dfi, (x) < Bel.
yveG, JG,

We can also state a version of Theorem for ¢,-convolution operators, which
follows immediately from Lemma [2.7] and Corollary

Corollary 3.14. Assume that the operators T; from Theorem are right o,-
convolution operators, i.e.,
ij = fOV Kj
with convolution kernels K; : G, — C. Then in place of (3.11)) it suffices to assume
that
[ 10011+ ) ) < B

G (3.12)

| 19K 091 dpn ) < B
G

v
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We can also prove a variant of Corollary for oD-convolution operators. The
following statement makes use of the notation of Section[2.4] as well as the notation
x|, == |X|, for all x € GD. We shall further write X,f and X, f for the even and
odd extensions to GT of a function f on G,,.

Corollary 3.15. Assume that the operators T; from Theorem [3.19 are given by
Tif = (X, f) ©) Kj)la, (3.13)

for certain kernels K; : GY — C and o, € {e,0}. Then in place of (3.11) it suffices
to assume that

[ 1560 (4 ) b ) < B
“ ) (3.14)
| VK301 + 107D 4 () < B,

GY

Proof. From (3.13) and (2.57)) we see that, if we set € := 1 and € := +£1, then
the integral kernels ; : G, x G, — C of the operators T} are given by

K506, ¥) = 5 3 e m (02K (9, 0) )

for all x € G, and y = (y,v) € G,, where the second equality is due to Lemma
2.124(i)l Thus, the operators T} satisfy the assumptions of Theorem (strength-
ened as in Corollary [3.13)) provided

sup [ PRKGG0 (1+ elolx L 3) dib ) < B
YEGD JGD\G, (3 15)

sup / IVIrY K3 (x)|dy) (x) < B
GD\G,

yeGD

We shall justify that (3.14)) implies (3.15).
Firstly, fix y = (y,v) € GY and set g(x) := (1 + ¢/o(x,¥))*. By (2.58) and

(2.10),

/ DK ()l () AP (x) < / r (K)o + [(K2)o())g(x™) dfi (x)
GD\G,

v

= g ou (I(K5)e| + [(K7)o)(¥)-

Thus, by arguing much as in (2.25) and using Lemma we obtain
[ PRI+ ol 3 a0
GP\Gy

< / (D)) + (K)o (x)]) (1 + ¢ [x|,)° dfin (x)
G

v

<2 [ 6011+ ) i),

v
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On the other hand, by Lemma [2.13]
[ VPR el el
GD\G,

< [t (VB + (93l + 210(R3)ul) () d (4

v

< / (VW (K)ol + Vo (K)ol + 2T (K2)ol) () dft (x)

G,

<2 [ (VLRG| () () ).

These estimates show that, up to relabelling 2B as B, the assumptions (3.14]) imply
(13.15]). O

4. HEAT KERNEL ESTIMATES

By using finite propagation speed and the methods of [5] we derive a Gaussian-
type pointwise upper bound for the heat kernel on G,,.

Lemma 4.1. Let e € (0,00). Then

v x,u)|?
0< K -ta, (ZE, u) Su,e e*uu/Qt[* 3] exp <— |((4 n 6):);)) V(SC,’LL) eG,, t>N0.

Moreover,

[Ke—tanllz1(a,) =1, [ K eenn || 12(q,) St 0/473/4] vt > 0.

Proof. Tt was checked in [40, Proposition 4.4] that K, :a, is nonnegative and L!-
normalised. On the other hand, by Proposition [2.4]
2 e 2\ [§ LH] dA [_ﬂ _§]
HKe*tAVHL?(G ) SV € A — ey TR
v 0 )\
and a similar computation, using Lemma [2.5] gives, for all u € R, that
v+l

> v+1 d)\
1K oenn (1) | e (x0) So e_”“/z/ e—tw%v%17 ~y, e 23] (4)
0

Let H; denote the integral kernel of e~**+. By ([2.24), (2.9) and (2.2) we have

the following relation between convolution and integral kernels:
Hel(u), (y.0) = 7l VK, i, (e~ u— )
for all (x,u), (y,v) € G,. In particular,
Hi(x,0) = K -ia, (X) Vx € G,. (4.2)

Since the Hankel translations are contractions on L>°(X,) and preserve positiv-
ity, by applying (4.1) we obtain

0< Hol(,u), (4,0) < e[ Keminy (0 =) 1o (x,) Sy O3]
(4.3)
for all (z,u), (y,v) € G,. In particular, we have the on-diagonal estimate
0 < Hi(x,x) <, e~ vugl=3 3] Vx € G;

in other words, H; satisfies [5, eq. (4.12)] with V((z,u), s) := e**s*13l. Moreover,

the function V satisfies the doubling condition [5], eq. (4.11)] with 6 = min{r+1, 3};
this follows from the bound

S[V+1x3] g\ min{r+1,3}

<7) , 0<s<r.

rlv+1,3] = \p
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Furthermore, since A, has finite propagation speed (see [40, Lemma 4.17]), by [5]
Theorem 3.4] it also satisfies the Davies—Gaffney estimate [0 eq. (3.2)]. Thus, [5]
Theorem 4.4] implies an improved version of (4.3): for any € > 0,

. ) 2
0 M0, (30) S 2T e (AL 00T
€

for all (z,u),(y,v) € G,. Finally, in light of (4.2)), taking (y,v) = 0 proves the

lemma. O

We also record here an easy weigthed L'-estimate for derivatives of the heat
kernel on X,,, which follows immediately by homogeneity.

Lemma 4.2. Let ag > 0. Then, for alln € N and o € [0, ap],
/ TP K = en, ()] dpt (2) ~pma tO7™/2 VE> 0. (4.4)
0
Proof. From (2.32) we see that K, v, () = t7V/2K, 1, (x/t'/?) and

| atorKe o @) dpa @) = 8 [ a2 K (o) di (o)
0 0

by homogeneity considerations; moreover, the latter integral remains bounded as
long as a does, because K,-r, € Se(R,). O

We now obtain some formulas for derivatives of the heat kernel on G, with
respect to the vector fields Yy and Y7 of (1.4).

Lemma 4.3. For allv > 1 and x = (z,u) € G,,
YoK -ia, (x) = %(wz —2e"sinhu) K —1a,, (x) — gKe_tAV (x),
YKo, (x) = —vae" K —ia, ., (X).
Proof. From Proposition we see that, if r = |x/,, then
V(L2 Hy s, () = (Ym/2) H,ao, (1) — mY/2H, —os, , (1) (sinh ) i,
that is, by (2.29),

Y K—ia, =

¥;my/?

1/2
m,,/

K.-ia, —ve"(Yjcoshr)K —ia, .

On the other hand, as mll,/Q(m7 u) = e7¥*/? and coshr = coshu + e~*22/2 by ([2.§)
and (2.17)), from ([1.4) we see that

Yom,/? Yim,/?
7z -v/2,
my

= O7
m,/? (4.5)

Yo coshr = sinhu — e_“x2/2, Yicoshr =z,

and the desired formulas follow. O

We can now prove the main result of this section, namely, weighted L'-estimates
for the heat kernel on G, and its gradient, which crucially are valid both for small
and large times.

Proposition 4.4. Let ¢ € [0,00). For allt > 0,

v 1,

ee|~|9/ﬁK87my‘

<
LGy ~NE,

e/ VT, K, —1a, | <o, V2

v

LY(Gy)
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Proof. Clearly the second bound above is equivalent to the two bounds

ealh‘g/ﬂ)/jKe*tAu rSE,V t71/27 J=0,1 (46)

LY(Gy)

Fix € € [0,00). We first discuss the small-time bounds. By applying Lemma [4.]]
with e =1,

| s

2
<, t[_y217_%]/ e_uu/QeXp <_|($,U)|g + €|($7U)Q> d,u,,(ﬂ?)du (4.7)
Gy

GEHQ/\/ZKE

oo |

5t NG

[e%e] 2
<Ut[—%1,—g1/ ox (_T+”+VT> o dr
~ o CP\Tm T AT 2

in the last estimate, we used the integration formula from Lemma[2.6] In particular,
for all g > 0, from (4.7) we deduce that

Mo/ Vig a,

e} ,r.2
Ll(G ) S_,I/,E,to t_(y+1)/2/0 exp <_10t) TV d?“ >~y 1 Vt S (O,t()]

As for the gradient bound, observe that, by Lemma [3.9(ii)|
zet, 22, e [sinhu| < |(z,u)|, €@l V(z,u) € G,.

Thus, by Lemma

€EHQ/\/Z|VZ,K6—’5A,, |

LY(Gy)

eI/ ViR A, ‘

—t8y 42

|

* HI |, eCHe/VOle i
.

LY(G) LY(G,)

We already know that the first summand is bounded for ¢ € (0,%p]. As for the
second summand, much as in (4.7)) we estimate

HI g e/ VOl g

oo 2
+6
< 1= (v+3)/2,-3/2] / r er v v+l g
< e (gt )

oo 7,2
Sveito t*(”+3)/2/ exp | —— | rtldr ~, t71/2
€ ) 10t

for all t € (0,t0]. About the first inequality, notice that the estimate for K _-:a, .,

from Lemma involves a factor mll,fQ, while the integration formulas in Lemma

involve m, 2; nevertheless, the ratio e of the two factors is simply bounded
by el@wle by Lemma

This confirms the validity of the desired bounds for small time ¢ € (0, to],
for any choice of tg > 0, with a constant depending on .

We now set tg = 4e? + 1, and discuss the bounds for large time ¢t > to. If
v := €/+/t, then v, € [0,1/2) due to our choice of t5. Consequently,

el@Wle < (2cosh |(x,u)],)" =~ (coshu)™ + (e"“z?)"  Y(z,u) € G,

with implicit constants independent of ¢t > ¢y and .
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Let ¢ € {0,1}. By (2.31) and (4.4)),

‘ EH/\fYZ

o . _coshu
51;wm@n4e exp (-2

x / ((coshu)¥ + (e7“a?) ) |05 K - ceury s ()] dpy, () du dé

Zu/2
f,u/o [P (€ |/ i P < cosfhu) (cosh™ u + €7*) du d€.

The latter integral can be bounded much as in [43], p. 185-186], and we obtain
el-le/ \/Eylf K

—¢/2

||€ e—tAy

LY(G,) Su,a t
for all t > to. In a similar way, one can prove that
‘ e/ Viy K < 42

~SVHE
for all t > ¢y by following almost verbatim the calculations in [43] p. 186-187]; in
our case Lemma plays the role of [43 Proposition 3.2]. (]

“lria)

From Proposition [4.4 and Lemma [2.7] we immediately deduce the following esti-
mates for the integral kernel H, of e~ 4

Corollary 4.5. Let e € [0,00). Then, for all t > 0,

sup / Ha(x,y) e VE i (x) <o 1, (4.8)
yeG,
sup / VYH, (x, )] €2V g (x) S 712, (4.9)
yeG, JG,
sup / VH, (%, )| €2V g (x) . 712, (4.10)
yeG, JG
Sup/ VIV, (x, y)| €200V d () <oyt (4.11)
yeG, JG

Proof. As e~*Av is self-adjoint, from (2 it follows that K}_,5, = K.-ta,. Thus,
the bounds - for H; are 1mmed1ate consequences, via Lemma . 7l of the
bounds for K —¢a, in Proposition [4.4] u It only remains to prove (4.11)).

On the other hand, by the semigroup property and the triangle inequality,

/ VYVEH, (x, )| 209V 4, (x)

v

< / |vm/z<z,y>|e€@<z’y>/” / V5 Hy o (x,2)| €259V A, (x) dfi, (2),
G,

and therefore the bounds ( and (4.9) imply (4.11] - O

5. MULTIPLIER THEOREM AND RIESZ TRANSFORMS FOR p < 2

5.1. Proof of the multiplier theorem. The following proposition is a counter-
part of [39, Proposition 5.1]. For any r > 0, we write &, for the set of even Schwartz
functions on R whose Fourier support is contained in [—r, r].

Proposition 5.1. Let F € &, for some r > 0. Then,

T[(V+1)/2’3/2] ”KF(

K p(vanlloie.,) S van e,
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Proof. Observe that since F' € &, the finite propagation speed property for A,
[0, Lemma 4.17] implies that supp Kp(a;) € Bg,(0,7). Thus, for r < 1 the
Cauchy—Schwarz inequality gives

(v+1)/2

1K p(van e, < 1Ba, (0,72 1K g a2,y ~o 7 1K pvanllzzc.),

where the last estimate follows from [40, eq. (4.32)].
On the other hand, for » > 1 we again use the Cauchy—Schwarz inequality to get

1/2
1K pvan e, < (/ (1+2) " dp, (z) dU>
Bg, (0,1)

1/2
X ”KF(\/E)”LZ(GV) + </ |KF(JTV)($7U)|2 x¥ d,ul,(x) du)

G, (0,7

By [40], Corollary 4.16],

1/2
(/B o )IKF(m)(w,U)IQx” dp (2) du) S V2K pymo iz e,
(e T

Finally,

/ (14 2") " dp, () du
EGV (0,7')

o v—1
= 1 h(cosh u + a%e ™" /2)) —— dad
/0 /]R [0,r] (arccosh(cosh u + z“e™"/2)) T wdu,
which is bounded by a constant multiple of 72 (cf. [39] p. 371]).
Combining the above gives the claim. O

The following result is an analogue of [39, Propositions 5.3 and 5.5], and gives us
a weighted Ll-estimate for convolution kernels of operators F(A,) corresponding
to compactly supported multipliers F' which are sufficiently smooth.

Proposition 5.2. Let F € L*(R) be even and supported in [—2,2]. Then

1K povmsy (L4 |- Lo/t o1 () Somsorsmre 10 2, ift>1,
(tVA,) DTS IF s+ G2 Pl ift <1,
(5.1)

foralle >0,t>0, s >3/2+¢ and soc > (v +1)/2 + . Moreover,

1 JIF
VK pyamnllinne,) Svspse t {||F|

Lgo th > ]-7
L2 +t(2—u)+/2||F||L§O ift <1,

(5.2)

for allt >0, so > 3/2 and se0 > (v +1)/2.

Proof. In order to justify (5.1) we follow, with some modifications, the steps of
the proof of [39, Proposition 5.3], using Propositions and above in place
of [39] Corollary 4.6 and Proposition 5.1]. Specifically, as in the proof of [39]
Proposition 5.3], one decomposes F' =}, Fy and obtains the estimates

1K gy asy (L + |- o/DL1(6) Swens 260672 (2 HD23RI=0AD2=3720) |
for all £ € N, ¢t > 0 and &,s > 0. Differently from [39], here we sum the above
estimates using different Sobolev exponents according to the value of 2¢t, thus
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obtaining

1K peeymny L+ |- Lo/ L1 6) Sveiss HET2U P Y7 280/24em9)
LeN:2¢t>1
+ t[O,(V—2)/2]||F||L2 Z ol((v+1)/2+e—s')
’ LeN:26¢<1

When ¢ > 1, the second sum is empty, and taking s = s > 3/2+¢ leads to the first
bound in (5.1)). When ¢ < 1, in the case v > 2 we take s = ' = soo > (v+1)/2+¢,
so both sums converge and the first one compensates the factor ¢(27)/2; instead,
in the case v < 2, we take s = sg and s’ = s... In both cases, we obtain the second
bound in .

As for (5:2), let H(\) = F(\)e . Thus Kp(, a0 = Kpyars) o K,-2a, and,
by @10) and (219,

|VVKF(tJTu)| < |KH(t\/E)| v |VVKeft2Au ‘
Hence, Young’s inequality (2.11) and Proposition give
VoK pgvm i) <K ueyanlleie.)
and (5.2)) follows by applying (5.1) with € = 0 and H in place of F'. O

Proof of Theorem[1.1, Much as in the proof of [39, Theorem 1.1], we may assume
that I is real-valued, and decompose F' =3, , Fj(279.), where F; = F(27-)y for
a suitable cutoff ). Choose € > 0 such that so > 3/2 +¢ and soo > (v +1)/2 + €.
By applying Proposition to the functions F; with ¢ = 277, we see that the
convolution kernels K; of the operators F;(277/A,)) satisfy the assumptions
of Corollary [3.14] with ¢ = 2, provided

sup [|Fyllzz < oo,  sup(||Fyllre 4277/ 2||Fy|| L ) < oo
§<0 o j>0 Bl e

This condition is clearly satisfied under the assumption , thus Corollary
implies that F(v/A) is bounded L'(G,) — LY“*°(G,), H'(G,) — L'(G,) and
LP(G,) — LP(G,) for p € (1,2]. As F is real-valued, F(v/A,) is self-adjoint, so by
duality we also deduce that F(yv/A,) is also bounded L>=(G,) — BMO(G,) and
L?(G,) — LP(G,) for p € [2,00), as required. O

5.2. Sharpness of the smoothness requirement. Theorem implies that,
under the scale-invariant smoothness assumption

1E | g

s,sloc

= sup || F(t-)x|| = < 00
>0

for some s > max{3,v + 1}/2, the operator F(A,) is of weak type (1, 1), bounded
from H'(G,) to L*(G,), and bounded on LP(G,) for all p € (1,00). We shall now
show that the threshold max{3,» + 1}/2 cannot be replaced by a smaller quantity.

In the case v > 2, we have max{3,v + 1}/2 = (v + 1)/2. So, in this case,
the claimed sharpness is a consequence of the following result, which also gives a
p-dependent lower bound on the smoothness requirement for L? (G, )-boundedness.

Proposition 5.3. If v > 1, then, for all p € (1,00),

o 1
VF € OX(R,)} vt

inf{s >0 |[FA)]p1oniee Ss || F|lpe >

s,sloc

, o 11
1nf{s >0 ¢ [F(A)zoore Ss |Fllrs,, VF € CS (R+)} > (w+1) ’2 - p‘ .
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The proof of the above result is based on a transplantation argument, analogous
to that used, e.g., in [3I], B6]. The idea is that, by an appropriate “contraction”
procedure via dilations, the semidirect product G, = X,, X R can be approximated
by the direct product X, x R, and the natural Laplacian —d2 + L, on the direct
product behaves like L, 1 when restricted to a suitable class of “radial functions”.

Lemma 5.4. For all F € Co(R4) and p € [1,00],
1) 1ot 5y < T N A) 516010 )
1) )20 < B IGO0 (6, )51

Proof. Let d) : G, — G, denote the isotropic dilation of parameter A > 0, given
by dx(x,u) = (Az, Au). Then from (1.2]) we see that
(Au(foda)odyt =NAMNY,

where
AP = g2 4 AL,

As a consequence, if Dyf = f o dy, then Dy is a multiple of an L?(G,,)-isometry
and, for any bounded Borel function F,

F(AN) = DIYF(A2A,)Dy;

as D) also preserves LP and L1'* norms (up to multiplicative constants), we con-
clude that

IEAM) i srie = [FAT2A) | pispres,
IFAI N Lrore = IEOT2AL) 1oL
Moreover, if we set
NP
then we see that, for all f € Se(R4+) ® C2°(R),
AN F S Al fas X = 00

in L2(G,). As So(Ry) ® C2(R) is a core for AP, following the proof of [36,
Theorem 5.2] we conclude that, for any F' € Co(R4),

F(AW) = F(AL)) as A — o0
in the strong operator topology on L?(G, ), and therefore
IF(AS) e < linin [FO2A,) i~
—00
[F(AP)| o < lin inf [FOA"2A) v v
—00
Notice now that ® : L*(X,4+1) — L*(G,) given by ®g(z,u) = g(v/22 + u2) is

(up to a multiplicative constant) a linear isometric embedding, and an elementary
computation shows that

AP Dg = DL, 419

for all g € So(R4). We then conclude that ®F(L,41) = F(A(VOO))q) for all bounded
Borel functions F', whence also

IF(Lys)llprspnee < [FAP) o1 spne
1E (L)oo < AP 2o Lo

The conclusion follows by combining the above bounds. U
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Proof of Proposition[5.3 We only discuss weak type (1,1) bounds; a similar argu-
ment applies to LP-bounds.
Let us assume a contrario that a bound of the form

1E A (G212 @) S S IF )Xl e 2)

holds for some s < (v +1)/2. Combining this with Lemma[5.4 would then give the
bound

1E (L)l ()2t () S8 IOl @)

By the discussion in [30, Section 1.3], however, we know that the latter bound
cannot hold when s < (v +1)/2. O

We now turn to the discussion of the case where v < 2. In this case, max{3,v +
1}/2 = 3/2, and the sharpness of this threshold is given by the following result.

Proposition 5.5. If v > 1, then

inf {5 > 0 IF(A) 6,016 So I Fllz

s,sloc

o 3
VF € cgoa&)} > 2.

A discrete analogue of this result in the setting of flow trees is contained in [42]
Proposition 6.13 and Remark 6.14]; as in [42], the proof here exploits ideas from
[38] in the construction of appropriate functions F' to test the above bounds.

We shall need a couple of auxiliary lemmas.

Lemma 5.6. For alln € N, we can write

-1 "o —ie'rs
(Smhraﬂ) et = sifh" . P,_1(&,cothr)  VEER, r>0, (5.3)

where Py(x,y) is a polynomial of degree k such that Px(0,1) = k! for any k € N.

Proof. An easy induction argument shows that (5.3]) holds with the polynomials
Py, given by the recursive formula

Pu(z,y) 1 if n=20,
T,y) = ) )

Ry (ky —iz)Py—1(z,y) + (y* — 1)y Py—1(z,y) if k > 0.

In particular,

1 ifk=0
P(0,1) = e
kP,-1(0,1) if k>0,
i.e., Pi(0,1) = Kl as claimed. O
The next lemma shows how to produce elements of the Hardy space H'(G,) by

means of functions of A,. Recall that, for any r > 0, we write &, for the set of even
Schwartz functions on R whose Fourier support is contained in [—r,r].

Lemma 5.7. For anyr >0 and ¢ € &,
Kn,pva) € HY(GY).

Proof. We shall show that K ,/a;) is a multiple of an HY(G,)-atom (see Defi-
nition . Notice that, by Definition any compact subset of G, is contained
in an admissible set. Thus, it is enough to show that K Av(vEy) I8 a compactly
supported L?(G,)-function with vanishing integral.

Notice that A ¥ (vVA,) = ¥(VA,), where h(A) = A2(\) is in &, too, thus
Ka,yvay € L*(G,) by Proposition and supp Ky (va;) S Bg, (0,7) by
finite propagation speed [40, Lemma 4.17]. On the other hand,

K pvay) = AvKyvay),
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where K, /x7) is also an L?(G,)-function supported in Bg, (0,7). If we now take
a compactly supported, real-valued cutoff x € Se(R4) ® C°(R) such that x =1 on
a neighbourhood of Bg, (0,7), then integration by parts gives

/ Kn,p(var) iy —/G XAy (/) i = /G Avx Ky diw =0,
as A, x vanishes on Bg, (0,7). O

Proof of Proposition[5.5 Let § > 0 be a small parameter to be fixed later, and set
Fi(\) = e xs()\), where x5 is a smooth cutoff function supported in [§2/8, 252
and equal to 1 in [62/4,42]. Let moreover ¥ € & be such that 1(0) =

By Corollary 2.10] and Lemma[5.6] for all r > 0,

2rl(1 = {v/2} ) Hp, (A ) a,w(van (7 )

0o L ¥]+1
sinh x 1 2 X
- Oz “Eded
/T (coshz — coshr) {5} /5 (e (smhx ) ¢ dv

oo P v (&, cothz) e*¢
= 72/53 X5 ztE / ( LzJ(g ,) _ dede

coshz — coshr){} sinh! 2! 2
Py (&, coth(z + 1)) eis

= —i | E3P(E)xs(€2)elE T / " . dz dé.
/ o (cosh(z + 1) — coshr){8} sinh! 2 (2 + r)
Expressing hyperbolic functions in terms of exponentials then shows that
HFt (A)ALY(VAY) (T‘) = 67%7"11/ (T/tv 6727‘7 t)a (54)
where
Lot) = [ @PISGE)AE0) e ol =€ + e
R
o—2a .
—25ip(e) [ Py J(51+1 oo )6 ¢
AV(€7 U) = v = P dl‘
2rl(1 —{5}) (1 —oe=o){5H(1 — ge—22)L5] (ex — 1){5}el5)

Notice that A, is smooth in a neighbourhood of (0,0) and, by Lemma
|4,,(0,0)] = W/m(ez — 1)~ lElTdz > 0.
27T (1 —{%})
Hence, there is € > 0 such that |A,(&,0)| 2 1 for any &, 0 € [—¢,¢].

The phase function ¢(h, -) in the oscillatory integral I, (h, o, t) has a single critical
point &.(h) = —h/2, and moreover 8§¢>(h, §) = 2. By the method of stationary
phase (see [22 Theorem 7.7.6]), up to taking a smaller ¢ > 0, we obtain that, for
any § € (0,¢],

I(h,o,t) = —273/me™ B3y 5 (h2/4) A, (—h/2, o)~ /4=1/2 L O(+=3/2) (5.5)
as t — oo, uniformly in h,o € [—¢,¢].

Let us now fix § = ¢/2. From (j5.4) and (5.5) we deduce that

Hp, (a8, 0(van (1) Z e/ 12

for any sufficiently large ¢ and any r € [§t, 26¢]. Thus, from (2.29) and Lemma [2.6]
we obtain that, for any sufficiently large ¢,

1K r a8, pvan L. Z/1 |HFt(AV)A,,w(\/E)(T)|7"6’”/2 dr

26t
Zt_1/2/ rdr o~ t3/2,
5t
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Thus, for any sufficiently large t,
P2 S K p o avervmn 1) = 1F (A KA, ymm e,
SIE(A) 1 @)—ri@.),  (5.6)

where we used that [|K ;. x-l|#i(c,) < oo by Lemma Combining this with
the easily verified fact

S‘ig IXEe ()| Lo ) ~s | Fellneo ) ~s t>1, (5.7)

finishes the proof. O

Remark 5.8. From Proposition [5.2] we deduce the bound

sup [|Kpgray o,y Ss l1F]ze
r>1

for any F supported in [—4, 4] and any s > 3/2. The threshold 3/2 here is sharp too,
as can be seen from the proof of Proposition 5.5} indeed, this follows by comparing
(5-7) with the fact that, by (5.6), | Kr,(a,)llr1(c,) 2 t¥/? for sufficiently large ¢.

5.3. Boundedness of the Riesz transforms for p < 2. We shall now verify
that the Riesz transforms R and R satisfy the assumptions of Theorem [3.12] and
thus are of weak type (1,1), bounded from H'(G,) to L'(G,), and bounded on
LP(G,), p € (1,2]. Much as in other works in the literature (see, e.g., [19] 42} [43]),
this verification is an immediate consequence of the gradient heat kernel bounds
stated in Corollary

Proof of Theoremforp € (1,2]. Let k € {0,1}, and notice that
Ca, dt

7

jez Tj(k)7 where the T]-(k) are integral operators

1 oo
R :YA*W:—/ Y,
BT Vrdo €

Thus, we can decompose Ry = >
associated with the kernels

/C(k)( ) 1 Z VEH( ) de
N (x,y) = — X,¥)—=.
J y ﬁ i1 k Ttt y \/E
By using the heat kernel bounds of Corollary we can now check that the
operators Tj(k) satisfy the assumptions of Theorem |3.12| and Corollary with

c=1/y/2 and € = 1. Indeed, for any y € G,,, by (&.10),

/ KD (e, y)] (14 27920, y)) dfiy (x)

v

2]
t
S [ ] e e a0 S 1
2i-1JG, Vit
Moreover, by (4.11)),
y i (k) . y\x = dt —j/2
sup [[[VYE;" (,y)llleie,) S sup |VIVEH(x,y)| djtn (x) — S 27772
yeG, yeG, J2i-1 J@q, \/z

By Corollary we then conclude that Ry is of weak type (1,1), bounded from
HY(G)) to L*(G,), and bounded on LP(G,) for all p € (1,2]. O
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6. CONVOLUTION KERNELS OF THE RIESZ TRANSFORMS

6.1. The kernels Kz, and Kg,. Recall the definition (1.7) of the Riesz trans-

forms. By the well-known subordination formula, we can write

1 > dt
A71/2 _ 7/ e*tAui.
v VT Jo Vit

1 [~ dt
K1 = f/ Keeso 7 (6.1)

Notice that K.-+a, is nonnegative on G,, so K ~1/2 is too. Moreover, by applying

We now define

the L'- and L?-bounds from Lemma [£.1] for ¢ small and t large respectively, one
sees that K 12 € L'(G,) + L*(G,) and that, at least for f € Cc(G,),

A;1/2f(x) = f oy K 1/2 / f S1/2 (X) dﬂy(y) (62)

by and . As we shall see in Proposition E below, K
smooth function away from 0.

As the differential operator Y, commutes with left translations on G,, (see (2.28))),
from we see that, at least formally,

Rof = [ ov KRy, Kr, = }/OKA;I/Z’,

and moreover, by (2.16)),
’R,Sf = f Oy KRS’ KRS = K;kzo

A-1/2 18 actually a

The previous expressions for Ry and R must actually be interpreted with some
care, because, as we shall see, the above-defined kernels Kg,, Kr; € C(G, \
{0}) are not locally integrable in a neighbourhood of 0; this is to be expected,
due to the nature of Ry and R as singular integral operators. Nevertheless, the
kernels Kr,, Kr; may still be used as “off-diagonal kernels” for the corresponding
operators, in the sense of Proposition 2:8] as we shall discuss in greater detail in
Section [6.4] below.

The same approach cannot be directly applied to R, as Y; does not commute
with left translations on G,,. A similar representation for R; can however be ob-
tained by exploiting the relations between G, and GD discussed in Section
(recall that we write X,f and X, f for the even and odd extensions to GT of a
function f on G,). Indeed, by and we can also write

(XeAgl/zf)(x) = (Xef) Ol[/) (XEKA;UZ)(X)

= [ D DA ) ) D).

v

(6.3)

Moreover, if Y{? := e“D,, is the lifting to GT of the Dunkl operator D, on XP
then we know from (2.63) that Y;” commutes with left translations on G2, and
moreover Y, coincides with ¥; when applied to even functions, in the sense that

XY f =YPA.f. (6.4)

Thus, if we write Ry = X;‘XORl = X:YlDXeAJI/Q, where X is the adjoint opera-
tor to X,, then from we deduce that, at least formally,

Rif = X:((X f) (X KR1)) ((X f) (X KR1))|GU’ KR, = YlKA;1/2>
and moreover, by (2.59) and the fact that (X, Kg,)® = —X. K% ,
Rif = X (Xof) o) (XoEKR;)) = (Xof) ) (XoKr; e,  Kgry=—Kg,.
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Again, the above identities must be interpreted with some care, as the kernels
XoKp,, XoKp: € C(GD\ {0}) are singular at 0, but we postpone to Section
a more detailed discussion, based on Proposition [2.14]

We shall now obtain precise asymptotics at the origin and at infinity for the
kernel KA;l/Q and its derivatives K, = YjKA;l/Q on (G, which play a crucial role
in deriving LP-boundedness properties for the Riesz transforms for p > 2.

6.2. Estimates for K -./2. By (6.1) and (2.29)), we can also write
2(271/)/2 Lo
Kpz2(x) = Wmu/ (%) H 5 -1/2(|x]), (6.5)

where
de¢

1 oo
HA;l/z = ﬁA He—tA,, % (66)
Proposition 6.1. For allv > 1, the function H, -1/ is smooth on I@+. Moreover,

the following identities hold for all v € ]10%+.
(i) For all k € N4,

1/ -1 =L
0= (o)

2%k m \ sinhr rsinhr’
(ii) For allv > 1 and £ € N,

¢ :

-1 1 e sinh x
—0, | H,- = —~H, - dzx.
(sinhr > az2 () ra—-{s} /T (coshz — coshr){z} Aziéfgwrzz (z)dw
(6.7)

In particular, K 12 is smooth on G, \ {0}.

Proof. Notice first that, by (2.34)), for all z € @+,

o dt 1 1
Hy oong(a) e = — =
/0 etz (7) Vi /T axsinhz’

and clearly differentiation in & and integration in ¢ can be exchanged in the above

integral. Thus, by and Proposition [2.9(i)| for all k € N, |

k—1 k—1
1 [~/ —1 a1/ -1 1
H _ = — o H_ ¢ —F— = — | T 0y . )
A%W(x) \/7?/0 <sinha;8 ) emtf (x)\/% ™ (sinhxa ) zsinh z
as claimed in part

Similarly, by Proposition forallv>1,¢eNandre Ry,
¢
-1
———0r | He-ea,
<sinhra > 2 (r)

1 o sinh x -1 L5 1+e
B Oy H, - d
IO {%}) /r (coshz — coshr){g} (Sinhz ) e~ tA2 (m) x

1 °° sinh
= H — v d 5
F(l _{%}) [ (COSh.’I?—COSh’I"){%} e tA2+2|.§J+2£ (:L.) &5

by , integration of the previous identity with respect to dt/v/t leads to the
formula of part O

Remark 6.2. Proposition agrees with [37, Proposition 2.2] for integer values
of v, up to the constant S, in (2.33).

Now we are ready to study the asymptotic behaviour of the derivatives of H \ —1/2.

An analogue of the following result for integer v is [37, Proposition 2.3].
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Proposition 6.3. For any ¢ € N and r € Ho&r,

v

¢ P(e+%) (coshr) " (“5) ( ( 1 )>
—1 140 (—Lt—
(h&) HA71/2 (T’) = [{_:"z log cosh r + log cosh r , T — 00,
o T = @t0) (14 O(r2 + 77+ 2)) | 1 — OF.
(6.8)

Remark 6.4. Since logcoshr = r(1 + O(r~1!)) as r — oo, one could replace the
term log cosh r by 7 in the above asymptotics and other related formulas. However,
also due to the expression for the distance on G, here we prefer to keep an
explicit dependence on coshr.

Proof. By [37, Proposition 2.3] the claim holds for integer values of v. We shall
now justify it for any noninteger v > 1.
Let us first prove the asymptotics for r — oo. We recall the generalised binomial

formula: L1
. at+k—1\ _,_
o= (T T ey (6.9
keN

for all @« > 0 and z > y > 0, where

BN _BB-1)...(B-k+1)
<k>_ I , BeR, keN.

Applying this to (6.7]) gives
1 ¢
- o _
<Sinhrar> Aul/z(r)

1 Z({Z}—Zk_l)(COShT)k/rw (smth L (x)da

N Ira—-{s} eN cosh )V EHHR T As 1L 00

By using the known asymptotics for H, -1/ we arrive at
215 | +2042
I
-1 L5 +£+1) {5} +k-1
———0p | Hy-1p2(r) = —2—+ 2 hr)
() Haoe) = p G 2\ e

1 > sinh x
1+0( —— = d 6.10
x ( + <log coshr)) /r (cosh x) 2 tF++1 log cosh = z (6:10)

as r — 00, where the implicit constant in the Big-O term is independent of k.
Observe that, for any A > 0, by integration by parts,

1 /°° dz 7/00 dzx < 1
AeA 4 mer [, a2er T A2eA’

Thus, by the substitution coshz = exp(y(k + ¢+ v/2)71),

/°° sinh do — /°° dy
r (coshz)z tF++11og cosh (k+0+v/2)logcoshr Y €Y
_ (coshy)~(Httv/2) (1 L0 ( 1 ))
(k4 £+ v/2)logcoshr log coshr
as r — oo. By plugging this into we obtain
-1 £
(sinhrar> Hy;a(r)

INEA | ——v/2 {5}+k-1
_ T(5] +£+1) (coshr) CW) rof(—2 YY), 6
nl'(1—-{%})  logcoshr okt l+v/2 log coshr
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Now, notice that, by (6.9), for ¢ € (0,1),

() ktffff/z 5>

<{ 5h+k— ) ktl—14v/2 g g
keN keN

:/ 0— 1+V/2( ) {3 }ds
0

and taking the limit as ¢t — 17 yields
Y (LM N R LN
= k k+{+v/2 L(l¥]+0+1)

Plugging this expression into (6.11)) yields the desired asymptotics for r — oo.

Now we consider r € (0,1). In (6.7]) we split the interval of integration into (r, 1)
and (1,00). In the latter case, by using for large arguments,

1 i sinh
0< —H , _ x) dx
- ra-{s}h / (coshz — Coshr){f} Azi’ﬁ%ﬁzz( )

< /°° (coshz)~ (L2 H4D) ginh
~e (coshz — cosh 1){5}

For the integration over the interval (r,1), much as in the proof of [37, Proposi-
tion 2.3], we first notice that

sinh z _ 215ty

(coshz — coshr)ish (22 —r2){5} (
Thus, by applying also the known asymptotics for Ha, 224 WE obtain
2

1 ! sinh
—~H - z)dz
(1*{Z})/ (Cosha:—coshr){f} A2Ji2/f%J+2e( )

21+Z+5F(£+ L J 4 1) L p—(2l5]+26+1)

- 2al(1-{%}) /T (z2 —r2){5}
2“21“(6—1— L | +1) 1r p—(2l%]+20+1)

a1 — {2 /1 (z2 — 1){5}
_2ET(C+ |5+ 1) (/O" g~ (LE1+204+1)

al(1 — {§})rv+2 1 (22— 1)isd

where E(r) is the error term given by
1r —(2l%]+26+1) ) o —(2l5]4+26+1)
B0y = [ e Ol de /1/,« Rl
For the main term we have

I A /1(1 Szt gy - TA—GBPIG 40
L (22— 18 2 Jo (5] +€+1) 7

dx ,Sy’g 1.

1+0(z?)), O<r<z<l.

(1+ O(2?)) da

(1+0((re)?)) dz

da + E(r)) ,

whereas, for the error term,

1r (214 ]+20-1) oo p—(215]+26+1)
Sour 7de+/ e dz ey
B o [ e et [ e e

notice that the first integral has a different asymptotic behaviour for r — 0%
according to whether v + 2/ is less than or greater than 2 (the case v+ 2¢ = 2 does
not occur, as v is not an integer).

Combining the above yields the asymptotics for r — 0F. O
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6.3. Estimates for Kz, and Kg,. Recall from Section [6.1] that

Kry, =YoK 12, Kr, =Y1K, 12 (6.12)
and
Kr: = Kx,, Kgr: = —Kx,. (6.13)
Proposition 6.5. For all x = (x,u) € G, \ {0},
L(v/2) 1/ _ =z
2(2-v)/2 m, (X)KR1 (X) = m THA;U? (T)a
T'(v/2) _1/2 etz
2(2—”)/2 m,, (X)KRI (X) = 7maTHA;1/2 (T),
and
rv/2) _ v sinhu — e~ “22%/2
me 1/2(X)KR0 (X) = _7HA;1/2 (T) + sinhr a’rHA;l/2 (7“),
'(v/2) _ v sinhu + e “2?/2
2(2_1,)/2 m, 1/2(X)KR6 (X) = _§HA;1/2 (T) - sinh r OTHA;U? (’I"),
where
r = |(x,u)|, = arccosh(coshu + e~ “z?/2). (6.14)

Proof. The expression (6.14]) for r follows from (2.17).
Now, much as in (4.5)), by (1.4), (2.8) and (6.14) we see that

sinhu — e~ %22 /2

sinhr ’ (6.15)

Yom}/2(x) = —gm}/%(x), Yor(x) =

Yim/?(x) = 0, Yir(x) = —

sinh7r’
Thus, the claimed formulas for Kz, and Kg, follow by (6.12) and (6.5)), the Chain
Rule and the Leibniz Rule.

Now, by , and ,
(2 f)*(x) =m)*(x) f(x7),  r(x)=r(x),

and the formulas for the kernels Kz follow by (6.13) from those proved for the
kernels Kg;. O

Proposition 6.6. For all x = (z,u) € G, \ {0},

KRO(X):*;W+E0(X)7 KRB(X):;W+E0(X)7
| 22 | 22 ~
KR1 (X) = ) + El(x)v K’RI (X) = 7741,_;,_2 + El(x)v

where 1 is as in (6.14), while E;, Ej € LL (G,) for j =0,1. Analogous expressions
hold where r*2 is replaced by (x? +u?)3+1.

Proof. Propositions [6.3] and [6.5] yield that all the kernels are locally integrable off
the origin. Thus, we only focus on the case r < 1.
Much as in [37, eq. (3.1)], notice that

r? = (2* +u*)(1+O(r)). (6.16)
In particular,
2= 0(), u=0(),
e" =1+0(r), sinhu=u(l+O0(r?), mY/2(x) =1+ O(r).
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Thus, by combining the formulas of Proposition [6.5| and the asymptotics of Propo-

sition [6.3]

v o u v o u

KRO (X) _7T”+2 + O(r—”)7 KRS (X) = ;7rl’+2 + O(’r—y))
vV T _y v T —v
KR1 (X) = _;TVJrQ + O(’f‘ ), KRT (X) = ;77'V+2 + O(’I" )

Notice that we can replace 7/+2 by (22 + u2)u/2+1 in the above formulas, because
) = (% +u*) "2 1 4 O(r))
by (6.16]). By [40, Proposition 4.15], " is integrable at the origin, thus we obtain

the claimed expressions. O

It will be convenient to consider the difference kernel Kz,-%; := Kgr, — KRz,
which serves as off-diagonal kernel for the skewsymmetric part of Rg — Rg.

Proposition 6.7. For all x = (z,u) € G, \ {0},
2v Ly<
K; (x) = =~ == (a) 4+ By (x).

s u

2v 1 ul>1} 1 u>1 v v 00
Kry-ry(x) = = — | = (2) + =28 () (2) =+ (@) | + B3 (),

where the functions E7°, j = 0,1, are integrable at infinity, while

() = (14 22)~ /2 (6.17)
and v(,, is defined as in (2.12)).
Proof. The proof is similar to the proof of [37, Proposition 3.4]. We provide a

sketch.

By Propositions [6.5] and [6.3]

v am,/? (x)

72v/2 (coshr)1*¥/21log cosh r
where the Big-O notation refers to the decay at infinity. By Lemma we see that

the Big-O term and the main term for v < 1 are integrable at infinity; on the other
hand, as in [37, eq. (3.7)], for u > 1 we have

mi/z(X) _ 21+V/2e_(1+”)“ 0 1+ 10g(1 + 6_2“l‘2)
(coshr)1+7/2logcoshr  u(l 4 e—2ug2)l+v/2

KR1 (X) = - +O(T71))7

U
(6:18)
Hence,

2u e_(”+1)“33]l{u>1} 1+ log(1 + e~ 24x?)
Kr, (%) = BT =T T [1 +0 ( " ﬂ +1IT,

where IT stands for an integrable term at infinity. Again, the Big-O summand is
integrable, since

z(1 +log(1 + e~ 2uz?))
/ / wle y+1)u 1+ e—2ug2)ltv/2 dpy (x) du

Y(1 4+ log(1
:/ / + log( +x))dx<oo.
1 0

(1 + a2)1+v/2

Thus,
(v+1)u

v e x]l{uZI}
Hr, (%) = o (1 e 2ug?)Hv/2 +IT,

and by taking adjoints, as in (6.13]), one obtains the claimed expression for Kg:.
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Now we study Kr,_rz. By Propositions [6.5] and

v mi/Q (x) (2sinhu)
72v/2 (coshr)1*¥/21log cosh r

Much as above, by Lemma [2.6

(1+0@h).

KRro-rz(x) =

v Hlll,/2(X)(2 sinhu)]l“u‘Zl}
w2v/2  (coshr)tt¥/2]og cosh r

Firstly, we focus on the case u > 1. By (6.18)) and the fact that 2sinhu = e*(1 +
O(e~2%)) we obtain

Kr,-—wry(x) = +IT.

Kry—rs(X)Lu>13

v e Liy>13 1+ log(1 + e~ 2ux?)
= —— — 14+0 IT.
7 u(l 4 e 2ug2)itv/2 + U +

As previously, the Big-O term is integrable. This gives

2v e_Vu]l{u21}
K’Ro*RS (X)]l{u21} = _?u(l n 672ux2)1+y/2

Now clearly K7*20—R$ = —Kg,—ry by (6.13). Thus, by taking the adjoint,

+1IT.

v <
Kry—rs (%) 1uc_1y = —— fus_1)

—— — 4+ 1IT.
7 u(l 4 x2)1+v/2 +

By summing the above we get

2w Lfuc—1y e >y
KRO*RS (X) - _? (u(l 4 x2)1+u/2 + u(]_ + 672ux2)1+u/2 +IT.

One can immediately see that the last expression is of the desired form. O

6.4. Decomposition into local and global parts. Since we already know that
Ry is bounded on LP(G,), p € (1,2], in order to prove the same for R it suffices
to justify the boundedness of Rg — R§.

Proposition 6.8. We can decompose
Kry-rs = KV + K + K, (6.19)
where, with the notation x = (xz,u) and r = |x|, as in (6.14)),

2V u

Kél)(x) = _?ml(o’l) (7’) —+ Eo(X),
2v1 u>1 v v
KP (x) = _?7{ = el (@) — (@), (6.20)
3 2v 1 u|>1} o
K00 = === (@),

and moreover Ey € L*(G),). Correspondingly, we can split

Ro— Ry =R +RY + RS, (6.21)
where, for j =2,3 and all f € C.(G,),
RO f = fo, K (6.22)

)

while the remaining operator 7@81 satisfies an analogous relation in the sense of

off-diagonal kernels:
R T = [ et 6 K () dily) for a.a x ¢ supp f.

Gy
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Proof. The decomposition (6.19)) readily follows by Propositions and
Moreover, from (6.2)), (6.12)) and Proposition it follows that

Rof(x) = Yo(f oy K y-1/2)(x) = / 0o (y) Ko (v) djin(y) Vx ¢ supp J.

v

Since (g, R§.f)r2(c,) = (Rog: f)r2(c,), from and ([6.13)) we also deduce that
0)= [0l Ky )i (y) e supp f

and

(Ro — Ry f(x) = /G S (™) Ko (y) di () Vx ¢ supp f.

Thus, if we define the operators 7~2(()j ) by (6.22)) for j = 2,3, and the remaining op-
erator 7@81) by difference, so that (6.21)) holds, then we deduce the claimed relation
between 7@51) and K(gl). O

Thus, the boundedness of R on LP(G,), p € (1, 2], effectively boils down to the
L?(G,)-boundedness of 7~€(()J), ji=1,2,3.
A similar analysis can be performed for Rj.

Proposition 6.9. We can decompose

Kg: = KV + K, (6.23)
where -
KV (x) = Z— 5101 (r) + Bi(x),
T
o 20 e 1) (6.24)
K S Sl Y
1 (X) T U e ((E)7
and E, € LY(G,). Correspondingly, we can split
R =R+ RP, (6.25)
where, for all f € Co(G,),
R T = (Xof) o) (AKi™))a, (6.26)

)

while the remaining operator Rg satisfies an analogous relation in the sense of

off-diagonal kernels:
RV F (%) = /G XNy (XK () A (y)  for a.0. x ¢ supp f.

Proof. The decomposition ([6.23)) readily follows by Propositions and

Moreover, by (6.3)), (6.4), (6.12) and Propositionm

Xole(X) = YID((Xef) Ol]? (XGKA;V?))(X)

= [ REnE) RR 0 aB() Ve G\ supp(),

where K%l = YlDXeK ~1/2 = XoKR,; in particular,

Ruf(x / X f)(y ) KB, (y)diD(y) Vx € G, \ supp f.

Using the fact that (g,Rif)r2(c,) = (Ri9,flr2c,) = (XAR1g, Xof)r2(aD),
from (2.62)) and (6.13]) we also deduce that

Rife) = [ RN KR 0BG vxe G \sup .
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where K;%T = (Kgl). = XOKR*{.

Thus, if we define the operator 7~2§2) by (6.26)) and the remaining operator 7~€§1)
by difference, so that (6.25) holds, then we deduce the claimed relation between
R{" and K O

1 1

Thus, the LP(G,)-boundedness of R} for p € (1, 2] boils down to the analogous
boundedness of R\ for j =1,2.

7. AN OPERATOR-VALUED SPECTRAL MULTIPLIER THEOREM

As discussed in the introduction, this section is devoted to the proof of a condi-
tional result, which states, roughly speaking, that if a self-adjoint operator satisfies
an LP spectral multiplier theorem of Mihlin—-Hérmander type, then under certain
assumptions it also satisfies an operator-valued spectral multiplier theorem.

First, let us recall some definitions. We begin with the R-boundedness for fami-
lies of operators (see for instance [25, Definition 8.1.1(1) and Remark 8.1.2]).

Definition 7.1. Let B be a Banach space equipped with a norm || - || 5. Consider a

family of bounded operators 7 C L(B). We say that T is R-bounded if there exists

C € Ry such that, for all finite sequences (7},)_; in 7 and (z,,))_, in B, N € N,
dt.

there holds
1 1|| N
/ dt < C’/ > en(t)an
0 B 0 ||n=1 B

Here ¢,, are the Rademacher functions. The smallest possible constant C' in the
above inequality shall be denoted by Rp(T).

N
Z en(t)Than
n=1

We remark that the R-boundedness of a family of operators implies their uniform
boundedness (see [25, Theorem 8.1.3]).

We also recall the definition of 0-bisectorial operators (see, e.g., [25, Defini-
tion 10.1.1] and [7]).

Definition 7.2. Let B be a Banach space. A closed, densely defined operator L
on B is 0-bisectorial if its spectrum lies in R and for every w € (0,7/2) there holds

sup (I = ¢L) M lzem) < oo,
CeC: Jarg(£()[>w

where arg ¢ € (—m, 7] denotes the argument of ¢ € C\ {0}.

Let ¥ € C°(R) be a nontrivial nonnegative even cutoff supported in R* :=
R\ {0}. For s > 1/2 we define the Hérmander class Hj by

M = {F € Lice(®) = [|Fllag = sup |F(#)X]lz2 < OO} :

Notice that different choices of the cutoff x give rise to equivalent norms on Hj5.
Moreover, by the Sobolev embedding theorem, the elements of H§ are continuous
and bounded on R*. Notice further that the norm || - |3 coincides with the norm
[~ llgz  of when applied to functions supported in Ry .

In this section we assume that (X, p) is a o-finite measure space, and L is a
self-adjoint operator on L?(X, u1), which we abbreviate as L?(X). Moreover, we
assume that, for some p € (1,00) and sy, > 1/2, the operator L has a bounded H5-
calculus on LP(X) for all s > sp: this means that, for all bounded Borel functions
F :R — C such that F' € H3, the operator F(L), initially defined on L?*(X) by the
spectral theorem, extends to a bounded operator on LP(X) and

IE L) ezr ) Ss 1 [l
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This condition implies that 1) (L) = 0, i.e., L is injective on L?(X), thus F(L)
does not depend on F(0). Hence, it suffices to consider F' defined on R*.
In the following lemma we gather some properties of such an operator L.

Lemma 7.3. Fiz p € (1,00) and s, > 1/2. Let L be a self-adjoint operator
on L*(X), which has a bounded H3-calculus on LP(X) for all s > sr. Then the
following assertions hold.
(i) The operator L is 0-bisectorial on LP(X).
(i) If (Y,v) is a o-finite measure space, then L®id is 0-bisectorial on LP(X xY)
and has a bounded H5-calculus on LP(X X Y) for all s > sp,.
(ii3) If x € C°(R*) satisfies supp ¥ C [-2,—1/2] U [1/2,2] and

doX@M) =1 VLR, (7.1)

meZ
then there holds

1
1flrco = [ || emtOxe@rnys|
0 |lmez L (X)
for all f € LP(X).
(iv) If s > sp +|1/p—1/2], then
Reex){F(L) : FeH;, |[Fllag <1} < oo. (7.2)
We then say that L has an R-bounded Hj-calculus on LP(X) for s > sp +

[1/2 —1/pl.

Proof. To justify that L is 0-bisectorial, let us fix w € (0,7/2) and ¢ € C such
that |arg(+()| > w. Consider the function F, : R* — C given by

Feh) = (1=

As L has a Hj-bounded functional calculus on LP(X) for any s sufficiently large,
to prove the uniform LP-boundedness of F¢(L) = (1 — (L)~ ! it suffices to show
that ||Fe¢llg So 1 for any s > 1/2; on the other hand, this follows from the easily
observed bound

sup N"ORFe (V)| S 1, meEN.

AER*

As L is 0-bisectorial and has a H3-bounded functional calculus on LP(X),
from the definitions and Fubini’s theorem it follows immediately that the operator
L ®id is 0-bisectorial and has a Hj-bounded functional calculus on L?(X X Y") too;
indeed, notice that

F(L®id) = F(L) ®id, |F(L®id)|lz(rxxv)) = I F(D)| £zr(x))-

for any bounded Borel function F'.

As L is 0-bisectorial and has a bounded Hj-functional calculus on LP(X)
for some s > 1/2, the claimed estimate follows from [33] Theorem 4.1 and Section
7] (see also [14, Theorem 3.1]).

We shall apply [7, Proposition 2.14] to the operator L (observe that it is also
valid for 0-bisectorial operators, cf. [33, Section 7]). For that purpose recall that
LP(X) has type min{2, p} and cotype max{2, p} (see [25], pp. 54-58]), and it also has
Pisier’s property () (see [34, Sections 4.9-4.10]). As 1/ min{2,p} —1/ max{2,p} =
|1/2 — 1/p| and L has a bounded Hj-functional calculus on LP(X) for any s > s,
from [7), Proposition 2.14] we deduce the bound forany s > sp+|1/2—1/p|. O

We now briefly recall some basic definitions and results for operator-valued func-
tions. In what follows, a measure space (Y, v) is said to be separable if the Lebesgue
space L*(Y) (hence any space LP(Y) for p € [1,00)) is a separable Banach space;
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we refer, e.g., to [58, §20] for an equivalent characterisation and to [4, Proposition
3.4.5] for a sufficient condition for separability of measure spaces.

Definition 7.4. Let (Y, v) be a separable o-finite measure space, and let M : R* —
L(L*(Y)).

(a) We say that M is a (weakly) measurable function if the “matrix coefficients”

£ (M(E)f,9) (7.3)
are measurable for all f,g € L?(Y). Since L?(Y) is separable, the function

E IME) vy

is also measurable, as the supremum of a countable family of measurable func-
tions.

(b) We say that M is (weakly) continuous if for any f,g € L%*(Y) the matrix
coefficients are continuous on R*. In that case, by the Banach—Steinhaus
theorem, M is locally bounded, that is,

sup [|M(§) |l cz2(vy) < o0
ceK

for any compact set K C R*.

(c) Let k € N. We say that the function M is (weakly) of class C* if, for all
f,g € L*(Y), the matrix coefficients are of class C*. In this case, another
application of the Banach—Steinhaus theorem shows that, for any £ € R*, there
exist operators in £(L?(Y')), which we denote by 8§M(§), j=1,...,k, such
that

OIM(©)f,9) =0L(M©) f.9),  frgel(YV), j=1,....k (74

moreover each £ — ag' M (£) is continuous.

(d) Assume that M is measurable. We say that M is (weakly) integrable over a
Borel set A C R* if the function & — || M(§)||z(z2(v)) is L'-integrable over A.
Then the formula

</AM(€) déf,g> = /A<M(€)f,g> d¢,  fge L*(Y) (7.5)

defines an operator [, M(£)d¢ € L(L*(Y')). Moreover, there holds

‘ JRUGEE

For the rest of this section, (Y,v) shall be a separable o-finite measure space.
Consider an operator-valued function M : R* — L£(L*(Y)) and let p € (1,00). If
for a fixed & € R* the operator M () has a (necessarily unique) bounded extension
to LP(Y), then we simply say that M () is bounded on LP(Y'), and use the same
notation M (&) for the operator on LP(Y') as well. In the next lemma we describe
how the properties of M (¢) on L?(Y') discussed in Definition translate to similar
properties of M (&) on LP(Y).

Lemma 7.5. Let M : R* — L(L*(Y)) be measurable. Fiz p € (1,00) and let
p’ € (1,00) be such that 1/p+ 1/p’ = 1. We assume that each M(E), & € R*, is
also bounded on LP(Y). Then the following hold.

(i) The function

< / M) c(z2(vy) dé- (7.6)
L(L*(Y)) A

E= 1Ml er vy (7.7)
is measurable, and the matriz coefficients (7.3|) are measurable for all f €
LP(Y) and g € LV (Y).
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(i) If M is integrable over a Borel set A C R* and the function (7.7)) is also
integrable over A, then [, M(§)d¢ extends to a bounded operator on LP(Y')
such that

[m©de] < [ IME©lewsiy i
A cLe(y))  Ja

and is valid for all f € LP(Y), g € LP (V).

(ii) If M is continuous and the function is locally bounded, then the matriz
coefficients are continuous for all f € LP(Y) and g € LV (Y).

(iv) Let k € N. If M is of class C* and the functions

E 1EME ey,  F=1,....k

are locally bounded, then the matriz coefficients (7.3)) are of class C* and
[TA) holds for all f € LP(Y) and g € L¥' (V).

Proof. Since Y is o-finite we can find a countable family A, C LY9(Y)NL*(Y)\
{0} dense in L4(Y) for any g € (1,00). Thus,

M) f.g
IMEl iiriyy = sup sup —L QLD
fEA, gEA, ||fHLP(Y)||9||Lp’(y)

and therefore is measurable as the supremum of countable family of measur-
able functions.

Fix f € LP(Y) and g € L¥' (Y), and let {f, }nen C LP(Y) N L2(Y) be a sequence
converging to f in LP(Y'); analogously define an approximating sequence {g, }nen C
LY (Y) N L3(Y) for g. Observe that, for all £ € R*,

M(g)fa g> - <M(€)fna gn>|

(
S UM = fn) 9 + (M) frns g — gn)]

S NMEl e vy <||f — falleor) 9l Lo (vy +sup [ full o vy llg — gn|Lp'(y)>
(7.8)

This means that (M(-)f,,gn) tends to (M(-)f,g) pointwise, hence the limit is
measurable.
For all f € LP(Y) and g € L' (Y),

/<M(£)f,g)d§ S/ Ml ezr ey A€ L falleorllgnll Lo (vy-
A A

Thus, (f,g) — [,(M(£)f,g)dE is a bounded sesquilinear form, and there exists a
unique bounded operator S on LP(X) with

(Sf.g) = /A (M(€)f, g) de

for all f € LP(Y) and g € L¥ (V). In particular, (Sf,g) = (J M(&)def,g) for all
felL?nLP(Y)and g € L2N LY (Y). By density, we deduce that S = JM(€)dE is
bounded on LP(Y) and the identity holds for all f € LP(Y) and g € L? (V).

From we see that (M(-)f,g) is a uniform limit on compact sets of
(M) frn, gn). Since the latter functions are continuous, we proved

As above, £ — O (M (&) fn, gn) = (0cM(€) fn, gn) tends uniformly on com-
pact sets to & — (0:M(§)f,g), hence the latter is a continuous function. Since
& — (M(&)fn,gn) tends uniformly on compact sets to & — (M(£)f,g) too, we
deduce that

O (M (&), 9) = (0:M(E) [, 9)-

For higher-order derivatives we proceed similarly. (]
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Now we want to consider an operator-valued functional calculus for L. For that
purpose, we are now going to give a meaning to M (L), where M : R* — L(L*(Y))
is a suitable operator-valued function.

As L is self-adjoint and injective on L?(X), recall that by the spectral theo-
rem (see, e.g., [45] Theorem VIIL.4]) there exist a measure space (2, a measurable
function £ : Q — R* and a unitary operator Y : L?(X) — L?(f), such that

Y(Lf)(w) =lw)Yf(w),  feD(L),
i.e., T intertwines L with the operator of multiplication by ¢. Moreover, for any
bounded Borel function F : R* — C,
T(F(L)f)(w) = Fw)Tfw),  fe LX),
i.e., T intertwines the (scalar) Borel functional calculus for L with that for the

multiplication operator.
Let M : R* — L(L*(Y)) be measurable and bounded. Much in this spirit we

can define M (L) on L2(X x Y). Let T : L2(X x Y) — L*(Q X Y) be the unitary
operator given by T = T ® id. Then, we define M (L) so that

TMDNw,y) = (MED) T, ) ), FeLX X xY).  (79)

Remark 7.6. Some remarks are in order.

(a) The above definition of M (L) can be equivalently expressed in the language of
direct integrals (see, e.g., [I3, Section 7.4]): indeed, the function w — M (¢(w))
is a measurable field of operators with respect to the constant field w + L?(Y)
of Hilbert spaces on 2, and under the identification L?(2xY") = fga L3(Y) dw
we can write

. - 52]
YM(L)Y™! = / M({(w)) dw.
Q
(b) From the definition, it is clear that
IM (L)l £p2(xxvy) = ess Sup [ M)l ez vy < Sup M)l 2(L2(vy)-

(¢) The definition of M (L) is independent of the choice of the unitary operator
T given by the spectral theorem for L. Indeed, observe that, if we take f =
f1®f2, g=g1 ® g2 € L}(X x Y), then

(M(L)f,9)L>(x xv) =/QTf1(w) Tgl(w)/yM(E(w))(fz)(y)de(y) dw

S 1
— [ th@ TaGIF(w) do (710)
Q
= (F(L) f1,91)2(x)
where F'(§) = (M(&) f2, g2)y; by the density of the span of tensor products in
L?(X x Y) we obtain the required independence.
(d) The expression (7.10) for matrix coefficients also shows that, if M, — M
pointwise boundedly, i.e.,

sup sup || Myl zz2(v)) < 00,
neN EER*

lim (M (), 9) = (M(€)¢,v)  VEERT, ¢y € LAY),

then M, (L) — M(L) in the weak operator topology of L(L?(X xY)).
(e) If F: R* — C is a bounded Borel function and F': R* — L(L*(Y)) is defined
by F(§) := F(£)id, then clearly

F(L) = F(L) ®id;
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in other words, the operator-valued functional calculus is an extension of the
scalar-valued one. Thus, in what follows, when there is no risk of confusion,
we shall just write F'(L) in place of F(L) ® id.

We are now interested in LP-boundedness properties of operators of the form
M(L), i.e., operator-valued spectral multipliers of L.

Theorem 7.7. Fiz p € (1,00) and s, > 1/2. Let L be a self-adjoint operator
on L*(X) having a bounded H3-calculus on LP(X) for all s > sr,. Let M : R* —
L(L?(Y)) be measurable and bounded. Assume that M is of class C for some
integer N > sy, + 3/2 and that
Cnp(M) :=Rpoy {OIM(€) : j=0,1,...,N, £ €R"} < 0. (7.11)
Then, M (L) is a bounded operator on LP(X x YY) with
IM (L) ezr(xxy)) SNp,L Onp(M).
Proof. Fix an even smooth cutoff ¥ supported in [—2, —1/2]U[1/2, 2] and satisfying
(7.1). Thus, if we set
M (8) := X(§)M(27™¢), (7.12)
then we can decompose
=) M,(2"¢), EeR,
meZ

with convergence in the weak operator topology of £(L?(Y)). Since the M (¢) are
uniformly bounded on L?(Y) we also have

= M, (2"L)
meZ

in the weak operator topology of £(L?(X x Y)).
Thus, by Lemma[7.3] for all f € L2NLP(X x Y),

dt
LP(X xY)

ML)l o vy / S e (X L)M(L) f

> em®X(Q2"L) My (27 L)
meZ

dt,
LP(XXY)

SZ/

je{-1,0,1}

since the supports of ¥(2™-) and x(2™2-) overlap only if |m; — ms| < 1. Further,
by Lemma [7.3] and Definition [7.1]

IM(L)f | (xxv)

< ¥ [z HETHDYEL)] dt
j€{-1,0,1} mez LP(XXY)
< %LP XXY){M77L(2 L }mEZ/ Z Em 2mL f dt
meZ LP(XXY)

~p Rp(xx V) AMm (2™ L) }mez | fllLe(x xv)-

This means that

HM(L)HE(LP(XXY)) ~P Rpe XxY){M (2mL>}m€Zv
so we are reduced to proving the R-boundendess of { M, (2™ L)}z on LP(X xY).
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For that purpose, we introduce Fourier coefficients of the functions & — M,,(€),
m € Z, which are supported in [-2,—1/2] U [1/2,2] C (—m,7) by construction.
Namely, let M,,(k) € L(L*(Y)), k € Z, be given by

~ 1 4

My (k) := o [ M (&) 7€ de.

As M is measurable and bounded, the above integral is well defined. Actually, as
M is of class CN, for all n < N and m, k € Z there holds
AR 1 " n —i

(—ik)" M (k) = o [ 0f M (&) e ke de, (7.13)

T J—x

as one can readily see via repeated integration by parts. As each M, is of class

CN | from (7.13)) and (7.6) we deduce that
[ M ()| 2L2vy) S (14 K™Y
As N > 2, the decay of the Fourier coeflicients justifies the application of the
Fourier inversion formula; namely, if we fix Y € C2°(R) such that 1j_s _1/9u1/2,2] <
X < 1[—9/47—1/4]u[1/4 9/4], then
=3 XMy (k), R,
keZ

with convergence in the weak operator topology of £(L?(Y)). Consequently, if we
set

B () = x(2m€)e™"S, (7.14)
then
m(2"L) =Y By (L) @ My (k) (7.15)
kEZ

in the weak operator topology of L(L?(X x Y)).

The decomposition is the key tool that allows us to “decouple” the prob-
lem of LP(X X Y)-boundedness for operator-valued multipliers M,,(2™L) of L
into LP(X)-bounds for scalar-valued multipliers Ej (L) and LP(Y')-bounds for
the Fourier coefficients M, (k), which in turn are related to the smoothness of M.

Indeed, let € > 0 be such that N = sy, +3/242¢e. Then, from the decomposition
(7:15), by [25, Propositions 8.1.24 and 8.1.19(3)] we deduce that

Rir(x x ) AMm (2™ L) }mez

<Y U+ )T Rpp oy {1+ [K) TP E (L) ® id)mez
keZ

X Rpo(x sy {1+ ) Vid @ My, (k) ez
Se R {1+ [k) T H2TO By (L) ® id ke
X Rpn(xxv) {1+ [E)Vid @ My (k)b ez
=R {(L+ k)2 B (D) bnkez R vy {(L+ [B)Y Mo (k) Yon kez,

where the last equality is due to Fubini’s theorem. Thus, the R-boundedness on
LP(X xY) of {M,,,(2™L)},, boils down to that of {(1+|k|)~+1/24) By (L) }nk
on LP(X) and that of {(1+ k)N M, (k)}m.r on LP(Y).

For the R-boundedness of the former family, notice that, by ,

sup § B m()| S5 L+ K], jEN,
e

whence it follows that
(1 + k)" Ermllng S 1 (7.16)
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for all s > 1/2. Now, recall that L has a bounded #H3-calculus on LP(X) for all
s > sy. Hence, by Lemma [7.3(iv), L has an R-bounded #3§-calculus on L?(X) for
all s > s +|1/2 — 1/p|, and therefore from (7.16)) we deduce that

Rivx) L (1 + k)T B (L)« mk € Z) < .

For the R-boundedness of the other family, observe that by approximating the
integrals in ([7.13]) by Riemann sums we obtain, for any n < N,

{|k|" My (k) : m,k € Z} C abs conv{9F My, (€) = £ € R*, m € Z},

where abs conv denotes the absolute convex hull [24] Definition 3.2.12(2)] and the
closure is in the weak operator topology of L(LP(Y)). Hence, by [25, Proposi-
tions 8.1.19(1), 8.1.21 and 8.1.22],

Reo o) { k"M (k) : m, k€ Z} < Rep(v){0f M (§) : § € RY, m € Z},
thus also, by [25 Proposition 8.1.19(2)],

Reo vyl (1 + [E)Y Mo (k) : m k€ Z}
SN Ry {08 M (§) : E€RY, meZ, n < N}
Now, by (712),
" v (n—3) .
e = Y (1) S Seaine o
j=0
thus, by the Kahane contraction principle [24] Proposition 3.2.10],
mLp(y){ang(f) : f S R*, meZ, n< N}
SN Roo {FOLM(€) : j <N, ¢ eR*}.
By combining the above estimate one finally gets that
Reov)l (L + [K)Y M (k) : m k€ Z}
SN RLen (&M (€) : j <N, £ eR*} = On (M),
and the latter quantity is finite by our assumption. O

Let A3(R%), d > 1, be the Muckenhoupt class; for a weight w € As(R?) we
denote its Ap-characteristic by [w]4,. In the case where Y = R? with the Lebesgue
measure, the smoothness condition on the multiplier M in Theorem admits a
more concrete reformulation in terms of uniform weighted L2-boundedness.

Corollary 7.8. Let s, > 1/2 and p € (1,00). Let L be a self-adjoint operator on
L?(X) having a bounded H3-calculus on LP(X) for all s > sp. Let N > s; + 3/2
be an integer. Let M : R* — L(L?*(R?)) be of class CV. Assume that there evists
a nondecreasing function v : [1,00) — [0,00) such that, for all w € Ay(R),

197 2 < . .
e sup 16792 M)l £(z2(wy) < W([w]ay) (7.17)

Then, M(L) is a bounded operator on LP(X x R?).
Proof. By [25, Theorem 8.2.6], from (7.17) it follows that the family
T={&olM(¢) : ¢€R", j=0,...,N}

is £2-bounded on LP(R?) (in the sense of [25, Definition 8.1.1]). In turn, by [25]
Theorem 8.1.3(3)], this implies the R-boundedness of 7 on LP(R?), so Theorem [7.7
can be applied. O
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Remark 7.9. If the self-adjoint operator L is non-negative, then M (L) only de-
pends on the restriction of M to the positive half-line Ry. As a Consequence in this
case one can replace R* with R+ in the smoothness conditions and ( of
Theorem [7.7) and Corollary [7.8|

8. LP-BOUNDEDNESS OF THE RIESZ TRANSFORMS FOR p > 2

In this section, we complete the proof of Theorem [I.2] by proving the LP-
boundedness of the Riesz transforms Ry and R} for p > 2. As discussed in Section

we are reduced to proving the boundedness of the operators ﬁéj), 7 =123,
and 7~€§]), j=1,2,forpe (1,2].

8.1. An auxiliary estimate. We shall make use of the following estimate for the

function t¥ defined in .
Lemma 8.1. For anyn € N and € € (0,1/2] the following estimates hold:
€™ (Hye") ™ ()] Sno e,

[0 (€™ (Hye) ™ (€)] Spowe €175,

€ (Hy42t) ()] S (Ge78)1 7
for all & € ]10%4_; in particular,

" (He) ™ () = ()" (") ()] S 1€~ €|

for all €,¢ € R,

Proof. By the definition (2.4 of Hankel transform, together with (6.17) and [9]
(10.22.46), (10.27.3) and (10.32.8)],

H,e"(§) = %fK *5 / “HVi2 - 1dt,

Hyot"(§) = Ko(&) = /1 e t2—1

where K denotes the modified Bessel function of the second kind of order s.
As a consequence, for all n € N,

)

min{n,2}

fn(Hyt”)(")(E):; > eniFaj(9),

j=0
€' (Hyaot)™ = (=1)"Gn(6),

where ¢, ; are some constants, while

=& / e ) V12 —1dt = / e~ Ot + Vit + 26 dt,
dt ° dt
Gn :/ e Stet :/ e MO ——
O ST Y
Thus, it suffices to prove the bounds in the statement of the lemma for F,,(£) and

£G,(€) in place of €"(H, )™ (€) and € (H,42t") ™ (€).
First, for all € € (0,1),

|F | < \[/ —(t+€) t+€)n+1 ds < 7(175)5.

Further,

F(8) = =Fn(§) +nFn1(§) + Fu(6),
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Fn(s‘):/o e~ O (¢ 1 ¢) \/:dt</ ~HO (4 ) At < e (O

thus, from the bound for F,(§) we also deduce that
| ()] Sne el =%,

This clearly implies that F,, is Lipschitz-continuous, as required.
Finally, for all € € (0,1/2],
[T dt _
Gn(€) < (26) /0 e Ot +&)" o Sem €571,

and the estimate |G, (&)] Sc.n (€675) ¢ follows. O

8.2. The Riesz transform R,. We shall prove that the operators 7%6”, ji=1,23,
from , are bounded on LP(G,), p € (1,2]. This completes the proof of the
LP-bounds for Ry stated in Theorem [L.2}

The operator 7@63) is relatively easy to discuss: indeed, it can be factorised into
two operators, which can be easily discussed by looking separately at the factors
X, and R of the semidirect product G,,.

Proposition 8.2. The operator
R f s fo, K
is of weak type (1,1) and bounded for all p € (1, 00).

Proof. Notice that, from (6.20]) and (2.13]), it follows that

: 2v
Foy Ké‘”(x,u) __= i (f” *, t?ev))(x)

™

Lu—vlz1y
u—v '

Much as in the proof of [37, Proposition 4.4], this can be rewritten as
2
fou K§ = == ABY,
0

where
(Bf)u:fu >klftl(je“)’ (Af)I:f:L’*ka

while f,(u) = f*(z) = f(z,u) and k(u) = “02=10 Since t¥ € L'(X,) and the
scaling t(,., does not change the L'-norm, we see that B is bounded on LP(G,),

p e [l,oo]. On the other hand, A = id ® A, where A is a convolution operator
on R with a truncated Calderén-Zygmund kernel k, so it is of weak type (1,1)
and bounded on L?(G,), p € (1,00). Thus, their composition AB has the claimed
boundedness properties. O

We now move to the operator 7@82), which shall be treated via the operator-valued
multiplier theorem from Section
Proposition 8.3. The operator
RO < oo o, K
is bounded on LP(G)) for all p € (1,00).

Proof. We shall employ the abstract theory proved in Section [7] for L = L,. In
other Words we take X = X, Q = X,,, T = (2¥/271(v/2))"'H, and {(w) = w?.
Recall from (2.6)-(2.7) that, if kK € L*(X,) and H,k is bounded, then

f *, k= (Huk‘)(\/f,,)f,
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as one can see by taking Hankel transforms of both sides. Moreover, L, has a
bounded H3-calculus on LP(X,) for all s > & [29, 30, [52]. Thus, we can apply
Corollary with N = L”Tﬁj, that is, the smallest integer greater than ¥£3.

2
Recall that G, = X, x R and df, (z,u) = dy, (z) du. We denote
H, :=H, ®id: L*(G,) — L*(G,).

Clearly, H, is a multiple of an isometry on L?*(G,). Now let M : X, — L(L?*(R))
be measurable and uniformly bounded. Then, from (2.7) and (7.9) with Y = R we
have

H, (M(VL) f)(€ w) = (MEHF(E ) (w). (8.1)
On the other hand, observe that, by ,

H,(f o, K)(&u) = /R H, f(¢,v)H, K (e"€,u — v) dv, (8.2)
Let B : X, — L(L*(R)) be given by

BK(f)g:/RB%(u,U)g(U)dv, g € L*(R),
where
B (u,v) == H, K (e"€,u — v). (8.3)
With this notation, by comparing (8.1) and (8.2)), we see that

fou K = Bg(\/L,)f.

We shall apply this for K = K(g2). In this case, by (8.3) and (6.20)),

2v H,t"(e%€) — Hyt¥(e¥€)

B¢ =-21 .
Kéz) (U» U) . {u>v+1} w—10

As a consequence, for any j € N, the operator &7 8gB @ (§) has integral kernel
0

2v (FTOIH, ) (e€) — (OIH, ) (7€)
—— Luzot1y :
™ u—"v

gjagBiéz) (u,v) =

The estimates of Lemma together with [37, Proposition 5.6(i)], then show that
each §j8§BKé2) (¢) is bounded on L%*(w) for any w € As(R), with a bound only
depending on j and [w]a,. Thus, by Corollary we deduce the desired LP(G,)-
bound for f+— fo, KéQ). O

We remain with the operator 7%81), which effectively contains the “local part” of

Ro — R and can be treated with the standard singular integral theory on G,,.

Proposition 8.4. The operator 7@(()1) is of weak type (1,1) and bounded for all
p € (1,2].

Proof. By Propositions 8.2 and we know that the operators corresponding to
Ké?’) and Kém are bounded on L?(G,). Also Ro — R} has this property. Thus, by
the decompositil%]@b, we know that 7%51) is bounded on L?(G,,). We shall now
apply Theorem [3.12] (and Corollary to prove the claimed LP-boundedness of
308

For all x = (x,u) € G, \ {0}, set

2V u

Kn(x) = _?TVJ’,QX

(2n,,,)’
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where r = |x|, is as in (6.14), while x € C°(R*) is as in ([7.1]). Then, by (6.20)), we

can decompose the off-diagonal ¢,-convolution kernel K(gl) of 7@51) as

Kél) = Z K’fl + Ea
neN

where F is an L'(G,)-integrable function. Thus, to prove the LP-boundedness of
R(()l) by means of Theorem m it suffices to prove that

/|Kn<x>|<1+2"r>dnu<x>s1, /G|vyK:<x>|dau<x>52”. (8.4)

v

Recall that, since r < 1 on the support of K,,, there holds 7? ~ 2% +u? (see (6.16])).
Thus, by using that 2"r ~ 1 and |u|z¥~! < r” on the support of K,

o—(n—1)
[ sl e =, [ K0S [ rtare,
G, G, 2—(n+1)
which proves the the first bound in (8.4)).
For the second bound in (8.4) notice that
N e "y
K, (x) = ?WX(Q T).
Therefore, by (1.4) and (6.15)), if we set x(t) = tx’(t) — (v + 2)x(¢), then
v _ . 1—wvu v . x(2"r) sinhu — e “2?/2
Y K* —— vu_— "7 n _ - ru .
0K (%) p_ rr+2 X(2"7) T U sinh 7 ’
2 (2"
1K) (x)= —Ve_”“uX( n,_=

rv+3  euginhr’
Observing again that 2" ~ r~! and 72 ~ 2% + u? < 1 on the support of K, we
immediately see that

\Y]K;(x,uﬂ SV Tﬁ(u+2)a .7 = Oa 17

whence
2— (n—1)

/ |V K (2, u) | dpy (2) du S, / =2 dr ~ 2",
G, 2

—(n+1)
Thus, Theorem implies the LP(G,)-boundedness of 7@81) on LP(G,), p €
(1,2]. O

8.3. The Riesz transform R;. We shall prove the LP-boundedness for p € (1,2]

of the operators 7%(13), j=1,2, from . This completes the proof of the LP-
bounds for R stated in Theorem [T.2}

Much as before, we first discuss the “part at infinity” 7@52) of R;. This part shall
again be treated via the operator-valued multiplier theorem, this time applied to
the Dunkl transform instead of the Hankel transform.

Proposition 8.5. The operator
f e £ o) (LK)
is bounded on LP(GY) for all p € (1,00). In particular, the operator
RE: f o ((Aof) o) (AuET?)l
is bounded on LP(G,) for all p € (1,0).

v
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Proof. Much as in the proof of Proposition we shall employ the abstract theory
proved in Section [7} in this case applied to L = —iD,,. In other words, here we
can take X = Q = XD, T = (2¥/27'T(v/2))"'HY and /(w) = w. Recall from
([2:50)-(2.53) that, if k € L*(XD) and HDk is bounded, then

f*) k= (H)k)(=iDy)f,

as one can see by taking Dunkl transforms of both sides. Observe that —iD, has
a bounded H3-calculus for any s > v/2 (see, e.g., [12, Section 8]). Thus, again, we
can apply Corollary [7.8 with N = [“£2].

Recall that G¥ is the product space X2 xR with measure djii2 (z,u) = du? () du.
As in Section we denote

HD .= HD @id : L*(GD) — L*(GD).
Clearly, HPD

D is a multiple of an isometry on L*(GD). Now let M : X2 — L£(L*(R))
be measurable and uniformly bounded. Then, from (2.53) and (7.9) with ¥ = R
we have

HY (M(=iD,) f)(€,u) = (M(HD f(€,-)(w). (8.5)
On the other hand, observe that, by (2.54]),
HD (f oD K)(&,u) = / HP f(¢,v) HDK ("¢, u — v) dv. (8.6)
R

Let Br : X? — L(L*(R)) be given by

Bi(€)g = / BE(u,0) g(v)dv, g€ IA(R),

where N
BS(u,v) := HY K (e€,u — v). (8.7)
With this notation, by comparing (8.5) and (8.6]), we obtain that
foP K = Bg(—iD,)f.
We shall apply this for K = X, K*_ In this case, by (8.7), (6.24) and ([@.43),

27 v
BioKf)(u’ ) ]]-{u<v 1} ( E) Su(f) = fHu+2tu(£).

As a consequence, for any j € N, the operator &7 BgB  x (§) has integral kernel
CEAS)

, joi v

5]8]85 KO (u’ v) _ %l{ugv_l}w_
The estimates of Lemma [8.1} together with [37, Proposition 5.6(ii)], then show
that each EjagBXoKiz) (¢) is bounded on L?(w) for any w € A2(R), with a bound
only depending on j and [w]a,. Thus, by Corollary we deduce the desired
LP(GP)-bound for f — f oD (X, K?). O

u—v

We remain with the “local part” 7~3§1) of R}, which again shall be treated with
the standard singular integral theory.

Proposition 8.6. The operator 7@&1) is of weak type (1,1) and bounded on LP(G,)
for allp € (1,2].
Proof. Much as in the proof of Proposition from the decomposition (6.25]), we

deduce by difference that ﬁgl) is bounded on L?(G,). We shall now employ the
Calderén—Zygmund theory of Section [3] and specifically Corollary to prove
that 7~2§1) has the claimed boundedness properties.
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Namely, by (6.24)) we can decompose

X, KW = Z K,+E,
neN

where E € L'(GY), while, for all n € N and x € G?,

v T

Kn(x) = ; rr+2

x(2"r)

and 7 = |x|,, while x € C°(R*) is as in (7.1)).
Recall that 72 ~ 22 + 42 < 1 on the support of K,,. Thus,

9—(n—1)
L s+ 2 ) aibeo s, [ tar=,

—(n+1)

Moreover, notice that

v ef(z/+1)u1.

K = =2 @),

Therefore, by (1.4) and (6.15)), if we set x(t) = tx’(t) — (v + 2)x(¢), then

v _ v+1 v o_ x(2"r) sinhu — e %22 /2
Yo K _ 7 v+)u,,” T+ on v (v+1)u .
oI (x) T ST X(2"7) ¢ s sinh 7 ’
. _ ve "t n V o )~((2nr) €
VK (x) = Coropvt2 X(2"r) = 7° T Gusinhr

Moreover, as (K), = K7, from (2.60) we get

~ ve vt

U(Kp)o(x) = —EWX(QTLT)

All in all, this gives

VYK ()] + U (K 3)o(x)] Sy r” @2

and
9—(n—1)
/ (IVVER ()| + [U (K)o (x)]) dizy) (x) Su/ r2dr 2™
GIV) 2—(n+1)
The desired LP-boundedness for p € (1, 2] then follows by Corollary (]
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